
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Journal of Nonlinear  

Analysis and  

Optimization:  

Theory & Applications 

Editors-in-Chief: 
Sompong Dhompongsa 

Somyot Plubtieng 

Vol. 7 No. 1 (2016) 
 



About the Journal  

Journal of Nonlinear Analysis and 

Optimization: Theory & Applications is a 

peer-reviewed, open-access international 

journal, that devotes to the publication of 

original articles of current interest in every 

theoretical, computational, and applicational 

aspect of nonlinear analysis, convex analysis, 

fixed point theory, and optimization techniques and their 

applications to science and engineering. All manuscripts are refereed 

under the same standards as those used by the finest-quality printed 

mathematical journals. Accepted papers will be published in two 

issues annually in March and September, free of charge.  

This journal was conceived as the main scientific publication of the 

Center of Excellence in Nonlinear Analysis and Optimization, 

Naresuan University, Thailand. 

 

Contact 

Narin Petrot (narinp@nu.ac.th) 

Center of Excellence in Nonlinear Analysis and Optimization, 

Department of Mathematics, Faculty of Science,  

Naresuan University, Phitsanulok, 65000, Thailand. 

 

Official Website:  https://ph03.tci-thaijo.org/index.php/jnao 

 

 

 

  

https://ph03.tci-thaijo.org/index.php/jnao


Editorial Team 

Editors-in-Chief 

• S. Dhompongsa, Chiang Mai University, Thailand 

• S. Plubtieng, Naresuan University, Thailand 

Editorial Board 

• L. Q. Anh, Cantho University, Vietnam 

• T. D. Benavides, Universidad de Sevilla, Spain 

• V. Berinde, North University Center at Baia Mare, Romania 

• Y.  J.  Cho, Gyeongsang National University, Korea 

• A. P. Farajzadeh, Razi University, Iran 

• E. Karapinar, ATILIM University, Turkey 

• P. Q. Khanh, International University of Hochiminh City, Vietnam 

• A. T.-M. Lau, University of Alberta, Canada 

• S. Park, Seoul National University, Korea 

• A.-O. Petrusel, Babes-Bolyai University Cluj-Napoca, Romania 

• S. Reich, Technion -Israel Institute of Technology, Israel 

• B. Ricceri, University of Catania, Italy 

• P. Sattayatham, Suranaree University of Technology Nakhon-Ratchasima, 

Thailand 

• B. Sims, University of Newcastle, Australia 

• S. Suantai, Chiang Mai University, Thailand 

• T. Suzuki, Kyushu Institute of Technology, Japan 

• W. Takahashi, Tokyo Institute of Technology, Japan 

• M. Thera, Universite de Limoges, France 

• R. Wangkeeree, Naresuan University, Thailand 

• H. K. Xu, National Sun Yat-sen University, Taiwan 

Assistance Editors 

• W. Anakkamatee, Naresuan University, Thailand 

• P. Boriwan, Khon Kaen University, Thailand 

• N. Nimana, Khon Kaen University, Thailand 

• P. Promsinchai, KMUTT, Thailand 

• K. Ungchittrakool, Naresuan University, Thailand 

Managing Editor 

• N. Petrot, Naresuan University, Thailand 

 



Table of Contents 

DUALITY FOR A NONDIFFERENTIABLE MULTIOBJECTIVE HIGHER-ORDER SYMMETRIC 

FRACTIONAL PROGRAMMING PROBLEMS WITH CONE CONSTRAINTS 

R. Dubey, S. Gupta       Pages 1-15 

ON THE CONVERGENCE OF AN ITERATION PROCESS FOR TOTALLY ASYMPTOTICALLY I-

NONEXPANSIVE MAPPINGS 

B. Gunduz, S. Akbulut       Pages 17-30 

STRONG CONVERGENCE OF FINITE FAMILY OF PSEUDOCONTRACTIVE MAPPINGS BY A 

NEW IMPLICIT ITERATION 

B. Thakur, M. Khan       Pages 31-40 

Q-HYPERCONVEXITY IN QUASI-CONE METRIC SPACES AND FIXED POINT THEOREMS 

Y. Gaba        Pages 41-54 

COMMON SOLUTIONS TO SOME SYSTEMS OF VECTOR EQUILIBRIUM PROBLEMS AND 

COMMON FIXED POINT PROBLEMS IN BANACH SPACE 

M. Farid, K. Kazmi       Pages 55-74 

FIXED POINT THEOREMS FOR FUNDAMENTALLY NONEXPANSIVE MAPPINGS IN CAT(K) 

SPACES 

B. Nanjaras        Pages 75-83 

COUPLED FIXED POINTS IN PARTIALLY ORDERED METRIC SPACES BY SAMET'S METHOD 

AND APPLICATION 

H. Afshari        Pages 85-102 

ON A NEW SYSTEM OF NONLINEAR REGULARIZED NONCONVEX VARIATIONAL 

INEQUALITIES IN HILBERTSPACES 

P. Junlouchai, S. Plubtieng, Salahuddin    Pages 103-115 

DUALITY RESULTS FOR SECOND-ORDER MULTIOBJECTIVE PROGRAMMING PROBLEM 

A. Kumar, P. K. Garg       Pages 117-128 

MODELLING HUMAN PERIPHERAL TISSUE TEMPERATURE BASED ON NUMERICAL 

COMPUTATION OF NON-LINEAR BOUNDARY VALUE PROBLEM 

M. Khanday, K. Nazir, N. Rasool     Pages 129-135 

BEST APPROXIMATION AND BEST COAPPROXIMATION IN METRIC LINEAR SPACES 

T. Narang, S. Gupta       Pages 137-143 



EXISTENCE AND UNIQUENESS OF COUPLED BEST PROXIMITY POINT IN PARTIALLY 

ORDERED METRIC SPACES 

B. Choudhury, N. Metiya, P. Konar     Pages 145-153 

 



Journal of Nonlinear Analysis and Optimization

Vol.7, No.1, (2016), 1-15
ISSN : 1906-9685
http://www.math.sci.nu.ac.th

DUALITY FOR A NONDIFFERENTIABLE MULTIOBJECTIVE HIGHER-ORDER

SYMMETRIC FRACTIONAL PROGRAMMING PROBLEMS WITH CONE

CONSTRAINTS

R. DUBEY AND S. K. GUPTA∗

Department of Mathematics, Indian Institute of Technology Roorkee
Roorkee-247667, India

ABSTRACT.In this paper, a pair of nondifferentiable multiobjective higher-order symmetric
fractional dual problem with cone constraints is formulated. For a differentiable function,
we introduce the definition of higher-order (C,α, ρ, d)-convexity. Next, we prove appropriate
duality relations under aforesaid assumptions.

KEYWORDS : Higher-order; symmetric duality; multiobjective fractional programming; (C,α, ρ, d)-
convexity; cone constraints.
AMS Subject Classification: 90C26 . 90C30 . 90C32 . 90C46

1. INTRODUCTION

Higher-order duality is significant due to its computational importance as it
provides more higher bounds whenever approximation is used. By introducing
two different functions, h : Rn × Rn → R and k : Rn × Rn → Rm, Mangasar-
ian [8] formulated higher-order dual for a single objective nonlinear problems,
{minf(x), subject to g(x) 5 0}. Inspired by this concept, many researchers have
worked in this direction. Chen [1] has formulated higher-order multiobjective sym-
metric dual programs and established duality relations under higher-order F−
convexity assumptions. A higher-order vector optimization problem and its dual
has been studied by Kassem [9].

In last several years, various optimality and duality results have been obtained
for multiobjective fractional programming problems. In Chen [1], multiobjective
fractional problem and its duality theorems have been considered under higher-
order (F, α, ρ, d)- convexity. Later on, Suneja et al. [10] discussed higher-order
Mond-Weir and Schaible type nondifferentiable dual programs and their duality
theorems under higher-order (F, ρ, σ) -type I- assumptions. Recently, Ying [12]

∗Corresponding author.
Email address : rdubeyjiya@gmail.com (Ramu Dubey), skgiitr@gmail.com (S. K. Gupta).
Article history : Received August 11, 2015 Accepted March 9, 2016.
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has studied higher-order multiobjective symmetric fractional problem and formu-
lated its Mond- Weir type dual. Further, duality results are obtained under higher-
order (F, α, ρ, d)-convexity.

In this paper, we introduce a pair of nondifferentiable multiobjective Mond-Weir
type higher-order symmetric fractional programming problems over cones. For a
differentiable function h : Rn × Rn −→ R, we introduce the definition of higher-
order (C,α, ρ, d)-convexity, which extends some kinds of generalized convexity.
Under the higher-order (C,α, ρ, d)-convexity assumptions, we prove the higher-
order weak, strong and strict converse duality theorems.

2. PRELIMINARIES AND NOTATIONS

Let Rn be the n-dimensional Euclidean space and Rn
+ be its non-negative orthant.

The following conventions for vectors in Rn will be used:

x < y if and only if xi < yi, i = 1, 2, ..., n,

x 5 y if and only if xi 5 yi, i = 1, 2, ..., n,

x ≤ y if and only if xi ≤ yi, i = 1, 2, ..., n but x 6= y,

x � y is the negation of x ≤ y.
For a real-valued twice differentiable function h(x, y) defined on an open set in
Rn × Rm, denote by ∇xh(x̄, ȳ)− the gradient vector of h with respect to x at
(x̄, ȳ), ∇xxh(x̄, ȳ)− the Hessian matrix with respect to x at (x̄, ȳ). Similarly,
∇yh(x̄, ȳ), ∇xyh(x̄, ȳ) and ∇yyh(x̄, ȳ) are also defined.

Definition 2.1 [4]. Let C be a compact convex set in Rn. The support function of
C is defined by

s(x|C) = max{xT y : y ∈ C}.
A support function, being convex and everywhere finite, has a subdifferential, that
is, there exists a z ∈ Rn such that

s(y|C) = s(x|C) + zT (y − x),∀x ∈ C.
The subdifferential of s(x|C) is given by

∂s(x|C) = {z ∈ C : zTx = s(x|C)}.
For a convex set D ⊂ Rn, the normal cone to D at a point x ∈ D is defined by

ND(x) = {y ∈ Rn : yT (z − x) 5 0,∀z ∈ D}.
When C is a compact convex set, y ∈ NC(x) if and only if s(y|C) = xT y, or equiv-
alently, x ∈ ∂s(y|C).

Definition 2.2 [4]. The positive polar cone S∗ of a cone S ⊆ Rn is defined by

S∗ = {y ∈ Rn : xT y = 0,∀x ∈ S}.
A general multiobjective programming problem can be expressed in the following
form :

(P) Minimize f(x) = (f1(x), f2(x), ..., fk(x))T

subject to x ∈ X0 = {x ∈ X : g(x) 5 0},

where X ⊂ Rn is open, f : X → Rk, g : X → Rm, are differentiable on X.
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Definition 2.3 [3]. A feasible solution x̄ ∈ X0 is said to be a weakly efficient
solution of (P ) if there exists no x ∈ X0 such that f(x) < f(x̄).

Definition 2.4 [3]. A feasible solution x̄ ∈ X0 is said to be an efficient (or Pareto
optimal) solution of (P ) if there exists no x ∈ X0 such that f(x) ≤ f(x̄).

Definition 2.5 [7]. Let C : X × X × Rn → R (X ⊆ Rn) be a function which
satisfies Cx,u(0) = 0, ∀(x, u) ∈ X × X. Then, the function C is said to be convex
on Rn with respect to third argument iff for any fixed (x, u) ∈ X ×X,

Cx,u(λx1 + (1− λ)x2) 5 λCx,u(x1) + (1− λ)Cx,u(x2), ∀λ ∈ (0, 1), ∀x1, x2 ∈ Rn.

Now, we introduce the definition of higher-order (C,α, ρ, d)-convex function:

Definition 2.6 A differentiable function f : X → R is said to be higher order
(C,α, ρ, d) - convex at u ∈ X with respect to h : X × Rn → R if for all x ∈ X and
p ∈ Rn, ∃ ρ ∈ R, a real valued function α : X ×X → R+ \ {0} and d : X ×X → R
(satisfying d(x, z) = 0⇔ x = z) such that

1

α(x, u)

[
f(x)− f(u)− h(u, p) + pT∇ph(u, p)− ρd2(x, u)

]
= Cx,u

[
∇xf(u) +∇ph(u, p)

]
.

The function f is higher-order (C,α, ρ, d)- convex over X if, ∀ u ∈ X, it is higher
(C,α, ρ, d)- convex.

3. Higher-order symmetric duality

Consider the following multiobjective fractional symmetric dual programs:

(MFP) Minimize L(x, y, p) = (L1(x, y, p1), L2(x, y, p2), ..., Lk(x, y, pk))T

subject to

−
k∑

i=1

λi
[
(∇yfi(x, y)− zi +∇pi

Hi(x, y, pi))− Li(x, y, pi)(∇ygi(x, y) + ri +∇pi
Gi(x, y, pi))

]
∈ C∗

2 ,

yT
[ k∑

i=1

λi
[
(∇yfi(x, y)− zi +∇piHi(x, y, pi))− Li(x, y, pi)(∇ygi(x, y) + ri +∇piGi(x, y, pi))

]]
= 0,

λ > 0, λT e = 1, x ∈ C1, zi ∈ Di, ri ∈ Fi, i = 1, 2, ..., k.

(MFD) Maximize M(u, v, q) = (M1(u, v, q1),M2(u, v, q2), ...,Mk(u, v, qk))T

subject to
k∑

i=1

λi
[
(∇xfi(u, v) + wi +∇qiΦi(u, v, qi))−Mi(u, v, qi)(∇xgi(u, v)− ti +∇qiΨi(u, v, qi))

]
∈ C∗

1 ,

uT
[ k∑

i=1

λi
[
(∇xfi(u, v) + wi +∇qiΦi(u, v, qi))−Mi(u, v, qi)(∇xgi(u, v)− ti +∇qiΨi(u, v, qi))

]]
5 0,

λ > 0, λT e = 1, v ∈ C2, wi ∈ Qi, ti ∈ Ei, i = 1, 2, ..., k,
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where

Li(x, y, pi) =
fi(x, y) + s(x|Qi)− yT zi +Hi(x, y, pi)− pTi ∇pi

Hi(x, y, pi)

gi(x, y)− s(x|Ei) + yT ri +Gi(x, y, pi)− pTi ∇pi
Gi(x, y, pi)

,

Mi(u, v, qi) =
fi(u, v)− s(v|Di) + uTwi + Φi(u, v, qi)− qTi ∇qiΦi(u, v, qi)

gi(u, v) + s(v|Fi)− uT ti + Ψi(u, v, qi)− qTi ∇qiΨi(u, v, qi)
,

where fi : S1 × S2 → R; gi : S1 × S2 → R; Hi, Gi : S1 × S2 × Rm → R and
Φi,Ψi : S1 × S2 × Rn → R are differentiable functions for all i = 1, 2, ..., k.
S1 ⊆ Rn and S2 ⊆ Rm are such that C1 × C2 ⊂ S1 × S2, where C1 and C2 are
the closed convex cones in Rn and Rm, respectively. Qi, Ei are compact convex
sets in Rn and Di, Fi are compact convex sets in Rm, e = (1, 1, ..., 1)T ∈ Rk,
pi ∈ Rn, qi ∈ Rm, i = 1, 2, ..., k, p = (p1, p2, ..., pk), q = (q1, q2, ..., qk). C∗

1 and
C∗

2 are positive polar cones of C1 and C2, respectively. It is assumed that in the
feasible regions, the numerators are nonnegative and denominators are positive.

Let U = (U1, U2, ..., Uk)T and V = (V1, V2, ..., Vk)T . Then, we can express the
programs (MFP) and (MFD) equivalently as:

(MFP)U Minimize U subject to

(fi(x, y) + s(x|Qi)− yT zi +Hi(x, y, pi))− pTi ∇pi
Hi(x, y, pi))− Ui(gi(x, y)

− s(x|Ei) + yT ri +Gi(x, y, pi)− pTi ∇pi
Gi(x, y, pi)) = 0, i = 1, 2, ..., k. (3.1)

−
k∑

i=1

λi
[
∇yfi(x, y)− zi +∇pi

Hi(x, y, pi)

−Ui(∇ygi(x, y) + ri +∇pi
Gi(x, y, pi))

]
∈ C∗

2 , (3.2)

yT
[ k∑

i=1

λi
[
∇yfi(x, y)− zi +∇pi

Hi(x, y, pi)

−Ui(∇ygi(x, y) + ri +∇pi
Gi(x, y, pi))

]]
= 0, (3.3)

λ > 0, λT e = 1, x ∈ C1, zi ∈ Di, ri ∈ Fi, i = 1, 2, ..., k.

(MFD)V Maximize V subject to

(fi(u, v)− s(v|Di) + uTwi + Φi(u, v, qi)− qTi ∇qiΦi(u, v, qi))− Vi(gi(u, v)

+ s(v|Fi)− uT ti + Ψi(u, v, qi)− qTi ∇qiΨi(u, v, qi)) = 0, i = 1, 2, ..., k. (3.4)

k∑
i=1

λi
[
∇xfi(u, v) + wi +∇qiΦi(u, v, qi)

−Vi(∇xgi(u, v)− ti +∇qiΨi(u, v, qi))
]
∈ C∗

1 , (3.5)
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uT
[ k∑

i=1

λi
[
(∇xfi(u, v) + wi +∇qiΦi(u, v, qi))

−Vi(∇xgi(u, v)− ti +∇qiΨi(u, v, qi))
]]
5 0, (3.6)

λ > 0, λT e = 1, v ∈ C2, wi ∈ Qi, ti ∈ Ei, i = 1, 2, ..., k.

Next, we prove weak, strong and converse duality theorems for (MFP)U and (MFD)V ,
which therefore are equally applicable for (MFP) and (MFD). Let z = (z1, z2, ..., zk),
r = (r1, r2, ..., rk), w = (w1, w2, ..., wk) and t = (t1, t2, ..., tk).

Theorem 3.1. (Weak duality). Let (x, y, U, z, r, λ, p) be feasible for (MFP)U and let
(u, v, V, w, t, λ, q) be feasible for (MFD)V . Let ∀i ∈ {1, 2, ..., k}, fi(., v) + (.)Twi be
higher order (C,α, ρi, di)- convex at u with respect to Φi(u, v, qi),−(gi(., v)− (.)T ti)
be higher-order (C,α, ρi, di)- convex at u with respect to −Ψi(u, v, qi), −(fi(x, .) −
(.)T zi) be higher -order (C̄, ᾱ, ρ̄i, d̄i) -convex at y with respect to −Hi(x, y, pi) and
(gi(x, .)+(.)T ri) be higher -order (C̄, ᾱ, ρ̄i, d̄i)- convex at y with respect to Gi(x, y, p)
where C : Rn × Rn × Rn → R and C̄ : Rm × Rm × Rm → R. If the following
conditions hold:

gi(x, v) + vT ri − xT ti > 0, i = 1, 2, ..., k, (3.7)

either
k∑

i=1

λi[(1 + Vi)ρid
2
i (x, u) + (1 + Ui)ρ̄id̄i

2
(v, y)] = 0 or ρi = 0

and ρ̄i = 0, i = 1, 2, ..., k, (3.8)

Cx,u(a) + aTu = 0, ∀a ∈ C∗
1 , C̄v,y(b) + bT y = 0, ∀b ∈ C∗

2 . (3.9)

Then, U � V.

Proof. Since ∀i ∈ {1, 2, ..., k}, fi(., v)+(.)Twi and−(gi(., v)−(.)T ti) is higher-order
(C,α, ρi, di) - convex in the first variable at u for fixed v, we have

1

α(x, u)

[
fi(x, v) + xTwi − fi(u, v)− uTwi − Φi(u, v, qi) + qTi ∇qiΦi(u, v, qi)

−ρid2i (x, u)
]
= Cx,u

(
∇xfi(u, v) + wi +∇qiΦi(u, v, qi)

)
(3.10)

and

1

α(x, u)

[
(−gi(x, v) + xT ti + gi(u, v)− uT ti) + (Ψi(u, v, qi)− qTi ∇qiΨi(u, v, qi))

−ρid2i (x, u)
]
= Cx,u

(
(−∇xgi(u, v) + ti)−∇qiΨi(u, v, qi)

)
. (3.11)

Multiplying
λi
τ
> 0 and

λiVi
τ
= 0, i = 1, 2, ..., k, where τ = 1 +

k∑
i=1

λiVi together

with (3.10) and (3.11), respectively, we obtain

λi
α(x, u)τ

(
fi(x, v) + xTwi − fi(u, v)− uTwi − Φi(u, v, qi) + qTi ∇qiΦi(u, v, qi)

)
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− λi
α(x, u)τ

ρid
2
i (x, u) =

λi
τ
Cx,u

(
∇xfi(u, v) + wi +∇qiΦi(u, v, qi)

)
and

λiVi
α(x, u)τ

[
− gi(x, v) + xT ti + gi(u, v)− uT ti + Ψi(u, v, qi)− qTi ∇qiΨi(u, v, qi)

]
− λiVi
α(x, u)τ

ρid
2
i (x, u) =

λiVi
τ

Cx,u

(
−∇xgi(u, v) + ti −∇qiΨi(u, v, qi)

)
.

Now, summing over i and adding the above two inequalities, using convexity of C,
we have

k∑
i=1

λi
α(x, u)τ

[
fi(x, v) + xTwi − fi(u, v) − uTwi − Φi(u, v, qi) + qTi ∇qiΦi(u, v, qi)

]
+

k∑
i=1

λiVi
α(x, u)τ

[
−gi(x, v)+xT ti +gi(u, v)−uT ti +Ψi(u, v, qi)−qTi ∇qiΨi(u, v, qi)

]
−

k∑
i=1

λi
α(x, u)τ

(1 + Vi)ρid
2
i (x, u) = Cx,u

[ k∑
i=1

λi
τ

((
∇xfi(u, v) + wi +∇qiΦi(u, v, qi)

)
−Vi(∇xgi(u, v)− ti +∇qiΨi(u, v, qi)

))]
. (3.12)

Now, from (3.5), as τ > 0, we have

a =

k∑
i=1

λi
τ

[(∇xfi(u, v)+wi+∇qiΦi(u, v, qi)−Vi(∇xgi(u, v)−ti+∇qiΨi(u, v, qi))] ∈ C∗
1 .

Hence, for this a, Cx,u(a) = −uTa = 0
(
from (3.9)

)
. Using this, in (3.12), we

obtain

k∑
i=1

λi
α(x, u)τ

(
fi(x, v) + xTwi − fi(u, v)− uTwi − Φi(u, v, qi) + qTi ∇qiΦi(u, v, qi)

)
+

k∑
i=1

λiVi
α(x, u)τ

[
− gi(x, v) + xT ti + gi(u, v)− uT ti + Ψi(u, v, qi)− qTi ∇qiΨi(u, v, qi)

]

=
k∑

i=1

λi
α(x, u)τ

(1 + Vi)ρid
2
i (x, u).

Since vT ri 5 s(v|Fi) and using (3.4) in above inequality, we get

k∑
i=1

λi[fi(x, v) + xTwi − s(v|Di) + Vi(x
T ti − vT ri − gi(x, v))]

=
k∑

i=1

λi(1 + Vi)ρid
2
i (x, u). (3.13)
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Similarly, by the higher-order (C̄, ᾱ, ρ̄i, d̄i) - convexity of −fi(x, .) + (.)T zi and
(gi(x, .) + (.)T ri), ∀i ∈ {1, 2, ..., k}, in the second variable at y, for fixed x and from
the condition (3.9), for

b = −
k∑

i=1

λi
τ

[(∇yfi(x, y)− zi +∇pi
Hi(x, y, pi)− Ui(∇ygi(x, y) + ri +∇pi

Gi(x, y, pi))] ∈ C∗
2 ,

we get

k∑
i=1

λi[−fi(x, v) + vT zi − s(x|Qi) + Ui(v
T ri − xT ti + gi(x, v))]

=
k∑

i=1

λi(1 + Ui)ρ̄id̄i
2
(v, y). (3.14)

Adding the inequalities (3.13), (3.14) and applying (3.8), we get

k∑
i=1

λi(v
T zi − s(v|Di) + xTwi − s(x|Qi))

+

k∑
i=1

λi(Ui − Vi)(gi(x, v) + vT ri − xT ti) = 0. (3.15)

Since λ > 0, vT zi 5 s(v|Di) and xTwi 5 s(x|Qi), the above inequality gives

k∑
i=1

λi(Ui − Vi)(gi(x, v) + vT ri − xT ti) = 0. (3.16)

From the fact that λ > 0 and using (3.7), it follows that U � V. This completes the
proof. �

Theorem 3.2. (Weak duality). Let (x, y, U, z, r, λ, p) and (u, v, V, w, t, λ, q) be feasi-
ble solutions of (MFP)U and (MFD)V , respectively. Suppose that

(i) (fi(., v) + (.)Twi)− Vi(gi(., v)− (.)T ti) is higher-order (C,α, ρi, di)- convex
at u with respect to (Φi(u, v, q)− ViΨi(u, v, q)),

(ii) (−fi(x, .)+(.)T zi)+Ui(gi(x, .)+(.)T ri) is higher-order (C̄, ᾱ, ρ̄i, d̄i) -convex
at y with respect to −Hi(x, y, p) + UiGi(x, y, p),

(iii) either
k∑

i=1

λi
[
ρid

2
i (x, u) + ρ̄id̄i

2
(v, y)

]
= 0 or ρi = 0 and ρ̄i = 0, i = 1, 2, ..., k,

(iv) Cx,u(a) + aTu = 0,∀a ∈ C∗
1 , C̄v,y(b) + bT y = 0, ∀b ∈ C∗

2 ,
(v) gi(x, v) + vT ri − xT ti > 0, i = 1, 2, ..., k.

Then, U � V.

Proof. By hypothesis (i), we have

1

α(x, u)

[
fi(x, v)+xTwi−Vi(gi(x, v)−xT ti)−(fi(u, v)+uTwi)−Vi(gi(u, v)−uT ti)−

(Φi(u, v, qi)− Vi(Ψi(u, v, qi)) + qTi (∇qiΦi(u, v, qi)− Vi∇qiΨi(u, v, qi))− ρid2i (x, u)
]

= Cx,u

[
∇xfi(u, v) + wi − Vi(∇xgi(u, v)− ti) + (∇qiΦi(u, v, qi)− Vi∇qiΨi(u, v, qi))

]
.
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Since λ > 0, we obtain
k∑

i=1

λi
α(x, u)

[fi(x, v)+xTwi−fi(u, v)−uTwi−Φi(u, v, qi)+q
T
i ∇qiΦi(u, v, qi) +Vi(−gi(x, v)+

xT ti + gi(u, v)− uT ti + Ψi(u, v, qi)− qTi ∇qiΨi(u, v, qi))− ρid2i (x, u)

=
k∑

i=1

λiCx,u

[
(∇xfi(u, v) + wi)− Vi(∇xgi(u, v)− ti

)
+ (∇qiΦi(u, v, qi)− Vi∇qiΨi(u, v, qi))

]
.

Using convexity of C, we have
1

α(x, u)

[ k∑
i=1

λi

(
(fi(x, v)+xTwi−fi(u, v)−uTwi)−Φi(u, v, qi)+qTi ∇qiΦi(u, v, qi)

)
+

k∑
i=1

λiVi
(
−gi(x, v) +xT ti−vT ri

)
+

k∑
i=1

λiVi
(
gi(u, v) +vT ri−uT ti + Ψi(u, v, qi)−

qTi ∇qiΨi(u, v, qi)
)]
− 1

α(x, u)

k∑
i=1

λiρid
2
i (x, u)

= Cx,u

[ k∑
i=1

λi

((
∇xfi(u, v) + wi +∇qiΦi(u, v, qi)

)
− Vi(∇xgi(u, v)− ti −∇qiΨi(u, v, qi)

))]
.

From (3.5),

a =

k∑
i=1

λi[∇xfi(u, v)+wi+∇qiΦi(u, v, qi)−Vi(∇xgi(u, v)−ti+∇qiΨi(u, v, qi))] ∈ C∗
1

and using hypothesis (iv), we get

1

α(x, u)

[ k∑
i=1

λi
(
fi(x, v) + xTwi − fi(u, v)− uTwi)−Φi(u, v, qi) + qTi ∇qiΦi(u, v, qi))

+

k∑
i=1

λiVi
(
− gi(x, v) + xT ti − vT ri

)
+

k∑
i=1

λiVi(gi(u, v)− uT ti

+Ψi(u, v, qi)− qTi ∇qiΨi(u, v, qi)

]
=

k∑
i=1

λi
α(x, u)

ρid
2
i (x, u). (3.17)

Since vT ri 5 s(v|Fi), using (3.4) in (3.17), we get

k∑
i=1

λi[(fi(x, v) + xTwi − s(v|Di)) + Vi(x
T ti − vT ri − gi(x, v))]

=
k∑

i=1

λiρid
2
i (x, u). (3.18)

Similarly, by the higher-order (C̄, ᾱ, ρ̄i, d̄i)− convexity of−fi(x, .)+(.)T zi+Ui(gi(x, .)+
(.)T ri) in the second variable at y, for fixed x, we get
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k∑
i=1

λi[−fi(x, v) + vT zi − s(x|Qi) + Ui(v
T ri − xT ti + gi(x, v))]

=
k∑

i=1

λiρ̄id̄i
2
(v, y). (3.19)

Using λ > 0, vT zi 5 s(v|Di) and xTwi 5 s(x|Qi), it follows from (3.18) and (3.19)
that

k∑
i=1

λi(Ui − Vi)(gi(x, v) + vT ri − xT ti) = 0. (3.20)

Since λ > 0 and using hypothesis (v), it follows that U � V. Hence, the result. �

Theorem 3.3. (Strong duality). Let (x̄, ȳ, Ū , z̄, r̄, λ̄, p̄) be an efficient solution of
(MFP)U and fix λ = λ̄ in (MFD)V . If the following conditions hold

(i) ∇xHi(x̄, ȳ, 0) = ∇xGi(x̄, ȳ, 0) = 0,∇qiΦi(x̄, ȳ, 0) = ∇qiΨi(x̄, ȳ, 0) = 0, Hi(x̄, ȳ, 0) =
Gi(x̄, ȳ, 0) = 0,Φi(x̄, ȳ, 0) = Ψi(x̄, ȳ, 0) = 0,∇yHi(x̄, ȳ, 0) = ∇yGi(x̄, ȳ, 0) =
0,∇pi

Hi(x̄, ȳ, 0) = ∇pi
Gi(x̄, ȳ, 0) = 0, i = 1, 2, ..., k,

(ii) for all i ∈ {1, 2, ..., k}, the Hessian matrix∇pipiHi(x̄, ȳ, p̄i)−Ūi∇pipiGi(x̄, ȳ, p̄i)
is positive or negative definite,

(iii) the set of vectors {∇yfi(x̄, ȳ) − z̄i +∇pi
Hi(x̄, ȳ, p̄i) − Ūi(∇ygi(x̄, ȳ) + r̄i +

∇pi
Gi(x̄, ȳ, p̄i))}ki=1 is linearly independent,

(iv) for p̄i ∈ Rn, p̄i 6= 0 (i = 1, 2, ..., k) implies that
k∑

i=1

p̄Ti [∇yfi(x̄, ȳ)−z̄i+∇piHi(x̄, ȳ, p̄i)−Ūi(∇ygi(x̄, ȳ)+r̄i+∇piGi(x̄, ȳ, p̄i))] 6=

0,
(v) Ūi > 0, ∀i ∈ {1, 2, ..., k}.

Then
(a) p̄i = 0, i = 1, 2, ..., k,
(b) there exists w̄i ∈ Qi and t̄i ∈ Ei, i = 1, 2, ..., k such that (x̄, ȳ, Ū , w̄, t̄, λ̄, q̄ =

0) is a feasible solution of (MFD)V .

Furthermore, if the hypotheses in Theorem 3.1 or 3.2 are satisfied, then (x̄, ȳ, Ū , w̄, t̄, λ̄, q̄ =
0) is an efficient solution of (MFD)V , and the two objective values are equal.

Proof. Since (x̄, ȳ, Ū , z̄, r̄, λ̄, p̄) is an efficient solution of (MFP)U , therefore, by the
Fritz John necessary optimality conditions [2], there exists α ∈ Rk , β ∈ Rk, γ ∈
C2, δ ∈ R+, ξ ∈ Rk , η ∈ R, w̄i ∈ Rn and t̄i ∈ Rn, i = 1, 2, ..., k such that

(x−x̄)T
[ k∑

i=1

βi(∇xfi(x̄, ȳ)+w̄i+∇xHi(x̄, ȳ, p̄i)−Ūi(∇xgi(x̄, ȳ)−t̄i+∇xGi(x̄, ȳ, p̄i)))+

(γ − δȳ)T
k∑

i=1

λ̄i(∇yxfi(x̄, ȳ)− Ūi∇yxgi(x̄, ȳ)) +

k∑
i=1

(∇pixHi(x̄, ȳ, p̄i)

− Ūi(∇pixGi(x̄, ȳ, p̄i))
T ((γ − δȳ)λ̄i − βip̄i)

]
= 0,∀x ∈ C1, (3.21)

k∑
i=1

βi(∇yfi(x̄, ȳ)− z̄i +∇yHi(x̄, ȳ, p̄i)− Ūi(∇ygi(x̄, ȳ) + r̄i +∇yGi(x̄, ȳ, p̄i))



10 S. TEMIR/JNAO : VOL. 7., NO. 1, (2016), 1-15

+

k∑
i=1

λ̄i(∇yyfi(x̄, ȳ)− Ūi∇yygi(x̄, ȳ))T (γ − δȳ) +

k∑
i=1

(∇piyHi(x̄, ȳ, p̄i)

− Ūi∇piyGi(x̄, ȳ, p̄i))
T (−βip̄i + (γ − δȳ)λ̄i)− δ

k∑
i=1

λ̄i[∇yfi(x̄, ȳ)− z̄i

+∇pi
Hi(x̄, ȳ, p̄i)− Ūi(∇ygi(x̄, ȳ) + r̄i +∇pi

Gi(x̄, ȳ, p̄i))] = 0, (3.22)

αi − βi(gi(x̄, ȳ)− s(x̄|Ei) + ȳT r̄i +Gi(x̄, ȳ, p̄i)− p̄Ti ∇pi
Gi(x̄, ȳ, p̄i))

− (γ − δȳ)T∇y(λ̄i(gi(x̄, ȳ) + r̄i +∇piGi(x̄, ȳ, p̄i)) = 0, i = 1, 2, ..., k, (3.23)

(γ − δȳ)T (∇yfi(x̄, ȳ)− z̄i +∇piHi(x̄, ȳ, p̄i)

− Ūi(∇ygi(x̄, ȳ) + r̄i +∇pi
Gi(x̄, ȳ, p̄i))− ξi + η = 0, i = 1, 2, ..., k, (3.24)

λ̄i(γ − δȳ)− βip̄i)T (∇pipi
Hi(x̄, ȳ, p̄i)

− Ūi∇pipi
Gi(x̄, ȳ, p̄i)) = 0, i = 1, 2, ..., k, (3.25)

βiȳ + (γ − δȳ)λ̄i ∈ NDi(z̄i), i = 1, 2, ..., k, (3.26)

βiŪiȳ + λ̄iŪi(γ − δȳ) ∈ NFi
(r̄i), i = 1, 2, ..., k, (3.27)

γT
k∑

i=1

λ̄i((∇yfi(x̄, ȳ)− z̄i +∇pi
Hi(x̄, ȳ, p̄i))

− Ūi(∇ygi(x̄, ȳ) + r̄i +∇pi
Gi(x̄, ȳ, p̄i))) = 0, (3.28)

δȳT
k∑

i=1

λ̄i(∇yfi(x̄, ȳ)− z̄i +∇piHi(x̄, ȳ, p̄i)

− Ūi(∇ygi(x̄, ȳ) + r̄i +∇piGi(x̄, ȳ, p̄i)) = 0, (3.29)

λ̄T ξ = 0, (3.30)

η(λ̄T e− 1) = 0, (3.31)

w̄i ∈ Qi, t̄i ∈ Ei, x̄
T ti = s(x̄|Ei), x̄

T w̄i = s(x̄|Qi), i = 1, 2, ..., k, (3.32)

(α, δ, ξ) = 0, (α, β, γ, δ, ξ, η) 6= 0. (3.33)

Since λ̄ > 0, and ξ = 0, (30) implies that ξ = 0.

Equation (3.22) can be re-written as

k∑
i=1

(βi−δλ̄i)((∇yfi(x̄, ȳ)−z̄i+∇pi
Hi(x̄, ȳ, p̄i))−Ūi(∇ygi(x̄, ȳ)+r̄i+∇pi

Gi(x̄, ȳ, p̄i)))

+

k∑
i=1

βi((∇yHi(x̄, ȳ, p̄i)− Ūi∇yGi(x̄, ȳ, p̄i)) −(∇pi
Hi(x̄, ȳ, p̄i)− Ūi∇pi

Gi(x̄, ȳ, p̄i))

+

k∑
i=1

λ̄i ((∇yyfi(x̄, ȳ)− Ūi∇yygi(x̄, ȳ))T (γ − δȳ)

+

k∑
i=1

((∇piyHi(x̄, ȳ, p̄i)− Ūi∇piyGi(x̄, ȳ, p̄i))
T (−βip̄i + (γ − δȳ)λ̄i) = 0. (3.34)
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By hypothesis (ii) and (3.25), we have

λ̄i(γ − δȳ) = βip̄i, i = 1, 2, ..., k. (3.35)

Now, we claim that βi 6= 0, ∀i. If possible, let βt0 = 0 for some t0, 1 ≤ t0 ≤ k, then
from λ̄t0 > 0 and equation (3.35), we have

γ = δȳ. (3.36)

Using (3.35) and (3.36), we obtain βip̄i = 0, i = 1, 2, ..., k. Hence, by hypothesis
(i), we get

k∑
i=1

βi((∇yHi(x̄, ȳ, p̄i)

−Ūi∇yGi(x̄, ȳ, p̄i))− (∇piHi(x̄, ȳ, p̄i)− Ūi∇piGi(x̄, ȳ, p̄i))) = 0. (3.37)

Using (3.35)-(3.37) in (3.34), we obtain

k∑
i=1

(βi − δλ̄i)(∇yfi(x̄, ȳ)− z̄i +∇piHi(x̄, ȳ, p̄i)

−Ūi(∇ygi(x̄, ȳ) + r̄i +∇piGi(x̄, ȳ, p̄i))) = 0, (3.38)

which by hypothesis (iii), follows that

β̄i − δλ̄i = 0, i = 1, 2, ..., k. (3.39)

Now, for i = t0, we have δλ̄t0 = 0. This implies δ = 0 as λ̄ > 0. Hence, from (3.39),
βi = 0, ∀ i. Thus, from relation (3.23) and (3.36), we get αi = 0, i = 1, 2, ..., k.
Also, from relations (3.24) and (3.36), we get η = 0 and γ = 0, respectively, which
contradicts the fact that (α, β, γ, δ, ξ, η) 6= 0. Hence βi 6= 0, i = 1, 2, ..., k.
Now, equation (3.24) reduces to

(γ − δȳ)T (∇yfi(x̄, ȳ)− z̄i +∇piHi(x̄, ȳ, p̄i)

− Ūi(∇ygi(x̄, ȳ) + r̄i +∇pi
Gi(x̄, ȳ, p̄i)) + η = 0, i = 1, 2, ..., k, (3.40)

Multiplying by λ̄i and summing over i, we get

(γ − δȳ)T
k∑
i

λ̄i(∇yfi(x̄, ȳ)− z̄i +∇piHi(x̄, ȳ, p̄i)

− Ūi(∇ygi(x̄, ȳ) + r̄i +∇pi
Gi(x̄, ȳ, p̄i)) + η λ̄T ek = 0. (3.41)

Subtracting (3.28) and (3.29), we get

(γ − δȳ)T
k∑
i

λ̄i(∇yfi(x̄, ȳ)− z̄i +∇pi
Hi(x̄, ȳ, p̄i)

− Ūi(∇ygi(x̄, ȳ) + r̄i +∇pi
Gi(x̄, ȳ, p̄i)) = 0. (3.42)

Using (3.42) in (3.41), we get, η = 0.

Now, equation (3.40), yield

(γ − δȳ)T (∇yfi(x̄, ȳ)− z̄i +∇pi
Hi(x̄, ȳ, p̄i)

− Ūi(∇ygi(x̄, ȳ) + r̄i +∇pi
Gi(x̄, ȳ, p̄i)) = 0, i = 1, 2, ..., k, (3.43)
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Since λ̄ > 0, using (3.35) in (3.43), we get

βip̄
T
i [∇yfi(x̄, ȳ)− z̄i +∇piHi(x̄, ȳ, p̄i)

−Ūi(∇ygi(x̄, ȳ) + r̄i +∇pi
Gi(x̄, ȳ, p̄i))] = 0, i = 1, 2, ..., k, (3.44)

Since βi 6= 0, i = 1, 2, ..., k, we obtain

p̄Ti [∇yfi(x̄, ȳ)− z̄i +∇piHi(x̄, ȳ, p̄i)

−Ūi(∇ygi(x̄, ȳ) + r̄i +∇pi
Gi(x̄, ȳ, p̄i))] = 0, i = 1, 2, ..., k, (3.45)

or

k∑
i=1

p̄Ti [∇yfi(x̄, ȳ)− z̄i +∇pi
Hi(x̄, ȳ, p̄i)

−Ūi(∇ygi(x̄, ȳ) + r̄i +∇piGi(x̄, ȳ, p̄i))] = 0. (3.46)

By the hypothesis (iv), we have p̄i = 0, i = 1, 2, ..., k. Further using, hypothesis
(i), (3.35)-(3.36) in (3.21) and (3.34), respectively, we get

(x− x̄)T
[ k∑

i=1

βi(∇xfi(x̄, ȳ) + w̄i − Ūi(∇xgi(x̄, ȳ)− t̄i))
]
= 0,∀x ∈ C1. (3.47)

k∑
i=1

(βi − δλ̄i)[∇yfi(x̄, ȳ)− z̄i − Ūi(∇ygi(x̄, ȳ) + r̄i)] = 0. (3.48)

Using hypothesis (iii) in (3.48), we have

βi = δλ̄i, i = 1, 2, ..., k. (3.49)

Since βi 6= 0, λ̄i > 0, i = 1, 2, ..., k and δ = 0, this implies that βi > 0, ∀i. Now,
using (3.49) in (3.47), we obtain

(x− x̄)T
[ k∑

i=1

λ̄i(∇xfi(x̄, ȳ) + w̄i − Ūi(∇xgi(x̄, ȳ)− t̄i))
]
= 0,∀x ∈ C1. (3.50)

Let x ∈ C1. Then x+ x̄ ∈ C1, as C1 is a closed convex cone. On substituting x+ x̄
in place of x in (3.50), we get

xT
k∑

i=1

λ̄i
[
(∇xfi(x̄, ȳ) + w̄i)− Ūi(∇xgi(x̄, ȳ)− t̄i)

]
= 0, (3.51)

which in turn implies that for all x ∈ C1, we have
k∑

i=1

λ̄i[(∇xfi(x̄, ȳ) + w̄i)− Ūi(∇xgi(x̄, ȳ)− t̄i))] ∈ C∗
1 . (3.52)

Also, by letting x = 0 and x = 2x̄, simultaneously in (3.50), yields

x̄T
k∑

i=1

λ̄i(∇xfi(x̄, ȳ) + w̄i)− Ūi(∇xgi(x̄, ȳ)− t̄i)) = 0, (3.53)

Using p̄i = 0 in (3.35), we get, γ = δȳ and δ > 0, we have

ȳ =
γ

δ
∈ C2.
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Since β > 0 by (3.26) and the fact that γ = δȳ, we get ȳ ∈ NDi
(z̄i), i = 1, 2, ...., k.

This implies

ȳT z̄i = s(ȳ|Di), i = 1, 2, ....., k. (3.54)

By (3.27) and hypothesis (v), we have ȳ ∈ NFi
(r̄i), i = 1, 2, ....., k. Hence,

ȳT r̄i = s(ȳ|Fi), i = 1, 2, ....., k. (3.55)

Combining (3.32), (3.54)-(3.55) and given equation (3.1), reduce to

(fi(x̄, ȳ) + x̄T w̄i − s(ȳ|Di))

−Ūi(gi(x̄, ȳ)− x̄T t̄i − s(ȳ|Fi)) = 0, i = 1, 2, ...., k. (3.56)

Therefore, (3.52)-(3.53) and (3.56) shows that (x̄, ȳ, Ū , w̄, t̄, λ̄, q̄ = 0) is a feasible
solution of (MFD)V .

Under the assumptions Theorems 3.1 or 3.2, if (x̄, ȳ, Ū , w̄, t̄, λ̄, q̄ = 0) is not an effi-
cient solution of (MFD)V , then there exists other feasible solution (u, v, V, w, t, λ, q),
of (MFD)V , such that Ū ≤ V.
Since (x̄, ȳ, Ū , z̄, r̄, λ̄, p̄) is a feasible solution of (MFP )U , by Weak duality theorem,
we have Ū � V, hence the contradiction implies that (x̄, ȳ, Ū , w̄, t̄, λ̄, q̄ = 0) is an
efficient solution of (MFD)V . Hence, the result. �

Theorem 3.4. (Strong duality). Let (x̄, ȳ, Ū , z̄, r̄, λ̄, p̄) be efficient solution of (MFP)U
and fix λ = λ̄ in (MFD)V . Suppose that

(i) ∇xHi(x̄, ȳ, 0) = ∇xGi(x̄, ȳ, 0) = 0,∇qiΦi(x̄, ȳ, 0) = ∇qiΨi(x̄, ȳ, 0) = 0, Hi(x̄, ȳ, 0) =
Gi(x̄, ȳ, 0) = 0,Φi(x̄, ȳ, 0) = Ψi(x̄, ȳ, 0) = 0,∇yHi(x̄, ȳ, 0) = ∇yGi(x̄, ȳ, 0) =
0,∇pi

Hi(x̄, ȳ, 0) = ∇pi
Gi(x̄, ȳ, 0) = 0, i = 1, 2, ..., k,

(ii) Ūi > 0,∀i ∈ 1, 2, ......, k,
(iii) ∇pipi

Hi(x̄, ȳ, p̄i)− Ūi∇pipi
Gi(x̄, ȳ, p̄i) is nonsingular ∀i = 1, 2, ....., k,

(iv)

k∑
i=1

λ̄i(∇yyfi(x̄, ȳ)−Ūi∇yygi(x̄, ȳ)) is positive definite and p̄Ti
(
(∇yHi(x̄, ȳ, p̄i)−

Ūi∇yGi(x̄, ȳ, p̄i))−(∇pi
Hi(x̄, ȳ, p̄i)−Ūi∇piGi(x̄, ȳ, p̄i))

)
= 0, ∀i = 1, 2, ....., k,

or
k∑

i=1

λ̄i((∇yyfi(x̄, ȳ)− Ūi∇yygi(x̄, ȳ)) is negative definite and

p̄Ti (∇yHi(x̄, ȳ, p̄i)−Ūi∇yGi(x̄, ȳ, p̄i))−(∇pi
Hi(x̄, ȳ, p̄i)−Ūi∇pi

Gi(x̄, ȳ, p̄i)) 5
0, ∀i = 1, 2, ....., k,

(v) the set of vectors {∇yfi(x̄, ȳ) − z̄i +∇pi
Hi(x̄, ȳ, p̄i) − Ūi(∇ygi(x̄, ȳ) + r̄i +

∇piGi(x̄, ȳ, p̄i) : i = 1, 2, ......, k} is linearly independent.

Then p̄ = 0, and there exists w̄i ∈ Qi and t̄i ∈ Ei, i = 1, 2, ......, k such that
(x̄, ȳ, Ū , w̄, t̄, λ̄, q̄ = 0) is a feasible solution of (MFD)V . Furthermore, if the hy-
potheses in theorem (3.1) or (3.2) are satisfied, then (x̄, ȳ, Ū , w̄, t̄, λ̄, q̄ = 0) is efficient
solution of (MFD)V , and the two objective values are equal.

Proof. It follows on the lines of Theorem 3.3. �

Theorem 3.5. (Strict converse duality). Let (ū, v̄, V̄ , w̄, t̄, λ̄, q̄) be efficient solution of
(MFP)V and fix λ = λ̄ in (MFD)U . If the following conditions hold

(i) ∇xΦi(ū, v̄, 0) = ∇xΨi(ū, v̄, 0) = 0,∇qiΦi(ū, v̄, 0) = ∇qiΨi(ū, v̄, 0) = 0,
Hi(ū, v̄, 0) = Gi(ū, v̄, 0) = 0,Φi(ū, v̄, 0) = Ψi(ū, v̄, 0) = 0,∇yΦi(ū, v̄, 0)
= ∇yΨi(ū, v̄, 0) = 0,∇pi

Hi(ū, v̄, 0) = ∇pi
Gi(ū, v̄, 0) = 0, i = 1, 2, ..., k,
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(ii) for all i ∈ {1, 2, ..., k}, the Hessian matrix∇pipi
Φi(ū, v̄, q̄i)−V̄i∇pipi

Ψi(ū, v̄, q̄i)
is positive or negative definite,

(iii) the set of vectors {∇xfi(ū, v̄) + w̄i + ∇qiΦi(ū, v̄, q̄i) − V̄i(∇xgi(ū, v̄) − t̄i +
∇qiΨi(ū, v̄, q̄i)))}ki=1 is linearly independent,

(iv) for q̄i ∈ Rn, q̄i 6= 0, (i = 1, 2, ..., k) implies that
k∑

i=1

ξiq̄
T
i [∇xfi(ū, v̄)+w̄i+∇qiΦi(ū, v̄, q̄i)−V̄i(∇xgi(ū, v̄)−t̄i+∇qiΨi(ū, v̄, q̄i))] 6=

0,
(v) V̄i > 0, ∀i ∈ 1, 2, ..., k.

Then
(a) q̄i = 0, i = 1, 2, ..., k,
(b) there exists z̄i ∈ Di and r̄i ∈ Fi, i = 1, 2, ..., k such that (ū, v̄, V̄ , z̄, r̄, λ̄, p̄ =

0) is a feasible solution of (MFD)U .

Furthermore, if the hypotheses in Theorem 3.1 or 3.2 are satisfied, then (ū, v̄, V̄ , z̄, r̄, λ̄, p̄ =
0) is an efficient solution of (MFD)U , and the two objective values are equal.

Proof. It follows on the lines of Theorem 3.3. �

Theorem 3.6. (Strict converse duality). Let (ū, v̄, V̄ , w̄, t̄, λ̄, q̄) be efficient solution of
(MFP)V and fix λ = λ̄ in (MFD)U . Suppose that

(i) ∇xΦi(ū, v̄, 0) = ∇xΨi(ū, v̄, 0) = 0,∇qiΦi(ū, v̄, 0) = ∇qiΨi(ū, v̄, 0) = 0,
Hi(ū, v̄, 0) = Gi(ū, v̄, 0) = 0,Φi(ū, v̄, 0) = Ψi(ū, v̄, 0) = 0,∇yΦi(ū, v̄, 0)
= ∇yΨi(ū, v̄, 0) = 0,∇piHi(ū, v̄, 0) = ∇piGi(ū, v̄, 0) = 0, i = 1, 2, ..., k,

(ii) V̄i > 0, ∀i ∈ 1, 2, ......, k,
(iii) ∇qiqiΦi(ū, v̄, q̄i)− V̄i∇qiqiΨi(ū, v̄, q̄i) is nonsingular ∀i = 1, 2, ....., k,

(iv)

k∑
i=1

λ̄i(∇xxfi(ū, v̄)−V̄i∇xxgi(ū, v̄)) is positive definite and q̄Ti ((∇xΦi(ū, v̄, q̄i)−

V̄i∇xΨi(ū, v̄, q̄i))−((∇qiΦi(ū, v̄, q̄i)− V̄i∇qiΨi(ū, v̄, q̄i)) = 0, ∀ i = 1, 2, ..., k,

or
k∑

i=1

λ̄i(∇xxfi(ū, v̄)−V̄∇xxgi(ū, v̄)) is negative definite and q̄Ti ((∇xΦi(ū, v̄, q̄i)−

V̄i∇xΨi(ū, v̄, q̄i))−((∇qiΦi(ū, v̄, q̄i)−V̄i∇qiΦiΨi(ū, v̄, q̄i)) 5 0, ∀i = 1, 2, ....., k,
(v) the set of vectors {∇xfi(ū, v̄) + w̄i + ∇qiΦi(ū, v̄, q̄i) − V̄i(∇xgi(x̄, ȳ) − t̄i +
∇qiΨi(ū, v̄, q̄i)) : i = 1, 2, ..., k} is linearly independent.

Then, q̄ = 0 and there exists z̄i ∈ Di and r̄i ∈ Fi, i = 1, 2, ..., k such that
(ū, v̄, V̄ , z̄, r̄, λ̄, p̄ = 0) is a feasible solution of (MFD)U . Furthermore, if the hypothesis
in Theorems 3.1 or 3.2 are satisfied, then (ū, v̄, V̄ , z̄, r̄, λ̄, p̄ = 0) is an efficient solution
of (MFD)U , and the two objective values are equal.

Proof. It follows on the lines of Theorem 3.3. �

4. Special cases

We consider some of the special cases of the problems studied in section 3. In all
the cases, C1 = Rn

+ and C2 = Rm
+ ,

(i) then, our problems (MFP )U and (MFD)V reduce to the programs studied
in Ying [12].

(ii) If k = 1, g1(x, y) = 1, H1(x, y, p1) = 1
2p

T
1∇yyf1(x, y)p1, Φ1(u, v, q1) =

1
2q

T
1 ∇xxf1(u, v)q1, g1(u, v) = 1, F1 = {0}, E1 = {0}, then, (MFP )U and

(MFD)V reduce to the problems considered by Hou and Yang [5].
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(iii) If gi(x, y) = 1, Ei = {0}, gi(u, v) = 1, Fi = {0} for all i ∈ {1, 2, ..., k}, then,
(MFP )U and (MFD)V becomes the problems considered by Chen [1].

(iv) If gi(x, y) = 1, Ei = {0}, Fi = {0}, Hi(x, y, pi) = 1
2p

T
i ∇yyfi(x, y)pi,

Φi(u, v, qi) = 1
2q

T
i ∇xxfi(u, v)qi, for all i ∈ {1, 2, ..., k} in (MFP )U and

(MFD)V , then, the problems reduce to the problems considered by Yang
et al.[11].
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ABSTRACT. Suppose that K be a nonempty closed convex subset of a real Banach space X
and T, S : K → K be two totally asymptotically I-nonexpansive mappings, where I : K →
K is a totally asymptotically nonexpansive mapping. We define the iterative sequence {xn}
by 

x0 ∈ K
xn+1 = (1− αn)xn + αnS

nyn
yn = (1− βn)xn + βnT

nzn
zn = (1− γn)xn + γnI

nxn

, n ∈ N,

where {αn} , {βn} ve {γn} are sequences in [0, 1] .Under some suitable conditions, the strong
and weak convergence theorems of {xn} to a common fixed point of S,T and I are obtained.

KEYWORDS : Totally Asymptotically I-Nonexpansive Mapping; Total Asymptotically Nonex-
pansive Mapping; Opial Condition; (A

′
) Condition; Strong and weak convergence; Common

fixed point.
AMS Subject Classification: 47H09, 47J25

1. Introduction

LetK be a nonempty subset of a real normed spaceX and T : K → K be a map-
ping. Denote by F (T ) the set of fixed points of T , that is, F (T ) = {x ∈ K : Tx = x}
and denote by F := F (T )∩F (S)∩F (I) = {x ∈ K : Tx = Sx = Ix = x}, the set of
common fixed points of the mappings S, T and I. A mapping T : K → K is called
nonexpansive if ‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ K. A mapping T : K → K
is called asymptotically nonexpansive if there exists a sequence {kn} ⊂ [1,∞),
limn→∞ kn = 1 such that

‖Tnx− Tny‖ ≤ kn ‖x− y‖ (1.1)

for all x, y ∈ K and n ≥ 1. The class of asymptotically nonexpansive mappings was
introduced by Goebel and Kirk [5] as a generalization of the class of nonexpansive
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Email address : birolgndz@gmail.com (Birol GUNDUZ) and sezginakbulut@atauni.edu.tr (Sezgin AKBULUT).
Article history : Received March 2, 2015 Accepted March 9, 2016.
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mappings. They proved that if K is a nonempty closed bounded subset of a uni-
formly convex Banach space, then every asymptotically nonexpansive self-mapping
has a fixed point.

A mapping T : K → K is called asymptotically nonexpansive in the intermediate
sense if T is continuous and the following inequality holds:

lim sup
n→∞

sup
x,y∈K

(‖Tnx− Tny‖ − ‖x− y‖) ≤ 0.

Observe that if
an = sup (‖Tnx− Tny‖ − ‖x− y‖)

then last inequality reduces to the relation

‖Tnx− Tny‖ ≤ ‖x− y‖+ an. (1.2)

The class of mappings which are asymptotically nonexpansive in the interme-
diate sense was introduced by Bruck et al. [2]. It is known [13] that if K is a
nonempty closed convex bounded subset of a real uniformly convex Banach spaces
E and T is a self-mapping of K which is asymptotically nonexpansive in the inter-
mediate sense, then T has a fixed point.

The class of asymptotically nonexpansive mappings is an important generaliza-
tion of the class of nonexpansive mappings. Note that the class of mappings which
are asymptotically nonexpansive in the intermediate sense contains properly the
class of asymptotically nonexpansive mappings.

In 2006, Alber et al. [1] introduced a more general class of asymptotically
nonexpansive mappings called total asymptotically nonexpansive mappings. Their
aim is to unify various definitions of classes of mappings associated with the class of
asymptotically nonexpansive mappings and to prove a general convergence theorem
applicable to all these classes of nonlinear mappings.

Definition 1.1. Let K be a nonempty closed subset of a real normed linear space
X. A mapping T : K → K is called totally asymptotically nonexpansive if there
exist nonnegative real sequences {µn} , {λn} with µn, λn → 0 as n → ∞ and a
strictly increasing continuous function φ : R→ R with φ (0) = 0 such that

‖Tnx− Tny‖ ≤ ‖x− y‖+ µnφ (‖x− y‖) + λn, for all x, y ∈ K, n ≥ 1. (1.3)

Remark 1.2. If φ (λ) = λ, then (1.3) reduces to ‖Tnx− Tny‖ ≤ (1 + µn) ‖x− y‖+
λn, n ≥ 1. If φ (λ) = λ and λn = 0 for all n ≥ 1, then total asymptotically nonexpan-
sive mappings coincide with asymptotically nonexpansive mappings. In addition, if
µn = 0 and λn = 0 for all n ≥ 1, then total asymptotically nonexpansive mappings
becomes nonexpansive mappings. If µn = 0 and λn = σn = max {0, an}, where
an = sup (‖Tnx− Tny‖ − ‖x− y‖) for all n ≥ 1, then (1.3) reduces to (1.2) which
has been studied as mappings asymptotically nonexpansive in the intermediate
sense.

The strong convergence theorems for iterative processes of finite family of to-
tal asymptotically nonexpansive mappings in Banach spaces have been studied
by Chidume and Ofoedu [3, 4]. Also, Hu and Yang [11] obtained strong conver-
gence theorems for three nonself total asymptotically nonexpansive mappings in
real Banach spaces. In addition to these works, Hao [10] studied weak and strong
convergence theorems in real Hilbert space.

On the other hand, in [17] an asymptotically I-nonexpansive mapping was
introduced. Namely, let T, I : K → K be two mappings of a nonempty sub-
set K of a real normed linear space X. Then T is said to be asymptotically
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I-nonexpansive if there exists a sequence {λn} with limn→∞ λn = 1 such that
‖Tnx− Tny‖ ≤ λn ‖Inx− Iny‖ for all x, y ∈ K and n ≥ 1.

Recently, Mukhamedov and Saburov [14] introduced the folowing iteration pro-
cess for common fixed points of totally asymptotically I-nonexpansive mappings in
Banach spaces. For arbitrarily chosen x0 ∈ K, {xn} is define as follows:{

xn+1 = (1− αn)xn + αnT
nyn

yn = (1− βn)xn + βnI
nxn

, (1.4)

where {αn} and {βn} are sequences in [0, 1] . And they gave the following definition
for totally asymptotically I-nonexpansive mappings.

Definition 1.3. Let T, I : K → K be two mappings of a nonempty subset K of
a real normed linear space X. A mapping T : K → K is called totally asymptot-
ically I−nonexpansive if there exist nonnegative real sequences {µn} , {λn} with
µn, λn → 0 as n→∞ and a strictly increasing continuous function φ : R→ R with
φ (0) = 0 such that for all x, y ∈ K,

‖Tnx− Tny‖ ≤ ‖Inx− Iny‖+ µnφ (‖Inx− Iny‖) + λn, n ≥ 1. (1.5)

Note that (1.5) reduces to (1.3) when I = Id (Id is the identity mapping). If
φ (λ) = λ, then one gets ‖Tnx− Tny‖ ≤ (1 + µn) ‖Inx− Iny‖ + λn, which is a
generalization of the asymptotically I-nonexpansive mapping. If φ (λ) = λ and λn =
0 for all n ≥ 1, then total asymptotically I-nonexpansive mappings coincide with
asymptotically I-nonexpansive mappings.

In this paper, we construct an explicit iterative sequence for the approximation
of common fixed points of two total asymptotically I-nonexpansive mappings and
a total asymptotically nonexpansive mapping in Banach spaces.

2. Preliminary

For the sake of convenience, we restate the following concepts.
A Banach space X is said to satisfy Opial’s condition if, for any sequence {xn}

in X, xn ⇀ x implies that

lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

‖xn − y‖

for all y ∈ X with y 6= x, where xn ⇀ x means that {xn} converges weakly to x. It
is well know from that all Hilbert spaces and all lp spaces for 1 < p <∞ have this
property. However, the Lp spaces do not have this property unless p = 2.

Let K be a nonempty closed subset of a real Banach space X and T : K → K
a mapping. The mapping T said to be demiclosed at zero if Tx0 = 0 whenever
{xn} ⊂ K,xn → x and Txn → 0.

Recall that the mapping T : K → K with F (T ) 6= ∅ is said to satisfy condition
(A) [15] if there is a nondecreasing function f : [0,∞) → [0,∞) with f (0) = 0,
f (t) > 0 for all t ∈ (0,∞) such that ‖x− Tx‖ ≥ f (d (x, F (T ))) for all x ∈ K,
where d (x, F (T )) = inf {‖x− p‖ : p ∈ F (T )}.

We can modify the condition (A) for our case as follows:
Let S, T : K → K be two totally asymptotically I−nonexpansive mappings and

I : K → K be totally asymptotically nonexpansive mapping. Then S, T and I are
said to satisfy condition (A′) if there is a nondecreasing function f : [0,∞)→ [0,∞)
with f (0) = 0, f (t) > 0 for all t ∈ (0,∞) such that

1

3
(‖x− Sx‖+ ‖x− Tx‖+ ‖x− Ix‖) ≥ f (d (x, F ))
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for all x ∈ K. This condition is a generalization of condition of Khan and Fukharud-
din [12] from two mappings to three mappings.

Next, we state the following useful lemmas.

Lemma 2.1. [18] Let {an}, {bn} and {cn} are three sequences of nonnegative real
numbers such that

an+1 ≤ (1 + bn) an + cn, n ≥ 1.

Suppose that
∑∞

n=1 bn <∞ and
∑∞

n=1 cn <∞. Then {an} is bounded and lim
n→∞

an
exists.

Lemma 2.2. [16] Let X be a uniformly convex Banach space and let {tn} be a
sequence in [a, b] for some a, b ∈ (0, 1). Suppose that {xn} and {yn} are sequences
of X such that

lim sup
n→∞

‖xn‖ ≤ d, lim sup
n→∞

‖yn‖ ≤ d and lim
n→∞

‖(1− tn)xn + tnyn‖ = d

hold for some d ≥ 0. Then limn→∞ ‖xn − yn‖ = 0.

3. Main Results

Now, we introduce an iteration process which can be viewed as an extension for
totally asymptotically I-nonexpansive mappings of iteration process of Mukhame-
dov and Saburov [14].

Let K be a nonempty closed convex subset of a real Banach space X. Let
T, S : K → K be two totally asymptotically I-nonexpansive mappings, where
I : K → K is a totally asymptotically nonexpansive mapping. We define the
iterative sequence {xn} by

x0 ∈ K
xn+1 = (1− αn)xn + αnS

nyn
yn = (1− βn)xn + βnT

nzn
zn = (1− γn)xn + γnI

nxn

, n ∈ N, (3.1)

where {αn} , {βn} and {γn} are sequences in [0, 1] .

Remark 3.1. i. If I = Id (Id is the identity mapping), then (3.1) reduces
to the modified Ishikawa iterative scheme for two totally asymptotically
nonexpansive mappings as follow. x0 ∈ K

xn+1 = (1− αn)xn + αnS
nyn

yn = (1− βn)xn + βnT
nxn

, n ∈ N, (3.2)

where I : K → K is a totally asymptotically nonexpansive mapping, {αn}
and {βn} are sequences in [0, 1] .

ii. If I = Id (Id is the identity mapping) and βn = 0 for all n ≥ 1, then (3.1)
reduces to the modified Mann iterative scheme for one total asymptotically
nonexpansive mappings as follow.{

x0 ∈ K
xn+1 = (1− αn)xn + αnS

nxn
, n ∈ N, (3.3)

where I : K → K is a totally asymptotically nonexpansive mapping and
{αn} is sequence in [0, 1] .

iii. We remark that the iteration process (3.1) is more general than the iteration
process (1.4), (3.2) and (3.3), and includes the process (3.2) and (3.3) as
special cases.
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Lemma 3.2. LetK be a nonempty subset of a real Banach spaceX. Let T, S : K →
K be two totally asymptotically I-nonexpansive mappings and let I : K → K be
a totally asymptotically nonexpansive mapping. Then there exist nonnegative real
sequences {µn} , {λn}with µn, λn → 0 as n→∞ and strictly increasing continuous
function φ : R→ R with φ (0) = 0 such that for all x, y ∈ K,

‖Inx− Iny‖ ≤ ‖x− y‖+ µnφ (‖x− y‖) + λn,

‖Tnx− Tny‖ ≤ ‖Inx− Iny‖+ µnφ (‖Inx− Iny‖) + λn, (3.4)
‖Snx− Sny‖ ≤ ‖Inx− Iny‖+ µnφ (‖Inx− Iny‖) + λn, n ≥ 1.

Proof. Since T, S : K → K are totally asymptotically I-nonexpansive mappings
and I : K → K is a totally asymptotically nonexpansive mapping, then there ex-
ist nonnegative real sequences {µ′n}, {λ

′

n}, {µ
′′

n}, {λ
′′

n} and {µ̃n} , {λ̃n}, n ≥ 1 with
µ
′

n, λ
′

n, µ
′′

n, λ
′′

n, µ̃n, λ̃n → 0 (n→∞) and there exist strictly increasing continuous
functions φ1, φ2, φ3 : R+ → R+ with φ1 (0) = φ2 (0) = φ3 (0) = 0 such that for all
x, y ∈ K,

‖Inx− Iny‖ ≤ ‖x− y‖+ µ̃nφ1 (‖x− y‖) + λ̃n,

‖Tnx− Tny‖ ≤ ‖Inx− Iny‖+ µ
′

nφ2 (‖Inx− Iny‖) + λ
′

n,

‖Snx− Sny‖ ≤ ‖Inx− Iny‖+ µ
′′

nφ3 (‖Inx− Iny‖) + λ
′′

n, n ≥ 1.

Setting

µn = max{µ
′

n, µ
′′

n, µ̃}, λn = max{λ
′

n, λ
′′

n, λ̃n},
φ(a) = max{φ1(a), φ2(a), φ3(a)} for a ≥ 0,

then we obtain that there exist nonnegative real sequences {µn} and {λn} with
µn, λn → 0 as n → ∞ and strictly increasing continuous function φ : R → R with
φ (0) = 0 such that for all x, y ∈ K,

‖Inx− Iny‖ ≤ ‖x− y‖+ µnφ (‖x− y‖) + λn,

‖Tnx− Tny‖ ≤ ‖Inx− Iny‖+ µnφ (‖Inx− Iny‖) + λn,

‖Snx− Sny‖ ≤ ‖Inx− Iny‖+ µnφ (‖Inx− Iny‖) + λn, n ≥ 1.

This completes the proof. �

Before proving our main results, throughout this paper we take mappings S, T
and I as in (3.4).

Lemma 3.3. Let K be a nonempty closed convex subset of a real Banach space
X. Let T, S : K → K be two totally asymptotically I-nonexpansive mappings
and I : K → K be a totally asymptotically nonexpansive mapping with sequences
{µn} , {λn} defined by (3.4) such that

∑∞
n=1 µn < ∞,

∑∞
n=1 λn < ∞. Assume that

there exist M,M∗ > 0 such that φ(λ) ≤ M∗λ for all λ ≥ M . Let {xn} be the
sequence as defined (3.1). If F = F (S) ∩ F (T ) ∩ F (I) 6= ∅, then {xn} is bounded
and limn→∞ ‖xn − p‖ exists for each p ∈ F = F (S) ∩ F (T ) ∩ F (I).

Proof. Let p ∈ F. It follows from (3.1) and (3.4) that

‖zn − p‖ = ‖(1− γn)(xn − p) + γn(I
nxn − p)‖

≤ (1− γn) ‖xn − p‖+ γn ‖Inxn − p‖
≤ (1− γn) ‖xn − p‖+ γn [‖xn − p‖+ µnφ (‖xn − p‖) + λn]

≤ ‖xn − p‖+ γnµnφ (‖xn − p‖) + λn. (3.5)
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Note that φ is an increasing function, it follows that φ (λ) ≤ φ (M) whenever λ ≤M
and (by hypothesis) φ (λ) ≤M∗λ if λ ≥M . In either case, we have

φ (λ) ≤ φ (M) +M∗λ (3.6)

for some M,M∗ ≥ 0. Thus, from (3.5) and (3.6), we have

‖zn − p‖ ≤ ‖xn − p‖+ γnµn [φ (M) +M∗ ‖xn − p‖] + λn

≤ (1 +M∗µn) ‖xn − p‖+Q1 (µn + λn) (3.7)

for some constant Q1 > 0. Similarly, from (3.7) we have

‖yn − p‖ = ‖(1− βn)(xn − p) + βn(T
nzn − p)‖

≤ (1− βn) ‖xn − p‖+ βn ‖Tnzn − p‖
≤ (1− βn) ‖xn − p‖+ βn[‖Inzn − p‖+ µnφ (‖Inzn − p‖) + λn]

≤ (1− βn) ‖xn − p‖+ βn[‖Inzn − p‖+ µnφ (M)

+µnM
∗ ‖Inzn − p‖+ λn]

≤ (1− βn) ‖xn − p‖+ βn[(1 + µnM
∗) ‖Inzn − p‖+ µnφ (M) + λn]

≤ (1− βn) ‖xn − p‖+ βn[(1 + µnM
∗) (‖zn − p‖

+µnφ (‖zn − p‖) + λn) + µnφ (M) + λn]

≤ (1− βn) ‖xn − p‖+ βn[(1 + µnM
∗) (‖zn − p‖+ µnφ (M)

+µnM
∗ ‖zn − p‖+ λn) + µnφ (M) + λn]

≤ (1− βn) ‖xn − p‖+ βn[(1 + µnM
∗) ((1 + µnM

∗) ‖zn − p‖
+µnφ (M) + λn) + µnφ (M) + λn]

≤ (1− βn) ‖xn − p‖
+βn[(1 + µnM

∗) ((1 + µnM
∗) (1 +M∗µn) ‖xn − p‖

+(1 +M∗µn)Q1 (µn + λn) + µnφ (M) + λn) + µnφ (M) + λn]

≤ ‖xn − p‖+ (3 (µnM
∗)

2
+ 3µnM

∗ + (µnM
∗)

3
) ‖xn − p‖

+(1 +M∗µn)
2
Q1 (µn + λn) + (1 +M∗µn) (µnφ (M) + λn)

+µnφ (M) + λn

≤ (1 +M2µn) ‖xn − p‖+Q2 (µn + λn) (3.8)

for some constants M2, Q2 > 0. Hence, it follows from (3.6) and (3.8) that

‖xn+1 − p‖ = ‖(1− αn)(xn − p) + αn(S
nyn − p)‖

≤ (1− αn) ‖xn − p‖+ αn ‖Snyn − p‖
≤ (1− αn) ‖xn − p‖+ αn[‖Inyn − p‖+ µnφ (‖Inyn − p‖) + λn]

≤ (1− αn) ‖xn − p‖+ αn[‖Inyn − p‖+ µnφ (M)

+µnM
∗ ‖Inyn − p‖+ λn]

≤ (1− αn) ‖xn − p‖+ αn[(1 + µnM
∗) ‖Inyn − p‖+ µnφ (M) + λn]

≤ (1− αn) ‖xn − p‖+ αn[(1 + µnM
∗) (‖yn − p‖

+µnφ (‖yn − p‖) + λn) + µnφ (M) + λn]

≤ (1− αn) ‖xn − p‖+ αn[(1 + µnM
∗) (‖yn − p‖+ µnφ (M)

+µnM
∗ ‖yn − p‖+ λn) + µnφ (M) + λn]

≤ (1− αn) ‖xn − p‖+ αn[(1 + µnM
∗) ((1 + µnM

∗) ‖yn − p‖
+µnφ (M) + λn) + µnφ (M) + λn]

≤ (1− αn) ‖xn − p‖



AN ITERATION PROCESS FOR COMMON FIXED POINTS 23

+αn[(1 + µnM
∗) ((1 + µnM

∗) (1 +M2µn) ‖xn − p‖
+(1 +M∗µn)Q2 (µn + λn) + µnφ (M) + λn) + µnφ (M) + λn]

≤
(
1 + (M2 + 2M∗)µn +

(
2M∗M2 + (M∗)2

)
µ2
n

+M2(M
∗)2µ3

n

)
‖xn − p‖+M2(M

∗)2µ3
n ‖xn − p‖

+(1 +M∗µn)
2
Q2 (µn + λn)

+ (1 +M∗µn) (µnφ (M) + λn) + µnφ (M) + λn

≤ (1 +M3µn) ‖xn − p‖+Q3 (µn + λn) (3.9)

for some constants M3, Q3 > 0. Since
∑∞

n=1 µn < ∞,
∑∞

n=1 λn < ∞, by Lemma
2.1, we get limn→∞ ‖xn − p‖ exists. This completes the proof. �

Theorem 3.1. Let K be a nonempty closed subset of a real Banach space X. Let
T, S : K → K be two continuous totally asymptotically I-nonexpansive mappings
and I : K → K be a continuous totally asymptotically nonexpansive mapping with
sequences {µn} , {λn} defined by (3.4) such that

∑∞
n=1 µn < ∞,

∑∞
n=1 λn < ∞.

Assume that there exist M,M∗ > 0 such that φ(λ) ≤ M∗λ for all λ ≥ M. Let
{xn} be the sequence as defined (3.1) and F = F (S) ∩ F (T ) ∩ F (I) 6= ∅. Then the
sequence {xn} converges strongly to a common fixed point of S, T and I if and only
if lim infn→∞ d (xn, F ) = 0, where d (xn, F ) = infp∈F ‖xn − p‖ , n ≥ 1.

Proof. The necessity of the conditions is obvious. Thus, we need only prove the
sufficiency. Since S, T and I are continuous mappings, F (T ) , F (S) and F (I) are
closed. Hence F = F (S) ∩ F (T ) ∩ F (I) is a nonempty closed set.

For any given p ∈ F, we have from (3.9)

‖xn+1 − p‖ ≤ (1 +M3µn) ‖xn − p‖+Q3 (µn + λn)

which gives

d (xn+1, F ) ≤ (1 +M3µn) d (xn, F ) +Q3 (µn + λn) . (3.10)

Now applying Lemma 2.1 to (3.10), we get the existence of the limit limn→∞ d (xn, F ) .
But by hypothesis lim infn→∞ d (xn, F ) = 0, thus we have limn→∞ d(xn, F ) = 0.

Next we show that {xn} is a Cauchy sequence in X. As 1+ t ≤ exp (t) for all t > 0,
from (3.9), we obtain

‖xn+1 − p‖ ≤ exp (M3µn) (‖xn − p‖+Q3 (µn + λn)) . (3.11)

Thus, for any given m,n, iterating (3.11), we obtain

‖xn+m − p‖ ≤ exp (M3µn+m−1) (‖xn+m−1 − p‖+Q3 (µn+m−1 + λn+m−1))

...

≤ exp(

n+m−1∑
i=n

M3µi)

(
‖xn − p‖+

n+m−1∑
i=n

Q3 (µi + λi)

)

≤ exp(

∞∑
i=n

M3µi)

(
‖xn − p‖+

∞∑
i=n

Q3 (µi + λi)

)
.

Therefore,

‖xn+m − xn‖ ≤ ‖xn+m − p‖+ ‖xn − p‖

≤

[
1 +

(
exp(

∞∑
i=n

M3µi)

)]
‖xn − p‖
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+exp(

∞∑
i=n

M3µi)

( ∞∑
i=n

Q3 (µi + λi)

)
.

This imply that

‖xn+m − xn‖ ≤ D ‖xn − p‖+D

( ∞∑
i=n

(µi + λi)

)
(3.12)

for same constant D > 0. Taking infimum over p ∈ F in (3.12) gives

‖xn+m − xn‖ ≤ Dd (xn, F ) +D

( ∞∑
i=n

(µi + λi)

)
.

Now, since limn→∞ d (xn, F ) = 0 and
∑∞

i=n (µi + λi) <∞, given ε > 0, there exists
an integer N1 > 0 such that for all n ≥ N1, d (xn, F ) < ε/2D and

∑∞
i=n (µi + λi) <

ε/2D. Consequently, from last inequality we have ‖xn+m − xn‖ < ε, which means
that {xn} is a Cauchy sequence in X, and completeness of X yield the existence of
x∗ ∈ X such that xn → x∗. We now show that x∗ ∈ F. Suppose that x∗ /∈ F. Since
F closed subset of X, we have that d (x∗, F ) > 0. But, for all p ∈ F, we have

‖x∗ − p‖ ≤ ‖x∗ − xn‖+ ‖xn − p‖ .
This implies

d (x∗, F ) ≤ ‖x∗ − xn‖+ d (xn, F ) ,

so we obtain d (x∗, F ) = 0 as n→∞, which contradicts d (x∗, F ) > 0. Hence, x∗ is
a common fixed point of T, S and I. This completes the proof. �

Lemma 3.4. Let K be a nonempty closed convex subset of a real uniformly con-
vex Banach space X. Let T, S : K → K be two continuous totally asymptoti-
cally I-nonexpansive mappings and I : K → K be a continuous totally asymp-
totically nonexpansive mapping with sequences {µn} , {λn} defined by (3.4) such
that

∑∞
n=1 µn < ∞,

∑∞
n=1 λn < ∞. Assume that there exist M,M∗ > 0 such that

φ(λ) ≤ M∗λ for all λ ≥ M and F = F (S) ∩ F (T ) ∩ F (I) 6= ∅. Let {xn} be the
sequence as defined (3.1), where {αn} , {βn} and {γn} are sequences in [a, 1− a]
for some a ∈ (0, 1) . Then

lim
n→∞

‖xn − Snxn‖ = lim
n→∞

‖xn − Tnxn‖ = lim
n→∞

‖xn − Inxn‖ = 0

and
lim
n→∞

‖xn − Sxn‖ = lim
n→∞

‖xn − Txn‖ = lim
n→∞

‖xn − Ixn‖ = 0.

Proof. Let p ∈ F. Then by Lemma 3.3, we have

lim
n→∞

‖xn − p‖ = d. (3.13)

It follows from (3.1) that

‖xn+1 − p‖ = ‖(1− αn)(xn − p) + αn(S
nyn − p)‖ → d, (n→∞). (3.14)

From (3.4) and (3.6), we obtain

‖Snyn − p‖ ≤ ‖Inyn − p‖+ µnφ (‖Inyn − p‖) + λn

≤ ‖Inyn − p‖+ µnφ (M) + µnM
∗ ‖Inyn − p‖+ λn

≤ (1 + µnM
∗) ‖Inyn − p‖+ µnφ (M) + λn

≤ (1 + µnM
∗) (‖yn − p‖+ µnφ (‖yn − p‖) + λn) + µnφ (M) + λn

≤ (1 + µnM
∗) (‖yn − p‖+ µnφ (M) + µnM

∗ ‖yn − p‖+ λn)

+µnφ (M) + λn
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≤ (1 + µnM
∗) ((1 + µnM

∗) ‖yn − p‖+ µnφ (M) + λn)

+µnφ (M) + λn. (3.15)

Because of
∑∞

n=1 µn <∞,
∑∞

n=1 λn <∞, we have

lim sup
n→∞

‖Snyn − p‖ ≤ lim sup
n→∞

‖yn − p‖

and from (3.8)

lim sup
n→∞

‖Snyn − p‖ ≤ lim sup
n→∞

(1 +M2µn) ‖xn − p‖+Q2 (µn + λn) = d. (3.16)

Using (3.13),(3.16) and applying Lemma 2.2 to (3.14), we get

lim
n→∞

‖xn − Snyn‖ = 0. (3.17)

Also from (3.15), we have

‖xn − p‖ ≤ ‖xn − Snyn‖+ ‖Snyn − p‖
≤ ‖xn − Snyn‖+ (1 + µnM

∗) ((1 + µnM
∗) ‖yn − p‖

+µnφ (M) + λn) + µnφ (M) + λn

which implies d ≤ limn→∞ ‖yn − p‖ and from (3.8), we have limn→∞ ‖yn − p‖ ≤ d.
Thus we obtain

lim
n→∞

‖yn − p‖ = d. (3.18)

On the other hand note that

lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

αn ‖xn − Snyn‖ = 0. (3.19)

It follows from (3.18) that

‖yn − p‖ = ‖(1− βn)(xn − p) + βn(T
nzn − p)‖ → d, n→∞. (3.20)

From (3.4) and (3.6), we obtain

‖Tnzn − p‖ ≤ ‖Inzn − p‖+ µnφ (‖Inzn − p‖) + λn

≤ ‖Inzn − p‖+ µnφ (M) + µnM
∗ ‖Inzn − p‖+ λn

≤ (1 + µnM
∗) ‖Inzn − p‖+ µnφ (M) + λn

≤ (1 + µnM
∗) (‖zn − p‖+ µnφ (‖zn − p‖) + λn) + µnφ (M) + λn

≤ (1 + µnM
∗) (‖zn − p‖+ µnφ (M) + µnM

∗ ‖zn − p‖+ λn)

+µnφ (M) + λn

≤ (1 + µnM
∗) ((1 + µnM

∗) ‖zn − p‖+ µnφ (M) + λn)

+µnφ (M) + λn. (3.21)

Therefore,
lim sup

n→∞
‖Tnzn − p‖ ≤ lim sup

n→∞
‖zn − p‖

and from (3.7), we have

lim sup
n→∞

‖Tnzn − p‖ ≤ lim sup
n→∞

(1 +M∗µn) ‖xn − p‖+Q1 (µn + λn) = d. (3.22)

Using (3.13), (3.22) and applying Lemma 2.2 to (3.20), we get

lim
n→∞

‖xn − Tnzn‖ = 0. (3.23)

Also from (3.21), we have

‖xn − p‖ ≤ ‖xn − Tnzn‖+ ‖Tnzn − p‖
≤ ‖xn − Tnzn‖+ (1 + µnM

∗) ((1 + µnM
∗) ‖zn − p‖

+µnφ (M) + λn) + µnφ (M) + λn,
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which implies d ≤ limn→∞ ‖zn − p‖ and from (3.7) we have limn→∞ ‖zn − p‖ ≤ d.
This gives

lim
n→∞

‖zn − p‖ = d. (3.24)

As above, from (3.1) one can see that

‖zn − p‖ = ‖(1− γn)(xn − p) + γn(I
nxn − p)‖ → d, (3.25)

as n→∞. Besides this, we have

‖Inxn − p‖ ≤ ‖xn − p‖+ µnφ (‖xn − p‖) + λn

≤ (1 +M∗µn) ‖xn − p‖+ µnφ (M) + λn.

Taking limit as n→∞ in last inequality, we obtain

lim sup
n→∞

‖Inxn − p‖ ≤ d. (3.26)

Hence from (3.13), (3.26) and (3.25), we get

lim
n→∞

‖xn − Inxn‖ = 0. (3.27)

Meanwhile, note that from (3.27)

‖zn − xn‖ = ‖(1− γn)(xn − p) + γn(I
nxn − p)− xn‖

= γn ‖xn − Inxn‖ = 0. (3.28)

and from (3.23)

‖yn − xn‖ = ‖(1− βn)(xn − p) + βn(T
nzn − p)− xn‖

= βn ‖xn − Tnzn‖ = 0. (3.29)

Now we show that limn→∞ ‖xn − Tnxn‖ = 0. By way of (3.21), we have

‖Tnzn − Tnxn‖ ≤ (1 + µnM
∗) ((1 + µnM

∗) ‖zn − xn‖
+µnφ (M) + λn) + µnφ (M) + λn.

Thus we get

‖xn − Tnxn‖ ≤ ‖xn − Tnzn‖+ ‖Tnzn − Tnxn‖
≤ ‖xn − Tnzn‖+ (1 + µnM

∗) ((1 + µnM
∗) ‖zn − xn‖

+µnφ (M) + λn) + µnφ (M) + λn,

which implies
lim
n→∞

‖xn − Tnxn‖ = 0. (3.30)

Now we show that limn→∞ ‖xn − Snxn‖ = 0. This time, by way of (3.15), we have

‖Snyn − Snxn‖ ≤ (1 + µnM
∗) ((1 + µnM

∗) ‖yn − xn‖
+µnφ (M) + λn) + µnφ (M) + λn.

Thus we get

‖xn − Snxn‖ ≤ ‖xn − Snyn‖+ ‖Snyn − Snxn‖
≤ ‖xn − Snyn‖+ (1 + µnM

∗) ((1 + µnM
∗) ‖yn − xn‖

+µnφ (M) + λn) + µnφ (M) + λn.

Taking limit in last inequality, we obtain from (3.17) and (3.29)

lim
n→∞

‖xn − Snxn‖ = 0. (3.31)

Finally, we prove

lim
n→∞

‖xn − Sxn‖ = lim
n→∞

‖xn − Txn‖ = lim
n→∞

‖xn − Ixn‖ = 0.
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Firstly, we have
lim
n→∞

‖xn+1 − xn‖ = 0

from (3.19) and
lim
n→∞

‖xn − Inxn‖ = 0

from (3.27). Hence we get that∥∥xn − In−1xn∥∥ ≤ ‖xn − xn−1‖+
∥∥xn−1 − In−1xn−1∥∥

+
∥∥In−1xn−1 − In−1xn∥∥

≤ ‖xn − xn−1‖+
∥∥xn−1 − In−1xn−1∥∥+ ‖xn − xn−1‖

+µnφ (‖xn − xn−1‖) + λn

≤ (2 + µnM
∗) ‖xn − xn−1‖+

∥∥xn−1 − In−1xn−1∥∥
+µnφ (M) + λn

→ 0. (3.32)

Because I is continuous, therefore we have from (3.32)

‖Inxn − Ixn‖ ≤
∥∥I (In−1xn)− Ixn∥∥→ 0.

Thus we obtain

‖xn − Ixn‖ ≤ ‖xn − Inxn‖+ ‖Inxn + Ixn‖ → 0.

Also we have limn→∞ ‖xn − Snxn‖ = 0 from (3.31). Thus from (3.19) and (3.27),
we get that∥∥xn − Sn−1xn

∥∥ ≤ ‖xn − xn−1‖+
∥∥xn−1 − Sn−1xn−1

∥∥
+
∥∥Sn−1xn−1 − Sn−1xn

∥∥
≤ ‖xn − xn−1‖+

∥∥xn−1 − Sn−1xn−1
∥∥+ ∥∥In−1xn − In−1xn−1∥∥

+µnφ
(∥∥In−1xn − In−1xn−1∥∥)+ λn

≤ ‖xn − xn−1‖+
∥∥xn−1 − Sn−1xn−1

∥∥+ ∥∥In−1xn − In−1xn−1∥∥
+µnφ (M) + µnM

∗ ∥∥In−1xn − In−1xn−1∥∥+ λn

≤ ‖xn − xn−1‖+
∥∥xn−1 − Sn−1xn−1

∥∥
+(1 + µnM

∗)
∥∥In−1xn − In−1xn−1∥∥+ µnφ (M) + λn

≤ ‖xn − xn−1‖+
∥∥xn−1 − Sn−1xn−1

∥∥
+(1 + µnM

∗)[‖xn − xn−1‖+ µnφ (‖xn − xn−1‖) + λn]

+µnφ (M) + λn

≤ ‖xn − xn−1‖+
∥∥xn−1 − Sn−1xn−1

∥∥
+(1 + µnM

∗)[‖xn − xn−1‖+ µnφ (M)

+µnM
∗ ‖xn − xn−1‖+ λn] + µnφ (M) + λn

→ 0. (3.33)

Because S is continuous, therefore we have from (3.33)

‖Snxn − Sxn‖ ≤
∥∥S (Sn−1xn

)
− Sxn

∥∥→ 0.

Thus we obtain

‖xn − Sxn‖ ≤ ‖xn − Snxn‖+ ‖Snxn − Sxn‖ → 0.

Similarly, in the same way we get

lim
n→∞

‖xn − Txn‖ = 0.
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This completes the proof. �

Using this lemma, we prove the following strong convergence theorems.

Theorem 3.2. Let K be a nonempty closed convex subset of a real uniformly con-
vex Banach space X. Let T, S : K → K be two continuous totally asymptoti-
cally I-nonexpansive mappings and I : K → K be a continuous totally asymp-
totically nonexpansive mapping with sequences {µn} , {λn} defined by (3.4) such
that

∑∞
n=1 µn < ∞,

∑∞
n=1 λn < ∞. Assume that there exist M,M∗ > 0 such that

φ(λ) ≤ M∗λ for all λ ≥ M and F = F (S) ∩ F (T ) ∩ F (I) 6= ∅. Let {xn} be the
sequence as defined (3.1), where {αn} , {βn} and {γn} are sequences in [a, 1− a]
for some a ∈ (0, 1) . If one of S, T and I is compact, then the sequence {xn} converges
strongly to a common fixed point of S, T and I.

Proof. Without loss of generality, let S be compact. Then there exists a subse-
quence {Snkxnk

} of {Snxn} such that {Snkxnk
} converges strongly to x∗ ∈ K.

Thus, from (3.31), {xnk
} converges strongly to x∗. Using continuity of S we have

{Snk+1xnk+1} converges strongly to Sx∗. On the other hand, according to (3.30)
and (3.27), we get that {Tnkxnk

}, {Inkxnk
} converge strongly to x∗. Since T and

I are continuous, the squences {Tnk+1xnk
} and {Ink+1xnk

} converge strongly to
Tx∗ and Ix∗, respectively. Besides these, since ‖xn+1 − xn‖ converges to 0; defi-
nition of S, T and I imply that

∥∥Snk+1xn+1 − Snk+1xn
∥∥ ,∥∥Tnk+1xn+1 − Tnk+1xn

∥∥
and

∥∥Ink+1xn+1 − Ink+1xn
∥∥ converge to 0. Observe that

‖x∗ − Sx∗‖ ≤ ‖x∗ − xnk+1‖+
∥∥xnk+1 − Snk+1xnk+1

∥∥
+
∥∥Snk+1xnk+1 − Snk+1xnk

∥∥+ ∥∥Snk+1xnk+1 − Snk+1xnk

∥∥
+
∥∥Snk+1xnk

− Sx∗
∥∥ ,

‖x∗ − Tx∗‖ ≤ ‖x∗ − xnk+1‖+
∥∥xnk+1 − Tnk+1xnk+1

∥∥
+
∥∥Tnk+1xnk+1 − Tnk+1xnk

∥∥+ ∥∥Tnk+1xnk+1 − Tnk+1xnk

∥∥
+
∥∥Tnk+1xnk

− Tx∗
∥∥

and

‖x∗ − Ix∗‖ ≤ ‖x∗ − xnk+1‖+
∥∥xnk+1 − Ink+1xnk+1

∥∥
+
∥∥Ink+1xnk+1 − Ink+1xnk

∥∥+ ∥∥Ink+1xnk+1 − Ink+1xnk

∥∥
+
∥∥Ink+1xnk

− Ix∗
∥∥ .

Taking limit as k → ∞ in the last inequalities, we find x∗ = Sx∗, x∗ = Tx∗ and
x∗ = Ix∗. So x∗ ∈ F.However, due to Lemma 2.1, the limit limn→∞ ‖xn − p‖ exists,
p ∈ F. Hence, {xn} converges strongly to x∗ ∈ F. This completes the proof. �

Theorem 3.3. Let K be a nonempty closed convex subset of a real uniformly con-
vex Banach space X. Let T, S : K → K be two continuous totally asymptoti-
cally I-nonexpansive mappings, let I : K → K be a continuous totally asymp-
totically nonexpansive mapping with sequences {µn} , {λn} defined by (3.4) such
that

∑∞
n=1 µn < ∞,

∑∞
n=1 λn < ∞. Assume that there exist M,M∗ > 0 such that

φ(λ) ≤ M∗λ for all λ ≥ M and F = F (S) ∩ F (T ) ∩ F (I) 6= ∅. Let {xn} be the
sequence as defined (3.1), where {αn} , {βn} and {γn} are sequences in [a, 1− a]
for some a ∈ (0, 1) . If S, T and I satisfy Condition

(
A
′
)

, then the sequence {xn}
converges strongly to a common fixed point of S, T and I.
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Proof. By Lemma 3.4,

lim
n→∞

‖xn − Sxn‖ = lim
n→∞

‖xn − Txn‖ = lim
n→∞

‖xn − Ixn‖ = 0.

Using Condition
(
A
′
)
, we get

lim
n→∞

f (d (x, F )) = lim
n→∞

1

3
(‖x− Sx‖+ ‖x− Tx‖+ ‖x− Ix‖) = 0.

Since f is a nondecreasing function and f(0) = 0, so it follows that

lim
n→∞

d (x, F ) = 0.

Now applying the Theorem 3.1, we obtain the result. �

Our weak convergence theorem is as follows:

Theorem 3.4. Let X be a real uniformly convex Banach space satisfying Opial’s
condition and K be a nonempty closed convex subset of X. Let T, S : K → K be
two continuous totally asymptotically I-nonexpansive mappings, let I : K → K be a
continuous totally asymptotically nonexpansive mapping with sequences {µn} , {λn}
defined by (3.4) such that

∑∞
n=1 µn < ∞,

∑∞
n=1 λn < ∞. Let E : X → X be an

identity mapping. Assume that there exist M,M∗ > 0 such that φ(λ) ≤ M∗λ for
all λ ≥ M and F = F (S) ∩ F (T ) ∩ F (I) 6= ∅. Let {xn} be the sequence as defined
(3.1), where {αn} , {βn} and {γn} are sequences in [a, 1− a] for some a ∈ (0, 1) . If
E − S,E − T and E − I are demiclosed at zero then the sequence {xn} converges
weakly to a common fixed point of S, T and I.

Proof. Let p ∈ F . Then by Lemma 3.3, limn→∞ ‖xn − p‖ exists. We prove that
{xn} has a unique weak subsequential limit in F . Since {xn} is a bounded se-
quence in a uniformly convex Banach space X, there exist two weakly convergent
subsequences {xni

} and
{
xnj

}
of {xn}. Let w1 ∈ K and w2 ∈ K be weak limits

of the subsequences {xni} and
{
xnj

}
, respectively. Since S is demiclosed with

respect to zero (by hypothesis) then we obtain Sw1 = w1. Similarly, Tw1 = w1 and
Iw1 = w1. That is, w1 ∈ F . In the same way, we can prove that w2 ∈ F .

Next, we prove the uniqueness. For this, suppose that w1 6= w2. Then, by Opial’s
condition, we have

lim
n→∞

‖xn − w1‖ = lim
i→∞

‖xni − w1‖

< lim
i→∞

‖xni
− w2‖

= lim
n→∞

‖xn − w2‖

= lim
j→∞

∥∥xnj − w2

∥∥
< lim

j→∞

∥∥xnj
− w1

∥∥
= lim

n→∞
‖xn − w1‖ ,

which is a contradiction. Hence {xn} converges weakly to a point of F . �

Remark 3.5. Since the class of totally asymptotically I-nonexpansive mappings
includes totally asymptotically nonexpansive mappings, our results improve and
extend the corresponding ones announced by Ya.I. Alber et al. [1], Mukhamedov
and Saburov [14], Chidume and Ofoedu [4, 3] and Gunduz [6]. Also our results
genaralize corresponding results given in [7, 8, 9, 19, 20].
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Remark 3.6. The iteration process (3.1) can be generalized for two finite families
of totally asymptotically Ii-nonexpansive mappings {Tj : j ∈ J} and {Sj : j ∈
J},where {Ij : j ∈ J} is a finite family of totally asymptotically nonexpansive
mappings (where J = {1, 2, ..., N}).
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ABSTRACT. In this paper, we propose Mann-Kirk type implicit iteration for a finite family
of pseudocontractive mappings, and prove strong convergence of proposed iteration to a
common fixed point in Banach spaces. The results in the paper extend and generalize well
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1. INTRODUCTION

Let E be a real Banach space, K be a closed convex subset of E and let J denote
the normalized duality pairing from E into 2E

∗
given by

Jx = {f ∈ E∗ : 〈x, f〉 = ‖x‖ ‖f‖ , ‖x‖ = ‖f‖ } , ∀x ∈ E ,
whereE∗ denotes the dual space ofE and 〈·, ·〉 denotes the generalized duality pair-
ing. We shall denote elements in Jx by j(x) and define Fix(T ) = {x ∈ E : Tx = x}
to be the fixed point set of a mapping T . When {xn} is a sequence in E, then
xn −→ x ( xn ⇀ x) will denote strong (weak) convergence of the sequence {xn} to
x.

Let T be a mapping with domain D(T ) and range R(T ) in E. Then T is called
• Nonexpansive, if for any x, y ∈ D(T )

‖Tx− Ty‖ ≤ ‖x− y‖ .

∗ Supported by the University Grants Commission of India .
1Corresponding author.
Email address : balwantst@gmail.com(Balwant Singh Thakur), mohammad@squ.edu.om(Mohammad Saeed Khan) .
Article history : Received May 9, 2012 Accepted November 14, 2012.
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• Accretive, if for any x, y ∈ D(T ), there exists j(x− y) ∈ J(x− y) such that

〈Tx− Ty, j(x− y)〉 ≥ 0 .

• Pseudocontractive, if for any x, y ∈ D(T ), there exists j(x− y) ∈ J(x− y)
such that

〈Tx− Ty, j(x− y)〉 ≤ ‖x− y‖2 .
• Hemicontractive, if for any x ∈ D(T ) and x∗ ∈ Fix(T ), there exists j(x −
x∗) ∈ J(x− x∗) such that

〈Tx− x∗, j(x− x∗)〉 ≤ ‖x− x∗‖2 .
• Strongly pseudocontractive, if for any x, y ∈ D(T ), there exists j(x− y) ∈
J(x− y) such that

〈Tx− Ty, j(x− y)〉 ≤ α ‖x− y‖2 , for some 0 < α < 1 .

• Strictly pseudocontractive, if for any x, y ∈ D(T ), there exists j(x − y) ∈
J(x− y) such that

〈Tx− Ty, j(x− y)〉 ≤ ‖x− y‖2 − λ ‖(x− y)− (Tx− Ty)‖2 ,
for some 0 < λ < 1 .

The class of pseudocontractive mappings has close relations with the class of
nonexpansive mappings and the class of accretive mappings. It is easy to see that
if T is a pseudocontractive mapping, then I − T is accretive.
If we define A = (2I − T )−1, then Fix(A) = Fix(T ) and we have the following
result :

Lemma 1.1 (Martin[18]). A is a nonexpansive self mapping on K.

Regarding iterative approximation of fixed points of nonexpansive mappings, it
is well known that Picard (successive) iteration may fail to produce a norm con-
vergence sequence {xn} for nonexpansive mappings. Thus when a fixed point
of nonexpansive mappings exists, other approximation techniques are needed to
approximate it. One such technique is to form a mapping

Sλ = λI + (1− λ)T (0 < λ < 1) ,

and then show that under certain circumstances the Picard iterates of Sλ converges
to a fixed point of T . The first such result was obtained by Krasnoselskii [14] in
a uniformly convex Banach space for λ = 1

2 . Schaefer [22] noted that this result
holds for arbitrary λ ∈ (0, 1). Edelstein [9] proved corresponding result in strictly
convex Banach spaces.

Kirk [13] defined a more general mapping than those of Sλ. Let K be a closed
convex subset of a Banach space, and T be a nonexpansive mapping of K into
itself. Define the mapping S : K −→ K by

S = λ0I + λ1T + λ2T
2 + · · ·+ λkT

k ,

where λi ≥ 0, λ1 > 0 and
∑k
i=1 λi = 1.

He proved that for arbitrary x0 ∈ K, the sequence {Snx0} converges weakly to a
fixed point of T in K.

Maiti and Saha [16] extended this result of Kirk and proved the strong conver-
gence of the sequence {Snx0}.
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Liu et al. [15] extended Kirk’s idea to finite family of nonexpansive mappings.

Let Ti : K −→ K (i = 1, 2, . . . , k) be nonexpansive mappings and let

S = λ0I + λ1T1 + λ2T2 + · · ·+ λkTk ,

where λi ≥ 0, λ0 > 0, λ1 > 0, and
∑k
i=1 λi = 1.

They proved that for arbitrary x0 ∈ K, the sequence {Snx0} converges to a com-
mon fixed point of Ti in K.

Iterative methods for nonexpansive mappings have been extensively investigated
by many researchers, see ([2, 4, 5, 10, 11, 12, 19, 26]) and references there in.

The most popular iterative scheme to approximate a fixed point of a nonexpan-
sive mapping is the following:

x0 ∈ K ; xn+1 = (1− αn)xn + αnTxn , n ≥ 0 , (1.1)

where {αn} ⊂ (0, 1) is a real sequence satisfying appropriate conditions.
Iteration process (1.1) is known as a Mann iteration [17].

Iterative method to approximate a fixed point of a pseudocontractive mapping
was initiated by Browder and Petryshyn [3] in 1965, but iterative methods for
pseudocontractive mappings are far less developed than those for nonexpansive
mappings. In conncection with the iterative approximation of fixed points of pseu-
docontractive mappings, the following question is still open [6]:

Does the Mann iteration process always converge for continuous
pseudocontractive mapping? or for even Lipschitz pseudocontrac-
tive mappings?

Chidume and Mutangadura [7], negatively resolved the above problem by pro-
viding an example of a Lipschitz pseudocontractive mapping with a unique fixed
point for which a Mann iteration process does not converge in a convex compact
subset of a Hilbert space.

Rafiq [21], proposed a Mann type implicit iteration process for hemicontractive
mapping T defined by:

x0 ∈ K ; xn = (1− αn)xn−1 + αnTxn , n ≥ 0 (1.2)

where {αn} is a real sequence such that αn ∈ [δ, 1− δ] for some δ ∈ (0, 1).

Song [24], discovered that the iteration (1.2) for hemicontractive mappings is
not well defined. He observed that for an initial point x0 ∈ K, x1 is defined by the
equation

x1 = α1x0 + (1− αn)Tx1 ,
but the existence of x1 is not established, because for hemicontractive mapping T ,
we do not know whether mapping S1 = α1x0 +(1−α1)T has a fixed point x1 ∈ K.
Similarly the existence of x2, x3, . . . , xn is also doubtful, but the iteration (1.2) is
well defined if we consider continuous pseudocontractive mappings.

Recently, Acedo and Xu [1] defined an iteration scheme in a Hilbert space for
finite family of strict pseudocontractive mappings, where the sequence {xn} is
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generated by the algorithm :

xn+1 = αnxn + (1− αn)
N∑
i=1

λ
(n)
i Tixn ,

under appropriate assumptions on the sequence of weights
{
λ
(n)
i

}N
i=1

.

It is important to note that, when we establish approximation results for pseu-
docontractive mappings, it looks more complicated than the results for strictly
pseudocontractive mappings. Because T may increase distances which is not in
the case of strictly pseudocontractive mappings due to the presence of a constant
λ ∈ (0, 1). In order to overcome this difficulty caused by increasingness of T , one
need to adjust the iteration or to make some additional assumptions.

Motivated by all above facts, in this paper we define a new implicit iteration for
finite family of pseudocontractive mappings where the sequence {xn} is generated
by the algorithm

xn = αnxn−1 + (1− αn)
N∑
i=1

λ
(n)
i Tixn , (1.3)

where the initial guess x0 ∈ K is arbitrary and Ti (i = 1, 2, . . . N) are pseudocon-
tractive mappings, {αn} is a real sequence in (0, 1) and {λ(n)i }Ni=1 is a sequence of
weights satisfying appropriate assumptions. We shall prove strong convergence of
iteration (1.3) to a point x ∈

⋂N
i=1 Fix(Ti).

2. PRELIMINARIES

A Banach space E is said to satisfy Opial’s condition [20] for any sequence
{xn} in E converging weakly to a point x ∈ E, we have lim supn−→∞ ‖xn − x‖ <
lim supn−→∞ ‖xn − y‖ for all y ∈ E with y 6= x.

Now we establish the following result :

Proposition 2.1. Given an integer N ≥ 1, let Ti : K −→ K be a pseudocontractive
mapping for each 1 ≤ i ≤ N . Define S =

∑N
i=1 λiTi, where λi > 0 for all 1 ≤ i ≤ N

such that
∑N
i=1 λi = 1. Then S is a pseudocontractive mapping.

Proof. We have for x, y ∈ K,

〈Sx− Sy, j(x− y)〉 =

〈(
N∑
i=1

λiTi

)
x−

(
N∑
i=1

λiTi

)
y, j(x− y)

〉

=

〈
N∑
i=1

λi (Tix− Tiy) , j(x− y)

〉

=

N∑
i=1

λi 〈Tix− Tiy, j(x− y)〉

≤
N∑
i=1

λi ‖x− y‖2
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= ‖x− y‖2
N∑
i=1

λi

= ‖x− y‖2 ,
i.e.

〈Sx− Sy, j(x− y)〉 ≤ ‖x− y‖2 .
Hence S is a pseudocontractive mapping. �

Next, we show that the iteration (1.3), is well defined, we need the following
lemma to prove it :

Lemma 2.2 (Deimling[8]). Let E be a Banach space, K be a nonempty closed
convex subset of E and T : K −→ K be a continuous and strong pseudocontractive
mapping. Then T has a unique fixed point.

Given an integer N ≥ 1, let Ti : K −→ K be a continuous pseudocontractive
mapping for each 1 ≤ i ≤ N with

⋂N
i=1 Fix(Ti) 6= ∅. For any fixed n, define

Sn =
∑N
i=1 λ

(n)
i Ti, where

{
λ
(n)
i

}N
i=1

is a finite sequence of positive numbers such

that
∑N
i=1 λ

(n)
i = 1 for all n and infn≥1 λ

(n)
i > 0 for all 1 ≤ i ≤ N . Then for any

fixed n, by Propostion 2.1, we observe that Sn is a pseudocontractive mapping
which is continuous.
For any u ∈ K and t ∈ (0, 1), define a mapping Gt : K −→ K by

Gtx = tu+ (1− t)Snx .
Now,

〈Gtx−Gty, j(x− y)〉 = (1− t) 〈Snx− Sny, j(x− y)〉

≤ (1− t) ‖x− y‖2 , ∀x, y ∈ K .

Hence Gt is continuous strongly pseudocontractive mapping and by Lemma 2.2,
it has a unique fixed point, i.e. there exists a unique xt ∈ K satisfying the equation

xt = tu+ (1− t)Snxt .
This shows that the implicit iteration scheme (1.3) is well defined and can be em-
ployed to approximate a common fixed point of a finite family of pseudocontractive
self mappings on K.

Now we prove the following result, its proof is motivated from [25] :

Lemma 2.3. Let S be a self mapping on K and limn−→∞ ‖xn − Sxn‖ = 0. If
A = (2I − S)−1, then limn−→∞ ‖xn −Axn‖ = 0 .

Proof. We have

xn − Sxn = (2I − S)xn − xn = A−1xn − xn ,
also,

A−1Axn = xn = AA−1xn .

So,

‖xn −Axn‖ =
∥∥AA−1xn −Axn∥∥

≤
∥∥A−1xn − xn∥∥

= ‖xn − Sxn‖ −→ 0 as n −→∞ .
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Hence,
lim

n−→∞
‖xn −Axn‖ = 0 .

�

3. MAIN RESULTS

Lemma 3.1. Assume for each n, there is a finite sequence
{
λ
(n)
i

}N
i=1

of positive

numbers such that
∑N
i=1 λ

(n)
i = 1 for all n and infn≥1 λ

(n)
i > 0 for all 1 ≤ i ≤ N .

For any fixed n, set Sn =
∑N
i=1 λ

(n)
i Ti. Given x0 ∈ K, let {xn} be generated by the

algorithm (1.3). Assume that {αn} is a real sequence satisfying αn ∈ (0, b] ⊂ (0, 1)
for some constant b ∈ (0, 1), then

(i) for any x∗ ∈
⋂N
i=1 Fix(Ti), limn−→∞ ‖xn − x∗‖ exists,

(ii) {xn} and {Snxn} are bounded.

Proof. Since x∗ ∈
⋂N
i=1 Fix(Ti), we can see that x∗ ∈ Fix(Sn). Now

‖xn − x∗‖2 = 〈αn (xn−1 − x∗) + (1− αn) (Snxn − x∗) , j(xn − x∗)〉
= αn 〈xn−1 − x∗, j(xn − x∗)〉+ (1− αn) 〈Snxn − x∗, j(xn − x∗)〉

≤ αn ‖xn−1 − x∗‖ ‖xn − x∗‖+ (1− αn) ‖xn − x∗‖2 ,

and
‖xn − x∗‖2 ≤ ‖xn−1 − x∗‖ ‖xn − x∗‖ . (3.1)

Consequently, for each n,

‖xn − x∗‖ ≤ ‖xn−1 − x∗‖ ,

which implies that the sequence {‖xn − x∗‖} is monotone and nonincreasing.
Hence limn−→∞ ‖xn − x∗‖ exists. Hence conclusion (i) is proved.
It follows from (i) that {xn} is bounded. Again from (1.3), we have

‖Snxn‖ =
∥∥∥∥ 1

1− αn
xn −

αn
1− αn

xn−1

∥∥∥∥
≤ 1

1− αn
‖xn‖+

αn
1− αn

‖xn−1‖

≤ 1

1− b
‖xn‖+

b

1− b
‖xn−1‖ .

Hence {Snxn} is bounded. This completes the proof of conclusion (ii). �

Theorem 3.2. Let Sn and {xn} be as in Lemma 3.1. Assume that {αn} ⊂ (0, 1) is
a sequence of real numbers satisfying limn−→∞ αn = 0, then

lim
n−→∞

‖xn − Snxn‖ = 0 .

If in addition E satisfies Opial’s condition and K is weakly compact convex, then
the sequence {xn} converges weakly to a fixed point of S, where S is as in Proposi-
tion 2.1.

Proof. Since limn−→∞ αn = 0 there exists a positive integer M such that αn ∈ (0, b]
for all n ≥ M , b ∈ (0, 1). Hence Lemma 3.1 implies that, {xn} and {Snxn} are
bounded.
Using (1.3), we have

‖xn − Snxn‖ = αn ‖xn−1 − Snxn‖ −→ 0 , as n −→∞ . (3.2)
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By weak compactness of K, there exists a subsequence {xnl
} of {xn} such that

xnl
⇀ x∗ ∈ K as l −→∞ .

With no loss of generality, we may assume that as l −→∞

λ
(nl)
i −→ λi , 1 ≤ i ≤ N . (3.3)

Now for each λi > 0 and
∑N
i=1 λi = 1, for all x ∈ K we have,

Snl
x −→ Sx , as l −→∞ ,

where S =
∑N
i=1 λiTi , and S is pseudocontractive by proposition 2.1.

Since

‖xnl
− Sxnl

‖ = ‖xnl
− Snl

xnl
‖+ ‖Snl

xnl
− Sxnl

‖

≤ ‖xnl
− Snl

xnl
‖+

N∑
i=1

|λnl
i − λi| ‖Tixnl

‖ ,

by (3.2), (3.3) and above inequality, we have

‖xnl
− Sxnl

‖ −→ 0 , as l −→∞ .

Also, by Lemma 2.3, we have

lim
l−→∞

‖xnl
−Axnl

‖ = 0 ,

where A = (2I − S)−1 .
Now we show that x∗ ∈ Fix(S). Suppose x∗ 6= Ax∗. By nonexpansiveness of A
and Opial’s condition, we have

lim sup
l−→∞

‖xnl
− x∗‖ < lim sup

l−→∞
‖xnl

−Ax∗‖

≤ lim sup
l−→∞

{‖xnl
−Axnl

‖+ ‖Axnl
−Ax∗‖}

≤ lim sup
l−→∞

{‖xnl
−Axnl

‖+ ‖xnl
− x∗‖}

≤ lim sup
l−→∞

‖xnl
− x∗‖ ,

i.e.
lim sup
l−→∞

‖xnl
− x∗‖ < lim sup

l−→∞
‖xnl

− x∗‖ ,

which is a contradiction, so x∗ = Ax∗. Since Fix(A) = Fix(S), we have x∗ ∈
Fix(S).
Next, we prove that the sequence {xn} converges weakly to x∗. Suppose {xn} does
not converges weakly to x∗. Then there exists a subsequence {xnk

} of {xn} which
converges weakly to some z 6= x∗. Since limn−→∞ ‖xn − p‖ exists and E satisfies
Opial’s condition, we have

lim
n−→∞

‖xn − x∗‖ = lim
l−→∞

‖xnl
− x∗‖ < lim

l−→∞
‖xnl

− z‖

= lim
k−→∞

‖xnk
− z‖ < lim

k−→∞
‖xnk

− x∗‖

= lim
n−→∞

‖xn − x∗‖

which is a contradiction, so we must have z = x∗. Thus {xn} converges weakly to
x∗ ∈ Fix(S). This completes the proof.

�
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Theorem 3.3. Let Sn and {xn} be as in Lemma 3.1. Assume that K be compact
convex subset of E, and {αn} ⊂ (0, 1) is a sequence of real numbers satisfying
limn−→∞ αn = 0. Then the sequence {xn} converges strongly to a fixed point of S,
where S is as in Proposition 2.1.

Proof. By Lemma 3.1, sequence {xn} is bounded, since K is compact, there exists
a subsequence {xnl

} of {xn} such that xnl
−→ x∗ ∈ K. By (3.2), we have

lim
l−→∞

‖xnl
− Snl

xnl
‖ = 0 ,

by repeating the arguments in the proof of Theorem 3.2, we get that

lim
l−→∞

‖xnl
− Sxnl

‖ = 0 . (3.4)

By the continuity of the mapping S and the norm ‖·‖, together with (3.4), we have

‖x∗ − Sx∗‖ = lim
l−→∞

‖xnl
− Sxnl

‖ = 0 .

Therefore x∗ = Sx∗. Since {‖xn − x∗‖} is nonincreasing by Lemma 3.1, so x∗ is
the strong limit of the sequence {xn} itself. This completes the proof. �

We recall the following definition:

Definition 3.4 ( Senter and Dotson [23]). A mapping T : K −→ K with Fix(T ) 6=
∅ is said to satisfy condition (I) on K if there exists a nondecreasing function
f : [0,∞) −→ [0,∞) with f(0) = 0 and f(r) > r for all r ∈ (0,∞) such that for all
x ∈ K

‖x− Tx‖ ≥ f(d(x, F ix(T ))) ,
where d(x, F ix(T )) = inf{‖x− p‖ : p ∈ Fix(T )}.

Definition 3.5. We shall say that a finite family {T1, T2, ...TN} of N self mappings
of K with F =

⋂N
i=1 Fix(Ti) 6= ∅ satisfies Condition (BS), if there exist f and d as

in definition 3.4 such that

‖x− Sx‖ ≥ f(d(x, F )) , ∀x ∈ K ,

where S =
∑N
i=1 λiTi and {λi}Ni=1 is a sequence of positive number such that∑N

i=1 λi = 1.

Definition 3.6. We shall say that a finite family {T1, T2, ...TN} of N self mappings
of K with F =

⋂N
i=1 Fix(Ti) 6= ∅ satisfies Condition (BT ), if there exist f and d as

in definition 3.4 such that

‖x− Snx‖ ≥ f(d(x, F )) , ∀x ∈ K ,

where Sn =
∑N
i=1 λ

(n)
i Ti and

{
λ
(n)
i

}N
i=1

is a sequence of positive number such that∑N
i=1 λ

(n)
i = 1 for all n and infn≥1 λ

(n)
i > 0 for all 1 ≤ i ≤ N .

Condition (BT ) reduces to condition (BS) when sequence
{
λ
(n)
i

}N
i=1

is indepen-

dent of iteration step n. Condition (BT ) is identical to Condition (I) when λ(n)i = 0
for i = 2, 3, . . . , N .

We now establish the main result of paper :

Theorem 3.7. IfK, Sn and {xn} be as in Lemma 3.1. Let Ti satisfy condition (BT ),
then {xn} converges strongly to a member of F .
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Proof. Since Ti, i = 1, 2, . . . , N satisfies condition (BT ), we have

‖xn − Snxn‖ ≥ f (d(xn, F )) , for all n ≥ 0 .

Let x∗ ∈ F , then by Lemma 3.1, ‖xn − x∗‖ ≤ ‖xn−1 − x∗‖ and limn−→∞ ‖xn − x∗‖
exists. This implies that d(xn, F ) ≤ d(xn−1, F ), so {d(xn, F )} is decreasing, it
follows from Theorem 3.2, that

lim
n−→∞

f (d(xn, F )) = 0 .

By the nature of function f and the fact that limn−→∞ d(xn, F ) exists, we have

lim
n−→∞

d(xn, F ) = 0 .

We can thus choose a subsequence say {xnl
} of {xn} such that

‖xnl
− x∗l ‖ < 2−l ,

for all integer l ≥ 1 and some sequence {x∗l } in Fix(T ). Again by Lemma 3.1, we
have

‖xnl
− x∗l ‖ ≤ ‖xnl−1 − x∗l ‖ < 2−l ,

and hence ∥∥x∗l − x∗l−1∥∥ ≤ ‖x∗l − xnl−1‖+
∥∥xnl−1 − x∗l−1

∥∥
≤ 2−(l+1) + 2−l

< 2−l+1 .

Which shows that {x∗l } is Cauchy and therefore converges strongly to a point
x∗ ∈ K, since F is closed, x∗ ∈ F . Since limn−→∞ ‖xn − x∗‖ exists, {xn} converges
strongly to x∗. This completes the proof.

�
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Q-HYPERCONVEXITY IN QUASI-CONE METRIC SPACES AND FIXED POINT
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ABSTRACT.
In this article, we introduce the concept of a q-hyperconvexity for quasi-cone metric

spaces and generalise some fixed point theorems that we take from [8] and [11]. Mainly,
we give some fixed point results for a pair of maps of Jungck type. Moreover we prove that
quasi-cone metric spaces are topological spaces and we give a characterization of bounded
sets in such spaces.

KEYWORDS :quasi-cone metric space; bicomplete space; q-Hyperconvexity.
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1. INTRODUCTION AND PRELIMINARIES

Cone metric spaces were introduced in [7] and many fixed point results concern-
ing mappings in such spaces have been established. Basically, cone metric spaces
are defined by substituting, in the definition of a metric, the real line by a real Ba-
nach space that we endow with a partial order. In [14], Fawzia et al. discussed the
newly introduced notion of quasi-cone metric spaces and proved some fixed point
results for mappings on such spaces. Recently in [8], E. F. Kazeem et al defined a
new type of completeness for quasi-cone metric spaces and the first related fixed
point results. Quasi-cone metric spaces are just an asymmetric version of cone
metric spaces which generalize the latter. Therefore, in light of what is done in
[11], we also introduce a concept of convexity for quasi-cone metric spaces that we
call q-hyperconvexity and discuss related properties. Most of the results follow the
classical ones, but generalize them.

For all the key and recent results concerning cone metric spaces, the reader is
advised to read [2, 5, 7, 8, 13].
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Definition 1.1. Let E be a real Banach space with norm ‖.‖ and P be a subset of
E. Then P is called a cone if and only if

(i) P is closed, nonempty and P 6= {θ}, where θ is the zero vector in E;
(ii) for any a, b ≥ 0, and x, y ∈ P , we have ax+ by ∈ P ;
(iii) for x ∈ P , if −x ∈ P , then x = θ.

Given a cone P in a Banach space E, we define on E a partial order � with
respect to P by

x � y ⇐⇒ y − x ∈ P.
We also write x ≺ y whenever x � y and x 6= y, while x � y will stand for
y − x ∈ Int(P ) (where Int(P ) designates the interior of P ).
The cone P is called normal if there is a number C > 0, such that for all x, y ∈ E,
we have

θ � x � y =⇒ ‖x‖ ≤ C‖y‖.
The least positive number satisfying this inequality is called the normal constant
of P . Therefore, we shall then say that P is a K-normal cone to indicate the fact
that the normal constant is K.

Definition 1.2. Let E be a Banach space, P a cone on E and � the partial order
defined by P . A subset F ⊂ E is said to be bounded from above with respect to
P if there exists e ∈ E such that for all f ∈ F, f � e.

Definition 1.3. (Compare [4]) A cone P is said to be minihedral if x∨y := sup{x, y}
exists for all x, y ∈ E and strongly minihedral if every subset of E which is
bounded from above with respect to P has a supremum.

Lemma 1.4. (Compare[7, 12]) Let (X, q) be a quasi-cone metric space over a cone
P . Then we have;

a) Int(P ) + Int(P ) ⊂ Int(P ) and λInt(P ) ⊂ Int(P ) for any positive real
number λ.

b) For any given c� θ and c0 � θ, there exists n0 ∈ N such that 1
n0
c0 � c.

c) If (an) and (bn) are sequences inE such that an −→ a, bn −→ b and an � bn
for all n ≥ 1, then a � b.

Definition 1.5. (Compare[8]) Let X be a nonempty set. Suppose the mapping
q : X ×X −→ E satisfies

(q1) θ � q(x, y) for all x, y ∈ X;
(q2) q(x, y) = θ = q(y, x) if and only if x = y;
(q3) q(x, z) � q(x, y) + q(y, z) for all x, y, z ∈ X. Then, q is called a quasi-cone

metric on X, and (X, q) is called a quasi-cone metric space.
Moreover, if q satisfies

(q4) q(x, y) = q(y, x) for all x, y ∈ X; then (X, q) is called a cone metric space
in the sense of [7].

Remark 1.6. Let q be a quasi-cone metric on X, then the map q−1 defined by
q−1(x, y) = q(y, x) whenever x, y ∈ X is also a quasi-cone metric on X, called the
conjugate of q. It can also be denoted by qt or q̄.

Definition 1.7. (Compare [8]) A sequence (xn) in a quasi-cone metric space (X, q)
is called
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(i) Q-Cauchy or bi-Cauchy if for every c ∈ X with c� θ, there exists n0 ∈ N
such that

∀ n,m ≥ n0 q(xn, xm)� c;

(ii) left( resp. right) Cauchy if for every c ∈ X with c� θ, there exists n0 ∈ N
such that

∀ n,m : n0 ≤ m ≤ n q(xm, xn)� c ( resp. q(xn, xm)� c ).

Remark 1.8. A sequence is Q-Cauchy if and only if it is both left and right Cauchy.

Definition 1.9.

(i) In a quasi-cone metric space (X, q), we say that the sequence (xn) left
converges to x ∈ X if for every c ∈ E with θ � c there exists N such that
for all n > N , q(xn, x)� c.

(ii) Similarly, in a quasi-cone metric space (X, q), we say that a sequence (xn)
right converges to x ∈ X if for every c ∈ E with θ � c there exists N such
that for all n > N , q(x, xn)� c.

(iii) Finally, in a quasi-cone metric space (X, q), we say that the sequence (xn)
converges to x ∈ X if for every c ∈ E with θ � c there exists N such that
for all n > N , q(xn, x)� c and q(x, xn)� c.

Definition 1.10. (Compare [8]) A quasi-cone metric space (X, q) is called
(i) left complete (resp. right complete) if every left Cauchy(resp. right

Cauchy ) sequence in X left(resp. right) converges.
(ii) bicomplete if every Q-Cauchy sequence converges.

Remark 1.11. A quasi-cone metric space (X, q) is bicomplete if and only if it is left
complete and right complete.

Definition 1.12. (Compare [8]) Let (X, q) be a quasi-cone metric space. A function
f : X −→ X is said to be lipschitzian if there exists some κ ∈ R such that

q(f(x), f(y)) � κq(x, y) ∀ x, y ∈ X.
The smallest constant which satisfies the above inequality is called the Lipschitz
constant of f and is denoted Lip(f). In particular f is said to be contractive if
Lip(f) ∈ [0, 1) and expansive if Lip(f) = 1.

Definition 1.13. (Compare [2]) Let f and g be self maps on a setX. If w = fx = gx
for some x ∈ X, then x is called a coincidence point of f and g, and w is called
the point of coincidence of f and g.

Definition 1.14. Let f and g be self maps on a nonempty set X. We say that f
and g are weakly compatible if they commute at their coincidence point, that is
there exists x0 ∈ X such that fx0 = gx0 then gfx0 = fgx0.

We also give the following proposition that we take from [2] by omitting the proof.

Proposition 1.15. (Compare [2]) Let f and g be weakly compatible self maps on a
set X. If f and g have a unique point of coincidence w = fx = gx, then w is the
unique common fixed point of f and g.

Lemma 1.16. (Compare [8]) Let (X, q) be a quasi-cone metric space, P be a K-
normal cone. Let (xn) be a sequence in X. Then (xn) converges to x if and only if
q(xn, x) −→ θ (n −→∞) and q(x, xn) −→ θ (n −→∞).

Remark 1.17. In fact, a sequence (xn) left-converges (resp. right-converges) to x
if and only if q(xn, x) −→ θ (resp q(x, xn) −→ θ) (n −→∞).



44 YAÉ ULRICH GABA /JNAO : VOL. 7, NO. 1, (2016), 41-54

Lemma 1.18. (Compare [8]) Let (X, q) be a quasi-cone metric space and (xn) be a
sequence in X. If (xn) converges to x, then (xn) is a bi-Cauchy sequence.

Lemma 1.19. (Compare [8]) Let (X, q) be a quasi-cone metric space, P be a K-
normal cone and (xn) be a sequence in X. Then (xn) is a bi-Cauchy sequence if and
only if q(xn, xm) −→ θ as n,m −→∞.

2. Common fixed points results

Lemma 2.1. Let (X, q) be a quasi-cone metric space, P be a K-normal cone. Let
(xn) be a sequence in X. If (xn) converges to x and (xn) converges to y, then x = y.
That is the limit of (xn) is unique.

Proof. For any n ≥ 0, q(x, y) � q(x, xn) + q(xn, y) which entails that q(x, y) = θ.
Similarly q(y, x) = θ, hence by property (q2) x = y.

�

Theorem 2.2. Let (X, q) be a quasi-cone metric space, P aK-normal cone. Suppose
that mappings f, g : X −→ X satisfy the contractive condition

q(fx, fy) � k q(gx, gy) for all x, y ∈ X,
where k ∈ (0, 1). If the range of g contains the range of f and g(X) is bicomplete,
then f and g have a unique point of coincidence. Moreover if f and g are weakly
compatible, then f and g have a unique common fixed point.

Proof. Take an arbitrary x0 ∈ X. Choose a point x1 in X such that f(x0) = g(x1).
This can be done, since f(X) ⊆ g(X). Iterating this process, once xn is chosen in
X, we can obtain xn+1 in X such that f(xn) = g(xn+1). Then

q(gxn, gxn+1) = q(fxn−1, fxn) � kq(gxn−1, gxn)

� k2q(gxn−2, gxn−1) � . . . � knq(gx0, gx1).

i.e.
q(gxn, gxn+1) � knq(gx0, gx1).

Similarly,
q(gxn+1, gxn) � knq(gx1, gx0).

So for n < m,

q(gxn, gxm) � q(gxn, gxn+1) + q(gxn+1, gxn+2) + . . .+ q(gxm−1, gxm)

� (kn + kn+1 + . . .+ km−1)q(gx0, gx1) � kn

1− k
q(gx0, gx1).

It entails that ‖q(gxn, gxm)‖ ≤ K kn

1−k‖q(gx0, gx1)‖ −→ 0 as n −→∞.
Similarly for n > m

q(gxn, gxm) � km

1− k
q(gx1, gx0).

It entails that ‖q(gxn, gxm)‖ ≤ K km

1−k‖q(gx1, gx0)‖ −→ 0 as m −→ ∞. Hence
(gxn) is a bi-Cauchy sequence. Since g(X) is bicomplete, there exists x∗ ∈ g(X)
such that (gxn) converges to x∗. In other words, there is a p∗ ∈ X such that (gxn)
converges to g(p∗) = x∗.
Moreover since

q(gxn, fp
∗) = q(fxn−1, fp

∗) � kq(gxn−1, gp∗),
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we get that

‖q(gxn, fp∗)‖ ≤ Kk‖q(gxn−1, gp∗)‖ −→ 0, as n −→∞,
hence q(gxn, fp∗) −→ θ as n −→∞. In the same way, we establish that q(fp∗, gxn) −→
θ as n −→ ∞, to then conclude that gxn −→ fp∗. The uniqueness of the limit im-
plies that fp∗ = gp∗. We finish the proof by showing that f and g have a unique
point of coincidence. For this, assume z∗ ∈ X is a point such that fz∗ = gz∗.
Now

q(gz∗, gp∗) = q(fz∗, fp∗) � kq(gz∗, gp∗),
which gives q(gz∗, gp∗) = θ. On the other hand, by the same reasoning, it also
clear that q(gp∗, gz∗) = θ. By property (q2), gz∗ = gp∗. From Proposition 1.15, f
and g have a unique common fixed point. �

Corollary 2.3. Taking g = I (Identity map) in Theorem 2.2, we obtain Theorem 4.1
of [8].

Remark 2.4. Let (X, q) be a bicomplete quasi-cone metric space, P be a K-normal
cone. Assume f, g : X −→ X satisfy the contractive condition

q(fnx, fny) � kq(gx, gy), for all x, y ∈ X,
for some positive integer, where k ∈ [0, 1) is a constant. If the range of g contains
the range of fn and g(X) is a bicomplete quasi-cone metric space, then by the
theorem above, there exists a unique x∗ ∈ X such that fnx∗ = gx∗ = x∗. Observe
that fn(fx∗) = f(fnx∗) = fx∗, so fx∗ is also a fixed point of fn. If f and g
commute at x∗, i.e. fgx∗ = gfx∗, then f and g have a unique common fixed point.
This is easily seen by observing that gfx∗ = fgx∗ = fx∗.

Theorem 2.5. Let (X, q) be a quasi-cone metric space, P aK-normal cone. Suppose
that mappings f, g : X −→ X satisfy the contractive condition

q(fx, fy) � k [q(fx, gy) + q(gx, fy)] for all x, y ∈ X,
where k ∈

(
0, 12
)
. If the range of g contains the range of f and g(X) is bicomplete ,

then f and g have a unique coincidence point in X. Moreover if f and g are weakly
compatible, then f and g have a unique common fixed point.

Proof. Take an arbitrary x0 ∈ X. Choose a point x1 in X such that f(x0) = g(x1).
This can be done, since f(X) ⊆ g(X). Iterating this process, once xn is chosen in
X, we can obtain xn+1 in X such that f(xn) = g(xn+1). Then

q(gxn, gxn+1) = q(fxn−1, fxn) � k[q(fxn−1, gxn) + q(gxn−1, fxn)]

� kq(gxn−1, gxn+1)

� k[q(gxn−1, gxn) + q(gxn, gxn+1)],

which entails that
q(gxn, gxn+1) � k

1− k
q(gxn−1, gxn).

Similarly,

q(gxn+1, gxn) � k

1− k
q(gxn, gxn−1).

So for n < m,

q(gxn, gxm) � q(gxn, gxn+1) + q(gxn+1, gxn+2) + . . .+ q(gxm−1, gxm)
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� (hn + hn+1 + . . .+ hm−1)q(gx0, gx1) � hn

1− h
q(gx0, gx1),

where h = k
1−k . It entails that ‖q(gxn, gxm)‖ ≤ K hn

1−h‖q(gx0, gx1)‖ −→ 0 as n −→
∞.
Similarly for n > m,

q(gxn, gxm) � hm

1− h
q(gx1, gx0).

It entails that ‖q(gxn, gxm)‖ ≤ K hm

1−h‖q(gx1, gx0)‖ −→ 0 as m −→ ∞. Hence
(gxn) is a bi-Cauchy sequence. Since g(X) is bicomplete, there exists x∗ ∈ g(X)
such that (gxn) converges to x∗. In other words, there is a p∗ ∈ X such that (gxn)
converges to g(p∗) = x∗.
Moreover since

q(gxn, fp
∗) = q(fxn−1, fp

∗) � k[q(fxn−1, gp
∗) + q(gxn−1, fp

∗)],

we get that

q(gp∗, fp∗) � kq(gp∗, fp∗)
which implies that q(gp∗, fp∗) = θ.
In the same way, we establish that q(fp∗, gp∗) = θ, to then conclude that fp∗ = gp∗.
We finish the proof by showing that f and g have a unique point of coincidence.
For this, assume z∗ ∈ X is a point such that fz∗ = gz∗. Now

q(gz∗, gp∗) = q(fz∗, fp∗) � k[q(fz∗, gp∗) + q(gz∗, fp∗)] � 2kq(gz∗, gp∗),

which gives q(gz∗, gp∗) = θ. On the other hand, by the same reasoning, it also
clear that q(gp∗, gz∗) = θ. By property (q2), gz∗ = gp∗. From Proposition 1.15, f
and g have a unique common fixed point. �

The results for this section therefore summarise in the following way.

Theorem 2.6. Let (X, q) be a quasi-cone metric space, P aK-normal cone. Suppose
that mappings f, g : X −→ X satisfy the contractive condition: for all x, y ∈ X

q(fx, fy) � Aq(gx, gy)+B[q(gx, fx)+q(gy, fy)]+C[q(fx, gy)+q(gx, fy)] (2.1)

where A,B,C are non-negative real numbers with A+ 2B + 2C < 1. If the range of
f(X) ⊆ g(X) and f or g(X) is bicomplete , then f and g have a unique coincidence
point in X. Moreover if f and g are weakly compatible, then f and g have a unique
common fixed point.

Proof. The proof follows the same idea as in Theorems 2.2 and 2.5. We shall just
give here the main points. Take an arbitrary x0 ∈ X. Choose a point x1 in X such
that f(x0) = g(x1). This can be done, since f(X) ⊆ g(X). Iterating this process,
once xn is chosen in X, we can obtain xn+1 in X such that f(xn) = g(xn+1), n =
0, 1, · · · .

It is then very easy to derive that for n < m we have

q(gxn, gxm) � hn

1− h
q(gx0, gx1)

and for for n > m we have

q(gxn, gxm) � hm

1− h
q(gx0, gx1)
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where h = A+B+C
1−B−C . Hence (gxn) is a bi-Cauchy sequence. Since g(X) is bicom-

plete, there exists x∗ ∈ g(X) such that (gxn) converges to x∗. In other words, there
is a p∗ ∈ X such that (gxn) converges to g(p∗) = x∗. Moreover, observe that

q(gxn, fp
∗) = q(fxn−1, fp

∗) and q(fp∗, gxn) = q(fp∗, fxn−1)

and using the condition (2.1), we obtain that q(gz∗, gp∗) = θ = q(gp∗, gz∗), i.e. f
and g have a point of coincidence. Again by use of condition (2.1), we conclude that
this point of coincidence is unique. Finally, from Proposition 1.15, since f and g
are weakly compatible, then f and g have a unique common fixed point. �

Example 2.7. Let X = R, E = R2, q(x, y) = (x ∗ y, α(x ∗ y)), α > 0 where
x ∗ y = max{x − y, 0}, whenever x, y ∈ R and P = {(x, y) : x ≥ 0, y ≥ 0},
f(x) = 2x2 + 4x+ 3 and g(x) = 3x2 + 6x+ 4. Then it easy to see that

f(X) = g(X) = [1,∞) is bicomplete.

All the conditions of Theorem 2.6 are satisfied for

A ∈
[

2

3
, 1

)
, B = C = 0.

The unique point of coincidence here is 1 = f(−1) = g(−1).
However, since fg(−1) = 9 6= 13 = gf(−1), f and g are not weakly compatible

and therefore fail to have a common fixed point. This shows the importance of
Proposition 1.15.

But if we modify f and g in the following way f(x) = 2x2 + 4x + 1 and g(x) =
3x2 + 6x + 2, then again all the conditions of Theorem 2.6 are satisfied, f and
g become weakly compatible and we obtain a unique point of coincidence and a
unique common fixed point −1 = f(−1) = g(−1).

The next example explain how crucial the condition f(X) ⊆ g(X) is in the
statement of the theorems.

Example 2.8. Let X = [0,∞), E = R2, q(x, y) = (x ∗ y, e(x ∗ y)), where x ∗ y =
max{x − y, 0}, whenever x, y ∈ R and P = {(x, y) : x ≥ 0, y ≥ 0}, f(x) = ex and
g(x) = ex+1. Then it easy to see that

f(X) = (0,∞) * g(X) = [e,∞).

q(fx, fy) = (ex ∗ ey, ex+1 ∗ ey+1)

=
1

e
(ex+1 ∗ ey+1, ex+2 ∗ ey+2)

=
1

e
q(gx, gy).

All the conditions of Theorem 2.6 except f(X) ⊆ g(X) are satisfied for

A =
1

e
,B = C = 0.

But f and g do not have a point of coincidence.

sectionMore fixed point results We begin with the following lemmas.
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Lemma 2.9. Let (X, q) be a quasi-cone metric space, P be a K-normal cone. Let
(yn) be a sequence in X. If (yn) satisfies

q(yn, yn+1) ≤ λq(yn−1, yn) (2.2)

for some λ > 0 with λ < 1. Then (yn) is left Cauchy.

Proof. Let m < n ∈ N. From the condition (q3) in the definition of a quasi-cone
metric , we can write:

q(ym, yn) � q(ym, ym+1) + q(ym+1, yn)

� q(ym, ym+1) + q(ym+1, ym+2) + q(ym+2, yn)

...

� q(ym, ym+1) + q(ym+1, ym+2) + · · ·+ q(yn−2, yn−1) + q(yn−1, yn).

From (2.2) the above becomes

q(ym, yn) � (λm + λm+1 + · · ·+ λn−1)q(y0, y1)

� λm

1− λ
q(y0, y1).

It entails that ‖q(ym, yn)‖ ≤ K λm

1−λ‖q(y0, y1)‖ −→ 0 as m −→ ∞. It follows that
(yn) is left Cauchy.

�

Similarly,

Lemma 2.10. Let (X, q) be a quasi-cone metric space, P be a K-normal cone. Let
(yn) be a sequence in X. If (yn) satisfies

q(yn+1, yn) � λq(yn, yn−1) (2.3)

for some λ > 0 with λ < 1. Then (yn) is right Cauchy.

Theorem 2.11. Let (X, q) be a quasi-cone metric space, P a K-normal cone. Sup-
pose that mappings f, g : X −→ X satisfy the contractive condition

q(fx, fy) � λq(gx, gy) + γq(fx, gy) for all x, y ∈ X. (2.4)
where λ, γ are positive constant such that λ+ 2γ < 1. If the range of g contains the
range of f and g(X) is a bicomplete quasi-cone metric space, then f and g have a
unique coincidence point in X. Moreover if f and g are weakly compatible, then f
and g have a unique common fixed point.

Proof. Take an arbitrary x0 ∈ X. Choose a point x1 in X such that f(x0) = g(x1).
This can be done, since f(X) ⊂ g(X). Iterating this process, once xn is chosen in
X, we can obtain xn+1 in X such that f(xn) = g(xn+1). Then

q(gxn, gxn+1) = q(fxn−1, fxn) � λq(gxn−1, gxn) + γq(fxn−1, gxn)

� λq(gxn−1, gxn).
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Therefore (gxn) is a left Cauchy sequence. In a similar manner, we establish that
(gxn) is also a right Cauchy sequence. Hence (gxn) is a bi-Cauchy sequence.
Since g(X) is bicomplete, there exists x∗ ∈ g(X) such that (gxn) converges to x∗.
In other words, there is a p∗ ∈ X such that (gxn) converges to g(p∗) = x∗.
Moreover since

q(gxn, fp
∗) = q(fxn−1, fp

∗) � λq(gxn−1, gp∗) + γq(fxn−1, gp
∗)

we get that q(gp∗, fp∗) = θ. On the other hand, by the same reasoning, it is also
clear that q(fp∗, gp∗) = θ. By property (q2), fp∗ = gp∗.
We finish the proof by showing that f and g have a unique point of coincidence.
For this, assume z∗ ∈ X is a point such that fz∗ = gz∗. Now

q(gz∗, gp∗) = q(fz∗, fp∗) � λq(gz∗, gp∗) + γq(fz∗, gp∗) � (λ+ γ)q(gz∗, gp∗),

which gives q(gz∗, gp∗) = θ. On the other hand, by the same reasoning, it also
clear that q(gp∗, gz∗) = θ. By property (q2), gz∗ = gp∗. From Proposition 1.15, f
and g have a unique common fixed point. �

Corollary 2.12. Let (X, q) be a quasi-cone metric space, P a K-normal cone. Sup-
pose that mappings f, g : X −→ X satisfy the contractive condition

q(fx, fy) � α[q(gx, gy) + q(fx, gy)] for all x, y ∈ X. (2.5)

where α ∈
(
0, 13
)
. If the range of g contains the range of f and g(X) is a bicomplete

quasi-cone metric space, then f and g have a unique coincidence point inX. Moreover
if f and g are weakly compatible, then f and g have a unique common fixed point.

Theorem 2.13. Let (X, q) be a quasi-cone metric space, P a K-normal cone. Sup-
pose that mappings f, g : X −→ X satisfy the contractive condition

q(fx, fy) � λq(gx, gy) + γq(gx, fy) for all x, y ∈ X. (2.6)
where λ, γ are positive constant such that λ+ 2γ < 1. If the range of g contains the
range of f and g(X) is a bicomplete quasi-cone metric space, then f and g have a
unique coincidence point in X. Moreover if f and g are weakly compatible, then f
and g have a unique common fixed point.

Corollary 2.14. Let (X, q) be a quasi-cone metric space, P a K-normal cone. Sup-
pose that mappings f, g : X −→ X satisfy the contractive condition

q(fx, fy) � α[q(gx, gy) + q(gx, fy)] for all x, y ∈ X. (2.7)
where α ∈

(
0, 13
)
. If the range of g contains the range of f and g(X) is a bicomplete

quasi-cone metric space, then f and g have a unique coincidence point inX. Moreover
if f and g are weakly compatible, then f and g have a unique common fixed point.

In the following section, we shall establish some topological properties of quasi-
cone metric spaces.

sectionTopology on quasi-cone metric spaces
We begin by stating the following lemma.
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Lemma 2.15. Let (X, q) be a quasi-cone metric space. For each c ∈ E with c� θ,
there exists σ > 0 such that x� c whenever ‖x‖ < σ, x ∈ E.

Proof. Since c� θ, then c ∈ Int(P ). Hence, find σ > 0 such that

{x ∈ E : ‖x− c‖ < σ} ⊂ Int(P ).

Now if ‖x‖ < σ then ‖(c− x)− c‖ = ‖ − x‖ = ‖x‖ < σ and (c− x) ∈ Int(P ). �

Lemma 2.16. Let (X, q) be a quasi-cone metric space over a cone P . Then for each
c1, c2 ∈ Int(P ), there exists c ∈ Int(P ) such that c1−c ∈ Int(P ) and c2−c ∈ Int(P ).

Proof. Since c2 � θ, then by Lemma 2.15, we pick δ > 0 such that ‖x‖ < δ implies
that x � c2. Choose n0 such that 1

n0
< δ
‖c1‖ . then ‖c‖ = ‖c1‖

n0
< δ and hence,

c� c2. But it is also clear that c� θ and c� c1. �

Proposition 2.17. Every quasi-cone metric space is a topological space.

Proof. For c� θ, and x ∈ (X, q) let

Bq(x, c) = {y ∈ X : q(x, y)� c}

and
B = {Bq(x, c) : x ∈ X, c� θ}.

Then the collection

T = {U ⊂ X : ∀x ∈ U,∃c� θ,Bq(x, c) ⊂ U}

is a topology on X. Indeed,
(i) ∅ and X belong to T ,
(ii) let U, V ∈ T and let x ∈ U ∩ V . Then there exist c1 � θ and c2 � θ such

that Bq(x, c1) ⊂ U and B(x, c2) ⊂ V .
By Lemma 2.16, there exists c ∈ Int(P ) such that c1 − c ∈ Int(P )

and c2 − c ∈ Int(P ). Then, it is clear that x ∈ Bq(x, c) ⊂ U ∩ V , hence
U ∩ V ∈ T .

(iii) let (Uα)α be a family of sets from T . We consider x ∈ ∪
α
Uα. There exists

α
0

such that x ∈ Uα0
. Hence, find c� θ such that

x ∈ Bq(x, c) ⊂ Uα
0
⊂
⋃
α

Uα.

That is ∪
α
Uα ∈ T .

This completes the proof.
�

Definition 2.18. Let (X, q) be a quasi-cone metric space. Then a subset F ⊂ X
is called up bounded(resp. bounded) if there exists c� θ such that q(x, y) � c for
all x, y ∈ F (resp. δ(F ) = sup{q(x, y) : x, y ∈ F} exists in E).

Lemma 2.19. Let (X, q) be a quasi-cone metric space. Then a subset F ⊂ X
is up bounded if and only if there exist x ∈ X, c1, c2 ∈ Int(P ) such that F ⊂
Cq(x, c1) ∩ Cq−1(x, c2) where Cq(x, c) = {y ∈ X : q(x, y) � c} for any x ∈ X and
c� θ.

When the cone P is strongly minihedral, we have the following characterization.



Q-HYPERCONVEXITY IN QUASI-CONE METRIC SPACES 51

Proposition 2.20. Let (X, q) be a quasi-cone metric space over a Banach space with
a K-normal strongly minihedral cone P . Then a subset F ⊂ X is bounded if and
only if the quantity δ′(F ) = sup

x,y∈F
‖q(x, y)‖ <∞.

Proof. Suppose that F is bounded. For all x, y ∈ F , q(x, y) � δ(F ), which entails
that ‖q(x, y)‖ ≤ K‖δ(F )‖ <∞.
Conversely, assume that δ′(F ) = sup

x,y∈F
‖q(x, y)‖ = M < ∞, and fix some c1 � θ.

By Lemma 2.15, we know that we can find δ > 0 such that ‖z‖ < δ implies that
c1 � z. For any x, y ∈ F , we set cx,y = δq(x,y)

2‖q(x,y)‖ . Since ‖cx,y‖ = δ/2 < δ, we

have that c1 − cx,y ∈ Int(P ). By setting αx,y = 2‖q(x,y)‖
δ , it is then clear that

αx,y(c1 − cx,y) ∈ Int(P ), i.e αx,yc1 − q(x, y) ∈ Int(P ). In other words q(x, y) �
αx,yc1 � 2M

δ c1 ∈ Int(P ), from which we derive that q(x, y) � 2M
δ c1. Since P is

minihedral, then F is bounded. �

We conclude this section by the following lemma.

Lemma 2.21. Every quasi-cone metric space (X, q) is first countable.

Proof. Let p ∈ X. Fix c ∈ Int(P ). We show that Bp = {Bq(p, 1
nc) : n ∈ N} is a local

base at p. Let U be an open set containing p. There exists c1 ∈ Int(P ) such that
Bq(p, c1) ⊂ U . We know by Lemma 1.4 that we can find n0 ∈ N such that c

n0
� c1.

Hence Bq(p, c
n0

) ⊂ Bq(p, c1). This completes the proof.
�

3. Concept of convexity

In this section, we introduce a concept of convexity in quasi-cone metric spaces.
Most of the results here are a generalization of some similar known notions in
quasi-pseudometric spaces (see [10] and [11]).

Definition 3.1. Let E be a real Banach space, P be a cone on E and � the partial
order with respect to P . An element x ∈ E is said to be a nonnegative vector if
θ � x and a positive vector if θ ≺ x. Hence P is the set of all nonegative elements.
We shall use the following notations:

• [θ,−→ [ := P = {x ∈ E : θ � x} and;
• ]θ,−→ [ := {x ∈ E : θ ≺ x}.

Definition 3.2. A quasi-cone metric space (X, q) will be called Isbell-convex or
q-hyperconvex provided that for each family (xi)i∈I of points of X and families of
nonnegative vectors (ri)i∈I and (si)i∈I the following condition holds:

If q(xi, xj) � ri + sj whenever i, j ∈ I, then
⋂
i∈I

(Cq(xi, ri) ∩ Cqt(xi, si)) 6= ∅.

Definition 3.3. A quasi-cone metric space (X, q) will be called metrically convex
if for any point x, y ∈ X and nonnegative vectors r and s such that q(x, y) � r+ s,
there exists z ∈ X such that q(x, z) � r and q(z, y) � s.
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The following examples are basic but not trivial, and therefore, important.

Example 3.4. Let X = R, E = R2, q(x, y) = (x ∗ y, x ∗ y), where the operation ∗ is
defined by x∗y = max{x−y, 0}, whenever x, y ∈ R and P = {(x, y) : x ≥ 0, y ≥ 0}.
Then (R, q) is metrically convex.

Example 3.5. Let X = R, E = R2, q(x, y) = (x]y, x]y), where the operation ] is
defined by x]y = x − y, if x ≥ y and x]y = 1 otherwise, whenever x, y ∈ R and
P = {(x, y) : x ≥ 0, y ≥ 0}. Then (R, q) is not metrically convex. Indeed, we have

q

(
1

2
, 1

)
= (1, 1) �

(
1

2
+

1

2
,

1

2
+

1

2

)
.

But there is no z ∈ R such that q
(
1
2 , z
)
�
(
1
2 ,

1
2

)
and q (z, 1) �

(
1
2 ,

1
2

)
, since such

a z would satisfy z ≤ 1
2 and z ≥ 1.

Definition 3.6. Let (X, q) be a quasi-cone metric space. A family of balls (Cq(xi, ri), Cqt(xi, si))i∈I
with xi ∈ X and ri, si ∈ [θ,−→ [ whenever i ∈ I is said to have the mixed binary
intersection property if for all indices i, j ∈ I, (Cq(xi, ri) ∩ Cqt(xj , sj) 6= ∅.

Definition 3.7. A quasi-cone metric space (X, q) will be called Isbell-complete
if every family of balls (Cq(xi, ri), Cqt(xi, si))i∈I with xi ∈ X and ri, si ∈ [θ,−→ [
whenever i ∈ I having the mixed binary intersection property satisfies

⋂
i∈I

(Cq(xi, ri)∩

Cqt(xi, si)) 6= ∅.

Corollary 3.8. If (X, q) is an Isbell-convex (resp. Isbell-complete, metrically convex)
quasi-cone metric space, then (X, qt) is Isbell-convex(resp. Isbell-complete, metrically
convex).

Proposition 3.9. A quasi-cone metric space (X, q) is Isbell-convex if and only if it is
metrically convex and Isbell-complete.

Proof. Suppose that (X, q) is Isbell-convex. Let x1, x2 ∈ X, r1, r2 ∈ [θ,−→ [ such
that q(x1, x2) � r1 + s2. Then set r2 = s1 = q(x2, x1). By Isbell-convexity, there
exists x ∈ Cq(x1, r1) ∩ Cqt(x2, s2), hence (X, q) is metrically convex.
Consider now a family of balls (Cq(xi, ri), Cqt(xi, si))i∈I that have the mixed bi-
nary intersection property. Thus q(xi, xj) � ri + sj whenever i, j ∈ I. By Isbell-
convexity, there exists x ∈ ∩

i∈I
(Cq(xi, ri)∩Cqt(xi, si)). So (X, q) is Isbell-complete.

For the converse, assume that (X, q) is metrically convex and Isbell-complete. Con-
sider a family (xi)i∈I of points of X and families (ri)i∈I and (si)i∈I of nonnegative
vectors such that q(xi, xj) � ri + sj whenever i, j ∈ I. Since (X, q) is metrically
convex, then (Cq(xi, ri), Cqt(xi, si))i∈I has the mixed binary intersection property.

Therefore, there exists x ∈ ∩
i∈I

(Cq(xi, ri) ∩ Cqt(xi, si)) by Isbell-completeness.

Thus, (X, q) is Isbell-convex. �

Example 3.10. Let X = R, E = R2, q(x, y) = (x∗y, x∗y), where the operation ∗ is
defined by x∗y = max{x−y, 0}, whenever x, y ∈ R and P = {(x, y) : x ≥ 0, y ≥ 0}.
Then (R, q) is q-hyperconvex.

We first observe that, for any ε = (ε1, ε2) ∈ P , Cq(x, ε) = [x − ε̃,∞) and
Cq−1(x, ε) = (−∞, x + ε̃] whenever x ∈ R where ε̃ = min{ε1, ε2}. Let (xi)i∈I be a
family of points in R and (ri)i∈I and (si)i∈I be families of nonnegative vectors with



Q-HYPERCONVEXITY IN QUASI-CONE METRIC SPACES 53

ri = (r1i , r
2
i ) and si = (s1i , s

2
i ) such that q(xi, xj) � ri + sj , whenever i, j ∈ I. We

recall quickly that r̃i = min{r1i , r2i } and s̃i = min{s1i , s2i }. Suppose that⋂
i∈G

(Cq(xi, ri) ∩ Cq−1(xi, si)) = ∅ for some finite subset G of I.

We can assume that G is nonempty. It follows that

max{xi − r̃i : i ∈ G} > min{xi + s̃i : i ∈ G}.
Therefore, there are i0, j0 ∈ G such that xi0 − r̃i0 > xj0 − s̃i0 , that is Cq(xi0 , ri0) ∩
Cq−1(xj0 , si0) = ∅. In particular, xi0 > xj0 .

Thus ri0 +sj0 ≺ q(xi0 , xj0) = (xi0−xj0 , xi0−xj0)−a contradiction. We conclude
that ⋂

i∈G
(Cq(xi, ri) ∩ Cq−1(xi, si)) 6= ∅ whenever G is a finite subset of I.

Since for any i ∈ I,Cq(xi, ri) ∩ Cq−1(xi, si) is compact with respect to the stan-
dard topology on R, we conclude that⋂

i∈G
(Cq(xi, ri) ∩ Cq−1(xi, si)) 6= ∅.

Hence (R, q) is q-hyperconvex.

Example 3.11. Let X = R, E = R2, q(x, y) = (|x− y|, |x− y|), whenever x, y ∈ R
and P = {(x, y) : x ≥ 0, y ≥ 0}. Then (R, q) is not q-hyperconvex.

Indeed, for any i ∈ [0, 1], set ri =
(
1
4 ,

1
4

)
and si =

(
3
4 ,

3
4

)
. Then for any i, j ∈ [0, 1],

q(x, y) � (1, 1) = ri + si. But⋂
i∈[0,1]

(Cq(i, ri) ∩ Cq−1(i, si)) ⊆ Cq
(

0,
1

4

)⋂
Cq−1

(
1,

1

4

)

=

([
−1

4
,

1

4

]
×
[
−1

4
,

1

4

])⋂([
3

4
,

5

4

]
×
[

3

4
,

5

4

])
= ∅.

Proposition 3.12. Let (X, q) be a q-hyperconvex quasi-cone metric space. Let
(xi)i∈I be a family of points in X and let (ri)i∈I and (si)i∈I be families of non-
negative vectors such that q(xi, xj) � ri + sj .

The set D = ∩
i∈I

(Cq(xi, ri) ∩ Cqt(xi, si)) is nonempty and q-hyperconvex.

Proof. We first observe that since X is q-hyperconvex, then D 6= ∅. For each α ∈ S,
let xα ∈ D and let rα, sα be nonnegative vectors such that q(xα, xβ) � rα + sβ
whenever α, β ∈ S.
We show that the family satisfies the hypothesis of q-hyperconvexity. Indeed, in
particular, for each α ∈ S and i ∈ I, we have that q(xα, xi) � si � rα + si and
q(xi, xα) � ri � ri + sα. Hence by q-hyperconvexity of X,

∅ 6=

[⋂
i∈I

(Cq(xi, ri) ∩ Cqt(xi, si))

]⋂[⋂
α∈S

(Cq(xα, rα) ∩ Cqt(xα, sα))

]

= D
⋂[⋂

α∈S
(Cq(xα, rα) ∩ Cqt(xα, sα))

]
.

Hence, D is q-hyperconvex.
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ABSTRACT. In this paper, we study some properties of set of solutions of a new general-
ized mixed vector equilibrium problem in Banach space. Further, we introduce an iterative
method based on hybrid method and convex approximation method for finding a common
element to the set of solutions of a system of unrelated generalized mixed vector equilibrium
problems and the set of solutions of common fixed point problems for the two families of gen-
eralized asymptotically quasi φ-nonexpansive mappings in Banach space. Furthermore, we
obtain a strong convergence theorem for the sequences generated by the proposed iterative
scheme. Finally, we derive some consequences from our main result. The results presented
in this paper extended and unify many of the previously known results in this area.

KEYWORDS : System of unrelated generalized mixed vector equilibrium problem; Common
fixed-point problem; Generalized asymptotically quasi φ-nonexpansive mappings; Iterative
schemes.
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1. INTRODUCTION

Throughout the paper unless otherwise stated, let E be a real Banach space
with its dual space E∗ and let 〈., .〉 denote the duality pairing between E and E∗

and ‖.‖ denote the norm of E as well as of E∗. Let C be a nonempty, closed and
convex subset of E and let 2E denote the set of all nonempty subsets of E. Let
Y be an ordered Banach space and let P be a pointed, proper, closed and convex
cone of Y with intP 6= ∅.

In 1994, Blum and Oettli [3] introduced and studied the following equilibrium
problem (in short, EP): Find x ∈ C such that

F (x, y) ≥ 0, ∀y ∈ C, (1.1)

∗Corresponding author.
Email address : mohdfrd55@gmail.com(Mohammad Farid).
Article history : Received December 18, 2015 Accepted March 20, 2016.
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where F : C × C −→ R is a bifunction.

The EP(1.1) includes variational inequality problems, optimization problems,
Nash equilibrium problems, saddle point problems, fixed point problems, comple-
mentary problems as special cases. In other words, EP(1.1) is a unified model for
several problems arising in science, engineering, optimization, economics, etc.

In the last two decades, EP(1.1) has been generalized and extensively studied in
many directions due to its importance; See for example [9, 11, 17] and references
therein, for the literature on the existence of solution of the various generalizations
of EP(1.1). Some iterative methods have been studied for solving various classes
of equilibrium problems, see for example [4, 7, 12, 13, 14, 18, 25, 26, 27] and
references therein.

In this paper, we introduce and study the following generalized mixed vector
equilibrium problem (in short, GMVEP). Let F : C ×C −→ Y and ψ : C ×C −→ Y
be nonlinear bimappings and let A : C −→ B(E, Y ), where B(E, Y ) is a Banach
space of all continuous linear operators from E into Y , be a nonlinear mapping,
then GMVEP is to find x∗ ∈ C such that

F (x∗, x) + 〈x− x∗, Ax∗〉+ ψ(x, x∗)− ψ(x∗, x∗) ∈ P, ∀x ∈ C. (1.2)

The solution set of GMVEP(1.2) is denoted by Sol(GMVEP(1.2)).

Example 1.1. Let E = R, the set of all real numbers, with the inner product
defined by 〈x, y〉 = xy, ∀x, y ∈ R. Let Y = R, then P = [0,+∞) and let C =
[0, 2]. Let F and ψ be defined by F (x, y) = x2 − 3y − xy and ψ(x, y) = x2 − y2 +
2y, ∀x, y ∈ C, and A(x) = x + 2, ∀x ∈ C, respectively, then it is easy to observe
that Sol(GMVEP(1.2)) = [1, 2] 6= ∅.

If ψ = 0 and A = 0, then GMVEP(1.2) reduces to the strong vector equilibrium
problem (in short, SVEP): Find x∗ ∈ C such that

F (x∗, x) ∈ P, ∀x ∈ C, (1.3)

which has been studied by Kazmi and Khan [15]. It is well known that the vector
equilibrium problem provides a unified model of several problems, for example,
vector optimization, vector variational inequality, vector complementary problem
and vector saddle point problem [11, 17]. In recent years, the vector equilibrium
problem has been intensively studied by many authors, see for example [9, 11, 15,
16, 17, 23] and the references therein.

If Y = R, then P = [0,+∞) and hence GMVEP(1.2) reduces to the following
generalized mixed equilibrium problem (in short, GMEP): Find x ∈ C such that

F (x∗, x) + 〈x− x∗, Ax∗〉+ ψ(x, x∗)− ψ(x∗, x∗) ≥ 0, ∀x ∈ C, (1.4)

where ψ : C −→ R ∪ {+∞} be a proper extended real-valued function. The
solution set of GMEP(1.4) is denoted by Sol(GMEP(1.4)). The GMEP(1.4) with
ψ(x, x∗) = ψ(x), ∀x, x∗ ∈ C has been studied by Ceng and Yao [4] in Hilbert space.

If Y = R and F = 0, then P = [0,+∞) and hence GMVEP(1.2) reduces to the
following generalized variational inequality problem (in short, GVIP): Find x ∈ C
such that

〈x− x∗, Ax∗〉+ ψ(x, x∗)− ψ(x∗, x∗) ≥ 0, ∀x ∈ C, (1.5)
where ψ : C −→ R ∪ {+∞} be a proper extended real-valued function.
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Further, we consider the following new system of generalized mixed vector equi-
librium problems, which we call the system of unrelated generalized mixed vector
equilibrium problems (in short, SUGMVEP): For each i = 1, 2, 3, ..., N , let Ki be a
nonempty, closed and convex set in E with K = ∩Ni=1Ki 6= ∅; let Fi : Ki×Ki −→ Y
be a bimapping, ψi : Ki ×Ki −→ R be a bifunction and Ai : Ki −→ B(E, Y ) be a
nonlinear mapping. Then SUGMVEP is to find x∗ ∈ ∩Ni=1Ki such that

Fi(x
∗, yi) + 〈yi− x∗, Aix

∗〉+ψi(yi, x
∗)−ψi(x

∗, x∗) ∈ P, ∀yi ∈ Ki, i = 1, 2, 3, ..., N.
(1.6)

We denote by Sol(GMVEP(Fi, Ai, ψi,Ki)), the set of solution of GMVEP(1.2) cor-
responding to the mappings Fi, Ai, ψi and Ki. Then the set of solutions of SUG-
MVEP(1.6) is given by ∩Ni=1Sol(GMVEP(Fi, Ai, ψi,Ki)).

If Y = R, then SUGMVEP(1.6) reduces to the system of unrelated generalized
mixed equilibrium problems (SUGMEP) of finding x∗ ∈ ∩Ni=1Ki such that

Fi(x
∗, yi) + 〈yi − x∗, Aix

∗〉+ψi(yi, x
∗)−ψi(x

∗, x∗) ≥ 0, ∀yi ∈ Ki, i = 1, 2, 3, ..., N,
(1.7)

which appears to be new.

If E = H, Hilbert space, ψi = 0 and Y = R for all i, then SUGMVEP(1.6) reduces
to the system of unrelated mixed equilibrium problems introduced and studied by
Djafari-Rouhani, Kazmi and Rizvi [8].

Further if E = H, Ai = 0, ψi = 0 and Y = R for all i, then SUGMVEP(1.6)
reduces to the system of unrelated variational inequality problems considered and
studied by Censor et al. [5] for set-valued version of mappings Ai.

We also observe that if Fi = 0, ψi = 0, Y = R and E = H for all i, then
SUGMVEP(1.6) reduces to the problem of finding a point x ∈ ∩Ni=1Ki which is well
known convex feasibility problem. If the set Ki are fixed sets of family of operators
Si : H −→ H then the convex feasibility problem is the the common fixed points
problem (in short, CFPP).

Next, we recall a mapping T : C −→ C is said to be nonexpansive if ‖Tx−Ty‖ ≤
‖x− y‖, ∀x, y ∈ C.

The fixed point problem (in short, FPP) for a nonexpansive mapping T is to:

Find x ∈ C such that x ∈ Fix(T ), (1.8)

where Fix(T ) is the fixed point set of the nonexpansive mapping T . It is well known
that if Fix(T ) 6= ∅, then Fix(T ) is closed and convex.

Let U(E) = {x ∈ E : ‖x‖ = 1} be the unit sphere of E. Then the Banach space
E is said to be strictly convex if ‖x+y‖

2 < 1 ∀x, y ∈ U(E) with x 6= y. It is said
to be uniformly convex if for any ε ∈ (0, 2], there exists δ > 0 such that for any
x, y ∈ U(E), ‖x − y‖ ≥ ε implies ‖x+y‖

2 ≤ 1 − δ. The space E is said to be smooth

if the limit limt−→0
‖x+ty‖−‖x‖

t exists ∀x, y ∈ U(E). It is also said to be uniformly
smooth if the limit exists uniformly for x, y ∈ U(E).

The normalized duality mapping J : E −→ 2E
∗

is defined by

J(x) = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2}, ∀x ∈ E.



58 FARID AND KAZMI/JNAO : VOL. 7, NO. 1, (2016), XXX-XXX

It is well known that if E∗ is strictly convex, then J is single valued and demicon-
tinuous, i.e., if xn −→ x then Jxn ⇀ Jx.

It is well known that if E is uniformly smooth, then J is uniformly norm-to-norm
continuous on each bounded subset of E. It is also well known that E is uniformly
smooth if and only if E∗ is uniformly convex. Recall that E enjoys the Kadec-Klee
property if for any sequence {xn} ⊂ E and x ∈ E with xn ⇀ x and ‖xn‖ −→ ‖x‖
then ‖xn − x‖ −→ 0 as n −→ ∞. It is well known that if E is a uniformly convex
Banach space then E enjoys the Kadec-Klee property.

Let E be a smooth Banach space. The Lyapunov functional φ : E ×E −→ R+ is
defined by

φ(x, y) = ‖x‖2 − 2〈x, Jy〉+ ‖y‖2, ∀x, y ∈ E.
Observe that in a Hilbert space H, φ(x, y) = ‖x−y‖2, ∀x, y ∈ H. Alber [1] recently
introduced a generalized projection operator

∏
C in a Banach space E which is an

analogue of the metric projection PC in Hilbert space. Recall that the generalized
projection

∏
C : E −→ C is a mapping that assigns to an arbitrary point x ∈ E the

minimum point of the functional φ(x, y), that is,
∏

C x = x̄, where x̄ is the solution
to the minimization problem

φ(x̄, x) = min
y∈C

φ(y, x).

The existence and uniqueness of the operator
∏

C follow from the properties of
the functional φ(x, y) and strict monotonicity of the mapping J . In Hilbert space,∏

C = PC . It is obvious from the definition of φ that

φ(x, y) = φ(x, z) + φ(z, y) + 2〈x− z, Jz − Jy〉,

and
(‖x‖ − ‖y‖)2 ≤ φ(x, y) ≤ (‖x‖+ ‖y‖)2, ∀x, y ∈ E. (1.9)

Note that if E is a reflexive, strictly convex and smooth Banach space, then
φ(x, y) = 0 if and only if x = y.

Let E be a smooth, strictly convex and reflexive Banach space. Let C be a
nonempty subset of E.

Definition 1.2. A mapping T : C −→ C is said to be:
(i) asymptotically regular on C if for any bounded subset K of C,

lim sup
n−→∞

{‖Tn+1x− Tnx‖ : x ∈ K} = 0;

(ii) closed if for any sequence {xn} ⊂ C such that limn−→∞ xn = x0 and
limn−→∞ Txn = y0, then Tx0 = y0.

Definition 1.3. [27] Let T : C −→ C be a mapping. A point p ∈ C is said to be an
asymptotic fixed point of T if C contains a sequence {xn} which converges weakly
to p so that limn−→∞ ‖xn − Txn‖ = 0. The set of asymptotic fixed points of T will
be denoted by F̂ix(T ).

Definition 1.4. A mapping T : C −→ C is said to be:
(i) [27] relatively nonexpansive if

F̂ix(T ) = Fix(T ) 6= ∅, φ(p, Tx) ≤ φ(p, x), ∀x ∈ C, ∀p ∈ Fix(T );
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(ii) relatively asymptotically nonexpansive if

F̂ix(T ) = Fix(T ) 6= ∅, φ(p, Tnx) ≤ (1 + µn)φ(p, x), ∀x ∈ C, ∀p ∈ Fix(T ), ∀n ≥ 1,

where µn ⊂ [0,∞) is a sequence such that µn −→ 0 as n −→∞;
(iii) [29] quasi φ-nonexpansive if

Fix(T ) 6= ∅, φ(p, Tx) ≤ φ(p, x), ∀x ∈ C, ∀p ∈ Fix(T );

(iv) [29, 21] asymptotically quasi φ-nonexpansive if there exists a sequence
{µn} ⊂ [0,∞) with µn −→ 0 as n −→∞ such that

Fix(T ) 6= ∅, φ(p, Tnx) ≤ (1 + µn)φ(p, x), ∀x ∈ C, ∀p ∈ Fix(T ), ∀n ≥ 1;

(v) [22] generalized asymptotically quasi φ-nonexpansive if Fix(T ) 6= ∅ and
there exist two nonnegative sequences {µn} ⊂ [0,∞) with µn −→ 0 and
ξn ⊂ [0,∞) with ξn −→ 0 as n −→∞ such that

φ(p, Tnx) ≤ (1 + µn)φ(p, x) + ξn, ∀x ∈ C, ∀p ∈ Fix(T ), ∀n ≥ 1.

In 2007, Tada and Takahashi [25] and Takahashi and Takahashi [26] proved
weak and strong convergence theorems for finding a common solution of EP(1.1)
and FPP(1.8) of a nonexpansive mapping in a Hilbert space. For further related
work, see Ceng and Yao [4] and Shan and Huang [23].

In 2009, Takahashi and Zembayashi [27] proved weak and strong convergence
theorems for finding a common solution of EP(1.1) and FPP(1.8) of a relatively non-
expansive mapping in real Banach space. For further related work, see Kazmi
and Farid [16] and the references therein. Recently, Qin and Agarwal [21] proved
a strong convergence to common fixed points of the pair of asymptotic quasi φ-
nonexpansive mappings in Banach space. Later Qin et al. [22] proved a strong
convergence to common fixed points of a family of generalized asymptotically quasi
φ-nonexpansive mappings. Very recently, Song and Chen [24] proved a strong
convergence to common element of the set of solutions of mixed equilibrium prob-
lem and set of fixed points of FPP(1.8) of a generalized asymptotically quasi φ-
nonexpansive mapping in Banach space.

Motivated by the work of Qin et al. [21, 22], Song and Chen [24], Shan and
Huang [23], and by the ongoing research in this direction, we study the existence
and properties of solution of a new generalized mixed vector equilibrium problem in
Banach space. Further, we introduce an iterative method based on hybrid method
and convex approximation method for finding a common element to the set of so-
lutions of SUGMVEP(1.6) and the set of solutions of common fixed point problems
for the two families of two generalized asymptotically quasi φ-nonexpansive map-
pings in Banach space. Furthermore, we obtain a strong convergence theorem
for the sequences generated by the proposed iterative scheme. Finally, we derive
some consequences from our main result. The results presented in this paper ex-
tended and unify many of the previously known results in this area, see for instance
[16, 24].

2. PRELIMINARIES AND NOTATIONS

We recall some concepts and results which are needed in sequel.
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Lemma 2.1. [1] Let E be a smooth, strictly convex and reflexive Banach space, and
C be a nonempty closed and convex subset of E. Then the following conclusions
hold:

(i) φ(x,ΠCy) + φ(ΠCy, y) ≤ φ(x, y), ∀x ∈ C, y ∈ E;
(ii) Let x ∈ E and z ∈ C then

z = ΠC(x)⇔ 〈z − y, Jx− Jz〉 ≥ 0, ∀y ∈ C.

Lemma 2.2. [20] Let C be a nonempty, closed and convex subset of a smooth,
strictly convex and reflexive Banach space E and let T be a relatively nonexpansive
mapping from C into itself. Then Fix(T ) is closed and convex.

Lemma 2.3. [6] LetE be a uniformly convex Banach space and let r > 0. Then there
exists a strictly increasing, continuous and convex function g : [0,∞) −→ [0,∞) such
that g(0) = 0 and

‖λx+ µy + γz‖2 ≤ λ‖x‖2 + µ‖y‖2 + γ‖z‖2 − µγg(‖y − z‖),

for all x, y, z ∈ Br(0) and λ, µ, γ ∈ [0, 1], where Br(0) = {z ∈ E : ‖z‖ ≤ r}.

Definition 2.4. [19, 28] LetX and Y be two Hausdorff topological spaces and letD
be a nonempty, convex subset of X and P be a pointed, proper, closed and convex
cone of Y with intP 6= ∅. Let 0 be the zero point of Y , U(0) be the neighborhood
set of 0, U(x0) be the neighborhood set of x0 and f : D −→ Y be a mapping.

(i) If, for any V ∈ U(0) in Y , there exists U ∈ U(x0) such that

f(x) ∈ f(x0) + V + P, ∀x ∈ U ∩D,

then f is called upper P -continuous on x0. If f is upper P -continuous for
all x ∈ D, then f is called upper P -continuous on D;

(ii) If, for any V ∈ U(0) in Y , there exists U ∈ U(x0) such that

f(x) ∈ f(x0) + V − P, ∀x ∈ U ∩D,

then f is called lower P -continuous on x0. If f is lower P -continuous for
all x ∈ D, then f is called lower P -continuous on D;

(iii) If, for any x, y ∈ D and t ∈ [0, 1], the mapping f satisfies

f(x) ∈ f(tx+ (1− t)y) + P or f(y) ∈ f(tx+ (1− t)y) + P,

then f is called proper P -quasiconvex;
(iv) If, for any x, y ∈ D and t ∈ [0, 1], the mapping f satisfies

tf(x) + (1− t)f(y) ∈ f(tx+ (1− t)y) + P,

then f is called P -convex.

Lemma 2.5. [10] Let X and Y be two real Hausdorff topological spaces, D be a
nonempty, compact and convex subset of X and P be a pointed, proper, closed and
convex cone of Y with intP 6= ∅. Assume that g : D×D −→ Y and Φ : D −→ Y are
two nonlinear mappings. Suppose that g and Φ satisfy

(i) g(x, x) ∈ P, ∀x ∈ D;
(ii) Φ is upper P -continuous on D;
(iii) g(., y) is lower P -continuous, ∀x ∈ D;
(iv) g(x, .) + Φ(.) is proper P -quasiconvex, ∀x ∈ D.

Then there exists a point x ∈ D satisfies

G(x, y) ∈ P \ {0}, ∀y ∈ D,
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where
G(x, y) = g(x, y) + Φ(y)− Φ(x), ∀x, y ∈ D.

Let F,ψ : C × C −→ Y be two mappings and A : C −→ B(E, Y ) be a nonlinear
mapping. For any z ∈ E, define a mapping Gz : C × C −→ Y as follows:

Gz(x, y) = F (x, y) + 〈y − x,Ax〉+ ψ(y, x)− ψ(x, x) +
e

r
〈y − x, Jx− Jz〉, (2.1)

where r is a positive real number and e ∈ intP .

Assumption 2.6. Let Gz, F , ψ satisfy the following conditions:

(i) For all x ∈ C, F (x, x) ∈ P ;
(ii) F is P -monotone, i.e., F (x, y) + F (y, x) ∈ −P, ∀x, y ∈ C;
(iii) F (., y) is continuous, ∀y ∈ C;
(iv) F (x, .) is weakly continuous and P -convex, i.e.,

tF (x, y1) + (1− t)F (x, y2) ∈ F (x, ty1 + (1− t)y2) + P, ∀x, y1, y2 ∈ C, ∀t ∈ [0, 1];

(v) Gz(., y) is lower P -continuous, ∀y ∈ C and z ∈ E;
(vi) ψ(., y) is P -convex and weakly continuous;
(vii) Gz(x, .) is proper P -quasiconvex, ∀x ∈ C and z ∈ E;
(viii) ψ is P -skew symmetric, i.e.,

ψ(x, x)− ψ(x, y)− ψ(y, x) + ψ(y, y) ∈ P, ∀x, y ∈ C.

Remark 2.7. P -skew-symmetric bifunctions are natural extensions of skew-symmetric
bifunctions. The skew-symmetric bifunctions have the properties that can be con-
sidered ananalogous to the monotonicity of the gradient and the non-negativity of
the second derivative for convex functions. For the properties and applications of
the skew-symmetric bifunctions, we refer the reader to [2].

3. MAIN RESULTS

For any r > 0, define a mapping Tr : E −→ C as follows:

Tr(z) = {x ∈ C : F (x, y)+〈y−x,Ax〉+ψ(y, x)−ψ(x, x)+
e

r
〈y−x, Jx−Jz〉 ∈ P, ∀y ∈ C},

(3.1)
where e ∈ intP .

Now, we study some properties of set of solutions of GMVEP(1.2) and the map-
ping Tr.

Theorem 3.1. Let E be a uniformly smooth and strictly convex Banach space and
let C be a nonempty, compact and convex subset of E. Assume that P is a pointed,
proper, closed and convex cone of a real order Banach space Y with intP 6= ∅. Let
Gz : C × C −→ Y be defined by (2.1). Let F,ψ : C × C −→ Y and Gz satisfy
Assumption 2.6 and A : C −→ B(E, Y ) be a continuous and P -monotone mapping.
Let Tr : E −→ C be defined by (3.1). Then the following conclusions hold:

(i) Tr(z) 6= ∅, ∀z ∈ E;
(ii) Tr is single-valued;
(iii) Tr is firmly nonexpansive type mapping, i.e., for all z1, z2 ∈ E,

〈Trz1 − Trz2, JTrz1 − JTrz2〉 ≤ 〈Trz1 − Trz2, Jz1 − Jz2〉;
(iv) Fix(Tr) =Sol(GMVEP(1.2));
(v) Sol(GMVEP(1.2)) is closed and convex.
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Proof. (i) Let g(x, y) = Gz(x, y) and Φ(y) = 0 for all x, y ∈ C and z ∈ E. It is easy
to observe that g(x, y) and Φ(y) satisfy all the conditions of Lemma 2.5 Then there
exists a point x ∈ C such that

Gz(x, y) + Φ(y)− Φ(x) ∈ P, ∀y ∈ C,

and thus Tr(z) 6= ∅, ∀z ∈ E.

(ii) For each z ∈ E, Tr(z) 6= ∅, let x1, x2 ∈ Tr(z). Then

F (x1, y)+〈y−x1, Ax1〉+ψ(y, x1)−ψ(x1, x1)+
e

r
〈y−x1, Jx1−Jz〉 ∈ P, ∀y ∈ C, (3.2)

and

F (x2, y)+〈y−x2, Ax2〉+ψ(y, x2)−ψ(x2, x2)+
e

r
〈y−x2, Jx2−Jz〉 ∈ P, ∀y ∈ C. (3.3)

Letting y = x2 in (3.2) and y = x1 in (3.3), and then adding, we have

F (x1, x2) + F (x2, x1) + 〈x2 − x1, Ax1 −Ax2〉
+ψ(x2, x1)− ψ(x1, x1) + ψ(x1, x2)− ψ(x2, x2) + e

r 〈x2 − x1, Jx1 − Jx2〉 ∈ P.

Since F is P -monotone, A is P -monotone, i.e., 〈x2 − x1, Ax1 − Ax2〉 ∈ −P and ψ
is P -skew symmetric, then we have

e

r
〈x2 − x1, Jx1 − Jx2〉 ∈ P.

Since e ∈ intP , r > 0 and P is closed and convex cone, we have
1

r
〈x2 − x1, Jx1 − Jx2〉 ≥ 0.

Since E is strictly convex, the preceding inequality implies x1 = x2. Hence Tr is
single-valued.

(iii) For any z1, z2 ∈ E, let x1 = Tr(z1) and x2 = Tr(z2). Then

F (x1, y) + 〈y− x1, Ax1〉+ψ(y, x1)−ψ(x1, x1) +
e

r
〈y− x1, Jx1− Jz1〉 ∈ P, ∀y ∈ C,

(3.4)
and

F (x2, y) + 〈y− x2, Ax2〉+ψ(y, x2)−ψ(x2, x2) +
e

r
〈y− x2, Jx2− Jz2〉 ∈ P, ∀y ∈ C.

(3.5)
Letting y = x2 in (3.4) and y = x1 in (3.5), and then adding, we have

F (x1, x2) + F (x2, x1) + 〈x2 − x1, Ax1 −Ax2〉
+ψ(x2, x1)− ψ(x1, x1) + ψ(x1, x2)− ψ(x2, x2) + e

r 〈x2 − x1, Jx1 − Jx2 − Jz1 + Jz2〉 ∈ P.
By using the monotoncity of F,A and the properties of ψ and P , we have

1

r
〈x2 − x1, Jx1 − Jx2 − Jz1 − Jz2〉 ≥ 0.

Hence, we have

〈x2 − x1, Jx1 − Jx2〉+ 〈x2 − x1, Jz2 − Jz1〉 ≥ 0,

or,
〈x1 − x2, Jx1 − Jx2〉 ≤ 〈x1 − x2, Jz1 − Jz2〉,

i.e.,

〈Tr(z1)− Tr(z2), JTr(z1)− JTr(z2)〉 ≤ 〈Tr(z1)− Tr(z2), Jz1 − Jz2〉. (3.6)

Thus Tr is firmly nonexpansive-type mapping.
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(iv) Let x ∈ Fix(Tr). Then

F (x, y) + 〈y − x,Ax〉+ ψ(y, x)− ψ(x, x) +
e

r
〈y − x, Jx− Jx〉 ∈ P, ∀y ∈ C,

and so
F (x, y) + 〈y − x,Ax〉+ ψ(y, x)− ψ(x, x) ∈ P, ∀y ∈ C.

Thus x ∈ Sol(GMVEP(1.2)).

Let x ∈ Sol(GMVEP(1.2)). Then

F (x, y) + 〈y − x,Ax〉+ ψ(y, x)− ψ(x, x) ∈ P, ∀y ∈ C,
and so

F (x, y) + 〈y − x,Ax〉+ ψ(y, x)− ψ(x, x) +
e

r
〈y − x, Jx− Jx〉 ∈ P, ∀y ∈ C.

Hence x ∈ Fix(Tr). Thus Fix(Tr) = Sol(GMVEP(1.2)).

(v) By the definition of φ, we have

φ(Tr(z1), Tr(z2)) + φ(Tr(z1), Tr(z2)) = 2‖Tr(z1)‖2 − 2〈Tr(z1), JTr(z2)〉
−2〈Tr(z2), JTr(z1)〉+ 2‖Tr(z2)‖2

= 2〈Tr(z1), JTr(z1)− JTr(z2)〉
+2〈Tr(z2), JTr(z2)− JTr(z1)〉

= 2〈Tr(z1)− Tr(z2), JTr(z1)− JTr(z2)〉,
and
φ(Tr(z1), z2) + φ(Tr(z2), z1)− φ(Tr(z1), z1)− φ(Tr(z2), z2)

= ‖Tr(z1)‖2 − 2〈Tr(z1), Jz2〉+ ‖z2‖2 + ‖Tr(z2)‖2 + ‖z1‖2
−2〈Tr(z2), Jz1〉 − ‖Tr(z2)‖2 + 2〈Tr(z2), Jz2〉 − ‖z2‖2
−‖Tr(z1)‖2 + 2〈Tr(z1), Jz1〉 − ‖z1‖2

= 2〈Tr(z1), Jz1 − Jz2〉 − 2〈Tr(z2), Jz1 − Jz2〉
= 2〈Tr(z1)− Tr(z2), Jz1 − Jz2〉.

Thus, it follows from (3.6) and the preceding two equations that

φ(Tr(z1), Tr(z2))+φ(Tr(z2), Tr(z1)) ≤ φ(Trz1, z2)+φ(Trz2, z1)−φ(Tr(z1), z1)−φ(Tr(z2), z2).

Hence, for z1, z2 ∈ C, we have

φ(Tr(z1), Tr(z2)) + φ(Tr(z2), Tr(z1)) ≤ φ(Trz1, z2) + φ(Trz2, z1).

Taking z2 = u ∈ Fix(Tr), we have

φ(u, Trz1) ≤ φ(u, z1).

Next, we show that F̂ix(Tr) = Sol(GMVEP(1.2)). Indeed, let p ∈ F̂ix(Tr). Then
there exists a sequence {zn} ⊂ E such that zn ⇀ p and limn−→∞ ‖zn− Trzn‖ = 0.
Moreover, we get Trzn ⇀ p. Hence, we have p ∈ C. Since J is uniformly continuous
on bounded sets, we have

lim
n−→∞

‖Jzn − JTrzn‖
r

= 0, r > 0. (3.7)

From the definition of Tr, we have, ∀y ∈ C,

F (Trzn, y)+〈y−Trzn, ATrzn〉+ψ(y, Trzn)−ψ(Trzn, Trzn)+
e

r
〈y−Trzn, JTrzn−Jzn〉 ∈ P,

0 ∈ F (y, Trzn)− 〈y − Trzn, ATrzn〉 − (ψ(y, Trzn)− ψ(Trzn, Trzn))
− e

r 〈y − Trzn, JTrzn − Jzn〉+ P, ∀y ∈ C.
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Let yt = (1− t)p+ ty, ∀t ∈ (0, 1]. Since y ∈ C and p ∈ C, we get yt ∈ C and hence

0 ∈ F (y, Trzn)− 〈yt − Trzn, ATrzn〉 − (ψ(yt, Trzn)− ψ(Trzn, Trzn))
− e

r 〈yt − Trzn, JTrzn − Jzn〉+ P,
= F (yt, Trzn)− 〈yt − Trzn, ATrzn〉 − (ψ(yt, Trzn)− ψ(Trzn, Trzn))
−e〈yt − Trzn, JTrzn−Jzn

r 〉+ P.
0 ∈ F (yt, p)− 〈yt − p,Ap〉 − ψ(yt, p) + ψ(p, p) + P.

(3.8)

It follows from Assumption 2.6 (i), (iv) and (vi) that

tF (yt, y) + (1− t)F (yt, p) + tψ(y, p) + (1− t)ψ(p, p)− ψ(yt, p) ∈ F (yt, yt) + ψ(yt, p)
−ψ(yt, p) + P

∈ P.

Now,
−t[F (yt, y) + ψ(y, p)− ψ(yt, p)− 〈yt − p,Ap〉]−
(1− t)[F (yt, p) + ψ(p, p)− ψ(yt, p)− 〈yt − p,Ap〉] ∈ −P + 〈yt − p,Ap〉
−t[F (yt, y)+ψ(y, p)−ψ(yt, p)−〈yt−p,Ap〉]−(1−t)P ∈ −P+〈yt−p,Ap〉, (using (3.7))
−t[F (yt, y) + ψ(y, p)− ψ(yt, p)− 〈yt − p,Ap〉] ∈ −P + (1− t)P + 〈yt − p,Ap〉
−t[F (yt, y) + ψ(y, p)− ψ(yt, p)− 〈yt − p,Ap〉] ∈ −tP + 〈yt − p,Ap〉

∈ −tP + 〈ty + (1− t)p− p,Ap〉 ∈ −tP + t〈y − p,Ap〉
F (yt, y) + ψ(y, p)− ψ(yt, p)− 〈yt − p,Ap〉 ∈ P − 〈y − p,Ap〉.

Letting t −→ 0+, we have

F (p, y) + 〈y − p,Ap〉+ ψ(y, p)− ψ(p, p) ∈ P.

Thus p ∈ Sol(GMVEP(1.2)). So, we get Fix(Tr) = Sol(GMVEP(1.2)) = F̂ix(Tr).
Therefore Tr is a relatively nonexpansive mapping. Further, it follows from Lemma
2.2 that Sol(GMVEP(1.2)) = Fix(Tr) is closed and convex. This completes the
proof. �

Next, we have the following consequence of Theorem 3.1

Lemma 3.2. Let E, C, F, ψ, Gz be the same as in Theorem 3.1 and let r > 0.
Then, for x ∈ E and q ∈ Fix(Tr), we have

φ(q, Trx) + φ(Trx, x) ≤ φ(q, x).

We prove a strong convergence theorem for finding a common element to the set
of solutions of SUGMVEP(1.6) and set of fixed points of common fixed point prob-
lems of two families of generalized asymptotically quasi φ-nonexpansive mappings
in Banach space.

Theorem 3.3. Let E be a uniformly smooth and strictly convex Banach space such
that E has Kadec-Klee property. For each i ∈ I := {1, 2, 3, ..., N}, let Ki be a
nonempty, compact and convex subset of E such that K = ∩Ni=1Ki 6= ∅. Assume
that P is a pointed, proper, closed and convex cone of a real ordered Banach space
Y with intP 6= ∅. Let for each i, the mappings Fi, ψi : Ki × Ki −→ Y satisfy
Assumption 2.6 and Ai : Ki −→ B(E, Y ) be continuous and P -monotone map-
ping. For each fixed i, let Si, Ti : Ki −→ E be closed, asymptotically regular
and generalized asymptotically quasi φ-nonexpansive mappings with the sequences
{ηn,i}, {ςn,i} and {ζn,i}, {ξn,i} such that Γ := (∩Ni=1Fix(Si)) ∩ (∩Ni=1Fix(Ti)) ∩
(∩Ni=1Sol(GMVEP(Fi, Ai, ψi,Ki))) 6= ∅. Assume that, for each fixed i, the sequences
{rn,i} ⊂ [a,∞) for some a > 0, {αn,i} ⊆ (0, 1) and {βj

n,i} ⊆ (0, 1) (j = 1, 2, 3) be
such that
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(i) β1
n,i + β2

n,i + β3
n,i = 1;

(ii) lim infn−→∞ β1
n,iβ

2
n,i > 0 and lim infn−→∞ β1

n,iβ
3
n,i > 0;

(iii) lim supn−→∞ αn,i < 1;
(iv) lim infn−→∞ rn,i > 0.

Let {xn} be a sequence generated by the iterative scheme:

x0 ∈ E,
C1,i =: Ki, C1 = ∩Ni=1C1,i = K,
x1 =

∏
C1
x0,

yn,i = J−1(αn,iJxn + (1− αn,i)Jzn,i),
zn,i = J−1(β1

n,iJxn + β2
n,iJT

n
i xn + β3

n,iJS
n
i xn),

un,i = Trn,i(yn,i)
Cn+1,i = {v ∈ Cn,i : φ(v, un,i) ≤ φ(v, xn) + δn,iMn + µn,i},
Cn+1 = ∩i∈ICn+1,i,
xn+1 =

∏
Cn+1

x0, for every n ∈ N ∪ {0},

where Mn = sup{φ(p, xn) : p ∈ Γ}; e ∈ intP ; J : E −→ E∗ is the normalized duality
mapping with its inverse J−1; δn,i = β2

n,iζn,i + β3
n,iηn,i and µn,i = ξn,iβ

2
n,i + ςn,iβ

3
n,i.

Then the sequence {xn} converges strongly to
∏

Γ x0.

Proof. First, we show that Cn is closed and convex for every n ≥ 1. It suffices to
show that for each i ∈ I, Cn,i is closed and convex for every n ≥ 1. This can be
proved by induction on n. In fact, for n = 1, C1,i = Ki is closed and convex for
each i ∈ I. Assume that Cn,i is closed and convex for some n ≥ 1 and for each
i ∈ I. For v ∈ Cn+1,i,

φ(v, un,i) ≤ φ(v, xn) + δn,iMn + µn,i,

which is equivalent to

2〈v, Jxn − Jun,i〉 ≤ ‖xn‖2 − ‖un,i‖2 + δn,iMn + µn,i.

It is easy to see that Cn+1,i is closed and convex for each i ∈ I. Then, for all n ≥ 1,
Cn,i is closed and convex for each i ∈ I. Consequently, Cn = ∩Ni=1Cn,i is closed
and convex for all n ≥ 1. This shows that

∏
Cn+1

x0 is well defined.

Next, we prove Γ ⊂ Cn for all n ≥ 1. It suffices to show that for each i ∈ I, Γ ⊂
Cn,i. Indeed, Γ ⊂ C1,i = Ki is obvious. Suppose Γ ⊂ Ck,i for some k ≥ 1. Then,
for ∀w ∈ Γ ⊂ Ck,i, we have

φ(w, zk,i) = φ(w, J−1(β1
k,iJxk + β2

k,iJT
k
i xk + β3

k,iJS
k
i xk))

≤ ‖w‖2 − 2〈w, β1
k,iJxk + β2

k,iJT
k
i xk + β3

k,iJS
k
i xk〉

+‖β1
k,iJxk + β2

k,iJT
k
i xk + β3

k,iJS
k
i xk‖2

≤ ‖w‖2 − 2β1
k,i〈w, Jxk〉 − 2β2

k,i〈w, JT k
i xk〉 − 2β3

k,i〈w, JSk
i xk〉

+β1
k,i‖xk‖2 + β2

k,i‖T k
i xk‖2 + β3

k,i‖Sixk‖2
= β1

k,iφ(w, xk) + β2
k,iφ(w, T k

i xk) + β3
k,iφ(w, Sk

i xk)

≤ β1
k,iφ(w, xk) + β2

k,i(1 + ζk,i)φ(w, xk) + ξk,iβ
2
k,i + β3

k,i(1 + ηk,i)φ(w, xk) + ςk,iβ
3
k,i

≤ φ(w, xk) + δk,iφ(w, xk) + µk,i.
(3.9)
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Further, it follows from Theorem 3.1 that un,i = Trn,i
yn,i for all n ∈ N ∪ {0},

and Trn,i
is relatively nonexpansive. Therefore

φ(w, uk,i) = φ(w, Trk,i
yk,i)

≤ φ(w, yk,i)
= φ(w, J−1(αk,iJxk + (1− αk,i)Jzk,i))
= ‖w‖2 − 2〈w,αk,iJxk + (1− αk,i)Jzk,i〉+ ‖αk,iJxk + (1− αk,i)Jzk,i‖2
= ‖w‖2 − 2αk,i〈w, Jxk〉 − 2(1− αk,i)〈w, Jzk,i〉+ αk,i‖xk‖2 + (1− αk,i)‖zk,i‖2
= αk,iφ(w, xk) + (1− αk,i)φ(w, zk,i)
≤ αk,iφ(w, xk) + (1− αk,i)φ(w, xk)− (1− αk,i)(β

2
k,iζk,i + β3

k,iηk,i)φ(w, xk)

+(1− αk,i)(ξk,iβ
2
k,i + ςk,iβ

3
k,i)

≤ φ(w, xk) + (1− αk,i)[(β
2
k,iζk,i + β3

k,iηk,i)φ(w, xk) + (ξk,iβ
2
k,i + ςk,iβ

3
k,i)]

≤ φ(w, xk) + (β2
k,iζk,i + β3

k,iηk,i)φ(w, xk) + (ξk,iβ
2
k,i + ςk,iβ

3
k,i)

≤ φ(w, xk) + δk,iMk + µk,i.
(3.10)

This shows that w ∈ Ck+1,i. That is, Γ ⊂ Cn,i, for all n ≥ 1 and each i ∈ I.
Therefore, w ∈ Cn = ∩i∈ICn,i for all n ≥ 1.

From Lemma 2.1, we have
φ(xn, x0) = φ(ΠCn

x0, x0)
≤ φ(w, x0)− φ(w, xn)
≤ φ(w, x0), for each w ∈ Γ ⊂ Cn and for each n ≥ 1.

Therefore, the sequence {φ(xn, x0)} is bounded. It follows from (1.9) that the
sequence {xn} is also bounded. Since E is reflexive, without loss of generality, we
may assume that xn ⇀ p as n −→ ∞. Since Cj ⊂ Cn for j ≥ n, we have xj ∈ Cn

for j ≥ n. Since Cn is closed and convex, p ∈ Cn for all n ≥ 1. Hence p ∈ ∩∞n=1Cn.
Since φ(xn, x0) ≤ φ(xn+1, x0) ≤ φ(p, x0), we have

φ(p, x0) ≤ lim inf
n−→∞

φ(xn, x0) ≤ lim sup
n−→∞

φ(xn, x0) ≤ φ(p, x0),

which implies that φ(xn, x0) −→ φ(p, x0) as n −→∞. Hence ‖xn‖ −→ ‖p‖. By the
Kadec-Klee property of E, we have xn −→ p ∈ C as n −→∞.

Since xn −→ p and J : E −→ E∗ is demicontinuous, we have Jxn ⇀ Jp ∈ E∗.
Note that

|‖Jxn‖ − ‖Jp‖| = |‖xn‖ − ‖p‖| ≤ ‖xn − p‖.
This implies that ‖Jxn‖ −→ ‖Jp‖. Since E is uniformly smooth, E∗ is uniformly
convex Banach space and hence it enjoys the Kadec-Klee property, we see that

lim
n−→∞

‖Jxn − Jp‖ = 0. (3.11)

On the other hand, since xn = ΠCnx0 and xn+1 = ΠCn+1x0 ∈ Cn+1 ⊂ Cn, we
have

φ(xn, x0) ≤ φ(xn+1, x0), for all n ≥ 1.

Therefore, {φ(xn, x0)} is non-decreasing. Further, it follows that the limit of
{φ(xn, x0)} exists. By the construction of Cn, one has that Cm ⊂ Cn and xm =
ΠCmx0 ∈ Cn for any positive integer m ≥ n. It follows that

φ(xm, xn) = φ(xm,ΠCnx0)
≤ φ(xm, x0)− φ(ΠCnx0, x0)
= φ(xm, x0)− φ(xn, x0).

(3.12)

Letting m,n −→∞ in (3.12), we have φ(xm, xn) −→ 0.
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Next, we show that p ∈ (∩ni=1Fix(Si)) ∩ (∩ni=1Fix(Ti)). By taking m = n + 1 in
(3.12), we have

lim
n−→∞

φ(xn+1, xn) = 0. (3.13)

Notice that xn+1 ∈ Cn+1, from the definition of Cn, for every i ∈ I, we have

φ(xn+1, un,i) ≤ φ(xn+1, xn) + δn,iMn + µn,i. (3.14)

It follows from (3.13) and (3.14) that

lim
n−→∞

φ(xn+1, un,i) = 0. (3.15)

It follows from (3.15) and inequality 0 ≤ (‖xn+1‖ − ‖un,i‖)2 ≤ φ(xn+1, un,i) that
‖un,i‖ −→ ‖p‖ and consequently, we have ‖Jun,i‖ −→ ‖Jp‖. This implies that
{J(un,i)} is bounded. Since E is reflexive, E∗ is also reflexive. So, we may assume
that J(un,i) ⇀ f0,i ∈ E∗.

On the other hand, in view of the reflexivity of E, we have J(E) = E∗, which
means that for f0,i ∈ E∗, there exists ei ∈ E, such that Jei = f0,i. Using weakly
lower semi-continuity of ‖.‖2, we have

lim infn−→∞ φ(xn+1, un,i) = lim infn−→∞(‖xn+1‖2 − 2〈xn+1, Jun,i〉+ ‖un,i‖2)
= lim infn−→∞(‖xn+1‖2 − 2〈xn+1, Jun,i〉+ ‖Jun,i‖2)
≥ ‖p‖2 − 2〈p, f0,i〉+ ‖f0,i‖2
= ‖p‖2 − 2〈p, Jei〉+ ‖Jei‖2
= φ(p, ei).

It follows from (3.15) that φ(p, ei) = 0. Hence p = ei, which implies that f0,i = Jp.
Hence Jun,i ⇀ Jp ∈ E∗. Since ‖Jun,i‖ −→ ‖Jp‖ and by the Kadec-Klee property
of E∗, we have

‖Jun,i − Jp‖ −→ 0, ∀i ∈ I. (3.16)
Since J−1 : E∗ −→ E is demi-continuous, therefore un,i ⇀ p. Since ‖un,i‖ −→ ‖p‖
and using the Kadec-Klee property of E∗, we have

un,i −→ p, as n −→∞ ∀i ∈ I. (3.17)

Hence,
lim

n−→∞
‖xn − un,i‖ = 0, ∀i ∈ I. (3.18)

Since J is uniformly norm-to-norm continuous on bounded sets, we have

lim
n−→∞

‖Jxn − Jun,i‖ = 0, ∀i ∈ I. (3.19)

Now,
φ(w, xn)− φ(w, un,i) = ‖xn‖2 − ‖un,i‖2 − 2〈w, Jxn − Jun,i〉

≤ ‖xn − un,i‖(‖xn‖+ ‖un,i‖) + 2‖w‖‖Jxn − Jun,i‖.
It follows from (3.18) and (3.19) that

φ(w, xn)− φ(w, un,i) −→ 0, as n −→∞. (3.20)

From un,i = Trn,i
yn,i and Lemma 3.2, we have

φ(un,i, yn,i) = φ(Trn,i
yn,i, yn,i)

≤ φ(w, yn,i)− φ(w, un,i)
≤ αn,iφ(w, xn) + (1− αn,i)φ(w, zn,i)− φ(w, un,i)
≤ αn,iφ(w, xn) + (1− αn,i)[φ(w, xn) + δn,iMn + µn,i

−β1
n,iβ

3
n,ig(‖Jxn − JSn

i xn‖)]− φ(w, un,i)
≤ φ(w, xn)− φ(w, un,i) + (1− αn,i)[δn,iMn + µn,i].

(3.21)
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Using (3.20) and the restrictions on the sequences in above inequality, we have

lim
n−→∞

φ(un,i, yn,i) = 0. (3.22)

Since 0 ≤ (‖un,i‖−‖yn,i)‖)2 ≤ φ(un,i, yn,i), it follows from (3.17) that ‖yn,i‖ −→ ‖p‖
and consequently ‖Jyn,i‖ −→ ‖Jp‖. This implies that {Jyn,i} is bounded. Since
E is reflexive, E∗ is also reflexive, so we may assume that J(yn,i) ⇀ h0,i ∈ E∗.

On the other hand, in view of the reflexivity of E, we have J(E) = E∗, which
means that for h0,i ∈ E∗, there exists di ∈ E, such that Jdi = h0,i. Using lower
semi-continuity of ‖.‖2, we have

lim infn−→∞ φ(un,i, yn,i) = lim infn−→∞(‖un,i‖2 − 2〈un,i, Jyn,i〉+ ‖yn,i‖2)
= lim infn−→∞(‖un,i‖2 − 2〈un,i, Jyn,i〉+ ‖Jyn,i‖2)
≥ ‖p‖2 − 2〈p, h0,i〉+ ‖h0,i‖2
= ‖p‖2 − 2〈p, Jdi〉+ ‖di‖2
= φ(p, di).

It follows from (3.22) that φ(p, di) = 0. Hence p = di, which implies that h0,i = Jp.
Hence Jyn,i ⇀ Jp ∈ E∗. Since Jyn,i ⇀ Jp, ‖Jyn,i‖ −→ ‖Jp‖ and Kadec-Klee
property of E∗, we have

‖Jyn,i − Jp‖ −→ 0, as n −→∞. (3.23)

Since J−1 : E∗ −→ E is demi-continuous, we have yn,i ⇀ p. Further, since
‖yn,i‖ −→ ‖p‖ and E has the Kadec-Klee property, we have

‖yn,i − p‖ −→ 0, as n −→∞. (3.24)

It follows from (3.18) and (3.24) that

‖yn,i − un,i‖ ≤ ‖un,i − p‖+ ‖yn,i − p‖ −→ 0, as n −→∞.
Since J is uniformly norm-to- norm continuous on bounded sets, we have

‖Jyn,i − Jun,i‖ −→ 0, as n −→∞. (3.25)

It follows from (3.19) and (3.25) that

‖Jxn − Jyn,i‖ ≤ ‖Jxn − Jun,i‖+ ‖Jun,i − Jyn,i‖ −→ 0, as n −→∞. (3.26)

From iterative scheme, (3.26) and lim supn−→∞ αn,i < 1, it follows that

‖Jzn,i − Jxn‖ ≤
1

(1− αn,i)
‖Jxn − Jyn,i‖ −→ 0, as n −→∞. (3.27)

Hence,

‖Jzn,i − Jp‖ ≤ ‖Jzn,i − Jxn‖+ ‖Jxn − Jp‖ −→ 0, as n −→∞. (3.28)

Since J−1 : E∗ −→ E is demi-continuous, we have zn,i ⇀ p. From (3.28), we have
that

|‖zn,i‖ − ‖p‖| = |‖Jzn.i‖ − ‖Jp‖| ≤ ‖Jzn,i − Jp‖ −→ 0, as n −→∞.
This implies that ‖zn,i‖ −→ ‖p‖. Since E enjoys the Kadec-Klee property, we see
that

lim
n−→∞

‖zn,i − p‖ = 0. (3.29)

Further,
‖zn,i − xn‖ ≤ ‖zn,i − p‖+ ‖xn − p‖ −→ 0, as n −→∞. (3.30)

Now,
φ(w, xn)− φ(w, zn,i) = ‖xn‖2 − ‖zn,i‖2 − 2〈w, Jxn − Jzn,i〉

≤ ‖xn − zn,i‖(‖xn‖+ ‖zn,i‖) + 2‖w‖‖Jxn − Jzn,i‖.
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It follows from (3.27) and (3.30) that

φ(w, xn)− φ(w, zn,i) −→ 0, as n −→∞. (3.31)

Let r = max{supn≥1{‖xn‖}, supn≥1{‖Tn
i xn‖}, supn≥1{‖Sn

i xn‖}}. Since E is
uniformly smooth, then E∗ is uniformly convex. In the light of Lemma 2.3, we
have, for any fixed w ∈ Fix(Ti) ∩ Fix(Si),

φ(w, zn,i) = φ(w, J−1(β1
n,iJxn + β2

n,iJT
n
i xn + β3

n,iJS
n
i xn))

= ‖w‖2 − 2〈w, β1
n,iJxn + β2

n,iJT
n
i xn + β3

n,iJS
n
i xn〉

+‖β1
n,iJxn + β2

n,iJT
n
i xn + β3

n,iJS
n
i xn‖2

≤ ‖w‖2 − 2β1
n,i〈w, Jxn〉 − 2β2

n,i〈w, JTn
i xn〉 − 2β3

n,i〈w, JSn
i xn〉

+β1
n,i‖xn‖2 + β2

n,i‖Tn
i xn‖2 + β3

n,i‖Sn
i xn‖2 − β1

n,iβ
3
n,ig(‖Jxn − JSn

i xn‖)
= β1

n,iφ(w, xn) + β2
n,i(1− ζn,i)φ(w, xn) + β2

n,iξn,i
+β3

n,i(1 + ηn,i)φ(w, xn) + β3
n,iςn,i − β1

n,iβ
3
n,ig(‖Jxn − JSn

i xn‖)
= φ(w, xn) + (β2

n,iζn,i + β3
n,iηn,i)φ(w, xn)

+β2
n,iξn,i + β3

n,iςn,i − β1
n,iβ

3
n,ig(‖Jxn − JSn

i xn‖)
= φ(w, xn) + δn,iφ(w, xn) + µn,i − β1

n,iβ
3
n,ig(‖Jxn − JSn

i xn‖)
≤ φ(w, xn) + δn,iMn + µn,i − β1

n,iβ
3
n,ig(‖Jxn − JSn

i xn‖).
This implies that

β1
n,iβ

3
n,ig(‖Jxn − JSn

i xn‖) ≤ φ(w, xn)− φ(w, zn,i) + δn,iMn + µn,i. (3.32)

Taking limit on both sides of (3.32) and using lim infn−→∞ β1
n,iβ

3
n,i > 0 and (3.31),

we have
g(‖Jxn − JSn

i xn‖) −→ 0, as n −→∞. (3.33)
Therefore, using Lemma 2.3, (3.33) implies that

‖Jxn − JSn
i xn‖ −→ 0, as n −→∞. (3.34)

Next,
‖JSn

i xn − Jp‖ ≤ ‖JSn
i xn − Jxn‖+ ‖Jxn − Jp‖.

Using (3.34) and (3.11) in above inequality, we get

lim
n−→∞

‖JSn
i xn − Jp‖ = 0. (3.35)

Since J−1 is demicontinuous, it follows that Sn
i xn ⇀ p for each fixed i.

Using |‖Sn
i xn‖ − ‖p‖| = |‖JSn

i xn‖ − ‖Jp‖| ≤ ‖JSn
i xn − Jp‖ with (3.35), we get

‖Sn
i xn‖ −→ ‖p‖ for each fixed i as n −→ ∞. Since E enjoys the Kadec-Klee

property, we obtain
lim

n−→∞
‖Sn

i xn − p‖ = 0. (3.36)

Similarly, we obtain
lim

n−→∞
‖Tn

i xn − p‖ = 0. (3.37)

Notice that
‖Sn+1

i xn − p‖ ≤ ‖Sn+1
i xn − Sn

i xn‖+ ‖Sn
i xn − p‖. (3.38)

Since Sn
i is asymptotic regular, then from (3.36) and (3.38), we have

lim
n−→∞

‖Sn+1
i xn − p‖ = 0,

that is, SiS
n
i xn − p −→ 0 as n −→ ∞. It follows from the closedness of Si that

Sip = p, for each fixed i. Hence p ∈ ∩ni=1Fix(Si). In a similar way, we can obtain
p ∈ ∩ni=1Fix(Ti). Hence p ∈ (∩ni=1Fix(Ti)) ∩ (∩ni=1Fix(Si)).

Next, we prove p ∈ ∩Ni=1Sol(GMVEP(Fi, Ai, ψi,Ki)).
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It follows from (3.25) and lim infn−→∞ rn,i > 0 that

lim
n−→∞

‖Jyn,i − JTrn,iyn,i‖
rn,i

= 0.

Since un,i = Trn,iyn,i, we have

F (Trn,i
yn,i, yi) + 〈yi − Trn,i

yn,i, ATrn,i
yn,i〉 + ψ(yi, Trn,i

yn,i)− ψ(Trn,i
yn,i, Trn,i

yn,i)
+ e

rn,i
〈y − Trn,i

yn,i, JTrn,i
yn,i − Jyn,i〉 ∈ P, ∀yi ∈ Ki,

0 ∈ F (yi, Trn,i
yn,i)− 〈yi − Trn,i

yn,i, ATrn,i
yn,i〉 − (ψ(yi, Trn,i

yn,i)− ψ(Trn,i
yn,i, Trn,i

yn,i))
− e

rn,i
〈yi − Trn,i

yn,i, JTrn,i
yn,i − Jyn,i〉+ P, ∀yi ∈ Ki.

Let yi,t = (1− t)p+ tyi, ∀t ∈ (0, 1]. Since yi ∈ Ki and p ∈ Ki, we get yi,t ∈ Ki and
hence
0 ∈ F (yi, Trn,iyn,i)− 〈yi,t − Trn,iyn,i, ATrn,iyn,i〉 − (ψ(yi,t, Trn,iyn,i)− ψ(Trn,iyn,i, Trn,iyn,i))

− e
rn,i
〈yi,t − Trn,i

yn,i, JTrn,i
yn,i − Jyn,i〉+ P,

= F (yi,t, Trn,i
yn,i)− 〈yi,t − Trn,i

yn,i, ATrn,i
yn,i〉 − (ψ(yi,t, Trn,i

yn,i)− ψ(Trn,i
yn,i, Trn,i

yn,i))

−e〈yi,t − Trn,i
yn,i,

JTrn,i
yn,i−Jyn,i

rn,i
〉+ P.

0 ∈ F (yi,t, p)− 〈yi,t − p,Ap〉 − ψ(yi,t, p) + ψ(p, p) + P.

It follows from Assumptions 2.6 (i), (iv) and (vi) that

tF (yi,t, yi) + (1− t)F (yt, p) + tψ(yi, p) + (1− t)ψ(p, p)− ψ(yi,t, p) ∈ F (yi,t, yt) + ψ(yi,t, p)
−ψ(yi,t, p) + P

∈ P.

Now,
−t[F (yi,t, yi) + ψ(yi, p)− ψ(yi,t, p)− 〈yi,t − p,Ap〉]−
(1− t)[F (yi,t, p) + ψ(p, p)− ψ(yi,t, p)− 〈yi,t − p,Ap〉] ∈ −P + 〈yi,t − p,Ap〉
−t[F (yi,t, yi) + ψ(yi, p) − ψ(yi,t, p) − 〈yi,t − p,Ap〉] − (1 − t)P ∈ −P + 〈yi,t −

p,Ap〉, (using (3.7))
−t[F (yi,t, yi)+ψ(yi, p)−ψ(yi,t, p)−〈yi,t−p,Ap〉] ∈ −P +(1− t)P + 〈yi,t−p,Ap〉
−t[F (yi,t, yi) + ψ(yi, p)− ψ(yi,t, p)− 〈yi,t − p,Ap〉] ∈ −tP + 〈yi,t − p,Ap〉

∈ −tP + 〈tyi + (1− t)p− p,Ap〉 ∈ −tP + t〈yi − p,Ap〉

F (yi,t, yi) + ψ(yi, p)− ψ(yi,t, p)− 〈yi,t − p,Ap〉 ∈ P − 〈yi − p,Ap〉.

Letting t −→ 0+, we have

F (p, yi) + ψ(yi, p)− ψ(p, p)− 〈p− p,Ap〉+ 〈yi − p,Ap〉 ∈ P

F (p, yi) + 〈yi − p,Ap〉+ ψ(yi, p)− ψ(p, p) ∈ P.
Thus p ∈ Sol(GMVEP(Fi, Ai, ψi,Ki)). Hence p ∈ Γ.

Finally, we prove that p =
∏

Γ x0. Since Γ ⊂ Cn+1 and xn+1 =
∏

Cn+1
x0, we

have
〈xn+1 − q, Jx0 − Jxn+1〉 ≥ 0, ∀q ∈ Γ. (3.39)

By taking the limit in (3.39), we have

〈p− q, Jx0 − Jp〉 ≥ 0, ∀q ∈ Γ.

Hence, in view of Lemma 2.1, we see that p =
∏

Γ x0. This completes the proof. �

Finally we give some consequences of Theorem 3.3.
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Corollary 3.4. Let E be a uniformly smooth and strictly convex Banach space such
that E has Kadec-Klee property. Let K be a nonempty, compact and convex subset
of E. Assume that P is a pointed, proper, closed and convex cone of a real ordered
Banach space Y with intP 6= ∅. Let the mappings F,ψ : K × K −→ Y satisfy
Assumption 2.6 and A : K −→ B(E, Y ) be continuous and P -monotone mapping.
Let S, T : K −→ E be closed, asymptotically regular and generalized asymptotically
quasi φ-nonexpansive mappings with the sequences {ηn}, {ςn} and {ζn}, {ξn} such
that Γ := Fix(S)∩ (Fix(T ))∩ (Sol(GMVEP(1.2))) 6= ∅. Assume that, the sequences
{rn} ⊂ [a,∞) for some a > 0, {αn} ⊆ (0, 1) and {βj

n} ⊆ (0, 1) (j = 1, 2, 3) be such
that

(i) β1
n + β2

n + β3
n = 1;

(ii) lim infn−→∞ β1
nβ

2
n > 0 and lim infn−→∞ β1

nβ
3
n > 0;

(iii) lim supn−→∞ αn < 1;
(iv) lim infn−→∞ rn > 0.

Let {xn} be a sequence generated by the iterative scheme:

x0 ∈ E,
x1 =

∏
C1
x0,

yn = J−1(αnJxn + (1− αn)Jzn),
zn = J−1(β1

nJxn + β2
nJT

nxn + β3
nJS

nxn),
un = Trn(yn)
Cn+1 = {v ∈ Cn : φ(v, un) ≤ φ(v, xn) + δnMn + µn},
xn+1 =

∏
Cn+1

x0, for every n ∈ N ∪ {0},

where Mn = sup{φ(p, xn) : p ∈ Γ}; e ∈ intP ; J : E −→ E∗ is the normalized duality
mapping with its inverse J−1; δn = β2

nζn + β3
nηn and µn = ξnβ

2
n + ςnβ

3
n.

Then the sequence {xn} converges strongly to
∏

Γ x0.

Proof. The proof follows by taking i = 1 in Theorem 3.3. �

Corollary 3.5. Let E be a uniformly smooth and strictly convex Banach space such
that E has Kadec-Klee property. For each i ∈ I := {1, 2, 3, ..., N}, let Ki be a
nonempty, compact and convex subset of E such that K = ∩Ni=1Ki 6= ∅. Let for
each i, the mappings Fi, ψi : Ki × Ki −→ R satisfy Assumption 2.6 and Ai :
Ki −→ E∗ be continuous and monotone mapping. For each fixed i, let Si, Ti :
Ki −→ E be closed, asymptotically regular and generalized asymptotically quasi
φ-nonexpansive mappings with the sequences {ηn,i}, {ςn,i} and {ζn,i}, {ξn,i} such
that Γ := (∩Ni=1Fix(Si)) ∩ (∩Ni=1Fix(Ti)) ∩ (∩Ni=1Sol(SUGMEP(1.7))) 6= ∅. Assume
that, for each fixed i, the sequences {rn,i} ⊂ [a,∞) for some a > 0, {αn,i} ⊆ (0, 1)

and {βj
n,i} ⊆ (0, 1) (j = 1, 2, 3) be such that

(i) β1
n,i + β2

n,i + β3
n,i = 1;

(ii) lim infn−→∞ β1
n,iβ

2
n,i > 0 and lim infn−→∞ β1

n,iβ
3
n,i > 0;

(iii) lim supn−→∞ αn,i < 1;
(iv) lim infn−→∞ rn,i > 0.
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Let {xn} be a sequence generated by the iterative scheme:

x0 ∈ E,
C1,i =: Ki, C1 = ∩Ni=1C1,i = K,
x1 =

∏
C1
x0,

yn,i = J−1(αn,iJxn + (1− αn,i)Jzn,i),
zn,i = J−1(β1

n,iJxn + β2
n,iJT

n
i xn + β3

n,iJS
n
i xn),

un,i = Trn,i
(yn,i)

Cn+1,i = {v ∈ Cn,i : φ(v, un,i) ≤ φ(v, xn) + δn,iMn + µn,i},
Cn+1 = ∩i∈ICn+1,i,
xn+1 =

∏
Cn+1

x0, for every n ∈ N ∪ {0},

where Mn = sup{φ(p, xn) : p ∈ Γ}; e ∈ intP ; J : E −→ E∗ is the normalized duality
mapping with its inverse J−1; δn,i = β2

n,iζn,i + β3
n,iηn,i and µn,i = ξn,iβ

2
n,i + ςn,iβ

3
n,i.

Then the sequence {xn} converges strongly to
∏

Γ x0.

Proof. The proof follows by taking Y = R, P = [0,∞) in Theorem 3.3. �

Corollary 3.6. Let E be a uniformly smooth and strictly convex Banach space such
that E has Kadec-Klee property. Let K be a nonempty, compact and convex sub-
set of E. Let the mappings F,ψ : K × K −→ R satisfy Assumption 2.6 and
A : K −→ E∗ be continuous and monotone mapping. Let S, T : K −→ E be
closed, asymptotically regular and generalized asymptotically quasi φ-nonexpansive
mappings with the sequences {ηn}, {ςn} and {ζn}, {ξn} such that Γ := Fix(S) ∩
(Fix(T )) ∩ (Sol(GMEP(1.4))) 6= ∅. Assume that, the sequences {rn} ⊂ [a,∞) for
some a > 0, {αn} ⊆ (0, 1) and {βj

n} ⊆ (0, 1) (j = 1, 2, 3) be such that

(i) β1
n + β2

n + β3
n = 1;

(ii) lim infn−→∞ β1
nβ

2
n > 0 and lim infn−→∞ β1

nβ
3
n > 0;

(iii) lim supn−→∞ αn < 1;
(iv) lim infn−→∞ rn > 0.

Let {xn} be a sequence generated by the iterative scheme:

x0 ∈ E,
x1 =

∏
C1
x0,

yn = J−1(αnJxn + (1− αn)Jzn),
zn = J−1(β1

nJxn + β2
nJT

nxn + β3
nJS

nxn),
un = Trn(yn)
Cn+1 = {v ∈ Cn : φ(v, un) ≤ φ(v, xn) + δnMn + µn},
xn+1 =

∏
Cn+1

x0, for every n ∈ N ∪ {0},

where Mn = sup{φ(p, xn) : p ∈ Γ}; e ∈ intP ; J : E −→ E∗ is the normalized duality
mapping with its inverse J−1; δn = β2

nζn + β3
nηn and µn = ξnβ

2
n + ςnβ

3
n.

Then the sequence {xn} converges strongly to
∏

Γ x0.

Proof. The proof follows by taking Y = R, P = [0,∞), i = 1 in Theorem 3.3. �

The following corollary is similar to Qin and Agrawal [21].

Corollary 3.7. Let E be a uniformly smooth and strictly convex Banach space such
thatE has Kadec-Klee property. LetK be a nonempty, compact and convex subset of
E. Let S, T : K −→ E be closed, asymptotically regular and generalized asymptoti-
cally quasi φ-nonexpansive mappings with the sequences {ηn}, {ςn} and {ζn}, {ξn}
such that Γ := Fix(S) ∩ (Fix(T )) 6= ∅. Assume that, the sequences {rn} ⊂ [a,∞)
for some a > 0, {αn} ⊆ (0, 1) and {βj

n} ⊆ (0, 1) (j = 1, 2, 3) be such that

(i) β1
n + β2

n + β3
n = 1;
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(ii) lim infn−→∞ β1
nβ

2
n > 0 and lim infn−→∞ β1

nβ
3
n > 0;

(iii) lim supn−→∞ αn < 1.

Let {xn} be a sequence generated by the iterative scheme:

x0 ∈ E,
x1 =

∏
C1
x0,

yn = J−1(αnJxn + (1− αn)Jzn),
zn = J−1(β1

nJxn + β2
nJT

nxn + β3
nJS

nxn),
Cn+1 = {v ∈ Cn : φ(v, yn) ≤ φ(v, xn) + δnMn + µn},
xn+1 =

∏
Cn+1

x0, for every n ∈ N ∪ {0},

where Mn = sup{φ(p, xn) : p ∈ Γ}; e ∈ intP ; J : E −→ E∗ is the normalized duality
mapping with its inverse J−1; δn = β2

nζn + β3
nηn and µn = ξnβ

2
n + ςnβ

3
n.

Then the sequence {xn} converges strongly to
∏

Γ x0.

Proof. The proof follows by taking Y = R, P = [0,∞), i = 1, and F = 0, A =
0, φ = 0 in Theorem 3.3. �
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1. INTRODUCTION

A mapping T on a subset E of Banach space X is said to be nonexpansive if
∥Tx− Ty∥ ≤ ∥x− y∥ for all x, y ∈ E. We denote by F (T ) the set of fixed points of
T, i.e., F (T ) = {x ∈ E : Tx = x}. A mapping T is said to be quasi­nonexpansive
if F (T ) ̸= ∅ and ∥Tx − z∥ ≤ ∥x − z∥ for all x ∈ E and z ∈ F (T ). In 2008, Suzuki
[1] introduced condition (C) as follows:
A mapping T on a subset E of Banach space X is said to satisfy the condition (C)
(or Suzuki’s generalized nonexpansive) on E if

1

2
∥x− Tx∥ ≤ ∥x− y∥ implies ∥Tx− Ty∥ ≤ ∥x− y∥,

for all x, y ∈ E. Moreover, he obtained some interesting fixed point theorems and
convergence theorems for such mappings. In 2012, Nanjaras et al. [2] extend
Suzuki’s results on fixed point theorems and △−convergence theorems for such
mappings in CAT(0) spaces. In 2013, Salahifard et al. [3] introduced fundamentally
nonexpansive mapping which generalizes the Suzuki’s generalized nonexpansive
mapping and proved some fixed point theorems for this kind of mappings in CAT(0)
spaces.

Fixed point theory in CAT(k) spaces was first studied by Kirk [4, 5]. His works
were followed by a series of new works by many authors, mainly focusing on CAT(0)
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spaces (see e.g., [2, 3, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20]). Since
any CAT(k) space is a CAT(k′) space for k′ ≥ k, all results for CAT(0) spaces
immediately apply to any CAT(k) space with k ≤ 0. However, there are only a few
articles that contain fixed point results in the setting of CAT(k) spaces with k > 0.
In this paper, we extend the results of Salahifard et al. [3] to the general setting of
CAT(k) spaces with k > 0.

2. PRELIMINARIES AND NOTATIONS

Let (X, ρ) be a metric space. A geodesic path joining x ∈ X to y ∈ X (or, more
briefly, a geodesic from x to y) is a map c from a closed interval [0, l] ⊂ R to X such
that c(0) = x, c(l) = y, and ρ (c(t), c(t′)) = |t− t′| for all t, t′ ∈ [0, l]. In particular, c
is an isometry and ρ(x, y) = l. The image c ([0, l]) of c is called a geodesic segment
joining x and y. Write c(α0 + (1 − α)l) = αx ⊕ (1 − α)y for α ∈ (0, 1). When it is
unique this geodesic segment is denoted by [x, y]. This means that z ∈ [x, y] if and
only if there exists α ∈ [0, 1] such that

ρ(x, z) = (1− α)ρ(x, y) and ρ(y, z) = αρ(x, y).

In this case, we write z = αx ⊕ (1 − α)y. Let D be a positive constant. A metric
space (X, ρ) is said to be a geodesic space (D­geodesic space) if every two points of
X (every two points of distance smaller than D) are joined by a geodesic, and X is
said to be uniquely geodesic (D­uniquely geodesic) if there is exactly one geodesic
joining x and y for each x, y ∈ X (for x, y ∈ X with ρ(x, y) < D). A subset E of
X is said to be convex if E includes every geodesic segment joining any two of its
points. If this condition holds for any two points in E with distance smaller than
D, E is said to be D­convex. The set E is said to be bounded if

diam(E) := sup{ρ(x, y) : x, y ∈ E} < ∞.

Now we introduce the model spaces Mn
k , for more details on these spaces the

reader is referred to [21]. Let n ∈ N. We denote by En the metric space Rn endowed
with the usual Euclidean distance. We denote by (·|·) the Euclidean scalar product
in Rn, that is,

(x|y) = x1y1 + ...+ xnyn where x = (x1, ..., xn), y = (y1, ..., yn).

Let Sn denote the n−dimensional sphere defined by

Sn = {x = (x1, ..., xn+1) ∈ Rn+1 : (x|x) = 1},

with metric dSn(x, y) = arccos(x|y), x, y ∈ Sn.
Let En,1 denote the vector space Rn+1 endowed with the symmetric bilinear

form which associates to vectors u = (u1, ..., un+1) and v = (v1, ..., vn+1), the real
number ⟨u|v⟩ is defined by

⟨u|v⟩ = −un+1vn+1 +
n∑

i=1

uivi.

Let Hn denote the hyperbolic n−space defined by

Hn = {u = (u1, ..., un+1) ∈ En,1 : ⟨u|u⟩ = −1, un+1 > 0},

with metric dHn such that

cosh dHn(x, y) = −⟨x|y⟩, x, y ∈ Hn.
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Definition 2.1. Given k ∈ R, we denote by Mn
k the following metric spaces:

(i) if k = 0 then Mn
0 is the Euclidean space En;

(ii) if k > 0 then Mn
k is obtained from the spherical space Sn by multiplying the

distance function by the constant 1/
√
k;

(iii) if k < 0 then Mn
k is obtained from the hyperbolic space Hn by multiplying

the distance.

A geodesic triangle △(x, y, z) in a geodesic space (X, ρ) consists of three points
x, y, z in X (the vertices of △) and three geodesic segments between each pair of
vertices (the edges of △). A comparison triangle for a geodesic triangle △(x, y, z) in
(X, ρ) is a triangle △(x, y, z) in M2

k such that

ρ(x, y) = dM2
k
(x, y), ρ(y, z) = dM2

k
(y, z) and ρ(z, x) = dM2

k
(z, x).

If k ≤ 0 then such a comparison triangle always exists in M2
k . If k > 0 then such

a triangle exists whenever ρ(x, y) + ρ(y, z) + ρ(z, x) < 2Dk, where Dk = π/
√
k. A

point p ∈ [x, y] is called a comparison point for p ∈ [x, y] if ρ(x, p) = dM2
k
(x, p).

A geodesic triangle △(x, y, z) in X is said to satisfy the CAT(k) inequality if for
any p, q ∈ △(x, y, z) and for their comparison points p, q ∈ △(x, y, z), one has

ρ(p, q) ≤ dM2
k
(p, q).

Definition 2.2. If k ≤ 0, then X is called a CAT(k) space if X is a geodesic space
such that all of its geodesic triangles satisfy the CAT(k) inequality.

If k > 0, then X is called a CAT(k) space if X is Dk−geodesic and any geodesic
triangle △(x, y, z) in X with ρ(x, y) + ρ(y, z) + ρ(z, x) < 2Dk satisfies the CAT(k)
inequality.

In a CAT(0) space (X, ρ), if x, y, z ∈ X then the CAT(0) inequality implies

ρ2
(
x,

1

2
y ⊕ 1

2
z

)
≤ 1

2
ρ2(x, y) +

1

2
ρ2(x, z)− 1

4
ρ2(y, z). (CN)

This is the (CN) inequality of Bruhat and Tits [22]. This inequality is extended by
Dhompongsa and Panyanak [19] as

ρ2(x, (1− α)y ⊕ αz) ≤ (1− α)ρ2(x, y) + αρ2(x, z)− α(1− α)ρ2(y, z) (CN*)

for all α ∈ [0, 1] and x, y, z ∈ X. In fact, if X is a geodesic space then the following
statements are equivalent:

(i) X is a CAT(0) space;
(ii) X satisfies (CN);
(iii) X satisfies (CN*).

Let R ∈ (0, 2]. Recall that a geodesic space (X, ρ) is said to be R−convex for R
(see [23]) if for any three points x, y, z ∈ X, we have

ρ2(x, (1− α)y ⊕ αz) ≤ (1− α)ρ2(x, y) + αρ2(x, z)− R

2
α(1− α)ρ2(y, z). (1)

It follows from (CN*) that a geodesic space (X, ρ) is a CAT(0) space if and only if
(X, ρ) is R−convex for R = 2. The following lemma is a consequence of Proposition
3.1 in [23].

Lemma 2.3. Let k > 0 and (X, ρ) be a CAT(k) space with diam(X) ≤ π/2−ε√
k

for

some ε ∈ (0, π/2). Then (X, ρ) is R−convex for R = (π − 2ε) tan(ε).

The following lemma is also needed.
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Lemma 2.4. ([21, p.176]) Let k > 0 and (X, ρ) be a complete CAT(k) space with

diam(X) ≤ π/2−ε√
k

for some ε ∈ (0, π/2). Then

ρ (x, αy ⊕ (1− α)z) ≤ αρ(x, y) + (1− α)ρ(x, z).

for all x, y, z ∈ X and α ∈ [0, 1].

Let {xn} be a bounded sequence in a CAT(k) space (X, ρ). For x ∈ X, we set

r(x, {xn}) = lim sup
n−→∞

ρ(x, xn).

The asymptotic radius r({xn}) of {xn} is given by

r({xn}) = inf{r(x, {xn}) : x ∈ X},
and the asymptotic center A({xn}) of {xn} is the set

A({xn}) = {x ∈ X : r(x, {xn}) = r({xn})}.
It is known from Proposition 4.1 of [11] that in a CAT(k) space X with diameter

smaller than π
2
√
k
, A({xn}) consists of exactly one point. We now give the concept

of △−convergence and collect some of its basic properties.

Definition 2.5. ([9], [24]) A sequence {xn} in X is said to ∆−converge to x ∈ X if
x is the unique asymptotic center of {un} for every subsequence {un} of {xn}. In
this case we write ∆− limn xn = x and call x the ∆−limit of {xn}.
Lemma 2.6. Let k > 0 and (X, ρ) be a complete CAT(k) space with diam(X) ≤
π/2−ε√

k
for some ε ∈ (0, π/2). Then the following statements hold:

(i) [11, Corollary 4.4] every sequence in X has a ∆−convergence subsequence;
(ii) [11, Proposition 4.5] if {xn} ⊂ X and∆−limn xn = x, then x ∈ ∩∞

k=1conv{xk,
xk+1, ...}, where conv(A) = ∩{B : B ⊇ A and B is closed and convex}.

By the uniqueness of asymptotic centers, we can obtain the following lemma (cf.
[19, Lemma 2.8]).

Lemma 2.7. Let k > 0 and (X, ρ) be a complete CAT(k) space with diam(X) ≤
π/2−ε√

k
for some ε ∈ (0, π/2). If {xn} is a sequence in X with A({xn}) = {x} and

let {un} is a subsequence of {xn} with A({un}) = {u} and the sequence {ρ(xn, u)}
converges, then x = u.

Definition 2.8. [3] Let E be a nonempty subset of a CAT(k) space (X, ρ). A mapping
T : E −→ E is said to be fundamentally nonexpansive if

ρ(T 2(x), T (y)) ≤ ρ(T (x), y),

for all x, y ∈ E.

Proposition 2.9. [3] Every mapping which satisfies condition (C) is fundamentally
nonexpansive, but the inverse is not true.

3. MAIN RESULTS

Let X be a uniformly convex Banach space, K be a nonempty closed convex
subset of X.

In this section, we prove our main theorems.

Lemma 3.1. Let E be a nonempty subset of a CAT(k) space (X, ρ), and T : E −→ E
be a fundamentally nonexpansive mapping. Then

ρ(x, T (y)) ≤ 3ρ(T (x), x) + ρ(x, y),

for all x, y ∈ E.
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Proof. Since T is fundamentally nonexpansive, we have

ρ(x, T (y)) ≤ ρ(x, T (x)) + ρ(T (x), T 2(x)) + ρ(T 2(x), T (y))

≤ 2ρ(x, T (x)) + ρ(T (x), y)

≤ 3ρ(x, T (x)) + ρ(x, y).

This completes the proof. �

The following lemma is a consequence of Lemma 3.4 of [16].

Lemma 3.2. Let k > 0 and (X, ρ) be a CAT(k) space such that diam(X) ≤ π/2−ε√
k

for some ε ∈ (0, π/2) and let {zn} and {wn} be two sequences in X. Let {βn}
be a sequence in [0, 1] such that 0 < lim infn βn ≤ lim supn βn < 1. Suppose that
zn+1 = βnzn+(1−βn)wn for all n ∈ N and lim supn(ρ(wn+1, wn)−ρ(zn+1, zn)) ≤ 0.
Then limn ρ(wn, zn) = 0.

Lemma 3.3. Let k > 0 and (X, ρ) be a complete CAT(k) space with diam(X) ≤
π/2−ε√

k
for some ε ∈ (0, π/2). Let E be a nonempty closed convex subset of X, and

T : E −→ E be a fundamentally nonexpansive mapping. Define a sequence {xn}
by x1 ∈ E and xn+1 = αnT (xn)⊕ (1−αn)xn for all n ∈ N where {αn} ⊂ [0, 1] such
that 0 < lim infn αn ≤ lim supn αn < 1. Then limn−→∞ ρ(T (xn), xn) = 0.

Proof. Since T is fundamentally nonexpansive, we have

ρ(T (xn+1), T (xn)) = αnρ(T
2(xn), T (xn)) ≤ αnρ(T (xn), xn) = ρ(xn+1, xn)

for all n ∈ N and hence

ρ(T (xn+1), T (xn)) ≤ ρ(xn+1, xn).

This implies that

lim sup
n−→∞

(ρ(Txn+1, Txn)− ρ(xn+1, xn)) ≤ 0.

So, by Lemma 3.2, we have

lim
n−→∞

ρ(T (xn), xn) = 0.

This completes the proof. �

Theorem 3.1. Let k > 0 and (X, ρ) be a complete CAT(k) space with diam(X) ≤
π/2−ε√

k
for some ε ∈ (0, π/2). Let E be a nonempty closed convex subset of X, and

T : E −→ E be a fundamentally nonexpansive mapping. Then F (T ) is nonempty.

Proof. Define a sequence {xn} by x1 ∈ E and xn+1 = 1
2Txn ⊕ 1

2xn for all n ∈ N.
Suppose that A({xn}) = {z}. Then by Lemma 2.6, z ∈ E. By Lemma 3.3, we have
limn ρ(T (xn), xn) = 0 and by Lemma 3.1,

ρ(xn, T (z)) ≤ 3ρ(T (xn), xn) + ρ(xn, z).

Taking the limit superior on both sides in the above inequality, we obtain

lim sup
n−→∞

d(xn, T (z)) ≤ lim sup
n−→∞

d(xn, z).

Since A({xn}) = {z}, it must be the case that z = T (z). �

The following corollary shows that how we derive a result for CAT(0) spaces from
Theorem 3.1.
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Corollary 3.4. Let (X, ρ) be a complete CAT(0) space, E be a nonempty bounded
closed convex subset of X, and T : E −→ E be a fundamentally nonexpansive
mapping. Then F (T ) is nonempty.

Proof. It well known that every convex subset of a CAT(0) space, equipped with the
included metric, is a CAT(0) space (cf. [21]). Then (E, ρ) is a CAT(0) space and hence
it is a CAT(k) space for all k > 0. Notice also that E is R−convex for R = 2. Since
E is bounded, we can choose ε ∈ (0, π/2) and k > 0 so that diam(E) ≤ π/2−ε√

k
. The

conclusion follows from Theorem 3.1. �

Theorem 3.2. Let k > 0 and (X, ρ) be a complete CAT(k) space with diam(X) ≤
π/2−ε√

k
for some ε ∈ (0, π/2). Let E be a nonempty closed convex subset of X, and

T : E −→ E be a fundamentally nonexpansive mapping and F (T ) ̸= ∅. Then F (T )
is closed and convex.

Proof. We can prove by following the steps of the Theorem 4.1 of [3]. �

Theorem 3.3. Let k > 0 and (X, ρ) be a complete CAT(k) space with diam(X) ≤
π/2−ε√

k
for some ε ∈ (0, π/2). Let E be a nonempty closed convex subset of X, and

T : E −→ E be a fundamentally nonexpansive mapping. Let {xn} be a sequence in
E with limn ρ(T (xn), xn) = 0 and ∆− limn xn = z. Then z ∈ E and z = T (z).

Proof. Since ∆− limn xn = z, by Lemma 2.6, we have z ∈ E. It follows from Lemma
3.1 that

ρ(xn, T (z)) ≤ 3ρ(T (xn), xn) + ρ(xn, z).

Taking the limit superior on both sides in the above inequality, we obtain

lim sup
n−→∞

ρ(xn, T (z)) ≤ lim sup
n−→∞

ρ(xn, z).

By the uniqueness of asymptotic center, we obtain z = T (z). �

The following corollary shows that how we derive a result for CAT(0) spaces from
Theorem 3.3.

Corollary 3.5. Let (X, ρ) be a complete CAT(0) space, E be a nonempty bounded
closed convex subset of X, and T : E −→ E be a fundamentally nonexpansive
mapping. Let {xn} be a sequence in E with limn ρ(T (xn), xn) = 0 and ∆−limn xn =
z. Then z ∈ E and z = T (z).

Proof. It well known that every convex subset of a CAT(0) space, equipped with the
included metric, is a CAT(0) space (cf. [21]). Then (E, ρ) is a CAT(0) space and hence
it is a CAT(k) space for all k > 0. Notice also that E is R−convex for R = 2. Since
E is bounded, we can choose ε ∈ (0, π/2) and k > 0 so that diam(E) ≤ π/2−ε√

k
. The

conclusion follows from Theorem 3.3. �

Lemma 3.6. Let k > 0 and (X, ρ) be a complete CAT(k) space with diam(X) ≤
π/2−ε√

k
for some ε ∈ (0, π/2). Let E be a nonempty closed convex subset of X,

and T : E −→ E be a fundamentally nonexpansive mapping. Suppose {xn} is
a sequence in E such that limn ρ(T (xn), xn) = 0 and {ρ(xn, v)} converges for all
v ∈ F (T ), then ωw(xn) ⊂ F (T ). Here ωw(xn) :=

∪
A ({un}) where the union is

taken over all subsequences {un} of {xn}. Moreover, ωw(xn) consists of exactly one
point.
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Proof. Let u ∈ ωw(xn). Then there exists a subsequence {un} of {xn} such that
A({un}) = {u}. By Lemma 2.6, there exists a subsequence {vn} of {un} such that
∆− limn vn = v ∈ E. By Theorem 3.3, v ∈ F (T ). By Lemma 2.7, u = v. This shows
that ωw(xn) ⊂ F (T ). Next, we show that ωw(xn) consists of exactly one point. Let
{un} be subsequence of {xn} with A({un}) = {u} and let A({xn}) = {x}. Since
u ∈ ωw(xn) ⊂ F (T ), we have {ρ(xn, u)} converges. Again, by Lemma 2.7, x = u.
This completes the proof. �

Theorem 3.4. Let k > 0 and (X, ρ) be a complete CAT(k) space with diam(X) ≤
π/2−ε√

k
for some ε ∈ (0, π/2). Let E be a nonempty closed convex subset of X, and

T : E −→ E be a fundamentally nonexpansive mapping. Define a sequence {xn}
by x1 ∈ E and xn+1 = αnT (xn)⊕ (1−αn)xn for all n ∈ N where {αn} ⊂ [0, 1] such
that 0 < lim infn αn ≤ lim supn αn < 1. Then {xn} ∆− converges to a fixed point of
T.

Proof. By Lemma 3.3, we have limn ρ(T (xn), xn) = 0. By Theorem 3.1, F (T ) is
nonempty. Given z ∈ F (T ), by Lemma 3.1 we have

ρ(T (xn), z) ≤ 3ρ(T (z), z) + ρ(xn, z) ≤ ρ(xn, z).

This implies that

ρ(xn+1, z) = ρ(αnT (xn)⊕ (1− αn)xn, z)

≤ αnρ(T (xn), z) + (1− αn)ρ(xn, z)

≤ ρ(xn, z).

That is
ρ(xn+1, z) ≤ ρ(xn, z). (2)

Thus {ρ(xn, z)} is bounded and decreasing for all z ∈ F (T ), and so it is convergent.
By Lemma 3.6, ωw(xn) consists of exactly one point and is contained in F (T ). This
show that {xn} ∆− converges to an element of F (T ). �

Theorem 3.5. Let k > 0 and (X, ρ) be a complete CAT(k) space with diam(X) ≤
π/2−ε√

k
for some ε ∈ (0, π/2). Let E be a nonempty compact convex subset of X, and

T : E −→ E be a fundamentally nonexpansive mapping. Define a sequence {xn}
by x1 ∈ E and xn+1 = αnT (xn)⊕ (1−αn)xn for all n ∈ N where {αn} ⊂ [0, 1] such
that 0 < lim infn αn ≤ lim supn αn < 1. Then {xn} converges strongly to a fixed
point of T.

Proof. By Lemma 3.3, we have limn−→∞ ρ(T (xn), xn) = 0. Since E is compact,
there exists a subsequence {xnk

} of {xn} such that limk xnk
= z for some z ∈ E.

It follows from Lemma 3.1 that

ρ(xnk
, T (z)) ≤ 3ρ(T (xnk

), xnk
) + ρ(xnk

, z) for all k ∈ N.

Letting k −→ ∞, we have {xnk
} converges to T (z). This implies that z = T (z), that

is z ∈ F (T ). Following the proof of Theorem 3.4, we obtain limn ρ(xn, z) exists for
all z ∈ F (T ), it must be the case that limn ρ(xn, z) = 0. Therefore we obtain the
desired result. �

Recall that a mapping T : E −→ E is said to satisfy condition (I) if there exists
a nondecreasing function f : [0,∞) −→ [0,∞) with f(0) = 0 and f(r) > 0 for
all r > 0 such that ρ(x, T (x)) ≥ f (ρ(x, F (T ))) for all x ∈ E, where ρ (x, F (T )) =
infz∈F (T ) ρ(x, z).
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Theorem 3.6. Let k > 0 and (X, ρ) be a complete CAT(k) space with diam(X) ≤
π/2−ε√

k
for some ε ∈ (0, π/2). Let E be a nonempty closed convex subset of X, and

T : E −→ E be a fundamentally nonexpansive mapping satisfies the condition
(I). Define a sequence {xn} by x1 ∈ E and xn+1 = αnT (xn) ⊕ (1 − αn)xn for all
n ∈ N where {αn} ⊂ [0, 1] such that 0 < lim infn αn ≤ lim supn αn < 1. Then {xn}
converges strongly to a fixed point of T.

Proof. By condition (I), we have

f (ρ (xn, F (T ))) ≤ ρ(xn, T (xn)) for all n ∈ N.

It follows from Lemma 3.3 that

lim
n−→∞

f (ρ (xn, F (T ))) = 0.

This implies that there exists a subsequence {xnk
} of {xn} such that

ρ(xnk
, zk) ≤

1

2k
for all k ∈ N. (3)

Where {zk} ⊂ F (T ). By (2), we have

ρ(xnk+1
, zk) ≤ ρ(xnk

, zk) ≤
1

2k
.

Hence

ρ(zk+1, zk) ≤ ρ(zk+1, xnk+1
) + ρ(xnk+1

, zk)

≤ 1

2(k+1)
+

1

2k
<

1

2k−1
−→ 0 as k −→ ∞.

This shows that {zk} is a Cauchy in F (T ). Since F (T ) is closed in X, there exists a
point z in F (T ) such that limk−→∞ zk = z. It follows from (3) that limk−→∞ xk = z.
Since limn−→∞ ρ(xn, z) exists, it must be the case that limn−→∞ ρ(xn, z) = 0.
Therefore we obtain the desired result. �
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COUPLED FIXED POINTS IN PARTIALLY ORDERED METRIC SPACES BY

SAMET,S METHOD AND APPLICATION

HOJJAT AFSHARI1

Department of Mathematics, Basic Science Faculty, University of Bonab, Bonab 5551761167, Iran

In 2006, Bhaskar and Lakshmikantham proved a fixed point theorem for a mixed
monotone mapping in a metric space endowed with partial order, using a weak con­
tractivity type of assumption. Recently Luong and Thuan proved some results of
coupled fixed point that generalized main results of them. In this paper, By using the
samet,s method and by using different conditions we prove some coupled fixed point
theorems for mapping having mixed monotone property in partially ordered metric
space. Also by considering the results of Berinde and Burcut and using the main idea
of Samet and Vetro extend the concept of α−admissibility for tripled fixed point the­
orems in metric spaces. As an application, we discuss the existence and solution of a
nonlinear integral equation.

KEYWORDS : Coupled fixed point, Tripled fixed point, Mixed monotone mapping, Integral
equation.
AMS Subject Classification: 54H25, 47H10

1. INTRODUCTION

In 1987, Guo and Lakshmikantham introduced the notion of coupled fixed
points [6]. In the last decade of the previous century other authors obtained im­
portant results in this area. In 2006 Bhaskar and Lakshmikantham introduced
notions of a mixed monotone mapping and a coupled fixed point [7]. They proved
fixed point theorem for a mixed monotone mapping in a metric space endowed with
partial order, using a weak contractivity type of assumption.
Recently Luong and Thuan proved some results of coupled fixed point that gener­
alized main results of them [10].
Let us recall some basic definitions of mixed monotone property and α­admissiblity,
[11]­[10].
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Definition 1.1. [7], Let (X,≤) be a partially ordered set and F : X × X → X.
The mapping F is said to have the mixed monotone property if F (x, y) is monotone
non­decreasing in x and is monotone non­increasing in y, that is, for any x, y ∈ X,
x1, x2 ∈ X, x1 ≤ x2 =⇒ F (x1, y) ≤ F (x2, y)

and
y1, y2 ∈ X, y1 ≤ y2 =⇒ F (x, y1) ≥ F (x, y2).

Definition 1.2. [7], An element (x, y) ∈ X ×X is called coupled fixed point of the
mapping F : X ×X → X if x = F (x, y), and y = F (y, x).

Definition 1.3. [2], An element (x, y, z) ∈ X×X×X is called a tripled fixed point
of F : X ×X ×X → X if F (x, y, z) = x, F (y, z, x) = y, and F (z, x, y) = z.

Definition 1.4. [11], Let (X, d) be a metric space and T : X → X be a given
mapping. we say that T is an α − ψ − contractive mapping, if there exist two
functions ψ ∈ Ψ and α : X ×X → [0,∞) such that :

α(x, y)d(Tx, Ty) ≤ ψ(d(x, y)) forall x, y ∈ X.

Definition 1.5. [11], Let T : X → X and α : X × X → [0,∞). we say that T is
α− admissible if

x, y ∈ X, α(x, y) ≥ 1 ⇒ α(Tx, Ty) ≥ 1.

Definition 1.6. [9] Let f : X → X and α : X×X → (−∞,+∞). We say that f is a
triangular α−admissible mapping if (T1) α(x, y) ≥ 1 ⇒ α(fx, fy) ≥ 1, x, y ∈ X
(T2) {

α(x, z) ≥ 1
α(z, y) ≥ 1

implies α(x, y) ≥ 1, x, y, z ∈ X.

Example 1.7. [9] Let X = R, fx = ex
7

and α(x, y) = 5
√
x− y + 1. Hence, f is a

triangular α−admissible mapping. Again, if α(x, y) = 5
√
x− y + 1 ≥ 1 then x ≥ y

which implies fx ≥ fy. That is, α(fx, fy) ≥ 1. Moreover, if{
α(x, z) ≥ 1;
α(z, y) ≥ 1,

then x− y ≥ 0, and hence α(x, y) ≥ 1.

Lemma 1.8. [11] (A Coupled Fixed Point is a Fixed Point). Let F : X ×X → X be a
given mapping. Define the mapping T : X ×X −→ X ×X by

T (x, y) = (F (x, y), F (y, x)), forall (x, y) ∈ X ×X.

Then, (x, y) is a coupled fixed point of F if and only if (x, y) is a fixed point of T .

Let Φ denote all functions φ : [0,∞) → [0,∞) which satisfy
(i) φ is continuous and non­decreasing,
(ii) φ(t) = 0 if and only if t = 0,
(iii)φ(t+ s) ≤ φ(t) + φ(s), ∀t, s ∈ [0,∞)
and Ψ denote all functions ψ : [0,∞) → [0,∞) which satisfy limt→rψ(t) > 0 for all
r > 0 and limt→o+ψ(t) = 0.
In [10] the authors gave examples of this functions.

Theorem 1.9. (see [11] ) let (X, d) be a complete metric space and T : X → X be
an α− ψ−contractive mapping satisfying the following condition:
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(i) T is α−admissible,
(ii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1,
(iii) T is continuous.

Then, T has a fixed point, that is, there exists x∗ ∈ X such that Tx∗ = x∗.

Theorem 1.10. [10]Let (X,≤) be a partially ordered set and suppose there is a
metric d on X such that (X, d) is a complete metric space. let F : X × X → X
be a mapping having the mixed monotone property on X such that there exist two
elements x0, y0 ∈ X with

x0 ≤ F (xo, y0) and y0 ≥ F (y0, x0).

Suppose there exist φ ∈ Φ and ψ ∈ Ψ such that

φ(d(F (x, y), F (u, v))) ≤ 1
2φ(d(x, u) + d(y, v))− ψ

(
d(x,u)+d(y,v)

2

)
for all x, y, u, v ∈ X with x ≥ u and y ≤ v. Suppose either

(a) F is continuous or
(b) X has the following property:

(i) if a non­decreasing sequence {xn} → x, then xn ≤ x for all n,
(ii) if a non­increasing sequence {yn} → y, then y ≤ yn for all n,

then F has a coupled fixed point in X.

2. The main results

Theorem 2.1. Let (X, d) be a complete metric space and F : X × X → X be a
mapping having the mixed monotone property on X. suppose that there exist ψ ∈ Ψ
and φ ∈ Φ and a function α : X2 ×X2 → [0,∞) such that

α
(
(x, y), (u, v)

)
φ
(
d
(
F (x, y), F (u, v)

))
≤ 1

2
φ
(
d(x, u) + d(y, v)

)
− ψ

(d(x, u) + d(y, v)

2

)
.

(2.1)

if F is α− admissible and there exists (x0, y0) ∈ X ×X such that

α((x0, y0), (F (x0, y0), F (y0, x0))) ≥ 1 and α((F (y0, x0), F (x0, y0)), (y0, x0)) ≥ 1,

and there exists x0, y0 ∈ X such that

x0 ≤ F (x0, y0) and y0 ≥ F (y0, x0),

and for all x, y, u, v ∈ X Suppose either

(a) F is continuous or
(b) X has the following property:

(i) if a non­decreasing sequence {xn} → x, then xn ≤ x for all n,
(ii) if a non­increasing sequence {yn} → y, then y ≤ yn for all n

then F has a coupled fixed point in X.

Proof. Let x0, y0 ∈ X be such that x0 ≤ F (x0, y0) and y0 ≥ F (x0, yo). we construct
sequences {xn} and {yn} in X as follows

xn+1 = F (xn, yn) and yn+1 = F (yn, xn) for all n ≥ 0 (2.2)

We shall show that

xn ≤ xn+1 and yn ≥ yn+1 for all n ≥ 0. (2.3)

We shall use the mathematical induction.
Let n = 0. Since x0 ≤ F (x0, y0) and y0 ≥ F (y0, x0) and x1 = F (x0, y0) and

y1 = F (y0, x0), we have x0 ≤ x1 and y0 ≥ y1 thus (2.28) hold for n = 0.
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Now suppose that (2.28) hold for some fixed n ≥ 0, then since xn ≤ xn+1 and
yn ≥ yn+1, and by mixed monotone property of F , we have

xn+2 = F (xn+1, yn+1) ≥ F (xn, yn+1) ≥ F (xn, yn) = xn+1 (2.4)

yn+2 = F (yn+1, xn+1) ≤ F (yn, xn+1) ≤ F (yn, xn) = yn+1 (2.5)

Now from (2.29) and (2.30), we obtain
xn+1 ≤ xn+2 and yn+1 ≥ yn+2.
Thus by the mathematical induction we conclude that (2.28) hold for all n ≥ 0.
Since xn ≥ xn−1 and yn ≤ yn−1, so we have

φ(d(xn, xn+1)) = φ(d(F (xn, yn), F (xn−1, yn−1)))

≤ α
(
(xn−1, yn−1),

(
F (xn−1, yn−1), F (yn−1, xn−1)

))
φ
(
d(F (xn, yn), F (xn−1, yn−1))

)
≤ 1

2
φ
(
d(xn−1, xn) + d(yn−1, yn))− ψ

(d(xn−1, xn) + d(yn−1, yn)

2

)
. (2.6)

φ(d(yn, yn+1)) = φ
(
d(F (yn−1, xn−1), F (yn, xn))

)
≤ α

(
(F (yn−1, xn−1), F (xn−1, yn−1)), (yn−1, xn−1)

)
φ
(
d(F (yn−1, xn−1), F (yn, xn))

)
≤ 1

2
φ
(
d(yn−1, yn) + d(xn−1, xn)

)
− ψ

(d(yn−1, yn) + d(xn−1, xn)

2

)
. (2.7)

Adding (2.33) to (2.36 ), we get

β((ζ1, ζ2), (η1, η2))
(
φ(d(F (xn, yn), F (xn−1, yn−1))) + φ(d(F (yn−1, xn−1), F (yn, xn)))

)
≤ φ

(
d(xn, xn−1) + d(yn, yn−1)

)
− 2ψ

(d(xn, xn−1) + d(yn, yn−1)

2

)
. (2.8)

with

β
(
(ζ1, ζ2), (η1, η2)

)
= min

{
α
(
(xn−1, yn−1),

(
F (xn−1, yn−1), F (yn−1, xn−1)

))
,

(2.9)

α
((
F (yn−1, xn−1), F (xn−1, yn−1)

)
, (xn−1, yn−1)

)}
.

(2.10)

If we consider Y = X ×X, so we can define β : Y × Y → [0,∞), such that for all
ζ = (ζ1, ζ2), η = (η1, η2) ∈ Y

β((ζ1, ζ2), (η1, η2)) = min{α((ζ1, ζ2), (η1, η2)), α((η2, η1), (ζ2, ζ1)).

and T : Y → Y is given by (1.8). let ζ = (ζ1, ζ2), η = (η1, η2) ∈ Y such that
β(ζ, η) ≥ 1, we obtain immediately that β(Tζ, Tη) ≥ 1. also there exists (x0, y0) ∈
Y such that:

β
(
(x0, y0), (F (x0, y0), F (y0, x0))

)
≥ 1. (2.11)

By property (iii) of φ, we have

φ
(
d(xn+1, xn) + d(yn+1, yn)

)
≤ φ(d(xn+1, xn)) + φ(d(yn, yn+1)). (2.12)

From (2.37), (2.40) and (2.41), we have

φ
(
d(xn+1, xn) + d(yn+1, yn)

)
≤ β((xn, yn), (xn−1, yn−1))φ

(
d(xn+1, xn) + d(yn+1, yn)

)
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≤ φ
(
d(xn, xn−1) + d(yn, yn−1)

)
− 2ψ

(d(xn, xn−1) + d(yn, yn−1)

2

)
.

(2.13)

Which implies

φ
(
d(xn+1, xn) + d(yn+1, yn)

)
≤ φ

(
d(xn, xn−1) + d(yn, yn−1)

)
.

Using the fact that φ is non­decreasing, we get

d(xn+1, xn) + d(yn+1, yn) ≤ d(xn, xn−1) + d(yn, yn−1).

Set δn = d(xn+1, xn) + d(yn+1, yn) then sequence {δn} is decreasing. Therefore,
there is some δ ≥ 0 such that

limn→∞δn = limn→∞[d(xn+1, xn) + d(yn+1, yn)] = δ. (2.14)

We shall show that δ = 0. Suppose to the contrary, that δ > 0, Then taking the limit
as n→ ∞ of both sides of (2.41) and have in mind that we suppose limt→r ψ(t) > 0
for all r > 0 and φ is continuous, we have

φ(δ) = lim
n→∞

φ(δn) = lim
n→∞

[
φ(δn−1)− 2ψ

(δn−1

2

)]
= φ(δ)− 2 lim

δn−1→δ
ψ
(δn−1

2

)
< φ(δ).

a contradiction. Thus δ = 0, that is,

limn→∞δn = limn→∞

[
d(xn+1, xn) + d(yn+1, yn)

]
= 0. (2.15)

In what follows, we shall prove that {xn} and {yn} are Cauchy sequences. Suppose,
to the contrary, that at least of {xn} or {yn} is not Cauchy sequence. Then there
exists an ε > 0 for which we can find subsequences {xn(k)}, {xm(k)} of {xn} and
{yn(k)}, {ym(k)} of {yn} with n(k) > m(k) ≥ k such that

d(xn(k), xm(k)) + d(yn(k), ym(k)) ≥ ε. (2.16)

Further,corresponding to m(k), we can choose n(k) in such a way that it is the
smallest integer with n(k) > m(k) ≥ k and satisfying (2.45). Then

d(xn(k)−1, xm(k)) + d(yn(k)−1, ym(k)) < ε. (2.17)

Using (2.45), (2.46) and the triangle inequality, we have

ε ≤ rk : = d(xn(k), xm(k)) + d(yn(k), ym(k))

≤ d(xn(k), xn(k)−1) + d(xn(k)−1, xm(k)) + d(yn(k), yn(k)−1) + d(yn(k)−1, ym(k))

≤ d(xn(k), xn(k)−1) + d(yn(k), yn(k)−1) + ε.

Letting k → ∞ and using (2.44)

limk→∞rk = limk→∞

[
d(xn(k), xm(k)) + d(yn(k), ym(k))

]
= ε. (2.18)

By the triangle inequality

rk = d(xn(k), xm(k)) + d(yn(k), ym(k)) ≤ d(xn(k), xn(k)+1) + d(xn(k)+1, xm(k)+1)

+ d(xm(k)+1, xm(k)) + d(yn(k), yn(k)+1)

+ d(yn(k)+1, ym(k)+1) + d(ym(k)+1, ym(k))

= δn(k) + δm(k) + d(xn(k)+1, xm(k)+1) + d(yn(k)+1, ym(k)+1).
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Using the property of φ, we have
φ(rk) = φ

(
δn(k) + δm(k) + d(xn(k)+1, xm(k)+1) + d(yn(k)+1, ym(k)+1)

)
≤ φ(δn(k) + δm(k)) + φ(d(xn(k)+1, xm(k)+1)) + φ(d(yn(k)+1, ym(k)+1)). (2.19)

Since n(k) > m(k), hence xn(k) ≥ xm(k) and yn(k) ≤ ym(k). so we have

φ
(
d(xn(k)+1, xm(k)+1)

)
= φ

(
d(F (xn(k), yn(k)), F (xm(k), ym(k)))

)
(2.20)

≤ α
(
(xn(k), yn(k)), (xm(k), ym(k))

)
φ
(
d(F (xn(k), yn(k)), F (xm(k), ym(k)))

)
(2.21)

≤ 1

2
φ
(
d(xn(k), xm(k)) + d(yn(k), ym(k))

)
− ψ

(d(xn(k), xm(k)) + d(yn(k), ym(k))

2

)
(2.22)

= 1
2φ(rk)− ψ

(
rk
2

)
, (2.23)

and

φ
(
d(yn(k)+1, ym(k)+1)

)
= φ

(
d(F (yn(k), xn(k)), F (ym(k), xm(k)))

)
≤ α

(
(yn(k), xn(k)), (ym(k), xm(k))

)
φ
(
d(F (yn(k), xn(k)), F (ym(k), xm(k)))

)
≤ 1

2
φ
(
d(yn(k), ym(k)) + d(xn(k), xm(k))

)
− ψ

(d(yn(k), ym(k)) + d(xn(k), xm(k))

2

)
= 1

2φ(rk)− ψ
(

rk
2

)
. (2.24)

From (2.48)­(2.52), we have

φ(rk) ≤ φ
(
δn(k) + δm(k)

)
+ φ(rk)− 2ψ

(
rk
2

)
.

a contradiction. Therefore {xn} and {yn} are Cauchy sequences. Since X is
complete metric space, there exist x, y ∈ X such that

limn→∞xn = x and limn→∞yn = y. (2.25)

Now, suppose F is continuous. Taking the limit as n→ ∞ in (2.27) and by (2.53),
we get

x = limn→∞xn = limn→∞F (xn−1, yn−1) = F
(
limn→∞xn−1, limn→∞yn−1

)
=

F (x, y)

and

y = limn→∞yn = limn→∞F (yn−1, xn−1) = F
(
limn→∞yn−1, limn→∞xn−1

)
=

F (y, x).

Therefore F has coupled fixed point.
Finally, suppose that (b) holds. by assumption (b), we have xn ≥ x and yn ≤ y for
all n. Since

d(x, F (x, y)) ≤ d(x, xn+1) + d(xn+1, F (x, y)) = d(x, xn+1) + d(F (xn, yn), F (x, y))

Therefore

φ
(
d(x, F (x, y))

)
≤ φ

(
d(x, xn+1)

)
+ φ

(
d(F (xn, yn), F (x, y))

)
≤ φ

(
d(x, xn+1)

)
+ α

(
(xn, yn), (x, y)

)
φ
(
d(F (xn, yn), F (x, y))

)
≤ φ

(
d(x, xn+1)

)
+ 1

2φ
(
d(xn, x) + d(yn, y)

)
− ψ

(
d(xn,x)+d(yn,y)

2

)
.
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Taking the limit of above inequality, using (2.53) and the property of ψ, we get
φ
(
d(x, F (x, y))

)
= 0, thus d(x, F (x, y)) = 0. Hence x = F (x, y). Similarly, one can

show that y = F (y, x).
Thus we proved that F has a coupled fixed point. �

Theorem 2.1. In addition to hypothesis of Theorem 2.1, if x0 and y0 are comparable
then F has a Fixed point.

Proof. By using a similar proof in Theorem (2.6) of [10] we can deduce the proof. �

Corollary 2.2. In Theorem 2.1, if 2.1 replaced with:

α
(
(x, y), (u, v)

)
φ
(
d
(
F (x, y), F (u, v)

))
≤ 1

4
φ
(
d(x, u) + d(y, v) + d(u, F (u, v)) + d(v, F (v, u))

)
−ψ

(d(x, u) + d(y, v) + d(u, F (u, v)) + d(v, F (v, u)

4

)
.

(2.26)

for all (x, y), (u, v) ∈ X ×X, then F has coupled fixed point.

Proof. Let x0, y0 ∈ X be such that x0 ≤ F (x0, y0) and y0 ≥ F (x0, yo). we constract
sequences {xn} and {yn} in X as follows

xn+1 = F (xn, yn) and yn+1 = F (yn, xn) for all n ≥ 0 (2.27)

We shall show that

xn ≤ xn+1 and yn ≥ yn+1 for all n ≥ 0. (2.28)

We shall use the mathematical induction. Let n = 0. Since x0 ≤ F (x0, y0) and
y0 ≥ F (y0, x0) and x1 = F (x0, y0) and y1 = F (y0, x0), we have x0 ≤ x1 and y0 ≥ y1
thus (2.28) hold for n = 0.
Now suppose that (2.28) hold for some fixed n ≥ 0, then since xn ≤ xn+1 and
yn ≥ yn+1, and by mixed monotone property of F , we have

xn+2 = F (xn+1, yn+1) ≥ F (xn, yn+1) ≥ F (xn, yn) = xn+1 (2.29)

yn+2 = F (yn+1, xn+1) ≤ F (yn, xn+1) ≤ F (yn, xn) = yn+1 (2.30)

Now from (2.29) and (2.30), we obtain
xn+1 ≤ xn+2 and yn+1 ≥ yn+2.
Thus by the mathematical induction we conclude that (2.28) hold for all n ≥ 0.
Since xn ≥ xn−1 and yn ≤ yn−1, so we have

φ(d(xn, xn+1)) = φ(d(F (xn−1, yn−1), F (xn, yn))) (2.31)

≤ α
(
(xn−1, yn−1),

(
F (xn−1, yn−1), F (yn−1, xn−1)

))
φ
(
d(F (xn−1, yn−1), F (xn, yn))

)
(2.32)

≤ 1

4
φ
(
d(xn−1, xn) + d(yn−1, yn) + d(xn−1, F (xn−1, yn−1)) + d(yn−1, F (yn−1, xn−1))

)
−ψ

(d(xn−1, xn) + d(yn−1, yn) + d(xn−1, F (xn−1, yn−1)) + d(yn−1, F (yn−1, xn−1))

4

)
≤ 1

2
φ
(
d(xn−1, xn) + d(yn−1, yn)

)
− ψ

(d(xn−1, xn) + d(yn−1, yn)

2

)
(2.33)

φ(d(yn, yn+1)) = φ(d(F (yn−1, xn−1), F (yn, xn))) (2.34)
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≤ α
((
F (yn−1, xn−1), F (xn−1, yn−1)

)
, (yn−1, xn−1)

)
φ
(
d(F (yn−1, xn−1), F (yn, xn))

)
(2.35)

≤ 1

4
φ
(
d(yn−1, yn) + d(xn−1, xn) + d(yn−1, F (yn−1, xn−1)) + d(xn−1, F (xn−1, yn−1))

)
− ψ

(d(yn−1, yn) + d(xn−1, xn) + d(yn−1, F (yn−1, xn−1)) + d(xn−1, F (xn−1, yn−1))

4

)
≤ 1

2
φ
(
d(yn−1, yn) + d(xn−1, xn)

)
− ψ

(d(yn−1, yn) + d(xn−1, xn)

2

)
. (2.36)

Adding (2.33) to (2.36 ), we get

β((ζ1, ζ2), (η1, η2))
(
φ
(
d(F (xn, yn), F (xn−1, yn−1))

)
+ φ

(
d(F (yn−1, xn−1), F (yn, xn))

))
≤ φ

(
d(xn, xn−1) + d(yn, yn−1)

)
− 2ψ

(d(xn, xn−1) + d(yn, yn−1)

2

)
. (2.37)

With

β
(
(ζ1, ζ2), (η1, η2)

)
= min

{
α
(
(xn−1, yn−1),

(
F (xn−1, yn−1), F (yn−1, xn−1)

))
,

(2.38)

α
((
F (yn−1, xn−1), F (xn−1, yn−1)

)
, (xn−1, yn−1)

)}
.

(2.39)

If we consider Y = X ×X, so we can define β : Y × Y → [0,∞), such that for all
ζ = (ζ1, ζ2), η = (η1, η2) ∈ Y

β((ζ1, ζ2), (η1, η2)) = min{α((ζ1, ζ2), (η1, η2)), α((η2, η1), (ζ2, ζ1)).

and T : Y → Y is given by (1.8). let ζ = (ζ1, ζ2), η = (η1, η2) ∈ Y such that
β(ζ, η) ≥ 1, we obtain immediately that β(Tζ, Tη) ≥ 1. also there exists (x0, y0) ∈
Y such that:

β
(
(x0, y0), (F (x0, y0), F (y0, x0))

)
≥ 1. (2.40)

By property (iii) of φ, we have

φ
(
d(xn+1, xn) + d(yn+1, yn)

)
≤ φ(d(xn+1, xn)) + φ(d(yn, yn+1)). (2.41)

From (2.37), (2.40) and (2.41), we have

φ
(
d(xn+1, xn) + d(yn+1, yn)

)
≤ β((xn, yn), (xn−1, yn−1))φ

(
d(xn+1, xn) + d(yn+1, yn)

)
≤ φ

(
d(xn, xn−1) + d(yn, yn−1)

)
− 2ψ

(d(xn, xn−1) + d(yn, yn−1)

2

)
.

(2.42)

Which implies

φ
(
d(xn+1, xn) + d(yn+1, yn)

)
≤ φ

(
d(xn, xn−1) + d(yn, yn−1)

)
.

Using the fact that φ is non­decreasing, we get

d(xn+1, xn) + d(yn+1, yn) ≤ d(xn, xn−1) + d(yn, yn−1).
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Set δn = d(xn+1, xn) + d(yn+1, yn) then sequence {δn} is decreasing. Therefore,
there is some δ ≥ 0 such that

limn→∞δn = limn→∞[d(xn+1, xn) + d(yn+1, yn)] = δ. (2.43)

We shall show that δ = 0. Suppose to the contrary, that δ > 0, Then taking the limit
as n→ ∞ of both sides of (2.41) and have in mind that we suppose limt→r ψ(t) > 0
for all r > 0 and φ is continuous, we have

φ(δ) = lim
n→∞

φ(δn) = lim
n→∞

[
φ(δn−1)− 2ψ

(δn−1

2

)]
= φ(δ)− 2 lim

δn−1→δ
ψ
(δn−1

2

)
< φ(δ).

a contradiction. Thus δ = 0, that is,

limn→∞δn = limn→∞

[
d(xn+1, xn) + d(yn+1, yn)

]
= 0. (2.44)

In what follows, we shall prove that {xn} and {yn} are Cauchy sequences. Suppose,
to the contrary, that at least of {xn} or {yn} is not Cauchy sequence. Then there
exists an ε > 0 for which we can find subsequences {xn(k)}, {xm(k)} of {xn} and
{yn(k)}, {ym(k)} of {yn} with n(k) > m(k) ≥ k such that

d(xn(k), xm(k)) + d(yn(k), ym(k)) ≥ ε. (2.45)

Further,corresponding to m(k), we can choose n(k) in such a way that it is the
smallest integer with n(k) > m(k) ≥ k and satisfying (2.45). Then

d(xn(k)−1, xm(k)) + d(yn(k)−1, ym(k)) < ε. (2.46)

Using (2.45), (2.46) and the triangle inequality, we have

ε ≤ rk := d(xn(k), xm(k)) + d(yn(k), ym(k))

+ d(xm(k), F (xm(k), ym(k))) + d(ym(k), F (ym(k), xm(k)))

≤ d(xn(k), xn(k)−1) + d(xn(k)−1, xm(k)) + d(yn(k), yn(k)−1) + d(yn(k)−1, ym(k))

+ d(xm(k), xm(k+1)) + d(ym(k), ym(k+1))

≤ δn(k−1) + ε+ δm(k) ≤ 2δn(k−1) + ε.

Letting k → ∞ and using (2.44)

limk→∞rk = limk→∞

[
d(xn(k), xm(k)) + d(yn(k), ym(k))

+d(xm(k), F (xm(k), ym(k))) + d(ym(k), F (ym(k), xm(k)))
]
= ε. (2.47)

By the triangle inequality

rk = d(xn(k), xm(k)) + d(yn(k), ym(k))

+ d(xm(k), F (xm(k), ym(k))) + d(ym(k), F (ym(k), xm(k)))

≤ d(xn(k), xn(k)+1) + d(xn(k)+1, xm(k)+1) + d(xm(k)+1, xm(k)) + d(yn(k), yn(k)+1)

+ d(yn(k)+1, ym(k)+1) + d(ym(k)+1, ym(k)) + d(xm(k), xm(k+1)) + d(ym(k), ym(k+1))

= δn(k) + 2δm(k) + d(xn(k)+1, xm(k)+1) + d(yn(k)+1, ym(k)+1).

Using the property of φ, we have
φ(rk) = φ

(
δn(k) + 2δm(k) + d(xn(k)+1, xm(k)+1) + d(yn(k)+1, ym(k)+1)

)
≤ φ(δn(k) + 2δm(k)) + φ(d(xn(k)+1, xm(k)+1)) + φ(d(yn(k)+1, ym(k)+1)). (2.48)
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Since n(k) > m(k), hence xn(k) ≥ xm(k) and yn(k) ≤ ym(k). so we have

φ
(
d(xn(k)+1, xm(k)+1)

)
= φ

(
d(F (xn(k), yn(k)), F (xm(k), ym(k)))

)
(2.49)

≤ α
(
(xn(k), yn(k)), (xm(k), ym(k))

)
φ
(
d(F (xn(k), yn(k)), F (xm(k), ym(k)))

)
≤ 1

4
φ
(
d(xn(k), xm(k)) + d(yn(k), ym(k)) + d(xm(k), F (xm(k), ym(k))) + d(ym(k), F (ym(k), xm(k)))

)
− ψ

(d(xn(k), xm(k)) + d(yn(k), ym(k)) + d(xm(k), F (xm(k), ym(k))) + d(ym(k), F (ym(k), xm(k)))

4

)
=

1

4
φ(rk)− ψ

(rk
4

)
(2.50)

φ
(
d(yn(k)+1, ym(k)+1)

)
= φ

(
d(F (yn(k), xn(k)), F (ym(k), xm(k)))

)
(2.51)

≤ α
(
(yn(k), xn(k)), (ym(k), xm(k))

)
φ
(
d(F (yn(k), xn(k)), F (ym(k), xm(k)))

)
≤ 1

4
φ
(
d(yn(k), ym(k)) + d(xn(k), xm(k)) + d(ym(k), F (ym(k), xm(k))) + d(xm(k), F (xm(k), ym(k)))

)
−ψ

(d(yn(k), ym(k)) + d(xn(k), xm(k)) + d(ym(k), F (ym(k), xm(k))) + d(xm(k), F (xm(k), ym(k)))

4

)
=

1

4
φ(rk)− ψ

(rk
4

)
.

(2.52)

From (2.48)­(2.52), we have

φ(rk) ≤ φ
(
δn(k) + 2δm(k)

)
+ 1

2φ(rk)− 2ψ
(

rk
4

)
.

Letting k → ∞ and using (2.44) and (2.47), we have

φ(ε) ≤ φ(0) + 1
2φ(ε)− 2limk→∞ψ

(
rk
4

)
= 1

2φ(ε)− 2limrk→εψ
(

rk
4

)
< φ(ε),

a contradiction. Therefore {xn} and {yn} are Cauchy sequences. Since X is
complete metric space, there exist x, y ∈ X such that

limn→∞xn = x and limn→∞yn = y. (2.53)

Now, suppose F is continuous. Taking the limit as n→ ∞ in (2.27) and by (2.53),
we get

x = limn→∞xn = limn→∞F (xn−1, yn−1) = F
(
limn→∞xn−1, limn→∞yn−1

)
=

F (x, y)

and

y = limn→∞yn = limn→∞F (yn−1, xn−1) = F
(
limn→∞yn−1, limn→∞xn−1

)
=

F (y, x).

Therefore F has coupled fixed point.
Finally, suppose that (b) holds. by assumption (b), we have xn ≥ x and yn ≤ y for
all n. Since

d(x, F (x, y)) ≤ d(x, xn+1) + d(xn+1, F (x, y)) = d(x, xn+1) + d(F (xn, yn), F (x, y)).
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Therefore

φ
(
d(x, F (x, y))

)
≤ φ

(
d(x, xn+1)

)
+ φ

(
d(F (xn, yn), F (x, y))

)
≤ φ

(
d(x, xn+1)

)
+ α

(
(xn, yn), (x, y)

)
φ
(
d(F (xn, yn), F (x, y))

)
≤ φ

(
d(x, xn+1)

)
+

1

4
φ
(
d(xn, x) + d(yn, y) + d(xn, F (xn, yn)) + d(yn, F (yn, xn))

)
−ψ

(d(xn, x) + d(yn, y) + d(yn, F (yn, xn)) + d(xn, F (xn, yn))

4

)
= φ

(
d(x, xn+1)

)
+

1

4
φ
(
d(xn, x) + d(yn, y) + d(xn, xn+1) + d(yn, yn+1)

)
−ψ

(d(xn, x) + d(yn, y) + d(yn, yn+1) + d(xn, xn+1)

4

)
= φ

(
d(x, xn+1)

)
+

1

4
φ
(
d(xn, x) + d(yn, y) + δn

)
− ψ

(d(xn, x) + d(yn, y) + δn
4

)
.

(2.54)

Taking the limit of above inequality, using (2.53) and the property of ψ, we get
φ
(
d(x, F (x, y))

)
= 0, thus d(x, F (x, y)) = 0. Hence x = F (x, y). Similarly, one can

show that y = F (y, x).
Thus we proved that F has a coupled fixed point. �

Theorem 2.2. Let (X, d) be a complete metric space α : X ×X → [0,∞) a function,
ψ ∈ Ψ, and T : X → X be a continuous, non­decreasing triangular α−admissible
mapping such that

α(x, y)ψ
(
d(Tx, Ty)

)
≤ ψ

(1
2

(
d(x, Ty) + d(y, Tx)

))
− φ

(
d(x, Ty), d(y, Tx)

)
.

(2.55)

For all x, y ∈ X,
where φ : [0,∞) × [0,∞) → [0,∞) is a continuous function such that φ(x, y) = 0 if
and only if x = y. and there exists x0 ∈ X such that α(x0, Tx0) ≥ 1. Then T has a
fixed point.

Proof. Take x0 ∈ X such that α(x0, Tx0) ≥ 1 and define sequence {xn} in X with
xn+1 = Txn.
α(x0, Tx0) = α(x0, x1) ≥ 1 ⇒ α(Tx0, Tx1) = α(x1, x2) ≥ 1.
By continuity of this process we have α(xn, xn+1) ≥ 1, Thus

ψ
(
d(xn, xn+1)

)
= ψ

(
d(Txn−1, Txn)

)
≤ α(xn−1, xn)ψ

(
d(Txn−1, Txn)

)
≤ ψ

(1
2

(
d(xn−1, Txn) + d(xn, Txn−1)

))
− φ

(
d(xn−1, Txn), d(xn, Txn−1)

)
≤ ψ

(1
2

(
d(xn−1, xn+1) + d(xn, xn)

))
− φ

(
d(xn−1, xn+1), d(xn, xn)

)
≤ ψ

(1
2

(
d(xn−1, xn+1)

))
− φ

(
d(xn−1, xn+1), 0

)
≤ ψ

(1
2
d(xn−1, xn+1)

)
.

Since ψ is non­decreasing function, we get

ψ
(
d(xn, xn+1)

)
≤ ψ

(
1
2d(xn1 , xn+1)

)
⇒ d(xn, xn+1 ≤ 1

2d(xn−1, xn+1).

Hence d(xn, xn+1)n>1 is non­decreasing sequence and there is r > 0 such that

r = lim
n→∞

d(xn, xn+1). (2.56)

Also we have
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d(xn, xn+1) ≤ 1
2d(xn−1, xn+1) ≤ 1

2 (d(xn−1, xn) + d(xn, xn+1))

limn→∞d(xn−1, xn+1) = 2r Letting n→ ∞ and using (2.56), we get

r ≤ limn→∞
1
2d(xn−1, xn+1) ≤ 1

2 (r + r).

Hence by using of continuity ψ,φ, we have

ψ(r) ≤ ψ
(
1
2 (2r)

)
− φ(2r, 0).

Which implies that φ(2r, 0) = 0 ⇒ r = 0 and limn→∞d(xn, xn+1) = r = 0. Now we
show that {xn} is a cauchy sequence in x. Suppose to the contrary that {xn} is not
cauchy sequence, then there exists ε > 0 for which we can find two subsequence
{xmi

} and {xni
} of {xn} such that ni is the smallest index for which ni > mi > 0,

d(xni , xmi) ≥ ε, Thus d(xmi , xni−1) < ε, and we have

ε ≤ d(xmi
, xni) ≤ d(xmi , xmi+1) + d(xmi+1 , xni−1) + d(xni−1 , xni)

≤ 2d(xmi , xmi+1) + d(xmi , xni) + 2d(xmi−1 , xni)

≤ 2d(xmi , xmi+1) + ε+ 3d(xmi−1 , xni).

Letting i→ ∞ we get

limi→∞d(xmi , xni) = limi→∞d(xmi+1 , xni+1) = limi→∞d(xmi+1 , xni) = ε. (2.57)

Also we have

ψ
(
d(xmi+1 , xni)

)
= ψ

(
d(Txmi , Txni−1)

)
≤ α(xmi , xni)ψ

(
d(Txmi , Txni−1)

)
≤ ψ

(1
2

(
d(xmi , Txni−1) + d(xni−1 , Txmi)

))
− φ

(
d(xmi , Txni−1), d(xni−1 , Txmi)

)
= ψ

(1
2

(
d(xmi , xni) + d(xni−1 , xmi+1)

))
− φ

(
d(xmi , xni), d(xni−1 , xmi+1)

)
.

By letting i→ ∞ and use of continuity of φ and ψ, we get

ψ(ε) 6 ψ(ε)− φ(ε, ε).

Hence we get φ(ε, ε) = 0, and ε = 0, a contradiction, thus {xn} is cauchy sequence
in X and there exists x ∈ X such that limn→∞xn = x.
Since T is continuous and xn → x, we obtain xn+1 = Txn → Tx and Tx = x.
Thus T has fixed point. �
Theorem 2.3. let F : X×X×X → X be a given mapping in complete metric space
(X, d) and suppose that there exist ψ ∈ Ψ and a function α : X3×X3 → [0,∞) such
that

α
(
(x, y, z), (u, v, w)

)
d
(
F (x, y, z), F (u, v, w)

)
6 1

3
ψ
(
d(x, u) + d(y, v) + d(z, w)

)
(2.58)

for all (x, y, z), (u, v, z) ∈ X ×X ×X. suppose also that
(i) For all (x, y, z), (u, v, w) ∈ X ×X ×X, we have α

(
(x, y, z), (u, v, w)

)
> 1 ⇒

α
((
F (x, y, z), F (y, z, x), F (z, x, y)

)
,
(
F (u, v, w), F (v, w, u), F (w, u, v)

))
> 1,

(ii) there exists (x0, y0, z0) ∈ X ×X ×X such that

α
(
(x0, y0, z0),

(
F (x0, y0, z0), F (y0, z0, x0), F (z0, x0, y0)

))
> 1

α
((
F (y0, z0, x0), F (z0, x0, y0), F (x0, y0, z0)

)
, (y0, z0, x0)

)
> 1

α
(
(z0, x0, y0),

(
F (z0, x0, y0, ), F (x0, y0, z0), F (y0, z0, x0)

))
> 1
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(iii) and F is continuous.
Then, F has a tripled fixed point, that is, there exists (x∗, y∗, z∗) ∈ X ×X ×X such
that x∗ = F (x∗, y∗, z∗) and y∗ = F (y∗, z∗, x∗) and z∗ = F (z∗, x∗, y∗).

Proof. The idea consists in transporting the problem to the complete metric space
(Y, δ) where Y = X ×X ×X and δ

(
(x, y, z), (u, v, w)

)
= d(x, u) + d(y, v) + d(z, w)

for all (x, y, z), (u, v, w) ∈ X ×X ×X. also we have

α
(
(x, y, z), (u, v, w)

)
d
(
F (x, y, z), F (u, v, w)

)
6 1

3
ψ
(
δ
(
(x, y, z), (u, v, w)

))
(2.59)

and

α
(
(v, w, u), (y, z, x)

)
d
(
F (v, w, u), F (y, z, x)

)
6 1

3
ψ
(
δ
(
(v, w, u), (y, z, x)

))
(2.60)

and

α
(
(z, x, y), (w, u, v)

)
d
(
F (z, x, y), F (w, u, v)

)
6 1

3
ψ
(
δ
(
(z, x, y), (w, u, v)

))
. (2.61)

Now if T : Y → Y is defined by

T (τ1, τ2, τ3) =
(
F (τ1, τ2, τ3), F (τ2, τ3, τ1), F (τ3, τ1, τ2)

)
. (2.62)

for all (τ1, τ2, τ3) ∈ Y , and β : Y × Y → [0,∞) is the function defined by

β
(
(ξ1, ξ2, ξ3), (η1, η2, η3)

)
=

min
{
α
(
(x, y, z), (u, v, w)

)
, α

(
(v, w, u), (y, z, x)

)
, α

(
(z, x, y), (w, u, v)

)}
,

Then by summing up the inequalities (2.59)­(2.61), and using of (2.62) we get

β(ξ, η)δ(T (x, y, z), T (u, v, w)) 6 ψ
(
δ((x, y, z), (u, v, w))

)
. (2.63)

for all ξ = (ξ1, ξ2, ξ3), η = (η1, η2, η3) ∈ Y . Then T is continuous and β −
ψ−contractive mapping and β(ξ, η) > 1. It is easy to check that T is β−admissible
and we know that there exists (x0, y0, z0) ∈ Y such that

β
(
(x0, y0, z0), T (x0, y0, z0)

)
> 1.

All the hypotheses of 1.9 are satisfied, and so we deduce the existence of a fixed
point of T. �

Example 2.3. Let X = [0,+∞) equipped with the standard metric d(x, y) = |x−y|
for all x, y ∈ X. Then (X,d) is complete metric space. Define the mapping F :
X ×X ×X → X by

F (x, y, z) =

{
x−y−z

6 x ≥ y ≥ z
0 otherwise

Clearly F is continuous mapping. Define α : X3 ×X3 → [0,+∞) by

α
(
(x, y, z), (u, v, w)

)
=

{
1 u ≥ v ≥ w
0 otherwise

Then, (2.58) is satisfied with ψ(t) = t
2 for all t ≥ 0. Also it is easy to check that

α
(
(x, y, z), (u, v, w)

)
≥ 1 implies

α
((
F (x, y, z), F (y, z, x), F (z, x, y)

)
,
(
F (u, v, w), F (v, w, u), F (w, u, v)

))
≥ 1,

for all (x, y, z), (u, v, w)
∈ X ×X ×X. On the other hand, the condition (ii) of Theorem (2.3) is satisfied
with (x0, y0, z0) = (0, 0, 0). All the required hypotheses of same Theorem are true
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and so we deduce the existence of a tripled fixed point of F . Hence (0, 0, 0) is a
tripled fixed point of F .

Corollary 2.4. Let (X, d) be a complete metric space and F : X ×X ×X → X be a
mapping having the mixed monotone property on X. Suppose that there exist ψ ∈ Ψ
and φ ∈ ϕ and a function α : X3 ×X3 → [0,∞) such that

α
(
(x, y, z), (u, v, w)

)
φ
(
d
(
F (x, y, z), F (u, v, w)

))
6 1

3
φ
(
d(x, u) + d(y, v) + d(z, w)

)
− ψ

(d(x, u) + d(y, v) + d(z, w)

3

)
. (2.64)

If F is α−admissible mapping satisfying the following conditions
(i) For all (x, y, z), (u, v, w) ∈ X ×X ×X, we have
α
(
(x, y, z), (u, v, w)

)
> 1 ⇒

α
((
F (x, y, z), F (y, z, x), F (z, x, y)

)
,
(
F (u, v, w), F (v, w, u), F (w, u, v)

))
> 1.

(ii) there exists (x0, y0, z0) ∈ X ×X ×X such that

α
(
(x0, y0, z0),

(
F (x0, y0, z0), F (y0, z0, x0), F (z0, x0, y0)

))
> 1,

α
((
F (y0, z0, x0), F (z0, x0, y0), F (x0, y0, z0)

)
, (y0, z0, x0)

)
> 1,

α
(
(z0, x0, y0),

(
F (z0, x0, y0, ), F (x0, y0, z0), F (y0, z0, x0)

))
> 1.

(iii) There exists x0, y0, z0 ∈ X such that
x0 6 F (x0, y0, z0) y0 > F (y0, z0, x0) and z0 6 F (z,x0, y0),

(iv) for x, y, z, u, v, w ∈ X with x > u, y 6 v, z > w,
(v) F is continuous or
(a) If a non­decreasing sequence {xn} → x, then xn 6 x for all n,
(b) If a non­increasing sequence {yn} → y, then yn > y for all n,
(c) If a non­decreasing sequence {zn} → z, then zn 6 z for all n. Then F has tripled
fixed point in X.

3. Application

In this section, we study the existence of a solution to a nonlinear integral
equation, as an application to the fixed point theorem.
let Θ denote the class of those functions θ : [0,∞) → [0,∞) which satisfies the
following conditions:
(i) θ is increasing.
(ii) There exists ψ ∈ Ψ such that θ(x) = x

2 − ψ(x2 ) for all x ∈ [0,∞).
For example, θ(x) = kx, where 0 ≤ k ≤ 1

2 , θ(x) =
x2

2(x+1) , θ(x) =
x
2 − ln(x+1)

2 are in
Θ.
Consider the following integral equation

x(t) =

∫ b

a

(K1(t, s) +K2(t, s))(f(s, x(s)) + g(s, x(s))ds+ h(t) (3.1)

t ∈ I = [a, b].
We assume that K1,K2, f, g, e satisfy the following conditions (i) K1(t, s) ≥ 0 and
K2(t, s) ≤ 0 for all t, s ∈ [a, b].
(ii) There exist λ, µ > 0 and θ ∈ Θ such that for all x, y ∈ R, x ≥ y.
0 ≤ f(t, x)− f(t, y) ≤ λθ(x− y)
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and
−µθ(x− y) ≤ g(t, x)− g(t, y) ≤ 0
and Also
max{λ, µ} supt∈I

∫ b

a
(K1(t, s)−K2(t, s))ds ≤ 1

2 .
(iii) Also there exists (x0, y0) ∈ C(I)× C(I)such that for all t ∈ I, we have
e((x0(t), y0(t)), (

∫ b

a
K1(t, s)(f(s, x0(s)) + g(s, y0(s)))ds

+
∫ b

a
K2(t, s)(f(s, y0(s)) + g(s, x0(s)))ds+ h(t),

(
∫ b

a
K1(t, s)(f(s, y0(s)) + g(s, x0(s)))ds +

∫ b

a
K2(t, s)(f(s, x0(s)) + g(s, y0(s)))ds +

h(t)))) ≥ 0.
and
((
∫ b

a
(1(t, s)(f(s, y0(s))+g(s, x0(s)))ds+

∫ b

a
K2(t, s)(f(s, x0(s))+g(s, y0(s)))ds+h(t),

(
∫ b

a
K1(t, s)(f(s, x0(s)) + g(s, y0(s)))ds+

∫ b

a
K2(t, s)(f(s, y0(s))

+g(s, x0(s)))ds+ h(t), (y0(t), x0(t))))) ≥ 0.
(v) For all t ∈ I, x, y ∈ C(I), e((x(t), y(t)), (u(t), v(t))) ≥ 0 implies that
e(
∫ b

a
K1(t, s)(f(s, x(s))+ g(s, y(s)))ds+

∫ b

a
K2(t, s)(f(s, y(s))+ g(s, x(s)))ds+h(t),∫ b

a
K1(t, s)(f(s, y(s)) + g(s, x(s)))ds+

∫ b

a
K2(t, s)(f(s, x(s)) + g(s, y(s)))ds+ h(t)),

(
∫ b

a
K1(t, s)(f(s, u(s)) + g(s, v(s)))ds+

∫ b

a
K2(t, s)(f(s, v(s)) + g(s, u(s)))ds+ h(t),∫ b

a
K1(t, s)(f(s, v(s))+g(s, u(s)))ds+

∫ b

a
K2(t, s)(f(s, u(s))+g(s, v(s)))ds+h(t)) ≥

0.

Definition 3.1. An element (β, γ) ∈ C(I,R) × C(I,R) is called a coupled lower
and upper solution of the integral equation (3.1) if β(t) ≤ γ(t) and

β(t) ≤
∫ b

a
K1(t, s)(f(s, β(s))+g(s, γ(s)))ds+

∫ b

a
K2(t, s)(f(s, γ(s)) +g(s, β(s)))ds+

h(t),
and

γ(t) ≥
∫ b

a
K1(t, s)(f(s, γ(s))+g(s, β(s)))ds+

∫ b

a
K2(t, s)(f(s, β(s)) +g(s, γ(s)))ds+

h(t),
for all t ∈ [a, b].

Theorem 3.2. Consider the integral equation (3.1) with K1,K2 ∈ C(I× I,R), f, g ∈
C(I × R,R) and h ∈ C(I × R,R) and suppose that conditions of (i), (ii), (iii) and
(iv) are satisfied. Then the existence of a coupled lower and upper solution for (3.1)
provides the existence of a solution of (3.1) in C(I,R).

Proof. Let X = C(I,R). X is a partially ordered set if we define the following order
relation in X
x, y ∈ C(I,R) ⇔ x(t) ≤ y(t), for all t ∈ [a, b].
And (X, d) is a complete metric space with metric
d(x, y) = supt∈I |x(t)− y(t)|, x, y ∈ C(I,R)
Suppose {un} is a monotone non­decreasing sequence in X that converges to
u ∈ X. Then for every t ∈ I, the sequence of real numbers
u1(t) ≤ u2(t) ≤ . . . ≤ un(t) ≤ . . .
converges to u(t). Therefore, for all t ∈ I, n ∈ N, un(t) ≤ u(t). Hence un ≤ u, for all
n.
Similarly, we can verify that lim v(t) of a monotone non­increasing sequence vn(t)
in X is a lower bound for all the elements in the sequence. That is, v ≤ vn for all n.
Therefore, condition (b) of Theorem (2.1) holds. Also, X ×X = C(I,R) × C(I,R)
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is a partially ordered set if we define the following order relation in X ×X
(x, y), (u, v) ∈ X ×X, (x, y) ≤ (u, v) ⇔ x(t) ≤ u(t) and y(t) ≥ v(t), ∀t ∈ I.
For any x, y ∈ X,max{x(t), y(t)} and min{x(t), y(t)}, for each t ∈ I, are in X
and are the upper and lower bounds of x, y, respectively. Therefore, for every
(x, y), (u, v) ∈ X ×X, there exists a (max{x, u},min{y, v}) ∈ X ×X that is com­
parable to (x, y) and(u, v). Define F : X ×X → X by

F (x, y)(t) =

∫ b

a

K1(t, s)(f(s, x(s))+g(s, y(s)))ds+

∫ b

a

K2(t, s)(f(s, y(s))+g(s, x(s)))ds+h(t)

for all t ∈ [a, b].
Now we shall show that F has the mixed monotone property. Indeed, for x1 ≤ x2,
that is, x1(t) ≤ x2(t), for all t ∈ [a, b], we have
F (x1, y)(t)− F (x2, y)(t) =

∫ b

a
K1(t, s)(f(s, x1(s)) + g(s, y(s)))ds

+
∫ b

a
K2(t, s)(f(s, y(s)) + g(s, x1(s)))ds+ h(t)

−
∫ b

a
K1(t, s)(f(s, x2(s)) + g(s, y(s)))ds

−
∫ b

a
K2(t, s)(f(s, y(s)) + g(s, x2(s)))ds− h(t)

=
∫ b

a
K1(t, s)(f(s, x1(s)) + f(s, x2(s)))ds

+
∫ b

a
K2(t, s)(g(s, x1(s)) + g(s, x2(s)))ds,

by Assumption (i) and (ii). Hence F (x1, y)(t) ≤ F (x2, y)(t), ∀t ∈ I, that is,

F (x1, y) ≤ F (x2, y).

Similarly, if y1 ≥ y2, that is, y1(t) ≥ y2(t), for all t ∈ [a, b], we have
F (x, y1)(t)− F (x, y2)(t) =

∫ b

a
K1(t, s)(f(s, x(s)) + g(s, y1(s)))ds

+
∫ b

a
K2(t, s)(f(s, y1(s)) + g(s, x(s)))ds+ h(t)

−
∫ b

a
K1(t, s)(f(s, x(s)) + g(s, y2(s)))ds

−
∫ b

a
K2(t, s)(f(s, y2(s)) + g(s, x(s)))ds− h(t)

=
∫ b

a
K1(t, s)(g(s, y1(s))− g(s, y2(s)))ds

+
∫ b

a
K2(t, s)(f(s, y1(s))− f(s, y2(s)))ds ≤ 0,

by Assumption (i) and (ii). Hence F (x, y1)(t) ≤ F (x, y2)(t), ∀t ∈ I, that is,

F (x, y1) ≤ F (x, y2).

Thus, F (x, y) is monotone non­decreasing in x and monotone non­increasing in y.
Define the function α : C(I)

2 × C(I)
2 → [0,∞) by

α((x, y), (u, v)) =

{
1 e((x(t), y(t)), (u(t), v(t))) ≥ 0, t ∈ I
0 otherwise.

Now, for x ≥ u, y ≤ v, that is, x(t) ≥ u(t), y(t) ≤ v(t) for all t ∈ I, we have
α((x, y), (u, v))d(F (x, y), F (u, v)) ≤ d(F (x, y), F (u, v))
= supt∈I |F (x, y)(t)− F (u, v)(t)|
= supt∈I |

∫ b

a
K1(t, s)(f(s, x(s)) + g(s, y(s)))ds

+
∫ b

a
K2(t, s)(f(s, y(s)) + g(s, x(s)))ds+ h(t)

−(
∫ b

a
K1(t, s)(f(s, u(s)) + g(s, v(s)))ds

+
∫ b

a
K2(t, s)(f(s, v(s)) + g(s, u(s)))ds+ h(t))|

= supt∈I |
∫ b

a
K1(t, s)[(f(s, x(s))− f(s, u(s))) + (g(s, y(s))− g(s, v(s)))]ds

+
∫ b

a
K2(t, s)[(f(s, y(s))− f(s, v(s))) + (g(s, x(s))− g(s, u(s)))]ds|

= supt∈I |
∫ b

a
K1(t, s)[(f(s, x(s))− f(s, u(s)))− (g(s, v(s))− g(s, y(s)))]ds
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−
∫ b

a
K2(t, s)[(f(s, v(s))− f(s, y(s)))− (g(s, x(s))− g(s, u(s)))]ds|

≤ supt∈I |
∫ b

a
K1(t, s)[λθ(x(s)− u(s)) + µθ(v(s)− y(s))]ds

−
∫ b

a
K2(t, s)[λθ(v(s)− y(s)) + µθ(x(s)− u(s))]ds|

≤ max{λ, µ} supt∈I

∫ b

a
(K1(t, s)−K2(t, s))[θ(x(s)− u(s)) + θ(v(s)− y(s))]ds.

As the function θ is increasing and x ≥ u, y ≤ v, then
θ(x(s)− u(s)) ≤ θ(d(x, u)), θ(v(s)− y(s)) ≤ θ(d(v, y)),
for all s ∈ [a, b], we obtain
d(F (x, y), F (u, v)) ≤ max{λ, µ} supt∈I

∫ b

a
(K1(t, s)−K2(t, s))

×[θ(x(s)− u(s)) + θ(v(s)− y(s))]ds.

≤ max{λ, µ}.[θ(d(x, u)) + θ(d(v, y))]. supt∈I

∫ b

a
(K1(t, s)−K2(t, s))ds

≤ 1
2 [θ(d(x, u)) + θ(d(v, y))]

≤ θ(d(x, u)) + θ(d(v, y))

= d(x,u)+d(v,y)
2 − ψ(d(x,u)+d(v,y)

2 ).
Therefore, for x ≥ u, y ≤ v, we have
d(F (x, y), F (u, v)) ≤ d(x,u)+d(v,y)

2 − ψ(d(x,u)+d(v,y)
2 ).

Now, let (β, γ) be a coupled lower and upper solution of the integral equation
(3.1) then we have β(t) ≤ F (β, γ)(t) and γ(t) ≥ F (γ, β)(t) for all t ∈ [a, b], that is,
β ≤ F (β, γ) and γ ≥ F (γ, β).
From condition (iv), for all (x, y), (u, v) ∈ C(I)× C(I),
α((x, y), (u, v)) ≥ 1 =⇒ e((x(t), y(t)), (u(t), v(t))) ≥ 0
=⇒ e((F (x(t), y(t)), F (y(t), x(t))), (F (u(t), v(t)), F (v(t), u(t)))) ≥ 0
=⇒ α((F (x, y), F (y, x)), (F (u, v), F (v, u))) ≥ 1.
Then F is α­admissible.
From (iii), there exists (x0, y0) ∈ C(I)× C(I) such that
α((x0, y0), (F ((x0, y0)), F (y0, x0))) ≥ 1, α((F (y0, x0), F ((x0, y0))), (x0, y0)) ≥ 1.
Finally, Theorem (3.2) give that F has a coupled fixed point (x, y). Since β ≤ γ, then
the hypothesis of Theorem (3.2) is satisfied. Therefore x = y, that is x(t) = y(t),
for all t ∈ [a, b] implying x = F (x, x) and x(t) is the solution of equation (3.1). �
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1. Historical Background

Variational inequalities which were introduced by Stampacchia [23] provided us
with a powerful tools to study a wide class of problems arising in mechanic, physics,
optimization and control theory, linear programming, economics and engineering
sciences, see [8, 9, 12]. In recent years, several authors studied different type of
system of variational inequalities and suggested iterative algorithms to find the ap­
proximate solutions of such system, see [7, 10, 11, 14, 15, 19, 20, 22, 26, 27]. We
remark that the almost all results concerning the system of solutions of iterative
scheme for solving the system of variational inequalities and related problems are
being considered in the setting of convex sets. Consequently the techniques are
based on the projections of operator over convex sets, which may not hold in gen­
eral, when the sets are nonconvex. It is known that the unified prox­regular sets
are nonconvex and included the convex sets as special cases, see [4, 18, 28].
Inspired by the recent works going on this fields, see [1, 2, 3, 5, 6, 13, 16, 17,
24, 25], in this paper, we introduced and studied a new system of nonlinear regu­
larized nonconvex variational inequalities in a real Hilbert spaces. We established
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the equivalence between the system of nonlinear regularized nonconvex variational
inequalities and the fixed point problems. By using the equivalence relation, we
construct a perturbed projection iterative algorithms with mixed errors for finding
a solution set of the aforementioned system. Also we proved the convergence of the
defined iterative algorithms under suitable assumptions.

2. Basic Foundation

Let H be a real Hilbert space with norm ∥ · ∥ and inner product ⟨·, ·⟩. Let K be
a nonempty convex subset of H, and CB(H) denote the family of all closed and
bounded subsets of H.

Definition 2.1. The proximal normal cone of K at a point u ∈ H is given by

NP
K (u) = {ζ ∈ H : u ∈ PK(u+ αζ)},

where α > 0 is a constant and PK is projection operator of H onto K, that is,

PK(u) = {v ∈ K : dK(u) = ∥u− v∥},
where dK(u) is the usual distance function to the subset K, that is,

dK(u) = inf
v∈K

∥u− v∥.

Lemma 2.2. Let K be a nonempty closed subset in H. Then ζ ∈ NP
K (u) if and only

if there exists a constant α > 0 such that

⟨ζ, v − u⟩ ≤ α∥v − u∥2 ∀v ∈ K.

Definition 2.3. The Clarke normal cone, denoted by NC
K (u), is defined as

NC
K (u) = co[NP

K (u)],

where coA means the closure of the convex hull of A. It is clear that NP
K (x) ⊆

NC
K (x). The converse is not true in general. Note that NC

K (x) is always closed
and convex cone where as NP

K (x) is always convex but may not be closed, see
[4, 9, 18, 24].

Definition 2.4. For any r ∈ (0,+∞], a subset Kr of H is called the normalized
uniformly prox­regular (or uniformly r­prox­regular) if every nonzero proximal nor­
mal to Kr can be realized by an r­ball. This mean that for all x ∈ Kr and all
0 ̸= ζ ∈ NP

Kr
(x) with ∥ζ∥ = 1,

⟨ζ, x− x⟩ ≤ 1

2r
∥x− x∥2, x ∈ K.

Lemma 2.5. [8] A closed set K ⊆ H is convex if and only if it is proximally smooth
of radius r for every r > 0.

Proposition 2.6. Let r > 0 and Kr be a nonempty closed and uniformly r­prox­
regular subset of H. Set

U(r) = {u ∈ H : 0 ≤ dKr (u) < r}.
Then the following statements are hold:

(a) for all x ∈ U(r), PKr (x) ̸= ∅;
(b) for all r′ ∈ (0, r), PKr is Lipschitz continuous mapping with constant r

r−r′

on
U(r′) = {u ∈ H : 0 ≤ dKr (u) < r′};

(c) the proximal normal cone is closed as a set valued mapping.
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From Proposition 2.6 (c), we have NC
Kr

(x) = NP
Kr

(x). Therefore we define
NKr (x) = NC

Kr
(x) = NP

Kr
(x) for a class of sets.

Definition 2.7. The single­valued operator p : H −→ H is called
(i) monotone if

⟨p(x)− p(y), x− y⟩ ≥ 0, ∀x, y ∈ H,

(ii) β­strongly monotone if there exists a constant β > o such that

⟨p(x)− p(y), x− y⟩ ≥ β∥x− y∥2, ∀x, y ∈ H,

(iii) σ­Lipschitz continuous mapping if there exists a constant σ > o such that

∥p(x)− p(y)∥ ≤ σ∥x− y∥, ∀x, y ∈ H.

Definition 2.8. Let p : H −→ H be a single valued mapping and let T : H −→ 2H

be a set valued mapping. Then T is said to be
(i) monotone if

⟨u− v, x− y⟩ ≥ 0, ∀x, y ∈ H, u ∈ T (x), v ∈ T (y),

(ii) κ­strongly monotone with respect to p if there exists a constant κ > 0 such
that

⟨u− v, p(x)− p(y)⟩ ≥ κ∥x− y∥2, ∀x, y ∈ H, u ∈ T (x), v ∈ T (y).

Definition 2.9. A two­variable set­valued operator T : H × H −→ 2H is ξ − D̂­
Lipschitz continuous in the first variable, if there exists a constant ξ > o such that,
for all x, x′ ∈ H,

D̂(T (x, y), T (x′, y′)) ≤ ξ∥x− x′∥, ∀y, y′ ∈ H

where D̂ is the Hausdorff pseudo metric that is for any two nonempty subsets A
and B of H

D̂(A,B) = max

{
sup
x∈A

d(x,B), sup
y∈B

d(y,A)

}
.

3. System of Nonlinear Regularized Nonconvex Variational Inequalities

In this section, we introduce a new system of nonlinear regularized nonconvex
variational inequalities in a real Hilbert space and investigated their relations.
Let T1, . . . , TN : H ×H −→ CB(H) be the nonlinear set valued mappings and let
g1, . . . , gN ,h1, . . . , hN : H −→ H be the nonlinear single valued mappings such that
Kr ⊆ gi(H) for i = 1, . . . , N. For any constants η1, . . . , ηN > 0, we consider the
problem of finding x1, . . . , xN ∈ H and u1 ∈ T1(x2, x1), u2 ∈ T2(x3, x2), . . .,uN−1 ∈
TN−1(xN , xN−1), uN ∈ TN (x1, xN ) such that h1(x1), . . . , hN (xN ) ∈ Kr and

⟨η1u1 + h1(x1)− g1(x2), g1(x)− h1(x1)⟩+ 1
2r∥g1(x)− h1(x1)∥2 ≥ 0,

⟨η2u2 + h2(x2)− g2(x3), g2(x)− h2(x2)⟩+ 1
2r∥g2(x)− h2(x2)∥2 ≥ 0,

...

⟨ηN−1uN−1 + hN−1(xN−1)− gN−1(xN ), gN−1(x)− hN−1(xN−1)⟩
+ 1

2r∥gN−1(x)− hN−1(xN−1)∥2 ≥ 0,

⟨ηNuN + hN (xN )− gN (x1), gN (x)− hN (xN )⟩+ 1
2r∥gN (x)− hN (xN )∥2 ≥ 0,

∀x ∈ Kr : g1(x), . . . , gN (x) ∈ Kr.

(3.1)
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The problem (3.1) is called the system of nonlinear regularized nonconvex variational
inequalities.

Lemma 3.1. Let Kr be a uniformly r­prox­regular set then the problem (3.1) is equiv­
alent to finding x1, . . . , xN ∈ H and u1 ∈ T1(x2, x1), u2 ∈ T2(x3, x2), . . .,uN−1 ∈
TN−1(xN , xN−1), uN ∈ TN (x1, xN ) such that

0 ∈ η1u1 + h1(x1)− g1(x2) +NP
Kr

(h1(x1)),

0 ∈ η2u2 + h2(x2)− g2(x3) +NP
Kr

(h2(x2)),
...

0 ∈ ηN−1uN−1 + hN−1(xN−1)− gN−1(xN ) +NP
Kr

(hN−1(xN−1)),

0 ∈ ηNuN + hN (xN )− gN (x1) +NP
Kr

(hN (xN )),

(3.2)

where NP
Kr

(s) denotes the P ­normal cone of Kr at s in the sense of nonconvex
analysis.

Proof. Let (x1, . . . , xN , u1, . . . , uN ) with x1, . . . , xN ∈ H, h1(x1), . . . , hN (xN ) ∈ Kr

and u1 ∈ T1(x2, x1), u2 ∈ T2(x3, x2), . . .,uN−1 ∈ TN−1(xN , xN−1), uN ∈ TN (x1, xN )
be a solution set of the system (3.1). If

η1u1 + h1(x1)− g1(x2) = 0

because the vector zero always belongs to any normal cone, then

0 ∈ η1u1 + h1(x1)− g1(x2) +NP
Kr

(h1(x1)).

If
η1u1 + h1(x1)− g1(x2) ̸= 0

then for all x ∈ H with g1(x) ∈ Kr

⟨−(η1u1 + h1(x1)− g1(x2)), g1(x)− h1(x1)⟩ ≤
1

2r
∥g1(x)− h1(x1)∥2. (3.3)

From Lemma 2.2 we have

−(η1u1 + h1(x1)− g1(x2)) ∈ NP
Kr

(h1(x1))

and
0 ∈ η1u1 + h1(x1)− g1(x2) +NP

Kr
(h1(x1)). (3.4)

Similarly

0 ∈ η2u2 + h2(x2)− g2(x3) +NP
Kr

(h2(x2)),

0 ∈ η3u3 + h3(x3)− g3(x4) +NP
Kr

(h3(x3)),
...

0 ∈ ηN−1uN−1 + hN−1(xN−1)− gN−1(xN ) +NP
Kr

(hN−1(xN−1)),

0 ∈ ηNuN + hN (xN )− gN (x1) +NP
Kr

(hN (xN )),

(3.5)

Conversely, if (x1, . . . , xN , u1, . . . , uN ) with x1, . . . , xN ∈ H, h1(x1), . . . , hN (xN ) ∈
Kr and u1 ∈ T1(x2, x1), u2 ∈ T2(x3, x2), . . .,uN−1 ∈ TN−1(xN , xN−1), uN ∈
TN (x1, xN ) is a solution set of the system (3.2) then from Definition 2.4, x1, . . . , xN ∈
H and u1 ∈ T1(x2, x1), u2 ∈ T2(x3, x2), . . .,uN−1 ∈ TN−1(xN , xN−1), uN ∈
TN (x1, xN ) with h1(x1), . . . , hN (xN ) ∈ Kr is a solution set of the system (3.1). �

The problem (3.2) is called system of nonlinear regularized nonconvex variational
inclusions.
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4. MAIN RESULTS

Lemma 4.1. Let T1, . . . , TN , g1, . . . , gN , h1, . . . , hN , η1, . . . , ηN be the same as in
the system (3.1). Then (x1, . . . , xN , u1, . . . , uN ) with xi ∈ H,hi(xi) ∈ Kr for all
i = 1, . . . , N and u1 ∈ T1(x2, x1), u2 ∈ T2(x3, x2), . . .,uN−1 ∈ TN−1(xN , xN−1),
uN ∈ TN (x1, xN ) is a solution set of the system (3.1) if and only if

h1(x1) = PKr [g1(x2)− η1u1],

h2(x2) = PKr
[g2(x3)− η2u2],

...

hN−1(xN−1) = PKr [gN−1(xN )− ηN−1uN−1],

hN (xN ) = PKr [gN (x1)− ηNuN ],

(4.1)

where PKr is the projection of H onto the uniformly r­prox­regular set Kr.

Proof. Let (x1, . . . , xN , u1, . . . , uN ) with xi ∈ H,hi(xi) ∈ Kr for all i = 1, . . . , N and
u1 ∈ T1(x2, x1), u2 ∈ T2(x3, x2), . . .,uN−1 ∈ TN−1(xN , xN−1), uN ∈ TN (x1, xN ) is
a solution set of the system (3.1). Then from Lemma 3.1, we have

0 ∈ η1u1 + h1(x1)− g1(x2) +NP
Kr

(h1(x1)),

0 ∈ η2u2 + h2(x2)− g2(x3) +NP
Kr

(h2(x2)),
...

0 ∈ ηN−1uN−1 + hN−1(xN−1)− gN−1(xN ) +NP
Kr

(hN−1(xN−1)),

0 ∈ ηNuN + hN (xN )− gN (x1) +NP
Kr

(hN (xN )),

(4.2)

⇔



g1(x2)− η1u1 ∈ (I +NP
Kr

)(h1(x1)),

g2(x3)− η2u2 ∈ (I +NP
Kr

)(h2(x2)),
...

gN−1(xN )− ηN−1uN−1 ∈ (I +NP
Kr

)(hN−1(xN−1)),

gN (x1)− ηNuN ∈ (I +NP
Kr

)(hN (xN )),

(4.3)

⇔



h1(x1) = PKr [g1(x2)− η1u1],

h2(x2) = PKr [g2(x3)− η2u2],
...

hN−1(xN−1) = PKr [gN−1(xN )− ηN−1uN−1],

hN (xN ) = PKr
[gN (x1)− ηNuN ],

(4.4)

where I is an identity mapping and PKr = (I +NP
Kr

)−1. �
Remark 4.2. The inequality (4.1) can be written as follows

q1 = g1(x2)− η1u1, h1(x1) = PKr [q1]

q2 = g2(x3)− η2u2, h2(x2) = PKr [q2]
...

qN−1 = gN−1(xN )− ηN−1uN−1, hN−1(xN−1) = PKr [qN−1]

qN = gN (x1)− ηNuN , hN (xN ) = PKr [qN ],

(4.5)

where ηi > 0, i = 1, . . . , N are constants.
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The fixed point formulation (4.5) enables us to construct the following perturbed
iterative algorithms with mixed errors.

Algorithm 4.1. Let T1, . . . , TN , g1, . . . , gN , h1, . . . , hN , η1, . . . , ηN be the same as in
the system (3.1) such that h1, . . . , hN : H −→ H be onto operators. Let e01, . . . , e

0
N ,

r01, . . . , r
0
N ∈ H, α0 ∈ R and η0 > 0. For given q01 , . . . , q

0
N ∈ H, we let x0

1, . . . , x
0
N ∈ H,

u0
1 ∈ T1(x

0
2, x

0
1), u

0
2 ∈ T2(x

0
3, x

0
2), . . .,u

0
N−1 ∈ TN−1(x

0
N , x0

N−1), u
0
N ∈ TN (x0

1, x
0
N )

such that



h1(x
0
1) = PKr (q

0
1); q11 = (1− α0)q

0
1 + α0(g1(x

0
2)− η0u

0
1 + e01) + r01,

h2(x
0
2) = PKr (q

0
2); q12 = (1− α0)q

0
2 + α0(g2(x

0
3)− η0u

0
2 + e02) + r02,

...

hN−1(x
0
N−1) = PKr (q

0
N−1); q1N−1 = (1− α0)q

0
N−1 + α0(gN−1(x

0
N )− η0u

0
N−1

+e0N−1) + r0N−1,

hN (x0
N ) = PKr (q

0
N ); q1N = (1− α0)q

0
N + α0(gN (x0

1)− η0u
0
N + e0N ) + r0N .

(4.6)
We choose x1

1, . . . , x
N
1 ∈ H such that h1(x

1
1) = PKr (q

1
1),. . .,hN (xN

1 ) = PKr (q
1
N ). By

Nadler’s theorem [21], there exists



u1
1 ∈ T1(x

0
2, x

0
1); ∥u0

1 − u1
1∥ ≤ (1 + (1 + n)−1)D̂(T1(x

0
2, x

0
1), T1(x

1
2, x

1
1)),

u1
2 ∈ T2(x

0
3, x

0
2); ∥u0

2 − u1
2∥ ≤ (1 + (1 + n)−1)D̂(T2(x

0
3, x

0
2), T2(x

1
3, x

1
2)),

...

u1
N−1 ∈ TN−1(x

0
N , x0

N−1); ∥u0
N−1 − u1

N−1∥ ≤ (1 + (1 + n)−1)D̂(TN−1(x
0
N , x0

N−1),

TN−1(x
1
N , x1

N−1)),

u1
N ∈ TN (x0

1, x
0
N ); ∥u0

N − u1
N∥ ≤ (1 + (1 + n)−1)D̂(TN (x0

1, x
0
N ), TN (x1

1, x
1
N )).

(4.7)
Continuing the above process inductively, we can obtain the sequences {xn

1}∞n=0,
. . . , {xn

N}∞n=0, {un
1}∞n=0, . . . , {un

N}∞n=0 by using



h1(x
n
1 ) = PKr (q

n
1 ); qn+1

1 = (1− αn)q
n
1 + αn(g1(x

n
2 )− η1u

n
1 + en1 ) + rn1 ,

h2(x
n
2 ) = PKr (q

n
2 ); qn+1

2 = (1− αn)q
n
2 + αn(g2(x

n
3 )− η2u

n
2 + en2 ) + rn2 ,

...

hN−1(x
n
N−1) = PKr (q

n
N−1); qn+1

N−1 = (1− αn)q
n
N−1 + αn(gN−1(x

n
N )

−ηN−1u
n
N−1 + enN−1) + rnN−1,

hN (xn
N ) = PKr (q

n
N ); qn+1

N = (1− αn)q
n
N + αn(gN (xn

1 )− ηNun
N + enN ) + rnN ,

(4.8)
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and

un+1
1 ∈ T1(x

n+1
2 , xn+1

1 ); ∥un
1 − un+1

1 ∥ ≤ (1 + (1 + n)−1)D̂(T1(x
n
2 , x

n
1 ),

T1(x
n+1
2 , xn+1

1 )),

un+1
2 ∈ T2(x

n+1
3 , xn+1

2 ); ∥un
2 − un+1

2 ∥ ≤ (1 + (1 + n)−1)D̂(T2(x
n
3 , x

n
2 ),

T2(x
n+1
3 , xn+1

2 )),
...

un+1
N−1 ∈ TN−1(x

n+1
N , xn+1

N−1); ∥un
N−1 − un+1

N−1∥ ≤ (1 + (1 + n)−1)×
D̂(TN−1(x

n
N , xn

N−1), TN−1(x
n+1
N , xn+1

N−1)),

un+1
N ∈ TN (xn+1

1 , xn+1
N ); ∥un

N − un+1
N ∥ ≤ (1 + (1 + n)−1)D̂(TN (xn

1 , x
n
N ),

TN (xn+1
1 , xn+1

N )),
(4.9)

where 0 ≤ αn ≤ 1 is a parameter and {en1}∞n=0, . . . , {enN}∞n=0, {rn1 }∞n=0, . . . , {rnN}∞n=0

are sequences in H to take into account of a possible inexact computation of the
resolvent operator satisfying the following conditions:

lim
n−→∞

eni = lim
n−→∞

rni = 0;

∞∑
n=1

∥eni − en−1
i ∥ < ∞,

∞∑
n=1

∥rni − rn−1
i ∥ < ∞, (4.10)

for all i = 1, . . . , N.

Theorem 4.3. Let Ti, gi, hi, ηi, for i = 1, . . . , N be the same as in the system (3.1)
such that, for each i = 1, . . . , N ,

(i) Ti is κi­strongly monotone with respect to gi and ξi−D̂­Lipschitz continuous
mapping in the first variables;

(ii) hi is βi­strongly monotone and σi­Lipschitz continuous mapping;
(iii) gi is µi­Lipschitz continuous mapping.

If the constants ηi > 0 satisfying the following conditions:

∣∣∣∣η1 − κ1

ξ21

∣∣∣∣ <

√
r2κ2

1 − ξ21

(
r2µ2

1 − (r − r′)2(1− π2)2
)

rξ21
,

...∣∣∣∣ηN − κN

ξ2N

∣∣∣∣ <

√
r2κ2

N − ξ2N

(
r2µ2

N − (r − r′)2(1− π1)2
)

rξ2N
, (4.11)

rκ1 > ξ1

√
r2µ2

1 − (r − r′)2(1− π2)2,

...

rκN > ξN

√
r2µ2

N − (r − r′)2(1− π1)2, (4.12)

rµ1 > (r − r′)(1− π2), . . . , rµN > (r − r′)(1− π1), (4.13)

and

πi =
√

1− 2βi + σ2
i , 2πi < 1 + σ2

i , (4.14)
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for each i = 1, . . . , N , where r′ ∈ (0, r), then there exists x∗
1, . . . , x

∗
N ∈ H with

h1(x
∗
1), . . . , hN (x∗

N ) ∈ Kr and u∗
1 ∈ T1(x

∗
2, x

∗
1), u∗

2 ∈ T2(x
∗
3, x

∗
2), . . ., u∗

N−1 ∈
TN−1(x

∗
N , x∗

N−1),u
∗
N ∈ TN (x∗

1, x
∗
N ) such that (x∗

1, . . . , x
∗
N , u∗

1, . . . , u
∗
N ) is a solution

set of system (3.1) and sequences {(x∗
1, . . . , x

∗
N , u∗

1, . . . , u
∗
N )}∞n=0 suggested by Algo­

rithm 4.1 converges strongly to (x∗
1, . . . , x

∗
N , u∗

1, . . . , u
∗
N ).

Proof. From (4.8), we have

∥qn+1
1 − qn1 ∥ ≤ (1− αn)∥qn1 − qn−1

1 ∥+ αn∥g1(xn
2 )− g1(x

n−1
2 )− η1(u

n
1 − un−1

1 )∥
+αn∥en1 − en−1

1 ∥+ ∥rn1 − rn−1
1 ∥. (4.15)

Since T1 is κ1­strongly monotone with respect to g1 and ξ1−D̂­Lipschitz continuous
mapping in the first variables and g1 is µ1­Lipschitz continuous, we get

∥g1(xn
2 )− g1(x

n−1
2 )− η1(u

n
1 − un−1

1 )∥2

= ∥g1(xn
2 )− g1(x

n−1
2 )∥2 − 2η1⟨un

1 − un−1
1 , g1(x

n
2 )− g1(x

n−1
2 )⟩

+ η21∥un
1 − un−1

1 ∥2

≤ µ2
1∥xn

2 − xn−1
2 ∥2 − 2η1κ1∥xn

2 − xn−1
2 ∥2

+ η21(1 + n−1)2(D̂(T1(x
n
2 , x

n
1 ), T1(x

n−1
2 , xn−1

1 )))2

= (µ2
1 − 2η1κ1)∥xn

2 − xn−1
2 ∥2

+ η21(1 + n−1)2(D̂(T1(x
n
2 , x

n
1 ), T1(x

n−1
2 , xn−1

1 )))2

≤ (µ2
1 − 2η1κ1)∥xn

2 − xn−1
2 ∥2 + η21ξ

2
1(1 + n−1)2∥xn

2 − xn−1
2 ∥2

= (µ2
1 − 2η1κ1 + η21ξ

2
1(1 + n−1)2)∥xn

2 − xn−1
2 ∥2. (4.16)

It follows from (4.15) and (4.16), we obtain that

∥qn+1
1 − qn1 ∥ ≤ (1− αn)∥qn1 − qn−1

1 ∥+ αn∥en1 − en−1
1 ∥+ ∥rn1 − rn−1

1 ∥

+αn

√
µ2
1 − 2η1κ1 + η21ξ

2
1(1 + n−1)2∥xn

2 − xn−1
2 ∥. (4.17)

Similarly, we can prove that

∥qn+1
2 − qn2 ∥ ≤ (1− αn)∥qn2 − qn−1

2 ∥+ αn∥en2 − en−1
2 ∥+ ∥rn2 − rn−1

2 ∥

+αn

√
µ2
2 − 2η2κ2 + η22ξ

2
2(1 + n−1)2∥xn

3 − xn−1
3 ∥

∥qn+1
3 − qn3 ∥ ≤ (1− αn)∥qn3 − qn−1

3 ∥+ αn∥en3 − en−1
3 ∥+ ∥rn3 − rn−1

3 ∥

+αn

√
µ2
3 − 2η3κ3 + η21ξ

2
3(1 + n−1)2∥xn

4 − xn−1
4 ∥

...
∥qn+1

N−1 − qnN−1∥ ≤ (1− αn)∥qnN−1 − qn−1
N−1∥

+αn

√
µ2
N−1 − 2ηN−1κN−1 + η2N−1ξ

2
N−1(1 + n−1)2 ×

∥xn
N − xn−1

N ∥+ αn∥enN−1 − en−1
N−1∥+ ∥rnN−1 − rn−1

N−1∥
∥qn+1

N − qnN∥ ≤ (1− αn)∥qnN − qn−1
N ∥

+αn

√
µ2
N − 2ηNκN + η2Nξ2N (1 + n−1)2∥xn

1 − xn−1
1 ∥

+αn∥enN − en−1
N ∥+ ∥rnN − rn−1

N ∥. (4.18)

By using (4.8), we get that

∥xn
1 − xn−1

1 ∥ ≤ ∥xn
1 − xn−1

1 − (h1(x
n
1 )− h1(x

n−1
1 ))∥+ ∥h1(x

n
1 )− h1(x

n−1
1 )∥

= ∥xn
1 − xn−1

1 − (h1(x
n
1 )− h1(x

n−1
1 ))∥+ ∥PKr (q

n
1 )− PKr (q

n−1
1 )∥
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≤ ∥xn
1 − xn−1

1 − (h1(x
n
1 )− h1(x

n−1
1 ))∥+ r

r−r′ ∥q
n
1 − qn−1

1 ∥. (4.19)

Since h1 is β1­strongly monotone and σ1­Lipschitz continuous, we have

∥xn
1 − xn−1

1 − (h1(x
n
1 )− h1(x

n−1
1 ))∥2 = ∥xn

1 − xn−1
1 ∥2 + ∥h1(x

n
1 )− h1(x

n−1
1 )∥2

−2⟨h1(x
n
1 )− h1(x

n−1
1 ), xn

1 − xn−1
1 ⟩

≤ ∥xn
1 − xn−1

1 ∥2 − 2β1∥xn
1 − xn−1

1 ∥2

+σ2
1∥xn

1 − xn−1
1 ∥2

= (1− 2β1 + σ2
1)∥xn

1 − xn−1
1 ∥2. (4.20)

By (4.19) and (4.20), we obtain that

∥xn
1 − xn−1

1 ∥ ≤
√
1− 2β1 + σ2

1∥xn
1 − xn−1

1 ∥+ r

r − r′
∥qn1 − qn−1

1 ∥ (4.21)

that is

∥xn
1 − xn−1

1 ∥ ≤ r

(r − r′)(1−
√
1− 2β1 + σ2

1)
∥qn1 − qn−1

1 ∥. (4.22)

Similarly, we can prove that

∥xn
2 − xn−1

2 ∥ ≤ r

(r − r′)(1−
√
1− 2β2 + σ2

2)
∥qn2 − qn−1

2 ∥,

∥xn
3 − xn−1

3 ∥ ≤ r

(r − r′)(1−
√
1− 2β3 + σ2

3)
∥qn3 − qn−1

3 ∥,

...
∥xn

N−1 − xn−1
N−1∥ ≤ r

(r − r′)(1−
√
1− 2βN−1 + σ2

N−1)
∥qnN−1 − qn−1

N−1∥,

∥xn
N − xn−1

N ∥ ≤ r

(r − r′)(1−
√
1− 2βN + σ2

N )
∥qnN − qn−1

N ∥. (4.23)

It follows from (4.17), (4.18), (4.22) and (4.23) that

∥qn+1
1 − qn1 ∥ ≤ (1− αn)∥qn1 − qn−1

1 ∥+ αn
rΩ1(n)

(r − r′)(1− π2)
∥qn2 − qn−1

2 ∥

+αn∥en1 − en−1
1 ∥+ ∥rn1 − rn−1

1 ∥,

∥qn+1
2 − qn2 ∥ ≤ (1− αn)∥qn2 − qn−1

2 ∥+ αn
rΩ2(n)

(r − r′)(1− π3)
∥qn3 − qn−1

3 ∥

+αn∥en2 − en−1
2 ∥+ ∥rn2 − rn−1

2 ∥,
...

∥qn+1
N−1 − qnN−1∥ ≤ (1− αn)∥qnN−1 − qn−1

N−1∥+ αn
rΩN−1(n)

(r − r′)(1− πN )
∥qnN − qn−1

N ∥

+αn∥enN−1 − en−1
N−1∥+ ∥rnN−1 − rn−1

N−1∥,

∥qn+1
N − qnN∥ ≤ (1− αn)∥qnN − qn−1

N ∥+ αn
rΩN (n)

(r − r′)(1− π1)
∥qn1 − qn−1

1 ∥

+αn∥enN − en−1
N ∥+ ∥rnN − rn−1

N ∥, (4.24)

where

Ωi(n) =
√
µ2
i − 2ηiκi + η2i ξ

2
i (1 + n−1)2, and πi =

√
1− 2βi + σ2

i ,

for all i = 1, 2, . . . , N.
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Now we define ∥ · ∥∗ on H× . . .×H︸ ︷︷ ︸
N−times

by

∥(x1, . . . , xN )∥∗ = ∥x1∥∗ + . . .+ ∥xN∥∗, for all (x1, . . . , xN ) ∈ H × . . .×H︸ ︷︷ ︸
N−times

.

It is obvious that (H× . . .×H︸ ︷︷ ︸
N−times

, ∥ · ∥∗) is a Hilbert space, applying (4.24) we have

∥(qn+1
1 , . . . , qn+1

N )− (qn1 , . . . , q
n
N )∥∗ ≤ (1− αn)∥(qn1 , . . . , qnN )− (qn−1

1 , . . . , qn−1
N )∥∗

+αnΘ(n)∥(qn1 , . . . , qnN )− (qn−1
1 , . . . , qn−1

N )∥∗ + αn∥(en1 , . . . , enN )

− (en−1
1 , . . . , en−1

N )∥∗ + ∥(rn1 , . . . , rnN )− (rn−1
1 , . . . , rn−1

N )∥∗. (4.25)

Put

Θ(n) = max

{
rΩ1(n)

(r − r′)(1− π2)
, . . . ,

rΩN (n)

(r − r′)(1− π1)

}
. (4.26)

Let Θ(n) −→ Θ, as n −→ ∞

Θ = max

{
rΩ1

(r − r′)(1− π2)
, . . . ,

rΩN

(r − r′)(1− π1)

}
. (4.27)

By (4.11),we know that 0 ≤ Θ < 1. For Θ = 1
2 (Θ + 1) ∈ (Θ, 1) there exists n0 ≥ 1

such that Θ(n) = Θ̂ for each n ≥ n0. So it follows from (4.25) that, for each n ≥ n0,

∥(qn+1
1 , . . . , qn+1

N )− (qn1 , . . . , q
n
N )∥∗ ≤ (1− αn)∥(qn1 , . . . , qnN )− (qn−1

1 , . . . , qn−1
N )∥∗

+ αnΘ̂∥(qn1 , . . . , qnN )− (qn−1
1 , . . . , qn−1

N )∥∗
+ αn∥(en1 , . . . , enN )− (en−1

1 , . . . , en−1
N )∥∗ + ∥(rn1 , . . . , rnN )− (rn−1

1 , . . . , rn−1
N )∥∗

= (1− αn(1− Θ̂))∥(qn1 , . . . , qnN )− (qn−1
1 , . . . , qn−1

N )∥∗
+ αn∥(en1 , . . . , enN )− (en−1

1 , . . . , en−1
N )∥∗ + ∥(rn1 , . . . , rnN )− (rn−1

1 , . . . , rn−1
N )∥∗

≤ (1− αn(1− Θ̂))
(
(1− αn(1− Θ̂))∥(qn−1

1 , . . . , qn−1
N )− (qn−2

1 , . . . , qn−2
N )∥∗

+ αn∥(en−1
1 , . . . , en−1

N )− (en−2
1 , . . . , en−2

N )∥∗ + ∥(rn−1
1 , . . . , rn−1

N )

− (rn−2
1 , . . . , rn−2

N )∥∗
)
+ αn∥(en1 , . . . , enN )− (en−1

1 , . . . , en−1
N )∥∗

+ ∥(rn1 , . . . , rnN )− (rn−1
1 , . . . , rn−1

N )∥∗
= (1− αn(1− Θ̂))2∥(qn−1

1 , . . . , qn−1
N )− (qn−2

1 , . . . , qn−2
N )∥∗

+ αn

(
(1− αn(1− Θ̂))∥(en−1

1 , . . . , en−1
N )− (en−2

1 , . . . , en−2
N )∥∗

+ ∥(en1 , . . . , enN )− (en−1
1 , . . . , en−1

N )∥∗
)

+ (1− αn(1− Θ̂))∥(rn−1
1 , . . . , rn−1

N )− (rn−2
1 , . . . , rn−2

N )∥∗
+ ∥(rn1 , . . . , rnN )− (rn−1

1 , . . . , rn−1
N )∥∗

≤
...

≤ (1− αn(1− Θ̂))n−n0∥(qn0+1
1 , . . . , qn0+1

N )− (qn0
1 , . . . , qn0

N )∥∗

+αn

n−n0∑
i=1

(1− αn(1− Θ̂))i−1∥(en−(i−1)
1 , . . . , e

n−(i−1)
N )− (en−i

1 , . . . , en−i
N )∥∗
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+

n−n0∑
i=1

(1− αn(1− Θ̂))i−1∥(rn−(i−1)
1 , . . . , r

n−(i−1)
N )− (rn−i

1 , . . . , rn−i
N )∥∗. (4.28)

Thus, for any m ≥ n > n0, we get that

∥(qm1 , . . . , qmN )− (qn1 , . . . , q
n
N )∥∗

≤
m−1∑
j=n

∥(qj+1
1 , . . . , qj+1

N )− (qj1, . . . , q
j
N )∥∗

≤
m−1∑
j=n

(1− αn(1− Θ̂))j−n0∥(qn0+1
1 , . . . , qn0+1

N )− (qn0
1 , . . . , qn0

N )∥∗

+ αn

m−1∑
j=n

j−n0∑
i=1

(1− αn(1− Θ̂))i−1∥(en−(i−1)
1 , . . . , e

n−(i−1)
N )− (en−i

1 , . . . , en−i
N )∥∗

+

m−1∑
j=n

j−n0∑
i=1

(1−αn(1− Θ̂))i−1∥(rn−(i−1)
1 , . . . , r

n−(i−1)
N )− (rn−i

1 , . . . , rn−i
N )∥∗. (4.29)

Since (1− αn(1− Θ̂)) ∈ (0, 1), it follows from (4.10) and (4.29) that

∥(qm1 , . . . , qmN )− (qn1 , . . . , q
n
N )∥∗ = ∥qm1 − qn1 ∥+ . . .+ ∥qmN − qnN∥ −→ 0 as n −→ ∞.

So {qn1 }, . . . , {qnN} are Cauchy sequences in H and thus there exists q∗1 , . . . , q
∗
N ∈ H

such that qn1 −→ q∗1 ,. . ., qnN −→ q∗N as n −→ ∞. By (4.22) and (4.23), it follows
that the sequences {xn

1},. . .,{xn
N} are also Cauchy sequences in H. Hence there

exists x∗
1, . . . , x

∗
N ∈ H such that xn

1 −→ x∗
1, . . . , x

n
N −→ x∗

N as n −→ ∞. Since for
each i = 1, . . . , N , Ti is ξi − D̂­Lipschitz continuous mapping in the first variable,
therefore it follow from (4.7) that

∥un
1 − un+1

1 ∥ ≤ (1 + (1 + n)−1)D̂(T1(x
n
2 , x

n
1 ), T1(x

n+1
2 , xn+1

1 ))

≤ (1 + (1 + n)−1)ξ1∥xn
2 − xn+1

2 ∥ −→ 0,

∥un
2 − un+1

2 ∥ ≤ (1 + (1 + n)−1)D̂(T2(x
n
3 , x

n
2 ), T2(x

n+1
3 , xn+1

2 ))

≤ (1 + (1 + n)−1)ξ2∥xn
3 − xn+1

3 ∥ −→ 0,

...
∥un

N−1 − un+1
N−1∥ ≤ (1 + (1 + n)−1)D̂(TN−1(x

n
N , xn

N−1), TN−1(x
n+1
N , xn+1

N−1))

≤ (1 + (1 + n)−1)ξN−1∥xn
N − xn+1

N ∥ −→ 0,

∥un
N − un+1

N ∥ ≤ (1 + (1 + n)−1)D̂(TN (xn
1 , x

n
N ), T1(x

n+1
1 , xn+1

N ))

≤ (1 + (1 + n)−1)ξN∥xn
1 − xn+1

1 ∥ −→ 0, (4.30)

as n −→ ∞. Hence {un
1}, . . . , {un

N} are Cauchy sequences in H and so there
exists u∗

1, . . . , u
∗
N ∈ H such that un

1 −→ u∗
1, . . . , u

n
N −→ u∗

N as n −→ ∞. Further
un
1 ∈ T1(x

n
2 , x

n
1 ) we have

d(u∗
1, T1(x

∗
2, x

∗
1)) = inf{∥u∗

1 − t∥ : t ∈ T1(x
∗
2, x

∗
1)}

≤ ∥u∗
1 − un

1∥+ d(un
1 , T1(x

∗
2, x

∗
1))

≤ ∥u∗
1 − un

1∥+ D̂(T1(x
n
2 , x

n
1 ), T1(x

n+1
2 , xn+1

1 ))

≤ ∥u∗
1 − un

1∥+ ξ1∥xn
2 − x∗

2∥ −→ 0, (4.31)
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as n −→ ∞. Hence d(u∗
1, T1(x

∗
2, x

∗
1)) = 0 and so un

1 −→ u∗
1 ∈ T1(x

∗
2, x

∗
1).

By the same method, we can prove that

d(u∗
2, T2(x

∗
3, x

∗
2)) ≤ ∥u∗

2 − un
2∥+ ξ2∥xn

3 − x∗
3∥ −→ 0,

d(u∗
3, T3(x

∗
4, x

∗
3)) ≤ ∥u∗

3 − un
3∥+ ξ3∥xn

4 − x∗
4∥ −→ 0,

...
d(u∗

N−1, TN−1(x
∗
N , x∗

N−1)) ≤ ∥u∗
N−1 − un

N−1∥+ ξN−1∥xn
N − x∗

N∥ −→ 0,

d(u∗
N , TN (x∗

1, x
∗
N )) ≤ ∥u∗

N − un
N∥+ ξN∥xn

1 − x∗
1∥ −→ 0, (4.32)

as n −→ ∞. Therefore u∗
2 ∈ T2(x

∗
3, x

∗
2),. . .,u∗

N ∈ TN (x∗
1, x

∗
N ). Since gi for i =

1, . . . , N is continuous, it follows from (4.8) and (4.10) that

q∗1 = g1(x
∗
2)− η1u

∗
1, . . . , q∗N = gN (x∗

1)− ηNu∗
N . (4.33)

Since h1, . . . , hN and PKr are continuous mappings, it follows from (4.8) and (4.33)
that

h1(x
∗
1) = PKr

(q∗1) = PKr (g1(x
∗
2)− η1u

∗
1),

h2(x
∗
2) = PKr (q

∗
2) = PKr (g2(x

∗
3)− η2u

∗
2),

...
h1(x

∗
N−1) = PKr (q

∗
N−1) = PKr (gN−1(x

∗
N )− ηN−1u

∗
N−1),

hN (x∗
N ) = PKr (q

∗
N ) = PKr (gN (x∗

1)− ηNu∗
N ). (4.34)

Now Lemma 4.1, guarantees that (x∗
1, . . . , x

∗
N , u∗

1, . . . , u
∗
N ) is a solution set of system

(3.1). �
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ABSTRACT. The purpose of this paper is to study a class of non­differentiable multi objective
fractional programming problem in which every component of objective functions contains
a term involving the support function of a compact convex set. For a differentiable function,
we use the definition of second­order (C,α, ρ, d)−V ­type­I convex function. Further, Wolfe
type dual has been formulated for this problem and appropriate duality results have been
proved under second­order (C,α, ρ, d)− V ­type­I convexity assumptions.

KEYWORDS : Duality; non­differentiable; multi­objective fractional programming; general­
ized convexity.
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1. INTRODUCTION

Second­order duality has even greater significance over first order duality, since
it provides tighter bounds for the value of the objective function when approxi­
mation are used. Second­order duality for non­linear programming was the first
to study in Mond [1]. Then, the concept of second­order duality for non­linear
programming problems introduced by Mangasarian [2].

In the recent years attempts have been made by several authors to define var­
ious classes of differentiable non­convex functions and to study their duality and
optimality criteria for solving such problems ([4], [5], [8], [9], [10], [11], and oth­
ers). One such generalization of convex function is the invexity notion introduced
by Hanson [5]. The term invex (which means invariant convex) was suggested by
Craven [7]. Over the years, many generalizations of this concept have been given
in the literature. For example, the concept of invexity of functions was also gener­
alized to B­invex functions by Suneja et al.[6]. The class of (p, r)­invex functions
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with respect to η is an extension of the class of invex functions with respect to η
introduced by Hanson [5].

Recently, Kim et al. [12] delineated a group of non­differentiable multi­objective
fractional programs and founded necessary and sufficient optimality conditions and
duality results for weakly efficient solutions of non­differentiable multi­objective
fractional programming problems. Later on, Kim et al. [13] considered two pairs
of non­differentiable multi­objective symmetric dual problems of second order with
cone constraints over arbitrary closed convex cones, which are Mond­Weir type
and Wolfe type and weak, strong, converse and self­duality theorems were founded
under the assumptions of pseudo­invex functions of second order. We have to max­
imize the efficiency of an economic system resulting optimization problems whose
objective function is a ratio. Including maximization of productivity, maximization
of return on investment, maximization of risk, minimization of cost. Ojha [14] de­
rived a pair of second order symmetric non­differentiable multi­objective fractional
problems, also derived weak and strong duality theorems.

In this paper, we use the concept of second­order (C,α, ρ, d)−V ­type­I functions
for a non­differentiable multi­objective second­order fractional programming prob­
lem. A numerical non­trivial example illustrates the existence of such functions.
In this dual, we generalize the models already existing in the literature. Using
(C,α, ρ, d)− V ­type­I function, we set up weak, strong and strict converse duality
results for Wolfe­type dual program.

2. DEFINITIONS AND NUMERICAL ILLUSTRATION

Definition 2.1. A function C : X ×X × Rn −→ R (X ⊂ Rn) is said to be convex
on Rn iff for any fixed (x, u) ∈ X ×X and for any x1, x2 ∈ Rn, such that

Cx,u(λx1 + (1− λ)x2) ≤ λCx,u(x1) + (1− λ)Cx,u(x2), ∀λ ∈ (0, 1).

Suppose the real valued function d : X×X → R satisfy the property d(x, u) = 0 ⇔
x = u and let Cx,u(0) = 0, for any (x, u) ∈ X ×X.

The general multi­objective programming problem can be expressed in the follow­
ing form :

(P) Minimize f(x) = (f1(x), f2(x), ..., fk(x))

subject to x ∈ X0 = {x ∈ X : g(x) ≤ 0},

where X ⊂ Rn is open, f : X → Rk, g : X → Rm, are differentiable functions
on X.

Definition 2.2 . A point x̄ ∈ X0 is said to be an efficient solution of (P ) if there
exists no x ∈ X0 such that fi(x) ≤ fi(x̄), i = 1, 2, ..., k.

We write the definition of second­order (C,α, ρ, d) − V ­type­I functions. Let C
be a convex function with respect to third variable.

Definition 2.3. For any i = 1, 2, ..., k, j = 1, 2, ...,m, the function (fi, hj) is said
to be second­order (C,α, ρ, d)− V ­type­I at u ∈ X if there exist α1

i , α
2
j : X ×X →
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R+ \ {0} and ρ1i , ρ
2
j ∈ R, such that for each x ∈ X0 and p ∈ Rn, we have

1

α1
i (x, u)

[fi(x)− fi(u) +
1

2
pT∇2fi(u)p] ≥ Cx,u

(
∇fi(u) +∇2fi(u)p

)
+

ρ1i d
2(x, u)

α1
i (x, u)

and

1

α2
j (x, u)

[−hj(u) +
1

2
pT∇2hj(u)p] ≥ Cx,u

(
∇hj(u) +∇2hj(u)p

)
+

ρ2jd
2(x, u)

α2
j (x, u)

.

Definition 2.4. For any i = 1, 2, ..., k, j = 1, 2, ...,m, the functions (fi, hj) are
said to be second­order semi­strictly (C,α, ρ, d) − V ­type­I at u ∈ X if there exist
α1
i , α

2
j : X×X → R+ \ {0} and ρ1i , ρ

2
j ∈ R, such that for each x ∈ X0 and p ∈ Rn,

we have
1

α1
i (x, u)

[fi(x)− fi(u) +
1

2
pT∇2fi(u)p] > Cx,u

(
∇fi(u) +∇2fi(u)p

)
+

ρ1i d
2(x, u)

α1
i (x, u)

and

1

α2
j (x, u)

[−hj(u) +
1

2
pT∇2hj(u)p] ≥ Cx,u

(
∇hj(u) +∇2hj(u)p

)
+

ρ2jd
2(x, u)

α2
j (x, u)

.

Every (F, α, ρ, d) type­I function is (C,α, ρ, d) type­I. But the converse need not be
true. This is seen from the following example.

Example 1. Let X = R. Let f : X → R and g : X → R where f(x) = x2−cos2x−1

and g(x) =
cos2x+ 1

2
− 2x. Suppose α1

1, α
1
2 ∈ R+ \ {0} and α1

1 =
1

20
, α2

2 =
1

3
and

Cx,u(a) =
a2

24 . Let d : X ×X → R+ be d(x, u) = (x− u)2.

Let p = −1, ρ11 = −1
20 , ρ

2
1 = −1.

By definition of (C,α, ρ, d) type­I at u = −0.5π, we have

1

α1
1(x, u)

[f(x)− f(u) +
1

2
pT∇2f(u)p]− Cx,u

(
∇f(u) +∇2f(u)p

)
− ρ1d2(x, u)

α1
1(x, u)

,

20x2 − 40(1 + cos2x) + 60− 5π2 − 1

24
(π − 6)2 + (x+ 5π)2 ≥ 0,

Similarly,

1

α2
1(x, u)

[−h(u) +
1

2
pT∇2h(u)p]− Cx,u

(
∇h(u) +∇2h(u)p

)
− ρ21d

2(x, u)

α2
1(x, u)

≥ 0.

for all x ∈ X. Hence, (f, h) is second order (C,α, ρ, d) type­I but (f, h) is not second
order (F, α, ρ, d) type­I at u = 0.5π as C is not sub­linear with respect to the third
argument.

Definition 2.5. Let C be a compact convex set in Rn. The support function of
C is defined by

s(x|C) = max{xT y : y ∈ C}.
A support function, being convex and everywhere finite, has a sub­differential, that
is, there exists a z ∈ Rn such that

s(y|C) ≥ s(x|C) + zT (y − x), ∀x ∈ C.
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The sub­differential of s(x|C) is given by

∂s(x|C) = {z ∈ C : zTx = s(x|C)}.

For a convex set D ⊂ Rn, the normal cone to D at a point x ∈ D is defined by

ND(x) = {y ∈ Rn : yT (z − x) ≤ 0, ∀z ∈ D}.

When C is a compact convex set, y ∈ NC(x) if and only if s(y|C) = xT y, or
equivalently, x ∈ ∂s(y|C).

3. Problem formulation

A general multi­objective fractional programming problem can be expressed in the
following form :

(MFP) Min G(x) =

(
f1(x) + S(x|C1)

g(x)− S(x|D)
,
f2(x) + S(x|C2)

g(x)− S(x|D)
, ...,

fk(x) + S(x|Ck)

g(x)− S(x|D)

)
Subject to x ∈ X0 = {x ∈ X : hj(x) + S(x|Ej) ≤ 0, j = 1, 2, ...,m},

where X ⊂ Rn is a closed convex set, fi, g : X → R (i = 1, 2, ..., k) and hj : X →
R (j = 1, 2, ...,m) are continuously differentiable functions. fi(.)+S(.|Ci) ≥ 0 and
g(.)−S(.|D) > 0, and S(x|Ci), S(x|D) and S(x|Ej) denote the support functions of
compact convex sets, Ci, D and Ej , for all i = 1, 2, ..., k, j = 1, 2, ...,m, respectively.

For every ν ∈ Rk
+, consider the following auxiliary problem:

(MFP)ν Minimize G(x) =

(
f1(x) + S(x|C1)− ν1(g(x)− S(x|D)),

, ..., fk(x) + S(x|Ck)− νk(g(x)− S(x|D))

)
.

Lemma 3[16]. Let x̄ ∈ X is an efficient solution for (MFP) if and only if there exists

ν̄ ∈ Rk
+ such that x̄ is an efficient solution for (MFP)ν̄ and ν̄i =

fi(x̄) + S(x̄|Ci)

g(x̄)− S(x̄|D)
, i =

1, 2, ..., k.

Theorem 3.1 ( Necessary Condition)[15]. Assume that x̄ is an efficient solu­
tion of (MFP) and let the Slater’s constraint qualification be satisfied on X. Then

there exist 0 < λ̄ ∈ Rk,
k∑

i=1

λ̄i = 1, 0 ≤ ȳ ∈ Rm, z̄i ∈ Rn, v̄ ∈ Rn and

w̄j ∈ Rn, i = 1, 2, ..., k, j = 1, 2, ...,m such that

k∑
i=1

λ̄i∇
(
fi(x̄) + x̄T z̄i
gi(x̄)− x̄T v̄

)
+

m∑
j=1

ȳj∇(hj(x̄) + x̄T w̄j) = 0,

m∑
j=1

ȳj(hj(x̄) + x̄T w̄j) = 0,

x̄T z̄i = S(x̄|Ci), x̄
T v̄ = S(x̄|Di), x̄

T w̄j = S(x̄|Ej),

z̄i ∈ Ci, v̄ ∈ Di, w̄j ∈ Ej , i = 1, 2, ..., k, j = 1, 2, ...,m.
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4. Duality model­I

Now, in this section we study the duality for (MFP)ν , for some ν ∈ Rk
+. We first

consider the following auxiliary problem:

(MFD) maximize
[
f1(u) + uT z1 − ν1(g(u)− uT v)− 1

2
pT∇2

(
f1(u) + uT z1 − ν1(g(u)

− uT v)

)
p+

m∑
j=1

yj(hj(u) + uTwj −
1

2
pT∇2hj(u)p)

, ..., fk(u) + uT zk − νk(g(u)− uT v)− 1

2
pT∇2

(
fk(u) + uT zk − νk(g(u)

− uT v)

)
p+

m∑
j=1

yj(hj(u) + uTwj −
1

2
pT∇2hj(u)p)

]
Subject to

k∑
i=1

λi∇
(
fi(u) + uT zi − νi(g(u)− uT v)

)
+

m∑
j=1

yj∇(hj(u) + uTwj)

+
k∑

i=1

λi∇2

(
fi(u) + uT zi − νi(g(u)− uT v)

)
p+

m∑
j=1

yj∇2hj(u)p = 0, (4.1)

zi ∈ Ci, v ∈ D, i = 1, 2, ..., k, wj ∈ Ej , j = 1, 2, ...,m,

yj ≥ 0, j = 1, 2, ...,m, λi > 0, i = 1, 2, ..., k,

k∑
i=1

λi = 1.

We now discuss the duality results for (MFP)ν and (MFD).

Theorem 4.1 (Weak Duality Theorem). Let x be a feasible solution for (MFP)ν ,
for some ν ∈ Rk

+ and for each feasible solution (u, z, v, y, λ, ν, w, p) of (MFD), for the
same ν ∈ Rk

+ . Suppose that, for any i = 1, 2, ..., k, j = 1, 2, ...,m,

(i)

[
fi(.)+(.)T zi−νi(g(.)−(.)T v), hj(.)+(.)Twj

]
is second­order (C,α, ρ, d)−

V ­type­I at u,
(ii) α1

i (x, u) = α2
j (x, u) = α(x, u), for all i and j,

(iii)
k∑

i=1

λiρ
1
i +

m∑
j=1

yjρ
2
j ≥ 0.

Then the following cannot hold

fi(x) + S(x|Ci)− νi(g(x)− S(x|D)) ≤ fi(u) + uT zi − νi(g(u)− uT v)

− 1

2
pT∇2

(
fi(u) + uT zi − νi(g(u)− uT v)

)
p

+

m∑
j=1

yj

(
hj(u) + uTwj −

1

2
pT∇2hj(u)p

)
, ∀ i = 1, 2, ..., k (4.2)

and
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fr(x) + S(x|Cr)− νr(g(x)− S(x|D)) < fr(u) + uT zr − νr(g(u)− uT v)

− 1

2
pT∇2

(
fr(u) + uT zr − νr(g(u)− uT v)

)
p

+

m∑
j=1

yj

(
hj(u) + uTwj −

1

2
pT∇2hj(u)p

)
, for some r = 1, 2, ..., k. (4.3)

Proof. Suppose that (4.2) and (4.3) hold, then using λi > 0,

k∑
i=1

λi = 1, xT zi ≤

S(x|Ci)

, xT v ≤ S(x|D), i = 1, 2, ..., k, we have

k∑
i=1

λi

[
fi(x) + xT zi − νi(g(x)− xT vi)− (fi(u) + uT zi − νi(g(u)− uT v))

+
1

2
pT∇2

(
fi(u) + uT zi − νi(g(u)− uT v)

)
p

]
−

m∑
j=1

yj

(
hj(u) + uTwj −

1

2
pT∇2hj(u)p

)
< 0. (4.4)

For any i = 1, 2, ..., k, j = 1, 2, ...,m,

[
fi(.)+(.)T zi−νi(g(.)−(.)T v), hj(.)+(.)Twj

]
is second­order (C,α, ρ, d)− V ­type­I, we have

1

α1
i (x, u)

[
fi(x) + xT zi − νi(g(x)− xT v)− (fi(u) + uT zi − νi(g(u)− uT v))

+
1

2
pT∇2

(
fi(u) + uT zi − νi(g(u)− uT v)

)
p

]
− ρ1i d

2(x, u)

α1
i (x, u)

≥ Cx,u

[
∇
(
fi(u) + uT zi − νi(g(u)− uT v)

)
+∇2

(
fi(u) + uT zi − νi(g(u)− uT v)

)
p

]
(4.5)

and

1

α2
j (x, u)

[
− (hj(u) + uTwj) +

1

2
pT∇2hj(u)p

]

≥ Cx,u

[
∇(hj(u) + uTwj) +∇2hj(u)p

]
+

ρ2jd
2(x, u)

α2
j (x, u)

. (4.6)

Let τ = 1 +
m∑
j=1

yj > 0. Adding the two inequalities after multiplying (4.5) by
λi

τ

and (4.6) by
yj
τ

and summing them over all i and j, we obtain

k∑
i=1

λi

α1
i (x, u)τ

[
fi(x) + xT zi − νi(g(x) − xT v) − (fi(u) + uT zi − νi(g(u) − uT v)) +

1

2
pT∇2

(
fi(u)+uT zi−νi(g(u)−uT v)p

]
−

m∑
j=1

yj
α2
j (x, u)τ

[
hj(u)+uTwj−

1

2
pT∇2hj(u)p

]
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≥
k∑

i=1

λi

τ
Cx,u

{
∇
(
fi(u) + uT zi − νi(g(u)− uT v)

)
+∇2

(
fi(u) + uT zi − νi(g(u)

− uT v)

)
p

}
+

m∑
j=1

yj
τ
Cx,u

{
∇(hj(u) + uTwj) +∇2hj(u)p

}

+

( k∑
i=1

λiρ
1
i

α1
i (x, u)τ

+
m∑
j=1

yjρ
2
j

α2
j (x, u)τ

)
d2(x, u). (4.7)

Using hypothesis (ii) and convexity of C, it gives

1

α(x, u)τ

k∑
i=1

λi

[
fi(x) + xT zi − νi(g(x)− xT v)− (fi(u) + uT zi − νi(g(u)− uT v)) +

1

2
pT∇2

(
fi(u)+uT zi−νi(g(u)−uT v

)
p

]
− 1

α(x, u)τ

m∑
j=1

yj

[
hj(u)+uTwj−

1

2
pT∇2hj(u)p

]

≥ Cx,u

[ k∑
i=1

λi

τ

{
∇
(
fi(u) + uT zi − νi(g(u)− uT v

)
+∇2

(
fi(u) + uT zi − νi(g(u)

− uT v)

)
p

}
+

m∑
j=1

yj
τ

{
∇(hj(u) + uTwj) +∇2hj(u)p

}]

+
1

α(x, u)τ

( k∑
i=1

λiρ
1
i +

m∑
j=1

yjρ
2
j

)
d2(x, u). (4.8)

Finally using feasibility condition (4.1), hypothesis (iii) and using Cx,u(0) = 0, it
follows that

k∑
i=1

λi

(
fi(x)+xT zi−νi(g(x)−xT vi)−fi(u)+uT zi−νi(g(u)−uT v)+

1

2
pT∇2

(
fi(u)+

uT zi − νi(g(u)− uT v

)
p

)
−

m∑
j=1

yj

(
hj(u) + uTwj −

1

2
pT∇2hj(u)p

)
≥ 0.

which contradict (4.4). Hence the result. □

Theorem 4.2 (Strong Duality Theorem). If ū ∈ X0 is an efficient solution of (MFP)ν
and let the Slater constraint qualification be satisfied. Then there exist λ̄ ∈ Rk, ȳ ∈
Rm, z̄i ∈ Rn, v̄ ∈ Rn and w̄j ∈ Rn, i = 1, 2, ..., k, j = 1, 2, ...,m, such that
(ū, z̄, v̄, ȳ, λ̄, ν̄i, w̄, p̄ = 0) is a feasible solution of (MFD) and the objective function
values of (MFP)ν and (MFD) are equal. Moreover, if the conditions of Theorem 3.1
holds for all feasible solutions of (MFP)ν and (MFD), then (ū, z̄, v̄, ȳ, λ̄, ν̄i, w̄, p̄ = 0)
is an efficient solution of (MFD).

Proof. Since ū is an efficient solution of (MFP)ν and the Slater constraint qualifica­
tion is satisfied, from Theorem 2.1, there exist µ̄ ∈ Rk, ȳ ∈ Rm, z̄i ∈ Rn, v̄ ∈ Rn

and w̄j ∈ Rn, i = 1, 2, ..., k, j = 1, 2, ...,m, such that
k∑

i=1

µ̄i∇
(
fi(ū) + ūT z̄i
g(ū)− ūT v̄

)
+

m∑
j=1

ȳj∇(hj(ū) + ūT w̄j) = 0, (4.9)
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m∑
j=1

ȳj(hj(ū) + ūT w̄j) = 0, (4.10)

ūT z̄i = S(ū|Ci), ū
T v̄ = S(ū|Di), ū

T w̄j = S(ū|Ej), (4.11)

z̄i ∈ Ci, v̄ ∈ Di, w̄j ∈ Ej , (4.12)

µ̄i > 0, ȳj ≥ 0, i = 1, 2, ..., k, j = 1, 2, ...,m. (4.13)

Equation (4.9) can be written as,
k∑

i=1

µ̄i

g(ū)− ūT v̄

(
∇(fi(ū) + ūT z̄i)−

fi(ū) + ūT z̄i
g(ū)− ūT v̄

∇(g(ū)− ūT v̄)

)

+

m∑
j=1

∇ȳj(hj(ū) + ūT w̄j) = 0. (4.14)

Letting λ̄i =
µ̄i

g(ū)− ūT v̄
and ν̄i =

fi(ū) + ūT z̄i
g(ū)− ūT v̄

, i = 1, 2, ..., k, we have

k∑
i=1

λ̄i∇
(
fi(ū) + ūT z̄i − ν̄i(g(ū)− ūT v̄)

)
+

m∑
j=1

ȳj∇(hj(ū) + ūT w̄j) = 0 (4.15)

fi(ū) + ūT z̄i − ν̄i(g(ū)− ūT v̄) = 0. (4.16)

Thus, (ū, z̄, v̄, ȳ, λ̄, ν̄i, w̄, p̄ = 0) is feasible for (MFD) and the objective function
values of (MFP)ν and (MFD) are equal. This complete the proof of theorem 4.2. □

Theorem 4.3 (Strict Converse Duality Theorem). Let x̄ be a feasible solution
for (MFP)ν and (ū, z̄, v̄, ȳ, λ̄, w̄, p̄) be feasible for (MFD) Suppose that, for any i =
1, 2, ..., k, j = 1, 2, ...,m,

(i)

k∑
i=1

λ̄i

(
fi(x̄) + x̄T z̄i − ν̄i(g(x̄)− x̄T v̄)− (fi(ū) + ūT z̄i − ν̄i(g(ū)− ūT v̄)

+
1

2
pT∇2

(
fi(u) + uT zi − νi(g(u) − uT v

)
p

)
−

m∑
j=1

yj

(
hj(u) + uTwj −

1

2
pT∇2hj(u)p

)
≤ 0,

(ii)

[
fi(.)+(.)T zi−ν̄i(g(.)−(.)T v), hj(.)+(.)Twj

]
is second­order semi­strictly

(C,α, ρ, d)− V ­type­I at ū,
(iii) α1

i (x̄, ū) = α2
j (x̄, ū) = α(x̄, ū), for all i and j,

(iv)
k∑

i=1

λ̄iρ
1
i +

m∑
j=1

ȳjρ
2
j ≥ 0.

Then, x̄ = ū.

Proof. We suppose on contrary x̄ ̸= ū. Since (ū, z̄, v̄, ȳ, λ̄, w̄, p̄) is feasible solution
for (MFD), we have

Cx̄,ū

[ k∑
i=1

λ̄i∇
(
fi(ū) + ūT z̄i − ν̄i(g(ū)− ūT v̄)

)
+

m∑
j=1

ȳj∇(hj(ū) + ūT w̄j)
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+
k∑

i=1

λ̄i∇2

(
fi(ū) + ūT z̄i − ν̄i(g(ū)− ūT v̄)

)
p̄+

m∑
j=1

ȳj∇2hj(ū)p̄

]
= 0. (4.17)

By hypothesis (ii), we get

1

α1
i (x̄, ū)

[
fi(x̄) + x̄T z̄i − ν̄i(g(x̄)− x̄T v̄)− (fi(ū) + ūT z̄i − ν̄i(g(ū)− ūT v̄)

+
1

2
p̄T∇2

(
fi(ū) + ūT z̄i − ν̄i(g(ū)− ūT v̄

)
p̄

]
− ρid

2(x̄, ū)

α1
i (x̄, ū)

> Cx̄,ū

[
∇
(
fi(ū) + ūT z̄i − ν̄i(g(ū)− ūT v̄

)
+∇2

(
fi(ū) + ūT z̄i − ν̄i(g(ū)− ūT v̄

)
p̄

]
(4.18)

and

1

α2
j (x̄, ū)

[
− (hj(ū) + ūT w̄j) +

1

2
p̄T∇2hj(ū)p̄

]

≥ Cx̄,ū

[
∇(hj(ū) + ūT w̄j) +∇2hj(ū)p̄

]
+

ρjd
2(x̄, ū)

α2
j (x̄, ū)

. (4.19)

Let τ̄ = 1 +

m∑
j=1

ȳj > 0. Multiplying (4.18) by
λ̄i

τ̄
and (4.19) by

ȳj
τ̄
, summing over

i = 1, 2, ..., k and j = 1, 2, ...,m, we have

k∑
i=1

λ̄i

α1
i (x̄, ū)τ̄

[
fi(x̄) + x̄T z̄i − ν̄i(g(x̄) − x̄T v̄)) − (fi(ū) + ūT z̄i − ν̄i(g(ū) − ūT v̄)) +

1

2
p̄T

(
fi(ū)+ūT z̄i−ν̄i(g(ū)−ūT v̄

)
p̄

]
−

m∑
j=1

ȳj
α2
j (x̄, ū)τ̄

[
hj(ū)+ūT w̄j−

1

2
p̄T∇2hj(ū)p̄

]

>
k∑

i=1

λ̄i

τ̄
Cx̄,ū

{
∇
(
fi(ū) + ūT z̄i − ν̄i(g(ū)− ūT v̄

)
+∇2

(
fi(ū) + ūT z̄i

− ν̄i(g(ū)− ūT v̄

)
p̄

}
+

m∑
j=1

ȳj
τ̄
Cx̄,ū

{
∇(hj(ū) + ūT w̄j) +∇2hj(ū)p̄

}
+

( k∑
i=1

λ̄iρ
1
i

α1
i (x̄, ū)τ̄

+
m∑
j=1

ȳjρ
2
j

α2
j (x̄, ū)τ̄

)
d2(x̄, ū).

Using hypothesis (iii) and convexity of C, it yield

k∑
i=1

λ̄i

α(x̄, ū)τ̄

[
fi(x̄) + x̄T z̄i − ν̄i(g(x̄) − x̄T v̄)) − (fi(ū) + ūT z̄i − ν̄i(g(ū) − ūT v̄)) +

1

2
p̄T (fi(ū)+ūT z̄i−ν̄i(g(ū)−ūT v̄))p̄

]
−

m∑
j=1

ȳj
α(x̄, ū)τ̄

(
hj(ū)+ūT w̄j−

1

2
p̄T∇2hj(ū)p̄

)

> Cx̄,ū

[ k∑
i=1

λ̄i

τ̄

{
∇
(
fi(ū) + ūT z̄i − ν̄i(g(ū)− ūT v̄)

)
+∇2

(
fi(ū) + ūT z̄i − ν̄i(g(ū)−
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ūT v̄)

)
p̄

}
+

m∑
j=1

ȳj
τ̄

{
∇(hj(ū) + ūT w̄j) +∇2hj(ū)p̄

}]

+
1

τα(x̄, ū)

( k∑
i=1

λ̄iρ
1
i +

m∑
j=1

ȳjρ
2
j

)
d2(x̄, ū). (4.20)

Finally, using feasibility conditions (4.1) and hypothesis (iv) in (4.20), we get

k∑
i=1

λ̄i

α(x̄, ū)τ̄

[
fi(x̄) + x̄T z̄i − ν̄i(g(x̄) − x̄T v̄)) − (fi(ū) + ūT z̄i − ν̄i(g(ū) − ūT v̄)) +

1

2
pT∇2

(
fi(u)+uT zi−νi(g(u)−uT v

)
p

]
−

m∑
j=1

ȳj
α(x̄, ū)τ̄

(
hj(ū)+ūT w̄j−

1

2
p̄T∇2hj(ū)p̄

)

> Cx̄,ū

[ k∑
i=1

λ̄i

τ̄

{
∇
(
fi(ū) + ūT z̄i − ν̄i(g(ū)− ūT v̄)

)
+∇2

(
fi(ū) + ūT z̄i

−ν̄i(g(ū)− ūT v̄)

)
p

}
+

m∑
j=1

ȳj
τ̄
[∇(hj(ū) + ūT w̄j) +∇2hj(ū)p̄]

]
.

Using (4.17), above equation gives

k∑
i=1

λ̄i

(
fi(x̄) + x̄T z̄i − ν̄i(g(x̄)− x̄T v̄)− (fi(ū) + ūT z̄i − ν̄i(g(ū)− ūT v̄))

+
1

2
pT∇2

(
fi(u) + uT zi − νi(g(u)− uT v

)
p

)
−

m∑
j=1

yj

(
hj(u) + uTwj −

1

2
pT∇2hj(u)p

)
> 0.

this contradicts the hypothesis (i). Hence proved. □

5. Duality model­II

Now, in this section we study the duality for (MFP)ν , for some ν ∈ Rk
+. We first

consider the following auxiliary problem:

(MFD1)

maximize
[
f1(u) + uT z1 − ν1(g(u)− uT v), ..., fk(u) + uT zk − νk(g(u)− uT v)

]
Subject to

k∑
i=1

λi∇
(
fi(u) + uT zi − νi(g(u)− uT v)

)
+

m∑
j=1

yj∇(hj(u) + uTwj)

+
k∑

i=1

λi∇2

(
fi(u) + uT zi − νi(g(u)− uT v)

)
p+

m∑
j=1

yj∇2hj(u)p = 0, (5.1)

k∑
i=1

λip
T∇2

(
fi(u) + uT zi − νi(g(u)− uT v)

)
p ≤ 0, (5.2)
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pT∇2hj(u)p ≤ 0, (5.3)

zi ∈ Ci, v ∈ D, i = 1, 2, ..., k, wj ∈ Ej , j = 1, 2, ...,m,

yj ≥ 0, j = 1, 2, ...,m, λi > 0, i = 1, 2, ..., k,

k∑
i=1

λi = 1.

We now discuss the duality results for (MFP)ν and (MFD1).

Theorem 5.1 (Weak Duality Theorem). Let x ∈ X0 be a feasible solution for (MFP)ν ,
for some ν ∈ Rk

+ and for each feasible solution (u, z, v, y, λ, ν, w, p) of (MFD1), for
the same ν ∈ Rk

+ . Suppose that, for any i = 1, 2, ..., k, j = 1, 2, ...,m,

(i)

[
fi(.)+(.)T zi−νi(g(.)−(.)T v), hj(.)+(.)Twj

]
is second­order (C,α, ρ, d)−

V ­type­I at u,
(ii) α1

i (x, u) = α2
j (x, u) = α(x, u), for all i and j,

(iii)

k∑
i=1

λiρ
1
i +

m∑
j=1

yjρ
2
j ≥ 0.

Then the following cannot hold

fi(x) + S(x|Ci)− νi(g(x)− S(x|D))

≤ fi(u) + uT zi − νi(g(u)− uT v), ∀ i = 1, 2, ..., k (5.4)

and
fr(x) + S(x|Cr)− νr(g(x)− S(x|D))

< fr(u) + uT zr − νr(g(u)− uT v), for some r = 1, 2, ..., k. (5.5)

Proof. The proof follows on the lines of Theorem 4.1. □

Theorem 5.2 (Strong Duality Theorem). If ū ∈ X0 is an efficient solution of (MFP)ν
and let the Slater constraint qualification be satisfied. Then there exist λ̄ ∈ Rk, ȳ ∈
Rm, z̄i ∈ Rn, v̄ ∈ Rn and w̄j ∈ Rn, i = 1, 2, ..., k, j = 1, 2, ...,m, such that
(ū, z̄, v̄, ȳ, λ̄, ν̄i, w̄, p̄ = 0) is a feasible solution of (MFD1) and the objective function
values of (MFP)ν and (MFD1) are equal. Moreover, if the conditions of Theorem 3.1
holds for all feasible solutions of (MFP)ν and (MFD1), then (ū, z̄, v̄, ȳ, λ̄, ν̄i, w̄, p̄ = 0)
is an efficient solution of (MFD1).

Proof. The proof follows on the lines of Theorem 4.2. □

Theorem 5.3 (Strict Converse Duality Theorem). Let x̄ ∈ X0 be a feasible solution
for (MFP)ν and (ū, z̄, v̄, ȳ, λ̄, w̄, p̄) be feasible for (MFD1). Suppose that, for any
i = 1, 2, ..., k, j = 1, 2, ...,m,

(i)
k∑

i=1

λ̄i

(
fi(x̄) + x̄T z̄i − ν̄i(g(x̄)− x̄T v̄)− (fi(ū) + ūT z̄i − ν̄i(g(ū)− ūT v̄)

)
≤

0,

(ii)

[
fi(.)+(.)T zi−ν̄i(g(.)−(.)T v), hj(.)+(.)Twj

]
is second­order semi­strictly

(C,α, ρ, d)− V ­type­I at ū,
(iii) α1

i (x̄, ū) = α2
j (x̄, ū) = α(x̄, ū), for all i and j,
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(iv)
k∑

i=1

λ̄iρ
1
i +

m∑
j=1

ȳjρ
2
j ≥ 0.

Then, x̄ = ū.

Proof. The proof follows on the lines of Theorem 4.3. □
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ABSTRACT. A mathematical model has been established to analyse the changes in the tissue
temperature on the peripheral regions of human body with respect to varying physiological
conditions. The formulation is based on a parabolic heat equation with appropriate physio­
logical parameters. The solution has been established using finite difference scheme and the
simulation was done with the help of MATLAB software. It has been observed that the re­
sults have shown a considerable effect on temperature profiles due to variable physiological
parameters.

KEYWORDS : Heat regulation; finite element method; bio­heat model; boundary value prob­
lem.
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1. INTRODUCTION

The heat and mass transport in human body are two important physiological
processes. Any change in the homostasis disturbs the overall function of the well
coordinated system. The skin is the largest organ of the human body and is re­
sponsible for all kinds of processes including temperature regulation, protecting
the body from external invasion and for the manufacture of vitamin D. The body
loses heat mainly through skin to its surroundings by radiation, conduction and
evaporation and thus the body temperature maintains constant level under nor­
mal physiological and atmospheric conditions. Under the normal physiological
and atmospheric conditions, the skin and subcutaneous tissue (SST) region of
body maintains its core temperature at 370C. The skin is divided into two main
layers epidermis and dermis. The subcutaneous or bottom layer contains muscles
and fatty tissue that help keep the skin toned and firm. The dermis or main layer
contains sensory nerve endings, blood and lymph vessels, hair follicles and the
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sebaceous and sweat glands. This is also where new living cells are manufactured
before emerging on the surface. The epidermis, or top layer, is the visible surface
of the skin, which is composed of flat, essentially dead skin cells. The unstable
environmental temperature plays a great role for the disturbance in human ther­
moregulatory system. The effect of surrounding temperature makes its way via
dermal layers and leads to hyperthermia and hypothermia in body core and other
various thermal stresses to the body peripherals. From the last few years various
researchers studied the distribution of temperature in the human body in relation
to several environment temperatures. If T represents the temperature of the tissue
at any point in the dermal layers, then the mathematical model for the distribution
of temperature in the human dermal layers can be represented as:

k
d2T

dr2
+

2k

r
+

dT

dr
+Q = 0 (1.1)

and the associated boundary conditions are

lim
r→0+

∂T

∂r
= 0, −k

(
∂T

∂r

)
r=R

= E (TH − Ta) (1.2)

where r is the radial distance from the origin, R is the radius of the domain, E is
the ambient cooling constant, Ta ambient temperature, TH periphery temperature,
Q ­ the heat production per unit volume and k is the thermal conductivity inside
the dermal region.

To study the effect of environmental temperatures on human dermal regions
various mathematical models were formulated. Earlier experimental investigations
were made by Patterson[11] to obtain temperature profiles in the SST region. Some
theoretical investigations have been carried out during the last few decades by
Cooper and Trezek [2], Chao et. al. [1] discussed temperature distribution in SST
region under normal environmental and physiological conditions. Song et. al [16]
established models describing the macro and micro vascular level heat transfer in
limbs. and Jas [6] studied the thermal behaviour of human organs in malignan­
cies. Our group had also developed numerous models in this direction [7], but the
thermal conductivity was mostly assumed as constant function. In the present
study, we assumed the thermal conductivity as a function of temperature in the
estimation of heat regulation in human peripheral tissues.

Thron [17] studied the above model to estimate the temperature distribution
in human head and suggested that if there is no singularity in the differential
equation(1.1), then the solution is given by

T (r) = Ta +
QR2

6k

[
1 +

2k

ER
−

( r

R

)2
]

(1.3)

In addition, he calculated the temperature distribution by assuming additional heat
sources while the cooling of blood at peripheral regions is given by the equation
(1.3) with

Q = Q0 +Qb (1.4)
where Qb = V s(T1 − T ), Q0 is the heat production of tissue, V is volume of the
flow of blood in unit time, T1 is the deep temperature of the human head and
s = 0.9cal/0Ccm3.

Richardson and Whitelaw [14] predicted the temperature profiles and the heat
conduction and skin surface as functions of surface temperature. Flesch [4] esti­
mated the temperature distribution using the heat equation (1.3) by assuming a
heat generation rate as an explicit function of the radial distance and an implicit
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function of the environment temperature. Khanday and Saxena [8],[9] calculated
the mass and temperature distribution at multilayered skin and sub­dermal tissues
by using variational finite element method with respect to various environmental
temperatures. Also, they studied the conditions under which the brain maintains
thermostat and also estimated the cold effect with respect to ambient temperatures.

The present paper is an attempt to study the temperature distribution at deep
dermal layers of the human body with heterogeneous thermal conductivity being a
function of temperature.

2. MATHEMATICAL FORMULATION

Estimation of temperature distribution in human body using mathematical tech­
niques has gained interest among many researchers. The heat transfer in biologi­
cal tissues was studied initially by Pennes’ [12] and later on Perl [13]. The existing
models for heat transfer in dermal regions mostly assumed thermal conductivity
term k either as constant or function of displacement. The thermal conductivity of
the material may also depend on the temperature, thus it is meaningful to assume
thermal conductivity of the material k as temperature dependent.

Assume k as a function of temperature as k(T ) = k0(T − TH)n. Hence, a math­
ematical model of the heat transfer in the human tissue follows the differential
equation of heat conduction as

ρc
∂T

∂t
=k0(T − TH)n

(
∂2T

∂x2
+

∂2T

∂y2
+

∂2T

∂z2

)
+ k0(T − TH)(n−1)

(
∂T

∂x
+

∂T

∂y
+

∂T

∂z

)
+Q (2.1)

where ρ, c and k0 represent the density, specific heat of the tissue and thermal
conductivity respectively.
In case of steady state, the above equation reduces to

k0
d2T

dx2
+

2k0
r

+
nk0

(T − TH)

(
dT

dr

)2

+
Q

(T − TH)n
= 0 (2.2)

Assuming the heat generation term Q as a function of temperature T and from
equation (1.4) we can take Q = q1(37 − T ) for some positive constant q1, thus we
have

k0
d2T

dx2
+

2k0
r

+
nk0

(T − TH)

(
dT

dr

)2

+
q1(37− T )

(T − TH)n
= 0 (2.3)

The boundary conditions associated with the system are given as(
dT

dr

)
r=0

= 0, T (r) = TH (2.4)

The singular boundary value problem determining the conduction of heat in human
dermal layers.

k0
d2T

dx2
+

2k0
r

+
nk0

(T − TH)

(
dT

dr

)2

+
q1(37− T )

(T − TH)n
= 0, 0 < r < R (2.5)(

dT

dr

)
r=0

= 0, T (r) = TH (2.6)

Using transformations
y = T − TH , t = r/R, (2.7)
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the boundary value problem reduces to the following system of equations

k0
d2y

dt2
+

2k0
y

dy

dt
+

(
dy

dt

)2

+
q1(37− y − TH)R2

(y)n
= 0, 0 < t < 1 (2.8)

(
dT

dt

)
t=0

= 0, y = TH (2.9)

By using the following substitution

c(t) = t2 and f(t, y, cy′) =
nk0
y

(
dy

dt

)2

+
q1(37− y − TH)R2

(y)n

(2.8) and (2.9) reduces to

1

c(t)
[c(t)y′(t)]

′

+ f(t, y, cy′) = 0 (2.10)

y′(0) = 0, y(1) = 0

The solution of this singular non­linear boundary value problem exists and is
unique. To compute the approximate solution by using finite difference method
has been used.

3. SOLUTION AND INTERPRETATION OF THE MODEL

The temperature distribution in human dermal regions can be obtained by solv­
ing the above boundary value problem numerically discussed as

k0
d2y

dt2
+

2k0
y

dy

dt
+

nk0
y

(
dy

dt

)2

+
q1(37− y − TH)R2

(y)n
= 0, 0 < t < 1 (3.1)

y′(0) = 0, y(1) = 0

Partitioning the interval (0, 1) into p subintervals with the length of each subinterval

as
1

p
, then by the central differences, the equation (3.1) above for i = 0 changes

into the following form

2k0y1 +
q1(37− y − TH)R2h2

(y0)n
− 2k0y0 = 0, 0 < t < 1 (3.2)

and for i = 1, 2, 3, ...(p− 1), we have(
1 +

1

i

)
yi+1 + nk0

(yi+1 − yi−1)
2

4yi
+

q1(37− y − TH)R2

(y)n
− 2k0y1 +

(
1− 1

i

)
yi−1

(3.3)

where p =
1

3
, q1 = 0.000002, T 2

H = 33.03 + 0.14(Ta − 10),

k0 = 0.00009TH(37− TH)(1/3) and Ta is an ambient temperature.
Making use of numerical technique to solve the resulting non­linear system

of equations, the temperature distribution in human dermal regions at various
environmental temperatures can be computed.

The heat generation calculated at the body core (brain and heart) is given in
Figure­(3). It has been observed from Figure­(3) that the heat generation in these
regions increases when the environment temperature decreases from 100C to 00C.
The present solution is useful and realistic due to the fact that it maintains constant
temperature at these regions.
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4. DISCUSSION AND CONCLUSION

A Heat distribution model to understand the peripheral tissues temperature of
human body has been formulated. The formulation is based on bio­heat equation
with variable physiological parameters and appropriate boundary conditions. The
boundary value problem determining the distribution of heat in the biological tis­
sue has been solved using numerical method. The computation and simulation
has been carried out by MATLAB software. The outcome of this study reflects
some innovations in the existing models by means of temperature dependent. It
is important to mention that the experiments have shown a great role of thermal
conductivity on the thermal behaviour of the biological tissue. The numerical solu­
tion of the boundary value problem was carried out and the results were compared
with the existing solutions as discussed by Thron [17]. The variation of temper­
ature at various dermal layers of the underlying tissue is demonstrated in Figure
(1). The curves (1) and (2) are due to thron[17] at two atmospheric temperatures
Ta = 00C, 100C while as the curves (3) and (4) are our results at the same ambient
temperatures respectively. The figure reveals that there are gradual changes of
temperature with radial distances. The study in this paper shows same tempera­
ture variation of tissues with that of Thron [17] with few significant differences in
some results. The main reason for such differences is that Thron [17] treated the
thermal conductivity as constant whereas it is temperature dependent in our case.
Therefore, it may be said that the present study is comparatively more realistic.
Similarly Figure­(2) is described at ambient temperatures Ta = 210C, 250C. It is
evident from the Figures­(1, 2) that the temperature variation in radial distances
shows the same tendency with existing study of temperature variations on the hu­
man periphery. For temperature dependent thermal conductivity k, the present
study shows some realistic values for the estimation of thermoregulation in human
dermal layers. The value of thermal conductivity gradually increases from outer
regions towards core with increase in temperature. Also a nonlinear singular dif­
ferential equation with suitable boundary conditions was developed according to
the equation­(14). The estimation of temperature distribution in human head for
various ambient temperatures was done by various researchers including Khan­
day and Saxena[10], Thron [17]. They have realized that sub­lingual temperature of
the head is not affected from the environmental temperature. Some realistic results
were observed in this study while comparing these results with some experimental
work carried out by Hodgson [5]. It is worthwhile to mention that the model can be
used extensively in medical sciences and biomedical engineering.
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Figure 1. Temperature distribution in the tissue of human head
versus radial distance for various values of environmental temper­
atures.

Figure 2. Temperature distribution in the tissue of human head
versus radial distance for various values of environmental temper­
atures.

Figure 3. Heat generation of tissue of the human head versus ra­
dial distance for several environmental temperatures.
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ABSTRACT. In this paper, we discuss best approximation and best coapproximation in met­
ric linear spaces. We obtain some results on the characterizations, existence and uniqueness
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1. INTRODUCTION AND PRELIMINARIES

A new tool in approximation theory, called best coapproximation by Papini and
Singer [13], was introduced in normed linear spaces by C. Franchetti and M. Furi
[1]. Subsequently, this theory has been developed to a large extent in normed lin­
ear spaces and in Hilbert spaces by C. Franchetti and M. Furi, H. Mazaheri, T.D.
Narang, P.L. Papini and I. Singer, Geetha S. Rao and her coworkers, and by many
others (see e.g. [1], [3], [4], [8], [13]­[16] and references cited therein). However, the
situation in case of metric linear spaces and metric spaces is somewhat different.
Although, some attempts have been made in this direction (see e.g. [9]­[12]) but
still the theory is less developed as compared to the theory of best approximation.
The present paper is also a step in this direction. This paper mainly deals with
the characterizations of elements of best approximation and best coapproximation
in metric linear spaces. Some results concerning the existence and uniqueness
of elements of best approximation and best coapproximation have been discussed.
We also study single­valuedness and linearity of metric projection and metric co­
projection.
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Let G be a closed subset of a metric space (X, d). An element g0 ∈ G is called a
best approximation (best coapproximation) to x ∈ X if

d(x, g0) ≤ d(x, g) (d(g0, g) ≤ d(x, g))

for all g ∈ G. The set of all such g0 ∈ G is denoted by PG(x)(RG(x)). The set G is
called proximinal (coproximinal) if PG(x) (RG(x)) contains at least one element
for every x ∈ X. If for each x ∈ X, PG(x)(RG(x)) has exactly one element, then
the set G is called Chebyshev (co− Chebyshev).

We shall denote the set {x ∈ X : g0 ∈ PG(x)} ({x ∈ X : g0 ∈ RG(x)}) by
P−1
G (g0) (R

−1
G (g0)).

For a proximinal (coproximinal) subset G of X, the mapping PG(RG) : X →
2G(≡ the collection of all subsets of G) defined by PG(x) = {g0 ∈ G : d(x, g0) ≤
d(x, g) for every g ∈ G} (RG(x) = {g0 ∈ G : d(g0, g) ≤ d(x, g) for every g ∈ G})
is called metric projection (metric coprojection).

A linear space X together with a translation invariant metric d (i.e., d(x+ z, y+
z) = d(x, y) for all x, y, z ∈ X) such that addition and scalar multiplication are
continuous in (X, d) is called a metric linear space.

Every normed linear space is a metric linear sapce but a metric linear space
need not be normable (see [17], p.31­36).

Remarks 1.1.

(i) A proximinal subset of a metric space need not be coproximinal:
Let X = R2 and G = {(x, y) ∈ R2 : x2 + y2 = 1}, then G is a compact
subset of R2 and hence proximinal. However, G is not coproximinal as
(0, 0) ∈ R2 does not have any best coapproximation in G.

(ii) A coproximinal subset of a metric space need not be proximinal:
Let X = R−{1} and M = (1, 2], then M is a coproximinal subset of X but
is not proximinal.

(iii) A Chebyshev subset of a metric space need not be co­Chebyshev:
Let X = R and G = [1, 2], then G is Chebyshev but not co­Chebyshev.

(iv) A co­Chebyshev subset of a metric space need not be Chebyshev:
Let X = R2 with the metric d((x1, y1), (x2, y2)) = |x1 − x2|+ |y1 − y2| and
G = {(x, y) ∈ R2 : x = y}. Then G is a proximinal subset of X. We have
PG(x, y) = {α(x, x) + (1 − α)(y, y) : 0 ≤ α ≤ 1}, i.e., G is not Chebyshev,
but RG(x, y) = {(x+y

2 , x+y
2 )}, i.e., G is co­Chebyshev.

(v) The set P−1
G (g0)(R

−1
G (g0)) is a closed set for every g0 ∈ G.

(vi) If G is a subspace of a metric linear space (X, d) then P−1
G (0)

∩
G = {0}

and R−1
G (0)

∩
G = {0}, where P−1

G (0) = {x ∈ X : 0 ∈ PG(x)} and
R−1

G (0) = {x ∈ X : 0 ∈ RG(x)}.
(vii) If G is subspace of a metric linear space (X, d), then g0 ∈ PG(x) (g0 ∈

RG(x)) if and only if x − g0 ∈ P−1
G (0) (x − g0 ∈ R−1

G (0)) and PG(x + g) =
PG(x) + g (RG(x+ g) = RG(x) + g) for every g ∈ G.

(viii) If G is subspace of a metric linear space (X, d), then d(g, 0) = d(g,R−1
G (0))

for every g ∈ G.
For a closed linear subspace G of a metric linear space (X, d), the canonical

mapping π of X onto X/G is defined as π(x) = x + G, x ∈ X. This mapping π is
linear, continuous and open (see [17], p.29).

Let (X, d) be a metric linear space and x, y ∈ X. We say that x is orthogonal to
y, x ⊥ y if d(x, 0) ≤ d(x, αy) for every scalar α. For a subset G of X, we say that
G ⊥ x if g ⊥ x for every g ∈ G.
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2. MAIN RESULTS

This section mainly deals with the characterizations, existence and unique­
ness of elements of best approximation and best coapproximation in metric lin­
ear spaces. We start with the following theorem which gives equivalent conditions
under which coproximinal subspaces are co­Chebyshev:

Theorem 2.1. Let G be a coproximinal subspace of a metric linear space (X, d),
then the following are equivalent:
(i) RG is one­valued and linear.
(ii) R−1

G (0) is a linear subspace of X.

Proof. (i)⇒ (ii). Let x, y ∈ R−1
G (0) and α, β be scalars. Then RG(x) = {0} and RG(y) =

{0}. Since RG is linear, we have RG(αx + βy) = αRG(x) + βRG(y) = {0}. This
implies that αx+ βy ∈ R−1

G (0).
(ii)⇒ (i). Let g1, g2 ∈ RG(x). This gives x − g1, x − g2 ∈ R−1

G (0). Since R−1
G (0) is a

subspace, we have (x− g1)− (x− g2) ∈ R−1
G (0), i.e., g2 − g1 ∈ R−1

G (0). This gives
g2 − g1 ∈ R−1

G (0)
∩
G = {0} and so g1 = g2. Hence RG is one­valued.

Let x, y ∈ X and α, β be scalars. Suppose g1 ∈ RG(x) and g2 ∈ RG(y). This gives
x−g1, y−g2 ∈ R−1

G (0). Since R−1
G (0) is a subspace, we have α(x−g1)+β(y−g2) ∈

R−1
G (0), i.e., (αx+βy)− (αg1+βg2) ∈ R−1

G (0). Now, RG(αx+βy)− (αg1+βg2) =
RG(αx+ βy − (αg1 + βg2)) = {0}, as RG is single­valued. Hence RG(αx+ βy) =
αg1 + βg2 = αRG(x) + βRG(y). □

Proceeding on similar lines, we obtain the following theorem which gives equiv­
alent conditions under which proximinal subspaces are Chebyshev:

Theorem 2.2. Let G be a proximinal subspace of a metric linear space (X, d), then
the following are equivalent:
(i) PG is one­valued and linear.
(ii) P−1

G (0) is a linear subspace of X.

Remarks 2.3. (i) For normed linear spaces, Theorem 2.1 was proved in [12] and
Theorem 2.2 in [2].
(ii) If we take G to be only a proximinal subset containing zero, then P−1

G (0) is a
subspace but G need not be Chebyshev.

Example 2.4. Let X = R with usual metric and G = (−∞, 1]
∪
[2,∞). Then

P−1
G (0) = {0} is a subspace but G is not a Chebyshev set.

Example 2.4 also shows that one of the main result (Theorem 2.6) proved in [5]
is not valid.

We require the following lemmas proved in [12] ([10]) for our next results:

Lemma 2.5. Let G be a linear subspace of a metric linear space (X, d), then the
following are equivalent:
(i) G is proximinal (coproximinal).
(ii) X = G+ P−1

G (0) (X = G+R−1
G (0)).

Lemma 2.6. Let G be a linear subspace of a metric linear space (X, d) then the
following are equivalent:
(i) G is Chebyshev (co­Chebyshev ).
(ii) X = G

⊕
P−1
G (0) (X = G

⊕
R−1

G (0)), where
⊕

means that the sum decomposi­
tion of each x ∈ X is unique.

The following theorem gives necessary and sufficient condition for the metric
coprojection to be linear.
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Theorem 2.7. Let G be a co­Chebyshev subspace of a metric linear space (X, d),
then the following are equivalent:
(i) RG is linear.
(ii) R−1

G (0) is a subspace.
(iii) R−1

G (0) contains a subspace N for which X = G
⊕

N .

Proof. (i)⇒ (ii) follows from Theorem 2.1.
(ii)⇒(iii) is obvious by Lemma 2.6.
(iii)⇒ (i). Let x, y ∈ X and α, β be scalars.. Then x = g1 + n1 and y = g2 + n2

for some g1, g2 ∈ G and n1, n2 ∈ N . Therefore, x − g1, y − g2 ∈ N . Since N is a
subspace, we have α(x − g1) + β(y − g2) ∈ N ⊆ R−1

G (0) for all scalars α, β. This
gives (αx+ βy)− (αg1 + βg2) ∈ R−1

G (0), i.e., RG(αx+ βy − (αg1 + βg2)) = {0}(as
G is co­Chebyshev), i.e., RG(αx+ βy) = αg1 + βg2 = αRG(x) + βRG(y). □

Proceeding on similar lines, we obtain the following theorem which gives neces­
sary and sufficient conditions for the metric projection to be linear.

Theorem 2.8. Let G be a Chebyshev subspace of a metric linear space (X, d), then
the following are equivalent:
(i) PG is linear.
(ii) P−1

G (0) is a subspace.
(iii) P−1

G (0) contains a subspace N for which X = G
⊕

N .

Remarks 2.9. For normed linear spaces, Theorem 2.7 was proved in [15] and The­
orem 2.8 in [2].

The following theorem gives necessary and sufficient conditions for the set R−1
G (0)

to be Chebyshev:

Theorem 2.10. Let G be a coproximinal subspace of a metric linear space (X, d). If
R−1

G (0) is an additive group then the following are equivalent:
(i) R−1

G (0) is a Chebyshev set.
(ii) G = {x ∈ X : d(x,R−1

G (0)) = d(x, 0)}.

Proof. (i)⇒ (ii). Suppose x ∈ X is such that

d(x,R−1
G (0)) = d(x, 0). (2.1)

Then there exist g ∈ G such that ǧ = x − g ∈ R−1
G (0) (as G is a coproximinal

subspace and so by Lemma 2.5, X = G + R−1
G (0)). Therefore d(x, ǧ) = d(g, 0) =

d(g,R−1
G (0)) = d(x − ǧ, R−1

G (0)) = d(x,R−1
G (0)), as R−1

G (0) is an additive group.
This implies ǧ ∈ PR−1

G (0)(x). From (2.1), we have 0 ∈ PR−1
G (0)(x). Since R−1

G (0) is
Chebyshev, we have ǧ = 0 and so x = g ∈ G. Also, by Remark 1.1 (8), we have
d(g, 0) = d(g,R−1

G (0)) for all g ∈ G. Consequently, the result follows.
(ii)⇒ (i). Let x ∈ X. Then there exist g ∈ G such that ǧ = x−g ∈ R−1

G (0). Therefore

d(x,R−1
G (0)) = d(x− ǧ, R−1

G (0)) = d(x, ǧ) (as x− ǧ ∈ G)

i.e., R−1
G (0) is proximinal.

Suppose that for some x ∈ X, there exist ǧ1, ǧ2 ∈ PR−1
G (0)(x), i.e.,

d(x, ǧ1) = d(x,R−1
G (0)) = d(x− ǧ1, R

−1
G (0))

and
d(x, ǧ2) = d(x,R−1

G (0)) = d(x− ǧ2, R
−1
G (0))

Then by hypothesis, x− ǧ1, x− ǧ2 ∈ G. Since G is a subspace, (x− ǧ1)− (x−
ǧ2) ∈ G, i.e., ǧ1 − ǧ2 ∈ G. Also R−1

G (0) is an additive group, we have ǧ1 − ǧ2 ∈
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R−1
G (0). Therefore, ǧ1 − ǧ2 ∈ R−1

G (0)
∩
G = {0} and so ǧ2 = ǧ1. Hence R−1

G (0) is
Chebyshev. □

Let G be a linear subspace of a metric linear space (X, d). We say that G is a
quasi− orthogonal set if G ⊥ P−1

G (0), i.e., g ⊥ g′ for all g ∈ G and g′ ∈ P−1
G (0).

Concerning quasi­orthogonality of subspaces, we have

Lemma 2.11. Let G be a quasi­orthogonal subspace of a metric linear space (X, d)
then d(g, 0) = d(g, P−1

G (0)).

Proof. Since G is a quasi­orthogonal subspace, G ⊥ P−1
G (0), i.e., g ⊥ g′ for all

g ∈ G and g′ ∈ P−1
G (0), i.e., d(g, 0) ≤ d(g, αg′) for all g ∈ G, g′ ∈ P−1

G (0) and all
scalars α. Taking α = 1, we obtain d(g, 0) ≤ d(g, g′) for all g ∈ G, g′ ∈ P−1

G (0).
This implies d(g, 0) ≤ infg′∈P−1

G (0) d(g, g
′) = d(g, P−1

G (0)) for all g ∈ G. Also,
d(g, P−1

G (0)) = infg′∈P−1
G (0) d(g, g

′) ≤ d(g, 0) for all g ∈ G. Consequently, d(g, 0) =
d(g, P−1

G (0)). □

Using Lemma 2.11, we have the following result which characterizes Cheby­
shevity of P−1

G (0):

Theorem 2.12. Let G be a proximinal, quasi­orthogonal subspace of a metric linear
space (X, d). If P−1

G (0) is an additive group then the following are equivalent:
(i) P−1

G (0) is a Chebyshev set.
(ii) G = {x ∈ X : d(x, P−1

G (0)) = d(x, 0)}.

Proof. The proof runs on similar lines as that of Theorem 2.10. □

Remarks 2.13.

(i) For normed linear spaces, Theorem 2.12 was proved in [5].
(ii) It was shown in [11] that if G is a proximinal (coproximinal) subspace of a

metric linear space (X, d) and P−1
G (0) (R−1

G (0)) is a convex set, then G is
Chebyshev (co­Chebyshev). If we take G to be a proximinal (coproximinal)
subset containing zero instead of a subspace then G need not be Chebyshev
(co­Chebyshev). Example 2.4 and the following example confirm these
facts.

Example 2.14. Let X = R and G = [0,∞), then R−1
G (0) = (−∞, 0] and RG(−1) =

[0, 1], i.e., R−1
G (0) is a convex set but G is not co­Chebyshev.

Concerning the coproximinality of quotient spaces, we have

Lemma 2.15. Let G be a closed linear subspace of a metric linear space (X, d) and
F a coproximinal subspace of X containing G. Then F/G is coproximinal in X/G.

Proof. Let x + G ∈ X/G, x ∈ X, and f be a best coapproximation to x. We prove
that f +G is a best coapproximation to x+G. Suppose it is not, then there exist
f ′+G ∈ F/G such that d(f+G, f ′+G) > d(x+G, f ′+G), i.e., infg∈G d(x−f ′, g) <
d(f − f ′, G). Then there exist some g0 ∈ G such that

d(x− f ′, g0) < d(f − f ′, G) ≤ d(f − f ′, g0)

i.e., d(x, f ′+g0) < d(f, f ′+g0). Thus f is not a best coapproximation to x from F ,
a contradiction. Hence f +G is a best coapproximation to x+G and consequently,
F/G is coproximinal in X/G. □

Concerning the coproximinality of F , we have
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Lemma 2.16. Let G be a proximinal subspace of a metric linear space (X, d) and F
a subspace of X containing G. If F/G is coproximinal in X/G then F is coproximinal
in X.

Proof. Let x ∈ X be arbitrary, then x + G ∈ X/G. Since F/G is coproximinal in
X/G, there is some f + G ∈ RF/G(x+G), i.e., d(f + G, f ′ + G) ≤ d(x + G, f ′ +
G) for evrey f ′ + G ∈ F/G. Since G is proximinal, there exist g0 ∈ G such
that d(f − f ′, g0) ≤ d(x − f ′, G) ≤ d(x − f ′, 0) for every f ′ ∈ F . This gives
f − g0 ∈ RF (x). Hence F is coproximinal in X. □

Using Lemmas 2.15 and 2.16, we obtain the following result:

Theorem 2.17. Let G be a proximinal subspace of a metric linear space (X, d) and
F a coproximinal subspace of X containing G. If π : X → X/G is the canonical map,
then π(RF (x)) = RF/G(x+G).

Concerning the co­Chebyshevity of quotient spaces, we have

Theorem 2.18. Let G be a proximinal subspace of a metric linear space (X, d) and
F a coproximinal subspace containing G. If R−1

F (0) is a convex set then F/G is a
co­Chebyshev subspace of X/G.

Proof. Using Theorem 2.17, we have π(RF (x)) = RF/G(x+G).

In view of Remark 2.13, it is sufficient to prove that R−1
F/G(G) is convex. For

this, let x+G, y +G ∈ R−1
F/G(G) and 0 < λ < 1. Since G ∈ RF/G(x+G) and G ∈

RF/G(y +G), there exist g ∈ RF (x) and h ∈ RF (y) such that π(g) = G = π(h).
Therefore, x− g, y − h ∈ R−1

F (0) (as g ∈ RF (x), h ∈ RF (y)).
Since R−1

F (0) is a convex set, we have λ(x − g) + (1 − λ)(y − h) ∈ R−1
F (0)

i.e., d(0, f) ≤ d(λ(x − g) + (1 − λ)(y − h), f) for all f ∈ F . This implies d(λg +
(1 − λ)h, λg + (1 − λ)h + f) ≤ d(λx + (1 − λ)y, f + λg + (1 − λ)h) for all f ∈ F .
Therefore, λg + (1− λ)h ∈ RF (λx+ (1− λ)y).

Also π(λg+ (1− λh)) = G. Therefore, G ∈ RF/G(λx+ (1− λ)y +G), i.e., λ(x+

G) + (1 − λ)(y + G) ∈ R−1
F/G(G) and so R−1

F/G(G) is convex. Hence F/G is co­
Chebyshev in X/G. □

Remarks 2.19. For normed linear spaces, Lemmas 2.15, 2.16 and Theorems 2.17,
2.18 were proved in [3].

Proceeding on similar lines, we obtain the following results on best approxima­
tion in quotient spaces. For normed linear spaces these results were proved in [5]
and [6]:

(i) Let G be a closed linear subspace of a metric linear space (X, d) and F a prox­
iminal subspace of X containing G. Then F/G is proximinal in X/G.
(ii) Let G be a proximinal subspace of a metric linear space (X, d) and F a subspace
of X containing G. If F/G is proximinal in X/G then F is proximinal in X.
(iii) Let G be a proximinal subspace of a metric linear space (X, d) and F a prox­
iminal subspace of X containing G. If π : X → X/G is the canonical map then
π(PF (x)) = PF/G(x+G).
(iv) Let G be a proximinal subspace and F a proximinal subspace of X containing
G. If P−1

F (0) is a convex set then F/G is a Chebyshev subspace of X/G.
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ABSTRACT. In this paper we utilize a generalized almost contractive mapping to establish
some coupled best proximity point results which are global optimization results of find­
ing the minimum distances between two sets. The results are obtained in metric spaces
with a partial ordering defined therein. There is a blending of analytic and order theoretic
approaches in the proofs. We illustrate the main theorem through an example.
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1. INTRODUCTION AND PRELIMINARIES

Best proximity point results are related to the problem of finding minimum
distances which is by itself a classical problem considered in many areas of math­
ematics. It occupies an important position in the calculus of variation [16]. In
geometrical studies it is related to the concept of geodesic [3]. In our case the ob­
jects are subsets of metric spaces. The minimum distance between pairs of subsets
are realized by utilizing best proximity points of non­self mappings.

Technically, (X, d) denotes a metric space throughout the paper and A, B ⊆ X.
We use the following notations.

D(x, B) = inf {d(x, b) : b ∈ B}, where x ∈ X,

d(A, B) = inf {d(a, b) : a ∈ A and b ∈ B},
A0 = {a ∈ A : d(a, b) = d(A, B) for some b ∈ B},
B0 = {b ∈ B : d(a, b) = d(A, B) for some a ∈ A}.
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It is to be noted that for every a ∈ A0 there exists b ∈ B0 such that d(a, b) =

d(A, B) and conversely, for every b
′ ∈ B0 there exists a

′ ∈ A0 such that d(a
′
, b

′
) =

d(A, B).
Let T : A −→ B be a non­self mapping. Then x∗ ∈ A is a best proximity point

of T if d(x∗, Tx∗) = d(A, B) [10]. A best proximity point reduces to a fixed
point in case where A = B. A best proximity point problem can be described as
the problem of finding an optimal approximate solution of the fixed point equation
x = Tx although the exact solution need not exist. This is an approach to the global
optimization problem of finding minimum distance between two sets by minimizing
globally the quantity d(x, Tx) such that the minimum value d(A, B) is attained
at some point.

At this, point it is pertinent to point out the difference between proximity point
results and best approximation results. Unlike former, the best approximation
results are not necessarily optimal. For instance, the famous Ky Fan’s best ap­
proximation result is not an optimality result [11].

Eldred et al [10] introduced best proximity points. Interest in results associated
with this concept increased rapidly which has resulted in the publication of a good
number of papers on this topic. Side by side, coupled fixed point theorems also
occupied large research interest in recent times with the publication of results like
[5, 6, 12, 15, 17]. Coupled mapping was utilized in research on best proximity
pairs in the work of [20] and was followed by works like [13, 14, 18, 19]. Our
purpose is to establish coupled best proximity point theorems in a metric space
where a partial order is defined. In the sequel we use an almost contraction like
inequality. These inequalities featured in the study of generalized contractions
originated by Berinde [4]. This category of inequalities has been utilized in a good
number of papers which are predominantly on fixed point studies, some instances
being [1, 2, 7, 8, 9]. We utilize this idea for finding best proximity pairs through
coupled maps. Precisely, we utilize a generalized almost contraction mapping for
the purpose of obtaining coupled best proximity points. The above mentioned
mapping is assumed to be defined from one set A × A to the other set B. Then
under suitable conditions, by applying fixed point methodologies, we obtained a
coupled best proximity point of the above mentioned mapping which realizes the
minimum distance. The main result has one corollary and an illustrative example.
Separate order theoretic condition is imposed to ensure the uniqueness of the
coupled best proximity point in the main result.

The following are the requisite mathematical concepts for the discussions in this
paper.

Throughout this paper, (X, d, ⪯) denotes a partially ordered metric space where
⪯ is a partially order on the metric space (X, d).

Definition 1.1 ([12]). A mapping g : A×A −→ A is said to have the mixed monotone
property if

u, v ∈ A, u ⪯ v =⇒ g(u, y) ⪯ g(v, y), for all y ∈ A;

and
p, q ∈ A, p ⪯ q =⇒ g(x, p) ⪰ g(x, q), for all x ∈ A.

Definition 1.2 ([14]). A mapping g : A × A −→ B is said to have proximal mixed
monotone property if for all x, y ∈ A

u ⪯ v
d(a, g(u, y)) = d(A, B),
d(b, g(v, y)) = d(A, B)

 ⇒ a ⪯ b
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and
p ⪯ q
d(c, g(x, p)) = d(A, B),
d(d, g(x, q)) = d(A, B)

 ⇒ c ⪰ d,

where u, v, p, q, a, b, c, d ∈ A.

If A = B in the above definition, the notion of the proximal mixed monotone
property reduces to that of the mixed monotone property.

Definition 1.3. A mapping F : A×A −→ B is said to have proximal mixed mono­
tone property on A0 ×A0 if for all x, y ∈ A0

u ⪯ v
d(a, g(u, y)) = d(A, B),
d(b, g(v, y)) = d(A, B)

 ⇒ a ⪯ b

and
p ⪯ q
d(c, g(x, p)) = d(A, B),
d(d, g(x, q)) = d(A, B)

 ⇒ c ⪰ d,

where u, v, p, q, a, b, c, d ∈ A0.

Lemma 1.4 ([14]). Let (X, d, ⪯) be a partially ordered metric space and A, B are
nonempty subsets of X. Assume A0 is non­empty. Let g : A×A −→ B be a mapping
such that g(A0 × A0) ⊆ B0 and g has proximal mixed monotone property. Then for
all u, v, p, q, w ∈ A0

u ⪯ v and p ⪰ q
d(v, g(u, p)) = d(A, B),
d(w, g(v, q)) = d(A, B)

 ⇒ v ⪯ w.

Lemma 1.5 ([14]). Let (X, d, ⪯) be a partially ordered metric space and A, B are
nonempty subsets of X. Assume A0 is non­empty. Let g : A×A −→ B be a mapping
such that g(A0 × A0) ⊆ B0 and g has proximal mixed monotone property. Then for
all u, v, p, q, z ∈ A0

u ⪯ v and p ⪰ q
d(q, g(p, u)) = d(A, B),
d(z, g(q, v)) = d(A, B)

 ⇒ q ⪰ z.

Definition 1.6 ([20]). A point (a, b) ∈ A×A is said to be a coupled best proximity
point of the mapping g : A×A −→ B if d(a, g(a, b)) = d(A, B) and d(b, g(b, a)) =
d(A, B).

2. MAIN RESULTS

Theorem 2.1. Let (X, ⪯) be a partially ordered set and suppose that there is
a metric d on X such that (X, d) is a complete metric space. Let (A, B) be a
pair of non­empty closed subsets of X such that A0 is non­empty and closed. Let
F : A×A −→ B be a mapping such that F (A0×A0) ⊆ B0 and F has proximal mixed
monotone property on A0 × A0. Suppose that there exist nonnegative real numbers
a, b and L with a+ b < 1 such that for all x, y, u, v, p, q ∈ A0

x ⪯ u and y ⪰ v,
d(p, F (x, y)) = d(A, B),
d(q, F (u, v)) = d(A, B)

 =⇒ d(p, q) ≤ N(x, y, u, v, p, q),

where
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N(x, y, u, v, p, q) = a d(x, u)+b d(y, v)+Lmin {d(p, u), d(q, x), d(p, x), d(q, u)}.
Suppose either
(a) F is continuous or
(b) X has the following properties:

(i) if a nondecreasing sequence {xn} −→ x, then xn ⪯ x, for all n ≥ 0;
(ii) if a nonincreasing sequence {yn} −→ y, then y ⪯ yn, for all n ≥ 0.

Also, suppose that there exist elements (x0, y0), (x1, y1) ∈ A0 × A0 such that
d(x1, F (x0, y0)) = d(A, B) and d(y1, F (y0, x0)) = d(A, B) with x0 ⪯ x1 and
y0 ⪰ y1. Then F has a coupled best proximity point in A0 ×A0.

Proof. By the hypothesis of the theorem there exist elements (x0, y0), (x1, y1) ∈
A0 ×A0 such that x0 ⪯ x1 and y0 ⪰ y1 and

d(x1, F (x0, y0)) = d(A, B) and d(y1, F (y0, x0)) = d(A, B). (2.1)

Since F (A0 ×A0) ⊆ B0, there exists an element (x2, y2) ∈ A0 ×A0 such that

d(x2, F (x1, y1)) = d(A, B) and d(y2, F (y1, x1)) = d(A, B). (2.2)

Hence by the Lemmas 1.4 and 1.5, we have x1 ⪯ x2 and y1 ⪰ y2.
Continuing this process, we construct the sequences {xn} and {yn} in A0 such

that
xn ⪯ xn+1 and yn ⪰ yn+1 for all n ≥ 0 (2.3)

and

d(xn+1, F (xn, yn)) = d(A, B) and d(yn+1, F (yn, xn)) = d(A, B). (2.4)

Now,
xn ⪯ xn+1 and yn ⪰ yn+1,
d(xn+1, F (xn, yn)) = d(A, B),
d(xn+2, F (xn+1, yn+1)) = d(A, B)

 =⇒

d(xn+1, xn+2) ≤ N(xn, yn, xn+1, yn+1, xn+1, xn+2), (2.5)

where
N(xn, yn, xn+1, yn+1, xn+1, xn+2) = a d(xn, xn+1) + b d(yn, yn+1)

+L min {d(xn+1, xn+1), d(xn+2, xn), d(xn+1, xn), d(xn+2, xn+1)}
= a d(xn, xn+1) + b d(yn, yn+1).

So, we have
d(xn+1, xn+2) ≤ a d(xn, xn+1) + b d(yn, yn+1). (2.6)

Similarly, it can be obtained that

d(yn+1, yn+2) ≤ a d(yn, yn+1) + b d(xn, xn+1). (2.7)

Combination of (2.6) and (2.7) implies that

d(xn+1, xn+2) + d(yn+1, yn+2) ≤ (a+ b) [d(xn, xn+1) + d(yn, yn+1)]. (2.8)

Let rn = d(xn, xn+1)+ d(yn, yn+1) and k = a+ b. By repeated application of (2.8),
we get

0 ≤ rn ≤ k rn−1 ≤ k2 rn−2 ≤ ... ≤ kn r0. (2.9)

Let m, n ∈ N with m < n. Then
d(xm, xn) + d(ym, yn) ≤ d(xm, xm+1) + d(ym, ym+1) + d(xm+1, xm+2) +

d(ym+1, ym+2) + · · ·+ d(xn−1, xn) + d(yn−1, yn)
≤ rm+rm+1+ ...+rn−1 ≤ [km+km+1+ ...+kn−1]r0
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≤ km

1− k
r0 −→ 0 as m −→ ∞ (since 0 ≤ k < 1).

Then it follows that

lim
m, n→∞

d(xm, xn) = 0 and lim
m, n→∞

d(ym, yn) = 0,

which implies that both {xn} and {yn} are Cauchy sequences in A0. Since A0 is a
closed subset of the complete metric space (X, d), A0 is also complete. Now from
the completeness of A0, there exists x∗, y∗ ∈ A0 such that

lim
n→∞

xn = x∗; that is, lim
n→∞

d(xn, x
∗) = 0 (2.10)

and
lim
n→∞

yn = y∗; that is, lim
n→∞

d(yn, x
∗) = 0. (2.11)

Let the condition (a) holds.
Taking limit as n −→ ∞ in (2.4) and using (2.10), (2.11) and the continuity of F ,
we have

d(x∗, F (x∗, y∗)) = d(A, B) and d(y∗, F (y∗, x∗)) = d(A, B).

Therefore, (x∗, y∗) is a coupled best proximity point of F .
Next we suppose that the condition (b) holds.

Using the condition (b) of the theorem, (2.3), (2.10) and (2.11), we have

xn ⪯ x∗ and yn ⪰ y∗, for all n ≥ 0. (2.12)

Since x∗, y∗ ∈ A0 and F (A0 ×A0) ⊆ B0, there exists u, v ∈ A0 such that

d(u, F (x∗, y∗)) = d(A, B) and d(v, F (y∗, x∗)) = d(A, B). (2.13)

By (2.4), (2.12) and (2.13)

xn ⪯ x∗ and yn ⪰ y∗,
d(xn+1, F (xn, yn)) = d(A, B),
d(u, F (x∗, y∗)) = d(A, B)

 =⇒

d(xn+1, u) ≤ N(xn, yn, x
∗, y∗, xn+1, u), (2.14)

where
N(xn, yn, x

∗, y∗, xn+1, u) = a d(xn, x
∗) + b d(yn, y

∗)
+L min {d(xn+1, x

∗), d(u, xn), d(xn+1, xn), d(u, x
∗)}.

Using (2.10) and (2.11), we obtain

lim
n→∞

N(xn, yn, x
∗, y∗, xn+1, u) = 0. (2.15)

Taking the limit as n −→ ∞ in (2.14), using (2.10) and (2.15), we have d(x∗, u) ≤ 0,
which implies that d(x∗, u) = 0; that is, u = x∗.
Again, by (2.4), (2.12) and (2.13)

y∗ ⪯ yn and x∗ ⪰ xn,
d(v, F (y∗, x∗)) = d(A, B),
d(yn+1, F (yn, xn)) = d(A, B)

 =⇒

d(v, yn+1) ≤ N(y∗, x∗, yn, xn, v, yn+1), (2.16)
where

N(y∗, x∗, yn, xn, v, yn+1) = a d(y∗, yn) + b d(x∗, xn)
+L min {d(v, yn), d(yn+1, y

∗), d(v, y∗), d(yn+1, yn)}.
Using (2.10) and (2.11), we obtain

lim
n→∞

N(y∗, x∗, yn, xn, v, yn+1) = 0. (2.17)
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Taking the limit as n −→ ∞ in (2.16), using (2.11) and (2.17), we have d(v, y∗) ≤ 0
which implies that d(v, y∗) = 0; that is, v = y∗.
Since u = x∗ and v = y∗, we have from (2.13) that

d(x∗, F (x∗, y∗)) = d(A, B) and d(y∗, F (y∗, x∗)) = d(A, B).

Hence (x∗, y∗) is a coupled best proximity point of F . □

With the help of partially ordered set (X, ⪯) we endow the product space X×X
with the following partial order:

for (x, y), (u, v) ∈ X ×X, (u, v) ⪯ (x, y) ⇔ x ⪰ u, y ⪯ v.

Theorem 2.2. In addition to the hypotheses of Theorems 2.1, suppose that for every
(x, y), (x∗, y∗) ∈ A0×A0 there exists (u, v) ∈ A0×A0 such that (u, v) is comparable
to (x, y) and (x∗, y∗). Then F has a unique coupled best proximity point.

Proof. From Theorem 2.1, the set of coupled best proximity points F is non­empty.
Suppose that (x, y) and (x∗, y∗) are coupled best proximity points of F . So

d(x, F (x, y)) = d(A, B), d(y, F (y, x) = d(A, B), (2.18)

and
d(x∗, F (x∗, y∗)) = d(A, B), d(y∗, F (y∗, x∗) = d(A, B). (2.19)

Now, we show that (x, y) = (x∗, y∗).
By the assumption, there exists (u, v) ∈ A0 × A0 such that (u, v) is comparable
with (x, y) and (x∗, y∗).

Put (u0, v0) = (u, v).
Suppose that

(u0, v0) ⪯ (x, y); that is, u0 ⪯ x, v0 ⪰ y (the proof is similar in other case).
(2.20)

Since u = u0, v = v0 ∈ A0 and F (A0 × A0) ⊆ B0, there exists (u1, v1) ∈ A0 × A0

such that

d(u1, F (u0, v0)) = d(A, B) and d(v1, F (v0, u0)) = d(A, B). (2.21)

From (2.18), (2.19), (2.20) and (2.21), we have

u0 ⪯ x and v0 ⪰ y
d(u1, F (u0, v0)) = d(A, B)
d(x, F (x, y)) = d(A, B),

and
u0 ⪯ x and v0 ⪰ y
d(v1, F (v0, u0)) = d(A, B)
d(y, F (y, x)) = d(A, B).


Since F (A0 ×A0) ⊆ B0 and x, v0 ∈ A0, there exists x1 ∈ A0 such that

d(x1, F (x, v0)) = d(A, B).

Now we have

u0 ⪯ x,
d(u1, F (u0, v0)) = d(A, B)
d(x1, F (x, v0)) = d(A, B),

and
y ⪯ v0,
d(x, F (x, y)) = d(A, B)
d(x1, F (x, v0)) = d(A, B).


Using the proximal mixed monotone property of F , we have

u1 ⪯ x1 and x1 ⪯ x which implies that u1 ⪯ x.

Again, since F (A0 ×A0) ⊆ B0 and v0, x ∈ A0, there exists y1 ∈ A0 such that

d(y1, F (v0, x)) = d(A, B).
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Now we have
u0 ⪯ x,
d(v1, F (v0, u0)) = d(A, B)
d(y1, F (v0, x)) = d(A, B),

and
y ⪯ v0,
d(y, F (y, x)) = d(A, B)
d(y1, F (v0, x)) = d(A, B).


Using the proximal mixed monotone property of F , we have

v1 ⪰ y1 and y1 ⪰ y which implies that v1 ⪰ y.

Therefore, we have
(u1, v1) ⪯ (x, y). (2.22)

Continuing this process, we have sequences {un} and {vn} in A0 such that

d(un+1, F (un, vn)) = d(A, B), d(vn+1, F (vn, un)) = d(A, B) and (un, vn) ⪯ (x, y) for all n ≥ 0.
(2.23)

By (2.18) and (2.23)

un ⪯ x and vn ⪰ y
d(un+1, F (un, vn)) = d(A, B),
d(x, F (x, y)) = d(A, B)

 =⇒

d(un+1, x) ≤ N(un, vn, x, y, un+1, x), (2.24)
where

N(un, vn, x, y, un+1, x) = a d(un, x) + b d(vn, y)
+L min {d(un+1, x), d(x, un), d(un+1, un), d(x, x)}

= a d(un, x) + b d(vn, y).
Therefore, from (2.24), we have

d(un+1, x) = a d(un, x) + b d(vn, y). (2.25)

Again, by (2.18) and (2.23)

y ⪯ vn and x ⪰ un

d(y, F (y, x)) = d(A, B),
d(vn+1, F (vn, un)) = d(A, B)

 =⇒

d(y, vn+1) ≤ N(y, x, vn, un, y, vn+1), (2.26)
where

N(y, x, vn, un, y, vn+1) = a d(y, vn) + b d(x, un)
+L min {d(y, vn), d(vn+1, y), d(y, y), d(vn+1, vn)}

= a d(y, vn) + b d(x, un).
From (2.26) it follows that

d(y, vn+1) ≤ a d(y, vn) + b d(x, un). (2.27)

Combining (2.25) and (2.27), we have

d(un+1, x) + d(vn+1, y) ≤ (a+ b) [d(un, x) + d(vn, y)]. (2.28)

Since a+ b < 1, it follows from (2.28) that

d(un+1, x) + d(vn+1, y) ≤ d(un, x) + d(vn, y).

Therefore, {d(un, x) + d(vn, y)} is a monotonically decreasing sequence of non­
negative real numbers and hence there exists a p ≥ 0 such that

lim
n→∞

[d(un, x) + d(vn, y)] = p. (2.29)

We show that p = 0. If possible, let p > 0.
Taking limit as n −→ ∞ in (2.28) and using (2.29), we have

p ≤ (a+ b) p < p, (since (a+ b) < 1)
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which is a contradiction. Therefore, p = 0. Hence

lim
n→∞

[d(un, x) + d(vn, y)] = 0, (2.30)

which implies that

lim
n→∞

d(un, x) = 0 and lim
n→∞

d(vn, y) = 0. (2.31)

Similarly, we can prove that

lim
n→∞

[d(un, x
∗) + d(vn, y

∗)] = 0, (2.32)

and hence

lim
n→∞

d(un, x
∗) = 0 and lim

n→∞
d(vn, y

∗) = 0. (2.33)

Using triangle inequality, (2.31) and (2.33), we have

d(x, x∗)+d(y, y∗) ≤ [d(x, un)+d(un, x
∗)+d(y, vn)+d(vn, y

∗)] −→ 0, as n −→ ∞.

Hence d(x, x∗) + d(y, y∗) = 0, which implies that d(x, x∗) = 0 and d(y, y∗) = 0;
that is, x = x∗ and y = y∗; that is, (x, y) = (x∗, y∗). Therefore, the coupled best
proximity point of F is unique. □

Example 2.3. Let X = R2 (R denotes the set of real numbers) and d be the
Euclidean metric on X. We define a partial order ⪯ on X such that (x, y) ⪯ (u, v)
if and only if x ≤ u and y ≤ v, for all (x, y), (u, v) ∈ X. Let

A = {(2, 0), (0, 2)} ∪ {(x, 0) : 2 ≤ x ≤ 3},
B = {(−2, 0), (0, −2)} ∪ {(0, x) : −3 ≤ x ≤ −2},
A0 = {(2, 0), (0, 2)} and B0 = {(−2, 0), (0, −2)}.

Let F : A×A → B be defined as

F ((x1, x2), (y1, y2)) = (−x2, −x1) for all (x1, x2), (y1, y2) ∈ A×A.

Let a, b and L be three nonnegative real numbers with a+ b < 1.
Here all the conditions of theorem 2.1 are satisfied and it is seen that ((2, 0), (0,

2)) and ((0, 2), (2, 0)) are two coupled best proximity points of F .

Considering L = 0 in Theorem 2.1, we have the following corollary.

Corollary 2.4. Let (X, ⪯) be a partially ordered set and suppose that there is
a metric d on X such that (X, d) is a complete metric space. Let (A, B) be a
pair of non­empty closed subsets of X such that A0 is non­empty and closed. Let
F : A×A −→ B be a mapping such that F (A0×A0) ⊆ B0 and F has proximal mixed
monotone property on A0 × A0. Suppose that there exist nonnegative real numbers
a and b with a+ b < 1 such that for all x, y, u, v, p, q ∈ A0

x ⪯ u and y ⪰ v,
d(p, F (x, y)) = d(A, B),
d(q, F (u, v)) = d(A, B)

 =⇒ d(p, q) ≤ a d(x, u) + b d(y, v).

Suppose that the condition (a) or (b) of the theorem 2.1 holds. Also, suppose that
there exist elements (x0, y0), (x1, y1) ∈ A0 × A0 such that d(x1, F (x0, y0)) =
d(A, B) and d(y1, F (y0, x0)) = d(A, B) with x0 ⪯ x1 and y0 ⪰ y1. Then F has a
coupled best proximity point in A0 ×A0.
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