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ABSTRACT.

In this paper we give the Hadamard and the Fejér-Hadamard type integral inequalities
for convex and relative convex functions by involving a generalization of the Riemann-
Liouville fractional integral. Also some connections with known results have been obtained.
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1. PRELIMINARIES

Convex functions are very useful for diverse fields of Mathematics, a rich litera-
ture has been built since their discovery [15].

Definition 1.1. Let I be an interval of real numbers. Then a function f : I — R is
said to be convex function if for all z,y € I and 0 < A < 1 the following inequality
holds

f@d+ 1 =Ny) <Af(@)+ (1= A)f(y).

Convex functions are naturally obey the following inequality which is well known
as the Hadamard inequality

f(““’) <! /abf(x)dmﬁf(a)+f(b)

2 b—a 2

where f: I — R is a convex function on I and a,b € I,a < b.
Following definitions are given in [14].

* Corresponding author.
Email address : prof.abbas6581@gmail.com (Ghulam Abbas), faridphdsms@hotmail.com, ghlm-
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Definition 1.2. Let T} be a set of real numbers. This set T, is said to be relative
convex with respect to an arbitrary function g : R — R if

(1—-t)x+tg(y) € Ty,
where z,y € R such that z,g(y) € T,, 0 <t < 1.

Note that every convex set is relative convex, but the converse is not true. For
example T, = [-1, Zt]J[0,1] and g(z) = 2?2, for all z € R. This set is relative
convex but not convex set. Another possibility may be occure that a realtive covex
set is convex set for example if T, = [—1,1] and g(z) = (Jz|)7 for all z € R (see[J]).

If g = I the identity function, then the definition of relative convex set recaptures
the definition of classical convex set.

Definition 1.3. A function f : T, — R is said to be relative convex, if there exists
an arbitrary function g : R — R such that

F(A =tz +1tg(y)) < (A —1)f(x) +tf(9(y)),
holds, where z,y € R such that z,g(y) € Ty, 0 <t < 1.

Noor et al proved the following Hadamard type integral inequality in [14] for
relative convex functions via Riemann-Liouville fractional integral operators.

Theorem 1.4. Let f be a positive relative convex function and integrable on [a, g(b)].
Then the following inequality holds

f ( +zg(b)> < Q&Zf_f)a I Fo(b) + I fla)] <

fla) + f(g(b))
2

a > 0.

In the following we give some definitions and known facts about fractional integral
operators [17].

Definition 1.5. Let w € R and «, 3, k, [,y be positive real numbers. The general-
ized fractional integral operators ez";’kl wa+ and el";’li wp. for areal valued contin-

uous function f are defined as follows

(8 art) @ = [0 B e - 0 0a, ()
and '

(% 1) () = / (t = )" B (e — 2)) S0y,
where the function Eg ﬁ’ , is the generalized Mittag-LefHler function defined as

ok (
Ea5a®) Z I( an+ﬁ ) (1.2)

the Pochhammer symbol (a),, is deﬁned by (a),= a(a + 1)(a + 2)...(a + n — 1),
(Q)OZ]..

For w = 0, (1.1) produces the definition of Riemann-Liouville fractional integral

operators [17]

B x:L mx— p-1 xr>a
0@ = 55 [ @0 0 o>

and
1

b
1 1@ = 705 /x (t— )P (D)dt, = < b.
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In [17] properties of the generalized Mittag-Leffler function are discussed and
it is given that Egg’?(t) is absolutely convergent for k < I + a. Let S be the

sum of series of absolute terms of the Mittag-Leffler function E’ 5’1( ), then we

have ‘Egg’?(t)‘ < S. We use this property of Mittag-Lefler function in our results

where we need.

In [10] the following Hadamard and the Fejér-Hadamard inequalities for convex
functions via generalized fractional integral operator containing the Mittag-Leffler
function have been proved.

Theorem 1.6. Let f : [a,b] — R be a positive function with 0 < a < b and
f € Li[a,b]. If f is convex on [a,b], then the following inequality for generalized
fractional integrals holds

7,0,k 7,0,k
/ (a;b> (@38 e 1(t) < St DO Coppera O
< f(a) ‘2|’ f(b)( ’Y,%Ii e 1)(a),

w

where w' = —a)

Theorem 1.7. Let f : [a,b] = R be a conver function with 0 < a < b and
f € Lila,b]. Also, let g : [a,b] — R be a function which is non-negative, integrable
and symmetric about ‘ITH’. Then the following inequality for generalized fractional
integrals holds

o,k ~v,0,k
b Zy w’,a fg [eY w’ *fg a
f (a+ )W’“ o)) < Cedier DO Cagirs 19O
2 a,B,l,w’a 2
fla)+ f(b) , 45,
< BT (st o)),
/I w
where W' = ((=EE
In [12, 14] the Hadamard and the Fejér-Hadamard type inequalities for con-

vex and relative convex functions via Riemann-Liouville fractional integral opera-
tors have been proved. In this paper we give fractional integral inequalities of the
Hadamard and the Fejér-Hadamard type for convex and relative convex functions
by using the fractional integral operators involving the generalized Mittag-LefHler
function. We also produce the results which are given in [12, 14] by setting particular
values of parameters.

2. MAIN RESULTS

Following lemmas are useful to establish new results.

Lemma 2.1. Let f : [a,b] — R be an integrable and symmetric function about ‘Hb

Then the following equality holds

vék 75,19 a
(2 as ) ) = (23 1) (@) = (C‘“““*f)()2<”**l’“”bf)<(). |
2.1

Proof. As f is symmetric about aT"'b, therefore f(a+ b —t) = f(t). By definition
we have

b
(@) = [(=0 B w0 — 00 (22)
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replacing t by a + b — t in equation (2.2) we have
b
N — 6,k
(A f) O = [ (=P B3l - ) (0
a

This implies

5,k 8,k

( 715 lw a+f) (b) = (el,ﬂ,l,w,b, f) (a). (2.3)

Therefore we get (2.1).
O

Lemma 2.2. Let f : [a.b] = R be a differentiable function on (a,b) and f’ € L[a, .
If g : [a.b] — R is integrable and symmetric about “T'H’, then we have the following

equality
(L) (2 0+ (50) 0]
(s o ad) )+ (2500 ) (@)
_ / b [ / (b 8P B (b — )7)g(s)ds
- / (s — @) B ol - a)%g(s)ds] £ (t)dt.

Proof. To prove this lemma we take terms of the right hand side, on integrating by
parts and after simplification we have

b t
L[ o= Esieo - omee] s
a a b
:f(b)/ (b= 5L EL% (w(b — 5)%)g(s)ds— / (b— 1P BT (w(b — £))gf ()t
= FO) (25 ar9) O = (2500 97) 0.

By using Lemma 2.1 we have
/ b [ / (b 8P B b s>“>g<s>ds] £ (t)dt (2.0
IO (st o) 0+ (s 0) @)] -~ (2550 0e0f) B

Similarly
/ s — @) L (s — a))g(s)ds] £/ ()t 25)
_
T Tt ea) @)+ (2% o) @] — (235, of) (@)
Adding (2.4) and (2.5) we get the left hand side. O

In the following we give our first integral inequality of the Hadamard type.

Theorem 2.3. Let f: I — R be a differentiable mapping in the interior of I with
f € Lia,b], a < b. If |f'| is conver on [a,b] and g : I — R is continuous and
symmetric function about “7%, then we have the following inequality

(W) [(67 %i w a+g) (b) + (63”%5’“’}”9) (a)}
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(e arar) O+ (2500 ) @)

89

Hg”OO (b_a)B—H 1 / /
Mol B0 (1= L) v+ rol
fork <1+ and || g o= sup lo()].

t€la,

Proof. By using Lemma 2.2 we have
‘(W) (05 9) O+ (05 00) @] (2.6)
(s ear) 0+ (255 0 08) @)
< [|[[ o~ Ezsteo - e

b
—/ (s — a)’B_lEl:g’f(W(s — a)a)g(s)ds] "(t)|dt.
t
Using the convexity of |f’ | we have
1f'@) < |f( )|+ '®)]; t € [a,b]. (2.7)

By using symmetry of function g we have
b
/ (s — a)’B_lEl:g’f(w(s —a)®)g(s)ds
t
a+b—t
:/ (b= )P EL 5k (w(b— 5)*)gla + b — s)ds

a+b—t
:/ (b— )P EL 5k (w(b — 5))g(s)ds.

This implies

t b
/ (b= )L EY% (w(b — 5))g(s)ds — / (s — )P BT (w(s — a)*)g(s)ds

(2.8)

a+b—t

/t (b= 5)~LEL (w(b — 5))g(5)ds
<{ SO = )P B (@ (b — 8)*)g(s)|ds, t € [a, 5]
T S 1= )P BT (w(b — 5)*)g(s)|ds, t € [0, b).

(

¢

By (2.6), (2.7), (2.8) and absolute convergence of Mittag-Leffler function, we have

‘(7f (@] (b>) (0t o aa) O+ (255, 9) @] (2.9)
(5 haror) O+ (Z5hs9f) @]

<[ ([ om0 o - el ) (i@l o o) a

b—a
+/ab+b (/aib—t‘(bis)ﬂ LET SR (w(b— ) )g(s)\ds> (%\f’(a) Z:Z / )‘) ”
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a+b a+b

gl S 2 0B —(t—a)B(h— "(a 2 OB —(t—a) Bt —a)lf
<5@@{A (=07 = o=0lf @)+ [ 7 (0= = (=) (- a)lf @)

a+b
2

b b
+/ «taWwN%wwmmﬁ+ﬁy«tawwﬁ%@ﬁ@nﬂ.

Since we have

GQ(@Uﬁ@aWwaﬁ_(b®m2<ﬂ+l 1 )

. B+1 \Br2 277

and
a+b
2

a f+1 \B+2
Using the above calculations in (2.9) we have

(L IO) (30 00+ (255 o) @)
(B al) O+ (2350 0f) @)

<5 5 () + (g J @l £ 0

LS - 0 (1= 55 ) 11+ 1

_ )2
«bfﬂﬁf@faW)@faﬂkzw S ( ! 2;4).

O

A special case is stated in the following, which is inequality of the Hadamard
type for Riemann-Liouville fractional integrals.

Corollary 2.4. Setting w = 0 in Theorem 2.3 we have the following inequality for
Riemann-Liouville fractional integral operators

(W) |1290) + 1 g@)| = |17 F9(®) + 1} f9(a)] \ (2.10)

19 ]l (b—a)*

]' !/ !
Mol Lo (1= 55 ) U@l + 17 o,

Remark 2.5. The above inequality (2.10) is proved in [12].

Theorem 2.6. Let f: I — R be a differentiable function in the interior of I, also
let f' € Lla,b], a <b. If |f'|?, ¢ > 0 is convezx on [a,b] and g : I — R is continuous
and symmetric function about %b, then we have the following inequality

(L0 (8 ) 0+ (@ n) @] 1
(o) O+ (s of) @]

20 SO-" (1 1\ (i s e
< 2ol SO (1o DY i+ o

fork <l+a and | gllco= sup |g(t)] and%Jr%:l.
t€la,b]

Q=

Proof. From Lemma 2.2, Holder inequality, inequality (2.8) one can has

(2020 (a5t 0+ (s )] e
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G OB Ch R [0]|
r
i

Using absolute convergence of Mittag-Leffler function and || g ||co= sup |g(t)] we
t€la,b]

=
a

If’(t)lthl

a+b—t
/t (b= 5)P LB (w(b — 5)°)g(s)ds

aq

a+b—t
/t (b— 5~ LEY 3 (w(b — 5)%)g(s)ds

have

(P [(8he0) 0+ (2a0) @]

()0 (2 0) @)

( a+b_t(b—s)ﬂ_1ds> dt+/b (/t b (b—s)ﬂ—lds) dt}
aft \Ja+b—t

<l gL st [ / ( / - s)ﬁ-lds> £ b))t

+/b+ (/aibt(b — s)f“ds) |f’(t)|thr

By some calculation we have
(G| (G ORI C I 0)
(i al) O+ (2300 o) @)

b— a)f+1 1 b—a)f+1 1"
<ol s | P52 g+ 0 a- )

1—1
q

<lgl s [
i

Q=

= b a
x [ [T @0 ——a)iropas [ (0-0- -0 If’(t)th] .
Since |f’|? is convex on [a, b], therefore we have
b— _
PO < 5 @)+ | B, (213)
Hence
b
’<f(a);f()) [(el‘;klw(ﬁg) (b) + (6';’7%7]3,%1),9) (a)}
k
!

(@ earaf) O+ (205
_q)PH! 1-2
e 1)}

<yl 5[2° g
. V (0-0° ~ =) (Felf @F + g=alr o) d
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b _ 4 %
JF/LH ((b—t)ﬂf(tfa)ﬁ) ([l))_:b /(a>|q+2_a|f/(b)|q> dt] .

2

From which one can have (2.11). O

Corollary 2.7. Setting w = 0 in Theorem 2.6 we have the following result for
Riemann-Liowville fractional integral operators

‘ <W> 112, 9(b) + 1) g(a)] — 12, fg(b) + I} fg(a))

2 gl (b—a)’*'"3
= r'(B+2) (1

- 53 ) (F @I+ 17O
B> 0.

In the following we give the Hadamard inequality for relative convex functions
via generalized fractional integral operators.

Theorem 2.8. Let f : [a,g(b)] — R be a positive relative conver function and
f € Lla,g(b)]. Then the following inequalities for gemeralized fractional integral
operators hold

() (3 1) @)

IN

L e ) GO+ (25 ) ) (@)

a b
W (GZL’%i,w/,g(b)_ 1) (a),

IN

! __ w
where w' = (CIOEDEE

Proof. Since f is relative convex on [a, g(b)], we have

P2 = p | (tea+ - 090) + (1= 5) (@ - Da+ 1)

< o (ta (1= 0)g(0) + 37 (1~ t)a + tg(0)).

Multiplying both sides by 2t6*1El’g’]§(wt‘l) and integrating over [0, 1] we have

1
2f (*;’“”) | e By < / B ) f (tfa+ (1= g(0) dt

+/1t51Eg;g=§(wta)f((1t)a+tg(b))dt. (2.14)
0

Setting ta + (1 —t)g(b) = x that is t = ?;Ebg = and (1 —t)a + tg(b) = y that is

t = 2" we have
o (5 ) ) e (e (=) ) (o) e
= /g(b> @(b) _zy—l Easi ( .

UG m e Gl) ) o G-
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After simplification we get

a+9M)\ ( yok 76k 8k
o (D) (@5 e1) (00 <[ (5 ) 0O (D 5 1) @)
(2.16)
By using the relative convexity of f on [a, g(b)] one can has

flta+(1=t)g(b))+f((1=t)a+1tg(b)) < tf(a)+(1—1)f(9(b))+(1—1)f(a)+tf(g(b))-
Multiplying tﬁflE;:g’f; (wt®) on both sides and integrating over [0, 1] we have

/ 1 P BT Ok (i) f(ta + (1 — t)g(b))dt + / 1 P ET R (@t (1 — t)a + tg(b))dt
0 ” 0 "

1 1
< /0 LB (wt)(tf (@) + (1 — ) f(g(b)))dt + /0 P (W) (1= 1) f(a) + tf(g(b)))dt.

Setting ta + (1 — t)g(b) = = that is t = ggzg:z and (1 — t)a + tg(b) = y that is
t=_ya

= 30—a and after simple calculation we have

—~

(E5hrar ) GO+ (25 g0 F) @] < U@+ GO (25 g0 L) @

(2.1

o2

Combinig (2.16) and (2.17) we get the result.

Remark 2.9. (i) If we put w = 0 and & = 1 in Theorem 2.8 we obtain Theorem
1.4.
(i) If we put w =0 and 3 = ¢ in Theorem 2.8, then we get [11, Theorem 3].

In the upcoming theorem we give the generalization of previous result.

Theorem 2.10. Let f : [g(a),g(b)] = R be a positive relative convex function and
f € Lig(a),g(b)]. Then the following inequalities for generalized fractional integral

operator holds
g(a) + g(b) Sk
! (2 (GZ,B,l,w',g(a)Jr]') (9(b))

(% ) O + (238 iy £) @]

2
SO HH0OD) (a 1) (e,

IA

IN

/I w
where W' = G gtans -
Proof. Proof of this theorem is on the same lines of the proof of Theorem 2.8. [

Corollary 2.11. Forw = 0 we obtain the following inequality for Riemann-Liouville
integral operator from Theorem 2.10

; <g<a> ;g(b)) . T+

|

[N~}

—
R}

IN

with 8 > 0.

Remark 2.12. In Theorem 2.10 if we take w = 0, 8 = ¢, then we get [I 1, Theorem
5].
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1. INTRODUCTION

In 1963, DeMarr [11] proved a common fixed point theorem for families of com-
muting nonexpansive mappings. After DeMarr, many researchers studied this sub-
ject and many results for families of nonexpansive mappings appeared; refer to
Linhart [27], Ishikawa [15], Kuhfittig [25], Kitahara and Takahashi [16], Takahashi
and Tamura [39], Suzuki [36, 35] and so on. For example, in the strictly convex
Banach space setting, Linhart [27] presented an iteration scheme for common fixed
points of infinite families of commuting nonexpansive self-mappings on a compact

convex set. Motivated by Linhart’s result, Suzuki [36] presented the following.

Theorem S. Let C be a compact convex subset of a strictly convex Banach space
E. Let {T,} be a sequence of nonexpansive mappings on C with NS, F(T,) # .
Let {a, } be a sequence of positive numbers such that >, a, < 1 and let {I,,} be
a sequence of subsets of N satisfying I,, C I, 1 forn € N and U2 ,I,, = N. Define
a sequence {z,} in C by z; € C' and

Tpi1 = (1— Zielﬂ' a;)T, + Ziel" a; iy, for ne N.

Then {x,} converges strongly to a common fixed point of {T,}.

* Corresponding author.
Email address : ibarakiQynu.ac.jp, aho314159@yahoo.co.jp.
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On the other hand, in 1975, Baillon [6] proved the first nonlinear ergodic theorem
for a nonexpansive mapping in a Hilbert space. After Baillon, many mean conver-
gence theorems appeared. Furthermore, Takahashi and Takeuchi [40] proved a mean
convergence theorem for attractive points of generalized hybrid mappings with nei-
ther closeness nor convexity of the domain. Also, Aoyama [1] and Kohsaka [19]
proved convergence theorems for quasi-nonexpansive type mappings.

In 1997, Shimizu and Takahashi [32] studied a common fixed point problem for fi-
nite families of commutative nonexpansive mappings. They introduced an iteration
scheme combined Halpern type and Baillon type, and proved a strong convergence
theorem in Hilbert spaces. In 1998, Atsushiba and Takahashi [1] introduced an
iteration scheme combined Mann type and Baillon type, and proved a weak conver-
gence theorem for commutative two nonexpansive mappings, in uniformly convex
Banach spaces. Suzuki [34] and Takeuchi [12] studied this problem in general Ba-
nach spaces.

Very recently, in the Hilbert space setting, Kohsaka [20] replaced nonexpansive
mappings by (A)-hybrid mappings in the main theorems of [32, 4]. Kohsaka [20]
also presented the following theorem; also see Ibaraki and Takeuchi [13].

Theorem K. Let C be a bounded closed and convex subset of a Hilbert space H.
Let S and T be (A)-hybrid self-mappings on C with A and pu. Assume ST =T'S.
Set ' = F(S)N F(T). Define a sequence {z,} in C by z; € C and

Tntl = G Yoieo g S TIx1  for neN.

Then the following hold.

(1) {PFSizjl}(m)eNg converges strongly to u € F' in the sense of net.
(2) {xn} converges weakly to u € F.

Remark. Of course, we can replace the boundedness of C by F = F(S)NF(T) # .

Motivated by the works as above, we hope to add something new. Then, specifi-
cally, we prove some convergence theorems for common fixed points of a wide range
of nonlinear self-mappings on a closed convex subset of a Hilbert space.

2. PRELIMINARIES

In this article, N and Ny denote the sets of positive integers and non—negative
integers, respectively. N(i,j) denotes the set {k € Ny : i < k < j} for 4,5 € Ny
with ¢ < j. In the case of j < i, we define N(4,7) = and > ;_.() =0.

H denotes a real Hilbert space with inner product (-,-) and norm || - || derived
from (-,-). C always denotes a non—empty subset of H unless otherwise noted.
Then, normally, “non—-empty” is omitted. The following are basic:

(1) A closed convex subset C' of H is weakly closed. A bounded sequence in H
has a weakly convergent subsequence.

(2) Let {un} be a sequence in H. Then {u,} converges weakly to z € H if every
weak cluster point of {u,} and z are the same.

(3) H has the Opial property [30], that is, if {u,} is a sequence in H which
converges weakly to u € H, then, for v € H with v # u,

liminf,, ||u, — | < liminf,, ||u, — v

(4) Let C be a closed convex subset of H. For x € H, there is the unique point
zy of C satisfying ||z — z;|| = inf{||x — 2| : 2 € C'}. 2, is called the unique nearest
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point of C' to x. Define a mapping Pc by Pocx = z, for x € H. P¢ is called the
metric projection from H onto C. Pg satisfies the following: For z € H and y € C,

0< (o~ Pex,Pex—y) and |[lz = Peal* + | Pex —y[* < [lz —y]*.

Let C be a subset of H and T be a mapping from C' into H. I denotes the
identity mapping on C. Sometimes we denote I by T°. F(T) denotes the set of
fixed points of T, that is, F(T) = {x € C : © = Txz}. A(T) denotes the set of
attractive points of T', that is, A(T) ={z € H : |[Ty —z| < ||z —y|| for all y € C'};

for the notion of attractive points, see Takahashi and Takeuchi [40]. I — T is said
to be demiclosed at 0 if w € F(T') holds whenever there is a sequence {z,} in C
which converges weakly to v € C and satisfies lim,, |7z, — z,|| = 0. In the case

that C' is compact and convex, I — T is demiclosed at 0 if 7" is continuous on C'.
T is called nonexpansive if || Tz — Ty|| < ||z — y|| for z,y € C. Also T is called
quasi-nonexpansive if # F(T) C A(T). A nonexpansive mapping T' with F(T') #
is quasi—nonexpansive.
T is said to satisfy condition (Ns) if there is s € [0, c0) such that

|z — Tyl < ||z —y|| + sljx = Tz|| for z,y€C. (N2)

A nonexpansive mapping satisfies (Na) as s = 1. T satisfies F(T) C A(T) if T
satisfies (Vo). Then T is quasi-nonexpansive if T satisfies (No) and F(T) # .

Recently, some researchers study (Ns); see Suzuki [37], Falset and co—authors [12],
Takahashi and Takeuchi [40], Kubota and Takeuchi [22], and Kubota and co-
authors [21]. Also, some researchers study generalized hybrid mappings introduced
by Kocourek and co—authors [18] or (A)-hybrid mappings introduced by Aoyama
and co—authors [2]. The class of generalized hybrid mappings is wider than the class
of (A\)~hybrid mappings. Even so, the class of (A)-hybrid mappings contains some
important classes of nonlinear mappings.

In [2], they say as below: Let A € R. T is called A-hybrid if

Tz —Ty||* < ||z —y|*> +2(1 = X\){x — T,y — Ty) for z,y€C. (An)

For example, the following expression appeared in Kohsaka [20]: Let S be a A-hybrid
self-mapping on C' and T be a p—hybrid self-mapping on C. To avoid confusion,
we call T' (\)-hybrid if there is A € R satisfying (A,). Then the expression becomes
as below: Let S and T be (\)-hybrid self-mappings on C with A and p.

A nonexpansive mapping is (A\)-hybrid as A = 1. T satisfies F(T) Cc A(T) if T
is (A)~hybrid. So a (A)-hybrid mapping 7" is quasi-nonexpansive if F'(T') # . Since
the last term in (\y) is written by inner product, it is easy to deal with.

We had better give remarks for our way of thinking in this article.

Our way of thinking. Let C be a closed convex subset of a Hilbert space H. In
later sections, we deal with a sequence {T;} of nonlinear self-mappings on C. To
have a convergence theorem for common fixed points of {1}, maybe it is difficult to
ignore the condition that I — T} is demiclosed at 0 for j € N. Then we will assume
the condition to express our assertions. Also we consider the following conditions:

7& A= ﬁjeNA(Tj); F = ﬂjeNF(Tj) C A.

We give some notes for the conditions. For simplicity, we consider {S, T} as {7} }.

Let S and T be self-mappings on a closed convex subset C of a Hilbert space H.
We denote by F the common fixed point set F(S) N F(T) and by A the common
attractive point set A(S)NA(T). To have a convergence theorem finding a common
fixed point of {S,T}, usually, we assume F # . In the case that both S and
T are nonexpansive, F' # asserts # F C A in cooperation with properties of
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nonexpansive mappings. However, we should be more careful about the fact that
we do not make some beneficial results from F # itself. In proofs of many such
theorems, it seems that conditions corresponding to A # and F' C A are essential.
We note the following;:

(a) F C A implies neither F(S) C A(S) nor F(T) C A(T).

(b) F # does not imply A # without the assumption F' C A.

(¢c) A# implies F' # ; see Lemma 3.7.

However, A # does not imply F' C A.
(d) Usually, it follows from the assumption F' C A that F' is closed and convex.

In the case that S =T, F C A and F(S) C A(S) are equivalent.

Suppose both S and T are quasi-nonexpansive. In this case, {5, T} has so good
properties, that is, we know the following:

(e) F=F(S)NF(T)C A(S)NA(T) = A.
(f)y F(S), F(T) and F are closed and convex.

It is important that, even if # F C A, neither S nor T need be quasi—
nonexpansive. Furthermore, we easily find pairs of C' and {S, T} such that neither
S nor T is quasi-nonexpansive, # F C A and ST # T'S. However, in general,
we may need strict constraints on properties of {S, T} to guaranty A # in theory.
Even so, to find a point of A is easier than to find directly a point of F' N A.

Due to the reasons as above, to express our assertions connected with common
fixed points of {7}, we assume the following:

(i) I —1T)} is demiclosed at 0 for j € N.
(i) #A= ﬁjeNA(Tj) and F' = ﬂjeNF(Tj) C A.

Here we present an example. For simplicity, we consider R? with the Euclidean
norm. Maybe T3 and T5 in the example are closed to us and just ordinary mappings.

Example 2.1. Let D = {z = (s,t) € R* : s € [0,1],¢ € [3s,2s]}. Then D is
compact and convex. For z = (s,t) € D, set u, = (3¢,t) and z, = (s, 3s). Let Ty
and T» be self-mappings on D defined by
Tz = %(x +uy) = %((s,t) + (%t,t)) = (%s + it,t),
Tox = 3(x+ 2,) = 2((s,t) + (s, 45)) = (s, ;s + &t) for x = (s,t) € D.
Then we can easily observe the following:
o (i) holds, that is, I — Tj is demiclosed at 0 for j =1, 2.
o (ii) holds, that is, # N3_, F(T}) C N3_, A(Tj).
Also, we can easily confirm the following:
o Neither T} nor T» is quasi-nonexpansive (hemi-contractive).
o Ty and T, are not commutative.
o B = 1T, + LT, is nonexpansive and F(B) = {(0,0)} = N2 F(T)).

We had better note the following: A real linear space L may have more than one
norms. Then it may depend on norm whether # F C A holds or not. In some
cases, nonexpansiveness of T and A(T) depend on norm. Quasi-nonexpansiveness
of T' depends on norm and the domain of T. However, F'(T") has no connection with

norms if the formula of 7' does not contain any norm on L. Especially, in finite
dimensional linear spaces, we may choose a convenient norm to find a point of F.

3. LEMMAS

Many researchers take the following assertion or a similar assertion in their arti-
cles; for example, see Weng [13], Xu [415], and Aoyama and co—authors [2].
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Lemma 3.1. Let {a,} be a sequence in [0,1]. Let {an} and {c,} be sequences
of non-negative real numbers and let {b,} be a sequence of real numbers. Suppose
S o =00, limsup,, b, <0, Y07 ¢y < 00, and ant1 < (1—ap)an +anb, + ¢,
forn € N. Then lim, a,, = 0.

In the Hilbert space setting, we present some lemmas needed in the sequel; some
of them are obtained in suitable Banach spaces. The following is well-known.

Lemma 3.2. Let c € [0,1] and xz,y € H. Then, the following holds:
lex + (1 = )y[* = ellz]* + (L = ly[|* = e(1 = )| — y]|*.

In the Hilbert space setting, the following lemma is an extension of Browder’s
demiclosed principle. This lemma was essentially proved in Suzuki [37].

Lemma 3.3. Let C be a subset of H and let S be a mapping from C into H which
satisfies (Nz2). Suppose {x,} is a sequence in C' which converges weakly to some
u € C and satisfies lim,, ||Sz, — x,|| = 0. Then u € F(S).

Proof. We know that {z,} converges weakly to u, S satisfies condition (Ns) for
some s € [0,00), and lim, ||Sz, — x,|| = 0. Then the following holds:

liminf,, ||z, — Su|| <liminf, (||z, — u|| + s||z, — Sx,|)
= liminf, ||z, — u|. (3.1)
Arguing by contradiction, assume u # Su. Then, by the Opial property, we have
liminf, ||z, — u|| < liminf, |z, — Sul||. This contradicts to (3.1). O
The following is another extension due to Aoyama and co—authors [2].

Lemma 3.4. Let C be a subset of H and let S be a (A\)-hybrid mapping with A
from C into H. Suppose {x,} is a sequence in C which converges weakly to some
u € C' and satisfies lim,, ||Sz,, — x,|| = 0. Then u € F(S).

Proof. We know that {z,,} converges weakly to u and S is (A\)~hybrid with . By
lim,, ||Sz, — z,| = 0, the following hold:

liminf,, ||z, — Su|| < liminf, (||z, — Sz,| + ||Szn — Sul|) = liminf,, ||Sz, — Sull,

liminf, ||z, — Su|? < liminf, ||Sx, — Sul|?
< liminf, ||z, — ul|? + 2]1 = M||S2n — 2,||[|Su — u||) = liminf,, |2, — u|?.
Then we have

liminf, ||z, — Su|| < liminf, ||z, — ul. (3.2)

Arguing by contradiction, assume u # Su. Then, by the Opial property, we have

liminf, ||z, — u|| < liminf, |z, — Su||. This contradicts to (3.2). O

The following lemma is useful when we consider weak convergence theorems in

the Hilbert space setting; for example, see Atsushiba and co—authors [3].

Lemma 3.5. Let D be a subset of H. Let {u,} be a sequence in H such that
{llwn — w||} converges for each w € D. Suppose {uy,} and {un,} are subsequences
of {un} which converge weakly to u,v € D, respectively. Then u = v.

Proof. Let w € D. Then, since {||u, —w||} converges, any subsequence of {||u, —w| }
converges to the same real number. Arguing by contradiction, assume u # v. Then,
by u,v € D and the Opial property, we have the following:

liminf; (|u,, — u|| < liminf; |u,, — v|| = Iiminf; |Ju,, — vl

liminf} [|u,, —v|| < liminf; ||u,, —u| = liminf; ||u,, — ul.
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Thus we have liminf; |u,, — u|| < liminf, ||u,, —u||. This is a contradiction. =~ [

The following two lemmas are due to Takahashi and Takeuchi [40].

Lemma 3.6. Let C be a subset of H and let T be a mapping from C into H. Then,
A(T) is a closed convex subset of H.

Lemma 3.7. Let C' be a subset of H and let T be a self-mapping on C. Suppose
x € A(T) and z, is the unique nearest point of C to x. Then z, € F(T). In
particular, A(T)NC C F(T). Furthermore, A(T)NC = F(T) holds if F(T') C A(T).

We need the following lemma in the sequel.

Lemma 3.8. Let C be a subset of H and let T be a mapping from C into H. Let
a€l0,1], x € C andw=azx+ (1 —a)Tx. Suppose v € A(T). Then,

a(l - a)||Tz —2|? < [z —v||* = lw — | (1)
Suppose further that C is bounded. Let r > sup,cc ||x — v||. Then,
U5 Te —2)? < o —vl| = [w = v (2)
Proof. We show (1). By v € A(T') and Lemma 3.2, we have
[w —]* = lla(z = v) + (1 = a)(Tz —v)||?
= allz —v|* + (1 = a)| Tz —v|* = a(l — a)| Tz — z|?
< llo — ol — a(1 — @) | Tz — 2

Then we see |[w —v|| < ||z — v|| and a(1 — a)||Tz — z|]* < ||z — v[]? — ||w — v|*.
There is 7 € (0, 00) satisfying r > sup,c¢ ||z — v|| if C is bounded. We show (2).
Set s = ||z —v|| and t = ||lw —v|| < ||z — v||. Then we know 0 < s+ ¢ < 2r and

a(l—a)|Tz —z||? <s2—t2=(s—t)(s+1).

In the case of 0 < s +t < 2r, we immediately have

1— 1—
o) g — |2 < a(sitha)HT!E — a2 < = o] — o —vl].
In the case of s+t = 0, it is trivial that “2-2 (T2 — 2| < ||z — v]| - |w —v|. O

4. CONVERGENCE THEOREMS

In this section, we present our main results. We begin our argument with con-
sidering the following sequences. Let {c;} be a sequence satisfying the following:

¢; € (0,1) for je N, Y =1 (s)
Let {cy,;} be the double sequence such that, for each n € N,

cnj=c¢; for jeN(1,n—1), Cnyn = Z;‘;n ¢ =1-— Z;:ll ¢j.  (ds)

Note N(1,0) =, 22:1(‘) =0and ¢y =1. For j € N, ¢, ; = ¢; holds for n > j.
Then the double sequence {c, ;} has the following properties:

lim, ¢, ; =¢; forjeN, Z?Zl Cnj=1 forneN.

For reference, we present a typical example of {c;} satisfying (s). Set ¢; = 1/27 for

j € N. Then {c;} satisfies (s). For example, {cs;}jen(s = {3+ 3 &) 5+ 1

The following lemma is important to have our weak convergence theorems.
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Lemma 4.1. Let a,b € (0,1) satisfy a < b and let {a,} be a sequence in [a,b].
Let {c;} be a sequence satisfying (s) and let {c, ;} be the double sequence satisfying
(ds). Let C be a convex subset of H and let {T;} be a sequence of self-mappings
on C. Assume A = NjenA(Tj) # . Let S, = Z?=1 cn,j 15 for n € N. Define a
sequence {x,} by x1 € C' and
Tpt1 = nZpn + (1 — an)Snzy for n € N.
Then the following hold:
(1) {llzn — ul|} converges for u € A.
(2) limy, [|Tjz, — 2, =0 for j € N.
Proof. Fix any u € A = NjenyA(T;). We know that, for n € N and z € C,
[Sne —ull < 3251 en il Ty —ull < lz — ull.

Sou € NpenA(Sy). Then, A C NpenA(S,). Set D ={x € C: ||lx—u| < |z1—u|}.
Then D is bounded and convex. By the inequality as above, we easily see that each
Sy, is a self-mapping on D. Then {z,} is a sequence in D.
We show (1). By Lemma 3.8 (1), we see that, for n € N,
0 < an(l = an)||Sntn — 2pl|* < lzn — ull? = (|24 — ull.

Then {||z, — u|} is non—increasing and converges.
We show (2). Since D is bounded, let r € (0,00) satisfy r > sup,cp ||z — u]|.
Recall properties of {c, j}. By using Lemma 3.8 (2), we easily see that, for n € N,

[Zn+1 — ull = [lanzn + (1 — an)Snan — ull
<Y cnjllanzn + (1 —an)Tiz, — ul
n 1— n
< Yis el —ull = 272 | Tjzn — 24)1?)
1-b
< Hxn —ul| — a(2T ) Z?:l Cn7j||zjn - anQ
From this inequality, the following follows:

1-b
sD S el Tjwn — @all® < llwn — ull = 21 — ull

Since {||z,, — u||} converges and a(;ijb) > 0, we see that, for j € N,

Y enillTjn — n|[?) < 0.

limsup,, ¢, ;| Tj@n — 2z, ||* < lim sup,, (25—
Then we have the following:

lim, [|T;x, —x,|| =0 for j & N.

4.1. Weak convergence theorems.

We present a weak convergence theorem which is one of our main results.

Theorem 4.2. Let a,b € (0,1) satisfy a < b and let {a,} be a sequence in [a,b].
Let {c;} be a sequence satisfying (s) and let {cy ;} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {T;} be a sequence of self-
mappings on C such that I — T} is demiclosed at 0 for j € N. Set F' = NjenF(Tj)
and A = NjenA(T;). Assume # A. Let S, = Z?Zl cn,jTj forn € N. Define a
sequence {x,} by x1 € C' and

Loyl = AnTpn + (1 — an)Spay for n € N.
Then the following hold:
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(1) Ewvery weak cluster point of {x,} is a point of F.
(2) In the case of F C A, {x,} converges weakly to some z € F.

Proof. We know that C'is weakly closed and {x,,} is a sequence in C. By Lemma 4.1,
we also know that {||z, — u||} converges for u € A and

lim, [|Tj2, — 2,|| =0 for j e N. (4.1)

Since {z,} is bounded, {z,} has a weakly convergent subsequence.

We show (1). Let {x,, } be a subsequence of {z,,} which converges weakly to some
z € C. Since I — Tj is demiclosed at 0 for j € N, by (4.1), z € F = NjenF(T}).
Thus every weak cluster point of {z,} is a point of F. We show (2). Suppose
F =N;F(T;) C A. Then, {||z, — u||} converges for u € F C A. Let z be a weak
cluster point of {z,}. Then, by Lemma 3.5 and (1), every weak cluster point of
{zn} and z € F are the same. Thus {z,} converges weakly to z € F. O

Remark 4.3. Let m € Ny. By observing proofs of Lemma 4.1 and Theorems 4.2, it
is obvious that we can replace S,, by S, +m in the iteration scheme in Theorems 4.2.

Here we present some results derived from Theorems 4.2.

Theorem 4.4. Leta,b € (0,1) satisfy a < b and let {a,} be a sequence in |a,b]. Let
ke N. Let C be a closed convex subset of H and let {T}} je N1,k be a finite sequence
of self-mappings on C such that I — T; is demiclosed at 0 for j € N(1,k). Set

F = Njena,rnF(T;) and A = Njena,mnA(T;). Assume # A. Let S = %25:1 T;.
Define a sequence {x,} by x1 € C and
Tpt1 = anZpn + (1 —ay)Sx, for n € N.

Then the following hold:
(1) Every weak cluster point of {x,} is a point of F.
(2) In the case of F C A, {x,} converges weakly to some z € F.
Proof. Define {c¢;} and {U;} by
cj=1,U;j=T; for jeN(1L,k—1), ¢j=g5r X4, Uj=T; for j>k

Then we know Y772, ¢; = ¢ and 372, ¢; = 1. Also, we easily see that each I —Uj is
demiclosed at 0, ﬂjeNA(Uj) = ﬂjeN(Lk)A(Tj) and ﬂjeNF(Uj) = ﬁjeN(l,k)F(,Tj)-
Let {cy,; } be the sequence satisfying (ds). Then {c,_;} and {U;} satisfy all assump-
tions in Theorem 4.2. Fix any n > k. We confirm that S,, = Z?=1 ¢n,;U; becomes
S. By the definitions of {¢, ;} and {U,}, we have

k—1 -1
>t U = 22520 £ 15 + 2052 (e X )T + 2052, (g X )T
k
= % Zj:l Tj'
From these, by Theorems 4.2 and Remark 4.3, we have the results. 0

Theorem 4.5. Let a,b € (0,1) satisfy a < b and let {a,} be a sequence in [a,b]. Let
{c;j} be a sequence satisfying (s) and let {c, ;} be the double sequence satisfying (ds).
Let C be a closed convex subset of H and let {T;} be a sequence of self-mappings
on C such that T; satisfies (N2) for j € N. Assume F = NjenF(T;) # . Let
Sp = Z;-L:l cn;Tj for n € N. Define a sequence {x,} by 1 € C' and

Tpt1 = anZpn + (1 — an)Spxn for n € N.

Then {x,} converges weakly to some z € F.
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Proof. Since each Tj satisfies (N2), # F C A =N;jenA(T;) holds. By Lemma 3.3,
I —Tj is demiclosed at 0 for j € N. By Theorem 4.2, we have the result. O

Theorem 4.6. Let a,b € (0,1) satisfy a < b and let {a,} be a sequence in [a,b].
Let {c;} be a sequence satisfying (s) and let {cy ;} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {T;} be a sequence of (\)-hybrid
self-mappings on C. Assume F = NjenF(T;) # . Let S, = 2?21 cn,;T; forn € N.
Define a sequence {x,,} by 1 € C and

Tnt1 = @nZp + (1 — ap)Snan for n € N.
Then {x,} converges weakly to some z € F.
Proof. Since each Tj is (A\)-hybrid, # F C A =N;jenA(T;) holds. By Lemma 3.4,
I — T} is demiclosed at 0 for j € N. By Theorem 4.2, we have the result. (]
Theorem 4.7. Let a,b € (0,1) satisfy a < b and let {a,} be a sequence in [a,b].
Let {c;} be a sequence satisfying (s) and let {cy ;} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {T;} be a sequence of quasi-
nonexpansive self-mappings on C such that I — T} is demiclosed at 0 for j € N.
Assume F = NjenF(T;) # . Let S, = Z;;l cn,;T; forn € N. Define a sequence
{zp} by 1 € C and

Tnt1 = @nZp + (1 — ap)Snxn for n € N.
Then {x,} converges weakly to some z € F.
Proof. Since each T} is quasi-nonexpansive, # F C A = NjenA(T;) holds. By
Theorem 4.2, we have the result. O

Theorem 4.8. Let a,b € (0,1) satisfy a < b and let {a,} be a sequence in [a,b]. Let
C be a closed convex subset of H and let T be a quasi—nonexpansive self-mapping
on C such that I — T is demiclosed at 0. Define a sequence {z,} by x1 € C and

Tnt1 = @y + (1 —ap)Txy, for n € N.
Then {x,} converges weakly to some z € F(T).
The following is corresponding to Theorem S due to Suzuki.

Theorem 4.9. Let a,b € (0,1) satisfy a < b and let {a,,} be a sequence in [a,b]. Let
{c;} be a sequence satisfying (s) and let {c,, ;} be the double sequence satisfying (ds).
Let C be a closed convex subset of H and let {T;} be a sequence of nonexpansive
self-mappings on C. Assume F = NjenF(T;) # . Let S, = Z?:l cn,j1j forn € N.
Define a sequence {x,} by 1 € C and

Tpt1 = nZpn + (1 — an)Snzy for n € N.
Then {x,} converges weakly to some z € F.

We present some convergence theorems for sequences of non—self mappings which
are derived from Theorem 4.2. In advance, we prepare a lemma.

Lemma 4.10. Let C be a closed conver subset of H and let T be a quasi—
nonezxpansive mapping from C into H. Then F(T) = F(PcT).

Proof. Note F(T) # . In general, F(T) C F(PcT) holds. We show the reverse.
Let z € F(PcT) and w € F(T). Since T is quasi-nonexpansive, we have

1Tz = 2I* + |z = ull® = [Tz = PeT2|* + | PeTz — ul|* < | Tz — uf]* < ||z — ul®.
This implies Tz = z. Thus we have F(PcT) C F(T). O
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The following is a direct consequence of Theorem 4.2.

Theorem 4.11. Let a,b € (0,1) satisfy a < b and let {a,} be a sequence in
la,b]. Let {c;} be a sequence satisfying (s) and let {c, ;} be the double sequence
satisfying (ds). Let C be a closed convex subset of H and let {T;} be a sequence of
mappings from C into H such that I — PcTj is demiclosed at 0 for j € N. Set F' =
NjenF(PcTy) and A" = NjenA(PcTy). Assume A’ # . Let S, = Z?Zl cn,j PoT
forn € N. Define a sequence {x,,} by z1 € C and
Tnt1 = @nZpn + (1 — an)Snxn for n € N.

Then the followings hold.

(1) Ewvery weak cluster point of {x,} is a point of F'.

(2) In the case of F' C A, {x,} converges weakly to some z € F'.

Remark 4.12. Here we give an additional explanation for Theorem 4.11.

Set F' = NjenF(T;) and A = NjenA(Tj). We consider the case of F' = F.
Suppose {T;} is a sequence of quasi-nonexpansive mappings with # F. By
Lemma 4.10, F’ = F. Then, # F' = F C AN A’ holds because F' C A and

1Py —ull = [PcTyy — Poul| < [|Tjy —ul| <ly —ul| ~ foryeC, ueF

We note the following: For j € N, PcT; (T;Pc) is nonexpansive if T} is
nonexpansive; I — PcT; is demiclosed at 0. Furthermore, for example, we know
the following: Let T be a k-strictly pseudo—contractive mapping from C' into H,
where k € [0,1). Then, we can easily find a nonexpansive mapping S satisfying
A(T) = A(S) and F(T) = F(S5); see Zhou [16], and Atsushiba and co—authors [3].

Suppose further that C is compact and every 7} is continuous. Then PcTj is
continuous; I — PcTj is demiclosed at 0. Such pairs of C' and {T}} are typical
examples. So, # F' = F C AN A’ and assumptions in Theorem 4.11 are satisfied.

Theorem 4.13. Let a,b € (0,1) satisfy a < b and let {a,} be a sequence in [a,b].
Let {c;} be a sequence satisfying (s) and let {cy ;} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {T;} be a sequence of mappings
from C into H satisfying the following:

(a) T is a self-mappings on C, and T;T, are self-mappings on C' for j > 2.

(b) I —T; is demiclosed at O for j € N.
Let Vi =Ty and V; = T;T; for j > 2. Set F = NjenF(T;) and A" = NjenA(Vj).
Assume A’ # . Let S, = Z;L:l ¢n,;Vj forn € N. Define a sequence {z,,} by z, € C
and

Tnt1 = @nZpn + (1 — an)Spxn for n € N.

Then the following hold:

(1) Every weak cluster point of {x,} is a point of F.
(2) In the case of F C A’, {x,} converges weakly to some z € F.

Proof. By Lemma 4.1, we know that {||z,, — u||} converges for u € A’. Also we
know lim, ||Vjz,, — x,|| =0 for j € N. Then we have
(i) limy, | Th@n — zn] =0, (ii) lim, |T;Th@n — 25| =0 for j > 2.

Since {z,} is bounded, {z,} has a weakly convergent subsequence.

We show (1). Let {z,,} be a subsequence of {z,} which converges weakly to
some z € C. Since I — Ty is demiclosed at 0, by (i), we see z € F(T1). Also, by (i),
{T1x,,} converges weakly to z. Furthermore, by (i) and (ii), we see

limg | T;T1xn, — Thixy,|| =0 for j>2. (4.2)
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From these, since I —Tj is demiclosed at 0 for j € N, we have z € F' = N;jen F(Tj).
Thus every weak cluster point of {x,} is a point of F.

We show (2). Suppose F' C A’. Then {|x,, — u||} converges for u € FF C A’. Let
z be a weak cluster point of {z,,}. By Lemma 3.5 and (1), every weak cluster point
of {z,} and z € F are coincide. Thus {z,} converges weakly to z € F". O

Remark 4.14. In Theorem 4.13, set A = NjenA(T;). For reference, we show
A C A'. Let u € A. Then, since T} is a self-mapping on C, we see
IViz - ull = |TyTia - ull < |Tya — ull < Jlz —ul] for o€ C.

Note that we do not claim A # . For the theorem, we only present the following
typical example: Let C = [—1,1] C R and let T} and T5 be mappings defined by
Tyz = z/2 and Tox = 2z for x € [—1,1]. Then it is obvious that A(Ty) = {0},
A(TQ) =, F(TQ) = F(Tl) = {0}, TQTl = I, A(TQTl) = R and F(TQTl) = C.
Furthermore, T5 is not a self-mapping on C, I — T and I — T, are demiclosed at
O, A= A(Tl) N A(Tg) = and
{0} = F = F(Th) N F(T) = F(Th) N F(TxTh) = A(Th) N A(TxT1) = A" = {0}.

4.2. Strong convergence theorems.

We present a strong convergence theorem which is our another main result. This
theorem is connected with works of Aoyama [1], and Atsushiba and co—authors [3];
also see Maingé and Marugter [23].

Theorem 4.15. Let b € (0,1) and let {an} be a sequence in (0,1) satisfying

lim,, a,, = 0, Yoo an = 0.
Let {c;} be a sequence satisfying (s) and let {c, ;} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {T;} be a sequence of self-
mappings on C such that I — T} is demiclosed at 0 for j € N. Set F = N;enF(T})
and A = NjenA(T;). Assume # A and F C A. Let S, = Z?:l cn,j Ty and
U, =0bl+(1-0)S, forn € N. Define a sequence {un} by q,u1 € C and

Unt1 = anqg + (1 —an)Upu, for n € N.
Then {un} converges strongly to v = Pyq= Ppq € F.

Proof. Since C' is convex, each S, each U, and each a,q + (1 — a,)U, are self-
mappings on C. Then {u,} is a sequence in C. By Lemma 3.6, A is closed and
convex. Then we can consider the metric projection P4. Set v = Paq € A and
D={xeC:|z—v| < |lur—v||+|lg—v|}. Then D is bounded closed and convex.
We know ¢,u; € D and v € A C NyenA(Sy,). Then, for z € D and n € N, we have

[Unz — 0| < bllz — vl + (1 = b)[|Shz — vl < [z —vf| < [lur —vf + [lg — ],
lang + (1 — an)Uyx — v||
< anllg =l + (1 = an) |Unz — 0| < [Jur — || + [lg — 2.

We confirmed that each U,, and each a,q+ (1 —a,)U, are self-mappings on D, that
is, we confirmed that {u,} and {U,u,} are sequences in D.
We show that {u, } converges strongly to v = Paq. We easily see that, forn € N,

HUnun - un” = ”(bun + (1 - b)Snun) - un” =(1- b)HSnun — Up . (4.3)
By Lemma 3.8, we also see that, for n € N,
Ut = 0l]? < fltn = vl]? = (L = ) [ Snttn, — a2 (4.4)
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Furthermore, it follows from (4.4) that, for n € N,
lunt1 — U”2 = llang + (1 — an)Upnu, — UH2
(1 = an)(Unun —v) + anlq — U)”Z
1 —an)[|Upuy — UH2 + a%Hq - U||2 + 2an(1 = an)(Untn —v,q — v)
1 —ap) (Hun - UHQ = b(1 = b)[|[Spun — un||2)
+apllg = vl|* + 20, (1 = an) (Upup —v,q — )
= (1 = ap)|lun —v||* + an Ky, (4.5)

<
<

where K, = a,|lq —v||? +2(1 — an) (Unpuyn — v,q — v)
— a1 = )| Spup — un|®. (4.6)
By an,b € (0,1) and (4.6), we easily see
K, < anllqg—v||* +2(1 = ap){(Uptin, — v,q — v)
< llg = l* + 2| Unup = v]|llg = vll. (4.7)
Then, since D is bounded, we know lim sup,, /,, < co. We show limsup,, K,, < 0.
Since D is weakly compact, there is a subsequence {n;} of {n} such that {uy,}
converges weakly to some v € D and limsup,, K, = lim; K,,.
Consider the case of liminf; ||Sy, un, — up,||*> > 0. Then there is M > 0 and a

subsequence {n, } of {n;} satisfying ||Sy, tn, — tn, [|> > M > 0. By a,,b € (0,1),
lim,, a,, = 0 and (4.6), we know Ky, <0 for sufficiently large ¢ € N. Thus we have

lim sup,, K,, = lim; K,,, = lim; Kmi <0.

In the case of liminf; ||y, un, — un,||* = 0, by passing to subsequences, we may
consider that {u,, } converges weakly to u € D and satisfies the following:

limsup,, K, = lim; K,,,, limy || Sy, Un, — Un,||*> = 0.

By (4.3), limy ||Up,tn, — un, |* = 0, that is, {Uy,uy, } also converges weakly to u.
Since D is bounded, there is r € (0, 00) satisfying r > sup,cp ||z — v||. Recall
properties of {c, ;}. Then, by Lemma 3.8 (2), we see that, for [ € N,

HUnlunl B U” = ||bunl + (1 - b)Smunl - UH
< ST g llbtin, + (1= b) Tju, —vl|

b(1—b
<0 e Ulm, = oll = 252 Ty, — un,|I?)
b(1-b
= [Jttn, — vll = 252 S0 g [ Ty, — |12

From this inequality, the following follows:

b(1—b
(gr ) Z;lel C"lJHTjunl - unzH2 < ||unl - U” - ”Umunl - U” < ”Unzum _um”'
By limy ||Up, tn, — un,|| = 0 and b(;b) > 0, we see that, for j € N,

lim sup; ¢, || Tjttn, — un, || < limsupl(z:;”:1 Cny i | T, — un, ||?) < 0.
Then we have
limy ||Tjupn, — up,|| =0 for j € N.
Since I — T is demiclosed at 0 for j € IV, we have u € F' C A.
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Reconfirm that lim; a,,, = 0, v = Pagq, and {Up,u,, } converges weakly to u € A.
Then, by (4.7), we have the following;:

lim; K, < limy (am lv —ql|® + 2(1 = an,){(Up,ttn, —v,q — v))
= 2(u — Pagq,q — Paq) <0.

Thus we have limsup,, K,, = lim; K, <0.
We know that (4.5) holds. Then, by properties of {a,} and limsup,, K, < 0,
Lemma 3.1 asserts lim,, ||u, —v||? = 0, that is, {u,} converges strongly to v = Paq.
Finally, we show v = Pyq = Prq € F. Since D is closed and {u, } C D, we know
that v = Pag € AN D. By Lemma 3.7 and F' C AN C, we can easily see that

ANC = (ﬂjeNA(Tj)) nC = OjeN(A(Tj) N C) C ﬂjeNF(Tj) =FCANC.

Then v = Pag€e AND C ANC = F. We know that F' = AN C is closed and
convex. Then we can consider the metric projection Pr. By v € F C A, we know

lg = vl = mingea [lg —yll < infyer llg —yll < llg -2l
This implies ||¢—v|| = minyep ||¢—y|| and v = Prpq. Thus v = Pag=Prq € F. O
We present some results follow from Theorem 4.15; refer to previous subsection.

Theorem 4.16. Let b € (0,1) and let {a,} be a sequence in (0,1) satisfying

lim,, a,, = 0, oo an = .
Let k € N. Let C be a closed conver subset of H and let {T;}jen,x) be a finite
sequence of self-mappings on C' such that I —Tj is demiclosed at 0 for j € N(1,k).
Set F' = Njena,mF(T;) and A = NjenanA(Ty). Assume # F C A, Let
S = %Zf:1 T; and U = bl + (1 —b)S. Define a sequence {u,} by q,u1 € C' and

Upt1 = anq + (1 —ap)Uu, for n € N.

Then {un} converges strongly to v = Psq = Ppq € F.
Theorem 4.17. Let b € (0,1) and let {a,} be a sequence in (0,1) satisfying

lim,, a,, = 0, Yool an = 0.

Let {c;} be a sequence satisfying (s) and let {c, ;} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {T;} be a sequence of self-
mappings on C such that T; satisfies (N2) for j € N. Assume F = NjenF(T}) # .
Let S, = Z?Zl cn;Tj and Uy, = bl + (1 —b)S,, for n € N. Define a sequence {u,}
by q,u; € C and

Unt1 = anq + (1 — ap)Upu, for n € N.
Then {un} converges strongly to v = Ppq € F.
Theorem 4.18. Let b € (0,1) and let {a,} be a sequence in (0,1) satisfying
lim,, a,, = 0, oo an = 00.

Let {c;} be a sequence satisfying (s) and let {c, ;} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {T;} be a sequence of (A)-hybrid
self-mappings on C. Assume F = NjenF(T;) # . Let S, = 2?21 cn; T and
U, =bl+ (1—0)S, forn € N. Define a sequence {un} by q,u; € C and

Unt1 = anq + (1 — ap)Upu, for m € N.
Then {u,} converges strongly to v = Ppq € F.
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Theorem 4.19. Let b € (0,1) and let {a,} be a sequence in (0,1) satisfying

lim,, a,, = 0, > an = .

Let {c;} be a sequence satisfying (s) and let {cy ;} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {T;} be a sequence of quasi-
nonexpansive self-mappings on C such that I — T} is demiclosed at 0 for j € N.
Assume F = NjenF(Tj) # . Let S, = Z?Zl n,;T; and U, = bl + (1 —b)S,, for
n € N. Define a sequence {u,} by q,u; € C and

Unt1 = anq+ (1 — an)Upu, for m € N.
Then {un} converges strongly to v = Ppq € F.

Theorem 4.20. Let b € (0,1) and let {a,} be a sequence in (0,1) satisfying

lim,, a,, = 0, Yoo | Gy = 00.

n=

Let C be a closed conver subset of H and let T be a quasi—nonexpansive self-mapping
on C such that I — T is demiclosed at 0. Define a sequence {u,} by q,u; € C and

Upt+1 = anq + (1 — ap)(buy, + (1 = 0)Tu,) for n e N.
Then {uy} converges strongly to v = Ppryq € F(T).
Theorem 4.21. Let b € (0,1) and let {a,} be a sequence in (0,1) satisfying

. o0
lim, a, = 0, Do G = 0.

Let {c;} be a sequence satisfying (s) and let {c, ;} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {T;} be a sequence of nonexpansive
self-mappings on C. Assume F = NjenF(T;) # . Let S, = Z?:1 cn,; T and
U, =0bl+(1-05)S, forn € N. Define a sequence {u,} by q,u1 € C and

Up+1 = anq + (1 — an)Upu, for n € N.
Then {un} converges strongly to v = Ppq € F.

Here we present strong convergence theorems for sequences of non—self mappings
which are corresponding to Theorems 4.11 and 4.13; also see Remarks 4.12 and 4.14.
The following is a direct consequence of Theorem 4.15.

Theorem 4.22. Let b € (0,1) and let {a,} be a sequence in (0,1) satisfying

lim,, a,, = 0, Yoo | Gy = 00.

Let {c;} be a sequence satisfying (s) and let {c, ;} be the double sequence sat-
isfying (ds). Let C' be a closed convex subset of H and let {T;} be a sequence
of mappings from C into H such that I — PcT) is demiclosed at O for j € N.
Set F' = NjenF(PcT;) and A" = NjenA(PcT;). Assume # F' C A'. Let
Sp = Z?Zl cn;jPcT; and U, = bl + (1 —b)S,, forn € N. Define a sequence {u,}
by q,u; € C and

Upt+1 = anq + (1 — an)Upu, for n e N.
Then {u,} converges strongly to v = Pp/q € F’.
Theorem 4.23. Let b € (0,1) and let {a,} be a sequence in (0,1) satisfying

lim,, a,, = 0, S an = .

Let {c;} be a sequence satisfying (s) and let {cy ;} be the double sequence satisfying
(ds). Let C be a closed convex subset of H and let {T;} be a sequence of mappings
from C into H satisfying the following:
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(a) T is a self-mappings on C' and T;T are self-mappings on C' for j > 2.
(b) I —T; is demiclosed at O for j € N.
Let Vi =Ty and V; = T;Ty for j > 2. Set F = NjenF(T;) and A" = NjenA(Vj;).
Assume # F C A'. Let S, = 2?21 cn;Vj forn € Nand U, = bl + (1 -b)S,, for
n € N. Define a sequence {un} by q,u; € C' and

Un+1 = anqg + (1 — an)Upu, for n € N.
Then {un} converges strongly to v = Ppq € F.

Proof. Fix any j > 2. Then, T;Thu = Tju = u for u € F(Th) N F(T;) and Tjw =
ETyLU = w for w € F(Tl) n F(T]Tl) SO7 F(Tl) N F(TJTl) = F(Tl) n F(]}) for
Jj >2. Set F' =NjenF(V;). Then we have
F' =NjenF(V;) = F(T1) N (N2 F(T;Th))
= Njz2(F(Th) N F(T;T1)) = N2 (F(Th) N F(T})) = Njen F(T5) = F.

By our assumption, we see # F =F' =N;enF(V;) C A =NjenAV).

Then, replace T; by V; in the proof of Theorem 4.15. So, the rest of our proof
and the proof of Theorem 4.15 are the same without the part below.

Let {un,} be a sequence in C. Suppose {u,,} converges weakly to v € C and
limg |Vjun, — up,|| = 0 for j € N. However, from this, u € F' = NjenF (V) does
not follows directly. Because we do not know whether I — Vj is demiclosed at 0 for

j > 2. Instead, we know that I — T} is demiclosed at 0 for j € N.
We show v € F' = NjenF(V;). Since lim; ||Vjupn, — g, || = 0 for j € N, we know

(i) limy [|[Thun, — un, || =0, (i) limy [|T;Tiwn, — un,|| =0 for j >2.
Furthermore, by (i) and (ii), we see
limy |51 un, — Thtup, || =0 for j>2. (4.8)

Thus, by (i) and (4.8), we see u € F = NjenF(Tj) = NjenF(V;) = F'.
o

5. EXISTENCE THEOREMS AND CONVERGENCE THEOREMS

The authors think that Theorems 4.2 and 4.15 are interesting. The theorems may
have many useful applications because they are expressed in so wide setting. How-
ever, to guaranty # A in theory, maybe {T;} need satisfy some strict constraints.
Even so, we are interested in finding such {7} and having related results.

We begin our argument with presenting two lemmas: for details, see Takahashi
and Takeuchi [40], and Ibaraki and Takeuchi [13].

Lemma 5.1. Let x,v,w € H. Then the following equality holds:
(@ =v)+ (z—w),v—w) =lz —w|® - [z - v|*.
Remark 5.2. Let v,w € H and let {z;} be a sequence in H. Set s, = 237" | 2;

for n € N. Then, by Lemma 5.1, the following is immediate: For each n € N,

(50 = v) + (sn —w),v —w) = 53700 las — wl? = 3 550 [z — vl*.

T n n

Lemma 5.3. Let C be a subset of H and let T be a mapping from C into H. Let
{un} be a sequence in H which satisfies

limsup,, supyec((un — y) + (un — Ty),y — Ty) < 0.
Suppose {u,} converges weakly to w € H. Then, u € A(T).
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In the rest of this section, we deal with (A)-hybrid mappings. We prepare the
following lemma. For the lemma, there are previous studies; refer to Kohsaka [20],
Brézis and Browder [7], Shimizu and Takahashi [32], and Takahashi and Takeuchi [10].
Lemma 5.4. Letk € N. Let C be a bounded subset of H. Set L = sup, ,cc [z—y|-
Let {T;}jenq k) e a finite sequence of self-mappings on C. Assume that T is (A)—
hybrid with A\. For n € N, define a mapping S,, from C into H by

n—nk Z” =0 ZZC 10Tz1 Tlik'
Then, for n € N, the following holds:
sup, yec((Suw —y) + (Sux — Tiy),y — Try) < FEHAL2,
Remark. Each S, need not be a self-mapping on C.
Proof. Fix any xz,y € C' and n € N. We easily have
| LT e = T ey — Thy)| = [( = T7 i,y — Tay))|
< lz =17 allly — Tyl < L.
Then, since T} is (A\)-hybrid with A, we have
oI T e = Tyl? = Hlo — Tuyl? + £ 502 1T e — T2
<EIR4 LV e -y
A S (T e — T,y — Thy)
< %L 2“ Mo 12+ L3 T e — g2, (5.1)
In Remark 5.2, set z; = Tl“_lsc € C, w="Tyy and v = y. Then, by (5.1), we have

(i Tie—y) + (20 TV e — Tvy),y — Thy)
= 2 X0 T e = Tuy|? = £ 005 1T e — gl < 222 (5.2)
Fix any is, - ,ix € N(0,n—1). By replacing x by 732 - -- Ti*z in (5.2), we have
(AP TIT T e —y) + (2 X0 TR T2 - Tirw — Thy),y — Try)
< LA 72 (5.3)

Since ig, - ,ix € N(0,n — 1) are arbitrary, the following holds:
nk T Zzg =0 '-Z?[lo(lZZ 1()T“le lekx)
= S L TV T Tk = Sy (5.4)
By (5.3) and (5.4), we have
(S = ) + (Snz — Thy),y — Thy) < 222,
Finally, since x,y,n are arbitrary, we see that, for n € N,
SUp, yec (Snt — y) + (Snz — Sy),y — Sy) < HLAL2,
O

We denote by A(C) the set of all (A)~hybrid self-mappings on a subset C of a
Hilbert space H. Also, we denote by A1(C) the subset of A(C) such that a (\)-
hybrid self-mapping on C' with X is an element of A\;(C) if and only if |1 — A] < 1.
Then A1 (C) is the principal part of A(C); refer to Aoyama and co—authors [2].
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Remark 5.5. Let C be a bounded convex subset of H. Under this setting, consider
(5.2) in the proof of Lemma 5.4. Fix any S € A;(C) and € C. Set T} = S and
y= 15" S € C. Then, (5.2) becomes

(% Z;L:_ol Stz —S(5 Z;L:_ol S'), Z?:_ol Stz —8(5 Z?:_ol S'z)) < L%

Then we easily see that the following equality holds without closeness of C:
limy, supgey, (¢), zec H S (% ZZ@I Si%) - %Z?;ol S'x H =0.

We know that nonexpansive self-mappings on C' are elements of A\;(C). So, in the
Hilbert space setting, we obtained an extension of Bruck’s well known lemma [10].
Lemma 5.6. Letk € N. Let C be a bounded subset of H. Set L = sup,, ,cc |[v—yl-
Let {T;}jenq k) be a finite sequence of self-mappings on C. Assume that Ty is (X)—
hybrid with . For n € N, define a mapping S, from C into H by
S = e S YT T T

Then, the following hold:

(1) limsup, sup, yec((Snz —y) + (Snz — Thy),y — Thy) < 0.

(2) For zq € C, {Spx1} is bounded.

(3) For xz1 € C, every weak cluster point of {Spx1} is a point of A(Ty).

(4) A(Th) is non—empty closed and convex.
Suppose further that C is closed and convex. Then the following hold:

(5) For xzy € C, every weak cluster point of {Spz1} s a point of F(T4).

(6) F(T1) is non—-empty bounded closed and convex.

Proof. By limsup,, WLQ = 0 and Lemma 5.4, we immediately see that (1)
holds. We show (2)—(4). Fix any z; € C and consider {S,z1}.
Fix any y € C. Then, by T}* --- T}* 21 € C for iq,--- i € No, we see that

I1Suz1 =yl < o S5 o I -+ Tt — gl < L.

ix=0
Then {S,x1} is bounded and has a weakly convergent subsequence. Let {S,,z1}
be a subsequence of {S,,21} which converges weakly to u € H. By (1), we know

limsup; sup, e ((Sn, 71 — y) + (Sn, 21 — Thy),y — Thy) < 0.

Then, by Lemma 5.3, we know u € A(T1). We confirmed that (3) holds. We also
confirmed A(T}) # . By Lemma 3.6, A(T}) is closed and convex. Then (4) holds.
Suppose further that C' is closed and convex. We show (5) and (6). In the same
way as in the proof of (3), we know u € A(T1). Also {Syp,x1} is in the weakly closed
set C. Then, v € A(Ty) N C. By Lemma 3.7, we see u € A(T1) NC C F(T1). So,
we confirmed that (5) holds. Also we confirmed F(T3) # . Since T} is (A)-hybrid,
by Lemma 3.7, we have # F(T1) = A(T1) N C. Then, (6) follows from (4). O

The following is a direct consequence of Lemma 5.6.
Lemma 5.7. Letk € N. Let C be a bounded subset of H and let {T}};cnq k) be a
finite family of commuting (A\)-hybrid self-mappings on C. Set F' = Njen (1,1 F(T})
and A = Njen(,rA(T;). Then, A is non-empty closed and convex. Suppose further
that C is closed and conver. Then F' is non—empty bounded closed and convez.

Proof. Since {T}}jen(1,k) is commuting, for example, T ... T,i’“ =TeT? .. -T,i".
Since each Tj is (A)-hybrid with A;, by Lemma 5.6 (4)—(6), the proof is trivial. O

In the Hilbert space setting, by using Lemma 5.7, we can have an extension of
DeMarr’s well-known common fixed point theorem; see DeMarr [11].



112 J. NONLINEAR ANAL. OPTIM. VOL. 9(2) (2018)

Theorem 5.8. Let C be a bounded closed convex subset of H and let {T}};c; be
a family of commuting (X\)-hybrid self-mappings on C. Then F = Njc F(T}) is
non—-empty bounded closed and convex.

Proof. Since each T is (\)-hybrid, we already know that F'(7}) is closed and convex
for j € J. So {F(T})};es consists of weakly closed subsets of C. By Lemma 5.7,
{F(Tj)}jes has the finite intersection property. Thus, since C is weakly compact,
we see F' = Njc F(T}) # . It is obvious that F' is bounded closed and convex. [

By Theorems 4.2 and 5.8, we have the following weak convergence theorem.

Theorem 5.9. Let a,b € (0,1) satisfy a < b and let {a,} be a sequence in [a,b].
Let {c;} be a sequence satisfying (s) and let {c, ;} be the double sequence satisfying
(ds). Let C be a bounded closed convex subset of H and let {T;} be a sequence
of commuting (\)-hybrid self-mappings on C. Let S, = Z?Zl cn,jTj forn € N.
Define a sequence {x,} by x1 € C and

Tpa1 = anZpn + (1 — an)Snxn for n € N.
Then {x,} converges weakly to some z € F = NjenF(Tj).

Proof. Set A = N;enA(T;). By Lemma 3.4, I — Tj is demiclosed at 0 for j € N.
Since T; is (A)-hybrid for j € N, by Theorem 5.8, we know

# F =NjenF(T;) C NjenA(T)) = A.
Thus, by Theorems 4.2 (2), {z,} converges weakly to some z € F. O

By Theorems 4.15 and 5.8, we have the following strong convergence theorem.

Theorem 5.10. Let b € (0,1) and let {a,} be a sequence such that a, € (0,1),

. oo
lim, a, = 0, Dopq G = 0.

Let {c;} be a sequence satisfying (s) and let {cy ;} be the double sequence satisfying
(ds). Let C be a bounded closed convex subset of H and let {T;} be a sequence
of commuting (X)-hybrid self-mappings on C. Set F = NjenF (1) and A =
NjenA(Ty). Let Sy = 37 ¢n jTj and U, = bl + (1 —=b)S,, forn € N. Define a
sequence {u,} by q,u; € C and

Upt+1 = anq + (1 — an)Upu, for n € N.
Then {u,} converges strongly to v = Paq = Prq € F.

Proof. By Lemma 3.4, for j € N, I — T} is demiclosed at 0. Since Tj is (\)-hybrid
for j € N, by Theorem 5.8, we know

# F =NjenF(T;) C NjenA(T)) = A.
Thus, by Theorem 4.15, {u,} converges strongly to v = P4q = Prq € F. O
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ABSTRACT. In this paper, we illustrate the best proximity point theorems in com-
plete metric spaces for Z-p-proximal contractions of the first kind and of the second kind
involving the simulation functions using 7-distance with lower semicontinuity in its first
variable. Ous results extend generalize the results in literature.
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1. INTRODUCTION

In 1922, Banach proved that if (X,d) is a complete metric space and the
mapping T satisfies Banach contraction mapping principle, then T has a unique
fixed point, that is T'(u) = u for some u € X. Since the results of Banach, many
authors have been studying fixed point and best proximity points of mappings in
metric spaces. Their reseach are still being studied in many directions. In 1999,
Suzuki [15] introduced the concept of 7-distance on a metric space, which is a gen-
eralized concept of w-distance. They also improve the generalizations of the Banach
contraction principle, Caristi’s fixed point theorem, Ekeland’s variational principle,
including they discuss the relation between w-distance. In 2015, Khojasteh et al.
[10] introduced the simulation function. Recently, simulation function have been
used to study the best proximity points in metric spaces (see [12, 14, 2]).

In 2018, Kosti¢ et al.[2] introduced a special type of w-distance, the wy-distance,
to extend best proximity results of Tchier et al. [14] involving simulation functions.
In this paper, we generalize some best proximity points results in metric spaces
involving simulation functions with 7-distance.

In this paper we prove the best proximity point results involving simulation

* Corresponding author.
Email address : areerat.a@nsru.ac.th.
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functions with 7-distance, given by 7-distance is lower semicontinuous in its first
variable.

2. PRELIMINARIES

Here we recall some definition and some example of the simulation function

([1, 9, 10, 11, 12, 14]).

Definition 2.1. [1] Let ¢ : [0,00) x [0,00) — R be a mapping. Then ¢ is called a
simulation function if it satisfies the following conditions:

(¢1) C(t,s) <s—tforallt,s >0

(Co) if {t, }, {sn} are sequences in (0, o) such that lim, o t;, = lim, o0 S5, > 0 then

lim sup {(ty,, sn) < 0.
n—oo
In 2015, Khojasteh et al.[10] introduced the simulation function as a mapping
¢ :[0,00) x [0,00) — R satisfying ((0,0) = 0 alongside the conditions (¢;) and
(¢2) of Definition 2.1. On the other hand, Argoubi et al. [1] slightly modified the
definition of Khojasteh et al. [10] by removing the condition ¢(0,0) = 0. In this
paper, we use a modified definition of Argoubi et al. [1].

The set of all simulation functions will be denoted by 2.
The following, we recall some examples of simulation functions.

Ezample 1.1 [9] Let ¢; : [0,00) % [0,00) = R,i =1,...,6 be defined by

1. Gt x) =(s) — ¢(t) for all t, s € [0,00), where ¢, : [0,00) — [0,00) are
two continuous functions such that ¢(t) = ¢ (t) = 0 if and only if ¢ = 0 and
P(t) <t < @(t) for all t > 0.

2. (aoft,s) =s— gg:;t for all ¢, s € [0,00), where f,g: [0,00)* = (0,00) are
two continuous functions with respect to each variable such that f(¢,s) >
g(t,s) forallt,s >0

3. (3(t,s) = s—p(s) —t for all t,s € [0,00), where ¢ : [0,00) — [0,00) a
continuous function such that ¢(t) = 0 if and only if ¢ = 0.

4. If ¢ : [0,00) — [0,1) is a function such that limsup,_,,, ¢(t) < 1 for all
r > 0 we define

Ca(t, s) = sp(s) —t for all t, s € [0, 00).
5. If p : [0,00) — [0,00) is an upper semi-continuous mapping such that
n(t) <t for all ¢ > 0 and n(0) = 0, we define
Cs5(t, s) =n(s) —t for all t,s € [0, 00).
6. If ¢ : [0,00) — [0,00) is a function such that [; ¢(u)du exists and
fOE ¢(u)du > ¢ for each € > 0, we define
Co(t,s) =s— fot ¢(u)du for all t,s € [0,00).

It is easily verified that each function (;(i = 1, ...,6) is the simulation function.
Definition 2.2. [2] A nonself mapping T : A — B is said to be a Z-p-proximal
contraction of the first kind if there exists ( € 2 such that

d(u,Tz) = d(A, B) -
=
d(u, Ty) = d(A, B) [ = S 0),p(z.9) =

for all u,v,z,y € A.
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Definition 2.3. [2] A non-self-mapping T : A — B is said to be a Z-p-proximal
contraction of the second kind if there exists ( € £ such that
d(u,Tx) = d(A, B)

d(u, Ty) = d(4, B)} = ((u(Tu, Tv), p(T,Ty)) > 0

for all u,v,x,y € A.

In the case p = d, the notaion of Z-p-proximal contraction are reduced to Z-
proximal contraction of Tchier et al. [14].

In Definition 2.2, if the simulation function ¢ is given by ((¢,s) = as — t for
some « € [0,1), then the mapping T is called a p-prozimal contraction of the first
kind. Moreover if p = d, then T is a proximal contraction of the first kind.

We recall the following notation:
94, ={9: g is a continuous functions from (A4, d) to (4,d) and p(x,y) < p(gz, gy) for all z,y € A}
Typ =T : T is a function from A to B and p(Tz, Ty) < p(Tgzx,Tgy) for all z,y € A}.
In the case p = d,94 , is denoted by ¥4 and J, , by 7, (see [14]).

In 1999, Suzuki [15] introduced the concept of T-distance on a metric space,
which is a generalized concept of w-distance. They gave example of the 7-distance.
Further They discuss the relation between w-distance. Kosti¢ et al.[2] introduced
the concept of wq-distance, which is slightly different to the original w-distance

of [8], in regard that the lower semicontinuity with respect to both variables is
supposed.
Definition 2.4. [15] Let X be a metric space with metric d. Then a function p

: X x X — [0,00) is called the 7-distance on X if there exists a function 7 from
X % [0,00) — [0,00) and the following are satisfied:
(11) p(z,2) < pla,y) +ply, 2) for all z,y,z € X;
(12) n(x,0) =0 and n(x,t) >t for all z € X and ¢ € [0,00), and 7 is concave
and continuous in its second variable;
(13) lim, x, = x and lim sup{n(zn, p(zn, Tm)) : m > n} = 0 imply
p(w,z) < liminf p(w, x,,) for all w € X;
n
(12) limsup{p(xn, ym) : m > n} = 0 and lim,, n(x,, t,) = 0 imply lim,, 9(y,, t,) =
0; !
(15) limy, n(2n, p(2n, £,)) = 0 and lim, (2, P(2n, yn)) = 0 imply lim,, d(z,, yn) =
0
We may replace (75) by the following (75)’

(r2)" inf{n(z,t) : t > 0} = 0 for all z € X, and 7 is nondecreasing in its second
variable.

We recall some properties of 7-distance. Let X be a metric space with metric
d and let p be a 7-distance on X. Then a sequence {z,} of X is called p-Cauchy
if there exists a function 7 from X x [0,00) — [0, 00) satisfying (72) — (75) and a
sequence {z,} of X such that limsup{n(z,, p(zn,Zm)) : m > n} = 0.
n

We recall the following lemma, which can be found in [15].

Lemma 2.5. [15] Let X be a metric space with metric d and let p be a T-distance
on X. If {x,} is a p-Cauchy sequence, then {x,} is a Cauchy sequence. Moreover,
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if {yn} is a sequence satisfying Um sup{p(zn,ym): m > n} =0, then {y,} is also a
n

p-Cauchy sequence and lim,, d(z,,y,) = 0.

Lemma 2.6. [15] Let X be a metric space with metric d and p be a T-distance

on X. If a sequence {x,} of X satisfies lim, p(z,x,) = 0 for some z € X, then

{z,} is a p-Cauchy sequence. Moreover, if a sequence {y,} of X also satisfies

lim,, p(z,yn) = 0, then lim, d(x,,yn). In particular for x,y,z € X, p(z,2) =0 and

p(z,y) =0 imply z = y.

Lemma 2.7. [15] Let X be metric space with metric d and let p be a T-distance on

X. If a sequence {x,} of X satisfies limsup{p(xn,xm): m >n} =0, then {x,} is
n

a p-Cauchy sequence. Moreover if a sequence {yn} of X satisfies lim,, p(xn,yn) =0,
then {yn} is also a p-Cauchy sequence and lim,, d(x,,y,) = 0.

Let (X, d) be a metric space, A and B two nonempty subsets of X and T : A — B
a non-self-mapping. The following notations will be used throughout the paper.
d(A, B) =inf{d(z,y) : z € A,y € B};
d(y, A) = inf{d(z,y) : v € A} = d({y}, A);
Ag ={x € A:d(z,y) = d(A, B) for some y € B};
By ={y € B:d(z,y) = d(A, B) for some = € A}.
Throughout this paper, the set of all best proximity points of a non-self mapping
T : A — B will be denoted by
Best(T) ={xz € A:d(z,Tz) = d(A, B)}.
If g: A— A, then we have
BY,(T)={zx € A:d(gz,Tz) = d(A, B)}.

est
3. MAIN RESULTS

Let (X,d) be a metric space, p : X x X — [0,00) a 7-distance on X, and
let A and B be two nonempty subsets of X (which need not be equal). For every
z,y € X,

w(x,y) := max{p(z,y), p(y, )}
It is easily checked that the function p : X x X — [0, 00) has the following properties,
for all z,y, 2z € X;
(1) plz,y) =0=z=y;
(2) p(z,y) = py, ), i.e. pis symmetic;
(3) w(z,y) < p(z,z) + p(z,y), i.e. p satisfies the triangle inequality.

Lemma 3.1. Suppose that {x,} is sequence such that lim, u(x,,Tp41) = 0. If

limy, (0, ) # 0, then there are € > 0 and two subsequence {z,,} and {z,, }
of {xn} such that limg p(zn,, Tm,) = img p(Tn,41, Tmyet1) = €.

Next, we prove our main results.

Theorem 3.2. Let A and B be two nonempty subsets of a complete metric space
(X,d) with a T-distance p, such that Ay is nonempty and closed. Let p(-,x) :
X — [0,00) be lower semicontinuous for any x € X. Suppose that the mappings
g:A— Aand T : A — B satisfy the folowing conditions:

(a) T is a Z-p-proximal contraction of the first kind;
(b) g €Gap;
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(c) Ag C g(Ao);

(d) T(Ap) C By.
Then there exists a unique element © € Ay such that d(gx,Tx) = d(A,B) and
p(z,x) = 0. Moreover, for any initial xg € Ag there exists a sequence {x,} C Ay
converging to xz, such that d(gx,+1,Tx,) = d(A, B) for alln € NU{0}.

Proof. Let xg € Ag. Since T(Ap) C By and Ay C g(Ap), there exists x; € Ag such
that

d(gx1,Txo) = d(A, B).
Again, since Tz is an element of T'(Ag) which is contained in By, and Ay is con-
tained in g(Ayp), it follows that there exists o € Ag such that

d(gzo,Tz1) = d(A, B).
This process can be continued, for any z, € Ag it is possible to find z,11 € Ay
such that
d(gxpy1, Tx,) = d(A, B).

If there exists ng € N such that p(zp,,Tn,—1) = 0, then ,,—1 = x,,, which
implies that d(gxn,—1,TTn,—1) = d(A, B). That is, 2,,,—1 is a best proximity point
of T" under mapping g.

Assume that p(z,, 2,—1) > 0foralln € N. Since g € 94 p,, we have p(gz,, grn—1) >
0 for all » € N. Since T is a Z-p-proximal contraction of the first kind and g € ¥4 ,
we obtain

0 S C(M(gmn+1agxn)a M($n7$n71)> < M(xnyxnfl) - :u(ganrl,gxn)
S /J,(J?n, xn—l) - ,u(xn-‘rla -rn)~ (31)
Thus
(@1, Tn) < (T, Tn-1),¥n € N. (3.2)
This implies that the sequence {p(zn,xn—1)} is decreasing and so there exists
lim p(zn, p_1)=12>0. (3.3)
n—oo
Suppose that r > 0. From (3.1),

/L(ganrlv gxn) S ,u(xm xnfl)
for every n € N. On the other hand, g € ¥4, and hence

N(mn+17xn) < N(gxn+lvgxn) < N(xmxn—l)
for all n € N. Let n — oo,

lim pu(gxni1, gen) =1 (3.4)
n—oo
Now, using the simulation function property (¢2) we obtain
0 < limsup C(M(ganrla gmn)7 ,u(ajn7 xnfl)) <0
n—oo

which is a contradiction. Hence we have r = 0 which imples that

nl;ngo (@, Tn_1) = 0. (3.5)
Now, let us prove that
m}%ri)loou(xn,xm) = 0. (3.6)
If (3.6) is not true, then
lim p(zy,xm) #0. (3.7

m,n— oo
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From Lemma 3.1, then there exists € > 0 and two subsequence {z,, } and {z,,, } of
{zn} such that

lim p(zn,,zm,) =¢. (3.8)
k—oo
and
Wm (@41, Ty 41) = €. (3.9)
k—o0

We can assume that (2, 41, Tm,+1) > 0 for all £ € N. Again, T is a Z-p-proximal
contraction of the first kind and d(gzn,+1,T%n,) = d(A, B) = d(gTmy+1, T Tm,,)-
By the property ({1), we obtain

0< C(:u(gxnleagka+1)7M(xnk7xmk))
< M(xnk7xmk) - :U’(gmnk-i-lagxmk-i-l)
< p’(xmwxmk) - M(xnk-‘rlaxmk-&-l)

for all k£ € N. Thus the previous inequality with (3.8) and (3.9) imply that
im (g2, +1, 9Tm,+1) = €. (3.10)
k—o00

From (3.8) and (3.10) we see that the sequance tx = pu(9@n, +1, §Tm,+1) and si ==
(T, T, ) have the same positive limit. By the property ((2), we conclude that
0 < limsup ((tg, i) <0
k—o0

which is a contradiction and hence (3.6) holds.
Since

lim  p(z,,zm) =0,
m,n— oo

we have
lim sup{p(zn, Tm) : m > n} = 0.
m,n— oo

By Lemma 2.7, we have {z,} is a p-Cauchy sequance in Ay. And by Lemma
2.5 we have {x,} is a Cauchy sequance in Ay. Since (X, d) is complete metric space
and Ay is a closed subset of X, there exists lim,,_,o, x, = & € Ag. Moreover, by the
continulity of g we have lim,, . gx,, = gx. Since gx,, € Ag for all n € N and Ay is
closed, we also have gz € Ap. On the other hand, since z € Ay and T'(4y) C By,
there exists z € Ag such that d(z,Tz) = d(A, B).

Let us prove that z = gz. If z = gx,, for infinetely many n € N, then z = gx.
Assume that z # gz, in which case there exists ng € N such that z # gz, for all
n > ng. If u(gxy,,z) = 0 for some n > ng, then gx,, = z. That is u(gz,, z) > 0 for
all n > ng. Also there exists a subsequance {z,,} of {z,} such that z,, # z for
every k € N (if that is not true, then x,, = z for all n € N and so p(z,,z,—1) =0
for all n € N, which is contrary to (3.2)). Similary, we have u(z,,,z) > 0 for every
k € N. Since T is a Z-p-proximal contraction of the first kind and g € ¥4 ,, we
obtain

0 < C(u(gzny+1,2), 1(Tn,, )
< @y, @) = (9041, 2)
< (gTny s 9) — p1(gTny 41, 2).-
This imples that
1(9Zn,+1,2) < pi(gTn,, 92) (3.11)
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for every k € N such that ni > ng.
Similarly argument as before we can show that

lim  pu(gzn, gom) = 0.

m,n— oo
This means that for any € > 0 there exists a N, € N such that p(gz,, gzm,) < € for
all m >n > N.. For a fixed n € N with n > max{ng, N} and

lim  p(gan, gzm) =0,
m,n—00

we have
lim sup{p(gz,, gxm;m) : m >n} = 0.

m,n— oo
By Lemma 2.7, we have {gz,} is a p-Cauchy sequance in A.
Since g, is a p-Cauchy sequance in Ag, there exists a function n from Ay x [0, c0) —
[0, 00) satisfying (72) — (75) and a sequence {z,} of Ag such that

lim sup{n(zn, p(2n, gzm)) : m > n} = 0.

n—o0

By (73) and p(-,z) : X — [0, 00) is lower semicontinuous imply that
p(gxn, gx) <liminf p(gz,, gr.,) < €.
and
plgz, grn) < lim inf p(gm, gz,) < €.
Therefore
lim p(gzy,,gz) =0. (3.12)
k— o0
Similarly, limg_,o p(9, g2n, ) = 0 which combind with (3.12) yields
lim M(gznk,gx) =0.
k—o0
Then from (3.11) we have
lim p(gzn,+1,2) =0. (3.13)
k— o0
Letting k — oo in the following inequality and by (3.5), (3.13)
19205 2) < (g GTny 1) + 19T, 41, 2),
we get limy_, o0 p(gn,,, 2) = 0. This implies

lim p(gzn,,z) =0. (3.14)

k— o0

Since limy_, 00 gZp, = gz, we obtain
p(gz, gx) = 0 and p(gz,z) = 0.
By Lemma 2.6, imply that z = gz. Finally, from d(z,Tz) = d(A, B), we get
d(gz,Tx) = d(A, B).
To prove the uniqueness, let y be in Ag such that

d(gy, Ty) = d(A, B).
Assume that p(gz,gy) > p(z,y) > 0. Since g € 94, and T is a Z-p-proximal
contraction of the first kind, we obtain

0 < ((pulgw, gy), u(x,y))
<z, y) — plgr, gy)
< pl(z,y) — plz,y) =0
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which leads to a contradiction. Hence p(z,y) = 0, which implies z = y.
By a similar argument we prove p(z,x) = 0. Suppose to the contrary, that
w(z,z) = p(x,x2) > 0. Then p(gz, gx) > 0. Again, we have

0 < ¢(u(gz, gz), p(z, x))
<z, x) — plge, gv)
< @, @) — p(z,z) =0
which is a contradiction. O

If g is the identity mapping on A, then the preceding theorem yields the following
corollary.

Corollary 3.3. Let A and B be two nonempty subset of a complete metric space
(X,d) with a T-distance p, such that Ay is nonempty and closed. Let p(-,x) :
X — [0,00) is lower semicontinuous for any x € X. Suppose that the mappings
T : A — B satisfies the folowing conditions:

(a) T is a Z-p-proximal contraction of the first kind;

(b) T'(Ao) C Bo.
Then there exists a unique best prozimity point x € Ay of the mapping T, such
that p(z,z) = 0. Moreover, for every xo € Ay there exists a sequence {z,} C Aoy
converging to x, such that d(gx,y1, Txy,) = d(A, B) for allm € NU {0}.

From Theorem 3.2 we can also obtain an interesting g-best proximity point result
for a p-proximal contraction of the first kind.

Corollary 3.4. Let A and B be two nonempty subset of a complete metric space
(X,d) with a T-distance p, such that Ay is nonempty and closed. Let p(-,x) : X —
[0, 00) is lower semicontinuous for any z € X . Suppose that the mappingsg: A — A
and T : A — B satisfies the folowing conditions:

(a) T is a p-prozimal contraction of the first kind with respect a € [0,1);
(b) g €Gup;

(c) Ao C g(Ao);

(d) T(Ao) € Bo.
Then there exists a unique element x € Ao such that d(gz,Tx) = d(A,B) and
p(xz,x) = 0. Moreover, for every xg € Ao there exists a sequence {x,} C Ag
converging to x, such that d(gx,+1,T2,) = d(A, B) for all n € NU {0}.

Proof. Note that a p-proximal contraction of the first kind with respect to a €
[0,1) is a Z-p-proximal contraction of the first kind with respect to the simulation
function ¢ : [0,00) x [0,00) = R defined by ((t,s) = as —t for all ¢,s > 0. O

By taking p = d in Theorem 3.2 the main result of [14] is obtained.

Corollary 3.5. Let A and B be two nonempty subset of a complete metric space
(X,d), such that Ay is nonempty and closed. Suppose that the mappings g: A — A
and T : A — B satisfies the folowing conditions:

(a) T is a Z-proximal contraction of the first kind;
(b) g € Ya;

(c) Ao C g(Ao);

(d) T(Ap) C By.
Then there exists a unique element x € Ag such that d(gz, Tx) = d(A, B). Moreover,
for every xg € Ay there exists a sequence {x,} C Aoy such that d(gxps1,Txy,) =
d(A, B) for alln € NU{0}, and {x,,} converging to x.
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Theorem 3.6. Let A and B be two nonempty subsets of a complete metric space
(X,d) with a T-distance p, such that T(Ap) is nonempty and closed. Let p(-,x) :
X — [0,00) is lower semicontinuous for any x € X. Suppose that the mappings
g:A— Aand T : A — B satisfies the folowing conditions:

a) T is a Z-p-proxzimal contraction of the second kind;
b) T is injective on Ag
c) T € Tyyp;
d) Ao C g(Ao);
(e) T(Ao) Q B().
Then there exists a unique element x € Ay such that d(gz,Tx) = d(A,B) and
p(Tz,Tx) = 0. Moreover, for every xo € Ag there exists a sequence {z,} C Ao
converging to x, such that d(gx,+1,Tx,) = d(A, B) for alln € NU{0}.

(
(
(

Proof. Proceeding as in Theorem 3.2 we can construct a sequance {x,} such that
d(gxnt1,Txy) = d(A, B) for all n € NU {0}. In the constructive process of {x,},
if we have T'xz,, = Tx,, for some m > n, then we choose x,,11 = Tp+1-

Since T is a Z-p-proximal constraction of the second kind, we have

C(u(Tgxn, Tgxn-i—l)a N(Tzn—ly Txn)) >0

for every n € N. Since T is injective on Ay and T € .7, using the property (¢1)
of a simulation function, we obtain that

0< C(N(Tgxm Tg$n+1)a ;U(Txnflv Txn))
< w(Txp—1,Tay) — wW(Tgxn, TgTni1) (3.15)
< pu(Txp-1,Tzn) — (T2, TTn41)

for every n € N. Then we have

Ty, Tepy1) < p(Taxp_1,Txy,), Yn € N (3.16)

which implies that the sequence {u(Tx,_1,T2,)} is decreasing,.

If there exists ng € N such that u(Tan,—1,T%n,) =0, then Ta,,—1 = Txy,. By
the injective of T on Ay follows z,,—1 = Zn,. Then d(gxny—1,TTn,) = d(9Tng, TTn,) =
d(A,B) and x,, is the best proximity point of T under mapping g. That is,
‘:U"O € Bgst(T)'

Now, let u(Txy—1,Tx,) > 0 for all n € N. Then there exists

lim p(Txp_1,Tx,) =1r>0.
n—oo
Suppose 7 > 0. From (16) we can also deduce that
(T 9T, Tgxni1) < p(Txp—1,Txy).
On the other hand, T' € 7, ,, and hence
(Txn, Tani1) < p(T92n, Tgrni1) < p(Tan—1,Txn)
for all n € N. Passing to the limit as n — oo, we obtain
lim w(Tgx,, Tgr,i1) =T
n—oo
Using the property ((2) of a simulation function, we get

0 <limsup ((u(Tg2ni1, Tgzn), (Tn—1,T,)) <0

n—roo
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which is a contradiction, and hence r = 0.

Therefore
lim pu(Txyn—1,Tx,) =0. (3.17)
n—oo
Next, we claim that
mlTillglOO w(T2p, Tay) = 0. (3.18)

Assume that (3.18) is not true, that is
lim w(Tz,, Tzy) # 0.

m,n—00
From Lemma 3.1, then there exists € > 0 and two subsequence {Tx,, } and {T'z,, }
of {Tz,} such that
lim p(Twp,, T2m,) = Im w(Trp, Ty, ,) = € (3.19)
k—o0 k—o0

Then there exists a subsequence of {z,, }, which we assume it is the whole sequence
{zn,}, such that pu(Tz,,,TTy,,) > 0 for all k& € N. Since T is a Z’-p-proximal
contraction of the second kind and d(g9xn, +1,T2n,) = d(A, B) = d(9Zmy+1,TTm,, ),
we have

0< C(M(Tgmnk-i-l) Tgxmk-l‘l)v M(T‘xnk s Txmk ))
(T xp,, Tam,,) = (T 9T, 41, TGT 0, +1)
N“(Txnk ’ Txmk) - :U'(Txmﬁ-la Txmm-l)
for all k£ € N. From the above ineqauality and (3.19),

<
<

lim p(T9xn,+1,TGTm,+1) = €.
k—o0

Using the property (2) of a simulation function with tg := p(T9Zn, +1, T9Tm,+1)
and sg = u(Txy, , Tm, ), we get
0 < limsup ((tx,sk) <0
k—o0
which is a contradiction and hence (3.18) holds.
Since
lim w(Tz,, Tem) =0

m,n—00
we have
lim sup{p(Tzn, TTm) : m >n} =0.

m,n— o0

It follows from Lemma 2.7 that {T'z,} is a p-Cauchy sequance in By, And from
Lemma 2.5, we have {T'z,,} is a Cauchy sequance in By.

Since (X, d) is a complete metric space and T'(Ap) is a closed subset of X, there
exists lim, oo Txn, = Tu € T(Ap) C By. Moreover, there exists z € Ay such that

d(z,Tu) = d(A, B).
Since Ay C g(Ap), we obtain that z = gz for some z € Ay. Hence
d(gx,Tu) = d(A, B). (3.20)

If 2,, = x holds for infinite values of n € N, then Tx = T'u. Assume that there exists
ng € N such that x,, # x for all n > ng. Then there exists a sunsequence {x,, } of
{zn} such that Tx,, # Tu for all k € N. Since T is a Z-p-proximal contraction of
the second kind, we get

0< C(;L(TgxnkHTgx),u(Txnk,Tu)) < M(Txnvau) - /,L(Tg:vnk+1,Tgx).
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Hence
w(Txp, +1,T2) < w(T9tn,+1, Tgx) < p(Txy, , Tu) (3.21)
for all k € N such that ny > ng, because T' € .
It follows from (3.18) we obtain that for any € > 0 there exists a N. € N such
that u(Txy,, Txy) < € for every m > n > N..
Since {Tz,} is a p-Cauchy sequance in By, there exists a function 1 from
By x [0,00) — [0, 00) satisfying (12) — (75) and a sequence {z,} of By such that

lim sup{n(zn, p(2n, Txm)) : m > n} = 0.

n—oo
By (73) and p(,z) : X — [0, 00) is lower semicontinuous, imply that
p(Txy, Tu) < liminf p(Tz,, Tey) < €
m

and
p(Tu, Txy,) < lminf p(Tey,, Tz,) < €

for any fixed n > max{ng, N}, which implies that
lim p(Txy,,Tu) = 0. (3.22)
k—o0

Similarly limy_,co p(Tu, Ty, ) = 0, and hence limy_, o0 p(Txp,, Tu) = 0. Combine
this and (3.21) to get limy o0 (T%n, +1,Tx) = 0. By triangle inequality of p,
wW(Txp, , Tx) < w(Txp,, TTnyt1) + p(T2n, 41, Tx).
From (3.17) and passing to limit as k — oo, we obtain limg_,oo p(T2p,, Tz) = 0.
This implies that
lim p(Tx,,,Tx) =0 (3.23)

k—o00
Since limy_y o0 Ty, = T'u, we obtain

p(Tu, Tu) =0 and p(Tu, Tx) = 0.

Using (3.22), (3.23) and Lemma 2.6 imply that Tz = Tu. By substituting this in
(3.20), we get d(gx, Tx) = d(A, B).
We will show the uniqueness, let y be in Ay such that
d(gy, Ty) = d(A, B),
ie, y € BY,(T). Suppose that p(Tgx,Tgy) > p(Tz,Ty) > 0. Since T € ., is a

est
% -p-proximal contraction of the second kind, we have

0 < ((u(Tgz,Tgy), n(Tz,Ty))
< Tz, Ty) — p(Tgx, Tgy)
which is a contraction. Hence pu(Tz, Ty) = 0, which means that Ta = T'y. From T
is injective on Ay, imply that z = y.
Finally, suppose that p(Tz,Tx) = p(Tx,Txz) > 0. Then pu(Tgzx,Tgx) > 0.
Using a similar argument as above, we have
0 <{(u(Tgx,Tgx), u(Tx,Tx))
<p(Tz,Tx) — W(Tygz, Tgx)
<p(Tz,Tz) — W(Tz,Tx) =0
which is a contraction. Therefore p(Tz,Tz) = 0. O
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The following best proximity point result is a special case of Theorem 3.6 when
g is an identity map on A.

Corollary 3.7. Let A and B be two nonempty subsets of a complete metric space
(X,d) with a T-distance p, such that T(Ap) is nonempty and closed. Let p(-,z) :
X — [0,00) is lower semi continuous for any v € X, Suppose that the mappings
T : A — B satisfies the folowing conditions:

(a) T is a Z-p-proximal contraction of the second kind;

(b) T is injective on Ag;

(C) T(Ao) - Bo.
Then there exists a unique best prozimity point x € Ay of T with p(Tx,Tx) = 0,
and for every xg € Ay there exists a sequence {x,} C Ay converging to z, such that
d(gzn+1,Txn) = d(A, B) for all n € NU {0}.

By setting p = d in Theorem 3.6 the main result of [14] is obtained.

Corollary 3.8. Let A and B be two nonempty subsets of a complete metric space
(X,d), such that T(Ag) is nonempty and closed. Suppose that the mappings g :
A— Aand T : A — B satisfies the folowing conditions:

(a) T is a Z-proximal contraction of the second kind;
(b) T is injective on Ay
(c) T € Ty;
(d) Ao C g(Ao);
(e) T(Ao) Q Bo.
Then there exists a unique point x € A such that d(gz, Txz) = d(A, B). Moreover, for
every xg € Ao there exists a sequence {x,} C A such that d(9xn41,Tx,) = d(A, B)
for alln € NU{0} and lim, 00 x,, = T.
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ABSTRACT. The aim of this paper is to compare the convergence radii of three methods
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1. INTRODUCTION

In this paper we compare the convergence radii of following three sixth order
iterative methods defined for n =0,1,2,..., by [12]:

b = = 2 F () )
tn = n— ol 4 P () F ()
2 8
3 _ _
+§F/(xn) 1F,(yn)iFl($n) 1F(xn)
1
Pagt = o= I S F () F )

) F )] F () F (),
(1.1)

* Corresponding author.
Email address : iargyros@cameron.edu, sgeorge@nitk.edu.in.
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2
Yn = Tp — gF/(x7L)71F(xn)
5 3 / —1 v 2
f = = [T S (F () F )]
xF'(z,) ' F(x,)
9 15 _
Tnt+l = Zn— [_ZI—'_ gFl(yn) LF ()
11 _ _
g F ) E () () " F ),
(1.2)
and [11]
Yn = xp— F'(z,)  F(z,)
23 _ 9 _
Zn = Tn— [§I — 3F'(zn) 1F/(yn) + g(F/(xn) 1F/(yn))2]
x F'(x,) ' F(x,)
5 3 _
T+l = 2Zn — [51 - §F1($n) 1F/(yn)]
XF/(xn)ilF(xn) (1.3)
used for approximating a solution a of the equation
F(x)=0. (1.4)

Here: F': Q C & — &, is a differentiable operator in the sense of Fréchet, £ and
&, are Banach spaces and (2 is convex and open.

Earlier convergence analysis of these methods when &£ = & = R* used, assump-
tions of the Fréchet derivatives of F' of order up to seven [1, 2, 14] although these
derivatives do not appear in these methods, limiting the applicability.

Example 1.1. Let & =& =R, Q = [—%, %] Define F' on 2 by

F(z) = 2% log2? + 2° — 2*
Then
F'(x) = 32% log 2? + 5x* — 42% + 222
F"(z) = 6zlogx? + 2023 — 1222 + 10z,
F"(x) = 6log x® + 6022 = 24z + 22.
Obviously F"'(z) is not bounded on 2. So, the convergence of methods (1.1), (1.2)
and (1.3) is not guaranteed by the analysis in the earlier studies.

In this study, our analysis uses only the assumptions on the first Fréchet de-
rivative of F. Thus, we extend the applicability of these methods and in the more
general setting of Banach space valued operators. This technique can be used to
extend the applicability of other iterative methods.

Notice that, solutions methods for equation (1.4) is an important area of research,
since a plethora of problems from diverse disciplines such that Mathematics, Op-
timization, Mathematical Programming, Chemistry, Biology, Physics, Economics,
Statistics, Engineering and other disciplines can be modeled into an equation of the
form (1.4) [1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15].

The rest of the study is organized as follows. In Section 2 , the local convergence
analysis is given and numerical examples are given in the last Section 4.
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2. LOCAL CONVERGENCE

Let us introduce some real functions and parameters needed in the local conver-
gence analysis. Consider a function wy : § — S continuous and increasing with
wp(0) = 0, where S = [0, 00). Suppose that equation

wo (t) =1 (21)
has at least one positive solution. We denote by pg the smallest such solution. Set
So = [0, po). Let also w : Sy — S and w; : Sy — S be continuous and increasing
functions with w(0) = 0. Define functions g; and g; on the interval Sy by
W((1—0)t)dl + L [ (6t)d0

1-— wo (t)

q(t) =

and

Suppose that
w1(0) < 3. (2.2)

We obtain that g, (0) = wlT(O)fl < 0and g;(t) — oo ast — p, . The intermediate
value theorem guarantees the existence of at least one solution of the equation
g1(t) =01n (0, pg). Denote by Ry the smallest such solution. Suppose that equation

wo(gr(t)t) =1 (2.3)
has at least one positive solution. Denote by p; the smallest such solution. Set
S1 = [0, p2), where ps = min{pyg, p1 }. Define functions g and gs on S; by

Jo (@ =0))do | 3 [ wolgr (1) + wo(?)

92(t) = 1— wo(d) T3P 1 —wo(g1(t)1)
)

W (91 (t t) —+ wo (t):| fol wl(Qt)dQ
1-— OJQ(t) 1-— wo(t)

and
ga(t) = ga(t) — 1.
We also get g2(0) = —1 and ga(t) — oo as t — p, . Denote by Ry the smallest
solution of equation g (t) = 0 in (0, p2). Suppose that
wo(g2(t)t) =1 (2.4)
has at least one positive solution. Denote by p3 the smallest such solution. Set
Sy =10, p), where p = min{p%pg} Define functions g3 and gs by

Jy @((L~ 0)ga(t)1)de
gs(t) = { . 1_w0(92( )
(wo(g2(1)t) +wo(91(1)1)) fiy i (Bal(t))do
(L~ w02 (1 = wolar ()9)

1 {15(600(91( )t) +wo(t))

8 1 — wo(g1(£)t)

| Wwo(gr () +wo(0)] Jo w1<992<t>t>de}

1 —wp(t) 1 —wo(g1(t)t)

and



132 J. NONLINEAR ANAL. OPTIM. VOL. 9(2) (2018)

We have again g3(0) = —1 and g3(t) — oo as t — p~. Moreover, define a radius
of convergence R by

R=min{R;}, i=1,2,3. (2.5)
It follows that for each ¢ € [0, R)
0<wy(t) <1,0<wy(g1(t)t) < 1,0 <wplga(t)t) <1, (2.6)
and
0<gi(t) <1, i=1,2,3. (2.7)

We base the local convergence analysis of method (1.1) on conditions (A):

(al) F': Q — &, is a continuously differentiable operator in the sense of Fréchet
and there exists o €  such that F(a) =0 and F'(a)~! € L(E,&).

(a2) There exists function wy : S — S continuous and increasing with wy(0) =
0 and for each z € Q2

1F" ()= (F" () = F'(a))[| < wo[lz — ).

Set Qo = QN U(a, po), where pg is given in (2.1).
(a3) There exist functions w : Sy — S,w; : Sop —> S such that for each
z,y € Q

1" () T F" (y) = F'(@))]| < w(lly — 2[))
and
1F" () T F ()| < wi(flz — al])
where Sy and S are defined previously.

(a4) U(a, R) C Q, po, p1, p2 exist and are given by (2.1), (2.3) and (2.4), respec-
tively, (2.2) holds and R is given by (2.5).

(ab) There exists R; > R such that

1
/ wO(HRl)dQ < 1.
0

Set O = QNU(a, Ry).
Next, the local convergence analysis of method (1.1)is provided using the conditions
(A) and the preceding notation.

Theorem 2.1. Suppose that the conditions (A) hold. Then, sequence {x,} gener-
ated by (1.1), for o € U(a, R) — {a} is well defined, remains in U(w, R) for each

n=0,1,2,3,... and converges to c. Moreover, the following estimates hold
lyn — all < g1z — al)llz — all < flz —af| < R, (2.8)
[zn — all < g2([|z — al))]|lz — o < [l — of (29
and
[znt1 — afl < gs(llz = al)llz — af < [z —af], (2.10)

where functions g; are given previously and R is defined in (2.5). Furthermore, the
limit point « is the only solution of equation F(x) =0 in the set Q.

Proof. We use mathematical induction to show (2.8) — (2.10). Let z € U(«, R)—
{a}. Using (2.5), (al) and (a2), we get that
1F" ()™ (F' () = F'(a))|| < wo(llz — o]) < wo(R) < 1. (2.11)
By the Banach perturbation lemma [6, 7, 10], F'(z)~! € L(&2, &),
1

[F () F' ()| < T—w(lz—a])

(2.12)
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and the iterate yo is well defined by the first substep of method (1.1) for n = 0. We
can write by (al)that

Yo —a =20 —a — F'(x0) " F(x0) + %F’(mo)_lF(a:O), (2.13)
so by (2.5), (2.7) (for i = 1), (2.12) (for x = x¢) and (2.13), we have in turn that
lyo — < [[F' (o) F'(a)]|
I / F(a) " (F'(a+ 0(z0 — @) — F'(0))d0(z — o]
+*HF'($ )THF (o)
H / F/(a+ 8(ao — @) - F'(z0))d0(x — )|
- [, w 0)l|zo — al)dd + & f wi(6]|zo0 — a]))db]
- 1—wo(||9€o—6¥||)
X [|zo — al
= gi(llzo — al)llzo — af < [lzo —all < R, (2.14)

s0 (2.8) holds for n = 0 and yo € U(«a, R). Moreover, zj exists by (2.12) (for x = yo).
We can write
2—a = xg—a—F(x0)  F(xo)
3

“l=gl+ gF’(yo)‘lF’(xo) + gF'(wo)_lF’(yo)]F'(%)_IF(%)

= zg—a—F'(z0) " F(zo) + 2[317'(1/0)_1(17/(?/0) — F'(20))
+F' (o) M (F' (w0) — F'(yo))|F' (o)~ F (), (2.15)

where we used the estimations

12 9 3
—§I+ 8F/( yo) ' F'(w0) + gF/(xo)_lF/(yo)

= S Flyo) " (w0)) — S(T— F/(ao) ™ F (o)

= B0 F o) — F (o)) + F(a0) ™ (P 20) — F ()]
Then, by (2.5), (2.7) (for i = 2, (2.12) (for x = yo) and (2.14), we have in turn that
lz0 —all < llzo — @ — F'(wo) ™ Fao)| + 3 [3||F (o) F'(a)]

(IIF’(a)’l(F( 0) — (a))II+IIF( )~ (F (x0) = F'())])
HIF (o) F () [ F () T (IF () ™1 (F (o) — F' ()]
HIF () TN (w0) = F'(@))I1)]

IIF'(mo)‘lF’( MIIE" (o)~ F (o)

Jo w((1 = )|z — a))d8
1 - wO(Hyo —af)

3 [3(wolllyo — all) + wo(llzo — o))
*3 { 1 —wo(llyo — all)

IN
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wo([lzo — al) + wo(llyo — Oéll)]
1 —wo([|lzo — alf)

1

w1 (0]|zo — «||)db

Jo — — |zo — o
1 —wo(l|lzo — alf)

< gallzo — al)llzo — af < [lzo — af, (2.16)

0 (2.9) holds for n = 0 and 2y € U(a, R). We also have by (2.12) (for = = zg) that
F'(2)~! exists. Then, we can write by the second substep of method (1.1) that

r1—a = z0—a—F'(2)  F(z)

+F' (20) "M (F" (y0) — F'(20))F" (y0) " F (20)
L5 (40) " (F'(00) — F/(@0)) + 11F(w0) " (F'(w0) = F'(30))]
F'(y0) ™ F(20), (2.17)

where we used estimations

1
g[—261 + 15F" (yo) " F' (w0) — 111 + 11F" (z0) "  F' (o))

- _é[ls(l — F'(yo) "' F'(0)) + 11(I = F'(0) " F'(y0))]

— S [15F (50) ™ (" (4o) — F'(z0)) + 11F (z0) ™ (F'(z0) — F'(yo))].

Next, by (2.5), (2.7) (for i = 3), (2.12) (for x = x0, 20), (2.16) and (2.17), we obtain
in turn that

lzr —all < Jlzo — o= F'(20) " F(20)]|

HIE (20) T E (@) [ (I1F" () ™ (E" (y0) — F' (o))

HIEF" (@) 7 (F' (20) = F'(@))I])
|| E" (yo) L E' (@) [ F" (@) T F (20|
+%[15|\F/(y0)_1F/(0f)||(||F'(0é)_1(F'(yo) = F'(a)]|
HE () THE (z0) — F'(a))]])]
1L F' (o) T F () [ (1 F" (@) = (F (o) — F'(a))
HIE (@) (F (yo — F' (@) [D]
X||F" (yo) T F () [ [1F () THF (20) |
{ﬁw«lemmamw

1 —wo(|[z0 — al])

IN

(@o(llz0 = al}) +wollyo — all)) Jy w1(B]lz0 — @]} )dé
(1 = wo(llz0 = ) (1 = wo(llyo — a]))

. [15(wo(|xo — o)) + wo(llyo — )

8 1 —wo(llyo —all)

11 (wo(flzo — ) + wolllyo — Oéll)]
1 —wo([|lzo — alf)

1
0|20 — af|)do
@Oz o)

t=wo(llyo —al
(k0 = alDllzo — al < 120 (215)

IN
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so (2.10) holds for n = 0 and 7 € U(a, R). The induction for (2.8)— (2.10) is com-
pleted, if xo,¥0, 20, 1 are replaced by z;,y;, z;, £;j41 respectively, in the preceding
estimations. It then follows from

241 = af < allz; —af <R, a = gs(llzo — o)) €[0,1) (2.19)

that lim;_ o, x; = and ;41 € U(e, R). Finally, for the uniqueness part, let oy € 3
with F(p1) = 0 with F(a;) = 0. Then, by (a2) and (a5), we get in turn that for
T = fol F'(a1 + 0(a — aq))db for

1
IF" ()™ (T = F'(a))]| < /Owo(9||a—a1ll)d9

1
< / wo(OR*)d6 < 1 (2.20)
0

leading to T~ € £(&;,&1). Then, by the identity
0=F(a)— F(a1) =T(a — 1),

we deduce that a1 = a.

O
Remark 2.1. The convergence order of method (1.1) can be determined using
computing the computational order of convergence (COC) [7, 8, 11] given by
|02 —all
— ln( Hx7l+1_all) (2 21)
|znt1—oll ’
(=)
or the approximate computational order of convergence (ACOC) [7, 8, 11] given by

In( ||90n+2—1’n+1|\)

* Hzn+1_zn‘|
= ——"r— "0 (2.22)
In( H-Tn+1—fn\|)

lzn—2n—1]l

It turns out that the local convergence of method (1.2) (or method(1.3)) are
given under the conditions (A) by modifying the definition of g; functions to fit
these methods as follows:

gt = M +§ ((wo(gl(f)t)+w0(t))>2
T—wo®) 8|\ T wola®?)
2(wo(g1(t)t) + wolt } )] Sy wi(6)d6
(1 —wolg1()t))? 1 —wo(t) ’
gg(t) = 92( ) - 1a
and g3 and g3 as previously. The corresponding (2.15) Ostrowski-type representa-
tion in method (1.2) is:

Zyn—a = xp,—a—F'(x,)  F(x,)
3 _
S ()™ (F () — F ()2
+2F/(yn)_1<F/(yn) - F/(xn))F/(yn)_lFl(xn)]
< F' () F (), (2.23)
where the representations for functions ¢g; and g3 are the same. Moreover, the
corresponding to (2.15) and (2.17) representations for method (1.3) are:

Zn—a = xp,—a—F'(z,) ' F(z,)

+
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45 [5F (@) (P (w0) — F'(32)
HOF () F ) ') (F () = F' ()

X F'(x,)  F(2p). (2.24)
and
Tyl — @ = 2zp—o—F'(2,) " F(z,)
2P ) () — P )
X F'(2,) L F(2,,). (2.25)

The g functions are:

Jo w((L=0))do | 1 [ 15(wo(g1(£)1) +wo(t))
1-— wo(t) 8 1-—- wo(t)
(

L (O @o(91 (1)) +wo() Jy wl(et)dﬂ

g2(t) =

(1 —wo(t))?

((1—0)t)do
1 — o.)o(t)
+

3 (ot + wnlon ) 1) Jo w1(992(t)t)d9}gg(t)_

and

(1 —WO(f))Q

With the above changes and following the proof of Theorem 2.1, we arrive at the
corresponding results for method (1.2) and method (1.3).

Theorem 2.2. Suppose that the conditions (A) hold. Then, the conclusions of
Theorem 2.1 hold for method (1.2) or method (1.3) with the above indicated changes.

3. NUMERICAL EXAMPLES

Example 3.1. Let By = By = R*,Q = U(0,1),z* = (0,0,0)7. Define function F
on (2 for u = (z,y,2)T by

-1
Flu) = (" =1, =" +4,2)".

Then, the Fréchet-derivative is given by

e’ 0 0
F'lvy=1] 0 (e—1Ly+1 0
0 0 1

Notice that using the (2.8)-(2.12), conditions, we get wo(t) = (e — 1)t,w(t) =
eﬁt,wl(t) =eeT.
Then using the definition of r, we have that
R, = 0.15440695135715407082521721804369
Ry = 0.08374478937177408377490195334758 = R
R3 = 0.11332932017032089355712543010668.
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Example 3.2. Let B; = By = C]0, 1], the space of continuous functions defined on
[0,1] and be equipped with the max norm. Let Q2 = U(0,1). Define function F on
Q by

F(¢)(@) = p(z) - 5 / 0p(0)db. (3.1)
We have that

1
F'(p(6))(x) = &(x) — 15/0 0o (0)%€(0)dh, for each & € Q.

Then, we get that ™ = 0, wo(t) = 7.5t,w(t) = 15¢,w1(t) = 2. This way, we have
that

R1 = 0.022222222222222222222222222222222

Ry = 0.015951698098429258065866775950781 = R

R3 = 0.021955106317595653175889225394712.

Example 3.3. Let & =& =R, Q = [-2, 1]. Define F on Q by

F(z) = 2®log2? + 2° — 2*
Then

F'(z) = 32% log 2 + 5z* — 42® + 222
Then, we get that po(t) = ¢(t) = 147¢,4(t) = 2. So, we obtain
Ry, =0.0015117157974300831443688586545729
Ry =0.00088140170616351218649264787075026 = R
R3 = 0.0012234803047134626755032549283442.

Example 3.4. Let By = By = C[0,1],Q = U(z*,1) and consider the nonlinear
integral equation of the mixed Hammerstein-type [1, 2, 3, 5, 11] defined by

2 4 l’(t)Q
/G t)3/ + =)t

where the kernel G is the Green’s function defined on the interval [0, 1] x [0, 1] by

G(s’t):{ (1—s)t, t<s

s(1—1t), s<t.

The solution x*(s) = 0 is the same as the solution of equation (1.4), where F' :
C0,1] — C[0,1]) is defined by

F(z)(s / G(s, t)(z(t)3/? + (;)2)dt.
|| / G(s, )] <

e / Gls, ) ()72 + 2())dt,

Notice that

ool =

Then, we have that

so since F'(xz*(s)) =1,

1E (@) (F (@)~ F@) < £ Clle — 92 + [l — ).

|_82
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Then, we get that wy(t) = w(t) = 2(3t1/2 + 1), w1 (t) = 1+ wo(t). So, we obtain

=12
= 0.60784148620540678908952259007492 = R
= 0.77695598964350998105743428823189.

4. CONCLUSION

A very important aspect in the study of iterative methods is the convergence

region, since it determines the choices of the initial point. That is why we studied
the convergence of three popular sixth order methods for solving nonlinear equations
under the same set of conditions. The radii of convergence were evaluated on three
test examples showing that in each example a different method has the largest
radius of convergence.
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STRONG CONVERGENCE ALGORITHMS FOR EQUILIBRIUM
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ABSTRACT. In this paper, we introduce two new linesearch algorithms for solving a
non-monotone equilibrium proplem in a real Hilbert space. Each method can be considered
as a combination of the extragradient method with linesearch and shrinking projection
methods. Then we show that the iterative sequence generated by each method converges
strongly to a solution of the considered problem. A numerical example is also provided.

KEYWORDS: Non-monotonicity; equilibria; shrinking projection methods; strong con-
vergence; Armijo linesearch; Hilbert space.
AMS Subject Classification: 90C25; 90C33; 65K10; 65K15

1. INTRODUCTION

Let H be a real Hilbert space with an inner product (-, -) and the associated norm
Il - ||. The strong convergence and the weak convergence in the Hilbert space H are
denoted by ‘—’ and ‘—’, respectively.
Let €2 be an open convex subset in H containing a nonempty closed convex C, and
f: 9 xQ — R be a bifunction such that f(z,z) = 0 for every z € C.

The equilibrium problem (shortly EP(C, f)), in the sense of Blum, Muu and
Oettli [4, 21] (see also [15]), consists of finding «* € C such that

fa®,y) =20, vy € C,
and its associated equilibrium problem

Find y* € C such that f(z,y*) <0, Va € C. (1)

* Corresponding author.
Email address: vandinhb@gmail.com, nttha711@gmail.com, hainn@dhcd.edu.vn, thanh0712@gmail.com.
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Note that problem (1) is called as the Minty equilibrium problem (MEP(C, f)
for short) due to M. Castellani and M. Giuli [6]. We denote the solution set of
EP(C, f) and MEP(C, f) by Sg and Sy, respectively.

Although problem EP(C, f) has a simple formulation, it encompasses, among
its particular cases, many important problems in applied mathematics: convex
optimization problem, variational inequality problem, fixed point problem, saddle
point problem, Nash equilibrium problem in noncooperative game, and others; see,
for example, [3, 4, 21], and the references quoted therein.

Recall that a bifunction f is said to be monotone on C if

fl@y) + fly, @) <0,Va,y € C,
and pseudo-monotone on C' if
Vz,y € C, f(z,y) 20 = f(y,2) <0.

Solution methods for equilibrium problems with monotone or pseudo-monotone bi-
functions [1, 9, 12, 13, 16, 17, 19, 22, 29] have been studied extensively by many
researchers and they have been usually extended from those for variational inequal-
ity problems and other related problems [5, 14].

For obtaining a solution of a non Lipschitz type and pseudo-monotone equilib-
rium problem in Euclidean space, Tran et al. [27] proposed to combine extragradient
algorithms [18] with Armijo linesearch rule [2] to get the following algorithm.

Algorithm 1.
Initialization. Pick 2° € C, n,u € (0,1); 0 < p;
Yk € [v,79] € (0,2).
Iteration k (k = 0, 1, 2, ...). Having 2* do the following steps:
Step 1. Solve the strongly convex program

. 1
min {f(%,9) + oy =ty € O} CP(a")

to obtain its unique solutions y*.

If 4% = 2%, then stop. Otherwise, go to Step 2.

Step 2. (Armijo linesearch rule) Find my as the smallest positive inte-
ger number m such that

{Zk,m — (1 o ’I]m)l’k + ,r}myk

F(Rm k) — F(m k) > L gk — 2.

k k,mk

Set np =n™*k, 2 =2
k .k
Step 3. Select w* € Oy f (2%, 2%), take oy = %, and compute

2Pl = Po(a¥ — yp.o.w"), and go to Step 1 with k is replaced by
kE+1.

They showed that the sequence {x*} generated by the above algorithm converges
to a solution of EP(C, f) provided that Sg # 0.

In addition, to find a fixed point of a non-expansive self mapping 7" in real Hilbert
spaces, ie., T : C — C and [Tz — Ty|| < ||z —y||, Vz,y € C. Takahashi et al.
[26] introduced the following iterative method, known as the shrinking projection
method, which is the following:

Algorithm 2

Initialization. Pick 2° = 9 € C, choose parameters a € [0,1), {ax} C [0, ] and

set Cy = C.
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Iteration k (k= 0,1,2,...). Having z¥ do the following steps:
Step 1. Compute
y* = apz® + (1 — ap)Tz",
Crs1 = {z € Ot o — ¥ < [l — 2*]]}.

Step 2. Compute zFt! = Pg, ., (29), and go to Step 1 with k is replaced by k+1.

They proved that {z*} generated by Algorithm 2 converges strongly to x* =
Prpig(r)(27). In spired by above algorithms and recent works [7, 10, 25, 31], in this
paper, we introduce algorithms for solving an equilibrium problem in a real Hilbert
space without pseudo-monotonicity assumption of the bifunctions by combining
Algorithm 1 with Algorithm 2. Then, we proved that the sequences generated by
proposed algorithms strongly converges to a solution of Sg.

The rest of paper is organized as follows. The next section contains some pre-
liminaries on the metric projection and equilibrium problems. The third section
is devoted to introduce two algorithms for EP(C, f) and their strong convergence.
In the last section, we present an application of the proposed algorithm for Nash-
Cournot equilibrium models of electricity markets and its implementation.

2. PRELIMINARIES

In this paper, we denote the metric projection operator on C' by Pg, that is
Po(z) e C: lz = Po(z)|| < |ly —=l|, Vy € C.
It is well known that the projection operator onto a closed convex has the fol-
lowing properties.
Lemma 2.1. Suppose that C' is a nonempty closed convexr subset in H. Then

(a) Pco(x) is singleton and well defined for every x;

(b) z = Po(x) if and only if (x — z,y — 2) < 0,Vy € C;

(©) [IPe(@) = Pe))?* < llz =yl = [|[Pe(z) -2 +y — Pe)|?, Yo,y € C.
Definition 2.1. A bifunction ¢ : C x C' = R is said to be jointly weakly continuous
on C x C if for all z,y € C and {x*}, {y*} are two sequences in C converging
weakly to x and y respectively, then (x*,y*) converges to p(x,y).

In the sequel, we need the following blanket assumptions

(A1) f(z,.) is convex on (Q for every x € C;
(Ay) f is jointly weakly continuous on  x Q.

For each z, z € C, by 02 f(z,x) we denote the subdifferential of the convex function
f(z,.) at z, i.e.,
Daf(z,x):={weH: f(z,y) > f(z,2) + (w,y — x), Yy € C}.
In particular,
Oof(z,2z) ={w e H: f(z,y) > (w,y — z), Yy € C}.
The next lemma can be considered as an infinite-dimensional version of Theorem

24.5 in [21]

Lemma 2.2. [28, Proposition 4.3] Let f : & x Q@ — R be a function satisfying
conditions (Ay) and (Az). Let 7,57 € Q and {z*}, {y*} be two sequences in Q
converging weakly to T,y, respectively. Then, for any € > 0, there exist n > 0 and
ke € N such that

0o f (%, y") C Ouf(2,7) + %B,

for every k > k., where B denotes the closed unit ball in H.
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Lemma 2.3. [20] Under assumptions (A1) and (Ag), a point * € C is a solution
of EP(C, f) if and only if it is a solution to the equilibrium problem:
1
Find z* GC:f(x*,y)-ﬁ-%Hy—x*HQZO, Yy € C. (AEP)
Lemma 2.4. [30] Let C' be a nonempty closed convex subset of H. Let {z*} be a

sequence in H and u € H. If any weak limit point of {z*} belongs to C' and
2% = ull < [lu = Pe(u)], k.
Then z* — Po(u).
Lemma 2.5. [10] Under assumptions (A1) and (Asz), if {zF} C C is a sequence

such that {z¥} converges strongly to z and the sequence {w*}, with w* € Oy f (2%, %),
converges weakly to w, then @ € daf (2, Z).

Lemma 2.6. [11] Let the equilibrium bifunction f satisfy the assumptions (Ay) on
Q and (Az) on C, and {z*} C C, 0< p<p, {px} C [p, p]. Consider the sequence
{y*} defined as follows

, 1
y* = argmm{w(zk,y) + ﬂ\ly —a"|?: y e C}-

Then, if {x*} is bounded, then {y*} is also bounded.

3. MAIN RESULTS

Now we are in a position to present the first algorithm for solving a non-monotone
equilibrium problem in a Hilbert space.
Algorithm 3.
Initialization. Pick 2° = 29 € C, choose parameters 1, u € (0,1),0 < p < p,
{pk} c [,0, ﬁ]v Tk € [77’_7} c (072) and set Cp = C'.
At each iteration k (k = 0,1,2,...). Having 2¥ do the following steps:
Step 1. Solve the strongly convex program

) 1
min {f(*,9) + 5 —lly ~ | s y € C} CP(a*)

to obtain its unique solution y*. If y* = z*, then stop. Otherwise, do
Step 2.

Step 2. (The first Armijo linesearch rule) Find my as the smallest
positive integer number m such that

f(zk””,xk) _ f(Zk’m,yk) > ﬁ”wk _ kaQ-

k,my

(2)

Set m, =0k, 2P =2

Step 3. Select w¥ € Oy f (2%, 2%), and compute u* = Po (2% — yopw"),
AT

where o}, = Hw,;HQ .

Step 4. Compute

ahtl = PCk+1 (xg)7

where Cjy1 = {z € C : ||z — u¥|| < ||z — 2¥||}, and go to Step 1 with
k is replaced by k + 1.

Remark 3.1. If y* = ¥ then 2 is a solution to EP(C, f).
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Before proving the convergence of Algorithm 1, let us recall the following lemma
which was proved in [27].

Lemma 3.1. [27] Suppose that the bifunction f satisfies assumptions (A1) and
(Az), then we have:

(a) The linesearch is well-defined;

(b) f(z*,2*) > 0;

(C) 0 g 82f(zk7xk);

d) In addition, if Syr # 0, then

lu? = 2*|* < fla* —a*)|? = (2 = ) (onlwhl)?, for all z* € S (3)
Lemma 3.1 implies that the sequence {z*} generated by Algorithm 1 is well-

defined. The following theorem establishes the strong convergence of {z*} to a
solution of EP(C, f).

Theorem 3.2. Suppose that bifunction [ satisfies assumptions (A1), (A2). If
the set Sy is monempty, then the sequence {x*}, {u*} generated by Algorithm 3
converge strongly to a solution x* of EP(C, f).

Proof. Take T € Sy); C C' = Cy. From Lemma 3.1, we have
lu? —2|* < flz* = 2|I* — k(2 = ) (onl|w” ). (4)
Since v € [y,7] C (0,2), we get
1z —u*|| < |z — 2. ()
By induction, we can conclude that z € Cy, for all k.
By Step 4, ¥ = Pg, (29), we have
2% — 29| < |l — 29|, Yz € Cy, (6)
50,
¥ — 29| < ||z — 29|, Vk. (7)
Therefore, {z*} is bounded. Together with Lemma 2.2, {w*} is bounded. Combin-
ing with (5) we have {u*} is also bounded.
Since, z**1 € C}, and (6), we have

lz* — 29| < |2t — 29, Vk. (8)

Because {z*} is bounded, we get

lim ||z — 29| =7 > 0. (9)
k—o00

In addition,

2P — 2F]|2 = 2kt — 29 4 29 — 22

= [la"* = 292 + [|2? — 2F|* + 2(2" — 29,27 - 2¥)
= [la™ — @ |? + |2 — 2P+ 20— 2k 2f — aF) - 2f|a? — 2"
<l = 29)? — fla* — 292,
where the last inequality follows from the fact that 2% = Pg, (29) and z**! € Cy,
then (zFt! — 2k 29 — 2F) <0.

From (9), we obtain
lim [|zF T — 2% = 0. (10)
k— o0
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Because zFt1 € Cj1, one has
2% — || <z — 2| 4 T u
< 2l — M|
Take into account with (10) we get

lim [Juf —2*|| = 0. (11)
k—o0
Next, we show that {z*}, {u*} converge strongly to z* = Prge o (29).

It is clear that C} is nonempty, closed and convex set, it is also weakly closed.
Since Cry1 C Ck,Vk and 2% € Oy, 2F € Cy, for all £ > kg. Let & be any weak

accumulation point of the sequence {z*}, i.e., there exists {z%} C {2*} such that

xF —~ % as j — oco. Since {2%} C Cf,,Vj > i and the weak closedness of Cy,, it

implies that & € Cy,,Vi. Hence & € Cy,Vk, or € N2, Cl.
Set * = Pree ¢, (27). From (7) we have,

2% — 29| < [|la* — 29|, Vk. (12)
We can conclude that z* converges strongly to z* by Lemma 2.4. Together with
( 11) we have u* also converges strongly to x*.

Next, we show that «* solves EP(C, f).

In view of (4), it yields
(2 = 1) (okllw[)? < fl2* — u* | [lla* - 2| + |u* — 2] (13)
Since v € [y,7] C (0,2), and (11), we get from (13) that
lim oy |lw®|| = 0. (14)
k—o0
Since {z*} is bounded and Lemma 2.6, {y*} is bounded. Consequently, {z*} is
also bounded. Using Lemma 2.5, {w*} is bounded, In view of ( 14) yields
lim f(z*,2") = lim [op]|w"]|w*] = 0. (15)
k—oo k—oo
We have
0= f(=*2") = f(F, (1= m)2® +my®)
< (L =) f(2%,2%) + e f (25,5,
so, we get from (2) that
F5,a%) 2 ml (25, 2%) — f(25,y7)]
,u
> el —yF)*.
Pk
Combining with (15) one has
lim 7 ||z* — y*||> = 0. (16)
k—o00
We now consider two distinct cases:
Case 1. limsup;,_, . nr > 0.

Then there exists 77 > 0 and a subsequence {n, } C {nx} such that n, > 7, Vi, and

from (16), one has
ki

lim ||z% — % | = 0. (17)
71— 00
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Remember that z* — x* and (17), it implies that y* — z* as i — oo.
By definition of y*¢ we have

2 wyecC. (18)

1 1
ki ki|2 ki . ki k; ki
1 7” + —_— — > f x ’7 z + _— L —

Without loss of generality, we assume that lim; , pr, = p*. Letting i« — oo, by
jointly weak continuity of f and 2* — 2*, y¥* — z*, we obtain in the limit that

1 «
—|ly —2*||* > 0.

fl@™,y) + 5

By Lemma 2.3, we conclude that
flz*,y) >0, ¥y e C.

Therefore, z* is a solution of EP(C, f).

Case 2. limg_oo n = 0.
Since {y*} is bounded, it implies that there exists {y"} C {y*} such that y* — 7
as ¢ — oo.

By the definition of y*i, we have

Fah ) + o —lly* = 2™ * <. (19)
2Pki
In the other hand, by the Armijo linesearch rule (2), for mg, — 1, we have
f(Zki’mki_l,{I}ki) _ f(zki’mki_17yki) < 2M Hykl _ xki||2. (20)
Pk;

Combining with (19) we get
— 1 .
Flakiyh) < ——|ly™

According to the linesearch rule, 2%k =1 = (1—pme: =1y ghi fpmis =Lyki i =1
0. Since z* converges strongly to x*, y* converges weakly to 7, it implies that

Zkomei =1 converges strongly to z* as i — oo. In addition, {p%Hl/ki — 2Fi||?} is

bounded, without loss of generality, we may assume that lim;_, ﬁ”y’“ — gk |2

, 1 e =1 e L, —1 ks
P PRy < et e)

exists. Hence, we get in the limit from (21) that

1
* = < _ 3 k}i _ k‘i
flz*,y) < iiumoo Y ly™ —

2 < if(x*,y)-

Therefore, f(z*,7) = 0 and lim;_, ;o ||y — 2¥||2 = 0. By the Case 1, we get that

x* is a solution of EP(C, f).

d
Replacing the linesearch rule 2 by the other one, we get the following algorithm.
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Algorithm 4.
Initialization. Pick 2° = 29 € C, choose parameters , u € (0,1),0 < p < p,

{pr} Clp, Pl, v € [7,7] € (0,2). and set Cy = C.
At each iteration k (k = 0,1,2,...). Having ¥ do the following steps:
Step 1. Solve the strongly convex program

. 1
min { /(@) + 5 -y =4 s y € C} CP(a*)

to obtain its unique solution y*. If y¥ = z*, then stop. Otherwise, do
Step 2.

Step 2. (The second Armijo linesearch rule) Find my, as the smallest
positive integer number m such that

2o = (1 — ™)k Mk
{fw o yH <0 22
’ 2pk =
Set mp = n™*, 2k = KM If 0 € Oy f(2F, 2%), then Stop. Otherwise,
go to Step 3.
Step 3. Select wk € Dy f(2*, 2¥), and compute u* = Pg(2F — yropw"),
where o), = %

Step 4. Compute
R — Pe,,, (z9),

where Cjy1 = {z € Oy : ||z — v*|| < ||z — 2*||}, and go to Step 1 with
k is replaced by k + 1.

Remark 3.2. o Ify* =2 then x* is a solution to EP(C, f);
o If0 € Oyf(2F,2F), then ¥ is a solution to EP(C, f).

Lemma 3.3. [27] Suppose that the bifunction f satisfies assumptions (A1) and
(A2), then we have:

(a) The linesearch is well-defined;
(b) f(z*,y*) <0;
c) If Syr # 0, then

Juk = a*|2 < [l2* — 2|2 = 32 = ) (onllw¥ )%, forall o € Sar. (23)

Lemma 3.3 implies that the sequence {z*} generated by Algorithm 4 is well-
defined.
The following theorem show us the convergence of Algorithm 4.

Theorem 3.4. Suppose that bifunction [ satisfies assumptions (A1), (Asz). If
the set Sy is nonempty, then the sequence {x*}, {u*} generated by Algorithm
converge strongly to a solution x* of EP(C, f).

Proof. This theorem can be proved by the same arguments as in Theorem 3.2 so
we obmit it.

4. NUMERICAL EXAMPLES

To illustrate the proposed algorithms, in this section, we consider an equilibrium
problem arising in Nash-Cournot oligopolistic electricity market equilibrium model
[8, 27]. In this model, there are n¢ companies, each company i may possess I;
generating units. Let nY be number of all generating units and = be the vector
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whose entry z; stands for the power generating by unit ¢ and o = E?:gl x;. We
assume that the price p is a decreasing affine function of o, that is

pla) =3784 -2 x; = p(o).
i=1

Then the profit made by company 7 is given by
fix) =p(o) D ws =D ej(xy),
Jjel; Jjel;
where c¢;(x;) is the cost for generating z; given by
cj(a;) = max{c)(x;), cj (x;)}
with

a? Bi  —1s 1 1
djlay) = 5rag + Bjwi 47y o) = gy + o1 S )
J

where o, 85 4% (k = 0,1) are given parameters.

Denote x;»nin and x** is the lower and upper bounds for the power generating
by the unit j. Then the strategy set of the model takes the form

C:={z=(x1,....2"")": x];nin <z; <™, Vit

By setting ¢* := (qi,...,¢%,s)T with

.1 ifjel
= Yo itjer’

and define

ne

A=2> (1-¢) )", B:=2> ¢, (24)
i=1 i=1
a:= —387.4Zqi,and c(x) := ch(xj). (25)
i=1 j=1
Then this oligopolistic equilibrium model can be written by the following equilib-
rium problem EP(C, f) (see [23, Page 155]):

Find z* € C: f(a*,y) = [(A+ B)z* + By +a]" (y —2*) + c(y) — c(z*) > 0, Yy € C.

It can be seen that, the matrix A is not positive semidefinite and f(z,y)+ f(y,x) =
—(y — x)T A(y — ), hence the bifunction f is nonmonotone and nonsmooth.

We test Algorithm 3 for this problem with corresponds to the first model in [8]
where n¢ = 3, and the parameters are given in the following tables:

We implement Algorithm 1 in Matlab R2014a running on a Laptop with Intel(R)
Core(TM) i5-3230M CPU@2.60 GHz with 4 GB Ram. To terminate the Algorithm,

k+1_ Kk .
we use the stopping criteria m < € with a tolerance € = 1073. The com-

putation results are reported in Table 3 with some starting points and regularized
parameters.
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Com.

Gen.

C

Thin | Thax | Thin | Tiax
1 1 0 80 0 80
2 2 0 80 0 130
2 3 0 50 0 130
3 4 0 55 0 125
3 5 0 30 0 125
3 6 0 40 0 125

The lower and upper bounds of the power generation of the

Gen. | o) By | Y % Bj Y]
1 0.0400 | 2.00 | 0.00 | 2.0000 | 1.0000 | 25.0000
2 0.0350 | 1.75 | 0.00 | 1.7500 | 1.0000 | 28.5714
3 0.1250 | 1.00 | 0.00 | 1.0000 | 1.0000 | 8.0000
4 0.0116 | 3.25 | 0.00 | 3.2500 | 1.0000 | 86.2069
) 0.0500 | 3.00 | 0.00 | 3.0000 | 1.0000 | 20.0000
6 0.0500 | 3.00 | 0.00 | 3.0000 | 1.0000 | 20.0000

TABLE 2. The parameters of the generating unit cost functions.

Iter(k) | p ok zk ok zk ¥ zk Cpu(s)
0 0.1 0 0 0 0 0 0
691 46.6583 | 32.0728 | 15.0832 | 21.9862 | 12.3870 | 12.4071 | 136.0017
0 0.5 0 0 0 0 0 0
1166 46.6541 | 32.0750 | 15.0845 | 21.9224 | 12.4209 | 12.4389 | 151.3664
0 0.9 0 0 0 0 0 0
847 46.6440 | 31.9437 | 15.2014 | 21.6995 | 12.5953 | 12.4952 | 162.2410
0 0.1 30 20 10 15 10 10
629 46.6531 | 32.1041 | 15.0509 | 22.0089 | 12.4180 | 12.3606 | 122.1176
0 0.5 30 20 10 15 10 10
711 504 46.6416 | 31.9645 | 15.1811 | 21.6667 | 12.5630 | 12.5629 | 135.5798
0 0.9 30 20 10 15 10 10
711 46.6482 | 32.0263 | 15.1150 | 21.6827 | 12.5460 | 12.5657 | 147.0316

TABLE 3. Results computed with some starting points and regu-

larized parameters.

5. CONCLUSION

. We have introduced two projection algorithms for finding a solution of a non-
monotone equilibrium problem in a real Hilbert space. The strong convergence of
the proposed algorithms are obtained. We then have applied a proposed algorithm

for a Nash-Cournot oligopolistic equilibrium model of electricity market.

Some
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computation results are reported.
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