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Abstract 
In this work, we give some conditions for the non-existence of solutions of the Diophantine 

equation 9𝑥 + 9𝑦 + 𝑛𝑧 = 𝑤2 , where 𝑛  is a positive integer and 𝑥, 𝑦, 𝑧, 𝑤  are non-negative integers. 
Moreover, we find all solutions of this equation for some positive integer 𝑛. 
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Introduction 

The Diophantine equation is a well-known concept in number theory with numerous variations. 
One notable form is an exponential Diophantine equation a𝑥 + 𝑏𝑦 = 𝑤2. Many authors study this equation 
by giving 𝑎 and 𝑏 as explicit positive integers, see (Asthana & Singh, 2020), (Sroysang, 2014). Moreover, 𝑎 or 
𝑏 are given as variables under certain condition in various articles, see (Chotchaisthit, 2012), (Siraworakun & 
Tadee, 2023), (Tadee, 2023) and (Tangjai & Chubthaisong, 2021).   

The Diophantine equation a𝑥 + 𝑏𝑦 + 𝑐𝑧 = 𝑤2 , where 𝑎, 𝑏 and 𝑐 are positive integers, has been 
formulated and analyzed in subsequent studies. For example, Bacani and Rabago (2014) solved the 
Diophantine equation 3𝑥 + 5𝑦 + 7𝑧 = 𝑤2, when 𝑥, 𝑦, 𝑧, 𝑤 are non-negative integers. Analogously, 𝑎, 𝑏 and 
𝑐 can be considered as variables subjected to certain conditions.  

In addition, the non-negative integer solution of the equation a𝑥 + 𝑏𝑦 + 𝑐𝑧 = 𝑤2 is investigated, 
when all exponents are 1 or 2. For example, Burshtein (2020) showed all solutions of the equation 𝑝𝑥 +

(𝑝 + 1)𝑦 + (𝑝 + 2)𝑧 = 𝑀2  for primes 𝑝 ≥ 2  when 1 ≤ 𝑥, 𝑦, 𝑧 ≤ 2 . Pandichelvi and Sandhya (2022) 
investigated integer solutions to the Diophantine equation 𝑝1

𝑥 + 𝑝2
𝑦

+ 𝑝3
𝑧 = 𝑀2, where 𝑝1, 𝑝2, 𝑝3 are prime 

numbers and 𝑥, 𝑦, 𝑧 ∈ {1, 2}.  
In this research, we investigate some conditions regarding the non-existence of non-negative 

integer solutions of the Diophantine equation 
                                                                         9𝑥 + 9𝑦 + 𝑛𝑧 = 𝑤2,                                                           (1) 
 
where 𝑛 is a positive integer and 𝑥, 𝑦, 𝑧, 𝑤 are non-negative integers. Furthermore, we explore all solutions 

of this equation for some positive integer 𝑛. Without loss of generality, we may assume that 𝑥 ≤ 𝑦. 
 

Main Results 
In the beginning, we provide some conditions for the non-existence of non-negative integer 

solutions of the Diophantine equation (1). 
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Theorem 1. The Diophantine equation (1) has no non-negative integer solution if 
1. 𝑛 ≡ 0, 1 (mod 4) or 
2. 𝑛 ≡ 2 (mod 4) and 𝑧 ≠ 1 or 
3. 𝑛 ≡ 3 (mod 4) and 𝑧 is even. 

Proof. It is easy to see that w2 ≡ 0, 1 (mod 4) and 9𝑥 ≡ 9𝑦 ≡ 1 (mod 4). 
               1. Assume that 𝑛 ≡ 0, 1 (mod 4). Suppose that (1) has a non-negative integer solution. We obtain 
that w2 ≡ 2, 3 (mod 4).  It is a contradiction. Thus, (1) has no non-negative integer solution.  
               2. Assume that 𝑛 ≡ 2 (mod 4) and 𝑧 ≠ 1 . Suppose that (1) has a non-negative integer solution. 
Since 𝑧 ≠ 1, we get 𝑧 = 0 or 𝑧 ≥ 2. From (1), we have w2 ≡ 3 (mod 4) or w2 ≡ 2 (mod 4), respectively. It 
is a contradiction. Thus, (1) has no non-negative integer solution.  
               3. Assume that 𝑛 ≡ 3 (mod 4)  and 𝑧 is even. Suppose that (1) has a non-negative integer 
solution. Then, n𝑧 ≡ 1 (mod 4). From (1), we have w2 ≡ 3 (mod 4). It is a contradiction. Thus, (1) has no 
non-negative integer solution. ◼ 

 
Next, we give some results about the Diophantine equation (1), when 𝑧 = 1.   

Theorem 2. Let 𝑥 = 𝑦 = 0 and 𝑧 = 1. The Diophantine equation (1) has no non-negative integer solution if 
𝑛 ≡ 0 (mod 3). 
Proof. Assume that 𝑛 ≡ 0 (mod 3) . Suppose that (1) has a non-negative integer solution. Then w2 ≡

2 (mod 3). It is a contradiction since w2 ≡ 0, 1(mod 3).  ◼ 
 

Theorem 3. Let 𝑥, 𝑦 ≥ 1 and 𝑧 = 1. The Diophantine equation (1) has no non-negative integer solution if 
1. 𝑛 ≡ 2 (mod 3) or 
2. 𝑛 ≡ 3, 6 (mod 9). 

Proof.  1. Assume that 𝑛 ≡ 2 (mod 3). Suppose that (1) has a non-negative integer solution. It implies that 
w2 ≡ 2 (mod 3). It is a contradiction since w2 ≡ 0, 1(mod 3).   
 2. Assume that 𝑛 ≡ 3, 6 (mod 9). Suppose that (1) has a non-negative integer solution. Since 𝑛 ≡

3, 6 (mod 9), we have 3|𝑛. From (1), we have 3|𝑤, 3|(𝑤 − 3𝑥) and 3|(𝑤 + 3𝑥). Then 9|(𝑤 − 3𝑥)(𝑤 + 3𝑥) 
and  9|(9𝑦 + 𝑛). Thus 9|𝑛. It is a contradiction. ◼ 

 
Theorem 4. Let 𝑥 = 0 and 𝑦 ≥ 0 and 𝑧 = 1. Then the equation (1) has a non-negative integer solution if 
and only if 1 + 𝑛 = 𝑎(2 ∙ 3𝑚 + 𝑎) for some positive integer 𝑎 and non-negative integer 𝑚. Moreover, if the 
equation (1) has a non-negative integer solution, then (𝑛, 𝑥, 𝑦, 𝑧, 𝑤) = (𝑎(2 ∙ 3𝑚 + 𝑎) − 1, 0, 𝑚, 1, 𝑎 + 3𝑚). 
Proof. First, assume that (1) has a non-negative integer solution. Then 1 + 𝑛 =  w2 − 32𝑦 =

(𝑤 − 3𝑦)(𝑤 + 3𝑦). Choose 𝑎 = 𝑤 − 3𝑦 and 𝑚 = 𝑦. Thus, 1 + 𝑛 = 𝑎(2 ∙ 3𝑚 + 𝑎). Conversely, assume that 
1 + 𝑛 = 𝑎(2 ∙ 3𝑚 + 𝑎) for some positive integer 𝑎 and non-negative integer 𝑚. Then 

1 + 9𝑚 + 𝑛 = 𝑎(2 ∙ 3𝑚 + 𝑎) + 9𝑚 = 𝑎2 + 2 ∙ 3𝑚 𝑎 + 32𝑚 =  (𝑎 + 3𝑚)2. 
 

Thus, (1) has a non-negative integer solution, which is (𝑛, 𝑥, 𝑦, 𝑧, 𝑤) = (𝑎(2 ∙ 3𝑚 + 𝑎) − 1, 0, 𝑚, 1, 𝑎 + 3𝑚).  
◼ 
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From Theorem 1, it remains to study 2 cases: 1) 𝑛 ≡ 2 (mod 4) and 𝑧 = 1,  2) 𝑛 ≡ 3 (mod 4) and 
𝑧 is odd. Next, we investigate the non-negative integer solutions of the Diophantine equation (1) for 𝑛 ≡

2 (mod 4) and 𝑧 = 1.  

 
Theorem 5. Let 𝑥, 𝑦 ≥ 1 and 𝑧 = 1. If 𝑛 ≡ 2 (mod 12), then the Diophantine equation (1) has no non-
negative integer solution. 
Proof. Assume that 𝑛 ≡ 2 (mod 12). Then 𝑛 ≡ 2 (mod 3). By Theorem 3(1), we can conclude that (1) has 
no non-negative integer solution. ◼ 

 
By Theorem 1(2), Theorem 4 and Theorem 5, we found all solutions of the Diophantine equation 

(1) for some positive integer 𝑛.   
Example 6. The Diophantine equation 9𝑥 + 9𝑦 + 2𝑧 = 𝑤2 has only one non-negative integer solution, i.e., 
(𝑥, 𝑦, 𝑧, 𝑤) = (0, 0, 1, 2).  

 

Example 7. The Diophantine equation 9𝑥 + 9𝑦 + 14𝑧 = 𝑤2 has only one non-negative integer solution, 
i.e., (𝑥, 𝑦, 𝑧, 𝑤) = (0, 0, 1, 4).  

 

Example 8. The Diophantine equation 9𝑥 + 9𝑦 + 26𝑧 = 𝑤2 has only one non-negative integer solution, 
i.e., (𝑥, 𝑦, 𝑧, 𝑤) = (0, 1, 1, 6).  

 

Theorem 9.  Let 𝑥, 𝑦 ≥ 1 and 𝑧 = 1. If 𝑛 = 12𝑘 + 6 for some non-negative integer 𝑘 with 𝑘 ≡

0, 2 (mod 3), then the Diophantine equation (1) has no non-negative integer solution. 
Proof. Assume that 𝑛 = 12𝑘 + 6 for some non-negative integer 𝑘 with 𝑘 ≡ 0, 2 (mod 3). Therefore 𝑛 ≡

3, 6 (mod 9). By Theorem 3(2), we can conclude that (1) has no non-negative integer solution.  ◼ 
 

By Theorem 1(2), Theorem 4 and Theorem 9, we found all solutions of the Diophantine equation 
(1) for some positive integer 𝑛 with above conditions. 

 
Example 10. The Diophantine equation 9𝑥 + 9𝑦 + 6𝑧 = 𝑤2 has only one non-negative integer solution, i.e., 
(𝑥, 𝑦, 𝑧, 𝑤) = (0, 1, 1, 4). 
 

Example 11. The Diophantine equations 9𝑥 + 9𝑦 + 30𝑧 = 𝑤2, 9𝑥 + 9𝑦 + 42𝑧 = 𝑤2 and 9𝑥 + 9𝑦 + 66𝑧 =

𝑤2 have no non-negative integer solution. 
 

We can ensure that the Diophantine equation (1) has no non-negative solution in the following 
theorem. 

 
Theorem 12.  Let 𝑧 = 1. If  𝑛 = 4 ∙ 3𝑘 + 2, where 𝑘 ≥ 2, then the Diophantine equation (1) has no non-
negative integer solution. 
Proof. Assume that 𝑛 = 4 ∙ 3𝑘 + 2, where 𝑘 ≥ 2. Suppose that (1) has a non-negative integer solution. Then 
𝑛 ≡ 2 (mod 12). By Theorem 5, we obtain that 𝑥 = 0 and 𝑦 ≥ 0. Assume that 𝑦 ≥ 1. From (1), we get 3| 𝑤, 
3| (𝑤 − 3𝑦) and 3| (𝑤 + 3𝑦). This implies that 9|(4 ∙ 3𝑘 + 3). It is a contradiction with the fact that 𝑘 ≥ 2. 
Therefore 𝑦 = 0. From (1), we have 3𝑘 = (

𝑤

2
− 1) (

𝑤

2
+ 1). There exists a non-negative integer 𝑢 such that  
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𝑤

2
− 1 = 3𝑢  and 𝑤

2
+ 1 = 3𝑘−𝑢 . Thus  2 = 3𝑢(3𝑘−2𝑢 − 1) . Then 𝑢 = 0  and 𝑘 = 1 . It is a contradiction. 

Therefore, (1) has no non-negative integer solution. ◼ 
 

 By Theorem 1(2) and Theorem 12, we have the following example. 
Example 13. The Diophantine equations 9𝑥 + 9𝑦 + 38𝑧 = 𝑤2, 9𝑥 + 9𝑦 + 110𝑧 = 𝑤2 and 9𝑥 + 9𝑦 +

326𝑧 = 𝑤2 have no non-negative integer solution. 
 

For another cases of 𝑛 , we cannot guarantee all solution. However, we show that the Diophantine 
equation (1) has the unique non-negative integer solution, when 𝑥 ≤ 1 and 𝑛 = 10. 

 
Theorem 14. If 𝑥 ≤ 1 and 𝑛 = 10, then the Diophantine equation (1) has the unique non-negative integer 
solution, i.e., (𝑥, 𝑦, 𝑧, 𝑤) = (1, 2, 1, 10). 
Proof. Since 𝑛 = 10 and Theorem 1(2), we have 𝑧 = 1. We consider the following cases.   

  Case 1. 𝑥 = 0 and 𝑦 = 0. From (1), we have w2 = 12. This is impossible. 
    Case 2. 𝑥 = 0 and 𝑦 ≥ 1. From (1), we have 11 = (𝑤 − 3𝑦)(𝑤 + 3𝑦). Then 𝑤 − 3𝑦 = 1,  𝑤 + 3𝑦 =

11 and 2 ∙ 3𝑦 = 10. Thus 3𝑦 = 5. It is a contradiction since 𝑦 is an integer. 
   Case 3. 𝑥 = 1 and 𝑦 ≥ 1. From (1), we get w2 = 9𝑦 + 19. It implies that w2 ≡ (−1)𝑦 − 1(mod 10).  
Since w2 ≡ 0, 1, 4, 5, 6, 9 (mod 10), we obtain that 𝑦 is even. There exists a positive integer 𝑘 such that 𝑦 =

2𝑘. Therefore 19 = (𝑤 − 9𝑘)(𝑤 + 9𝑘) and so 𝑤 − 9𝑘 = 1 and 𝑤 + 9𝑘 = 19. Then  2 ∙ 9𝑘 = 18. Thus 𝑘 = 1 
and 𝑦 = 2. Hence (𝑥, 𝑦, 𝑧, 𝑤) = (1, 2, 1, 10). ◼ 
 

 Finally, we consider 𝑛 ≡ 3 (mod 4). Then 𝑛 ≡ 3, 7 (mod 8).  
Theorem 15. If 𝑛 ≡ 3 (mod 8), then the Diophantine equation (1) has no non-negative integer solution. 

Proof. Assume that (1) has a non-negative integer solution. Since 𝑛 ≡ 3 (mod 8), we get 𝑛 ≡ 3 (mod 4). By 
Theorem 1(3), it implies that 𝑧 is odd. Then 𝑛𝑧 ≡ 3 (mod 8). From (1), w2 ≡ 5  (mod 8). It is a contradiction 
since w2 ≡ 0, 1, 4  (mod 8). ◼ 

 
For 𝑛 ≡ 7 (mod 8) and 𝑧 is odd, the existence of the solutions cannot be confirmed. However, we 

show the solutions of the Diophantine equation (1), when 𝑧 = 1.  
Theorem 16. Let 𝑥, 𝑦 ≥ 1 and 𝑧 = 1. If 𝑛 ≡ 23 (mod 24), then the Diophantine equation (1) has no non-
negative integer solution. 
Proof. Assume that 𝑛 ≡ 23 (mod 24). Then 𝑛 ≡ 2 (mod 3).  By Theorem 3(1), we can conclude that (1) has 
no non-negative integer solution. ◼ 

 
By Theorem 4 and Theorem 16, we found all solutions of the Diophantine equation (1) for 𝑧 = 1 

and some positive integer 𝑛.   
Example 17. The Diophantine equation 9𝑥 + 9𝑦 + 23 = 𝑤2 has only one non-negative integer solution, i.e., 
(𝑥, 𝑦, 𝑤) = (0, 0, 5).  
Example 18. The Diophantine equation 9𝑥 + 9𝑦 + 47 = 𝑤2 has only one non-negative integer solution, i.e., 
(𝑥, 𝑦, 𝑤) = (0, 0, 7).  
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Example 19. The Diophantine equation 9𝑥 + 9𝑦 + 71 = 𝑤2 has only one non-negative integer solution, i.e., 
(𝑥, 𝑦, 𝑤) = (0, 1, 9).  

Example 20. The Diophantine equation 9𝑥 + 9𝑦 + 95 = 𝑤2 has no non-negative integer solution. 
 

Theorem 21.  Let 𝑥, 𝑦 ≥ 1  and  𝑧 = 1.  If 𝑛 = 24𝑘 + 15  for some non-negative integer 𝑘 with 𝑘 ≡

0, 1 (mod 3), then the Diophantine equation (1) has no non-negative integer solution. 
Proof. Assume that 𝑛 = 24𝑘 + 15 for some non-negative integer 𝑘 with 𝑘 ≡ 0, 1 (mod 3). Therefore, 𝑛 ≡

3, 6 (mod 9). By Theorem 3(2), we can conclude that (1) has no non-negative integer solution. ◼ 
 

By Theorem 4 and Theorem 21, we found all solutions of the Diophantine equation (1) for 𝑧 = 1 

and some positive integer 𝑛 with above conditions. 
Example 22. The Diophantine equation 9𝑥 + 9𝑦 + 15 = 𝑤2 has only one non-negative integer solution, i.e., 
(𝑥, 𝑦, 𝑤) = (0, 1, 5). 
 
Example 23. The Diophantine equation 9𝑥 + 9𝑦 + 39 = 𝑤2 only two non-negative integer solutions. That 
are (𝑥, 𝑦, 𝑤) ∈ {(0, 1, 7), (0, 2, 11)}. 
 
Conclusions  

This research demonstrates some conditions for the non-existence of non-negative integer solution 
of the Diophantine equation 9𝑥 + 9𝑦 + 𝑛𝑧 = 𝑤2 , where 𝑛  is a positive integer and 𝑥, 𝑦, 𝑧, 𝑤  are non-
negative integers, and investigates all solutions of this equation for some positive integer 𝑛. However, the 
results of this work cannot cover all cases. For example, when 𝑛 = 18 and 𝑛 =  54 . This unsolved problem 
remains an interesting topic for further investigation. 
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