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ABSTRACT.

In this paper we give the Hadamard and the Fejér-Hadamard type integral inequalities
for convex and relative convex functions by involving a generalization of the Riemann-
Liouville fractional integral. Also some connections with known results have been obtained.
KEYWORDS: Convex function; Hadamad inequality; Fejér-Hadamard inequality; Frac-
tional integral operators.
AMS Subject Classification: Primary 26A51; Secondary 26A33, 33E12.

1. Preliminaries

Convex functions are very useful for diverse fields of Mathematics, a rich litera-
ture has been built since their discovery [15].

Definition 1.1. Let I be an interval of real numbers. Then a function f : I → R is
said to be convex function if for all x, y ∈ I and 0 ≤ λ ≤ 1 the following inequality
holds

f(xλ+ (1− λ)y) ≤ λf(x) + (1− λ)f(y).

Convex functions are naturally obey the following inequality which is well known
as the Hadamard inequality

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2

where f : I → R is a convex function on I and a, b ∈ I, a < b.
Following definitions are given in [14].

∗Corresponding author.
Email address : prof.abbas6581@gmail.com (Ghulam Abbas), faridphdsms@hotmail.com, ghlm-

farid@cuiatk.edu.pk (Ghulam Farid).
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Definition 1.2. Let Tg be a set of real numbers. This set Tg is said to be relative
convex with respect to an arbitrary function g : R → R if

(1− t)x+ tg(y) ∈ Tg

where x, y ∈ R such that x, g(y) ∈ Tg, 0 ≤ t ≤ 1.

Note that every convex set is relative convex, but the converse is not true. For
example Tg = [−1, −1

2 ]
∪
[0, 1] and g(x) = x2, for all x ∈ R. This set is relative

convex but not convex set. Another possibility may be occure that a realtive covex
set is convex set for example if Tg = [−1, 1] and g(x) = (|x|) 1

4 for all x ∈ R (see[9]).
If g = I the identity function, then the definition of relative convex set recaptures
the definition of classical convex set.

Definition 1.3. A function f : Tg → R is said to be relative convex, if there exists
an arbitrary function g : R → R such that

f((1− t)x+ tg(y)) ≤ (1− t)f(x) + tf(g(y)),

holds, where x, y ∈ R such that x, g(y) ∈ Tg, 0 ≤ t ≤ 1.

Noor et al proved the following Hadamard type integral inequality in [14] for
relative convex functions via Riemann-Liouville fractional integral operators.

Theorem 1.4. Let f be a positive relative convex function and integrable on [a, g(b)].
Then the following inequality holds

f

(
a+ g(b)

2

)
≤ Γ(α+ 1)

2(g(b)− a)α
[Iαa+fg(b) + Iαb−f(a)] ≤

f(a) + f(g(b))

2

α > 0.

In the following we give some definitions and known facts about fractional integral
operators [17].

Definition 1.5. Let ω ∈ R and α, β, k, l, γ be positive real numbers. The general-
ized fractional integral operators ϵγ,δ,kα,β,l,ω,a+ and ϵγ,δ,kα,β,l,ω,b−

for a real valued contin-
uous function f are defined as follows(

ϵγ,δ,kα,β,l,ω,a+f
)
(x) =

∫ x

a

(x− t)β−1Eγ,δ,k
α,β,l(ω(x− t)α)f(t)dt, (1.1)

and (
ϵγ,δ,kα,β,l,ω,b−

f
)
(x) =

∫ b

x

(t− x)β−1Eγ,δ,k
α,β,l(ω(t− x)α)f(t)dt,

where the function Eγ,δ,k
α,β,l is the generalized Mittag-Leffler function defined as

Eγ,δ,k
α,β,l(t) =

∞∑
n=0

(γ)knt
n

Γ(αn+ β)(δ)ln
, (1.2)

the Pochhammer symbol (a)n is defined by (a)n= a(a + 1)(a + 2)...(a + n − 1),
(a)0=1.
For ω = 0, (1.1) produces the definition of Riemann-Liouville fractional integral
operators [17]

Iβa+f(x) =
1

Γ(β)

∫ x

a

(x− t)β−1f(t)dt, x > a

and
Iβb−f(x) =

1

Γ(β)

∫ b

x

(t− x)β−1f(t)dt, x < b.
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In [17] properties of the generalized Mittag-Leffler function are discussed and
it is given that Eγ,δ,k

α,β,l(t) is absolutely convergent for k < l + α. Let S be the
sum of series of absolute terms of the Mittag-Leffler function Eγ,δ,k

α,β,l(t), then we
have

∣∣∣Eγ,δ,k
α,β,l(t)

∣∣∣ ≤ S. We use this property of Mittag-Leffler function in our results
where we need.

In [10] the following Hadamard and the Fejér-Hadamard inequalities for convex
functions via generalized fractional integral operator containing the Mittag-Leffler
function have been proved.

Theorem 1.6. Let f : [a, b] → R be a positive function with 0 ≤ a < b and
f ∈ L1[a, b]. If f is convex on [a, b], then the following inequality for generalized
fractional integrals holds

f

(
a+ b

2

)
(ϵγ,δ,kα,β,l,ω′,a+1)(b) ≤

(ϵγ,δ,kα,β,l,ω′,a+f)(b) + (ϵγ,δ,kα,β,l,ω′,b−f)(a)

2
(1.3)

≤ f(a) + f(b)

2
(ϵγ,δ,kα,β,l,ω′,b−1)(a),

where ω′ = w
(b−a)α .

Theorem 1.7. Let f : [a, b] → R be a convex function with 0 ≤ a < b and
f ∈ L1[a, b]. Also, let g : [a, b] → R be a function which is non-negative, integrable
and symmetric about a+b

2 . Then the following inequality for generalized fractional
integrals holds

f

(
a+ b

2

)
(ϵγ,δ,kα,β,l,ω′,a+g)(b) ≤

(ϵγ,δ,kα,β,l,ω′,a+fg)(b) + (ϵγ,δ,kα,β,l,ω′,b−fg)(a)

2
(1.4)

≤ f(a) + f(b)

2
(ϵγ,δ,kα,β,l,ω′,b−g)(a),

where ω′ = w
(b−a)α .

In [12, 14] the Hadamard and the Fejér-Hadamard type inequalities for con-
vex and relative convex functions via Riemann-Liouville fractional integral opera-
tors have been proved. In this paper we give fractional integral inequalities of the
Hadamard and the Fejér-Hadamard type for convex and relative convex functions
by using the fractional integral operators involving the generalized Mittag-Leffler
function. We also produce the results which are given in [12, 14] by setting particular
values of parameters.

2. MAIN RESULTS

Following lemmas are useful to establish new results.

Lemma 2.1. Let f : [a, b] → R be an integrable and symmetric function about a+b
2 .

Then the following equality holds(
ϵγ,δ,kα,β,l,ω,a+f

)
(b) =

(
ϵγ,δ,kα,β,l,ω,b−

f
)
(a) =

(
ϵγ,δ,kα,β,l,ω,a+f

)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

f
)
(a)

2
.

(2.1)

Proof. As f is symmetric about a+b
2 , therefore f(a + b − t) = f(t). By definition

we have (
ϵγ,δ,kα,β,l,ω,a+f

)
(b) =

∫ b

a

(b− t)β−1Eγ,δ,k
α,β,l(ω(b− t)α)f(t)dt, (2.2)
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replacing t by a+ b− t in equation (2.2) we have(
ϵγ,δ,kα,β,l,ω,a+f

)
(b) =

∫ b

a

(t− a)β−1Eγ,δ,k
α,β,l(ω(t− a)α)f(t)dt.

This implies (
ϵγ,δ,kα,β,l,ω,a+f

)
(b) =

(
ϵγ,δ,kα,β,l,ω,b−

f
)
(a). (2.3)

Therefore we get (2.1).
�

Lemma 2.2. Let f : [a.b] → R be a differentiable function on (a, b) and f ′ ∈ L[a, b].
If g : [a.b] → R is integrable and symmetric about a+b

2 , then we have the following
equality (

f(a) + f(b)

2

)[(
ϵγ,δ,kα,β,l,ω,a+g

)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

g
)
(a)
]

−
[(

ϵγ,δ,kα,β,l,ω,a+gf
)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

gf
)
(a)
]

=

∫ b

a

[∫ t

a

(b− s)β−1Eγ,δ,k
α,β,l(ω(b− s)α)g(s)ds

−
∫ b

t

(s− a)β−1Eγ,δ,k
α,β,l(ω(s− a)α)g(s)ds

]
f ′(t)dt.

Proof. To prove this lemma we take terms of the right hand side, on integrating by
parts and after simplification we have∫ b

a

[∫ t

a

(b− s)β−1Eγ,δ,k
α,β,l(ω(b− s)α)g(s)ds

]
f ′(t)dt

= f(b)

∫ b

a

(b− s)β−1Eγ,δ,k
α,β,l(ω(b− s)α)g(s)ds−

∫ b

a

(b− t)β−1Eγ,δ,k
α,β,l(ω(b− t)α)gf(t)dt

= f(b)
(
ϵγ,δ,kα,β,l,ω,a+g

)
(b)−

(
ϵγ,δ,kα,β,l,ω,a+gf

)
(b).

By using Lemma 2.1 we have∫ b

a

[∫ t

a

(b− s)β−1Eγ,δ,k
α,β,l(ω(b− s)α)g(s)ds

]
f ′(t)dt (2.4)

=
f(b)

2

[(
ϵγ,δ,kα,β,l,ω,a+g

)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

g
)
(a)
]
−
(
ϵγ,δ,kα,β,l,ω,a+gf

)
(b).

Similarly

−
∫ b

t

[
(s− a)β−1Eγ,δ,k

α,β,l(ω(s− a)α)g(s)ds
]
f ′(t)dt (2.5)

=
f(a)

2

[(
ϵγ,δ,kα,β,l,ω,a+g

)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

g
)
(a)
]
−
(
ϵγ,δ,kα,β,l,ω,b−

gf
)
(a).

Adding (2.4) and (2.5) we get the left hand side. �
In the following we give our first integral inequality of the Hadamard type.

Theorem 2.3. Let f : I → R be a differentiable mapping in the interior of I with
f ′ ∈ L[a, b], a < b. If |f ′| is convex on [a, b] and g : I → R is continuous and
symmetric function about a+b

2 , then we have the following inequality∣∣∣∣(f(a) + f(b)

2

)[(
ϵγ,δ,kα,β,l,ω,a+g

)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

g
)
(a)
]
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−
[(

ϵγ,δ,kα,β,l,ω,a+gf
)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

gf
)
(a)
]∣∣∣

≤ ∥ g ∥∞ S(b− a)β+1

β(β + 1)

(
1− 1

2β

)
[|f ′(a) + f ′(b)|],

for k < l + α and ∥ g ∥∞= sup
t∈[a,b]

|g(t)|.

Proof. By using Lemma 2.2 we have∣∣∣∣(f(a) + f(b)

2

)[(
ϵγ,δ,kα,β,l,ω,a+g

)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

g
)
(a)
]

(2.6)

−
[(

ϵγ,δ,kα,β,l,ω,a+gf
)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

gf
)
(a)
]∣∣∣

≤
∫ b

a

∣∣∣∣[∫ t

a

(b− s)β−1Eγ,δ,k
α,β,l(ω(b− s)α)g(s)ds

−
∫ b

t

(s− a)β−1Eγ,δ,k
α,β,l(ω(s− a)α)g(s)ds

]∣∣∣∣∣ |f ′(t)|dt.

Using the convexity of |f ′| we have

|f ′(t)| ≤ b− t

b− a
|f ′(a)|+ t− a

b− a
|f ′(b)|; t ∈ [a, b]. (2.7)

By using symmetry of function g we have∫ b

t

(s− a)β−1Eγ,δ,k
α,β,l(ω(s− a)α)g(s)ds

=

∫ a+b−t

a

(b− s)β−1Eγ,δ,k
α,β,l(ω(b− s)α)g(a+ b− s)ds

=

∫ a+b−t

a

(b− s)β−1Eγ,δ,k
α,β,l(ω(b− s)α)g(s)ds.

This implies∣∣∣∣∣
∫ t

a

(b− s)β−1Eγ,δ,k
α,β,l(ω(b− s)α)g(s)ds−

∫ b

t

(s− a)β−1Eγ,δ,k
α,β,l(ω(s− a)α)g(s)ds

∣∣∣∣∣
(2.8)

=

∣∣∣∣∣
∫ a+b−t

t

(b− s)β−1Eγ,δ,k
α,β,l(ω(b− s)α)g(s)ds

∣∣∣∣∣
≤

{ ∫ a+b−t

t
|(b− s)β−1Eγ,δ,k

α,β,l(ω(b− s)α)g(s)|ds, t ∈ [a, a+b
2 ]∫ t

a+b−t
|(b− s)β−1Eγ,δ,k

α,β,l(ω(b− s)α)g(s)|ds, t ∈ [a+b
2 , b].

By (2.6), (2.7), (2.8) and absolute convergence of Mittag-Leffler function, we have∣∣∣∣(f(a) + f(b)

2

)[(
ϵγ,δ,k
α,β,l,ω,a+g

)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

g
)
(a)

]
(2.9)

−
[(

ϵγ,δ,k
α,β,l,ω,a+gf

)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

gf
)
(a)

]∣∣∣
≤

∫ a+b
2

a

(∫ a+b−t

a
|(b− s)β−1Eγ,δ,k

α,β,l(ω(b− s)α)g(s)|ds
)(

b− t

b− a
|f ′(a)|+

t− a

b− a
|f ′(b)|

)
dt

+

∫ b

a+b
2

(∫ t

a+b−t
|(b− s)β−1Eγ,δ,k

α,β,l(ω(b− s)α)g(s)|ds
)(

b− t

b− a
|f ′(a)|+

t− a

b− a
|f ′(b)|

)
dt.
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≤
∥ g ∥∞ S

β(b− a)

[∫ a+b
2

a
((b− t)β − (t− a)β(b− t)|f ′(a)|)dt+

∫ a+b
2

a
((b− t)β − (t− a)β(t− a)|f ′(b)|)dt

+

∫ b

a+b
2

((t− a)β − (b− t)β(b− t)|f ′(a)|)dt+
∫ b

a+b
2

((t− a)β − (b− t)β(t− a)|f ′(b)|)dt
]
.

Since we have∫ a+b
2

a

(
(b− t)β − (t− a)β

)
(b− t)dt =

(b− a)β+2

β + 1

(
β + 1

β + 2
− 1

2β+1

)
and ∫ a+b

2

a

(
(b− t)β − (t− a)β

)
(t− a)dt =

(b− a)β+2

β + 1

(
1

β + 2
− 1

2β+1

)
.

Using the above calculations in (2.9) we have∣∣∣∣(f(a) + f(b)

2

)[(
ϵγ,δ,kα,β,l,ω,a+g

)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

g
)
(a)
]

−
[(

ϵγ,δ,kα,β,l,ω,a+gf
)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

gf
)
(a)
]∣∣∣

≤ ∥ g ∥∞ S

β(b− a)

(b− a)β+2

β + 1

[(
β + 1

β + 2
− 1

2β+1

)
+

(
1

β + 2
− 1

2β+1

)]
[|f ′(a)|+ |f ′(b)|]

=
∥ g ∥∞ S

β(β + 1)
(b− a)β+1

(
1− 1

2β

)
[|f ′(a)|+ |f ′(b)|].

�
A special case is stated in the following, which is inequality of the Hadamard

type for Riemann-Liouville fractional integrals.

Corollary 2.4. Setting ω = 0 in Theorem 2.3 we have the following inequality for
Riemann-Liouville fractional integral operators∣∣∣∣(f(a) + f(b)

2

)[
Iβa+g(b) + Iβb−g(a)

]
−
[
Iβa+fg(b) + Iβb−fg(a)

]∣∣∣∣ (2.10)

≤ ∥ g ∥∞ (b− a)β+1

Γ(β + 2)

(
1− 1

2β

)
[|f ′(a)|+ |f ′(b)|].

Remark 2.5. The above inequality (2.10) is proved in [12].

Theorem 2.6. Let f : I → R be a differentiable function in the interior of I, also
let f ′ ∈ L[a, b], a < b. If |f ′|q, q > 0 is convex on [a, b] and g : I → R is continuous
and symmetric function about a+b

2 , then we have the following inequality∣∣∣∣(f(a) + f(b)

2

)[(
ϵγ,δ,kα,β,l,ω,a+g

)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

g
)
(a)
]

(2.11)

−
[(

ϵγ,δ,kα,β,l,ω,a+gf
)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

gf
)
(a)
]∣∣∣

≤ 2 ∥ g ∥∞ S(b− a)β+
1
p

β(β + 1)

(
1− 1

2β

)
(|f ′(a)|q + |f ′(b)|q)

1
q ,

for k < l + α and ∥ g ∥∞= sup
t∈[a,b]

|g(t)| and 1
p + 1

q = 1.

Proof. From Lemma 2.2, Hölder inequality, inequality (2.8) one can has∣∣∣∣(f(a) + f(b)

2

)[(
ϵγ,δ,kα,β,l,ω,a+g

)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

g
)
(a)
]

(2.12)
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−
[(

ϵγ,δ,kα,β,l,ω,a+gf
)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

gf
)
(a)
]∣∣∣

≤

[∫ b

a

∣∣∣∣∣
∫ a+b−t

t

(b− s)β−1Eγ,δ,k
α,β,l(ω(b− s)α)g(s)ds

∣∣∣∣∣ dt
]1− 1

q

[∫ b

a

∣∣∣∣∣
∫ a+b−t

t

(b− s)β−1Eγ,δ,k
α,β,l(ω(b− s)α)g(s)ds

∣∣∣∣∣ |f ′(t)|qdt

] 1
q

.

Using absolute convergence of Mittag-Leffler function and ∥ g ∥∞= sup
t∈[a,b]

|g(t)| we

have∣∣∣∣(f(a) + f(b)

2

)[(
ϵγ,δ,kα,β,l,ω,a+g

)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

g
)
(a)
]

−
[(

ϵγ,δ,kα,β,l,ω,a+gf
)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

gf
)
(a)
]∣∣∣

≤∥ g ∥1−
1
q

∞ S1− 1
q

[∫ a+b
2

a

(∫ a+b−t

t

(b− s)β−1ds

)
dt+

∫ b

a+b
2

(∫ t

a+b−t

(b− s)β−1ds

)
dt

]1− 1
q

× ∥ g ∥
1
q
∞ S

1
q

[∫ a+b
2

a

(∫ a+b−t

t

(b− s)β−1ds

)
|f ′(t)|qdt

+

∫ b

a+b
2

(∫ t

a+b−t

(b− s)β−1ds

)
|f ′(t)|qdt

] 1
q

.

By some calculation we have∣∣∣∣(f(a) + f(b)

2

)[(
ϵγ,δ,kα,β,l,ω,a+g

)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

g
)
(a)
]

−
[(

ϵγ,δ,kα,β,l,ω,a+gf
)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

gf
)
(a)
]∣∣∣

≤∥ g ∥∞ S

[
(b− a)β+1

β + 1
(1− 1

2β
) +

(b− a)β+1

β + 1
(1− 1

2β
)

]1− 1
q

×

[∫ a+b
2

a

(
(b− t)β − (t− a)β

)
|f ′(t)|qdt+

∫ b

a+b
2

(
(b− t)β − (t− a)β .

)
|f ′(t)|qdt

] 1
q

.

Since |f ′|q is convex on [a, b], therefore we have

|f ′(t)|q ≤ b− t

b− a
|f ′(a)|q + t− a

b− a
|f ′(b)|q. (2.13)

Hence ∣∣∣∣(f(a) + f(b)

2

)[(
ϵγ,δ,kα,β,l,ω,a+g

)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

g
)
(a)
]

−
[(

ϵγ,δ,kα,β,l,ω,a+gf
)
(b) +

(
ϵγ,δ,kα,β,l,ω,b−

gf
)
(a)
]∣∣∣

≤∥ g ∥∞ S

[
2
(b− a)β+1

β + 1
(1− 1

2β
)

]1− 1
q

×

[∫ a+b
2

a

(
(b− t)β − (t− a)β

)( b− t

b− a
|f ′(a)|q + t− a

b− a
|f ′(b)|q

)
dt
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+

∫ b

a+b
2

(
(b− t)β − (t− a)β

)( b− t

b− a
|f ′(a)|q + t− a

b− a
|f ′(b)|q

)
dt

] 1
q

.

From which one can have (2.11). �

Corollary 2.7. Setting ω = 0 in Theorem 2.6 we have the following result for
Riemann-Liouville fractional integral operators∣∣∣∣(f(a) + f(b)

2

)
[Iβa+g(b) + Iβb−g(a)]− [Iβa+fg(b) + Iβb−fg(a)]

∣∣∣∣
≤ 2 ∥ g ∥∞ (b− a)β+1− 1

q

Γ(β + 2)

(
1− 1

2β

)
(|f ′(a)|q + |f ′(b)|q)

1
q ,

β > 0.

In the following we give the Hadamard inequality for relative convex functions
via generalized fractional integral operators.

Theorem 2.8. Let f : [a, g(b)] → R be a positive relative convex function and
f ∈ L[a, g(b)]. Then the following inequalities for generalized fractional integral
operators hold

f

(
a+ g(b)

2

)(
ϵγ,δ,kα,β,l,ω′,a+1

)
(g(b)) ≤ 1

2

[(
ϵγ,δ,kα,β,l,ω′,a+f

)
(g(b))+

(
ϵγ,δ,kα,β,l,ω′,g(b)−

f
)
(a)
]

≤ f(a) + f(g(b))

2

(
ϵγ,δ,kα,β,l,ω′,g(b)−

1
)
(a),

where ω′ = ω
(g(b)−a)α .

Proof. Since f is relative convex on [a, g(b)], we have

f

(
a+ g(b)

2

)
= f

[(
1

2
(ta+ (1− t)g(b)

)
+

(
1− 1

2

)
((1− t)a+ tg(b))

]
≤ 1

2
f (ta+ (1− t)g(b)) +

1

2
f ((1− t)a+ tg(b)) .

Multiplying both sides by 2tβ−1Eγ,δ,k
α,β,l(ωt

α) and integrating over [0, 1] we have

2f

(
a+ g(b)

2

)∫ 1

0

tβ−1Eγ,δ,k
α,β,l(ωt

α)dt ≤
∫ 1

0

tβ−1Eγ,δ,k
α,β,l(ωt

α)f (ta+ (1− t)g(b)) dt

+

∫ 1

0

tβ−1Eγ,δ,k
α,β,l(ωt

α)f ((1− t)a+ tg(b)) dt. (2.14)

Setting ta + (1 − t)g(b) = x that is t = g(b)−x
g(b)−a and (1 − t)a + tg(b) = y that is

t = y−a
g(b)−a we have

2f

(
a+ g(b)

2

)∫ a

g(b)

(
g(b)− x

g(b)− a

)β−1

Eγ,δ,k
α,β,l

(
ω

(
g(b)− x

g(b)− a

)α)( −dx

g(b)− a

)
(2.15)

≤
∫ a

g(b)

(
g(b)− x

g(b)− a

)β−1

Eγ,δ,k
α,β,l

(
ω

(
g(b)− x

g(b)− a

)α)
f(x)

(
−dx

g(b)− a

)
+

∫ g(b)

a

(
y − a

g(b)− a

)β−1

Eγ,δ,k
α,β,l

(
ω

(
y − a

g(b)− a

)α)
f(y)

(
dy

g(b)− a

)
.
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After simplification we get

2f

(
a+ g(b)

2

)(
ϵγ,δ,kα,β,l,ω′,a+1

)
(g(b)) ≤

[(
ϵγ,δ,kα,β,l,ω′,a+f

)
(g(b))+

(
ϵγ,δ,kα,β,l,ω′,g(b)−

f
)
(a)
]
.

(2.16)
By using the relative convexity of f on [a, g(b)] one can has

f(ta+(1−t)g(b))+f((1−t)a+tg(b)) ≤ tf(a)+(1−t)f(g(b))+(1−t)f(a)+tf(g(b)).

Multiplying tβ−1Eγ,δ,k
α,β,l(ωt

α) on both sides and integrating over [0, 1] we have∫ 1

0
tβ−1Eγ,δ,k

α,β,l(ωt
α)f(ta+ (1− t)g(b))dt+

∫ 1

0
tβ−1Eγ,δ,k

α,β,l(ωt
α)f((1− t)a+ tg(b))dt

≤
∫ 1

0
tβ−1Eγ,δ,k

α,β,l(ωt
α)(tf(a) + (1− t)f(g(b)))dt+

∫ 1

0
tβ−1Eγ,δ,k

α,β,l(ωt
α)((1− t)f(a) + tf(g(b)))dt.

Setting ta + (1 − t)g(b) = x that is t = g(b)−x
g(b)−a and (1 − t)a + tg(b) = y that is

t = y−a
g(b)−a and after simple calculation we have[(

ϵγ,δ,kα,β,l,ω′,a+f
)
(g(b)) +

(
ϵγ,δ,kα,β,l,ω′,g(b)−

f
)
(a)
]
≤ [f(a)+f(g(b))]

(
ϵγ,δ,kα,β,l,ω′,g(b)−

1
)
(a).

(2.17)
Combinig (2.16) and (2.17) we get the result. �

Remark 2.9. (i) If we put ω = 0 and k = 1 in Theorem 2.8 we obtain Theorem
1.4.
(ii) If we put ω = 0 and β = α

k in Theorem 2.8, then we get [11, Theorem 3].

In the upcoming theorem we give the generalization of previous result.

Theorem 2.10. Let f : [g(a), g(b)] → R be a positive relative convex function and
f ∈ L[g(a), g(b)]. Then the following inequalities for generalized fractional integral
operator holds

f

(
g(a) + g(b)

2

)(
ϵγ,δ,kα,β,l,ω′,g(a)+1

)
(g(b))

≤ 1

2

[(
ϵγ,δ,kα,β,l,ω′,g(a)+f

)
(g(b)) +

(
ϵγ,δ,kα,β,l,ω′,g(b)−

f
)
(a)
]

≤ f(g(a)) + f(g(b))

2

(
ϵγ,δ,kα,β,l,ω′,g(b)−

1
)
(g(a)),

where ω′ = ω
(g(b)−g(a))α .

Proof. Proof of this theorem is on the same lines of the proof of Theorem 2.8. �

Corollary 2.11. For ω = 0 we obtain the following inequality for Riemann-Liouville
integral operator from Theorem 2.10

f

(
g(a) + g(b)

2

)
≤ Γ(β + 1)

2(g(b)− g(a))β
[Iβg(a)+f(g(b)) + Iβg(b)−f(g(a))]

≤ f(g(a)) + f(g(b))

2
,

with β > 0.

Remark 2.12. In Theorem 2.10 if we take ω = 0, β = α
k , then we get [11, Theorem

5].
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1. Introduction

In 1963, DeMarr [11] proved a common fixed point theorem for families of com-
muting nonexpansive mappings. After DeMarr, many researchers studied this sub-
ject and many results for families of nonexpansive mappings appeared; refer to
Linhart [27], Ishikawa [15], Kuhfittig [25], Kitahara and Takahashi [16], Takahashi
and Tamura [39], Suzuki [36, 35] and so on. For example, in the strictly convex
Banach space setting, Linhart [27] presented an iteration scheme for common fixed
points of infinite families of commuting nonexpansive self–mappings on a compact
convex set. Motivated by Linhart’s result, Suzuki [36] presented the following.

Theorem S. Let C be a compact convex subset of a strictly convex Banach space
E. Let {Tn} be a sequence of nonexpansive mappings on C with ∩∞

n=1F (Tn) ̸= .
Let {an} be a sequence of positive numbers such that

∑∞
n=1 an < 1 and let {In} be

a sequence of subsets of N satisfying In ⊂ In+1 for n ∈ N and ∪∞
n=1In = N . Define

a sequence {xn} in C by x1 ∈ C and

xn+1 = (1−
∑

i∈In
ai)xn +

∑
i∈In

aiTixn for n ∈ N.

Then {xn} converges strongly to a common fixed point of {Tn}.

∗Corresponding author.
Email address : ibaraki@ynu.ac.jp, aho314159@yahoo.co.jp.
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On the other hand, in 1975, Baillon [6] proved the first nonlinear ergodic theorem
for a nonexpansive mapping in a Hilbert space. After Baillon, many mean conver-
gence theorems appeared. Furthermore, Takahashi and Takeuchi [40] proved a mean
convergence theorem for attractive points of generalized hybrid mappings with nei-
ther closeness nor convexity of the domain. Also, Aoyama [1] and Kohsaka [19]
proved convergence theorems for quasi–nonexpansive type mappings.

In 1997, Shimizu and Takahashi [32] studied a common fixed point problem for fi-
nite families of commutative nonexpansive mappings. They introduced an iteration
scheme combined Halpern type and Baillon type, and proved a strong convergence
theorem in Hilbert spaces. In 1998, Atsushiba and Takahashi [4] introduced an
iteration scheme combined Mann type and Baillon type, and proved a weak conver-
gence theorem for commutative two nonexpansive mappings, in uniformly convex
Banach spaces. Suzuki [34] and Takeuchi [42] studied this problem in general Ba-
nach spaces.

Very recently, in the Hilbert space setting, Kohsaka [20] replaced nonexpansive
mappings by (λ)–hybrid mappings in the main theorems of [32, 4]. Kohsaka [20]
also presented the following theorem; also see Ibaraki and Takeuchi [13].

Theorem K. Let C be a bounded closed and convex subset of a Hilbert space H.
Let S and T be (λ)–hybrid self–mappings on C with λ and µ. Assume ST = TS.
Set F = F (S) ∩ F (T ). Define a sequence {xn} in C by x1 ∈ C and

xn+1 = 1
(n+1)2

∑n
i=0

∑n
j=0 S

iT jx1 for n ∈ N.

Then the following hold.
(1) {PFS

iT jx1}(i,j)∈N2
0

converges strongly to u ∈ F in the sense of net.
(2) {xn} converges weakly to u ∈ F .

Remark. Of course, we can replace the boundedness of C by F = F (S) ∩ F (T ) ̸= .

Motivated by the works as above, we hope to add something new. Then, specifi-
cally, we prove some convergence theorems for common fixed points of a wide range
of nonlinear self–mappings on a closed convex subset of a Hilbert space.

2. Preliminaries

In this article, N and N0 denote the sets of positive integers and non–negative
integers, respectively. N(i, j) denotes the set {k ∈ N0 : i ≤ k ≤ j} for i, j ∈ N0

with i ≤ j. In the case of j < i, we define N(i, j) = and
∑j

k=i(·) = 0.
H denotes a real Hilbert space with inner product ⟨·, ·⟩ and norm ∥ · ∥ derived

from ⟨·, ·⟩. C always denotes a non–empty subset of H unless otherwise noted.
Then, normally, “non–empty” is omitted. The following are basic:

(1) A closed convex subset C of H is weakly closed. A bounded sequence in H
has a weakly convergent subsequence.

(2) Let {un} be a sequence in H. Then {un} converges weakly to z ∈ H if every
weak cluster point of {un} and z are the same.

(3) H has the Opial property [30], that is, if {un} is a sequence in H which
converges weakly to u ∈ H, then, for v ∈ H with v ̸= u,

lim infn ∥un − u∥ < lim infn ∥un − v∥.

(4) Let C be a closed convex subset of H. For x ∈ H, there is the unique point
zx of C satisfying ∥x− zx∥ = inf{∥x− z∥ : z ∈ C}. zx is called the unique nearest
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point of C to x. Define a mapping PC by PCx = zx for x ∈ H. PC is called the
metric projection from H onto C. PC satisfies the following: For x ∈ H and y ∈ C,

0 ≤ ⟨x− PCx, PCx− y⟩ and ∥x− PCx∥2 + ∥PCx− y∥2 ≤ ∥x− y∥2.
Let C be a subset of H and T be a mapping from C into H. I denotes the

identity mapping on C. Sometimes we denote I by T 0. F (T ) denotes the set of
fixed points of T , that is, F (T ) = {x ∈ C : x = Tx}. A(T ) denotes the set of
attractive points of T , that is, A(T ) = {x ∈ H : ∥Ty− x∥ ≤ ∥x− y∥ for all y ∈ C};
for the notion of attractive points, see Takahashi and Takeuchi [40]. I − T is said
to be demiclosed at 0 if u ∈ F (T ) holds whenever there is a sequence {xn} in C
which converges weakly to u ∈ C and satisfies limn ∥Txn − xn∥ = 0. In the case
that C is compact and convex, I − T is demiclosed at 0 if T is continuous on C.

T is called nonexpansive if ∥Tx − Ty∥ ≤ ∥x − y∥ for x, y ∈ C. Also T is called
quasi–nonexpansive if ̸= F (T ) ⊂ A(T ). A nonexpansive mapping T with F (T ) ̸=
is quasi–nonexpansive.

T is said to satisfy condition (N2) if there is s ∈ [0,∞) such that
∥x− Ty∥ ≤ ∥x− y∥+ s∥x− Tx∥ for x, y ∈ C. (N2)

A nonexpansive mapping satisfies (N2) as s = 1. T satisfies F (T ) ⊂ A(T ) if T
satisfies (N2). Then T is quasi–nonexpansive if T satisfies (N2) and F (T ) ̸= .

Recently, some researchers study (N2); see Suzuki [37], Falset and co–authors [12],
Takahashi and Takeuchi [40], Kubota and Takeuchi [22], and Kubota and co–
authors [21]. Also, some researchers study generalized hybrid mappings introduced
by Kocourek and co–authors [18] or (λ)–hybrid mappings introduced by Aoyama
and co–authors [2]. The class of generalized hybrid mappings is wider than the class
of (λ)–hybrid mappings. Even so, the class of (λ)–hybrid mappings contains some
important classes of nonlinear mappings.

In [2], they say as below: Let λ ∈ R. T is called λ–hybrid if
∥Tx− Ty∥2 ≤ ∥x− y∥2 + 2(1− λ)⟨x− Tx, y − Ty⟩ for x, y ∈ C. (λh)

For example, the following expression appeared in Kohsaka [20]: Let S be a λ–hybrid
self–mapping on C and T be a µ–hybrid self–mapping on C. To avoid confusion,
we call T (λ)–hybrid if there is λ ∈ R satisfying (λh). Then the expression becomes
as below: Let S and T be (λ)–hybrid self–mappings on C with λ and µ.

A nonexpansive mapping is (λ)–hybrid as λ = 1. T satisfies F (T ) ⊂ A(T ) if T
is (λ)–hybrid. So a (λ)–hybrid mapping T is quasi–nonexpansive if F (T ) ̸= . Since
the last term in (λh) is written by inner product, it is easy to deal with.

We had better give remarks for our way of thinking in this article.

Our way of thinking. Let C be a closed convex subset of a Hilbert space H. In
later sections, we deal with a sequence {Tj} of nonlinear self–mappings on C. To
have a convergence theorem for common fixed points of {Tj}, maybe it is difficult to
ignore the condition that I − Tj is demiclosed at 0 for j ∈ N . Then we will assume
the condition to express our assertions. Also we consider the following conditions:

̸= A = ∩j∈NA(Tj), F = ∩j∈NF (Tj) ⊂ A.

We give some notes for the conditions. For simplicity, we consider {S, T} as {Tj}.
Let S and T be self–mappings on a closed convex subset C of a Hilbert space H.

We denote by F the common fixed point set F (S) ∩ F (T ) and by A the common
attractive point set A(S)∩A(T ). To have a convergence theorem finding a common
fixed point of {S, T}, usually, we assume F ̸= . In the case that both S and
T are nonexpansive, F ̸= asserts ̸= F ⊂ A in cooperation with properties of
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nonexpansive mappings. However, we should be more careful about the fact that
we do not make some beneficial results from F ̸= itself. In proofs of many such
theorems, it seems that conditions corresponding to A ̸= and F ⊂ A are essential.

We note the following:
(a) F ⊂ A implies neither F (S) ⊂ A(S) nor F (T ) ⊂ A(T ).
(b) F ̸= does not imply A ̸= without the assumption F ⊂ A.
(c) A ̸= implies F ̸= ; see Lemma 3.7.

However, A ̸= does not imply F ⊂ A.
(d) Usually, it follows from the assumption F ⊂ A that F is closed and convex.

In the case that S = T , F ⊂ A and F (S) ⊂ A(S) are equivalent.
Suppose both S and T are quasi–nonexpansive. In this case, {S, T} has so good

properties, that is, we know the following:
(e) F = F (S) ∩ F (T ) ⊂ A(S) ∩A(T ) = A.
(f) F (S), F (T ) and F are closed and convex.

It is important that, even if ̸= F ⊂ A, neither S nor T need be quasi–
nonexpansive. Furthermore, we easily find pairs of C and {S, T} such that neither
S nor T is quasi–nonexpansive, ̸= F ⊂ A and ST ̸= TS. However, in general,
we may need strict constraints on properties of {S, T} to guaranty A ̸= in theory.
Even so, to find a point of A is easier than to find directly a point of F ∩A.

Due to the reasons as above, to express our assertions connected with common
fixed points of {Tj}, we assume the following:

(i) I − Tj is demiclosed at 0 for j ∈ N .
(ii) ̸= A = ∩j∈NA(Tj) and F = ∩j∈NF (Tj) ⊂ A.

Here we present an example. For simplicity, we consider R2 with the Euclidean
norm. Maybe T1 and T2 in the example are closed to us and just ordinary mappings.
Example 2.1. Let D = {x = (s, t) ∈ R2 : s ∈ [0, 1], t ∈ [ 12s, 2s]}. Then D is
compact and convex. For x = (s, t) ∈ D, set ux = ( 12 t, t) and zx = (s, 1

2s). Let T1

and T2 be self–mappings on D defined by
T1x = 1

2 (x+ ux) =
1
2 ((s, t) + ( 12 t, t)) = ( 12s+

1
4 t, t),

T2x = 1
2 (x+ zx) =

1
2 ((s, t) + (s, 1

2s)) = (s, 1
4s+

1
2 t) for x = (s, t) ∈ D.

Then we can easily observe the following:
◦ (i) holds, that is, I − Tj is demiclosed at 0 for j = 1, 2.
◦ (ii) holds, that is, ̸= ∩2

j=1F (Tj) ⊂ ∩2
j=1A(Tj).

Also, we can easily confirm the following:
◦ Neither T1 nor T2 is quasi–nonexpansive (hemi–contractive).
◦ T1 and T2 are not commutative.
◦ B = 1

2T1 +
1
2T2 is nonexpansive and F (B) = {(0, 0)} = ∩2

j=1F (Tj).
We had better note the following: A real linear space L may have more than one

norms. Then it may depend on norm whether ̸= F ⊂ A holds or not. In some
cases, nonexpansiveness of T and A(T ) depend on norm. Quasi–nonexpansiveness
of T depends on norm and the domain of T . However, F (T ) has no connection with
norms if the formula of T does not contain any norm on L. Especially, in finite
dimensional linear spaces, we may choose a convenient norm to find a point of F .

3. Lemmas

Many researchers take the following assertion or a similar assertion in their arti-
cles; for example, see Weng [43], Xu [45], and Aoyama and co–authors [2].
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Lemma 3.1. Let {αn} be a sequence in [0, 1]. Let {an} and {cn} be sequences
of non–negative real numbers and let {bn} be a sequence of real numbers. Suppose∑∞

n=1 αn = ∞, lim supn bn ≤ 0,
∑∞

n=1 cn < ∞, and an+1 ≤ (1−αn)an+αnbn+ cn
for n ∈ N . Then limn an = 0.

In the Hilbert space setting, we present some lemmas needed in the sequel; some
of them are obtained in suitable Banach spaces. The following is well–known.
Lemma 3.2. Let c ∈ [0, 1] and x, y ∈ H. Then, the following holds:

∥cx+ (1− c)y∥2 = c∥x∥2 + (1− c)∥y∥2 − c(1− c)∥x− y∥2.
In the Hilbert space setting, the following lemma is an extension of Browder’s

demiclosed principle. This lemma was essentially proved in Suzuki [37].
Lemma 3.3. Let C be a subset of H and let S be a mapping from C into H which
satisfies (N2). Suppose {xn} is a sequence in C which converges weakly to some
u ∈ C and satisfies limn ∥Sxn − xn∥ = 0. Then u ∈ F (S).
Proof. We know that {xn} converges weakly to u, S satisfies condition (N2) for
some s ∈ [0,∞), and limn ∥Sxn − xn∥ = 0. Then the following holds:

lim infn ∥xn − Su∥ ≤ lim infn(∥xn − u∥+ s∥xn − Sxn∥)
= lim infn ∥xn − u∥. (3.1)

Arguing by contradiction, assume u ̸= Su. Then, by the Opial property, we have
lim infn ∥xn − u∥ < lim infn ∥xn − Su∥. This contradicts to (3.1). �

The following is another extension due to Aoyama and co–authors [2].
Lemma 3.4. Let C be a subset of H and let S be a (λ)–hybrid mapping with λ
from C into H. Suppose {xn} is a sequence in C which converges weakly to some
u ∈ C and satisfies limn ∥Sxn − xn∥ = 0. Then u ∈ F (S).
Proof. We know that {xn} converges weakly to u and S is (λ)–hybrid with λ. By
limn ∥Sxn − xn∥ = 0, the following hold:
lim infn ∥xn − Su∥ ≤ lim infn(∥xn − Sxn∥+ ∥Sxn − Su∥) = lim infn ∥Sxn − Su∥,
lim infn ∥xn − Su∥2 ≤ lim infn ∥Sxn − Su∥2

≤ lim infn(∥xn − u∥2 + 2|1− λ|∥Sxn − xn∥∥Su− u∥) = lim infn ∥xn − u∥2.
Then we have

lim infn ∥xn − Su∥ ≤ lim infn ∥xn − u∥. (3.2)
Arguing by contradiction, assume u ̸= Su. Then, by the Opial property, we have

lim infn ∥xn − u∥ < lim infn ∥xn − Su∥. This contradicts to (3.2). �
The following lemma is useful when we consider weak convergence theorems in

the Hilbert space setting; for example, see Atsushiba and co–authors [3].
Lemma 3.5. Let D be a subset of H. Let {un} be a sequence in H such that
{∥un − w∥} converges for each w ∈ D. Suppose {uni

} and {unj
} are subsequences

of {un} which converge weakly to u, v ∈ D, respectively. Then u = v.
Proof. Let w ∈ D. Then, since {∥un−w∥} converges, any subsequence of {∥un−w∥}
converges to the same real number. Arguing by contradiction, assume u ̸= v. Then,
by u, v ∈ D and the Opial property, we have the following:

lim infi ∥uni
− u∥ < lim infi ∥uni

− v∥ = lim infj ∥unj
− v∥,

lim infj ∥unj
− v∥ < lim infj ∥unj

− u∥ = lim infi ∥uni
− u∥.
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Thus we have lim infi ∥uni
− u∥ < lim infi ∥uni

− u∥. This is a contradiction. �

The following two lemmas are due to Takahashi and Takeuchi [40].

Lemma 3.6. Let C be a subset of H and let T be a mapping from C into H. Then,
A(T ) is a closed convex subset of H.

Lemma 3.7. Let C be a subset of H and let T be a self–mapping on C. Suppose
x ∈ A(T ) and zx is the unique nearest point of C to x. Then zx ∈ F (T ). In
particular, A(T )∩C ⊂ F (T ). Furthermore, A(T )∩C = F (T ) holds if F (T ) ⊂ A(T ).

We need the following lemma in the sequel.

Lemma 3.8. Let C be a subset of H and let T be a mapping from C into H. Let
a ∈ [0, 1], x ∈ C and w = ax+ (1− a)Tx. Suppose v ∈ A(T ). Then,

a(1− a)∥Tx− x∥2 ≤ ∥x− v∥2 − ∥w − v∥2. (1)

Suppose further that C is bounded. Let r > supx∈C ∥x− v∥. Then,
a(1−a)

2r ∥Tx− x∥2 ≤ ∥x− v∥ − ∥w − v∥. (2)

Proof. We show (1). By v ∈ A(T ) and Lemma 3.2, we have

∥w − v∥2 = ∥a(x− v) + (1− a)(Tx− v)∥2

= a∥x− v∥2 + (1− a)∥Tx− v∥2 − a(1− a)∥Tx− x∥2

≤ ∥x− v∥2 − a(1− a)∥Tx− x∥2.

Then we see ∥w − v∥ ≤ ∥x− v∥ and a(1− a)∥Tx− x∥2 ≤ ∥x− v∥2 − ∥w − v∥2.
There is r ∈ (0,∞) satisfying r > supx∈C ∥x− v∥ if C is bounded. We show (2).

Set s = ∥x− v∥ and t = ∥w − v∥ ≤ ∥x− v∥. Then we know 0 ≤ s+ t < 2r and

a(1− a)∥Tx− x∥2 ≤ s2 − t2 = (s− t)(s+ t).

In the case of 0 < s+ t < 2r, we immediately have
a(1−a)

2r ∥Tx− x∥2 ≤ a(1−a)
s+t ∥Tx− x∥2 ≤ ∥x− v∥ − ∥w − v∥.

In the case of s+ t = 0, it is trivial that a(1−a)
2r ∥Tx− x∥2 ≤ ∥x− v∥− ∥w− v∥. �

4. Convergence theorems

In this section, we present our main results. We begin our argument with con-
sidering the following sequences. Let {cj} be a sequence satisfying the following:

cj ∈ (0, 1) for j ∈ N,
∑∞

j=1 cj = 1. (s)

Let {cn,j} be the double sequence such that, for each n ∈ N ,

cn,j = cj for j ∈ N(1, n− 1), cn,n =
∑∞

j=n cj = 1−
∑n−1

j=1 cj . (ds)

Note N(1, 0) = ,
∑0

j=1(·) = 0 and c1,1 = 1. For j ∈ N , cn,j = cj holds for n > j.
Then the double sequence {cn,j} has the following properties:

limn cn,j = cj for j ∈ N ,
∑n

j=1 cn,j = 1 for n ∈ N .
For reference, we present a typical example of {cj} satisfying (s). Set cj = 1/2j for
j ∈ N . Then {cj} satisfies (s). For example, {c5,j}j∈N(1,5) = { 1

2 ,
1
4 ,

1
8 ,

1
16 ,

1
16}.

The following lemma is important to have our weak convergence theorems.
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Lemma 4.1. Let a, b ∈ (0, 1) satisfy a ≤ b and let {an} be a sequence in [a, b].
Let {cj} be a sequence satisfying (s) and let {cn,j} be the double sequence satisfying
(ds). Let C be a convex subset of H and let {Tj} be a sequence of self–mappings
on C. Assume A = ∩j∈NA(Tj) ̸= . Let Sn =

∑n
j=1 cn,jTj for n ∈ N . Define a

sequence {xn} by x1 ∈ C and
xn+1 = anxn + (1− an)Snxn for n ∈ N.

Then the following hold:
(1) {∥xn − u∥} converges for u ∈ A.
(2) limn ∥Tjxn − xn∥ = 0 for j ∈ N .

Proof. Fix any u ∈ A = ∩j∈NA(Tj). We know that, for n ∈ N and x ∈ C,
∥Snx− u∥ ≤

∑n
j=1 cn,j∥Tjx− u∥ ≤ ∥x− u∥.

So u ∈ ∩n∈NA(Sn). Then, A ⊂ ∩n∈NA(Sn). Set D = {x ∈ C : ∥x−u∥ ≤ ∥x1−u∥}.
Then D is bounded and convex. By the inequality as above, we easily see that each
Sn is a self–mapping on D. Then {xn} is a sequence in D.

We show (1). By Lemma 3.8 (1), we see that, for n ∈ N ,
0 ≤ an(1− an)∥Snxn − xn∥2 ≤ ∥xn − u∥2 − ∥xn+1 − u∥2.

Then {∥xn − u∥} is non–increasing and converges.
We show (2). Since D is bounded, let r ∈ (0,∞) satisfy r > supx∈D ∥x − u∥.

Recall properties of {cn,j}. By using Lemma 3.8 (2), we easily see that, for n ∈ N ,
∥xn+1 − u∥ = ∥anxn + (1− an)Snxn − u∥

≤
∑n

j=1 cn,j∥anxn + (1− an)Tjxn − u∥

≤
∑n

j=1 cn,j(∥xn − u∥ − an(1−an)
2r ∥Tjxn − xn∥2)

≤ ∥xn − u∥ − a(1−b)
2r

∑n
j=1 cn,j∥Tjxn − xn∥2.

From this inequality, the following follows:
a(1−b)

2r

∑n
j=1 cn,j∥Tjxn − xn∥2 ≤ ∥xn − u∥ − ∥xn+1 − u∥.

Since {∥xn − u∥} converges and a(1−b)
2r > 0, we see that, for j ∈ N ,

lim supn cn,j∥Tjxn − xn∥2 ≤ lim supn(
∑n

j=1 cn,j∥Tjxn − xn∥2) ≤ 0.

Then we have the following:
limn ∥Tjxn − xn∥ = 0 for j ∈ N.

�

4.1. Weak convergence theorems.

We present a weak convergence theorem which is one of our main results.

Theorem 4.2. Let a, b ∈ (0, 1) satisfy a ≤ b and let {an} be a sequence in [a, b].
Let {cj} be a sequence satisfying (s) and let {cn,j} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {Tj} be a sequence of self–
mappings on C such that I − Tj is demiclosed at 0 for j ∈ N . Set F = ∩j∈NF (Tj)
and A = ∩j∈NA(Tj). Assume ̸= A. Let Sn =

∑n
j=1 cn,jTj for n ∈ N . Define a

sequence {xn} by x1 ∈ C and
xn+1 = anxn + (1− an)Snxn for n ∈ N.

Then the following hold:
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(1) Every weak cluster point of {xn} is a point of F .
(2) In the case of F ⊂ A, {xn} converges weakly to some z ∈ F .

Proof. We know that C is weakly closed and {xn} is a sequence in C. By Lemma 4.1,
we also know that {∥xn − u∥} converges for u ∈ A and

limn ∥Tjxn − xn∥ = 0 for j ∈ N. (4.1)

Since {xn} is bounded, {xn} has a weakly convergent subsequence.
We show (1). Let {xnl

} be a subsequence of {xn} which converges weakly to some
z ∈ C. Since I − Tj is demiclosed at 0 for j ∈ N , by (4.1), z ∈ F = ∩j∈NF (Tj).
Thus every weak cluster point of {xn} is a point of F . We show (2). Suppose
F = ∩jF (Tj) ⊂ A. Then, {∥xn − u∥} converges for u ∈ F ⊂ A. Let z be a weak
cluster point of {xn}. Then, by Lemma 3.5 and (1), every weak cluster point of
{xn} and z ∈ F are the same. Thus {xn} converges weakly to z ∈ F . �

Remark 4.3. Let m ∈ N0. By observing proofs of Lemma 4.1 and Theorems 4.2, it
is obvious that we can replace Sn by Sn+m in the iteration scheme in Theorems 4.2.

Here we present some results derived from Theorems 4.2.

Theorem 4.4. Let a, b ∈ (0, 1) satisfy a ≤ b and let {an} be a sequence in [a, b]. Let
k ∈ N . Let C be a closed convex subset of H and let {Tj}j∈N(1,k) be a finite sequence
of self–mappings on C such that I − Tj is demiclosed at 0 for j ∈ N(1, k). Set
F = ∩j∈N(1,k)F (Tj) and A = ∩j∈N(1,k)A(Tj). Assume ̸= A. Let S = 1

k

∑k
j=1 Tj.

Define a sequence {xn} by x1 ∈ C and
xn+1 = anxn + (1− an)Sxn for n ∈ N.

Then the following hold:
(1) Every weak cluster point of {xn} is a point of F .
(2) In the case of F ⊂ A, {xn} converges weakly to some z ∈ F .

Proof. Define {cj} and {Uj} by

cj =
1
k , Uj = Tj for j ∈ N(1, k − 1), cj =

1
2j−k+1 × 1

k , Uj = Tk for j ≥ k.

Then we know
∑∞

j=k cj =
1
k and

∑∞
j=1 cj = 1. Also, we easily see that each I−Uj is

demiclosed at 0, ∩j∈NA(Uj) = ∩j∈N(1,k)A(Tj) and ∩j∈NF (Uj) = ∩j∈N(1,k)F (Tj).
Let {cn,j} be the sequence satisfying (ds). Then {cn,j} and {Uj} satisfy all assump-
tions in Theorem 4.2. Fix any n ≥ k. We confirm that Sn =

∑n
j=1 cn,jUj becomes

S. By the definitions of {cn,j} and {Uj}, we have∑n
j=1 cn,jUj =

∑k−1
j=1

1
kTj +

∑n−1
j=k (

1
2j−k+1 × 1

k )Tk +
∑∞

j=n(
1

2j−k+1 × 1
k )Tk

= 1
k

∑k
j=1 Tj .

From these, by Theorems 4.2 and Remark 4.3, we have the results. �

Theorem 4.5. Let a, b ∈ (0, 1) satisfy a ≤ b and let {an} be a sequence in [a, b]. Let
{cj} be a sequence satisfying (s) and let {cn,j} be the double sequence satisfying (ds).
Let C be a closed convex subset of H and let {Tj} be a sequence of self–mappings
on C such that Tj satisfies (N2) for j ∈ N . Assume F = ∩j∈NF (Tj) ̸= . Let
Sn =

∑n
j=1 cn,jTj for n ∈ N . Define a sequence {xn} by x1 ∈ C and

xn+1 = anxn + (1− an)Snxn for n ∈ N.

Then {xn} converges weakly to some z ∈ F .
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Proof. Since each Tj satisfies (N2), ̸= F ⊂ A = ∩j∈NA(Tj) holds. By Lemma 3.3,
I − Tj is demiclosed at 0 for j ∈ N . By Theorem 4.2, we have the result. �
Theorem 4.6. Let a, b ∈ (0, 1) satisfy a ≤ b and let {an} be a sequence in [a, b].
Let {cj} be a sequence satisfying (s) and let {cn,j} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {Tj} be a sequence of (λ)–hybrid
self–mappings on C. Assume F = ∩j∈NF (Tj) ̸= . Let Sn =

∑n
j=1 cn,jTj for n ∈ N .

Define a sequence {xn} by x1 ∈ C and
xn+1 = anxn + (1− an)Snxn for n ∈ N.

Then {xn} converges weakly to some z ∈ F .

Proof. Since each Tj is (λ)–hybrid, ̸= F ⊂ A = ∩j∈NA(Tj) holds. By Lemma 3.4,
I − Tj is demiclosed at 0 for j ∈ N . By Theorem 4.2, we have the result. �
Theorem 4.7. Let a, b ∈ (0, 1) satisfy a ≤ b and let {an} be a sequence in [a, b].
Let {cj} be a sequence satisfying (s) and let {cn,j} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {Tj} be a sequence of quasi–
nonexpansive self–mappings on C such that I − Tj is demiclosed at 0 for j ∈ N .
Assume F = ∩j∈NF (Tj) ̸= . Let Sn =

∑n
j=1 cn,jTj for n ∈ N . Define a sequence

{xn} by x1 ∈ C and
xn+1 = anxn + (1− an)Snxn for n ∈ N.

Then {xn} converges weakly to some z ∈ F .

Proof. Since each Tj is quasi–nonexpansive, ̸= F ⊂ A = ∩j∈NA(Tj) holds. By
Theorem 4.2, we have the result. �
Theorem 4.8. Let a, b ∈ (0, 1) satisfy a ≤ b and let {an} be a sequence in [a, b]. Let
C be a closed convex subset of H and let T be a quasi–nonexpansive self–mapping
on C such that I − T is demiclosed at 0. Define a sequence {xn} by x1 ∈ C and

xn+1 = anxn + (1− an)Txn for n ∈ N.

Then {xn} converges weakly to some z ∈ F (T ).

The following is corresponding to Theorem S due to Suzuki.

Theorem 4.9. Let a, b ∈ (0, 1) satisfy a ≤ b and let {an} be a sequence in [a, b]. Let
{cj} be a sequence satisfying (s) and let {cn,j} be the double sequence satisfying (ds).
Let C be a closed convex subset of H and let {Tj} be a sequence of nonexpansive
self–mappings on C. Assume F = ∩j∈NF (Tj) ̸= . Let Sn =

∑n
j=1 cn,jTj for n ∈ N .

Define a sequence {xn} by x1 ∈ C and
xn+1 = anxn + (1− an)Snxn for n ∈ N.

Then {xn} converges weakly to some z ∈ F .

We present some convergence theorems for sequences of non–self mappings which
are derived from Theorem 4.2. In advance, we prepare a lemma.

Lemma 4.10. Let C be a closed convex subset of H and let T be a quasi–
nonexpansive mapping from C into H. Then F (T ) = F (PCT ).

Proof. Note F (T ) ̸= . In general, F (T ) ⊂ F (PCT ) holds. We show the reverse.
Let z ∈ F (PCT ) and u ∈ F (T ). Since T is quasi–nonexpansive, we have

∥Tz − z∥2 + ∥z − u∥2 = ∥Tz − PCTz∥2 + ∥PCTz − u∥2 ≤ ∥Tz − u∥2 ≤ ∥z − u∥2.
This implies Tz = z. Thus we have F (PCT ) ⊂ F (T ). �
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The following is a direct consequence of Theorem 4.2.

Theorem 4.11. Let a, b ∈ (0, 1) satisfy a ≤ b and let {an} be a sequence in
[a, b]. Let {cj} be a sequence satisfying (s) and let {cn,j} be the double sequence
satisfying (ds). Let C be a closed convex subset of H and let {Tj} be a sequence of
mappings from C into H such that I−PCTj is demiclosed at 0 for j ∈ N . Set F ′ =
∩j∈NF (PCTj) and A′ = ∩j∈NA(PCTj). Assume A′ ̸= . Let Sn =

∑n
j=1 cn,jPCTj

for n ∈ N . Define a sequence {xn} by x1 ∈ C and
xn+1 = anxn + (1− an)Snxn for n ∈ N.

Then the followings hold.
(1) Every weak cluster point of {xn} is a point of F ′.
(2) In the case of F ′ ⊂ A′, {xn} converges weakly to some z ∈ F ′.

Remark 4.12. Here we give an additional explanation for Theorem 4.11.
Set F = ∩j∈NF (Tj) and A = ∩j∈NA(Tj). We consider the case of F ′ = F .

Suppose {Tj} is a sequence of quasi–nonexpansive mappings with ≠ F . By
Lemma 4.10, F ′ = F . Then, ̸= F ′ = F ⊂ A ∩A′ holds because F ⊂ A and

∥PCTjy − u∥ = ∥PCTjy − PCu∥ ≤ ∥Tjy − u∥ ≤ ∥y − u∥ for y ∈ C, u ∈ F.

We note the following: For j ∈ N , PCTj (TjPC) is nonexpansive if Tj is
nonexpansive; I − PCTj is demiclosed at 0. Furthermore, for example, we know
the following: Let T be a k–strictly pseudo–contractive mapping from C into H,
where k ∈ [0, 1). Then, we can easily find a nonexpansive mapping S satisfying
A(T ) = A(S) and F (T ) = F (S); see Zhou [46], and Atsushiba and co–authors [3].

Suppose further that C is compact and every Tj is continuous. Then PCTj is
continuous; I − PCTj is demiclosed at 0. Such pairs of C and {Tj} are typical
examples. So, ̸= F ′ = F ⊂ A ∩A′ and assumptions in Theorem 4.11 are satisfied.

Theorem 4.13. Let a, b ∈ (0, 1) satisfy a ≤ b and let {an} be a sequence in [a, b].
Let {cj} be a sequence satisfying (s) and let {cn,j} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {Tj} be a sequence of mappings
from C into H satisfying the following:

(a) T1 is a self–mappings on C, and TjT1 are self–mappings on C for j ≥ 2.
(b) I − Tj is demiclosed at 0 for j ∈ N .

Let V1 = T1 and Vj = TjT1 for j ≥ 2. Set F = ∩j∈NF (Tj) and A′ = ∩j∈NA(Vj).
Assume A′ ̸= . Let Sn =

∑n
j=1 cn,jVj for n ∈ N . Define a sequence {xn} by x1 ∈ C

and
xn+1 = anxn + (1− an)Snxn for n ∈ N.

Then the following hold:
(1) Every weak cluster point of {xn} is a point of F .
(2) In the case of F ⊂ A′, {xn} converges weakly to some z ∈ F .

Proof. By Lemma 4.1, we know that {∥xn − u∥} converges for u ∈ A′. Also we
know limn ∥Vjxn − xn∥ = 0 for j ∈ N . Then we have

(i) limn ∥T1xn − xn∥ = 0, (ii) limn ∥TjT1xn − xn∥ = 0 for j ≥ 2.

Since {xn} is bounded, {xn} has a weakly convergent subsequence.
We show (1). Let {xnl

} be a subsequence of {xn} which converges weakly to
some z ∈ C. Since I − T1 is demiclosed at 0, by (i), we see z ∈ F (T1). Also, by (i),
{T1xnl

} converges weakly to z. Furthermore, by (i) and (ii), we see
liml ∥TjT1xnl

− T1xnl
∥ = 0 for j ≥ 2. (4.2)
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From these, since I−Tj is demiclosed at 0 for j ∈ N , we have z ∈ F = ∩j∈NF (Tj).
Thus every weak cluster point of {xn} is a point of F .

We show (2). Suppose F ⊂ A′. Then {∥xn − u∥} converges for u ∈ F ⊂ A′. Let
z be a weak cluster point of {xn}. By Lemma 3.5 and (1), every weak cluster point
of {xn} and z ∈ F are coincide. Thus {xn} converges weakly to z ∈ F . �

Remark 4.14. In Theorem 4.13, set A = ∩j∈NA(Tj). For reference, we show
A ⊂ A′. Let u ∈ A. Then, since T1 is a self–mapping on C, we see

∥Vjx− u∥ = ∥TjT1x− u∥ ≤ ∥T1x− u∥ ≤ ∥x− u∥ for x ∈ C.

Note that we do not claim A ̸= . For the theorem, we only present the following
typical example: Let C = [−1, 1] ⊂ R and let T1 and T2 be mappings defined by
T1x = x/2 and T2x = 2x for x ∈ [−1, 1]. Then it is obvious that A(T1) = {0},
A(T2) = , F (T2) = F (T1) = {0}, T2T1 = I, A(T2T1) = R and F (T2T1) = C.
Furthermore, T2 is not a self–mapping on C, I − T1 and I − T2 are demiclosed at
0, A = A(T1) ∩A(T2) = and

{0} = F = F (T1) ∩ F (T2) = F (T1) ∩ F (T2T1) = A(T1) ∩A(T2T1) = A′ = {0}.

4.2. Strong convergence theorems.

We present a strong convergence theorem which is our another main result. This
theorem is connected with works of Aoyama [1], and Atsushiba and co–authors [3];
also see Maingé and Măruşter [28].

Theorem 4.15. Let b ∈ (0, 1) and let {an} be a sequence in (0, 1) satisfying
limn an = 0,

∑∞
n=1 an = ∞.

Let {cj} be a sequence satisfying (s) and let {cn,j} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {Tj} be a sequence of self–
mappings on C such that I − Tj is demiclosed at 0 for j ∈ N . Set F = ∩j∈NF (Tj)
and A = ∩j∈NA(Tj). Assume ̸= A and F ⊂ A. Let Sn =

∑n
j=1 cn,jTj and

Un = bI + (1− b)Sn for n ∈ N . Define a sequence {un} by q, u1 ∈ C and
un+1 = anq + (1− an)Unun for n ∈ N.

Then {un} converges strongly to v = PAq = PF q ∈ F .

Proof. Since C is convex, each Sn, each Un and each anq + (1 − an)Un are self–
mappings on C. Then {un} is a sequence in C. By Lemma 3.6, A is closed and
convex. Then we can consider the metric projection PA. Set v = PAq ∈ A and
D = {x ∈ C : ∥x−v∥ ≤ ∥u1−v∥+∥q−v∥}. Then D is bounded closed and convex.
We know q, u1 ∈ D and v ∈ A ⊂ ∩n∈NA(Sn). Then, for x ∈ D and n ∈ N , we have

∥Unx− v∥ ≤ b∥x− v∥+ (1− b)∥Snx− v∥ ≤ ∥x− v∥ ≤ ∥u1 − v∥+ ∥q − v∥,
∥anq + (1− an)Unx− v∥

≤ an∥q − v∥+ (1− an)∥Unx− v∥ ≤ ∥u1 − v∥+ ∥q − v∥.

We confirmed that each Un and each anq+(1−an)Un are self–mappings on D, that
is, we confirmed that {un} and {Unun} are sequences in D.

We show that {un} converges strongly to v = PAq. We easily see that, for n ∈ N ,
∥Unun − un∥ = ∥(bun + (1− b)Snun)− un∥ = (1− b)∥Snun − un∥. (4.3)

By Lemma 3.8, we also see that, for n ∈ N ,
∥Unun − v∥2 ≤ ∥un − v∥2 − b(1− b)∥Snun − un∥2. (4.4)
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Furthermore, it follows from (4.4) that, for n ∈ N ,

∥un+1 − v∥2 = ∥anq + (1− an)Unun − v∥2

= ∥(1− an)(Unun − v) + an(q − v)∥2

≤ (1− an)∥Unun − v∥2 + a2n∥q − v∥2 + 2an(1− an)⟨Unun − v, q − v⟩
≤ (1− an)

(
∥un − v∥2 − b(1− b)∥Snun − un∥2

)
+ a2n∥q − v∥2 + 2an(1− an)⟨Unun − v, q − v⟩

= (1− an)∥un − v∥2 + anKn, (4.5)

where Kn = an∥q − v∥2 + 2(1− an)⟨Unun − v, q − v⟩

− (1−an)
an

b(1− b)∥Snun − un∥2. (4.6)

By an, b ∈ (0, 1) and (4.6), we easily see

Kn ≤ an∥q − v∥2 + 2(1− an)⟨Unun − v, q − v⟩
≤ ∥q − v∥2 + 2∥Unun − v∥∥q − v∥. (4.7)

Then, since D is bounded, we know lim supn Kn < ∞. We show lim supn Kn ≤ 0.
Since D is weakly compact, there is a subsequence {nl} of {n} such that {unl

}
converges weakly to some u ∈ D and lim supn Kn = liml Knl

.
Consider the case of lim inf l ∥Snl

unl
− unl

∥2 > 0. Then there is M > 0 and a
subsequence {nli} of {nl} satisfying ∥Snli

unli
− unli

∥2 > M > 0. By an, b ∈ (0, 1),
limn an = 0 and (4.6), we know Knli

< 0 for sufficiently large i ∈ N . Thus we have

lim supn Kn = liml Knl
= limi Knli

≤ 0.

In the case of lim inf l ∥Snl
unl

− unl
∥2 = 0, by passing to subsequences, we may

consider that {unl
} converges weakly to u ∈ D and satisfies the following:

lim supn Kn = liml Knl
, liml ∥Snl

unl
− unl

∥2 = 0.

By (4.3), liml ∥Unl
unl

− unl
∥2 = 0, that is, {Unl

unl
} also converges weakly to u.

Since D is bounded, there is r ∈ (0,∞) satisfying r > supx∈D ∥x − v∥. Recall
properties of {cn,j}. Then, by Lemma 3.8 (2), we see that, for l ∈ N ,

∥Unl
unl

− v∥ = ∥bunl
+ (1− b)Snl

unl
− v∥

≤
∑nl

j=1 cnl,j∥bunl
+ (1− b)Tjunl

− v∥

≤
∑nl

j=1 cnl,j(∥unl
− v∥ − b(1−b)

2r ∥Tjunl
− unl

∥2)

= ∥unl
− v∥ − b(1−b)

2r

∑nl

j=1 cnl,j∥Tjunl
− unl

∥2.

From this inequality, the following follows:
b(1−b)

2r

∑nl

j=1 cnl,j∥Tjunl
− unl

∥2 ≤ ∥unl
− v∥ − ∥Unl

unl
− v∥ ≤ ∥Unl

unl
− unl

∥.

By liml ∥Unl
unl

− unl
∥ = 0 and b(1−b)

2r > 0, we see that, for j ∈ N ,

lim supl cnl,j∥Tjunl
− unl

∥2 ≤ lim supl(
∑nl

j=1 cnl,j∥Tjunl
− unl

∥2) ≤ 0.

Then we have
liml ∥Tjunl

− unl
∥ = 0 for j ∈ N.

Since I − Tj is demiclosed at 0 for j ∈ N , we have u ∈ F ⊂ A.
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Reconfirm that liml anl
= 0, v = PAq, and {Unl

unl
} converges weakly to u ∈ A.

Then, by (4.7), we have the following:
liml Knl

≤ liml

(
anl

∥v − q∥2 + 2(1− anl
)⟨Unl

unl
− v, q − v⟩

)
= 2⟨u− PAq, q − PAq⟩ ≤ 0.

Thus we have lim supn Kn = liml Knl
≤ 0.

We know that (4.5) holds. Then, by properties of {an} and lim supn Kn ≤ 0,
Lemma 3.1 asserts limn ∥un− v∥2 = 0, that is, {un} converges strongly to v = PAq.

Finally, we show v = PAq = PF q ∈ F . Since D is closed and {un} ⊂ D, we know
that v = PAq ∈ A ∩D. By Lemma 3.7 and F ⊂ A ∩ C, we can easily see that

A ∩ C = (∩j∈NA(Tj)) ∩ C = ∩j∈N (A(Tj) ∩ C) ⊂ ∩j∈NF (Tj) = F ⊂ A ∩ C.

Then v = PAq ∈ A ∩ D ⊂ A ∩ C = F . We know that F = A ∩ C is closed and
convex. Then we can consider the metric projection PF . By v ∈ F ⊂ A, we know

∥q − v∥ = miny∈A ∥q − y∥ ≤ infy∈F ∥q − y∥ ≤ ∥q − v∥.

This implies ∥q−v∥ = miny∈F ∥q−y∥ and v = PF q. Thus v = PAq = PF q ∈ F . �

We present some results follow from Theorem 4.15; refer to previous subsection.

Theorem 4.16. Let b ∈ (0, 1) and let {an} be a sequence in (0, 1) satisfying
limn an = 0,

∑∞
n=1 an = ∞.

Let k ∈ N . Let C be a closed convex subset of H and let {Tj}j∈N(1,k) be a finite
sequence of self–mappings on C such that I − Tj is demiclosed at 0 for j ∈ N(1, k).
Set F = ∩j∈N(1,k)F (Tj) and A = ∩j∈N(1,k)A(Tj). Assume ̸= F ⊂ A. Let
S = 1

k

∑k
j=1 Tj and U = bI + (1− b)S. Define a sequence {un} by q, u1 ∈ C and

un+1 = anq + (1− an)Uun for n ∈ N.

Then {un} converges strongly to v = PAq = PF q ∈ F .

Theorem 4.17. Let b ∈ (0, 1) and let {an} be a sequence in (0, 1) satisfying
limn an = 0,

∑∞
n=1 an = ∞.

Let {cj} be a sequence satisfying (s) and let {cn,j} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {Tj} be a sequence of self–
mappings on C such that Tj satisfies (N2) for j ∈ N . Assume F = ∩j∈NF (Tj) ̸= .
Let Sn =

∑n
j=1 cn,jTj and Un = bI + (1− b)Sn for n ∈ N . Define a sequence {un}

by q, u1 ∈ C and
un+1 = anq + (1− an)Unun for n ∈ N.

Then {un} converges strongly to v = PF q ∈ F .

Theorem 4.18. Let b ∈ (0, 1) and let {an} be a sequence in (0, 1) satisfying
limn an = 0,

∑∞
n=1 an = ∞.

Let {cj} be a sequence satisfying (s) and let {cn,j} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {Tj} be a sequence of (λ)–hybrid
self–mappings on C. Assume F = ∩j∈NF (Tj) ≠ . Let Sn =

∑n
j=1 cn,jTj and

Un = bI + (1− b)Sn for n ∈ N . Define a sequence {un} by q, u1 ∈ C and
un+1 = anq + (1− an)Unun for n ∈ N.

Then {un} converges strongly to v = PF q ∈ F .
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Theorem 4.19. Let b ∈ (0, 1) and let {an} be a sequence in (0, 1) satisfying
limn an = 0,

∑∞
n=1 an = ∞.

Let {cj} be a sequence satisfying (s) and let {cn,j} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {Tj} be a sequence of quasi–
nonexpansive self–mappings on C such that I − Tj is demiclosed at 0 for j ∈ N .
Assume F = ∩j∈NF (Tj) ̸= . Let Sn =

∑n
j=1 cn,jTj and Un = bI + (1 − b)Sn for

n ∈ N . Define a sequence {un} by q, u1 ∈ C and
un+1 = anq + (1− an)Unun for n ∈ N.

Then {un} converges strongly to v = PF q ∈ F .

Theorem 4.20. Let b ∈ (0, 1) and let {an} be a sequence in (0, 1) satisfying
limn an = 0,

∑∞
n=1 an = ∞.

Let C be a closed convex subset of H and let T be a quasi–nonexpansive self–mapping
on C such that I − T is demiclosed at 0. Define a sequence {un} by q, u1 ∈ C and

un+1 = anq + (1− an)(bun + (1− b)Tun) for n ∈ N.

Then {un} converges strongly to v = PF (T )q ∈ F (T ).

Theorem 4.21. Let b ∈ (0, 1) and let {an} be a sequence in (0, 1) satisfying
limn an = 0,

∑∞
n=1 an = ∞.

Let {cj} be a sequence satisfying (s) and let {cn,j} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {Tj} be a sequence of nonexpansive
self–mappings on C. Assume F = ∩j∈NF (Tj) ̸= . Let Sn =

∑n
j=1 cn,jTj and

Un = bI + (1− b)Sn for n ∈ N . Define a sequence {un} by q, u1 ∈ C and
un+1 = anq + (1− an)Unun for n ∈ N.

Then {un} converges strongly to v = PF q ∈ F .

Here we present strong convergence theorems for sequences of non–self mappings
which are corresponding to Theorems 4.11 and 4.13; also see Remarks 4.12 and 4.14.

The following is a direct consequence of Theorem 4.15.

Theorem 4.22. Let b ∈ (0, 1) and let {an} be a sequence in (0, 1) satisfying
limn an = 0,

∑∞
n=1 an = ∞.

Let {cj} be a sequence satisfying (s) and let {cn,j} be the double sequence sat-
isfying (ds). Let C be a closed convex subset of H and let {Tj} be a sequence
of mappings from C into H such that I − PCTj is demiclosed at 0 for j ∈ N .
Set F ′ = ∩j∈NF (PCTj) and A′ = ∩j∈NA(PCTj). Assume ̸= F ′ ⊂ A′. Let
Sn =

∑n
j=1 cn,jPCTj and Un = bI + (1− b)Sn for n ∈ N . Define a sequence {un}

by q, u1 ∈ C and
un+1 = anq + (1− an)Unun for n ∈ N.

Then {un} converges strongly to v = PF ′q ∈ F ′.

Theorem 4.23. Let b ∈ (0, 1) and let {an} be a sequence in (0, 1) satisfying
limn an = 0,

∑∞
n=1 an = ∞.

Let {cj} be a sequence satisfying (s) and let {cn,j} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {Tj} be a sequence of mappings
from C into H satisfying the following:
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(a) T1 is a self–mappings on C and TjT1 are self–mappings on C for j ≥ 2.
(b) I − Tj is demiclosed at 0 for j ∈ N .

Let V1 = T1 and Vj = TjT1 for j ≥ 2. Set F = ∩j∈NF (Tj) and A′ = ∩j∈NA(Vj).
Assume ̸= F ⊂ A′. Let Sn =

∑n
j=1 cn,jVj for n ∈ Nand Un = bI + (1 − b)Sn for

n ∈ N . Define a sequence {un} by q, u1 ∈ C and
un+1 = anq + (1− an)Unun for n ∈ N.

Then {un} converges strongly to v = PF q ∈ F .

Proof. Fix any j ≥ 2. Then, TjT1u = Tju = u for u ∈ F (T1) ∩ F (Tj) and Tjw =
TjT1w = w for w ∈ F (T1) ∩ F (TjT1). So, F (T1) ∩ F (TjT1) = F (T1) ∩ F (Tj) for
j ≥ 2. Set F ′ = ∩j∈NF (Vj). Then we have

F ′ = ∩j∈NF (Vj) = F (T1) ∩ (∩j≥2F (TjT1))

= ∩j≥2(F (T1) ∩ F (TjT1)) = ∩j≥2(F (T1) ∩ F (Tj)) = ∩j∈NF (Tj) = F.

By our assumption, we see ̸= F = F ′ = ∩j∈NF (Vj) ⊂ A′ = ∩j∈NA(Vj).
Then, replace Tj by Vj in the proof of Theorem 4.15. So, the rest of our proof

and the proof of Theorem 4.15 are the same without the part below.
Let {unl

} be a sequence in C. Suppose {unl
} converges weakly to u ∈ C and

liml ∥Vjunl
− unl

∥ = 0 for j ∈ N . However, from this, u ∈ F ′ = ∩j∈NF (Vj) does
not follows directly. Because we do not know whether I − Vj is demiclosed at 0 for
j ≥ 2. Instead, we know that I − Tj is demiclosed at 0 for j ∈ N .

We show u ∈ F ′ = ∩j∈NF (Vj). Since liml ∥Vjunl
− unl

∥ = 0 for j ∈ N , we know
(i) liml ∥T1unl

− unl
∥ = 0, (ii) liml ∥TjT1unl

− unl
∥ = 0 for j ≥ 2.

Furthermore, by (i) and (ii), we see
liml ∥TjT1unl

− T1unl
∥ = 0 for j ≥ 2. (4.8)

Thus, by (i) and (4.8), we see u ∈ F = ∩j∈NF (Tj) = ∩j∈NF (Vj) = F ′.
�

5. Existence theorems and convergence theorems

The authors think that Theorems 4.2 and 4.15 are interesting. The theorems may
have many useful applications because they are expressed in so wide setting. How-
ever, to guaranty ≠ A in theory, maybe {Tj} need satisfy some strict constraints.
Even so, we are interested in finding such {Tj} and having related results.

We begin our argument with presenting two lemmas: for details, see Takahashi
and Takeuchi [40], and Ibaraki and Takeuchi [13].

Lemma 5.1. Let x, v, w ∈ H. Then the following equality holds:
⟨(x− v) + (x− w), v − w⟩ = ∥x− w∥2 − ∥x− v∥2.

Remark 5.2. Let v, w ∈ H and let {zi} be a sequence in H. Set sn = 1
n

∑n
i=1 zi

for n ∈ N . Then, by Lemma 5.1, the following is immediate: For each n ∈ N ,
⟨(sn − v) + (sn − w), v − w⟩ = 1

n

∑n
i=1 ∥zi − w∥2 − 1

n

∑n
i=1 ∥zi − v∥2.

Lemma 5.3. Let C be a subset of H and let T be a mapping from C into H. Let
{un} be a sequence in H which satisfies

lim supn supy∈C⟨(un − y) + (un − Ty), y − Ty⟩ ≤ 0.

Suppose {un} converges weakly to u ∈ H. Then, u ∈ A(T ).
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In the rest of this section, we deal with (λ)–hybrid mappings. We prepare the
following lemma. For the lemma, there are previous studies; refer to Kohsaka [20],
Brézis and Browder [7], Shimizu and Takahashi [32], and Takahashi and Takeuchi [40].
Lemma 5.4. Let k ∈ N . Let C be a bounded subset of H. Set L = supx,y∈C ∥x−y∥.
Let {Tj}j∈N(1,k) be a finite sequence of self–mappings on C. Assume that T1 is (λ)–
hybrid with λ. For n ∈ N , define a mapping Sn from C into H by

Sn = 1
nk

∑n−1
i1=0 · · ·

∑n−1
ik=0 T

i1
1 · · ·T ik

k .

Then, for n ∈ N , the following holds:

supx,y∈C⟨(Snx− y) + (Snx− T1y), y − T1y⟩ ≤ 1+2|1−λ|
n L2.

Remark. Each Sn need not be a self–mapping on C.

Proof. Fix any x, y ∈ C and n ∈ N . We easily have

|
∑n−1

i1=1⟨T
i1−1
1 x− T i1

1 x, y − T1y⟩| = |⟨x− Tn−1
1 x, y − T1y⟩|

≤ ∥x− Tn−1
1 x∥∥y − T1y∥ ≤ L2.

Then, since T1 is (λ)–hybrid with λ, we have
1
n

∑n−1
i1=0∥T

i1
1 x− T1y∥2 = 1

n∥x− T1y∥2 + 1
n

∑n−1
i1=1 ∥T

i1
1 x− T1y∥2

≤ 1
nL

2 + 1
n

∑n−2
i1=0 ∥T

i1
1 x− y∥2

+ 2(1−λ)
n

∑n−1
i1=1⟨T

i1−1
1 x− T i1

1 x, y − T1y⟩

≤ 1
nL

2 + 2|1−λ|
n × L2 + 1

n

∑n−1
i1=0 ∥T

i1
1 x− y∥2. (5.1)

In Remark 5.2, set zi = T i1−1
1 x ∈ C, w = T1y and v = y. Then, by (5.1), we have

⟨( 1n
∑n−1

i1=0 T
i1
1 x− y) + ( 1n

∑n−1
i1=0 T

i1
1 x− T1y), y − T1y⟩

= 1
n

∑n−1
i1=0 ∥T

i1
1 x− T1y∥2 − 1

n

∑n−1
i1=0 ∥T

i1
1 x− y∥2 ≤ 1+2|1−λ|

n L2. (5.2)

Fix any i2, · · · , ik ∈ N(0, n− 1). By replacing x by T i2
2 · · ·T ik

k x in (5.2), we have

⟨( 1n
∑n−1

i1=0 T
i1
1 T i2

2 · · ·T ik
k x− y) + ( 1n

∑n−1
i1=0 T

i1
1 T i2

2 · · ·T ik
k x− T1y), y − T1y⟩

≤ 1+2|1−λ|
n L2. (5.3)

Since i2, · · · , ik ∈ N(0, n− 1) are arbitrary, the following holds:
1

nk−1

∑n−1
i2=0 · · ·

∑n−1
ik=0(

1
n

∑n−1
i1=0 T

i1
1 T i2

2 · · ·T ik
k x)

= 1
nk

∑n−1
i1=0

∑n−1
i2=0 · · ·

∑n−1
ik=0 T

i1
1 T i2

2 · · ·T ik
k x = Snx. (5.4)

By (5.3) and (5.4), we have

⟨(Snx− y) + (Snx− T1y), y − T1y⟩ ≤ 1+2|1−λ|
n L2.

Finally, since x, y, n are arbitrary, we see that, for n ∈ N ,

supx,y∈C⟨(Snx− y) + (Snx− Sy), y − Sy⟩ ≤ 1+2|1−λ|
n L2.

�

We denote by λ(C) the set of all (λ)–hybrid self–mappings on a subset C of a
Hilbert space H. Also, we denote by λ1(C) the subset of λ(C) such that a (λ)–
hybrid self–mapping on C with λ is an element of λ1(C) if and only if |1− λ| ≤ 1.
Then λ1(C) is the principal part of λ(C); refer to Aoyama and co–authors [2].
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Remark 5.5. Let C be a bounded convex subset of H. Under this setting, consider
(5.2) in the proof of Lemma 5.4. Fix any S ∈ λ1(C) and x ∈ C. Set T1 = S and
y = 1

n

∑n−1
i=0 Six ∈ C. Then, (5.2) becomes

⟨ 1n
∑n−1

i=0 Six− S( 1n
∑n−1

i=0 Six), 1
n

∑n−1
i=0 Six− S( 1n

∑n−1
i=0 Six)⟩ ≤ 3

n L2.

Then we easily see that the following equality holds without closeness of C:

limn supS∈λ1(C), x∈C

∥∥∥S (
1
n

∑n−1
i=0 Six

)
− 1

n

∑n−1
i=0 Six

∥∥∥ = 0.

We know that nonexpansive self–mappings on C are elements of λ1(C). So, in the
Hilbert space setting, we obtained an extension of Bruck’s well known lemma [10].
Lemma 5.6. Let k ∈ N . Let C be a bounded subset of H. Set L = supx,y∈C ∥x−y∥.
Let {Tj}j∈N(1,k) be a finite sequence of self–mappings on C. Assume that T1 is (λ)–
hybrid with λ. For n ∈ N , define a mapping Sn from C into H by

Sn = 1
nk

∑n−1
i1=0 · · ·

∑n−1
ik=0 T

i1
1 · · ·T ik

k .

Then, the following hold:
(1) lim supn supx,y∈C⟨(Snx− y) + (Snx− T1y), y − T1y⟩ ≤ 0.
(2) For x1 ∈ C, {Snx1} is bounded.
(3) For x1 ∈ C, every weak cluster point of {Snx1} is a point of A(T1).
(4) A(T1) is non–empty closed and convex.

Suppose further that C is closed and convex. Then the following hold:
(5) For x1 ∈ C, every weak cluster point of {Snx1} is a point of F (T1).
(6) F (T1) is non–empty bounded closed and convex.

Proof. By lim supn
1+2|1−λ|

n L2 = 0 and Lemma 5.4, we immediately see that (1)
holds. We show (2)–(4). Fix any x1 ∈ C and consider {Snx1}.

Fix any y ∈ C. Then, by T i1
1 · · ·T ik

k x1 ∈ C for i1, · · · , ik ∈ N0, we see that

∥Snx1 − y∥ ≤ 1
nk

∑n−1
i1=0 · · ·

∑n−1
ik=0 ∥T

i1
1 · · ·T ik

k x1 − y∥ ≤ L.

Then {Snx1} is bounded and has a weakly convergent subsequence. Let {Snl
x1}

be a subsequence of {Snx1} which converges weakly to u ∈ H. By (1), we know
lim supl supy∈C⟨(Snl

x1 − y) + (Snl
x1 − T1y), y − T1y⟩ ≤ 0.

Then, by Lemma 5.3, we know u ∈ A(T1). We confirmed that (3) holds. We also
confirmed A(T1) ̸= . By Lemma 3.6, A(T1) is closed and convex. Then (4) holds.

Suppose further that C is closed and convex. We show (5) and (6). In the same
way as in the proof of (3), we know u ∈ A(T1). Also {Snl

x1} is in the weakly closed
set C. Then, u ∈ A(T1) ∩ C. By Lemma 3.7, we see u ∈ A(T1) ∩ C ⊂ F (T1). So,
we confirmed that (5) holds. Also we confirmed F (T1) ̸= . Since T1 is (λ)–hybrid,
by Lemma 3.7, we have ̸= F (T1) = A(T1) ∩ C. Then, (6) follows from (4). �

The following is a direct consequence of Lemma 5.6.
Lemma 5.7. Let k ∈ N . Let C be a bounded subset of H and let {Tj}j∈N(1,k) be a
finite family of commuting (λ)–hybrid self–mappings on C. Set F = ∩j∈N(1,k)F (Tj)
and A = ∩j∈N(1,k)A(Tj). Then, A is non–empty closed and convex. Suppose further
that C is closed and convex. Then F is non–empty bounded closed and convex.

Proof. Since {Tj}j∈N(1,k) is commuting, for example, T i1
1 T i2

2 · · ·T ik
k = T i2

2 T i1
1 · · ·T ik

k .
Since each Tj is (λ)–hybrid with λj , by Lemma 5.6 (4)–(6), the proof is trivial. �

In the Hilbert space setting, by using Lemma 5.7, we can have an extension of
DeMarr’s well–known common fixed point theorem; see DeMarr [11].
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Theorem 5.8. Let C be a bounded closed convex subset of H and let {Tj}j∈J be
a family of commuting (λ)–hybrid self–mappings on C. Then F = ∩j∈JF (Tj) is
non–empty bounded closed and convex.

Proof. Since each Tj is (λ)–hybrid, we already know that F (Tj) is closed and convex
for j ∈ J . So {F (Tj)}j∈J consists of weakly closed subsets of C. By Lemma 5.7,
{F (Tj)}j∈J has the finite intersection property. Thus, since C is weakly compact,
we see F = ∩j∈JF (Tj) ̸= . It is obvious that F is bounded closed and convex. �

By Theorems 4.2 and 5.8, we have the following weak convergence theorem.

Theorem 5.9. Let a, b ∈ (0, 1) satisfy a ≤ b and let {an} be a sequence in [a, b].
Let {cj} be a sequence satisfying (s) and let {cn,j} be the double sequence satisfying
(ds). Let C be a bounded closed convex subset of H and let {Tj} be a sequence
of commuting (λ)–hybrid self–mappings on C. Let Sn =

∑n
j=1 cn,jTj for n ∈ N .

Define a sequence {xn} by x1 ∈ C and
xn+1 = anxn + (1− an)Snxn for n ∈ N.

Then {xn} converges weakly to some z ∈ F = ∩j∈NF (Tj).

Proof. Set A = ∩j∈NA(Tj). By Lemma 3.4, I − Tj is demiclosed at 0 for j ∈ N .
Since Tj is (λ)–hybrid for j ∈ N , by Theorem 5.8, we know

̸= F = ∩j∈NF (Tj) ⊂ ∩j∈NA(Tj) = A.

Thus, by Theorems 4.2 (2), {xn} converges weakly to some z ∈ F . �

By Theorems 4.15 and 5.8, we have the following strong convergence theorem.

Theorem 5.10. Let b ∈ (0, 1) and let {an} be a sequence such that an ∈ (0, 1),
limn an = 0,

∑∞
n=1 an = ∞.

Let {cj} be a sequence satisfying (s) and let {cn,j} be the double sequence satisfying
(ds). Let C be a bounded closed convex subset of H and let {Tj} be a sequence
of commuting (λ)–hybrid self–mappings on C. Set F = ∩j∈NF (Tj) and A =
∩j∈NA(Tj). Let Sn =

∑n
j=1 cn,jTj and Un = bI + (1 − b)Sn for n ∈ N . Define a

sequence {un} by q, u1 ∈ C and
un+1 = anq + (1− an)Unun for n ∈ N.

Then {un} converges strongly to v = PAq = PF q ∈ F .

Proof. By Lemma 3.4, for j ∈ N , I − Tj is demiclosed at 0. Since Tj is (λ)–hybrid
for j ∈ N , by Theorem 5.8, we know

̸= F = ∩j∈NF (Tj) ⊂ ∩j∈NA(Tj) = A.

Thus, by Theorem 4.15, {un} converges strongly to v = PAq = PF q ∈ F . �
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ABSTRACT. In this paper, we illustrate the best proximity point theorems in com-
plete metric spaces for Z -p-proximal contractions of the first kind and of the second kind
involving the simulation functions using τ -distance with lower semicontinuity in its first
variable. Ous results extend generalize the results in literature.
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1. Introduction

In 1922, Banach proved that if (X, d) is a complete metric space and the
mapping T satisfies Banach contraction mapping principle, then T has a unique
fixed point, that is T (u) = u for some u ∈ X. Since the results of Banach, many
authors have been studying fixed point and best proximity points of mappings in
metric spaces. Their reseach are still being studied in many directions. In 1999,
Suzuki [15] introduced the concept of τ -distance on a metric space, which is a gen-
eralized concept of w-distance. They also improve the generalizations of the Banach
contraction principle, Caristi’s fixed point theorem, Ekeland’s variational principle,
including they discuss the relation between w-distance. In 2015, Khojasteh et al.
[10] introduced the simulation function. Recently, simulation function have been
used to study the best proximity points in metric spaces (see [12, 14, 2]).

In 2018, Kostić et al.[2] introduced a special type of w-distance, the w0-distance,
to extend best proximity results of Tchier et al. [14] involving simulation functions.
In this paper, we generalize some best proximity points results in metric spaces
involving simulation functions with τ -distance.

In this paper we prove the best proximity point results involving simulation

∗Corresponding author.
Email address : areerat.a@nsru.ac.th.
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functions with τ -distance, given by τ -distance is lower semicontinuous in its first
variable.

2. Preliminaries

Here we recall some definition and some example of the simulation function
([1, 9, 10, 11, 12, 14]).

Definition 2.1. [1] Let ζ : [0,∞) × [0,∞) → R be a mapping. Then ζ is called a
simulation function if it satisfies the following conditions:
(ζ1) ζ(t, s) < s− t for all t, s > 0
(ζ2) if {tn}, {sn} are sequences in (0,∞) such that limn→∞ tn = limn→∞ sn > 0 then

lim sup
n→∞

ζ(tn, sn) < 0.

In 2015, Khojasteh et al.[10] introduced the simulation function as a mapping
ζ : [0,∞) × [0,∞) → R satisfying ζ(0, 0) = 0 alongside the conditions (ζ1) and
(ζ2) of Definition 2.1. On the other hand, Argoubi et al. [1] slightly modified the
definition of Khojasteh et al. [10] by removing the condition ζ(0, 0) = 0. In this
paper, we use a modified definition of Argoubi et al. [1].

The set of all simulation functions will be denoted by Z .
The following, we recall some examples of simulation functions.

Example 1.1 [9] Let ζi : [0,∞)× [0,∞) → R, i = 1, ..., 6 be defined by
1. ζ1(t, x) = ψ(s)− ϕ(t) for all t, s ∈ [0,∞), where ϕ, ψ : [0,∞) → [0,∞) are

two continuous functions such that ϕ(t) = ψ(t) = 0 if and only if t = 0 and
ψ(t) < t ≤ ϕ(t) for all t > 0.

2. ζ2(t, s) = s− f(t,s)
g(t,s) t for all t, s ∈ [0,∞), where f, g : [0,∞)2 → (0,∞) are

two continuous functions with respect to each variable such that f(t, s) >
g(t, s) for all t, s > 0

3. ζ3(t, s) = s − φ(s) − t for all t, s ∈ [0,∞), where φ : [0,∞) → [0,∞) a
continuous function such that φ(t) = 0 if and only if t = 0.

4. If φ : [0,∞) → [0, 1) is a function such that lim supt→r+ φ(t) < 1 for all
r > 0 we define

ζ4(t, s) = sφ(s)− t for all t, s ∈ [0,∞).
5. If η : [0,∞) → [0,∞) is an upper semi-continuous mapping such that
η(t) < t for all t > 0 and η(0) = 0, we define

ζ5(t, s) = η(s)− t for all t, s ∈ [0,∞).
6. If ϕ : [0,∞) → [0,∞) is a function such that

∫ ε

0
ϕ(u)du exists and∫ ε

0
ϕ(u)du > ε for each ε > 0, we define

ζ6(t, s) = s−
∫ t

0
ϕ(u)du for all t, s ∈ [0,∞).

It is easily verified that each function ζi(i = 1, ..., 6) is the simulation function.

Definition 2.2. [2] A nonself mapping T : A → B is said to be a Z -p-proximal
contraction of the first kind if there exists ζ ∈ Z such that

d(u, Tx) = d(A,B)

d(u, Ty) = d(A,B)

}
⇒ ζ(µ(u, v), µ(x, y)) ≥ 0

for all u, v, x, y ∈ A.
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Definition 2.3. [2] A non-self-mapping T : A → B is said to be a Z -p-proximal
contraction of the second kind if there exists ζ ∈ Z such that

d(u, Tx) = d(A,B)

d(u, Ty) = d(A,B)

}
⇒ ζ(µ(Tu, Tv), µ(Tx, Ty)) ≥ 0

for all u, v, x, y ∈ A.

In the case p = d, the notaion of Z -p-proximal contraction are reduced to Z -
proximal contraction of Tchier et al. [14].

In Definition 2.2, if the simulation function ζ is given by ζ(t, s) = αs − t for
some α ∈ [0, 1), then the mapping T is called a p-proximal contraction of the first
kind. Moreover if p = d, then T is a proximal contraction of the first kind.

We recall the following notation:
GA,p = {g : g is a continuous functions from (A, d) to (A, d) and p(x, y) ≤ p(gx, gy) for all x, y ∈ A}
Tg,p = {T : T is a function from A to B and p(Tx, Ty) ≤ p(Tgx, Tgy) for all x, y ∈ A}.
In the case p = d,GA,p is denoted by GA and Tg,p by Tg (see [14]).

In 1999, Suzuki [15] introduced the concept of τ -distance on a metric space,
which is a generalized concept of w-distance. They gave example of the τ -distance.
Further They discuss the relation between w-distance. Kostić et al.[2] introduced
the concept of w0-distance, which is slightly different to the original w-distance
of [8], in regard that the lower semicontinuity with respect to both variables is
supposed.
Definition 2.4. [15] Let X be a metric space with metric d. Then a function p
: X × X → [0,∞) is called the τ -distance on X if there exists a function η from
X × [0,∞) → [0,∞) and the following are satisfied:

(τ1) p(x, z) ≤ p(x, y) + p(y, z) for all x, y, z ∈ X;
(τ2) η(x, 0) = 0 and η(x, t) ≥ t for all x ∈ X and t ∈ [0,∞), and η is concave

and continuous in its second variable;
(τ3) limn xn = x and lim sup

n
{η(zn, p(zn, xm)) : m ≥ n} = 0 imply

p(w, x) ≤ lim inf
n

p(w, xn) for all w ∈ X;
(τ4) lim sup

n
{p(xn, ym) : m ≥ n} = 0 and limn η(xn, tn) = 0 imply limn η(yn, tn) =

0;
(τ5) limn η(zn, p(zn, xn)) = 0 and limn η(zn, p(zn, yn)) = 0 imply limn d(xn, yn) =

0

We may replace (τ2) by the following (τ2)
′

(τ2)
′
inf{η(x, t) : t > 0} = 0 for all x ∈ X, and η is nondecreasing in its second
variable.

We recall some properties of τ -distance. Let X be a metric space with metric
d and let p be a τ -distance on X. Then a sequence {xn} of X is called p-Cauchy
if there exists a function η from X × [0,∞) → [0,∞) satisfying (τ2) − (τ5) and a
sequence {zn} of X such that lim sup

n
{η(zn, p(zn, xm)) : m ≥ n} = 0.

We recall the following lemma, which can be found in [15].
Lemma 2.5. [15] Let X be a metric space with metric d and let p be a τ -distance
on X. If {xn} is a p-Cauchy sequence, then {xn} is a Cauchy sequence. Moreover,
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if {yn} is a sequence satisfying lim sup
n

{p(xn, ym) : m ≥ n} = 0, then {yn} is also a
p-Cauchy sequence and limn d(xn, yn) = 0.

Lemma 2.6. [15] Let X be a metric space with metric d and p be a τ -distance
on X. If a sequence {xn} of X satisfies limn p(z, xn) = 0 for some z ∈ X, then
{xn} is a p-Cauchy sequence. Moreover, if a sequence {yn} of X also satisfies
limn p(z, yn) = 0, then limn d(xn, yn). In particular for x, y, z ∈ X, p(z, x) = 0 and
p(z, y) = 0 imply x = y.

Lemma 2.7. [15] Let X be metric space with metric d and let p be a τ -distance on
X. If a sequence {xn} of X satisfies lim sup

n
{p(xn, xm) : m > n} = 0, then {xn} is

a p-Cauchy sequence. Moreover if a sequence {yn} of X satisfies limn p(xn, yn) = 0,
then {yn} is also a p-Cauchy sequence and limn d(xn, yn) = 0.

Let (X, d) be a metric space, A and B two nonempty subsets of X and T : A→ B
a non-self-mapping. The following notations will be used throughout the paper.

d(A,B) = inf{d(x, y) : x ∈ A, y ∈ B};
d(y,A) = inf{d(x, y) : x ∈ A} = d({y}, A);

A0 = {x ∈ A : d(x, y) = d(A,B) for some y ∈ B};
B0 = {y ∈ B : d(x, y) = d(A,B) for some x ∈ A}.

Throughout this paper, the set of all best proximity points of a non-self mapping
T : A→ B will be denoted by

Best(T ) = {x ∈ A : d(x, Tx) = d(A,B)}.
If g : A→ A, then we have

Bg
est(T ) = {x ∈ A : d(gx, Tx) = d(A,B)}.

3. Main Results

Let (X, d) be a metric space, p : X × X → [0,∞) a τ -distance on X, and
let A and B be two nonempty subsets of X (which need not be equal). For every
x, y ∈ X,

µ(x, y) := max{p(x, y), p(y, x)}.
It is easily checked that the function µ : X×X → [0,∞) has the following properties,
for all x, y, z ∈ X;

(1) µ(x, y) = 0 ⇒ x = y;
(2) µ(x, y) = µ(y, x), i.e. µ is symmetic;
(3) µ(x, y) ≤ µ(x, z) + µ(z, y), i.e. µ satisfies the triangle inequality.

Lemma 3.1. Suppose that {xn} is sequence such that limn µ(xn, xn+1) = 0. If
limn,m µ(xn, xm) ̸= 0, then there are ϵ > 0 and two subsequence {xnk

} and {xmk
}

of {xn} such that limk µ(xnk
, xmk

) = limk µ(xnk+1, xmk+1) = ϵ.

Next, we prove our main results.

Theorem 3.2. Let A and B be two nonempty subsets of a complete metric space
(X,d) with a τ -distance p, such that A0 is nonempty and closed. Let p(·, x) :
X → [0,∞) be lower semicontinuous for any x ∈ X. Suppose that the mappings
g : A→ A and T : A→ B satisfy the folowing conditions:

(a) T is a Z -p-proximal contraction of the first kind;
(b) g ∈ GA,p;
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(c) A0 ⊆ g(A0);
(d) T (A0) ⊆ B0.

Then there exists a unique element x ∈ A0 such that d(gx, Tx) = d(A,B) and
p(x, x) = 0. Moreover, for any initial x0 ∈ A0 there exists a sequence {xn} ⊆ A0

converging to x, such that d(gxn+1, Txn) = d(A,B) for all n ∈ N ∪ {0}.

Proof. Let x0 ∈ A0. Since T (A0) ⊆ B0 and A0 ⊆ g(A0), there exists x1 ∈ A0 such
that

d(gx1, Tx0) = d(A,B).

Again, since Tx1 is an element of T (A0) which is contained in B0, and A0 is con-
tained in g(A0), it follows that there exists x2 ∈ A0 such that

d(gx2, Tx1) = d(A,B).

This process can be continued, for any xn ∈ A0 it is possible to find xn+1 ∈ A0

such that
d(gxn+1, Txn) = d(A,B).

If there exists n0 ∈ N such that µ(xn0
, xn0−1) = 0, then xn0−1 = xn0

, which
implies that d(gxn0−1, Txn0−1) = d(A,B). That is, xn0−1 is a best proximity point
of T under mapping g.

Assume that µ(xn, xn−1) > 0 for all n ∈ N. Since g ∈ GA,p, we have µ(gxn, gxn−1) >
0 for all n ∈ N. Since T is a Z -p-proximal contraction of the first kind and g ∈ GA,p,
we obtain

0 ≤ ζ(µ(gxn+1, gxn), µ(xn, xn−1)) < µ(xn, xn−1)− µ(gxn+1, gxn)

≤ µ(xn, xn−1)− µ(xn+1, xn). (3.1)
Thus

µ(xn+1, xn) < µ(xn, xn−1),∀n ∈ N. (3.2)
This implies that the sequence {µ(xn, xn−1)} is decreasing and so there exists

lim
n→∞

µ(xn, xn−1) = r ≥ 0. (3.3)

Suppose that r > 0. From (3.1),
µ(gxn+1, gxn) ≤ µ(xn, xn−1)

for every n ∈ N. On the other hand, g ∈ GA,p and hence
µ(xn+1, xn) ≤ µ(gxn+1, gxn) ≤ µ(xn, xn−1)

for all n ∈ N. Let n→ ∞,
lim
n→∞

µ(gxn+1, gxn) = r. (3.4)

Now, using the simulation function property (ζ2) we obtain
0 ≤ lim sup

n→∞
ζ(µ(gxn+1, gxn), µ(xn, xn−1)) < 0

which is a contradiction. Hence we have r = 0 which imples that
lim
n→∞

µ(xn, xn−1) = 0. (3.5)

Now, let us prove that
lim

m,n→∞
µ(xn, xm) = 0. (3.6)

If (3.6) is not true, then
lim

m,n→∞
µ(xn, xm) ̸= 0. (3.7)
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From Lemma 3.1, then there exists ϵ > 0 and two subsequence {xnk
} and {xmk

} of
{xn} such that

lim
k→∞

µ(xnk
, xmk

) = ε. (3.8)

and
lim
k→∞

µ(xnk+1, xmk+1) = ε. (3.9)

We can assume that µ(xnk+1, xmk+1) > 0 for all k ∈ N. Again, T is a Z -p-proximal
contraction of the first kind and d(gxnk+1, Txnk

) = d(A,B) = d(gxmk+1, Txmk
).

By the property (ζ1), we obtain

0 ≤ ζ(µ(gxnk+1, gxmk+1), µ(xnk
, xmk

))

< µ(xnk
, xmk

)− µ(gxnk+1, gxmk+1)

≤ µ(xnk
, xmk

)− µ(xnk+1, xmk+1)

for all k ∈ N. Thus the previous inequality with (3.8) and (3.9) imply that

lim
k→∞

µ(gxnk+1, gxmk+1) = ε. (3.10)

From (3.8) and (3.10) we see that the sequance tk := µ(gxnk+1, gxmk+1) and sk :=
µ(xnk

, xmk
) have the same positive limit. By the property (ζ2), we conclude that

0 ≤ lim sup
k→∞

ζ(tk, sk) < 0

which is a contradiction and hence (3.6) holds.
Since

lim
m,n→∞

µ(xn, xm) = 0,

we have
lim sup
m,n→∞

{p(xn, xm) : m > n} = 0.

By Lemma 2.7, we have {xn} is a p-Cauchy sequance in A0. And by Lemma
2.5 we have {xn} is a Cauchy sequance in A0. Since (X, d) is complete metric space
and A0 is a closed subset of X, there exists limn→∞ xn = x ∈ A0. Moreover, by the
continulity of g we have limn→∞ gxn = gx. Since gxn ∈ A0 for all n ∈ N and A0 is
closed, we also have gx ∈ A0. On the other hand, since x ∈ A0 and T (A0) ⊆ B0,
there exists z ∈ A0 such that d(z, Tx) = d(A,B).

Let us prove that z = gx. If z = gxn for infinetely many n ∈ N, then z = gx.
Assume that z ̸= gx, in which case there exists n0 ∈ N such that z ̸= gxn for all
n ≥ n0. If µ(gxn, z) = 0 for some n ≥ n0, then gxn = z. That is µ(gxn, z) > 0 for
all n ≥ n0. Also there exists a subsequance {xnk

} of {xn} such that xnk
̸= x for

every k ∈ N (if that is not true, then xn = x for all n ∈ N and so µ(xn, xn−1) = 0
for all n ∈ N, which is contrary to (3.2)). Similary, we have µ(xnk

, x) > 0 for every
k ∈ N. Since T is a Z -p-proximal contraction of the first kind and g ∈ GA,p, we
obtain

0 ≤ ζ(µ(gxnk+1, z), µ(xnk
, x))

< µ(xnk
, x)− µ(gxnk+1, z)

≤ µ(gxnk
, gx)− µ(gxnk+1, z).

This imples that
µ(gxnk+1, z) < µ(gxnk

, gx) (3.11)



BEST PROXIMITY POINTS INVOLVING SIMULATION FUNCTIONS 121

for every k ∈ N such that nk ≥ n0.
Similarly argument as before we can show that

lim
m,n→∞

µ(gxn, gxm) = 0.

This means that for any ϵ > 0 there exists a Nϵ ∈ N such that µ(gxn, gxm) < ϵ for
all m > n ≥ Nϵ. For a fixed n ∈ N with n ≥ max{n0, Nϵ} and

lim
m,n→∞

µ(gxn, gxm) = 0,

we have
lim sup
m,n→∞

{p(gxn, gxm) : m > n} = 0.

By Lemma 2.7, we have {gxn} is a p-Cauchy sequance in A0.
Since gxn is a p-Cauchy sequance in A0, there exists a function η from A0×[0,∞) →
[0,∞) satisfying (τ2)− (τ5) and a sequence {zn} of A0 such that

lim sup
n→∞

{η(zn, p(zn, gxm)) : m ≥ n} = 0.

By (τ3) and p(·, x) : X → [0,∞) is lower semicontinuous imply that
p(gxn, gx) ≤ lim inf

m
p(gxn, gxm) < ϵ.

and
p(gx, gxn) ≤ lim inf

m
p(gxm, gxn) < ϵ.

Therefore
lim
k→∞

p(gxnk
, gx) = 0. (3.12)

Similarly, limk→∞ p(gx, gxnk
) = 0 which combind with (3.12) yields

lim
k→∞

µ(gxnk
, gx) = 0.

Then from (3.11) we have
lim
k→∞

µ(gxnk+1, z) = 0. (3.13)

Letting k → ∞ in the following inequality and by (3.5), (3.13)
µ(gxnk

, z) ≤ µ(gxnk
, gxnk+1) + µ(gxnk+1, z),

we get limk→∞ µ(gxnk
, z) = 0. This implies

lim
k→∞

p(gxnk
, z) = 0. (3.14)

Since limk→∞ gxnk
= gx, we obtain

p(gx, gx) = 0 and p(gx, z) = 0.

By Lemma 2.6, imply that z = gx. Finally, from d(z, Tx) = d(A,B), we get
d(gx, Tx) = d(A,B).

To prove the uniqueness, let y be in A0 such that
d(gy, Ty) = d(A,B).

Assume that µ(gx, gy) ≥ µ(x, y) > 0. Since g ∈ GA,p and T is a Z -p-proximal
contraction of the first kind, we obtain

0 ≤ ζ(µ(gx, gy), µ(x, y))

< µ(x, y)− µ(gx, gy)

≤ µ(x, y)− µ(x, y) = 0
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which leads to a contradiction. Hence µ(x, y) = 0, which implies x = y.
By a similar argument we prove p(x, x) = 0. Suppose to the contrary, that

µ(x, x) = p(x, x) > 0. Then µ(gx, gx) > 0. Again, we have
0 ≤ ζ(µ(gx, gx), µ(x, x))

< µ(x, x)− µ(gx, gx)

≤ µ(x, x)− µ(x, x) = 0

which is a contradiction. �
If g is the identity mapping on A, then the preceding theorem yields the following

corollary.
Corollary 3.3. Let A and B be two nonempty subset of a complete metric space
(X,d) with a τ -distance p, such that A0 is nonempty and closed. Let p(·, x) :
X → [0,∞) is lower semicontinuous for any x ∈ X. Suppose that the mappings
T : A→ B satisfies the folowing conditions:

(a) T is a Z -p-proximal contraction of the first kind;
(b) T (A0) ⊆ B0.

Then there exists a unique best proximity point x ∈ A0 of the mapping T, such
that p(x, x) = 0. Moreover, for every x0 ∈ A0 there exists a sequence {xn} ⊆ A0

converging to x, such that d(gxn+1, Txn) = d(A,B) for all n ∈ N ∪ {0}.

From Theorem 3.2 we can also obtain an interesting g-best proximity point result
for a p-proximal contraction of the first kind.
Corollary 3.4. Let A and B be two nonempty subset of a complete metric space
(X,d) with a τ -distance p, such that A0 is nonempty and closed. Let p(·, x) : X →
[0,∞) is lower semicontinuous for any x ∈ X. Suppose that the mappings g : A→ A
and T : A→ B satisfies the folowing conditions:

(a) T is a p-proximal contraction of the first kind with respect α ∈ [0, 1);
(b) g ∈ GA,p;
(c) A0 ⊆ g(A0);
(d) T (A0) ⊆ B0.

Then there exists a unique element x ∈ A0 such that d(gx, Tx) = d(A,B) and
p(x, x) = 0. Moreover, for every x0 ∈ A0 there exists a sequence {xn} ⊆ A0

converging to x, such that d(gxn+1, Txn) = d(A,B) for all n ∈ N ∪ {0}.

Proof. Note that a p-proximal contraction of the first kind with respect to α ∈
[0, 1) is a Z -p-proximal contraction of the first kind with respect to the simulation
function ζ : [0,∞)× [0,∞) ⇒ R defined by ζ(t, s) = αs− t for all t, s ≥ 0. �

By taking p = d in Theorem 3.2 the main result of [14] is obtained.
Corollary 3.5. Let A and B be two nonempty subset of a complete metric space
(X,d), such that A0 is nonempty and closed. Suppose that the mappings g : A→ A
and T : A→ B satisfies the folowing conditions:

(a) T is a Z -proximal contraction of the first kind;
(b) g ∈ GA;
(c) A0 ⊆ g(A0);
(d) T (A0) ⊆ B0.

Then there exists a unique element x ∈ A0 such that d(gx, Tx) = d(A,B). Moreover,
for every x0 ∈ A0 there exists a sequence {xn} ⊆ A0 such that d(gxn+1, Txn) =
d(A,B) for all n ∈ N ∪ {0}, and {xn} converging to x.
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Theorem 3.6. Let A and B be two nonempty subsets of a complete metric space
(X, d) with a τ -distance p, such that T (A0) is nonempty and closed. Let p(·, x) :
X → [0,∞) is lower semicontinuous for any x ∈ X. Suppose that the mappings
g : A→ A and T : A→ B satisfies the folowing conditions:

(a) T is a Z -p-proximal contraction of the second kind;
(b) T is injective on A0

(c) T ∈ Tg,p;
(d) A0 ⊆ g(A0);
(e) T (A0) ⊆ B0.

Then there exists a unique element x ∈ A0 such that d(gx, Tx) = d(A,B) and
p(Tx, Tx) = 0. Moreover, for every x0 ∈ A0 there exists a sequence {xn} ⊆ A0

converging to x, such that d(gxn+1, Txn) = d(A,B) for all n ∈ N ∪ {0}.

Proof. Proceeding as in Theorem 3.2 we can construct a sequance {xn} such that
d(gxn+1, Txn) = d(A,B) for all n ∈ N ∪ {0}. In the constructive process of {xn},
if we have Txn = Txm for some m > n, then we choose xm+1 = xn+1.
Since T is a Z -p-proximal constraction of the second kind, we have

ζ(µ(Tgxn, T gxn+1), µ(Txn−1, Txn)) ≥ 0

for every n ∈ N. Since T is injective on A0 and T ∈ Tg,p, using the property (ζ1)
of a simulation function, we obtain that

0 ≤ ζ(µ(Tgxn, T gxn+1), µ(Txn−1, Txn))

< µ(Txn−1, Txn)− µ(Tgxn, T gxn+1) (3.15)
≤ µ(Txn−1, Txn)− µ(Txn, Txn+1)

for every n ∈ N. Then we have

µ(Txn, Txn+1) < µ(Txn−1, Txn), ∀n ∈ N (3.16)
which implies that the sequence {µ(Txn−1, Txn)} is decreasing.

If there exists n0 ∈ N such that µ(Txn0−1, Txn0) = 0, then Txn0−1 = Txn0 . By
the injective of T onA0 follows xn0−1 = xn0 . Then d(gxn0−1, Txn0) = d(gxn0 , Txn0) =
d(A,B) and xn0

is the best proximity point of T under mapping g. That is,
xn0

∈ Bg
est(T ).

Now, let µ(Txn−1, Txn) > 0 for all n ∈ N. Then there exists

lim
n→∞

µ(Txn−1, Txn) = r ≥ 0.

Suppose r > 0. From (16) we can also deduce that

µ(Tgxn, T gxn+1) < µ(Txn−1, Txn).

On the other hand, T ∈ Tg,p and hence

µ(Txn, Txn+1) ≤ µ(Tgxn, T gxn+1) < µ(Txn−1, Txn)

for all n ∈ N. Passing to the limit as n→ ∞, we obtain

lim
n→∞

µ(Tgxn, T gxn+1) = r.

Using the property (ζ2) of a simulation function, we get

0 ≤ lim sup
n→∞

ζ(µ(Tgxn+1, T gxn), µ(Txn−1, Txn)) < 0
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which is a contradiction, and hence r = 0.
Therefore

lim
n→∞

µ(Txn−1, Txn) = 0. (3.17)

Next, we claim that
lim

m,n→∞
µ(Txn, Txm) = 0. (3.18)

Assume that (3.18) is not true, that is
lim

m,n→∞
µ(Txn, Txm) ̸= 0.

From Lemma 3.1, then there exists ϵ > 0 and two subsequence {Txnk
} and {Txmk

}
of {Txn} such that

lim
k→∞

µ(Txnk
, Txmk

) = lim
k→∞

µ(Txnk+1
, Txmk+1

) = ϵ. (3.19)

Then there exists a subsequence of {xnk
}, which we assume it is the whole sequence

{xnk
}, such that µ(Txnk

, Txmk
) > 0 for all k ∈ N. Since T is a Z -p-proximal

contraction of the second kind and d(gxnk+1, Txnk
) = d(A,B) = d(gxmk+1, Txmk

),
we have

0 ≤ ζ(µ(Tgxnk+1, T gxmk+1), µ(Txnk
, Txmk

))

< µ(Txnk
, Txmk

)− µ(Tgxnk+1, T gxmk+1)

≤ µ(Txnk
, Txmk

)− µ(Txnk+1, Txmk+1)

for all k ∈ N. From the above ineqauality and (3.19),
lim
k→∞

µ(Tgxnk+1, T gxmk+1) = ϵ.

Using the property (ζ2) of a simulation function with tk := µ(Tgxnk+1, T gxmk+1)
and sk := µ(Txnk

, Txmk
), we get

0 ≤ lim sup
k→∞

ζ(tk, sk) < 0

which is a contradiction and hence (3.18) holds.
Since

lim
m,n→∞

µ(Txn, Txm) = 0

we have
lim sup
m,n→∞

{p(Txn, Txm) : m > n} = 0.

It follows from Lemma 2.7 that {Txn} is a p-Cauchy sequance in B0, And from
Lemma 2.5, we have {Txn} is a Cauchy sequance in B0.

Since (X, d) is a complete metric space and T (A0) is a closed subset of X, there
exists limn→∞ Txn = Tu ∈ T (A0) ⊆ B0. Moreover, there exists z ∈ A0 such that

d(z, Tu) = d(A,B).

Since A0 ⊆ g(A0), we obtain that z = gx for some x ∈ A0. Hence
d(gx, Tu) = d(A,B). (3.20)

If xn = x holds for infinite values of n ∈ N, then Tx = Tu. Assume that there exists
n0 ∈ N such that xn ̸= x for all n ≥ n0. Then there exists a sunsequence {xnk

} of
{xn} such that Txnk

̸= Tu for all k ∈ N. Since T is a Z -p-proximal contraction of
the second kind, we get

0 ≤ ζ(µ(Tgxnk+1Tgx), µ(Txnk
, Tu)) < µ(Txnk

, Tu)− µ(Tgxnk+1, T gx).
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Hence
µ(Txnk+1, Tx) ≤ µ(Tgxnk+1, T gx) < µ(Txnk

, Tu) (3.21)
for all k ∈ N such that nk ≥ n0, because T ∈ Tg,p.

It follows from (3.18) we obtain that for any ϵ > 0 there exists a Nϵ ∈ N such
that µ(Txn, Txm) < ϵ for every m > n ≥ Nϵ.

Since {Txn} is a p-Cauchy sequance in B0, there exists a function η from
B0 × [0,∞) → [0,∞) satisfying (τ2)− (τ5) and a sequence {zn} of B0 such that

lim sup
n→∞

{η(zn, p(zn, Txm)) : m ≥ n} = 0.

By (τ3) and p(·, x) : X → [0,∞) is lower semicontinuous, imply that
p(Txn, Tu) ≤ lim

m
inf p(Txn, Txm) < ϵ

and
p(Tu, Txn) ≤ lim

m
inf p(Txm, Txn) < ϵ

for any fixed n ≥ max{n0, Nϵ}, which implies that
lim
k→∞

p(Txnk
, Tu) = 0. (3.22)

Similarly limk→∞ p(Tu, Txnk
) = 0, and hence limk→∞ µ(Txnk

, Tu) = 0. Combine
this and (3.21) to get limk→∞ µ(Txnk+1, Tx) = 0. By triangle inequality of µ,

µ(Txnk
, Tx) ≤ µ(Txnk

, Txnk+1) + µ(Txnk+1, Tx).

From (3.17) and passing to limit as k → ∞, we obtain limk→∞ µ(Txnk
, Tx) = 0.

This implies that
lim
k→∞

p(Txnk
, Tx) = 0 (3.23)

Since limk→∞ Txnk
= Tu, we obtain

p(Tu, Tu) = 0 and p(Tu, Tx) = 0.

Using (3.22), (3.23) and Lemma 2.6 imply that Tx = Tu. By substituting this in
(3.20), we get d(gx, Tx) = d(A,B).

We will show the uniqueness, let y be in A0 such that
d(gy, Ty) = d(A,B),

i.e, y ∈ Bg
est(T ). Suppose that µ(Tgx, Tgy) ≥ µ(Tx, Ty) > 0. Since T ∈ Tg,p is a

Z -p-proximal contraction of the second kind, we have
0 ≤ ζ(µ(Tgx, Tgy), µ(Tx, Ty))

< µ(Tx, Ty)− µ(Tgx, Tgy)

≤ µ(Tx, Ty)− µ(Tx, Ty) = 0

which is a contraction. Hence µ(Tx, Ty) = 0, which means that Tx = Ty. From T
is injective on A0, imply that x = y.

Finally, suppose that µ(Tx, Tx) = p(Tx, Tx) > 0. Then µ(Tgx, Tgx) > 0.
Using a similar argument as above, we have

0 ≤ ζ(µ(Tgx, Tgx), µ(Tx, Tx))

< µ(Tx, Tx)− µ(Tgx, Tgx)

≤ µ(Tx, Tx)− µ(Tx, Tx) = 0

which is a contraction. Therefore p(Tx, Tx) = 0. �
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The following best proximity point result is a special case of Theorem 3.6 when
g is an identity map on A.
Corollary 3.7. Let A and B be two nonempty subsets of a complete metric space
(X, d) with a τ -distance p, such that T (A0) is nonempty and closed. Let p(·, x) :
X → [0,∞) is lower semi continuous for any x ∈ X, Suppose that the mappings
T : A→ B satisfies the folowing conditions:

(a) T is a Z -p-proximal contraction of the second kind;
(b) T is injective on A0;
(c) T (A0) ⊆ B0.

Then there exists a unique best proximity point x ∈ A0 of T with p(Tx, Tx) = 0,
and for every x0 ∈ A0 there exists a sequence {xn} ⊆ A0 converging to x, such that
d(gxn+1, Txn) = d(A,B) for all n ∈ N ∪ {0}.

By setting p = d in Theorem 3.6 the main result of [14] is obtained.
Corollary 3.8. Let A and B be two nonempty subsets of a complete metric space
(X, d), such that T (A0) is nonempty and closed. Suppose that the mappings g :
A→ A and T : A→ B satisfies the folowing conditions:

(a) T is a Z -proximal contraction of the second kind;
(b) T is injective on A0

(c) T ∈ Tg;
(d) A0 ⊆ g(A0);
(e) T (A0) ⊆ B0.

Then there exists a unique point x ∈ A such that d(gx, Tx) = d(A,B). Moreover, for
every x0 ∈ A0 there exists a sequence {xn} ⊆ A such that d(gxn+1, Txn) = d(A,B)
for all n ∈ N ∪ {0} and limn→∞ xn = x.
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1. Introduction

In this paper we compare the convergence radii of following three sixth order
iterative methods defined for n = 0, 1, 2, . . . , by [12]:

yn = xn − 2

3
F ′(xn)

−1F (xn)

zn = xn − [−1

2
I +

9

8
F ′(yn)

−1F ′(xn)

+
3

8
F ′(xn)

−1F ′(yn)]F
′(xn)

−1F (xn)

xn+1 = zn − 9

4
I +

15

8
F ′(yn)

−1F ′(xn))

+
11

8
F ′(xn)

−1F ′(yn)]F
′(yn)

−1F (zn),

(1.1)

∗Corresponding author.
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[12]

yn = xn − 2

3
F ′(xn)

−1F (xn)

zn = xn − [
5

8
I +

3

8
(F ′(yn)

−1F ′(xn))
2]

×F ′(xn)
−1F (xn)

xn+1 = zn − [−9

4
I +

15

8
F ′(yn)

−1F ′(xn))

+
11

8
F ′(xn)

−1F ′(yn)]F
′(yn)

−1F (zn),

(1.2)
and [14]

yn = xn − F ′(xn)
−1F (xn)

zn = xn − [
23

8
I − 3F ′(xn)

−1F ′(yn) +
9

8
(F ′(xn)

−1F ′(yn))
2]

×F ′(xn)
−1F (xn)

xn+1 = zn − [
5

2
I − 3

2
F ′(xn)

−1F ′(yn)]

×F ′(xn)
−1F (xn) (1.3)

used for approximating a solution α of the equation
F (x) = 0. (1.4)

Here: F : Ω ⊂ E1 −→ E2 is a differentiable operator in the sense of Fréchet, E1 and
E2 are Banach spaces and Ω is convex and open.

Earlier convergence analysis of these methods when E1 = E2 = Rk used, assump-
tions of the Fréchet derivatives of F of order up to seven [1, 2, 14] although these
derivatives do not appear in these methods, limiting the applicability.

Example 1.1. Let E1 = E2 = R, Ω = [− 5
2 ,

3
2 ]. Define F on Ω by

F (x) = x3 log x2 + x5 − x4

Then
F ′(x) = 3x2 log x2 + 5x4 − 4x3 + 2x2,

F ′′(x) = 6x log x2 + 20x3 − 12x2 + 10x,

F ′′′(x) = 6 log x2 + 60x2 = 24x+ 22.

Obviously F ′′′(x) is not bounded on Ω. So, the convergence of methods (1.1), (1.2)
and (1.3) is not guaranteed by the analysis in the earlier studies.

In this study, our analysis uses only the assumptions on the first Fréchet de-
rivative of F. Thus, we extend the applicability of these methods and in the more
general setting of Banach space valued operators. This technique can be used to
extend the applicability of other iterative methods.

Notice that, solutions methods for equation (1.4) is an important area of research,
since a plethora of problems from diverse disciplines such that Mathematics, Op-
timization, Mathematical Programming, Chemistry, Biology, Physics, Economics,
Statistics, Engineering and other disciplines can be modeled into an equation of the
form (1.4) [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15].

The rest of the study is organized as follows. In Section 2 , the local convergence
analysis is given and numerical examples are given in the last Section 4.
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2. Local convergence

Let us introduce some real functions and parameters needed in the local conver-
gence analysis. Consider a function ω0 : S −→ S continuous and increasing with
w0(0) = 0, where S = [0,∞). Suppose that equation

ω0(t) = 1 (2.1)
has at least one positive solution. We denote by ρ0 the smallest such solution. Set
S0 = [0, ρ0). Let also ω : S0 −→ S and ω1 : S0 −→ S be continuous and increasing
functions with ω(0) = 0. Define functions g1 and ḡ1 on the interval S0 by

g1(t) =
ω((1− θ)t)dθ + 1

3

∫ 1

0
ω1(θt)dθ

1− ω0(t)

and
ḡ1(t) = g1(t)− 1.

Suppose that
ω1(0) < 3. (2.2)

We obtain that ḡ1(0) = ω1(0)
3 −1 < 0 and ḡ1(t) −→ ∞ as t −→ ρ−0 . The intermediate

value theorem guarantees the existence of at least one solution of the equation
ḡ1(t) = 0 in (0, ρ0). Denote by R1 the smallest such solution. Suppose that equation

ω0(g1(t)t) = 1 (2.3)
has at least one positive solution. Denote by ρ1 the smallest such solution. Set
S1 = [0, ρ2), where ρ2 = min{ρ0, ρ1}. Define functions g2 and ḡ2 on S1 by

g2(t) =

∫ 1

0
ω((1− θ)t)dθ

1− ω0(t)
+

3

8

[
3
ω0(g1(t)t) + ω0(t)

1− ω0(g1(t)t)

+
w0(g1(t)t) + ω0(t)

1− ω0(t)

] ∫ 1

0
ω1(θt)dθ

1− ω0(t)

and
ḡ2(t) = g2(t)− 1.

We also get ḡ2(0) = −1 and ḡ2(t) −→ ∞ as t −→ ρ−2 . Denote by R2 the smallest
solution of equation ḡ2(t) = 0 in (0, ρ2). Suppose that

ω0(g2(t)t) = 1 (2.4)
has at least one positive solution. Denote by ρ3 the smallest such solution. Set
S2 = [0, ρ), where ρ = min{ρ2, ρ3}. Define functions g3 and ḡ3 by

g3(t) =

{∫ 1

0
ω((1− θ)g2(t)t)dθ

1− ω0(g2(t)t)

+
(ω0(g2(t)t) + ω0(g1(t)t))

∫ 1

0
ω1(θg2(t)t)dθ

(1− ω0(g2(t)t))(1− ω0(g1(t)t))

1

8

[
15(ω0(g1(t)t) + ω0(t))

1− ω0(g1(t)t)

+
11(w0(g1(t)t) + ω0(t))

1− ω0(t)

] ∫ 1

0
ω1(θg2(t)t)dθ

1− ω0(g1(t)t)

}
and

ḡ3(t) = g3(t)− 1.
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We have again ḡ3(0) = −1 and ḡ3(t) −→ ∞ as t −→ ρ−. Moreover, define a radius
of convergence R by

R = min{Ri}, i = 1, 2, 3. (2.5)
It follows that for each t ∈ [0, R)

0 ≤ ω0(t) < 1, 0 ≤ ω0(g1(t)t) < 1, 0 ≤ ω0(g2(t)t) < 1, (2.6)
and

0 ≤ gi(t) < 1, i = 1, 2, 3. (2.7)
We base the local convergence analysis of method (1.1) on conditions (A):

(a1) F : Ω −→ E2 is a continuously differentiable operator in the sense of Fréchet
and there exists α ∈ Ω such that F (α) = 0 and F ′(α)−1 ∈ L(E2, E1).

(a2) There exists function ω0 : S −→ S continuous and increasing with ω0(0) =
0 and for each x ∈ Ω

∥F ′(α)−1(F ′(x)− F ′(α))∥ ≤ ω0(∥x− α∥).
Set Ω0 = Ω ∩ U(α, ρ0), where ρ0 is given in (2.1).

(a3) There exist functions ω : S0 −→ S, ω1 : S0 −→ S such that for each
x, y ∈ Ω0

∥F ′(α)−1(F ′(y)− F ′(x))∥ ≤ ω(∥y − x∥)
and

∥F ′(α)−1F ′(x)∥ ≤ ω1(∥x− α∥)
where S0 and S are defined previously.

(a4) Ū(α,R) ⊂ Ω, ρ0, ρ1, ρ2 exist and are given by (2.1), (2.3) and (2.4), respec-
tively, (2.2) holds and R is given by (2.5).

(a5) There exists R1 ≥ R such that∫ 1

0

ω0(θR1)dθ < 1.

Set Ω1 = Ω ∩ Ū(α,R1).

Next, the local convergence analysis of method (1.1)is provided using the conditions
(A) and the preceding notation.

Theorem 2.1. Suppose that the conditions (A) hold. Then, sequence {xn} gener-
ated by (1.1), for x0 ∈ U(α,R)− {α} is well defined, remains in U(α,R) for each
n = 0, 1, 2, 3, . . . and converges to α. Moreover, the following estimates hold

∥yn − α∥ ≤ g1(∥x− α∥)∥x− α∥ ≤ ∥x− α∥ < R, (2.8)
∥zn − α∥ ≤ g2(∥x− α∥)∥x− α∥ ≤ ∥x− α∥ (2.9)

and
∥xn+1 − α∥ ≤ g3(∥x− α∥)∥x− α∥ ≤ ∥x− α∥, (2.10)

where functions gi are given previously and R is defined in (2.5). Furthermore, the
limit point α is the only solution of equation F (x) = 0 in the set Ω1.

Proof. We use mathematical induction to show (2.8) – (2.10). Let x ∈ U(α,R)−
{α}. Using (2.5), (a1) and (a2), we get that

∥F ′(α)−1(F ′(x)− F ′(α))∥ ≤ ω0(∥x− α∥) ≤ ω0(R) < 1. (2.11)
By the Banach perturbation lemma [6, 7, 10], F ′(x)−1 ∈ L(E2, E1),

∥F ′(x)−1F ′(α)∥ ≤ 1

1− ω(∥x− α∥)
(2.12)
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and the iterate y0 is well defined by the first substep of method (1.1) for n = 0. We
can write by (a1)that

y0 − α = x0 − α− F ′(x0)
−1F (x0) +

1

3
F ′(x0)

−1F (x0), (2.13)

so by (2.5), (2.7) (for i = 1), (2.12) (for x = x0) and (2.13), we have in turn that

∥y0 − α∥ ≤ ∥F ′(x0)
−1F ′(α)∥

∥
∫ 1

0

F ′(α)−1(F ′(α+ θ(x0 − α))− F ′(x0))dθ(x− α)∥

+
1

3
∥F ′(x0)

−1F ′(α)∥

∥
∫ 1

0

F ′(α)−1(F ′(α+ θ(x0 − α))− F ′(x0))dθ(x− α)∥

≤

[
[
∫ 1

0
ω((1− θ)∥x0 − α∥)dθ + 1

3

∫ 1

0
ω1(θ∥x0 − α∥)dθ]

1− ω0(∥x0 − α∥)

]
×∥x0 − α∥

= g1(∥x0 − α∥)∥x0 − α∥ ≤ ∥x0 − α∥ < R, (2.14)

so (2.8) holds for n = 0 and y0 ∈ U(α,R). Moreover, z0 exists by (2.12) (for x = y0).
We can write

z0 − α = x0 − α− F ′(x0)
−1F (x0)

−[−3

2
I +

9

8
F ′(y0)

−1F ′(x0) +
3

8
F ′(x0)

−1F ′(y0)]F
′(x0)

−1F (x0)

= x0 − α− F ′(x0)
−1F (x0) +

3

8
[3F ′(y0)

−1(F ′(y0)− F ′(x0))

+F ′(x0)
−1(F ′(x0)− F ′(y0))]F

′(x0)
−1F (x0), (2.15)

where we used the estimations

−12

8
I +

9

8
F ′(y0)

−1F ′(x0) +
3

8
F ′(x0)

−1F ′(y0)

= −9

8
(I − F ′(y0)

−1F ′(x0))−
3

8
(I − F ′(x0)

−1F ′(y0))

= −3

8
[3F ′(y0)

−1(F ′(y0)− F ′(x0)) + F ′(x0)
−1(F ′(x0)− F ′(y0))].

Then, by (2.5), (2.7) (for i = 2, (2.12) (for x = y0), and (2.14), we have in turn that

∥z0 − α∥ ≤ ∥x0 − α− F ′(x0)
−1F (x0)∥+

3

8
[3∥F ′(y0)

−1F ′(α)∥

(∥F ′(α)−1(F (y0)− F ′(α))∥+ ∥F ′(α)−1(F ′(x0)− F ′(α))∥)
+∥F ′(x0)

−1F ′(α)∥∥F ′(α)−1(∥F ′(α)−1(F ′(y0)− F ′(α))∥
+∥F ′(α)−1(F ′(x0)− F ′(α))∥)]
∥F ′(x0)

−1F ′(α)∥∥F ′(α)−1F (x0)∥

≤

{∫ 1

0
ω((1− θ)∥x0 − α∥)dθ
1− ω0(∥y0 − α∥)

+
3

8

[
3(ω0(∥y0 − α∥) + ω0(∥x0 − α∥))

1− ω0(∥y0 − α∥)



134 J. NONLINEAR ANAL. OPTIM. VOL. 9(2) (2018)

+
ω0(∥x0 − α∥) + ω0(∥y0 − α∥)

1− ω0(∥x0 − α∥)

]
∫ 1

0
ω1(θ∥x0 − α∥)dθ

1− ω0(∥x0 − α∥)

}
∥x0 − α∥

≤ g2(∥x0 − α∥)∥x0 − α∥ ≤ ∥x0 − α∥, (2.16)
so (2.9) holds for n = 0 and z0 ∈ U(α,R). We also have by (2.12) (for x = z0) that
F ′(z0)

−1 exists. Then, we can write by the second substep of method (1.1) that

x1 − α = z0 − α− F ′(z0)
−1F (z0)

+F ′(z0)
−1(F ′(y0)− F ′(z0))F

′(y0)
−1F (z0)

+
1

8
[15F ′(y0)

−1(F ′(y0)− F ′(x0)) + 11F ′(x0)
−1(F ′(x0)− F ′(y0))]

F ′(y0)
−1F (z0), (2.17)

where we used estimations
1

8
[−26I + 15F ′(y0)

−1F ′(x0)− 11I + 11F ′(x0)
−1F ′(y0)]

= −1

8
[15(I − F ′(y0)

−1F ′(x0)) + 11(I − F ′(x0)
−1F ′(y0))]

= −1

8
[15F ′(y0)

−1(F ′(y0)− F ′(x0)) + 11F ′(x0)
−1(F ′(x0)− F ′(y0))].

Next, by (2.5), (2.7) (for i = 3), (2.12) (for x = x0, z0), (2.16) and (2.17), we obtain
in turn that

∥x1 − α∥ ≤ ∥z0 − α− F ′(z0)
−1F (z0)∥

+[∥F ′(z0)
−1F ′(α)∥(∥F ′(α)−1(F ′(y0)− F ′(x0))∥

+∥F ′(α)−1(F ′(z0)− F ′(α))∥)
×∥F ′(y0)

−1F ′(α)∥∥F ′(α)−1F (z0)∥

+
1

8
[15∥F ′(y0)

−1F ′(α)∥(∥F ′(α)−1(F ′(y0)− F ′(α)∥

+∥F ′(α)−1(F ′(x0)− F ′(α))∥)]
+11∥F ′(x0)

−1F ′(α)∥(∥F ′(α)−1(F ′(x0)− F ′(α))∥
+∥F ′(α)−1(F ′(y0 − F ′(α))∥)]
×∥F ′(y0)

−1F ′(α)∥∥F ′(α)−1F (z0)∥

≤

{∫ 1

0
ω((1− θ)∥z0 − α∥)dθ
1− ω0(∥z0 − α∥)

+
(ω0(∥z0 − α∥) + ω0(∥y0 − α∥))

∫ 1

0
ω1(θ∥z0 − α∥)dθ

(1− ω0(∥z0 − α∥))(1− ω0(∥y0 − α∥))

+
1

8

[
15(ω0(∥x0 − α∥) + ω0(∥y0 − α∥)

1− ω0(∥y0 − α∥)

+
11(ω0(∥x0 − α∥) + ω0(∥y0 − α∥)

1− ω0(∥x0 − α∥)

]
×

∫ 1

0
ω1(θ∥z0 − α∥)dθ

1− ω0(∥y0 − α∥)

}
∥z0 − α∥

≤ g3(∥x0 − α∥)∥x0 − α∥ ≤ ∥x0 − α∥, (2.18)
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so (2.10) holds for n = 0 and x1 ∈ U(α,R). The induction for (2.8)– (2.10) is com-
pleted, if x0, y0, z0, x1 are replaced by xj , yj , zj , xj+1 respectively, in the preceding
estimations. It then follows from

∥xj+1 − α∥ ≤ a∥xj − α∥ < R, a = g3(∥x0 − α∥) ∈ [0, 1) (2.19)
that limj−→∞ xj = and xj+1 ∈ U(α,R). Finally, for the uniqueness part, let α1 ∈ Ω1

with F (p1) = 0 with F (α1) = 0. Then, by (a2) and (a5), we get in turn that for
T =

∫ 1

0
F ′(α1 + θ(α− α1))dθ for

∥F ′(α)−1(T − F ′(α))∥ ≤
∫ 1

0

ω0(θ∥α− α1∥)dθ

≤
∫ 1

0

ω0(θR
∗)dθ < 1 (2.20)

leading to T−1 ∈ L(E2, E1). Then, by the identity
0 = F (α)− F (α1) = T (α− α1),

we deduce that α1 = α.
�

Remark 2.1. The convergence order of method (1.1) can be determined using
computing the computational order of convergence (COC) [7, 8, 11] given by

ξ =
ln(∥xn+2−α∥

∥xn+1−α∥ )

ln(∥xn+1−α∥
∥xn−α∥ )

(2.21)

or the approximate computational order of convergence (ACOC) [7, 8, 11] given by

ξ∗ =
ln(∥xn+2−xn+1∥

∥xn+1−xn∥ )

ln( ∥xn+1−xn∥
∥xn−xn−1∥ )

. (2.22)

It turns out that the local convergence of method (1.2) (or method(1.3)) are
given under the conditions (A) by modifying the definition of gi functions to fit
these methods as follows:

g2(t) =

∫ 1

0
ω((1− θ)t)dθ

1− ω0(t)
+

3

8

[(
(ω0(g1(t)t) + ω0(t))

1− ω0(g1(t)t)

)2

+
2(w0(g1(t)t) + ω0(t))

(1− ω0(g1(t)t))2

] ∫ 1

0
ω1(θt)dθ

1− ω0(t)
,

ḡ2(t) = g2(t)− 1,

and g3 and ḡ3 as previously. The corresponding (2.15) Ostrowski-type representa-
tion in method (1.2) is:

zn − α = xn − α− F ′(xn)
−1F (xn)

+
3

8
[(F ′(yn)

−1(F ′(yn)− F ′(xn)))
2

+2F ′(yn)
−1(F ′(yn)− F ′(xn))F

′(yn)
−1F ′(xn)]

×F ′(xn)
−1F (xn), (2.23)

where the representations for functions g1 and g3 are the same. Moreover, the
corresponding to (2.15) and (2.17) representations for method (1.3) are:

zn − α = xn − α− F ′(xn)
−1F (xn)
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+
1

8
[15F ′(xn)

−1(F ′(xn)− F ′(yn))

+9F ′(xn)
−1F ′(yn)F

′(xn)
−1(F ′(yn)− F ′(xn))]

×F ′(xn)
−1F (zn). (2.24)

and

xn+1 − α = zn − α− F ′(zn)
−1F (zn)

−3

2
F ′(xn)

−1(F ′(xn)− F ′(yn))

×F ′(xn)
−1F (zn). (2.25)

The g functions are:

g2(t) =

∫ 1

0
ω((1− θ)t)dθ

1− ω0(t)
+

1

8

[
15(ω0(g1(t)t) + ω0(t))

1− ω0(t)

+
9w1(g1(t)t)(ω0(g1(t)t) + ω0(t))

∫ 1

0
ω1(θt)dθ

(1− ω0(t))3

]
and

g3(t) =

{∫ 1

0
ω((1− θ)t)dθ

1− ω0(t)

+
3

2

(ω0(t) + ω0(g1(t)t))
∫ 1

0
ω1(θg2(t)t)dθ

(1− ω0(t))2

}
g2(t).

With the above changes and following the proof of Theorem 2.1, we arrive at the
corresponding results for method (1.2) and method (1.3).

Theorem 2.2. Suppose that the conditions (A) hold. Then, the conclusions of
Theorem 2.1 hold for method (1.2) or method (1.3) with the above indicated changes.

3. Numerical examples

Example 3.1. Let B1 = B2 = R3,Ω = Ū(0, 1), x∗ = (0, 0, 0)T . Define function F
on Ω for u = (x, y, z)T by

F (u) = (ex − 1,
e− 1

2
y2 + y, z)T .

Then, the Fréchet-derivative is given by

F ′(v) =

 ex 0 0
0 (e− 1)y + 1 0
0 0 1

 .
Notice that using the (2.8)-(2.12), conditions, we get ω0(t) = (e − 1)t, ω(t) =

e
1

e−1 t, ω1(t) = e
1

e−1 .
Then using the definition of r, we have that

R1 = 0.15440695135715407082521721804369
R2 = 0.08374478937177408377490195334758 = R
R3 = 0.11332932017032089355712543010668.
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Example 3.2. Let B1 = B2 = C[0, 1], the space of continuous functions defined on
[0, 1] and be equipped with the max norm. Let Ω = U(0, 1). Define function F on
Ω by

F (φ)(x) = φ(x)− 5

∫ 1

0

xθφ(θ)3dθ. (3.1)

We have that

F ′(φ(ξ))(x) = ξ(x)− 15

∫ 1

0

xθφ(θ)2ξ(θ)dθ, for each ξ ∈ Ω.

Then, we get that x∗ = 0, ω0(t) = 7.5t, ω(t) = 15t, ω1(t) = 2. This way, we have
that
R1 = 0.022222222222222222222222222222222
R2 = 0.015951698098429258065866775950781 = R
R3 = 0.021955106317595653175889225394712.

Example 3.3. Let E1 = E2 = R, Ω = [− 5
2 ,

1
2 ]. Define F on Ω by

F (x) = x3 log x2 + x5 − x4

Then
F ′(x) = 3x2 log x2 + 5x4 − 4x3 + 2x2,

Then, we get that φ0(t) = φ(t) = 147t, ψ(t) = 2. So, we obtain
R1 = 0.0015117157974300831443688586545729
R2 = 0.00088140170616351218649264787075026 = R
R3 = 0.0012234803047134626755032549283442.

Example 3.4. Let B1 = B2 = C[0, 1],Ω = Ū(x∗, 1) and consider the nonlinear
integral equation of the mixed Hammerstein-type [1, 2, 3, 5, 11] defined by

x(s) =

∫ 1

0

G(s, t)(x(t)3/2 +
x(t)2

2
)dt,

where the kernel G is the Green’s function defined on the interval [0, 1]× [0, 1] by

G(s, t) =

{
(1− s)t, t ≤ s
s(1− t), s ≤ t.

The solution x∗(s) = 0 is the same as the solution of equation (1.4), where F :
C[0, 1] −→ C[0, 1]) is defined by

F (x)(s) = x(s)−
∫ 1

0

G(s, t)(x(t)3/2 +
x(t)2

2
)dt.

Notice that

∥
∫ 1

0

G(s, t)dt∥ ≤ 1

8
.

Then, we have that

F ′(x)y(s) = y(s)−
∫ 1

0

G(s, t)(
3

2
x(t)1/2 + x(t))dt,

so since F ′(x∗(s)) = I,

∥F ′(x∗)−1(F ′(x)− F ′(y))∥ ≤ 1

8
(
3

2
∥x− y∥1/2 + ∥x− y∥).
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Then, we get that ω0(t) = ω(t) = 1
8 (

3
2 t

1/2 + t), ω1(t) = 1 + ω0(t). So, we obtain
R1 = 1.2
R2 = 0.60784148620540678908952259007492 = R
R3 = 0.77695598964350998105743428823189.

4. Conclusion

A very important aspect in the study of iterative methods is the convergence
region, since it determines the choices of the initial point. That is why we studied
the convergence of three popular sixth order methods for solving nonlinear equations
under the same set of conditions. The radii of convergence were evaluated on three
test examples showing that in each example a different method has the largest
radius of convergence.
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ABSTRACT. In this paper, we introduce two new linesearch algorithms for solving a
non-monotone equilibrium proplem in a real Hilbert space. Each method can be considered
as a combination of the extragradient method with linesearch and shrinking projection
methods. Then we show that the iterative sequence generated by each method converges
strongly to a solution of the considered problem. A numerical example is also provided.
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1. Introduction

Let H be a real Hilbert space with an inner product ⟨·, ·⟩ and the associated norm
∥ · ∥. The strong convergence and the weak convergence in the Hilbert space H are
denoted by ‘→’ and ‘⇀’, respectively.
Let Ω be an open convex subset in H containing a nonempty closed convex C, and
f : Ω× Ω → R be a bifunction such that f(x, x) = 0 for every x ∈ C.

The equilibrium problem (shortly EP(C, f)), in the sense of Blum, Muu and
Oettli [4, 21] (see also [15]), consists of finding x∗ ∈ C such that

f(x∗, y) ≥ 0, ∀y ∈ C,

and its associated equilibrium problem

Find y∗ ∈ C such that f(x, y∗) ≤ 0, ∀x ∈ C. (1)

∗Corresponding author.
Email address: vandinhb@gmail.com, nttha711@gmail.com, hainn@dhcd.edu.vn, thanh0712@gmail.com.
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Note that problem (1) is called as the Minty equilibrium problem (MEP(C, f)
for short) due to M. Castellani and M. Giuli [6]. We denote the solution set of
EP(C, f) and MEP(C, f) by SE and SM , respectively.

Although problem EP(C, f) has a simple formulation, it encompasses, among
its particular cases, many important problems in applied mathematics: convex
optimization problem, variational inequality problem, fixed point problem, saddle
point problem, Nash equilibrium problem in noncooperative game, and others; see,
for example, [3, 4, 21], and the references quoted therein.

Recall that a bifunction f is said to be monotone on C if
f(x, y) + f(y, x) ≤ 0,∀x, y ∈ C,

and pseudo-monotone on C if
∀x, y ∈ C, f(x, y) ≥ 0 =⇒ f(y, x) ≤ 0.

Solution methods for equilibrium problems with monotone or pseudo-monotone bi-
functions [1, 9, 12, 13, 16, 17, 19, 22, 29] have been studied extensively by many
researchers and they have been usually extended from those for variational inequal-
ity problems and other related problems [5, 14].

For obtaining a solution of a non Lipschitz type and pseudo-monotone equilib-
rium problem in Euclidean space, Tran et al. [27] proposed to combine extragradient
algorithms [18] with Armijo linesearch rule [2] to get the following algorithm.

Algorithm 1.
Initialization. Pick x0 ∈ C, η, µ ∈ (0, 1); 0 < ρ;
γk ∈ [γ, γ̄] ⊂ (0, 2).
Iteration k (k = 0, 1, 2, ...). Having xk do the following steps:

Step 1. Solve the strongly convex program

min
{
f(xk, y) +

1

2ρ
∥y − xk∥2 : y ∈ C

}
CP (xk)

to obtain its unique solutions yk.
If yk = xk, then stop. Otherwise, go to Step 2.
Step 2. (Armijo linesearch rule) Find mk as the smallest positive inte-
ger number m such that{

zk,m = (1− ηm)xk + ηmyk

f(zk,m, xk)− f(zk,m, yk) ≥ µ
2ρ∥x

k − yk∥2.

Set ηk = ηmk , zk = zk,mk .
Step 3. Select wk ∈ ∂2f(z

k, xk), take σk = f(zk,xk)
∥wk∥2 , and compute

xk+1 = PC(x
k − γk.σk.w

k), and go to Step 1 with k is replaced by
k + 1.

They showed that the sequence {xk} generated by the above algorithm converges
to a solution of EP(C, f) provided that SE ̸= ∅.

In addition, to find a fixed point of a non-expansive self mapping T in real Hilbert
spaces, i.e., T : C → C and ∥Tx − Ty∥ ≤ ∥x − y∥, ∀x, y ∈ C. Takahashi et al.
[26] introduced the following iterative method, known as the shrinking projection
method, which is the following:

Algorithm 2
Initialization. Pick x0 = xg ∈ C, choose parameters α ∈ [0, 1), {αk} ⊂ [0, α] and

set C0 = C.



STRONG CONVERGENCE ALGORITHMS FOR EPS WITHOUT MONOTONICITY 141

Iteration k (k = 0, 1, 2, ...). Having xk do the following steps:
Step 1. Compute

yk = αkx
k + (1− αk)Tx

k,

Ck+1 = {x ∈ Ck : ∥x− uk∥ ≤ ∥x− xk∥}.
Step 2. Compute xk+1 = PCk+1

(xg), and go to Step 1 with k is replaced by k+1.
They proved that {xk} generated by Algorithm 2 converges strongly to x∗ =

PFix(T )(x
g). In spired by above algorithms and recent works [7, 10, 25, 31], in this

paper, we introduce algorithms for solving an equilibrium problem in a real Hilbert
space without pseudo-monotonicity assumption of the bifunctions by combining
Algorithm 1 with Algorithm 2. Then, we proved that the sequences generated by
proposed algorithms strongly converges to a solution of SE .

The rest of paper is organized as follows. The next section contains some pre-
liminaries on the metric projection and equilibrium problems. The third section
is devoted to introduce two algorithms for EP(C, f) and their strong convergence.
In the last section, we present an application of the proposed algorithm for Nash-
Cournot equilibrium models of electricity markets and its implementation.

2. Preliminaries

In this paper, we denote the metric projection operator on C by PC , that is
PC(x) ∈ C : ∥x− PC(x)∥ ≤ ∥y − x∥, ∀y ∈ C.

It is well known that the projection operator onto a closed convex has the fol-
lowing properties.
Lemma 2.1. Suppose that C is a nonempty closed convex subset in H. Then

(a) PC(x) is singleton and well defined for every x;
(b) z = PC(x) if and only if ⟨x− z, y − z⟩ ≤ 0,∀y ∈ C;
(c) ∥PC(x)− PC(y)∥2 ≤ ∥x− y∥2 − ∥PC(x)− x+ y − PC(y)∥2, ∀x, y ∈ C.

Definition 2.1. A bifunction φ : C×C → R is said to be jointly weakly continuous
on C × C if for all x, y ∈ C and {xk}, {yk} are two sequences in C converging
weakly to x and y respectively, then φ(xk, yk) converges to φ(x, y).

In the sequel, we need the following blanket assumptions
(A1) f(x, .) is convex on Ω for every x ∈ C;
(A2) f is jointly weakly continuous on Ω× Ω.

For each z, x ∈ C, by ∂2f(z, x) we denote the subdifferential of the convex function
f(z, .) at x, i.e.,

∂2f(z, x) := {w ∈ H : f(z, y) ≥ f(z, x) + ⟨w, y − x⟩, ∀y ∈ C}.
In particular,

∂2f(z, z) = {w ∈ H : f(z, y) ≥ ⟨w, y − z⟩, ∀y ∈ C}.
The next lemma can be considered as an infinite-dimensional version of Theorem
24.5 in [24]
Lemma 2.2. [28, Proposition 4.3] Let f : Ω × Ω → R be a function satisfying
conditions (A1) and (A2). Let x̄, ȳ ∈ Ω and {xk}, {yk} be two sequences in Ω
converging weakly to x̄, ȳ, respectively. Then, for any ϵ > 0, there exist η > 0 and
kϵ ∈ N such that

∂2f(x
k, yk) ⊂ ∂2f(x̄, ȳ) +

ϵ

η
B,

for every k ≥ kϵ, where B denotes the closed unit ball in H.
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Lemma 2.3. [20] Under assumptions (A1) and (A2), a point x∗ ∈ C is a solution
of EP(C, f) if and only if it is a solution to the equilibrium problem:

Find x∗ ∈ C : f(x∗, y) +
1

2ρ
∥y − x∗∥2 ≥ 0, ∀y ∈ C. (AEP )

Lemma 2.4. [30] Let C be a nonempty closed convex subset of H. Let {xk} be a
sequence in H and u ∈ H. If any weak limit point of {xk} belongs to C and

∥xk − u∥ ≤ ∥u− PC(u)∥, ∀k.
Then xk → PC(u).

Lemma 2.5. [10] Under assumptions (A1) and (A2), if {zk} ⊂ C is a sequence
such that {zk} converges strongly to z̄ and the sequence {wk}, with wk ∈ ∂2f(z

k, zk),
converges weakly to w̄, then w̄ ∈ ∂2f(z̄, z̄).

Lemma 2.6. [11] Let the equilibrium bifunction f satisfy the assumptions (A1) on
Ω and (A2) on C, and {xk} ⊂ C, 0 < ρ ≤ ρ̄, {ρk} ⊂ [ρ, ρ̄]. Consider the sequence
{yk} defined as follows

yk = argmin
{
φ(xk, y) +

1

2ρk
∥y − xk∥2 : y ∈ C

}
.

Then, if {xk} is bounded, then {yk} is also bounded.

3. Main Results

Now we are in a position to present the first algorithm for solving a non-monotone
equilibrium problem in a Hilbert space.

Algorithm 3.
Initialization. Pick x0 = xg ∈ C, choose parameters η, µ ∈ (0, 1), 0 < ρ ≤ ρ̄,
{ρk} ⊂ [ρ, ρ̄], γk ∈ [γ, γ̄] ⊂ (0, 2). and set C0 = C.
At each iteration k (k = 0, 1, 2, ...). Having xk do the following steps:

Step 1. Solve the strongly convex program

min
{
f(xk, y) +

1

2ρk
∥y − xk∥2 : y ∈ C

}
CP (xk)

to obtain its unique solution yk. If yk = xk, then stop. Otherwise, do
Step 2.

Step 2. (The first Armijo linesearch rule) Find mk as the smallest
positive integer number m such that{

zk,m = (1− ηm)xk + ηmyk

f(zk,m, xk)− f(zk,m, yk) ≥ µ
2ρk

∥xk − yk∥2.
(2)

Set ηk = ηmk , zk = zk,mk .
Step 3. Select wk ∈ ∂2f(z

k, xk), and compute uk = PC(x
k − γkσkw

k),
where σk = f(zk,xk)

∥wk∥2 .
Step 4. Compute

xk+1 = PCk+1
(xg),

where Ck+1 = {x ∈ Ck : ∥x− uk∥ ≤ ∥x− xk∥}, and go to Step 1 with
k is replaced by k + 1.

Remark 3.1. If yk = xk then xk is a solution to EP(C, f).
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Before proving the convergence of Algorithm 1, let us recall the following lemma
which was proved in [27].

Lemma 3.1. [27] Suppose that the bifunction f satisfies assumptions (A1) and
(A2), then we have:

(a) The linesearch is well-defined;
(b) f(zk, xk) > 0;
(c) 0 ̸∈ ∂2f(z

k, xk);
(d) In addition, if SM ̸= ∅, then

∥uk − x∗∥2 ≤ ∥xk − x∗∥2 − γk(2− γk)(σk∥wk∥)2, for all x∗ ∈ SM . (3)

Lemma 3.1 implies that the sequence {xk} generated by Algorithm 1 is well-
defined. The following theorem establishes the strong convergence of {xk} to a
solution of EP(C, f).

Theorem 3.2. Suppose that bifunction f satisfies assumptions (A1), (A2). If
the set SM is nonempty, then the sequence {xk}, {uk} generated by Algorithm 3
converge strongly to a solution x∗ of EP(C, f).

Proof. Take x̄ ∈ SM ⊂ C = C0. From Lemma 3.1, we have

∥uk − x̄∥2 ≤ ∥xk − x̄∥2 − γk(2− γk)(σk∥wk∥)2. (4)

Since γk ∈ [γ, γ̄] ⊂ (0, 2), we get

∥x̄− uk∥ ≤ ∥x̄− xk∥. (5)

By induction, we can conclude that x̄ ∈ Ck for all k.
By Step 4, xk = PCk

(xg), we have

∥xk − xg∥ ≤ ∥x− xg∥, ∀x ∈ Ck, (6)

so,
∥xk − xg∥ ≤ ∥x̄− xg∥, ∀k. (7)

Therefore, {xk} is bounded. Together with Lemma 2.2, {wk} is bounded. Combin-
ing with (5) we have {uk} is also bounded.
Since, xk+1 ∈ Ck and (6), we have

∥xk − xg∥ ≤ ∥xk+1 − xg∥, ∀k. (8)

Because {xk} is bounded, we get

lim
k→∞

∥xk − xg∥ = τ ≥ 0. (9)

In addition,

∥xk+1 − xk∥2 = ∥xk+1 − xg + xg − xk∥2

= ∥xk+1 − xg∥2 + ∥xg − xk∥2 + 2⟨xk+1 − xg, xg − xk⟩

= ∥xk+1 − xg∥2 + ∥xg − xk∥2 + 2⟨xk+1 − xk, xg − xk⟩ − 2∥xg − xk∥2

≤ ∥xk+1 − xg∥2 − ∥xk − xg∥2,

where the last inequality follows from the fact that xk = PCk
(xg) and xk+1 ∈ Ck,

then ⟨xk+1 − xk, xg − xk⟩ ≤ 0.
From (9), we obtain

lim
k→∞

∥xk+1 − xk∥ = 0. (10)
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Because xk+1 ∈ Ck+1, one has
∥xk − uk∥ ≤ ∥xk − xk+1∥+ ∥xk+1 − uk∥

≤ 2∥xk − xk+1∥

Take into account with (10) we get

lim
k→∞

∥uk − xk∥ = 0. (11)

Next, we show that {xk}, {uk} converge strongly to x∗ = P∩∞
k=0Ck

(xg).

It is clear that Ck is nonempty, closed and convex set, it is also weakly closed.
Since Ck+1 ⊂ Ck,∀k and xk ∈ Ck, xk ∈ Ck0

for all k ≥ k0. Let x̂ be any weak
accumulation point of the sequence {xk}, i.e., there exists {xkj} ⊂ {xk} such that
xkj ⇀ x̂ as j → ∞. Since {xkj} ⊂ Cki

,∀j ≥ i and the weak closedness of Cki
, it

implies that x̂ ∈ Cki
,∀i. Hence x̂ ∈ Ck,∀k, or x̂ ∈ ∩∞

k=0Ck.
Set x∗ = P∩∞

k=0Ck
(xg). From (7) we have,

∥xk − xg∥ ≤ ∥x∗ − xg∥, ∀k. (12)
We can conclude that xk converges strongly to x∗ by Lemma 2.4. Together with
( 11) we have uk also converges strongly to x∗.

Next, we show that x∗ solves EP(C, f).

In view of (4), it yields

γk(2− γk)(σk∥wk∥)2 ≤ ∥xk − uk∥
[
∥xk − x̄∥+ ∥uk − x̄∥

]
. (13)

Since γk ∈ [γ, γ̄] ⊂ (0, 2), and (11), we get from (13) that

lim
k→∞

σk∥wk∥ = 0. (14)

Since {xk} is bounded and Lemma 2.6, {yk} is bounded. Consequently, {zk} is
also bounded. Using Lemma 2.5, {wk} is bounded, In view of ( 14) yields

lim
k→∞

f(zk, xk) = lim
k→∞

[σk∥wk∥]∥wk∥ = 0. (15)

We have
0 = f(zk, zk) = f(zk, (1− ηk)x

k + ηky
k)

≤ (1− ηk)f(z
k, xk) + ηkf(z

k, yk),

so, we get from (2) that

f(zk, xk) ≥ ηk[f(z
k, xk)− f(zk, yk)]

≥ µ

2ρk
ηk∥xk − yk∥2.

Combining with (15) one has

lim
k→∞

ηk∥xk − yk∥2 = 0. (16)

We now consider two distinct cases:
Case 1. lim supk→∞ ηk > 0.

Then there exists η̄ > 0 and a subsequence {ηki} ⊂ {ηk} such that ηki > η̄, ∀i, and
from (16), one has

lim
i→∞

∥xki − yki∥ = 0. (17)
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Remember that xk → x∗ and (17), it implies that yki → x∗ as i → ∞.
By definition of yki we have

f(xki , y) +
1

2ρki

∥y − xki∥2 ≥ f(xki , yki) +
1

2ρki

∥yki − xki∥2, ∀y ∈ C. (18)

Without loss of generality, we assume that limi→∞ ρki
= ρ∗. Letting i → ∞, by

jointly weak continuity of f and xki → x∗, yki → x∗, we obtain in the limit that

f(x∗, y) +
1

2ρ∗
∥y − x∗∥2 ≥ 0.

By Lemma 2.3, we conclude that
f(x∗, y) ≥ 0, ∀y ∈ C.

Therefore, x∗ is a solution of EP(C, f).
Case 2. limk→∞ ηk = 0.

Since {yk} is bounded, it implies that there exists {yki} ⊂ {yk} such that yki ⇀ ȳ
as i → ∞.

By the definition of yki , we have

f(xki , yki) +
1

2ρki

∥yki − xki∥2 ≤ 0. (19)

In the other hand, by the Armijo linesearch rule (2), for mki
− 1, we have

f(zki,mki
−1, xki)− f(zki,mki

−1, yki) <
µ

2ρki

∥yki − xki∥2. (20)

Combining with (19) we get

f(xki , yki) ≤ − 1

2ρki

∥yki − xki∥2 ≤ 1

µ

[
f(zki,mki

−1, yki)− f(zki,mki
−1, xki)

]
. (21)

According to the linesearch rule, zki,mki
−1 = (1−ηmki

−1)xki+ηmki
−1yki , ηmki

−1 →
0. Since xki converges strongly to x∗, yki converges weakly to ȳ, it implies that
zki,mki

−1 converges strongly to x∗ as i → ∞. In addition, { 1
ρki

∥yki − xki∥2} is
bounded, without loss of generality, we may assume that limi→+∞

1
ρki

∥yki − xki∥2

exists. Hence, we get in the limit from (21) that

f(x∗, ȳ) ≤ − lim
i→+∞

1

2ρki

∥yki − xki∥2 ≤ 1

µ
f(x∗, ȳ).

Therefore, f(x∗, ȳ) = 0 and limi→+∞ ∥yki − xki∥2 = 0. By the Case 1, we get that
x∗ is a solution of EP(C, f).

�
Replacing the linesearch rule 2 by the other one, we get the following algorithm.
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Algorithm 4.
Initialization. Pick x0 = xg ∈ C, choose parameters η, µ ∈ (0, 1), 0 < ρ ≤ ρ̄,
{ρk} ⊂ [ρ, ρ̄], γk ∈ [γ, γ̄] ⊂ (0, 2). and set C0 = C.
At each iteration k (k = 0, 1, 2, ...). Having xk do the following steps:

Step 1. Solve the strongly convex program

min
{
f(xk, y) +

1

2ρk
∥y − xk∥2 : y ∈ C

}
CP (xk)

to obtain its unique solution yk. If yk = xk, then stop. Otherwise, do
Step 2.

Step 2. (The second Armijo linesearch rule) Find mk as the smallest
positive integer number m such that{

zk,m = (1− ηm)xk + ηmyk

f(zk,m, yk) + µ
2ρk

∥xk − yk∥2 ≤ 0.
(22)

Set ηk = ηmk , zk = zk,mk . If 0 ∈ ∂2f(z
k, zk), then Stop. Otherwise,

go to Step 3.
Step 3. Select wk ∈ ∂2f(z

k, zk), and compute uk = PC(x
k − γkσkw

k),
where σk = f(zk,xk)

∥wk∥2 .
Step 4. Compute

xk+1 = PCk+1
(xg),

where Ck+1 = {x ∈ Ck : ∥x− uk∥ ≤ ∥x− xk∥}, and go to Step 1 with
k is replaced by k + 1.

Remark 3.2. • If yk = xk then xk is a solution to EP(C, f);
• If 0 ∈ ∂2f(z

k, zk), then zk is a solution to EP(C, f).

Lemma 3.3. [27] Suppose that the bifunction f satisfies assumptions (A1) and
(A2), then we have:

(a) The linesearch is well-defined;
(b) f(zk, yk) < 0;
(c) If SM ̸= ∅, then

∥uk − x∗∥2 ≤ ∥xk − x∗∥2 − γk(2− γk)(σk∥wk∥)2, forall x∗ ∈ SM . (23)

Lemma 3.3 implies that the sequence {xk} generated by Algorithm 4 is well-
defined.

The following theorem show us the convergence of Algorithm 4.

Theorem 3.4. Suppose that bifunction f satisfies assumptions (A1), (A2). If
the set SM is nonempty, then the sequence {xk}, {uk} generated by Algorithm 4
converge strongly to a solution x∗ of EP(C, f).

Proof. This theorem can be proved by the same arguments as in Theorem 3.2 so
we obmit it.

4. Numerical examples

To illustrate the proposed algorithms, in this section, we consider an equilibrium
problem arising in Nash-Cournot oligopolistic electricity market equilibrium model
[8, 27]. In this model, there are nc companies, each company i may possess Ii
generating units. Let ng be number of all generating units and x be the vector



STRONG CONVERGENCE ALGORITHMS FOR EPS WITHOUT MONOTONICITY 147

whose entry xi stands for the power generating by unit i and σ =
∑ng

i=1 xi. We
assume that the price p is a decreasing affine function of σ, that is

p(x) = 378.4− 2

ng∑
i=1

xi = p(σ).

Then the profit made by company i is given by

fi(x) = p(σ)
∑
j∈Ii

xj −
∑
j∈Ii

cj(xj),

where cj(xj) is the cost for generating xj given by
cj(xj) := max{c0j (xj), c

1
j (xj)}

with

c0j (xj) :=
α0
j

2
x2
j + β0

jxj + γ0
j , c1j (xj) := α1

jxj +
β1
j

β1
j + 1

γ
−1/β1

j

j (xj)
(β1

j+1)/β1
j ,

where αk
j , β

k
j , γ

k
j (k = 0, 1) are given parameters.

Denote xmin
j and xmax

j is the lower and upper bounds for the power generating
by the unit j. Then the strategy set of the model takes the form

C := {x = (x1, ..., x
ng

)T : xmin
j ≤ xj ≤ xmax

j , ∀j}.

By setting qi := (qi1, ..., q
i
ng )T with

qij =

{
1 if j ∈ Ii

0 if j ̸∈ Ii
,

and define

A := 2

nc∑
i=1

(1− qi)(qi)T , B := 2

nc∑
i=1

qi(qi)T , (24)

a := −387.4

nc∑
i=1

qi, and c(x) :=

ng∑
j=1

cj(xj). (25)

Then this oligopolistic equilibrium model can be written by the following equilib-
rium problem EP(C, f) (see [23, Page 155]):
Find x∗ ∈ C : f(x∗, y) = [(A+B)x∗+By+a]T (y−x∗)+ c(y)− c(x∗) ≥ 0, ∀y ∈ C.

It can be seen that, the matrix A is not positive semidefinite and f(x, y)+f(y, x) =
−(y − x)TA(y − x), hence the bifunction f is nonmonotone and nonsmooth.

We test Algorithm 3 for this problem with corresponds to the first model in [8]
where nc = 3, and the parameters are given in the following tables:

We implement Algorithm 1 in Matlab R2014a running on a Laptop with Intel(R)
Core(TM) i5-3230M CPU@2.60 GHz with 4 GB Ram. To terminate the Algorithm,
we use the stopping criteria ∥xk+1−xk∥

max{1,∥xk∥} ≤ ϵ with a tolerance ϵ = 10−3. The com-
putation results are reported in Table 3 with some starting points and regularized
parameters.
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Com. Gen. xg
min xg

max xc
min xc

max

1 1 0 80 0 80
2 2 0 80 0 130
2 3 0 50 0 130
3 4 0 55 0 125
3 5 0 30 0 125
3 6 0 40 0 125

Table 1. The lower and upper bounds of the power generation of the
generating units and companies.

Gen. α0
j β0

j γ0
j α1

j β1
j γ1

j

1 0.0400 2.00 0.00 2.0000 1.0000 25.0000
2 0.0350 1.75 0.00 1.7500 1.0000 28.5714
3 0.1250 1.00 0.00 1.0000 1.0000 8.0000
4 0.0116 3.25 0.00 3.2500 1.0000 86.2069
5 0.0500 3.00 0.00 3.0000 1.0000 20.0000
6 0.0500 3.00 0.00 3.0000 1.0000 20.0000

Table 2. The parameters of the generating unit cost functions.

Iter(k) ρ xk
1 xk

2 xk
3 xk

4 xk
5 xk

6 Cpu(s)
0 0.1 0 0 0 0 0 0

691 46.6583 32.0728 15.0832 21.9862 12.3870 12.4071 136.0017
0 0.5 0 0 0 0 0 0

1166 46.6541 32.0750 15.0845 21.9224 12.4209 12.4389 151.3664
0 0.9 0 0 0 0 0 0

847 46.6440 31.9437 15.2014 21.6995 12.5953 12.4952 162.2410
0 0.1 30 20 10 15 10 10

629 46.6531 32.1041 15.0509 22.0089 12.4180 12.3606 122.1176
0 0.5 30 20 10 15 10 10

711 504 46.6416 31.9645 15.1811 21.6667 12.5630 12.5629 135.5798
0 0.9 30 20 10 15 10 10

711 46.6482 32.0263 15.1150 21.6827 12.5460 12.5657 147.0316
Table 3. Results computed with some starting points and regu-
larized parameters.

5. Conclusion

. We have introduced two projection algorithms for finding a solution of a non-
monotone equilibrium problem in a real Hilbert space. The strong convergence of
the proposed algorithms are obtained. We then have applied a proposed algorithm
for a Nash-Cournot oligopolistic equilibrium model of electricity market. Some
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computation results are reported.
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