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ABSTRACT. In this study, we consider the ordered variational inclusion problems in
ordered Banach spaces involving the weak RRD-multivalued mappings. By using the
technique of relaxed resolvent operators, we suggest an iterative algorithm and prove
the existence of solutions of ordered variational inclusion problems. Also, we prove the
convergence of the sequences generated by an iterative algorithm.

KEYWORDS: Ordered variational inclusion problems, Algorithm, Weak-RRD multival-
ued mappings, Ordered Banach spaces.
AMS Subject Classification: 49J40, 47TH09, 47J20.

1. INTRODUCTION

Most of the problems related to variational inequalities, variational inclusions,
complementarity problems and equilibrium problems are solved by the maximal
monotone operators and their generalizations such as H-monotonicity, H-accretivity,
penalization, regularization and many more in these fields see, [1, 2, 6, 7, 9, 13, 25].
Some splitting methods are based on the resolvent operator of the form [I +AM]~!,
where M is a multivalued monotone mapping, A is a positive constant and [ is an
identity mapping.

Generalized nonlinear ordered variational inclusions have wide applications to
many fields including for example, mathematical physics, optimization and con-
trol theory, nonlinear programming, economics and engineering sciences. Li [18]
studied a class of generalized nonlinear ordered variational inequalities in ordered
Banach spaces. One year later, the same author [19] studied another class of gen-
eral nonlinear ordered variational inequalities in the same setting. He continued
to his researches in this field by studying a class of nonlinear inclusion problems
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for ordered RME set-valued mappings in ordered Hilbert spaces. The introduction
of the concept of ordered (a, \)-NODM set-valued mappings was first made by Li
[21]. He considered a class of nonlinear variational inclusion problems involving
(o, \)-NODM set-valued mappings and proved an existence theorem for solutions
of such a class of problems. He defined the resolvent operator associated with an a-
NODM set-valued mapping and proved that it is a comparison Lipschitz continuous
mapping. Based on the resolvent operator appeared in [21], the author suggested
an iterative algorithm and studied the convergence analysis of the sequence gen-
erated by his proposed iterative algorithm. With inspiration and motivation from
this work, during the past six years, many investigators have shown interest in in-
troducing various kinds of ordered set-valued mappings in the setting of different
ordered spaces and defined the resolvent operators associated with them. They used
the resolvent operators defined in their papers for solving various classes of ordered
variational inequalities/inclusions.

In 2001, Huang and Fang [11] introduced the concepts of generalized m-accretive
mapping and studied the properties of resolvent operator with the generalized m-
accretive mappings. Essentially, using the resolvent operator techniques, one can
show that the variational inclusions are commensurate to the fixed point problems.
This equivalent formulation has played a great job in designing some exotic tech-
niques for solving variational inclusions and related optimization problems.

Inspired and motivated by the recent research works, [1]-[30], In this paper,
we consider a relaxed resolvent operator [(I — R) + AM]~!, where R is a single
valued mapping, I is an identity mapping, and show that the relaxed resolvent
operator is a comparison mapping with respect to the operator ®. Finally, we prove
the existence of solutions of ordered variational inclusion problems by using the
weak-RRD multivalued mappings and also discuss the convergence of an iterative
sequences generated by the algorithms.

2. PRELIMINARIES

Let (X,]| - ||) be an ordered Banach spaces whose dual X* is endowed with the
dual norm, denoted also by || - ||. Let d be the metric induced by the norm || - ||, 2%
(respectively C(X)) be the family of nonempty (respectively compact) subsets of
X, and D(+,-) be the Hausdorff metric on C'(X) defined by,

D(A, B) = max{sup d(z, B),sup d(A,y)},
T€EA yeB

where A, B € C(X),d(z, B) = infyep d(z,y) and d(A,y) = infyca d(z, y).

Definition 2.1. Let X be a real Banach space with norm || - || and € be the zero
element in X. A nonempty closed convex subset C' of X is said to be a cone if
i) c+Ccc,

(ii) for any z € C and any A > 0, \x € C.
Also said to be a pointed cone, if for any z € C' and —x € C then x = 6.

Definition 2.2. [18] Let C be a cone in real Banach space X. A cone C is called
normal if there exists a constant Ac,, > 0 such that for 0 <z <y, ||z|| < Aoy Y],
where A¢, is a normal constant of C.

Definition 2.3. [29] A relation < is said to be partial ordered in X, if for any
elements z,y € X,x <y, then x —y € C. The real Banach space X endowed with
the ordered relation < defined by C' is called an ordered real Banach space.
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Definition 2.4. [29] For arbitrary elements z,y € X, x and y are called comparable
to each other, if x <y (or y < z) holds. And denoted by z o y for x < y and y < x.

Lemma 2.5. ([18, 23], Lemma 2.1) Let C' be a normal cone of an ordered real
Banach space X and < be a partial ordered relation defined by the cone C. For
arbitrary elements x,y € X,lub{x,y} and glb{x,y} express the least upper bound
and greatest lower bound of the set {x,y}. Suppose lub{x,y} and glb{z,y} exists,
some binary operations can be defined as follows:

i) vy =lublz,y};
(ii) = Ay = glb{z, y};
(iii) zdy=(z—y) V (y — x);
(iv) z0y=(z—y) A (y — x);
(v) If © o y, then lub{x,y} and glb{x,y} exist, x —y o« y —x and 0 <
(z—y)V(y—x);
(i) If zVy = lub{z,y},a Ay = glb{z,yto @y = (z—y)V(y —2),20y =
(z—y) A (y—x).
The operators V,\,® and ® are called OR, AND, XOR and XNOR operations,
respectively. Then here in after relations survive:
() zoy=ydrezdz=0z0y=yo0r=—(rdy) =—(yd);
(2) For a real A\, (A\x) ® (\y) =| A | (x D y);
3) 200<0, if v x 0
(1) 0<aoyifeay
(5) if x xy then x ®y =0 if and only if x = y;
(6) (3+)© (utv) > (0w + (y© )
() (z+y) O (u+v) > (zOv)+ (yOu);
(8) let (x+y)V (u+v) exist, and if x o< u,v and y o« u,v, then

(+y) B ut+v)<(2@ut+ydv)A(zBv+ydu);

9) fe<yandu<wv, thenz+u<y+wv:
(10) zvVy=z+y— (zAy);
(11) axpfx=|a—PF|z=(a®f) |z, ifx < b, Vz,y,u,v € X and o, 3,y € R.

Proposition 2.6. [8] If x o y, then lub{z,y} and glb{x,y} exist x —y x y —x and
0<(@-y)V(y—x).

Proposition 2.7. [3] If for any positive integern if x o y, and y, — y* (n — 00)
then x o y*.

Proposition 2.8. ([23], Theorem 2.5) Let X be a positive Hilbert space and
x,y,2,w € X. Then we have the following statements:
(1) Ifx <y, 6 <z, then (y,2) > (x, z);
(2) If 0 < z, then (x Vy, 2)
(3) If 0 < z, then (x+y, 2
(4) If 0 < z, then (x V y, 2z
(5) If 6 < z, then (x By, 2

2 2) Ay, 2) > (T Ny, 2);
+<$Ay,2>;

VIV IV IV
&
K
<
&
N
w
N

\/\/\/

Lemma 2.9. ([17, 19], Lemma 1.13) Let X be an ordered real Banach space and
C be a normal cone in X with normal constant ¢, . Then for arbitrary elements
x,y € X, the following relations hold:

(1) 6@l = 6] = o;
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2) Ayl <zl Allyll < fl]l + [lyll;

3) llz@yll < llz —yl < Aoyllz @ yll;

4) if x ocy, then ||z @yl = [l —yl;

5) limy g, ||[A(z) — A(xo)|| = 0, if and only if
lim A(z) ® A(zg) = 0.

Tr—>T0

(
(
(
(

Definition 2.10. [18] Let X be a real ordered Banach space and R : X — X be
a single valued mapping, Then

(i) R is called comparison, if for each x,y € X, x o y then R(z) « R(y), = «
R(z) and y oc R(y);

(ii) R is called strongly comparison, if R is a comparison and R(z) « R(y) if
and only if x o y for z,y € X.

Definition 2.11. [21] Let X be a real ordered Banach space and R, B : X — X
be two single valued mappings, Then R and B is said to be comparable to each
other, if for each z,€ X, R(x) o B(z) (denoted by R o B). Obviously, if R is
comparable, then R o I, where [ is the identity mapping.

Definition 2.12. ([18], Definition 2.10) Let X be a real ordered Banach space and
C be the normal cone with normal constant Cy, in X. A mapping R: X — X
is called B-ordered compression mapping if R is a comparison and there exists a
constant 0 < 8 < 1 such that

(R(z) @ R(y)) < Bz @ y).

Lemma 2.13. [17] Let C' be a normal cone in X. If for x,y € X, they can be
compared to each other, then the following condition holds:

(@ +y) V(=) + (=y) < @V (=2)) + (y V (=y)).

Definition 2.14. [20, 23, 24] Let X be a real ordered Banach space and M :
X — 2% be a multivalued mapping. Let R : X — X be a strong comparison
and (-ordered compression. Then,

(i) M is called comparison mapping, if for any v, € M(z), X y, & & v,
then for any v, € M(z), vy o« M(y) and v, o< vy, for all z,y € X;

(ii) M is called ordered rectangular mapping, if for each z,y € X, v, € M(x)
and v, € M(y) such that

(V2 © vy, —(z D y)) = 0;

(iii) M is called «yg-ordered rectangular mapping with respect to R, if there
exists a constant yg > 0, for any x,y € X there exists v, € M (R(x)) and
vy € M(R(y)) such that

(v © vy, —(R(2) ® R(y))) = el R(z) & R(y)|?,

where v, and v, are said to be yg-elements, respectively;

(iv) M is called weak comparison mapping with respect to R, if for any z,y €
X, = o y then there exists v, € M(R(x)) and v, € M(R(y)) such that
T X Vg, Yy X vy and v, x vy, where v, and v, are said to be weak
comparison elements, respectively,
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(v) M is called A-weak ordered different comparison mapping with respect
to R, if there exists a constant A > 0, for any x,y € X there exists
vy, € M(R(zx)), vy, € M(R(y)) such that A(v, — vy) x (xr —y), where v,
and v, are said to be A-elements, respectively;

(vi) A comparison mapping M is called A-ordered strongly monotonic increas-
ing, if for & > y there exists a constant A > 0 such that

AMvg —vy) > —y, Vo,y € X, v, € M(x),vy € M(y);

(vii) A weak comparison mapping M is said to be a (yg, A)-weak-RRD multival-
ued mapping with respect to B if M is a yr-ordered rectangular and A-weak
ordered different comparison mapping with respect to B and (R+AM)X =
X for A > 0 and there exists v, € M(R(z)) and v, € M(R(y)) such that
v, and v, are (yg, \)-elements, respectively.

Remark 2.15. Let X be a real Hilbert space. Then we have the followings:
(i) Every A-ordered monotone mapping is a A-weak ordered different compar-
ison mapping.
(ii) The vs-ordered rectangular mapping is an ordered rectangular mapping,
where I is the identity mapping,
(iii) An ordered RM E mapping is a A-weak RRD-mapping.

Definition 2.16. Let X be an ordered real Banach space. A multivalued mapping
A: X — 2% is said to be D-Lipschitz continuous if for each z,y € X,z oc y there
exists a constant 4 > 0 such that

D(A(z), A(y)) < dallz @ yl|.

Definition 2.17. Let X be an ordered real Banach space. Let M : X — 2% be
a multivalued mapping, R : X — X be a single valued mapping and [ : X —
X be the identity mapping. Then a weak comparison mapping M is said to be
a (v/,A)-weak RRD multivalued mapping with respect to (I — R), if M is a /-
ordered rectangular and A\-weak ordered different comparison mapping with respect
to (I—R) and [(I—R)+AM](X) = X for A > 0 and there exists v, € M((I—R)(z))
and v, € M((I — R)(y)) such that v, and v, are (7', A)-elements, respectively.

Example 2.18. Let X =R and let R : X — X be a mapping defined by
R(x) = g,Vx eX
and a multivalued mapping M : X — 2% is defined by M(z) = 1 for = 0 and
M(z) = {5} for  # 0. Then we can easily check that R is 1-ordered compression
and M is (%, 1)- weak RRD mapping with respect to R.
3. FORMULATION OF PROBLEMS

Let X be an ordered Banach space and A, B,T,G : X — C(X) be multivalued
mappings. Suppose that M : X — 2% be a multivalued mapping and N : X x
X x X — X be a single valued mapping. We consider the following problems for
finding u € X,v € A(u),w € B(u),q € T'(u) and z € G(u) such that

p € N(v,w,q) +7M(z), for some p € X and 7 > 0. (3.1)
Problem (3.1) is called an ordered variational inclusion problem.

Special Cases:
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(i) If N(v,w,q) =0 and G is a single valued mapping, then (3.1) reduces to
the following problem of finding u € X such that

p € TM(u), for some p € X and 7 > 0, (3.2)

studied by Li et al. [23].
(ii) If B =T = 0 (zero mappings) and A, G are single valued mappings, then
(3.1) reduces to the following problem of finding u € X such that
p € N(u) +7M(u), for some p € X and 7 > 0, (3.3)

studied by Li et al. [24].

(iii) If p=0,7 =1, T =0 (a zero mapping) and G is a single valued mapping,
then (3.1) reduces to the following problem of finding u € X,v € A(u),w €
B(u) such that

0 € N(v,w) + M(u), (3.4)
studied by Verma [30].

(iv) If p=0,7 =1, T =0 (a zero mapping) and N(v,w) = f(v) — p(w), then
(3.1) reduces to the following problem of finding u € X,v € A(u),w €
B(u), z € G(u) such that

0€ f(v) —p(w) + M(z), (3.5)
where f,p: X — X are single valued mappings, studied by Huang [10].

Definition 3.1. ([23], Theorem 3.3) Let X be an ordered Banach space, C be
a normal cone with normal constant A\c, and M : X — 2% be a weak-RRD-
multivalued mapping. Let I : X — X be the identity mapping and R: X — X
be a single valued mapping. The relaxed resolvent operator JI(V?;R) X — X,
associated with I, R and M is defined by

T (@) = (1 - R) + AM] ™ (x),Va € X, (3.6)

where A > 0 is a constant.

Proposition 3.2. ([23], Theorem 3.8) Let X be an ordered Banach space, R :
X — X be a B-ordered compression mapping and M : X — 2% be a multivalued
ordered rectangular mapping. Then relaxed resolvent operator J](VI[:\R) X — X s
a single valued for all X > 0.

Proposition 3.3. Let X be an ordered Banach space and C' be a normal cone with
normal constant Ac, in X. Let < be an ordering relation defined by the cone C,
the operator ® be a XOR operator. Let M : X — 2% be a (yr, \)-weak-RRD-
multivalued mapping with respect to J](é;\R). Let R: X — X be a single valued
mapping and I : X — X be the identity mapping. Then the resolvent operator
JI(VII;R) : X — X is a comparable.

Proof. Let M be a (ygr, A)-weak RRD-multivalued mapping with respect to JJ(é;\R).
That is, M is yg-ordered rectangular and A-weak ordered different comparison
mapping with respect to J](\;;\R), so that x o J](\;;\R)(x). For any z,y € X, let x x y
and let

e = 30 (= RS @) € MUK @) (3.7)
and
vy = §<y ~ (=BT W) e MU ). (3.8)
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Using (3.7) and (3.8), we have
ve =0y = 1@~ (= RSP @) - 5 - (- RGP )
= L=y (= R @) - S @),
Since M is a A-weak ordered different comparison mapping with respect to Jj(é;\R),
we have

GS)‘(UJJ_U.U)_(JU_?J)

=(@—y)+I-RGSP W)~ T -RIGT (@)~ (@ —y)

I-R I-R
= (I = R)(32" W) = (I = R)(J3 3" (@)).
If y <z then A(vy —vy) — (r —y) € C and if <y then (x —y) — N(vy —vy) € C.
Therefore, from Lemma 2.5
I-R I-R
J](VL/\ )(x) o< JJ(VL)\ )(y)
The proof is completed. O

Definition 3.4. Let X be a real ordered Banach space, C' be a normal cone with
a normal constant yc, in X. A mapping N : X x X x X — X is called
(1w, v, En)-ordered compression mapping, if © o y,u o v and p « ¢, then
N(z,u,p) o« N(y,v,q) and there exist the constants un,nn,En > 0 such that

N(z,u,p) © N(y,v,q) < pn(x @ y) +nn(u@v) +En(p @ q)

Lemma 3.5. Let X be an ordered Banach space and C' be a normal cone with
normal constant Ac, in X. Let < be an ordering relation defined by the cone C.
Let M : X — 2X be a (YR, \)-weak-RRD multivalued mapping with respect to
JZ(VI[;\R). Let R : X — X be a comparison and [B-ordered compression mapping
and I be the identity mapping. If Ayg > f+1 >0, and v, € M(J](é:\R) (z)) and
vy € M(JI(VII_AR)(y)) are yr and A-elements, respectively. Then relaxed resolvent

operator JJ(\;’;R) of M is a comparison and

I—R I—-R
ISP @) & 7505 () —lle @yl

HS;
Mr — B

Proof. Let M be a (ygr, A)-weak RRD multivalued mapping with respect to J](\/f;\R).
That is M is a «yg-ordered rectangular and A-weak ordered different comparison
mapping with respect to JJ(\;_)\R). Then for any z,y € X, A > 0, set u, = J](VII_AR) (z),
Uy = J](é;\R) (y) and let

1

v, = 3o — (- RGP @) € MU @)
and
v =1 — = DU W) € MU )

Since R is f-ordered compression mapping and from Lemma 2.5, we have
(= (I = R)(uz)) & (y — (I = R)(uy)))

(z@y+ I = R)(uz) © (I = R)(uy))

Uy DUy =

<

Sl =



94 J. NONLINEAR ANAL. OPTIM. VOL. 11(2) (2020)

IA

(z®y+us ®uy + Rlug) & R(uy))

IN

(2@ Y+ us ®uy + Blug ®uy))

IN
Sl > = >

(z @y + (1+5)(uz @ uy)).

Since M is yr-ordered rectangular mapping with respect to Jj(é_/\R), we have

Vg © vy, —(Uuz B uy))

YRt @uu” <(v
< vy B vy, Uy B Uy)
(

IN
>| =

(z@y+ 1+ B)(ux © uy)), ux O uy)

1 1+p

< X<x@i‘/a (uz ® uy)) + T((um © uy), (uz O uy))
1 1+5

< 3l yllue © w4 L g @ I

It follows that

1+8 1
(o = )l @ | < Sl @yl

and consequently, we have

_ _ 1
JU-B () @ g5 < — |z y|.
[ Tara (@) @ Ty W (W)l < we— - Tllz @yl
This completes the proof. O

4. MAIN RESULTS

In this section, we will show the convergence of the approximation sequences
generated by iterative algorithm for finding the solution of problem (3.1).

Algorithm 4.1. Let A,B,T,G : X — C(X) be the multivalued mappings, R :
X — X be a single valued mapping and I : X — X be the identity mapping.
Suppose that N : X x X x X — X is a single valued mapping and M : X — C(X)
is a multivalued mapping. For any given initial ug € X, vy € A(ug),wo € B(uop), qo €
T'(uo), z0 € G(uo), let

_ A
wn = o — 20+ i3 (1 = R)(20) + 2 (p = N (w0, wo, 90))]-

Since vg € A(ug) € C(X),wy € Blug) € C(X),q0 € T(up) € C(X) and z €
G(ug) € C(X), by Lemma 2.9 there exist vi € A(w) € C(X), w1 € B(u1) €
C(X),q1 € T(u1) € C(X) and z1 € G(uy) € C(X) and suppose that ug x uy, vy X
V1, Wo X W1, qo X q1 and zg X z1 such that

[v1 & ol = [lvr — voll < D(A(u1), A(uo)),
w1 & wol| = [lw1 — wol| <D(B(u1), B(uo)),
ler @ qoll = llar — qoll <D(T'(u1),T(uo)),
|21 @ 2ol = [l21 — 20| < D(G(u1), G(uo)).

Continuing the above process inductively, we can define the iterative sequences {uy, },
{vn}, {wn}, {gn} and {z,} with the supposition that wy, X Upy1,Vn X Upi1, Wy X
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Wpt1sGn X Gni1 and z, < zpy1 for all n € N. We define the following iterative
schemes:

_ A
Upt1 = Up — Zn + JI(\;,)\R)[(I = R)(zn) + ;(p — N(vn, Wn, qn))] (4.1)
Vnt1 € A(Unt1), [[Vnt1 © vnll = [[vnt1 — vnll < D(A(uny1), Alun)),
Wnt1 € B(ung1), |wni1 @ wnl|| = ||wn+1 — wy|| <D(B(unt1), B(un)),

Gnt1 € T(Unt1), [|gn+1 @ qull = lgn1 — gnll < D(T(uns1), T(un)),
Znt1 € G(Ung1), [|2n41 © 2nll = 2041 — 20l S D(G(Ung1), G(un)) (4.2)

where X\, T are constants and p € X.
Now, we convert our problem (3.1) into a fixed point problem.

Lemma 4.2. Letu € X, v € A(u),w € B(u),q € T(u) and z € G(u) be the solution
of ordered wvariational inclusion problems (3.1) involving weak RRD-multivalued
mappings if and only if (u,v,w, q,z) satisfies the following relation

- A
w=u—z+ 5P = R)@) + 2= Nw,w,0)]
where
TP = (I - R)+AM]
and A\, 7 are constants and p € X.

Proof. This directly follows from the definition of relaxed resolvent operator J ](é;\R)

and the conditions of comparison mappings, respectively. O

Theorem 4.3. Let X be a real ordered Banach space and C be a normal cone
with normal constant Ac, in X. Let R : X — X be a comparison, B-ordered
compression mapping and I : X — X be the identity mapping. Let N : X X
X x X — X be the (un,nn,En)-ordered compression mapping with constants
un, N, En > 0. Let A, B, T,G : X — C(X) be the multivalued mappings such that
A, B,T and G are ®-Lipschitz continuous mapping with constants §4,9p,0r and
da, respectively. Suppose that M : X — C(X) is a (ygr, \)-weak RRD-multivalued
mapping such that the following conditions are satisfied:

Aoy [TAYR(1+66) + Aunda +AnoB + Anor] < ATyR+T7(1+B8)(Acy —1). (4.3)

Then the iterative sequences {un },{vn}, {wn}, {¢n} and {z,} generated by Algorithm
4.1 converge strongly to u,v,w,q and z, respectively and (u,v,w,q,z) is a solution
of ordered wvariational inclusion problems (3.1) involving weak RRD-multivalued
mappings, where u € X,v € A(u),w € B(u),q € T(u) and z € G(u).

Proof. Let h(uy,) = [(I — R)(2n) + 2(p — N(vn, wn,qn))]. Using Algorithm 4.1 and
Lemma 2.5, we obtain
0 < Upy1 Duy
= (= 20+ T3 (1)) @ (un—1 = zn1 + T3 3 (1))
< Un @ Un—1 + 20 D zno1 + (Tyy 2 (W) @ T5 3P (1)) (4.4)
Using Definition 2.2, Lemma 3.5 and from (4.4), we have
l[unt1 @ un

<Ay tn @ tn—1 + 20 @ zno1 + (T3 (h(un)) @ T33P (h(un-1))|
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< Aoy [ltun @ wn—1ll + 120 @ 2oall + 1753 (h(un)) @ T3 (B(wn-1))]

I-R I-R
< Aewlllun @ ||+ D(G un), Glun-1) + 1755 (h(un)) & Ty 3 (lun-1) ]
1
— 1A h(un—1)|]]- (4.5
g () @ Al (45)
Since R is a S-ordered compression mapping and N is a (un, ny, {n)-ordered com-

pression mappings and A, B,T,G are ©-Lipschitz continuous with respect to the
constants d 4,03, and d¢g, respectively, we have

< )\CN[Hun (&) Un—l” + JGH’U% @’Um_1|| +

[7(un) & h(un—1)[| = I[(1 = R)(zn) + %(P — N(vn, wn, qn))]

B = R)en-1) + 20 = Non-1, w1, 01|

< T = R)zn) @ (= R) 1)+ 2o = N, s a0)
@ (p = N(vn—1,Wn-1,qn-1))|l

< lln @ zncall + 1R(z0) @ Rizn-)ll + 2l lfon ® vl
+ 0 llwn & wnill + Enllgn & gn-al]

< D(G(un), Glun1)) + | Blzn) © Rlan1)| + 2 [nllon © v 1]
+ 0y [[wn @ wna |l + Enllgn © gnll]

< bl & 1|+ BD(G 1), Gln 1)) + 2 [axD(Aln), Alun 1))
AN D(Blun), Blun1)) + EvD(T ), T 1))

< dallun & un-1| + BSgllun ® -1l + Zndallun & un-s|
+ 1N OB |[un @ un—1]| + EnOr|un S un—1]

< [(T+B)oc + %[MN(SA +nn0B + Enor]]llun @ up—1]l,

which implies that

A
1h(un) & h(un-1)Il < [(1 + B)d + —lpnda +1ndp + Endr]llun ® un—1]l.  (4.6)
Using (4.5) and (4.6), we have

[un+1 © unl|

A
< Aoyl +dc + (L +B)oa + ;(uN(;A +nn0B + Enor))][[un © un—1]|-

v
Mr—p—1

By Lemma 2.9, we have

A
ltn+1—unll = [[unt1Dunll < Aoy [1+0c+ ((1+5)5G+;(#N5A+TIN5B

v
AMr—B8-1
+En07))][|un ® un—1l,
that is,
[unt1 = unll < Ollun — tn1| (4.7)
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where

O = Acy[l+dc + (1 +B)oc + %(MN(;A +nn0p +Endr))]

Mr—B8-1
By condition (4.3), we have 0 < © < 1. Thus {u,} is a Cauchy sequence in X and
since X is a complete space, there exists u € X such that v, — u as n — oo.
From (4.2) and ®©-Lipschitz continuity of A, B, T, G, we have

[vn+1 = vnl < D(A(unt1), A(un)) < dalltngr — unl,

[wnt1 — wal| < D(B(unt1), B(un)) < 6pllunt1 — ual,

lgn+1 = anll < D(T(unt1), T(un)) < 07 [unt1 — unl,

201 — znll < D(G( ), G(un)) < 0g|[tns1 — unl|- (4.8)
It is clear from (4.8) that {v,}, {wn},{gn} and {z,} are also Cauchy sequences in
X and so there exist v,w,q,z in X such that v,, — v,w, — w,q, — ¢ and
zn — z as n — 00. By using the continuity of operators A, B, T, G, J](é;\R) and
Algorithm 4.1, we have

Up 41

_ A
u=u—2+J P - Rz + —(p = N(v,w,q))].

From Lemma 4.2, we conclude that (u,v,w,q, z) is a solution of problems (3.1). It
remain to show that v € A(u),w € B(u),q € T(u) and z € G(u). In fact

d(v, A(u)) < [v = val| + d(vn, A(u))
< lv = wvall + D(A(un), Au))
< |lv = vp]|| + dal|un —ul| — 0 as n — 0.

Hence v € A(u). Similarly we can show that w € B(u),q € T'(u),z € G(u). This
completes the proof. O
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ABSTRACT. In convex programming, the basic constraint qualification is a necessary
and sufficient constraint qualification for the optimality condition. In this paper, we give
characterizations of the basic constraint qualification at each feasible solution. By using
the result, we give an alternative method for checking up the basic constraint qualification
at every feasible point without subdifferentials and normal cones.
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1. INTRODUCTION
In this paper, we consider the following convex programming problem:

(P) { minimize f(x),
subject to  g;(x) <0 for each i € I,

where X is a locally convex Hausdorff topological vector space, I is an arbitrary
index set, f is an extended real-valued convex function on X, and g; is an extended
real-valued convex function on X for each i € I. Constraint qualifications are essen-
tial in mathematical programming, see [1, 2, 3, 4, 5, 8,9, 10, 11, 12, 13, 14, 15] and
references therein. In particular, they ensure the existence of Lagrange multipliers
or zero duality gap between (P) and its Lagrangian dual problem. These results
have played a critical role in the development of convex programming. Additionally,
constraint qualifications for the following optimality condition have been studied by
many researchers:

E = R(f) such that 0 € 0f(zg) + Z X:0g; (o),
el
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where R{) = {\ e R! | Vi € I,\; > 0,{i € I | \; # 0} : finite}. One of the best-
known constraint qualification for the optimality condition is the Slater constraint
qualification. It is easy to check whether the Slater constraint qualification holds
or not. However, the Slater constraint qualification is often not satisfied for many
problems arising in applications. The lack of a constraint qualification can cause
both theoretical and numerical difficulties in applications. Recently, it was shown
that the basic constraint qualification (BCQ), which was introduced in [3], is a
necessary and sufficient constraint qualification for the optimality condition by Li,
Ng and Pong, see [8]. To check the BCQ at a feasible point, however, we have to
calculate the subdifferential of all g; and the normal cone of the feasible set at the
point. In this point of view, checking up the BCQ at every feasible points is not so
easy.

The purpose of this paper is to give characterizations of the basic constraint
qualification at each feasible point, and to give an alternative method to checking
up the BCQ at every feasible points. The paper is organized as follows. In section
2, we describe our notation and present preliminary results. In section 3, we give
characterizations of the basic constraint qualification at each feasible point, and we
give an alternative method for checking up the BCQ at every feasible points. Also
we remark that alternative results which are generalizations of Farkas’ Lemma are
given. In section 4, we explain the usefulness of our result obtained in this paper.

2. PRELIMINARIES

In this section, we describe our notation and present preliminary results. Let X
be a locally convex Hausdorff topological vector space over the real-field R, let X*
be the continuous dual space of X, and let (v, z) denote the value of a functional
v € X* at x € X. For a subset A* of X*, we denote the weak*-closure, the conical
hull and the convex hull of A by clA*, coneA* and coA*, respectively. Let f be
a function from X to R U {+o00}. The effective domain of f, denoted by domf is
defined by

domf ={zx € X | f(z) < +o0},
and the epigraph of f, denoted by epif is defined by
epif = {(z,r) € X xR | z € domf, f(z) < r}.

The function f is said to be convex, proper and lower semicontinuous (lsc) if epif
is a convex set, nonempty set and closed set, respectively. When f is a proper Isc
convex function, the conjugate function of f, f* : X* — RU{+o0}, is defined by

[7(w) =sup{(v,z) — f(z) |z € X}.
The subdifferential of f at x € X, denoted by df(x), is defined by
Of(x) ={ve X" | f(z) + (v,y —x) < fy),Vy € X}

For nonempty convex set A C X, the indicator function 4 : X — R U {+o0} is
defined by
0 zxzeA,
0alr) = { +oo z ¢ A
For any = € A, the normal cone of A at x, denoted by N4(x), is defined by

Ny(z)={ve X" | (v,y—=x) <0,Vy € A}.
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For proper lsc convex functions g, h : X — RU {+o0}, the infimal convolution of
g with h, denoted by g @ h, is defined by

(& h)@) = inf_{glw) +hlw2)}.

x

It is well known that if domg N domh # ), then
(g@h)"=¢g"+h"and (g+ h)* =cl(g" ®h"). (2.1)

The closure operation in the second equation is superfluous if one of g and h is
continuous at some a € domg N domh. Then,

epi(g + h)* = epig” + epih* and (2.2)
d(g + h)(z) = 9g(x) + Oh(x), for each x € domg N dombh, (2.3)

see [2].

We denote by RSFI) the space of generalized finite sequences (\;);c; such that
Ai € Ry = {t € R| ¢ >0} for each ¢ € I, and with only finitely many A; different
from zero. Let g; be an extended real-valued proper Isc convex function on X for

eachi € I, and let A\ € RSFI). Assume that each g; is continuous at least at one point
of ;c; domg;, and 0 x oo = 0. Then

) . > Niepigi > i >0,

epi Aigi el EL (2.4)
(; {0} xRy > Ai=0,
i€l
GZ Aigi(z) = Z Xi0gi(z),Vx € ﬂ domyg;. (2.5)
icl i€l iel

Definition 2.1. Let I be an arbitrary index set, g; an extended real-valued proper
Isc convex function on X foreachi e I, S ={r € X | gi(z) <0,Vie I},and Z € S.
The family {g; | ¢ € I'} is said to satisfy the basic constraint qualification (BCQ) at
z if
Ng(Z) = coneco U 09:(Z),
1€I1(T)
where I(Z) = {i € I | g;(Z) = 0}.
We introduce the following previous result of the BCQ.

Theorem 2.1. [3] Let I be an arbitrary indez set, g; an extended real-valued proper
Isc convex function on X for eachi € I, S ={x € X | gi(z) < 0,Vi € I}, and
Z € S. Then the following statements are equivalent:
(i) the family {g; | i € I} satisfies the BCQ at T,
(ii) for each real-valued convex function f, T is a minimizer of f in S if and
only if there exist a finite subset J C I(Z) and (X\;);es € R, such that

0€0f(x)+ Y Nidgi(2).

icJ

By Theorem 2.1, the BCQ is said to be a necessary and sufficient constraint
qualification for the optimality condition.

The following results, a set containment characterization and Fenchel duality,
are used in our main theorem.
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Theorem 2.2. [6] Let I be an arbitrary indez set, g; an extended real-valued proper
Isc convex function on X for each i € I, v € X*, and a € R. Assume that
S={xeX|g(x) <0,Vie I} is nonempty.
Then the following statements are equivalent:
(i) {x € X |gi(x) <0,Viel} C{ze X |(v,2) <a},
(ii) (v,a) € clconeco U epig; .
iel

Theorem 2.3. [7] Let f and g be extended real-valued proper lsc convex functions
on X such that domf Ndomg # @. If epif* + epig* is w*-closed, then

inf {f(z) + g(2)} = max{~f"(~v) g ()}

3. MAIN RESULT
Throughout this section, we consider the following convex inequality system:
{gi(x) <0fiel}

where [ is an arbitrary index set, and ¢; an extended real-valued proper lsc convex
function on X for each i € I. Let S = {z € X | g;(z) <0,Vi € I}, and assume that
each g; is continuous at least at one point of (), ; domg;. We show the following
theorem as our main result.

iel

Theorem 3.1. Let z € S = {x € X | gi(x) < 0 Vi € I}. Then the following
statements are equivalent:
(i) the family {g; | i € I} satisfies the BCQ at T,
(ii) for each real-valued convex function f, T is a minimizer of f in S if and
only if there exist a finite subset J C I1(Z) and (X\;)ics € R, such that

0€0f(x)+ Y \idgi(2),
ieJ

(iii) the following inclusion holds:

{v

(iv) for each extended real-valued proper lsc convex function f with epif*+epid
is w*-closed, exactly one of the following two statements is true:

. flz) < f(z),
(a) there exists © € X such that { gi(2) <0, for eachic I,

(v, (v,Z)) € clconeco U epigf} - {v

el

(v, (v,Z)) € coneco U epigf} ,

el

(b) there exists A € ]Rg_l) such that
f(x)+ Z \igi(x) > f(Z) for each x € X,

iel
Xigi(T) =0 for each i € I,
(v) for each v € X*, exactly one of the following two statements is true:

: (v,2) < (v,7),
(a) there exists x € X such that { gi(x) < 0 for cachic I,

(b) there exists A € Rg) such that
(v,2) + Y Xigi(x) > (v, &), for each x € X,

el

Xigi(Z) =0 for each i € I.
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Proof. By Theorem 2.1, (i) and (ii) are equivalent.
We show that (ii) implies (iii). Assume that the statement (ii) holds, and let
v € X* satisfying (v, (v, 7)) € cleconeco | J,.; epig;. Then, by Theorem 2.2,
{reX|g(z)<0,Viel} C{zeX|(v,z) < (v,T)}.
This shows that Z is a global minimizer of —v in S. By the statement (ii), there
exist a finite subset J C I(Z) and (\;);cs € Ry, such that

0€d(—v)(@) + > Nidgi(x
ieJ

that is, v € >, ; Mi0g;(Z). For each i € J C I(z), we show that w € dg;() if and
only if (w, (w,Z)) € epigy. Actually,
vy € X, 9i(y) 2 9:(T) + (w,y — T)
Yy € X, gi(y) = (w,y — T)
Yy € X, (w,2) = (w,y) = gi(y)
(w,z) = g; (w)
(w, (w, Z)) € epig; .

w € Jg;(T) >
>

1reey

Hence,
(v, (v,T)) € Z Aiepig; C coneco U epig; .
ieJ icl

Next, we prove that (iii) implies (iv). Assume that (iii) holds, and let f be an
extended real-valued proper Isc convex function with epif* + epidg is w*-closed. It
is clear that (a) and (b) in (iv) do not hold simultaneously. If (a) does not hold,
then for each x € S, f(z) > f(Z), that is, Z is a global minimizer of f in S. By
Theorem 2.3,

f(@) = min f(z) = min{f(z) + ds(2)} = max{—f"(-v) - d5(v)},

vEX*
that is, there exists vy € X* such that f(Z) = —f*(—vo) — d%(vo). Hence,
f@) = —f"(=vo) —d5(vo)

= (=vo) — Sup{<vo, z) = 0s(x)}

= —f"(—v) + mf( Vg, Z)

< —f(=vo) + (=0, T)

< —({(=v0, @) = f(%)) + (—vo, T)

= f(@).

This shows that f(Z) 4+ f*(—vo) = (—vo, Z), that is, —vy € f(Z). Additionally, we
can see that inf,cg (—vg, x) = (—vo, Z), hence we have

{reX|g(z)<0,Viel} C{zxe X | (vy,z) < {vy,T)}.
By Theorem 2.2 and the statement (iii),

(vo, (vo, T)) € coneco U epig; .
iel
Hence, there exist A € RS_I) and (a;,b;) € epig] for each ¢ € I such that

UO; U07 § )\ az; z

el
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For each i € T and z € X, (ai,m> — gi(z) < b;. Therefore,

’00, Z A’Lgl UOa > .

el
Since —vg € 9f(Z), for each z € X,

f(@) + (—vo,x — ) < f().

)+ Y Nigi(x) > f(z).
iel
Since T € S, we can check easily that A\;g;(Z) = 0 for each i € I, hence (b) of (iv)
holds.
It is clear that (iv) implies (v).
Finally, we prove that (v) implies (i). Assume that (v) holds. At first, we show
the following inclusion:

This shows that

Ng(Z) D coneco U 9g;(T)
i€l(z)
Actually, let ¢ € I(Z) and v € 0g;(Z), then for each z € S,
(v,2 =) = gi(7) + (v, — T) < gi(x) <0.

This shows that v € Ng(Z), that is, dg;(Z) C Ng(Z). Since Ng(Z) is a convex cone,
the above inclusion holds. Next, we show the following inclusion:

Ng(Z) C coneco U 0g;(T).
i€l(z)
Let v € Ng(Z), then, Z is a global minimizer of —v in S. Hence, the statement (a)

in (v) for —v does not hold. By the statement (b) in (v), there exists A € Ril) such
that for each z € X,
<_U’ J;> + Z /\igi(l‘) > <_U’ 'f> )
iel
and \;g;(7) = 0 for each i € I. This shows that (3_,.; Aigi)*(v) < (v,Z). Since

Doicr Nigi(Z) + (D ier Migi)*(v) < (v, Z), we can see that v € (3, c; Nigi)(Z). By
the equation (2.5) and the complementarity condition,

ve (Z )\ng> Z Ai0g;(Z) C coneco U 0g;(T).

el i€l 1€I(Z)

This shows that (i) holds. This completes the proof. O

Remark 3.1. By (iii) in Theorem 3.1, an alternative method for checking up the
BCQ at every feasible points is given. The method requires a convex cone depents
on constraint functions and feasible points, but does not require any subdifferentials
and any normal cones, see examples in Section 4.

Remark 3.2. By using Theorem 3.1, we can show Farkas’ Lemma. Let A =
(ai;) € R™™ and b € R™. Put X = R", I = {1,...,m}, ¢; = (a;,-) where
a; = (ai1,...,a;)7,i€l,and 2 =0€ S = {x € R" | g;(x) <0 Vi € I}. Then, we
can see that the statement (iii) of Theorem 3.1 always holds, that is,

m
{v € R"™ | (v,0) € clconeco U epigf} - {v eR”

i=1

m
(v,0) € coneco U epig:‘} .

=1



CHARACTERIZATIONS OF THE BCQ AND ITS APPLICATIONS 105

The proof is given as follows: at first, we can see that

coneco G epig; = {i Ai(aq, Bi)

i=1 i=1

Ai > 072/\1 > 0,6 > 0} U {(0,0)}
=1

and

clconeco U epig; = {Z Ai(ag, B;)

i=1 i=1
hold. When (v,0) = > | Xi(a;, 8;) € cleoneco |, epig} for some non-negative \;
and (3;, it is clear that \;3; = 0 for all 4 € I. If all \; are O then v = 0, otherwise
S, A > 0. Therefore (v,0) € coneco|J]~, epig; holds. From Theorem 3.1, the
statement (v) holds. When v = —b, exactly one of the following two statements is

true:
(a) there exists € R™ such that (b,z) > 0 and Az <0,
(b) there exists y = (y1,...,Ym) € R such that ATy =b.

This is a variation of Farkas’ Lemma. From this observation, each (iv) and (v) of
Theorem 3.1 can be considered as a kind of alternative results.

Ai > 0,8 20}

4. EXAMPLES AND APPLICATIONS

In this section, we explain the usefulness of our results by some examples and
applications. At first, we give three examples and we check up the BCQ at every
feasible by using the given alternative method.

Example 4.1. Let g1 : R — R be a function as follows:

%xQ -z x € (—00,0],

g1(x) = 0 x € (0,1),
Lz —1)2 z€[l,+o0).
Then S = [0,1], and we can calculate the Fenchel conjugate of g1 as follows:
Lo+ 1) ve (—o0,1],
g9 (v) = 0 v € (—1,0),
102 +v v e 0, +00).

Furthermore,
(—00,0] =0,
{veR| (v,vx) € clconeco epigi } = {0} x € (0,1),
[0,400) = =1,
and
. wv | (=00,0] z=0,
{v € R | (v,vx) € coneco epig; } = { {0} e (0,1]

By Theorem 3.1, the BCQ holds at every point of [0, 1), however the BCQ does not
hold at 1. By Figure 4.1, it is easy to check whether the BCQ holds or not at every
feasible point.

Example 4.2. Let g5 : R2 — R be a function as follows:

g2(21,22) = g(x1) + g(22),
where
(t+1)? te(—o0,—1],
g(t): 0 te (_1’1)a
(t—1)2 te[l,+o0).

(SIS

(SIS
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cone co epi g g7

FIGURE 1.

cone co epi g5

FIGURE 2.

Then7 S = [_17 1]2v g;(Uh’UQ) = %U% =+ |r01‘ + %U% =+ |r02‘7
coneco epigy = {(v1,v2,7) € R | Jor| + [vz] <} U{(0,0,0)},

and
clconeco epigy = {(v1,v2,7) € R® | Jvg| + |vo| < 7).

Hence, the BCQ holds at every point in the interior of S, however the BCQ does
not hold at every point in the boundary of S by using Theorem 3.1. See Figure 4.2.

Example 4.3. Let g3 : R® — R be a function as follows:

93(2) = 5 ({wo0,2) = | w0, 2) D + 5 (o, ) + | (o, )],
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where vg, wy € R™ \ {0} and (vg, wp) = 0. Then,
S={zeR"|gs(x) <0} ={svg+twy|s>0,¢t<0}

and
g5(v) = %(@0&))2 + 0 svp+two|s<0,t€(0,1]} (V)-
Hence,
coneco epigi = {(svg +twg,r) € R" | r > 0,5 € (—00,0],t € [0, +00)}
U{(two, ) € R"™ | r > 0,t € [0, +00)},
and

clconeco epigs = {(svg + twg,r) € R™™ | > 0,5 € (—00,0],t € [0,400)}.

Therefore, the BCQ holds at every point in the union of the interior of S and
{Awvg | A > 0}, however the BCQ does not hold at every point in {twq | t € (—o0, 0]},
by using Theorem 3.1.

When n < 2, as we saw in Example 4.1 and Example 4.2, it is possible to check up
the BCQ on the feasible solution S by illustrating coneco | J;.; epig;. When n > 3,
it is not easy to illustrate coneco | J;; epig; in general, but Example 4.3 is a special
case in which the BCQ can be checked up without illustrating coneco |, epig;.
When every g; are sublinear, the BCQ can also be checked up without illustrating
coneco  J;.; epigf, by using just dg;(0), see the following result:

Theorem 4.1. Let I be an index set, g; be a real-valued sublinear function on X
foreachi €I, S ={x € X | gi(x) <0,Vi € I}, and T € S. Then the following
statements are equivalent:

(i) {g: | ¢ € I} satisfies the BCQ at T,

(ii) the following inclusion holds:
{v | (v, {v,&)) € clconeco U epidag, 0y} € {v | (v, (v,T)) € coneco U epidag, (0) }-
iel iel
Proof. Since g; is sublinear, we have
9i = 00g,(0)-
By Theorem 3.1, (i) and (ii) are equivalent. O

Example 4.4. Let g4 : R — R be a function as follows:

9a(x) = ||z[| + (vo, @) ,
where vg € R™ with |lvg]] = 1 and n > 2. Then, g4 is a sublinear function, and
S ={z € R"| gs(x) <0} = {tvy | ¢ < 0} and the interior of S is empty. We can
calculate the subdifferential of g4 at 0 as follows:
994(0) = {v € R" | lu —wo| < 1}.
Additionally, for each T € S,
{v € R" | (v,{(v,Z)) € coneco epidyy, 0y} = {(0,0)}
and
{v e R" | (v,{v,Z)) € cleconeco epidygy, (o)} = {tvo | t < 0}.
Therefore, by Theorem 4.1, the BCQ does not hold at every points in S.

Furthermore, we give the following sufficient condition of the BCQ for a sublinear
inequality system:
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Theorem 4.2. Let I be an index set, g; be a real-valued sublinear function on X
foreachi€ I, S={x e X|g(z) <0,Vie I}, and assume that S is nonempty.
If coneco | J, . ; 09:(0) is w*-closed, then {g; | i € I} satisfy the BCQ at every points
in S.

el

Proof. Let z € S and let v € X* with (v, (v, 7)) € cleconecoJ,;; epidag, ). We may
assume that v # 0, because (0,0) € conecoJ;c; epidyg, o). Then there exists a net
{(va, Ba) | € D} C conecolJ;; epidag, (o) such that

(Vas Ba) — (v, (v, 7)).

Additionally, for each a € D, there exists \* € ]RSFI) and (zf,7f") € epidyg, oy for
each ¢ € I such that

(’Uouﬁoz) = Z)‘?(a"z‘a’V?)'
iel
Since epidyg, 0y = 09:(0) x [0,400) for each i € I, v, € conecolJ;.; 99:(0) and
Ba € [0,+00). This shows that v € clconeco|J;.; dg:(0) and (v, ) € [0,+00). By

0g;(0). Hence there exist A € R(f) and v; € 9¢g;(0)

v = Z )\ﬂ)i

el
J ( ) 0<<§ : _>
8g;(0)\Vi) = - ),
9:(0)\Vi iI)‘i

Vi, , L Ployp i .
' Zie[ Ai 90

(v, (v, T)) € coneco U epidag, (0)-
i€l
By Theorem 4.2, {g; | i € I} satisfies the BCQ at Z. This completes the proof. [

the assumption, v € coneco
for each i € I such that

iel

For each i € I,

that is

Therefore

Example 4.5. Let g5 : R® — R be a function as follows:

g5(x) = [ (vo, ) |,
where vy € R™\ {0}. Then, S = {z € R™ | (vo, z) = 0}, dg5(0) = {tvg | t € [-1,1]},
and
coneco 0g5(0) = {tvo | t € R}.

Since coneco dgs5(0) is closed, the BCQ holds at every points in .S by Theorem 4.2.

5. CONCLUSION

In this paper, we have studied the basic constraint qualification as a sufficient
condition for the optimality condition. In Theorem 3.1, we have given equiva-
lent conditions of the BCQ at each feasible solution. Especially, we have given an
alternative method for checking up the BCQ at every feasible points without subd-
ifferentials and normal cones at feasible solutions, although the BCQ was defined by
using the subdifferentials and the normal cones. We have explained the usefulness
of the method to check up the BCQ by using examples in Section 4, and we have
applied the main theorem for a sublinear inequality system in Theorem 4.1 and
Theorem 4.2.
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ABSTRACT. The local convergence of an eighth order solver is established using only
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using numerical experiments.
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1. INTRODUCTION

Let Q2 C By be nonempty, open, and By, B2 be Banach spaces. One of the greatest
challenges in Computational Mathematics is to find a solution z, of the equation
[1,2,3,4,6,7, 11, 12, 13, 14, 15, 16, 17]

F(x) =0, (1.1)

where F : Q0 — By is Fréchet differentiable operator.
In this study, we are concerned with the local convergence of the Newton-type
solver given as

xo € Q,
Yo = xn—F (vn) ' F(2n)
o= [T 5P ) F ) + ) F () P )™ Fn)
tait = 2= [T 3 ) F ) ) F ) (1.2

Methods (1.2) was studied in [6], but for the case B; = By = R* (k a natural
number). Using conditions on ninth order derivative, and Taylor series( although
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Email address : iargyros@cameron.edu, sgeorge@nitk.edu.in.
Article history : Received 5 June 2019 Accepted 13 September 2020.
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these derivatives do not appear in solver (1.2)), the eighth convergence order was
established. The hypotheses on higher order derivatives limit the usage of solver
(1.2).
As an academic example: Let By = By =R, Q = [f%, %} Define F on 2 by
F(z) = 2*loga?® + 2° — z*

Then, we have x, = 1, and

F'(x) = 32 log 2? + 5x* — da® + 222,

F"(x) = 6xlogz? + 202°* — 1227 + 10z,

F"(x) = 6logz* 4+ 602 = 24x + 22.

Obviously F"/(x) is not bounded on Q. So, the convergence of solver (1.2) not
guaranteed by the analysis in [6, 7, 8, 9, 11, 15].

Other problems with the usage of solver (1.2) are: no information on how to
choose xg; bounds on ||z, — z.| and information on the location of x,. All these are
addressed in this paper by only using conditions on the first derivative, and in the
more general setting of Banach space valued operators. That is how, we expand the
applicability of solver (1.2). To avoid the usage of Taylor series and high convergence
order derivatives, we rely on the computational order of convergence (COC) or the
approximate computational order of convergence (ACOC) [1, 6, 10].

The layout of the rest of the paper includes: the local convergence in Section 2,
and the example in Section 3.

2. BALL CONVERGENCE

We introduce some scalar functions and parameters for the convenience of our
convergence analysis of solver (1.2). Let wy : [0,00) — [0, 00) be an increasing and
continuous function with w(0) = 0. Suppose that equation

wo(t) =1 (2.1)

has at least one positive solution. Denote by p; the smallest such solution. Let
w : [0,p1) — [0,00) and wy : [0,p1) — [0,00) be increasing and continuous
functions with w(0) = 0. Define functions ; and v, on the interval [0, p1) by

(1) = JW

and

P1(t) =¥ (t) — 1.
We have 11 (0) = —1 and 1), (t) — oo as t —> p; . The intermediate value theorem
assures that equation 11 (t) = 0 has at least one solution in (0, p;). Denote by R;
the smallest such solution. Suppose that equation

wo(¢1(t)t) =1 (22)
has at least one positive solution. Denote by py the smallest such solution. Set
po = min{p1, p2}. Define functions ¥, and 95 on [0, pg) by

[ o =0yt
vt = { T— w0
(wo(t1(1)0) + wo(t)) Jy wn (B (1))d6
(1 = wo(¥r(1)1)) (1 — wo(t))
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41 [(wo(T/fl(t)t) + wo(t))?

4 (T—wo(yr(t)t))?
2(wo (Y1 (H)t) + wo(t))]
1 —wo(¢1(t)?)

b wl(ﬁwl(t)t)dﬂ}

1— ’wo(t)

and Vo (t) = () — 1. We get 12(0) = —1 and p3(t) — o0 as t — pg . Denote by
R5 the smallest solution of equation 5 (t) = 0 in (0, p2). Suppose that

wo(Ws(t)1) = 1 (2.3)

has at least one positive solution. Denote by p3 the smallest such solution. Set
p = min{ps, p3}. Define functions 5 and 3 on the interval [0, p) by

Jo w Pa(t)t)do
1/)3(15) = { . 1_w0(1/)2())
(wo (12 (£)t) + wo(t)) fiy wi(Oa(t
(1 —wo(¢2()t)) (1 — wo(t ))
41 [(WO(%( )t) + wo(t))?
(1 —wo(¢r(t)t))?

2
2(wo (1 (1)t) + wo(t) wl(t)}
(1 = wo(t))(1 — woly1(t)t))

)
Jo wi(Ova(t)t)d
T T }Wt)’

and ¥3(t) = ¥5(t) — 1. We get 13(0) = —1 and 1p3(t) — oo as t — p~. Denote by
R3 smallest solution of equation t3(¢) = 0 in (0, p). Define a radius of convergence
R by

R =min{R,,},m=1,2,3. (2.4)
It follows that for each t € [0, R)
0 < wot) <1, (2.5)
0 < wo(i(t)t) <1, (2.6)
0 < wolee(t)t) <1 (2.7)
and
0 < ¢m(t) <1 (2.8)

Let B(Bi,B2) = {G : By — Bybe bounded and linear}, T'(x,d) = {y € B; :
ly — z|]| < d;d > 0} and T(x,d) = {y € By : ||y — z|| < d;d > 0}. We shall use the
conditions (C) in the local convergence analysis of solver (1.2) that follows:

(cl) F:Q — By a continuously differentiable operator in the sense of Fréchet,
and there exists p € Q such that F(p) =0, and F'(p)~! € B(Bz, By).

(¢2) There exists function wg : [0,00) — [0,00) continuous, and increasing
with wg(0) = 0 such that for each z € Q

17/ () 7 (F () = F'(p) | < wolllz = p)-
Set Qg = QN T(p, p1) where p; is given in (2.1).
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(¢3) There exist functions w : [0, pg) — [0, 00), w1 : [0, p9) —> [0, 00) continu-
ous, and increasing such that for each x,y € Qg

1F" ()1 (F ()] = F' (@)l < w(lly — )
and
1F" () F (@) < wi(flz — pll.
(c4) T(p, R) C Q where R is defined by (2.4) and p1, p2, p3 are given in (2.1)—
(2.3), respectively.
(c5) There exists Ry > R such that fol wo(6R1)db < 1.
Set O = QN T (x., Ry).
Next, the convergence of solver (1.2) follows using preceding notation and the con-
ditions (C).

Theorem 2.1. Suppose that the conditions (C) hold. Then, the sequence {x,}
starting at xg € T (p, R) —{p}, and generated by solver (1.2) is well defined, remains
in T(p, R) for eachn =0,1,2,..., and converges to p. Moreover the following error
bounds hold

1yn =2l < $r(len = pDllen = pll < llzn —pl <, (2.9)
llzn = pll < da(llen = plDllen —pll < llzn = pll; (2.10)
[ent1 = pll < ¢sllzn = plDllan —pll < llon = pl, (2.11)

where functions ; are given previously and R is defined in (2.4). Furthermore, the
limit point p is the only solution of equation F(x) =0 in the set ;.

Proof. We shall use a mathematical induction based proof. Let x € T(p, R) —
{p}. By (2.4), (c1) and (c2), we get that

17/ ()~ (F' () = F' (0))II < wo(llz — pll) < wo(R) <1, (2.12)
so by the Banach lemma on invertible operators [15, 16], we have that F'(x)~! €
B(Bs, B;), and

1
|F' (@) F p)] € - (2.13)
AT (T}

This also shows that yo is well defined. Using (2.4), (2.8) (for m = 1), (c3), (2.13)
and (1.2), we obtain in turn that

lyo =2l < llzo —p — F'(zo) " F' (o)
17 (o) = (F (@)

1
<] / FIp)(F (0 + 0(z0 — p) — F'(20)) (0 — p)db)|

iy w((1 = 0)[|lzo — pl|)db]lzo — p|
1= wo([[zo — pll)
b1 (|0 — pllllwo — pll < llzo — pll < R, (2.14)

50 (2.9) holds for n = 0 and yg € T(p, R), so zp and x; are well defined. By the
second substep of solver (1.2) for n = 0, we can write by (c1) that

IN

Fla) = Fla) - F(p) = / F(p+ (6(z — p))db(z — p). (2.15)

Then, by the second condition (¢3), and (1.2) we get respectively, that

17" ()~ F ()] S/O w1 (0flz = pl)do]z - pl, (2.16)
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and
20-p = (yo—p—F () "Flyo)) +F (yo) " (F'(z0) = F'(y0))F (z0) " F(yo)
5[ (o)™ (F (o) — F (30)))?
—2(F(yo) 1 (F'(x0) = F' (yo))IF (o)~ F(yo)- (2.17)
Using (2.4), (2.8) (for m = 2), (2.13) (for z = yo), (2.14) and (2.16) (for x = yo)
and (2.17), we obtain in turn that
lzo = pll < llyo—p—F ' (y0) " Flyo)l
HIF (o) T F IIF ()™ (F (yo) = F'(0))
HIF ()~ (F (o) = F' ()
X[ F (o) =" F () IHF (p) ™" F (o)
+3[Hf'(yo)_l]:’(p)\\ (IF" ()~ (F'(zo) = F'(p)l
)

+(IF ()~ (F (o) = F'(p))I)?

+2[1F (yo) = F ) (IF ()~ (F (o) — F'(0))]
HIF ()" (F (o) = F' (0))ID]
><||f’(:vo) YF )IIF ()~ F (o)l

Jy w((1 = 0)]lyo — pll)dp)
= { 1—wo<||yo—p||>
Sy w1(8llyo — pll)d8(wo(llyo — pll) + wo(llzo — plI))
(1 = wo([lzo — pI)) (X = wo(llyo — pI)
+1 {(woﬂxo —pll) + wo(llyo — plI)?
4 (1 - wo(Hyo —P||))2
2(wo(llwo — pll) +wolllyo = pI))] Jo w1@llyo —plDdo |,
T Tl ) 1= wo(flz0 — pI) }” o7
< o(llwo — pl) w0 — pll < llzo — p|l < R, (2.18)

which shows (2.11) for n = 0, and zy € T(p, R). Moreover, by the third substep of
solver (1.2) for n = 0, we have that

-p = (20—p—F(20)" 1]'_(20)
51T = (F(yo) ™ F (o)
= (20 —p—F'(20)" ' F(20)
+F(20) " H(F (w0) — F'(p))F' (x0) ™ F(20)

1

+§[(I — F'(yo) " F'(w0))* 4+ 2(1 = F'(yo) " F'(w0)) F' (yo) " F' (w0)]

X F' (w0) " F(20)- (2.19)
Using (2.4), (2.8) (for m = 3), (2.13) (for = yo, 20), (2.16) (for x = zp), (2.18)
and (2.20), we get in turn that

lor =pll < Nl —p = F'(20) " Fl0)

+HF (20) T F )NIF ()~ (F (20) = F'(0))
HIF ()~ (F (o) = F'(p)]

)+ (F'(20) ™" = F'(w0) ") F(20)
)?1F (o)~ F(20)
)
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X7 o) F )17 ()7 F o)

511G (o) ™ (F (o) = F (o)

2 o) ™ (F (90) — F @)1 (30) " F )]
X1 ()~ F (o)1

X7 o)™ F ()17 () F o)

{ﬁhmuanmpmw

1 = wo(llz0 = pll)

IA

(wo(llzo = pIl) + wolllzo = pII)) Jy w1 (8120 — pll)d6
(1 = wo(l[20 — pI)(1 = wo(llzo — plI))
1 [(WO(HJUO —pl) +wolllyo — pl))*
2 (1 = wo(llyo — pll))?
2(wo([lzo — plI) + wo(llyo — plI)
1 — wo([lzo — pll)
wi(([z0 — pll) }
1 —wo([lyo —pll)
Jo wi(Bll0 — pl)d
l—w(hm—M)}H%_p”
0
< Ys3(llzo — plD)llzo — pll < llzo — pll < R, (2.20)
so (2.11) holds for n = 0 and 21 € T'(p, R). The induction for (2.11) is completed,

if Ty Yy Zm, Tmr1 TePlace o, Yo, 20, €1 in the preceding estimates. Then,in view
of the estimate

[Zm+1 = Pl < Az = pl| < [l2m —pll <R, (2.21)

where A = ¢3(||zo—p||) € [0,1), we deduce that 2,1 € T'(p, R), and lim,;, 00 T, =
p. Further for the uniqueness part, let p. € Qp with F(p.) = 0. Define G =

fol F'(p+ 0(p« — p))db. Then, using (c5), we get

1 1
IW@*@—F@WS‘/mﬂm—mwé/wme<L
0 0

so G! exists, and from

0= F(p) — F(p.) = G(p — p.),

we derive p = p,.

O
Remark 2.1. (a) In the case when wy(t) = Lot,w(t) = Lt and Qg = Q, the
radius py = ﬁ was obtained by Argyros in [1] as the convergence

radius for Newton’s solver under condition (2.7)-(2.9). Notice that the
convergence radius for Newton’s solver given independently by Rheinboldt
[16] and Traub [17] is given by

2
PTR = 3L < pa.

As an example, let us consider the function F(z) = ¢* — 1. Then a* = 0.
Set Q@ = B(0,1). Then, we have that Ly = e —1 < L = e, so prr =
0.24252961 < p4 = 0.324947231.
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(b) The local results can be used for projection solvers such as Arnoldi’s solver,
the generalized minimum residual solver(GMREM), the generalized con-
jugate solver(GCM) for combined Newton/finite projection solvers and in
connection to the mesh independence principle in order to develop the
cheapest and most efficient mesh refinement strategy [2, 3, 4].

(¢) The results can be also be used to solve equations where the operator F’
satisfies the autonomous differential equation [2, 3, 10, 13]:

F'(x) = P(F()),

where P : By — By is a known continuous operator. Since F’(x*) =
P(F(z*)) = P(0), we can apply the results without actually knowing the
solution x*. Let as an example F'(z) = ¢* — 1. Then, we can choose P(z) =
z+1and z* = 0.

(d) Tt is worth noticing that solvers (1.2) is not changing when we use the
conditions of the preceding Theorem instead of the stronger conditions used
in [15]. Moreover, we can compute the computational order of convergence
(COC) defined as

o (Ll (Lol )
[n — @] [2n—1 — @]

or the approximate computational order of convergence (ACOC) [, 0]

& =In (Hxn—H — xn) /In < [Zn — Tn-1l| ) )
[2n — zn—1]l |Tn—1 — pn_2]
This way we obtain in practice the order of convergence, but not higher
order derivatives are used.
3. NUMERICAL EXAMPLE

We present the following example to test the convergence criteria.

Example 3.1. Let By = B; = R?, Q = U(0,1),z, = (0,0,0)” and define F on
by

-1
.F(!L‘) = _F(’U,l,’LLQ,’U,g,) = (e“l — ]_, BT’U/Q2 + ’LLQ,Ug)T. (31)
For the points u = (u1,us,u3)T, the Fréchet derivative is given by
e" 0 0
F'(u) = 0 (e—Dux+1 0
0 0 1

Using the norm of the maximum of the rows z, = (0,0,0)7 and since F'(x.) =
diag(1,1,1), we get by conditions (H) wg(t) = (e — 1)t, w(t) = eﬁuwl(t) =eT.

R; = 0.382692, Ry = 0.227598, R3 = 169362.
Example 3.2. Let B; = By = C[0,1],92 = U(0, 1). Define function F on Q by
1
F(w)(z) = w(z) — 5/ xhw(6)3do.
0

Then, the Fréchet-derivative is given by

F'(w(é))(z) = &(x) — 15/0 Ow(0)2€(0)dh, for each ¢ € Q.
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Then, we have that x* = 0,wg(t) = Lot,w(t) = Lt,w(t) = 2,Lo = 7.5 < L = 15.
Then, the radius of convergence are given by

Ry =0.0667, Ry = 0.0395822 = p, R3 = 0.0297337.

Example 3.3. Returning back to the motivational example given at the introduc-
tion of this study, we can choose wg(t) = w(t) = 96.662907¢, w1 (t) = 1.0631. Then,
the radius of convergence are given by

Ry = 0.00689682, Ry = 0.00457799, R3 =1 = 0.00378481.
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ABSTRACT. The aim of this paper is to prove the existence and uniqueness of a fixed
point of a mapping satisfying the Hardy-Rogers contraction in complex valued b-metric
space, we have obtained some fixed point theorems in complex-valued b-metric spaces.
This work is generalized and improved some results of Hasanah [5], and well known results
in the literature.
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1. INTRODUCTION

The axiomatic development of a metric space was essentially carried out
by French mathematician Frechet in the year 1906 [4]. After the Banach contrac-
tion principle, because of various applications. Many mathematics used the Banach
contractive principle to study an existence and uniqueness of fixed points. Ba-
nach fixed point theorem in a complete metric space introduced by Banach [2],
because it was generalized in many spaces. In 1973, Hardy and Rogers [6], define
the generalzed Kannan contraction and prove some fixed point theorem in metric
space. In 2011 Azam et.al [1], introduced the notion of complex valued metric
space and established sufficient conditions for the existence of common fixed point
of a pair of mappings satisfying a contractive condition. In 2012, Sintunavarat
and Kumam [10] introduced new spaces called the complex valued metric spaces
and established the existence of fixed point theorems under the contraction condi-
tion. One year later, Sintunavarat, Cho and Kumam, [11] established the existence
of fixed point theorems under the contractive condition in complex valued metric
spaces, they introduce the concepts of a C-Cauchy sequence and C-complete in
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complex-valued metric spaces and establish the existence of common fixed point
theorems in C-complete complex-valued metric spaces. In 2015, Jleli and Samet [7]
introduced a very interesting concept of a generalized metric space, which covers
different well-known metric structures including classical metric spaces, b-metric
spaces, dislocated metric spaces, modular spaces, and so on.

In 2017, Hasanah [5], study the existence and proved the uniqueness of fixed
point of some contractive condition in complete complex valued b-metric spaces.

Motivate by Hasanah [5] and Hardy and Rogers [6], we introduce the Hardy-
Rogers contraction it has generalized than the contractive condition of [5], and then
we proved the existence and uniqueness of fixed point in complete complex valued
b-metric space.

2. PRELIMINARIES

In this section, we suppose some definitions and define the definition of
b-metric space in the complex plane, and suppose some lemmas for study in this
work.

Definition 2.1. Let X be a nonempty set. A function d : X x X — [0, co] is called
a metric space if for z,y,z € X the following conditions are satisfied.

(i) d(z,y) = 0 if and only if x = y;

(“) d(z,y) = d(ya I);

(1) d(z,z) < d(x,y) + d(y, 2).
The pair (X, d) is called a metric space, and d is called a matric on X.

Next, we provide the definition of b-metric space, this space is generalized than
metric space.

Definition 2.2. [3] Let X be a nonempty set and let s > 1 be a given real number.
A function d : X x X — [0, 00) is called a b-metric if for all z,y,z € X the following
conditions are satisfied.

(1) d(z,y) = 0 if and only if z = y;

(if) d(x,y) = d(y, )

(iii) d(z,y) < sld(x, 2) +d(z,y)).
The pair (X, d) is called a b-metric space. The number s > 1 is called the coefficient
of (X,d).

We give some example for b-metric space.

Example 2.3. Let (X,d) be a metric space. The funcion p(z,y) is defined by
p(z,y) = (d(z,y))?. Then (X,p) is a b-metric space with coefficient s = 2. This
can be seen from the nonnegativity property and triangle inequality of metric to
prove the property (iii).

Since in real numbers which has completeness property, order is not welll-defined
in complex numbers. Before giving the definition of complex valued metric spaces
and complex valued b-metric spaces, we define partial order in complex numbers
(see [8]). Let C be the set of complex numbers and z1, z5 € C. Define partial order
< on C as follows;

z1 < 29 if and only if Re(z1) < Re(z2) and Im(z1) < Im(z3).
This means that we would have z; < 25 if and only if one of the following conditions
holds:
(1) Re(z1) = Re(z2) and Im(z1) = Im(z2),
(77) Re(z1) < Re(z2) and Im(z1) = Im(z2),
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(#i1) Re(z1) = Re(z2) and Im(z1) < Im(z2),

(iv) Re(z1) < Re(za) and Im(z1) < Im(z2).

If one of the conditions (ii), (iii), and (iv) holds, then we write 21 3 23. Particu-
laly, we have z; < 29 if the condition (iv) is satisfied.

Remark 2.4. We can easily check the following:
(i) fa,b e R,0<a<band 21 < 2o then az; < bzo,Vz1, 29 € C.
(ZZ) 0< 21 ; 29 = ‘Zl| < |22|
(#11) 21 < 22 and 29 < 23 = 21 < 2z3.
(iv) If z € C,a,b € R and a < b, then az < bz.

A b-metric on a b-metric sapce is a funcion having real value. Based on the defi-
nition of partial order on complex number, real valued b-metric can be generalized
into complex valued b-metric as folllows.

Definition 2.5. [1] Let X be a nonmpty set. A function d: X x X — C is called
a complex valued metric on X if for all z,y,z € C, the following conditions are
satisfied:

(1) 0 < d(z,y)

(i) d(xz,y) = 0 if and only if z =y,

(i) d(z,y) = d(y, v),

(iv) d(z,2) < d(z,y) + d(y, 2).
Then d is called a complex valued metric on X and (X, d) is called a complex valued
metric space.

Next, we give the definition of complex valued b-metric space.

Definition 2.6. [9] Let X be a nonmpty set and let s > 1 be a given real number.
A function d : X x X — C is called a complex valued b-metric on X if, for all
x,y,z € C, the following conditions are satisfied:

(1) 0 < d(z,y)

(i) d(xz,y) = 0 if and only if z = y,

(#11) d(z,y) = d(y,z),

(iv) d(z, ) < sld(z, ) + d(z,9)].
The pair (X, d) is called a complex valued b-metric space. We see that if s = 1 then
(X, d) is complex valued metric space is defined in Definition 2.5.

For Definition 2.6, we can suppose some example of complex valued b-metric
space.

Example 2.7. Let X = C. Define the mapping d : C x C — C by d(z,y) =
|z — y|? +i|x — y|? for all 2,y € X. Then (C,d) is complex valued b-metriic space
with s = 2.

Definition 2.8. [J] Let (X, d) be a complex valued b-metric space.

(i) A point x € X is called interior point of set A C X if there exists 0 < r € C
such that B(x,r) =y €Y : d(z,y) <r C A.

(i) A point z € X is called limit point of a set A if for every 0 < r € C, B(z, )N
(A—2) £0

(#it) A subset A C X is open if each element of A is an interior point of A.

(iv) A subset A C X is closed if each limit point of A is contained in A.

For study this work we suppose the definition of convergent sequence, Cauchy
sequence and complete complex space.
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Definition 2.9. [9] Let (X,d) be complex valued b-metric space, {z,} be a se-
quence in X and x € X.

(1) {xn} is convergent to x € X if for every 0 < r € C there exists N € N
such that for all n > N,d(z,,z) < r. Thus z is the limit of {x,} and we write
lim,, yoo Ty, = T OT T,, —> T AS N — OQ.

(1) {xn} is said to be Cauchy sequence if for ever 0 < r € C there exists N € N
such that for all n > N, d(zp, Zntm) < r, where m € N.

(#91) If for every Cauchy sequence inX is convergent, then (X, d) is said to be a
complete complex valued b-metric space.

Finally, we give some lemmas for proof the main theorems.

Lemma 2.10. [9] Let (X,d) be a complex valued b-metric space and let {x,} be a
sequence in X. Then {x,} converges to x if and only if |d(zn,x)| = 0 as n — oo.

Lemma 2.11. [9] Let (X,d) be a complezx valued b-metric space and let {x,} be a
sequence in X. Then {x,} is a Cauchy sequence if and only if |d(zp, Tnim)| — 0
as n — 0o, where m € N.

3. MAIN RESULTS

In this section we give some comditions and prove the existence theorem
and unique fixed point of Hardy-Rogers contraction in complete complex valued
b-metric space.

Theorem 3.1. Let (X, d) be a complete complex valued b-metric space with constant
s>1,andletT : X — X be a mapping with satisfying Hardy-Rogers contraction,
that is

for all z,y € X and \; are nonegative real number with X3_,X; € [0, 1) and

M < 2;\_1. Then T has a unique fized point.

Proof. Let zg € X from T : X — X, we have there exists z; € X such that z; =
Txg. From z; € X, there exists xo € X such that x5 = Tx;. By induction of this
process, we have the sequence {z,} C X such that,

Ty =Tz, 1 =T"x9,Yn € N.
Note that for all n € N, we have

d(xn+27xn+1) = d(Txn+2717T(En+171)
d(Txpy1,Txy)

< Md(Tpt1, zn) + Aod(@par, Topyr) + Asd(xy, Txy)
+Ad(zp, Txpi1) + Asd(@pg1, Tay)

< Md(@Tpg1, Tn) + Ad(Tng1, Tnta) + A3d(Thn, Tryr)
+Md(p, Tnt2) + Asd(Tpt1, Tnt1)

< Md(@nt1,Zn) + A2d(Tni1, Tnt2) + Asd(@n, Tni1)

+Ay8[d(n, Tpy1) + d(@py1, Tnia)] + 0.

(1= (A2 + M9))d(@ny2, Tnt1) < AMd(@ni1,Tn) + A3d(Tpp1, Tn) + Aasd(Trn, Try1)
AL+ A3+ Ags

—d n+1l,4n)-
].7()\24’)\48) (37 +1£U)

d($n+27 Tn+1 )
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A1 +A3+Ags

If we take Y= m

and continuing this process, then we have

d(@pt2, Tng1) < VA Tng1, Tn).
It follows that,
d(Tnt1,Tn) < Yd(Tp, Tp-1)
and
d(xn, Tpn—1) < Yd(Tp—1,Tn—2)

d(xn+17 xn) < Pynd(xla 1'()),
for all n € N. Hence, d(7y12,Tni1) < Y d(z1,20). For m € N, we have

d(Tn, Tntm) < S[A(Tn, Tny1) + A(Tnt1, Toym)]

< sd(xn, Tpt1) + 8d(Tnt1, Tntm)

< 8d(wp, Tny1) + s(s[d(Tng1, Toy2) + d(@ny2, Togm)))

< 8d(Tp, Tpy1) + szd(xn+1, Tpy2) + 52(3[d(xn+27 Tp43)
+d(Tn+3, Tntm)])

< sd(zp, Tpy1) + szd(xm_l, Tpta) + sgd(xn+2, Tnas
+o " Tntm—1, Tntm)

< sy"d(xo,x1) + s T d(xg, 1) + s34 T2d(zg, x1)

4o 8Ty (2, 1)
< sy"d(wo, )L+ sy + (57)2 4+ (57)™7).
It follows that
A(Ty, Trm) < 87" d(w0, 71)[1+ 87+ (s7) 4+ + (s7)" 1.

By Remark 2.4, taking absolute value on both sides, we have
|d(@n, Tnpm)| < |87 d(20,21)[1 + 57 + (5'7)2 +o (SV)m_lﬂ
< sy [[d(wo, @) [+ 57+ (57)% + -+ (s7)™ 7|
= 57" |d(wo,x)|[1 + 57+ (7)* + - + (7)™ 7).

123

Since, ¥2_;\; € [0,2) for s > 1 and Ay < 7227 then v < 1 and sy < 1. Since

2s—1

d(zo,71) € C and [1 + sy + (s7)2 + - -+ + (s7)™ 1] exists, taking limit n — oo we
have v — 0. This implies |d(zn, Tn+m)| — 0 as n — oco. By Lemma 2.11, the
sequence {z,} is a Cauchy sequence in X. Since, X is a complete complex valued
b-metric space then {x,} is a convergent sequence. It follows that {x, } converges

to u for some u € X. Next, we can show that u is a fixed point of T. Consider,

du,Tu) < s[d(u,z,)+ d(zn, Tu)]
= s[d(u,zn) + d(Txp—1,Tu)]

A

+Ad(u, Txp—1) + Asd(xp—1, Tu)]
(1=sX3)d(u,Tu) =< s[d(u,zn) + Md(xp_1,u) + Aod(xp_1,Tp)
+Ad(u, ) + Asd(xp—1, Tw)].

From Remark 2.4, taking absolute value on both sides, we have

[(1—sA3)d(u, Tu)] < |[s[d(u,zn) + Ad(Xpn_1,u) + Xod(Xpn_1,2n) + Agd(u, )

+)\5d($n,17 TU)] |

sld(u, ) + Md(zp—1,u) + Aad(zp—1, TTn_1) + Asd(u, Tu)
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< s|lld(u, 2n) + Md(zp—1,u) + Aod(Tn—1,Zn) + Aad(u, z,,)
FAsd(xp—1,Tu)]|
< slld(w, 2)| + Pad(En )] + Pad(@n_1,20)] + Aad(, 7))
+Asd(zn—1, Tu)]
(1= sAg)|d(u, Tu)] < s[ld(u,zn)| + Ai|d(@n—1,u)| + Aa|d(@n_1,2)| + Aa|d(u, z,,)]|
+As|d(zp_1, Tu)|].
Taking n — oo implies |d(zp,u)] — 0, |d(zp—1,u)] — 0. From {z,} is Cauchy
sequence in X we have |d(z,—1,2,)] = 0 as n — oo, then
(1 = sA3)|d(u, Tu)| < sAs|d(u, Tu)|.

It follows that (1 —sAg — As)|d(u, Tw)| < 0. From $5_,; € [0,1). Thus (1—sA3 —
As) > 0 and then |d(u, Tw)| = 0. Hence u = T'u. Therefore u is a fixed point of T.

Finally, we show the uniqueness of the fixed point of T. We assume that there
are two fixed points of T" which are x = Tz and y = Ty. Thus,

d(x,y) = d(Tz,Ty)
< Md(z,y) + Aad(z, Tx) + Asd(y, Ty) + Aad(y, Tx) + Asd(x, Ty)
< Md(z,y) + Xed(z, ) + A3d(y, y) + M\ad(y, Tx) + Asd(z, Ty)
< Ad(z,y) + Md(y, x) + Asd(x,y)
< (M A+ As)d(z, ).

By Remark 2.4, taking the absolute value on both sides, we have

ld(z,y)| < [(A1+ A+ As)d(, )]
< (A A A+ As)|d(, )]

From, $_, A; € [0,1). Then A; + A4+ A5 < 1, this implies that |d(z, y)| = 0. Hence
x = y. This completes the proof. O

From Theorem 3.1, we have some corollary, as follows:

Corollary 3.2. Let (X,d) be a complete complex valued b-metric space with constant
s>1andletT : X — X be a function with the following

d(Tz,Ty) < ad(z, Tx) + bd(y, Ty) + cd(z,y),Vr,y € X

where a,b, and ¢ are nonnegative real numbers and satisfies s(a+b+c) < 1. Then
T has a unige fixed point.

Proof. We put Ay = A5 =0, a = Ao, b = A3 and ¢ = A\;. By theorem 3.1, T has a
unique fixed point. This complete the proof. O

Corollary 3.3. Let (X, d) be a complete complex valued b-metric space with constant
s>1andletT : X — X be a mapping such that

d(Tz, Ty) < ad(x, Ty) + Bd(y, Tx)

for every x,y € X, where o, 8 are nonnegative real numbers with o + f < % and
B < 555 ThenT has a fived point in X.

Proof. We put Ay = Ay = A3 = 0, @« = A5 and 8 = Ay. By theorem 3.1, T" has a
unique fixed point. This complete the proof. O

Next, we can applied Theorem 3.1 to prove the following theorem.
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Theorem 3.4. Let (X,d) be a complete complex valued b-metric space, with the
constant s > 1. Let T : X — X be a mapping with satisfying
d(T"z, T"y) < Md(x,y) + Xod(x, T"x) + A3d(y, T"y) + Aad(y, T"x) + Asd(z, T"y)

As
2s—1"

for all z,y € X and \; are nonegative real number $_;\; € [0, %) and Ay <
Then T has a unique fized point.

Proof. Suppose S = T"™, by Theorem 3.1, there exists a fixed point u of S, such
that

Su = u.
Thus T™u = u. We obtain that

d(Tu,uw) = d(T(T"u), T™u)
d(T™(Tu), T"u)
Md(Tu,u) + Aod(Tu, T™(Tw)) + Azd(u, T"u)
+Aad(u, T™(Tw)) + Asd(Tu, T"u)
= Md(Tu,u) + Aod(Tu, T(T"u)) + A3d(u, u)
+A4d(u, T(T"u)) + Asd(Tu, u)
= Md(Tu,u) + Aod(Tu, Tu) + Asd(u, u) + Agd(u, Tu)
+Asd(Tu, w)
(=AM = A= A5)d(Tu,u) < 0.
By Remark 2.4, taking absolute value on both side, we have
(1= X1 — Ay = 25)[d(Tu,uw)| <0.

From ¥2_ A < 1, (1 — A1 — Ay — A5) > 0, then |d(Tw,u)] = 0. It follows that,
Tu = u, hence u is a fixed point of T, and then Tu = u = T"u.

Finally, we show that u is a unique fixed point of T'. Let v be a fixed point of T,
we must show that u = v. We see that,

d(u,v) = d(T"u,T"v)
< Ad(u,v) + Aed(u, T"u) + Agd(v, T"u) + Agd(v, T™u)

+Asd(u, T™0)
Ard(u, v) + Aod(u, u) + Asd(v,v) + Aad(v,u)
+A5d(u,v)

L= A= A= As)d(u,v) 0.
By Remark 2.4, taking absolute value on both side, we have

(I =X — A= Xs)|d(u,v)] <0.

Since ¥2_;\; < 1, (1 = A\ — Ay — A5) > 0, then |d(u,v)| = 0. It follows that u = v.
Therefore, u is a unique fixed point of 7. This complete the proof. O

N

From Thorem 3.4, we can reduce to the following corollary, as follows:

Corollary 3.5. Let (X,d) be a complete compler valued b-metric space with the
constant s > 1. Let T : X — X be a mapping (for some fized n) satisfying

d(T"z, T"y) < ad(z, T"x) + bd(y, T"y) + cd(z,y)

for all x,y € X where a,b,c are nonnegative real number with s(a +b+ c¢) < 1.
Then T has a unige fized point in X.
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Proof. We put \y = A5 =0, a = A2, b = A3 and ¢ = \; By theorem 3.1, T has a
unique fixed point. This complete the proof. O

4. ACKNOWLEDGEMENTS

The author would like to thank Uttaradit Rajabhat University for financial sup-
port. Moreover, we would like to thank Assoc. Prof. Dr. Issara Inchan for providing
valuable suggestions.

REFERENCES

1. A. Azam, F. Brain and M. Khan, Common fixed point theorems in complex valued metric
space. Numer.Funct.Anal. Optim. 32(3)(2011), 243-253.

2. S. Banach, Sur operations dans les ensembles abstraitsetleur application auxequationsintegrals.
Fund. Math. 3(1922), 133-181.

3. I. A. Bakhtin: The contraction principle in quasimetric spaces, Functional Annalysis, vol. 30,
(1989), 26-37.

4. M. Frechet, Sur quelques points du calcul functional.RendicontidelCircoloMathematico di-
Palermo.22(1)(1906), 1-72.

5. D. Hasanah, Fixed point Theorem in Complex-valued b-metric space. Cauchy-Journal
Matlematika Murni Dan Aplikasi. 4(4)(2017), 138-145.

6. G. E. Hardy and T. D. Rogers, A generalization of a fixed point theorem of Reich, Canad.
Math. Bull., 16(2)(1973), 201-206.

7. M. Jleli and B. Samet, A generalized metric space and related fixed point theorems, Fixed
Point Theory Appl. 33(2015).

8. A. A. Mukheimer, "Some common fixed point theorems in complex valued b-metric spaces,”
Hindawi Publishing Coorporation. The Scientific World Journal, vol. 2014, (2014).

9. K. Rao, P. Swamy and J. Prasad: A common fixed point theorems in complex valued b-metric
spaces, Bulletin of Mathematics and Statistics Research , vol. 1, no. 1, (2013).

10. W. Sintunavarat and P. Kumam, Generalized common fixed point theorems in complex valued
metric spaces and applications, Journal of Inequalities and Applications volume 2012, Article
number: 84 (2012).

11. W. Sintunavarat, Y.J. Cho and P. Kumam, Urysohn integral equations approach by common
fixed points in complex valued metric spaces, Advances in Difference Equations, 2013, 2013:49.



Salahuddin, J. Nonlinear Anal. Optim. Vol. 11(2) (2020), 127-136

Journal of Nonlinear Anaiysis and Optimization
Volume 12(1) (2021)
http://www.math.sci.nu.ac.th

ISSN : 1906-9685

J. Nonlinear Anal. Optim.

GENERALIZED ¢-TYPE EXPONENTIAL VECTOR
VARIATIONAL INEQUALITY PROBLEMS

SALAHUDDIN!

1 Department of Mathematics, Jazan University, Jazan-45142, Kingdom of Saudi Arabia

ABSTRACT. In this works, we introduce a class of generalized g-type exponential vector
variational inequality problems in Euclidean spaces and define ag4-relaxed exponentially
(7, u)-monotone mapping. By utilizing KKM-mapping and Nadler’s theorem with ay-
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1. INTRODUCTION

The theory of variational inequalities was introduced by Stampacchia [18], pro-
vides a very powerful tools for studying problems arising in fluid mechanics, op-
timization, transportation, economics, contact problems in elasticity and other
branches of physics, for examples, free boundary value problems can be studied
effectively in the framework of variational inequalities, moving boundary value prob-
lems can be characterized by a class of variational inequalities, the traffic assignment
problem is a variational inequality problem.

Many real-life problems associated with decision sciences involving multiple ob-
jectives or criteria within the treatment. Very often, these objectives and criteria
square measure in conflict. Consequently, makes an attempt to model these phe-
nomena by one objective or criterion function have provided only rough models, that
are far away from reality. We believe that vector variational inequality problems
could also be utilized in this respect, as innovative, powerful and unified modeling
while not losing the vector nature of the problems, [1, 2, 3, 10, 13, 20].
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Inspired by recent research works [5, 9, 11, 12, 16, 17, 19, 21], in this article, we
introduce a generalized g-type exponential vector variational inequality problems in
R™-space and defined a class of ag-relaxed exponential (7, y)-monotone mappings.
We prove that the existence of generalized g-type exponential vector variational
inequality problems by utilizing KKM-mapping and Nadler’s Theorem.

The rest of this work is organized as follows. In section 2, we mathematically
state the generalized g-type exponential vector variational inequality problems and
discussed some concepts and remarks. In section 3, we present the main results of
our paper and some corollaries to be discussed.

2. PRELIMINARIES

Let Y = R"™ be an Euclidean space and C' be a nonempty subset of Y. C is
called a cone if A\C' C C, for any A > 0. Further, the cone C is called convex cone
if C 4+ C C C and C is pointed cone if C is cone and C N {—C} = {0}, where 0
indicate a zero vector. C' is said to be proper cone, if C' # Y. Now, we consider
C CY is a pointed closed convex cone with intC # () with apex at origin, where
intC' is a set of interior points of C. Then, C induces a vector ordering in Y as
follows:

(i) z<cyey-—zel;
(i) ey y—z ¢ C;
(iii) = <imc y <y — x € intC;
(iv) 2 Linc y & y —x & intC.
Assume that (Y, C) is an ordered space with the ordering of Y defined by a set C
and ordering relation 7 < ” is a partial order. Then, we have
(i) x ey x+2<Lcy+z forany z,y,2 € Y;
(ii) « Loy & A\x Lo Ay, for any A > 0.

Let K C X be a nonempty closed convex subset of an Euclidean space X = R"
and (Y, C) be an ordered space induces by the closed convex pointed cone C' whose
apex at origin with intC # 0.

Lemma 2.1. [6, 7] Let (Y,C) be an ordered space induced by the pointed closed
convex cone C with intC # 0. Then for any x,y,z € Y, the following relation hold:

Z Eintc T 20 Y = 2 LinC Y;
z Zintc T <c Y= 2 Finc Y-
Definition 2.2. A mapping f: X — Y is said to be:

(i) C-convex on X if
f(t.%‘ + (1 - t)y) <c tf(l‘) + (1 - t)f(y)7 Vm,y € th € [O’ 1];

(ii) affine if for any z; € K and \; >0, (1 <i<n) with Y. | \; =1, we have

f(z ;) = Z Aif ().

Definition 2.3. [1] A mapping f: K — Y is said to be completely continuous if
for any sequence {z,} € K, x, — z¢ € K weakly, then f(z,) — f(xo).
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Definition 2.4. Let f : K — 2% be a set valued mapping. Then, f is said to be
KKM-mapping if for any {y1,y2, - ,yn} of K, we have

co{yr, Y2, yn} C U f(i),

i=1
where co{y1,y2, -+ ,yn} denotes the convex hull of y1,y2, , Yn-
Lemma 2.5. [8] Let M be a nonempty subset of Hausdorff topological vector space

X and let f : M — 2% be KKM-mapping. If f(y) is a closed in X for ally € M
and compact for some y € M, then

() fly) #0.

yeEM

Lemma 2.6. [15] Let E be a normed vector space and H be the Hausdorff metric
on the collection CB(E) of all closed bounded subsets of E, induced by a metric d
in terms of d(z,y) = ||z — y|| which is defined by

H(A, B) = max{sup inf ||z — sup inf ||z —
(4,) = max{sup inf [~y sup inf [ — i)

for A,B € CB(E). If A and B are compact subset in E, then for each x € A, there
exists y € B such that

|z —yl < H(A, B).
Definition 2.7. Let p: X x X — X be a mapping and @ : K — L(X,Y) be a
single valued mapping, where L(X,Y) is a space of all continuous linear mappings

from X to Y. Let T : K —» 2L(X%Y) be a nonempty compact set valued mapping,
then

(i) @ is said to be p-hemicontinuous if
lim (Q(x +t(y — 2)), u(y, x)) = (Qz, u(y, v)), for each z,y € K.
t—0+

(ii) T is said to be H-hemicontinuous, if for any given z,y € K, the mapping
t — H(T(z+t(y —x)), Tx) is continuous at 07, where H is the Hausdorff
metric defined on CB(L(X,Y)).
Definition 2.8. A function f: X — R is said to be

(i) lower semicontinuous at xp € X if
f(zo) <liminf f(z,)

for any sequence {x,} C X such that {z,} converges to xo;
(ii) weakly upper semicontinuous at xg € X if

f(xo) > limsup f(z,)

for any sequence {z,,} C X such that {x,} converges to xy weakly.

Let K C X be a nonempty closed convex subset of an Euclidean space R™ and
(Y,C) be an ordered Euclidean space induced by a closed convex pointed cone
C whose apex at origin with intC' # (). Let 7 € R be a nonzero real number,
pKxK—X, g: K— K, f:KxK-—Yand Q: L(X,Y) — L(X,Y) be
the mappings, where L(X,Y") be the space of all continuous linear mappings from
X toY. Let T: K —» 2E(XY) be a vector set valued mapping. Then, generalized
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g-type exponential vector variational inequality problems is to find z € K, u € T(z)
such that

1
(Qu, = (el IO 1)) + f(g(x),y) Zime 0, Vy € K, (21)
here 1 is not a real number, because we deal with a vector in R™.

Definition 2.9. Let Q : L(X,Y) — L(X,Y) be single-valued mapping. A mul-
tivalued mapping T : K — 2X(5Y) with compact valued is said to be og-relaxed
exponentially (7, u)-monotone with respect to @ and g, if for each pair of points
z,y € K, we have

(Qu—Qu, Z(THEI 1)) 2¢ ay (e —y), Vu € T 0 ET)  (22)

where oy : X — Y with o4(tx) = t%a4(z) for all ¢t > 0 and = € X, where ¢ > 1 is
a real number.

Remark 2.10. (i) Assume that @ is an identity mapping and T : K —
L(X,Y) is single-valued mapping in (2.2), then T is said to be a4-relaxed
exponentially (7, x)-monotone for every pair of points x,y € K, such that

1
(T = Ty, = (eCHE0D) —1)) >0 ay (& — ) (2.3)

where o : X — Y with a4(tz) = t%,(z) for all ¢ > 0 and « € X, where
q > 1 is a real number.

(ii) If g = I is an identity mapping in (2.3), then T is said to be a-relaxed
exponentially (7, u)-monotone, for each pair of points x,y € K, such that

(Tz — Ty, L (@) 1)) >0 a(z — y), (2.4)
T

studied in [14].
(iii) If & = 0, then (2.4) is said to be exponentially (7, u)-monotone, for each
pair of points z,y € K, such that
1
(Tx — Ty, ;(e<w<zvy>>_1)> >c 0. (2.5)

(iv) If g = I is an identity mapping, then Definition 2.9 becomes an a-relaxed
exponentially (7, u)-monotone with respect to Q, for each pair of points
z,y € K, such that

(Qu=Qu, ~(THE 1)) 20 a(w —y), Yu € T, e T().  (26)

(v) If « =0, then (2.6) is said to be exponentially (7, u)-monotone with respect
to Q, for each pair of points z,y € K, such that

(Qu — Qu, %(e(m(x’y))—l» >c 0, Yu e T(x),veT(y). (2.7)

3. MAIN RESULTS

Theorem 3.1. Let g: K — K be a single-valued mapping and pp: K x K — X
be affine in the first variable with p(x, g(z)) =0. Let f: K x K — Y be affine in
second variable with condition f(g(x),z) =0 for allx € K. Let Q : L(X,Y) —
L(X,Y) be a continuous mapping and T : K — 2L(XY) pe a nonempty compact
valued mapping, which is H-hemicontinuous and agy-relazed exponentially (T, p)-
monotone with respect to Q and g. Then, the following two statements (a) and (b)
are equivalent:
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(a) there exists T € K, u € T(Z) such that

(Qu, *( el 9@ 1)) + f(9(2),y) Fimc 0, Vy € K,

(b) there exists T € K such that

(Qu, *( (w9 1)) + f(g(2),y) Limc ag(y — ) Vy € K,v € T(y).

Proof. Assume that the statement (a) is true, then there exists z € K, @ € T(Z)
such that

(Qu, *( 1w a@N 1)) + f(9(2), y) Zintc 0,y € K. (3.1)

Since T is ag4-relaxed exponentially (7, u)-monotone with respect to @ and g, we
have

(Qv-Qu, ( CrlalD —1)) + f(9(2),y) 2c agly = 7) + F(9(7).y),Vy € K, v € T(y),
=(Qu, 71_(e(m(y7q(w 1)) + f(9(2),y) >¢ (Qu, ,( (Tr(y:9(@)) _71))
+ag(y —2)+ fg(2), ), Vy € K,v € T(y ),
= (Qu, ~( I 1)) + f(g(7),) — agly — 7) 2c (Q, = (eI 1))
+/(9(7),y), Yy € K, v € T(y). (3-2)
Utilizing (3.1), (3.2) and Lemma 2.1, we obtain
(@u, (I 1)) 1 {(g(2), ) Lunic gy — 7). Yy € K0 € T(y),

Conversely, assume that the statement (b) is true, then there exists £ € K such
that

(Qu, %(ewwvg@”—l)) + 1(9(T),y) Linic gy —F),Vy e K,v € T(y). (3.3)

For any y € K, let y; =ty + (1 —¢)Z, t € (0,1], v+ € K and K is convex. Let for
all v, € T(yt) we have from (3.3),

(Qui, ( (s @D 1)) + f(g(2), y1) Limie aglys — ) = tlag(y — 7). (3.4)

Now

(Quu, ~(H0 9O 1)) 4 f(g(2). )
= (Ques S (HIHA=0RSEN 1)) 1 f(g(z), 1y + (1 - 1))
= (Qui, (OIS 1)) 1 47(g(2),4) + (1~ 1) F9(2), 7)
& Qi - (H(eTHIIEN 1) 1 (1 — 1) (9O 1)) 4 15(g(z), )
= H{{Que, - (THIIED 1) 4 f(g(@), )} (35)

Utilizing (3.4), (3.5) and Lemma 2.1, we obtain

(Qui, (6(7“(‘1’ SN 1)) + f(9(2),y) Limee 9 gy — 7). (3.6)
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Seeing as T'(y:) and T(Z) are compact, from Lemma 2.6, for each v; € T'(y;), there
exists u; € T(Z) such that
e — well < H(T'(ye), T(2)). (3.7)
Since T'() is compact, without loss of generality, we may possibly assume that
ug — u € T(%) ast — 0.
Furthermore, T is H-hemicontinuous, thus it follows that
H(T(y;), T(z)) — 0 ast — 0.
Now from (3.7), we have
l[oe = ull < [loe — uell + [lue — @l
< H(T(ys), T(z¢)) + ||ug — @|]| — 0 as t — 0. (3.8)

As @ is continuous, let t — 0T, we have

1, z _ _ _ 1, . .
1(Quy, ;(e( u(y,g(x)))_l» — 1ag(y —7) — (Qu, ;(e( u(y,g(w)))_l)w

IN

I D _ _
1{Que — Qu, —(el o EN 1)) || + 19 g (y — )|

IN

1 i
~[|Qu: — Qal| e oEN 1| + 49 ay (y — 7)| — 0 ast — 0T (3.9)
- :

From (3.4), we get
1 = .
(Qu, ;(G(T”(y’g(x)))—lﬂ + f9(x),y) =t ag(y — 7) € Y\ (—intC).
Since Y\ (—intC) is closed, therefore from (3.9) we have

(Qa, ~ (MO 1) 4 f(g(2),) € Y \ (~iniC)

1 _
= (Qu, (el IO 1)) + f(9(2). ) Zime 0, Yy € K,
the proof is completed. O

Theorem 3.2. Let g : K — K be a single-valued mapping, p: K x K — X
be affine in the first variable with p(x,g(x)) = 0 for x € K and continuous in
both variable. Let f : K x K — 'Y be affine in second variable with the condition
flg(z),x) =0 for x € K. Let oy : X — Y be weakly lower semicontinuous
with respect to g. Let Q : L(X,Y) — L(X,Y) be a continuous mapping and T :
K — 285Y) be nonempty compact valued mapping, which is H-hemicontinuous
and ag-relazed exponentially (T, pu)-monotone with respect to Q and g. Then (2.1)
is solvable, that is, there exist x € K, u € T'(x) such that

1
(Qu, ~(eTHIIED 1) 4 f(g(w), ) L 0, Vy € K.
Proof. Consider the set valued mapping F : K — 2% such that

Fly) = {z € K : (Qu, %(e<w<yvg<x>>>—1)> + F(g(),y) Lo 0,Yu € T(@)},y € K.

First, we claim that F' is a KKM mapping. If F' is not a KKM-mapping, then there
exists (21,2, - , &) C K such that

m

co{z1, 22, -+ &} € U F(x;),
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there exists at least @ € co{z1,22, -+ ,2m}, 0 = Y 1o, tiz;, where t; > 0,7 =
L2, m, Y " ti =1, but « € |J*; F(z;). From the construction of F, for any
u € T(x), we have

(Qu, f( (ru@as9@)) 1)) + f(g(x), 25) <inec 0, for i =1,2,--- ,m. (3.10)

From (3.10), since p is affine in first variable and f is affine with respect to second
variable, it follows that

0= (Qu (e —1)) + f(g(a), )

1 m s
= (Qu, L (S @ 1)) 1 f(g(2), 3 tizs)
T i=1
1 (s -
- Z (it titn(ming(®))) _q t
(Qu, — (e )+ Z if (9(x), 2:)
<¢ (Qu, ,Zt e(Tr(wig(x))) _ _|_th

- Zt {{Qu, (oo —1)) 4 F(g(x), 1))

SzntC 07

this show that 0 € intC, which is a contradiction that the fact C'is proper. Hence
F is KKM-mapping. Define another set valued mapping G : K — 2% such that

Gly) ={z e K:(Qu, %(e(“‘(y’g(z)))—1)>+f(9($)7y) Zinto ag(y—z),Vo € T(y)},y € K.

Since by Theorem 3.1, we have F(y) = G(y) for all y € K. This implies that G
is also KKM-mapping.
We claim that for each y € K, G(y) C K is closed in the weak topology of X. Let
us suppose that T € G(y)w, the weak closure of G(y). Since X is reflexive, there is
a sequence {z,} in G(y) such that {x,} converges weakly to € K. Then for each
v € T(y), we have

(@, H(eTHOIE) 1)) 4 (glan) ) Linic agly — )

= <QU7T((T“(”(“)) 1)) + f(g(zn),y) — ag(y —an) € Y \ (=intC).

Since Qu, f and g are continuous, Y \ (—intC) is closed, o, is weakly lower semi-
continuous, therefore the sequence

{(Qu, Z(ET o)1) 1 f(g(an), ) — gy — )}

converges to
(Qu, ~ (TS 1)) 1 f(g(2), ) ~ ayly ~ 7)
and
(Qu, %(e“’*(y’g@”—l)> + f(g(®),y) — ag(y — ) €Y\ (—intC).

Therefore

(Qu, (@I 1)) 4 f(g(2), ) Linc agly ~ 7).
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Hence T € G(y). This confirm G(y) is weakly closed for all y € K. Furthermore, X
is reflexive and K C X is a nonempty closed convex and bounded. Therefore, K is
weakly compact subset of X and so G(y) is also weakly compact. Therefore, from
Lemma 2.5, it follows

() Gly) #0

yeK
There exists £ € K such that

(Qu, *( (1@ 1)) + f(9(2),y) Linte gy — ), Yy € K, v € T(y).

Hence, we conclude that from Theorem 3.1, there exists T € K, 4 € T(z) such that

(Qu, f( Cra@N 1)) + f(9(2),y) Linc 0, Vy € K
the proof is completed. O

Theorem 3.3. Let g: K — K be a single-valued mapping and pp: K x K — X
be affine in the first variable with p(x,g(x)) =0 for allx € K. Let f: K x K —
Y be a continuous mapping and affine in the second wvariable with the condition
flg(x),z) =0 for allx € K. Let g : X — Y be weakly lower semicontinuous.
Let Q : L(X,Y) — L(X,Y) be a mapping and T : K — 2EC5Y) be a nonempty
compact valued mapping, which is H-hemicontinuous and ag-relazed exponentially
(7, pv)-monotone with respect to Q and g. There exists r > 0 such that

1
(Qu, — (TN —1)) + £(g(y),0) <imc 0, Wy € K, v € T(y) with [ly]| =r.
(3.11)
Then (2.1) is solvable.

Proof. For r > 0, assume that K, = {z € X, ||z|| < r}. From Theorem 3.2, we know
that (2.1) is solvable over K., i.e., there exists x,, € K| K, and u, € T(z,) such
that

(Qur, ( oD 1)) + f(g(@r).y) Lime 0, Vy € K[| K, (3.12)
Putting y = O in (3.12) we have
1
(Qur, ;(67#(0’9(“))—1» + flg(2+),0) Linec 0. (3.13)

If ||z,|| = r for all r, then it is contradicts to (3.11). Hence r > ||z,||. For any z € K,
let us choose t € (0,1) small enough such that (1 —t)z, +tz € K () K,. Putting
y=(1- t)xr + 1tz in (3.12), we get

(Qu, (e“"“1 Drettzom)) 1)) + fg(2,), (1 — )2y + t2) Liec 0. (3.14)

Since g is aﬁine in the first variable and f is affine with respect to the second
variable, we have

1
(Quy, (U0 tt20@ ) 1)) 4 f(g(e,), (L~ t)e, + t2)
1
= Z (A=t mp(@r,g(zr))+tTu(z,9(2,))) _q ¢
(Qur, ~(e ) +tf(g(), 2)
1 1
<c (Quy, —(1 — t)(e(w(mr,g(rr)))_l) + ,t(e(w(z,g(rr)))_l» +tf(g(z,), 2)
-

T

= H{{Qup, (I 1)) + (g, 2)} (315)
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Hence from (3.14), (3.15) and Lemma 2.1, we get

1
(Quy, =(e =9I 1)) + f(g(xr), 2) Limic 0, Vz € K. (3.16)
T
Therefore, (2.1) is solvable and proof is completed. U

We note that, if g = I is an identity mapping, then we have following corollary:

Corollary 3.1. Let p : K x K — X be an affine in the first variable with
p(x,x) =0 forallz € K and f : K x K — Y be C-convex in the second variable
with the condition f(x,x) =0 for allz € K. Let Q : L(X,Y) — L(X,Y) be a
continuous mapping and T : K — 2X(5Y) be q nonempty compact valued mapping,
which is H-hemicontinuous and a-relazed exponentially (7, 1)-monotone with respect
to Q. Then the following two statements (a) and (b) are equivalent:

(a) there exists T € K, u € T(Z) such that

1 -
(Qu, —(e™ 1)) + £(2,y) Linec 0, Yy € K,
(b) there exists T € K such that

(Qu, %(e(f”@’i”—l)) + f(Z,y) Linte aly — ) Yy € K,v € T(y).

We note that, if g = Q = I are identity mapping, then we have following corol-
lary:
Corollary 3.2. Let p : K x K — X be an affine in the first variable with
p(x,x) =0 forallz € K and f : K x K — Y be C-convez in the second variable
with, the condition f(z,xz) =0 for allz € K. Let T : K — 2L5Y) be a nonempty
compact valued mapping, which is H-hemicontinuous and «a-relaxed exrponentially
(7, u)-monotone. Then the following two statements (a) and (b) are equivalent:

(a) there exists T € K, uw € T(T) such that

1 -
(i, (TN 1)) + f(@,y) Zimc 0, Yy € K,

(b) there exists T € K such that
1 _
(v, ;( ThW) 1)) + £(7,y) Lintc oy —T) Yy € K,v € T(y).

We note that, if T is a single valued mapping and f(x,y) = 0, a zero mapping,
then Corollary 3.2 reduces to the following:

Corollary 3.3. Let p : K x K — X be an affine in the first variable with
wa,z) =0 for all x € K and T : X — L(X,Y) be a-relazed exponentially
(7, u)-monotone. Then the following two statements (a) and (b) are equivalent:
(a) there exists & € K such that
1 _
<£a 7(€(Tn(y,a:))_1)> gintc 07 Vy € K7
T
(b) there exists T € K such that

1 -
(T2, (M0 1)) Ly aly —7) Yy, 2 € K.
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ABSTRACT. For a quite long period, we investigated the better admissible class B of
multimaps on abstract convex spaces. In a paper of Liu et al. [1] in 2010, an extended
class BT is introduced and fixed point theorems for maps in such class are proved. As a
consequence, they deduce fixed point theorems on abstract convex ®-spaces. However, we
note that B = B and all results in [1] are known by the present author.

KEYWORDS: Abstract convex space; KKM theory; Better admissible class of mul-
timaps; Klee approximable set
AMS Subject Classification: 47H04, 47H10, 49J27, 49J35, 54C60, 54H25, 91B50.

1. INTRODUCTION

In 1929, Knaster, Kuratowski and Mazurkiewicz (simply, KKM) obtained the so-
called KKM theorem from the weak Sperner lemma and applied it to a new proof
of the Brouwer fixed point theorem. Later in 1961, Ky Fan extended the KKM
theorem to any topological vector spaces and applied it to various results including
the Schauder fixed point theorem.

Since then there have appeared a large number of works devoting applications
of the KKM theorem. In 1992, such research field was called the KKM theory by
ourselves, and since 2006 the theory has been extended to abstract convex spaces
by the present author.

Note that, in the KKM theory, a large number of results were obtained on various
classes of topological spaces having abstract convex structure called the (partial)
KKM spaces and of multimap classes such as acyclic maps, admissible class A7,
better admissible class 8, and the KKM classes £€, K9. Such research is initiated
by ourselves and followed by several hundreds of other authors.

In 2010, in a work of Liu, Zhang and Tan [1], a better admissible class B* is
introduced and a new fixed point theorem for better admissible multimap is proved
on abstract convex spaces. As a consequence, they claimed to deduce a new fixed

Email address : park35@snu.ac.kr; sehiepark@gmail.com; http://parksehie.com.
Article history : Received 12 September 2020; Accepted 16 October 2020.
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point theorem on abstract convex ®-spaces. They also claimed that their main
results generalize some recent work due to Lassonde, Kakutani, Browder, and Park,
without giving any justification.

In the present paper, we show that all of the results in [1] are already known by
ourselves.

2. ABSTRACT CONVEX SPACES

Let (D) denote the set of all nonempty finite subsets of a set D. Multimaps are
also called simply maps.

Definition 2.1. [6-8] Let E be a topological space, D a nonempty set, and I" :
(D) — FE a multimap with nonempty values I'y := T'(4) for A € (D). The
triple (E, D;T") is called an abstract convex space whenever the I'-convez hull of any
D’ C D is denoted and defined by

copD' = | J{Ta | A€ (D)} CE.

When D C E, the space is denoted by (E D D;T'). In such case, a subset X of
E is said to be I-convez if cop(X N D) C X; in other words, X is I'-convex relative
to D':=XND. Incase E=D,let (E;T") := (E,E;T).

Examples of abstract convex spaces are given, for example, in [6-8]

Definition 2.2. Let (F, D;I") be an abstract convex space and Z a set. For a
multimap F' : F —o Z with nonempty values, if a multimap G : D —o Z satisfies

F(Ta) CG(A):= | J Gly) or TacCF'G(A) forall Ac (D),
yeEA
then G is called a KKM map with respect to F. A KKM map G : D — E is a
KKM map with respect to the identity map 1g.
A multimap F' : F — Z to a set Z is called a &-map and we say that F' belongs
to the KKM family if, for a KKM map G : D — Z with respect to F', the family
{G(y)}yep has the finite intersection property. We denote

R(E,Z):={F:E— Z| Fisa fmap}.
Similarly, when Z is a topological space, a R&-map is defined for closed-valued maps

G, and a RO-map for open-valued maps G. In this case, we denote F' € RE€(E, Z)
[resp. F € RO(E, Z)].

Definition 2.3. The partial KKM principle for an abstract convex space (F, D;T")
is the statement 15 € RC(E, E), that is, for any closed-valued KKM map G : D —
E, the family {G(y)}yep has the finite intersection property.

The KKM principle is the statement 1p € RC(E, E) N RO(E, E), that is, the
same property also holds for any open-valued KKM map.

An abstract convex space is called a (partial) KKM space if it satisfies the (par-
tial) KKM principle, resp.

In our previous works, we studied elements or foundations of the KKM theory
on abstract convex spaces and noticed there that many important results therein
are related to the (partial) KKM principle. See [6-8] and the references therein.

We obtained the following diagram for subclasses of abstract convex spaces
(E,D;T):

Simplex = Convex subset of a t.v.s. = Lassonde type convex space

= Horvath space = G-convex space <= ¢ 4-space
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— KKM space = Partial KKM space
— Abstract convex space.

Recall that any simplex is a KKM space by the KKM theorem and its open-
valued version, and that any convex subset of a t.v.s. is a KKM space by the proof
of the 1961 KKM Lemma of Ky Fan; see [6]. For other subclasses of (partial) KKM
spaces in the diagram, all proofs were well-established in the literature; see [6-8].

Recall also that, as subfamilies of the KKM classes € and K9, we investigated
the better admissible class B and the admissible class 2%; see [6-8].

In fact, the authors of [1] formulated our concepts in [2-5] as follows:

Definition 2.4. Let (X, D;T") be an abstract convex space and Y a topological
space. A better admissible class B of multimaps from X into Y is defined as follows.
A multimap F : X — Y belongs to B(X,Y) if for any N € (D) with the cardinality
|N| =n+ 1, there exists a map ¢y : A,, — 'y, and for any continuous function
f: F(T'y) — A,, the composition

foF|ryoen: A, — A,
has a fixed point.

Motivated by the work of the present author, Liu et al. [1] defined the better
admissible class BT of multimaps on abstract convex space as follows:

Definition 2.5. Let (X, D;T) be an abstract convex space and Y a topological
space. We define a class B of multimaps from X into Y as follows. A multimap
F: X — Y belongs to B+ (X,Y) if for any N € (D) with the cardinality |[N| = n+1,
there is a map G € B(I'y,Y) such that G(z) C F(x) for each z € I'y.

Note that I'y can be replaced by the compact set pn(A,).

Here let us call F' is an extension of G and we note the following:

Proposition 2.6. Every extension of B-maps is also a B-map, that is, BT = B.
Proof. As in Definition 2.5, since F' is an extension of some G € B(T'y,Y), we have
foGlryopC foF|ryop: Ay — A,

Since f o G|r, o ¢ has a fixed point, so does f o F|r, o¢. Hence F € B. Q.E.D.

3. FIXED POINT THEOREMS ON ABSTRACT CONVEX UNIFORM SPACE
In our previous work [5], we introduced the following concepts:

Definition 3.1. An abstract conver uniform space (X, D;T;U) is an abstract
convex space such that (X,U) is a uniform space with a basis U of the uniformity
consisting of symmetric entourages. For each U € U, let Ulz] = {z € X : (z,z) €
U} be the U-ball around a given element z € X. For U € U, a point z € X is called
a U-fized point of a map F : X — X if F(z)NUJ[z] # 0. The map F is said to have
the almost fixed point property if it has a U-fixed point for any U € U.

Definition 3.2.. For an abstract convex uniform space (E, D;T;U), a subset X
of E is said to be admissible (in the sense of Klee) if, for each nonempty compact
subset K of X and for each entourage U € U, there exists a continuous function
h: K — X satisfying

(1) (z,h(x)) € U for all x € K;

(2) h(K) C T'y for some N € (D); and

(3) there exist continuous functions p : K — A,, and ¢y : A, — I'y with
|N| =n+ 1 such that h = ¢ o p.
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This definition was given in [5] in 2009, and as [1, Definition 3.2] in 2010.

Definition 3.3.. Let (E, D;T';U) be an abstract convex uniform space. A subset
K of F is said to be Klee approximable if, for each entourage U € U, there exists
a continuous function h : K — F satisfying conditions (1)-(3) in the preceding
definition. Especially, for a subset X of E, K is said to be Klee approximable into
X whenever the range h(K) C 'y C X for some N € (D) in condition (2).

This definition was given in [5] in 2009, and as [1, Definition 3.3] in 2010.

Theorem 3.4. Let (E,D;T;U) be an abstract convex uniform space, X C Y
subsets of E, and F : Y — Y a map such that F|x € B(X,Y) and F(X) is Klee
approximable into X. Then F has the almost fixed point property.

Further if (E,U) is Hausdorff, F is closed, and F(X) is compact in Y, then F
has a fized point xo € Y (that is, xo € F(x0)).

This was given as [5, Theorem 8.3] in 2009, and, for B, as [1, Theorem 3.1] in
2010.

Theorem 3.5. Let (X,D;T;U) be an abstract conver uniform space and F €
B(X, X) a multimap such that F(X) is Klee approzimable. Then F has the almost
fized point property.

Further if F is closed and compact, then F has a fized point xg € X.

This was given as [5, Theorem 8.4] in 2009, and, for B, as [1, Corollary 3.1] in
2010.

Theorem 3.6. Let (X, D;T;U) be an admissible abstract convex uniform space.
Then any compact closed map F € B(X, X) has a fixved point.

This was given as [5, Theorem 8.5] in 2009, and, for B, as [1, Theorem 3.2] in
2010.

Corollary 3.7. Let (X, D;T;U) be a compact admissible abstract convex uniform
space. Then any map F € A%(X, X) has a fized point.

This was given as [5, Corollary 8.6] in 2009, and, for 87, as [1, Corollary 3.2] in
2010.

4. FIXED POINT THEOREMS ON ABSTRACT CONVEX ®-SPACE
In this section, we begin with the following.

Definition 4.1. For a given abstract convex space (F,D;T') and a topological
space X, a map H : X —o E is called a ®-map (or a Fan-Browder map) if there
exists a map G : X — D such that

(i) for each v € X, corG(z) C H(x) [that is, H(x) is I'-convex relative to G(x)];
and

(ii) X = U{Int G~ (y) | y € D}.
Definition 4.2. In (E,D;T;U), a subset Z of E is called a ®-set if, for any
entourage U € U, there exists a ®-map H : Z — E such that Gr(H) C U. If £
itself is a ®-set, then it is called a ®-space.

These definitions were given in [5, Section 5] in 2009, and as Definitions 4.1 and
4.2 in [1] in 2010.
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Proposition 4.3. Fvery locally convex subset Y of a convex subset X of a t.v.s. E
is a ®-subset of X.

This was given as [4, Proposition 7.1] in 2008. and as [1. Lemma 4.1] in 2010.
Now we have the following fixed point theorem:

Theorem 4.4. Let (E,D;T;U) be an abstract convex uniform space, and F €

RE(E,E) be a compact map. If F(E) is a ®-set, then F has the almost fixed point
property. Further if (E,U) is separated and if F is closed, then it has a fized point.

This is a combined form of [3, Theorem 12 and Corollary 12.1] in 2008 and
reduces to [1, Theorem 4.1] for BT.

Corollary 4.5. Let X be a nonempty convexr subset of a Hausdorff t.v.s. Then
any compact closed map F € B(X, X) such that F(X) is locally convezx has a fized
point.

This was given as [4, Corollary 9.11] in 2008, and as [1, Corollary 4.1] in 2010
for BT.
We have the following in [2]:

Theorem 4.6. Let (X, D;T;U) be a Hausdorff ®-space. Then any compact closed
map F € B(X, X) has a fized point.

This was given as [2, Theorem 4.6] in 2000 and [4, Theorem 9.12] in 2008, and
as [1, Corollary 4.2] in 2010 for B™*.

Remark 4.7. It should be noted that no references of ourselves in this paper ap-
peared in [1]. Moreover, the authors of [1] claimed that their main results generalize
some recent work due to Lassonde, Kakutani, Browder, and Park without giving
any details or justifications.
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