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ABSTRACT. In this paper, We prove some common fixed point results for two a-
dominated mappings satisfying Hardy-Rogers Type on a closed ball of left (right) K-
sequentially complete dislocated quasi-metric space and give some example for support
our result.

KEYWORDS: Hardy-Rogers Type, Dislocated Quasi Metric Spaces, Quasi Metric Spaces.
AMS Subject Classification: 47H09, 47H10, 49M05

1. INTRODUCTION

The partial metric spaces have applications in theoretical computer science (see
[141]). The notion of dislocated topologies has useful applications in the context of
logic programming semantics (see [15]). Dislocated metric (metric-like) spaces (see
[4, 16, 17, 18]) are generalizations of partial metric spaces. Furthermore, dislocated
quasi metric spaces (quasi-metric-like spaces) generalize the idea of dislocated metric
spaces and quasi-partial metric spaces.

Samet et al. [19] introduced the notion of a-admissible mappings. They weak-
ened and generalized the contractive condition and several other known results.

In this paper, we proof common fixed point results for two a-dominated mappings
in a closed ball in complete dislocated quasi metric space, under Hardy-Rogers Type.

2. PRELIMINARIES

Definition 2.1. [10] Let X be a nonempty set. A quasi-partial metric on X is a
function ¢ : X x X — R* satisfying, for all z,y,z € X,

* Corresponding author.
Email address : apadcharoen@yahoo.com, gopal.dhananjay@rediffmail.com, Naknimit Akkasriworn.
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(a) 0 <q(z,z) = q(z,y) = q(y,y) implies = = y (equality),
(b) q(z,z) < q(y,z) (small self-distances),
(¢) q(z,x) < g(x,y) (small self-distances),
(d) g(,9) + (2 2) < gz, 2) + q(z,y) (triangleinequality).

The pair (X, q) is called a quasi-partial metric space.

Definition 2.2. [13] Let X be a nonempty set. A function d, : X x X — [0, 00)
is called a dislocated quasi metric (or simply d,-metric) if the following conditions
hold for any x,y,z € X :

(a) If dy(z,y) = dg(y,x) =0, then z =y,
(b) dq($, y) S dq(l’, Z) + dq(Z,y)'
In this case, the pair (X,d,) is called a dislocated quasi metric space.

It is clear that, if dy(z,y) = dy(y,x) = 0, then from (a) we have z = y. But, if

x =y, then d,(z,y) may not be 0. It can be observed that, if d,(z,y) = dy(y, z) for

all z,y € X, then (X,d,) becomes a dislocated metric space (metric-like space)[l,

, 5, 6, 9]. We will denote by (X,d;) a dislocated metric space. For z € X and

€ > 0,Bq,(z,e) = {y € X : dy(x,y) < €} is a closed ball in (X,d,). Every quasi-

partial metric space is a dislocated quasi metric space, but the converse is not true
in general.

Example 2.3. If X = RT U{0}, then d,(z,y) = x + max{z, y} defines a dislocated
quasi metric d, on X. But, it is not a quasi-partial metric space. Indeed,

dy(3,3) =6 > dg(2,3) = 5.

Reilly et al. [11] introduced the notion of left (right) K-Cauchy sequence and
left (right) K-sequentially complete spaces.

Definition 2.4. Let (X, d,) be a dislocated quasi metric space.

(a) A sequence {z,}in (X,d,) is called left(right) K-Cauchy if Ve > 0,3ng € N
such that Vn > m < ng, dg(@m, T,) < € (respectively dy(zn, zm) < €).

(b) A sequence {x,} in (X, d,) dislocated quasi-converges (for short d,-converges)
to x
if limy,_yo0 dg(@n, ) = limy o0 dg(z, z,) = 0. In this case, the point x is
called a dg-limit of {z,}.

(c) (X,dy) is called left (right) K-sequentially complete if every left (right)
K-Cauchy sequence in (X, d,),d, -converges to a point z € X such that
dq(z,z) = 0.

One can easily observe that every complete dislocated quasi metric space is also
left K-sequentially complete dislocated quasi metric space, but the converse is not
true in general.

Remark 2.5. [3] It is easy to see that, if ,, € By, (zo,7) for all n € N and for
some xg € X, r > 0, and the sequence {z,}, ds-converges to a point z € X, then
z € Bg,(wo,7).

Definition 2.6. [12] Let (X, ¢) be a quasi-partial metric space.

(a) A sequence {z,} in (X, q) is called 0-Cauchy if lim,, ,,—y00 ¢(Zp, Tm) = 0 or
lim limy, - 00 ¢(@m, ) = 0.

(b) The space (X,q) is called O-complete if every 0-Cauchy sequence in X
converges to a point € X such that ¢(z,x) = 0.
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Remark 2.7. [3] By definitions, one can easily observe that if X is a 0-complete
quasi-partial metric space then it is also a K-sequentially complete dislocated quasi
metric space. But a K-sequentially complete dislocated quasi metric space may
not be a 0-complete quasi-partial metric space. Therefore, the results in a K-
sequentially complete dislocated quasi metric space are more general than those in
a 0-complete quasi-partial metric space.

Let X be a non-empty set and T, f : X — X be two mappings. A point y € X
is called a point of coincidence of T' and f if there exists a point * € X such that
y = Tx = fx, here z is called a coincidence point of T" and f. The mappings T, f
are said to be weakly compatible if they commute at their coincidence points i.e.,
Tfxr = fTx whenever Tz = fzx.

Let ¥ denote the family of all nondecreasing functions ¢ : [0,4+00) — [0, +00)
such that 377 9" () < +oo for all t > 0, where ¢" is the n'" iterate of 4. The
following lemma is a consequence of definition of W.

Lemma 2.8. If ¢ € U, then ¢(t) <t for allt > 0.

Definition 2.9. [3] Let (X,d,) be a dislocated quasi metric space, A C X, T :
X — X be a selfmapping and o : X x X — [0, +00). Then:

(a) The mapping T is said to be a-dominated on A, if a(x,Tz) > 1 for all
x € A

(b) The function « is said to be a triangular function on A, if a(z,y) > 1 and
a(y, z) > 1 implies that a(z,2) > 1 for all z,y,z € A.

(b) (X,dq) isa-regularon A if for any sequence {z, } in A such that a(zp, Zp41) >
1foralln>0and z, - 2 € A as n — oo we have a(x,,z) > 1 for all
n > 0.

It is clear that if T is an a-dominated mapping on X then T is a-dominated
on each subset of X, but T can be a-dominated on some A C X, without being
a-dominated mapping on X.

3. MAIN RESULTS

Theorem 3.1. Let (X, dy) be a left K-sequentially complete dislocated quasi metric
space and T, S : X — X be two mappings. Let xo € X, r > 0 and there ezists a
function a : X x X — [0,400) such that S and T are a-dominated mappings on
Bay, (x0,7). Suppose that xq € Ba, (xo,7) and there exist nonnegative real numbers
B,7,0 such that S+ 2v+26 € (0,1) and the following condition holds: if a(x,y) > 1
or a(y,z) > 1 and x,y € Bq,(xo,7), then

dg(Sz, Ty) < Bdg(2,y) + vldg(x, S2) + dg(y, Ty)] + 6[dg(y, Sx) + dg(2, Ty)] (3.1)
dq(T'ra Sy) S qu(ﬂi, y) + ’Y[dq(xv TJC) + dq(y7 Sy)} + 5[dq(y7 TJ?) + dq(l‘, Sy)} (32)

and
dq(x0,Sz0) < (1 — N7, (3.3)

A = BEE0 Suppose that (X, d,) is a-regular on Ba,(xo,7). Then there exists

1—y—6"
a common fized point z € Bg,(xo,7) of S and T. Moreover, dy(z,z) = 0.

where

Proof. Let ¢y € X, define 1 = Sxg and zo = T'z;. Continuing this process, we
construct a sequence {z,} of points in X, such that

L2k4+1 = Sl’gk and T2k42 = Tx2k+1, Vk = 0, ]., 2, e
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By mathematical induction, we can show that

Tn+1 S qu(.’EmT), a(xrnanrl) Z 17
dg(xn, Tnt1) < A"dy(z0,21), ¥n e N.

By using (3.3) and 0 < A = ’f_%”_"’g < 1, we obtain
dq(xo, 1) = dy(x0,S20) < (1 =N <71
Hence, z; € W. Since S is an a-dominated mapping on W, we have
a(zg, Szg) = a(xg, x1) > 1. Therefore, using (3.1), we get that
dg(x1,22) = dg(Szo, Tx1)
< Bdq(wo, 21) + v[dg(20, Sz0) + dg(1, T21)]
+ 6[dg(x1, Szo) + dg(zo, T1)]
= Bdg(z0, 1) + Y[dg (0, 21) + dg(1, 72)]
+ 6[dg (21, 21) + dy (0, 22)]
< Bdg(x0, 1) + v[dg (20, 21) + dg(21, 22)]
+ 6[dg(x0, z1) + dg(z1, 22)]
Thus,
dg(x1,22) < Adg(20,21). (3.4)
By using (3.4), we get that
dq(zo, 22) < dg(zo, 1) + dg(1, 22) < dg(z0, 1) + Adg (20, 21)
=1+ Ndy(zo,21) (T + N1 =A)r=(1-A)r<r
Hence, x5 € W. Since S is an a-dominated mapping on W, we have

a(xg, Szo) = a(x1,Tx1) > 1. Therefore, from (P;) holds and using (3.2), we get

that
dq(l‘g, xg) = dq(Txl, S$2)

< Bdg(21, 22) + y[dg (21, Tw1) + dg (2, Sz2)]
+0[dg (22, Tx1) + dg(21, Sx2)]
= Bdy(x1,22) + y[dg(z1, x2) + dg(22, 3)]
+ 6[dg(w2, @2) + dg(21, 3)]
< Bdg(21,22) + y[dg (1, 22) + dg (2, 73)]
+ 8ldg (w1, 72) + dg(w2, 73)]
By using (3.4), we get that
dy(29,3) < Ady(w1,22) < Ndy(20,21). (3.5)
It follows from (3.4) and (3.5) that
dg(0,23) < dg(w0, 1) + dg(21, 22) + dg(22,23)
<=dy(z0, 1) + Mdy(z0, 71) + N2d,y (70, 71)

1—X3
= (1 + )\+ )\Q)dq(l'o,xl) = ﬁdq(l'o,xl)
1-X3
< 1— =(1=X)r<r
_1_>\( A)r = ( A <r

Hence, 23 € By, (2o, 7). Since S is an a-dominated mapping on Bg, (9, 7), we have
a(xo, Sto) = ax1,Txy) > 1. Therefore, from (P3) holds. Suppose, (P1), (P), ..., (FP;)
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be the inductive hypothesis. We shall show that (P;11) holds. For this, we consider
two possible cases. First, suppose that ¢ is even. Then, since a(z;, z;+1) > 1 and
using (3.1), we get that
dg(Tig1, Tiyo) = dg(Swi, T2iq1)
< Bdg(zi zit1) + y[dg (i, S2i) + dg(wig1, Txi41)]
+ 0[dg(wiv1, Swi) + dg(wi, Twiy1)]
= Bdy(vi, Tit1) + V[dg (T, Tit1) + dg(Ti, Tiy2)]
+ 6[dg(Tiv1, Tiv1) + dg(i, Tit2)]
< Bdg(wi, xigr) +v[dg(xi, Tig1) + dg(Tig1, Tig2)]
+ 0[dg(i; wig1) + dg(@it1, Tit2)]
Since (P;) holds, we get that
dq(Tig1, Tita) < Mdg(@iip1) < N dg (20, 21).
Thus,
dq(x0, it2) < dg(xo, 1) + dg(x1,22) + - - - + dg(Tig1, Tiga)
<(T+HA+ A+ XD (20, 21)
1— X+
1-A

IN

(1=Nr < (1 =X <.

Hence, 212 € Bg,(wo,7). Since S is an a-dominated mapping on By, (zo,r)., we
have a(x;y1,S%i41) = a(xiy1,Tir2) > 1. Therefore, (P;41) holds. Similarly, one
can see that if ¢ is odd, then (P;;1) holds, which completes the inductive proof.
Thus, we can write

dg(Xn, Tnt1) < Adg(x0,21), Yn € N. (3.6)

Next, we will show that the sequence {x,} is a left K-Cauchy sequence. Indeed,
for n,m € N with m > n using (3.7) we have

dq(xna mm) < dq(xnvxn—l-l) + dq($n+1,$n+2) +-- dq(xm—hxm)
< N'dy(zo, 1) + A", (20, 21) + - + Ny (w0, 7).

Thus,
ATL
dg(Tn, Tm) < 17)\(1,1(360,331), Vn,meN, m>n. (3.7)
Since 0 < A = % < 1, for every € > 0, we can choose ng € N such tha
"< o (11—021)6 for all n > ng. Therefore, it follows from (3.7) that

dg(xn, Tm) < €, Ym >n > ng.

Therefore, the sequence {x,,} is a left K-Cauchy sequence in X. By left K-sequential
completeness of X, there exists x € X such that

lim dy(zpn,2) = lim dy(z,2,) =0. (3.8)

n—oo n—oo

We will show that z is a common fixed point of the mappings S and 7. By Remark
2.5, we have z € By, (xo,r). Now, by the assumption we have for all n € N, therefore
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for any n € N, we have

dq(z,82) < dg(2, xont2) + dg(z2n42, 5%)

< dg(2z,2on+y2) + dg(Txon41, S2)

< dg(2, Tant2) + Bdg(Tont1, )
+ldg(z2n+1, STpt1) + dg(2, S2)]
+6[dg (2, Txont1) + dg(@2ny1, S2)]

< dg(2, Ton+2) + Bdg(z2n+41, 2)
+[dg (2011, STns1) + dg(z, S2)]
+ 6[dq (2, Tan+2) + dg(@ant1, 2) + dg(z, S2)].

By using (3.7) and (3.8), we obtain
(1=~ +08)dy(z,52) <0 (3.9)

which implies that d,(z, Sz) = 0. Similarly, one can show that d,(Sz, z) = 0. Thus,
dqy(z,82) = dq(Sz,2) =0, ie., z = Sz Similarly, one can show that z = T'z.

Hence, S and T have a common fixed point z € By, (xo,7). As is an dominated
mapping on By, (2o,7), we have a(z, Sz) = a(z,z) > 1. Therefore,

dq(z,2) < dg(S2,T%)
< Bdy(z, 2) + vy[dg(2,5%) + dy(2,T2)]
+6[dy(z,82) + dg(z,T%)]

< (B 427 +20)dy(2,2),

and this implies that
dy(z,2) = 0.
O

Example 3.2. Let X = QT U {0} and let d, : X* x X? — X be defined by
dg((x1,11), (22,y2)) = T1+4y1+Z2 +ys. Then it is easy to show that (X2, d,) is a left

K-sequentially complete dislocated quasi metric space. If (zg,y0) = (4,1),7 = 28,
then

Ba,((4,1),28) = {(z,y) € X : x + 4y < 42}.
In particular, (4,1) € By, ((4,1),28).

Let S,T : X2 — X? be defined by

(%%) if o 4 dy < 42
S(z,y) =
(222 — 2,42 +5), if o+ 4y > 42
and
(g%) if o+ dy < 42
T(z,y) =

(322 —3,y), ifx+4y > 42.
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Also, define o : X2 x X? — [0,00) by

X
1, iff+y1 + g + o < 42
a((xlayl)v(x%yZ)) =
X
0, 1le+y1 + xg +yp > 42.

Clearly, S and T are a-dominated mappings on By, ((4,1),28). Let 3 = %, v =

§ = {5, then A = 2252 = 3 ¢ (0,1) and (1 — A\)r = 16, dy((x0, o), S(w0, y0) =

dq((4,1),5(4,1)) = 184 < 16 = (1 — A)r. Observe that, for (43,0) ¢ By, ((4,1),28),
we have d,(5(43,0), (43 0)) = d4((3696, 5), (5544,0)) = 5104, d,((43,0),T (43 0))
d,((43,0),5(43,0)) = 2401, and dq((43, 0),(43,0)) = 245, Hence, there are no 3,7, §
such that S+2y+4d € (0,1) and (3.1) is satisfied. So the contractive condition does
not hold on X?2. On the other hand, if (z1,v1), (x2,y2) € Ba,((4,1),28), then
x x
dy(Ser.). Tlazw)) = o (5 2). (5 5))
1 Ay

B

dQ((xlayl)’ ($2,y2))

[dy((z1,91), S(21,91)) + dg((w2,y2), T (2, y2))]

[dy((w2,92), S(x1,91)) + dg((w1,91), T (22, 92))]-
Also,

dq(T(CChyl),S(:Eg,yz)) d ((% %)7 (-%27%2))

+ E[dq((x%yQ)’ S(x1,y1)) + dg((w1,91), T (22, 92))]-

Therefore, all the conditions of Theorem 3.1 are satisfied. Moreover, (0,0) is the
common fixed point of S and T.

Corollary 3.3. Let (X,d,) be a left K -sequentially complete dislocated quasi metric
space and S : X — X be a mapping. Let xo € X, r > 0 and there ezists a function
a: X x X — [0,+00) such that S be an a-dominated mappings on Bg,(xo,7).
Suppose that xo € Bg,(xo,7) and there exist nonnegative real numbers B3,7,d such
that B+2v+6 € (0,1) and the following condition holds: if a(z,y) > 1 ora(y,z) > 1
and x,y € By, (x0,7), then

dy(Sw, Sy) < Bdy(w,y) +[dg(x, Sx) + do(y, Sy)] + gy, Sx) + dy (2, Sy)]
and
d (1’0, S%O) (1 - )\)
where A = ﬂ+7+5 . Suppose that (X, d,) is a-regular on Bq,(xo,7). Then there evists

a point z € qu (:ro, r) such that z = Sz and dy(z,z) = 0.
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Proof. Letting T'= S in Theorem 3.1, we obtain the following result. O

Corollary 3.4. Let (X,d) be a complete dislocated metric space and S, T : X — X
be two mappings. Let xg € X, r > 0 and there exists a function o : X x X — [0, +00)
such that S and T are a-dominated mappings on Bg(xo,r). Suppose that xg €
Bi(zg,r) and there exist nonnegative real numbers (3,7, such that B+2v+4§ € (0,1)
and the following condition holds: if a(z,y) > 1 or a(y,x) > 1 and x,y € By(zo,7),
then

d(Sz,Ty) < Bd(z,y) +~[d(z, Sz) + d(y, Ty)] + 0[d(y, Sz) + d(z, Ty)]
and
d(xo, Sxo) < (1= N)r,

BEYES - Suppose that (X, d) is a-regular on By(zo,r). Then there exists

1—~—0
a point z € By(xo,r) such that z = Sz and d(z,z) = 0.

where A =

Proof. By Theorem 3.1, we obtain the following result. g

Theorem 3.5. Suppose that all the conditions of Theorem 5.1 are satisfied. In
addition suppose that:

(a) The function « is a triangular function on Bg,(xo,T).

(b) For x,y € Ba,(xo,7) there exists ug € Bg,(xo,7) such that o(x,ug) >
1, ay,ug) > 1.

(c) Forallu € Bg,(xo,7) such that a(Swo,u) > 1 the following condition holds

dg(zo, Szo) + dg(u, Tw) + dg(u, Sxo) + dg(zo, Tu) < dg(zo,u) + dg(Szo, Tw).
Then S and T have a unique common fized point z € By, (xo,7) and dy(z,z) = 0.

Proof. Define the sequence fxng as in the proof Theorem 3.1. Then, {z,},d,-
converges to a common fixed point z € By, (o, r) of the mappings S and 7" such that
a(xy, z) > 1 for allm > 0, (P,) holds and dy(z, z) = 0. In order to prove uniqueness
of z, suppose that z* is another point in By, (o, r) such that z* = Sz* = T'2*. Since
S is an a-dominated mapping on By, (zo,7), we have a(z*, S2*) = a(z*,2*) > 1.
Therefore,

dg(2",2") < dg(Sz*,Tz")
< Bdy(2%,27) + ldg (2", 82%) + dg (2%, Tz")]
+6[dg (2", 82%) + dg (2", T=")]
< (B4 2y +20)dy(z", "),
and this implies that
dqe(z*,2") = 0.

By assumption, there exists a point ug € Bg,(xo,7) such that a(z,u0) > 1 and
a(z*,ug) > 1. Define a sequence {u,} in X such that,

Ugk+1 = Sugr and ugki2 = Tugryr, Ve =0,1,2,....
By mathematical induction, we can show that

a(Up, Unt1) > 1, ez, uy) > 1, Vn eN;
dg(Un, Unt1) < Adg(ug,u1), ¥n €N; (P))
dg(2n, 2n) < A7, Uy € By, (w0,7), ¥n € N.
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Since T' is a-dominated mapping on By, (20,7), we have a(ug, Tug) = a(ug,u1) > 1.
Since « is triangular function on Bg, (z0,7), and a(z,,2) > 1,a(z,ug) > 1, we have
a(Zn,ug) > 1 for all n > 0. Therefore, using (c), we get that

dg(x1,u1) = dy(Szo, Tuo)

< Bdg(xo, uo) + y[dg(z0, Szo) + dg(wo, Tug)]
+ d[dg(uo, Sxo) + dg(xo, T'uo)]

< Bdg(zo,uo) +Y[dg(20,u0) + dg (S0, T'uo)]
+ d[dg(x0, uo) + dg(Szo, Tup)]

< Bdy(zo,u0) + Y[dg(T0, u0) + dg(1,u1)]
+ d[dg(uo, xo) + dg(z1,u1)].

Thus,

dy(1,u1) < %dq(m,uo) — A, (20, u0) < Ar. (3.10)

Since ug € By, (w0, 1), using (3.10), we get
dg(zo,u1) < dg(xo, 1) + dg(x1,ur)
< (1= X)r + Adg(xo,uo)
<(A=XNr+xx<r

Hence, uy € By, (xo,7). Since a(ug,u1) > 1, by using (3.2), we get that

dq(ul, ’U,Q) § qu(umul) = )\dq(UO,ul).

—7 =3
Since S is an a-dominated mapping on By, (xo,7), we have a(u1, Su1) = a(ui,u) >
1. As, a is a triangular function on By, (wo,r), and a(z1,ug) > 1, a(ug,u1) > 1,
we have a(z1,u1) > 1. Therefore, from (P]) holds. Since a(uj,us) > 1 and using
(3.1), we get that

dg(ug, uz) < Ady(ur,uz) < N2dy(ug,uy).
Since a(z1,u1) > 1, using (3.2) that
dy(z2,u2) = dg(Tx1, Sur)
< Bdg(z1,u1) + y[dg(x1, Twr) + dg(ur, Suy)]
+6[dg(ur, Tx1) + dg(z1, Su)]
< Bdg(x1, 22) + yA[dg (0, Sx0) + dg (U0, Tu)]
+ dA[dg(uo, Szo) + dg(zo, Tup)]
which gives wiyh (c)
dy(z2,us) < Bdy(z1,22) + YA[dg(20, wo) + dg(Szo, Tup)]
+ dA[dg(ug, zo) + dg(Szo, Tuo)]
< (B+ M+ Ad)dg(x1,u1) + (YA + SA)r.

By using (3.10) and fact that ug € Bg,(zo,7), in above inequality we obtain

dg(x2,u2) < (B4 Ay + M)A + (YA + dN\)r
=(B+XM+ A +7+0)Ar = N°r.
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Thus,

q(‘TOaxl) +dq(l’1,$2) +dq(l'2,u2)
q(anxl) + )\dq(.’L'o, 371) + )\2 <r.

Hence, up € By, (2o, 7). Since T is an a-dominated mapping on By, (zo,7), we have
a(xg, Szo) = a(ug,us) > 1. Therefore, from (P4) holds. Suppose, (P}), (P3),...,(P!)
be the inductive hypothesis. We shall show that (P}, ;) holds. For this, we consider
two possible cases. First, suppose that ¢ is even. Then, since a(u;,u;41) > 1 and
using (3.2), we get that

B+7+5d (ui,uiﬂ) = >\i+1dq(uO,U1).

dq(ui+17ui+2) < m q

Since a(x;,u;) > 1, using (3.1) that

dg(@ig1, Uig1) = dg(Szi, Tu;)
< Bdg (i, ui) + y[dg (@i, Sx3) + dg(ui, Tus )]
+ 6[dg(us, Szi) + dg (25, Tw;)]
< Bdg(xi, xig1) + YA[dg(zo, Szo) + dg(wo, Tup)]
+ 0A[dq(uo, Szo) + dg(z0, Tuo)]

which gives wiyh (¢) and P/

dg(Tiy1,uir1) < Bdg(s,u;) + A [dg (o, u0) + dg(Szo, Tup)]
+ 0N [dy (ug, 20) + dg(Swo, Tug)]
< BA'r A+ AN e 4+ Ar] + N [r + Ar]
= (B+ M+ A0+ 7+ )N =X

Thus,

dg(20,uir1) < dg(wo, 1) + dg(21,22) + - - + dg(Ti, Ti1) + dg(@i41,Uig1)
ST+ A+ A2+ + Xy (2o, 1) + A
SAHFAFN XA =N+ Xy =1,
Hence, u;y1 € Ba,(20,7). Since S is an a-dominated mapping on By, (xo,7)., we
have a(uit1, Suit1) = a(tit1, uiye) > 1. Also, since (41, u0) > 1, oy, tUnq1) >

1,n = 0,1,2,...,4 + 1, by triangular nature of «, we have a(z;y1,uit+1) > 1.
Therefore, (P/, ;) holds. Similarly, one can see that if i is odd, then (P} ;) holds,
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which completes the inductive proof. Thus, for all n € N, we have
dq(z,u2n) = dg(T'z, Suan—1)
< Bdq(z,u2n—1) +[dq(2, T'2) + dg(u2n—1, Suzn—1)]
+ 6[dg(uzn—1,T%2) + dy(z, Suzn_1)]
< Bdy(z,uan—1) + vdg(Uan—1,U2n)
+ 0[dg(uan—1, 2) + dq(2, uzn)]
= (B+ 0)dq(z, uzn—1) + vdq(u2n—1,u2n) + 6dg(2, uays)
(B +20)dy(2,uzn—1) + (v + 0)dg(uzn—1,u2n)
(B +26)dg(Tz, Suzp—2) + (v + 0)dq(uzn—1, u2s)
(B +20)2dy (2, u2n—2) + (B +20) (v + 6)dg(uzn—2, uzn—1)]
+ (v + 6)dg(uzn—1, u2n)
< (B+20)%dy (T2, Suan—3) + (B + 28) (v + 0)dy(usn—2, Uzn—1)
+ (v + 0)dg(ugn—1, u2y)
< (B +26)°dy (2, uan—3) + (B 4 20)*(v + 6)dy (uan—3, uzn—2)
+ (B +26)(7 + 0)dg(uon—2, uzn—1) + (v + 6)dg(uzn—1, t2n)

INIA A

<(B+ 25)2”dq(z7u0) +(B+20)2" " (y + 8)dg(ug,u1) + ...
+ (B +20)(y + 0)dg(uon—2,u2n—1) + (7 + 0)dg(u2n—1, u2n)

B428 _ (B+25)(1—y—9)
= =

Since i < 1, using (P/) in the above inequality we obtain

dy(z,u2,) < (B + 2(5)2"dq(z, ug) + (B + 25)2"_1(7 + 6)dg(uo,u1) + ...
+ (B +20) (v + )N 2dy (ug, ur) + (v + )N dg (ug, uy)
=(B+ 25)2"dq(z, ug)

+(r+ 5)>\2n71dq(’u0, uy) [1 + p+2 et (ﬁ + 25)2"_1}

A A
n 'Y‘f’(s )\2n71d Uug, U
< (B+20) dq(Z,uo)Jr( )1fﬂ+72q<5( 0, U1)
A

Since 8+ 26, A € [0,1), it follows from the above inequality that

nh_gr;() dy(z,u2,) = 0. (3.11)
Similarly, we can show that
nh_)n;o dq(uon, 2) = nh_)rr;o dq(ugm, 2°) = nh_}rrgo dq (2", u2p) = 0. (3.12)

By using (3.11) and (3.12), we obtain
dq(z,2%) < dg(z,u2m) + dg(uon, 2") = 0, as n — oo.

dg(2",2) < dg(z",u2n) + dg(uzn,z) = 0, as n — oo.

Hence, dy(z,2*) = dy(2*,2) =0, i.e, 2 = 2* O

Corollary 3.6. Let (X,d,) be a left K -sequentially complete dislocated quasi metric
space and T, S : X — X be two mappings. Let xg € X,r > 0,29 € Bg,(xo,7) and
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there exist nonnegative real numbers 3,7,0 such that 8+ 2y + 2§ € (0,1) and the
following conditions hold:

d(S.Ty) < By () +1[dy (. S2) + dyly, Ty)] + 81dy(y, So) + dy (2, Ty)],

dq(T{E, Sy) S ﬁdq($7 y) + ’Y[dq(ill, T.’E) + dq(yv Sy)] + 5[dq(yv T.’t) + dl](xv Sy)]v
and

dy(zo, Sz0) < (1 — N,
%. Then there exists a unique point z € Bq,(xo,7) such that z =
Sz = Tz and dy(z,2) = 0. Moreover, S and T have no fized point in Bg, (xo,r)

other than z.

where A\ =

Proof. The proof follows by the previous results, taking « : X x X — [0,00) with
alz,y) =1for all z,y € X. O

Theorem 3.7. Let (X, d,) be a left K-sequentially complete dislocated quasi metric
space. Suppose, there exist a function o : X x X — [0,400) and nonnegative
constants B,7,0 such that 5+ 2y + 25 € (0,1) and the following conditions hold:

dq (S, Ty) < Bdg(x,y) +ldg(x, Sx) 4 dg(y, Ty)] + 6ldg(y, Sx) + dy(z, Ty)],
dg(Tz, Sy) < Bdy(x,y) +[dg(z, Tx) + dg(y, Sy)] + ddq(y, Tx) + dg(x, Sy)],
for all z,y € X such that a(z,y) > 1 or a(y,z) > 1. If (X,d,) is a-reqular,then
there exists a point z in X such that z = Sz =Tz and dy(z,z) = 0.
Proof. By Theorem 3.1, the condition (3.3) is imposed in order to restrict the
contractive conditions (3.1) and (3.2) to By, (zo,r). However, the condition (3.3)

can be relaxed by imposing the conditions (3.1) and (3.2) to all elements z,y € X
such that a(z,y) > 1 or a(y,x) > 1, we obtain the following result. O

Recall that, if (X, <) is a pre-ordered set and T : X — X is such that Tz = z
for all x € A C X, then the mapping T is said to be dominated on A. Define the
set V by

V={(z,y) e X x X :x Syory < x}.

Theorem 3.8. Let (X, =,d,) be a pre-ordered left K-sequentially complete dislo-
cated quasi metric space, rg € X, r > 0 and S, T : X — X be two dominated
mappings on Bg, (xo,7). Suppose that there exist nonnegative real numbers (3,7,
such that 8+ 2v+§ € (0,1) and the following conditions hold:

dq(Sz,Ty) < Bdg(x,y) + Yldg(z, Sx) + dg(y, Ty)] + 6ldg(y, Sx) + dy(x, Ty)],
dg(Tx, Sy) < Bdg(2,y) +7[dg(x, Tx) + dy(y, Sy)] + 6[dg(y, Tx) + dy(x, Sy)],
for all (x,y) € Ba,(x0,7) x Bg,(x0,7) N Vand
dg(z0, Sx0) < (1= N,

fﬂjg If for any sequence {,} € By, (z0,7) such that (xn,zn41) €

V, &, = w as n — oo implies that (w,xz,) € V for all n > 0, then there exists a
point z € By, (wo,7) such that z = Sz = Tz and dy(z,z) = 0. In addition, suppose
that:
(a) (x,y), (y,2) € V implies (x,z) € V.
(b) Forx, y € By, (xo,r) there exists ug € Bg, (xo0,7) such that (z,uo), (y,uo) €
V.
(c) For allu € Bg,(x0,7) such that (u,Sxo) € V the following condition holds

dq(xo0, Szo) + dg(u, Tu) + dg(u, Sxo) + dg(zo, Tu) < dg(zo,u) + dg(Sxo, Tw).

where X =
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Then, z is the unique common fized point of S and T in By, (xo,).

Proof. This follows from Theorem 3.6 taking @ : X x X — [0, 400) defined as

1, If(z,y) eV,

a(z,y) =
() 0, otherwise.

4. CONCLUSIONS

We prov some common fixed point theorems for mappings under Hardy Rogers

contractive conditions on a left K-sequentially complete dislocated quasi metric
space.
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ABSTRACT. In this paper, We prove some common fixed point results for two a-
dominated mappings satisfying Hardy-Rogers Type on a closed ball of left (right) K-
sequentially complete dislocated quasi-metric space and give some example for support
our result.

KEYWORDS: Hardy-Rogers Type, Dislocated Quasi Metric Spaces, Quasi Metric Spaces.
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1. INTRODUCTION

The partial metric spaces have applications in theoretical computer science (see
[141]). The notion of dislocated topologies has useful applications in the context of
logic programming semantics (see [15]). Dislocated metric (metric-like) spaces (see
[4, 16, 17, 18]) are generalizations of partial metric spaces. Furthermore, dislocated
quasi metric spaces (quasi-metric-like spaces) generalize the idea of dislocated metric
spaces and quasi-partial metric spaces.

Samet et al. [19] introduced the notion of a-admissible mappings. They weak-
ened and generalized the contractive condition and several other known results.

In this paper, we proof common fixed point results for two a-dominated mappings
in a closed ball in complete dislocated quasi metric space, under Hardy-Rogers Type.

2. PRELIMINARIES

Definition 2.1. [10] Let X be a nonempty set. A quasi-partial metric on X is a
function ¢ : X x X — R* satisfying, for all z,y,z € X,

* Corresponding author.
Email address : apadcharoen@yahoo.com, gopal.dhananjay@rediffmail.com, boyjuntaburi@hotmail.com.
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(a) 0 <q(z,z) = q(z,y) = q(y,y) implies = = y (equality),
(b) q(z,z) < q(y,z) (small self-distances),
(¢) q(z,x) < g(x,y) (small self-distances),
(d) g(,9) + (2 2) < gz, 2) + q(z,y) (triangleinequality).

The pair (X, q) is called a quasi-partial metric space.

Definition 2.2. [13] Let X be a nonempty set. A function d, : X x X — [0, 00)
is called a dislocated quasi metric (or simply d,-metric) if the following conditions
hold for any x,y,z € X :

(a) If dy(z,y) = dg(y,x) =0, then z =y,
(b) dq($, y) S dq(l’, Z) + dq(Z,y)'
In this case, the pair (X,d,) is called a dislocated quasi metric space.

It is clear that, if dy(z,y) = dy(y,x) = 0, then from (a) we have z = y. But, if

x =y, then d,(z,y) may not be 0. It can be observed that, if d,(z,y) = dy(y, z) for

all z,y € X, then (X,d,) becomes a dislocated metric space (metric-like space)[l,

, 5, 6, 9]. We will denote by (X,d;) a dislocated metric space. For z € X and

€ > 0,Bq,(z,e) = {y € X : dy(x,y) < €} is a closed ball in (X,d,). Every quasi-

partial metric space is a dislocated quasi metric space, but the converse is not true
in general.

Example 2.3. If X = RT U{0}, then d,(z,y) = x + max{z, y} defines a dislocated
quasi metric d, on X. But, it is not a quasi-partial metric space. Indeed,

dy(3,3) =6 > dg(2,3) = 5.

Reilly et al. [11] introduced the notion of left (right) K-Cauchy sequence and
left (right) K-sequentially complete spaces.

Definition 2.4. Let (X, d,) be a dislocated quasi metric space.

(a) A sequence {z,}in (X,d,) is called left(right) K-Cauchy if Ve > 0,3ng € N
such that Vn > m < ng, dg(@m, T,) < € (respectively dy(zn, zm) < €).

(b) A sequence {x,} in (X, d,) dislocated quasi-converges (for short d,-converges)
to x
if limy,_yo0 dg(@n, ) = limy o0 dg(z, z,) = 0. In this case, the point x is
called a dg-limit of {z,}.

(c) (X,dy) is called left (right) K-sequentially complete if every left (right)
K-Cauchy sequence in (X, d,),d, -converges to a point z € X such that
dq(z,z) = 0.

One can easily observe that every complete dislocated quasi metric space is also
left K-sequentially complete dislocated quasi metric space, but the converse is not
true in general.

Remark 2.5. [3] It is easy to see that, if ,, € By, (zo,7) for all n € N and for
some xg € X, r > 0, and the sequence {z,}, ds-converges to a point z € X, then
z € Bg,(wo,7).

Definition 2.6. [12] Let (X, ¢) be a quasi-partial metric space.

(a) A sequence {z,} in (X, q) is called 0-Cauchy if lim,, ,,—y00 ¢(Zp, Tm) = 0 or
lim limy, - 00 ¢(@m, ) = 0.

(b) The space (X,q) is called O-complete if every 0-Cauchy sequence in X
converges to a point € X such that ¢(z,x) = 0.
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Remark 2.7. [3] By definitions, one can easily observe that if X is a 0-complete
quasi-partial metric space then it is also a K-sequentially complete dislocated quasi
metric space. But a K-sequentially complete dislocated quasi metric space may
not be a 0-complete quasi-partial metric space. Therefore, the results in a K-
sequentially complete dislocated quasi metric space are more general than those in
a 0-complete quasi-partial metric space.

Let X be a non-empty set and T, f : X — X be two mappings. A point y € X
is called a point of coincidence of T' and f if there exists a point * € X such that
y = Tx = fx, here z is called a coincidence point of T" and f. The mappings T, f
are said to be weakly compatible if they commute at their coincidence points i.e.,
Tfxr = fTx whenever Tz = fzx.

Let ¥ denote the family of all nondecreasing functions ¢ : [0,4+00) — [0, +00)
such that 377 9" () < +oo for all t > 0, where ¢" is the n'" iterate of 4. The
following lemma is a consequence of definition of W.

Lemma 2.8. If ¢ € U, then ¢(t) <t for allt > 0.

Definition 2.9. [3] Let (X,d,) be a dislocated quasi metric space, A C X, T :
X — X be a selfmapping and o : X x X — [0, +00). Then:

(a) The mapping T is said to be a-dominated on A, if a(x,Tz) > 1 for all
x € A

(b) The function « is said to be a triangular function on A, if a(z,y) > 1 and
a(y, z) > 1 implies that a(z,2) > 1 for all z,y,z € A.

(b) (X,dq) isa-regularon A if for any sequence {z, } in A such that a(zp, Zp41) >
1foralln>0and z, - 2 € A as n — oo we have a(x,,z) > 1 for all
n > 0.

It is clear that if T is an a-dominated mapping on X then T is a-dominated
on each subset of X, but T can be a-dominated on some A C X, without being
a-dominated mapping on X.

3. MAIN RESULTS

Theorem 3.1. Let (X, dy) be a left K-sequentially complete dislocated quasi metric
space and T, S : X — X be two mappings. Let xo € X, r > 0 and there ezists a
function a : X x X — [0,400) such that S and T are a-dominated mappings on
Bay, (x0,7). Suppose that xq € Ba, (xo,7) and there exist nonnegative real numbers
B,7,0 such that S+ 2v+26 € (0,1) and the following condition holds: if a(x,y) > 1
or a(y,z) > 1 and x,y € Bq,(xo,7), then

dg(Sz, Ty) < Bdg(2,y) + vldg(x, S2) + dg(y, Ty)] + 6[dg(y, Sx) + dg(2, Ty)] (3.1)
dq(T'ra Sy) S qu(ﬂi, y) + ’Y[dq(xv TJC) + dq(y7 Sy)} + 5[dq(y7 TJ?) + dq(l‘, Sy)} (32)

and
dq(x0,Sz0) < (1 — N7, (3.3)

A = BEE0 Suppose that (X, d,) is a-regular on Ba,(xo,7). Then there exists

1—y—6"
a common fized point z € Bg,(xo,7) of S and T. Moreover, dy(z,z) = 0.

where

Proof. Let ¢y € X, define 1 = Sxg and zo = T'z;. Continuing this process, we
construct a sequence {z,} of points in X, such that

L2k4+1 = Sl’gk and T2k42 = Tx2k+1, Vk = 0, ]., 2, e
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By mathematical induction, we can show that

Tn+1 S qu(.’EmT), a(xrnanrl) Z 17
dg(xn, Tnt1) < A"dy(z0,21), ¥n e N.

By using (3.3) and 0 < A = ’f_%”_"’g < 1, we obtain
dq(xo, 1) = dy(x0,S20) < (1 =N <71
Hence, z; € W. Since S is an a-dominated mapping on W, we have
a(zg, Szg) = a(xg, x1) > 1. Therefore, using (3.1), we get that
dg(x1,22) = dg(Szo, Tx1)
< Bdq(wo, 21) + v[dg(20, Sz0) + dg(1, T21)]
+ 6[dg(x1, Szo) + dg(zo, T1)]
= Bdg(z0, 1) + Y[dg (0, 21) + dg(1, 72)]
+ 6[dg (21, 21) + dy (0, 22)]
< Bdg(x0, 1) + v[dg (20, 21) + dg(21, 22)]
+ 6[dg(x0, z1) + dg(z1, 22)]
Thus,
dg(x1,22) < Adg(20,21). (3.4)
By using (3.4), we get that
dq(zo, 22) < dg(zo, 1) + dg(1, 22) < dg(z0, 1) + Adg (20, 21)
=1+ Ndy(zo,21) (T + N1 =A)r=(1-A)r<r
Hence, x5 € W. Since S is an a-dominated mapping on W, we have

a(xg, Szo) = a(x1,Tx1) > 1. Therefore, from (P;) holds and using (3.2), we get

that
dq(l‘g, xg) = dq(Txl, S$2)

< Bdg(21, 22) + y[dg (21, Tw1) + dg (2, Sz2)]
+0[dg (22, Tx1) + dg(21, Sx2)]
= Bdy(x1,22) + y[dg(z1, x2) + dg(22, 3)]
+ 6[dg(w2, @2) + dg(21, 3)]
< Bdg(21,22) + y[dg (1, 22) + dg (2, 73)]
+ 8ldg (w1, 72) + dg(w2, 73)]
By using (3.4), we get that
dy(29,3) < Ady(w1,22) < Ndy(20,21). (3.5)
It follows from (3.4) and (3.5) that
dg(0,23) < dg(w0, 1) + dg(21, 22) + dg(22,23)
<=dy(z0, 1) + Mdy(z0, 71) + N2d,y (70, 71)

1—X3
= (1 + )\+ )\Q)dq(l'o,xl) = ﬁdq(l'o,xl)
1-X3
< 1— =(1=X)r<r
_1_>\( A)r = ( A <r

Hence, 23 € By, (2o, 7). Since S is an a-dominated mapping on Bg, (9, 7), we have
a(xo, Sto) = ax1,Txy) > 1. Therefore, from (P3) holds. Suppose, (P1), (P), ..., (FP;)
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be the inductive hypothesis. We shall show that (P;11) holds. For this, we consider
two possible cases. First, suppose that ¢ is even. Then, since a(z;, z;+1) > 1 and
using (3.1), we get that
dg(Tig1, Tiyo) = dg(Swi, T2iq1)
< Bdg(zi zit1) + y[dg (i, S2i) + dg(wig1, Txi41)]
+ 0[dg(wiv1, Swi) + dg(wi, Twiy1)]
= Bdy(vi, Tit1) + V[dg (T, Tit1) + dg(Ti, Tiy2)]
+ 6[dg(Tiv1, Tiv1) + dg(i, Tit2)]
< Bdg(wi, xigr) +v[dg(xi, Tig1) + dg(Tig1, Tig2)]
+ 0[dg(i; wig1) + dg(@it1, Tit2)]
Since (P;) holds, we get that
dq(Tig1, Tita) < Mdg(@iip1) < N dg (20, 21).
Thus,
dq(x0, it2) < dg(xo, 1) + dg(x1,22) + - - - + dg(Tig1, Tiga)
<(T+HA+ A+ XD (20, 21)
1— X+
1-A

IN

(1=Nr < (1 =X <.

Hence, 212 € Bg,(wo,7). Since S is an a-dominated mapping on By, (zo,r)., we
have a(x;y1,S%i41) = a(xiy1,Tir2) > 1. Therefore, (P;41) holds. Similarly, one
can see that if ¢ is odd, then (P;;1) holds, which completes the inductive proof.
Thus, we can write

dg(Xn, Tnt1) < Adg(x0,21), Yn € N. (3.6)

Next, we will show that the sequence {x,} is a left K-Cauchy sequence. Indeed,
for n,m € N with m > n using (3.7) we have

dq(xna mm) < dq(xnvxn—l-l) + dq($n+1,$n+2) +-- dq(xm—hxm)
< N'dy(zo, 1) + A", (20, 21) + - + Ny (w0, 7).

Thus,
ATL
dg(Tn, Tm) < 17)\(1,1(360,331), Vn,meN, m>n. (3.7)
Since 0 < A = % < 1, for every € > 0, we can choose ng € N such tha
"< o (11—021)6 for all n > ng. Therefore, it follows from (3.7) that

dg(xn, Tm) < €, Ym >n > ng.

Therefore, the sequence {x,,} is a left K-Cauchy sequence in X. By left K-sequential
completeness of X, there exists x € X such that

lim dy(zpn,2) = lim dy(z,2,) =0. (3.8)

n—oo n—oo

We will show that z is a common fixed point of the mappings S and 7. By Remark
2.5, we have z € By, (xo,r). Now, by the assumption we have for all n € N, therefore
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for any n € N, we have

dq(z,82) < dg(2, xont2) + dg(z2n42, 5%)

< dg(2z,2on+y2) + dg(Txon41, S2)

< dg(2, Tant2) + Bdg(Tont1, )
+ldg(z2n+1, STpt1) + dg(2, S2)]
+6[dg (2, Txont1) + dg(@2ny1, S2)]

< dg(2, Ton+2) + Bdg(z2n+41, 2)
+[dg (2011, STns1) + dg(z, S2)]
+ 6[dq (2, Tan+2) + dg(@ant1, 2) + dg(z, S2)].

By using (3.7) and (3.8), we obtain
(1=~ +08)dy(z,52) <0 (3.9)

which implies that d,(z, Sz) = 0. Similarly, one can show that d,(Sz, z) = 0. Thus,
dqy(z,82) = dq(Sz,2) =0, ie., z = Sz Similarly, one can show that z = T'z.

Hence, S and T have a common fixed point z € By, (xo,7). As is an dominated
mapping on By, (2o,7), we have a(z, Sz) = a(z,z) > 1. Therefore,

dq(z,2) < dg(S2,T%)
< Bdy(z, 2) + vy[dg(2,5%) + dy(2,T2)]
+6[dy(z,82) + dg(z,T%)]

< (B 427 +20)dy(2,2),

and this implies that
dy(z,2) = 0.
O

Example 3.2. Let X = QT U {0} and let d, : X* x X? — X be defined by
dg((x1,11), (22,y2)) = T1+4y1+Z2 +ys. Then it is easy to show that (X2, d,) is a left

K-sequentially complete dislocated quasi metric space. If (zg,y0) = (4,1),7 = 28,
then

Ba,((4,1),28) = {(z,y) € X : x + 4y < 42}.
In particular, (4,1) € By, ((4,1),28).

Let S,T : X2 — X? be defined by

(%%) if o 4 dy < 42
S(z,y) =
(222 — 2,42 +5), if o+ 4y > 42
and
(g%) if o+ dy < 42
T(z,y) =

(322 —3,y), ifx+4y > 42.
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Also, define o : X2 x X? — [0,00) by

X
1, iff+y1 + g + o < 42
a((xlayl)v(x%yZ)) =
X
0, 1le+y1 + xg +yp > 42.

Clearly, S and T are a-dominated mappings on By, ((4,1),28). Let 3 = %, v =

§ = {5, then A = 2252 = 3 ¢ (0,1) and (1 — A\)r = 16, dy((x0, o), S(w0, y0) =

dq((4,1),5(4,1)) = 184 < 16 = (1 — A)r. Observe that, for (43,0) ¢ By, ((4,1),28),
we have d,(5(43,0), (43 0)) = d4((3696, 5), (5544,0)) = 5104, d,((43,0),T (43 0))
d,((43,0),5(43,0)) = 2401, and dq((43, 0),(43,0)) = 245, Hence, there are no 3,7, §
such that S+2y+4d € (0,1) and (3.1) is satisfied. So the contractive condition does
not hold on X?2. On the other hand, if (z1,v1), (x2,y2) € Ba,((4,1),28), then
x x
dy(Ser.). Tlazw)) = o (5 2). (5 5))
1 Ay

B

dQ((xlayl)’ ($2,y2))

[dy((z1,91), S(21,91)) + dg((w2,y2), T (2, y2))]

[dy((w2,92), S(x1,91)) + dg((w1,91), T (22, 92))]-
Also,

dq(T(CChyl),S(:Eg,yz)) d ((% %)7 (-%27%2))

+ E[dq((x%yQ)’ S(x1,y1)) + dg((w1,91), T (22, 92))]-

Therefore, all the conditions of Theorem 3.1 are satisfied. Moreover, (0,0) is the
common fixed point of S and T.

Corollary 3.3. Let (X,d,) be a left K -sequentially complete dislocated quasi metric
space and S : X — X be a mapping. Let xo € X, r > 0 and there ezists a function
a: X x X — [0,+00) such that S be an a-dominated mappings on Bg,(xo,7).
Suppose that xo € Bg,(xo,7) and there exist nonnegative real numbers B3,7,d such
that B+2v+6 € (0,1) and the following condition holds: if a(z,y) > 1 ora(y,z) > 1
and x,y € By, (x0,7), then

dy(Sw, Sy) < Bdy(w,y) +[dg(x, Sx) + do(y, Sy)] + gy, Sx) + dy (2, Sy)]
and
d (1’0, S%O) (1 - )\)
where A = ﬂ+7+5 . Suppose that (X, d,) is a-regular on Bq,(xo,7). Then there evists

a point z € qu (:ro, r) such that z = Sz and dy(z,z) = 0.
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Proof. Letting T'= S in Theorem 3.1, we obtain the following result. O

Corollary 3.4. Let (X,d) be a complete dislocated metric space and S, T : X — X
be two mappings. Let xg € X, r > 0 and there exists a function o : X x X — [0, +00)
such that S and T are a-dominated mappings on Bg(xo,r). Suppose that xg €
Bi(zg,r) and there exist nonnegative real numbers (3,7, such that B+2v+4§ € (0,1)
and the following condition holds: if a(z,y) > 1 or a(y,x) > 1 and x,y € By(zo,7),
then

d(Sz,Ty) < Bd(z,y) +~[d(z, Sz) + d(y, Ty)] + 0[d(y, Sz) + d(z, Ty)]
and
d(xo, Sxo) < (1= N)r,

BEYES - Suppose that (X, d) is a-regular on By(zo,r). Then there exists

1—~—0
a point z € By(xo,r) such that z = Sz and d(z,z) = 0.

where A =

Proof. By Theorem 3.1, we obtain the following result. g

Theorem 3.5. Suppose that all the conditions of Theorem 5.1 are satisfied. In
addition suppose that:

(a) The function « is a triangular function on Bg,(xo,T).

(b) For x,y € Ba,(xo,7) there exists ug € Bg,(xo,7) such that o(x,ug) >
1, ay,ug) > 1.

(c) Forallu € Bg,(xo,7) such that a(Swo,u) > 1 the following condition holds

dg(zo, Szo) + dg(u, Tw) + dg(u, Sxo) + dg(zo, Tu) < dg(zo,u) + dg(Szo, Tw).
Then S and T have a unique common fized point z € By, (xo,7) and dy(z,z) = 0.

Proof. Define the sequence fxng as in the proof Theorem 3.1. Then, {z,},d,-
converges to a common fixed point z € By, (o, r) of the mappings S and 7" such that
a(xy, z) > 1 for allm > 0, (P,) holds and dy(z, z) = 0. In order to prove uniqueness
of z, suppose that z* is another point in By, (o, r) such that z* = Sz* = T'2*. Since
S is an a-dominated mapping on By, (zo,7), we have a(z*, S2*) = a(z*,2*) > 1.
Therefore,

dg(2",2") < dg(Sz*,Tz")
< Bdy(2%,27) + ldg (2", 82%) + dg (2%, Tz")]
+6[dg (2", 82%) + dg (2", T=")]
< (B4 2y +20)dy(z", "),
and this implies that
dqe(z*,2") = 0.

By assumption, there exists a point ug € Bg,(xo,7) such that a(z,u0) > 1 and
a(z*,ug) > 1. Define a sequence {u,} in X such that,

Ugk+1 = Sugr and ugki2 = Tugryr, Ve =0,1,2,....
By mathematical induction, we can show that

a(Up, Unt1) > 1, ez, uy) > 1, Vn eN;
dg(Un, Unt1) < Adg(ug,u1), ¥n €N; (P))
dg(2n, 2n) < A7, Uy € By, (w0,7), ¥n € N.
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Since T' is a-dominated mapping on By, (20,7), we have a(ug, Tug) = a(ug,u1) > 1.
Since « is triangular function on Bg, (z0,7), and a(z,,2) > 1,a(z,ug) > 1, we have
a(Zn,ug) > 1 for all n > 0. Therefore, using (c), we get that

dg(x1,u1) = dy(Szo, Tuo)

< Bdg(xo, uo) + y[dg(z0, Szo) + dg(wo, Tug)]
+ d[dg(uo, Sxo) + dg(xo, T'uo)]

< Bdg(zo,uo) +Y[dg(20,u0) + dg (S0, T'uo)]
+ d[dg(x0, uo) + dg(Szo, Tup)]

< Bdy(zo,u0) + Y[dg(T0, u0) + dg(1,u1)]
+ d[dg(uo, xo) + dg(z1,u1)].

Thus,

dy(1,u1) < %dq(m,uo) — A, (20, u0) < Ar. (3.10)

Since ug € By, (w0, 1), using (3.10), we get
dg(zo,u1) < dg(xo, 1) + dg(x1,ur)
< (1= X)r + Adg(xo,uo)
<(A=XNr+xx<r

Hence, uy € By, (xo,7). Since a(ug,u1) > 1, by using (3.2), we get that

dq(ul, ’U,Q) § qu(umul) = )\dq(UO,ul).

—7 =3
Since S is an a-dominated mapping on By, (xo,7), we have a(u1, Su1) = a(ui,u) >
1. As, a is a triangular function on By, (wo,r), and a(z1,ug) > 1, a(ug,u1) > 1,
we have a(z1,u1) > 1. Therefore, from (P]) holds. Since a(uj,us) > 1 and using
(3.1), we get that

dg(ug, uz) < Ady(ur,uz) < N2dy(ug,uy).
Since a(z1,u1) > 1, using (3.2) that
dy(z2,u2) = dg(Tx1, Sur)
< Bdg(z1,u1) + y[dg(x1, Twr) + dg(ur, Suy)]
+6[dg(ur, Tx1) + dg(z1, Su)]
< Bdg(x1, 22) + yA[dg (0, Sx0) + dg (U0, Tu)]
+ dA[dg(uo, Szo) + dg(zo, Tup)]
which gives wiyh (c)
dy(z2,us) < Bdy(z1,22) + YA[dg(20, wo) + dg(Szo, Tup)]
+ dA[dg(ug, zo) + dg(Szo, Tuo)]
< (B+ M+ Ad)dg(x1,u1) + (YA + SA)r.

By using (3.10) and fact that ug € Bg,(zo,7), in above inequality we obtain

dg(x2,u2) < (B4 Ay + M)A + (YA + dN\)r
=(B+XM+ A +7+0)Ar = N°r.
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Thus,

q(‘TOaxl) +dq(l’1,$2) +dq(l'2,u2)
q(anxl) + )\dq(.’L'o, 371) + )\2 <r.

Hence, up € By, (2o, 7). Since T is an a-dominated mapping on By, (zo,7), we have
a(xg, Szo) = a(ug,us) > 1. Therefore, from (P4) holds. Suppose, (P}), (P3),...,(P!)
be the inductive hypothesis. We shall show that (P}, ;) holds. For this, we consider
two possible cases. First, suppose that ¢ is even. Then, since a(u;,u;41) > 1 and
using (3.2), we get that

B+7+5d (ui,uiﬂ) = >\i+1dq(uO,U1).

dq(ui+17ui+2) < m q

Since a(x;,u;) > 1, using (3.1) that

dg(@ig1, Uig1) = dg(Szi, Tu;)
< Bdg (i, ui) + y[dg (@i, Sx3) + dg(ui, Tus )]
+ 6[dg(us, Szi) + dg (25, Tw;)]
< Bdg(xi, xig1) + YA[dg(zo, Szo) + dg(wo, Tup)]
+ 0A[dq(uo, Szo) + dg(z0, Tuo)]

which gives wiyh (¢) and P/

dg(Tiy1,uir1) < Bdg(s,u;) + A [dg (o, u0) + dg(Szo, Tup)]
+ 0N [dy (ug, 20) + dg(Swo, Tug)]
< BA'r A+ AN e 4+ Ar] + N [r + Ar]
= (B+ M+ A0+ 7+ )N =X

Thus,

dg(20,uir1) < dg(wo, 1) + dg(21,22) + - - + dg(Ti, Ti1) + dg(@i41,Uig1)
ST+ A+ A2+ + Xy (2o, 1) + A
SAHFAFN XA =N+ Xy =1,
Hence, u;y1 € Ba,(20,7). Since S is an a-dominated mapping on By, (xo,7)., we
have a(uit1, Suit1) = a(tit1, uiye) > 1. Also, since (41, u0) > 1, oy, tUnq1) >

1,n = 0,1,2,...,4 + 1, by triangular nature of «, we have a(z;y1,uit+1) > 1.
Therefore, (P/, ;) holds. Similarly, one can see that if i is odd, then (P} ;) holds,
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which completes the inductive proof. Thus, for all n € N, we have
dq(z,u2n) = dg(T'z, Suan—1)
< Bdq(z,u2n—1) +[dq(2, T'2) + dg(u2n—1, Suzn—1)]
+ 6[dg(uzn—1,T%2) + dy(z, Suzn_1)]
< Bdy(z,uan—1) + vdg(Uan—1,U2n)
+ 0[dg(uan—1, 2) + dq(2, uzn)]
= (B+ 0)dq(z, uzn—1) + vdq(u2n—1,u2n) + 6dg(2, uays)
(B +20)dy(2,uzn—1) + (v + 0)dg(uzn—1,u2n)
(B +26)dg(Tz, Suzp—2) + (v + 0)dq(uzn—1, u2s)
(B +20)2dy (2, u2n—2) + (B +20) (v + 6)dg(uzn—2, uzn—1)]
+ (v + 6)dg(uzn—1, u2n)
< (B+20)%dy (T2, Suan—3) + (B + 28) (v + 0)dy(usn—2, Uzn—1)
+ (v + 0)dg(ugn—1, u2y)
< (B +26)°dy (2, uan—3) + (B 4 20)*(v + 6)dy (uan—3, uzn—2)
+ (B +26)(7 + 0)dg(uon—2, uzn—1) + (v + 6)dg(uzn—1, t2n)

INIA A

<(B+ 25)2”dq(z7u0) +(B+20)2" " (y + 8)dg(ug,u1) + ...
+ (B +20)(y + 0)dg(uon—2,u2n—1) + (7 + 0)dg(u2n—1, u2n)

B428 _ (B+25)(1—y—9)
= =

Since i < 1, using (P/) in the above inequality we obtain

dy(z,u2,) < (B + 2(5)2"dq(z, ug) + (B + 25)2"_1(7 + 6)dg(uo,u1) + ...
+ (B +20) (v + )N 2dy (ug, ur) + (v + )N dg (ug, uy)
=(B+ 25)2"dq(z, ug)

+(r+ 5)>\2n71dq(’u0, uy) [1 + p+2 et (ﬁ + 25)2"_1}

A A
n 'Y‘f’(s )\2n71d Uug, U
< (B+20) dq(Z,uo)Jr( )1fﬂ+72q<5( 0, U1)
A

Since 8+ 26, A € [0,1), it follows from the above inequality that

nh_gr;() dy(z,u2,) = 0. (3.11)
Similarly, we can show that
nh_)n;o dq(uon, 2) = nh_)rr;o dq(ugm, 2°) = nh_}rrgo dq (2", u2p) = 0. (3.12)

By using (3.11) and (3.12), we obtain
dq(z,2%) < dg(z,u2m) + dg(uon, 2") = 0, as n — oo.

dg(2",2) < dg(z",u2n) + dg(uzn,z) = 0, as n — oo.

Hence, dy(z,2*) = dy(2*,2) =0, i.e, 2 = 2* O

Corollary 3.6. Let (X,d,) be a left K -sequentially complete dislocated quasi metric
space and T, S : X — X be two mappings. Let xg € X,r > 0,29 € Bg,(xo,7) and
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there exist nonnegative real numbers 3,7,0 such that 8+ 2y + 2§ € (0,1) and the
following conditions hold:

d(S.Ty) < By () +1[dy (. S2) + dyly, Ty)] + 81dy(y, So) + dy (2, Ty)],

dq(T{E, Sy) S ﬁdq($7 y) + ’Y[dq(ill, T.’E) + dq(yv Sy)] + 5[dq(yv T.’t) + dl](xv Sy)]v
and

dy(zo, Sz0) < (1 — N,
%. Then there exists a unique point z € Bq,(xo,7) such that z =
Sz = Tz and dy(z,2) = 0. Moreover, S and T have no fized point in Bg, (xo,r)

other than z.

where A\ =

Proof. The proof follows by the previous results, taking « : X x X — [0,00) with
alz,y) =1for all z,y € X. O

Theorem 3.7. Let (X, d,) be a left K-sequentially complete dislocated quasi metric
space. Suppose, there exist a function o : X x X — [0,400) and nonnegative
constants B,7,0 such that 5+ 2y + 25 € (0,1) and the following conditions hold:

dq (S, Ty) < Bdg(x,y) +ldg(x, Sx) 4 dg(y, Ty)] + 6ldg(y, Sx) + dy(z, Ty)],
dg(Tz, Sy) < Bdy(x,y) +[dg(z, Tx) + dg(y, Sy)] + ddq(y, Tx) + dg(x, Sy)],
for all z,y € X such that a(z,y) > 1 or a(y,z) > 1. If (X,d,) is a-reqular,then
there exists a point z in X such that z = Sz =Tz and dy(z,z) = 0.
Proof. By Theorem 3.1, the condition (3.3) is imposed in order to restrict the
contractive conditions (3.1) and (3.2) to By, (zo,r). However, the condition (3.3)

can be relaxed by imposing the conditions (3.1) and (3.2) to all elements z,y € X
such that a(z,y) > 1 or a(y,x) > 1, we obtain the following result. O

Recall that, if (X, <) is a pre-ordered set and T : X — X is such that Tz = z
for all x € A C X, then the mapping T is said to be dominated on A. Define the
set V by

V={(z,y) e X x X :x Syory < x}.

Theorem 3.8. Let (X, =,d,) be a pre-ordered left K-sequentially complete dislo-
cated quasi metric space, rg € X, r > 0 and S, T : X — X be two dominated
mappings on Bg, (xo,7). Suppose that there exist nonnegative real numbers (3,7,
such that 8+ 2v+§ € (0,1) and the following conditions hold:

dq(Sz,Ty) < Bdg(x,y) + Yldg(z, Sx) + dg(y, Ty)] + 6ldg(y, Sx) + dy(x, Ty)],
dg(Tx, Sy) < Bdg(2,y) +7[dg(x, Tx) + dy(y, Sy)] + 6[dg(y, Tx) + dy(x, Sy)],
for all (x,y) € Ba,(x0,7) x Bg,(x0,7) N Vand
dg(z0, Sx0) < (1= N,

fﬂjg If for any sequence {,} € By, (z0,7) such that (xn,zn41) €

V, &, = w as n — oo implies that (w,xz,) € V for all n > 0, then there exists a
point z € By, (wo,7) such that z = Sz = Tz and dy(z,z) = 0. In addition, suppose
that:
(a) (x,y), (y,2) € V implies (x,z) € V.
(b) Forx, y € By, (xo,r) there exists ug € Bg, (xo0,7) such that (z,uo), (y,uo) €
V.
(c) For allu € Bg,(x0,7) such that (u,Sxo) € V the following condition holds

dq(xo0, Szo) + dg(u, Tu) + dg(u, Sxo) + dg(zo, Tu) < dg(zo,u) + dg(Sxo, Tw).

where X =
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Then, z is the unique common fized point of S and T in By, (xo,).

Proof. This follows from Theorem 3.6 taking @ : X x X — [0, 400) defined as

1, If(z,y) eV,

a(z,y) =
() 0, otherwise.

4. CONCLUSIONS

We prov some common fixed point theorems for mappings under Hardy Rogers

contractive conditions on a left K-sequentially complete dislocated quasi metric
space.
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ABSTRACT. This research studied solve one-dimensional optimization problems using
Newton — Raphson Method. This method uses first derivatives to solve solutions. It
was tested with 12 function tests and tested the efficiency of the solution convergence
rate Newton — Raphson method and the random search method. It was found that the
Newton-Raphson method was more effective in converging rate to better answers than
random search methods. The error value and the iteration are indicative.

KEYWORDS: Optimization, Newton — Raphson method, Random Search Method.
AMS Subject Classification: 47H09, 49M05.

1. INTRODUCTION

Optimization is the act of achieving the best possible result under given circum-
stances. In design, construction, maintenance, and engineers, etc. Have to make
decisions. The goal of all such decisions is either to minimize effort or to maximize
benefit. The effort or benefit can be usually expressed as a function of certain de-
sign variables. Hence, optimization is the process of finding the conditions that give
the maximum or the minimum value of a function. It is obvious that if a point z*
corresponds to the minimum value of a function f(x), the same point corresponds
to the maximum value of the function. Thus, optimization can be taken to be mini-
mization. There is no single method available for solving all optimization problems
efficiently. Hence, a number of methods have been developed for solving different
types of problems. Optimum seeking methods are also known as mathematical
programming techniques, which are a branch of operations search. The Newton —
Raphson (NR) method is an iterative scheme used to solve non-linear simultaneous
equations. France (1991) described the application of NR method to solve various

* Corresponding author.
Email address : chuanpit.t@rbru.ac.th, stevie_g o@hotmail.com, jiraporn.j@rbru.ac.th.



110 J. NONLINEAR ANAL. OPTIM. VOL. 8(2) (2017)

hydraulic problems. Martin and Peters (1963) were the first to propose the applica-
tion of NR method for analysis of water distribution network (WDN) having pipes
and reservoirs only. McCormick and Bellamy (1968) and Zarghamee (1971) ex-
tended its use to include other network elements such as pumps and valves. Shamir
and Howard (1968) applied this method to solve for all types of unknowns in a
network including pipe resistances using head equations. Epp and Fowler (1970)
and Gofman and Rodeh (1981) used this method for a solution of loop equations.
Some investigators proposed modifications to the classical NR method. Lam and
Wolla (1972 a, b) modified the algorithm so that it does not require the Jacobian
matrix or its inverse in the iterative process and also suggested a change in step
size to minimize the error. The modification presented by Lemieux (1972) ensures
the convergence of the algorithm irrespective of the starting assumption. Donachie
(1974) suggested halving the step size at any node when oscillation occurs. Neilson
(1989) compared the NR method with linear theory method and suggested start-
ing of the NR method with a single iteration by the linear theory method followed
by NR iterations. Andersen and Powell (1999) used a linear headloss formula in
the NR method for the first iteration. Several computer programs are also avail-
able for analysis of WDNs using Newton-Raphson method. The application of NR,
method in optimal design of WDNS is however very limited. Young (1994) used NR
method to solve nonlinear simultaneous equations which were generated through
Lagrangian multiplier method for the optimal design of branched 3 WDNs. John-
son et al. (1995) discussed the limitations of the Lagrangian multiplier method
proposed by Young (1994). Bhave (1978, 1985) developed the cost head loss ratio,
criterion method for the optimal design of WDNs. This method can be used for
optimal design and expansion of single as well as multi-source branched or looped
networks including pumped source nodes. Herein, the cost head loss ratio criterion
method is modified for faster convergence using the NR method.

The NR method is used to solve simultaneous non-linear equations iteratively. It
expands the non-linear terms in Taylor’s series, neglects the residues after two terms
and thereby considers only the linear terms (Bhave 1991). Thus, the NR method
linearizes the non-linear equations through partial differentiation and solves. Nat-
urally, the solution is approximate and therefore is successively corrected. The
iterative procedure is continued until satisfactory accuracy is reached. Thus, while
applying NR method for obtaining correction in the cost head loss ratio criterion
method, all correction equations would be considered simultaneously and solved at
a time.

2. PRELIMINARIES

2.1. Optimal Conditions.

We begin with a formal statement of the conditions which held at a minimum of
a one-variable differentiable function. We have already made use of these conditions.

Definition 1. Suppose that f(z) is a continuously differentiable function of
the scalar variable z, and that, when x = z*,
a _ d*f

dac_o and %>O.

The function f(z) is then said to have a local minimum at x*. Conditions (1)
imply that f(z*) is the smallest value of f in some region near z*. It may also be

(2.1)
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true that f(z*) < f(z) for all z but condition (1) does not guarantee this.

Definition 2. If conditions (1) hold at = * and if f(z*) < f(x) for all ©
then x* is said to be the global minimum. In practice, it is usually hard to establish
that x* is a global minimum and so we shall chiefly be concerned with methods of
finding local minima. Conditions (1) are called optimality conditions.

2.2. Optimal Solution.

A globally optimal solution for an optimization problem is defined as the solution
z* € X, where f(z*) < f(z) for all + € X (minimization problem). For the
definition of a globally optimal solution, it is not necessary to define the structure
of the search space, a metric, or a neighborhood.
Given a problem instance (X, f) and a neighborhood function N*, a feasible solution
x° € X is called locally optimal (minimization problem) with respect to N* if

f(z°) < f(z) for all z € N*(z°)
Therefore, locally optimal solutions do not exist if no neighborhood is defined.
Furthermore, the existence of local optima is determined by the neighborhood the

definition used as different neighborhoods can result in different locally optimal
solutions.

0.z 013 014 015 0.‘6 017 O‘.S O.‘9 i 111 1.z
X
Fig.1. Locally and globally optimal solutions

Figure 1. illustrates the differences between locally and globally optimal so-
lutions and shows how local optimal depend on the definition of N*. We have a
one-dimensional minimization problem with z € [a,b] € R. We assume an objective
function f that assigns objective values to all x € X. The modality of a problem
describes the number of local optima in the problem. Unimodal problems have
only one local optimum(which is also the global optimum), whereas muti-modal
problems have multiple local optima. In general, multi-modal problems are more
difficult for guided search methods to solve than unimodal problems.

2.3. Objective function.

The classical design procedure aims at finding an acceptable design, i.e. a design
which satisfies the constraints. In general, there are several acceptable designs, and
purpose
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* Optimum paint

<«——  Feasible region

Fig.2. Design space, and optimum point

of the optimization is to single out the best possible design. Thus, a criterion has
to be selected for comparing different designs. This criterion, when expressed as a
function of the design variables are known as an objective function. The objective
function is in general specified by physical or economic considerations. However,
the selection of an objective function is not trivial, because what is the optimal de-
sign with respect to a certain criterion may be unacceptable with respect to another
criterion. Typically, there is a trade-off performance-cost, performance reliability,
hence the selection of the objective function is one of the most important decisions
in the whole design process. If more than one criterion has to be satisfied, we have
multiobjective optimization problem, that may be approximately solved considering
a cost function which is a weighted sum of several objective functions.

Let f: D C R —> R is the objective function by a vector x = (z1, %2, x3,, ...
,T,,) such as Styblinski-Tang Function f(z) = 0.5(x* — 1622 + 5x) for n = 1. The
function is usually evaluated on the hypercube & € [—5,5] and global optimal is
f(z) = —39.16599n

STYBLINSKI-TANG FUNCTION

100+

504

f(x)

Fig.3. Styblinski-Tang Function
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3. RANDOM SEARCH METHOD

This method generates trial solutions for the optimization model using random
number generators for decision variables. Random search method includes random
jump method and the random walk method with direction exploitation. Random
jump method generates a huge number of data points for the decision variable as-
suming a uniform distribution for them and finds out the best solution by comparing
the corresponding objective function values. Random walk method generates a trial
solution with sequential improvements which is governed by a scalar step length and
a unit random vector. The random walk method with direct exploitation is an im-
proved version of a random walk method, in which, first the successful direction of
generating trial solutions is found out and the maximum possible steps are taken
along this successful direction. A generalized flowchart of the search algorithm in
solving a nonlinear optimization with decision variable x;, is presented in Fig.4.

Start with Trial Selution x;. Set i =1

)

Compute Objective function /()

}

Generate new solution x;

)

Compute Objective function f(x,.;)
Set i=i+1

I ;

Convergence Check

&

No
l Yes
Optimal Solution x_. =

Fig.4. Flowchart Random Search Method
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4. MAIN RESULTS

4.1. The Newton — Raphson Method.

Newton — Raphson method is an open approach to find the minimum of function
f(z). Derivative using Taylor series recall Taylor series expansion as follows.

Line tangent to the cure at point
x; =slope f(x)

P

—/

Fig.5. Newton- Raphson Method

from the previous figure 5.

slope = f'(x;) = L2, =

or

Ty — _f(xi) -
fa) =50 fori=0,1,2,3,..
Thus

f(zi)
£ (@)

Tip1 = Tq —
This algorithm is derived by expanding f(z) as a Taylor series

F(@o +h) = f(zo) + hf D (o) + b f D (o) + by S (o) + o+ B S (20) + Rua
If we let g + h = x; + h = z;41 and terminate the series at its linear term, then

flai+h) = f(@:) + (wip1 — ) fO (2))

or

f@it1) = f(zi) + (@it —xi) [ (21)
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fx)

-

»
vy

e

Xy x

Fig.6. Interval point = and xy design

X

anms

e

Fig.7. Interval point x; and z;4; design

Note that since the root of the function relating f(x) and x is the value of x when
f(zit1) = 0 at the intersection, hence,

f@i1) =0
f@i) + (@i —z) f () = 0
(i1 —x)f (i) = —flz:)
Tiy1 = Tj— }((3;:))
Newton — Raphson Method
F@) o is0123. (4.1)

Litl = T4 — 7 (2y)
7

where

x; = value of the root at iteration 4

x;4+1 = a revised value of the root at iteration ¢ + 1
f(z;) = value of the function at iteration 4
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’

f (z;) = derivative of f(z) evaluated at iteration i

2. Iterations.

The Newton — Raphson method uses the slope(tangent) of the function f(z) of
the current iterative solution (z;) to find the solution (x;41) in the next iteration.
The slope at (x;.f(x;)) is given by

£ e = {2950

Ti—Ti41

Then z;41 can be solved as

Which is known as the Newton — Raphson formula.
Relative error: |E,..| = % and Iterations stop if F,. < FE is presented in

Fig.8.

| Define function F(x) ‘

]

| Define function f(x) ‘

!

Get the values of x, E_,
Maz iteration

Loop for iteration=1 to Max iteration

|

_ flm)
Fix)

x=x,—h

l

/ Print iteration, x,

Er'ur.. Loop (iteration) |

/ Print solution
Print “solution does
Sl.Op not conw_rgaru:ﬁ_

Stop ]

Fig.8. Flowchart of Newton — Raphon Method
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Example 4.1. Use the Newton — Raphson iteration method to estimate the root
of the following function employing an initial guess of 2o = 0: f(x) = ¢* — bz
Solution: Let’s find the derivative of the function first,

fla)=LE e -5

The initial guess is g = 0, hence,

1=0
flx)=¢€* — bz . f(0)=¢€"-5(0)=1
fay=e"=5 , f(0)=¢"—5=
Tiv1 = Ty — g/(((zz)
— Zo
1 L0~ ¥ (0)
T = 00— %
T = -1
1 =1 Now x; = —1, hence,
f(z) =e* — bz , f(=1)=e ! —5(=1) = 5.3678794412
f/ (x)=e* =5 . f(=1)=e! —5=—-4.632120559
To — 11— f(z1)
’ _ 11 fsi.(?,l 78794412
T2 = —1 7 4632120559
r9 = —1+4 1.158838457
r9 = 0.158838457

1 =2 Now x9 = 0.158838457, hence,

f(z) =e* -5z ,  f(0.158838457) = 0158838457 _ 5(0.158838457)
= 0.3787956294
f(z)=e"—5 . [(0.158838457) = 0158838457 _ 5 — 3 897851421
_ _ flz2)
s : 321588f£))(822157 0.3787956294
3 = U ~ T3.827851421
xr3 = 0.158838457 + 0.0989577671
xr3 = 0.2577962241

i =3 Now x3 = 0.2577962241, hence,

flx) =e® — 5z ., [(0.2577962241) = 02577962241 _ 5(() 2577962241)
= 0.0050939696
fx)=e* =5 ., £(0.2577962241) = 02577962241 _ 5 — 3 70592491
1= @ =
zy = 0.2577962241 — 2900559850
vy = 0.2577962241 4 0.00137454744
vy = 0.25917077154

t =4 Now x4 = 0.25917077154, hence,
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flz) =e®* =5z , f(0.25917077154) = 025917077154 _ 5(0).25917077154)
= 1.2234E—6
fla)y=e"—5 , [(0.25917077154) = 0-25917077154 _ 5 — 3704144919
womod
x5 = 0.25917077154 — 1223486
x5 = 0.25917077154 + 3.3027865¢ — 7
x5 = 0.2591711018

Thus, the approach rapidly convergences on the true root of 0.2591 to four significant
digits in table 1.

TABLE 1. Newton- Raphson iteration method f(z) = e* — bz

S W N~ O .

T Ti41 f(ﬂCz) \Err| = %
0 -1 1 -
-1 0.158838457  5.3678794412  7.29570457235

0.158838457  0.2577962241 0.3787956294  0.38386042097
0.2577962241  0.25917077154 0.0050939696  0.00530363602
0.25917077154  0.2591711018 1.2234E-6 0.00000127429
0.2591696

Fig.9. Results of f(z) = e” — bz
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TABLE 2. The fi(z) — fi2(z) function is shown the convergence
solution value and an error value of the function.

function Methods Solution Iteration |Err|
fi(z) : 23 — 322 Newton-Raphson Method  0.0012125 8 0.995977
Random Search method 0.0278956 9 0.924593
fo(z) : 2T —x — 6 Newton-Raphson Method  0.9042487 9 0.001386
Random Search method 0.9996868 9 0.001543
fa(z) iy =a+tan L(z) — 1 Newton-Raphson Method  0.5202264 4 0.000157
Random Search method 0.8722966 5 0.003041
fa(z) 1y = log(x) Newton-Raphson Method 0.999991 3 0.604936
Random Search method 0.997933 4 0.516728
f5(z) : y = 4cos(x?) — sin(z?) —3 Newton-Raphson Method 4.912412 3 0.000036
Random Search method 2.298318 6 0.168945
fe(z) : y = sin(x) — % Newton-Raphson Method  0.5235988 2 0.000243
Random Search method 0.9999733 4 0.287146
fr(x) : y = cos(z) — x° Newton-Raphson Method  0.8664923 7 0.037025
Random Search method 0.7596625 7 0.056987
fe(z):y=a® —a—1 Newton-Raphson Method  -0.778089 4 0.000365
Random Search method -0.159662 7 0.046713
fo(z) :y = 25 fax—4 Newton-Raphson Method  1.3788174 5 0.004193
Random Search method 1.9658429 8 0.719548
flo(z) :y =222 — 6 Newton-Raphson Method  1.7320511 10 0.000532
Random Search method 0.4265912 15 0.195623
f11(z) ry = z2 — 3 Newton-Raphson Method  1.7320521 6 0.001224
Random Search method 0.9521834 12 0.985624
f12(z) : y = cos(z) — = Newton-Raphson Method  0.7390851 4 0.000009
Random Search method 0.5831952 8 0.056731

5. CONCLUSION

A Newton — Raphson method is a basic tool in numerical analysis and numerous
applications, including operations research. We survey the optimization problems,
Random Search and Newton — Raphson method its main ideas convergence results
in its global behavior. This research studied solve one-dimensional optimization
problems using Newton — RaphsonMethod. This method uses first derivatives to
solve solutions. It was tested with 12 function test and tested the converging rate of
the solution convergence rate The Newton — Raphson method and random search
method. It was found that Newton — Raphson a method was more effective in
converging rate to better answers than random search methods. The error value
and the iteration are indicative.
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ABSTRACT. This research studied solve one-dimensional optimization problems using
Newton — Raphson Method. This method uses first derivatives to solve solutions. It
was tested with 12 function tests and tested the efficiency of the solution convergence
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1. INTRODUCTION

Optimization is the act of achieving the best possible result under given circum-
stances. In design, construction, maintenance, and engineers, etc. Have to make
decisions. The goal of all such decisions is either to minimize effort or to maximize
benefit. The effort or benefit can be usually expressed as a function of certain de-
sign variables. Hence, optimization is the process of finding the conditions that give
the maximum or the minimum value of a function. It is obvious that if a point z*
corresponds to the minimum value of a function f(x), the same point corresponds
to the maximum value of the function. Thus, optimization can be taken to be mini-
mization. There is no single method available for solving all optimization problems
efficiently. Hence, a number of methods have been developed for solving different
types of problems. Optimum seeking methods are also known as mathematical
programming techniques, which are a branch of operations search. The Newton —
Raphson (NR) method is an iterative scheme used to solve non-linear simultaneous
equations. France (1991) described the application of NR method to solve various
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hydraulic problems. Martin and Peters (1963) were the first to propose the applica-
tion of NR method for analysis of water distribution network (WDN) having pipes
and reservoirs only. McCormick and Bellamy (1968) and Zarghamee (1971) ex-
tended its use to include other network elements such as pumps and valves. Shamir
and Howard (1968) applied this method to solve for all types of unknowns in a
network including pipe resistances using head equations. Epp and Fowler (1970)
and Gofman and Rodeh (1981) used this method for a solution of loop equations.
Some investigators proposed modifications to the classical NR method. Lam and
Wolla (1972 a, b) modified the algorithm so that it does not require the Jacobian
matrix or its inverse in the iterative process and also suggested a change in step
size to minimize the error. The modification presented by Lemieux (1972) ensures
the convergence of the algorithm irrespective of the starting assumption. Donachie
(1974) suggested halving the step size at any node when oscillation occurs. Neilson
(1989) compared the NR method with linear theory method and suggested start-
ing of the NR method with a single iteration by the linear theory method followed
by NR iterations. Andersen and Powell (1999) used a linear headloss formula in
the NR method for the first iteration. Several computer programs are also avail-
able for analysis of WDNs using Newton-Raphson method. The application of NR,
method in optimal design of WDNS is however very limited. Young (1994) used NR
method to solve nonlinear simultaneous equations which were generated through
Lagrangian multiplier method for the optimal design of branched 3 WDNs. John-
son et al. (1995) discussed the limitations of the Lagrangian multiplier method
proposed by Young (1994). Bhave (1978, 1985) developed the cost head loss ratio,
criterion method for the optimal design of WDNs. This method can be used for
optimal design and expansion of single as well as multi-source branched or looped
networks including pumped source nodes. Herein, the cost head loss ratio criterion
method is modified for faster convergence using the NR method.

The NR method is used to solve simultaneous non-linear equations iteratively. It
expands the non-linear terms in Taylor’s series, neglects the residues after two terms
and thereby considers only the linear terms (Bhave 1991). Thus, the NR method
linearizes the non-linear equations through partial differentiation and solves. Nat-
urally, the solution is approximate and therefore is successively corrected. The
iterative procedure is continued until satisfactory accuracy is reached. Thus, while
applying NR method for obtaining correction in the cost head loss ratio criterion
method, all correction equations would be considered simultaneously and solved at
a time.

2. PRELIMINARIES

2.1. Optimal Conditions.

We begin with a formal statement of the conditions which held at a minimum of
a one-variable differentiable function. We have already made use of these conditions.

Definition 1. Suppose that f(z) is a continuously differentiable function of
the scalar variable z, and that, when x = z*,
a _ d*f

dac_o and %>O.

The function f(z) is then said to have a local minimum at x*. Conditions (1)
imply that f(z*) is the smallest value of f in some region near z*. It may also be

(2.1)
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true that f(z*) < f(z) for all z but condition (1) does not guarantee this.

Definition 2. If conditions (1) hold at = * and if f(z*) < f(x) for all ©
then x* is said to be the global minimum. In practice, it is usually hard to establish
that x* is a global minimum and so we shall chiefly be concerned with methods of
finding local minima. Conditions (1) are called optimality conditions.

2.2. Optimal Solution.

A globally optimal solution for an optimization problem is defined as the solution
z* € X, where f(z*) < f(z) for all + € X (minimization problem). For the
definition of a globally optimal solution, it is not necessary to define the structure
of the search space, a metric, or a neighborhood.
Given a problem instance (X, f) and a neighborhood function N*, a feasible solution
x° € X is called locally optimal (minimization problem) with respect to N* if

f(z°) < f(z) for all z € N*(z°)
Therefore, locally optimal solutions do not exist if no neighborhood is defined.
Furthermore, the existence of local optima is determined by the neighborhood the

definition used as different neighborhoods can result in different locally optimal
solutions.

0.z 013 014 015 0.‘6 017 O‘.S O.‘9 i 111 1.z
X
Fig.1. Locally and globally optimal solutions

Figure 1. illustrates the differences between locally and globally optimal so-
lutions and shows how local optimal depend on the definition of N*. We have a
one-dimensional minimization problem with z € [a,b] € R. We assume an objective
function f that assigns objective values to all x € X. The modality of a problem
describes the number of local optima in the problem. Unimodal problems have
only one local optimum(which is also the global optimum), whereas muti-modal
problems have multiple local optima. In general, multi-modal problems are more
difficult for guided search methods to solve than unimodal problems.

2.3. Objective function.

The classical design procedure aims at finding an acceptable design, i.e. a design
which satisfies the constraints. In general, there are several acceptable designs, and
purpose
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* Optimum paint

<«——  Feasible region

Fig.2. Design space, and optimum point

of the optimization is to single out the best possible design. Thus, a criterion has
to be selected for comparing different designs. This criterion, when expressed as a
function of the design variables are known as an objective function. The objective
function is in general specified by physical or economic considerations. However,
the selection of an objective function is not trivial, because what is the optimal de-
sign with respect to a certain criterion may be unacceptable with respect to another
criterion. Typically, there is a trade-off performance-cost, performance reliability,
hence the selection of the objective function is one of the most important decisions
in the whole design process. If more than one criterion has to be satisfied, we have
multiobjective optimization problem, that may be approximately solved considering
a cost function which is a weighted sum of several objective functions.

Let f: D C R —> R is the objective function by a vector x = (z1, %2, x3,, ...
,T,,) such as Styblinski-Tang Function f(z) = 0.5(x* — 1622 + 5x) for n = 1. The
function is usually evaluated on the hypercube & € [—5,5] and global optimal is
f(z) = —39.16599n

STYBLINSKI-TANG FUNCTION

100+

504

f(x)

Fig.3. Styblinski-Tang Function
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3. RANDOM SEARCH METHOD

This method generates trial solutions for the optimization model using random
number generators for decision variables. Random search method includes random
jump method and the random walk method with direction exploitation. Random
jump method generates a huge number of data points for the decision variable as-
suming a uniform distribution for them and finds out the best solution by comparing
the corresponding objective function values. Random walk method generates a trial
solution with sequential improvements which is governed by a scalar step length and
a unit random vector. The random walk method with direct exploitation is an im-
proved version of a random walk method, in which, first the successful direction of
generating trial solutions is found out and the maximum possible steps are taken
along this successful direction. A generalized flowchart of the search algorithm in
solving a nonlinear optimization with decision variable x;, is presented in Fig.4.

Start with Trial Selution x;. Set i =1

)

Compute Objective function /()

}

Generate new solution x;

)

Compute Objective function f(x,.;)
Set i=i+1

I ;

Convergence Check

&

No
l Yes
Optimal Solution x_. =

Fig.4. Flowchart Random Search Method
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4. MAIN RESULTS

4.1. The Newton — Raphson Method.

Newton — Raphson method is an open approach to find the minimum of function
f(z). Derivative using Taylor series recall Taylor series expansion as follows.

Line tangent to the cure at point
x; =slope f(x)

P

—/

Fig.5. Newton- Raphson Method

from the previous figure 5.

slope = f'(x;) = L2, =

or

Ty — _f(xi) -
fa) =50 fori=0,1,2,3,..
Thus

f(zi)
£ (@)

Tip1 = Tq —
This algorithm is derived by expanding f(z) as a Taylor series

F(@o +h) = f(zo) + hf D (o) + b f D (o) + by S (o) + o+ B S (20) + Rua
If we let g + h = x; + h = z;41 and terminate the series at its linear term, then

flai+h) = f(@:) + (wip1 — ) fO (2))

or

f@it1) = f(zi) + (@it —xi) [ (21)
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fx)
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»
vy

e

Xy x

Fig.6. Interval point = and xy design

X

anms

e

Fig.7. Interval point x; and z;4; design

Note that since the root of the function relating f(x) and x is the value of x when
f(zit1) = 0 at the intersection, hence,

f@i1) =0
f@i) + (@i —z) f () = 0
(i1 —x)f (i) = —flz:)
Tiy1 = Tj— }((3;:))
Newton — Raphson Method
F@) o is0123. (4.1)

Litl = T4 — 7 (2y)
7

where

x; = value of the root at iteration 4

x;4+1 = a revised value of the root at iteration ¢ + 1
f(z;) = value of the function at iteration 4
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’

f (z;) = derivative of f(z) evaluated at iteration i

2. Iterations.

The Newton — Raphson method uses the slope(tangent) of the function f(z) of
the current iterative solution (z;) to find the solution (x;41) in the next iteration.
The slope at (x;.f(x;)) is given by

£ e = {2950

Ti—Ti41

Then z;41 can be solved as

Which is known as the Newton — Raphson formula.
Relative error: |E,..| = % and Iterations stop if F,. < FE is presented in

Fig.8.

| Define function F(x) ‘

]

| Define function f(x) ‘

!

Get the values of x, E_,
Maz iteration

Loop for iteration=1 to Max iteration

|

_ flm)
Fix)

x=x,—h

l

/ Print iteration, x,

Er'ur.. Loop (iteration) |

/ Print solution
Print “solution does
Sl.Op not conw_rgaru:ﬁ_

Stop ]

Fig.8. Flowchart of Newton — Raphon Method
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Example 4.1. Use the Newton — Raphson iteration method to estimate the root
of the following function employing an initial guess of 2o = 0: f(x) = ¢* — bz
Solution: Let’s find the derivative of the function first,

fla)=LE e -5

The initial guess is g = 0, hence,

1=0
flx)=¢€* — bz . f(0)=¢€"-5(0)=1
fay=e"=5 , f(0)=¢"—5=
Tiv1 = Ty — g/(((zz)
— Zo
1 L0~ ¥ (0)
T = 00— %
T = -1
1 =1 Now x; = —1, hence,
f(z) =e* — bz , f(=1)=e ! —5(=1) = 5.3678794412
f/ (x)=e* =5 . f(=1)=e! —5=—-4.632120559
To — 11— f(z1)
’ _ 11 fsi.(?,l 78794412
T2 = —1 7 4632120559
r9 = —1+4 1.158838457
r9 = 0.158838457

1 =2 Now x9 = 0.158838457, hence,

f(z) =e* -5z ,  f(0.158838457) = 0158838457 _ 5(0.158838457)
= 0.3787956294
f(z)=e"—5 . [(0.158838457) = 0158838457 _ 5 — 3 897851421
_ _ flz2)
s : 321588f£))(822157 0.3787956294
3 = U ~ T3.827851421
xr3 = 0.158838457 + 0.0989577671
xr3 = 0.2577962241

i =3 Now x3 = 0.2577962241, hence,

flx) =e® — 5z ., [(0.2577962241) = 02577962241 _ 5(() 2577962241)
= 0.0050939696
fx)=e* =5 ., £(0.2577962241) = 02577962241 _ 5 — 3 70592491
1= @ =
zy = 0.2577962241 — 2900559850
vy = 0.2577962241 4 0.00137454744
vy = 0.25917077154

t =4 Now x4 = 0.25917077154, hence,
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flz) =e®* =5z , f(0.25917077154) = 025917077154 _ 5(0).25917077154)
= 1.2234E—6
fla)y=e"—5 , [(0.25917077154) = 0-25917077154 _ 5 — 3704144919
womod
x5 = 0.25917077154 — 1223486
x5 = 0.25917077154 + 3.3027865¢ — 7
x5 = 0.2591711018

Thus, the approach rapidly convergences on the true root of 0.2591 to four significant
digits in table 1.

TABLE 1. Newton- Raphson iteration method f(z) = e* — bz

S W N~ O .

T Ti41 f(ﬂCz) \Err| = %
0 -1 1 -
-1 0.158838457  5.3678794412  7.29570457235

0.158838457  0.2577962241 0.3787956294  0.38386042097
0.2577962241  0.25917077154 0.0050939696  0.00530363602
0.25917077154  0.2591711018 1.2234E-6 0.00000127429
0.2591696

Fig.9. Results of f(z) = e” — bz
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TABLE 2. The fi(z) — fi2(z) function is shown the convergence
solution value and an error value of the function.

function Methods Solution Iteration |Err|
fi(z) : 23 — 322 Newton-Raphson Method  0.0012125 8 0.995977
Random Search method 0.0278956 9 0.924593
fo(z) : 2T —x — 6 Newton-Raphson Method  0.9042487 9 0.001386
Random Search method 0.9996868 9 0.001543
fa(z) iy =a+tan L(z) — 1 Newton-Raphson Method  0.5202264 4 0.000157
Random Search method 0.8722966 5 0.003041
fa(z) 1y = log(x) Newton-Raphson Method 0.999991 3 0.604936
Random Search method 0.997933 4 0.516728
f5(z) : y = 4cos(x?) — sin(z?) —3 Newton-Raphson Method 4.912412 3 0.000036
Random Search method 2.298318 6 0.168945
fe(z) : y = sin(x) — % Newton-Raphson Method  0.5235988 2 0.000243
Random Search method 0.9999733 4 0.287146
fr(x) : y = cos(z) — x° Newton-Raphson Method  0.8664923 7 0.037025
Random Search method 0.7596625 7 0.056987
fe(z):y=a® —a—1 Newton-Raphson Method  -0.778089 4 0.000365
Random Search method -0.159662 7 0.046713
fo(z) :y = 25 fax—4 Newton-Raphson Method  1.3788174 5 0.004193
Random Search method 1.9658429 8 0.719548
flo(z) :y =222 — 6 Newton-Raphson Method  1.7320511 10 0.000532
Random Search method 0.4265912 15 0.195623
f11(z) ry = z2 — 3 Newton-Raphson Method  1.7320521 6 0.001224
Random Search method 0.9521834 12 0.985624
f12(z) : y = cos(z) — = Newton-Raphson Method  0.7390851 4 0.000009
Random Search method 0.5831952 8 0.056731

5. CONCLUSION

A Newton — Raphson method is a basic tool in numerical analysis and numerous
applications, including operations research. We survey the optimization problems,
Random Search and Newton — Raphson method its main ideas convergence results
in its global behavior. This research studied solve one-dimensional optimization
problems using Newton — RaphsonMethod. This method uses first derivatives to
solve solutions. It was tested with 12 function test and tested the converging rate of
the solution convergence rate The Newton — Raphson method and random search
method. It was found that Newton — Raphson a method was more effective in
converging rate to better answers than random search methods. The error value
and the iteration are indicative.
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ABSTRACT. In this paper, we investigate the regularization method via a proximal
point algorithm for solving treating the sum of two accretive operators for a fixed point
set and inverse problems. Strong convergence theorems are established in the framework
of Banach spaces. Furthermore, we also apply our result to variational inequality and
equilibrium problems.
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1. INTRODUCTION

Many important problems have reformulation which require finding common zero
points of nonlinear operators, for instance, inverse problems, variational inequality,
optimization problems and fixed point problems. In this paper,we use A~1(0) to
denote the set of zeros point of A. A well-known method for solving zero points
of maximal monotone operators is the prozimal point algorithm (PPA). First,
Martinet [1] introduced the PPA in a Hilbert space H, that is, for starting xo € H,
a sequence {x,} generated by

Tni1 = J; (,) VR €N, (1.1)

where A is maximal monotone operators, J;‘:L = (I+7,A)~ " is the resolvent operator
of A and {r,} C (0,00) is a regularization sequence. An iterative (1.1) is equivalent

* Corresponding author.
Email address : k.promluang@gmail.com, poom.kum@kmutt.ac.th.
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to
Tp € Tpy1 + ATy Vn € N

If ¢(z) : H — RU {oo} is a proper convex and lower semicontinuous function,
then J# reduces to

. 1
Tpy1 = arg min {¢(y)+2r||xn — 1%, yeH} Vn € N. (1.2)

Later, Rockafellar [2] studied the proximal point algorithm in framework of a
Hilbert space and he proved that if liminf,, o, 7, > 0 and A~1(0) # (), then the
sequence {z,} converges weakly to a solution of a zero point of A. Rockafellar [2]
has given a more practical method which is an inexact variant of the method:

Tpt1 = J:}an + en, Vn € N, (1.3)

where {e,, } is an error sequence. It was shown that if e,, — 0 quickly enough such
that >~ [len|| < oo, then x, — z € H, with 0 € A(z).

In 2011, Sahu and Yao [3] also extended PPA for the zero of an accretive op-
erator in a Banach space which has a uniformly Gateaux differentiable norm by
combining the prox-Tikhonov method and the viscosity approximation method.
They introduced the iterative method to define the sequence {z,} as follows:

Tn+1 = an((l - an)zn + Oénf(xn))v Vn €N, (14)
Zn+l = Jvfi((]- - an)zn + anf(zn) + en)a vn €N, (15)

where A is an accretive operator such that A=1(0) # () and f is a contractive map-
ping on C and {e, } is an error sequence. Strong convergent were established in both
algorithms. This is a source of idea about resolvent operator can be approximated
by contractions.

In the same year, PP A extended to the case of sum of two monotone operators
A and B by use the technique of forward-backward splitting methods. Manaka and
Takahashi [4] introduced the following iterative scheme in a Hilbert space:

xr1 € C,
Tpa1 = QpTp + (1 — an)San (I - B)xy,, Vn>1,

where {a;,} is a sequence in (0,1), {A\,} is a positive sequence, S : C — C'is a
nonexpansive mapping, A is a maximal monotone operator, B is an inverse strongly
monotone mapping and J j\4n = (I +X,A)~! is the resolvent of A. They prove that a
sequence {z,} converges weakly to some point z € Fiz(S)N(A+ B)~1(0) provided
that the control sequence satisfies some conditions. From [4], then we concern with
the problem for finding a common element of Fiz(S) N (A + B)~1(0).

In 2012, Lépez et al. [5] use the technique of forward-backward splitting methods
for accretive operators in Banach spaces. They considered the following algorithms
with errors:

Tpt1 = (1 —ap)z, + anJé (zp, — rn(Bzy + ayn)) + by (1.6)

Tpt1 = apu+ (1 — an)J;i (2, — rn(Bxn + an)) + bn, (1.7)

where u € E, {an}, {bn} C E and J{ = (I + X\, A)~" is the resolvent of A. An
operator A is a maximal accretive operator and B is an inverse strongly accretive.
They prove that a sequence {z,} in equation (1.6) and (1.7) is weakly and strongly
convergence, respectively.
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In 2014, Cho et al. [0] introduced the following iterative scheme in a Hilbert
space:

x1 € C,

Zn = anf(xn) + (1 — ap)xy,

Yn = J?i (zn — TnBzn + €n)

Tpt1 = BnTn + (1= Bn)(Vnyn + (1 = ¥0)Syn), for n €N,

where {a,}, {Bn}, {7n} are a sequences in (0, 1), {r,} is a positive sequence,
A : C — H is an inverse strongly monotone mapping, B is a maximal monotone
operator, and an = (I + X\, A)~ ! is the resolvent of A. Let S : C' — C is a strictly
pseudo-contractive mapping with k& € [0,1), and f : C — C be a contractive
mapping. They prove that a sequence {x,} converges strongly to a point Z €
Fiz(S)N (A+ B)71(0) if the control sequence satisfies some restrictions.

Motivated by [3, 4, 5, (], then we are interested in the problems for finding
a common element of fixed point of nonexpansive S and element of the (quasi)
variational inclusion problem as follow:

Find x € C such that x € Fiz(S)N (A + B)~'(0), (1.8)

where A be single-valued nonlinear mapping and B be a multi-valued mapping.

The purpose of this paper is to introduce an iterative algorithm which is modify
regularization method and use technique of forward-backward splitting methods
for finding a common element of the set solution of nonexpansive S and the set
solution of fixed point of the variational inclusion problems, where A is an m-
accretive operator and B is an inverse-strongly accretive operator in the framework
of Banach space with a uniformly convex and 2-uniformly smooth.

2. PRELIMINARIES

Let F be a Banach space and let E* be its dual. Let (-, -) be the pairing between
E and E*. For all z € F and z* € E*, the value of 2* at « be denoted by (z,x*).
The normalized duality mapping J : E — 2F" is defined by J(z) = {z* € E* :
(,2*) = ||z||% ||lz|| = ||lz*|}, for all x € E. A single-value normalized duality
mapping is denoted by j, which means a mapping j : E — E* such that, for all
u € E, j(u) € E* satisfying the following:

(u, 3 (w)) = [ulllli ()l 17| = [u]-

If E = H is a Hilbert space, then J = I, where [ is identity mapping. If F is smooth
Banach space, then J is single-valued j.

A Banach space E is called an Opial’s space if for each sequence {x,}>2 , in E
such that {x,} converges weakly to some x in E, the inequality

liminf ||z, — z|| < liminf ||z, — y||
n—o0 n— oo

hold for all y € E with y # z. In fact, for any normed linear space X admit
the weakly sequentially continuous duality mapping implies X is Opial space. So,
a Banach space with a weakly sequentially continuous duality mapping has the
Opial’s property; see [7].

The modulus of convexity of E is the function dg : (0,2] — [0, 1] defined by

5(e) == inf{1 — || & ;L Y

H el = Nyl = L e — gl > ¢}
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E is said to be uniformly convez if and only if §(e) > 0, for each € € (0, 2]. It known
that a uniformly convex Banach space is reflexive and strictly convex.
Let S(E) be the unit sphere defined by S(E) = {z € E : ||z|| = 1}. Then the

norm || - || of E is said to be Gateauz differentiable norm, if
t —
ety o] o)
t—0 4

exists for all z,y € S(F). In this case, space E is called smooth. A spaces E is said
to have a uniformly Gateauz differentiable norm if for each y € S(FE), the limit (2.1)
exist uniformly for all € S(F). The norm of F is said to be uniformly smooth if
the limit (2.1) is attained uniformly for all z,y € S(E). It is known that if the norm
of E is smooth, then the duality mapping J is single-valued and norm to weak*
uniformly continuous on each bounded subset of F.

On the other hand, the modulus of smoothness of E is the function p : [0, 00) —
[0,00) defined by

1
p(t) =sup{5(llz +yl +llz —yl) = 1:2,y € S(E), [lz] = L, [lyll < ¢}

A Banach space E be an smooth if pg(t) > 0 for all ¢ > 0. A Banach space E
be an uniformly smooth if and only if lim; ,q @ = 0. A Banach space E is said
to be g-uniformly smooth, if for 1 < ¢ < 2 be a fixed real number, there exists a
constant ¢ > 0 such that p(t) < ct? for all ¢ > 0. It known that every g-uniformly
smooth space is smooth. In the case p(t) < ct? for t > 0, these is 2-uniformly
smooth. The examples of uniformly convex and 2-uniformly smooth Banach space
are Ly, I, or Sobolev spaces WP, where p > 2. It is well known that, Hilbert
spaces are 2-uniformly convex and 2-uniformly smooth. We known that if F is a
reflexive Banach space, then every bounded sequence in E has a weakly convergent
subsequence. Note that all uniformly convex and 2-uniformly smooth Banach space
is reflexive.

Next, we recall the definitions of some operators.
(i) Let f : C — C be an operator. Then f is called k-contraction if there
exists a coefficient k (0 < k < 1) such that
Ifz = fyll < kllz —yll, Va,yeC.
(ii) Let S : C — C be an operator. Then s is called nonexpansive if
1Sz — Sy|| < [le —yll, Vz,yeC.

(iii) Let B : C — FE be an operator. Then B is called a-inverse-strongly
accretive if there exists a constant o > 0 and j(x —y) € J(x — y) such
that

(Bx — By, j(x —y)) > a|Bx — Byl*, Va.yeC.
(iv) A set-valued operator A : D(A) C E — 2F is called accretive if there
exists j(x —y) € J(z —y) such that u € A(x), and v € A(y),
(u—v,j(x—y)) =20, Va,ye D(A).
(v) A set-valued operator A : D(A) C E — 2% is called m-aceretive if A is
accretive and R(I +rA) = E for some r > 0, where I is identity mapping.

Let C' and D are nonempty subsets of a Banach space E such that C is a
nonempty closed convex and D C C, then a mapping @ : C — D is said to be
sunny if Q(z + t(x — Q(z))) = Q(z) whenever z + t(z — Q(x)) € C for all z € C
and ¢t > 0.
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A mapping Q : C — C is called a retraction if Q2 = Q. If a mapping Q : C — C
is a retraction, then Yz = z for all z is in the range of Q.

Lemma 2.1. [8] Let E be a smooth Banach space and let C be a nonempty subset
of E. Let Q : E — C be a retraction and let J be the normalized duality mapping
on E. Then the following are equivalent:

(i) Q is sunny and nonexpansive;

(ZZ) ||Q£E - Qy”2 < <£E - Y J(Q:r, - Qy»vvxvy € E;

(iii) |l(@ — 1) — Q@ — QY)II® < o — yII* — Qz — Qy?

(iv) (x — Qx, J(y — Qz)) <0,Vo € B,y € C.

Lemma 2.2. [9] Let C be a nonempty closed convex subset of a uniformly convex
and uniformly smooth Banach space E and let S be a nonexpansive mapping of C
into itself with Fix(S) # 0. Then, the set Fixz(S) is a sunny nonexpansive retract
of C.

It well known that if £ = H is a Hilbert space, then a sunny nonexpansive
retraction Q)¢ is coincident with the metric projection Po from E onto C, that is
Qc = Pc. Let C be a nonempty closed convex subset of E.

In the sequel for the proof of our main results, we also need the following lemmas.

Lemma 2.3. [10] Let E be a Banach space and J be a normal duality mapping.
Then there exits j(x +y) € J(x +y) for any given x,y € E. Then
-+ gl < 2] +2(y, (= + ), j(z+y) € J(x+y), (2:2)

for any given x,y € E.

Lemma 2.4. [5] Let E be a real Banach space and let C' be a nonempty closed
and convex subset of E. Let B : C'— E be a single valued operator and a-inverse
strongly accretive operator and let A is an m-accretive operator in E with D(A) D C
and D(B) D C.Then

Fiz(JA(I —rB)) = (A+ B)~}(0).
where J& = (I +1rA)~! be a resolvent of A for r > 0.

Lemma 2.5. [11](The Resolvent Identity) Let E be a Banach space and let A be
an m-accretive operator.For r >0, s >0 and x € E, then

JAz = JA (Sx + (1 - S)J:‘a;>.
r T

Lemma 2.6. [12] Let C' be a nonemptly closed convex subset of a 2-uniformly
smooth Banach space E with the 2-uniformly smooth constant K. Let the mapping
B :C — E be a a-inverse strongly accretive operator. Then, we have

I = rB)x — (I = rB)yl* < ||z — y||* - 2r(a — K?r)|| Bz — By, (2.3)

where I is identity mapping. In particular, if r € (0,+5), then (I —rB) is a
NONETPANSIve.

Lemma 2.7. [13] (Demiclosed principle) Let C' be a nonempty, closed and convex
subset of a uniformly convex Banach space E and S : C' — E be a nonexpansive
mapping with Fiz(S) # (. Then I — S is demiclosed at zero, i.e., z, — x and
Ty — Sz, — 0 implies x = Sx.

Lemma 2.8. [14] Let {z,} and {z,} be bounded sequences in a Banach space E
and let {B,} be a sequence in [0,1] with 0 < liminf,, o B, < limsup,,_, . Bn < 1.
Suppose xpt1 = (1 — Bp)zn + Bnxn for all integers n > 0 and limsup,,_, .o (||zn+1 —
Znll = |Znt1 — znl]) < 0. Then lim, oo ||2n, — Zn|| = 0.
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Lemma 2.9. [15] Assume that {a,} is a sequence of nonnegative real numbers
satisfying the condition

apy1 < (1 - tn)an +tpby + ¢y, V0 > 0,

where {t,} is a number sequence in (0,1) such that lim, oo t, =0 and 322, t, =
00, {bn} is a sequence such that limsup,,_, . bn, < 0 and {c,} is a positive number

sequence such that X2 yc, < 00. Then, lim,,_,~ a, = 0.

3. MAIN RESULTS

Before prove our main result, we need the following lemma:

Lemma 3.1. Let E be a uniformly convexr and uniformly smooth Banach space.
Let C be a nonempty closed conver subset of E. Let A : D(A) C C — 2F
be a m-accretive operator and B : C — E be an a-inverse strongly accretive
operator. Let S : C — C be a nonexpansive mapping and let f : C — C be
a contraction mapping with the constant k € (0,1). Let J? = (I +r,A)~" be
a resolvent of A for r, > 0 such that Fiz(S)N (A + B)~Y(0) # 0. If defined
operator Wy, : C — C by Wy, := SJ2 (I — rnB)|on fo + (1 — on)x] + €y) for all
x € C, where o, € (0,1), 7, > 0. Then W, is a contraction operator and has a
unique fized point.

Proof. Since S, J, A, and (I — r,B) are nonexpansive. Then we known that W, is
nonexpansive. Since f be a contraction mapping with coefficient k£ € (0,1). We
have

[Wha = Whyl| 1S (I = ruB) e f(2) + (1 = ag)a] + en)

—STA (I =ruB)anf(y) + (1 — an)y] +en) |

< (U =raB)lonf(z) + (1 — an)z] + en)

—((I =raB)lanf(y) + (1 —an)y] + €n) ||
< omf (@) + (1 = an)z] = [anf(y) + (1 = an)y]l
< lanf(@) + (1 = an)r) — (anf(y) + (1 = any)||
= llan(f(z) = f(y)) + (1 — an)(@ = y)|
< an|[f(@) = FWIl + (1 = an)llz -yl
< ankllz —yl+ (1 —an)llz -y

(ank + (1= an))lz -y

Since 0 < (ank + (1 — ay)) < 1, it follows that W, is a contraction mapping of
C into it self. By Banach contraction principle, then there exist a unique fixed
point, i.e., we say T = W,Z. Moreover, by use lemma 2.2, then the set Fiz(W,,)
is sunny nonexpansive retraction of C. Hence there exist a unique fixed point
T € Fiz(W,) = Fiz(S) N (A+ B)~1(0) := Q, namely Qq f (%) =z = W, Z. O

Theorem 3.2. Let E be a uniformly conver and 2-uniformly smooth Banach space
with weakly sequentially continuous duality mapping. Let C be a nonempty closed
convez subset of E. Let A : D(A) C C — 2¥ be a m-accretive operator and
B : C — FE be an a-inverse strongly accretive operator. Let S : C — C be
a nonezxpansive mapping and let f . C — C be a contraction mapping with the
constant k € (0,1). Let Ji* = (I +r,A)~" be a resolvent of A for r, > 0. Assume
that Fiz(S) N (A+ B)~1(0) # 0.
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For given xg € C, let {x,} be a sequence defined by the following:

{ Yn = anf(@n) + (1 = ap)n,

3.1
Tnt+1 = ann + (1 - Bn)SJ;‘i (yn - rnByn + en)a vn Z Oa ( )

where {a, },{Bn} are real number sequences in (0,1), {r,} is a real number sequences
in (0, ), K >0 is the 2-uniformly smooth constant of E and {e,} is a sequence
in E. Assume that the control sequences satisfy the following conditions:

(a) lim,—oo ay, =0, and > 07 | ap = 00;
(b) 0 < liminf, & B <limsup,_ . Bn <1;
(c) limy oorp =71, and r € (0, 135);
(d) Zio:o | en [|< occ.
Then, the sequence {x,} converges strongly to a point T € Fixz(S) N (A+ B)~1(0),
where T = Qqf() and Qr f is a sunny nonexpansive retraction from E onto €.
Proof. Step 1 We want to show that {x,} is bounded. Fixed p € Fiz(S)N (A +
B)71(0) # 0. So, we have p € Fiz(S) and p € (A + B)~*(0) = Fiz(J (I — r,B))
(see Lemma 2.4). Observe that, we consider
lom f(2n) + (1 = an)zn — p
anllf(zn) = pll + (1 — an)l|zn — pl|
an ([[f(@n) = FR)I + [/ (p) —2l) + (1 = an)llzn — pll
ankllzn — pll + anllf(p) — pll + (1 — an)l|lzn — pll
[ank + (1 = an)][|2n = pll + an £ (p) — Pl
= [1—an(@=K)]lzn = pll + anl f(p) — pll. (3.2)
We set z,, 1= SJ;: (Yyn — rnBYn +ent1). Since J,ﬁ‘}1 and I —r, B are nonexpansive,
and from (3.2), it follows that

1yn =

INIAIA

[Zn+1 —pll = [|Bazn + (1= Bn)zn — pll
< Ballen —pll + (1= Bn)llzn —pl
= Balen =l + (1 = B)ISTE (yn — raAyn + e5) = S
< ﬂn”xn_pH +(1_/8n)||‘]:}z(yn_rnByn+en) _pH
= ﬁn”xn - pH + (1 - ﬁn)”‘]ri (Yn — TnByn +en) — Jf; (I —r,B)pl|
< Bullzn = pll + (1 = Ba)l(Yn — 10 BYn + en) — (I = B)p||
= Bullzn =2l + A = Bl = raB)yn — (I = B)p + €|
< Ballen = pll + (1 = Ba) (I = o B)yn — (I = ro B)p|| + [lenl])
< Bullen —pll + (1 = Ba) [[lyn — pll + llenll]
< Ballen —pll + (1= Bp)[(1 — an(1 = k) [|zn — pl|

Fam[f(p) = pll] + (1 = Bn)llen]|
Bullzn — pll + [(1 = Bn) — an(l = K)]|[zn — pl|
+(1 = Bn)anllf(p) = pll + (1 = Bn)llenl
= [Bn+ (1= 08n) — an(l = k)]l|z, — pl
+(1 = Bn)anllf(p) = Pl + (1 = Bn)llen]
= [1-QAQ=Bnanl = k)llzn —pl
+(1 = Bn)anllf(p) — pll + (1 = Br)llenll
= [1= (1= B)][[zn = pll + Aullf(p) =PIl + llenll;
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where A, := (1 — 3,,)a,. Then, it follows that

£ () =l
fowi=pl < max{ o, — ol L ey
£ () —pll
< maxq [za-1 —pl, + llen—1ll + llenl
1—k
If(p) —pl
< {len = ol T ¢ ezl llen—all + llen]
< max{”ac 2, Hf ) p||}+Z||el||<oo

It follows by mathematical induction, we conclude that

o ol < max {llzo =il (1= 07 176) = 2} + 3 lesl v > .
=0

By condition (d), this implies that {z,} is bounded.
From y, = ay, f(z,) + (1 — a)xy,, we obtain

lyn —pll = llanf(@n) + (1 = an)zn — pl|
< anllflen) pl+ (0= )z — ol
(3.3)
From (3.3) and since {z,} is bounded, so {y,} and {z,} are bounded too.
Step 2 We want to show that lim,,_,« ||Zn+1 — Zn|| = 0. By lemma 2.8, we set
VUp = Yn — Ay, + €y, then z, := SJfL Up, it follows that
Hzn-&-l - Zn” = ”S ni1On41 SJ;ivnH
< H rn+1v’ﬂ+1 - J vn”
< || rn+1”n+1 - Jrn+11’n|| + || Prg1Un JA Un”
< s = onll + 197, 00 = T 0nll. (3.4)
Next, we compute ||vp4+1 — v, that
lvnt1 —vnl|l = ||(yn+1 —Tn1BYny1 +eng1) — (Yn — rnByn + en)H

(I =7B)yns1 — (I = rnB)yYn + (Tn — Tng1) Byni1 + eng1 — eal|
(I = 1B)Yns1 — (I = o B)ynll+ | 70 — "1 [ [1BYnsill + [lent1 — enl]
[Yn+1 = Ynll+ [ o = rntr | 1 Byntall + llensall + [lenl]- (3.5)

IN A

Next, we compute ||yn+1 — yn|| that

[yn+1 —ynll = ans1f(@nt1) + (1 — ang1)(@n41)) — (@ flan) + (1 — an)zn)||
= |lant1f(@ny1) — anf(Tns1) + anf(@ny1) — anf(zn) + (1 — any1)z,
—(1 = anq1)an — (1 — o) za||
= [on+1 = o) f(@nt1) + an(f(@ns1) = flan)) + (1 = ong1) (@ng1 — @)
20 ((1 = ant1) = (1= )|

IN

= (1= ani1)|Tng1 — 2ol + by

|an+1 - an‘”f(anrl) - an + O‘an<$n+l> - f(xn)ll + (1 - an+1)||33n+1 - an
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< ||xn+1 - -'L‘nH + i,

where hy, = |ant1 — @[l f(Zng1) — zall + anll f(2nt1) — f(@n)]-
That is

an-&-l - Un” < ||xn+1 - an + hn + gn, (3'7)
where gn =| 7 — oy | IIByn+1|| + [lentall + [lenl]-
Next, we compute ||.JA FniaUn — J,ﬁivnH by the resolvent identity (see Lemma 2.5)
that
|| rn+1 J::L’Un“ = ||J7le < dd Up + (1 - M)JéJrlUn) - J;.:'Un”
Tn+1 Tn+1

n Tn A
IG5 = o+ (1= 2072l
o Tn A Tn
= ”(1 - TnJrl) Pap1Un T (1 - ot )UnH
o Tn+1 —Tn, ;A
= | 7”n+1 rog1 VU vn)||
Tntl = Tn
<P o 35)
From (3.7) and (3.8), we obtain
Tn+1
lznt1 = znll < l@nsr — Zall + Ao 4 gnt | “ N vn = vnll-
In view of the condition (a), (c), and (d), it follows that
lzn+1 = znll = [|2n41 —@nll < 0.
We take lim sup, it follows that
limsup (||zn+1 = 2nll = [[Znt1 —2all) < 0.
n—oo
By lemma 2.8, we conclude that
nh_{rolo lzn — 2nl =0 (3.9)
that is limy, o0 [|SJZ (vn) — 2| = 0. From (4.1), we observe that
< (1 =Bu)llzn — zall-
By (3.9), then we conclude that
nh_)ngo |€nt1 — znl = 0. (3.10)

Step 3 To show that lim, .« || By, — Bp|| = 0, lim, e || J7 (v5) — y|| = 0 and
My, o0 [[STE (vn) = J2 (vi)|| = 0.

Tn

Step 3.1 First, we observe that lim,_, ||By, — Bp|| = 0. Notice that

[Zn+1 _pH2 = ||Bpxn+ (1 — Bn)SJ::LUn _p||2
< Bullzn = pl* + (1= Ba)IS T v — plI?
= Ballen —plI* + (1 = Bo)llvn — (I =7, B)p|®

|

v,

1(Yn = 70 Byn + €n) — (I = ru B)pl|®
(I(I = 7 B)yn — (I = B)p|?

+ ( )
Bullzn *p||2 +(1—8n)
Bullzn —p||2 + (1= Bn)

IN

(3.6)
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+2llen |1 = rnB)yn — (I = roB)pll]
< Ballzn = pI* + (1 = Ba) (Ilyn — plI* = 2ru(a — K*r,)[| By, — Bp|®)

+2(1 = Bo)llenlll|(I = rnB)yn — (I — raB)p]|.

Set gn := (1 = Bn)2llenll( = roB)yn — (I — rnB)p||; we get
041 — plI? (3.11)
< Ballen —pl? + (1= Ba) (lyn — 2l = 2ra(a = K*r)||Byn — Bpl|?) + gn

Ballzn = plI? + (1= Ba)llyn — plI* = 2ra(e — K?ra)(1 = Bu) [ By — Bpl* + gn
Ballzn = plI? + (1 = Ba)llan f(zn) + (1 — an)zn — pl®
—2ry(a — K2rn)(1 = Bl Byn — Bp||2 + gn.
Set h,, := 2r,(a — K%r,)(1 — Bn) || Byn — Bp||?, we get
Ballzn = pl? + (1= Ba)llan f(z0) + (1 = an)zn = plI* = ho + gn
Bullzn — p”2 + (1= Bp)an| f(zn) — p”2 + (1= Bp)(1 — an)zn —p||2
—hp + Gn
(1= an(l = Bu))llzn = plI” + (1 = Ba)anl f(2n) = plI* = By + gn-

lzns1 =l <
<

It follows that
2r(an — Kr) (1 = Bn)|| By — Bpl|?
(1= an(l = Bo)llzn = plI* = [|2ns1 = plI* + (1 = Ba)anl f(zn) = plI* + gn
lzn = plI* = llznts = 2l + (1 = Ba)anll f(zn) = pl* + gn
= (@n=p)+ (@nt1 = P)lI(zn —p) = (@ns1 =)
+(1 = Ba)anllf(za) = pII* + gn
= |[(@n —p) + (@nt1 = D)z — Tpga | + (1 = Bu)an f(25) — p||2 + Gn-

In view of the condition (a), (c), (d), and from (3.10), we conclude that lim,,_, o || Byn—
Bpl||?> = 0. This implies

INIA

lim || By, — Bp]| = 0. (3.12)
n—r00
Step 3.2 Second, we will show that lim,, o [|J7 (v5,) — yn|| = 0, we observe that
155 (vn) = pI?

< T2 (0n) = pllll(¥n — 0 Byn + en) — (p — raBp)||

= ST @)~ I + | 7By +e0) — (0~ raBp)|P
| (JA (0) = D) — (W — 7By +€n) — (0 — ra D)’}

= ST @) P + (T~ 7By — (T = raBlp + ea?
— |72 (vn) = Yo — T Byn — €n + 1 Bp||*}

= ST P + 1T~ By — (T = raBYpl + s
(A () = 4 — e0) — ra(Byn — Bp)|P)

< *{H T (0n) = plI” + llyn — pII* + gn

— (177 (vn) = yn = enll” = 270 Byn — Bpl[IJ24 (vn) — yn — €n
+||TnByn - Tan||2)}
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1 i
S UL @n) = I + lyn = pI* + g = 177, (vn) = vn = €n®

+27, | Byn, — Bp|||| T2 (v) = Yn — €nll = IrnByn — o Bp|*}. (3.13)

It follows that

IN

IN

172 (vn) — pl|®

yn = DII* + gn — 171 (vn) — tn — €nl|®

+2r, || Byn — Bpl||| 772 (vn) = yn — €nll = |70 Byn — 1 Bp|?

ltn f(zn) + (1= an)zn —plI> = |2 (0n) = yn — enl?

— |7 Byn — raBpl|* + 21, || Byn — Bp||[|JiE (0n) = yn — enll + g
anllf(zn) = plI* + (1= an)zn = plI> = 172 (vn) = yn + enl?
—7n || Byn — Bp||* + 21| Byn — Bpl|[| I} (vn) = yn — enll + gn-  (3.14)

From (3.14), this implies that

ININIA

IN

|27n41 _pH2

Bullzn = plI* + (1 = B) ST (v) = plI?

Bullzn = plI* + (1 = Ba) | T (v2) = pII?

Ballzn = pl* + (1 = Ba){anll f(zn) = pII* + (1 = an)llzn — pl?
—[172} (vn) = yn + €nll> = 7ul| Byn — Bpl?

+27, || By, — BpHHJ;i (Vn) = Yn — enll + g;z}

(1= an)llzn = pI* + (1 = Ba)anl f(zn) - pl*

—(1= B2 (W) = yn + enll® = (1 = Bu)ra | Byn — ra Bp|?
+(1 = B2)2rnl|Byn — Bpll|| 7} (va) = yn — eall + (1 = Ba)dn
=PI + cnll f(@n) = pI* = (1= Ba) 7, (V) = yn + enl|?
_TiHByn - TanHQ + 27"71HByn - Bp”HJ:}L (Un) —Yn — enH + Gn-

It follows that

IN

(1- ﬁn)HJr{i (Un) = Yn + enH2

|zn =l = Znr1 = Pl + anll f(@n) = plI* = 75l By — o Bpl|?
+2r | Byn — Bpl| 77, (vn) = yn = €nll + gn-

lzn = pII* = llznss = plI* + sn

[(@n —p) + (@nt1 = D[ (xn — P) — (Tn+1 = P)|| + 50

[(@n = p) + (@nt1 = P)llzn — Zpiall + sn, (3.15)

where we set s, := a, || f(z,) — p||*> — r2||Byn — rn Bpl|* + 27, || By, — Bp||[| J2 (vn) —

Yn = €nll + g
From (3.15), in view of the condition (a), (¢), (d), and equation (3.10), we conclude

that

. A . _ _
nh_r)nooHJrn(Un) Yn en” 0.

This in turn implies that

lim || J2 (vn) = yal = 0. (3.16)

n—ro0
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Step 3.3 Lastly, we will show that lim, o [|SJ2 (v,,) — J; (vn)]| = 0, we see
that

lyn —znll = [lanf(zn) + (1 — an)zn — 20|

|
Q
3
=
—~
8
3
~
I
8
3

By condition (a), then
lim |y, — x| = 0. (3.17)

n—r-o0

Next, from (3.16) and equation (3.17), then we see that
17, (vn) = ll < 17 (vn) = gll + 1y = 2n]l-
That is
lim |72 (vs) — || = 0. (3.18)
From equation (3.9) and (3.18), then we see that
HSJ;:L (vn) — J:}I(Un)H < HSJ::L(Un) —xp + ||xn - Jii(vn)H
That is
. A _7A _
i IS4 () = 2 (0] = 0. (3.19)

Step 4 Since FE is a uniformly convex and 2-uniformly smooth Banach space,
then FE is reflexive Banach space. By reflexive Banach space and from {z,}, {y,}
are bounded, then it has a weakly convergence subsequence. We may assume that
T, = &. In view of lim,,_,  ||yn —Zn|| = 0, then there exist a subsequence of {y, }
of {y,} which converges weakly to &. we can say that {y,, } also converges weakly to
2, 1.e, yn, — &, without loss of generality. To show that & € Fiz(S)N(A+B)~1(0) =
Q.

(i) First, we want to show that & € Fixz(S). Now, we have y,, — &. Since we
known that {J: (v,)} is bounded and form lim, o [|J:2 (v;,) — yn|| = 0, then we
say that {J;,ii (Un,)} — 2.

From (3.19), we have lim, . [|SJ2 (vn,) — J2 (vy,)]| = 0. By demiclosed
principle, this implies S& = &, namely we prove that & € Fix(S). (ii) Next, to
show that JA(I —rB)# = 2. Since a Banach space with weakly continuous duality
mapping has the Opial’s condition, see [7]. Suppose & # JA(I — rB)#. By the
Opial’s condition and condition (c), (d), then we have

liminf [y, — 2]
11— 00

< liminf ||y,, — JA(I — rB)z||
71— 00

< lminf{|lyn, — Un,
1—> 00

i

|+ 12, (0n,) = JA U = o B)E])}

[+ 1A (wn) — JAUT — rB)E]))

|+ low, — (I —rB)2]}

1 = rB)ya, — (1~ rB)E] + llen,
1.

Un,

i

= liminf{[ly,, —
1— 00

< hm lnf{”ym -
1— 00

Un,

i

}

= liminf{[jy,, —
1— 00

T2 ()
T4 ()
I (n,)
T ()
A ()

IN

lim lnf{”y’m —J Un,;
11— 00

Tn,

|+ Y. — 21 + llen,

By (3.16) and condition (d), hence

liminf ya, — 2| < limint ||y, — 2.
11— 00 71— 00
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This is contradiction. Therefore, JA(I — rB)i = 4.
This complete the proof that # € Fiz(S)N (A + B)~1(0) = Q.

Step 5 We defined operator W,, : C — C by W,, := SJ2 ((I — r,B)|on fo +
(1 — apn)z] + ey) for all x € C, where «,, € (0,1), 7, > 0. From lemma 3.1 an
operators W, is a contraction operator and has a unique fixed point. Moreover, by
use lemma 2.2, we known that z € Fiz(W,,) = Fiz(S)N(A+B)~1(0) := Q, namely
Qaf(z) =z =W,z. (Now, & =T too)

Next, we will show that limsup,,_ . (f(Z)—Z, j(yn—7)) < 0, where lim; o x; =
Z = Qqf(z) and z, solves equation z; = SJ (I—r, B)(tf(2;)+(1—t)x;),Vt € (0,1).

(i) We want to show that lim,— o [|[Wyhn — yn|| = 0. Consider

||ann - ynH < ||S T (( - rnB)[anf(wn) + (1 — an)xn] +en) — JUn” + ||33n — Unl|

= |lzn — @nll + lzn — ynl.- (3.20)
From (3.9) and (3.17), then
lim [[Wyx, —yn| = 0. (3.21)
n—oQ

(ii) We want to show that limsup,,_, .. (f(Z) — %, j(yn — Z)) < 0. We compute

e = ynll?
= ST (I = raB)(tf (o) + (1 = t)ae) — yall?
= (SIL I = raB)(tf(ze) + (1= )2e) = Wa + Wain = Y, j (@ = Yn))
= (STL (I = ruB)(tf(ze) + (1= O)ze) = Watn, j(2: — yn))

F(Wan = Yn, j (@ — yn))
= <SJ;1( —rnB)(tf(we) + (1 —t)zy) — SJ:}I,((I — T B)yn +€n), j (T — yn))
+WnTn — Yn, § (Tt — Yn))
< (I =maB)(tf(ze) + (L= )xe) = (I = 70 B)yn — €n, j(xt — Yn))
HIWnzn — ynllllze — ynll
= (L =raB)(tf(ze) + A = t)as) = (I = rpB)yn, j(@¢ = Yn)) + (€, J (@t — yn))
HIWnzn — ynllllze — ynll
(tf(ze) + (1 = t)ze) — e + 20 — Y, J(@e — yn)) + llenllllze — |
HIWnzn — ynllllze — ynll
< () = ), g (@e — yn)) + (T — Y, (@0 = yn)) + llenllllze — ynll
HIWnzn — ynllllze — ynll
Hf(@e) = e, g (e —yn)) + llze = yall® + lenllllze = yull + [Wazy — yallllze — yal
—t{f (@) = x4, (Yn — 22)) + 1zt = yal® + llenlllze = yall + 1Wazn = yallllze — yall
(3.22)

IN

IN A

It follows that
tf(@e) =2 d(yn — 1)) < lenllllze = yall + [Waten = yallllze = yall-
Then
(f(@e) =, (yn — ) < %{Ilenllllxt = Ynll + [Wnzn — ynllllzr — yn}-
By virtue of (3.21) and condition (d), we found that
hfln_f;(l)p(f(xt) =, j(yn — x1)) < 0. (3.23)
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Since x; — %, as t — 0 and the fact that j is norm-to- weak® uniformly continuous
on bounded subset of E, we obtain

(F(Z) = 2, 5(yn — 7)) = (f(21) = 21,5 (Yn — 21))]

< [f(@) = 2,5(yn — 7)) = (f(2) = T, 5(yn — 21))

(@) = 2,5(yn — 1)) — (F (@) — 20, 5 (yn — 1))
< [F@) =2, 5(yn =) = Jlyn — )| + [(f(T) =T = f(@e) + 24,5 (yn — 240))]
< @) = 217 (yn = 2) =3 (yn — @)l + [1(Z) = 2 = f2e) + zelllyn — 24|

— 0, ast — 0.

Hence, for any € > 0, there exist ¢ > 0 such that V¢ € (0, ) the following inequality
holds:

(f(@) = 2,5(yn — 7)) < (f(@1) =20, 5(yn — 21)) + €

Taking limsup,,_, ., in the above inequality, we find that
limsup(f(7) — 7,5 (yn — 7)) < limsup(F(ze) — 20,5 (g — 20)) + €.
n— o0 n—00
Since € is arbitrary and (3.23), we obtain that
limsup(f (%) — Z,j(yn — 7)) < 0. (3.24)
n—oo

Step 6 Next, we prove that {z,} converges strongly to T = Qqf(Z) by using
the lemma 2.3 and lemma 2.9. We note that

[Zns1 — jH2 = ||Bnzn +(1— Bn)sjé(vn) - f||2

< Ballen =2l + (1= B)IIST7 (vn) — 2|
= Ballzn — 21> + (1 = B)lIST} (va) — S22
< Ballzn — 217 + (1= Ba) 15 (va) — 212
= Bullzn =21 + (1 = B 17} (va) = T2 (I = r B)Z||?
< /BnHl'n_i'”Q + (1= Bp)llvn — (I =1y )f||2
= Ballzn — 5_3”2 + (1= Bn)l(yn — TnByn +en) — (I - rnB)s_cHQ
= ﬂonn*j”Q + 1 =B —raB) n*(I*TnB)jJFenHQ
= Bullen — 2| + (1= Bl = raA)yn — (I =1, A)z|?
+2(en, J((I =1 B)yn — (I =1 B)T + €5))
< Ballen =zl + 1= B) [llyn — 2I° + 2llenll| (] = 70 B)yn — (I =12 B)T +en] -
(3.25)
Consider
||yn_-f||2 = (anf(zn) + (1 —an)zn —2,5(yn — 7))
= {an(f(zn) = 2) + (1 — an)(@n — 2),j(yn — 2))
= (an (f(zn) = f(2)) + an (f(Z) = Z) + (1 — an)(2n — Z),J(yn — T))
(an(f(zn) = f(2) + (1 — an)(@n — ), j(yn — 2)) + (o (f(Z) = 2),5(yn — T))
< llen(f(zn) = f(2) + (1= an)(@n = 2)||lyn — Zl| + an (f(Z) — 2,j(yn — 7))
< lankllzn =2 + (1= an)llzn = 2] lyn — 2] + an(f(Z) — 2, (yn — 7))
[

L= an (1 =E)l|lzn = Z|llyn — 2l + an(f () = Z,5(yn — 7))
lzn — 2% + llyn — 2|
2

(1 —an(l—k)) +an(f(2) = Z,5(yn — 2))
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= 2B 32 4~ 317) + 0 (@) ~ 7,5~ )

It follows that

2|y — || (3.26)

< (L=an(l=R)llzn =2l + (1 = an(l = &))lyn — Z)|* + 200 (f(T) = 7,5 (yn — T
< 7).

(1 —an(l = &))llzn = 2[* + llyn — 2] + 200 (f (@) — 2, j(yn —
Therefore, we obtain
lyn — jHQ < (I—an(l=Fk)llzn — jH2 + 20, (f(Z) — 7, j(yn — T)). (3.27)
Replace (3.27) in (3.25) that

)

lzn41 —
< Buallzn =217+ (1= Ba) [ = an(1 = B)lon — Z* + 200 (f(Z) = 7, j (yn — 2))]
+(1 = Bn)2lenlll(I = rnB)yn — (I = B)T + ey |
= (1= =k)(A = Ba))llzn — Z|* + 2001 = Ba)(f(Z) = 2,5 (yn — 7))
+2(1 = Bu)llenllli(I = rnB)yn — (I = rn B)T + en|
2M,
(1—=F)
where ¢, := 2(1=8p)|len || |(I=7nB)yn—(I—r,B)Z+e, |, and A, = a, (1—k)(1—0).

= (1=2)lzn —2|* + (f(x) = 2,5(yn — T)) + Cn,

If we set b, = Of—k)ﬁ(i‘)—f,j(yn—a‘s» and we have limsup,, __, . (f(Z)—Z,j(yn—
z)) <0, then we see that limsup,,_, . b, <0, and also that Y~ ¢, < coc.

By lemma 2.8 and condition (a), (b), and (d), we conclude that ||z, —Z||*> — 0,
as n — oo. This implies

lim |z, — | =0,
n—-o0

i.e., x, converges strongly to . O

Next, we will utilize theorem 3.2 to study some strong convergence theorem in
L, with 2 < p < oo. Since L,, where p > 2 are uniformly convex and 2-uniformly
smooth Banach space with K = p— 1, then we consider F = L, and we derive that
following theorem:

Theorem 3.3. Let C be a nonempty closed convex subset of an Ly, for 2 <p < oo.
Let A, B, S, f, Ji} be the same as in theorem 3.2. Let {on,}, {Bn} are real num-
ber sequences in (0,1), {r,} is a real number sequences in (0, ﬁ) and {e,} is
a sequence in E. Assume that the control sequences satisfy the following condi-
tions (a),(b) and (d) in theorem 3.2 and conditions (c) lim, oo ry =7, and r €
(0, ﬁ) Then the sequence {x,} is defined by (4.1) converges strongly to a point

T € Fiz(S)N (A+ B)~1(0).

Consider a mapping S = I in theorem 3.2, we can obtain the following corollary
direct.

Corollary 3.4. Let E be a uniformly convexr and 2-uniformly smooth Banach space
with weakly sequentially continuous duality mapping. Let C be a nonempty closed
conver subset of E. Let A: D(A) C E — 2F be an m-accretive operator such that
the domain of A is included in C and B : C — X be an a-inverse strongly accretive

)
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operator. Let f : C — C be a contraction mapping with the constant k € (0,1).
Let Ji} = (I +r,A)7" be a resolvent of A for r, >0 such that (A+ B)~(0) # 0.
For given x¢ € C, Let x,, be a sequence in the following process:

{ Yn = Oénf(zn) + (]- - Oén)xna

3.28
Tnt1 = ﬁnfn + (1 - Bn)Jé (yn - rnByn + en)a vn > 07 ( )

where {an }, {Bn} are real number sequences in (0,1), {ry} is a real number sequences
in (0, 7z), K > 0 is the 2-uniformly smooth constant of E and {e,} is a sequence
in E. Assume that the control sequences satisfy the following conditions:

(a) lim, oo, =0, 307 | @y = 00;

(b) 0 <liminf, o B <limsup,_ . Bn < 1;

(¢) limy, oo my =17, and r € (0, 22);

(d) 3202 Il en < oo
Then, the sequence {x,} converges strongly to a point T € (A + B)~1(0).

Consider a mapping S = I and f(z,) = u, ¥n € N in theorem 3.2, we obtain the
following corollary direct.

Corollary 3.5. Let E be a uniformly conver and 2-uniformly smooth Banach space
with weakly sequentially continuous duality mapping. Let C be a nonempty closed
conver subset of E. Let A: D(A) C E — 2F be an m-accretive operator such that
the domain of A is included in C and let B : C — X be an a-inverse strongly
accretive operator. Let JTBT’L = (I +7r,B)~! be a resolvent of B for r, > 0 such that
(A + B)~1(0) # 0.

For given xg € C, Let x,, be a sequence in the following process:

Yn = QpU + (1 - O‘n)xnv
Tnt+1 = Bnn + (1 - ﬂn)J{f‘ (yn — o By, + Gn), Vn >0,

n

(3.29)

where {an}, {Bn} are real number sequences in (0,1), {ry} is a real number sequences
in (0,4%) , K > 0 is the 2-uniformly smooth constant of E and {e,} is a sequence
in E. Assume that the control sequence satisfy the following conditions:

(b) lim,,— oo =1, and r € (0, 32);
(€) Yonco Il en lI< 0.
Then, the sequence {x,} converges strongly to a point T € (A + B)~1(0).

(a) 0 <liminf,— o B, < limsup,,_ . Bn < 1;

Setting J::L =1, B=0, f(xn) = u, Yn € N and ¢, = 0, then we have the
following corollary of the modified Mann-Halpern iteration.

Corollary 3.6. Let E be a uniformly conver and 2-uniformly smooth Banach space
and let C' be a nonempty closed convex subset of E. Let S : C — C be a nonex-
pansive mapping such that Fixz(S) # 0. For given zg,u € C, Let z,, be a sequence
in the following process:

Yn = QpU + (1 - an)xna
Tny1 = Bnxn + (1 - /Bn)Syna Vn >0,

where {an},{Bn} are real number sequences in (0,1). Assume that the control
sequence satisfy the following conditions:

(3.30)

(a) lim,— 00 vy =0, and Zzo:l Qp = 005
(b) 0 <liminf, o B, <limsup,,_ . Bn < 1.
Then, the sequence {x,} converges strongly to a point T € Fix(S).
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4. SOME APPLICATIONS

In this section, we give two applications of our main results in the framework of
Hilbert spaces. Now, we consider theorem 3.2, in the framework of Hilbert spaces,
it known that K = g Let H be a Hilbert space and let C' be a nonempty closed
convex subset of H.

Theorem 4.1. [6, Corollary 2.2] Let A : C — 25 be a mazimal monotone op-

erators such that the domain of B which included in C and B : C — H be an

a-inverse strongly monotone operator. Let S : C — C be a nonexpansive map-

ping and let f : C — C be a contraction mapping with the constant k € (0,1). Let

Ji = (I4+r,A)~! be a resolvent of A forr, > 0 such that Fiz(S)N(A+B)~1(0) # 0.
For given xg € C, let {x,} be a sequence defined by following:

{ Yn = anf(rn) + (1 — an)zn,

. (4.1)
Tnt1 = ﬂnxn + (1 - ﬂn)SJrn (yn - rnByn + en), Vn > O,

where {an },{Bn} are real number sequences in (0,1), {ry} is a real number sequences
in (0,2«) and {e,} is a sequence in H. Assume that the control sequences satisfy
the following conditions:

(a) limy—yoo 0y =0, and D07 | oy, = 00;

(b) 0 <liminf, o B, <limsup, .. Bn <1;

(c) imy, oorp =1, and r € (0, 1);

(@) Y20 |l en 1< .
Then, the sequence {x,} converges strongly to a point T € Fiz(S)N (A+ B)~1(0).
Next, we will give some related results.

4.1. Application to projection for variational inequality.

Let C be a nonempty, close and convex subset of a Hilbert space H. The metric
projection of a point x € H onto C, denoted by Pc(z), is defined as the unique
solution of the problem

e — Poall < |lz — yll, Yy € C, var € A.
For each x € H and z € C, the metric projection P is satisfied
z=Po(z) <= (y—z,2—2) <0, Vy e C. (4.2)
Note that the metric projection is nonexpansive mapping.
Let g : H — (—00,00] is a proper convex lower semicontinuous function. Then
the subdifferential dg of g is defined as follow:
dg(x) ={ze€ H:g(y) —g(z) 2 (y —z,2), Vy € H},
for all x € H. If g(x) = oo, then dg(z) # 0, Takahashi [16] claim that dg is
m-accretive operator. Since we know that, an m-accretive operator is maximal
monotone operators in a Hilbert space, then we claim that dg is maximal monotone
operators. Then we define the set of minimizers of g as follow:
argminyeng(y) = {z € H : g(z) = minyeng(y)}-

It is easy to verify that 0 € Jg(z) if and only if g(2) = minyemg(y). Let ic be the
indicator function of C' by

. 0, Vr € C,

iol) = {

+oo, z¢C.
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Then i¢ is a proper lower semicontinuous convex function on H. So, we see that
the subdifferential dic of i¢ is maximal monotone operator; see, [16]. The resolvent
J,. of dic for r > 0, that is J,.o = (I +rdic) 'z, Vo € H. Next, we recall that set
N¢(u) is called the normal cone of C' at u define by
Ne(w)={z€ H:(z,y—u) <0, Yy e C}.
Since N¢(u) = 0ic(u). In fact, we have that for any x € H and u € C,
w=Juo=I+7r0ic) 'z < zcu+rdicu

< zcu+rNc(u)

< z—u€erNg(u)

— %(sc—u,y—u} <0, VyeC

— (rz—uy—u) <0, Vyel

= u=Pcox. (4.3)
Then u = (I +rdic) 'z <= u= Pox, Vz € H, u e C.

Now, we consider the following variational inequality problem (VIP) for B is to
find z € C such that

(Bz,y —z) >0, Vy € C. (4.4)
The set of solutions of (4.4) is denoted by VI(C, B).
VIC,B)={ze€C:(Bz,y—xz)>0,VyeC }. (4.5)

Theorem 4.2. Let B: C — H be an a-inverse strongly monotone mapping. Let
S : C — C be a nonexpansive mapping and let f : C — C be a contraction
mapping with the constant k € (0,1). Assume that Fiz(S) N VI(C,B) # (. For
given xg € C, let {x,} be a sequence defined by following:

Yn = anf(xn) + (1 - an)x'm
Tn41 = ﬁnxn + (1 - Bn)SPC(yn - TnByn + en); Vn Z 07

where {an}, {Bn} are real number sequences in (0,1), {ry} is a real number sequences
in (0,2a) and {e,} is a sequence in H. Assume that the control sequences satisfy
the following conditions:

(4.6)

(a) lim,— oo o, =0, and D07 | ay = 00;

(b) 0 <liminf, o Bp <limsup,_ . Bn < 1;

(¢) lim, ooy =71, and r € (0,2a);

(d) X020 Il en ll< o0.
Then, the sequence {x,} converges strongly to a point z € Fiz(S)NVI(C, A), where
T = Ppiys)nvie,s)f(Z).
Proof. By lemma 2.4 we know that Fiz(JA(I—rB)) = (A+B)~'(0). Put A = dic,
and we to show that VI(C, B) = (0ic + B)~1(0). Note that

x € (0ic + B)~1(0) 0 € dicw + Bx

0 € Necx + Bz
—Bx € Nex

Freueee

x e VI(C,B). (4.7)
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From (4.3), therefore, we can conclude the desired conclusion immediately. o

4.2. Application for equilibrium problems. Let F' be a bifunction of C' x C
into R, where R is the set of real numbers. The equilibrium problem for finding
x € C such that
F(z,y) >0, Yy € C. (4.8)

The set of solutions of (4.8) is denoted by EP(F).

For solving the equilibrium problem, we assume that the bifunction F satisfies
the following conditions:

(Al) F(z,z) =0 for all z € C;

(A2) F' is monotone, i.e., F(z,y) + F(y,z) <0 for any z,y € C;

(A3) for each z,y,z € C, limsup,__, g+ F(tz+ (1 —t)z,y) < F(x,y);

(A4) for each x € C, y+— F(z,y) is convex and lower semicontinuous.

Lemma 4.3. [17] Let C be a nonempty closed and convex subset of a real Hilbert
space H and let F' be a bifunction of C x C into R satisfying (A1)-(A4). Let r >0
and z € H. Then, there exists x € C' such that

1
Floy) + (y—we -2 =20, Vyel. (4.9)

Lemma 4.4. [18] Let C' be a nonempty closed and convex subset of a real Hilbert
space H and let F': C x C — R satisfies (A1)-(A4). Forr >0 and z € H, define
a mapping T, : H — C as follows:

1
T.(2) ={z € C:F(z,y) + ;(y —x,x—2)>0, Yy e C},Vz € H. (4.10)

Then, the following hold:

(1) T, is single-valued;

(2) T, is firmly nonexpansive, i.e., for any x,y € H,

ITve = Tryl|* < (Tr(2) = Tr(y), @ — y);

(3) Fi(T,) = EP(F);

(4) EP(F) is closed and convet.
Lemma 4.5. [19] Let C be a nonempty closed and convex subset of a real Hilbert

space H and let F' : C x C — R satisfies (A1)-(A4) and Ap be a multi-valued
mapping of H into itself defined by
A — {z€eH:F(z,y) > {y—z,2),Yy € C}, VzxeCl,

Then EP(F) = A}l(O) and Arx is a mazimal monotone operator with the domain
D(Ag) C C. Furthermore, the resolvent T, of F' coincides with the resolvent of A,
i.e.,

T,x=(I+rAp) Y(x), Vo € H, r> 0, (4.11)
where T, is defined as in (4.10)

We recalled that T, is the resolvent of Ap for r > 0. Since A = A, we will show
that J.z = T,-x. Indeed, for x € H, we have

ze€Jyx=I+rAp) Hz) <= zec(I+rAp)z
<~ wE€z+rApz

<~ x—z€rAFRz

<

l(wf z) € Apz
”



140 J. NONLINEAR ANAL. OPTIM. VOL. 8(2) (2017)

F(e,y) 2y =2,z — 2))

Floy) 2y =2, — (=~ o))

F(z,y) 2 7<y—z,z—m>

1
F(z,y)—i—f(y—z,z—@ 20, Vyec
T
zeT,x. (4.12)

T o111

Using lemmas 4.3, 4.4, 4.5 and theorem 4.1, we also obtain the following result.

Theorem 4.6. Let F : C x C — R which satisfies (A1) — (A4). Let S: C — C
be a monexpansive mapping and let f : C — C be a contraction mapping with the
constant k € (0,1). Assume that Fixz(S) N EP(F) # 0. For given xg € C, let {z,}
be a sequence defined by following:

{ Yn = Oénf(xn) + (]- - an)xna

(4.13)
Tn+l = 6nxn + (]- - 5n)STrn (yn + en)a n > 07

where {an }, {Bn} are real number sequences in (0,1), {r,} is a real number sequences
in (0,2a) and {e,} is a sequence in H.
Assume that the control sequences satisfy the following conditions:
(a) lim,—yoo o, = 0, and Y07 | v, = 00;
(b) 0 < liminf,, . B, <limsup,,__,. Bn <1;
(¢) limy,_yoorn =7, and r € (0,20a);

(d) 302 Il en < o0.
Then, the sequence {x,} converges strongly to a point T € Fix(S) N EP(F), where

T = Ppiy(s)nepr)f(T).

Proof. Put A = Ap and B =0 in (A + B)71(0) from theorem 4.1. Furthermore,
for bifunction F' : C x C — R, we define Apz as in lemma 4.5, we have EP(F) =
A7'(0) and let 7)., be the resolvent of Ar for 7, > 0. Therefore, we can conclude
the desired conclusion immediately. O

5. CONCLUSION AND REMARKS

Our main results extends and improves in the following:

(i) Theorem 3.2 extends and improves Theorem 3.1 of Manaka and Takahashi [4,
Theorem 3.1] from a Hilbert space to a Banach space and from weak convergence
to strong convergence.

(ii) Theorem 3.2 partially extends and improves Theorem 2.1 of Cho et al. [0,
Theorem 2.1] from a Hilbert space to a Banach space with uniformly convex and
2-uniformly smooth.

(iii) Theorem 3.2 extends and improves Theorem 3.1 of Qing and Cho [20, The-
orem 3.1] from the problems of finding an element of A~1(0) to the problem of
finding an element of Fiz(S) N (A + B)~1(0).

(iv) Theorem 3.2 extends and improves Theorem 3.7 of Sahu and Yao [3, Theorem
3.7] from the problems of finding an element of A=1(0) to the problem of finding
an element of Fiz(S) N (A + B)~1(0).

(v) Theorem 3.2 extends and improves Theorem 3.7 of Ldpez et al. [5, Theorem
3.7] from the problems of finding an element of (A + B)~1(0) to the problem of
finding an element of Fiz(S) N (A + B)~1(0).
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ABSTRACT. In this paper, we investigate the regularization method via a proximal
point algorithm for solving treating the sum of two accretive operators for a fixed point
set and inverse problems. Strong convergence theorems are established in the framework
of Banach spaces. Furthermore, we also apply our result to variational inequality and
equilibrium problems.

KEYWORDS: regularization method, proximal point algorithm, zero points, accretive
operators, inverse problems.
AMS Subject Classification: 47H09, 47TH17, 47J25, 49J40.

1. INTRODUCTION

Many important problems have reformulation which require finding common zero
points of nonlinear operators, for instance, inverse problems, variational inequality,
optimization problems and fixed point problems. In this paper,we use A~1(0) to
denote the set of zeros point of A. A well-known method for solving zero points
of maximal monotone operators is the prozimal point algorithm (PPA). First,
Martinet [1] introduced the PPA in a Hilbert space H, that is, for starting xo € H,
a sequence {x,} generated by

Tni1 = J; (,) VR €N, (1.1)

where A is maximal monotone operators, J;‘:L = (I+7,A)~ " is the resolvent operator
of A and {r,} C (0,00) is a regularization sequence. An iterative (1.1) is equivalent

* Corresponding author.
Email address : k.promluang@gmail.com, poom.kum@kmutt.ac.th.
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to
Tp € Tpy1 + ATy Vn € N

If ¢(z) : H — RU {oo} is a proper convex and lower semicontinuous function,
then J# reduces to

. 1
Tpy1 = arg min {¢(y)+2r||xn — 1%, yeH} Vn € N. (1.2)

Later, Rockafellar [2] studied the proximal point algorithm in framework of a
Hilbert space and he proved that if liminf,, o, 7, > 0 and A~1(0) # (), then the
sequence {z,} converges weakly to a solution of a zero point of A. Rockafellar [2]
has given a more practical method which is an inexact variant of the method:

Tpt1 = J:}an + en, Vn € N, (1.3)

where {e,, } is an error sequence. It was shown that if e,, — 0 quickly enough such
that >~ [len|| < oo, then x, — z € H, with 0 € A(z).

In 2011, Sahu and Yao [3] also extended PPA for the zero of an accretive op-
erator in a Banach space which has a uniformly Gateaux differentiable norm by
combining the prox-Tikhonov method and the viscosity approximation method.
They introduced the iterative method to define the sequence {z,} as follows:

Tn+1 = an((l - an)zn + Oénf(xn))v Vn €N, (14)
Zn+l = Jvfi((]- - an)zn + anf(zn) + en)a vn €N, (15)

where A is an accretive operator such that A=1(0) # () and f is a contractive map-
ping on C and {e, } is an error sequence. Strong convergent were established in both
algorithms. This is a source of idea about resolvent operator can be approximated
by contractions.

In the same year, PP A extended to the case of sum of two monotone operators
A and B by use the technique of forward-backward splitting methods. Manaka and
Takahashi [4] introduced the following iterative scheme in a Hilbert space:

xr1 € C,
Tpa1 = QpTp + (1 — an)San (I - B)xy,, Vn>1,

where {a;,} is a sequence in (0,1), {A\,} is a positive sequence, S : C — C'is a
nonexpansive mapping, A is a maximal monotone operator, B is an inverse strongly
monotone mapping and J j\4n = (I +X,A)~! is the resolvent of A. They prove that a
sequence {z,} converges weakly to some point z € Fiz(S)N(A+ B)~1(0) provided
that the control sequence satisfies some conditions. From [4], then we concern with
the problem for finding a common element of Fiz(S) N (A + B)~1(0).

In 2012, Lépez et al. [5] use the technique of forward-backward splitting methods
for accretive operators in Banach spaces. They considered the following algorithms
with errors:

Tpt1 = (1 —ap)z, + anJé (zp, — rn(Bzy + ayn)) + by (1.6)

Tpt1 = apu+ (1 — an)J;i (2, — rn(Bxn + an)) + bn, (1.7)

where u € E, {an}, {bn} C E and J{ = (I + X\, A)~" is the resolvent of A. An
operator A is a maximal accretive operator and B is an inverse strongly accretive.
They prove that a sequence {z,} in equation (1.6) and (1.7) is weakly and strongly
convergence, respectively.
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In 2014, Cho et al. [0] introduced the following iterative scheme in a Hilbert
space:

x1 € C,

Zn = anf(xn) + (1 — ap)xy,

Yn = J?i (zn — TnBzn + €n)

Tpt1 = BnTn + (1= Bn)(Vnyn + (1 = ¥0)Syn), for n €N,

where {a,}, {Bn}, {7n} are a sequences in (0, 1), {r,} is a positive sequence,
A : C — H is an inverse strongly monotone mapping, B is a maximal monotone
operator, and an = (I + X\, A)~ ! is the resolvent of A. Let S : C' — C is a strictly
pseudo-contractive mapping with k& € [0,1), and f : C — C be a contractive
mapping. They prove that a sequence {x,} converges strongly to a point Z €
Fiz(S)N (A+ B)71(0) if the control sequence satisfies some restrictions.

Motivated by [3, 4, 5, (], then we are interested in the problems for finding
a common element of fixed point of nonexpansive S and element of the (quasi)
variational inclusion problem as follow:

Find x € C such that x € Fiz(S)N (A + B)~'(0), (1.8)

where A be single-valued nonlinear mapping and B be a multi-valued mapping.

The purpose of this paper is to introduce an iterative algorithm which is modify
regularization method and use technique of forward-backward splitting methods
for finding a common element of the set solution of nonexpansive S and the set
solution of fixed point of the variational inclusion problems, where A is an m-
accretive operator and B is an inverse-strongly accretive operator in the framework
of Banach space with a uniformly convex and 2-uniformly smooth.

2. PRELIMINARIES

Let F be a Banach space and let E* be its dual. Let (-, -) be the pairing between
E and E*. For all z € F and z* € E*, the value of 2* at « be denoted by (z,x*).
The normalized duality mapping J : E — 2F" is defined by J(z) = {z* € E* :
(,2*) = ||z||% ||lz|| = ||lz*|}, for all x € E. A single-value normalized duality
mapping is denoted by j, which means a mapping j : E — E* such that, for all
u € E, j(u) € E* satisfying the following:

(u, 3 (w)) = [ulllli ()l 17| = [u]-

If E = H is a Hilbert space, then J = I, where [ is identity mapping. If F is smooth
Banach space, then J is single-valued j.

A Banach space E is called an Opial’s space if for each sequence {x,}>2 , in E
such that {x,} converges weakly to some x in E, the inequality

liminf ||z, — z|| < liminf ||z, — y||
n—o0 n— oo

hold for all y € E with y # z. In fact, for any normed linear space X admit
the weakly sequentially continuous duality mapping implies X is Opial space. So,
a Banach space with a weakly sequentially continuous duality mapping has the
Opial’s property; see [7].

The modulus of convexity of E is the function dg : (0,2] — [0, 1] defined by

5(e) == inf{1 — || & ;L Y

H el = Nyl = L e — gl > ¢}
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E is said to be uniformly convez if and only if §(e) > 0, for each € € (0, 2]. It known
that a uniformly convex Banach space is reflexive and strictly convex.
Let S(E) be the unit sphere defined by S(E) = {z € E : ||z|| = 1}. Then the

norm || - || of E is said to be Gateauz differentiable norm, if
t —
ety o] o)
t—0 4

exists for all z,y € S(F). In this case, space E is called smooth. A spaces E is said
to have a uniformly Gateauz differentiable norm if for each y € S(FE), the limit (2.1)
exist uniformly for all € S(F). The norm of F is said to be uniformly smooth if
the limit (2.1) is attained uniformly for all z,y € S(E). It is known that if the norm
of E is smooth, then the duality mapping J is single-valued and norm to weak*
uniformly continuous on each bounded subset of F.

On the other hand, the modulus of smoothness of E is the function p : [0, 00) —
[0,00) defined by

1
p(t) =sup{5(llz +yl +llz —yl) = 1:2,y € S(E), [lz] = L, [lyll < ¢}

A Banach space E be an smooth if pg(t) > 0 for all ¢ > 0. A Banach space E
be an uniformly smooth if and only if lim; ,q @ = 0. A Banach space E is said
to be g-uniformly smooth, if for 1 < ¢ < 2 be a fixed real number, there exists a
constant ¢ > 0 such that p(t) < ct? for all ¢ > 0. It known that every g-uniformly
smooth space is smooth. In the case p(t) < ct? for t > 0, these is 2-uniformly
smooth. The examples of uniformly convex and 2-uniformly smooth Banach space
are Ly, I, or Sobolev spaces WP, where p > 2. It is well known that, Hilbert
spaces are 2-uniformly convex and 2-uniformly smooth. We known that if F is a
reflexive Banach space, then every bounded sequence in E has a weakly convergent
subsequence. Note that all uniformly convex and 2-uniformly smooth Banach space
is reflexive.

Next, we recall the definitions of some operators.
(i) Let f : C — C be an operator. Then f is called k-contraction if there
exists a coefficient k (0 < k < 1) such that
Ifz = fyll < kllz —yll, Va,yeC.
(ii) Let S : C — C be an operator. Then s is called nonexpansive if
1Sz — Sy|| < [le —yll, Vz,yeC.

(iii) Let B : C — FE be an operator. Then B is called a-inverse-strongly
accretive if there exists a constant o > 0 and j(x —y) € J(x — y) such
that

(Bx — By, j(x —y)) > a|Bx — Byl*, Va.yeC.
(iv) A set-valued operator A : D(A) C E — 2F is called accretive if there
exists j(x —y) € J(z —y) such that u € A(x), and v € A(y),
(u—v,j(x—y)) =20, Va,ye D(A).
(v) A set-valued operator A : D(A) C E — 2% is called m-aceretive if A is
accretive and R(I +rA) = E for some r > 0, where I is identity mapping.

Let C' and D are nonempty subsets of a Banach space E such that C is a
nonempty closed convex and D C C, then a mapping @ : C — D is said to be
sunny if Q(z + t(x — Q(z))) = Q(z) whenever z + t(z — Q(x)) € C for all z € C
and ¢t > 0.
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A mapping Q : C — C is called a retraction if Q2 = Q. If a mapping Q : C — C
is a retraction, then Yz = z for all z is in the range of Q.

Lemma 2.1. [8] Let E be a smooth Banach space and let C be a nonempty subset
of E. Let Q : E — C be a retraction and let J be the normalized duality mapping
on E. Then the following are equivalent:

(i) Q is sunny and nonexpansive;

(ZZ) ||Q£E - Qy”2 < <£E - Y J(Q:r, - Qy»vvxvy € E;

(iii) |l(@ — 1) — Q@ — QY)II® < o — yII* — Qz — Qy?

(iv) (x — Qx, J(y — Qz)) <0,Vo € B,y € C.

Lemma 2.2. [9] Let C be a nonempty closed convex subset of a uniformly convex
and uniformly smooth Banach space E and let S be a nonexpansive mapping of C
into itself with Fix(S) # 0. Then, the set Fixz(S) is a sunny nonexpansive retract
of C.

It well known that if £ = H is a Hilbert space, then a sunny nonexpansive
retraction Q)¢ is coincident with the metric projection Po from E onto C, that is
Qc = Pc. Let C be a nonempty closed convex subset of E.

In the sequel for the proof of our main results, we also need the following lemmas.

Lemma 2.3. [10] Let E be a Banach space and J be a normal duality mapping.
Then there exits j(x +y) € J(x +y) for any given x,y € E. Then
-+ gl < 2] +2(y, (= + ), j(z+y) € J(x+y), (2:2)

for any given x,y € E.

Lemma 2.4. [5] Let E be a real Banach space and let C' be a nonempty closed
and convex subset of E. Let B : C'— E be a single valued operator and a-inverse
strongly accretive operator and let A is an m-accretive operator in E with D(A) D C
and D(B) D C.Then

Fiz(JA(I —rB)) = (A+ B)~}(0).
where J& = (I +1rA)~! be a resolvent of A for r > 0.

Lemma 2.5. [11](The Resolvent Identity) Let E be a Banach space and let A be
an m-accretive operator.For r >0, s >0 and x € E, then

JAz = JA (Sx + (1 - S)J:‘a;>.
r T

Lemma 2.6. [12] Let C' be a nonemptly closed convex subset of a 2-uniformly
smooth Banach space E with the 2-uniformly smooth constant K. Let the mapping
B :C — E be a a-inverse strongly accretive operator. Then, we have

I = rB)x — (I = rB)yl* < ||z — y||* - 2r(a — K?r)|| Bz — By, (2.3)

where I is identity mapping. In particular, if r € (0,+5), then (I —rB) is a
NONETPANSIve.

Lemma 2.7. [13] (Demiclosed principle) Let C' be a nonempty, closed and convex
subset of a uniformly convex Banach space E and S : C' — E be a nonexpansive
mapping with Fiz(S) # (. Then I — S is demiclosed at zero, i.e., z, — x and
Ty — Sz, — 0 implies x = Sx.

Lemma 2.8. [14] Let {z,} and {z,} be bounded sequences in a Banach space E
and let {B,} be a sequence in [0,1] with 0 < liminf,, o B, < limsup,,_, . Bn < 1.
Suppose xpt1 = (1 — Bp)zn + Bnxn for all integers n > 0 and limsup,,_, .o (||zn+1 —
Znll = |Znt1 — znl]) < 0. Then lim, oo ||2n, — Zn|| = 0.
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Lemma 2.9. [15] Assume that {a,} is a sequence of nonnegative real numbers
satisfying the condition

apy1 < (1 - tn)an +tpby + ¢y, V0 > 0,

where {t,} is a number sequence in (0,1) such that lim, oo t, =0 and 322, t, =
00, {bn} is a sequence such that limsup,,_, . bn, < 0 and {c,} is a positive number

sequence such that X2 yc, < 00. Then, lim,,_,~ a, = 0.

3. MAIN RESULTS

Before prove our main result, we need the following lemma:

Lemma 3.1. Let E be a uniformly convexr and uniformly smooth Banach space.
Let C be a nonempty closed conver subset of E. Let A : D(A) C C — 2F
be a m-accretive operator and B : C — E be an a-inverse strongly accretive
operator. Let S : C — C be a nonexpansive mapping and let f : C — C be
a contraction mapping with the constant k € (0,1). Let J? = (I +r,A)~" be
a resolvent of A for r, > 0 such that Fiz(S)N (A + B)~Y(0) # 0. If defined
operator Wy, : C — C by Wy, := SJ2 (I — rnB)|on fo + (1 — on)x] + €y) for all
x € C, where o, € (0,1), 7, > 0. Then W, is a contraction operator and has a
unique fized point.

Proof. Since S, J, A, and (I — r,B) are nonexpansive. Then we known that W, is
nonexpansive. Since f be a contraction mapping with coefficient k£ € (0,1). We
have

[Wha = Whyl| 1S (I = ruB) e f(2) + (1 = ag)a] + en)

—STA (I =ruB)anf(y) + (1 — an)y] +en) |

< (U =raB)lonf(z) + (1 — an)z] + en)

—((I =raB)lanf(y) + (1 —an)y] + €n) ||
< omf (@) + (1 = an)z] = [anf(y) + (1 = an)y]l
< lanf(@) + (1 = an)r) — (anf(y) + (1 = any)||
= llan(f(z) = f(y)) + (1 — an)(@ = y)|
< an|[f(@) = FWIl + (1 = an)llz -yl
< ankllz —yl+ (1 —an)llz -y

(ank + (1= an))lz -y

Since 0 < (ank + (1 — ay)) < 1, it follows that W, is a contraction mapping of
C into it self. By Banach contraction principle, then there exist a unique fixed
point, i.e., we say T = W,Z. Moreover, by use lemma 2.2, then the set Fiz(W,,)
is sunny nonexpansive retraction of C. Hence there exist a unique fixed point
T € Fiz(W,) = Fiz(S) N (A+ B)~1(0) := Q, namely Qq f (%) =z = W, Z. O

Theorem 3.2. Let E be a uniformly conver and 2-uniformly smooth Banach space
with weakly sequentially continuous duality mapping. Let C be a nonempty closed
convez subset of E. Let A : D(A) C C — 2¥ be a m-accretive operator and
B : C — FE be an a-inverse strongly accretive operator. Let S : C — C be
a nonezxpansive mapping and let f . C — C be a contraction mapping with the
constant k € (0,1). Let Ji* = (I +r,A)~" be a resolvent of A for r, > 0. Assume
that Fiz(S) N (A+ B)~1(0) # 0.
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For given xg € C, let {x,} be a sequence defined by the following:

{ Yn = anf(@n) + (1 = ap)n,

3.1
Tnt+1 = ann + (1 - Bn)SJ;‘i (yn - rnByn + en)a vn Z Oa ( )

where {a, },{Bn} are real number sequences in (0,1), {r,} is a real number sequences
in (0, ), K >0 is the 2-uniformly smooth constant of E and {e,} is a sequence
in E. Assume that the control sequences satisfy the following conditions:

(a) lim,—oo ay, =0, and > 07 | ap = 00;
(b) 0 < liminf, & B <limsup,_ . Bn <1;
(c) limy oorp =71, and r € (0, 135);
(d) Zio:o | en [|< occ.
Then, the sequence {x,} converges strongly to a point T € Fixz(S) N (A+ B)~1(0),
where T = Qqf() and Qr f is a sunny nonexpansive retraction from E onto €.
Proof. Step 1 We want to show that {x,} is bounded. Fixed p € Fiz(S)N (A +
B)71(0) # 0. So, we have p € Fiz(S) and p € (A + B)~*(0) = Fiz(J (I — r,B))
(see Lemma 2.4). Observe that, we consider
lom f(2n) + (1 = an)zn — p
anllf(zn) = pll + (1 — an)l|zn — pl|
an ([[f(@n) = FR)I + [/ (p) —2l) + (1 = an)llzn — pll
ankllzn — pll + anllf(p) — pll + (1 — an)l|lzn — pll
[ank + (1 = an)][|2n = pll + an £ (p) — Pl
= [1—an(@=K)]lzn = pll + anl f(p) — pll. (3.2)
We set z,, 1= SJ;: (Yyn — rnBYn +ent1). Since J,ﬁ‘}1 and I —r, B are nonexpansive,
and from (3.2), it follows that

1yn =

INIAIA

[Zn+1 —pll = [|Bazn + (1= Bn)zn — pll
< Ballen —pll + (1= Bn)llzn —pl
= Balen =l + (1 = B)ISTE (yn — raAyn + e5) = S
< ﬂn”xn_pH +(1_/8n)||‘]:}z(yn_rnByn+en) _pH
= ﬁn”xn - pH + (1 - ﬁn)”‘]ri (Yn — TnByn +en) — Jf; (I —r,B)pl|
< Bullzn = pll + (1 = Ba)l(Yn — 10 BYn + en) — (I = B)p||
= Bullzn =2l + A = Bl = raB)yn — (I = B)p + €|
< Ballen = pll + (1 = Ba) (I = o B)yn — (I = ro B)p|| + [lenl])
< Bullen —pll + (1 = Ba) [[lyn — pll + llenll]
< Ballen —pll + (1= Bp)[(1 — an(1 = k) [|zn — pl|

Fam[f(p) = pll] + (1 = Bn)llen]|
Bullzn — pll + [(1 = Bn) — an(l = K)]|[zn — pl|
+(1 = Bn)anllf(p) = pll + (1 = Bn)llenl
= [Bn+ (1= 08n) — an(l = k)]l|z, — pl
+(1 = Bn)anllf(p) = Pl + (1 = Bn)llen]
= [1-QAQ=Bnanl = k)llzn —pl
+(1 = Bn)anllf(p) — pll + (1 = Br)llenll
= [1= (1= B)][[zn = pll + Aullf(p) =PIl + llenll;
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where A, := (1 — 3,,)a,. Then, it follows that

£ () =l
fowi=pl < max{ o, — ol L ey
£ () —pll
< maxq [za-1 —pl, + llen—1ll + llenl
1—k
If(p) —pl
< {len = ol T ¢ ezl llen—all + llen]
< max{”ac 2, Hf ) p||}+Z||el||<oo

It follows by mathematical induction, we conclude that

o ol < max {llzo =il (1= 07 176) = 2} + 3 lesl v > .
=0

By condition (d), this implies that {z,} is bounded.
From y, = ay, f(z,) + (1 — a)xy,, we obtain

lyn —pll = llanf(@n) + (1 = an)zn — pl|
< anllflen) pl+ (0= )z — ol
(3.3)
From (3.3) and since {z,} is bounded, so {y,} and {z,} are bounded too.
Step 2 We want to show that lim,,_,« ||Zn+1 — Zn|| = 0. By lemma 2.8, we set
VUp = Yn — Ay, + €y, then z, := SJfL Up, it follows that
Hzn-&-l - Zn” = ”S ni1On41 SJ;ivnH
< H rn+1v’ﬂ+1 - J vn”
< || rn+1”n+1 - Jrn+11’n|| + || Prg1Un JA Un”
< s = onll + 197, 00 = T 0nll. (3.4)
Next, we compute ||vp4+1 — v, that
lvnt1 —vnl|l = ||(yn+1 —Tn1BYny1 +eng1) — (Yn — rnByn + en)H

(I =7B)yns1 — (I = rnB)yYn + (Tn — Tng1) Byni1 + eng1 — eal|
(I = 1B)Yns1 — (I = o B)ynll+ | 70 — "1 [ [1BYnsill + [lent1 — enl]
[Yn+1 = Ynll+ [ o = rntr | 1 Byntall + llensall + [lenl]- (3.5)

IN A

Next, we compute ||yn+1 — yn|| that

[yn+1 —ynll = ans1f(@nt1) + (1 — ang1)(@n41)) — (@ flan) + (1 — an)zn)||
= |lant1f(@ny1) — anf(Tns1) + anf(@ny1) — anf(zn) + (1 — any1)z,
—(1 = anq1)an — (1 — o) za||
= [on+1 = o) f(@nt1) + an(f(@ns1) = flan)) + (1 = ong1) (@ng1 — @)
20 ((1 = ant1) = (1= )|

IN

= (1= ani1)|Tng1 — 2ol + by

|an+1 - an‘”f(anrl) - an + O‘an<$n+l> - f(xn)ll + (1 - an+1)||33n+1 - an
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< ||xn+1 - -'L‘nH + i,

where hy, = |ant1 — @[l f(Zng1) — zall + anll f(2nt1) — f(@n)]-
That is

an-&-l - Un” < ||xn+1 - an + hn + gn, (3'7)
where gn =| 7 — oy | IIByn+1|| + [lentall + [lenl]-
Next, we compute ||.JA FniaUn — J,ﬁivnH by the resolvent identity (see Lemma 2.5)
that
|| rn+1 J::L’Un“ = ||J7le < dd Up + (1 - M)JéJrlUn) - J;.:'Un”
Tn+1 Tn+1

n Tn A
IG5 = o+ (1= 2072l
o Tn A Tn
= ”(1 - TnJrl) Pap1Un T (1 - ot )UnH
o Tn+1 —Tn, ;A
= | 7”n+1 rog1 VU vn)||
Tntl = Tn
<P o 35)
From (3.7) and (3.8), we obtain
Tn+1
lznt1 = znll < l@nsr — Zall + Ao 4 gnt | “ N vn = vnll-
In view of the condition (a), (c), and (d), it follows that
lzn+1 = znll = [|2n41 —@nll < 0.
We take lim sup, it follows that
limsup (||zn+1 = 2nll = [[Znt1 —2all) < 0.
n—oo
By lemma 2.8, we conclude that
nh_{rolo lzn — 2nl =0 (3.9)
that is limy, o0 [|SJZ (vn) — 2| = 0. From (4.1), we observe that
< (1 =Bu)llzn — zall-
By (3.9), then we conclude that
nh_)ngo |€nt1 — znl = 0. (3.10)

Step 3 To show that lim, .« || By, — Bp|| = 0, lim, e || J7 (v5) — y|| = 0 and
My, o0 [[STE (vn) = J2 (vi)|| = 0.

Tn

Step 3.1 First, we observe that lim,_, ||By, — Bp|| = 0. Notice that

[Zn+1 _pH2 = ||Bpxn+ (1 — Bn)SJ::LUn _p||2
< Bullzn = pl* + (1= Ba)IS T v — plI?
= Ballen —plI* + (1 = Bo)llvn — (I =7, B)p|®

|

v,

1(Yn = 70 Byn + €n) — (I = ru B)pl|®
(I(I = 7 B)yn — (I = B)p|?

+ ( )
Bullzn *p||2 +(1—8n)
Bullzn —p||2 + (1= Bn)

IN

(3.6)
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+2llen |1 = rnB)yn — (I = roB)pll]
< Ballzn = pI* + (1 = Ba) (Ilyn — plI* = 2ru(a — K*r,)[| By, — Bp|®)

+2(1 = Bo)llenlll|(I = rnB)yn — (I — raB)p]|.

Set gn := (1 = Bn)2llenll( = roB)yn — (I — rnB)p||; we get
041 — plI? (3.11)
< Ballen —pl? + (1= Ba) (lyn — 2l = 2ra(a = K*r)||Byn — Bpl|?) + gn

Ballzn = plI? + (1= Ba)llyn — plI* = 2ra(e — K?ra)(1 = Bu) [ By — Bpl* + gn
Ballzn = plI? + (1 = Ba)llan f(zn) + (1 — an)zn — pl®
—2ry(a — K2rn)(1 = Bl Byn — Bp||2 + gn.
Set h,, := 2r,(a — K%r,)(1 — Bn) || Byn — Bp||?, we get
Ballzn = pl? + (1= Ba)llan f(z0) + (1 = an)zn = plI* = ho + gn
Bullzn — p”2 + (1= Bp)an| f(zn) — p”2 + (1= Bp)(1 — an)zn —p||2
—hp + Gn
(1= an(l = Bu))llzn = plI” + (1 = Ba)anl f(2n) = plI* = By + gn-

lzns1 =l <
<

It follows that
2r(an — Kr) (1 = Bn)|| By — Bpl|?
(1= an(l = Bo)llzn = plI* = [|2ns1 = plI* + (1 = Ba)anl f(zn) = plI* + gn
lzn = plI* = llznts = 2l + (1 = Ba)anll f(zn) = pl* + gn
= (@n=p)+ (@nt1 = P)lI(zn —p) = (@ns1 =)
+(1 = Ba)anllf(za) = pII* + gn
= |[(@n —p) + (@nt1 = D)z — Tpga | + (1 = Bu)an f(25) — p||2 + Gn-

In view of the condition (a), (c), (d), and from (3.10), we conclude that lim,,_, o || Byn—
Bpl||?> = 0. This implies

INIA

lim || By, — Bp]| = 0. (3.12)
n—r00
Step 3.2 Second, we will show that lim,, o [|J7 (v5,) — yn|| = 0, we observe that
155 (vn) = pI?

< T2 (0n) = pllll(¥n — 0 Byn + en) — (p — raBp)||

= ST @)~ I + | 7By +e0) — (0~ raBp)|P
| (JA (0) = D) — (W — 7By +€n) — (0 — ra D)’}

= ST @) P + (T~ 7By — (T = raBlp + ea?
— |72 (vn) = Yo — T Byn — €n + 1 Bp||*}

= ST P + 1T~ By — (T = raBYpl + s
(A () = 4 — e0) — ra(Byn — Bp)|P)

< *{H T (0n) = plI” + llyn — pII* + gn

— (177 (vn) = yn = enll” = 270 Byn — Bpl[IJ24 (vn) — yn — €n
+||TnByn - Tan||2)}
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1 i
S UL @n) = I + lyn = pI* + g = 177, (vn) = vn = €n®

+27, | Byn, — Bp|||| T2 (v) = Yn — €nll = IrnByn — o Bp|*}. (3.13)

It follows that

IN

IN

172 (vn) — pl|®

yn = DII* + gn — 171 (vn) — tn — €nl|®

+2r, || Byn — Bpl||| 772 (vn) = yn — €nll = |70 Byn — 1 Bp|?

ltn f(zn) + (1= an)zn —plI> = |2 (0n) = yn — enl?

— |7 Byn — raBpl|* + 21, || Byn — Bp||[|JiE (0n) = yn — enll + g
anllf(zn) = plI* + (1= an)zn = plI> = 172 (vn) = yn + enl?
—7n || Byn — Bp||* + 21| Byn — Bpl|[| I} (vn) = yn — enll + gn-  (3.14)

From (3.14), this implies that

ININIA

IN

|27n41 _pH2

Bullzn = plI* + (1 = B) ST (v) = plI?

Bullzn = plI* + (1 = Ba) | T (v2) = pII?

Ballzn = pl* + (1 = Ba){anll f(zn) = pII* + (1 = an)llzn — pl?
—[172} (vn) = yn + €nll> = 7ul| Byn — Bpl?

+27, || By, — BpHHJ;i (Vn) = Yn — enll + g;z}

(1= an)llzn = pI* + (1 = Ba)anl f(zn) - pl*

—(1= B2 (W) = yn + enll® = (1 = Bu)ra | Byn — ra Bp|?
+(1 = B2)2rnl|Byn — Bpll|| 7} (va) = yn — eall + (1 = Ba)dn
=PI + cnll f(@n) = pI* = (1= Ba) 7, (V) = yn + enl|?
_TiHByn - TanHQ + 27"71HByn - Bp”HJ:}L (Un) —Yn — enH + Gn-

It follows that

IN

(1- ﬁn)HJr{i (Un) = Yn + enH2

|zn =l = Znr1 = Pl + anll f(@n) = plI* = 75l By — o Bpl|?
+2r | Byn — Bpl| 77, (vn) = yn = €nll + gn-

lzn = pII* = llznss = plI* + sn

[(@n —p) + (@nt1 = D[ (xn — P) — (Tn+1 = P)|| + 50

[(@n = p) + (@nt1 = P)llzn — Zpiall + sn, (3.15)

where we set s, := a, || f(z,) — p||*> — r2||Byn — rn Bpl|* + 27, || By, — Bp||[| J2 (vn) —

Yn = €nll + g
From (3.15), in view of the condition (a), (¢), (d), and equation (3.10), we conclude

that

. A . _ _
nh_r)nooHJrn(Un) Yn en” 0.

This in turn implies that

lim || J2 (vn) = yal = 0. (3.16)

n—ro0
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Step 3.3 Lastly, we will show that lim, o [|SJ2 (v,,) — J; (vn)]| = 0, we see
that

lyn —znll = [lanf(zn) + (1 — an)zn — 20|

|
Q
3
=
—~
8
3
~
I
8
3

By condition (a), then
lim |y, — x| = 0. (3.17)

n—r-o0

Next, from (3.16) and equation (3.17), then we see that
17, (vn) = ll < 17 (vn) = gll + 1y = 2n]l-
That is
lim |72 (vs) — || = 0. (3.18)
From equation (3.9) and (3.18), then we see that
HSJ;:L (vn) — J:}I(Un)H < HSJ::L(Un) —xp + ||xn - Jii(vn)H
That is
. A _7A _
i IS4 () = 2 (0] = 0. (3.19)

Step 4 Since FE is a uniformly convex and 2-uniformly smooth Banach space,
then FE is reflexive Banach space. By reflexive Banach space and from {z,}, {y,}
are bounded, then it has a weakly convergence subsequence. We may assume that
T, = &. In view of lim,,_,  ||yn —Zn|| = 0, then there exist a subsequence of {y, }
of {y,} which converges weakly to &. we can say that {y,, } also converges weakly to
2, 1.e, yn, — &, without loss of generality. To show that & € Fiz(S)N(A+B)~1(0) =
Q.

(i) First, we want to show that & € Fixz(S). Now, we have y,, — &. Since we
known that {J: (v,)} is bounded and form lim, o [|J:2 (v;,) — yn|| = 0, then we
say that {J;,ii (Un,)} — 2.

From (3.19), we have lim, . [|SJ2 (vn,) — J2 (vy,)]| = 0. By demiclosed
principle, this implies S& = &, namely we prove that & € Fix(S). (ii) Next, to
show that JA(I —rB)# = 2. Since a Banach space with weakly continuous duality
mapping has the Opial’s condition, see [7]. Suppose & # JA(I — rB)#. By the
Opial’s condition and condition (c), (d), then we have

liminf [y, — 2]
11— 00

< liminf ||y,, — JA(I — rB)z||
71— 00

< lminf{|lyn, — Un,
1—> 00

i

|+ 12, (0n,) = JA U = o B)E])}

[+ 1A (wn) — JAUT — rB)E]))

|+ low, — (I —rB)2]}

1 = rB)ya, — (1~ rB)E] + llen,
1.

Un,

i

= liminf{[ly,, —
1— 00

< hm lnf{”ym -
1— 00

Un,

i

}

= liminf{[jy,, —
1— 00

T2 ()
T4 ()
I (n,)
T ()
A ()

IN

lim lnf{”y’m —J Un,;
11— 00

Tn,

|+ Y. — 21 + llen,

By (3.16) and condition (d), hence

liminf ya, — 2| < limint ||y, — 2.
11— 00 71— 00
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This is contradiction. Therefore, JA(I — rB)i = 4.
This complete the proof that # € Fiz(S)N (A + B)~1(0) = Q.

Step 5 We defined operator W,, : C — C by W,, := SJ2 ((I — r,B)|on fo +
(1 — apn)z] + ey) for all x € C, where «,, € (0,1), 7, > 0. From lemma 3.1 an
operators W, is a contraction operator and has a unique fixed point. Moreover, by
use lemma 2.2, we known that z € Fiz(W,,) = Fiz(S)N(A+B)~1(0) := Q, namely
Qaf(z) =z =W,z. (Now, & =T too)

Next, we will show that limsup,,_ . (f(Z)—Z, j(yn—7)) < 0, where lim; o x; =
Z = Qqf(z) and z, solves equation z; = SJ (I—r, B)(tf(2;)+(1—t)x;),Vt € (0,1).

(i) We want to show that lim,— o [|[Wyhn — yn|| = 0. Consider

||ann - ynH < ||S T (( - rnB)[anf(wn) + (1 — an)xn] +en) — JUn” + ||33n — Unl|

= |lzn — @nll + lzn — ynl.- (3.20)
From (3.9) and (3.17), then
lim [[Wyx, —yn| = 0. (3.21)
n—oQ

(ii) We want to show that limsup,,_, .. (f(Z) — %, j(yn — Z)) < 0. We compute

e = ynll?
= ST (I = raB)(tf (o) + (1 = t)ae) — yall?
= (SIL I = raB)(tf(ze) + (1= )2e) = Wa + Wain = Y, j (@ = Yn))
= (STL (I = ruB)(tf(ze) + (1= O)ze) = Watn, j(2: — yn))

F(Wan = Yn, j (@ — yn))
= <SJ;1( —rnB)(tf(we) + (1 —t)zy) — SJ:}I,((I — T B)yn +€n), j (T — yn))
+WnTn — Yn, § (Tt — Yn))
< (I =maB)(tf(ze) + (L= )xe) = (I = 70 B)yn — €n, j(xt — Yn))
HIWnzn — ynllllze — ynll
= (L =raB)(tf(ze) + A = t)as) = (I = rpB)yn, j(@¢ = Yn)) + (€, J (@t — yn))
HIWnzn — ynllllze — ynll
(tf(ze) + (1 = t)ze) — e + 20 — Y, J(@e — yn)) + llenllllze — |
HIWnzn — ynllllze — ynll
< () = ), g (@e — yn)) + (T — Y, (@0 = yn)) + llenllllze — ynll
HIWnzn — ynllllze — ynll
Hf(@e) = e, g (e —yn)) + llze = yall® + lenllllze = yull + [Wazy — yallllze — yal
—t{f (@) = x4, (Yn — 22)) + 1zt = yal® + llenlllze = yall + 1Wazn = yallllze — yall
(3.22)

IN

IN A

It follows that
tf(@e) =2 d(yn — 1)) < lenllllze = yall + [Waten = yallllze = yall-
Then
(f(@e) =, (yn — ) < %{Ilenllllxt = Ynll + [Wnzn — ynllllzr — yn}-
By virtue of (3.21) and condition (d), we found that
hfln_f;(l)p(f(xt) =, j(yn — x1)) < 0. (3.23)
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Since x; — %, as t — 0 and the fact that j is norm-to- weak® uniformly continuous
on bounded subset of E, we obtain

(F(Z) = 2, 5(yn — 7)) = (f(21) = 21,5 (Yn — 21))]

< [f(@) = 2,5(yn — 7)) = (f(2) = T, 5(yn — 21))

(@) = 2,5(yn — 1)) — (F (@) — 20, 5 (yn — 1))
< [F@) =2, 5(yn =) = Jlyn — )| + [(f(T) =T = f(@e) + 24,5 (yn — 240))]
< @) = 217 (yn = 2) =3 (yn — @)l + [1(Z) = 2 = f2e) + zelllyn — 24|

— 0, ast — 0.

Hence, for any € > 0, there exist ¢ > 0 such that V¢ € (0, ) the following inequality
holds:

(f(@) = 2,5(yn — 7)) < (f(@1) =20, 5(yn — 21)) + €

Taking limsup,,_, ., in the above inequality, we find that
limsup(f(7) — 7,5 (yn — 7)) < limsup(F(ze) — 20,5 (g — 20)) + €.
n— o0 n—00
Since € is arbitrary and (3.23), we obtain that
limsup(f (%) — Z,j(yn — 7)) < 0. (3.24)
n—oo

Step 6 Next, we prove that {z,} converges strongly to T = Qqf(Z) by using
the lemma 2.3 and lemma 2.9. We note that

[Zns1 — jH2 = ||Bnzn +(1— Bn)sjé(vn) - f||2

< Ballen =2l + (1= B)IIST7 (vn) — 2|
= Ballzn — 21> + (1 = B)lIST} (va) — S22
< Ballzn — 217 + (1= Ba) 15 (va) — 212
= Bullzn =21 + (1 = B 17} (va) = T2 (I = r B)Z||?
< /BnHl'n_i'”Q + (1= Bp)llvn — (I =1y )f||2
= Ballzn — 5_3”2 + (1= Bn)l(yn — TnByn +en) — (I - rnB)s_cHQ
= ﬂonn*j”Q + 1 =B —raB) n*(I*TnB)jJFenHQ
= Bullen — 2| + (1= Bl = raA)yn — (I =1, A)z|?
+2(en, J((I =1 B)yn — (I =1 B)T + €5))
< Ballen =zl + 1= B) [llyn — 2I° + 2llenll| (] = 70 B)yn — (I =12 B)T +en] -
(3.25)
Consider
||yn_-f||2 = (anf(zn) + (1 —an)zn —2,5(yn — 7))
= {an(f(zn) = 2) + (1 — an)(@n — 2),j(yn — 2))
= (an (f(zn) = f(2)) + an (f(Z) = Z) + (1 — an)(2n — Z),J(yn — T))
(an(f(zn) = f(2) + (1 — an)(@n — ), j(yn — 2)) + (o (f(Z) = 2),5(yn — T))
< llen(f(zn) = f(2) + (1= an)(@n = 2)||lyn — Zl| + an (f(Z) — 2,j(yn — 7))
< lankllzn =2 + (1= an)llzn = 2] lyn — 2] + an(f(Z) — 2, (yn — 7))
[

L= an (1 =E)l|lzn = Z|llyn — 2l + an(f () = Z,5(yn — 7))
lzn — 2% + llyn — 2|
2

(1 —an(l—k)) +an(f(2) = Z,5(yn — 2))
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= 2B 32 4~ 317) + 0 (@) ~ 7,5~ )

It follows that

2|y — || (3.26)

< (L=an(l=R)llzn =2l + (1 = an(l = &))lyn — Z)|* + 200 (f(T) = 7,5 (yn — T
< 7).

(1 —an(l = &))llzn = 2[* + llyn — 2] + 200 (f (@) — 2, j(yn —
Therefore, we obtain
lyn — jHQ < (I—an(l=Fk)llzn — jH2 + 20, (f(Z) — 7, j(yn — T)). (3.27)
Replace (3.27) in (3.25) that

)

lzn41 —
< Buallzn =217+ (1= Ba) [ = an(1 = B)lon — Z* + 200 (f(Z) = 7, j (yn — 2))]
+(1 = Bn)2lenlll(I = rnB)yn — (I = B)T + ey |
= (1= =k)(A = Ba))llzn — Z|* + 2001 = Ba)(f(Z) = 2,5 (yn — 7))
+2(1 = Bu)llenllli(I = rnB)yn — (I = rn B)T + en|
2M,
(1—=F)
where ¢, := 2(1=8p)|len || |(I=7nB)yn—(I—r,B)Z+e, |, and A, = a, (1—k)(1—0).

= (1=2)lzn —2|* + (f(x) = 2,5(yn — T)) + Cn,

If we set b, = Of—k)ﬁ(i‘)—f,j(yn—a‘s» and we have limsup,, __, . (f(Z)—Z,j(yn—
z)) <0, then we see that limsup,,_, . b, <0, and also that Y~ ¢, < coc.

By lemma 2.8 and condition (a), (b), and (d), we conclude that ||z, —Z||*> — 0,
as n — oo. This implies

lim |z, — | =0,
n—-o0

i.e., x, converges strongly to . O

Next, we will utilize theorem 3.2 to study some strong convergence theorem in
L, with 2 < p < oo. Since L,, where p > 2 are uniformly convex and 2-uniformly
smooth Banach space with K = p— 1, then we consider F = L, and we derive that
following theorem:

Theorem 3.3. Let C be a nonempty closed convex subset of an Ly, for 2 <p < oo.
Let A, B, S, f, Ji} be the same as in theorem 3.2. Let {on,}, {Bn} are real num-
ber sequences in (0,1), {r,} is a real number sequences in (0, ﬁ) and {e,} is
a sequence in E. Assume that the control sequences satisfy the following condi-
tions (a),(b) and (d) in theorem 3.2 and conditions (c) lim, oo ry =7, and r €
(0, ﬁ) Then the sequence {x,} is defined by (4.1) converges strongly to a point

T € Fiz(S)N (A+ B)~1(0).

Consider a mapping S = I in theorem 3.2, we can obtain the following corollary
direct.

Corollary 3.4. Let E be a uniformly convexr and 2-uniformly smooth Banach space
with weakly sequentially continuous duality mapping. Let C be a nonempty closed
conver subset of E. Let A: D(A) C E — 2F be an m-accretive operator such that
the domain of A is included in C and B : C — X be an a-inverse strongly accretive

)
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operator. Let f : C — C be a contraction mapping with the constant k € (0,1).
Let Ji} = (I +r,A)7" be a resolvent of A for r, >0 such that (A+ B)~(0) # 0.
For given x¢ € C, Let x,, be a sequence in the following process:

{ Yn = Oénf(zn) + (]- - Oén)xna

3.28
Tnt1 = ﬁnfn + (1 - Bn)Jé (yn - rnByn + en)a vn > 07 ( )

where {an }, {Bn} are real number sequences in (0,1), {ry} is a real number sequences
in (0, 7z), K > 0 is the 2-uniformly smooth constant of E and {e,} is a sequence
in E. Assume that the control sequences satisfy the following conditions:

(a) lim, oo, =0, 307 | @y = 00;

(b) 0 <liminf, o B <limsup,_ . Bn < 1;

(¢) limy, oo my =17, and r € (0, 22);

(d) 3202 Il en < oo
Then, the sequence {x,} converges strongly to a point T € (A + B)~1(0).

Consider a mapping S = I and f(z,) = u, ¥n € N in theorem 3.2, we obtain the
following corollary direct.

Corollary 3.5. Let E be a uniformly conver and 2-uniformly smooth Banach space
with weakly sequentially continuous duality mapping. Let C be a nonempty closed
conver subset of E. Let A: D(A) C E — 2F be an m-accretive operator such that
the domain of A is included in C and let B : C — X be an a-inverse strongly
accretive operator. Let JTBT’L = (I +7r,B)~! be a resolvent of B for r, > 0 such that
(A + B)~1(0) # 0.

For given xg € C, Let x,, be a sequence in the following process:

Yn = QpU + (1 - O‘n)xnv
Tnt+1 = Bnn + (1 - ﬂn)J{f‘ (yn — o By, + Gn), Vn >0,

n

(3.29)

where {an}, {Bn} are real number sequences in (0,1), {ry} is a real number sequences
in (0,4%) , K > 0 is the 2-uniformly smooth constant of E and {e,} is a sequence
in E. Assume that the control sequence satisfy the following conditions:

(b) lim,,— oo =1, and r € (0, 32);
(€) Yonco Il en lI< 0.
Then, the sequence {x,} converges strongly to a point T € (A + B)~1(0).

(a) 0 <liminf,— o B, < limsup,,_ . Bn < 1;

Setting J::L =1, B=0, f(xn) = u, Yn € N and ¢, = 0, then we have the
following corollary of the modified Mann-Halpern iteration.

Corollary 3.6. Let E be a uniformly conver and 2-uniformly smooth Banach space
and let C' be a nonempty closed convex subset of E. Let S : C — C be a nonex-
pansive mapping such that Fixz(S) # 0. For given zg,u € C, Let z,, be a sequence
in the following process:

Yn = QpU + (1 - an)xna
Tny1 = Bnxn + (1 - /Bn)Syna Vn >0,

where {an},{Bn} are real number sequences in (0,1). Assume that the control
sequence satisfy the following conditions:

(3.30)

(a) lim,— 00 vy =0, and Zzo:l Qp = 005
(b) 0 <liminf, o B, <limsup,,_ . Bn < 1.
Then, the sequence {x,} converges strongly to a point T € Fix(S).
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4. SOME APPLICATIONS

In this section, we give two applications of our main results in the framework of
Hilbert spaces. Now, we consider theorem 3.2, in the framework of Hilbert spaces,
it known that K = g Let H be a Hilbert space and let C' be a nonempty closed
convex subset of H.

Theorem 4.1. [6, Corollary 2.2] Let A : C — 25 be a mazimal monotone op-

erators such that the domain of B which included in C and B : C — H be an

a-inverse strongly monotone operator. Let S : C — C be a nonexpansive map-

ping and let f : C — C be a contraction mapping with the constant k € (0,1). Let

Ji = (I4+r,A)~! be a resolvent of A forr, > 0 such that Fiz(S)N(A+B)~1(0) # 0.
For given xg € C, let {x,} be a sequence defined by following:

{ Yn = anf(rn) + (1 — an)zn,

. (4.1)
Tnt1 = ﬂnxn + (1 - ﬂn)SJrn (yn - rnByn + en), Vn > O,

where {an },{Bn} are real number sequences in (0,1), {ry} is a real number sequences
in (0,2«) and {e,} is a sequence in H. Assume that the control sequences satisfy
the following conditions:

(a) limy—yoo 0y =0, and D07 | oy, = 00;

(b) 0 <liminf, o B, <limsup, .. Bn <1;

(c) imy, oorp =1, and r € (0, 1);

(@) Y20 |l en 1< .
Then, the sequence {x,} converges strongly to a point T € Fiz(S)N (A+ B)~1(0).
Next, we will give some related results.

4.1. Application to projection for variational inequality.

Let C be a nonempty, close and convex subset of a Hilbert space H. The metric
projection of a point x € H onto C, denoted by Pc(z), is defined as the unique
solution of the problem

e — Poall < |lz — yll, Yy € C, var € A.
For each x € H and z € C, the metric projection P is satisfied
z=Po(z) <= (y—z,2—2) <0, Vy e C. (4.2)
Note that the metric projection is nonexpansive mapping.
Let g : H — (—00,00] is a proper convex lower semicontinuous function. Then
the subdifferential dg of g is defined as follow:
dg(x) ={ze€ H:g(y) —g(z) 2 (y —z,2), Vy € H},
for all x € H. If g(x) = oo, then dg(z) # 0, Takahashi [16] claim that dg is
m-accretive operator. Since we know that, an m-accretive operator is maximal
monotone operators in a Hilbert space, then we claim that dg is maximal monotone
operators. Then we define the set of minimizers of g as follow:
argminyeng(y) = {z € H : g(z) = minyeng(y)}-

It is easy to verify that 0 € Jg(z) if and only if g(2) = minyemg(y). Let ic be the
indicator function of C' by

. 0, Vr € C,

iol) = {

+oo, z¢C.
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Then i¢ is a proper lower semicontinuous convex function on H. So, we see that
the subdifferential dic of i¢ is maximal monotone operator; see, [16]. The resolvent
J,. of dic for r > 0, that is J,.o = (I +rdic) 'z, Vo € H. Next, we recall that set
N¢(u) is called the normal cone of C' at u define by
Ne(w)={z€ H:(z,y—u) <0, Yy e C}.
Since N¢(u) = 0ic(u). In fact, we have that for any x € H and u € C,
w=Juo=I+7r0ic) 'z < zcu+rdicu

< zcu+rNc(u)

< z—u€erNg(u)

— %(sc—u,y—u} <0, VyeC

— (rz—uy—u) <0, Vyel

= u=Pcox. (4.3)
Then u = (I +rdic) 'z <= u= Pox, Vz € H, u e C.

Now, we consider the following variational inequality problem (VIP) for B is to
find z € C such that

(Bz,y —z) >0, Vy € C. (4.4)
The set of solutions of (4.4) is denoted by VI(C, B).
VIC,B)={ze€C:(Bz,y—xz)>0,VyeC }. (4.5)

Theorem 4.2. Let B: C — H be an a-inverse strongly monotone mapping. Let
S : C — C be a nonexpansive mapping and let f : C — C be a contraction
mapping with the constant k € (0,1). Assume that Fiz(S) N VI(C,B) # (. For
given xg € C, let {x,} be a sequence defined by following:

Yn = anf(xn) + (1 - an)x'm
Tn41 = ﬁnxn + (1 - Bn)SPC(yn - TnByn + en); Vn Z 07

where {an}, {Bn} are real number sequences in (0,1), {ry} is a real number sequences
in (0,2a) and {e,} is a sequence in H. Assume that the control sequences satisfy
the following conditions:

(4.6)

(a) lim,— oo o, =0, and D07 | ay = 00;

(b) 0 <liminf, o Bp <limsup,_ . Bn < 1;

(¢) lim, ooy =71, and r € (0,2a);

(d) X020 Il en ll< o0.
Then, the sequence {x,} converges strongly to a point z € Fiz(S)NVI(C, A), where
T = Ppiys)nvie,s)f(Z).
Proof. By lemma 2.4 we know that Fiz(JA(I—rB)) = (A+B)~'(0). Put A = dic,
and we to show that VI(C, B) = (0ic + B)~1(0). Note that

x € (0ic + B)~1(0) 0 € dicw + Bx

0 € Necx + Bz
—Bx € Nex

Freueee

x e VI(C,B). (4.7)
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From (4.3), therefore, we can conclude the desired conclusion immediately. o

4.2. Application for equilibrium problems. Let F' be a bifunction of C' x C
into R, where R is the set of real numbers. The equilibrium problem for finding
x € C such that
F(z,y) >0, Yy € C. (4.8)

The set of solutions of (4.8) is denoted by EP(F).

For solving the equilibrium problem, we assume that the bifunction F satisfies
the following conditions:

(Al) F(z,z) =0 for all z € C;

(A2) F' is monotone, i.e., F(z,y) + F(y,z) <0 for any z,y € C;

(A3) for each z,y,z € C, limsup,__, g+ F(tz+ (1 —t)z,y) < F(x,y);

(A4) for each x € C, y+— F(z,y) is convex and lower semicontinuous.

Lemma 4.3. [17] Let C be a nonempty closed and convex subset of a real Hilbert
space H and let F' be a bifunction of C x C into R satisfying (A1)-(A4). Let r >0
and z € H. Then, there exists x € C' such that

1
Floy) + (y—we -2 =20, Vyel. (4.9)

Lemma 4.4. [18] Let C' be a nonempty closed and convex subset of a real Hilbert
space H and let F': C x C — R satisfies (A1)-(A4). Forr >0 and z € H, define
a mapping T, : H — C as follows:

1
T.(2) ={z € C:F(z,y) + ;(y —x,x—2)>0, Yy e C},Vz € H. (4.10)

Then, the following hold:

(1) T, is single-valued;

(2) T, is firmly nonexpansive, i.e., for any x,y € H,

ITve = Tryl|* < (Tr(2) = Tr(y), @ — y);

(3) Fi(T,) = EP(F);

(4) EP(F) is closed and convet.
Lemma 4.5. [19] Let C be a nonempty closed and convex subset of a real Hilbert

space H and let F' : C x C — R satisfies (A1)-(A4) and Ap be a multi-valued
mapping of H into itself defined by
A — {z€eH:F(z,y) > {y—z,2),Yy € C}, VzxeCl,

Then EP(F) = A}l(O) and Arx is a mazimal monotone operator with the domain
D(Ag) C C. Furthermore, the resolvent T, of F' coincides with the resolvent of A,
i.e.,

T,x=(I+rAp) Y(x), Vo € H, r> 0, (4.11)
where T, is defined as in (4.10)

We recalled that T, is the resolvent of Ap for r > 0. Since A = A, we will show
that J.z = T,-x. Indeed, for x € H, we have

ze€Jyx=I+rAp) Hz) <= zec(I+rAp)z
<~ wE€z+rApz

<~ x—z€rAFRz

<

l(wf z) € Apz
”
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F(e,y) 2y =2,z — 2))

Floy) 2y =2, — (=~ o))

F(z,y) 2 7<y—z,z—m>

1
F(z,y)—i—f(y—z,z—@ 20, Vyec
T
zeT,x. (4.12)

T o111

Using lemmas 4.3, 4.4, 4.5 and theorem 4.1, we also obtain the following result.

Theorem 4.6. Let F : C x C — R which satisfies (A1) — (A4). Let S: C — C
be a monexpansive mapping and let f : C — C be a contraction mapping with the
constant k € (0,1). Assume that Fixz(S) N EP(F) # 0. For given xg € C, let {z,}
be a sequence defined by following:

{ Yn = Oénf(xn) + (]- - an)xna

(4.13)
Tn+l = 6nxn + (]- - 5n)STrn (yn + en)a n > 07

where {an }, {Bn} are real number sequences in (0,1), {r,} is a real number sequences
in (0,2a) and {e,} is a sequence in H.
Assume that the control sequences satisfy the following conditions:
(a) lim,—yoo o, = 0, and Y07 | v, = 00;
(b) 0 < liminf,, . B, <limsup,,__,. Bn <1;
(¢) limy,_yoorn =7, and r € (0,20a);

(d) 302 Il en < o0.
Then, the sequence {x,} converges strongly to a point T € Fix(S) N EP(F), where

T = Ppiy(s)nepr)f(T).

Proof. Put A = Ap and B =0 in (A + B)71(0) from theorem 4.1. Furthermore,
for bifunction F' : C x C — R, we define Apz as in lemma 4.5, we have EP(F) =
A7'(0) and let 7)., be the resolvent of Ar for 7, > 0. Therefore, we can conclude
the desired conclusion immediately. O

5. CONCLUSION AND REMARKS

Our main results extends and improves in the following:

(i) Theorem 3.2 extends and improves Theorem 3.1 of Manaka and Takahashi [4,
Theorem 3.1] from a Hilbert space to a Banach space and from weak convergence
to strong convergence.

(ii) Theorem 3.2 partially extends and improves Theorem 2.1 of Cho et al. [0,
Theorem 2.1] from a Hilbert space to a Banach space with uniformly convex and
2-uniformly smooth.

(iii) Theorem 3.2 extends and improves Theorem 3.1 of Qing and Cho [20, The-
orem 3.1] from the problems of finding an element of A~1(0) to the problem of
finding an element of Fiz(S) N (A + B)~1(0).

(iv) Theorem 3.2 extends and improves Theorem 3.7 of Sahu and Yao [3, Theorem
3.7] from the problems of finding an element of A=1(0) to the problem of finding
an element of Fiz(S) N (A + B)~1(0).

(v) Theorem 3.2 extends and improves Theorem 3.7 of Ldpez et al. [5, Theorem
3.7] from the problems of finding an element of (A + B)~1(0) to the problem of
finding an element of Fiz(S) N (A + B)~1(0).
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ABSTRACT. In this paper, we intend to solve a split feasibility problem by viscosity
iterative algorithm. The bounded perturbation resilience of the method is examined in Hi-
bert spaces. As tools, averaged mappings and resolvents of maximal monotone operators
are specialized procedure to simplify the proofs of the main results. Under mild condi-
tions, we prove that our algorithms converge to a solution of the split feasibility problem.
Moreover, we show the convergence and result of the algorithms by a numerical example.

KEYWORDS: Viscosity iterative algorithm, Split feasibility problem, Maximal mono-
tone operator.
AMS Subject Classification: 47H09, 47H10.

1. INTRODUCTION

Let C' and @ be nonempty closed convex subsets in real Hibert space H; and
Hj respectively. Let Pc be the metric projection from H; onto C' and Py be the
metric projection from Hy onto ). The problem to find

u* e C with Au* €@ (1.1)

where A is a bounded linear operator from H; to Ha, if such u* exist, this problem
is called the split feasibility problem(see [1]). If problem (1.1) has a solution (say
that C N A~1Q is nonempty). u* € C N A~1Q is equivalent to

u* = Pc(I - )\A*<I - PQ)A)U*, (1.2)
where A > 0 and A* is the adjoint operator of A.

The SFP was first introduced by Censor and Elfving [2] in 1994. They used their
multidistance method to obtain iterative algorithms for solving the SFP. After that,

Corresponding author.
Email address : paiwan252653@gmail.com.
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Byrne [3] proposed his CQ algorithm which generates a sequence {x,} by
Tpy1 = Pc(I — MNA*(I — Pg)A)z,, Yn>0. (1.3)

Let B : H; — 21 be a mapping and let Jy = (I + AB)~! be the resolvent of B for
all A > 0. Let T': Ho — H> be nonexpansive mapping.

In 2015, Takahashi et al. [4] proposed the following algorithm:

Tn41 = J,ﬁ (xn - )\nA*(I - T)ACC”), (1'4)

where {\,,} is a sequence in [0, 1] and they proved that the sequence {u,} converges
weakly to a point u* € B~10N A~ Fiz(T) in the framework of Hilbert spaces. That
is this problems is to find a point u* € H; such that

0€ Bu* and Au* € Fix(T). (1.5)

The set of all solution (1.5) denoted by I' = B0 N A~ Fix(T).
there are many authers have studied the SFP and its extensions by means of fixed-
point methods and weak-strong convergence theorems of solutions have been estab-
lished in Hilbert or Banach spaces (see [5, 6, 7, 8, 9, 10]).

Let F be an algorithm operator. Let {z,,} be a sequence, generated by x,+; =
Fx,, and let {y,} be a sequence, generated by yn+1 = F(yn + Bnvn), where {8, }
is a sequence of nonnegative real numbers and {v,,} is a sequence in H such that

Z*B" <oo and ||vp|| <M, VYn>0. (1.6)

n=0

An algorthmic operator F' is call bounded perturbation resilient if the following
is ture: if the sequence {z,} is convergent, then {y,} is also convergent (see [11]).

In 2017, Xu [12] presented the bounded perturbation resilience and superior-
ization techniques for the projected scaled gradient(PSG).The iterative method is
defined as following:

Tnt1 = (1 — an)xn + anPo(xy — AnD(xy)Vh(x,) + e(zy)), VR >0 (1.7)

where {A,}, {an} are a sequence in [0, 1], & is a continuous differentiable and con-
vex function, and D(z,) is a diagonal scaling matrix. The weak convergence was
proved in [12].

In 2018, Guo and Chi [13] proposed the following proximal gradient algorithm
with perturbations:
Tng1 =t f(xn) + (1 —tp)prozy, 4(1 — A, VR)x, + e(zy,), (1.8)

where {A\,}, {tn} are a sequence in [0,1] and f is a contractive, for solving non-
smooth composite convex optimization problem. They obtained strong convergence
and bounded resilience of the above method.

In 2019, Duan and Zheng [14] presented a viscosity approximation method for
solving problem (1.5):

Tn+1 = anf(xn) + (1 - an)J)\Bn (xn - TnA*(]- - T)Axn + e(xn))v (19)



VISCOSITY ITERATIVE SCHEME FOR SPLIT FEASIBILITY PROBLEMS 145

where {\,}, {mn}, {a@n} are a sequence in [0, 1] and they gave the bounded pertur-
bation of (1.9) yields a sequence {z,} generated by the iterative process:

Yn = Ty + ﬁnvn
Tp+1 = anf(yn) + (1 - O‘n)J)\Bi,/ (yn - TnA*(I - T)Ayn + e(yn))v (110)
where {\,.}, {7n}, {an}, {Bn} are a sequence in [0, 1]

In this paper, we extend work in [14] and purpose the following process for solving
problem (1.5) :

Tni1 = anf(@n + e(zn)) + (1 — an)JD (zn — Mg A* (I = T) Az, + e(xy)), (1.11)

where {\.}, {7n}, {an}, are a sequence in [0,1], f is contractive, and we give a
sequence {z,} generated by the iterative process:

Yn = Tpn + Bnn
Tpt1 = anf(yn +e(yn)) + (1 — an)Jﬂi (Yn — M A (I = T)Ayn + e(yn)), (1.12)

where {A.}, {7n}, {an}, {Bn} are a sequence in [0,1] and f is contractive.

After that we prove the convergence point of the iterative method which is also
the unique solution of some variational inequality problem. A numerical example
is also given to demonstrate the effectiveness of our iterative schemes.

2. PRELIMINARIES

Let {z,} be a sequence in a real Hilbert space H. First, We give notations:

e Denote {z,} converging weakly to by z, — z and {x,} converging
strongly to x by x,, — x.

e Denote the set of fixed points of mapping T by Fiz(T) ={x € H : Tx = x}

e Denotetheweak w-limit set of {x,,} by wy(2y) == {2 : Iz, — }.

Definition 2.1. A mapping F': H — H is said to be
(i) Lipschizian if there exist a positive constant L such that
|Fe— Fyl| < Lllz —yll, Va,y e H.

In particular, if L = 1, we say that F' is nonexpansive, namely,

HFx—FyHSLHx—yH, \V’J},yEH,

if L €]0,1), we say that F is contractive.
(ii) a-averaged mapping (a-av for short) if

F=(1-a)+aT,
where o € [0,1) and T : H — H is nonexpansive.
Definition 2.2. A mapping B : H — H is said to be
(i) monotone if
(Bx — By,z —y) <0, Vz,ye€ H.
(ii) m—strongly monotone if there exists a posive constant eta such that

(Bx — By,z —y) > 77||;v—y\|27 Vr,y € H.
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(iii) a-inverse strongly monotone (for short a-ism) if there exist a positive con-
stant a such that

(Bx — By,x —y) > o||Bx — Byl||?, Vax,y € H.
In paticular, if & = 1, we say that B is firmly nonexpansive, namely,
(Bx — By,x —y) > ||Bx — By||?>, Vz,y <€ H.

Definition 2.3. Let B : H — H be amonotone mapping. Then B is maximal
monotone if there exists no monotone operater A : H — 2 such that graA prop-
erly contains graB,i.e. for every (z,u) € H X H,

(x,u) € graB < Y(y,v) € graB, (x — y,u —v) > 0.
Lemma 2.4. Let H be a real Hillbert space. Theere holds the following inequality
lz +yll* < [l2|* +2(z +y,y), Vo,y € H.

Lemma 2.5. Let f: H— H be a k€ (0,1) and let T : H — H be a nonexpansive
mapping. Then

(i) I — f is (1-k)-strongly monotone:

(I=flz—=I = flya—y) = A -p)llz—yl[*, Vo,yeH.
(ii) I —T is monotone:
<<I—T)$—<I—T)y,x—y>20, V%QGH-

Proposition 2.6. [1] Assume that H, and Ho are Hilbert space. Let B : Hy — 211

be a maximal monotone mapping and let A : Hi — Hs be a bounded linear operator
such that A # 0. Let T : Hy — Hs be a nonexpansive mapping. Then

(i) A*(I = T)A is sz -ism.

. 1

(11) FOTO<T<W, .
I—7A*(I-T)A is 7||A||*- averaged and JE(I —TA*(I—T)A) is w
averaged.

Lemma 2.7. [15] Let B be a mazimal monotone operator. Let JZ = (I +~B)~"
and JP = (I+AB)~!, where v > 0 and A\ > 0 are two real numbers, be the resolvent
operators of B. Then

A A
fo = Jf(;m—i— (1-— ;)sz), Vo € H.

Lemma 2.8. [16] Let H be a real Hillbert space, and let T : H — H be a nonez-
pansive mapping with Fixz(T) # 0.if {x,} is a sequence in H weakly converging to
x and if {(I — T)x,} converges strongly to y,then (I —T) = y; in particulary, if
y =0, then v € Fiz(T).

Lemma 2.9. [17] Assume {0, } is a sequence of nonnegative real numbers such that
0n+1 S (1 - pn)an + pndna n Z Oa
UnJrlSJn_(Pn"_qbna TLZO7

where {pn} is a sequence in (0,1), {¢on} is a sequence of nonnegative real numbers
and {6,} and {¢,} are two sequences in R such that
(i) ZZO:1 Pn = OO]
(iil) limg—oo n, = 0 = limsup,_, . On, <0 for any subsequence (ny) C (n).
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Then lim,,_, o, 0, = 0.

Lemma 2.10. [4] Let Hy and Hy be Hilbert space. Let B : Hy — 251 be a mazimal
monotone mapping and let JE = (I + XB)~1 be the resolvent of B for X\ > 0. Let
T : Hy — Hs be a nonexpansive mapping and let T : Hy — Hs be a bounded linear
operater. Suppose that B0 N A= Fixz(T) # 0. Let \,7 > 0. Then the following
equality holds:

Fix(J2(I —7A*(I - T)A)) = (A*(I - T)A+ B)"'0 = B"'0N A~ Fiz(T)

3. MAIN RESULTS

In [1] proposed the viscosity approximation method:
Tpt1 = anf(xn) + (1 — a,)S(x,), Vn >0,
which converges strongly to a fixed point u* of the nonexpansive mapping S. In
[7] further proved that u* € Fixz(S) is also the unique solution of the following
variational inequality problem:
(I = flu*,a—u*y >0, VYiae Fix(S), (3.1)

where f: H — H is a k-contraction.
In this section, we present a viscosity iterative algorithm for solving problem
(1.5). Rewrite iteration (1.11) as
Tnt1 = apn f(an +e(z,)) + (1 — ocn)J,ﬁ (T — AfA™(I — T) Az, + e(zy))
= anf(zn) + (1= an)Jl (xn — MA* (I = T)Azy) +€,, Yn >0,
where
en = an(f(xn +e(xy)) — flz))+ (1 — an)(Jﬁ (X = ApA* (I = T) Az, + e(zn))
=I5 (2 — \A* (I = T) Azy)).
Since Ji is nonexpansive and f is contractive, it is easy to get

enll < anllf(zn +e(zn)) — flza)| + (1 - O‘n)”J»i (T — M A (I = T) Az, + e(xn))
B *
—J (xn — MA* (I = T)Ax,)||

< anklle(zn)| + (1 — an)lle(zn)]

= (ank + 1 —an)lle(zn)|l

< lle(zn)ll-
Theorem 3.1. Let Hy, Hy be two real Hilbert spaces and let A : Hi — Hy be a
bounded linear operator with L = || A* Al|, where A* is the adjoint of A. Suppose that
B : Hy — 211 4s g mazimal monotone operator and T : Hy — Hs is a nonexpansive
mapping. Assume that I' = B=10 N A~ Fiz(T) # 0. Let f be a k-contractive on

Hy with 0 < k < 1. Choose xg € Hy arbitrarily and define a sequence {x,} in the
following manner:

Tnt1 = nf(an +e(zy)) + (1 — an)Ji (X — AA*(I —T)Azy, +e(zn)) (3.2)
if the following conditions are satisfied:
(i) limpsooan =0 and Y07, a, = o0;
(i1) 0 < liminf,, o v, < limsup,,_, ., Vo < 00;
(iii) 0 < liminf, e Ay < limsup, . Ay < +;
)

(iv) 3nzo lle(n)]l < oo.
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Then {x,} converges strongly to u* € T', which is also the unique solution of varia-
tional inequality problem (3.1).

Proof. Let Vy, = JZ (I — \,A*(I — T)A). From Proposition 2.6, it follows that
JB((I = MA*(I-T)A) is L2l —guas0< A, < .
Step 1. show that {z,} is bounded. For any u* € T', we have
241 —w”]]
= [l f(zn) + (1 = o)V, 20 + €, — u||
= |lan f(xn) + Vi, Tn — an Vi, Tn + €, — ||
= [(anf(zn) — anu™) + (Va,@n — ™) — (@nVr, Tn — anu™) + €|
= llon(f(zn) =) + (1 = an)(Va,2n — ") + ||
< apllf(zn) =l + (1 = an)[|(Va,2n = u*)[| + [[en]]
= anllf(zn) = f(u®) + f(u®) =u[| + (1 = an) [ (Va, 20 — u®) || + [[€n]]
S ol f(@n) = fW)| + anllf (@) —u®]| + (1 = an)[[(Va,zn — ") + [[en]
= an[f(zn) = Fu)l + anllf(u®) = u® + (1 = an)[[(Va,zn = Va,u")[| + [[En]]
< ankllen — o + anllf(u®) — @] + (1 = an)llen — o[ + 6]

= (1 o k) |+ (") )+ 121
N |
= (1= an(1 = k) |an — | +%“"“)l|ﬂu ) LLH -

From condition (i), (iv) and o, > 0, we get {”i\"“} is bounded.Thus there exists

M; > 0 such that sup{Hf(u*) —u*|| + %’;”}g My, for all n > 0. By Mathemat-

ical Induction, we get ||z, — u*| < max{||:vo — ||, 2 }, which implies that the

sequence {z, } is bounded, so are {f(z,)}, {Vx,zn} and {A*(I — T)Ax, }.
Step 2. Show that for any sequence{nk} - {n},

Fixing u* € T, we have

041 — ||
= |lanf(@n) + (1 — )V, &y + & — u*|?
= [lanf(zn) + (1 — an)Va, 20 — U*”2
+ 2{an f(2) + (1= an)Va, @0 — u,8n) + [
= lan(f(@n) = u) + (1 = an)(Va, 20 — u’)|?
+ 2an f(2) + (1= an)Va, @0 — u”,8n) + [[€]]?
< an |l fxn) = u[P + (1= an)?[|Va, 20 — ||
+ 20, (1 — an){f(xn) — u*, Vi, 2y — u®)
+2llanf(zn) + (1= an)Va, 20 — w*[[[E]l + (6]
= ap |l f(wn) = u*[” + (1 = an)?[|Va, 20 — u*||?
+ 20, (1 — an){(f(xn) —u*, Vi, zy —u®)
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+ 2o (f(n) = ) + (1 = @) (Vo 2n — u")[[En ] + [
< A2||f(zn) — u|? + (1 — an)?[[Va, 20 — u*?
+ 2a"(1 - an)<f(1}n - U*7 V)\nxn - U’*>

+ 20, (1 — an){(f(zn) — u*, Vi, xp — u*)

n

+ (200 @a) = u* |+ 20 = an) [ = w* | + 6] ) 12l

< 202 (If (@) = F@IP + 17 () = w]?) + (1 = an)?|[Va, 20 — |
+ 20471(1 - an)<f(xn) - U*’ anxn - ’U,*> + M2H/e\7l||

< 202 (If @) = L@ + 17 () = w]?) + (1 = @) Va0 — |

o 20n(1 = o) (1F 2n) = F@) [l = 0|+ (F(0") = u*, Vi, —u')) + Mol
< 202k|an — w2+ 203 () = P + (1= 02 wn - u' |

+ 20, (1 — an)k||zn — u*||* + 200 (1 — ) (f(u*) — u*, Vi, 2 — u*) + M€, ||
= (202K + (1 = @n)? + 200 (1 = an)k ) lfo — w*|® + 2021 (u*) - "

20 (1= ap){f (") = u", Vo, o — ) + Ma |6
= (1= n(2 = an(1+2k%) = 2(1 — an)k)) ||z, — u*||?

20 (1= a){f (") = u", Vo, o — ) + 202 f(u) = P + Ma@all, (3.3)

where

My = sup {2007 (rn) = |+ 200 = o) e — | + 20l .
ne

Note that
Vi, = JE (I = XA (I = T)A) = (1 — wy)] + w, Uy, (3.4)

such that w,, = %, and U, is nonexpansive. By condition (iii), we get

1 .. .
— < liminf w, <limsupw, <1
2 n—oo n—o00

Since u* € T, then V) u* = u*. Furthermore, we have (1 — wy,)u* + w,U,u* = u*.
It is clear that U,u* = u*.

[E——TE
= [lan f(xn) + (1 — an)Va, @ + €n — u*||?
= lanf (@n) + (1 — an)Va, 20 — ||
+ 2(an f(n) + (1 = o) Va, @ — u*,8n) + [[Enl|
< lanf(@n) + (1 — an)Va, zn — u*|?
+ 2l f (2n) + (1= an)Va, 20— ul[[[Eal] + (1)
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< Mlenf(@n) + (1 — an)Va, 20 — “*”2
+ (20n]f(zn) = ull +2(1 = an)llen —w' | + &) I
< Mlenf(an) + (1 — an)Va, 20 — u*||2 + Ma|en ||
= [Va,zn — " + an(f(zn) = Va,z)[1? + Mz,
= [Va,zn — w*[I* + af [ f(zn) = Vi, al?
+ 20, (Vi T — 0™, f(xn) — Vi, Tn) + Mal|En]|
= [|(1 = wp) 2y + wUpzn — U*||2 + O‘i”f(xn) - V>\n$n||2
+ 20, (Vy, Tn — 0™, f(xn) — Vi, Tn) + Mal|E,]|
= ||z — wnzn + W Upxp — (1 — wy)u® — w,Upu®||2 + a2 || f(2zn) — Vi, Znl?
+ 20, (Vy, n — U™, f(2n) — Vi, Tn) + Ma|En]|
=[[(1 —wn)(zn — u*) + wp (Uny — UnU*)”2 + O‘i”f(xn) - VAnmnHZ
+ 20, (Vi @, — u”, f(2n) — Vi, Zn) + Male,]|
= (1 —wy)[|z, — U*||2 + wp||Unon — UnU*||2 = wn (1 = wp)|[Unzn — anZ
+aillf(xn) = Va,znll® + 200 (Va, @0 — 0, fn) = Vi, 2n) + Ma|&, |
<|lzn — U*||2 = wn (1 = wy) | Unzn — anQ + O‘in(xn) - V>\nxn”2
+ 20, (Vy, T — 0™, f(xn) — Vi, Tn) + Mal|€n]|- (3.5)

Furthermore, we set

On = ||x7l _U*HQ’ Pn :an(2_an(1+2k2) _2(1_an)k)a
_ 1
2 —an(14+2k2) —2(1 — ap)k

+2(1 = an)(f() = u", Vi, @ — )]
On = Wn (1 — wy) | Untn — z,||%, and
$n = apllf(2n) = Va,@all® + 200 (Va, 20 — 0", f(zn) = Va,2n) + Ma|[E].
Note that

[en]]

[20m 17 (u) = w2+ Mo R

n

On

pn — 0, ipn:oo (lim (2 — a, (14 2k%) — 2(1 — a,)k) = 2(1 — k) > 0)
n=0

n—oo

and ¢, > 0 (a, — 0). By lemma 2.9, we have ¢,, — 0 (k — oco) implies that
limy 00 SUp 0y, < 0 for any subsequence {n;} C {n}. Indeed, ¢,, — 0(k — o0)
implies that ||Uy,, Zn, — @n,|| = 0(k — 00) due to condition (iii). From (3.3) we
have

||xnk - VAnk Ly, ” = Wn,, ||xnk —Un,p, ” — 0. (36)
Step 3. Show that
wWyp{Tn, } CT (3.7

where wy,{z,, } is the set of all weak cluster points of {xz,, }.
Let @ € wy{xy, } and Tn,, is a subsequence of z,, weakly converging to u. We use

{zn,} to denote Tny, and we assume that A,, — A.Then 0 < A < % In the same



VISCOSITY ITERATIVE SCHEME FOR SPLIT FEASIBILITY PROBLEMS 151
way, we take a subsequence {v;, } of v, by condition (ii) and assume that ~,, — 7.
Let Vi = JB(I — MA*(I — T))A, we sce that V is nonexpansive. Set
ty = Tn, — A, AT —T)Axy,; 2k = Tn, — \A (I —T)Az,,.
By the resolvent identity, we conclude that
||V)\nk Lny — Vkmnk ”
= |15 (@ny = A AL = T)Ay) = J7 (0, — AA™(I = T) Az, )|
= |5, (te) = Jf(Zk)II

o
= HJf(%k te+ (1 - )Jflk) —JZ (=)
<t + (1 - 2 >J$;k>—zk||
ngk ngk
Y B Y
= 1—-—)J — 2+ —2k
\ » ( nk) ) - |
v v
= ||=——(tx —2x) + (1 *f)( k=
Nk n
< Dt -zl + (1 - l D, = 2l
Vnk
- % 2, — A A* (I — T)Axnk — &+ AA*(I = T) Azy, |
nE
v
+(1 - %k)HJﬁktk — 2|
_ 'Y * ’7 B
= —| = (A, = NA (I = T)Azn, || + (1= ——)|IJ, te — 2]l
Nk Tny )
. v
= = (= N)A (I =T)Azp, || + (1 = —)IIJ5 tr — 2l
Tny Yni
Y * Y
= |(Ane = MDA = T) Ay, || + ( M5 te = zll- (3.8)
Nk Nk

Since v, — v and A, — A as k — oo, then ||V, x5, — Vazy, || — 0. As a result,
we get

||xnk - V/\mnk” < ||$le Vi mnk” + HV)\ T — V)\xnkH —0 (39)

n

From lemma 2.8, we have wy,{zn, } C Fiz(Vy). It follows from lemma 2.10 that
Wy {Tn, } € S. We also have

limsup(f(u*) —u", Vi, n, —u") = limsup(f(u*) — u*, zn, —u")

RN k00
+ lilzrisip<f(u*) —u", Vi, Tnyp — Tny) (3.10)
and
limsup(f(u*) — u*, z,, —u*) = (f(u") —u*,u—u"),Vu eT. (3.11)

k—o0
It is easy to get from (3.10) tend to zero. Since u* is the unique solution of varia-
tional inequality problem (3.1), we get
(f(u*) —u*,u—u*) <O0.
Hence
lim sup d,,, < 0.

k—o0
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The bounded perturbation of (3.2) by the following iterative method:

Yn = Tn + Bnn,
Tpy1 = o f(Yn +€(yn)) + (1 - O‘n)‘]ijgn (Yn — A A (I = T)Ayn + e(yn)),
(3.12)

where {\,}, {7}, {an}, {8.} are a sequence in [0, 1] and f is contractive.
O

Theorem 3.2. Let {$,} and {v,} be satisfied by condition (1.6). Let Hy, Hy be
two real Hilbert spaces and let A be a bounded linear operator with L = ||A*A]|,
where A* is the adjoint of A. Suppose that T = B=10N A= Fixz(T) # 0. Let f be
k-contrative mapping on H, with 0 < k < 1. Choose xo € Hjarbitrarily and define
the sequence {x,} by (3.12).1If the following conditions are satisfied:

(1) limpoon, =0 and Y7 = 00;

(il) 0 < liminf, o0 vn < limsup,, . ¥n < 00;

(iii) 0 < liminf, 4o Ay < limsup,,_, oo A < 33

(iv) 2onio lle(yn)ll < oo.

Then {x,} converges strongly to u*, where u* is a solution of problem (1.5),which
is also the unique solution of variational inequality problem (3.1)

Proof. we can rewrite (3.12) as

Tng1 = O f(Tn) + (1 — an)JD (2 — M A*(I = T)Axy,) + €, (3.13)
where
n = an(fyn +e(yn)) = f(2n) + (1 = an) (I3 (Yn — M A* (I = T) Ays + e(yn))
B *
—J (xn, — MA* (I —T)Axy,)), (3.14)
Since A*(I —T)A is i—ism, then it is 2L-Lipschitz. Thus,
[€nll
< anl[f(yn + e(yn)) — fan) (3.15)
+ (L= an)|JZ (yn = M A (I = T) Ay + €(yn)) — JZ (2 — A A™(1 — T) Azy,)|

< ankllyn + e(yn) — @nl|

+ (1 = an)llyn — AnA™ (I = T)Ayn + e(yn) — (zn — A A™(I = T) Az, |
= ankllyn — xn +e(yn)|

(1= an)llgn — n — A(A°(] = T) Ay — A*(I = T)Azy) + e(g)]|
< ankllyn — anll + anklle(yn)|

+ (1 —an) (Hyn — Znl| + A [[AT(I = T) Ay, — A™(I — T) Az, || + 6(%))
< anknyn - an + O‘nkHe(yn)H

+(1—an) (llyn — || + 2Xn Lllyn — 2a + ||€(yn)>

= (apk + 14 2\, L — oy — 20,2 L) |lyn — xnll + (ank + 14+ ay)lle(yn)]|
= (ank + (1 — ) (1 + 220, L)) [[yn — znll + (1 + (1 + K)o [le(yn) ||
< (ank + (1 = ) (1420, L)) Bul Ve | + (1 + (1 = k)an) le(yn) |l (3.16)
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From (1.6) and

e’} 0
Y lletya)ll < oo and Y |[En]| < oo
n=1 n=1

Thus, we find from theorem 3.1 that algorithm (3.2) is bounded perturbation re-
silient.

O

4. NUMERICAL RESULTS

In this section, we consider the following numerical examples to present the
effectiveness, realization and convergence of Theorem 3.1.

1
Example 4.1. Let H; = Hy = R?. Define h(z) = i Take B : R? — R? and
T : R? — R? asfollows:

3 0 ) 1
B= (5 ). Tou= 0T G sinE)T ) = ().
Observe that B is a positive linear operator. Then it is maximal monotone. T is
2-av and the set of fixed points Fiz(T) = {y|(y(1),0)"} is nonempty. Then it is
nonexpansive. Hence, we obtain the resolvent mapping Jf = (I+~B)~!. It follows
that
JB _ 1 9v+1 0
T By+D9y+1) 0 3v+1

Generatea 2 x 2 random matrix A, and compute the Lipschitz constant L =

|AT A||, where AT represents the transpose of A. Take v, = 0.9, \,, = \ = ﬁ
_ 1

and «,, = s

According to the iterative process of Theorem 3.1, the sequence {x,, } is generated
by

1 1 1
T E\7 4 \4n n 1-
I+ qa @ tele)) 1= oo

As n — oo, we have {x,} — u*. Taking random initial guess 2y and the stopping
criteria is ||xn4+1 — Zn|| < €, we obtain the numerical experiment results in Table 1.

VB (2 — M AT (I — T) Az, + e(2)).

In

Tn41 =

TABLE 1. 29 = rand(2,1)

€ A=101 " Time X |Xns1 — znl]
10-% 0.006745 20 0.010811 (0.000003, 0.000001) 8.068095 x 10~
1077 0.022563 30 0.013420 (0.000001, 0.000000) 8.854955 x 108
1078 0.011875 46 0.009761 (0.000000, 0.000000) 9.290480 x 108

Next, we consider the algorithm with bounded perturbation resilience. Choose
the bounded sequence {v,} and the summable nonnegative real sequence {f,} as

follows: d
——"_ if0+#d, € B(z,),
vp =19 ldnl

0, if 0 € B(zy),

where B(x,,) = (32, (1), 97,(2))T, 2,(i), i = 1,2 denote the ith element of x,,, and
Brn = ", for some ¢ € (0,1). Setting ¢ = 0.9, the numerical results can be seen in
Table 2.
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TABLE 2. zy = rand(2,1)

€ Ap = ﬁ n Time T, |Tnt1 — ]
10~ 0.006923 33 0.015636 (0.000000, 0.000000) 6.782486 x 10~7
10~7  0.006444 60 0.015266 (0.000000, 0.000000) 8.078633 x 10—8
10~  0.005079 83 0.015765 (0.000000, 0.000000) 7.836764 x 10~°

5. CONCLUSION

We have introduced a viscosity iterative scheme and obtained the strong con-
vergence. We also consider the bounded perturbation resilience of the proposed
method and get theoretical convergence results.
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ABSTRACT. In this paper, we intend to solve a split feasibility problem by viscosity
iterative algorithm. The bounded perturbation resilience of the method is examined in
Hibert spaces. As tools, averaged mappings and resolvents of maximal monotone operators
are the specialized procedure to simplify the proofs of the main results. Under mild
conditions, we prove that our algorithms converge to a solution of the split feasibility
problem. Moreover, we show the convergence and result of the algorithms by a numerical
example.
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1. INTRODUCTION

Let C' and @ be nonempty closed convex subsets in real Hibert space H; and
Hj respectively. Let Pc be the metric projection from H; onto C' and Pg be the
metric projection from Hs onto Q. The problem to find

u* e C with Au* €@ (1.1)

where A is a bounded linear operator from H; to Hs, if such u* exist, this problem
is called the split feasibility problem(see [1]). If problem (1.1) has a solution (say
that C'N A~1Q is nonempty). u* € C N A71Q is equivalent to

u* = Pc(I - )\A*<I - PQ)A)U*, (1.2)

where A > 0 and A* is the adjoint operator of A.

* Corresponding author.
Email address : paiwan252653@gmail.com.
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The SFP was first introduced by Censor and Elfving [2] in 1994. They used their
multidistance method to obtain iterative algorithms for solving the SFP. After that,
Byrne [3] proposed his CQ algorithm which generates a sequence {x, } by

Tny1 = Pc(I — MNA*(I — Pg)A)z,, Yn>0. (1.3)

Let B : H; — 21 be a mapping and let Jy = (I + AB)~! be the resolvent of B for
all A > 0. Let T : Ho — Hy be nonexpansive mapping.

In 2015, Takahashi et al. [4] proposed the following algorithm:

Tng1 = JL (20 — MA (I = T) Axy,), (1.4)

where {\,, } is a sequence in [0, 1] and they proved that the sequence {u,,} converges
weakly to a point u* € B~10N A~ Fiz(T) in the framework of Hilbert spaces. That
is this problems is to find a point u* € H; such that

0€ Bu* and Au* € Fiz(T). (1.5)

The set of all solution (1.5) denoted by I' = B=10 N A= Fiz(T).
there are many authers have studied the SFP and its extensions by means of fixed-
point methods and weak-strong convergence theorems of solutions have been estab-
lished in Hilbert or Banach spaces (see [5, 6, 7, 8]).

Let F' be an algorithm operator. Let {z,} be a sequence, generated by z,+1 =
Fz,, and let {y,} be a sequence, generated by yn+1 = F(yn + Bnvn), where {8, }
is a sequence of nonnegative real numbers and {v,,} is a sequence in H such that

o0
Zﬂn <oo and ||| <M, Vn2>0. (1.6)
n=0
An algorthmic operator F' is call bounded perturbation resilient if the following
is ture: if the sequence {z,} is convergent, then {y,} is also convergent (see [9]).

In 2017, Xu [10] presented the bounded perturbation resilience and superior-
ization techniques for the projected scaled gradient(PSG).The iterative method is
defined as following;:

Tpt1 = (1 — ap)zy + anPo(zy — AnD(z,)Vh(xy,) + e(zy,)), Yn>0 (1.7)

where {\,}, {a,} are a sequence in [0, 1], & is a continuous differentiable and con-
vex function, and D(x,) is a diagonal scaling matrix. The weak convergence was
proved in [10].

In 2018, Guo and Chi [11] proposed the following proximal gradient algorithm
with perturbations:
Tnt1 = tnf(xn) + (1 —tp)proxy, ¢(1 — Ay Vh)x, + e(xy,), (1.8)

where {A,}, {t,} are a sequence in [0, 1] and f is a contractive, for solving non-
smooth composite convex optimization problem. They obtained strong convergence
and bounded resilience of the above method.

In 2019, Duan and Zheng [12] presented a viscosity approximation method for
solving problem (1.5):

Tn+1 = anf(xn) + (1 - an)J)\Bn (xn - TnA*(]- - T)Axn + e(xn))v (19)
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where {\,}, {mn}, {a@n} are a sequence in [0, 1] and they gave the bounded pertur-
bation of (1.9) yields a sequence {z,} generated by the iterative process:

Yn = Ty + ﬁnvn
Tn+l = anf(yn) + (]- - O‘n)J)\Bi,/ (yn - TnA*(I - T)Ayn + e(yn))v (110)
where {\.}, {7n}, {an}, {Bn} are a sequence in [0, 1]

In this paper, we extend work in [12] and purpose the following process for solving
problem (1.5) :

Tni1 = anf(@n + e(zn)) + (1 — an)JD (zn — Mg A* (I = T) Az, + e(zy)), (1.11)

where {\.}, {7n}, {an}, are a sequence in [0,1], f is contractive, and we give a
sequence {z,} generated by the iterative process:

Yn = Tpn + Bnn
Tyt1 = anf(yn +e(yn)) + (1 — an)Jﬂi (Yn — A A (I = T)Ay, +e(yn)), (1.12)

where {A\.}, {7n}, {an}, {Bn} are a sequence in [0,1] and f is contractive.

After that we prove the convergence point of the iterative method which is also
the unique solution of some variational inequality problem. A numerical example
is also given to demonstrate the effectiveness of our iterative schemes.

2. PRELIMINARIES

Let {x,} be a sequence in a real Hilbert space H. First, We give notations:

e Denote {z,} converging weakly to by z, — z and {x,} converging
strongly to x by x, — x.

e Denote the set of fixed points of mapping T by Fix(T) ={x € H : Tz = z}

e Denotetheweak w-limit set of {x,,} by wy(2y) := {2 : Iz, — }.

Definition 2.1. A mapping F': H — H is said to be
(i) Lipschizian if there exist a positive constant L such that
|Fe— Fyl| < Lllz —yll, Va,y e H.

In particular, if L = 1, we say that F' is nonexpansive, namely,

HFx—FyHSLHx—yH, \V’J},yEH,

if L €1]0,1), we say that F is contractive.
(ii) a-averaged mapping (a-av for short) if

F=(1-a)+aT,
where a € [0,1) and T : H — H is nonexpansive.
Definition 2.2. A mapping B : H — H is said to be
(i) monotone if
(Bx — By,z —y) <0, Vz,ye€ H.
(ii) m—strongly monotone if there exists a posive constant eta such that

(Bx — By,z —y) > 77||;v—y\|27 Vr,y € H.
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(iii) a-inverse strongly monotone (for short a-ism) if there exist a positive con-
stant o such that

(Bx — By,x —y) > o||Bx — By||?, Vz,y € H.
In paticular, if a = 1, we say that B is firmly nonexpansive, namely,
<Bx—By,x—y>2||Bx—By||2, any€H~

Definition 2.3. Let B : H — H be amonotone mapping. Then B is maximal
monotone if there exists no monotone operater A : H — 2 such that graA prop-
erly contains graB,i.e. for every (z,u) € H X H,

(z,u) € graB < V(y,v) € graB, {(x —y,u —v) > 0.
Lemma 2.4. Let H be a real Hillbert space. Theere holds the following inequality
o+ yll* < [lall* +2(z +y.y), Va,yeH.

Lemma 2.5. Let f: H— H be a k€ (0,1) and let T : H — H be a nonezpansive
mapping. Then

(i) I — f is (1-k)-strongly monotone:

(I === yxz—y) >0 =p)llz—ylf*, Vo,yeH.
(ii) I —T is monotone:
(I-T)x—I-T)y,x—y) >0, Vr,ye€H.

Proposition 2.6. [1] Assume that H, and Hy are Hilbert space. Let B : Hy — 21

be a mazximal monotone mapping and let A : Hy — Hs be a bounded linear operator
such that A # 0. Let T : Hy — Hy be a nonexpansive mapping. Then

(i) A*(I —T)A is W—ism.

.. 1

(ii) For 0 <7 < 5772 )
I—7A*(I-T)A is 7||A||*- averaged and J2 (I —TA*(I —T)A) is w
averaged.

Lemma 2.7. [13] Let B be a mazimal monotone operator. Let Jff = +~+B)!

and JP = (I+AB)~!, where v > 0 and A\ > 0 are two real numbers, be the resolvent
operators of B. Then

A A
fo: Jf(;az—l—(l - ;)Jfl‘), Vo € H.

Lemma 2.8. [14] Let H be a real Hillbert space, and let T : H — H be a nonez-
pansive mapping with Fix(T) # 0.if {x,} is a sequence in H weakly converging to
x and if {(I — T)x,} converges strongly to y,then (I —T) = y; in particulary, if
y =0, then v € Fiz(T).
Lemma 2.9. [15] Assume {0} is a sequence of nonnegative real numbers such that
Un+1 S (1 - pn)an + pn5n7 n Z 07
0n+1§0—n_@n+¢na 77‘207

where {pn} is a sequence in (0,1), {¢on} is a sequence of nonnegative real numbers
and {6,} and {¢,} are two sequences in R such that

(i) 220:1 Pn = O0;
(ii) limy, 00 @r = 05
(iii) limp— oo ¥n, = 0 = limsup,_, o On, <0 for any subsequence (ny) C (n).
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Then lim,,_, o 0, = 0.

Lemma 2.10. [4] Let Hy and Hy be Hilbert space. Let B : Hy — 21 be a mazimal
monotone mapping and let J/{B = (I + AB)~1 be the resolvent of B for A > 0. Let
T : Hy — Hs be a nonexpansive mapping and let T : Hy — Hy be a bounded linear
operater. Suppose that B=*0 N A= Fixz(T) # 0. Let \,7 > 0. Then the following
equality holds:

Fix(J2(I —7A*(I - T)A)) = (A*(I - T)A+ B) 0 = B"'0n A~ Fiz(T)

3. MAIN RESULTS

In [1] proposed the viscosity approximation method:
Tn+1 = anf(xn) + (1 - an)S(mn)a Vn >0,
which converges strongly to a fixed point u* of the nonexpansive mapping S. In
[5] further proved that u* € Fiz(S) is also the unique solution of the following
variational inequality problem:
(I = flu*,a—u*y >0, VYie Fix(S), (3.1)

where f: H — H is a k-contraction.
In this section, we present a viscosity iterative algorithm for solving problem

(1.5). Rewrite iteration (1.11) as

Tnat1 = Qnf(xn +e(x,)) + (1 — ocn)J,ﬁ (xn — MA (I — T) Az, + e(xy,))
=anf(zn) + (1= an)Jl (xn — MA* (I = T)Azy) +€,, VYn >0,
where
€n = an(f(zn +e(rn)) — fzn) + (1 — an)(in (X = ApA*(I = T) Az, + e(z))

=I5 (2 — A\A* (I = T) Azy)).

Since Ji is nonexpansive and f is contractive, it is easy to get

enll < anllf(zn +e(zn)) — flzan)| + (1 - O‘n)”J»i (T — M A (I = T) Az, + e(xn))
B *
—J (xn — MA* (I = T)Ax,)||

< anklle(an)| + (1 — an)lle(@n)]

= (ank + 1 —an)lle(zn)||

< lle(zn)ll-
Theorem 3.1. Let Hi, Hy be two real Hilbert spaces and let A : Hi — Hy be a
bounded linear operator with L = || A* Al|, where A* is the adjoint of A. Suppose that
B : Hy — 211 s ¢ mazimal monotone operator and T : Hy — Hs is a nonexpansive
mapping. Assume that I = B=10N A~ Fix(T) # 0. Let f be a k-contractive on

Hy with 0 < k < 1. Choose xg € Hy arbitrarily and define a sequence {x,} in the
following manner:

Tnt1 = nf(an +e(zy)) + (1 — an)Jfl (X — AA™(I = T)Azy, +e(zy)) (3.2)
if the following conditions are satisfied:
(i) limysooan =0 and > 00y, = o0o;
(ii) 0 < liminf,, o v, < limsup,,_, ., Vo < 00;
(iii) 0 < liminf, oo Ap < limsup,, . Ay < %;
)

(iv) >nzo lle(zn)]l < oo.
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Then {x,} converges strongly to u* € T', which is also the unique solution of varia-
tional inequality problem (3.1).

Proof. Let Vi, = JZ ((I = \,A*(I — T)A). From Proposition 2.6, it follows that
JB((I = MA*(I-T)A) is Ll — gy as0< A, < .
Step 1. show that {z,} is bounded. For any u* € T', we have
[0 — o
= [lanf(zn) + (1 — an)Va,2n + € — ™|
= lanf(zn) + Va, @n — @V, Tn + €, — u*||
= ||[(anf(zn) — apu®™) + (Vy, zp — u*) — (@, Vi, n — aqu™) + €,
= llan(f(zn) —u") + (1 = an)(Va, 20 — u”) + &
< ol f(@n) = u®l| + (1 = an)[[(Va, 20 — ") + [Jen]
= an| f(zn) = f(u®) + f(u") = u"[ + (L = an)[[(Va, 20 — u")[| + [[€n]]
< anllf(zn) = f)|| + onllf(u”) —u®| + (1 = an) [[(Va, 2n — u®)[| + [[en]]
= anllf(zn) = Fu)ll + anl[f(u*) = u’[| + (1 = an)[[(Va,2n — Va,u)| + [[en]
< ankl|lzn — w4+ an [ f(u®) = u'l| + (1 = an) [z, — " + [Jen]

= (1 o k) (") )+ 2L
N |
= (1= an(1 = k))l|zn — '] +%“"“)l|ﬂu ) LLH -

Qn

From condition (i), (iv) and o, > 0, we get {”’e\"“} is bounded.Thus there exists

M; > 0 such that sup{Hf(u*) —u*|| + %ﬂ‘}g My, for all n > 0. By Mathemat-

ical Induction, we get ||z, — u*| < max{||:vo — ||, 2 }, which implies that the

sequence {J}n} is bounded, so are {f(:z:n)}, {VAn:cn} and {A*(I — T)A:vn}.
Step 2. Show that for any sequence{nk} C {n},

Fixing u* € I', we have

041 — ||
= |lanf(@n) + (1 — an) Vi, Zp + & — u*||?
= [lanf(zn) + (1 — an)V, 20 — U*||2

+ 2{an f(2) + (1= an)Va, @0 — u,€n) + [[€]]?
= lan(f(@n) —u*) + (1 = an)(Va, 20 — u*)|?

+ 2{an f(20) + (1= an)Va, @0 — u”,€n) + [[€]]°
< an |l fzn) = u[P + (1= an)?[|Va, 20 — ||

+ 20, (1 — an){f(xn) — u*, Vi, @y — u™)

+2llen f(2n) + (1= an)Va, 20 — w*[[[E]l + (65
= ap |l f(wn) = u*[” + (1 = an)?[|Va, 20 — u*||?

+ 20, (1 — an){(f(xn) —u*, Vi, zy —u®)
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+ 2o (f(n) = ) + (1 = @) (Vo 2n — u")[[En ] + [
< A2||f(zn) — u|? + (1 — an)?[[Va, 20 — u*?
+ 2a"(1 - an)<f(1}n - U*7 V)\nxn - U’*>

+ 20, (1 — an){(f(zn) —u*, Vi, xp — u*)

n

+ (200l @a) = u* |+ 20 = an) @ = w* | + 6] ) 2]

< 202 (|1 f(@a) = PP + £ () = u'2) + (1= an)? [Va, 2 — ']
+ 20471(1 - an)<f(xn) - U*’ anxn - ’U,*> + M2H/e\7l||

< 202 (|1 f(@a) = PP + £ () = u'2) + (1= an)?[Va, 0 — ']

+ 20 (1 — an) (llf(xn) — f)flen —u™|[ + (f(u") =", Va, 20 — U*>> + Ma |||
< 205kl —u*|? 4+ 200 | f(u*) = u*[|? 4+ (1= ap) 2, — uw*|?
+ 20, (1 — an)k||zn — u*||* + 200 (1 — ) (f(u*) — u*, Vi, 2 — u*) + M€, ||
= (202k + (1= an)? + 200 (1 — )k ) 2, — u*|? + 203 £ (") — "
T 200(1 = @) (F(u%) — 07, Va0 — ") + My S
= (1= n(2 = an(1+ 2% = 2(1 — an)k)) ||z, — u*||?
+ 20, (1 — a ) (f (u*) — u*, Vi, 2p — u*) + 2062 || f(u*) — u*||? + Ma[&,]l, (3.3)
where
My = sup {20, () — ' + 201 — ) — * | + 2]
neN
Note that
Vi, = JE (I = XA I = T)A) = (1 — wy)I + w, Uy, (3.4)

such that w,, = %7 and U, is nonexpansive. By condition (iii), we get

1 .. .
— < liminf w, <limsupw, <1
2 n—oo n—o00

Since u* € T, then V) u* = u*. Furthermore, we have (1 — wy,)u* + w,U,u* = u*.
It is clear that U,u* = u*.

[E——TE
= [lan f(xn) + (1 — an)Va, @p + €n — u*||?
= lanf (@n) + (1 — an)Va, 20 — u||?
+ 2(an f(n) + (1 = o) Va, @ — 1™, 8n) + [[E0]|
< lanf(@n) + (1 — an)Va, zn — u*[?
+ 2l f (2n) + (1= an)Va, 2 — ul[[[Eal] + (1)
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< Mlenf(@n) + (1 — an)Va, 20 — “*”2
+ (20n]f(zn) = ull +2(1 = an)llen —w' | + &) I
< Mlenf(an) + (1 — an)Va, 20 — u*||2 + Ma|en ||
= [Va,zn — " + an(f(zn) = Va,z)[1? + Mz,
= [Va,zn — w*[I* + af [ f(zn) = Vi, al?
+ 20, (Vi T — 0™, f(xn) — Vi, Tn) + Mal|En]|
= [|(1 = wp) 2y + wUpzn — U*||2 + O‘i”f(xn) - V>\n$n||2
+ 20, (Vy, Tn — 0™, f(xn) — Vi, Tn) + Mal|E,]|
= ||z — wnzn + W Upxp — (1 — wy)u® — w,Upu®||2 + a2 || f(2zn) — Vi, Znl?
+ 20, (Vy, n — U™, f(2n) — Vi, Tn) + Ma|En]|
=[[(1 —wn)(zn — u*) + wp (Uny — UnU*)”2 + O‘i”f(xn) - VAnmnHZ
+ 20, (Vi @, — u”, f(2n) — Vi, Zn) + Male,]|
= (1 —wy)[|z, — U*||2 + wp||Unon — UnU*||2 = wn (1 = wp)|[Unzn — anZ
+aillf(xn) = Va,znll® + 200 (Va, 20 — 0, f2n) = Vi, 2n) + Ma|&, |
<|lzn — U*||2 = wn (1 = wy) | Unzn — anQ + O‘in(xn) - V>\nxn”2
+ 20, (Vy, T — 0™, f(xn) — Vi, Tn) + Mal|€n]|- (3.5)

Furthermore, we set

On = ”xn_U*”Za Pn :an(Z—an(l—i-?kQ) —2(1 — ay)k),
- 1
22— (14+2k2) —2(1 — ap)k

+2(1 = an)(f(u") = u', Voo — u)]
On = Wn (1 — wy) | Unn — 2,||%, and
O = o[ f(zn) = Va,anll? + 200 (Va0 — u*, f(wn) = Va, zn) + Ma|n]].
Note that

* * é\n
20l f() — ) + 2,121

n

On

_ : _ 2\ _ _ _ _
pn — 0, Zopn =0 (lim (2~ an(l+2k%) = 2(1 — an)k) = 2(1 — k) > 0)
n=

and ¢, > 0 (a, — 0). By lemma 2.9, we have ¢,, — 0 (k — oo) implies that
limy, 00 sSUp 0y, < 0 for any subsequence {n;} C {n}. Indeed, ¢,, — 0(k — o0)
implies that |Up,zn, — @n, || = 0(k — 00) due to condition (iii). From (3.3) we
have

||xnk - V/\nk Lny, ” = Wn,, ||xnk - Unkxnk ” — 0. (36)
Step 3. Show that
wWp{®n,} CT (3.7)

where wy,{z,, } is the set of all weak cluster points of {z, }.
Let @ € wy{xy, } and Ty, is a subsequence of x,, weakly converging to u. We use

{zn,} to denote Tny, and we assume that A,, — A.Then 0 < A < % In the same
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way, we take a subsequence {v,, } of v, by condition (ii) and assume that ~,, — ~.
Let V) = Jf([ — AM*(I —T))A, we see that V is nonexpansive. Set

ty = Tn, — A, AT —T)Axy,; 2k = Tn, — \A* (I —T)Az,,.

By the resolvent identity, we conclude that
V., T — Vazn, ||
= |15 (@ny = A AL = T)Ay) = J7 (0, — AA™(I = T) Az, )|
= HJWB,,’% (tx) — Jf(zk)ﬂ

Y
:\\Jf(%km(lf )2 ) =I5 ()]
<t (1- 2 >J$;k>—zk||
ngk ngk
Y B Y
= 1— )8 Y=z + L2
| Dot (L= )8 ) — s+ Sl
il Y
= [[—(tr —2) + (1 *f)( otk —
Nk n
< Lt =zl + (1 - l)H e — 2
Vnk
= % |, — Ay A*(I = T) Ay, — 0, + AA*(I — T) Ay, |
Nk
Y
+(1- m)HJﬁktk — 2|
_ v * Y B
= — | = Qe = NA T = T) Az, || + (L= —)IIJ;, tr — 2]l
ng Yn ‘
% v
L O W[ (I_T)Axnk”+(1_7)”‘]fﬁktk_zk“
’ynk 7nk
Y * Y
= 1O = VA = T) Az, | + ( It = 2. (3.8)
Nk Mg

Since v, — v and A, — A as k — oo, then ||V, @5, — Vazy, || — 0. As a result,
we get

n

From lemma 2.8, we have wy,{zn,} C Fiz(Vy). It follows from lemma 2.10 that
Wy {Zn, } € S. We also have

limsup(f(u*) — v, Vi, n, —u") = limsup(f(u") — u*, zn, —u”)

RN ko0
+ lilzrisip<f(u*) —u", Vi, Tny — Tny) (3.10)
and
limsup(f(u*) — u*, z,, —u*) = (f(u") —u*,u—u"),Vu eT. (3.11)

k—o0
It is easy to get from (3.10) tend to zero. Since u* is the unique solution of varia-
tional inequality problem (3.1), we get
(f(u*) —u*,u—u*) <O0.
Hence
lim sup d,,, <O0.

k—o0
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The bounded perturbation of (3.2) by the following iterative method:

Yn = Tn + Bnn,
Tpy1 = o f(yn +€(yn)) + (1 — O‘n)‘]ijgn (Yn — A A (I = T)Ayn + e(yn)),
(3.12)

where {\,}, {}, {an}, {8.} are a sequence in [0, 1] and f is contractive.
O

Theorem 3.2. Let {8,} and {v,} be satisfied by condition (1.6). Let Hy, Hs be
two real Hilbert spaces and let A be a bounded linear operator with L = ||A*A]|,
where A* is the adjoint of A. Suppose that T = B~10N A~ Fixz(T) # 0. Let f be
k-contrative mapping on H, with 0 < k < 1. Choose xg € Hjarbitrarily and define
the sequence {x,} by (3.12).1If the following conditions are satisfied:

(i) limpyoon, =0 and D07 an = 00;

(if) 0 < liminf, o0 vn < limsup,, .o ¥n < 00;

(iii) 0 < iminf, oo Ay < limsup,,_, oo A < 73

(iv) 2onio lle(yn)ll < oo.

Then {x,} converges strongly to u*, where u* is a solution of problem (1.5),which
is also the unique solution of variational inequality problem (3.1)

Proof. we can rewrite (3.12) as

Tng1 = O f () + (1 — an)JD (2 — M A* (I = T)Axy,) + €, (3.13)
where
n = an(fyn +e(yn)) = f(20) + (1 = an)(J5, (Yn — A A* (I = T) Ays + e(yn))
B *
—Jy (xn, — MA* (I — T)Axy,)), (3.14)
Since A*(I —T)A is i—ism, then it is 2L-Lipschitz. Thus,
[€nll
< anl[f(yn + €(yn)) — flan) (3.15)
+ (L= an)|JZ (yn = M A (I = T) Ay + €(yn)) — JZ (2 — A A™(1 — T) Azy,)|

< ankllyn + e(yn) — @nl|

+ (1 = an)llyn — AnA™ (I = T)Ayn + e(yn) — (zn — A A™(I = T) Az, |
= ankllyn — xn +e(yn)|

(1= an)llgn — n — A(A°(] = T) Ay — A*(I = T)Azy) + e(g)]|
< ankllyn — anll + anklle(yn)|

+ (1 —an) (Hyn — Znl| + A [[AT(I = T) Ay, — A™(I — T) Az, || + 6(%))
< anknyn - an + O‘nkHe(yn)H

+(1—an) (llyn — || + 2Xn Ll|yn — 2a + ||€(yn)>

= (apk + 142\, L — oy — 20,20 L) |lyn — xnll + (ank + 14+ ay)lle(yn)]|
= (ank + (1 — ) (1 + 220, L)) [[yn — 2l + (1 + (1 + K)o [le(yn) ||
< (ank + (1 = ) (1420, L)) Bul Vi | + (1 + (1 = k)an) le(yn) |l (3.16)
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From (1.6) and

e} 00
Y lletya)ll < oo and Y |[En]| < oo
n=1 n=1

Thus, we find from theorem 3.1 that algorithm (3.2) is bounded perturbation re-
silient.
(]

4. NUMERICAL RESULTS

In this section, we consider the following numerical examples to present the
effectiveness, realization and convergence of Theorem 3.1.

1
Example 4.1. Let H; = Hy = R2. Define h(x) = % Take B : R?2 — R? and

T : R?2 - R2 asfollows:

3.0 : 4
5= (3 §): TG0 — GO.psin(E) ad o) - ().
Observe that B is a positive linear operator. Then it is maximal monotone. T is
3-av and the set of fixed points Fiz(T) = {y|(y(1),0)"} is nonempty. Then it is
nonexpansive. Hence, we obtain the resolvent mapping Jf = (I+~B)~!. It follows

that

JB _ 1 <97 +1 0 >

T By+1)(9y+1) 0 3y+1
Generatea 2 x 2 random matrix A, and compute the Lipschitz constant L =
|AT A||, where AT represents the transpose of A. Take v, = 0.9, \,, = A\ = &

. 100L
and o, = yro

According to the iterative process of Theorem 3.1, the sequence {x,,} is generated
by

1 1 1
— (= e(x 1-—
4n+5(14(”+ (wa)) +( dn+5
As n — oo, we have {z,} — u*. Taking random initial guess xy and the stopping
criteria is ||€n1+1 — @, || < €, we obtain the numerical experiment results in Table 1.

VIB (2, — MAT(I = T) Az, + e(2,)).

Tn

Tn4+1 =

TABLE 1. z¢ = rand(2,1)

€ Ay, = ﬁ n Time T |Znt1 — znl]
106  0.006745 20 0.010811 (0.000003, 0.000001) 8.068095 x 10~7
107 0.022563 30 0.013420 (0.000001, 0.000000) 8.854955 x 108
10-8  0.011875 46 0.009761 (0.000000, 0.000000) 9.290480 x 108

Next, we consider the algorithm with bounded perturbation resilience. Choose
the bounded sequence {v,} and the summable nonnegative real sequence {3, } as

follows: p
v =14 dall

0, if 0 € B(y,),

where B(x,,) = (32, (1), 97,(2))T, 2,(i), i = 1,2 denote the ith element of x,,, and
Brn = ", for some ¢ € (0,1). Setting ¢ = 0.9, the numerical results can be seen in
Table 2.
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TABLE 2. zy = rand(2,1)

€ Ap = ﬁ n Time T, |Tnt1 — ]
10 0.006923 33 0.015636 (0.000000, 0.000000) 6.782486 x 10~7
10~7  0.006444 60 0.015266 (0.000000, 0.000000) 8.078633 x 10—8
10~  0.005079 83 0.015765 (0.000000, 0.000000) 7.836764 x 10~°

5. CONCLUSION

We have introduced a viscosity iterative scheme and obtained the strong con-
vergence. We also consider the bounded perturbation resilience of the proposed
method and get theoretical convergence results.
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ABSTRACT. In this paper, we consider the equilibrium problems and also their regu-
larized problems under the setting of Hadamard spaces. The solution to the regularized
problem is represented in terms of resolvent operators. As a piece of essential machinery
in the existence of an equilibrium, we first prove that the KKM principle is attained in
general Hadamard spaces without assuming the compactness of the closed convex hull of
a finite set. We construct the proximal algorithm based on this regularization and give
convergence analysis adequately.

KEYWORDS: Equilibrium problems, Proximal algorithms, KKM principle, Hadamard
space.
AMS Subject Classification: : 90C33, 656K15, 49J40, 49M30, 47HO5.

1. INTRODUCTION

Equilibrium problems were originally studied in [8] as a unifying class of varia-
tional problems. Given a nonempty set K, and a bifunction F': K x K — R. The
equilibrium problem EP(K, F) is formulated as follows:

Find a point Z € K such that F(Z,y) > 0 for every y € K. EP(K,F)

By assigning different settings to F, we can include, e.g., minimization, minimax
inequalities, variational inequalities, and fixed point problems in the class of equilib-
rium problems. The set of all solutions of EP(K, F) is denoted by £(K, F). Typical
studies for EP(K, F) are extensively carried out in Banach or Hilbert spaces, and
recently in Hadamard manifolds.

Proximal algorithm is one of the most elementary method used in solving several
classes of variational problems. The main idea of the method is to perturb (or

* Corresponding author. Parin Chaipunya .
Email address : parin.cha@mail.kmutt.ac.th.
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regularize) the original problem into a simpler and more well-behaved problem,
and solve for each steps the perturbed subproblems. This method was originally
proposed under the setting of Hilbert spaces by Martinet [24], and was progressively
developed by Rockafellar [30].

Proximal algorithms in Hadamard spaces were recently investigated. In particu-
lar, it was introduced for minimizing convex functionals by Bacék in [5], and were
extended for solving variational inequalities in [17] and for solving zeros of maximal
monotone operators in [18, 10].

Equilibrium problems in Hadamard manifold were studied by [11] and were later
extended to equilibrium problems for bifunctions defined on proximal pairs in [9].
Both of the results rely on different variants of the KKM lemma (consult [22] for the
original version), but the latter is strongly based on Brouwer’s fixed point theorem
in Hadamard manifolds (see [27]). In fact, the Brouwer’s theorem is proved in
Hadamard spaces in [29, 28] and the KKM principle was subsequently proved in
Hadamard space with the convex hull finite property (CHFP), i.e., every polytope
is assumed to be compact (see also the convex hull property in [15]).

Based on this KKM principle and under CHFP assumption, Kimura and Kishi
[19] studied the equilibrium problem and showed the well-definedness of the resol-
vent associated to a bifunction. In particular, they also proved that this resolvent
is firmly nonspreading and has fixed point set identical to the equilibrium points.
Finally, they apply a convergence theorem from [20] to solve for an equilibrium.

In this paper, we show that the KKM principle can be extended to any Hadamard
spaces without further assumptions. Using the KKM principle, we show the exis-
tence of an equilibrium of a bifunction under standard continuity, convexity, and
compactness/coercivity assumptions. Then, we deduce several fundamental proper-
ties of the resolvent operator introduced by Kimura and Kishi [19]. We also deliver
some comparisons with resolvents of convex functionals and of monotone vector
fields. We finally define the proximal algorithm by iterating resolvent operators
and provide adequate convergence analysis of the algorithm. Apart from dropping
the CHFP assumption, the contents presented in this paper provide a continuation
from the works of Niculescu and Roventa [29, 28] in the study of KKM principle,
of Kimura and Kishi [19] in the study of bifunctions, their resolvents, and proximal
algorithms, and of the authors [10] in the relationships between bifunctions and
vector fields as well as their resolvents and convergence results.

The organization of this paper is as follows. The next section collects useful
basic knowledges used in the rest of this paper. We also give in this section several
auxiliary results that will be exploited to validate subsequent results. In particular,
properties concerning the product (-,-) and the weaker convergence notions are
explained. Section 3 is devoted to the discussion on the KKM theory on Hadamard
spaces. This contains the key tool for proving existence theorems, which will be
found in Section 4. We also deduce here the dual problem in the sense of Minty and
give relationships with the primal priblem. In Section 5, we introduce the resolvent
operator corresponds to a bifunction. Properties of the resolvents are thoroughly
deduced, especially with the nonexpansivity of the operator. This leads to the study
of Section 7, which contains the construction of the proximal algorithm and also its
convergence analysis.
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2. PRELIMINARIES AND AUXILIARIES

We divide this section into several parts, describing each topics in brief details.
This includes some basic definitions and natations up to the technical results that
will be used in our main results in the next sections.

2.1. Hadamard spaces. A uniquely geodesic metric space (X,p) is a CAT(0)
space if each geodesic triangle in X is at least as thin as its comparison trian-
gle in Euclidean plane. A complete CAT(0) space is then called Hadamard space.
The following characterization of a CAT(0) space is useful.

Proposition 2.1. For a geodesic metric space (X, p), the following conditions are
all equivalent:

(i) X is CAT(0).

(i) ([13]) For any x,u,v € X and X € [0, 1], the following inequality holds:

(V) < (1= N2, w) + AP, 0) — A= V(o). (CN)
(i@i) ([7]) For any x,y,u,v € X, the following inequality holds:
p* (@, 0) + p*(y,u) < p*(z,u) + p*(y,0) + 2p(x, y)p(u, v). (2.1)

Definition 2.2. A convex set K C X is said to be flat if the (CN) inequality holds
as an equality for each z,u,v € K.

Let (X, p) be an Hadamard space. For each z,y € X, we write v, : [0,1] = X
to denote the normalized geodesic joining « and y, i.e., V3, (0) = , 72,4(1) = y, and
P(Yay (), Yy () = p(z,y) [t —t/| for all ¢,¢" € [0,1]. We also adopt the following
notations: [z, y] := {24 (t);t € [0,1]} and (1 — t)x Bty := v, ,(t) for t € [0,1]. A
subset K C X is said to be convez if [z,y] C K for any z,y € K, and for a set
E C X we write co(E) to denote the smallest convex set that contains E. Certainly,
we call co(E) the convex hull of E. A function h : K — R, with K being convex,
is called convex (resp., quasi-convez) if h oy, : [0,1] — R is convex (resp., quasi-
conver) for any x,y € K. Moreover, h is called concave (resp., quasi-concave) if —h
is convex (resp., quasi-conver).

If (X,d) and (X’,d’) are two Hadamard space, then the product X x X’ is also
an Hadamard space with the metric given by

p(x.2), (1.9) = (Pey) + @ y)*, Yea'),(1,y) € X x X',

Unless otherwise stated, always assume throughout this paper that (X, p) is an
Hadamard space and K C X is nonempty, closed, and convex. Any product space
is also to be understood to be an Hadamard space in the sense described above.

2.2. Dual space and Tangent spaces. The concept of a dual space of X was
introduced in [2]. Here, we recall such a construction in brief details. Let us
write z{ = (r,y) € X2. The quasilinearization (see [6, 7]) on X? is the product
(,+) : X2 x X? — R defined by

1
<ﬁa Q7>I> = §[p2(u7y) + p2(U,l') - p2(U,JC) - p2(v,y)}, V’Lﬁ,@ € X2~
For each ¢ € R and w0 € X2, we define the Lipschitzian function O(t; ﬁ) X >R
by
O(t; ud)(x) := t(ud, ut), Yz e X.
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Recall that for a Lipschitzian function h : X — R, the Lipschitzian constant of h
is the quantity L(h) := 1nf{M |z,y € X, x # y}. Applying the Lipschizian

constant to the differences of ©’s, we can define a pseudometric D on R x X2 by:
(s, ﬂ @ (s; ﬂ @ Y(s, ﬁ @ eR x X2,
which naturally gives rise to the following equivalence relation
(stﬁ @@D stﬁ @ (5@ @6RXX2
The quotient space X* := R x X2/ ~ with a metric D given by

D([(s, @0)]~, [(t,T))]~) = D ((s, @), (t.7)),  V(s,ab)]~, [(t,T))]~ € X7,

is called the dual space of X. For simplicity, we adopt the notation Sub = [(s, ﬁ)]w
Moreover, we write 0 := suti = 0ud for s € R and u,v € X.

In this paper, we restrict to particular subspaces of X*. For any given p € X,
the tangent space of X at p is given by T, X := {sﬁ/ |s>0,ye X}

The following properties of the quasilinearization are fundamental.
Lemma 2.3. For every u,v,z € X, the following properties hold:

(i) (b, @) + (i, 52) = p?(u,v) > 0,

(i) If X € [0,1] and x = v, ,(\), it holds that N(Zi, 20) < (z&, 20). In addition,
if a convex set K C X is flat, then the above inequality becomes equality
foru,v,z € K.

(iii) If a convex set K C X is flat and z,v € K, thenu € K — (z, 20) is affine
on K, i.e., it is both convex and concave on K.

Proof. The proof for (i) is trivial. For (ii), the (CN) inequality gives
2('%’ %> = PQ(Z, z) + p2(z, v) — pQ(xv v)
= A20%(z,u) + p(2,v) — p(7u(N), )
> N2%(z,u) + p(2,0)
(1= NP7 (z0) + MP(w,0) = AL = N)p2(z, )]

= AP (z) + Ap2(2,0) = Ap(u,v)

= 2\(zt, 20),
which proves the first assertion. Now, if a convex set K C X is flat, then the (CN)
inequatily becomes equality for u, v, z € K, and the desired result is straightforward

from the above proofline.
Next, let us show (iii). Let p,q € K and A € [0, 1]. It follows that

2<Z7p,q()‘37 %> = p2(z,'yp,q()\)) + ,02(2,1)) - PQ('Vp,q()‘) v)
= [(1=N)p*(z,p) + P*(2,9) = M1 = N)p*(p,@)] + p°(2,0)
— [(1=XN)p*(v,p) + Ap*(v,9) = A1 = AN)p?(p, q)]
= (1= [P*(z:p) + p°(2,0) = p(p, v)]
+A[P%(2,9) + PP (2,0) = p*(q,0)]
=2 [(1 = \)(zp, 20) + A\ (z4, 20)] .

The proof is thus completed. [ |
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2.3. Modes of convergence. Convergence in the metric topology is known to
be irrelevant in some situations, especially in the study of numerical algorithms in
infinite dimensional spaces. In this subsection, we recall two alternative modes of
convergence for bounded sequences, namely the A- and w-convergences. Both of
the concepts are identical to weak convergence in Hilbert spaces.

Let us start with the A-convergence. Suppose that (z*) C X be a bounded
sequence, and define a function r(-; (z¥)) : X — [0, 00) by

r(z; (2%)) := limsup p(z,2¥), V€ X.
k— 00
The minimizer of this function is known to exists and is unique (see [12]). Following
[21] (see also [23]), a bounded sequence (z*) is said to be A-convergent to a point
T € X if # = argming¢ x r(x; (u¥)) for any subsequence (u*) C (2*). In this case,
7 is called the A-limit of (z¥). Recall that a bounded sequence is A-convergent to
at most one point.

The topology that generates the A-convergence is unknown in general. However,
we still adopt the topological-like notions such as A-accumulation points, A-closed
sets, or A-continuity. For instance, a point u € X is a A-accumulation point of the
sequence (xk) C X if it contains a subsequence that is A-convergent to u. A set
K C X is called A-closed if each A-convergent sequence in K has its A-limit in
K. A function f: X — R is called A-upper semicontinuous (briefly A-usc) if its
epigraph is A-closed in X x R.

The following proposition gives two most important properties regarding the
A-convergence that are required in our main theorems.

Proposition 2.4. Suppose that (ack) C X is bounded. Then, the following properties
hold:

(i) ([23]) (z*) has a A-convergent subsequence .

(ii) ([1]) (z*) is A-convergent to & € X if and only z'flimsup“S,f?) <0 for
any S € Tz X .

Next, let us turn to the notion of w-convergence as introduced in [1]. A bounded

sequence (z¥) C X is said to be w-convergence to a point Z € X if limy (S, z2*) =0
for any S € Tz X. With Proposition 2.4, we can see immediately that w-convergence
implies A-convergence. As was noted in [, 3], a bounded sequence does not neces-
sarily have a w-convergent subsequence. This motivates the definition of reflexivity
in Hadamard spaces, i.e., a convex set K C X is said to be reflexive if each bounded
sequence in K contains a w-convergent subsequence. However, it turns out that the
reflexivity of K implies the equivalence between the A- and weak convergences.
Still, the reflexivity can be useful in obtaining sharper estimates in some situations
(see e.g. the proof of Lemma 7.7).

Proposition 2.5 ([1]). 4 convez set K C X is closed if and only if it is A-closed.

Proposition 2.6. Suppose that a conver set K C X is reflexive and a bounded
sequence (z%) C K is A-convergent. Then, it is w-convergent.

Proof. Suppose that (z*) is A-convergent to # € X. Let us assume to the contrary
that (z¥) is not weakly convergent. Equivalently, there must exists vy € T X such
that

lim inf (7%, o) < lim sup(z2*, 70) < 0. (2.2)

k—00 k—s 00
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Suppose that (z¥/) C (z*) is a subsequence such that

—
lim (Zz*, 7o) = lim inf(ﬁ,%).
j—00 k— o0

—
Take into account the inequality (2.2), we get lim;(Zz*7,~v9) < 0, which prevents
(x*) from having a weakly convergent subsequence. Since (z*) is bounded in K,

this violates the reflexivity of K. Therefore, (x¥) must be weakly convergent to 7.
|

2.3.1. Fejér convergence. Lastly, the notion of Fejér convergence is essential and
will play a central role in the proof of our main convergence theorems. This no-
tion encapsulates the improvement at each iteration of some approximate sequence
towards a solution set.

Definition 2.7. A sequence (z¥) C X is said to be Fejér convergent with respect
to a nonempty set V C X if for each z € V, we have p(z**! z) < p(z¥,z) for all
large k € N.

Proposition 2.8 ([10]). Suppose that (x*) C X is Fejér convergent to a nonempty
set V.C X. Then, the following are true:

(i) (z*) is bounded.
(i3) (p(x,x*)) converges for any x € V.
(iii) If every A-accumulation point lies within V, then (z*) is A-convergent to
an element in V.

3. THE KKM PRINCIPLE

The KKM principle was initiated in [22], and was successfully extended into
topological vector spaces by Fan in [14]. Further extensions into Hadamard manifold
was discussed in [11, 9]. The results can be generalized instantly also into Hadamard
spaces with fixed point property for continuous mappings defined on a convex hull
of finite points [28]. Here we prove the KKM principle without using such condition
on the space. First, let us recall the original statement of [22] and another additional
result.

Lemma 3.1 ([22]). Let C1,...,Cp, be closed subsets of the standard (m—1)-simplex
o. If co{z; ; i € I}) C U;e; Ci for each I C {1,...,m}, then the intersection
ﬂ;n:l C; is nonempty.

Lemma 3.2. Suppose that (%) is a sequence in X and define the following sequence
of sets by induction:

{ D1 = {3?1},

, , (3.1)
Dj:={z€e[a2?,y]; ye Dj_1}, forj=2.3,...

Then, D; is compact for all j € N.

Proof. We shall prove the statement by using mathematical induction. It is obvious
that D; is compact. Now, we enter the inductive step by assuming D; is compact
and show that D;;, must be compact.

Suppose that (u*) is an arbitrary sequence in D;;1. By definition, there corre-
spond sequences (v*) in D; and (¢) in [0, 1] such that

uF = Vit vk (tk), vk € N.
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Since both D; and [0,1] are compact, we may find convergent subsequences (vF )
of (v*) and (t,) of (t) with limits ¥ € D; and f € [0, 1], respectively. Set u
Yui+1,5(t), we now show that (u*?) is in fact convergent to .

Observe that

ki

p(u 51_1’) = p(r}/ijrl,vki (tqu)7 Yzit+t o (i))

< p(Vastr wki (k) Vaitr,0 (k) + P(Vaitr,5(tk, ), Yastr 0 (F))

< tkip(vkiv'lj) + |tk'i - ﬂ p(xj+1a 1_))'
Passing i — oo, we obtain from the above inequalities that u® — @. This
guaratees the compactness of D; 1, and the desired conclusion is thus proved. H

Theorem 3.3 (The KKM Principle). Let K C X be a closed convez set, G : K =3 K
be a set-valued mapping with closed values. Suppose that for any finite subset
D :={x1,...,zm} C K, it holds the following inclusion:

co(D) C G(D). (3.2)

Then, the family {G(x)}.ck has the finite intersection property. Moreover, if G(zg)
is compact for some xg € K, then (., G(x) # 9.

Proof. Let D := {x1,...,2,} be an arbitrary finite subset of K. For each j =
1,2,...,m, define D; by using (3.1). Also, set D* := U;n:1 D;.

Let o := {(e1,...,em) be the standard (m — 1)-simplex in R™. Suppose that
Ao € (e, es), then we can represent Ay with a scalar s; € [0,1] such that A\ =
(1 —s1)ez + s1er. Now, if A3 € (e1,e9,e3), then A3 = (1 — s3)eg + s2 for some
A2 € (e1, ea). By the earlier fact, g is represented by some s; € [0, 1]. Hence, A3 can

be represented by a 2-dimensional vector [s; so] T € [0, 1]2. Likewise for j = 3,...,m,
we can see that any A; € (eq,...,e;) is represented by a (j — 1)-dimensional vector
[s1 ... sj_1]" €[0,1)971. We shall adopt the notation A\; = [s1 ... s;_1]" for the

above representation.
Define a mapping T : ¢ — D* by induction as follows: if Ao = s1 € (e1,ea),
let T(A2) := Vap.z,(51). For j =2,3,....m, if \; = [s1 ... sj_1]" € (eh...,e] \
€

(e1,...,ej_1), then define T(X;) := 7, 7(x,_1)(sj-1), where Aj_1 = [s1 ... s 2] "
<€1, ey ej_1>.

We now show that 7' is continuous. Let A, iy € 0, and A = [s1 ... Sm_1] '
and p = [t1 ... tm—1]' respectively. For simplicity, let \; = [s1 ... s;-1]" and
pi =[t1 ... tj—1]", for j =1,...,m. Indeed, we have

p(T()‘m)vT(Mm)) = p('Yzm,T(/\m,I)(Sm—l)v'Yzm,T(um,l)(tm—l))
< P(Vam T 1) (8m=1)5 Yo T (A1) (tm—1))
+ PV, T 1) Em=1)s Yo T (1) (Em—1))
< [$m—1 = tm—1| diam(D*) + p(T'(Am—2), T (1tm—2))

m—1
< Z |8i - ti| dlam(D*)
i=1

This is sufficient to guarantee the continuity of T'.
For each j = 1,...,m, define F; := T~Y(D*NG;(x;)) C o. By the continuity of T’
and Lemma 3.1, we may see that E;’s are closed sets. Suppose that I C {1,...,m},
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A €co({e; ;i €I})and A = [s1 ... S;y_1]'. Then, s; = 1if j ¢ I. By the
definition of T', we have

T(\) € co({z; ; i € 1}) C | G(x).
iel
It follows that T'(\) € D* N G(x;) for some ¢ € I. In other words, we have \ € F;
and therefore co({e; ; i € I}) C U,y £ for any I C {1,...,m}. By applying the
original KKM covering lemma, we get the existence of A* & ﬂ;nzl E;. Hence, we
get T(\*) € ﬂ;nzl G(z;). In fact, we have proved that the family of closed sets
{G(x)}zex has the finite intersection property. The nonemptiness of the intersec-
tion (N, cx G(7) = (e x (G(z)NG(2")) follows from the fact that {G(z)NG(2') }rex
is a family of closed subsets with finite intersection property in a compact subspace
G(z'). ]

4. SOLUTIONS OF EQUILIBRIUM PROBLEMS

We mainly discuss in this section two topics. First, we deduce the solvability of
the problem EP(K,F) under standard (semi)continuity, convexity, and compact-
ness/coercivity assumptions. Secondly, we introduce the dual problem to EP (K, F)
in the sense of Minty and show the relationship between the primal and dual prob-
lems, in terms of their solutions. Note that the knowledge of the dual problem is
required in the subsequent sections.

4.1. Existence theorems. Based on the KKM principle in the previous section, we
can show under some natural assumptions that the equilibrium problem EP(K, F)
is solvable.

Theorem 4.1. Suppose that K C X is closed convex, and F': K x K — R is a
bifunction satisfying the following properties:

(A1) F(z,xz) >0 for each x € K.

(A2) For every x € K, the set {y € K ; F(x,y) <0} is convez.

(A3) For everyy € K, the function x — F(x,y) is usc.

(A4) There exists a compact subset L C K containing a point yo € L such that

F(z,y0) < 0 whenever x € K \ L.

Then, the problem EP(K,F) has a solution and the solution set E(K, F) is closed.

In addition, if the function x — F(x,y) is quasi-concave for every fixzed y € K, then
E(K,F) is convex.

Proof. Define a set-valued mapping G : K = K by
G(y) =levp()(0) ={z € K; F(z,y) >0}, Vye K.

It is clear that EP(K, F') has a solution if and only if (), G(y) # @. Thus, it is
sufficient to show the nonemptiness of (1, ¢ G(y).

By (A1) and (A2), we may see that G has nonempty closed values at all y € K.
We will show now that G satisfies the inclusion (3.2). Let us suppose to the contrary
that there exist y1,...,ym € K such that co({y1,...,ym}) & U;”Zl G(y;). That is,
there exists a point y* € co({y1,...,¥ym}) such that y* & G(y;) forany i =1,...,m.
It further implies that

F(y*,y;) <0, Vi=1,...,m.

Moreover, we have for all i = 1,...,m, y; € {y € K ; F(y*,y) < 0}, which is a
convex set by hypothesis. Since y* € co({y1,...,ym}) and co({y1,-..,ym}) is the
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smallest convex set containing y1,. .., Ym, we get

y*ecol{yr,.-»uym}) C{y € K; F(y*,y) <0},

which further gives F(y*,y*) < 0. This contradicts hypothesis (A1), and therefore
G satisfies (3.2). On the other hand, hypothesis (A4) forces G(yo) C L, which
guarantees the compactness of G(yg). Since G satisfies every conditions of Lemma
3.3, we get (e x G(z) # 2.

Next, suppose that (z*) C £(K, F) is convergent to # € K, then (A3) gives

F(z,y) > limsup F(2*,y) >0, Vye€ K.
k— 00

So, we have T € £(K, F') and hence the closedness of £(K, F).

Now, assume that x — F(z,y) is quasi-concave for every fixed y € K. Let
z,y € E(K,F) and t € [0,1]. Then, we have

F(va,5(t),y) =2 min{F(,y), F(§,y)} 20, Vy€ K,
which implies the convexity of £(K, F). [ |

Next, we deduce an existence theorem for a compact convex domain.

Corollary 4.2. Suppose that K C X is compact conver, and F : K x K - R is a
bifunction satisfying the following properties:

(A1) F(xz,z) >0 for each x € K.

(A2) For every x € K, the set {y € K ; F(zx,y) <0} is convez.

(A3) For every y € K, the function x — F(x,y) is usc.
Then, the problem EP(K,F) has a solution and the solution set E(K, F) is closed.

In addition, if the function x — F(x,y) is quasi-concave for every fivred y € K, then
E(K,F) is convex.

Proof. Apply Theorem 4.1 with L = K in the hypothesis (A4). |

4.2. Dual Equilibrium Problem. It is essential to also introduce here the duality
to the problem EP(K, F) in the sense of Minty. To clarify the terminology, we shall
sometimes refer to EP(K, F) as the primal problem. The dual equilibrium problem
to EP(K, F), denoted by EP*(K, F), is given as follows:

Find a point Z € K such that F(y,z) <0 for every y € K. EP*(K,F)

The solution to EP*(K, F') will also be called the dual solution to EP(K,F), and
the set of such dual solutions is then denoted by £* (K, F).

Definition 4.3. F is called monotone if F(x,y) + F(y,x) <0 for all z,y € K.

If F is a monotone bifunction, we immediately have the inclusion E(K, F) C
E*(K, F). To obtain the converse, we need additional assumptions on the bifunction
F.

Proposition 4.4. Suppose that F : K x K — R is a bifunction.
(i) If F' is monotone, then E(K,F) C £*(K, F).
(i) If (A1), (A3) holds, and F is convex in the second variable, then E* (K, F) C
E(K,F).
In particular, if F' is monotone, convex in the second variable, and satisfies (A1)
and (A3), then E*(K,F) = &(K, F).



164 J. NONLINEAR ANAL. OPTIM. VOL. 8(2) (2017)

Proof. (i) Let Z € £(K, F). The monotonicity of F then gives F(y,z) < —F(Z,y) <
0, so that € £*(K, F).

(ii) Suppose that z € £*(K, F). Let y € K be arbitrary. Take into account (Al),
we have

0< F('Y:f,y(t)77:f,y(t)) <(1- t)F(%Z’,y(t)a T) + tF(%E,y(t)a y) < F('Y:Y:,y(t)7y)7

for any ¢ € [0,1]. In view of (A3), we have 0 < limsup,__,o F(vz,4(t),y) < F(Z,y).
This gives z € (K, F). |

5. RESOLVENTS OF BIFUNCTIONS

The resolvent is a fundamental notion in regularization of certain variational
problems. It is understood as the solution set of particular regularized problem
from the original one. Here, we introduce the resolvent of a bifunction F' in relation
to the equilibrium problem EP(K, F).

For simplicity, we shall adopt the following perturbation F' of a given bifunction
F. That is, given a bifunction F' : K x K — R, ¥ € X, we define the function
F;: K x K — R by

Fi(z,y) = F(z,y) — :c:c@ Vz,y € K.

We are now ready to construct the resolvent of a bifunction F' as the unique equi-
librium of a perturbed bifuntion.

Definition 5.1 ([19]). Suppose that K C X is closed convex, and F : K x K — R.
The resolvent of F' is the mapping Jr : X = K defined by

Jp(z) = E(K,Fy) = {2 € K|F(z,y) — (zt,2)) > 0,Vy € K}, VaeX.

The question well-definedness of Jp is important. Kimura and Kishi [19] showed a
well-definedness result under the CHFP assumption. The use of CHFP assumption
is to trigger the KKM principle of Niculescu and Roventa [28]. However, we can
replace such KKM principle of Niculescu and Roventa [28] with our Theorem 3.3
and follows the same proof from [19] to obtain the well-definedness of Jp. Thus, we
obtain Kimura and Kishi’s theorem without CHFP.

Theorem 5.2. Suppose that F' has the following properties:

(i) F(z,z) =0 forallz € K.
(i) F is monotone.
(ii) For each x € K, y — F(z,y) is convex and Isc.
(iv) For each y € K, F(z,y) > limsup, o F(7z,2(t),y) for all v,z € K.

Then dom(Jp) = X and Jr is single-valued.

Note that if we drop the assumption that y — F'(z,y) is lsc, we get the following
result by imposing the flatness and local compactness.

Proposition 5.3. Suppose that hypotheses (A1), (A3), and (A]) from Theorem
4.1 are satisfied. Suppose also that the following additional assumptions hold:

(i) F is monotone.
(ii) for any fixred x € K, y — F(x,y) is convez.

If a nonempty convex subset N C X is flat and locally compact, then the resolvent
Jr is defined for all x € N. That is, N C dom(JF).
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Proof. Fix & € N, we define a bifunction gz : K x K — R by

ﬁ
gi(’z?y) = F(z,y)—(zx,ﬁ/% VZ,yGK.
Then gz(z,2) > 0 for all z € K, and z — gz(2,y) is usc for any fixed y € K. Since

K is flat, the mapping y — <,Zc, z?} is affine by (iii) of Lemma 2.3. Therefore, the
set {y € K ; gz(z,y) < 0} is convex for each z € K.
Since all assumptions of Theorem 4.1 are satisfied, F' has an equilibrium z € K.
Now, using the monotonicity of F' and (i) of Lemma 2.3, we get
9:(2,7) = F(2,7) - (2%, 22)

< —F(z,2) + (T2, T) - p(, 2)
Set L := K N clA(Z; p(Z, %)), where cl(-) denotes the closure operator. Since K
is locally compact and L is closed and bounded, we get the compactness of L.
Moreover, we have € L and gz(z,Z) < 0 for all z € K\ L. In fact, we have just
showed that gz verifies all assumptions of Theorem 4.1, and therefore g; has an
equilibrium z € K. Equivalently, we have proved that z € Jp(Z). Since & € N is
chosen at arbitrary, the desired result is attained. [ |

The following proposition gives several valuable properties for a resolvent of a
monotone bifunction.

Proposition 5.4. Suppose that F is monotone and dom(Jr) # &. Then, the
following properties hold.
(i) Jr is single-valued.
(i) If dom(Jp) D K, then Jp is nonexpansive restricted to K.
(ii1) If dom(J,f) DO K for any u > 0, then Fix(Jp) = E(K, F).

Proof. (i) Let « € dom(Jp) and suppose that z,z’ € Jp(z). So, we get
H
F(z,2) > (zt, 22",
F(Z,2) > (Zx, 7' 2).

By summing up the two inequalities, applying the monotonicity of F' and (i) of
Lemma 2.3, we obtain

—
0> F(z,2')+ F(2',2) > (z#,22') + ('x, 2'2) = p*(2, 7).

This shows z = 2.
(ii) Let @,y € K. By the definition of Jp, we have

F(Jr(x), Jr(y)) = (Jr()z, Jr(2)Jr(y)) > 0,
F(Jr(y), Jr(2)) = (Jr (9)g: Tr(y) Je (@) 2 0
Summing the two inequalities above yields
0> (Jp(@)z, Jp(x)Jr(y)) + (Jr W)y, Jr(y)Jr(z))
= [P*(Jp (). ) + p*(Jr(2), Tr(y)) — p*(z. Jr(y))]
+ [P (Jr(y),y) + p°(Jr(2), Tr(y)) — p*(y, Jr(2))] -

Rearraging terms in the above inequality and apply Proposition 2.1, we get

P (Jr(x), Jr(y)) < % (0% (x, Jr(y)) — P (y, Jr(x)) — p* (2, Jr(x)) — p*(y, JF (y))]




166 J. NONLINEAR ANAL. OPTIM. VOL. 8(2) (2017)

< p(z,y)p(Jr(z), Jr(y)).

This shows the nonexpansivity of Jg.
(iii) Let € K. Observe that

x € Fix(Jp) <= z = Jp(z)
— Fl(x,y) — (@#,7)) >0, Wy € K
— F(z,y) >0,Vyc K
<~ z€&(K,F). |

6. BIFUNCTION ROSOLVENTS AND OTHER RESOLVENTS

In this section, we consider two special cases of equilibrium problem, where the
resolvent associated to a bifunction defined in Section 5 conincides with the resol-
vents designed for solving different variational problems. In particular, we deduce
that our resolvent reduces to the Moreau-Yosida resolvent for a convex functional,
and also to resolvents corresponding maximal monotone operators.

6.1. Resolvents of convex functionals. Always assume that g : X — R is convex
and lIsc. The proximal of g is the operator prox, : X — X given by

1
pros, (o) o= argin |g(0) + 32n0)| . Vo€ X
yeX

Also, recall (from [20, 10]) that a subdifferential of ¢ is the set-valued vector field
dg : X = X* given by

dg(x) = {v € TuX | g(y) > g(x) + (v, 70), Yy € X},

for x € X. It is shown that dom(dg) is dense in dom(g) (in this case, dom(g) = X)
[26]. Moreover, we have the following lemma.

Lemma 6.1 ([10]). Given w,z € X, then zib € dg(z) if and only if z = prox,(w).

It is immediate that minimizing this functional g is a particular equilibrium
problem. We make the following statement explicit only for the completeness.

Lemma 6.2. Define F;: K x K = R by

Fg(xay) = g(y)—g(a?), vx7y€K' (61)
Then, we have E(K,Fy) = argming g and Jr, = prox,. Moreover, we have

dom(prox,) = X.

Proof. The fact that £(K, F,;) = argminy ¢ is obvious. Now, Lemma 6.1 implies
the following relations:

z=Jp,(x) < Fy(z,y) - (z,2)) >0, VyekK
= g(y) > g(2) + (z#, 7)), VyeK
— 7zt € dg(z)

, 1
< z =argmin [g(y) + 502(% x)} = prox, (z)
yeX

The fact that dom(prox,) = X was proved in [16, 25]. ]
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6.2. Resolvents of monotone operators. Following [10], the set-valued operator
A: X = X* is called a vector field if A(x) C T, X for every x € X. Moreover,
it is said to be monotone if (z*,zf) < —(y*, yt) for every (z,z*), (y,y*) € grp(A).
It is said to be mazimally monotone if A is monotone and grp(A) is not properly
contained in a graph of another monotone vector field.

We shall make an observation in this section that the following stationary problem
(or zero point problem) associated to a monotone set-valued vector field A : X = X*:

Find a point & € K such that 0 € A(Z), (A~'o)

can be viewed in terms of an equilibrium problem for some bifuntion F4. The
solution set is naturally expressed by A~10.

Beforehand, let us give a restatement of a result given by [10] in the language of
this paper. In fact, this states the equivalence between the singularity priblem and
the Minty variational inequality of A.

Proposition 6.3. Suppose that A : X == X* is a monotone vector field with
dom(A) = X. Define Fa: X x X - R by

FA(-T,y) ‘= Sup <§7@>a vxvyEXa (62)
§eA(x)
Then, A710 = E(X, Fa) = £*(X, Fa).
Proof. First, we note that the finiteness of F4 is guaranteed readily from the mono-
tonicity of A. Moreover, the fact that £(X, Fa) C £*(X, Fa) = A710 follows from

the monotonicity of Fa, [10, Lemma 3.5], and [10, Lemma 3.6]. It therefore suffices
to show that A=10 C £(X, Fa). So, let 0 € A(Z). Then

0= (72,75) < sup (§,7)) = Fa(@.y), Wy€ X,
EEA(T)
meaning that z € £(X, Fa). |
Now that we have the equivalence between the three variational problems, we
continue to show that their resolvents coincide, provided that A is maximally mono-

tone. Recall from [10] that the resolvent operator of A, denoted by R4, is defined
by Ra(x) :={z € X |zt € A(2)}, and is single-valued.

Proposition 6.4. Suppose that A : X = X* is a mazximally monotone vector field
with dom(A) = X, and Fy4 is defined by (6.2). Then, Jp, = Ra.
Proof. Let x € X be given. Then, we have

z=Ru(z) < zt € A(2)

= (2%,7)) < 221())(77, 7)), WYyeX (6.3)
— z € Jp,(2).

The converse of (6.3) follows from the maximal monotonicity of A. |

7. PROXIMAL ALGORITHMS

It is very natural to ask about the proximal algorithm after defining a proper
resolvent operator. Let us officially define the proximal algorithm for a bifunction
F: KxK — Rwithdom(uF') D K for all 4 > 0. Let (Ax) C (0,00) be the step-size
sequence. The prozimal algorithm with step sizes (\g) started at an initial guess
2° € K is the sequence (z¥) C K generated by

= I\ r(@*Y), VEeN. (Prox)
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7.1. Convergence in functional values. Before we continue any further, let us
give a small remark on the error measurement of this proximal algorithm. For
instance, at each k& € N, we can use the definition of the resolvent Jr and the
Cauchy-Schwarz inequality to deduce:

1 .
inf F(z* y) > ——p(a** 2%) sup p(x

— k1 7.1
Jnf " sup Y, (7.1)

which is useful when as a stopping criterion for the convergence, especially when the
rate of asymptotic regularity is known. Note that the above estimate (7.1) will later
be made sharp and precise to guarantee the convergence of the proximal algorithm
(see Theorem 7.3 and 7.8, for instance). If the asymptotic regularity does not hold
or the rate is unknown but K is bounded, we otherwise have
1

inf F(2**! y) > —— diam(K)?, 7.2

inf F(@*1,y) = — - diam(K) (72)
which leads directly to the convergence of functional value presented in the next
theorem.

Theorem 7.1. Suppose that dom(J,r) D K for all n > 0 and K is bounded closed
convex. If \j, —> oo, then the proxzimal algorithm generates a sequence () C K
such that limy, F(z*,y) =0 for any y € K.

Proof. Follows from (7.2). |

7.2. Convergence of Proximal Algorithms. Here, we provide a convergence
theorem for proximal algorithm (Prox) for step sizes (Ag). To prove the convergence,
we first show the following ‘obtuse angle’ property, which gives relationshig/ between
an arbitrary point Z € X, the perturbed equilibrium & = J,r(z) € (K, uF';), and
the exact equilibrium z* € (K, F).

Lemma 7.2. Assume that F' is monotone. Let T € X, p >0, T € E(K, /;I:"i) and
x* € E(K,F), then <:§%,ﬁ> <0.

Proof. Since i € £(K, Fy), we have
0 < uF (&%) = pF(#,2") — (T2, 30),
%
which implies that (&, Z2") < puF(Z,2*). Now, since z* € (K, F) and F is mono-

tone, we get F(y,z*) < 0, Vy € K, and particularly F(Z,2*) < 0. We therefore
H ﬁ
have (Zz, zz*) < 0. ]

8
8

Theorem 7.3. Suppose that F is monotone with E(K,F) # &, A-usc in the first
variable, and that dom(J,r) D K for all p > 0. Let (Ag) be bounded away from 0.
Then the prozimal algorithm (Prox) is A-convergent to an element in E(K, F) for
any initial start 2° € K.

Proof. Let 2° € K be an initial start and let 2* € £(K, F). We can simply see that
P, a"H1) = p(In, w(3%), Jn (@) < p(a*,ab),

which implies that (z*) is Fejér convergent with respect to £(K,F). In view of
Proposition 2.8, the real sequence p(z*,z*) is bounded, and hence converges to
some ¢ > 0. Lemma 7.2 implies that

p2($k+1’xk) < pZ(xk7x*) o p2(1'k+1,$*).

Passing k — 0o, we get limy p(z**1, 2%) = 0.
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Now, suppose that # € K is a A-accumulation point of the sequence (z*), and

also (z%7) C (2*) a subsequence such that z*s 24 . Let y € K. By the construc-
tion (Prox), we have the following inequalities for any j € N:

_ — 1

F(a",y) (hiahs =t ghiy) > _Vﬂ(m’“%xkf‘l)p(wkw)- (7.3)
J

>

M,
Recall that (2*) is bounded (in view of Proposition 2.8) and ()\) is bounded away
from 0. Then (7.3) gives

F(:Ekf,y) > —Mp(xkj,xkfl), (7.4)

for some M > 0. Passing j — oo in (7.4) and apply the A-upper semiconinuity of
F(-,y), we obtain
F(&,y) > limsup F(z% y) > —M lim p(z", 2% ~1) = 0.
j—r00 J—=00
Since y € K is chosen arbitrarily, we conclude that & € E(K, F'). Therefore, every

A-accumulation point of (z¥) solves EP(K, F). By Proposition 2.8, the sequence
(z*) is A-convergent to an element in £(K, F). ]

Corollary 7.4 ([5, 10]). Suppose that g : X — R is conver and lsc, and that
argming # &. Then, the prozimal algorithm given by

20 € X,
zk = pro3<,\,h(](a¢"k_1)7 vk € N,

is A-convergent to a minimizer of g, whenever (M) C (0,00) is bounded away from
0.

Proof. Consider the bifunction Fj as defined in Lemma 6.2. The monotonicity of Fj,
is immediate, and the fact that F, is A-usc in the first variable follows by applying
Lemma 2.5 to the epigraph of Fy(z,-) at each 2 € X. The convergence is then a
consequence of Theorem 7.3 applied to Fj;, where the remaining requirements of F},
follows from Lemma 6.2. [ |

Let us look closer at the assumptions of Theorem 7.3, as well as the bifunction F4
given by (6.2) associated to some maximal monotone vector field A. One may notice
that the A-usc of in the first variable of F4 is irrelevant. This motivates us to find the
right mechanism to link between proximal algorithms for equilibrium problems and
for monotone vector fields. Fortunately enough, we can deduce another convergence
criteria that is capable to include [10, Theorem 5.2] as a certain special case. To do
this, we need the following notion of skewed A-semicontinuity of F'.

Definition 7.5. A bifunction F : K x K — R is said to be skewed A-upper
semicontinuous (for short, skewed A-usc) if —F(y,z*) > limsup, F(z*,y) for all
y € K, whenever () C K is A-convergent to z* € K.

Remark 7.6. It is clear that if F' is monotone and A-usc in the first variable, then
F is skewed A-usc.

The next lemma shows that we can deduce that F4 is skewed A-usc for a mono-
tone vector field A : X = X*.

Lemma 7.7. Suppose that A : X = X* is a monotone vector field with dom(A) =
X, and F4 is defined by (6.2). If X is reflexive, then Fy is skewed A-usc.
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Proof. Suppose that (z*) C K is a A-convergent to 2* € K, and y € K be arbitrary.
Then, by the monotonicity of Fs, we have
limsup Fa(z*,y) < limsup[—Fa(y, z*)]

k— 00 k— 00

= limsup[— sup (v, yz")]
k—so00 veA(y)

—

< lim sup[—(vg, yz")], (7.5)
k—>00

for any vy € A(y). Suppose that vy = Syt for some v € X and § > 0. Then, we
have — N N
(vo,ya") = (vo,ya”) + @7l 2ot - @727, (7.6)
Combine (7.5), (7.6), and take into account the reflexivity of X and the A-convergence
of (z*), we obtain

timsup Fa(a*,) < — (0, yo).

k—> 00

Since this is true for any vy € A(y), we get

limsup Fu(z*,y) < inf [—(u,gﬁ)] =— sup (v,yz") = —Fa(y,x"). |
k— o0 veT(y) veT(y)

Now that we have the motivations for skewed A-semicontinuity, we shall now
give another convergence theorem based on this new notion of continuity. Recall
that the coincidence of the primal and dual solutions of an equilibrium problem, as
appeared in the following theorem, can be referenced from either Propositions 4.4
or 6.3.

Theorem 7.8. Suppose that F is a monotone bifunction such that E(K,F) =
ENK,F) # @, skewed A-usc, and that dom(J,r) DO K for all > 0. Let (\) be
bounded away from 0. Then the proximal algorithm (Prox) is A-convergent to an
element in E(K, F) for any initial start 2° € K.

Proof. With similar proof lines to Theorem 7.3, we can also be able to obtain (7.4).
Since F' is skewed A-usc, we obtain the following inequalities by passing j — oo:
—F(y, %) > limsup F (2%, y) >0,

j—o0
for each y € K. This means & € £*(K,F) = E(K, F), by hypothesis. Therefore,
every A-accumulation point lies within £(K, F'). Apply Proposition 2.8 to conclude
that (z*) is A-convergent to an element in £(K, F). ]

Corollary 7.9 ([10]). Suppose that A : X = X* is a monotone vector field with
dom(A) = X and dom(uR4) = X for all p > 0, and that A~10 # @. Assume that
X is reflexive. Then, the prozimal algorithm defined by

20 e X,
¥ = Ry a(z* 1), VkeN,

is A-convergent to an element in A=10, whenever (\;) C (0,00) is bounded away
from 0.

Proof. Tt was proved in [10] that the surjectivity condition of A implies the maximal
monotonicity and also gives dom(J,r,) = X (for all g > 0) in light of Proposition
6.4, where F4 defined in (6.2). The monotonicity of F4 follows from the monotonic-
ity of A, while the skewed A-semicontinuity of F4 is proved in Lemma 7.7. By the
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Proposition 6.3, it is feasible to apply Theorem 7.8 to F4 and obtain the desired
convergence result. [ |

Remark 7.10. Amounts to (7.1) and the Fejér convergence of the proximal algo-
rithm presented in the proofs of Theorems 7.3 and 7.8, it can be seen that we can
make the convergence of functional values inf,cx F (x*,y) — 0 arbitrarily fast
by the choosing appropriate step sizes. However, this does not ensure the speed
of convergence of the sequence (z¥) even if the convergence is strong (i.e., in the
metric topology). In particular, the speed enhancement of proximal algorithm for
singularity problem using metric regularity conditions was developed in [10].

CONCLUSION AND REMARKS

We have provided a complete treatment of equilibrium problem situated in
Hadamard spaces, from existence to approximation algorithm. We were also able
to prove the KKM principle without additional assumptions, as opposed to earlier
results in the literature. The existence criteria for an equilibrium is deduced under
standard assumptions, which is very natural in this subject area.

In the approximation, we investigated a priori on the resolvent operator for a
given bifunction. Main results here are that the resolvent operator is single-valued
and firmly nonexpansive. We then define the proximal algorithm by iterating the
resolvents of different bifurcating parameters. Several convergence criteria of the
algorithm were proposed, including the one that involves skewed continuity, where
we introduced here for the first time. Note again that the corresponding functional
values converging to 0 can be achieved arbitrarily fast, but this does not imply the
same for proximal algorithm itself.

Let us conclude this paper with some open questions whose answers might largely
improve the applicability of the results in this present paper.

Question 7.11. Whether or not we can improve the following condition: dom(J,r) D
K for all 4 > 0, in order to obtain similar results regarding resolvent operators and
proximal algorithms?

Question 7.12. Is it possible to drop the surjectivity condition above and still
obtain the nonexpansivity of Jr (see (ii) in Proposition 5.4)?
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