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Department of Mathematics, West Bengal State University, Barasat, 24 Parganas(North), West
Bengal, Kolkata-700126, India.

ABSTRACT. The main purpose of this paper is to obtain sufficient conditions for exis-
tence of points of coincidence and common fixed points for a pair of self mappings in cone
b-metric spaces. Our results extend and generalize several well known comparable results
in the existing literature. Finally, some examples are provided to illustrate our results.

KEYWORDS: Cone b-metric space, point of coincidence, weakly compatible mappings,
common fixed point.
AMS Subject Classification: 54H25, 47H10.

1. Introduction

Over the past two decades a considerable amount of research work for the de-
velopment of fixed point theory have executed by several mathematicians. There
has been a number of generalizations of the usual notion of a metric space. One
such generalization is a b-metric space initiated by Bakhtin[2]. In[6], Huang and
Zhang introduced the concept of cone metric spaces as a generalization of metric
spaces and proved some important fixed point theorems in such spaces. After that
a series of articles have been dedicated to the improvement of fixed point theory. In
most of those articles, the authors used normality property of cones in their results.
Recently, Hussain and Shah[8] introduced the concept of cone b-metric spaces as a
generalization of b-metric spaces and cone metric spaces. They studied some topo-
logical properties and improved some recent results about KKM mappings in the
setting of a cone b-metric space. In this work, we shall establish sufficient condi-
tions for existence of points of coincidence and common fixed points for a pair of
self mappings without the assumption of normality in cone b-metric spaces. The
results generalize and improve some recent results in the literature. Furthermore,
we support our results by examples.

∗Corresponding author.
Email address : smwbes@yahoo.in.
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2. Preliminaries

In this section we need to recall some basic notations, definitions, and necessary
results from existing literature. Let E be a real Banach space and θ denote the zero
element in E. A cone P is a subset of E such that

(i) P is closed, nonempty and P ̸= {θ};
(ii) a, b ∈ R, a, b ≥ 0, x, y ∈ P ⇒ ax+ by ∈ P ;

(iii) P ∩ (−P ) = {θ}.
For any cone P ⊆ E, we can define a partial ordering ≼ on E with respect to P
by x ≼ y(equivalently, y ≽ x) if and only if y − x ∈ P . We shall write x ≺ y
(equivalently, y ≻ x) if x ≼ y and x ̸= y, while x ≪ y will stand for y− x ∈ int(P ),
where int(P ) denotes the interior of P . The cone P is called normal if there is a
number k > 0 such that for all x, y ∈ E,

θ ≼ x ≼ y implies ∥x∥ ≤ k ∥y∥.
The least positive number satisfying the above inequality is called the normal con-
stant of P . Throughout this paper, we suppose that E is a real Banach space, P is
a cone in E with int(P ) ̸= ∅ and ≼ is a partial ordering on E with respect to P .

Definition 2.1. [6] Let X be a nonempty set. Suppose the mapping d : X×X → E
satisfies

(i) θ ≼ d(x, y) for all x, y ∈ X and d(x, y) = θ if and only if x = y ;

(ii) d(x, y) = d(y, x) for all x, y ∈ X;

(iii) d(x, y) ≼ d(x, z) + d(z, y) for all x, y, z ∈ X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space.

Definition 2.2. [8] Let X be a nonempty set and E a real Banach space with cone
P . A vector valued function d : X ×X → E is said to be a cone b-metric function
on X with the coefficient s ≥ 1 if the following conditions are satisfied:

(i) θ ≼ d(x, y) for all x, y ∈ X and d(x, y) = θ if and only if x = y ;

(ii) d(x, y) = d(y, x) for all x, y ∈ X;

(iii) d(x, y) ≼ s (d(x, z) + d(z, y)) for all x, y, z ∈ X.

The pair (X, d) is called a cone b-metric space.

Observe that if s = 1, then the ordinary triangle inequality in a cone metric
space is satisfied, however it does not hold true when s > 1. Thus the class of cone
b-metric spaces is effectively larger than that of the ordinary cone metric spaces.
That is, every cone metric space is a cone b-metric space, but the converse need not
be true. The following examples illustrate the above remarks.

Example 2.3. [8] Let X = {−1, 0, 1}, E = R2, P = {(x, y) : x ≥ 0, y ≥ 0}. Define
d : X × X → P by d(x, y) = d(y, x) for all x, y ∈ X, d(x, x) = θ, x ∈ X and
d(−1, 0) = (3, 3), d(−1, 1) = d(0, 1) = (1, 1). Then (X, d) is a cone b-metric space,
but not a cone metric space since the triangle inequality is not satisfied. Indeed, we
have that

d(−1, 1) + d(1, 0) = (1, 1) + (1, 1) = (2, 2) ≺ (3, 3) = d(−1, 0).

It is easy to verify that s = 3
2 .
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Example 2.4. [9] Let E = R2, P = {(x, y) : x ≥ 0, y ≥ 0} ⊆ E, X = R and
d : X ×X → E such that d(x, y) = (| x− y |p, α | x− y |p), where α ≥ 0 and p > 1
are two constants. Then (X, d) is a cone b-metric space with s = 2p−1, but not a
cone metric space.

Definition 2.5. [8] Let (X, d) be a cone b-metric space, x ∈ X and (xn) be a
sequence in X. Then

(i): (xn) converges to x whenever, for every c ∈ E with θ ≪ c, there is a
natural number n0 such that for all n > n0, d(xn, x) ≪ c. We denote this
by lim

n→∞
xn = x or xn → x (n → ∞);

(ii): (xn) is a Cauchy sequence whenever, for every c ∈ E with θ ≪ c, there
is a natural number n0 such that for all n,m > n0, d(xn, xm) ≪ c;

(iii): (X, d) is a complete cone b-metric space if every Cauchy sequence is
convergent.

Remark 2.6. [8] Let (X, d) be a cone b-metric space over the ordered real Banach
space E with a cone P . Then the following properties are often used:

(i): If a ≼ b and b ≪ c, then a ≪ c.
(ii): If a ≪ b and b ≪ c, then a ≪ c.
(iii): If θ ≼ u ≪ c for each c ∈ int(P ), then u = θ.
(iv): If c ∈ int(P ), θ ≼ an and an → θ, then there exists n0 such that for all

n > n0 we have an ≪ c.
(v): Let θ ≪ c. If θ ≼ d(xn, x) ≼ bn and bn → θ, then eventually d(xn, x) ≪

c, where (xn), x are a sequence and a given point in X.
(vi): If θ ≼ an ≼ bn and an → a, bn → b, then a ≼ b, for each cone P .
(vii): If E is a real Banach space with cone P and if a ≼ λa where a ∈ P

and 0 ≤ λ < 1, then a = θ.
(viii): α int(P ) ⊆ int(P ) for α > 0.
(ix): For each δ > 0 and x ∈ int(P ) there is 0 < γ < 1 such that ∥ γx ∥< δ.
(x): For each θ ≪ c1 and c2 ∈ P , there is an element θ ≪ d such that

c1 ≪ d, c2 ≪ d.
(xi): For each θ ≪ c1 and θ ≪ c2, there is an element θ ≪ e such that

e ≪ c1, e ≪ c2.

Definition 2.7. [1] Let T and S be self mappings of a set X. If y = Tx = Sx for
some x in X, then x is called a coincidence point of T and S and y is called a point
of coincidence of T and S.

Definition 2.8. [11] The mappings T, S : X → X are weakly compatible, if for
every x ∈ X, the following holds:

T (Sx) = S(Tx) whenever Sx = Tx.

Proposition 2.9. [1] Let S and T be weakly compatible selfmaps of a nonempty
set X. If S and T have a unique point of coincidence y = Sx = Tx, then y is the
unique common fixed point of S and T .

Definition 2.10. Let (X, d) be a cone b-metric space with the coefficient s ≥ 1. A
mapping T : X → X is called expansive if there exists a real constant k > s such
that

d(Tx, Ty) ≽ k d(x, y)

for all x, y ∈ X.
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3. TOPOLOGY IN CONE b-METRIC SPACES

In this section our concern is to introduce some topological aspects in cone b-
metric spaces. This will facilate the initiation of open and closed sets, limit points
of sets and other allied notions in the setting of cone b-metric spaces.

Definition 3.1. [8] Let (X, d) be a cone b-metric space and B ⊆ X.
(i): b ∈ B is called an interior point of B whenever there is θ ≪ p such that

B0(b, p) ⊆ B, where B0(b, p) := {y ∈ X : d(y, b) ≪ p}.
(ii): An element x ∈ X is called a limit point of B whenever for every θ ≪ e,

B0(x, e) \ (B \ {x}) ̸= ∅. A subset B ⊆ X is called closed whenever each
limit point of B belongs to B.

(iii): A subset A ⊆ X is called open whenever each element of A is an interior
point of A, that is, for any a ∈ A, there exists c ∈ int P such that the open
ball B0(a, c) ⊆ A.

(iv): A subset B ⊆ X is called bounded whenever there exist θ ≪ c and
x0 ∈ X such that d(b, x0) ≪ c for all b ∈ B.

(v): A subset B ⊆ X is called compact whenever every open cover of B has
a finite subcover.

Let (X, d) be a cone b-metric space with the coefficient s ≥ 1. Then the family of
sets {B(x, c) : x ∈ X, θ ≪ c} where B(x, c) = {y ∈ X : d(y, x) ≪ c} is a sub basis
for a topology on X. This topology is denoted by τcb. It is to be noted that τcb is a
Hausdorff topology. Suppose for each c with θ ≪ c, we have B(x, c) ∩ B(y, c) ̸= ∅.
So, there exists z ∈ X such that d(z, x) ≪ c

2s and d(z, y) ≪ c
2s . Hence,

d(x, y) ≼ s(d(x, z) + d(z, y)) ≪ c.

This implies that d(x, y) = θ, that is, x = y.

Proposition 3.2. [8] Let (X, d) be a cone b-metric space and τcb be the topology
defined above. Then for any nonempty subset A ⊆ X we have
(i) A is closed if and only if for any sequence (xn) in A which converges to x, we
have x ∈ A;
(ii) If we define Ā to be the intersection of all closed subsets of X which contains
A, then for any x ∈ Ā and for any c ∈ int P , we have B0(x, c) ∩A ̸= ∅.

Theorem 3.3. [8] Let (X, d) be a cone b-metric space and τcb be the topology
defined above. Then for any nonempty subset A ⊆ X, the following properties are
equivalent:
(i) A is compact.
(ii) For any sequence (xn) in A, there exists a subsequence (xnk

) of (xn) which
converges, and lim

n→∞
xn ∈ A.

4. Main Results

In this section, we prove some point of coincidence and common fixed point
results in cone b-metric spaces.

Theorem 4.1. Let (X, d) be a cone b-metric space with the coefficient s ≥ 1.
Suppose the mappings f, g : X → X satisfy the contractive condition

d(fx, fy) ≼ λ d(gx, gy) (4.1)
for all x, y ∈ X, where λ ∈ [0, 1

s ) is a constant. If f(X) ⊆ g(X) and f(X) or g(X)
is a complete subspace of X, then f and g have a unique point of coincidence in X.
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Moreover, if f and g are weakly compatible, then f and g have a unique common
fixed point in X.

Proof. Let x0 ∈ X and choose x1 ∈ X such that fx0 = gx1. This is possible since
f(X) ⊆ g(X). Continuing this process, we can construct a sequence (xn) in X such
that fxn = gxn+1, n = 0, 1, 2, · · ·.
By using (4.1), we have

d(fxn+1, fxn) ≼ λd(gxn+1, gxn)

= λd(fxn, fxn−1)

≼ λ2d(gxn, gxn−1)

= λ2d(fxn−1, fxn−2)

·
·
·
≼ λnd(fx1, fx0). (4.2)

For any m,n ∈ N with m > n, we have by using condition (4.2) that
d(fxn, fxm) ≼ s [d(fxn, fxn+1) + d(fxn+1, fxm)]

≼ sd(fxn, fxn+1) + s2d(fxn+1, fxn+2) + · · ·
+sm−n−1 [d(fxm−2, fxm−1) + d(fxm−1, fxm)]

≼
[
sλn + s2λn+1 + · · ·+ sm−n−1λm−2 + sm−n−1λm−1

]
d(fx0, fx1)

≼
[
sλn + s2λn+1 + · · ·+ sm−n−1λm−2 + sm−nλm−1

]
d(fx0, fx1)

= sλn
[
1 + sλ+ (sλ)2 + · · ·+ (sλ)m−n−2 + (sλ)m−n−1

]
d(fx0, fx1)

≼ sλn

1− sλ
d(fx0, fx1). (4.3)

It is to be noted that sλn

1−sλ d(fx0, fx1) → θ as n → ∞. Let θ ≪ c be given.
Then we can find m0 ∈ N such that

sλn

1− sλ
d(fx0, fx1) ≪ c,

for each n > m0.

Therefore, it follows from (4.3) that

d(fxn, fxm) ≼ sλn

1− sλ
d(fx0, fx1) ≪ c

for all m > n > m0.
So (fxn) is a Cauchy sequence in f(X). Suppose that f(X) is a complete sub-

space of X. Then there exists y ∈ f(X) ⊆ g(X) such that fxn → y and also
gxn → y. In case, g(X) is complete, this holds also with y ∈ g(X). Let u ∈ X be
such that gu = y. For θ ≪ c, one can choose a natural number n0 ∈ N such that
d(y, fxn) ≪ c

s(λ+1) and d(gxn, gu) ≪ c
s(λ+1) for all n > n0.

Now,
d(y, fu) ≼ s[d(y, fxn) + d(fxn, fu)]

≼ s[d(y, fxn) + λ d(gxn, gu)]

≪ c, for all n > n0,
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which gives that d(y, fu) = θ, i.e., fu = y and hence fu = gu = y. Therefore, y is
a point of coincidence of f and g.
For uniqueness, let v be another point of coincidence of f and g. So fx = gx = v
for some x ∈ X. Then

d(v, y) = d(fx, fu) ≼ λ d(gx, gu) = λ d(v, y).

By Remark 2.6(vii), we have d(v, y) = θ i.e., v = y.
Therefore, f and g have a unique point of coincidence in X.

If f and g are weakly compatible, then by Proposition 2.9, f and g have a unique
common fixed point in X. �

The following Corollary is the Theorem 2.1[9].

Corollary 4.2. Let (X, d) be a complete cone b-metric space with the coefficient
s ≥ 1. Suppose the mapping f : X → X satisfies the contractive condition

d(fx, fy) ≼ λ d(x, y)

for all x, y ∈ X, where λ ∈ [0, 1
s ) is a constant. Then f has a unique fixed point in

X. Furthermore, the iterative sequence (fnx) converges to the fixed point.

Proof. The proof follows from Theorem 4.1 by taking g = I, the identity mapping
on X.

�

Corollary 4.3. Let (X, d) be a complete cone b-metric space with the coefficient
s ≥ 1. Suppose the mapping g : X → X is onto and satisfies

d(gx, gy) ≽ k d(x, y)

for all x, y ∈ X, where k > s is a constant. Then g has a unique fixed point in X.

Proof. Taking f = I in Theorem 4.1, we obtain the desired result.
�

Remark 4.4. Corollary 4.3 gives a sufficient condition for the existence of unique
fixed point of an expansive mapping in cone b-metric spaces.

Theorem 4.5. Let (X, d) be a cone b-metric space with the coefficient s ≥ 1.
Suppose the mappings f, g : X → X satisfy the contractive condition

d(fx, fy) ≼ a d(fx, gx) + b d(fy, gy) (4.4)
for all x, y ∈ X, where a, b ≥ 0 with a+sb < 1. If f(X) ⊆ g(X) and f(X) or g(X)
is a complete subspace of X, then f and g have a unique point of coincidence in X.
Moreover, if f and g are weakly compatible, then f and g have a unique common
fixed point in X.

Proof. Let x0 ∈ X be arbitrary. As in Theorem 4.1, we can construct a sequence
(xn) in X such that fxn = gxn+1, n = 0, 1, 2, · · ·.
Using (4.4), we have

d(fxn+1, fxn) ≼ a d(fxn+1, gxn+1) + b d(fxn, gxn)

= a d(fxn+1, fxn) + b d(fxn, fxn−1)

which implies that
d(fxn+1, fxn) ≼ k d(fxn, fxn−1) (4.5)
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where k = b
1−a . It is easy to see that 0 ≤ k < 1

s .
By repeated application of (4.5), we obtain

d(fxn+1, fxn) ≼ kd(fxn, fxn−1) ≼ k2d(fxn−1, fxn−2) ≼ · · · ≼ knd(fx1, fx0).

By an argument similar to that used in Theorem 4.1, it follows that (fxn) is a
Cauchy sequence in f(X). If f(X) is a complete subspace of X, then there ex-
ists y ∈ f(X) ⊆ g(X) such that fxn → y and also gxn → y. In case, g(X) is
complete, this holds also with y ∈ g(X). Let u ∈ X be such that gu = y. For
θ ≪ c, one can choose a natural number n0 ∈ N such that d(y, fxn) ≪ 1−bs

2(s+as2)c

and d(gxn, gu) ≪ 1−bs
2as2 c for all n > n0.

Now,
d(y, fu) ≼ s[d(y, fxn) + d(fxn, fu)]

≼ s[d(y, fxn) + a d(fxn, gxn) + b d(fu, gu)]

≼ s[d(y, fxn) + as d(fxn, y) + as d(y, gxn) + b d(fu, y)].

So it must be the case that
(1− bs)d(y, fu) ≼ (s+ as2)d(y, fxn) + as2d(y, gxn). (4.6)

Therefore, we obtain from condition (4.6) that

d(y, fu) ≼ s+ as2

1− bs
d(y, fxn) +

as2

1− bs
d(gu, gxn)

≪ c for all n > n0. (4.7)
This implies that d(y, fu) = θ, i.e., fu = y and hence fu = gu = y. Therefore, y is
a point of coincidence of f and g.

For uniqueness, let v be another point of coincidence of f and g. So fx = gx = v
for some x ∈ X. Then

d(v, y) = d(fx, fu) ≼ a d(fx, gx) + b d(fu, gu) = θ.

By Remark 2.6(vii), we have d(v, y) = θ i.e., v = y.
Therefore, f and g have a unique point of coincidence in X.

If f and g are weakly compatible, then by Proposition 2.9, f and g have a unique
common fixed point in X. �
Corollary 4.6. Let (X, d) be a complete cone b-metric space with the coefficient
s ≥ 1. Suppose the mapping f : X → X satisfies the contractive condition

d(fx, fy) ≼ a d(fx, x) + b d(fy, y)

for all x, y ∈ X, where a, b ≥ 0 with a + sb < 1. Then f has a unique fixed point
in X.

Proof. Proof follows from Theorem 4.5 by taking g = I.
�

Theorem 4.7. Let (X, d) be a cone b-metric space with the coefficient s ≥ 1.
Suppose the mappings f, g : X → X satisfy the contractive condition

d(fx, fy) ≼ a d(fx, gy) + b d(fy, gx) (4.8)
for all x, y ∈ X, where a, b ≥ 0 with max{a, b} < 1

s2+s . If f(X) ⊆ g(X) and
f(X) or g(X) is a complete subspace of X, then f and g have a unique point of
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coincidence in X. Moreover, if f and g are weakly compatible, then f and g have
a unique common fixed point in X.

Proof. Let x0 ∈ X be arbitrary. As in Theorem 4.1, we can construct a sequence
(xn) in X such that fxn = gxn+1, n = 0, 1, 2, · · ·.
Using (4.8), we have

d(fxn+1, fxn) ≼ a d(fxn+1, gxn) + b d(fxn, gxn+1)

= a d(fxn+1, fxn−1)

≼ as[d(fxn+1, fxn) + d(fxn, fxn−1)].

This implies that
d(fxn+1, fxn) ≼

as

1− as
d(fxn, fxn−1). (4.9)

Therefore, we obtain from condition (4.9) that

d(fxn+1, fxn) ≼ k d(fxn, fxn−1) (4.10)

where k = as
1−as . It is easy to see that 0 ≤ k < 1

s .
By repeated application of (4.10), we obtain

d(fxn+1, fxn) ≼ kd(fxn, fxn−1) ≼ k2d(fxn−1, fxn−2) ≼ · · · ≼ knd(fx1, fx0).

By an argument similar to that used in Theorem 4.1, it follows that (fxn) is a
Cauchy sequence in f(X). If f(X) is a complete subspace of X, then there ex-
ists y ∈ f(X) ⊆ g(X) such that fxn → y and also gxn → y. In case, g(X) is
complete, this holds also with y ∈ g(X). Let u ∈ X be such that gu = y. For
θ ≪ c, one can choose a natural number n0 ∈ N such that d(y, fxn) ≪ 1−bs2

2(s+as)c

and d(gxn, gu) ≪ 1−bs2

2bs2 c for all n > n0.

Now,

d(y, fu) ≼ s[d(y, fxn) + d(fxn, fu)]

≼ s[d(y, fxn) + a d(fxn, gu) + b d(fu, gxn)]

≼ s[d(y, fxn) + a d(fxn, y) + bs d(y, gxn) + bs d(fu, y)].

So it must be the case that

(1− bs2)d(y, fu) ≼ (s+ as)d(y, fxn) + bs2d(y, gxn). (4.11)

Therefore, we obtain from condition (4.11) that

d(y, fu) ≼ s+ as

1− bs2
d(y, fxn) +

bs2

1− bs2
d(gu, gxn)

≪ c for all n > n0.

This implies that d(y, fu) = θ, i.e., fu = y and hence fu = gu = y. Therefore, y is
a point of coincidence of f and g.

For uniqueness, let v be another point of coincidence of f and g. So fx = gx = v
for some x ∈ X. Then

d(v, y) = d(fx, fu) ≼ a d(fx, gu) + b d(fu, gx)

= a d(v, y) + b d(y, v)

= (a+ b) d(v, y).
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Since a+ b < 1, by Remark 2.6(vii), we have d(v, y) = θ i.e., v = y.
Therefore, f and g have a unique point of coincidence in X.

If f and g are weakly compatible, then by Proposition 2.9, f and g have a unique
common fixed point in X. �

Corollary 4.8. Let (X, d) be a complete cone b-metric space with the coefficient
s ≥ 1. Suppose the mapping f : X → X satisfies the contractive condition

d(fx, fy) ≼ a d(fx, y) + b d(fy, x)

for all x, y ∈ X, where a, b ≥ 0 with max{a, b} < 1
s2+s . Then f has a unique fixed

point in X.

Proof. Proof follows from Theorem 4.7 by taking g = I.
�

We conclude with some examples.

Example 4.9. Let E = R2, the Euclidean plane and P = {(x, y) ∈ R2 : x, y ≥ 0}
a cone in E. Let X = [0, 1] and p > 1 be a constant. We define d : X ×X → E as

d(x, y) = (| x− y |p, | x− y |p)
for all x, y ∈ X. Then (X, d) is a cone b-metric space with the coefficient s = 2p−1.
Let us define f, g : X → X as

fx =
x

4
− x2

8
, for all x ∈ X

and
gx =

x

2
, for all x ∈ X.

Then, for every x, y ∈ X one has
d(fx, fy) = (| fx− fy |p, | fx− fy |p)

=

(
| 1
4
(x− y)− 1

8
(x− y)(x+ y) |p, | 1

4
(x− y)− 1

8
(x− y)(x+ y) |p

)
=

(
| x
2
− y

2
|p . | 1

2
− 1

4
(x+ y) |p, | x

2
− y

2
|p . | 1

2
− 1

4
(x+ y) |p

)
≼ 1

2p

(
| x
2
− y

2
|p, | x

2
− y

2
|p
)

=
1

2p
d(gx, gy).

Thus, we have all the conditions of Theorem 4.1 and 0 ∈ X is the unique common
fixed point of f and g.

Example 4.10. Let E = R2, the Euclidean plane and P = {(x, y) ∈ R2 : x, y ≥ 0}
a cone in E. Let X = [0, 1] and p > 1 be a constant. We define d : X ×X → E as

d(x, y) = (| x− y |p, | x− y |p)
for all x, y ∈ X. Then (X, d) is a cone b-metric space with the coefficient s = 2p−1.
Let us define f, g : X → X as

fx =
x

16
, for all x ∈ [0,

1

2
)

=
x

12
, for all x ∈ [

1

2
, 1]
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and
gx =

x

2
, for all x ∈ X.

Now we verify that for every x, y ∈ X one has
d(fx, fy) ≼ a d(fx, gx) + b d(fy, gy)

where a, b ≥ 0 with a+ sb < 1.

Case-I If x, y ∈ [0, 1
2 ), then

d(fx, fy) = (| fx− fy |p, | fx− fy |p)

=
1

16p
(| x− y |p, | x− y |p)

≼ 1

16p
((| x | + | y |)p, (| x | + | y |)p)

≼ 2p

16p
(xp + yp, xp + yp)

=
2p

7p
.
7p

16p
(xp + yp, xp + yp) .

Also,
d(fx, gx) + d(fy, gy) = (| fx− gx |p, | fx− gx |p) + (| fy − gy |p, | fy − gy |p)

=
(
| x

16
− x

2
|p, | x

16
− x

2
|p
)
+
(
| y

16
− y

2
|p, | y

16
− y

2
|p
)

=
7p

16p
(xp + yp, xp + yp) .

Therefore,

d(fx, fy) ≼ 2p

7p
[d(fx, gx) + d(fy, gy)] ≼ 2p

5p
[d(fx, gx) + d(fy, gy)].

Case-II If x, y ∈ [ 12 , 1], then

d(fx, fy) ≼ 2p

12p
(xp + yp, xp + yp)

=
2p

5p
.
5p

12p
(xp + yp, xp + yp) .

and,
d(fx, gx) + d(fy, gy) =

5p

12p
(xp + yp, xp + yp) .

Therefore,
d(fx, fy) ≼ 2p

5p
[d(fx, gx) + d(fy, gy)].

Case-III If x ∈ [0, 1
2 ) and y ∈ [ 12 , 1], then

d(fx, fy) = (| fx− fy |p, | fx− fy |p)

=
(
| x

16
− y

12
|p, | x

16
− y

12
|p
)

≼ 2p
(
(
x

16
)p + (

y

12
)p, (

x

16
)p + (

y

12
)p
)

=
2p

5p

(
(
5x

16
)p + (

5y

12
)p, (

5x

16
)p + (

5y

12
)p
)

≼ 2p

5p

(
(
7x

16
)p + (

5y

12
)p, (

7x

16
)p + (

5y

12
)p
)
.
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Also,
d(fx, gx) + d(fy, gy) = (| fx− gx |p, | fx− gx |p) + (| fy − gy |p, | fy − gy |p)

=
(
| x

16
− x

2
|p, | x

16
− x

2
|p
)
+

(
| y

12
− y

2
|p, | y

12
− y

2
|p
)

=

(
(
7x

16
)p + (

5y

12
)p, (

7x

16
)p + (

5y

12
)p
)
.

Therefore,
d(fx, fy) ≼ 2p

5p
[d(fx, gx) + d(fy, gy)].

Thus, we have
d(fx, fy) ≼ 2p

5p
[d(fx, gx) + d(fy, gy)]

for all x, y ∈ X, where a+ sb = (1+ s) 2
p

5p ≤ 2s. 2
p

5p = 2p. 2
p

5p = 4p

5p < 1 since s = 2p−1.
We see that f(X) ⊆ g(X), g(X) is complete, f and g are weakly compatible.
Therefore, all the conditions of Theorem 4.5 are satisfied and 0 ∈ X is the unique
common fixed point of f and g.

Example 4.11. Let X = {1, 2, 3}, E = R2, P = {(x, y) : x ≥ 0, y ≥ 0}. Define
d : X × X → P by d(x, y) = d(y, x) for all x, y ∈ X, d(x, x) = θ, x ∈ X and
d(1, 2) = (8, 8), d(2, 3) = d(1, 3) = (2, 2). We observe that

d(1, 2) = (8, 8) ̸≼ d(1, 3) + d(3, 2) = (2, 2) + (2, 2) = (4, 4).

This shows that the triangle inequality does not hold true and so (X, d) is not a
cone metric space. It is easy to verify that (X, d) is a cone b-metric space with the
coefficient s = 2. Let us define f, g : X → X as

fx = 3, for all x ∈ X

and
gx = 3, for x ∈ {1, 3}

= 1, for x = 2.

Then for every x, y ∈ X one has
d(fx, fy) ≼ a d(fx, gy) + b d(fy, gx)

for all a, b ≥ 0.
We see that f(X) ⊆ g(X), f(X) is complete, f and g are weakly compatible.
Therefore, all the conditions of Theorem 4.7 are satisfied and 3 ∈ X is the unique
common fixed point of f and g.
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ABSTRACT. In this present article, we consider the generalized equilibria accompanied
with certain multi-objective multifunctions. This class unifies numbers of problems sur-
faced in the area of optimization including the well-known mixed equilibrium problems.
Some theorems are adopted, under the conventional assumptions of continuity, convexity,
and coercivity on the objective functions, guaranteeing that these functions enjoy the ex-
istence of such equilibria. The consequences of this generalized class are of course studied
and presented as well.

KEYWORDS : Generalized equilibrium, multiobjective optimization, set-valued optimiza-
tion
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1. INTRODUCTION

The theory of optimization has always been an important subject as it evolved
through its history. Amongst the developments in this area, the formulation of an
equilibrium problem is one of the most prominent and promising advance which
provides a unification to the classical approaches of variational inequalities, fixed
point theory, saddle point theory, and several more optimization problems. More-
over, it has been a wealthy source for solving the problems frequently appeared in
economics, management science, engineering, etc. The term equilibrium problem
was coined by Blum and Oettli [1]. However, it was first discussed decades before
by Fan [2, 3], under the influences of the minimax problems in economics. The
study of equilibrium theory has then been a heavily investigated area, and it has
been extended in various aspects and directions (see e.g., [4–9]).

∗Corresponding author.
Email address : parin.cha@mail.kmutt.ac.th(Parin Chaipunya), poom.kum@kmutt.ac.th(Poom Kumam).
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After the blossom of the scalar optimization theory, the vector cases were subse-
quently introduced. These extensions are admired for their capabilities implanted
in multi-objective optimization programming. The initiation of the vector equilibria
is motivated by the foundation of the vector variational inequalities introduced by
Giannessi [10] in finite-dimensional Euclidean spaces. The enhanced versions where
the objective functions take their values in arbitrary topological vector spaces were
also inaugurated in [11]. As for the equilibrium problems, the vectorial variants
were also conprehensively studied in [12–17].

On the other hand, the combinations between two kinds of optimization prob-
lems were introduced and studied. Typical important problems in this area are the
mixed variational inequalities, which is notable for their distinguishing applications
in engineering (see e.g., [18–26]). Due to the impact and utilities of mixed varia-
tional inequalities, several notions of mixed equilibria are then adopted in [27–29].
Although lots of numerical and computational techniques have been invented to
approximate the solutions of mixed equilibrium problems (for examples, [30–37]),
only a relatively small amount of qualitative results are known.

To enrich the theory of mixed equilibrium problems, we contemplate a class
of generalized set-valued equilibrium problems, where various classes of the mixed
equilibrium problems are determined to be embedded. This new class examines
the situation where the objective functions are vectorial and multivalued in fash-
ion. A qualitative study providing some sufficient conditions which guarantee the
solvability of this class, including its significant consequences, is also conducted and
employed.

The paper is organized in the following way: In section 2, we give a recollection
of some background definitions and properties which are useful in our main results,
and also introduce the class of generalized equilibrium problem we are interested to
study. In section 3, we state and prove our main results providing the validity con-
ditions for the problems suggested in preceding section. The consequential remarks
are afterward given and studied.

2. Preliminaries

Suppose that E is a topological vector space and Y ⊂ E being nonempty. A
problem of finding a point x̂ ∈ Y with

f(x̂, y) ≥ 0, ∀y ∈ Y,

where f : Y × Y → R, seems to be a fertile area for mathematicians over the past
years. This problem is known today as the equilibrium problem and the point x̂ is
referred to as an equilibrium. The very first existence theorems for solutions to this
problem were introduced in [1, 3, 38] through the usages of continuity, convexity,
monotonicity and compactness.

To realize the vectorial formulation, recall that a nonempty subset C ⊂ E is said
to be a cone if λC ⊂ C for λ ≥ 0. If C + C ⊂ C holds, then the cone C is called
convex. By C◦, we means the interiors of C. There should be no ambiguity to
denote the zero element of any involved vector space by θ. A cone C is said to be
pointed if C ∩ −C = {θ} and is said to be solid if C◦ ̸= ∅.

With the perception of cones, we can define two partial ordering ≼ and ≪ on E
by {

x ≼ y ⇐⇒ y − x ∈ C,

x ≪ y ⇐⇒ y − x ∈ C◦.
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For instance, let f : Y × Y → L a function valued in another topological vector
space L with a cone C ⊂ L. A point x̂ ∈ Y is said to be a weak equilibrium
(equilibrium) of f if

f(x̂, y) ̸∈ −C◦ (−C \ {θ}), ∀y ∈ Y.

Under many circumstances, a single action might bring more than one feasible
outcomes at a time. This is where the powerful concept of multifunctions gets
in. By the term multifunction, we shall refer to the function F : A → 2B with
nonempty values (it is to be understood that A,B are any nonempty sets). In
this context, we shall write F : A ⇒ B instead. We are now consider the multi-
objective multifunctions, which will be used mainly in this work: Suppose now that
F,G : Y × Y ⇒ L. The point x̂ ∈ Y such that

F (y, x̂)−G(x̂, y) ̸⊂ C◦ (C \ {θ}), ∀y ∈ Y (GEP)
is called a generalized weak equilibrium (generalized equilibrum) for F and G. This
class of problem contains many important special cases as one shall see as we proceed
further.

On the contrary, the KKM theory has been an astonishing area as it provides a
key tool in nonlinear analysis and optimization (see e.g. [7, 15, 39–41]). Recall that
a multifunction T : Y ⇒ L is said to be a KKM if

co(A) ⊂
∪
y∈A

T (y),

for all A ∈ ⟨Y ⟩, where co(A) denotes the convex hull of A and ⟨A⟩ denotes the
family of all finite subsets of Y . The celebrated lemma of Fan [2] asserts that
if a KKM multifunction possesses a compact value at some point x0 ∈ Y , then∩

x∈Y T (x) ̸= ∅.
A replacement for the above compactness of T (x0) is a favor for many nonlinear

analysts. In [42], the following coercivity conditions were introduced:
Definition 2.1 ([42]). Suppose that T : Y ⇒ L a multifunction. A family {(Ci,Ki)}i∈I

is said to be coercing for T if the following properties are satisfied:
(C1) for each i ∈ I, Ci ⊂ K for some compact convex set K ⊂ Y and Ki ⊂ L is

compact;
(C2) for each i, j ∈ I, there exists k ∈ I such that

Ci ∪ Cj ⊂ Ck;

(C3) for each i ∈ I, there exists k ∈ I with∩
x∈Ck

T (x) ⊂ Ki.

The following KKM principle was subsequently proposed, which shows the above
coercing conditions successfully overcome the necessity of the compactness of T (x0).
Lemma 2.2 ([42]). Let E be a topological vector space, K ⊂ E be nonempty and
convex, and X ⊂ K be nonempty. Suppose that T : X ⇒ K is a KKM multifunction
with compactly closed values (w.r.t. Y ) at each x ∈ X. If T admits a coercing
family, then

∩
x∈X T (x) ̸= ∅.

Most existence results for any general class of an equilibrium imposed some
kinds of continuity, monotonicity, convexity, and coercivity upon the objective
(multi)functions. The rest of this section is thus devoted to recall some background
definitions and properties which will be applied to the multifunctions F and G in
(GEP).
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Definition 2.3. A multifunction T : Y ⇒ L is said to be C-lower semi-continuous if
for any point y ∈ Y and any neighbourhood V of T (y), there exists a neighbourhood
U ⊂ Y of y such that T (U) ⊂ V + C. Moreover, T is said to be C-upper semi-
continuous if −T is C-lower semi-continuous.

It is proved in [43] that the following conditions characterize each others:
(i) T is C-lower semi-continuous;
(ii) for each e ∈ L, the set

T−(e+ C◦)
def
= {x ∈ E ; T (x) ∩ (e+ C◦) ̸= ∅}

is open;
(iii) for each x ∈ E and each e ∈ C◦, there exists a neighbourhood U of x such

that
T (U) ⊂ T (x)− e+ C◦.

Definition 2.4. A multifunction F : Y × Y ⇒ E is said to be C-monotone if
F (x, y) + F (y, x) ⊂ −C, for all x, y ∈ Y .

Definition 2.5. Suppose that K is nonempty and convex, a multifunction F : K ⇒ L
is said to be C-convex if

F

(
n∑

i=1

λixi

)
⊂

n∑
i=1

λiF (xi)− C.

where for each i ∈ {1, 2, · · · , n}, xi ∈ Y , λi ≥ 0 and
∑n

i=1 λi = 1. In addition, F is
C-concave if −F is C-convex.

3. Main results

Here, we shall consider the conditions under which the solvability is possible for
the problem (GEP). The section is organized into the sequence of problems known
throughout the literature in terms the generalized vector equilibria. Note that some
problems can be seen explicitly, while some are not.

3.1. Generalized equilibria.

Theorem 3.1. Let E,L be two topological vector spaces, K ⊂ E a nonempty closed
convex set and C ⊂ L a pointed closed convex cone. Suppose that F,G : K×K ⇒ L
are two multifunctions with the following properties:

(H1) F is C-monotone;
(H2) θ ∈ F (x, x) ∩G(x, x) for all x ∈ K;
(H3) F (x, ·) is C-lower semi-continuous and F (·, y) is C-concave;
(H4) G(·, y) is C-upper semi-continuous and G(x, ·) is C-convex;
(H5) there exists a collection {(Ci,Ki)}i∈I satisfying (C1), (C2) and for each

i ∈ I, there exists k ∈ I with {x ∈ K ; F (y, x)−G(x, y) ̸⊂ C◦, ∀y ∈ Ck} ⊂
Ki.

Then, F and G possess at least one generalized weak equilibrium.

As for the proof, we shall consider this theorem through the following sequence
of lemmas.

Lemma 3.2. The multifunction
H(y)

def
= {x ∈ K ; F (y, x)−G(x, y) ̸⊂ C◦}

has closed values at each y ∈ K.
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Proof. Suppose that y ∈ K and (xn) ⊂ H(y) with xn −→ x. Assume that x ̸∈ H(y).
Thus, it follows from (H3) and (H4) that

F (y, xn)−G(xn, y) ⊂ F (y, x)−G(x, y)− 2d+ C◦

⊂ −2d+ C◦,

for all d ∈ C◦. For each m ∈ N, 1
md ∈ C◦. Hence, F (y, xn) − G(xn, y) ⊂∩

m∈N(−
2
md+ C◦) = C◦. This yields a contradiction. � �

Lemma 3.3. H is a KKM multifunction.

Proof. Let A
def
= {yj ; j ∈ J} ∈ ⟨K⟩ and z ∈ co(A). Thus, z can be expressed by

z =
∑

j∈J λjyj with λj ≥ 0 and
∑

j∈J λj = 1. Assume that H is not KKM so that
z ̸∈

∪
j∈J H(yj). It means that∩

j∈J

(F (yj , z)−G(z, yj)) ⊂ C◦.

From (H3) and (H4), we may deduce that{
θ ∈ F (z, z) ⊂

∑
k∈J λkF (yk, z) + C,

θ ∈ G(z, z) ⊂
∑

k∈J λkG(z, yk)− C.

We subsequently have

θ ∈ F (z, z)−G(z, z) ⊂
∑
k∈J

[F (yk, z)−G(z, yk)] + C ⊂ C◦ + C ⊂ C◦,

which leads to a contradiction (otherwise the cone cannot be pointed). � �

Lemma 3.4. For each i ∈ I, we can find k ∈ I with∩
y∈Ck

H(y) ⊂ Ki.

Proof. The desired result follows immediately from (H5). � �

With the lemmas above, we may obtain a simple proof of Theorem 3.1.

of Theorem 3.1. Since E is Hausdorff, Lemma 3.2 implies that H has compactly
closed values for each y ∈ K. Now, from Lemmas 3.3, 3.4 and 2.2, resp., we have∩

y∈K

H(y) ̸= ∅.

Take any x̂ ∈
∩

y∈K H(y), it follows directly that x̂ is a generalized weak equilibrium
for F and G. � �

As initial consequences, we might consider the following corollaries.

Corollary 3.5. Let E,L be two topological vector spaces, K ⊂ E a nonempty closed
convex set and C ⊂ L a pointed closed convex cone. Suppose that G : K ×K ⇒ L
is a multifunction with the following properties:

(1) θ ∈ G(x, x) for all x ∈ K;
(2) G(·, y) is C-upper semi-continuous and G(x, ·) is C-convex;
(3) there exists a collection {(Ci,Ki)}i∈I satisfying (C1), (C2) and for each

i ∈ I, there exists k ∈ I with
{x ∈ K ; G(x, y) ̸⊂ −C◦, ∀y ∈ Ck} ⊂ Ki.
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Then, there exists a point x̂ ∈ K with
G(x̂, y) ̸⊂ −C◦, for all y ∈ Y .

Proof. Consider Theorem 3.1 as F = θ. � �

Corollary 3.6. Let E,L be two topological vector spaces, K ⊂ E a nonempty closed
convex set and C ⊂ L a pointed closed convex cone. Suppose that the multifunction
H : K ×K ⇒ L possesses the following properties:

(1) H(x, ·) is C-upper semi-continuous and C-concave;
(2) and H(·, y) is C-lower semi-continuous and C-convex;
(3) there exists a collection {(Ci,Ki)}i∈I satisfying (C1), (C2) and for each

i ∈ I, there exists k ∈ I with
{x ∈ K ; H(y, x)−H(x, y) ̸⊂ −C◦, ∀y ∈ Ck} ⊂ Ki.

Then, there exists a point x̂ ∈ K with
H(y, x̂)−H(x̂, y) ̸⊂ −C◦, for all y ∈ Y .

Proof. Define a multifunction
G(x, y)

def
= H(y, x)−H(x, y).

Then, θ ∈ G(x, x) for all x ∈ K, G(·, y) is C-upper semi-continuous and G(x, ·) is
C-convex. Apply Corollary 3.5 to complete the proof. � �

3.2. Strong solutions. According to Theorem 3.1, we shall give a supplementary
assumption to assure the existence of a generalized weak equilibrium.

Corollary 3.7. In addition to Theorem 3.1, if there exists a pointed closed convex
cone C̃ ⊂ L with C \ {θ} ⊂ C̃◦, then F and G possess at least one 2-equilibrium.

Proof. With this assumption, we can replace the cone C in Theorem 3.1 with C̃
and still obtain the result that

F (y, x)−G(x, y) ̸⊂ C̃◦.

Since C \ {θ} ⊂ C̃◦, we have
F (y, x)−G(x, y) ̸⊂ C \ {θ}. �

�

Corollary 3.8. In addition to Theorem 3.5, if there exists a pointed closed convex
cone C̃ ⊂ L with C \ {θ} ⊂ C̃◦, then F and G possesses at least one generalized
equilibrium.

Proof. As in the previous corollary, set F = θ. � �
3.3. Saddle points. We have mentioned in the earlier section the problem of finding
a saddle point. For instance, let E1, E2, L be three topological vector spaces and
K1,K2 be two nonempty closed convex subsets of E1 and E2, respectively. Suppose
that C ⊂ L is a pointed closed convex cone. Now, consider the multifunction
F : K1×K2 ⇒ L. A point (x1, x2) ∈ K1×K2 is called a weak saddle point (strong
saddle point) if

F (y1, x2)− F (x1, y2) ̸⊂ −C◦(−C \ {θ}), for all (y1, y2) ∈ K1 ×K2.

Theorem 3.9. Let E1, E2, L be three topological vector spaces, K1,K2 two nonempty
closed convex subsets of E1, E2, resp., C ⊂ L a pointed closed convex cone. Suppose
that F : K1 ×K2 ⇒ L is a multifunction with the following properties:
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(i) F (x, ·) is C-upper semi-continuous and C-concave;
(ii) F (·, y) is C-lower semi-continuous and C-convex;
(iii) there exists a collection {(Ci,Ki)}i∈I satisfying (C1), (C2) and for each

i ∈ I, there exists k ∈ I with

{x ∈ K ; F (y1, x2)− F (x1, y2) ̸⊂ −C◦, ∀(y1, y2) ∈ Ck} ⊂ Ki.

Then, F possesses at least one (K1,K2)-weak saddle point.

Proof. Set K
def
= K1 ×K2. We may see that K is closed and convex. Consider the

multifunction
G(x, y)

def
= F (y1, x2)− F (x1, y2).

It is easy to verify that θ ∈ G(x, x) for all x ∈ K1 × K2, G(x, ·) is C-convex and
G(·, y) is C-upper semi-continuous. By Corollary 3.5, G has a weak equilibrium
x̂ = (x̂1, x̂2) ∈ K which is in turn a weak equilibrium of G and is in turn a (K1,K2)-
weak saddle point of F . � �

Corollary 3.10. In addition to Theorem 3.9, if there exists a pointed closed convex
cone C̃ ⊂ L with C \ {θ} ⊂ C̃◦, then F possesses at least one saddle point.

Proof. Combine the proofs of Corollary 3.8 and Theorem 3.9. � �

3.4. Non-cooperative game equilibrium. Let I = {1, 2, · · · , n} (n ∈ N) denotes the
set of players. To each player i ∈ I, we assign a set Ki of strategies with Ki being
nonempty, closed and convex in some topological vector space Ei. Suppose that L is
a topological vector space with a pointed closed convex cone C. A loss multifunction
for each player i is the function Fi : K =

∏
i∈I Ki ⇒ L. For x = (xi)i∈I ∈ K, we

write x−i|yi
def
= (x1, x2, · · · , xi−1, yi, xi+1, · · · , xn), where yi ∈ Ki.

A point x̂ = (x̂i)i∈I ∈ K is said to be a weak non-cooperative game equilibrium
(strong non-cooperative game equilibrium) if for each i ∈ I,

Fi(x̂
−i|yi)− Fi(x̂) ̸⊂ −C◦, for all y = (yi)i∈I ∈ K.

Theorem 3.11. Let (Ei)i∈I be a sequence of topological vector spaces, (Ki) a se-
quence of nonempty closed convex sets with Ki ⊂ Ei. Suppose that for each i ∈ I,
Fi : K =

∏
i∈I Ki ⇒ L, where L is a topological vector space with a pointed closed

convex cone C. Also assume that the following properties hold for each i ∈ I:
(N1) Fi is C-continuous, i.e., Fi is both C-upper and C-lower semi-continuous;
(N2) at each i ∈ I, Fi(x

−i|·) is C-convex;
(N3) there exists a collection {(Cj , Qj)}j∈J , where for each j ∈ J , Cj , Qj ⊂

E
def
=
∏

i∈I Ei, satisfying (C1), (C2) and for each j ∈ J , there exists k ∈ J
with

{(xi)i∈I ∈ K ;
∑
i∈I

[Fi(x
−i|yi)− Fi(x)] ̸⊂ −C◦, ∀(yi)i∈I ∈ Ck} ⊂ Qj .

Then, the sequence (Fi)i∈I has at least one weak non-cooperative game equilibrium.

Proof. Define a multifunction G : K ×K ⇒ L by

G(x, y)
def
=
∑
i∈I

[Fi(x
−i|yi)− Fi(x)].

It is clear that θ ∈ G(x, x) for all x ∈ K, G(x, ·) is C-convex and G(·, y) is C-
lower semi-continuous. Applying Corollary 3.5, we obtain the existence of a weak
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equilibrium of H, which is in turn a weak equilibrium of G. That is, there exists a
point x̂ = (x̂i)i∈I ∈ K with∑

i∈I

[Fi(x̂
−i|yi)− Fi(x̂)] ̸⊂ −C◦, ∀y = (yi)i∈I ∈ K.

For each ℓ ∈ I, we may take y ∈ K such that yi = x̂i for all i ∈ I \ {ℓ} into account
and conclude that

Fℓ(x̂
−ℓ|yℓ)− Fℓ(x̂) ̸⊂ −C◦, ∀yℓ ∈ Kℓ. �

�
Corollary 3.12. In addition to Theorem 3.11, if there exists a pointed closed convex
cone C̃ ⊂ L with C \ {θ} ⊂ C̃◦, then the sequence (Fi)i∈I has at least one non-
cooperative game equilibrium.
Proof. Combine the proof of Corollary 3.8 and Theorem 3.11. � �
3.5. Mixed equilibrium problems. There are several classes of different mixed equi-
librium problems and generalized mixed equilibrium problems. However, in this
paper, we shall consider only on the major ones.

According to the problem (GEP), we may consider this as a mixture of two
multifunctions F and G, with F (x, y) = −F̃ (y, x) for some F̃ : Y × Y ⇒ L such
that θ ∈ F̃ (x, x) for all x ∈ Y . Then, (GEP) can be rewritten as the problem of
finding x̂ ∈ Y such that

F (x̂, y) +G(x̂, y) ̸⊂ −C◦, ∀y ∈ Y.

In other words, the problem (GEP) conveys the mixed equilibrium problemsas it
includes the two set-valued equilibrium problems corresponded to F̃ and G, re-
spectively. Thus, if F̃ is (−C)-monotone, F̃ (·, y) is C-upper semi-continuous, and
F̃ (x, ·) is C-convex, then it follows from Theorem 3 that this mixed equilibrium
problem has a solution.

The next theorem overcome the situation when the function F̃ is not valid.
Theorem 3.13. In addition to Theorem 3.1, assume further that

(M1) F (x, ·) is C-convex;
(M2) for each fixed x, y ∈ K, the multifunction

t ∈ [0, 1] 7→ F (ty + (1− t)x, y)

is C-upper semi-continuous at t = 0;
(M3) there is a solution x̂ ∈ K of the problem (GEP) that admits an absolute

exclusion, i.e.,
F (y, x̂)−G(x̂, y) ⊂ L \ C◦, ∀y ∈ K.

Then, x̂ also solves the following problem:
F (x̂, y) +G(x̂, y) ̸⊂ −C◦, for all y ∈ K.

Proof. We first define two multifunctions F ′, G′ : K ×K ⇒ L such that

F ′(x, y)
def
=

{
F (x, y), if x ̸= y,
{θ}, otherwise,

and G′(x, y)
def
=

{
G(x, y), if x ̸= y,
{θ}, otherwise.

It is clear that F ′ and G′ preserves the C-convexity, C-semi continuity, and C-
monotonicity of F and G, respectively. For t ∈ [0, 1] and y ∈ K, we write

xt
def
= ty + (1− t)x̂.
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From the C-convexity of F ′(x, ·) and G′(x, ·), we have{
θ ∈ tF ′(xt, y) + (1− t)F ′(xt, x̂)− C,

θ ∈ (1− t)tG′(x̂, y)− (1− t)G′(x̂, xt)− C.

Consequently, we have

θ ∈ tF ′(xt, y) + (1− t)[F ′(xt, x̂)−G′(x̂, xt)] + (1− t)tG′(x̂, y)− C.

We now claim that tF ′(xt, y) + (1 − t)tG′(x̂, y) ̸⊂ −C◦. Otherwise, if we suppose
to the contrary, it follows that for some ξ ∈ tF ′(xt, y) + (1 − t)tG′(x̂, y) and ξ′ ∈
(1− t)[F ′(xt, x̂)−G′(x̂, xt)], we have

θ ∈ ξ + ξ′ − C ⊂ ξ′ − C◦ − C ⊂ ξ′ − C◦.

Hence, it is the case that ξ′ ∈ C◦, which contradicts (M3). So we have proved our
claim. For t ̸= 0, we further obtain that

tF ′(xt, y) + (1− t)tG′(x̂, y) ̸⊂ −C◦. (3.1)

Define a multifunction H : [0, 1] ⇒ L by

H(t)
def
= F ′(xt, y) + (1− t)G′(x̂, y), ∀t ∈ [0, 1].

We may see from (M2) that H is C-upper semi-continuous at t = 0.
Let us now verify that H(0) ̸⊂ −C◦, since if it is so, the combination with the

fact that F ′(x̂, y) +G′(x̂, y) ⊂ F (x̂, y) +G(x̂, y) will eventually implies our desired
result. Assume to the contrary that H(0) ⊂ −C◦. Thus, we may find an open set
N with H(0) ⊂ N ⊂ −C◦, which immediately give

N − C ⊂ −C◦ − C ⊂ −C◦.

Since H is C-upper semi-continuous, we can find an open set P ⊂ R such that

H(P ∩ [0, 1]) ⊂ N − C ⊂ −C◦.

Taking any t ∈ P ∩ (0, 1], we have from the above inclusion that H(t) ⊂ −C◦. This
contradicts with (3.1), and so this proves the theorem. � �

Conclusion

We close this paper with recalling that a new class of generalized equilibrium
problems is formulated. It turns out that many esteemed problems in optimization
are included and unified. Explicit and implicit consequences are also deduced and
studied. Ultimately and most importantly, our results enlarge the validity support
of the approximation models for several generalized equilibrium problems.
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ABSTRACT. The study of coupled fixed points of nonlinear operators, which was intro-
duced about three decades ago, got a boost in 2006 when Bhaskar and Lakshmikantham
(2006) studied the coupled fixed points of some contractive maps in partially ordered
metric spaces and applied it to solve some first order ordinary differential equations with
periodic boundary problems. Since then, coupled fixed points theorems have been proved
by several authors for certain contractive maps in both partially ordered and cone metric
spaces. The study of coupled fixed point, previously limited to quasi-contractive maps, was
recently extended to asymptotically nonexpansive mappings in uniformly convex Banach
spaces by Olaoluwa, Olaleru and Chang (2013). In this paper, their results (demiclosed
principle and existence result) are extended to asymptotically nonexpansive maps in the
intermediate sense in a wider class of spaces. The study naturally opens up new areas
of research on the study of coupled fixed points of different classes of pseudocontractive
maps.
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1. INTRODUCTION

The notion of coupled fixed point was introduced by Guo and Lakshmikantham
[13] in 1987. Of recent, Gnana-Bhaskar and Lakshmikantham [2] introduced the
concept of mixed monotone property for contractive operators of the form F :
X ×X −→ X satisfying

d(F (x, y), F (u, v)) ≤ k

2
[d(x, u) + d(y, v)], k < 1,

where (X, d) is a partially ordered metric space. Their results encompassed some
coupled fixed point theorems and their applications to proving the existence and
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uniqueness of the solution for a periodic boundary value problem. Ever since, many
authors have established many results on coupled fixed points of quasi-contractive
maps in different contexts and spaces (see e.g. [9], [19], [1], [16]).
Results on fixed points of nonexpansive mappings and pseudocontractive mappings
abound in literature. The mean ergodic theorem for contractions in uniformly con-
vex Banach spaces was proved in [3] while the authors in [4] introduced the convex
approximation property of a space, proved that contractions satisfy an inequality
analogue to the Zarantonello inequality (see [22]) and then studied the asymptotic
behavior of contractions.
Given a nonempty subset K of a real linear normed space X, a self-mapping
T : K −→ K is said to be nonexpansive if the inequality ∥Tx−Ty∥ ≤ ∥x−y∥ holds
for all x, y ∈ K. Many more general classes of mappings have been considered,
including the class of asymptotically nonexpansive mappings introduced by Goebel
and Kirk [12], defined by the relation ∥Tnx− Tny∥ ≤ kn∥x− y∥ ∀n ≥ 1 ∀x, y ∈ K,
where the sequence {kn} ⊂ [1,∞) converges to 1 as n −→ ∞. Bruck, Kuczumow
and Reich [5] introduced the definition of an asymptotically nonexpansive mapping
in the intermediate sense (which is more general than an asymptotically nonexpan-
sive map) as a continuous mapping T : K −→ K such that

lim sup
n−→∞

sup
x,y∈K

(∥Tnx− Tny∥ − ∥x− y∥) ≤ 0 (1.1)

for any bounded subset K ∈ C. It has been proved by Kirk [15] that asymptoti-
cally nonexpansive mappings in the intermediate sense in a nonempty closed convex
bounded subset of a space with characteristic of convexity ϵ0(X) less than one, have
a fixed point.

Recall that the modulus of convexity of X is the function δ : [0, 2] −→ [0, 1] defined
by

δ(ϵ) = inf

{
1− 1

2
∥x+ y∥ : x, y ∈ X, ∥x∥, ∥y∥ ≤ 1, ∥x− y∥ ≥ ϵ

}
,

and the number ϵ0(X) = sup{ϵ : δ(ϵ) = 0} is called the characteristic of convex-
ity of X [11]. Spaces with characteristic of convexity less than one (ϵ0(X) < 1)
are known to be uniformly non-square (see [11]) hence reflexive [14]. Also if X is
uniformly convex [8] if δ(ϵ) > 0 whenever ϵ > 0; hence ϵ0(X) = 0. Thus spaces
with characteristic of convexity less than one, are a super-class of uniformly convex
spaces.

Yang et al. [21] proved the demiclosedness principle for the same class of asymp-
totically nonexpansive mappings in the intermediate sense using Lemma 2.2 given
in [16].

Recently, Olaoluwa et al. [18] extended –for the first time– the theory of cou-
pled fixed points to pseudo-contractive-type mappings defined on a product space
(algebraic product) by defining asymptotically nonexpansive maps in the context,
and studying their asymptotic behaviour, the demiclosedness property and the con-
ditions of existence of their coupled fixed points. Our interest and main purpose is
to extend their results to asymptotically nonexpansive mappings in the intermedi-
ate sense defined in a product space.

We now recall the definitions, in product spaces, of nonexpansive maps and asymp-
totically nonexpansive maps as introduced by Olaoluwa et al. [18] and introduce in
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the same context, asymptotically nonexpansive mappings in the intermediate sense.

Let K be a nonempty bounded subet of a real normed linear space X.

Definition 1.1. [18] A mapping T : K ×K −→ K is said to be nonexpansive if

∥T (x, y)− T (u, v)∥ ≤ 1

2
[∥x− u∥+ ∥y − v∥] ∀x, y, u, v ∈ X. (1.2)

Definition 1.2. [18] A mapping T : K × K −→ K is said to be asymptotically
nonexpansive if there exists a sequence {kn} ⊂ [1,∞) with limn−→∞ kn = 1 such
that

∥Tn(x, y)− Tn(u, v)∥ ≤ kn
2
[∥x− u∥+ ∥y − v∥] ∀n ≥ 1 ∀x, y, u, v ∈ X, (1.3)

where the sequence {Tn} is defined as follows:{
T 0(x, y) = x
Tn+1(x, y) = T (Tn(x, y), Tn(y, x)) n ≥ 0.

(1.4)

The following definition is introduced as an extension of asymptotically nonex-
pansive mappings in the intermediate sense in product spaces:

Definition 1.3. T : K ×K −→ K is said to be asymptotically nonexpansive in the
intermediate sense if it is continuous and the following inequality holds:

lim sup
n−→∞

sup
x,y∈K

(∥Tn(x, y)− Tn(u, v)∥ − ∥x− u∥ − ∥y − v∥) ≤ 0 (1.5)

Remark 1.4. The sequence {Tn(x, y)} can be written as the sequence {xn} defined
(see [1]) as follows:  x0 = x; y0 = y

xn+1 = T (xn, yn), n ≥ 0
yn+1 = T (yn, xn), n ≥ 0.

(1.6)

2. Demiclosedness principle

In [7], Chang et al. recalled the definition the definition of demi-closed maps at
the origin as follows:

Definition 2.1. [7] Let X be a real Banach space and K be a closed subset of X. A
mapping T : K −→ K is said to be demi-closed at the origin if, for any sequence
{xn} in K, the conditions xn −→ q weakly and Txn −→ 0 strongly, imply Tq = 0.

The definition of demi-closed mappings in product spaces can be proposed from
the previous definition as follows:

Definition 2.2. [18] Let X be a real Banach space and K be a closed subset of K.
A mapping T : K × K −→ K is said to be demi-closed at the origin if, for any
sequence {(xn, yn)} in K × K, the conditions xn −→ q1, yn −→ q2 weakly and
F (xn, yn) −→ 0, F (yn, xn) −→ 0 strongly imply F (q1, q2) = F (q2, q1) = 0.

In order to establish the demiclosedness principle for asymptotically nonexpan-
sive mappings in the intermediate sense defined in a product space, it is important
to estimate the difference between T k (

∑n
i=1 λi(xi, yi)) and

∑n
i=1 λiT

k(xi, yi) for
λ ∈ ∆n−1, (x1, y1), . . . , (xn, yn) ∈ K ×K and k ≥ 1.
Here ∆n−1 = {λ = (λ1, · · · , λn) : λi ≥ 0 and

∑n
i=1 λi = 1}. The following lemmas

are useful.
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Lemma 2.3. Let E be a uniformly convex Banach space and K be a nonempty
closed bounded convex subset of E. For ϵ > 0, there exists an integer Nϵ ≥ 1 and
δ2,ϵ > 0 such that if k ≥ Nϵ, x1, x2, y1, y2 ∈ K and

∥x1 − x2∥+ ∥y1 − y2∥ − 2∥T k(x1, y1)− T k(x2, y2)∥ ≤ δ2,ϵ,

then
∥T k(λ1(x1, y1) + λ2(x2, y2))− λ1T

k(x1, y1)− λ2T
k(x2, y2)∥ < ϵ

for all λ = (λ1, λ2) ∈ ∆1.

Proof. Let δ be the modulus of uniform convexity of X and define d : R+ −→ R+

by

d(t) =


1

2

∫ t

0

δ(s)ds, 0 ≤ t ≤ 2

d(2) +
1

2
δ(2)(t− 2), t > 2.

It is well known (e.g. see [3],[16]) that d is strictly increasing, continuous, convex,
satisfying d(0) = 0 and

2λ1λ2d(∥u− v∥) ≤ 1− ∥λ1u+ λ2v∥ (2.1)

for all λ = (λ1, λ2) ∈ ∆1, and u, v ∈ X such that ∥u∥ ≤ 1 and ∥v∥ ≤ 1.

For ϵ > 0, choose ηϵ > 0 and DK

2
d−1

(
ηϵ
DK

)
< ϵ and put δ2,ϵ = min{ηϵ, DK}. By

(1.5), there exists an integer Nϵ ≥ 1 (depending on K) such that if k ≥ Nϵ,

2∥T k(x, y)− T k(u, v)∥ − ∥x− u∥ − ∥y − v∥ < δ2,ϵ for all x, y, u, v ∈ K.

Let k ≥ Nϵ and let (x1, y1), (x2, y2) ∈ K ×K with

∥x1 − x2∥+ ∥y1 − y2∥ − 2∥T k(x1, y1)− T k(x2, y2)∥ ≤ δ2,ϵ.

It suffices to show Lemma 2.3 in the case of 0 < λ1, λ2 < 1. Put

u = 2

[
T k(x2, y2)− T k(λ1(x1, y1) + λ2(x2, y2))

λ1(∥x1 − x2∥+ ∥y1 − y2∥+ δ2,ϵ)

]
and

v = 2

[
T k(λ1(x1, y1) + λ2(x2, y2))− T k(x1, y1)

λ2(∥x1 − x2∥+ ∥y1 − y2∥+ δ2,ϵ)

]
.

We have ∥u∥ ≤ 1, ∥v∥ ≤ 1 and

λ1u+ λ2v = 2

[
T k(x2, y2)− T k(x1, y1)

∥x1 − x2∥+ ∥y1 − y2∥+ δ2,ϵ

]
. (2.2)

Since u− v = 2

[
λ1T

k(x1, y1) + λ2T
k(x2, y2)− T k(λ1(x1, y1) + λ2(x2, y2))

λ1λ2(∥x1 − x2∥+ ∥y1 − y2∥+ δ2,ϵ)

]
and

1

DK
λ1λ2(∥x1 −x2∥+ ∥y1 − y2∥+ δ2,ϵ) ≤

1

DK
· 1
4
(2DK +DK) < 1, we have by (2.1)
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and (2.2) that

d

(
2

DK

∥∥λ1T
k(x1, y1) + λ2T

k(x2, y2)− T k(λ1(x1, y1) + λ2(x2, y2))
∥∥)

≤ 1

DK
λ1λ2 (∥x1 − x2∥+ ∥y1 − y2∥+ δ2,ϵ) d(∥u− v∥)

≤ 1
DK

λ1λ2(∥x1 − x2∥+ ∥y1 − y2∥+ δ2,ϵ) · 1
2λ1λ2

{
1− 2 ∥Tk(x2,y2)−Tk(x1,y1)∥

∥x1−x2∥+∥y1−y2∥+δ2,ϵ

}
=

1

2DK
(∥x1 − x2∥+ ∥y1 − y2∥ − 2∥T k(x2, y2)− T k(x1, y1)∥+ δ2,ϵ)

≤ 2δ2,ϵ
2DK

=
δ2,ϵ
DK

≤ ηϵ
DK

.

Here we have used the fact that t 7→ d(t)
t is strictly increasing; t1 ≤ t2 =⇒ d(t1)

t1
≤

d(t2)
t2

, with t1 = 2
DK

∥λ1T
k(x1, y1) + λ2T

k(x2, y2)− T k(λ1(x1, y1) + λ2(x2, y2))∥ and
t2 = ∥u− v∥.
Consequently, from the choice of ηϵ, we obtain
∥T k(λ1(x1, y1)+λ2(x2, y2))−λ1T

k(x1, y1)−λ2T
k(x2, y2)∥ ≤ DK

2
d−1

(
ηϵ

DK

)
< ϵ. �

Lemma 2.4. Let E be a uniformly convex Banach space and K be a nonempty
closed bounded convex subset of E. For each ϵ > 0 and each integer n ≥ 2, there
exists an integer Nϵ ≥ 1 and δn,ϵ > 0 (where Nϵ is independent of n) such that if
k ≥ Nϵ, (x1, y1), (x2, y2), . . . , (xn, yn) ∈ K ×K and if

∥xi − xj∥+ ∥yi − yj∥ − 2∥T k(xi, yi)− T k(xj , yj)∥ < δn,ϵ

for 1 ≤ i, j ≤ n, then∥∥∥∥∥T k

(
n∑

i=1

λi(xi, yi)

)
−

n∑
i=1

λiT
k(xi, yi)

∥∥∥∥∥ < ϵ

for all λ = (λ1, λ2, . . . , λn) ∈ ∆n−1.

Proof. Let ϵ > 0 and let n ≥ 2 be an arbitrary integer. Choose an integer Nϵ ≥ 1
in Lemma 2.3. We shall construct δn,ϵ (n = 2, 3, . . .) inductively. Let δ2,ϵ be
as in Lemma 2.3. Suppose that all δq,ϵ are constructed for q = 2, 3, . . . , p. Let
ϵ′ = min{ 1

10δp, ϵ2 ,
ϵ
2} and put δp+1,ϵ = min{δ2,ϵ′ , ϵ′}.

Let λ ∈ ∆p, (x1, y1), . . . , (xp+1, yp+1) ∈ K ×K, k ≥ Nϵ and

∥xi − xj∥+ ∥yi − yj∥ − 2∥T k(xi, yi)− T k(xj , yj)∥ < δp+1,ϵ

for 1 ≤ i, j ≤ p+ 1.
The case λp+1 = 1 is trivial and so we assume λp+1 ̸= 1. Put for j = 1, 2, . . . , p and
i = 1, 2, . . . , p+ 1,(

uj

vj

)
= (1− λp+1)

(
xj

yj

)
+ λp+1

(
xp+1

yp+1

)
; µj =

λj

1− λp+1
,

(
u′
j

v′j

)
= (1− λp+1)

(
x′
j

y′j

)
+ λp+1

(
x′
p+1

y′p+1

)
, with

(
x′
i

y′i

)
=

(
T (xi, yi)
T (yi, xi)

)
.

We have:
p+1∑
i=1

λi

(
xi

yi

)
=

p∑
j=1

µj

(
uj

vj

)
;

p+1∑
i=1

λi

(
x′
i

y′i

)
=

p∑
j=1

µj

(
u′
j

v′j

)
.
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Therefore:

∥∥∥T k
(∑p+1

i=1 λi(xi, yi)
)
−
∑p+1

i=1 λiT
k(xi, yi)

∥∥∥
=
∥∥∥T k

(∑p
j=1 µj(uj , vj)

)
−
∑p

j=1 u
′
j

∥∥∥
≤
∥∥∥T k

(∑p
j=1 µj(uj , vj)

)
−
∑p

j=1 µjT
k(uj , vj)

∥∥∥+∑p
j=1 µj∥T k(uj , vj)− u′

j∥.
(2.3)

Since ∥xj − xp+1∥+ ∥yj − yp+1∥ − 2∥T k(xj , yj)− T k(xp+1, yp+1)∥ < δp+1,ϵ ≤ δ2.ϵ′ ,
we have by Lemma 2.3:

∥u′
j − T k(uj , vj)∥ = ∥(1− λp+1)T

k(uj , vj) + λp+1T
k(uj , vj)

−T k((1− λp+1)(xj , yj) + λp+1(xp+1, yp+1))∥
< ϵ′,

∥v′j − T k(vj , uj)∥ = ∥(1− λp+1)T
k(vj , uj) + λp+1T

k(vj , uj)
−T k((1− λp+1)(yj , xj) + λp+1(yp+1, xp+1))∥

< ϵ′,

∥uj − ul∥+ ∥vj − vl∥ − ∥u′
j − u′

l∥ − ∥v′j − v′l∥

= (1− λp+1)
{
∥xj − xl∥+ ∥yj − yl∥ − ∥T k(xj , yj)− T k(xl, yl)∥

−∥T k(yj , xj)− T k(yl, xl)∥
}

= (1− λp+1)

{
∥xj − xl∥+ ∥yj − yl∥ − 2∥T k(xj , yj)− T k(xl, yl)∥

2

+
∥yj − yl∥+ ∥xj − xl∥ − 2∥T k(yj , xj)− T k(yl, xl)∥

2

}

≤ (1− λp+1)

{
δp+1,ϵ

2
+

δp+1,ϵ

2

}
= (1− λp+1)δp+1,ϵ ≤ ϵ′

for all 1 ≤ j, l ≤ p.
Therefore we obtain by the triangle inequality:

∥uj − ul∥+ ∥vj − vl∥ − ∥T k(uj , vj)− T k(ul, vl)∥ − ∥T k(vj , uj)− T k(vl, ul)∥

≤ ∥uj − ul∥+ ∥vj − vl∥ − ∥u′
j − u′

l∥ − ∥v′j − v′l∥

+∥u′
j − T k(uj , vj)∥+ ∥u′

l − T k(ul, vl)∥

+∥v′j − T k(vj , uj)∥+ ∥v′l − T k(vl, ul)∥

≤ 5ϵ′ ≤ 1
2δp, ϵ2
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for 1 ≤ j, l ≤ p. Since
∥uj − ul∥+ ∥vj − vl∥ − ∥T k(uj , vj)− T k(ul, vl)∥ − ∥T k(vj , uj)− T k(vl, ul)∥

= 1
2

{
∥uj − ul∥+ ∥vj − vl∥ − 2∥T k(uj , vj)− T k(ul, vl)∥

}
+ 1

2

{
∥vj − vl∥+ ∥uj − ul∥ − 2∥T k(vj , uj)− T k(vl, ul)∥

}
≤ 1

2δp, ϵ2 ,

then ∥uj − ul∥ + ∥vj − vl∥ − 2∥T k(uj , vj) − T k(ul, vl)∥ ≤ δp, ϵ2 . Thus by inductive
assumption and (2.3), the desired conclusion holds. �

The following Lemma shows that the positive number δn,ϵ in Lemma 2.4 can be
chosen independently of n.

Lemma 2.5. Let E be a uniformly convex Banach space, K be a nonempty closed
bounded convex subset of E. For every ϵ > 0 and every integer n ≥ 2, there exist
an integer Nϵ ≥ 1 and δϵ > 0 (where both Nϵ and δϵ are independent of n) such
that if k ≥ Nϵ, (x1, y1), (x2, y2), . . . , (xn, yn) ∈ K ×K and if

∥xi − xj∥+ ∥yi − yj∥ − 2∥T k(xi, yi)− T k(xj , yj)∥ ≤ δϵ

for 1 ≤ i, j ≤ n, then∥∥∥∥∥T k

(
n∑

i=1

λi(xi, yi)

)
−

n∑
i=1

T k(xi, yi)

∥∥∥∥∥ < ϵ

for all λ ∈ ∆n−1.

Proof. Fix ϵ > 0 and an integer n ≥ 2 arbitrarily. Denote by N1,ϵ the integer Nϵ/4

in Lemma 2.4. By (1.5) there is an integer N2,ϵ ≥ 1 such that if k ≥ N2,ϵ, then we
have

2∥T k(x, y)− T k(u, v)∥ − ∥x− u∥ − ∥y − v∥ <
ϵ

4
for all x, y, u, v ∈ K (2.4)

Put Nϵ = max{N1,ϵ, N2,ϵ}. Let δn,ϵ (n = 2, 3, . . .) be positive numbers determined
in Lemma 2.4. Since X is uniformly convex, X is B-convex (see [4]) and since the
product of B-convex spaces is also B-convex (see [10]), X3 is B-convex, hence has
the convex approximation property (C.A.P.) (see [4]) so we can choose an integer
p = p(ϵ) ≥ 1 (independent of n) such that coM ⊂ copM + Bϵ/4 × Bϵ/4 × Bϵ/4 for
all subsets M ⊂ X3 whose diameters are uniformly bounded, where Br is the open
sphere centered at the origin and with r as radius, coM is the convex hall of M and

copM =

{
p∑

i=1

tiXi; t ∈ ∆p−1;Xi ∈ M for all i ∈ {1, . . . , p}, p fixed
}
.

Put δϵ = δp, ϵ4 . Let k ≥ Nϵ, (x1, y1), . . . , (xn, yn) ∈ K ×K and

∥xi − xj∥+ ∥yi − yj∥ − 2∥T k(xi, yi)− T k(xl, yl)∥ ≤ δϵ (1 ≤ i, j ≤ n).
Consider M = {[xi, yi, T

k(xi, yi)] ∈ X3 : i = 1, 2, · · · , n}. Note that there exists
r > 0 (independent from k and n) such that sup(x,y,z)∈M ∥(x, y, z)∥X3 ≤ r.
Then for each λ ∈ ∆n−1, there exist µ ∈ ∆p−1 and i1, · · · , ip ∈ {1, · · · , n} such that∥∥∥∥∥∥

n∑
i=1

λixi −
p∑

j=1

µjxij

∥∥∥∥∥∥ <
ϵ

4
,

∥∥∥∥∥∥
n∑

i=1

λiyi −
p∑

j=1

µjyij

∥∥∥∥∥∥ <
ϵ

4
, and
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n∑

i=1

λiT
k(xi, yi)−

p∑
j=1

µjT
k(xij , yij )

∥∥∥∥∥∥ <
ϵ

4
.

By (2.4) and the choice of δϵ we have

2
∥∥∥T k (

∑n
i=1 λi(xi, yi))− T k

(∑p
j=1 µj(xij , yij )

)∥∥∥
≤
∥∥∥∑n

i=1 λixi −
∑p

j=1 µjxij

∥∥∥+ ∥∥∥∑n
i=1 λiyi −

∑p
j=1 µjyij

∥∥∥+ ϵ
4 ≤ 3ϵ

4 < ϵ

and ∥∥∥T k
(∑p

j=1 µj(xij , yij )
)
−
∑p

j=1 µjT
k(xij , yij )

∥∥∥ < ϵ
4 .

Therefore ∥∥T k (
∑n

i=1 λi(xi, yi))−
∑n

i=1 T
k(xi, yi)

∥∥
≤
∥∥∥T k (

∑n
i=1 λi(xi, yi))− T k

(∑p
j=1 µj(xij , yij )

)∥∥∥
+
∥∥∥T k

(∑p
j=1 µj(xij , yij )

)
−
∑p

j=1 µjT
k(xij , yij )

∥∥∥∥∥∥∑p
j=1 µjT

k(xij , yij )−
∑n

j=1 λiT
k(xi, yi)

∥∥∥
< ϵ.

�

Lemma 2.5 is an extension of Lemma 1.5 of Yang et al. [21] to asymptotically
nonexpansive maps in the intermediate sense defined on product spaces. From
Lemma 2.5, we can now state the following theorem which is likewise an extension
of their Lemma 1.6:

Theorem 2.1. (Demiclosedness Principle): Let X be a real uniformly convex Banach
space and K a nonempty bounded closed convex subset of X. Let T : K×K −→ K
be a mapping which is asymptotically nonexpansive in the intermediate sense. If
{xn} and {yn} are sequences in K converging weakly to x∗ and y∗ and if lim

k−→∞
(lim sup

n
∥xn − T k(xn, yn)∥) = 0

lim
k−→∞

(lim sup
n

∥yn − T k(yn, xn)∥) = 0

then p1 − T is demiclosed at zero, i.e., for each sequences {xn}, {yn} ∈ K, if they
converge weakly to x∗ ∈ K and y∗ ∈ K respectively and {xn − T (xn, yn)} and
{yn − T (yn, xn)} converge strongly to 0, then x∗ = T (x∗, y∗) and y∗ = T (y∗, x∗).

Proof. The sequences {xn} and {yn} are bounded so there exists r > 0 such that
{xn}, {yn} ⊂ C := K ∩ Br, where Br is the closed ball in X with center 0 and
radius r. So C is a nonempty bounded closed convex subset in K. Let us prove
that T k(x∗, y∗) −→ x∗ and T k(y∗, x∗) −→ y∗.
For ϵ > 0, choose an integer N1(ϵ) such that if k ≥ N1(ϵ), then
2∥T k(x, y) − T k(u, v)∥ − ∥x − u∥ − ∥y − v∥ < ϵ

5 for (x, y), (u, v) ∈ C × C and
lim supn ∥xn − T k(xn, yn)∥+ lim supn ∥yn − T k(yn, xn)∥ < 1

4δ ϵ
5
.

Thus there exists nϵ,k such that ∥xn − T k(xn, yn)∥+ ∥yn − T k(yn, xn)∥ < 1
4δϵ/5 for

n ≥ nϵ,k.
Set ϵ′ = min{ 1

4δ ϵ
5
, ϵ
5}. Then we have N1(ϵ

′) ≥ 1. Let N2(ϵ) = max{N ϵ
5
, N1(ϵ), N1(ϵ

′)}
and let j ≥ N2(ϵ). Since {xn} and {yn} converge weakly to x∗ and y∗, by
Mazur’s theorem, for each positive integer n ≥ 1, there exist convex combinations
An =

∑m(n)
i=1 λ

(n)
i xi+n and Bn =

∑m(n)
i=1 λ

(n)
i yi+n with λ

(n)
i ≥ 0 and

∑m(n)
i=1 λ

(n)
i = 1
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such that ∥An − x∗∥ −→ 0 and ∥Bn − y∗∥ −→ 0 as n −→ ∞.
Since

∥xi+n − xj+n∥+ ∥yi+n − yj+n∥
−∥T k(xi+n, yi+n)− T k(xj+n, yj+n)∥
−∥T k(yi+n, xi+n)− T k(yj+n, xj+n)∥

 ≤


∥xi+n − T k(xi+n, yi+n)∥
+∥yi+n − T k(xi+n, yi+n)∥
+∥xj+n − T k(xj+n, yj+n)∥
+∥yj+n − T k(yj+n.xj+n)∥

 ≤ 1

2
δ ϵ

5

and
∥xi+n − xj+n∥+ ∥yi+n − yj+n∥
−∥T k(xi+n, yi+n)− T k(xj+n, yj+n)∥
−∥T k(yi+n, xi+n)− T k(yj+n, xj+n)∥

 =


1
2 [∥xi+n − xj+n∥+ ∥yi+n − yj+n∥]
−∥T k(xi+n, yi+n)− T k(xj+n, yj+n)∥
+ 1

2 [∥yi+n − yj+n∥+ ∥xi+n − xj+n∥]
−∥T k(yi+n, xi+n)− T k(yj+n, xj+n)∥

 ≤ 1

2
δϵ/5,

we therefore have

∥xi+n − xj+n∥+ ∥yi+n − yj+n∥ − 2∥T k(xi+n, yi+n)− T k(xj+n, yj+n)∥ ≤ δϵ/5

for 1 ≤ i, j ≤ m(n); by Lemma 2.5, we have∥∥∥∥∥∥T k(An, Bn)−
m(n)∑
i=1

λ
(n)
i T k(xi+n, yi+n)

∥∥∥∥∥∥ <
ϵ

5
,

∥∥∥∥∥∥T k(Bn, An)−
m(n)∑
i=1

λ
(n)
i T k(yi+n, xi+n)

∥∥∥∥∥∥ <
ϵ

5
.

There is Lk,ϵ ≥ 1 such that ∥An − x∗∥+ ∥Bn − y∗∥ < ϵ
5 for all n ≥ Lk,ϵ.

Since x∗, y∗ ∈ K,

∥T k(x∗, y∗)− x∗∥ ≤ ∥T k(x∗, y∗)− T k(An, Bn)∥

+

∥∥∥∥∥∥T k(An, Bn)−
m(n)∑
i=1

λ
(n)
i T k(xi+n, yin)

∥∥∥∥∥∥
+

∥∥∥∥∥∥
m(n)∑
i=1

λ
(n)
i (T k(xi+n, yi+n)− xi+n)

∥∥∥∥∥∥+ ∥An − x∗∥

< ϵ

for n ≥ Lk,ϵ and k ≥ N2(ϵ). Thus ∥T k(x∗, y∗) − x∗∥ < ϵ for k ≥ N2(ϵ) and so
∥T k(x∗, y∗)−x∗∥ −→ 0 as k −→ ∞. Similarly, ∥T k(y∗, x∗)−y∗∥ −→ 0 as k −→ ∞.
By the continuity of T , we have{

x∗ = lim
k−→∞

T k+1(x∗, y∗) = lim
k−→∞

T (T k(x∗, y∗), T k(y∗, x∗)) = T (x∗, y∗)

y∗ = lim
k−→∞

T k+1(y∗, x∗) = lim
k−→∞

T (T k(y∗, x∗), T k(x∗, y∗)) = T (y∗, x∗)

This completes the proof. �

Theorem 2.1 extends Theorem 2.1 of Olaoluwa et al. [18] to asymptotically nonex-
pansive maps in the intermediate sense defined on a product space.
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3. Existence of coupled fixed points

The following theorem relative to the existence of coupled fixed points of asymp-
totically nonexpansive maps in the intermediate sense extends the results of Kirk
[15] to product spaces. The spaces considered have a characteristic of convexity less
than one. Thus the result remain valid for uniformly convex Banach spaces and
consequently generalize Theorem 3.1 of Olaoluwa et al. [18] on existence of cou-
pled fixed points of asymptotically nonexpansive maps in uniformly convex Banach
spaces.

Theorem 3.1. Let X be a Banach space for which ϵ0 = ϵ0(X) < 1 and let K ⊂ X be
nonempty, bounded, closed and convex. Suppose T : K×K −→ K is asymptotically
nonexpansive in the intermediate sense. Then T has a fixed point in K ×K.

Proof. Let (x, y) ∈ K ×K be fixed. Define the set R(x, y) as follows:

R(x, y) =

ρ ∈ R / ∃kρ ∈ N : (K ×K)
∩ ∞∩

i=kρ

B(T i(x, y), ρ)×B(T i(y, x), ρ)

 ̸= ∅

 .

where B(x, r) is the open sphere in X, of center x and radius r. K is bounded, so,
if DK := diamK (diameter of K), DK ∈ R(x, y), hence R(x, y) ̸= ∅. Let ρ∗ be the
g.l.b. of R(x, y).
For any ϵ > 0, define the sets Cϵ =

∪∞
k=1

(∩∞
i=k B

(
T i(x, y), ρ∗ + ϵ

))
and

Dϵ =
∪∞

k=1

(∩∞
i=k B

(
T i(y, x), ρ∗ + ϵ

))
. The sets Cϵ and Dϵ are nonempty, bounded

and convex hence by the reflexivity of X the closures C̄ϵ and D̄ϵ are weakly compact
and C =

∩
ϵ>0(C̄ϵ ∩K) ̸= ∅ and D =

∩
ϵ>0(D̄ϵ ∩K) ̸= ∅.

Let (u, v) ∈ C ×D and let d(u, v) = lim supi−→∞ ∥u− T i(u, v)∥+ ∥v − T i(v, u)∥.
Suppose ρ∗(x, y) = 0. Then Tn(x, y) −→ u and Tn(y, x) −→ v as n −→ ∞. Let
η > 0 and using (1.5), choose L such that i ≥ L implies

sup
(u,v),(z,t)∈K×K

[2∥T i(u, v)− T i(z, t)∥ − ∥u− z∥ − ∥v − t∥] ≤ 1

3
η.

Given i ≥ L, since Tn(x, y) −→ u and Tn(y, x) −→ v, there exists l > i such that
∥T l(x, y)− u∥+ ∥T l(y, x)− v∥ ≤ 1

3η and ∥T l−i(x, y)− u∥+ ∥T l−i(y, x)− v∥ ≤ 1
3η.
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Thus if i ≥ L,
∥u− T i(u, v)∥+ ∥v − T i(v, u)∥

≤ ∥u− T l(x, y)∥+ ∥T l(x, y)− T i(u, v)∥+ ∥v − T l(x, y)∥+ ∥T l(x, y)− T i(u, v)∥

≤ ∥u− T l(x, y)∥+ ∥T i(u, v)− T i(T l−i(x, y), T l−i(y, x))∥ − ∥u− T l−i(x, y)∥
+∥u− T l−i(x, y)∥+ ∥v − T l(y, x)∥+ ∥T i(v, u)− T i(T l−i(y, x), T l−i(x, y))∥
−∥v − T l−i(y, x)∥+ ∥v − T l−i(y, x)∥

≤ 2

3
η

+
1

2

[
2∥T i(T l−i(x, y), T l−i(y, x))− T i(u, v)∥ − ∥u− T l−i(x, y)∥ − ∥v − T l−i(y, x)∥

]
+
1

2

[
2∥T i(T l−i(y, x), T l−i(x, y))− T i(v, u)∥ − ∥u− T l−i(x, y)∥ − ∥v − T l−i(y, x)∥

]
≤ 2

3
η + sup

[
2∥T i(u, v)− T i(z, t)∥ − ∥u− z∥ − ∥v − t∥

]
≤ η.

This proves that Tn(u, v) −→ u and Tn(v, u) −→ v as n −→ ∞, that is, d(u, v) = 0.
But d(u, v) = 0 implies TNi(u, v) −→ u and TNi(v, u) −→ v as i −→ ∞ and with
the continuity of TN this yields TN (u, v) = u and TN (v, u) = v. Thus, as i −→ ∞, T (u, v) = T

(
TNi(u, v), TNi(v, u)

)
= TNi+1(u, v) −→ u

T (v, u) = T
(
TNi(v, u), TNi(u, v)

)
= TNi+1(v, u) −→ v

so T (u, v) = u and T (v, u) = v.
Now we assume that ρ∗(x, y) > 0 and d(u, v) > 0. In fact, we may assume this for
any x, y, u, v ∈ K.
Let ϵ > 0, ϵ ≤ d(u, v). By definition of ρ∗ there exists an integer N∗ such that if
i ≥ N∗ then

∥u− T i(x, y)∥+ ∥v − T i(y, x)∥ ≤ ρ∗ + ϵ, (3.1)
and by (1.5) there exists N∗∗ such that if i ≥ N∗∗ then

sup
[
2∥T i(u, v)− T i(z, t)∥ − ∥u− z∥ − ∥v − t∥

]
≤ ϵ.

Select j so that j ≥ N∗∗ and so that
∥u− T j(u, v) + v − T j(v, u)∥ ≥ d(u, v)− ϵ. (3.2)

Thus if i− j ≥ N∗∗,
∥T j(u, v)− T i(x, y)∥+ ∥T j(v, u)− T i(y, x)∥

= ∥T j(u, v)− T j(T i−j(x, y), T i−j(y, x))∥ − ∥u− T i−j(x, y)∥+ ∥u− T i−j(x, y)∥
+∥T j(v, u)− T j(T i−j(y, x), T i−j(x, y))∥ − ∥v − T i−j(y, x)∥+ ∥v − T i−j(y, x)∥

= 1
2

{
2∥T j(u, v)− T j(T i−j(x, y), T i−j(y, x))∥ − ∥u− T i−j(x, y)∥ − ∥v − T i−j(y, x)∥

}
+ 1

2

{
2∥T j(v, u)− T j(T i−j(y, x), T i−j(x, y))∥ − ∥u− T i−j(x, y)∥ − ∥v − T i−j(y, x)∥

}
+∥u− T i−j(x, y)∥+ ∥v − T i−j(y, x)∥

≤ ϵ

2
+

ϵ

2
+ (ρ∗ + ϵ) = 2ϵ+ ρ∗.

(3.3)
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Letting m =
1

2
[u+ T j(u, v) + v + T j(v, u)], by (3.3) we have:

∥m− T i(x, y)− T i(y, x)∥ ≤
(
1− δ

(
d(u, v)− ϵ

ρ∗ + 2ϵ

))
(ρ∗ + 2ϵ), i ≥ N∗ + j.

By the minimality of ρ∗ this implies that

ρ∗ ≤
(
1− δ

(
d(u, v)− ϵ

ρ+ 2ϵ

))
(ρ∗ + 2ϵ).

Letting ϵ −→ 0, ρ∗ ≤
(
1− δ

(
d(u,v)
ρ∗

))
ρ∗. This implies that 1− δ

(
d(u,v)
ρ∗

)
≥ 1 and

hence δ
(

d(u,v)
ρ∗

)
= 0. It follows from the definition of ϵ0 that d(u,v)

ρ∗ ≤ ϵ0. Hence
d(u, v) ≤ ϵ0ρ

∗(x, y) and letting d(x, y) = lim supi−→∞ ∥x−T i(x, y)∥+∥y−T i(y, x)∥
we have ρ0(x) ≤ d(x, y) so

d(u, v) ≤ ϵ0d(x, y) (3.4)
Also notice that ∥u− x∥+ ∥v − y∥ ≤ d(x, y) + ρ0(x, y) ≤ 2d(x, y).
Fix (x0, y0) ∈ K ×K and define the sequence {(xn, yn)} for all n ∈ N by{

xn+1 = u(xn, yn)
yn+1 = v(yn, xn),

where u(xn, yn) is obtained from xn and yn in the same manner as u(x, y) from x
and y.
If for any n we have ρ(xn, yn) = 0 and ρ(yn, xn) = 0 then, as seen above,
T (xn+1, yn+1) = xn+1 and T (yn+1, xn+1) = yn+1. Otherwise, by 3.4 we have
∥xn+1 − xn∥ + ∥yn+1 − yn∥ ≤ 2d(xn, yn) ≤ 2ϵnd(x0, y0) and since ϵ0 < 1, {xn}
and {yn} are Cauchy sequences. Therefore there exists (x, y) ∈ K × K such that
xn −→ x and yn −→ y as n −→ ∞. Also:

∥x− T i(x, y)∥+ ∥y − T i(y, x)∥
≤ ∥x− xn∥+ ∥xn − T i(xn, yn)∥+ ∥T i(xn, yn)− T i(x, y)∥

+∥y − yn∥+ ∥yn − T i(yn, xn)∥+ ∥T i(yn, xn)− T i(y, x)∥
≤ ∥x− xn∥+ ∥y − yn∥+ ∥xn − T i(xn, yn)∥

+∥yn − T i(yn, xn)∥+ ∥xn − x∥+ ∥yn − y∥
+ 1

2

[
2∥T i(xn, yn)− T i(x, y)∥ − ∥xn − x∥ − ∥yn − y∥

]
+ 1

2

[
2∥T i(yn, xn)− T i(y, x)∥ − ∥xn − x∥ − ∥yn − y∥

]
Thus

d(x, y) = lim sup
i−→∞

∥x− T i(x, y)∥+ ∥y − T i(y, x)∥

≤ lim sup
i−→∞

2[∥x− xn∥+ ∥y − yn∥]

+ lim sup
i−→∞

[∥xn − T i(xn, yn)∥+ ∥yn − T i(yn, xn)∥]

+ lim sup
i−→∞

[sup
x,y

2∥T i(x, y)− T i(u, v)∥ − ∥x− u∥ − ∥y − v∥]

≤ d(xn, yn) + 2[∥x− xn∥+ ∥y − yn∥]
Since xn −→ x, yn −→ y and d(xn, yn) −→ 0 as n −→ ∞, this implies that
d(x, y) = 0. But as seen before, it implies that T (x, y) = x and T (y, x) = y. �
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ABSTRACT. We will apply a new method to generalize some fixed point theorems for
a special class of contractive type mappings in complete b-metric spaces. We also discuss
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enable us to generalize some known fixed point theorems in the literature. Finally, we
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1. Introduction and preliminaries

Let (X, d) be a metric space and T be a self mapping on X. The function T is
said to be a contraction on X if there is some 0 ≤ r < 1 such that

d
(
T (x), T (y)

)
≤ rd(x, y) (x, y ∈ X). (1.1)

A celebrated result due to Banach [3] states that every contraction function on a
complete metric space has a unique fixed point. The Banach contraction mapping
principle is considered to be the core of many extended fixed point theorems (see.
e. g. [6, 8, 10, 14, 18, 20, 21, 22]).

Despite these important features, Banach fixed point theorem suffers from one
serious drawback - the contractive condition (1.1) forces T to be continuous on the
entire space X. It was then naturally to ask if there exist contractive conditions
which do not imply the continuity of T . This was answered in the affirmative by
R. Kannan [13] in 1968, who proved a fixed point theorem which extends Banach’s
theorem to mappings that need not be continuous, by considering instead of (1.1)
the next condition:

d
(
T (x), T (y)

)
≤ r

{
d
(
x, T (x)

)
+ d

(
y, T (y)

)}
for some 0 ≤ r <

1

2
and all x, y ∈ X.

(1.2)

∗Corresponding author.
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40 J. NONLINEAR ANAL. OPTIM. VOL. 9(1) (2018)

Kannan’s theorem has been generalized by some authors [16, 17]. In particular, G.
Hardy and T. Rogers [12] proved the following results:

THEOREM 1.1. [12, Theorem 1] Let X be a complete metric space with metric
d, and let T : X −→ X be a function with the following property:
d
(
T (x), T (y)

)
≤ a d

(
x, T (x)

)
+b d

(
y, T (y)

)
+c d

(
x, T (y)

)
+e d

(
y, T (x)

)
+f d(x, y),

(1.3)
where 0 ≤ a, b, c, e, f < 1 and a+ b+ c+e+f < 1. Then T has a unique fixed point.

THEOREM 1.2. [12, Theorem 2] Let (X, d) be a complete metric space, a, b, c, e, f
be monotonically decreasing functions from [0,∞) to [0, 1), and let the sum of these
five functions be less than 1. Suppose T : X −→ X satisfies condition (1.3) with
a = a(d(x, y)), · · · , f = f(d(x, y)) for all x, y ∈ X. Then T has a unique fixed point.

The above results were extended for some metric-like spaces (see e.g. [1, 15, 19]).
The following generalization of a metric is due to S. Czerwik [7]:

DEFINITION 1.3. Let X be a space and d : X × X −→ [0,∞) be a function
such that for each x, y and z in X,

(i) d(x, y) = 0 if and only if x = y,
(ii) d(x, y) = d(y, x),
(iii) for each ε > 0, if d(x, y) < ε and d(y, z) < ε, then d(x, z) < 2ε.

Then d is called a b-metric on X. It is easy to verify that the condition (iii) is
equivalent to the following (see e. g. [7, Lemma 1]).

(iv) For each ε > 0 and x, y, z ∈ X, if d(x, y) ≤ ε and d(y, z) ≤ ε, then
d(x, z) ≤ 2ε.

Clearly, every metric space is a b-metric space. However, the converse is not true
in general.

EXAMPLE 1.4. Let X = {1, 2, 3}. Define a symmetric function d : X ×X −→
[0,∞) by

d(1, 1) = d(2, 2) = d(3, 3) = 0, d(1, 2) = 3, d(2, 3) = 2, d(1, 3) = 6.

It is easy to verify that (iv) holds, hence (X, d) is a b-metric space but it is not a
metric space, since d(1, 3) ≮ d(1, 2) + d(2, 3).

In order to prove some fixed point theorems of Banach type for b-metric spaces,
S. Czerwik [7] replaced (iv) by the following weaker condition:

d(x, y) ≤ 2d(x, z) + 2d(z, y) (x, y, z ∈ X). (1.4)
The following example shows that (1.4) is strictly weaker than (iv).

EXAMPLE 1.5. Let X = R and define d : X ×X −→ [0,∞) by
d(x, y) = |x− y|2 (x, y ∈ R).

Then for ε = 1, we have d(1, 0) = ε, d(0,−1) = ε but d(1,−1) = 4 
 2ε = 2. Hence
(iv) is not true. However, it is easy to verify that (1.4) holds.

Following [7], a few mathematicians investigated the existence of fixed points for
self-mappings on special kind of b-metrics X; i. e. the triangle inequality is replaced
by

d(x, y) ≤ k
(
d(x, z) + d(z, y)

)
(x, y, z ∈ X),

for some k ≥ 1 (see e. g. [2, 4, 5, 22]).
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In this paper, we will assume that our b-metric space satisfies (iv). We will show
that Frink’s lemma and the inequality (iv) enable us to improve some known fixed
point theorems. More precisely, we will establish Theorems 1.1 and 1.2 for b-metric
spaces, which improves some results in [7] and [16]. We also discuss about the
existence of a unique fixed point for a family of self mappings on b-metric spaces.

2. Results

In order to state main results of this paper, we need to the following result.

LEMMA 2.1. ( see [9] or [11]). Suppose d : X × X −→ [0,∞) satisfies the
following condition:
For any ε > 0 and x, y, z ∈ X, if d(x, y) < ε and d(y, z) < ε, then d(x, z) < 2ε.
Then the function ρ : X ×X −→ [0,∞), defined by

ρ(x, y) = inf
{ n∑

i=1

d(xi−1, xi); where n ∈ N, x0 = x and xn = y
}
,

(
(x, y) ∈ X×X

)
,

(2.1)
has the following properties:

(i) ρ(x, z) ≤ ρ(x, y) + ρ(y, z), for all x, y, z ∈ X.
(ii) d(x,y)

4 ≤ ρ(x, y) ≤ d(x, y) for all x, y ∈ X. Further, ρ is symmetric (i.e.
ρ(x, y) = ρ(y, x)) if d is.

Now, we are ready to state one of the main results of this paper.

THEOREM 2.2. Let (X, d) be a b-metric space and T be a self-mapping on X
such that for all x, y ∈ X

d
(
T (x), T (y)

)
≤ a d

(
x, T (x)

)
+b d

(
y, T (y)

)
+c d

(
x, T (y)

)
+e d

(
y, T (x)

)
+f d(x, y),

(2.2)
where a, b, c, e, f are nonnegative, a + b + 2(c + e) + f < 1. Then T has a unique
fixed point.

Proof. We first show that T has at most one fixed point. Let x∗, y∗ be fixed points
of T . We have
d(x∗, y∗) = d(T (x∗), T (y∗))

≤ a d
(
x∗, T (x∗)

)
+ b d

(
y∗, T (y∗)

)
+ c d(y∗, T (x∗)) + e d

(
x∗, T (y∗)

)
+ f d(x∗, y∗)

= (c+ e+ f) d(x∗, y∗).

Hence x∗ = y∗. By symmetry, it follows from (2.2) that
d
(
T (x), T (y)

)
≤ a d

(
y, T (y)

)
+b d

(
x, T (x)

)
+c d

(
y, T (x)

)
+e d

(
x, T (y)

)
+f d(x, y),

(2.3)
for all x, y ∈ X. By (2.2) and (2.3), we have

d
(
T (x), T (y)

)
≤ a+ b

2
[d
(
x, T (x)

)
+ d

(
y, T (y)

)
]+

c+ e

2
[d
(
x, T (y)

)
+ d

(
y, T (x)

)
]+f d(x, y)

for all x, y ∈ X. Let α = a+b
2 , β = c+e

2 and put y = T (x), then we have

d
(
T (x), T 2(x)

)
≤ α[d

(
x, T (x)

)
+ d

(
T (x), T 2(x)

)
] + β[d

(
x, T 2(x)

)
+ d

(
T (x), T (x)

)
]

+ fd
(
x, T (x)

)
= (α+ f) d

(
x, T (x)

)
+ α d

(
T (x), T 2(x)

)
+ β d

(
x, T 2(x)

)
≤ (α+ 2β + f) d

(
x, T (x)

)
+ (α+ 2β) d

(
T (x), T 2(x)

)
(x ∈ X).
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Let r = α+2β+f
1−α−2β . Then 0 ≤ r < 1, since a + b + 2(c + e) + f < 1. By the above

inequality
d
(
T (x), T 2(x)

)
≤ rd

(
x, T (x)

)
(x ∈ X).

By induction, it follows that for all n ∈ N,

d
(
Tn(x), Tn+1(x)

)
≤ rnd

(
x, T (x)

)
(x ∈ X). (2.4)

Take some arbitrary point x0 ∈ X and define

x1 = T (x0), x2 = T (x1), . . . , xn = T (xn−1), . . . .

By (2.4), we have
d(xn, xn+1) ≤ rnd(x0, x1).

According to Lemma 2.1, there is a metric ρ on X such that d(x,y)
4 ≤ ρ(x, y) ≤

d(x, y) for all x, y ∈ X. For each m > n, we have

d(xn, xm) ≤ 4ρ(xn, xm) ≤ 4

m−1∑
i=n

ρ(xi+1, xi)

≤ 4

m−1∑
i=n

d(xi+1, xi)

≤ 4d(x1, x0)

m−1∑
i=n

ri ≤ 4rnd(x0, x1)

1− r
,

which tends to zero as n tends to infinity. Hence {xn} is a Cauchy sequence in
complete b-metric space (X, d). Therefore, {xn} is convergent to some x∗ ∈ X. For
each n ∈ N, we have

d(x∗, T (x∗)) ≤ 2d
(
Tn+1(x0), T (x

∗)
)
+ 2d

(
Tn+1(x0), x

∗)
≤ 2a d(Tn(x0), T

n+1(x0)
)
+ 2b d

(
x∗, T (x∗)

)
+ 2c d

(
Tn(x0), T (x

∗)
)

+(2e+ 2) d
(
Tn+1(x0), x

∗)+ 2f d
(
Tn(x0), x

∗)
≤ 2a d(Tn(x0), T

n+1(x0)
)
+ 2b d

(
x∗, T (x∗)

)
+ 4c d

(
Tn(x0), x

∗)
+4c d

(
T (x∗), x∗)+ (2e+ 2) d

(
Tn+1(x0), x

∗)+ 2f d
(
Tn(x0), x

∗).
By taking limit as n tends to infinity, it follows that

d(x∗, T (x∗)) ≤ (2b+ 4c) d(x∗, T (x∗)). (2.5)

By symmetry,
d(x∗, T (x∗)) ≤ (2a+ 4e) d(x∗, T (x∗)). (2.6)

It follows from (2.5) and (2.6) that

d(x∗, T (x∗)) ≤ 1

2

[
(2b+ 4c) d(x∗, T (x∗)) + (2a+ 4e) d(x∗, T (x∗))

]
(2.7)

=
(
a+ b+ 2(c+ e)

)
d(x∗, T (x∗)).

In view of (2.7) and the fact that a+ b+ 2(c+ e) < 1− f , we have T (x∗) = x∗.
�

In the following result, we will show that under certain condition, if T : X −→ X
satisfies (2.2) on a complete subset, not necessarily on the entire space, then T has
a unique fixed point.
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COROLLARY 2.3. Let T be a self mapping on a b-metric space (X, d). Let Y
be a complete subset of X such that T (Y ) ⊆ Y and for each x, y ∈ Y ,
d
(
T (x), T (y)

)
≤ a d

(
x, T (x)

)
+b d

(
y, T (y)

)
+c d

(
x, T (y)

)
+e d

(
y, T (x)

)
+f d(x, y),

(2.8)
where a, b, c, e, f are nonnegative and a+ b+ 2(c+ e) + f < 1. If for each z, w ∈ X
with z ̸= w,

d
(
T (z), T (w)

)
< d

(
T (z), z

)
+ d

(
T (w), w

)
+ d(z, w),

then T has a unique fixed point on X.

Proof. By Theorem 2.2, T |Y : Y −→ Y has a fixed point y∗ ∈ Y . Let x∗ ∈ X be
another fixed point of T on X. Then we have
d(x∗, y∗) = d

(
T (x∗), T (y∗)

)
< d

(
T (x∗), x∗)+ d

(
T (y∗), y∗

)
+ d(x∗, y∗) = d(x∗, y∗).

This contradiction shows that T : X −→ X has a unique fixed point. �

Reich’s theorem [16] for b-metric spaces follows immediately from Theorem 2.2:

COROLLARY 2.4. Let (X, d) be a complete b-metric space and T : X −→ X
satisfy

d
(
T (x), T (y)

)
≤ a d(x, T (x)) + b d(y, T (y)) + f d(x, y) (x, y ∈ X),

where a, b and f are nonnegative and a + b + f < 1. Then T has a unique fixed
point.

In the following, we use our main result to show that under certain circumstances
a family of self-mappings has a unique common fixed point.

COROLLARY 2.5. Let (X, d) be a complete b-metric space and F be a family of
self mappings on X such that for each T, S ∈ F and x, y ∈ X,
d
(
T (x), S(y)

)
≤ a d

(
x, T (x)

)
+b d

(
y, S(y)

)
+c d

(
x, S(y)

)
+e d

(
y, T (x)

)
+f d(x, y),

(2.9)
where a, b, c, e, f are nonnegative and a+ b+2(c+ e)+ f < 1. Then F has a unique
common fixed point.

Proof. Assume that T ∈ F . By putting S = T in (2.9) and applying Theorem 2.2,
we conclude T has a unique fixed point. So every element of F has a unique fixed
point. Now we show that all elements of F have a common unique fixed point. Let
S, T ∈ F and let x∗ and y∗ be fixed points of T and S respectively. Then

d(x∗, y∗) = d
(
T (x∗), S(y∗)

)
≤ a d

(
x∗, T (x∗)

)
+ b d

(
y∗, S(y∗)

)
+ c d

(
x∗, S(y∗)

)
+ e d

(
y∗, T (x∗)

)
+f d(x∗, y∗) = (c+ e+ f)d(x∗, y∗).

Since c+ e+ f < 1, we have x∗ = y∗. �

In 1995, S. Czerwick proved the following result which is a generalization one of
the main results in [13, 23]:

THEOREM 2.6. [7, Theorem 3] Let a : (0,∞) −→ (0, 1
2 ) be a decreasing function.

Let (X, d) be a complete b-metric space and let T : X −→ X satisfy
d
(
T (x), T (y)

)
≤ a

(
d(x, y)

)[
d
(
x, T (x)

)
+ d

(
y, T (y)

)]
(x ̸= y;x, y ∈ X).

Then T has a unique fixed point x∗ and limn−→∞ d
(
Tn(x), x∗) = 0 for each x ∈ X.
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Here we will prove Theorem 1.2 for b-metric spaces under some extra conditions.
This result also generalizes Theorem 2.6.

THEOREM 2.7. Let (X, d) be a complete b-metric space, a, b, c, e, f be mono-
tonically decreasing functions from (0,∞) to [0, 1) such that a(t) + b(t) + 2(c(t) +
e(t)) + f(t) < 1, 2(c(t) + e(t)) + 4f(t) < 1 for each t ∈ (0,∞) and f(t0) > 0 for
some t0 ∈ (0,∞). Suppose that T : X −→ X satisfies

d
(
T (x), T (y)

)
≤ a(t) d

(
x, T (x)

)
+ b(t) d

(
y, T (y)

)
+ c(t) d

(
x, T (y)

)
(2.10)

+e(t) d
(
y, T (x)

)
+ f(t) d(x, y),

where t = d(x, y) and x, y ∈ X with x ̸= y. Then T has a unique fixed point.

Proof. The proof is divided into several steps:

Step 1. T has at most one fixed point.
Let x∗, y∗ be fixed points of T . If x∗ ̸= y∗, then
d(x∗, y∗) = d(T (x∗), T (y∗))

≤ a d
(
x∗, T (x∗)

)
+ b d

(
y∗, T (y∗)

)
+ c d(y∗, T (x∗)) + e d

(
x∗, T (y∗)

)
+ f d(x∗, y∗)

= (c+ e+ f) d(x∗, y∗) < d(x∗, y∗),

where a = a(d(x∗, y∗)), . . . , f = f(d(x∗, y∗)). This is a contradiction. Hence
x∗ = y∗.

Step 2. There exists a monotone decreasing function r : (0,∞) −→ [0, 1) such
that for t = d

(
x, T (x)

)
̸= 0,

d
(
T 2(x), T (x)

)
≤ r(t)d

(
x, T (x)

)
(x ∈ X). (2.11)

By symmetry, it follows from (2.10) that for a = a(d(x, y)), b = b(d(x, y)), c =
c(d(x, y)), e = e(d(x, y)) and f = f(d(x, y)), we have
d
(
T (x), T (y)

)
≤ a d

(
y, T (y)

)
+b d

(
x, T (x)

)
+c d

(
y, T (x)

)
+e d

(
x, T (y)

)
+f d(x, y),

(2.12)
where x, y ∈ X and x ̸= y. By (2.10) and (2.3), for the same a, b, c, e and f , we
have

d
(
T (x), T (y)

)
≤ a+ b

2
[d
(
x, T (x)

)
+ d

(
y, T (y)

)
]+

c+ e

2
[d
(
x, T (y)

)
+ d

(
y, T (x)

)
]+f d(x, y)

(2.13)
for all x, y ∈ X with x ̸= y. Fix some x ∈ X, then for t = d

(
x, T (x)

)
̸= 0,

α(t) = a(t)+b(t)
2 , β(t) = c(t)+e(t)

2 , we have

d
(
T (x), T 2(x)

)
≤ α(t)[d

(
x, T (x)

)
+ d

(
T (x), T 2(x)

)
] + β(t)[d

(
x, T 2(x)

)
+ d

(
T (x), T (x)

)
]

+ f(t)d
(
x, T (x)

)
= (α(t) + f(t)) d

(
x, T (x)

)
+ α(t) d

(
T (x), T 2(x)

)
+ β(t) d

(
x, T 2(x)

)
≤ (α(t) + 2β(t) + f(t)) d

(
x, T (x)

)
+ (α(t) + 2β(t)) d

(
T (x), T 2(x)

)
(x ∈ X).

Let r(t) = α(t)+2β(t)+f(t)
1−α(t)−2β(t) . Then r is monotonically decreasing and (2.11) holds.

Step 3. For each x ∈ X, limn−→∞ d
(
Tn(x), Tn+1(x)

)
= 0.

Let x ∈ X, n ∈ N and t = d
(
Tn−1(x), Tn(x)

)
. If Tn−1(x) = Tn(x), then the claim

is proved. So we may assume that t ̸= 0. By step 2, we have
d
(
Tn(x), Tn+1(x)

)
≤ r(t)d

(
Tn−1(x), Tn(x)

)
< d

(
Tn−1(x), Tn(x)

)
.
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Therefore {d
(
Tn+1(x), Tn(x)

)
} is a decreasing sequence. Let limn−→∞ d

(
Tn+1(x), Tn(x)

)
=

p. If p > 0, then for each n ∈ N, we have d
(
Tn+1(x), Tn(x)

)
≥ p. Since r is mono-

tone deceasing,
d
(
Tn+1(x), Tn(x)

)
< r(p)d

(
Tn(x), Tn−1(x)

)
≤ · · · ≤ rn(p)d

(
x, T (x)

)
.

Since the right hand side of the above inequality tends to zero as n −→ ∞, we have
lim

n−→∞
d
(
Tn+1(x), Tn(x)

)
= 0.

This contradiction shows that p = 0.

Step 4. For each x ∈ X, {Tn(x)} converges and x∗ = limn−→∞ Tn(x) is the
fixed point of T .

Let α(t) = a(t)+b(t)
2 , β(t) = c(t)+e(t)

2 , t ∈ (0,∞). By our assumption,
4β(t) + 4f(t) = 2(c(t) + e(t)) + 4f(t) < 1 (t ∈ (0,∞)).

Therefore we can define

γ1(t) =
α(t)+2β(t)+2f(t)
1−4β(t)−4f(t) and γ2(t) =

α(t)+2β(t)+4f(t)
1−4β(t)−4f(t) for t ∈ (0,∞).

Suppose that ε > 0 and x ∈ X. Choose n0 ∈ N so that for each n,m ≥ n0,

d
(
Tn(x), Tn−1(x)

)
< min

{
ε

8
,

ε

2γ2(
ε
8 )

}
.

Let n,m > n0 and x ∈ X and t = d
(
Tn−1(x), Tm−1(x)

)
. If Tn−1(x) = Tm−1(x),

then d
(
Tn(x), Tm(x)

)
= 0. So that we may assume that t ̸= 0. By (1.4) and (2.13),

we have
d
(
Tn(x), Tm(x)

)
≤ α(t)

[
d
(
Tn−1(x), Tn(x)

)
+ d

(
Tm−1(x), Tm(x)

)]
+β(t)

[
d
(
Tn−1(x), Tm(x)

)
+ d

(
Tm−1(x), Tn(x)

)]
+ f(t) d

(
Tn−1(x), Tm−1(x)

)
≤ α(t)

[
d
(
Tn−1(x), Tn(x)

)
+ d

(
Tm−1(x), Tm(x)

)]
+β(t)

[
2d

(
Tn−1(x), Tn(x)

)
+ 4d

(
Tn(x), Tm(x)

)
+ 2d

(
Tm−1(x), Tm(x)

)]
+f(t)

[
2d

(
Tn−1(x), Tn(x)

)
+ 4 d

(
Tn(x), Tm(x)

)
+ 4d

(
Tm(x), Tm−1(x)

)]
.

It follows that
d
(
Tn(x), Tm(x)

)
≤ γ1(t)d

(
Tn(x), Tn−1(x)

)
+ γ2(t)d

(
Tm(x), Tm−1(x)

)
.

If d
(
Tn−1(x), Tm−1(x)

)
≥ ε

8 , then

d
(
Tn(x), Tm(x)

)
≤ γ1(

ε

8
)d
(
Tn(x), Tn−1(x)

)
+ γ2(

ε

8
)d
(
Tm(x), Tm−1(x)

)
<

ε

2
+

ε

2
= ε. (2.14)

Let d
(
Tn−1(x), Tm−1(x)

)
< ε

8 , then
d
(
Tn(x), Tm(x)

)
≤ 2d

(
Tn(x), Tn−1(x)

)
+ 4d

(
Tn−1(x), Tm−1(x)

)
+ 2d

(
Tm(x), Tm−1(x)

)
< 2d

(
Tn(x), Tn−1(x)

)
+ 4

ε

8
+ 2d

(
Tm(x), Tm−1(x)

)
(2.15)

<
ε

4
+

ε

2
+

ε

4
= ε.

It follows from (2.14) and (2.15) that {Tn(x)} is a Cauchy sequence in (X, d). Hence
x∗ = limn−→∞ Tn(x) exists. So that for some n1 ∈ N, d

(
Tn−1(x), x∗) < t0 provided
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that n ≥ n1. If Tn−1(x) = x∗ for infinity many n, then Tn(x∗) = Tx∗ for infinity
many n. It follows that T (x∗) = x∗. Therefore, we can assume that Tn−1(x) ̸= x∗

for all n ∈ N. Let tn = d
(
Tn−1(x), x∗) for all n ∈ N. We have

d
(
x∗, T (x∗)

)
≤ 2d

(
x∗, Tn(x)

)
+ 2d

(
Tn(x), T (x∗)

)
≤ 2d

(
x∗, Tn(x)

)
+ 2α(tn)[d

(
x∗, T (x∗)

)
+ d

(
Tn(x), Tn−1(x)

)
]

+2β(tn)[2d
(
Tn−1(x), x∗)+ 2d

(
x∗, T (x∗)

)
+ d

(
x∗, Tn(x)

)
]

+2f(tn)d
(
Tn−1(x), x∗) (n ∈ N).

For each n > n1, we have
2α(tn) + 4β(tn) = a(tn) + b(tn) + 2(c(tn) + e(tn)) < 1− f(tn) ≤ 1− f(t0).

Therefore
d
(
x∗, T (x∗)

)
≤

(
2α(tn) + 4β(tn)

)
d
(
x∗, T (x∗)

)
+ 4d

(
x∗, Tn(x)

)
+2d

(
Tn(x), Tn−1(x)

)
+ 6d

(
Tn−1(x), x∗)

≤
[
1− f(t0)

]
d
(
x∗, T (x∗)

)
+ 4d

(
x∗, Tn(x)

)
+2d

(
Tn(x), Tn−1(x)

)
+ 6d

(
Tn−1(x), x∗).

By taking limit as n −→ ∞, we see that
d
(
x∗, T (x∗)

)
≤

[
1− f(t0)

]
d
(
x∗, T (x∗)

)
.

Since 1− f(t0) < 1, we have T (x∗) = x∗. �

The following result is a special case of Theorem 2.7, which is also a generalization
of Theorem 2.6.

COROLLARY 2.8. Let α, γ : (0,∞) −→ [0, 1) be two decreasing function with
2α(t)+ γ(t) < 1 and γ(t) < 1

4 for all t > 0. Let (X, d) be a complete b-metric space
and let T : X −→ X satisfy
d
(
T (x), T (y)

)
≤ α

(
d(x, y)

)[
d
(
x, T (x)

)
+d

(
y, T (y)

)
]+γ(d(x, y))d(x, y) (x ̸= y;x, y ∈ X),

where γ is non-zero function. Then T has a unique fixed point x∗ and limn−→∞ d
(
Tn(x), x∗) =

0 for each x ∈ X.

Proof. Put α(t) = a(t) = b(t), c(t) = e(t) = 0 and γ(t) = f(t) for all t > 0 in
Theorem 2.7. �

The following example shows that the above result is a genuine extension of
Theorem 2.6.

EXAMPLE 2.9. Let X = {t1, t2, t3} and d : X × X −→ [0,∞) be a symmetric
function with d(x, x) = 0 for all x ∈ X,

d(t1, t2) =
7

4
, d(t2, t3) = 1 and d(t3, t1) = 3.

It is easy to see that (X, d) is a complete b-metric space. Since d(t1, t3) � d(t1, t2)+
d(t2, t3), d is not a metric. Define T : X −→ X by

T (t1) = t2, T (t2) = t3, T (t3) = t3.

Let α = 3
10 and γ = 2

10 . Then 2α+ γ < 1,

d(t1, T (t1)) = d(t1, t2) =
7

4
, d(t2, T (t2)) = d(t2, t3) = 1 and d(t3, T (t3)) = 0.
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Therefore
d(T (x), T (y)) ≤ α [d(x, T (x)) + d(y, T (y))] + γd(x, y), (x ̸= y;x, y ∈ X).

It follows from Corollary 2.8 that T has a unique fixed point. However, Theorem
2.6 can’t be used, since

d(T (t1), T (t3)) >
1

2
[d(t1, T (t1)) + d(t3, T (t3))] .

Conclusion. In this article, we establish some generalizations of Hardy-
Rogers’s theorem in complete b-metric space. The above consequences improve
some known fixed point theorems in complete b-metric space and enable us to
obtain new outcome . By our results, we can also conclude the existence of unique
fixed point in some spaces which are not metric
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ABSTRACT. This paper considers a linear damped wave equation with dynamic bouandary
conditions where two feedback terms have a delay. In bounded domain, we first estab-
lish the question of well-posedness and uniqueness of the solution for the initial-boundary
value problem, using semigroup arguments in [13, 14, 29]. Next, by introducing suitable
Lyapunov functionals, exponential stability estimates are obtained under conditions on
the delay terms.

KEYWORDS: Damped wave equation; delay feedback; stabilization; semigroup formu-
lation.
AMS Subject Classification: Primary 35B40, 35L05; Secondary 93D15.

1. INTRODUCTION

It is well known that the PDEs with time delay have been much studied during
the last years and their results is by now rather developed. See [5, 7, 1, 26, 24, 32, 31]

In the classical theory of delayed wave equations, several main parts are joined in
a fruitful way, it is very remarkable that the damped wave equation with two delays
occupies a similar position and arise in many applied problems, when it comes to
boundary conditions.

Dynamic boundary conditions arise in many physical applications, in particular
they occur in elastic models. These conditions appear in modelling dynamic vibra-
tions of linear viscoelastic rods and beams which have attached tip masses at their
free ends. See [2, 4, 6, 22, 10].
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In this paper, we consider n-dimensional wave equation with strong damping
and boundary conditions when two terms acting on the boundary are delayed in
the following problem

u′′ −∆u− a∆u′ = 0 in Ω× R+, (1.1)
u = 0 on Γ0 × R+, (1.2)

µu′′ + ∂(u+au′)
∂ν = −k1u

′(x, t− τ1)− k2u
′(x, t− τ2) on Γ1 × R+, (1.3)

u(x, 0) = u0(x), u′(x, 0) = u1(x) in Ω, (1.4)
u′ = f0 in Γ1 × (−max (τ1(0), τ2(0)) , 0), (1.5)

where Ω ⊂ Rn is an open bounded set with boundary Γ of class C2. We assume
that Γ is divided into two parts Γ0 and Γ1; i.e., Γ = Γ0 ∪ Γ1, with Γ0 ∩ Γ1 = ∅ and
measΓ0 ̸= 0.

The vector ν(x) denotes the outer unit normal vector to the point x ∈ Γ and
∂u
∂ν is the normal derivative. Moreover, τi = τi(t), i = 1, 2 is the time delay, µ, a, k
are real numbers, with µ ≥ 0, a > 0, and the initial datum (u0, u1, f0) belongs to a
suitable space.

We define the energy of system (1.1)–(1.5) as

E(t) :=
1

2

∫
Ω

{u′2 + |∇u|2}dx+
ξ1
2

∫ t

t−τ1

∫
Γ1

eλ(s−t)u′2(x, s)dΓds

+
ξ2
2

∫ t

t−τ2

∫
Γ1

eλ(s−t)u′2(x, s)dΓds+
µ

2

∫
Γ1

u′2dΓ, (1.6)

where ξi, λ are suitable positive constants.
To motivate our work, let us mention the major work [25], when the authors

studied well-posedness and exponential stability of the problem (1.1)–(1.5) with
structural damping and boundary delay in both cases µ > 0 and µ = 0 in a bounded
and smooth domain, where k2 = 0. The analogous problem with boundary feedback
has been introduced and studied by Xu, Yung, Li [31] in one-space dimension using
a fine spectral analysis and in higher space dimension by the authors [26]. The case
of time-varying delay has been already studied in [28] in one space dimension and
in general dimension, with a possibly degenerate delay, in [27]. Both these papers
deal with boundary feedback.

When τ1(t) ≡ τ2(t) ≡ 0 (in absence of delays), it is well-known that the above
problem is exponentially stable. See in this direction [3, 19, 18, 20, 15, 17, 16, 33,
12, 23, 8, 30, 10]. When µ = 0, k2 = 0, in presence of a constant delay, and the
condition (1.3) is substituted by

∂u

∂ν
= −kut(x, t− τ), Γ1 × (0,+∞),

the system becomes unstable for arbitrarily small delays (see [6]).
The above model without delay (e.g. τ = 0) has been proposed in one di-

mension by Pellicer and Sòla-Morales [30] as an alternative model for the classical
spring-mass damper system. In both cases, no rates of convergence are proved. In
dimension higher than 1, we refer to Gerbi and Said-Houari [10] where a nonlinear
boundary feedback is even considered and the exponential growth of the energy is
proved if the initial data are large enough. A different problem with a dynamic
boundary condition (without delay), motivated by the study of flows of gas in a
channel with porous walls, is analyzed in [8] where exponential decay is proved.
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2. Assumptions

We assume, on the time-delay functions, that there exist positive constants
τ0, τ̃0, τ , τ̃ such that

0 < τ0 ≤ τ1 ≤ τ , ∀t > 0, (2.1)
0 < τ̃0 ≤ τ2 ≤ τ̃ , ∀t > 0. (2.2)

Moreover, we assume
τi ∈ W 2,∞([0, T ]), ∀T > 0, i = 1, 2, (2.3)
max{τ ′1, τ ′2} ≤ d < 1, ∀t > 0, (2.4)

where d is the positive constant.
Under (2.3)-(2.4) we will prove that an exponential stability result holds under

a suitable assumption between the coefficients a and k1, k2.
Let C∗ be a Poincaré’s type constant defined as the smallest positive constant

such that ∫
Γ1

|v|2dΓ ≤ C∗
∫
Ω

|∇v|2dx, ∀v ∈ H1
Γ0
(Ω), (2.5)

where, as usual,
H1

Γ0
(Ω) = {u ∈ H1(Ω) : u = 0 on Γ0}.

We will give a well-posedness result under the assumption
|k|C∗
√
1− d

≤ a

2
, k = max{k1, k2}. (2.6)

We omit the space variable x of u(x, t), u′(x, t) and for simplicity reason denote
u(x, t) = u and u′(x, t) = u′, when no confusion arises. The constants c used
throughout this paper are positive generic constants which may be different in
various occurrences also the functions considered are all real valued, here u′ =
du(t)/dt and u′′ = d2u(t)/dt2.

3. EXISTENCE OF SOLUTION

First as in [26] we introduce the new variables
z(x, ρ, t) = u′(x, t− τ1ρ) in Γ1 × (0, 1)× (0,+∞), (3.1)
w(x, ρ, t) = u′(x, t− τ2ρ) in Γ1 × (0, 1)× (0,+∞). (3.2)

Then we have
τ1z

′(x, ρ, t) + zρ(x, ρ, t) = 0 in Ω× (0, 1)× (0,+∞), (3.3)
τ2w

′(x, ρ, t) + wρ(x, ρ, t) = 0 in Ω× (0, 1)× (0,+∞). (3.4)
Therefore problem (1.1)–(1.5) is equivalent to

u′′ −∆u− a∆u′ = 0 in Ω× (0,+∞), (3.5)
τ1z

′(x, ρ, t) + (1− τ ′1ρ)zρ(x, ρ, t) = 0 in Γ1 × (0, 1)× (0,+∞), (3.6)
τ2w

′(x, ρ, t) + (1− τ ′2ρ)zρ(x, ρ, t) = 0 in Γ1 × (0, 1)× (0,+∞), (3.7)
u = 0 on Γ0 × (0,+∞), (3.8)

µu′′ = −∂(u+au′)
∂ν − k1z(x, 1, t)− k2w(x, 1, t) on Γ1 × (0,+∞), (3.9)

z(x, 0, t) = w(x, 0, t) = u′ on Γ1 × (0,∞), (3.10)
u(x, 0) = u0(x) and u′(x, 0) = u1(x) in Ω, (3.11)
z(x, ρ, 0) = f0(x,−ρτ1(0)) in Γ1 × (0, 1), (3.12)
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w(x, ρ, 0) = f0(x,−ρτ2(0)) in Γ1 × (0, 1). (3.13)
Let us denote

U = (u, u′, γu′, z, w)T ,

where γ is the trace operator on Γ1. Then problem (1.1)–(1.5) equivalent to

U ′ = (u′, u′′, γ1u
′′, z′, w′)

T

= (u′,∆u+ a∆u′,−µ−1(∂(u+au′)
∂ν + k1z(·, 1, ·) + k2w(·, 1, ·)), τ ′

1(t)ρ−1
τ1

zρ,
τ ′
2(t)ρ−1

τ2
wρ)

T .

Therefore, problem (1.1)–(1.5) can be rewritten as
U ′ = A(t)U,

U(0) = (u0, u1, γ1u1, f0(·,− · τ1), f0(·,− · τ2))T , (3.14)
where A(t) is defined by
A(t)(u, v, v1, z, w)

T

=
(
v,∆(u+ av),−µ−1

(
∂(u+av)

∂ν + k1z(·, 1) + k2w(·, 1)
)
,
τ ′
1(t)ρ−1
τ1(t)

zρ,
τ ′
2(t)ρ−1
τ2(t)

wρ

)T

,

with domain of A(t) given by
D(A(t)) (3.15)

=
{
(u, v, v1, z, w)

T ∈ H1
Γ0
(Ω)× L2(Ω)× L2(Γ1)

× (L2(Γ1 × (0, 1)))2 × L2(Γ1 × (0, 1)),

u+ av ∈ E
(
∆, L2(Ω)

)
, ∂(u+av)

∂ν ∈L2(Γ1), v = v1 = z (·, 0) = w (·, 0) on Γ1

}
is independent of the time t, i.e.,

D(A(t)) = D(A(0)), t > 0. (3.16)
where

E(∆, L2(Ω)) = {u ∈ H1(Ω) : ∆u ∈ L2(Ω)}.
For a function u ∈ E(∆, L2(Ω)), ∂u

∂ν belongs to H−1/2(Γ1) and the next Green
formula ∫

Ω

∇u∇qdx = −
∫
Ω

∆uqdx+ ⟨∂u
∂ν

; q⟩Γ1 , ∀q ∈ H1
Γ0
(Ω), (3.17)

is valid (see [11]), where ⟨·; ·⟩Γ1
means the duality pairing between H−1/2(Γ1) and

H1/2(Γ1).
Let us introduce a Hilbert space H̃ defined by

H̃ = H1
Γ0
(Ω)× L2(Ω)× L2(Γ1)× (L2(Γ1 × (0, 1)))2,

equipped with the standard inner product⟨
(u, v, v1, z, w)

T , (ũ, ṽ, ṽ1, z̃, w̃)
T
⟩
H̃

=

∫
Ω

{∇u(x)∇ũ(x) + v(x)ṽ(x)}dx

+ µ

∫
Γ1

v1(x)ṽ1(x)dΓ + ξ1τ1 (t)

∫
Γ1

∫ 1

0

z(x, ρ)z̃(x, ρ)dρdΓ

+ ξ2τ2 (t)

∫
Γ1

∫ 1

0

w (x, ρ) w̃ (x, ρ) dρdΓ. (3.18)

Remark 3.1. The time varying operator A(t) is an unbounded in H̃.
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The next theorem is our main tool to prove well-posedness results, its proof is
similar in [13].

Theorem 3.1. Assume that
(i) D(A(0)) is a dense subset of H̃,
(ii) D(A(t)) = D(A(0)) for all t > 0,
(iii) for all t ∈ [0, T ], A(t) generates a strongly continuous semigroup on H̃ and

the family A = {A(t) : t ∈ [0, T ]} is stable with stability constants C and m
independent of t (i.e. the semigroup (St(s))s≥0 generated by A(t) satisfies
∥St(s)u∥H̃ ≤ Cems∥u∥H̃ , for all u ∈ H̃ and s ≥ 0),

(iv) ∂tA belongs to L∞
∗ ([0, T ], B(D(A(0)), H̃)), the space of equivalent classes

of essentially bounded, strongly measurable functions from [0, T ] into the
set B(D(A(0)), H̃) of bounded operators from D(A(0)) into H̃.

Then, problem (3.14) has a unique solution U ∈ C([0, T ], D(A(0))) ∩ C1([0, T ], H̃)
for any initial datum in D(A(0)).

Let ξ1 and ξ2 are a positive constants such that
|k|√
1− d

≤ ξi ≤
a

C∗ − |k|√
1− d

, for i = 1, 2. (3.19)

In order to deduce a well-posedness result, we define on H̃ the time dependent inner
product ⟨

(u, v, v1, z, w)
T , (ũ, ṽ, ṽ1, z̃, w̃)

T
⟩
t

=

∫
Ω

{∇u(x)∇ũ(x) + v(x)ṽ(x)}dx

+ µ

∫
Γ1

v1(x)ṽ1(x)dΓ

+ ξ1τ1(t)

∫
Γ1

∫ 1

0

z(x, ρ)z̃(x, ρ)dρ dΓ

+ ξ2τ2 (t)

∫
Γ1

∫ 1

0

w (x, ρ) w̃ (x, ρ) dρdΓ. (3.20)

and using Theorem 3.1.

Theorem 3.2. Assume that (2.1)–(2.4) and (2.6) hold. Then for any initial da-
tum U0 ∈ H̃ there exists a unique solution U ∈ C([0,+∞), H̃) of problem (3.14).
Moreover, if U0 ∈ D(A(0)), then

U ∈ C([0,+∞), D(A(0))) ∩ C1([0,+∞), H̃).

We need to check assumptions of Theorem 3.1 for problem (3.14).

Lemma 3.2. D(A(0)) is dense in H̃.

Proof. Let (f, g, g1, h1, h2)
T ∈ H̃ be orthogonal to all elements of D(A(0)), that is,

0 =
⟨
(u, v, v1, z, w)

T , (f, g, g1, h1, h2)
T
⟩
H̃

=

∫
Ω

{∇u(x)∇f(x) + v(x)g(x)}dx

+

∫
Γ1

v1g1dΓ +

∫
Γ1

∫ 1

0

z(x, ρ)h1(x, ρ)dρdΓ
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+

∫
Γ1

∫ 1

0

w(x, ρ)h2(x, ρ)dρdΓ

∀(u, v, v1, z, w)T ∈ D(A(0)).
Taking u = v = 0 (then v1 = 0) , z = 0 and w ∈ D(Γ1×(0, 1)). As (0, 0, 0, 0, w)T ∈

D(A(0)), we obtain ∫
Γ1

∫ 1

0

w(x, ρ)h2(x, ρ)dρdΓ = 0.

Since D(Γ1 × (0, 1)) is dense in L2(Γ1 × (0, 1)), we deduce that h2 = 0.
In the same way, by taking u = v = 0 (then v1 = 0), w = 0 and z ∈ D(Γ1×(0, 1)).

As (0, 0, 0, z, 0)
T ∈ D(A(0)), we obtain∫

Γ1

∫ 1

0

z(x, ρ)h1(x, ρ)dρdΓ = 0.

Since D(Γ1 × (0, 1)) is dense in L2(Γ1 × (0, 1)), we deduce that h1 = 0. Also for
u = z = w = 0 and v ∈ D(Ω) (then v1 = 0) we see that g = 0. Therefore, for u = 0,
z = 0 and w = 0, we deduce also∫

Γ1

g1v1dΓ = 0, ∀v1 ∈ D(Γ1),

and so g1 = 0.
The above orthogonality condition is then reduced to

0 =

∫
Ω

∇u∇fdx, ∀(u, v, v1, z, w)T ∈ D(A(0)).

By restricting ourselves to v = z = w = 0, we obtain∫
Ω

∇u(x)∇f(x)dx = 0, ∀(u, 0, 0, 0, 0)T ∈ D(A(0)).

But we easily see that (u, 0, 0, 0, 0)T ∈ D(A(0)) if and only if u ∈ E(∆, L2(Ω)) ∩
H1

Γ0
(Ω). This set is dense in H1

Γ0
(Ω) (equipped with the inner product ⟨., .⟩H1

Γ0
(Ω)),

thus we conclude that f = 0. �

Lemma 3.3. Let Φ = (u, v, v1, z, w)
T , then

∥Φ∥t ≤ ∥Φ∥se
(

d(τ̃0+τ0)
τ0τ̃0

)
|t−s|

, ∀t, s ∈ [0, T ], (3.21)
where d is a positive constant.

Proof. For all s, t ∈ [0, T ], we have

∥Φ∥2t − ∥Φ∥2se
(

d(τ̃0+τ0)
τ0τ̃0

)
|t−s|

=

(
1− e

(
d(τ̃0+τ0)

τ0τ̃0

)
|t−s|

)(∫
Ω

(|∇u(x)|2 + v2)dx+ µ

∫
Γ1

v21dΓ

)
+ ξ1

(
τ1(t)− τ1(s)e

(
d(τ̃0+τ0)

τ0τ̃0

)
|t−s|

)∫
Γ1

∫ 1

0

z2(x, ρ)dρdΓ

+ ξ2

(
τ2(t)− τ2(s)e

(
d(τ̃0+τ0)

τ0τ̃0

)
|t−s|

)∫
Γ1

∫ 1

0

w2(x, ρ)dρdΓ.

We notice that
e

(
d(τ̃0+τ0)

τ0τ̃0

)
|t−s| ≥ 1.
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Moreover
τ1(t)− τ1(s)e

(
d(τ̃0+τ0)

τ0τ̃0

)
|t−s| ≤ 0,

and
τ2(t)− τ2(s)e

(
d(τ̃0+τ0)

τ0τ̃0

)
|t−s| ≤ 0,

for some d > 0.
Indeed,

τ1(t) = τ1(s) + τ ′1(a)(t− s),

and
τ2(t) = τ2(s) + τ ′2(b)(t− s),

where a, b ∈ (s, t), and thus,
τ1(t)

τ1(s)
= 1 +

|τ ′1(a)|
τ1(s)

|t− s|,

τ2(t)

τ2(s)
= 1 +

|τ ′2(b)|
τ2(s)

|t− s|.

By (2.3), τ ′1 and τ ′2 are bounded on [0, T ] and therefore, recalling also (2.1), (2.2),
τ1(t)

τ1(s)
≤ 1 +

d

τ0
|t− s| ≤ e

d
τ0

|t−s|,

τ2(t)

τ2(s)
≤ 1 +

d

τ̃0
|t− s| ≤ e

d
τ̃0

|t−s|,

thus
τ1(t)

τ1(s)
≤ e

(
d(τ̃0+τ0)

τ0τ̃0

)
|t−s|

,

and
τ2(t)

τ2(s)
≤ e

(
d(τ̃0+τ0)

τ0τ̃0

)
|t−s|

.

This complete the proof. �

Lemma 3.4. Under condition (3.19), the operator Ã(t) = A(t)−κ(t)I is dissipative,
and

d

dt
Ã(t) ∈ L∞

∗ ([0, T ], B(D(A(0)), H̃)),

where

κ(t) =

√
τ ′21 (t) + 1

2τ1(t)
+

√
τ ′22 (t) + 1

2τ2 (t)
. (3.22)

Proof. Taking U = (u, v, v1, z, w)
T ∈ D(A(t)). Then, for a fixed t,

⟨A(t)U,U⟩t =
∫
Ω

{∇v(x)∇u(x) + v(x)∆(u(x) + av(x))}dx

− ξ1

∫
Γ1

∫ 1

0

(1− τ ′1(t)ρ)zρ(x, ρ)z(x, ρ)dρdΓ

− ξ2

∫
Γ1

∫ 1

0

(1− τ ′2(t)ρ)wρ(x, ρ)w(x, ρ)dρdΓ

−
∫
Γ1

(
∂(u+ av)

∂ν
(x) + k1z(x, 1) + k2w(x, 1)

)
v(x)dΓ.
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By Green’s formula,

⟨A(t)U,U⟩t = −k

∫
Γ1

z(x, 1)v(x)dΓ− a

∫
Ω

|∇v(x)|2dx

− ξ1

∫
Γ1

∫ 1

0

(1− τ ′1(t)ρ)zρ(x, ρ)z(x, ρ)dρdΓ

− ξ2

∫
Γ

∫ 1

0

(1− τ ′ (t) ρ)wρ (x, ρ)w (x, ρ) dρdΓ. (3.23)

Integrating by parts in ρ and ρ we obtain∫
Γ1

∫ 1

0

zρ(x, ρ)z(x, ρ)(1− τ ′1(t)ρ)dρdΓ

=

∫
Γ1

∫ 1

0

1

2

∂

∂ρ
z2(x, ρ)(1− τ ′1(t)ρ)dρdΓ

=
τ ′1(t)

2

∫
Γ1

∫ 1

0

z2(x, ρ)dρdΓ +
1

2

∫
Γ1

{z2(x, 1)(1− τ ′1(t))− z2 (x, 0)}dΓ, (3.24)

and∫
Γ1

∫ 1

0

wρ (x, ρ)w (x, ρ) (1− τ ′2 (t)) dρdΓ

=

∫
Γ1

∫ 1

0

1

2

∂

∂ρ
w2 (x, ρ) (1− τ ′2 (t)) dρdΓ

=
τ ′2 (t)

2

∫
Γ1

∫ 1

0

w2 (x, ρ) dρdΓ +

∫
Γ1

{
w2 (x, 1) (1− τ ′2 (t))− w2 (x, 0)

}
dΓ. (3.25)

Therefore, from (3.23), (3.24) and (3.25),
⟨A(t)U,U⟩t

= −k1

∫
Γ1

z(x, 1)v(x)dΓ− k2

∫
Γ1

w(x, 1)v(x)dΓ− a

∫
Ω

|∇v(x)|2dx

− ξ1
2

∫
Γ1

{z2(x, 1)(1− τ ′1(t))− z2(x, 0)}dΓ− ξ1τ
′
1(t)

2

∫
Γ1

∫ 1

0

Z2(x, ρ)dρdΓ

− ξ2
2

∫
Γ1

{w2(x, 1)(1− τ ′2(t))− w2(x, 0)}dΓ− ξ2τ
′
2(t)

2

∫
Γ1

∫ 1

0

w2(x, ρ)dρdΓ

= −k1

∫
Γ1

z(x, 1)v(x)dΓ− k2

∫
Γ1

w(x, 1)v(x)dΓ

− a

∫
Ω

|∇v(x)|2dx− ξ1
2

∫
Γ1

z2(x, 1)(1− τ ′1(t))dΓ

− ξ2
2

∫
Γ1

w2(x, 1)(1− τ ′2(t))dΓ +
ξ1
2

∫
Γ1

v2(x)dΓ− ξ1τ
′
1(t)

2

∫
Γ1

∫ 1

0

z2(x, ρ)dρdΓ

+
ξ2
2

∫
Γ1

v2(x)dΓ− ξ2τ
′
2(t)

2

∫
Γ1

∫ 1

0

w2(x, ρ)dρdΓ.

Using Cauchy-Schwarz’s and Poincaré’s inequalities, a trace estimate, it follows that
⟨A(t)U,U⟩t

≤ −
[(

a

2
− |k|C∗

2
√
1− d

− ξ1
2
C∗

)
+

(
a

2
− |k|C∗

2
√
1− d

− ξ2
2
C∗

)]∫
Ω

|∇v(x)|2dx
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−
(
ξ1
2
(1− d)− |k|

2

√
1− d

)∫
Γ1

z2(x, 1)dΓ

−
(
ξ2
2
(1− d)− |k|

2

√
1− d

)∫
Γ1

w2 (x, 1) dΓ + κ(t)⟨U,U⟩t, (3.26)

where

κ(t) =
(τ ′21 (t) + 1)

1
2

2τ1(t)
+

(
τ ′22 (t) + 1

) 1
2

2τ2 (t)
.

then, from (3.19),
⟨A(t)U,U⟩t ≤ κ(t)⟨U,U⟩t. (3.27)

Moreover,

κ′(t) =
τ ′′1 (t)τ

′
1(t)

2τ1(t)(τ ′21 + 1)
1
2

− τ ′1(t)(τ
′2
1 (t) + 1)

1
2

2τ1(t)2

+
τ ′′2 (t)τ

′
2(t)

2τ2(t)(τ ′22 (t) + 1)
1
2

− τ ′2(t)(τ
′2
2 (t) + 1)

1
2

2τ2(t)2
,

is bounded on [0, T ] for all T > 0 (by (2.1) and (2.3) and we have
d

dt
A(t)U

= (0, 0, 0,
τ ′′1 (t)τ1(t)ρ− τ ′1(t)(τ

′
1(t)ρ− 1)

τ1(t)2
zρ,

τ ′′2 (t)τ2(t)ρ− τ ′2(t) (τ
′
2(t)ρ− 1)

τ2(t)2
wρ)

T

(3.28)

with τ ′′
1 (t)τ1(t)ρ−τ ′

1(t)(τ
′
1(t)ρ−1)

τ1(t)2
and τ ′′

2 (t)τ2(t)ρ−τ ′
2(t)(τ

′
2(t)ρ−1)

τ2(t)2
are bounded on [0, T ].

Thus
d

dt
Ã(t) ∈ L∞

∗ ([0, T ], B(D(A(0)), H̃)), (3.29)

the space of equivalence classes of essentially bounded, strongly measurable func-
tions from [0, T ] into B(D(A(0)), H̃). �

Lemma 3.5. For fixed t > 0 and λ > 0, the operator λI −A(t) is surjective.

Proof. Let (f, g, g1, h1, h2)
T ∈ H̃, we seek U = (u, v, v1, z, w)

T ∈ D(A(t)) solution
of

(λI −A(t))(u, v, v1, z, w)
T = (f, g, g1, h1, h2)

T ,

that is verifying

λu− v = f,

λv −∆(u+ av) = g,

λv1 + µ−1

(
∂ (u+ av)

∂ν
(x) + k1z (x, 1) + k2w (x, 1)

)
= g1, (3.30)

λz +
1− τ ′1 (t) ρ

τ1 (t)
zρ = h1,

λw +
1− τ ′2 (t) ρ

τ2 (t)
wρ = h2.

Suppose that we have found u with the appropriate regularity. Then

v = λu− f, (3.31)



58 J. NONLINEAR ANAL. OPTIM. VOL. 9(1) (2018)

and we can determine z, w. Indeed, by (3.15),
z(x, 0) = v(x), for x ∈ Γ1, (3.32)

and, from (3.30),

λz(x, ρ) +
1− τ ′1(t)ρ

τ1(t)
zρ(x, ρ) = h1(x, ρ), for x ∈ Γ1, ρ ∈ (0, 1). (3.33)

Then, by (3.32) and (3.33), we obtain

z(x, ρ) = v(x)e−λρτ1(t) + τ1(t)e
−λρτ1(t)

∫ ρ

0

h1(x, σ)e
λστ1(t)dσ,

if τ ′1(t) = 0, and

z(x, ρ) = v(x)e
λ

τ1(t)

τ′
1(t)

ln(1−τ ′
1(t)ρ)

+ e
λ

τ1(t)

τ′
1(t)

ln(1−τ ′
1(t)ρ)

∫ ρ

0

h1(x, σ)τ1(t)

1− τ ′1(t)σ
e
−λ

τ1(t)

τ′
1(t)

ln(1−τ ′
1(t)σ)dσ,

otherwise. From (3.31),
z(x, ρ) = λu(x)e−λρτ1(t) − f(x)e−λρτ1(t)

+ τ1(t)e
−λρτ1(t)

∫ ρ

0

h1(x, σ)e
λστ1(t)dσ, (3.34)

on Γ1 × (0, 1).
If τ ′1(t) = 0, and

z(x, ρ) = λu(x)e
λ

τ1(t)

τ′
1(t)

ln(1−τ ′
1(t)ρ) − f(x)e

λ
τ1(t)

τ′
1(t)

ln(1−τ ′
1(t)ρ)

+ e
λ

τ1(t)

τ′
1(t)

ln(1−τ ′
1(t)ρ)

∫ ρ

0

h1(x, σ)τ1(t)

1− τ ′1(t)σ
e
−λ

τ1(t)

τ′
1(t)

ln(1−τ ′
1(t)σ)dσ, (3.35)

on Γ1 × (0, 1) otherwise.
In particular, if τ ′1(t) = 0,

z(x, 1) = λu(x)e−λτ1(t) + z0(x), x ∈ Γ1, (3.36)
with z0 ∈ L2(Γ1) defined by

z0(x) = −f(x)e−λτ1(t) + τ1(t)e
−λτ1(t)

∫ 1

0

h1(x, σ)e
λστ1(t)dσ, x ∈ Γ1, (3.37)

and, if τ ′1(t) ̸= 0,

z(x, 1) = λu(x)e
λ

τ1(t)

τ′
1(t)

ln(1−τ ′
1(t)) + z0(x), x ∈ Γ1, (3.38)

with z0 ∈ L2(Γ1) defined by

z0(x) = −f(x)e
λ

τ1(t)

τ′
1(t)

ln(1−τ ′
1(t))

+ e
λ

τ1(t)

τ′
1(t)

ln(1−τ ′
1(t))

∫ 1

0

h1(x, σ)τ1(t)

1− τ ′1(t)σ
e
−λ

τ1(t)

τ′
1(t)

ln(1−τ ′
1(t)σ)dσ. (3.39)

Now we will determine w, again by (3.15),

λw (x, ρ) +
1− τ ′2 (t) ρ

τ2 (t)
wρ (x, ρ) = h2 (x, ρ) ,

then
w(x, ρ) = v(x)e−λρτ2(t) + τ2(t)e

−λρτ2(t)

∫ ρ

0

h2(x, σ)e
λστ2(t)dσ,



EXISTENCE AND STABILITY OF A DAMPED WAVE EQUATION 59

if τ ′2(t) = 0, and

w(x, ρ) = v(x)e
λ

τ2(t)

τ′
2

ln(1−τ ′
2(t)ρ)

+ e
λ

τ2(t)

τ′
2(t)

ln(1−τ ′
2(t)ρ)

∫ ρ

0

h2(x, σ)τ2(t)

1− τ ′2(t)σ
e
−λ

τ2(t)

τ′
2(t)

ln(1−τ ′
2(t)σ)dσ,

otherwise. From (3.31),
w(x, ρ) = λu(x)e−λρτ2(t) − f(x)e−λρτ2(t)

+ τ2(t)e
−λρτ2(t)

∫ ρ

0

h2(x, σ)e
λστ2(t)dσ, (3.40)

if τ ′2(t) = 0, and

w(x, ρ) = λu(x)e
λ

τ2(t)

τ′
2(t)

ln(1−τ ′
2(t)ρ) − f(x)e

λ
τ2(t)

τ′
2(t)

ln(1−τ ′
2(t)ρ)

+ e
λ

τ2(t)

τ′
2(t)

ln(1−τ ′
2(t)ρ)

∫ ρ

0

h2(x, σ)τ2(t)

1− τ ′2(t)σ
e
−λ

τ2(t)

τ′
2(t)

ln(1−τ ′
2(t)σ)dσ, (3.41)

on Γ1 × (0, 1) otherwise.
In particular, if τ ′2(t) = 0,

w(x, 1) = λu(x)e−λτ2(t) + w0(x), x ∈ Γ1, (3.42)
with w0 ∈ L2(Γ1) defined by

w0(x) = −f(x)e−λτ2(t) + τ2(t)e
−λτ2(t)

∫ 1

0

h2(x, σ)e
λστ2(t)dσ, x ∈ Γ1, (3.43)

and, if τ ′2(t) ̸= 0,

w(x, 1) = λu(x)e
λ

τ2(t)

τ′
2(t)

ln(1−τ ′
2(t)) + w0(x), x ∈ Γ1, (3.44)

with w0 ∈ L2(Γ1) defined by

w0(x) = −f(x)e
λ

τ2(t)

τ′
2(t)

ln(1−τ ′
2(t))

+ e
λ

τ2(t)

τ′
2(t)

ln(1−τ ′
2(t))

∫ 1

0

h2(x, σ)τ2(t)

1− τ ′2(t)σ
e
−λ

τ2(t)

τ′
2(t)

ln(1−τ ′
2(t)σ)dσ, (3.45)

for x ∈ Γ1. Then, we have to find u. In view of the equation
λv −∆(u+ av) = g,

we set s = u+ av and look at s. Now according to (3.31), we may write
v = λu− f = λs− f − λav,

or equivalently
v =

λ

1 + λa
s− 1

1 + λa
f. (3.46)

Hence once s will be found, we will get v by (3.46) and then u by u = s − av, or
equivalently

u =
1

1 + λa
s+

a

1 + λa
f. (3.47)

By (3.46) and (3.30), the function s satisfies
λ2

1 + λa
s−∆s = g +

λ

1 + λa
f in Ω, (3.48)

with the boundary conditions
s = 0 on Γ0, (3.49)
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as well as (at least formally)
∂s

∂ν
= µg1 − µλv1 − k1z(·, 1)− k2w(·, 1) on Γ1,

which becomes due to (3.46), (3.47), (3.36), (3.38), (3.40) and the requirement that
v1 = γ1v on Γ1:

∂s

∂ν
= −λ(k1e

−λτ1(t) + k2e
−λτ2(t) + µλ)

1 + λa
s+ l on Γ1, (3.50)

where

l = µg1 +
λ(µ− k1ae

−λτ1(t) − k2ae
−λτ2(t))

1 + λa
f − k1z0 − k2w0 on Γ1,

if τ ′1(t) = τ ′2(t) = 0, before τ ′1(t) ̸= 0 and τ ′2(t) ̸= 0 we obtain

∂s

∂ν
= −λ(k1e

−λ
τ1(t)

τ′
1(t)

ln(1−τ ′
1(t)) + k2e

−λ
τ2(t)

τ′
2(t)

ln(1−τ ′
2(t)) + µλ)

1 + λa
s+ l̃ on Γ1, (3.51)

where

l̃ = µg1+
λ(µ− k1ae

−λ
τ1(t)

τ′
1(t)

ln(1−τ ′
1(t)) − k2ae

−λ
τ2(t)

τ′
2(t)

ln(1−τ ′
2(t)))

1 + λa
f−k1z0−k2w0 on Γ1.

From (3.48), integrating by parts, and using (3.49), (3.50), (3.51) we find the vari-
ational problem∫

Ω

(
λ2

1 + λa
sq +∇s · ∇q)dx+

∫
Γ1

λ(k1e
−λτ1 + k2e

−λτ2 + µλ)

1 + λa
sqdΓ

=

∫
Ω

(g +
λ

1 + λa
f)qdx+

∫
Γ1

lqdΓ ∀q ∈ H1
Γ0
(Ω), (3.52)

if τ ′1(t) = τ ′2(t) = 0, before τ ′1(t) ̸= 0 and τ ′2(t) ̸= 0 we obtain∫
Ω

(
λ2

1 + λa
sq +∇s · ∇q)dx+

∫
Γ1

λ(k1e
−λ

τ1
τ′
1
ln(1−τ ′

1) + k2e
−λ

τ2
τ′
2
ln(1−τ ′

2) + µλ)

1 + λa
sqdΓ

=

∫
Ω

(g +
λ

1 + λa
f)qdx+

∫
Γ1

l̃qdΓ ∀q ∈ H1
Γ0
(Ω). (3.53)

If τ ′1(t) = 0 and τ ′2(t) ̸= 0 we have∫
Ω

(
λ2

1 + λa
sq +∇s · ∇q)dx+

∫
Γ1

λ(k1e
−λτ1 + k2e

−λ
τ2
τ′
2
ln(1−τ ′

2) + µλ)

1 + λa
sqdΓ

=

∫
Ω

(g +
λ

1 + λa
f)qdx+

∫
Γ1

l̃qdΓ ∀q ∈ H1
Γ0
(Ω). (3.54)

Otherwise, we get∫
Ω

(
λ2

1 + λa
sq +∇s · ∇q)dx+

∫
Γ1

λ(k1e
−λ

τ1
τ′
1
ln(1−τ ′

1) + k2e
−λτ2 + µλ)

1 + λa
sqdΓ

=

∫
Ω

(g +
λ

1 + λa
f)qdx+

∫
Γ1

l̃qdΓ ∀q ∈ H1
Γ0
(Ω), (3.55)

As the left-hand side of (3.52), (3.53), (3.54), (3.55) is coercive on H1
Γ0
(Ω), the

Lax-Milgram lemma guarantees the existence and uniqueness of a solution s ∈
H1

Γ0
(Ω) of (3.52), (3.53), (3.54), (3.55).



EXISTENCE AND STABILITY OF A DAMPED WAVE EQUATION 61

If we consider q ∈ D(Ω) in (3.52), (3.53), we have that s solves (3.48) in D′(Ω)
and thus s = u+ av ∈ E(∆, L2(Ω)).

Using Green’s formula (3.17) in (3.52) and using (3.48), we obtain∫
Γ1

λ(k1e
−λτ1 + k2e

−λτ2 + µλ)

1 + λa
sqdΓ + ⟨ ∂s

∂ν
; q⟩Γ1

=

∫
Γ1

lq dΓ,

leading to (3.50) and then to the third equation of (3.30) due to the definition of l
and the relations between u, v and s. We find the same result if τ ′i(t) ̸= 0, i = 1, 2.

In conclusion, we have found (u, v, v1, z, w)
T ∈ D(A), which verifies (3.30), and

thus λI−A(t) is surjective for some λ > 0 and t > 0. Again as κ(t) > 0, this proves
that

λI − Ã(t) = (λ+ κ(t))I −A(t) is surjective, (3.56)
for any λ > 0 and t > 0. �

Proof. (of Theorem 3.2) Then, (3.21), (3.27) and (3.56) imply that the family Ã =

{Ã(t) : t ∈ [0, T ]} is a stable family of generators in H̃ with stability constants
independent of t. Therefore, all assumptions of Theorem 3.1 are satisfied by (3.16),
Lemma3.2– Lemma3.5, and thus, the problem

Ũ ′ = Ã(t)Ũ ,

Ũ(0) = U0,

has a unique solution Ũ ∈ C([0,+∞), D(A(0)))∩C1([0,+∞), H̃) for U0 ∈ D(A(0)).
The requested solution is then given by

U(t) = e
∫ t
0
κ(s)dsŨ(t).

This concludes the proof. �

4. STABILITY RESULT

Now, we show that problem (1.1)–(1.5) is uniformly exponentially stable under
the assumption

a

2
>

C∗|k|√
1− d

. (4.1)

We fix ξi, (given in (1.6)) such that
|k|√
1− d

< ξi <
a

C∗ − |k|√
1− d

, i = 1, 2. (4.2)

Moreover, the parameter λ (given in (1.6)) is fixed to satisfy

λ < min

{
1

τ

∣∣∣∣log |k|
ξ1
√
1− d

∣∣∣∣ , 1τ̃
∣∣∣∣log |k|

ξ2
√
1− d

∣∣∣∣} . (4.3)

We start with giving an explicit formula for the derivative of the energy.

Lemma 4.1. Assume (2.1)–(2.4) and (4.1). Then, for any regular solution of
problem (1.1)–(1.5) the energy is decreasing and, for a suitable positive constant C,
we have

E′(t) ≤ −C

{∫
Ω

|∇u′|2 dx+

∫
Γ1

u′2(x, t− τ1 (t))dΓ +

∫
Γ1

u′2 (x, t− τ2 (t)) dΓ

}
− C

{∫ t

t−τ1(t)

∫
Γ1

eλ(s−t)u′2(x, s)dΓds+

∫ t

t−τ2(t)

∫
Γ1

eλ(s−t)u′2 (x, s) dΓds

}
.

(4.4)
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Proof. Differentiating (1.6), we obtain

E′(t) =

∫
Ω

{u′u′′ +∇u∇u′}dx+
ξ1 + ξ2

2

∫
Γ1

u′2dΓ + µ

∫
Γ1

u′u′′ dΓ

− ξ1(1− τ ′1)

2

∫
Γ1

e−λτ1u′2(x, t− τ1)dΓ− ξ2(1− τ ′2)

2

∫
Γ1

e−λτ2u′2(x, t− τ2)dΓ

− λ
ξ1
2

∫ t

t−τ1

∫
Γ1

e−λ(t−s)u′2(x, s)dΓds− λ
ξ2
2

∫ t

t−τ2

∫
Γ1

e−λ(t−s)u′2(x, s)dΓds,

and then, applying Green’s formula,

E′(t) =

∫
Ω

au′∆u′dx+

∫
Γ1

u′ ∂u

∂ν
dΓ

+
ξ1 + ξ2

2

∫
Γ1

u′2 (x, t) dΓ− ξ1 (1− τ ′1 (t))

2

∫
Γ1

e−λτ1(t)u′2(x, t− τ1 (t))dΓ

− ξ2 (1− τ ′2 (t))

2

∫
Γ1

e−λτ2(t)u′2 (x, t− τ2 (t)) dΓ

− λ
ξ1
2

∫ t

t−τ1(t)

∫
Γ1

e−λ(t−s)u′2(x, s)dΓds

− λ
ξ2
2

∫ t

t−τ2(t)

∫
Γ1

e−λ(t−s)u′2 (x, s) dΓds+ µ

∫
Γ1

u′u′′dΓ. (4.5)

Integrating once more by parts and using the boundary conditions we obtain

F ′(t) = −a

∫
Ω

∣∣∣∇u
′
∣∣∣2 dx− k1

∫
Γ1

u′u′(x, t− τ1 (t))dΓ

− k2

∫
Γ1

u′ (x, t)u′ (x, t− τ2 (t)) dΓ

− ξ1 (1− τ ′1 (t))

2

∫
Γ1

e−λτ1u′2(x, t− τ1 (t))dΓ

− ξ2 (1− τ ′2 (t))

2

∫
Γ1

e−λτ2(t)u′2 (x, t− τ2 (t)) dΓ

+
ξ1 + ξ2

2

∫
Γ1

u′2dΓ− λ
ξ1
2

∫ t

t−τ1(t)

∫
Γ1

e−λ(t−s)u′2(x, s)dΓds

− λ
ξ2
2

∫
t−τ2(t)

∫
Γ1

e−λ(t−s)u′2 (x, s) dΓds. (4.6)

Applying Cauchy-Schwarz’s and Poincaré’s inequalities, a trace estimate and recall-
ing the assumptions (2.1)–(2.4), we obtain

E′(t) ≤ −a

∫
Ω

|∇u′|2 dx+
ξ1 + ξ2

2

∫
Γ1

u′2dΓ

+
|k|

2
√
1− d

∫
Γ1

u′2dΓ +
|k|

2
√
1− d

∫
Γ1

u′2dΓ

+
|k|
2

√
1− d

∫
Γ1

u′2(t− τ1)dΓ +
|k|
2

√
1− d

∫
Γ1

u′2(t− τ2)dΓ

− ξ1
2
(1− d1)e

−λτ

∫
Γ1

u′2(x, t− τ1)dΓ− ξ2
2
(1− d2)e

−λτ̃

∫
Γ1

u′2(x, t− τ2)dΓ
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− λ
ξ1
2

∫ t

t−τ1

∫
Γ1

e−λ(t−s)u′2(x, s)dΓds− λ
ξ2
2

∫ t

t−τ2

∫
Γ1

e−λ(t−s)u′2(x, s)dΓds

≤ −
(
a

2
− |k|C∗

2
√
1− d

− ξ1
2
C∗

)∫
Ω

|∇u′|2 dx

−
(
a

2
− |k|C∗

2
√
1− d

− ξ2
2
C∗

)∫
Ω

|∇u′|2 dx

−
(
e−λτ ξ1

2
(1− d)− |k|

2

√
1− d

)∫
Γ1

u′2(x, t− τ1)dΓ

−
(
e−λτ̃ ξ2

2
(1− d)− |k|

2

√
1− d

)∫
Γ1

u′2(x, t− τ2dΓ

−λ
ξ1
2

∫ t

t−τ1

∫
Γ1

e−λ(t−s)u′2(x, s)dΓds− λ
ξ2
2

∫ t

t−τ2

∫
Γ1

e−λ(t−s)u′2(x, s)dΓds.

Therefore, (4.4) immediately follows recalling (4.2) and (4.3). �
We will use an appropriate Lyapunov functional. For this purpose, let us define

the Lyapunov functional

F (t) = E(t) + ε

[∫
Ω

uu′dx+ µ

∫
Γ1

uu′dΓ

]
, (4.7)

where ε is a positive small constant that we will choose later on.
Remark 4.2. From Poincaré’s inequality, it is easy to verify that the functional F
is equivalent to the energy E, that is, for ε small enough, there exist two positive
constant ε1, ε2 such that

ε1F (t) ≤ E(t) ≤ ε2F (t), ∀t ≥ 0. (4.8)
Lemma 4.3. For any regular solution (u, z, w) of problem (1.1)–(1.5), we have

d

dt

{∫
Ω

uu′dxdt+ µ

∫
Γ1

uu′dΓ

}
≤ C

{∫
Ω

|∇u′|2 dx+

∫
Γ1

u′2(x, t− τ1(t))dΓ +

∫
Γ1

u′2 (x, t− τ2 (t)) dΓ

}
− 1

2

∫
Ω

|∇u|2dx, (4.9)

for a suitable positive constant C.
Proof. Differentiating and integrating by parts we have

d

dt

∫
Ω

uu′dx =

∫
Ω

u′2dx+

∫
Ω

u(∆u+ a∆u′)dx

=

∫
Ω

u′2dx−
∫
Ω

|∇u|2dx− a

∫
Ω

∇u · ∇u′dx

+

∫
Γ1

u(t)
∂(u+ au′)

∂ν
(t)dΓ. (4.10)

From (4.10), using the boundary condition on Γ1, we obtain
d

dt

{∫
Ω

uu′dx+ µ

∫
Γ1

uu′dΓ

}
=

∫
Ω

u′2dx+

∫
Ω

u(∆u+ a∆u′)dx+ µ

∫
Γ1

u′2dΓ + µ

∫
Γ1

uu′′dΓ
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=

∫
Ω

u′2dx−
∫
Ω

|∇u|2dx− a

∫
Ω

∇u · ∇u′dx

− k1

∫
Γ1

u(t)u′(t− τ1(t))dΓ− k2

∫
Γ1

u (t)u′ (t− τ2 (t)) dΓ + µ

∫
Γ1

u′2dΓ. (4.11)

We can conclude by using Young’s, Poincaré’s inequalities and a trace estimate. �

Now we can deduce our last result.

Theorem 4.1. Assume (2.1)–(2.4) and (4.1). Then there exist positive constants
C1, C2 such that for any solution of problem (1.1)-(1.5),

F (t) ≤ C1F (0)e−C2t, ∀t ≥ 0. (4.12)

Proof. From Lemma 4.3, taking ε sufficiently small in the definition of the Lyapunov
functional F , we have
d

dt
F (t) ≤ −C

{∫
Ω

|∇u′|2 dx+

∫
Γ1

u′2(x, t− τ1(t))dx+

∫
Γ1

u′2 (x; t− τ2 (t)) dx

}
− C

∫ t

t−τ1(t)

e−λ(t−s)

∫
Γ1

u′2(x, s)dΓds− C

∫ t

t−τ2(t)

e−λ(t−s)

∫
Γ1

u′2(x, s)dΓds

− ε

2

∫
Ω

|∇u|2dx, (4.13)

for a suitable positive constant C. Poincaré’s inequality implying∫
Ω

|u′|2 dx+

∫
Γ1

|u′|2 ds ≤ C∗
1

∫
Ω

|∇u′|2 dx,

for some C∗
1 > 0, we obtain

d

dt
F (t) ≤ −C ′E(t), (4.14)

for a suitable positive constant C ′. (4.8) permits us to conclude our result. �
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ABSTRACT. The current paper is concerned with the controllability of impulsive neutral
stochastic delay partial functional integro-differential equations with Poisson jumps in
Hilbert spaces. Sufficient conditions are established using the theory of resolvent operators
developed by Grimmer [Resolvent operators for integral equations in Banach spaces, Trans.
Amer. Math. Soc., 273(1982):333–349] combined with a fixed point approach for achieving
the required result. An example is presented to illustrate the application of the obtained
results.

KEYWORDS: Controllability, Resolvent operators, C0-semigroup, impulsive integrod-
ifferential equations, fixed point theory.
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1. Introduction

The theory of semigroups of bounded linear operators is closely related to solv-
ing differential and integrodifferential equations in Banach spaces. In recent years,
this theory has been applied to a large class of nonlinear differential equations in
Banach spaces. Using the method of semigroups, various types of solutions to semi-
linear evolution equations have been discussed by Pazy [22]. Various evolutionary
processes from fields as diverse as physics, population dynamics, aeronautics, eco-
nomics and engineering are characterized by the fact that they undergo abrupt
changes of state at certain moments of time between intervals of continuous evolu-
tion. Because the duration of these changes are often negligible compared to the

∗Mamadou Abdoul DIOP .
Email address : azizmanesn@outlook.fr, betekorahafiz1@yahoo.fr, ogouyandjou@imsp-uac.org, mamadou-

abdoul.diop@ugb.edu.sn.
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total duration of the process, such changes can be reasonably well approximated as
being instantaneous changes of state, or in the form of impulses. These processes
can be more suitably modeled by impulsive differential equations, which allow for
discontinuities in the evolution of the state.
The development of the theory of functional differential equations with infinite de-
lay heavily depends on a choice of a phase space. In fact, various phase spaces have
been considered and each different phase space requires a separate development of
the theory [13]. The common space is the phase space B proposed by Hale and Kato
in [12], which is widely applied in functional differential equations with infinite de-
lay. However, this phase space is not correct for the impulsive case. Generally, the
theory of impulsive functional differential equations or inclusions is based on the
phase space defined later (see [15]).

In many cases, deterministic models often fluctuate due to noise, which is random
or at least appears to be so. Therefore, we must move from deterministic problems
to stochastic ones. Taking the disturbances into account, the theory of differential
inclusions has been generalized to stochastic functional differential inclusions (see
[7, 6] and the references therein). The existence, uniqueness, stability, controlla-
bility and other quantitative and qualitative properties of solutions of stochastic
evolution equations or inclusions have recently received a lot of attention (see [14]
and the references therein). As one of the fundamental concepts in mathematical
control theory, controllability plays an important role both in deterministic and
stochastic control theory. Roughly speaking, controllability generally means that
it is possible to steer a dynamical control system from an arbitrary initial state
to an arbitrary final state using the set of admissible controls. The controllability
of nonlinear stochastic systems in infinite dimensional spaces has been extensively
studied by several authors, see [21] and the references therein. Recently, Park,
Balachandran, and Arthi [19] investigated the controllability of impulsive neutral
integro-differential systems with infinite delay in Banach spaces using Schauder-type
fixed point theorem. Arthi and Balachandran [2] established the controllability of
damped second-order impulsive neutral functional differential systems with infinite
delay by means of the Sadovskii fixed point theorem combined with a noncompact
condition on the cosine family of operators. Very recently, also using Sadovski’s
fixed point theorem, Muthukumar and Rajivganthi [18] proved sufficient conditions
for the approximate controllability of fractional order neutral stochastic integro-
differential systems with nonlocal conditions and infinite delay.

Motivated by the previously mentioned works, in this paper, we will extend some
such results of mild solution for the following neutral stochastic partial functional
integrodifferential equations with infinite delay and Poisson jumps.
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

d

[
x(t)−g

(
t, xt,

∫ t

0

σ1(t, s, xs)ds

)]
=

[
A

[
x(t)−g

(
t, xt,

∫ t

0

σ1(t, s, xs)ds

)]

+f
(
t, xt,

∫ t

0
σ2(t, s, xs)ds

)]
dt+

[∫ t

0

B(t− s)[x(s)− g

(
s, xs,

∫ s

0

σ1(s, τ, xτ )dτ

)
]ds

]
dt

+Cu(t)dt+

∫ t

−∞
σ(t, s, xs)dw(s) +

∫
U

γ(t, x(t−), v)dÑ(dt, dv), tk ̸= t ∈ J := [0, T ],

∆x(tk) = Ik(xtk ), k = {1, · · · ,m} =: 1,m,

x(s)− q(xt1 , xt2 , · · · , xtn)(s) = φ(s) ∈ L2(Ω,B), for a.e s ∈ J0 := (−∞, 0],
(1.1)

where 0 < t1 < t2 < · · · < tn < T, n ∈ N;x(·) is a stochastic process taking
values in a real separable Hilbert space H, A : D(A) ⊂ H → H is the infinitesimal
generator of a strongly continuous semigroup on H, (B(t))t≥0 is a family of closed
linear operator on Hhaving the same domainD(B) which contains the domain of
A. The history xt : J0 → H, xt(θ) = x(t+θ) for t ≥ 0, belongs to the phase space B,
which will be described in Section 2. Assume that the mappings f, g : J ×B×H →
H, σ : J×J×B → L0

2, σi : J×J×B → H, i =1, 2, Ik : B → H, k = 1,m, q : Bn → B,
and γ : J ×H× U → H are appropriate functions to be specified later. The control
function u(·) takes values in L2(J, U) of admissible control functions for a separable
Hilbert space U and C is a bounded linear operator from U into H. Furthermore, let
0 = t0 < t1 < · · · < tm < tm+1 = T be prefixed points, and ∆x(tk) = x(t+k )− x(t−k )
represents the jump of the function x at time tk with Ik, determining the size of the
jump, where x(t+k ) and x(t−k ) represent the right and left limits of x(t) at t = tk,
respectively. The initial data φ(t) = {φ(t) : −∞ < t ≤ 0} is an F0-measurable B-
valued random variables independent of the Wiener process {w(t)} and the Poisson
point process p(·) with a finite second moment.

The aim of our paper is to study the controllability of nonlocal impulsive neutral
stochastic functional integrodifferential equations with infinite delay and Poisson
jumps in Hilbert spaces. The main techniques used here include the Banach con-
traction principle and techniques based on the use of a strongly continuous family
of operators R(t); t ≥ 0 defined on the Hilbert space H and called their resolvent
(the precise definition will be given below). The resolvent operator is similar to
semigroup operator for abstract diferential equations in Banach spaces.

The structure of this paper is as follows: in Section 2, we briefly present some
basic notations, preliminaries, and assumptions. The main results in Section 3 are
devoted to study the controllability for the system (1.1) with their proofs. An
example is given in Section 4 to illustrate the theory.

2. Preliminaries

In this section, we briefly recall some basic definitions and results for stochastic
equations in infinite dimensions. For more details on this section, we refer the reader
to Da Prato and Zabczyk (1992)[24] and Protter (2004)[25]. Let (H, ∥ · ∥H, ⟨·, ·⟩H)
and (K, ∥ · ∥K, ⟨·, ·⟩K) denote two real separable Hilbert spaces, with their vectors,
norms, and their inner products, respectively. We denote by L(K;H) the set of all
linear bounded operators from K into H, which is equipped with the usual operator
norm ∥ · ∥. In this paper, we use the symbol ∥ · ∥ to denote norms of operators
regardless of the spaces potentially involved when no confusion possibly arises.
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2.1. Basic preliminaries on the stochastic integration and the abstract
phase space. Let (Ω,F ,F = {Ft}t≥0, P ) be a complete filtered probability space
satisfying the usual condition (i.e. it is right continuous and F0 contains all P-null
sets). Let w = (w(t))t≥0 be a Q-Wiener process defined on the probability space
(Ω,F ,F, P ) with the covariance operator Q such that Tr(Q) <∞. We assume that
there exists a complete orthonormal system {ek}k≥1 in K, a bounded sequence of
nonnegative real numbers λk such that Qek = λkek, k = 1, 2, · · · , and a sequence
of independent Brownian motions {βk}k≥1 such that

⟨w(t), e⟩K =

∞∑
k=1

√
λk⟨ek, e⟩Kβk(t), e ∈ K, t ≥ 0.

Let L0
2 = L2(Q

1/2K;H) be the space of all Hilbert–Schmidt operators fromQ1/2K
into H with the inner product ⟨Ψ, ϕ⟩L0

2
= Tr[ΨQϕ∗], where ϕ∗ is the adjoint of

the operator ϕ. Let p = p(t), t ∈ Dp (the domain of p(t)) be a stationary Ft-
Poisson point process taking its value in a measurable space (U,B(U)) with a σ-finite
intensity measure λ(dv) by N(dt, dv) the Poisson counting measure associated with
p, that is,

N(t,U) =
∑

s∈Dp,s≤t

IU(p(s));

for any measurable set U ∈ B(K−{0}), which denotes the Borel σ-field of (K−{0}).
Let

Ñ(dt, dv) = N(dt, dv)− λ(dv)dt,

be the compensated Poisson measure that is independent of w(t). Denote by P2(J×
U;H) the space of all predictable mappings γ : J × U → H for which∫ t

0

∫
U

E∥γ(t, v)∥2Hλ(dv)dt <∞.

We may then define the H-valued stochastic integral
∫ t

0

∫
U
γ(t, v)Ñ(dt, dv), which

is a centered square integrable martingale. For the construction of this kind of
integral, we can refer to Protter [25].

The collection of all strongly measurable, square-integrable H-valued random
variables, denoted by L2(Ω,H), is a Banach space equipped with norm ∥x∥L2 =
(E∥x∥2)1/2. Let C(J,L2(Ω,H)) be the Banach space of all continuous maps from J
to L2(Ω,H), satisfying the condition supt∈J E∥x(t)∥2 <∞. An important subspace
is given by L0

2(Ω,H) = {f ∈ L2(Ω,H) : f is F0 − measurable}. Further, let

LF
2(0, T ;H) = {g : J × Ω → H : g is F− progressively measurable and

E
(∫

J

∥g(t)∥2Hdt
)
<∞

}
.

Since the system (1.1) has impulsive effects, the phase space used in Balasubrama-
niam and Ntouyas [5] and Park et al. [21] cannot be applied to these systems. So,
we need to introduce an abstract phase space B, as follows:

Assume that l : J0 → (0,+∞) is a continuous function with l0 =
∫
J0
l(t)dt <∞.

For any a > 0, we define

B : =
{
ψ : J0 → H : (E∥ψ(θ)∥2)1/2 is a bounded and measurable function on [−a, 0]

and
∫
J0

l(s) sup
θ∈[s,0]

(E∥ψ(θ)∥2)1/2ds <∞

}
.
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If B is endowed with the norm

∥ψ∥B =

∫
J0

sup
θ∈[s,0]

(E∥ψ(θ)∥2)1/2ds, ∀ψ ∈ B,

then, it is clear that (B, ∥ · ∥B) is a Banach space (Hino, Murakami, & Naito, 1991).
Let JT = (−∞, T ]. We consider the space

BT :=
{
x : JT → H such that xk ∈ C(Jk,H) and there exist x(t−k ) and x(t+k ) with
x(t−k ) = x(t+k ), x(0)− q(xt1 , xt2 , · · · , xtn) = φ ∈ B, k = 1,m

}
,

where xk is the restriction of x to Jk = (tk, tk+1], k = 1,m. Set ∥ ·∥T be a seminorm
in BT defined by

∥x∥T = ∥φ∥B + sup
s∈J

(E∥x(s)∥2)1/2, x ∈ BT .

Now, recall the following useful lemma that appeared in Chang [9]

Lemma 2.1. (Chang, [9]) Assume that x ∈ BT , then for t ∈ J, xt ∈ B. Moreover,
l0(E∥x(t)∥2)1/2 ≤ ∥xt∥B ≤ ∥x0∥B + l0 sup

s∈[0,t]

(E∥x(s)∥2)1/2.

2.2. Partial integrodifferential equation in Banach space. In the present
section we recall some definitions, notations and properties needed in what fol-
lows. Let Z1 andZ2 be Banach spaces. We denote by L(Z1, Z2) the Banch space
of bounded linear operators from Z1 into Z2 endowed with the operator norm
and we abbreviate this notation to L(Z1)when Z1 = Z2.

In what follows, H will denote a Banach space, A and B(t) are closed linear
operators on H. Y represents the Banach space D(A), the domain of operator A,
equiped with the graph norm

∥y∥Y := ∥Ay∥+ ∥y∥ for y ∈ Y.

The notation C([0,+∞);Y ) stands for the space of all continuous function from
[0,+∞) into Y. We then consider the following Cauchy problem{

v
′
(t)=Av(t) +

∫ t

0
B(t− s)v(s)ds for t ≥ 0,

v(0)= v0 ∈ H.
(2.1)

Definition 2.2. ([11]) A resolvent operator of Eq.(2.1) is a bounded linear operator
valued function R(t) ∈ L(H) for t ≥ 0, satisfying the following propreties:

(i) R(0)=I and ∥R(t)∥ ≤ Neβt for some constant N and β.
(ii) For each x ∈ H, R(t)x is strongly continuous for t ≥ 0.
(iii) For x ∈ Y , R(.)x ∈ C1([0,+∞);H) ∩ C([0,+∞);Y ) and

R
′
(t)x = AR(t)x+

∫ t

0

B(t− s)xds

= R(t)Ax+

∫ t

0

R(t− s)xds for t ≥ 0.

For additional details on resolvent operators, we refer the reader to [11, 10]. The
resolvent operator plays an important role to study the existence of solutions and to
establish a variation of constants for non-linear systems. For this reason, we need
to know when the linear system(2.1) possesses a resolvent operator. Theorem 2.1
below provides a satisfactory answer to this problem.
In what follows we suppose the following assumptions:
(H1) A is the infinitesimal generator of a C0− semigroup (T (t))t≥0 on H
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(H2) For all t ≥ 0, B(t) is a closed linear operator fromD(A) to H, and B(t) ∈
L(Y,H).For any y ∈ Y , the map t → B(t)y is bounded, differentiable and the de-
rivative t→ B

′
(t)y is bounded uniformly continuous onR+.

Theorem 2.1. ([11]) Assume that hypotheses (H1) and (H2) hold. Then the Eq.
(2.1) admits a resolvent operator (R(t))t≥0.

In the sequel, we recall some results on the existence of solutions for the following
integro-differentiel equation{

v
′
(t)=Av(t) +

∫ t

0
B(t− s)v(s)ds+ q(t) for t ≥ 0,

v(0)= v0 ∈ H.
(2.2)

where q : [0,+∞[→ H is continuous function.

Definition 2.3. A continuous function v : [0,+∞) → H is said to be a strict
solution of the Eq.(2.2) if

(i) v ∈ C1([0,+∞);H) ∩ C([0,+∞);Y ),
(ii) v satisfies Eq.(2.2) for t ≥ 0.

Remark 2.4. From this definition we deduce that v(t) ∈ D(A), and the function
B(t− s)v(s) is integrable, for all t > 0 and s ∈ [0,+∞).

Theorem 2.2. ([11]) Assume that hypotheses (H1) and (H2) hold. If v is a strict
solution of the Eq.(2.2), then the following variation of constant formula holds

v(t) = R(t)v0 +

∫ t

0

R(t− s)q(s)ds for t ≥ 0. (2.3)

Accordingly, we can establish the following definiton.

Definition 2.5. A function v : [0,+∞) → H is called mild solution of the Eq.(2.2),
for v0 ∈ H, if v satisfies the variation of constants formula (2.3).

The next theorem provides sufficient conditions ensuring the regularity of solu-
tions of the Eq.(2.2).

Theorem 2.3. Let q ∈ C1([0,+∞);H) and v be defined by (2.3). If v0 ∈ D(A),
then v is a strict solution of the Eq.(2.2).

Now, we give the definition of mild solution for (1.1).

Definition 2.6. An Ft-adapted càdlàg stochastic process x : JT → H is called a
mild solution of (1.1) on JT if x(0)−q(xt1 , xt2 , · · · , xtn)(0) = x0 = φ ∈ B, satisfying
φ, q ∈ L0

2(Ω,H); is such that the following conditions hold:
(i) {xt : t ∈ J} is a B-valued stochastic process;
(ii) For arbitrary t ∈ J, x(t) satisfies the following integral equation:

x(t) = R(t)[x0 + q(xt1 , xt2 , · · · , xtn)(0)− g(0, x0, 0)] + g

(
t, xt,

∫ t

0

σ1(t, s, xs)ds

)
+

∫ t

0

R(t− s)Cu(s)ds+

∫ t

0

R(t− s)f

(
s, xs,

∫ s

0

σ2(s, ξ, xτ )dτ

)
ds

+

∫ t

0

R(t− s)

∫ s

−∞
σ(s, τ, xτ )dw(τ)ds+

∫ t

0

R(t− s)

∫
U

γ(t, x(t−), v)Ñ(dt, dv)

+
∑

0<tk<t

R(t− s)Ik(xtk), and (2.4)
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(iii) ∆x(tk) = Ik(xtk), k = 1,m.

Definition 2.7. The system (1.1) is said to be controllable on the interval JT , if
for every initial stochastic process φ ∈ B defined on J0 and y1 ∈ H; there exists a
stochastic control u ∈ L2(J, U) which is adapted to the filtration {Ft}t∈J such that
the solution x(·) of the system (1.1) satisfies x(T ) = y1, where y1 and T are the
preassigned terminal state and time, respectively.

To prove our main results, we shall impose the following assumptions.
(H3) There exists positive constants MR and Mσ1

such that for all t, s ∈ J, x, y ∈
B

∥R(t)∥2 ≤MR;

E
∥∥∥∥∫ t

0

[σ1(t, s, x)− σ1(t, s, y)]ds

∥∥∥∥2 ≤Mσ1
∥x− y∥2B.

(H4) The function g : J × B ×H → H is continuous and there exists a positive
constant Mg such that for all t ∈ J, x1, x2 ∈ B, y1, y2 ∈ L2(Ω,H)

E∥g(t, x1, y1)− g(t, x2, y2)∥2 ≤Mg(∥x1 − x2∥2B + E∥y1 − y2∥2).

(H5) For each (t, s) ∈ J × J , the function σ2 : J × J ×B → H is continuous and
there exists a positive constant Mσ2 such that for all t, s ∈ J, x, y ∈ B

E
∥∥∥∥∫ t

0

[σ2(t, s, x)− σ2(t, s, y)]ds

∥∥∥∥2 ≤Mσ2
∥x− y∥2B.

(H6) The function f : J × B ×H → H is continuous and there exists a positive
constant Mf such that for all t ∈ J, x1, x2 ∈ B, y1, y2 ∈ L2(Ω,H)

E∥f(t, x1, y1)− f(t, x2, y2)∥2 ≤Mf (∥x1 − x2∥2B + E∥y1 − y2∥2).

(H7) The functions Ik, k ∈ C(B,H), k = 1,m and there exist positive constants
MIk and M Ik such that for all x, y ∈ B

E∥Ik(x)∥2 ≤MIk ;

E∥Ik(x)− Ik(y)∥2 ≤M Ik∥x− y∥2B.

(H8) For each φ ∈ B, h(t) = limc→∞
∫ 0

−c
σ(t, s, φ)dw(s) exists and continuous.

Further, there exists a positive constant Mh such that

E∥h(t)∥2 ≤Mh.

(H9) The function σ : J × J × B → L(K,H) is continuous and there exists
positive constants Mσ,Mσ such that for all s, t ∈ J and x, y ∈ B

E∥σ(t, s, x)∥2L0
2
≤Mσ;

E∥σ(t, s, x)− σ(t, s, y)∥2L0
2
≤Mσ∥x− y∥2B.

(H10) The function q : Bn → B is continuous and there exist positive constants
Mq,Mq such that for all x, y ∈ B, t ∈ J0

E∥q(xt1 , xt2 , ..., xtn)(t)∥2 ≤Mq;

E∥q(xt1 , xt2 , ..., xtn)(t)− q(yt1 , yt2 , ..., ytn)(t)∥2 ≤Mq∥x− y∥2B.
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(H11) The linear operator W : L2(J, U) → L2(Ω,H) defined by

Wu =

∫
J

R(T − s)Cu(s)ds

has an induced inverse W−1 which takes values in L2(J, U)/KerW (see
Carimichel & Quinn, 1984) and there exist two positive constants MC and
MW such that

∥C∥2 ≤MC and ∥W−1∥2 ≤MW .

(H12) The function γ : J×H×U → H is a Borel measurable function and satisfies
the Lipschitz continuity condition, the linear growth condition, and there
exists positive constants Mγ ,Mγ such that for any x, y ∈ LF

2(0, T ;H), t ∈ J

E
(∫ t

0

∫
U

∥γ(t, x(s−), v)∥2Hλ(dv)ds
)
∨ E

(∫ t

0

∫
U

∥γ(t, x(s−), v)∥4Hλ(dv)ds
)1/2

≤MγE
∫ t

0

(1 + ∥x(s)∥2H)ds;

E
(∫ t

0

∫
U

∥γ(t, x(s−), v)− γ(t, y(s−), v)∥2Hλ(dv)ds
)

∨ E
(∫ t

0

∫
U

∥γ(t, x(s−), v)− γ(t, y(s−), v)∥4Hλ(dv)ds
)1/2

≤MγE
∫ t

0

∥x(s)− y(s)∥2Hds

3. Main Results

In this section, we shall investigate the controllability of nonlocal impulsive neu-
tral stochastic functional integro-differential equations with infinite delay and Pois-
son jumps in Hilbert spaces.

The main result of this section is the following theorem.

Theorem 3.1. Assume that the assumptions (H1)–(H12) hold. If Ξ < 1 and
Θ < 1, then the system (1.1) is controllable on JT , where

Ξ := 28(1 + 7T 2MWMC)
[
2l20
(
Mg(1 + 2Mσ1

) + T 2MRMf (1 + 2Mσ2
)
)
+ T 2MγC̃

]
+ 7Mg

Θ :=
{
84l20T

2MCMWM2
RM̄q + 12l20(1 + 7T 2MCMRMW ) [Mg(1 +Mσ1

)

+ T 2MRMf (1 +Mσ2
) + T 3MRM̄σTr(Q) +

TM̄γC̃

2l20
mMR

m∑
k=1

M̄Ik

]}
.

Proof. Using the assumption (H9), for an arbitrary function x(·), we define the
control process

uTx (t) =W−1

{
x1 −R(T )[x0 + q(xt1 , · · · , xtn)− g(0, x0, 0)]− g(T, xT ,

∫ T

0

σ1(T, s, xs)ds)

−
∫ T

0

R(T − s)f(s, xs,

∫ s

0

σ2(s, τ, xτ )dτ)ds−
∫ T

0

R(T − s)[h(s) +

∫ s

0

σ(s, τ, xτ )dw(τ)]ds

−
∫ T

0

R(T − s)

∫
U

γ(t, x(t−), v)Ñ(dt, dv)−
∑

0<tk<T

R(T − tk)Ik(xtk)

}
(t) (3.1)

Let’s put (1.1) into a fixed point problem. Consider the operator Π : BT → BT

defined by
Πx(t) = x0 + q(xt1 , · · · , xtn)(t), t ∈ J0;



CONTROLLABILITY OF A IMPULSIVE INTEGRO-DIFFERENTIAL EQUATIONS... 75

Πx(t) = R(t)[x0 + q(xt1 , · · · , xtn)(0)− g(0, x0, 0)] + g

(
t, xt,

∫ t

0

σ1(t, s, xs)ds

)
+

∫ t

0

R(t− s)CuTx (s)ds+

∫ t

0

R(t− s)f

(
s, xs,

∫ s

0

σ2(s, τ, xτ )dτ

)
ds

+

∫ t

0

R(t− s)

[
h(s) +

∫ s

0

σ(s, τ, xτ )dw(τ)

]
ds+

∫ t

0

R(t− s)

∫
U

γ(t, x(t−), v)Ñ(dt, dv)

+
∑

0<tk<t

R(t− tk)Ik(xtk), for a.e t ∈ J.

In what follows, we shall show that using the control uTx (·), the operator Π has
a fixed point, which is then a mild solution for system (1.1).

Clearly, Πx(T ) = y1.
For φ ∈ B, we define φ̃ by

φ̃(t) =

{
x0 + q(xt1 , xt2 , · · · , xtn)(t) if t ∈ J0,

R(t)[x0 + q(xt1 , xt2 , · · · , xtn)(0)] if t ∈ J.

then φ̃(t) ∈ BT . Set x(t) = z(t) + φ̃(t), t ∈ JT .
It is easy to see that x satisfies (2.4) if and only if z satisfies z0 = 0 and

z(t) = −R(t)g(0, x0, 0) + g(t, zt + φ̃t,

∫ t

0

σ1(t, s, zs + φ̃s)ds) +

∫ t

0

R(t− s)CuTz+φ̃(s)ds

+

∫ t

0

R(t− s)f(s, zs + φ̃s,

∫ s

0

σ2(s, τ, zτ + φ̃τ )dτ)ds

+

∫ t

0

R(t− s)[h(s) +

∫ s

0

σ(s, τ, zτ + φ̃τ )dw(τ)]ds+
∑

0<tk<t

R(t− tk)Ik(ztk + φ̃tk)

+

∫ t

0

R(t− s)

∫
U

γ(t, z(t−) + φ̃(t−), v)Ñ(dt, dv), t ∈ J,

where uTz+φ̃(t) is obtained from (3.1) by replacing xt = zt + φ̃t

Let B0
T = {y ∈ BT : y0 = 0 ∈ B}. For any y ∈ B0

T , we have

∥y∥T = ∥y0∥B + sup
s∈J

(E∥y(s)∥2)1/2 = sup
s∈J

(E∥y(s)∥2)1/2,

and thus (B0
T , ∥ · ∥T ) is a Banach space. Set Br = {y ∈ B0

T : ∥y∥2T ≤ r} for some
r ≥ 0, then Br ⊆ B0

T is uniformly bounded, and for u ∈ Br, by Lemma 2.1, we have
∥zt + φ̃t∥B ≤ 2(∥zt∥2B + ∥φ̃t∥2B)

≤ 4(l20 sup
s∈[0,t]

(E∥z(s)∥2 + ∥z0∥2B + l20 sup
s∈[0,t]

(E∥φ̃(s)∥2 + ∥φ̃0∥2B)

≤ 4l20(r + 2MR[E∥φ(0)∥2 +Mq) + 4∥φ̃∥2B (3.2)
:= r∗.

Consider the map Π̄ : B0
T → B0

T defined by Π̄z(t) = 0, for t ∈ J0 and

Π̄z(t) = −R(t)g(0, x0, 0) + g(t, zt + φ̃t,

∫ t

0

σ1(t, s, zs + φ̃s)ds) +

∫ t

0

R(t− s)CuTz+φ̃(s)ds

+

∫ t

0

R(t− s)f(s, zs + φ̃s,

∫ s

0

σ2(s, τ, zτ + φ̃τ )dτ)ds

+

∫ t

0

R(t− s)[h(s) +

∫ s

0

σ(s, τ, zτ + φ̃τ )dw(τ)]ds+
∑

0<tk<t

R(t− tk)Ik(ztk + φ̃tk)
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+

∫ t

0

R(t− s)

∫
U

γ(t, z(t−) + φ̃(t−), v)Ñ(dt, dv), t ∈ J.

Obviously, the operator Π has a fixed point which is equivalent to prove that Π̄
has a fixed point. Note that, by our assumptions, we infer that all the functions
involved in the operator are continuous, therefore Π̄ is continuous.

Let z, z̄ ∈ B0
T . From (3.1), by our assumptions, Hölder’s inequality, the Doob

martingale inequality, and the Burkholder-Davis-Gundy inequality for pure jump
stochastic integral in Hilbert space (see Luo & Liu, 2008, [17]), Lemma 2.1, and in
view of (3.2), for t ∈ J , we obtain the following estimates.

E∥uTz+φ̃∥2

≤ 7MW

{
E∥x1∥2 + 3MR[∥x0∥2 +Mq + C2] + 2Mg([2 + 2Mσ1

]r∗ + 2C1) + C2

+ 2TMR(Mf ([1 + 2Mσ2
]r∗ + 2C3) + C4) + 2MR(Mh + tTr(Q)Mσ) + T 2MγC̃(1 +

r∗

l20
)

+mMR

m∑
k=1

MIk

}
:= L,

E∥uTz+φ̃(t)− uTz̄+φ̃(t)∥2

≤ 12l20MW

{
2MRM̄q +Mg(1 +Mσ1

) + T 2MRMf (1 +Mσ2
) + T 3MRM̄σTr(Q)

+
TM̄γC̃

2l20
+mMR

m∑
k=1

M̄Ik

}
sup
s∈J

E∥z(t)− z̄(t)∥2

where C̃ > 0 is a positive constant and
C1 := T sup

(r,s)∈J×J

σ2
1(r, s, 0), C2 := sup

(t,s)∈J×B
∥g(t, s, 0)∥2,

C3 := T sup
(r,s)∈J×J

σ2
2(r, s, 0), C4 := sup

t∈J
∥f(t, 0, 0)∥2

Lemma 3.2. Under the assumptions of Theorem 3.1, there exists r > 0 such that
Π̄(Br) ⊆ Br.

Proof. If this property is false, then for each r > 0, there exists a function zr(·) ∈ Br,
but Π̄(zr) /∈ Br, i.e. ∥Π̄(zr)(t)∥2 > r for some t ∈ J . However, by our assumptions,
Hölder’s inequality and the Burkholder–Davis–Gundy inequality, we have
r < E∥Π̄(zr)(t)∥2

≤ 7
[
2Mg([1 + 2Mσ1

]r∗ + 2C1) + C2 +MRC2 + 2T 2MR[(Mf [1 + 2Mσ2
]r∗ + 2C3) + C4]

+ T 2MRMCL+ 2T 2MR(Mh + TTr(Q)Mσ) + TMγC̃(1 +
r∗

l20
) +mMR

m∑
k=1

MIk

]

≤M∗∗ + 7(1 + 7T 2MWMC)

[
2
(
Mg(1 + 2Mσ1

) + T 2MRMf (1 + 2Mσ2
)
)
+
T 2MγC̃

l20

]
r∗

+ 7Mgr
∗ (3.3)

where

M∗∗ :=7

(
2C1 + C2(1 +MR) + 2T 2MR[2C3 + C4] +mMR

m∑
k=1

MIk

)
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+ 49T 2MWMRMC

(
∥x1∥2 + 3Mr[∥x0∥2 +Mq + C2] + 2MgC1 + C2 + 2TMR[2C3 + C4]

+2MR(Mh + TMσTr(Q)) + T 2MγC̃ +mMR

m∑
k=1

MIk

)
(3.4)

Dividing both sides of (3.3) by r and noting that

r∗ = 4l20(r + 2MRE∥φ(0)∥2 +Mq) + 4∥φ̃∥2B
−→ ∞, r → ∞

and taking the limit as r → ∞, we obtain 1 ≤ Ξ which contradicts our assumption.
Thus, for some positive number r, Π̄(Br) ⊆ Br. This completes the proof of Lemma
3.2. �

Lemma 3.3. Under the assumptions of Theorem 3.1, Π̄ : B0
T → B0

T is a contraction
mapping.

Proof. Let z, z̄ ∈ B0
T . Then, by our assumptions, Hölder’s inequality, Burkholder-

Davis-Gundy’s inequality, Lemma 2.1, and since ∥z0∥2B = 0 and ∥z̄0∥2B = 0, for each
t ∈ J , we see that

E∥(Π̄z)(t)− (Π̄z̄)(t)∥2

≤ 14

{
Mg(1 +Mσ1) + T 2MRMf (1 +Mσ2) + T 3MRM̄σTr(Q) +

TM̄γC̃

2l20

+mMR

m∑
k=1

M̄Ik

}
sup
s∈J

E∥z(t)− z̄(t)∥2 + 7T 2MRMCE∥uTz+φ̃(t)− uTz̄+φ̃(t)∥2

≤
{
84l20T

2MCMWM2
RM̄q + 14l20(1 + 7T 2MCMRMW )

×

[
Mg(1 +Mσ1

) + T 2MRMf (1 +Mσ2
)T 3MRM̄σTr(Q) +

TM̄γC̃

2l20

mMR

m∑
k=1

M̄Ik

]}
sup
s∈J

E∥z(t)− z̄(t)∥2

Taking the supremum over t, we obtain

∥(Π̄z)(t)− (Π̄z̄)(t)∥2T ≤ Θ∥z − z̄∥2T .

By our assumption, we conclude that Π̄ is a contraction on B0
T . Thus, we have

completed the proof of Lemma 3.3. �

On the other hand, by Banach fixed point theorem, there exists a unique fixed
point x(·) ∈ B0

T such that (Πx)(t) = x(t). This fixed point is then the mild solution
of the system (1.1). Clearly, x(T ) = (Πx)(T ) = y1. Thus, the system (1.1) is
controllable on JT . The proof for Theorem 3.1 is thus complete. �

Now, let us consider a special case for the system (1.1).
If γ(t, x(t−), v) ≡ 0, the system (1.1) becomes the following nonlocal impulsive

neutral stochastic functional integrodifferential equations with infinite delay without
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Poisson jumps



d

[
x(t)−g

(
t, xt,

∫ t

0

σ1(t, s, xs)ds

)]
=

[
A

[
x(t)−g

(
t, xt,

∫ t

0

σ1(t, s, xs)ds

)]

+f
(
t, xt,

∫ t

0
σ2(t, s, xs)ds

)]
dt+

[∫ t

0

B(t− s)[x(s)− g

(
s, xs,

∫ s

0

σ1(s, τ, xτ )dτ

)
]ds

]
dt

+Cu(t)dt+

∫ t

−∞
σ(t, s, xs)dw(s) tk ̸= t ∈ J := [0, T ],

∆x(tk) = Ik(xtk ), k = {1, · · · ,m} =: 1,m,

x(0)− q(xt1 , xt2 , · · · , xtn) = x0 = φ ∈ B, for a.e s ∈ J0 := (−∞, 0],
(3.5)

Corollary 3.4. Assume that all assumptions of Theorem 3.1 hold except that (H12)
and Ξ,Θ replaced by Ξ̂, Θ̂ such that

Ξ̂ := 24l20(1 + 6T 2MBMRMW )[Mg(1 + 2Mσ1
) + T 2MRMf (1 +Mσ1

)] + 6Mg

and
Θ̂ :=

{
72l20T

2MCMWMRM̄q + 12l20(1 + 6T 2MCMRMW )

×

[
Mg(1 +Mσ1

) + T 2MRMf (1 +Mσ2
) + T 3MRM̄σTr(Q) + mMR

m∑
k=1

M̄Ik

]}

If Ξ̂ < 1 and Θ̂ < 1, then the system (3.5) is controllable on JT .

4. Application

In this section, the established previous results are applied to study the control-
lability of the stochastic nonlinear wave equation with infinite delay and Poisson
jumps. Specifically, we consider the following controllability of nonlocal impulsive
neutral stochastic functional integrodifferential equations with infinite delay and
Poisson jumps of the form:
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

∂

∂t

[
y(t, ξ)−G1

(
t, y(t− τ, ξ),

∫ t

0

g(t, s, y(s− τ, ξ))ds

)]

=
∂2

∂ξ2

[
y(t, ξ)−G1

(
t, y(t− τ, ξ),

∫ t

0

g(t, s, y(s− τ, ξ))ds

)]
dt

+

[∫ t

0

Γ(t− s)

[
y(s, ξ)−G1

(
t, y(t− τ, ξ),

∫ t

0

g(t, s, y(s− τ, ξ))ds

)]
+ b(ξ)u(t)

]
dt

+

[
g1

(
t, y(t− τ, ξ),

∫ t

0

g2(t, s, y(s− τ, ξ))ds

)]
dt

+

∫ t

−∞
δ(s− t)y(t, ξ)dβ(s) +

∫
U

y(t− ξ)vÑ(dt, dv) for tk ̸= t ∈ J, ξ ∈ [0, π],

∆y(tk)(ξ) =

∫ tk

−∞
ηk(tk − s)y(s, ξ)ds, k = {1, · · · ,m} =: 1,m, ξ ∈ [0, π],

y(0, ξ) = y(t, π) = 0, t ∈ J,

y(t, ξ)−
n∑

i=1

∫ π

0

pi(ξ, ζ)y(t, ζ)dζ = φ(t, ξ), t ∈ J0, ξ ∈ [0, π],

(4.1)
where, γ : R+ → R is a continuous function andβ(t) is a standard one-

dimensional Wiener process in H, defined on a stochastic basis (Ω,F , P ); U =
{v ∈ R : 0 < ∥v∥R ≤ a, a > 0}; 0 < t1 < t2 < · · · < tn < T, n ∈ N;
0 = t0 < t1 < · · · < tm < tm+1 < T are prefixed numbers, and φ ∈ B.
Let p = p(t), t ∈ Dp be a K-valued σ-finite stationary Poisson point process
(independent of β(t)) on a complete probability space with the usual condition
(Ω,F , (Ft)t≥0, P ). Let Ñ(ds, dv) := N(ds, dv) − λ(dv)ds, with the characteristic
measure λ(dv) on U ∈ B(K− {0}). Assume that∫

U

v2λ(dv) <∞.

To rewrite (4.1) into the abstract from of (1.1), we consider the space H = L2([0, π])

with the norm ∥ · ∥. Let en(ξ) :=
√

2
π sinnξ, n = 1, 2, 3, ... denote the completed or-

thogonal basics in H and β(t) =
∑∞

n=1

√
λnβn(t)en, t ≥ 0, λ > 0, where {βn(t)}n≥0

are one-dimensional standard Brownian motions mutuallyi ndependent on a usual
complete probability space (Ω,F , (Ft)t≥0, P ).

Defined A : H → H by A = ∂2

∂ξ2 , with domain D(A) = H2([0, π]) ∩ H1
0([0, π]),

where
H1

0([0, π]) = {w ∈ L2([0, π]), w(0) = w(π) = 0} and H2([0, π]) = {w ∈ L2([0, π]) :
∂w
∂z ,

∂2w
∂z2 ∈ L2([0, π])}.

Then,

Ax =

∞∑
n=1

n2⟨x, en⟩en, x ∈ D(A), (4.2)
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It is well known that A is the infinitesimal generator of a strongly continuous semi-
group on H; thus, (H1) is true.
Let Γ : D(A) ⊂ H → H be the operator defined by Γ(t)(z) = B(t)Az for t ≥ 0 and
z ∈ D(A).

Now, we give a special B-space. Let l(s) = e2s, s ≤ 0, then l0 =
∫
J0
l(s)ds = 1

2

and define

∥ψ∥B =

∫
J0

e2s sup
θ∈[s,0]

(E∥ψ(θ)∥2) 1
2 ds, ∀ψ ∈ B.

It follows from Hino et al. [13] that (B, ∥ · ∥B) is a Banach space. Additionally, we
assume that the following conditions hold:

(1) Let C ∈ L(R,H) be defined as

Cu(ξ) = b(ξ)u, 0 ≤ ξ ≤ π, u ∈ R, b(ξ) ∈ L2([0, π])

(2) The linear operator W : L2(J, U) → H defined by

Wu =

∫
J

R(T − s)b(ξ)u(s)ds

is a bounded linear operator but not necessarily one-to-one. Let KerW =
{u ∈ L2(J, U) : Wu = 0} be null space of W and [KerW ]⊥ be its orthog-
onal complement in L2(J, U). Let W ∗ : [KerW ]⊥ → Range(W ) be the
restriction of W to [KerW ]⊥,W ∗ is necessarily one-to-one operator. The
inverse mapping theorem says that (W ∗)−1 is bounded since [KerW ]⊥ and
Range(W)are Banach spaces. Since the inverse operator W−1 is bounded
and takes values in L2(J, U)/KerW , the assumption (H11) is satisfied.

(3) The functions pi : [0, π]× [0, π] → H are C2-functions, for each i = 1, n.

(4) The function ν1(θ) ≥ 0 is continuous in ]−∞, 0] satisfying∫ 0

−∞
ν21(θ)dθ <∞,

(∫ 0

−∞

(ν1(s))
2

l(s)
ds

) 1
2

<∞.

(5) b2, b3 : R → R are continuous, and(∫ 0

−∞

(b3(s))
2

l(s)
ds

) 1
2

<∞.

(6) The functions b̃2 : R → R is continuous and b̃i : R → R, i = 1, 3 are con-
tinuous and there exist continuous functions rj : R → R, j = 1, 2, 3, 4 such
that

|b̃1(t, s, x, y)| ≤ r1(t)r2(s)|y|; (t, s, x, y) ∈ R4,

|b̃3(t, s, x, y)| ≤ r3(t)r4(s)|y|; (t, s, x, y) ∈ R4,

with L̃b
1 =

(∫ 0

−∞
(r2(s))

2

l(s) ds
) 1

2

<∞, L̃b
2 =

(∫ 0

−∞
(r4(s))

2

l(s) ds
) 1

2

<∞.

(7) The functions di ∈ C(R,R), and LIi =
(∫ 0

−∞ d2i (s)ds
) 1

2

<∞, where i =

1, · · · ,m are finite.
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Let ϕ(θ)(ξ) = ϕ(θ, ξ), (θ, ξ) ∈ J × B, with ϕ(θ)x = ϕ(θ, x), (θ, x) ∈ J0 × [0, π].
Let y(t)(ξ) = y(t, ξ).g, f : J ×B×H → H, σ : J × J ×B → L0

2, γ : J ×H×U → H,
and Ik : B → H, k = 1,m be the operators defined by

σ1(t, s, ϕ)(τ) = g(t, s, ϕ(θ, τ)),

g(t, ϕ,

∫ t

0

σ1(t, s, ϕ)ds)(τ) = G1(t, ϕ(θ, τ),

∫ t

0

g(t, s, ϕ(θ, ξ))ds),

=

∫ 0

−∞
ν1ϕ(θ)(ξ)dθ +

∫ t

0

∫ 0

−∞
b2(t)b3(l)ϕ(l, ξ)dlds,

σ2(t, s, ϕ)(τ) = g1(t, s, ϕ(θ, ξ)),

f(t, ϕ,

∫ t

0

σ2(t, s, ϕ)ds)(τ) = g1(t, ϕ(θ, ξ),

∫ t

0

g2(t, s, ϕ(θ, ξ))ds),

=

∫ 0

−∞
b̃1(t, s, ξ, ϕ(s, ξ))ds

+

∫ t

0

∫ 0

−∞
b̃2(t)b̃3(s, l, ξ, ϕ(l, ξ))dlds,

σ(t, s, ϕ)(τ) = δ(s− t)ϕ(s)(τ),

γ(t, ϕ(τ), v) = ϕ(τ)v,

Ii(t, ϕ)(ξ) =

∫ 0

−∞
di(t− s)ϕ(θ)ξds,

Moreover, if Γ is bounded and C1 function such that Γ′ is bounded and uniformly
continuous, then (H2) is satisfied and hence, by Theorem 2.1, Eq. (1.1) has a
resolvent operator (R(t))t≥0 on H.
Thus it is easy to show that conditions (4) and (5) implies that g satisfies conditions
in (H4), in fact for anyϕ1, ϕ2 ∈ B, y1, y2 ∈ L2(Ω, L

2([0, π])), we have
E∥g(t, ϕ1, y1)− g(t, ϕ2, y2)∥2 ≤Mg(∥x1 − x2∥2B + E∥y1 − y2∥2),

where
Mg = [γ1g + T∥b2∥∞γ2G]2.

Similary we can verify that other assumptions are satisfied and therefore, by The-
orem 3.1, we can conclude that the system (4.1) is controllable on JT .

5. Conclusion

This paper has studied the controllability of a new class of impulsive nonlocal
delayed stochastic functional integrodifferential equations of neutral type, driven by
a Wiener process and Poisson jumps. Clearly, using the stocastic analysis theory,
the resolvent operator theory in the sense of Grimmer, combinated with the Ba-
nach fixed point theory, we established the conditions for the controllability of the
aforementioned system. Finally, we give an application to illustrate the obtained
results.

There are two direct issues which require further study. We will study the con-
ditions for the approximate controllability of the system (1.1). Also, we will inves-
tigate the optimal controls problems for the nonlocal integro-differential system.
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