Vol. 7 No. 1 (2016)




About the Journal

Journal of Nonlinear Analysis and
Optimization: Theory & Applications is a
peer-reviewed, open-access international
JNAO journal, that devotes to the publication of
original articles of current interest in every
theoretical, computational, and applicational
aspect of nonlinear analysis, convex analysis,
fixed point theory, and optimization techniques and their
applications to science and engineering. All manuscripts are refereed
under the same standards as those used by the finest-quality printed
mathematical journals. Accepted papers will be published in two
issues annually in March and September, free of charge.

This journal was conceived as the main scientific publication of the
Center of Excellence in Nonlinear Analysis and Optimization,
Naresuan University, Thailand.

Contact

Narin Petrot (narinp@nu.ac.th)

Center of Excellence in Nonlinear Analysis and Optimization,
Department of Mathematics, Faculty of Science,

Naresuan University, Phitsanulok, 65000, Thailand.

Official Website: https://ph03.tci-thaijo.org/index.php/jnao



https://ph03.tci-thaijo.org/index.php/jnao

Editorial Team

Editors-in-Chief

S. Dhompongsa, Chiang Mai University, Thailand
S. Plubtieng, Naresuan University, Thailand

Editorial Board

L. Q. Anh, Cantho University, Vietnam

T. D. Benavides, Universidad de Sevilla, Spain

V. Berinde, North University Center at Baia Mare, Romania

Y. J. Cho, Gyeongsang National University, Korea

A. P. Farajzadeh, Razi University, Iran

E. Karapinar, ATILIM University, Turkey

P. Q. Khanh, International University of Hochiminh City, Vietnam
A. T.-M. Lau, University of Alberta, Canada

S. Park, Seoul National University, Korea

A.-O. Petrusel, Babes-Bolyai University Cluj-Napoca, Romania
S. Reich, Technion -Israel Institute of Technology, Israel

B. Ricceri, University of Catania, Italy

P. Sattayatham, Suranaree University of Technology Nakhon-Ratchasima,
Thailand

B. Sims, University of Newcastle, Australia

S. Suantai, Chiang Mai University, Thailand

T. Suzuki, Kyushu Institute of Technology, Japan

W. Takahashi, Tokyo Institute of Technology, Japan

M. Thera, Universite de Limoges, France

R. Wangkeeree, Naresuan University, Thailand

H. K. Xu, National Sun Yat-sen University, Taiwan

Assistance Editors

W. Anakkamatee, Naresuan University, Thailand
P. Boriwan, Khon Kaen University, Thailand

N. Nimana, Khon Kaen University, Thailand

P. Promsinchai, KMUTT, Thailand

K. Ungchittrakool, Naresuan University, Thailand

Managing Editor

N. Petrot, Naresuan University, Thailand



Table of Contents
DUALITY FOR A NONDIFFERENTIABLE MULTIOBJECTIVE HIGHER-ORDER SYMMETRIC
FRACTIONAL PROGRAMMING PROBLEMS WITH CONE CONSTRAINTS
R. Dubey, S. Gupta Pages 1-15

ON THE CONVERGENCE OF AN ITERATION PROCESS FOR TOTALLY ASYMPTOTICALLY I-
NONEXPANSIVE MAPPINGS

B. Gunduz, S. Akbulut Pages 17-30

STRONG CONVERGENCE OF FINITE FAMILY OF PSEUDOCONTRACTIVE MAPPINGS BY A
NEW IMPLICIT ITERATION

B. Thakur, M. Khan Pages 31-40
Q-HYPERCONVEXITY IN QUASI-CONE METRIC SPACES AND FIXED POINT THEOREMS
Y. Gaba Pages 41-54

COMMON SOLUTIONS TO SOME SYSTEMS OF VECTOR EQUILIBRIUM PROBLEMS AND
COMMON FIXED POINT PROBLEMS IN BANACH SPACE

M. Farid, K. Kazmi Pages 55-74

FIXED POINT THEOREMS FOR FUNDAMENTALLY NONEXPANSIVE MAPPINGS IN CAT(K)
SPACES

B. Nanjaras Pages 75-83

COUPLED FIXED POINTS IN PARTIALLY ORDERED METRIC SPACES BY SAMET'S METHOD
AND APPLICATION

H. Afshari Pages 85-102

ON A NEW SYSTEM OF NONLINEAR REGULARIZED NONCONVEX VARIATIONAL
INEQUALITIES IN HILBERTSPACES

P. Junlouchai, S. Plubtieng, Salahuddin Pages 103-115
DUALITY RESULTS FOR SECOND-ORDER MULTIOBJECTIVE PROGRAMMING PROBLEM
A. Kumar, P. K. Garg Pages 117-128

MODELLING HUMAN PERIPHERAL TISSUE TEMPERATURE BASED ON NUMERICAL
COMPUTATION OF NON-LINEAR BOUNDARY VALUE PROBLEM

M. Khanday, K. Nazir, N. Rasool Pages 129-135
BEST APPROXIMATION AND BEST COAPPROXIMATION IN METRIC LINEAR SPACES

T. Narang, S. Gupta Pages 137-143



EXISTENCE AND UNIQUENESS OF COUPLED BEST PROXIMITY POINT IN PARTIALLY
ORDERED METRIC SPACES

B. Choudhury, N. Metiya, P. Konar Pages 145-153



Journal of Nonlinear

Analysis and

Optimization :

Theory . i
Journal of Nonlinear Analysis and Optimization o
Vol.7, No.1, (2016), 1-15 Bl i
ISSN : 1906-9685 pR
http://www.math.sci.nu.ac.th S
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SYMMETRIC FRACTIONAL PROGRAMMING PROBLEMS WITH CONE
CONSTRAINTS

R. DUBEY AND S. K. GUPTA*
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Roorkee-247667, India

ABSTRACT.In this paper, a pair of nondifferentiable multiobjective higher-order symmetric
fractional dual problem with cone constraints is formulated. For a differentiable function,
we introduce the definition of higher-order (C, a, p, d)-convexity. Next, we prove appropriate
duality relations under aforesaid assumptions.

KEYWORDS : Higher-order; symmetric duality; multiobjective fractional programming; (C, «, p, d)-
convexity; cone constraints.
AMS Subject Classification: 90C26 . 90C30 . 90C32 . 90C46

1. INTRODUCTION

Higher-order duality is significant due to its computational importance as it
provides more higher bounds whenever approximation is used. By introducing
two different functions, h : R” x R — R and k : R® x R® — R™, Mangasar-
ian [8] formulated higher-order dual for a single objective nonlinear problems,
{minf(z), subject to g(x) < 0}. Inspired by this concept, many researchers have
worked in this direction. Chen [1] has formulated higher-order multiobjective sym-
metric dual programs and established duality relations under higher-order F'—
convexity assumptions. A higher-order vector optimization problem and its dual
has been studied by Kassem [9].

In last several years, various optimality and duality results have been obtained

for multiobjective fractional programming problems. In Chen [1], multiobjective
fractional problem and its duality theorems have been considered under higher-
order (F,a, p,d)- convexity. Later on, Suneja et al. [10] discussed higher-order

Mond-Weir and Schaible type nondifferentiable dual programs and their duality
theorems under higher-order (F, p,o) -type I- assumptions. Recently, Ying [12]
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has studied higher-order multiobjective symmetric fractional problem and formu-
lated its Mond- Weir type dual. Further, duality results are obtained under higher-
order (F, a, p, d)-convexity.

In this paper, we introduce a pair of nondifferentiable multiobjective Mond-Weir
type higher-order symmetric fractional programming problems over cones. For a
differentiable function h : R™ x R" — R, we introduce the definition of higher-
order (C,«, p,d)-convexity, which extends some kinds of generalized convexity.
Under the higher-order (C, «, p, d)-convexity assumptions, we prove the higher-
order weak, strong and strict converse duality theorems.

2. PRELIMINARIES AND NOTATIONS

Let R" be the n-dimensional Euclidean space and R’} be its non-negative orthant.
The following conventions for vectors in R" will be used:

T <y if and only if T, <y, t=1,2..n,

z<y if and only if z; Sy, 1=1,2,...,m,

z<vy if and only if z; <y, t=1,2,...,nbutz #y,

xz £y isthe negation of z <uy.

For a real-valued twice differentiable function h(x,y) defined on an open set in
R"™ x R™, denote by V h(Z,y)— the gradient vector of h with respect to x at
(Z,9), Vauzh(Z,y)— the Hessian matrix with respect to = at (Z,y). Similarly,
Vyh(Z,9), Vayh(Z,y) and V,,h(Z, ) are also defined.

Definition 2.1 [4]. Let C' be a compact convex set in R". The support function of
C is defined by

s(x|C) = max{zTy :y € C}.
A support function, being convex and everywhere finite, has a subdifferential, that
is, there exists a z € R™ such that

s(y|C) = s(z|C) + 2T (y — 2),Vzx € C.
The subdifferential of s(x|C) is given by
ds(z|C) = {z € C: 2w = s(x|C)}.
For a convex set D C R", the normal cone to D at a point x € D is defined by
Np(z)={y e R" :yT (2 —2) £0,Vz € D}.

When C is a compact convex set, y € N¢(z) if and only if s(y|C) = 2Ty, or equiv-
alently, x € 9s(y|C).

Definition 2.2 [4]. The positive polar cone S* of a cone S C R" is defined by
S*={yeR":2"y=0,Vre S}

A general multiobjective programming problem can be expressed in the following
form :

(P) Minimize f(z) = (f1(z), fa(x), ..., fu(x))T
subject tox € X" = {zr € X : g(x) < 0},

where X C R"is open, f: X — R* g: X — R™, are differentiable on X.



Definition 2.3 [3]. A feasible solution Z € X is said to be a weakly efficient
solution of (P) if there exists no x € X° such that f(z) < f(z).

Definition 2.4 [3]. A feasible solution z € X is said to be an efficient (or Pareto
optimal) solution of (P) if there exists no x € X such that f(z) < f(Z).

Definition 2.5 [7]. Let C : X x X X R* — R (X C R") be a function which
satisfies C, ,(0) = 0, ¥(z,u) € X x X. Then, the function C is said to be convex
on R™ with respect to third argument i f f for any fixed (z,u) € X x X,

Cm,u()\xl + (1 — )\)562) § )\Cr,u(xl) =+ (1 — )\)Cm7u(l‘2), A= (O, 1), le,xg c R™.

Now, we introduce the definition of higher-order (C, a, p, d)-convex function:

Definition 2.6 A differentiable function f : X — R is said to be higher order
(C,a, p,d) - convex at u € X with respect to h: X X R™ — R if for all x € X and
p € R", 3p € R, areal valued function v : X x X - Ry \{0}andd: X x X - R
(satisfying d(z, z) = 0 & x = 2) such that

1

o) @ = f(w) = hlup) + TV h(u, p) — pd?(3,1)] = Cpu [V f (u) + Vyph(u,p))].

The function f is higher-order (C, a, p,d)- convex over X if, V u € X, it is higher
(C, a, p,d)- convex.

3. HIGHER-ORDER SYMMETRIC DUALITY

Consider the following multiobjective fractional symmetric dual programs:

(MFP) Minimize L(m,y,p) = (Ll(xvyapl)a L2(x,yvp2)7 L) Lk(xvyapk))T
subject to

k
- Z Al [(vyfz(x7y) — Z + vaHZ(x’yapz)) - Li(xa y7pl)(vygl(xa ZU) + T + VpiGi(x7yapi))j| S C;a
i=1

k
yT |:Z)\Z I:(vyfz(mvy) — Z; + vle'L(:E>yap7,)) - Lz(xayapl)(vygz($7y) + T + vpLGl($7y7pZ))j| z 07
i=1

A >0, Me= 1, zeCy, zzeD;, ri € F;, i =1,2,.. k.
(MFD) Maximize M(U,U, Q) = (Ml(u7vv Q1)7M2(U7U7 QQ)7 ceey Mk(u7U7Qk))T
subject to

k
Z Ai [(vwfz(uv 'U) + w; + vqi (I)i(u7 v, QZ)) - Mi(uv v, Qi)(vwgi(uv ’U) —ti+ qu'\lli(u7 v, Qi))] € Cf7

i=1

k
u” {ZAZ (Vo fiu,v) + wi + Vg, @i (u, 0, ¢:)) = M;(u, 0, ¢:)(Vagi(u,v) = ti + Vg, Wi (u, 0, )] | £0,
i=1

A >0, )\Tezl, v € Cy, w; GQi, tie B, i=1,2,..,k,
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where
Li(z,y,pi) = filx,y) + s(2|Qi) — yT 2 + Hi(x,y,pi) — pL Vp, Hi(x, y, ;)
e gi(x,y) — s(z|E;) + yTri + Gi(z,y,p;) — pF' V. Gi(w, y,pi)’
M;(u,v,q;) = fi(u,v) = s(v|D;) + uTw; + @;(u,v,q;) — ¢F Vi, ®i(u, v, q;)

gi(u,v) + s(v|EF;) —uTt; + U (u,v,¢;) — ¢} Vg, Wilu,v,q;)

Wherefi:5'1><52 — R; g - S1 X Ss — R; Hi,Gi : ST xS x R™ — R and
P, ¥; : 51 x S x R* — R are differentiable functions for all ¢ = 1,2,..., k.
S1 € R™ and Sy C R™ are such that Cy x Cy C S X S5, where C; and C5 are
the closed convex cones in R™ and R™, respectively. Q;, F; are compact convex
sets in R" and D;, F; are compact convex sets in R, e = (1,1,...,1)T € RF,
pi € R", ¢ € R™, i =1,2,..,k, p = (p1,02, -, Pk), ¢ = (q1,92,--.,qx). C7 and
C5 are positive polar cones of C; and Cy, respectively. It is assumed that in the
feasible regions, the numerators are nonnegative and denominators are positive.

Let U = (Uy,Us,....,Ux)T and V = (Vi,Va,...,Vi)T. Then, we can express the
programs (MFP) and (MFD) equivalently as:

(MFP)y Minimize U subject to

(fi(z,y) + s(2|Qi) — y" 2z + Hi(z,y,p:)) — 0} V. Hi(z,y,p:)) — Ui(gi (2, y)

- S(‘T|El) + yTri + Gi(x7yapi) _pz—‘vthl(xa y7pl)) = Oa 1= 1a 27 ceey k. (31)

k
- Z Ai I:Vyfl<xay) — Z + vPiHi(x’ y7p1)
i=1
~Ui(Vygi(,y) + i + Vy,Gi(z,y,p:))] € Cs, (3.2)
k

y" [Z Xi[Vy fi(z,y) = zi + Vi, Hi(z,y, pi)

i=1

—Ui(Vygi(z,y) +ri + Vy,Gi(x,y,p:))] | 20, (3.3)

A>0, Me=1,2€Cy, zeD;, 1, € Fy, i =1,2, ... k.

(MFD),, Maximize V' subject to
(fi(u,v) — s(v|D;) + vw; + @5 (u, v, ) — ¢ Vg, ®iu, v, ;) — Vilgi(u,v)

+ s(v|F;) — ult; + U, (u,v,q;) — q;‘Fti\Ili(wm gi)=0,i=1,2,..., k. (3.4)

k

Z i [szi(% v) +w; + Vg, i (u, v, q;)
i=1

—Vi(Vagi(u,v) — t; + Vg, ¥5(u,v,¢:))] € CF, (3.5



k
u” |:Z Ai [(Vdrfz(ua U) + w; + qu'q)i(u7 v, Qi))

i=1
- l(vxgl(u7 U) - ti + ti\I/i(u, v, q?))] § 07 (36)

A > 0, /\TEZ 1, DS Cz, w; € QZ‘, t; € Ei, = 1,2,...,]{3.
Next, we prove weak, strong and converse duality theorems for (MFP)y and (MFD)y,
which therefore are equally applicable for (MFP) and (MFD). Let z = (21, 22, ..., 2k),
r=(r1,re,....Tk), W = (w1, Wwa, ..., wg) and t = (t1,ta, ..., tx).

Theorem 3.1. (Weak dudlity). Let (x,y,U, z,7,\,p) be feasible for (MFP)y and let
(u,v, V,w,t,\, q) be feasible for (MFD)y. LetVi € {1,2,...k}, fi(.,v) + ()Tw; be
higher order (C, o, p;, d;)- convex at u with respect to ®;(u, v, q;), —(gi(.,v) — (.)Tt;)
be higher-order (C, «, p;, d;)- convex at u with respect to —V,(u, v, q;), —(fi(z,.) —
()T2;) be higher -order (C, &, p;, d;) -convex at y with respect to —H;(z,y,p;) and
(gi(x,.)+ (.)T'r;) be higher -order (C, &, p;, d;)- convex at y with respect to G;(x,y, p)
where C : R x R" x R — Rand C : R™ x R™ x R™ — R. If the following
conditions hold:

gi(z,v) +olry —aTt; >0, i=1,2,... k, (3.7)
k —
eitherz Ni[(1 4 Vi) pid? (2, u) + (1 + Ui)ﬁidiQ(v, y)] =0o0rp; 20
i=1
and p; 20,i=1,2,..,k, (8.8)
Coula) +a’uz=0,VaeCf, C,,b)+b7y=0,Vbe Cs. (3.9)

Then, U £ V.

Proof. Since Vi € {1,2,...,k}, fi(-,v)+(.)Tw; and —(g;(.,v) —(.)T#;) is higher-order
(C,a, pi,d;) - convex in the first variable at u for fixed v, we have

1 T . .
' i — Ji - i — Dy ; 'y @, ,
oz, ) [fi(z,v) + 2" w; — fi(u,v) — u"w; — ®i(u,v,q;) + ¢ Vg, Pi(u,v,q;)
—pid?(z, u)] 2 Cyuu (Va:fi(u, V) +w; + Vg, @i (u, v, qi)) (8.10)
and
1 —a; Ty, X Y ) N_ T ) ‘
o) [(—gi(z,v) + 2Tt + gi(u,v) — uTt;) + (Vi(u, v, 4;) — aF Vg, Ui(u,v, 4))

—pidf(:ﬂ, u)] 2 Cm,u((_vfbgi(ua 'U) + ti) - qu\I/l(uv v, Qz)) (3.11)

k
AV
L1 >0,i=1,2,....,k where 7 = 1 + E A V; together
-

s
Multiplying — > 0 and
T
i=1

with (3.10) and (3.11), respectively, we obtain

by

W(fi(x, v) + xlw; — filu,v) — wlw; — D, (u,v,q;) + qiTti@-(u,v, Qz))
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- pid?(z,u) 2

\ x
a(x,u)T T

Oﬂc,u (vva(u7 U) + w; + vqi(pi(ua v, %))
and

A Vi

alz,u)r [— gi(z,v) + 27t + g;(u,v) — u"t; + Vi(u,v,q) — ¢} Vo, ¥s(u,v,q:)]

A pid? (2, u) = As

- N .zu* AP KANC ) tif \Ijz s UsY4i) ) -
oz(x,u)T . Cou( = Vagi(u,v) + Va Vi(u,v,q;))

Now, summing over ¢ and adding the above two inequalities, using convexity of C,
we have

Ai
a(z,u)T

AiVi
afz,u)T

-

[fi(m,v) + zTw; — filu,v) — ulw; — Qi (u,v,q:) + q;rv%@i(’uﬁvvqi)}

=1

+
(VR

Il
_

[—gi(z,v) +alt+gi(u,v) —uTt + U (u, v, ¢) — qf Vi, i (u, v, )] —
k

i=1

-

oz, u)T

=1

—Vi(Vagi(u,v) —t; + Vg, ¥, (u, v, ql))>} . (3.12)

Now, from (3.5), as 7 > 0, we have

ﬂ\}’

=3

=1

(Vo filu,v)+w;+Vg, @i (u, v, ¢;)—Vi(Vagi(u,v)—t;+V e, Ui(u, v, ¢;))] € CT.

Hence, for this a, Cy (a) 2 —uTa 20 (from [3.9)). Using this, in (3.12), we
obtain

k
Ai
; W(fi(:r,v) + 2" w; — filu,v) —uw — i (u,v, qi) + ¢ Vo, Piu,v,4:)) +
W
vt [ g Ty, ) —ult v, NI . ‘
Za(x,u)T[ gi(,0) + 't + gi(u,v) — u't; + Vi (u,0,¢:) — ¢ Vo, Wi(u, v, ;)]

i=1

A
> E 1 o d? .

Since v7r; < s(v|F;) and using (3.4) in above inequality, we get

Ailfi(@,v) + 2T w; — s(v|D;) + Vi(a"t; —v"'ri — gi(w, )]

k
=1

K2

k
= Z)\i(1+‘/i)pidf(x,u). (3.13)
i=1



7

Similarly, by the higher-order (C,a, p;,d;) - convexity of —f;(z,.) + (.)T2; and
(gi(x,.)+ ()Tr;), Vi € {1,2,...,k}, in the second variable at y, for fixed z and from
the condition (3.9), for

M:

?Z V fl .’E Z/) Z + vpiHi(m7y7pi) - U'L(vygl(x7y) + T + vple(x7y7pl))] S C;v
i=1

we get

k
D Xil=filw,v) + 0"z — s(2]Q) + Us(w"ri — 2"t + gi(w,v))]
=1

k
gz (1+U)pidi’ (v, ). (3.14)

Adding the inequalities (3.13), (3.14) and applying (3.8), we get

k
Z (vl 2 — s(v|Dy) + 2T w; — s(2]Q;))
i=1
k
—l—Z)\(U Vi)(gi(z,v) +vlr; —2Tt;) > 0. (3.15)
i=1

Since A > 0, vTz; < s(v|D;) and xTw; < s(x|Q;), the above inequality gives

k
Z)\(U Vi) (gi(z,v) +vlr; —2Tt;) > 0. (3.16)

i=1

From the fact that A > 0 and using (3.7), it follows that U ﬁ V. This completes the
proof. O

Theorem 3.2. (Weak dudality). Let (x,y,U, z,r, \,p) and (u,v, V,w,t, A, q) be feasi-
ble solutions of (MFP)y; and (MFD)y, respectively. Suppose that
(i) (fi(-,v) + (O)Tw;) — Vi(gi(.,v) — (.)T't;) is higher-order (C, a, p;, d;)- convex
at u with respect to (®;(u, v, q) — V;¥;(u,v,q)),
(i) (—=fix, )+ ()" 2) +Uilgi(x,.) + (.)"r:) is higher-order (C, &, pi, d;) -convex
aty with respect to —H;(x,y,p) + U;Gi(z,y,p),

(#i1) eltherZ)\ pid?(z, u)—i—pldl (v,y)] Z00rp; Z0andp; 20,i=1,2,..,k,
i=1

iv) Cpula)+a’uz0,Ya e Cy, Cy,,y(b) +bly =0,Vbe Cj,

: 1 2

(W) gi(z,v) +vTr; —2Tt; >0, i = 1 2 k.

Then, U £ V.

Proof. By hypothesis (i), we have

[fi(z,v) +aTw; — Vi(gi(z,v) —aTt:) = (fi(u, v) +u"w;) — Vi(gi(u, v) —u"t;) -
q)i(u7v7qi) - %(\PZ(U,U,qZ)) + ‘LT(V%(DZ(U»U»%) - Wv(h\yl(u? v, ql)) - Pzdf(l’au)}
>

Cw,u [mel(ua U) + w; — ‘/;(Vmgl(uv U) - tl) + (Vqriq)i(ua v, Qi) - ‘/ivqiqli(ua v, Q’L))] .
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Since A > 0, we obtain
k

Ai
Z (@, 1) [fi(z, v)+a" wi—fi(u,v) —u" wi—®;i(u, v, g:)+q] Vg, Pi(u, v, q:) +Vi(—gi(z,v)+
i=1 ’
thi + gi(ua U) - uTti + \Iji(uﬂ v, Qz) - q;Tvq?\IJZ(u, v, ql)) - p1d3($7 ’LL)

k
Z Z i v fZ(u U) +w’t) - W(VJEQZ(U ’U) ) (v ;Pi ( 1) - Viv(h\pi(u7vvqi))]'

Using convexity of C, we have

{Z)\ ( filz,v)+a"w;— fi(uaU)_uTwi)_(I)i(uvvai)+q?VQ¢q)i(uav,Qi)>

k
—I—Z/\V —gi(x v)—l—x ti—vlr; —l—Z)\V gi(u, ) +vTry —uTt; + U, (u, v, ;) —

=1

V\IJ i )\17,
q; V. ¥i(u, v, q;) ] xuz pid; (z,u)

k
2 Cx,u |:Z)\z <(vzfl(u7v) + w; + vqi(bi(uﬁvvqi)) - ‘/Z(VIgl(u7v) -t — VQi\Iji(ua v, qz))):| .
=1

From (3.5),

k
a Z )\1 [vxfz (ua 'U)+w7,+vql q)z (uv v, QZ)_‘/Z(VIQZ (U, v)_ti"’_qu‘ \IJZ (U, v, QZ))} € Cik
i=1

and using hypothesis (iv), we get

k
1
oz, [Z)\i(fi(%v) + 2 w; — fiu,v) —ulw;) — i(u,v, ¢;) + ¢f Vg, ®i(u, v, 4;))
k
+Z>\V — gi(z,v) + 2"t —v'ry) +Z/\Vgl(uv)—uTt
=1
+0;(u, v, ¢;) — ¢ Vo, Vi (u,v, )| 2 Z Ai pid? (z,u). (3.17)
Y 7 qi » Y = O[(ZL',U) 7 ’

=1

Since v1'r; < s(v|F};), using (3.4) in (3.17), we get

k
Z Xl (fi(,v) + zTwi — s(v|Dy)) + Vi(z"t; — v"r — gi(w,0))]

k
> Z ipid; (3.18)

Similarly, by the higher-order (C, &, p;, d;)— convexity of — f; (z, .)4+(.) T z;+U;(gi (x, . )+
(.)Tr;) in the second variable at y, for fixed z, we get



k
SN filw,v) + 0Tz — s(@]Qi) + Ui(wTry — 2Tt + gi(w,v))]
=1

k

i=1
Using A > 0, vTz; < s(v|D;) and 2Tw; < s(z|Q;), it follows from (3.18) and (3.19)
that

k
Z (Ui = Vi) (gi(z,v) + vl —2Tt;) 2 0. (3.20)
i=1

Since A > 0 and using hypothesis (v), it follows that U £ V. Hence, the result. [

Theorem 3.3. (Strong dudlity). Let (%,7,U,Z,7, \,p) be an efficient solution of
(MFP)y and fix A = X in (MFD)y . If the following conditions hold
(i) VoH;(Z,9,0) = V,Gi(Z,9,0) = 0,V,,P,(Z,7,0) = V,, V,(, 7, , H;
Gi(z,3,0) =0,9,(7,9,0) = ¥,;(z,7,0) =0,V,H;(Z,7,0) = V,G;(%,7,0) =
0,V,,Hi(%,9,0) = V,,Gi(2,5,0) =0, i=1,2,..., k,
(#9) foralli € {1,2,...,k}, theHesstanmatrDchipiHi(a?,gj,ﬁi)— iVopip: Gi(Z,7,Di)
is positive or negative definite,
(iii) the set of vectors {V, fi(Z,9) — zi + Vp, Hi(Z,9,0:) — Ui(Vygi(Z,9) + 75 +
V,,Gi(Z,5,D:))}_, is linearly independent,
(iv) forpl eER" p; #0 (i=1,2,...,k) implies that

Z Vo i@ 9) =24V, Hi(T, 5, 9:) = Ui (V y9i (T, §) +7i+V , Gi(T, 7, 7:))] #

O

(v) Ui >0, Vie{l,2,...k}.

Then
() pi=0,i=1,2,..,k,
(b) there exists w; € Q; andt; € E;, i = 1,2,....k such that (z,7,U,w,t, A
0) is a feasible solution of (M F D)y
Furthermore, if the hypotheses in Theorem 3.1 or 3.2 are satisfied, then (Z, , U,w,1,\, q=
0) is an efficient solution of (M F D)y, and the two objective values are equal.

<
Il

Proof. Since (Z, 7, U,z,7, A\ p) is an efficient solution of (MFP)y, therefore, by the
Fritz John necessary optimality conditions [2], there exists « & R¥ ,B € R* , Y €
Co, € Ry, E€cRF neR, w; € R"and {; € R", i =1,2,..., k such that

k
(z—2)" {Z Bi(Ve fi(Z, 1)+ 04V o Hi (2,5, 0:) —Us(Vagi (T, ) —ti+ V2 Gi(Z, 7, i) ) )+
iy i
7 5y TZ i ymfz ) U Vyng(:C y)) + Z(vp,?"H’L(f7g7ﬁl)
=1 =1

— Ui(VpiaGi(@,5,:))" ((v = 59) A — Bipi)} 20,z € C, (3.21)

> Bi(Vyfil®@,9) — 7+ Vy Hi(Z,9,0:) — Ui(Vy9:(%,9) + 7 + V, Gi(Z, 7, P:))
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k k
+ Z j‘z(vyyfz( ) Uvivyygz('r y)) (v —0y) + Z(szsz(ja Y, Di)
i=1 z:l
- Uzvplsz(jvg p )) ( ﬂzpl (’7 5y - (sZ)‘ v fz Zi
+ V. Hi (%, 5, 0:) — Ui(Vygi(Z,9) + 75 + vpiGi(i‘vgaZ_}i))] =0, (3.22)

|E)+y 7i + Gi(Z,9,5i) — D} Vp,Gi(Z, 7, i)
(g (x y) + 7+ V G (f,gj,ﬁi)) =0,i1=1,2,...,k, (3.23)
(v — 69) T (Vy £i(2,9) — Zi + YV, Hi(Z, 7, Pi)
—Ui(Vy9i(Z,9) + 7 + Vp,Gi(Z,9,0;) — & +1 =0, i =1,2,.... k, (3.24)
j‘i(7_5y> _ﬂipz) (vpp Hi(z,9,p:)

— UinipiGi(*,gj,pi)) = 0, = 1,2, ey ]{,‘, (3.25)
By + (v — 69)\; € Np, (%), i =1,2,..., k, (3.26)
BiU;y + NiUi(y — 69) € Np,(73), i = 1,2, ..., k, (3.27)

k
VY NV fi(@,9) = 7+ Vi, Hi(2, 5, 5i))

i=1

— Ui(Vy9i(%,9) + 7 + V,,Gi(7,5,p1))) = 0, (3.28)

k

i=1
— Ui(Vy9i(%,9) + 7 + Vp,Gi(,5,0:)) = 0, (3.29)

Me=o, (3.30)

n(A\Te—1) =0, (3.31)

Wi € Qi t; € By, i1 t; = s(Z|Ey), 21 w; = s(%|Qy), i =1,2,..., k, (3.32)
(2,0,6) 20, (a,8,7,0,&n) # 0. (3.33)

Since A > 0, and ¢ > 0, (30) implies that & = 0.

Equation (3.22) can be re-written as

k
> (Bi=0N)(Vy fi(Z,§) = 2+ Vo, Hi(Z, 5, §i) ~ Ui(Vy9: (2, §) +7i+ Vi, Gi (T, 5, 1))
=1
+ Zﬂz((vsz(i‘vg ﬁ ) U vyGi(ja g7pl)) _(VpiHi('fa yvpl) - Uivp,iGi(jagJai))

= 1
+ ZA yyf1 9_9 ﬂ) U vyygi(‘f,g))T(’y - 527)
k

+ > (Vg Hi(Z,5,0:) — UiVp,yGi(Z,9,0:)" (—Bibi + (7 — 69)A:) = 0. (3.34)

i=1



11

By hypothesis (i) and (3.25), we have

Now, we claim that 3; # 0, Vi. If possible, let 3;, = 0 for some to, 1 < tg < k, then
from A, > 0 and equation (3.35), we have

T (3.36)
Using (3.35) and (3.36), we obtain §;p; = 0, ¢« = 1,2, ..., k. Hence, by hypothesis
(i), we get

k

Zﬂi((VyHi(ﬂ_%ﬂaﬁi)

i=1
_Uzvsz(i'7gapl)) - (VleZ({f7ﬂ,]51) - Ulvszl(Ev:%pZ))) =0. (3.37)
Using (3.35)-(3.37) in (3.34), we obtain

k

i=1
~Ui(Vygi(#,9) + 7 + Vp,Gi(Z,9,7:))) = 0, (3.38)
which by hypothesis (i), follows that
Bi—6X\ =0,i=1,2 .. k. (3.39)

Now, for ¢ = t3, we have 55% = 0. This implies § = 0 as A > 0. Hence, from (3.39),
Bi = 0, V 4. Thus, from relation (3.23) and (3.36), we get o; = 0, ¢« = 1,2,..., k.
Also, from relations (3.24) and (3.36), we get n = 0 and v = 0, respectively, which
contradicts the fact that (o, 8,7,6,£,n) # 0. Hence 8; # 0, i = 1,2, ..., k.

Now, equation (3.24) reduces to

(v =) (Vyfi(Z,9) — 2 + Vy, Hi(Z, 5, D7)
— Ui(Vygi(2,9) + i + Vp,Gi(%,5,p:)) + 1 =0, i = 1,2, ..., k, (3.40)
Multiplying by \; and summing over i, we get
k —_
(v =)D Xi(Vyfi(Z,9) — & + Vp, Hi(Z, 7, 5;)
— Ui(Vygi(2,9) + T + Vp,Gi(Z,5,5:)) + 1 A ex = 0. (3.41)
Subtracting (3.28) and (3.29), we get
k —
(v =) > Xi(Vyfi(Z,9) — & + Vp, Hi(Z, 7, 5:)
—Ui(Vy9:(Z,9) + 7 + Vp,Gi(Z,9,5;)) = 0. (3.42)
Using (3.42) in (3.41), we get, n = 0.

Now, equation (3.40), yield

(v = 9" (Vy fi(7,9) — % + Vyp, Hi(Z, 7, i)
— Ui(Vygi(Z,9) + 7 + V,,Gi(Z,9,0:)) =0, i = 1,2, ..., k, (3.43)
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Since \ > 0, using (3.35) in (3.43), we get
Bib; [Vyfi(Z,9) — zi + YV, Hi(Z, 7, Di)

—Ui(Vygi(Z,§) + 7 + Vp,Gi(Z,5,0:))] =0, i = 1,2, ... k, (3.44)
Since §8; #0, i = 1,2,..., k, we obtain

PrIV, fi(Z,9) — Zi + V. Hi(Z, 5, 57)

—~U;(Vy9i(Z,9) + 7i + Vp,Gi(Z,5,5:))] =0, i = 1,2, ..., k, (3.45)
or
k
> 0l Vyfi(@ ) — 7 + Vi, Hi(Z, 5, 5:)
=1
—~Ui(Vy9:(Z,9) + 7 + Vp,Gi(Z,5,p;))] = 0. (3.46)

By the hypothesis (iv), we have p; = 0, ¢ = 1,2, ..., k. Further using, hypothesis
(1), (3.35)-(3.36) in (3.21) and (3.34), respectively, we get

|:Zﬂz V fz +wz Uz(ngz(lf y) )) Z0,VexeCi. (3.47)

k
> (B = 6N [Vy fi(,9) — 7 — Ui(Vyg:(2, ) + 7)) = 0. (3.48)

i=1
Using hypothesis (i) in (3.48), we have
Bi =0\, i=1,2, .., k. (3.49)

Since B; # 0, \; > 0,7 = 1,2,...,k and § > 0, this implies that 3; > 0, Vi. Now,
using (3.49) in (3.47), we obtain

k
z)T |:Z)\,(foz($, ?) + w; — UZ(ngl(i‘,g) — 22)) 2 0,Vx € (. (3.50)

Let x € (. Then x + T € C1, as (' is a closed convex cone. On substituting x + =
in place of z in (3.50), we get

x” Z Ni[(Vafil®,9) + @) = Ui(Vegi(2,9) — )] 20, (3.51)
which in turn implies that for all z € C;, we have
k
> Nl(Vafi(@,9) + @) — U(Vagi(,5) — )] € C5 . (3.52)
i=1

K]
Also, by letting x = 0 and z = 2z, simultaneously in (3.50), yields
k
Z;\ (Vo fi(#,9) + ;) = Ui(Vegi(2,9) — 1)) = 0, (3.53)

Using p; = 0 in (3.35), we get, v = d7 and ¢ > 0, we have

7
Yy 6602.
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Since 8 > 0 by (3.26) and the fact that v = 7, we get § € Np,(%),i = 1,2,...., k.
This implies

g7z = s(y|Dy),i = 1,2, ..., k. (8.54)
By (3.27) and hypothesis (v), we have § € Np, (7;),7 = 1,2, ....., k. Hence
gl = s(g|F),i=1,2,..... k. (8.55)

Combining (3.32), (3.54)-(3.55) and given equation (3.1), reduce to

(fi(z,9) + 2" w; — s(y|Dy))
—Ui(gi(i‘,g) - i‘TLTi — 5(@|FZ)) =0,i=1,2,.....k. (3.56)

Therefore, (3.52)-(3.53) and (3.56) shows that (z,7, U, w,t,\,§ = 0) is a feasible
solution of (M F D)y

Under the assumptions Theorems 3.1 or 3.2, if (Z, 7, U, w,, A, § = 0) is not an effi-
cient solution of (M F' D)y, then there exists other feasible solution (u, v, V,w, t, A, q),
of (M F' D)y, such that U<V.

Since (z,y,U, z,7, A, ) is a feasible solution of (M F P);, by Weak duality theorem,
we have U £ V, hence the contradiction implies that (z,7, U, w0, ¥, A\, @ = 0) is an
efficient solution of (M F D)y . Hence, the result. O

Theorem 3.4. (Strong dudlity). Let (,7, U,z,7,\p) be efficient solution of (MFP)
and fix A = X\ in (MFD)y, . Suppose that

(Z) VwHi(‘i‘ai% ) v G (J} yv )_ O v%@ (i‘,g,O) qu\llz(j7ga0) =0 Hl(j?g70)

S~—

Il

<
<
L
PN
&
w
=2

Il

Gi(%,9,0) =0, 9(z,9,0) = ¥i(2,5,0) = 0, V, Hy(Z, 7,0
()vaiHi(i',y,O) v G (I’ ya )*07 Z*1727"'7]%
(ii) Ui > 0,Vi € 1,2,...... ,k,
(198) Vp,p, Hi(Z, 7, pi) — U;Vp,p, Gi(Z,7, P;) is nonsingular Vi = 1,2, ..., k,
k

Q

3
gl
>/\

<

<

=
&)
&
S

<

« <
<

B =
&)
&

7

=

Q

2

=

<

Q

Q

Q

=

g

]

g

SH

@T(V Hi(2,9,pi) UiV yGi(2,9,9:)) = (Vp, Hi (2,4, 0i) = UiV, Gi(%, 9, pi)) =

(v) the set of vectors {V [i(Z,9) — z + V. Hi(Z,§,p:) — Ui(Vy9:(Z,9) + 7 +
Vo, Gi(Z,9,0:) 1i=1,2,...... ,k} is linearly independent.
Then p = O, and there exists w; € Q; and t; € F;, i = 1,2,...... ,k such that
(z,5,U,w,t,\,§ = 0) is a feasible solution of (MFED)y. Furthermore if the hy-
potheses in theorem (3.1) or (3.2) are satisfied, then (Z,9, U, w,t, \,q = 0) is efficient
solution of (M F D)y, and the two ohjective values are equal.

Proof. It follows on the lines of Theorem 3.3. O

Theorem 3.5. (Strict converse duality). Let (a, 7, V,w,t, A, q) be efficient solution of
(MFP)y, and fix A\ = X\ in (MFD)y;. If the following conditions hold

Hi(l_lﬂ v,
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(i1) foralli € {1,2, ..., k}, the Hessian matrixV ., ®; (@, 0, §;)— ViV p,p, Vi (4, 9, G;)
is positive or negative definite, -
(131) the set of vectors {V fi(4,V) + @; + Vg, (@, 0,q) — Vi(Vzgi(a,v) — & +
V. Vi(4,9,3)))}E, is linearly independent,
(i) forg; € R*, q; #0, (i =1,2,..., k) implies that
k

> & [V fil, 0)+wi+V g, (1,0, G) — Vi(Vagi(@, 0) ~1+ Vg, Wi (1,0, 3;))] #
0,
(v) Vi>0,Viel,2 ..k

Then
() G=0,i=1,2,..,k,
(b) there exists z; € D; and 7; € Fy, i = 1,2, ..., k such that (4,9, V, z,7, \,
0) is a feasible solution of (M F D)y
Furthermore, ifthe hypotheses in Theorem 3.1 or 3.2 are satisfied, then (i, U, V,zZ,7,\D =
0) is an efficient solution of (M F D)y, and the two objective values are equal.

’El

Proof. It follows on the lines of Theorem 3.3. O

Theorem 3.6. (Strict converse duality). Let (t, v
(MFP)y and fix A = X in (MFD)y . Suppose that

Z

,,t, \,q) be efficient solution of

(1) Va®i(w,0,0) = V,¥,(4,7,0) = 0,V,,®:(a,0,0) = V,,¥,(q,7,0) = 0,
H;(u,v,0) = Gi(u,v,0) = 0,®;(a,v,0) = ¥;(u,v,0) = 0,V,P;(a,v,0
=V,¥,;(u,9,0) =0,V,,H;(4,7,0) = V,,G(a,7,0) =0, i = 1,2, ..., k,

‘/vaqll(ﬂa ’l_}a 7 )) ((Vqlq)l(ﬂa 'Da gl) - ‘quiqu(ﬂa 1_)> Cjz)) i 07 Vi= ]-7 23 teey ka
orz i (Vi fi(10,0)—V V42 9: (1, 0)) is negative definite and > (V. ®; (@, v, G;)—

vami(a,@,@))—((vqi@i(a 0,G)— ViV, ®V,(4,7,q)) £0,Vi=1,2,..., k,
(v) the set of vectors {V . f;(u,v) + w; + Vg, ®i(u,0,q) — Vi(V mgl(m,y) t; +
Ve¥i(0,7,q)): i =1,2,..., k} is linearly independent.
Then, q:Oandthereexzstsz_leD and 7; € F;, i = 1,2,...,k such that
(a, o, V Z,T, A ,p = 0) is a feasible solution of (MFD)y;. Furthermore, if the hypothesis
in Theorems 3.1 or 3.2 are satisfied, then (u, v,V , 2,7, \,p = 0) is an efficient solution
of (MFD)y;, and the two objective values are equal.

Proof. It follows on the lines of Theorem 3.3. O

4. SPECIAL CASES

We consider some of the special cases of the problems studied in section 3. In all
the cases, C; = R} and (3 = R'7,
(i) then, our problems (M F'P)y and (M F' D)y reduce to the programs studied
in Ying [12].
@ Ifk =1, gi(z,y) = 1, Hi(z,y,p1) = 301 Vygr(z,y)p1, ®1(u,v,q1) =
%qfvmfl(u,v)ql, g1 (u,v) = 1, Fy = {0}, E; = {0}, then, (M FP)y and
(M FD)y reduce to the problems considered by Hou and Yang [5].
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(i) Ifg;(x,y) =1, E; = {0}, ¢;(u,v) =1, F; = {0} foralli € {1,2,...,k}, then,
(MFP)y and (MF D)y becomes the problems considered by Chen [1].

@) If gi(z,y) = 1, E; = {0}, F; = {0}, Hi(w,y,p;) = %p,irvyyfi(xay)pi’
®;(u,v,q;) = 3q! Vo fi(u,v)g, for all i € {1,2,...,k} in (MFP)y and
(MFD)y, then, the problems reduce to the problems considered by Yang
et al.[11].
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ABSTRACT. Suppose that K be a nonempty closed convex subset of a real Banach space X
and T, S : K — K be two totally asymptotically /-nonexpansive mappings, where I : K —
K is a totally asymptotically nonexpansive mapping. We define the iterative sequence {z, }
by
o € K
Tnt1 = (1 — an) Tn + @nS"Yn
Yn = (1 = Bn) Tn + BT " 2n
Zn = (1= 9n) Tn + Yl zy
where {an, }, {8n} ve {»} are sequences in [0, 1] .Under some suitable conditions, the strong
and weak convergence theorems of {z,} to a common fixed point of S,T" and I are obtained.

n €N,

KEYWORDS : Totally Asymptotically /-Nonexpansive Mapping; Total Asymptotically Nonex-

pansive Mapping; Opial Condition; (A') Condition; Strong and weak convergence; Common
fixed point.
AMS Subject Classification: 47H09, 47J25

1. INTRODUCTION

Let K be a nonempty subset of a real normed space X and 7' : K — K be a map-
ping. Denote by F(T') the set of fixed points of T, that is, F(T) = {x € K : Tz = z}
and denote by F':= F(T)NF(S)NF(I) ={x € K : Tx = Sz = Iz = z}, the set of
common fixed points of the mappings 5,7 and I. A mapping T : K — K is called
nonexpansive if ||z — Ty|| < ||z —yl| for all 2,y € K. Amapping T : K — K
is called asymptotically nonexpansive if there exists a sequence {k,} C [1,00),
lim,, o kn, = 1 such that

IT"x = T"y[| < kn llz -y (1.1

forall z,y € K and n > 1. The class of asymptotically nonexpansive mappings was
introduced by Goebel and Kirk [5] as a generalization of the class of nonexpansive
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Article history : Received March 2, 2015 Accepted March 9, 2016.
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mappings. They proved that if K is a nonempty closed bounded subset of a uni-
formly convex Banach space, then every asymptotically nonexpansive self-mapping
has a fixed point.
Amapping T : K — K is called asymptotically nonexpansive in the intermediate
sense if T is continuous and the following inequality holds:
lim sup sup (||T"x —T"y| — ||z —y|) <O0.
n—oo r,ye K
Observe that if
an = sup ([|T"z = T"y[| — |lz — yl))
then last inequality reduces to the relation
[Tz = T"y|| < [lz =yl + an. (1.2)

The class of mappings which are asymptotically nonexpansive in the interme-
diate sense was introduced by Bruck et al. [2]. It is known [13] that if K is a
nonempty closed convex bounded subset of a real uniformly convex Banach spaces
F and T is a self-mapping of K which is asymptotically nonexpansive in the inter-
mediate sense, then 7" has a fixed point.

The class of asymptotically nonexpansive mappings is an important generaliza-
tion of the class of nonexpansive mappings. Note that the class of mappings which
are asymptotically nonexpansive in the intermediate sense contains properly the
class of asymptotically nonexpansive mappings.

In 2006, Alber et al. [1] introduced a more general class of asymptotically
nonexpansive mappings called total asymptotically nonexpansive mappings. Their
aim is to unify various definitions of classes of mappings associated with the class of
asymptotically nonexpansive mappings and to prove a general convergence theorem
applicable to all these classes of nonlinear mappings.

Definition 1.1. Let K be a nonempty closed subset of a real normed linear space
X. Amapping T : K — K is called totally asymptotically nonexpansive if there
exist nonnegative real sequences {u,}, {A\,} with p,, A, = 0asn — oo and a
strictly increasing continuous function ¢ : R — R with ¢ (0) = 0 such that

|77 = T < lle = yll + pné (le — yl) + Ansforallz,y € K, n> 1. (1.9)

Remark 1.2. If ¢ (A\) = A, then (1.3) reduces to | Tz — T™y|| < (1 + pn) [z — y|| +
An,n > 1.1f¢(N) = Aand A\, = 0 for all n > 1, then total asymptotically nonexpan-
sive mappings coincide with asymptotically nonexpansive mappings. In addition, if
tn = 0and )\, =0 for all n > 1, then total asymptotically nonexpansive mappings
becomes nonexpansive mappings. If u, = 0 and \,, = 0,, = max{0,a, }, where
ap, = sup (||[T"x — T"y|| — ||z — y||) for all n > 1, then (1.3) reduces to (1.2) which
has been studied as mappings asymptotically nonexpansive in the intermediate
sense.

The strong convergence theorems for iterative processes of finite family of to-
tal asymptotically nonexpansive mappings in Banach spaces have been studied
by Chidume and Ofoedu [3, 4]. Also, Hu and Yang [1 1] obtained strong conver-
gence theorems for three nonself total asymptotically nonexpansive mappings in
real Banach spaces. In addition to these works, Hao [10] studied weak and strong
convergence theorems in real Hilbert space.

On the other hand, in [17] an asymptotically /-nonexpansive mapping was
introduced. Namely, let 7,/ : K — K be two mappings of a nonempty sub-
set K of a real normed linear space X. Then T is said to be asymptotically
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I-nonexpansive if there exists a sequence {)\,} with lim, ,,, A\, = 1 such that
1Tz — Tyl < Ay ||[I"x — I™y|| for all z,y € K and n > 1.

Recently, Mukhamedov and Saburov [14] introduced the folowing iteration pro-
cess for common fixed points of totally asymptotically /-nonexpansive mappings in
Banach spaces. For arbitrarily chosen zy € K, {z,} is define as follows:

Tt = (1 — an) xp + @ Ty,
Yn = (1= Bn) xn + Bud"zpn
where {«, } and {8, } are sequences in [0, 1] . And they gave the following definition
for totally asymptotically /-nonexpansive mappings.

(1.4)

Definition 1.3. Let 7,1 : K — K be two mappings of a nonempty subset K of
a real normed linear space X. A mapping T : K — K is called totally asymptot-
ically ]—nonexpansive if there exist nonnegative real sequences {u,}, {\,} with
tn, An — 0 as n — oo and a strictly increasing continuous function ¢ : R — R with
¢ (0) = 0 such that for all z,y € K,

[T"x = T"y|| < Mz = I"y|| + pnd ("2 = Iy[) + An,n = 1. (1.5)

Note that (1.5) reduces to (1.3) when I = Id (Id is the identity mapping). If
@ (N\) = A, then one gets [|[T"x — T"y|| < (1 + pn) [I™z — I™y|| + A\, which is a
generalization of the asymptotically /-nonexpansive mapping. If ¢ (A\) = Aand \,, =
0 for all n > 1, then total asymptotically /-nonexpansive mappings coincide with
asymptotically /-nonexpansive mappings.

In this paper, we construct an explicit iterative sequence for the approximation
of common fixed points of two total asymptotically /-nonexpansive mappings and
a total asymptotically nonexpansive mapping in Banach spaces.

2. PRELIMINARY

For the sake of convenience, we restate the following concepts.

A Banach space X is said to satisfy Opial’s condition if, for any sequence {z, }
in X, x, — z implies that

limsup ||z, — x| < limsup ||z, — y||
n—o0 n— oo
for all y € X with y # x, where z,, — x means that {z, } converges weakly to x. It
is well know from that all Hilbert spaces and all /,, spaces for 1 < p < oo have this
property. However, the L, spaces do not have this property unless p = 2.

Let K be a nonempty closed subset of a real Banach space X and T : K — K
a mapping. The mapping 7' said to be demiclosed at zero if Txg = 0 whenever
{z,} C K,z, —» z and Tz, — 0.

Recall that the mapping 7' : K — K with F'(T') # () is said to satisfy condition
(A) [15] if there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0,
f(t) > 0forall t € (0,00) such that || — Tx| > f(d(z,F(T))) for all z € K,
where d (z, F(T)) = inf {||lz —p| : p € F(T)}.

We can modify the condition (A) for our case as follows:

Let 5,7 : K — K be two totally asymptotically / —nonexpansive mappings and
I : K — K be totally asymptotically nonexpansive mapping. Then S,7 and [ are
said to satisfy condition (A’) if there is a nondecreasing function f : [0,00) — [0, 00)
with f (0) =0, f(¢) > 0 forall t € (0,00) such that

Iz = Szl + [lo = Tz| + [lo — Lz])) = f (d (z, F))

Wl
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for all z € K. This condition is a generalization of condition of Khan and Fukharud-
din [12] from two mappings to three mappings.
Next, we state the following useful lemmas.

Lemma 2.1. [18] Let {a,}, {b,} and {c,} are three sequences of nonnegative real
numbers such that

ant1 < (1+by)an, +cn, n> 1
Suppose that Y~ b, < oo and > -, ¢, < 00. Then {a,} is bounded and lim a,,
exists. e

Lemma 2.2. [16] Let X be a uniformly convex Banach space and let {tn} be a
sequence in [a, b] for some a,b € (0,1). Suppose that {z,} and {y,} are sequences
of X such that

limsup ||z, || < d, limsup||y,|| < dand lim ||(1 —t,) Zp + thyn| = d
n—o0o n—oo n—o00
hold for some d > 0. Then lim,,_, ||Tn — Ynl|| = 0.

3. MaIN RESULTS

Now, we introduce an iteration process which can be viewed as an extension for
totally asymptotically /-nonexpansive mappings of iteration process of Mukhame-
dov and Saburov [14].

Let K be a nonempty closed convex subset of a real Banach space X. Let
T,S : K — K be two totally asymptotically /-nonexpansive mappings, where
I : K — K is a totally asymptotically nonexpansive mapping. We define the
iterative sequence {x,} by

x9 € K
Tn+1 = (1 - an) Ty + an‘s’nyn

" ,neN| 3.1

Yn = (1 - 5n) T + BT 20 (8-1)
Zn = (1 - ’)/n) Ty + ’YnInxn

where {a,},{6,} and {7, } are sequences in [0, 1].

Remark 3.1. i. If I = Id (Id is the identity mapping), then (3.1) reduces

to the modified Ishikawa iterative scheme for two totally asymptotically
nonexpansive mappings as follow.

x9 € K
Tpte1 = (1 — ap) xp + @y S"yn ,n €N, (8.2)
Yn = (1 - /Bn) Ty + BTz,

where I : K — K is a totally asymptotically nonexpansive mapping, {c, }
and {5, } are sequences in [0, 1].

ii. If I = Id (Id is the identity mapping) and /3, = 0 for all n > 1, then (3.1)
reduces to the modified Mann iterative scheme for one total asymptotically
nonexpansive mappings as follow.

Xg € K
{ Tpy1 = (1 —an) xn + a,S"xy neN, (3.3)

where [ : K — K is a totally asymptotically nonexpansive mapping and
{an} is sequence in [0,1] .

iii. We remark that the iteration process (3.1) is more general than the iteration
process (1.4), (3.2) and (3.3), and includes the process (3.2) and (3.3) as
special cases.
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Lemma 3.2. Let K be a nonempty subset of a real Banach space X . LetT,S : K —
K be two totally asymptotically I-nonexpansive mappings and let [ : K — K be
a totally asymptotically nonexpansive mapping. Then there exist nonnegative real
sequences { (i, }, {\n} with p,, Ay = 0 as n — oo and strictly increasing continuous
Sunction ¢ : R — R with ¢ (0) = 0 such that forallz,y € K,
1"z = Iyl < llo =yl + pnd ([l = yll) + An,

[Tz =Tyl < |1z = I"y[| + pnd ("2 — I"y[]) + A, (3.4)
15"z =Syl < "e = I"y| + pn¢ ("2 = I"y[) + An, n > 1.

Proof. Since T,S : K — K are totally asymptotically /-nonexpansive mappings
and I : K — K is a totally asymptotically nonexpansive mapping, then there ex-
ist nonnegative real sequences {/,, }, {\,}, {1, },{\.} and {fin},{ s}, n > 1 with
Ly Ay fos Ans iy An — 0 (n — 00) and there exist strictly increasing continuous
functions ¢1, g2, 3 : RT — RT with ¢ (0) = ¢2 (0) = ¢3 (0) = 0 such that for all
x,y € K,

11"z — I"y|| < |l =yl + finds (lz = y]|) + An,
1Tz — Ty < | 1" — I"y|| + pn o (| 1" — Iy])) + A,
1572 — S™y|| < [ I"x — Iy + poys (| — Iy]) + Ao > 1
Setting

Hn = max{ﬂ;w M;Iw At An = maX{)‘lm )‘;In 5‘n}a
¢(a) = max{pi(a),2(a), d3(a)} for a >0,

then we obtain that there exist nonnegative real sequences {u,} and {\,} with
tny An — 0 as n — oo and strictly increasing continuous function ¢ : R — R with
¢ (0) = 0 such that for all z,y € K,

1"z = Y| < ||z = yll + pnd (12 = yl]) + An,
|70 — Ty < |17 — Iy + o (|1 = I"y]) + A,
15"z = S™y|| < |[I"% = I"y[l + pnd ([11"x = I"y[]) + An,n > 1.
This completes the proof. O

Before proving our main results, throughout this paper we take mappings S, T
and [ as in (3.4).

Lemma 3.3. Let K be a nonempty closed convex subset of a real Banach space
X. LetT,S : K — K be two totally asymptotically I-nonexpansive mappings
and I : K — K be a totally asymptotically nonexpansive mapping with sequences
{pn}, {\} defined by (3.4) such that > >~ | pn < 00, o_ 1 Ap < 0. Assume that
there exist M, M* > 0 such that ¢(\) < M*X foral \ > M. Let {z,} be the
sequence as defined (3.1). If F = F(S)NF(T)NF(I) # 0, then {x,} is bounded
and lim,, o ||z, — p|| exists foreachp € F = F(S)N F(T)N F(I).

Proof. Let p € F. It follows from (3.1) and (3.4) that
lzn —pll = [[(1=7)(@n —p) + v{"zn — p)|
(1 =) llwn = pll + ¥ ([ {20 — p|
(1 =) llzn = pll + Y0 |20 — 2l + B0 (27 — pII) + An]
7 = pll + Yntn® (|20 — pll) + Ao (3.5)

IAIACIA
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Note that ¢ is an increasing function, it follows that ¢ (\) < ¢ (M) whenever A < M
and (by hypothesis) ¢ (A) < M*Xif A > M. In either case, we have

d(\) <o (M) + M*A (3.6)
for some M, M* > 0. Thus, from (3.5) and (3.6), we have
lzn =Dl < ll2n = pll + yttn [¢ (M) + M™ ||z — pll] + s
< (14 M) |zn — pll + Q1 (i + An) 3.7)
for some constant ); > 0. Similarly, from (3.7) we have

H(l - 671)(*7771 -p)+ Bn(TnZn _p)ll

lyn = pll

< (1=8n) llzn —pll + Bu 1T 20 — pll
< (1 =8n) llzn =2l + BulllI" 20 — pll 4+ s (11" 20 — plI) + A
< (1 =B lzn = pll + BulllI"2n — pll + pnd (M)
Fpn M1 20 = pll + A
< (1 =8n) llzn =2l + Bul(X + pn M*) 1" 20 — pll + pnd (M) + An]
< (1 =8n) llzn = pll + Bul(X + pn M) ([|2n — pll
Fhn® (20 = ll) + An) + pnd (M) + A
< (1=8n) llzn —pll + Bul(X + M) (|20 — pll + ¢ (M)
FhnM™ [|zn = pll + An) + pn@ (M) + A
< (1 =8n) llzn = pll + Bul(X+ pn M*) (1 + p M7) || 20 — p|
+hn®d (M) + M) + pin® (M) + An]
< (1=5) llzn —p
FBn[(L 4 pnMT) (1 + pn M™) (14 M i) |, — p|
+ (L + M p1n) Q1 (i + An) + pn@ (M) + An) + pind (M) + An]
< lan = pll + B (1 M*)? + 3 M* + (pn M*)?) [l — p|

+ (L4 M) Q1 (i + An) + (14 M ) (110 (M) + )
+nd (M) + A
< (14 Mapn) lzn = pll + Q2 (0 + An) (3.8)
for some constants Ms, ()2 > 0. Hence, it follows from (3.6) and (3.8) that

(1 = an)(@n —p) + an(S"yn — D)l

(1 — o) [|lzn — pll + an [[S™yn — pl|

(1 —an) |zn — 2l + [l I"yn = pll + pnd (I Ty — pll) + M)

(1 - an) Hxn _pH + an[HInyn —pH + Mn¢(M)

+NnM* Hlnyn _p” + )‘n]

(1 — o) [z — pll + an[(L 4+ pn M*) [[I"yn — pl| + pnd (M) + Ap]
(1 — o) [|wn = pll + anl(1 4+ M) (lyn — pll

+in® ([yn — pll) + An) + pn@ (M) + An)

(1 —apn) lzn —pll + anl(1 + pnM*) (Y5 — pll + pnd (M)
Fun M |lyn = pll + An) + pind (M) + An]

€1 = pll

IN A IA

INIA

IA

< (T —=ap)llzn = pll + an[(1 + o M) (1 + pn M) Iy — p||
Find (M) + X)) + pind (M) + \,]
< (1 - an) Hxn - p”
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Fan[(1+ pn M*) (1 + p M) (1 + Mopuy) [l — pl|
+ (1 + M pp) Q2 (i + An) + pnd (M) + An) + pnd (M) + Ay

< (T4 (Mo +2M*) py + (2M* Mo + (M*)?) 2
+Mo(M*) ) [l — pll + Ma(M*)? i, [|n — |
(1 M 41)” Q2 (ptn + An)
+ (1 + M pp) (pnd (M) + An) + pnd (M) + Ay,
< (1+ Mspn) [|on —pll + Qs (tn + An) (3.9)
for some constants M;, Q3 > 0. Since Y~ | f1,, < 00,% > A\, < 00, by Lemma
2.1, we get lim,,_, ||z, — p|| exists. This completes the proof. O

Theorem 3.1. Let K be a nonempty closed subset of a real Banach space X. Let
T,S : K — K be two continuous totally asymptotically I-nonexpansive mappings
and I : K — K be a continuous totally asymptotically nonexpansive mapping with
sequences {i,},{\.} defined by (3.4) such that Y .~ pn, < 00,2 "1 Ap < 00.
Assume that there exist M, M* > 0 such that $(\) < M*X for all A > M. Let
{zn} be the sequence as defined (3.1) and F = F(S)N F(T) N F(I) # (). Then the
sequence {x,, } converges strongly to a common fixed point of S,T and I if and only
ifliminf, o d (2, F) = 0, where d (xy,, F') = infpep ||z, —p||,n > 1.

Proof. The necessity of the conditions is obvious. Thus, we need only prove the
sufficiency. Since S,T and I are continuous mappings, F (T), F (S) and F (I) are
closed. Hence F' = F'(S) N F(T) N F(I) is a nonempty closed set.

For any given p € F, we have from (3.9)

|Zns1 —pll < (1+ Mapn) |70 — pll + Q3 (1tn + An)
which gives

Now applying Lemma 2.1 to (3.10), we get the existence of the limit lim,, o, d (z,, F') .

But by hypothesis lim inf,,_, o d (2, F') = 0, thus we have lim,,_,, d(z,, F') = 0.
Next we show that {x,} is a Cauchy sequence in X. As 1+t < exp (¢) forall ¢t > 0,
from (3.9), we obtain

[#nt1 =Pl < exp (Mapn) (2n = pll + Q3 (1 + An)) - (3.11)

Thus, for any given m, n, iterating (3.11), we obtain

Zntm —pll < exp(Mapinym—1) ([Zntm—1 —pll + Q3 (ntm—1 + Antm-1))

n+m—1 n+m-—1
< exp( Yy Msu) <||33n —pl+ > Qs(mi+ Ai))
< eXp(Z Mspu;) (Hxn —pll+ Z Qs (i + )\i)> .
Therefore,
[#nsm = @l < [[@ngm = pll + (|20 — pll
o0
< |1+ (eXp(Z M3Mi)>] |z — pll

i=n
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+ exp(z M3 ;) (Z Qs (i + Ai)) .

i=n i=n

This imply that

Zntm — zn| < Dll@n —pll+ D (Z (i + Ai)) (3.12)

1=n

for same constant D > (. Taking infimum over p € F' in (3.12) gives

o0
Hx’n+m - x’n” < Dd (Z‘n, F) +D (Z (,ut + Az)) .

=N
Now, since lim,, o0 d (2, F) = 0and Y ;= (i + A\;) < oo, given € > 0, there exists
an integer N; > 0 such that for alln > Ny, d (2, F) < €/2D and Y ;= (i + ;) <
€/2D. Consequently, from last inequality we have ||z, 4m — Zn| < €, which means
that {z,,} is a Cauchy sequence in X, and completeness of X yield the existence of
x* € X such that x,, — =*. We now show that 2* € F. Suppose that 2* ¢ F. Since
F closed subset of X, we have that d (z*, F) > 0. But, for all p € F, we have

2" = pll < l=* = zn[| + |lzn — Il -
This implies

d(x*, F) <||z* — x| + d(zn, F),
so we obtain d (z*, F') = 0 as n — oo, which contradicts d (z*, F) > 0. Hence, z* is
a common fixed point of 7', S and I. This completes the proof. O

Lemma 3.4. Let K be a nonempty closed convex subset of a real uniformly con-
vex Banach space X. LetT,S : K — K be two continuous totally asymptoti-
cally I-nonexpansive mappings and I : K — K be a continuous totally asymp-
totically nonexpansive mapping with sequences {u,},{A\.} defined by (3.4) such
that Y07 | pn < 00, 1 A, < 00. Assume that there exist M, M* > 0 such that
d(N\) < M*Xforall\ > M and F = F(S)NF(T)N F(I) # 0. Let {z,} be the
sequence as defined (3.1), where {a,,}, {0} and {y,} are sequences in [a,1 — a]
Jor some a € (0,1). Then

lim ||z, — S"z,| = lim ||z, — T"2,|| = lim |z, —I"z,|| =0
n—0o0 n— oo n—oo
and
lim ||z, — Sz,| = lm ||z, — Tz,| = lim ||z, — Iz,|| =0.
n—oo n—00 n—00

Proof. Let p € F. Then by Lemma 3.3, we have
Jim |z, —pl| =d. (3.13)

It follows from (3.1) that

Jensr =l = 1 = @)@ — p) + @n(S"ya —p)l| = d, (n > 00).  (3.14)
From (3.4) and (3.6), we obtain
IT"yn = Il + 10 (1" yn = pI) + An
IT"yn = pll + pnd (M) + pan M ™y = pl| + An
(L4 pn M) [ 1"y — pll + pnd (M) + Ay
(L4 M) ([lyn = pll + b (lyn = Pl + An) + pnd (M) + An
(L4 pn M) (lyn = pll + @ (M) + pn M [[yn — pll + An)
Hnd (M) + A

15" yn — pl|

IAN N AN IN A
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< (1 + ,UnM*) ((1 + MnM*) Hyn - p” + Mn¢(M> + )‘n)
Fpnd (M) + \,. (3.15)
Because of Y| i, < 00, - Ay < 00, we have
lim sup ||S"yn —p| < lim sup |y, — p||
n—oo n—oo
and from (3.8)
lim sup ||S"yn —p| <lim sup (1+ Maopy,) ||2n — pl| + Q2 (tn + M) = d. (3.16)

n—oo n—oo

Using (3.13),(3.16) and applying Lemma 2.2 to (3.14), we get
lim |z, — S"y,| = 0. (3.17)
n— o0
Also from (3.15), we have
lzn =2l < |2 = S"ynll + [1S™yn — pll
< lwn = S"yall + (L4 i M7) (1 + oM7) |lyn — p|
Find (M) + X)) + pnd (M) + Ay,

which implies d < lim,,_,, ||y, — p|| and from (3.8), we have lim,,_, ||y, — p|| < d.
Thus we obtain

lim |y, —p|| = d. (3.18)
n—oo
On the other hand note that
lm ||@pi1 — Tpl = lUm oy ||z, — S™yn|| = 0. (3.19)
n— 00 n— 00

It follows from (3.18) that
lyn — 2l = 1(1 = Bn)(@n — D) + Bu(T" 2 — p)|| = d, n — 0. (3.20)
From (3.4) and (3.6), we obtain

[Tz —pll < [H"20 — 2l + pnd (11" 20 — pl) + A

< Mz = pll 4 s (M) + pn M* |[T™ 20 = pl| 4 An

< (A4 paMT) "2 = pll + pn@ (M) + An

< A+ M) ([|zn = pll + 1@ (20 = pll) + An) + pnd (M) + An

< (4 pn M) (lzn = pll + pnd (M) + pn M |20, — pll + An)
Fin® (M) + An

< (A4 paMT) (14 M) |20 = pll 4 pn® (M) + An)
+pin@ (M) + A (3.21)

Therefore,

lim sup | 7"z, — p|| < lim sup ||z, —p]
n— oo n— o0
and from (3.7), we have

lim sup [|[T"z, —p|| <lim sup (14+ M*u,) |zn — pll + Q1 (n + \n) = d. (3.22)
n—oo

n—oo

Using (3.13), (3.22) and applying Lemma 2.2 to (3.20), we get
lim |z, —T"z,| = 0. (3.23)
n—oo
Also from (3.21), we have
lzn —pll < llwn —T"2ull + [|[T"20 — pl|
< oy = T2l + (1 + oM7) (1 + pn M) [[20 = p|
Hun® (M) + Ap) + pnd (M) + An,
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which implies d < lim,, . |2, — p|| and from (3.7) we have lim,_, ||z, — p|| < d.

This gives
lim ||z, — p|| =d. (3.24)
n— o0
As above, from (3.1) one can see that
2n = pll = [I(1 = v)(@n — p) + V(I 20 — p)|| = d, (3.25)
as n — c0. Besides this, we have
[I"2n —pll < Nlwn = pll + pn@ (|20 —pll) + An
< (U4 M i) [ — pll + i (M) + A
Taking limit as n — oo in last inequality, we obtain
lim sup |[I"z, —p| <d. (3.26)
n— oo
Hence from (3.13), (3.26) and (3.25), we get
lim |z, — I"z,| = 0. (3.27)
n— oo
Meanwhile, note that from (3.27)
lzn —2nll = (1 =) (@0 —p) + V(I 20 — p) — 20|
= Yo llvp —I"2y] = 0. (3.28)
and from (3.23)
lyn —znll = [[(1 = Bu)(@n —p) + Bu(T" 20 — p) — zu|
= Bollzn —T 2|l = 0. (3.29)
Now we show that lim,, , ||z, — T"z,|| = 0. By way of (3.21), we have
[Tz =T zpl < (14 pnM™) (L4 pnM7) |20 — 20|
Fhn® (M) + Ap) + pnd (M) + Ay
Thus we get
[0 =Tl < flon =T 2|l + | T" 20 — T a0 ||
<l = T2l 4 (14 pn M) (1 + pn M) |2 — |
Fn® (M) + M) + pnd (M) + An,
which implies
lim |z, — T"z,| = 0. (3.30)
n—oo
Now we show that lim,, . |2, — S™2,|| = 0. This time, by way of (3.15), we have
[S5"yn = S"an| < (L4 pun M) (1 + pnM7) [lyn — 24|
Fn®d (M) + Ap) + pin® (M) + Ay
Thus we get
[zn = S"zull < lzn — S"ynll + [1S"yn — ™24
< o = S"ynll + (L4 M7) (1 + oM7) lyn — 24|
Fn® (M) + X)) + pin® (M) + Ay
Taking limit in last inequality, we obtain from (3.17) and (3.29)
lim |z, —S"z,| =0. (3.31)
n—oo

Finally, we prove

lim ||, — Sz,|| = lim ||z, — Tx,|| = lim ||x, — [z,| = 0.
n— o0 n—00 n—00
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Firstly, we have

lim [|zp41 — 2] =0
n—oo

from (3.19) and
lim |z, — ["z,|| =0
n— oo

from (3.27). Hence we get that
|20 =" lag]| < o = @acall + 201 = Iz ||

4 Hln_lmnfl _ I'n—lan

< ”xn - xnfl‘l + Hxnfl - In_lxnflu + ||xn - xnle
+1n® (|2 — 2p-1l]) + An
S (2 +,U/nM*) ||xn - $n71|| + ||xn71 - In_lxnfln

Fpind (M) + An
— 0. (3.32)
Because [ is continuous, therefore we have from (3.32)
[I"n — T || < ||I (1" ') — Tz || — 0.
Thus we obtain
len = In]l < ll2n — Il + [T + Tza]| = 0.

Also we have lim,,_, ||z, — S™x,|| = 0 from (3.31). Thus from (3.19) and (3.27),
we get that

fon =5 anll < llon = il + [t — 5]

P

< lap — @1l + Hxn,l — S”_lxn,lH + HI"_lscn — I”_lxn,lH
+ i@ (Hln_lxn — I"_lscn,1||) + A

< o — 1|l + Hxn,l — S”_lxn,lH + HI"_lscn — I”_lxn,lH
Find (M) + pn M* [T 2y — I g || + A

< lap — @1l + Hxn,l — S”_lxn,lH
F(L A+ M) [T gy — I || + pnd (M) + Ay

< o — 1|l + Hxn,l — S"_lxn,lH
T+ pn M) [|lzn — 2nall + pnd (20 = 2n-1l]) + An]
Fin® (M) + An

< l@n — -1 + H:L'n_l - S”flxn_ln
T+ pn M)z — Tn—rll + g (M)
FhnM* [|Tn — Tl + An] + pnd (M) + Ay

S oo (3.33)

Because S is continuous, therefore we have from (3.33)
|S" @, — S|l < HS (S”_lxn) — anH — 0.
Thus we obtain
|z — San|| < |xn — S™zy|| + ||S"xn — Szy|| — 0.
Similarly, in the same way we get

lim ||, — Tz,| = 0.
n— 00
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This completes the proof. O

Using this lemma, we prove the following strong convergence theorems.

Theorem 3.2. Let K be a nonempty closed convex subset of a real uniformly con-
vex Banach space X. Let T,S : K — K be two continuous totally asymptoti-
cally I-nonexpansive mappings and I : K — K be a continuous totally asymp-
totically nonexpansive mapping with sequences {u,},{\,} defined by (3.4) such
that Y07 | pn < 00, 1 A, < 00. Assume that there exist M, M* > 0 such that
d(N) < M*Xforall\ > M and F = F(S)NF(T)N F(I) # 0. Let {z,} be the
sequence as defined (3.1), where {a,,}, {0} and {vy,} are sequences in [a,1 — a]
Jorsomea € (0,1) . Ifone of S, T and I is compact, then the sequence {x,,} converges
strongly to a common fixed point of S, T and I.

Proof. Without loss of generality, let S be compact. Then there exists a subse-
quence {S"*x,,} of {S"x,} such that {S™*z,,} converges strongly to z* € K.
Thus, from (3.31), {z,,} converges strongly to z*. Using continuity of S we have
{Sme*+1y, 1} converges strongly to Sz*. On the other hand, according to (3.30)
and (3.27), we get that {T"*z,, }, {I"*x,, } converge strongly to z*. Since T and
I are continuous, the squences {T™**1x, } and {I"**!z,, } converge strongly to
Tz* and Iz*, respectively. Besides these, since ||z,+1 — &, || converges to 0; defi-
nition of S, T and I imply that ||Snk+1xn+1 — S"’““an , HT”’“Han — T”’C*lan
and ||I”’“+1:cn+1 — I"’““an converge to 0. Observe that

2" =S| < |lz¥ — znppall + ||$nk+1 - Snk+1xnk+1”
+ |8 g1 — Sy, ||+ [|S™ 1 — S ||
+|[S™ ey, — S|,
lo* = Ta* | < fla* = @upsall + [mss — Ty
+ [T w1 — Ty ||+ | T 2y = T, ||
+ |7, — T
and

lo* = Izl < e = el 4 s — I |
Ty gy — I, ||+ [T st — I |

+ ||I"’“+1xnk — Ia:*” .

Taking limit as k — oo in the last inequalities, we find z* = Sz*,z* = Tz* and
x* = Iz*. So z* € F. However, due to Lemma 2.1, the limit lim,,_, » ||z, — p|| exists,
p € F. Hence, {x,} converges strongly to z* € F. This completes the proof. U

Theorem 3.3. Let K be a nonempty closed convex subset of a real uniformly con-
vex Banach space X. Let T,S : K — K be two continuous totally asymptoti-
cally I-nonexpansive mappings, let I : K — K be a continuous totally asymp-
totically nonexpansive mapping with sequences {yu,},{\,} defined by (3.4) such
that Y07 | pn < 00, Y001 Ay < 00. Assume that there exist M, M* > 0 such that
d(AN) < M*A forall A > M and F = F(S)NF(T)NF(I) # 0. Let {z,} be the
sequence as defined (3.1), where {a,}, {8} and {v,} are sequences in [a,1 — a]
Jor some a € (0,1). If S,T and I satisfy Condition (A,), then the sequence {x,}

converges strongly to a common fixed point of S, T and I.
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Proof. By Lemma 3.4,

lim |z, — Sz,|| = lim ||z, — Tz,| = lim ||z, — Iz,] = 0.

n—oo n—r oo n—r oo

Using Condition (A/> , we get

1
lim f(d(z,F)) = nl;rrgc 3 (lx = Sz|| + ||z — Tz| + ||z — Iz]]) = 0.

n—oo

Since f is a nondecreasing function and f(0) = 0, so it follows that

lim d(z,F)=0.
n—00
Now applying the Theorem 3.1, we obtain the result. (]

Our weak convergence theorem is as follows:

Theorem 3.4. Let X be a real uniformly convex Banach space satisfying Opial’s
condition and K be a nonempty closed convex subset of X. LetT,S : K — K be
two continuous totally asymptotically I-nonexpansive mappings, let [ : K — K be a
continuous totally asymptotically nonexpansive mapping with sequences { i, } , {\n }
defined by (3.4) such that Y .~ | pin < 00, % o Ap < 0. Let E : X — X be an
identity mapping. Assume that there exist M, M* > 0 such that ¢(\) < M*\ for
alA> Mand F = F(S)NF(T)NF(I) # 0. Let {x,,} be the sequence as defined
(3.1), where {ay, }, {8} and {y,} are sequences in [a,1 — a] for some a € (0,1). If
E—- S E—T and E — I are demiclosed at zero then the sequence {x,,} converges
wealkly to a common fixed point of S,T and I.

Proof. Let p € F'. Then by Lemma 3.3, lim,,_, ||z, — p|| exists. We prove that
{z,} has a unique weak subsequential limit in F'. Since {z,} is a bounded se-
quence in a uniformly convex Banach space X, there exist two weakly convergent
subsequences {x,,} and {z,,} of {z,}. Let w; € K and wy € K be weak limits
of the subsequences {z,,} and {xnj} respectively. Since S is demiclosed with
respect to zero (by hypothesis) then we obtain Sw; = w;. Similarly, Tw; = w; and
Tw; = wy. That is, w; € F. In the same way, we can prove that wy € F'.

Next, we prove the uniqueness. For this, suppose that w; # ws. Then, by Opial’s
condition, we have

lim ||x, —wi| = lm @, —w||
n— oo 71— 00
< lim ||z, — wsl|
1— 00
= lim |z, — ws|
n—oo
= lim e, — s
J—00
< lim Hacnj — le
Jj—oo
= lim |z, —w1],
n— oo
which is a contradiction. Hence {x,} converges weakly to a point of F'. O

Remark 3.5. Since the class of totally asymptotically /-nonexpansive mappings
includes totally asymptotically nonexpansive mappings, our results improve and
extend the corresponding ones announced by Ya.l. Alber et al. [1], Mukhamedov
and Saburov [14], Chidume and Ofoedu [4, 3] and Gunduz [6]. Also our results
genaralize corresponding results given in [7, 8, 9, 19, 20].
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Remark 3.6. The iteration process (3.1) can be generalized for two finite families
of totally asymptotically I;-nonexpansive mappings {T; : j € J} and {S; : j €
J},where {I; : j € J} is a finite family of totally asymptotically nonexpansive
mappings (where J = {1,2,..., N}).
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1. INTRODUCTION

Let E be a real Banach space, K be a closed convex subset of I and let .J denote
the normalized duality pairing from F into 27" given by

Je={fe B (z, f) = el IF]: Nzl = [[fI}}» Ve e E,

where E* denotes the dual space of F and (-, -) denotes the generalized duality pair-
ing. We shall denote elements in Jx by j(z) and define Fix(T) = {x € E : Tz = z}
to be the fixed point set of a mapping 7. When {z,} is a sequence in E, then
xn, — x (x, — z) will denote strong (weak) convergence of the sequence {z,} to
x.

Let T be a mapping with domain D(T") and range R(T') in E. Then T is called
e Nonexpansive, if for any x,y € D(T)

1Tz =Tyl < llz =yl -
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e Accretive, if for any x,y € D(T), there exists j(z — y) € J(z — y) such that
(Te =Ty, j(z —y)) > 0.

e Pseudocontractive, if for any z,y € D(T), there exists j(x — y) € J(x — y)
such that
. 2
(Tz =Ty, j(x —y)) < v —yl” .
e Hemicontractive, if for any € D(T) and z* € Fiz(T), there exists j(z —
z*) € J(z — z*) such that

(Ta — 2" j(e — ")) < o — 2| .

e Strongly pseudocontractive, if for any =,y € D(T), there exists j(z — y) €
J(x — y) such that

(Tx —Ty,j(z —y)) <alz—y|>, forsome0<a<1.

e Strictly pseudocontractive, if for any =,y € D(T), there exists j(z — y) €
J(x — y) such that

(Tz =Ty, j(z—y)) <[l —y|> = A[(x —y) — Tz - Ty)|* ,
forsome 0 < A< 1.

The class of pseudocontractive mappings has close relations with the class of
nonexpansive mappings and the class of accretive mappings. It is easy to see that
if T' is a pseudocontractive mapping, then I — T is accretive.

If we define A = (21 — T)~!, then Fiz(A) = Fiz(T) and we have the following
result :

Lemma 1.1 (Martin[18]). A is a nonexpansive self mapping on K.

Regarding iterative approximation of fixed points of nonexpansive mappings, it
is well known that Picard (successive) iteration may fail to produce a norm con-
vergence sequence {z,} for nonexpansive mappings. Thus when a fixed point
of nonexpansive mappings exists, other approximation techniques are needed to
approximate it. One such technique is to form a mapping

Sy=M+01-NT (0<A<1),

and then show that under certain circumstances the Picard iterates of S converges
to a fixed point of 7. The first such result was obtained by Krasnoselskii [14] in
a uniformly convex Banach space for A\ = % Schaefer [22] noted that this result
holds for arbitrary A € (0,1). Edelstein [9] proved corresponding result in strictly
convex Banach spaces.

Kirk [13] defined a more general mapping than those of S). Let K be a closed
convex subset of a Banach space, and 7' be a nonexpansive mapping of K into
itself. Define the mapping S : K — K by

S =Xl +MT 4+ NoT?+ -+ NT",

where \; > 0, A\; > 0 and Zle A= 1.
He proved that for arbitrary z¢ € K, the sequence {S™xz(} converges weakly to a
fixed point of T in K.

Maiti and Saha [16] extended this result of Kirk and proved the strong conver-
gence of the sequence {S"x¢}.
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Liu et al. [15] extended Kirk’s idea to finite family of nonexpansive mappings.

LetT; : K — K (1 =1,2,...,k) be nonexpansive mappings and let
S =Xl +MT1+ XoTo + - + ATk

where \; > 0, \g > 0,1 > 0, and Zle A= 1.
They proved that for arbitrary zg € K, the sequence {S™z(} converges to a com-
mon fixed point of T; in K.

Iterative methods for nonexpansive mappings have been extensively investigated
by many researchers, see ([2, 4, 5, s s s , 26]) and references there in.

The most popular iterative scheme to approximate a fixed point of a nonexpan-
sive mapping is the following:

0 € K; xpy1 =1 —ap)z, +a,Tx,, n>0, (1.1)

where {a,} C (0,1) is a real sequence satisfying appropriate conditions.
Iteration process (1.1) is known as a Mann iteration [17].

Iterative method to approximate a fixed point of a pseudocontractive mapping
was initiated by Browder and Petryshyn [3] in 1965, but iterative methods for
pseudocontractive mappings are far less developed than those for nonexpansive
mappings. In conncection with the iterative approximation of fixed points of pseu-
docontractive mappings, the following question is still open [6]:

Does the Mann iteration process always converge for continuous
pseudocontractive mapping? or for even Lipschitz pseudocontrac-
tive mappings?

Chidume and Mutangadura [7], negatively resolved the above problem by pro-
viding an example of a Lipschitz pseudocontractive mapping with a unique fixed
point for which a Mann iteration process does not converge in a convex compact
subset of a Hilbert space.

Rafiq [21], proposed a Mann type implicit iteration process for hemicontractive
mapping 7" defined by:

To € K @y = (1 - O‘n)xn—l +apyTz,, n>0 (1.2)

where {«,} is a real sequence such that a, € [§,1 — J] for some § € (0, 1).

Song [24], discovered that the iteration (1.2) for hemicontractive mappings is
not well defined. He observed that for an initial point zg € K, z; is defined by the
equation

x1 =a1x0+ (1 — )Ty,
but the existence of x; is not established, because for hemicontractive mapping 7',
we do not know whether mapping S; = ayzo + (1 — a;1)7T has a fixed point z; € K.

Similarly the existence of zs, x3,...,z, is also doubtful, but the iteration (1.2) is
well defined if we consider continuous pseudocontractive mappings.

Recently, Acedo and Xu [1] defined an iteration scheme in a Hilbert space for
finite family of strict pseudocontractive mappings, where the sequence {z,} is



34 B.S.THAKUR, M.S.KHAN/JNAO : VOL. 7, NO. 1, (2016), 31-40

generated by the algorithm :

)\En)Tlxn ,

M=

Tnt+1l = QpTp + (1 - an)
=1

N

under appropriate assumptions on the sequence of weights {)\En)} .
i=1

It is important to note that, when we establish approximation results for pseu-
docontractive mappings, it looks more complicated than the results for strictly
pseudocontractive mappings. Because 7' may increase distances which is not in
the case of strictly pseudocontractive mappings due to the presence of a constant
A € (0,1). In order to overcome this difficulty caused by increasingness of T', one
need to adjust the iteration or to make some additional assumptions.

Motivated by all above facts, in this paper we define a new implicit iteration for
finite family of pseudocontractive mappings where the sequence {x,,} is generated
by the algorithm

N
Ty = X1 + (1 —ap) Z )\En)Tixn , (1.3)

i=1
where the initial guess xg € K is arbitrary and T; (i = 1,2,...N) are pseudocon-
tractive mappings, {a,, } is a real sequence in (0, 1) and {/\E")}f\;l is a sequence of

weights satisfying appropriate assumptions. We shall prove strong convergence of
iteration (1.3) to a point z € (1, Fiz(T}).

2. PRELIMINARIES

A Banach space F is said to satisfy Opial’s condition [20] for any sequence
{z,,} in E converging weakly to a point € F, we have limsup,,_, ||z, — 2| <
limsup,,__, ||z — y|| for all y € E with y # =.

Now we establish the following result :

Proposition 2.1. Given an integer N > 1, letT; : K — K be a pseudocontractive
mapping for each 1 < i < N. Define S = Zf\il ANiT;, where A; > 0 foralll <i< N
such that Zil A; = 1. Then S is a pseudocontractive mapping.

Proof. We have for z,y € K,
N N
(Sz — Sy, j(z—y)) = < (Z AT) T — <Z AT) Y, jlz — y)>
i=1 i=1

Ai (Tix = Tiy) , j(x — y)>

Il
—
H'Mz

—

I
] =

Ai (Tix — Tyy, j(x — y))
1

o
Il

N
2
< Z Aillz =yl
=1
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N
= [lz —ylI* >\
i=1

= [|lz - y|*,
ie.
(Sz— Sy, j(x—y)) <z —y|*.
Hence S is a pseudocontractive mapping. U

Next, we show that the iteration (1.3), is well defined, we need the following
lemma to prove it :

Lemma 2.2 (Deimling[8]). Let £ be a Banach space, K be a nonempty closed
convex subset of F and T : K — K be a continuous and strong pseudocontractive
mapping. ThenT' has a unique fixed point.

Given an integer N > 1, let T; : K — K be a continuous pseudocontractive

mapping for each 1 < ¢ < N with ﬂf\il Fiz(T;) # (. For any fixed n, define
N
S, = ZN )\(")Ti, where {/\En)}l

im1 N is a finite sequence of positive numbers such
B i=1

that vazl )\En) = 1 for all n and inf,,>; /\Z(n) > (0foralll <i < N. Then for any
fixed n, by Propostion 2.1, we observe that .S, is a pseudocontractive mapping
which is continuous.

Forany u € K and ¢ € (0, 1), define a mapping G; : K — K by

Gix =tu+ (1 —t)Spz.
Now,
(Giz = Gy, j(z —y)) = (1 = 1) (Spx — Sy, j(z —y))
<@-t)|e—yl*, VryeK.

Hence G is continuous strongly pseudocontractive mapping and by Lemma 2.2,
it has a unique fixed point, i.e. there exists a unique z; € K satisfying the equation

xy=tu+ (1 —1t)S,z;.

This shows that the implicit iteration scheme (1.3) is well defined and can be em-
ployed to approximate a common fixed point of a finite family of pseudocontractive
self mappings on K.

Now we prove the following result, its proof is motivated from [25] :

Lemma 2.3. Let S be a self mapping on K and lim,__, ||z, — Sz,| = 0. If
A= (2 — S)71, thenlim, o || — Az = 0.

Proof. We have
Ty — Sy = (2 — S)xy — 20 = A e, —
also,
A YAz, =2, = AA ', .
So,
[@n, — Azy|| = |[AA™ @, — Ay |
< [ A7 —

= ||lxp — Szp|| — 0 asn — oco.
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Hence,
lim ||z, — Az,| =0.
n—ro0

3. MAIN RESULTS

N
Lemma 3.1. Assume for each n, there is a finite sequence {)\En)} of positive
i=1

numbers such that Zf\il )\gn) = 1 for all n and inf,,>, )\En) >0foralll <i< N.
For any fixed n, set S,, = Zfil )\En)Ti. Given xy € K, let {x,,} be generated by the
algorithm (1.3). Assume that {a,,} is a real sequence satisfying «,, € (0,b] C (0,1)
Jor some constant b € (0,1), then

() forany z* € ﬂfil Fiz(T;), lim,— o0 ||xn — x*| exists,
(i) {zn} and {S,z,} are bounded.
Proof. Since z* € ﬂf\;1 Fix(T;), we can see that 2* € Fiz(S,). Now
|z — x*”z = (an (#n—1 — %) + (1 — an) (Span — 27) , (20 — 2¥))
= ap (Tp—1 — 2", j(2n —27)) + (1 — an) (Snzn — 27, j(zn — 27))
<apllzn-1 — 2" zn — 27| + (1 — an) [|2n — x*”z )
and
|z = 2" )* < @y — || 2 — 2" - (3.1)
Consequently, for each n,
[2n = 27| < ll#n-a = 27| ,
which implies that the sequence {||z, — «*||} is monotone and nonincreasing.

Hence lim,,, ||z, — ¥ exists. Hence conclusion (i) is proved.
It follows from (i) that {x, } is bounded. Again from (1.3), we have

1 o
S, = — i _
H nxn” ‘1—0(711.” 1_anxn 1
Qn
< T Lp—
< g leall + 725
<l + — e
— |z — ||zn-1]|.
S T
Hence {S,z,} is bounded. This completes the proof of conclusion (i7). O

Theorem 3.2. Let S, and {x,} be as in Lemma 3.1. Assume that {c«,} C (0,1) is
a sequence of real numbers satisfying lim,, ., a,, = 0, then

lim ||z, — Spa,|| =0.
—00

If in addition FE satisfies Opial’s condition and K is weakly compact convex, then
the sequence {x, } converges weakly to a fixed point of S, where S is as in Proposi-
tion 2.1.

Proof. Since lim,,__,, «,, = 0 there exists a positive integer M such that «,, € (0, ]
forall m > M, b € (0,1). Hence Lemma 3.1 implies that, {z,} and {S,z,} are
bounded.

Using (1.3), we have

|zn — Snxnl|| = an ||Tn-1 — Snzn|| — 0, as n — oco. (3.2)
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By weak compactness of K, there exists a subsequence {z,,} of {z,} such that
Tp, ~ 2 € Kasl — 00.
With no loss of generality, we may assume that as | — oo

AN, 1<i<N. 3.3)
Now for each \; > 0 and Zf\; A; = 1, for all z € K we have,
Sp,x — Sz, as | — 00,

where S = Eivzl AT, and S is pseudocontractive by proposition 2.1.
Since

Hxnz - anl H = Hxnz - Sﬂzxnzll + HSnlmnl - anz H
N
< Hxnz - Snzxm ” + Z |/\le - >‘2| ||T2Zm ” )

i=1

by (3.2), (3.3) and above inequality, we have
||$n1_5$n1||—>0, as | — 0.
Also, by Lemma 2.3, we have
lim ||z, — Az, || =0,
l— 00

where A = (21 — S)~ 1.

Now we show that z* € Fiz(S). Suppose z* # Az*. By nonexpansiveness of A
and Opial’s condition, we have

limsup ||z, — "] < imsup ||, — Az™||

l—ro0 l—o0
< limsup {||lzn, — Azy, || + [|Azn, — Az™([}
l—o0
< limsup {||zn, — Azp, || + [Jzn, — 27|}
l—o0

<limsup ||z, —z*| ,
l—> o0

ie.

limsup ||z, — 2™|| < limsup ||z, — 2" ,

l—o00 l—o00
which is a contradiction, so z* = Az*. Since Fiz(A) = Fixz(S), we have z* €
Fix(S).
Next, we prove that the sequence {z,, } converges weakly to 2*. Suppose {z, } does
not converges weakly to z*. Then there exists a subsequence {z,, } of {z,} which
converges weakly to some z # z*. Since lim,,_,, ||z, — p|| exists and FE satisfies
Opial’s condition, we have

lim ||z, —z*|| = lm ||z, — 2| < lim |z, — 2|
— 00 l—o0 l— o0
= lim ||an, —z|| < lm |z, —z%
k—s o0 k—o00
= lim |z, —z"|
n—oo

which is a contradiction, so we must have z = z*. Thus {z,} converges weakly to
x* € Fiz(S). This completes the proof.
g



38 B.S.THAKUR, M.S.KHAN/JNAO : VOL. 7, NO. 1, (2016), 31-40

Theorem 3.3. Let S,, and {z,} be as in Lemma 3.1. Assume that K be compact
convex subset of E, and {«a,} C (0,1) is a sequence of real numbers satisfying
lim,,_, @, = 0. Then the sequence {x,} converges strongly to a fixed point of S,
where S is as in Proposition 2. 1.

Proof. By Lemma 3.1, sequence {x,} is bounded, since K is compact, there exists
a subsequence {zy, } of {z,} such that z,,, — z* € K. By (3.2), we have

lm ||2n, — Sn,2n, || =0,
l—o0
by repeating the arguments in the proof of Theorem 3.2, we get that

lim ||z, — Szn, || =0. (3.4)
l— 00

By the continuity of the mapping S and the norm ||-||, together with (3.4), we have

|lz* — Sz*|| = lim |z, — Sz, | =0.
l— o0

Therefore z* = Sz*. Since {||z,, — z*||} is nonincreasing by Lemma 3.1, so z* is
the strong limit of the sequence {z,} itself. This completes the proof. O

We recall the following definition:

Definition 3.4 ( Senter and Dotson [23]). A mapping T : K — K with Fix(T) #
() is said to satisfy condition (I) on K if there exists a nondecreasing function
f:1]0,00) — [0,00) with f(0) = 0 and f(r) > r for all r € (0, 00) such that for all
re K

where d(z, Fiz(T)) = inf{||z —p| : p € Fiz(T)}.

Definition 3.5. We shall say that a finite family {71, 75, ...Tx} of N self mappings

of K with F' = ﬂfvzl Fix(T;) # () satisfies Condition (BS), if there exist f and d as
in definition 3.4 such that

| = Sz|| = f(d(z, F)), VeeK,
where S = Ef\;l A:T; and {/\i}i[il is a sequence of positive number such that
Zﬁil Ai = L.
Definition 3.6. We shall say that a finite family {7}, 75, ...Tx } of N self mappings

of K with F = ﬂf\il Fiz(T;) # () satisfies Condition (BT), if there exist f and d as
in definition 3.4 such that

|z — Spz|| > f(d(z, F)), VzxeK,

N
where S, = ZN A ; and {)\(n)} is a sequence of positive number such that
i=1

i=1"" i

Zfil )\EH) =1 for all n and inf, > )\E") >0foralll <i<N.

N
Condition (BT) reduces to condition (B.S) when sequence {)\1(-") } ~isindepen-

i=1
dent of iteration step n. Condition (BT) is identical to Condition (I) when )\Z(.") =0
fori=2,3,...,N.

We now establish the main result of paper :

Theorem 3.7. IfK, S, and {x, } be as in Lemma 3.1. LetT; satisfy condition (BT),
then {z,,} converges strongly to a member of F'.
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Proof. Since T;, i =1,2,..., N satisfies condition (BT'), we have
|xn — Snxnl|l > f(d(zn, F)), foralln >0.
Let 2* € F, then by Lemma 3.1, ||z, — 2*| < ||#n—1 — z*| and lim,,__, & ||zn — 2|
exists. This implies that d(z,, F) < d(xn,_1,F), so {d(z,, F)} is decreasing, it
follows from Theorem 3.2, that
nhl{loo f(d(zn, F)) =0.
By the nature of function f and the fact that lim,,_,, d(z,, F) exists, we have
lim d(z,,F)=0.

n—-o0

We can thus choose a subsequence say {z,, } of {z,} such that
lzn, — 27l <27,

for all integer [ > 1 and some sequence {z; } in Fiz(T'). Again by Lemma 3.1, we
have
= 27l < ln,—1 — 2] <27,
and hence
27 = 2ia ]| < 2k = 2l + [|lom 1 — 2|
< 9~ (+1) 4 ot
< 27l+1 .

Which shows that {z]} is Cauchy and therefore converges strongly to a point
x* € K, since F'is closed, * € F. Since lim,,_, ||z, — 2*|| exists, {z,} converges
strongly to z*. This completes the proof.

(]
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ABSTRACT.
In this article, we introduce the concept of a g-hyperconvexity for quasi-cone metric
spaces and generalise some fixed point theorems that we take from [8] and [11]. Mainly,

we give some fixed point results for a pair of maps of Jungck type. Moreover we prove that
quasi-cone metric spaces are topological spaces and we give a characterization of bounded
sets in such spaces.
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1. INTRODUCTION AND PRELIMINARIES

Cone metric spaces were introduced in [7] and many fixed point results concern-
ing mappings in such spaces have been established. Basically, cone metric spaces
are defined by substituting, in the definition of a metric, the real line by a real Ba-
nach space that we endow with a partial order. In [14], Fawzia et al. discussed the
newly introduced notion of quasi-cone metric spaces and proved some fixed point
results for mappings on such spaces. Recently in [8], E. F. Kazeem et al defined a
new type of completeness for quasi-cone metric spaces and the first related fixed
point results. Quasi-cone metric spaces are just an asymmetric version of cone
metric spaces which generalize the latter. Therefore, in light of what is done in
[11], we also introduce a concept of convexity for quasi-cone metric spaces that we
call g-hyperconvexity and discuss related properties. Most of the results follow the
classical ones, but generalize them.

For all the key and recent results concerning cone metric spaces, the reader is
advised to read [2, 5, 7, 8, 13].
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Definition 1.1. Let F be a real Banach space with norm ||.|| and P be a subset of
E. Then P is called a cone if and only if

(i) P is closed, nonempty and P # {6}, where 0 is the zero vector in E;
(ii) for any a,b > 0, and z,y € P, we have az + by € P;
(iii) for z € P, if —x € P, then x = 0.

Given a cone P in a Banach space F, we define on F a partial order < with
respect to P by

ry<—=y—xehP

We also write * < y whenever x < y and x # y, while z < y will stand for
y —x € Int(P) (where Int(P) designates the interior of P).

The cone P is called normal if there is a number C' > 0, such that for all z,y € F,
we have

02z =2y =zl < Cllyl.

The least positive number satisfying this inequality is called the normal constant
of P. Therefore, we shall then say that P is a K-normal cone to indicate the fact
that the normal constant is K.

Definition 1.2. Let F be a Banach space, P a cone on F and < the partial order
defined by P. A subset ' C E is said to be bounded from above with respect to
P if there exists e € F'such thatforall f € F, f <e.

Definition 1.3. (Compare [4]) A cone P is said to be minihedral if 2y := sup{z, y}
exists for all z,y € E and strongly minihedral if every subset of £ which is
bounded from above with respect to P has a supremum.

Lemma 1.4. (Compare[7, 12]) Let (X, q) be a quasi-cone metric space over a cone
P. Then we have;

a) Int(P) + Int(P) C Int(P) and Ant(P) C Int(P) for any positive real
number \.

b) For any given c > 6 and cy > 0, there exists ng € N such that %CO < c.

o) If(ay) and (b,) are sequences in E such thata,, — a, b, — banda,, = b,
foralln > 1, thena < b.

Definition 1.5. (Compare[8]) Let X be a nonempty set. Suppose the mapping
q: X x X — F satisfies

(ql) 0 = g(z,y) forall x,y € X;
(q2) g(z,y) =0 = q(y,z) if and only if z = y;
@3) g(z,z) 2 q(x,y) + q(y, 2) for all z,y, z € X. Then, ¢ is called a quasi-cone
metric on X, and (X, ¢) is called a quasi-cone metric space.
Moreover, if ¢ satisfies
(q4) q(z,y) = q(y,z) for all z,y € X; then (X, ¢q) is called a cone metric space
in the sense of [7].

Remark 1.6. Let ¢ be a quasi-cone metric on X, then the map ¢! defined by
q_l(a:, y) = q(y,x) whenever z,y € X is also a quasi-cone metric on X, called the
conjugate of ¢. It can also be denoted by ¢! or q.

Definition 1.7. (Compare [3]) A sequence (z,,) in a quasi-cone metric space (X, q)
is called
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(i) @-Cauchy or bi-Cauchy if for every ¢ € X with ¢ > 0, there exists ng € N
such that
V' n,m > ng Q(-Tny xm) <
(ii) left( resp. right) Cauchy if for every ¢ € X with ¢ > 6, there exists ng € N
such that

Vn,m:ng<m<n q(Tm,,) Kc(resp. ¢(xn,zm) < ).
Remark 1.8. A sequence is ()-Cauchy if and only if it is both left and right Cauchy.
Definition 1.9.

() In a quasi-cone metric space (X, q), we say that the sequence (z,,) left
converges to z € X if for every ¢ € E with 6 < c there exists N such that
foralln > N, q(z,,7) < c.

(i) Similarly, in a quasi-cone metric space (X, ¢), we say that a sequence (z,)
right converges to z € X if for every ¢ € E with § < c there exists /N such
that for all n > N, ¢(z,z,) < c.

(iij) Finally, in a quasi-cone metric space (X, ¢), we say that the sequence (z,,)
converges to x € X if for every ¢ € E with 6 < c there exists N such that
foralln > N, ¢(x,,z) < cand q(z,x,) < c.

Definition 1.10. (Compare [3]) A quasi-cone metric space (X, ¢) is called
(i) left complete (resp. right complete) if every left Cauchy(resp. right
Cauchy ) sequence in X left(resp. right) converges.
(ii) bicomplete if every (Q-Cauchy sequence converges.

Remark 1.11. A quasi-cone metric space (X, ¢) is bicomplete if and only if it is left
complete and right complete.

Definition 1.12. (Compare [8]) Let (X, q) be a quasi-cone metric space. A function
f+ X — X is said to be lipschitzian if there exists some x € R such that

q(f(z), f(y) 2 ke(z,y) Vaz,yeX.

The smallest constant which satisfies the above inequality is called the Lipschitz
constant of f and is denoted Lip(f). In particular f is said to be contractive if
Lip(f) € [0,1) and expansive if Lip(f) = 1.

Definition 1.13. (Compare [2]) Let f and g be self mapsonaset X. Ifw = fz = gz
for some x € X, then z is called a coincidence point of f and g, and w is called
the point of coincidence of f and g.

Definition 1.14. Let f and g be self maps on a nonempty set X. We say that f
and g are weakly compatible if they commute at their coincidence point, that is
there exists g € X such that fxy = gxg then gfxg = fgzg.

We also give the following proposition that we take from [2] by omitting the proof.

Proposition 1.15. (Compare [2]) Let f and g be weakly compatible self maps on a
set X. If f and g have a unique point of coincidence w = fx = gx, then w is the
unique common fixed point of f and g.

Lemma 1.16. (Compare [8]) Let (X, q) be a quasi-cone metric space, P be a K-
normal cone. Let (z,) be a sequence in X. Then (z,,) converges to x if and only if
q(zp,x) — 0 (n — o) and q(x,z,) — 0 (n — 0).

Remark 1.17. In fact, a sequence (z,,) left-converges (resp. right-converges) to =
if and only if ¢(x,, ) — 6 (resp ¢(z, z,) — 0) (n — 00).
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Lemma 1.18. (Compare [3]) Let (X, q) be a quasi-cone metric space and (z,,) be a
sequence in X. If (x,,) converges to x, then (z,,) is a bi-Cauchy sequence.

Lemma 1.19. (Compare [3]) Let (X, q) be a quasi-cone metric space, P be a K-
normal cone and (x.,,) be a sequence in X. Then (x,,) is a bi-Cauchy sequence if and
only if ¢(xp, xm) — 0 asn,m — oo.

2. COMMON FIXED POINTS RESULTS

Lemma 2.1. Let (X, q) be a quasi-cone metric space, P be a K-normal cone. Let
(zn,) be a sequence in X. If (x,,) converges to x and (x,,) converges to y, thenx = y.
That is the limit of (z,,) is unique.
Proof. For any n > 0, ¢(z,y) = q(x,z,) + q(z,,y) which entails that ¢(z,y) = 6.
Similarly ¢(y, z) = 6, hence by property (¢2) x = y.

O

Theorem 2.2. Let (X, q) be a quasi-cone metric space, P a K -normal cone. Suppose
that mappings f,g : X — X satisfy the contractive condition

q(fz, fy) 2 kqlgr,gy)  forall v,y € X,

where k € (0,1). If the range of g contains the range of f and g(X) is bicomplete,
then f and g have a unique point of coincidence. Moreover if f and g are wealkly
compatible, then f and g have a unique common fixed point.

Proof. Take an arbitrary xo € X. Choose a point z; in X such that f(z¢) = g(x1).
This can be done, since f(X) C g(X). Iterating this process, once z,, is chosen in
X, we can obtain z,1 in X such that f(x,) = g(2,+1). Then

4(9n, 9Tns1) = q(frn—1, frn) = ka(gzn—1, g2n)
= k*q(grn—2,92n-1) 2 ... X k"q(gmo, gT1).
ie.
q(97n, gTn11) 2 k"q(gT0, 971).
Similarly,
4(9Tn+1,97n) = k"q(g21, g0).
So forn < m,

4(9%n; 9Tm) = q(9Tn; gTnt1) + Q(9Tn41, 9Tnt2) + - + QgTm—1, 9Tm)
kn
1—-k
It entails that ||¢(gxn, gzm)| < K%Hq(gxo,gxl)ﬂ — 0asn — 0.

Similarly for n > m

2 (K" L+ BT (g, go) = q(gro, gx1).

k,m

4(g%n, 92m) = T a(gw1, gzo).

It entails that ||g(gxn, gzm)| < K%Hq(gzl,gxo)ﬂ — 0 as m — oo. Hence
(gzy,) is a bi-Cauchy sequence. Since g(X) is bicomplete, there exists 2* € g(X)
such that (gz,) converges to z*. In other words, there is a p* € X such that (gx,,)
converges to g(p*) = z*.

Moreover since

q(gzn, fp*) = q(fen—1, fP*) = kq(gzn-1,90"),
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we get that
la(gzn, fP)II < Kkllg(gzn—1,gp")Il — 0, as n — oo,

hence q(gz,, fp*) — 6 as n — oco. In the same way, we establish that q(fp*, gz,,)
f as n —» oo, to then conclude that gx,, —> fp*. The uniqueness of the limit im-
plies that fp* = gp*. We finish the proof by showing that f and g have a unique
point of coincidence. For this, assume z* € X is a point such that fz* = gz*.
Now
q(gz",gp") = q(f=", fp*) < kq(g2", gp"),

which gives ¢(gz*, gp*) = 6. On the other hand, by the same reasoning, it also
clear that ¢(gp*, gz*) = 0. By property (¢2), gz* = gp*. From Proposition 1.15, f
and g have a unique common fixed point. O

Corollary 2.3. Taking g = I(Identity map) in Theorem 2.2, we obtain Theorem 4.1
of [8].

Remark 2.4. Let (X, ¢) be a bicomplete quasi-cone metric space, P be a K -normal
cone. Assume f,g: X — X satisfy the contractive condition

q(f"z, fhy) < kq(gz, gy), forall z,y € X,

for some positive integer, where k € [0,1) is a constant. If the range of ¢ contains
the range of f™ and g(X) is a bicomplete quasi-cone metric space, then by the
theorem above, there exists a unique z* € X such that f"z* = gz* = x*. Observe
that f*(fz*) = f(f"a*) = fa*, so fz* is also a fixed point of f*. If f and g
commute at z*, i.e. fgzr* = gfx*, then f and g have a unique common fixed point.
This is easily seen by observing that g fa* = fgz* = fa*.

Theorem 2.5. Let (X, q) be a quasi-cone metric space, P a K -normal cone. Suppose
that mappings f,g : X — X satisfy the contractive condition

q(fx, fy) 2k lq(fr,gy) +q(gz, fy)]  forall z,y € X,

where k € (0, %) If the range of g contains the range of f and g(X) is bicomplete ,
then f and g have a unique coincidence point in X. Moreover if f and g are weakly
compatible, then f and g have a unique common fixed point.

Proof. Take an arbitrary zg € X. Choose a point z; in X such that f(x¢) = g(z1).
This can be done, since f(X) C g(X). Iterating this process, once z,, is chosen in
X, we can obtain x,,41 in X such that f(z,) = g(z,+1). Then

q(9%n, 9Tn11) = q(frn—1, frn) 2 klg(frn—1,970) + q(9Tn—1, f7n)]
= kq(grn—1,9Tnt1)
j k[q(gIn_l,gIn) + q(gll?n,g$7,,+1)],

which entails that .
4(9%n, 9Tn+1) X 7—74(9%n-1,9%n)-

Similarly,
k
q(9Tns1,9Tn) =2 mf](gfm 9Zn_1).

So forn < m,

(90, 9Tm) = q(9%n, 9Tn1) + Q(GTny1, gTny2) + - + @(9Tm—1,9%m)
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n

1—h

2 (A" + A+ R Y g(gxo, go1) 2 q(9xo, gx1),

where h = 2. It entails that ||q(gzn, 97| < K {7 ||¢(g9z0, g71)|| — O as n —
0.
Similarly for n > m,
hm
9(92n, 9¥m) = T a(gx1, 9%0).

It entails that ||¢(gzn, gzm)| < K%Hq(gzl,gaﬂo)ﬂ — 0 as m — oo. Hence
(gzy,) is a bi-Cauchy sequence. Since g(X) is bicomplete, there exists z* € g(X)
such that (gz,) converges to z*. In other words, there is a p* € X such that (gx,,)
converges to g(p*) = z*.

Moreover since

q(gxn, f0°) = q(fTn—1, fP*) 2 klg(frn—1,90") + a(gzn—1, fP")],
we get that

qa(gp™, fp*) = ka(gp™, fp")
which implies that ¢(gp*, fp*) = 6.
In the same way, we establish that ¢( fp*, gp*) = 0, to then conclude that fp* = gp*.
We finish the proof by showing that f and ¢ have a unique point of coincidence.
For this, assume z* € X is a point such that fz* = gz*. Now

q(gz",gp") = q(f2", fp*) 2 kla(f2", 9p") + q(92", fp™)] = 2kq(92", gp*),

which gives ¢(gz*, gp*) = 6. On the other hand, by the same reasoning, it also
clear that ¢(gp*, gz*) = 6. By property (¢2), gz* = gp*. From Proposition 1.15, f
and g have a unique common fixed point. O

The results for this section therefore summarise in the following way.

Theorem 2.6. Let (X, q) be a quasi-cone metric space, P a K -normal cone. Suppose
that mappings f,g : X — X satisfy the contractive condition: for all x,y € X

q(fz, fy) = Aq(gr, gy)+Blq(gz, fr)+q(gy, fy)l+Cla(fz, gy)+a(gz, fy)] 2.1

where A, B, C' are non-negative real numbers with A + 2B + 2C < 1. If the range of
f(X) Cg(X) and f or g(X) is bicomplete , then f and g have a unique coincidence
point in X. Moreover if f and g are weakly compatible, then f and g have a unique
common fixed point.

Proof. The proof follows the same idea as in Theorems 2.2 and 2.5. We shall just
give here the main points. Take an arbitrary ¢y € X. Choose a point z; in X such
that f(z¢) = g(x1). This can be done, since f(X) C g(X). Iterating this process,
once I, is chosen in X, we can obtain z,; in X such that f(x,) = g(z,41),n =
0,1,---.

It is then very easy to derive that for n < m we have

h’I’L
4(g%n, 92m) = T algwo, gz1)
and for for n > m we have
hm
q(9%n, 9Tm) = ——q(gxo, g21)

1—h
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where h = ‘;‘fg%g. Hence (gz,,) is a bi-Cauchy sequence. Since g(X) is bicom-

plete, there exists ©* € g(X) such that (gz, ) converges to z*. In other words, there
is a p* € X such that (gx,,) converges to g(p*) = x*. Moreover, observe that

q(gzn, fP*) = ¢(fTn—1, fp*) and q(fp*,g97,) = q(fp", frn-1)

and using the condition (2.1), we obtain that ¢(gz*, gp*) = 0 = q(gp*, gz*), i.e. f
and g have a point of coincidence. Again by use of condition (2.1), we conclude that
this point of coincidence is unique. Finally, from Proposition 1.15, since f and g
are weakly compatible, then f and g have a unique common fixed point. U

Example 2.7. Let X = R, E = R? ¢(z,y) = (z * y,a(r xy)), a > 0 where
x xy = max{x — y,0}, whenever z,y € R and P = {(z,y) : « > 0,y > 0},
f(x) = 22% + 42 + 3 and g(x) = 32% + 6x + 4. Then it easy to see that

f(X) =g(X) =[1,00) is bicomplete.

All the conditions of Theorem 2.6 are satisfied for
2

The unique point of coincidence hereis 1 = f(—1) = g(—1).

However, since fg(—1) = 9 # 13 = gf(—1), f and g are not weakly compatible
and therefore fail to have a common fixed point. This shows the importance of
Proposition 1.15.

But if we modify f and g in the following way f(z) = 222 + 42 + 1 and g(z) =
3z2 4+ 6z + 2, then again all the conditions of Theorem 2.6 are satisfied, f and
g become weakly compatible and we obtain a unique point of coincidence and a
unique common fixed point —1 = f(—1) = g(—1).

The next example explain how crucial the condition f(X) C g(X) is in the
statement of the theorems.

Example 2.8. Let X = [0,00), E = R?, ¢(z,y) = (z *y,e(x *y)), where z x y =
max{z — y,0}, whenever z,y € R and P = {(z,y) : xz ,y > 0}, f(z) = e” and
g(x) = e**1. Then it easy to see that

f(X) = (O’OO) 7¢— g(X) = [6700).

q(fx, fy) = (€7 xe? ™ xetth)
= l(ew-‘rl % ey+1, eTT2 4 ey+2)
e
1
= —a(gz, 9y).

All the conditions of Theorem 2.6 except f(X) C g(X) are satisfied for
1
A=-,B=C=0.
e

But f and g do not have a point of coincidence.

sectionMore fixed point results We begin with the following lemmas.
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Lemma 2.9. Let (X, q) be a quasi-cone metric space, P be a K-normal cone. Let
(yn) be a sequence in X. If (y,,) satisfies

4(Yn> Yn+1) < AG(Yn—1,Yn) (2.2)
Jor some A > 0 with A < 1. Then (y,) is left Cauchy.

Proof. Let m < n € N. From the condition (¢3) in the definition of a quasi-cone
metric , we can write:

Q(YmsYn) = 4 WYms Ym+1) + QYms1,Yn)
= Q(yma ym+1) + Q(ym+17 ym+2) + Q(ym+27 yn)

j q(yma ym,—i-l) + q(ym—i-h ym+2) +-- 4+ q(yn—Q» yn—l) + q(yn—lv yn)
From (2.2) the above becomes

qYm> Yn) =A™+ X" 4 X Dg(yo, 11)

)\W'L
T 4o, y1).

A

It entails that ||q(ym,yn)| < K%
(yn) is left Cauchy.

q(y0,v1)|| — 0 as m — oo. It follows that

O

Similarly,
Lemma 2.10. Let (X, q) be a quasi-cone metric space, P be a K-normal cone. Let
(yn) be a sequence in X. If (y,) satisfies

A(Yn+1:Yn) =AY, Yn—1) 2.3)
Jor some A > 0 with A < 1. Then (y,,) is right Cauchy.

Theorem 2.11. Let (X, q) be a quasi-cone metric space, P a K-normal cone. Sup-
pose that mappings f,g : X — X satisfy the contractive condition

a(fz, fy) = Aa(gz, gy) +va(fz, gy) forallz,y € X. (2.4)
where A\, 7y are positive constant such that A + 2y < 1. If the range of g contains the
range of f and g(X) is a bicomplete quasi-cone metric space, then [ and g have a
unique coincidence point in X. Moreover if f and g are weakly compatible, then f
and g have a unique common fixed point.

Proof. Take an arbitrary zo € X. Choose a point z; in X such that f(x¢) = g(z1).
This can be done, since f(X) C g(X). Iterating this process, once z,, is chosen in
X, we can obtain z,,41 in X such that f(z,) = g(z,+1). Then
q(gxna ganrl) = q(f‘rnfla f‘rn) = )‘q(gxnflv g‘rn) + lyq(f‘rnflvgirn)
= Aq(gzn—1, gn).
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Therefore (gz,,) is a left Cauchy sequence. In a similar manner, we establish that
(gzn) is also a right Cauchy sequence. Hence (gx,) is a bi-Cauchy sequence.
Since g(X) is bicomplete, there exists 2* € g(X) such that (gz,) converges to z*.
In other words, there is a p* € X such that (gx,,) converges to g(p*) = z*.
Moreover since

q(9zn, fp*) = q(frn-1, fP*) 2 Aa(9zn-1,9p") +va(fTn-1,9pP")
we get that ¢(gp*, fp*) = 6. On the other hand, by the same reasoning, it is also
clear that ¢(fp*, gp*) = 0. By property (¢2), fp* = gp*.
We finish the proof by showing that f and g have a unique point of coincidence.
For this, assume z* € X is a point such that fz* = gz*. Now

(92", 9p") = a(f2", fp") 2 Aq(g2", gp") +va(f2", 9p") 2 (A +7)a(gz", gp"),
which gives ¢(gz*,gp*) = 6. On the other hand, by the same reasoning, it also
clear that ¢(gp*, gz*) = 6. By property (¢2), g2* = gp*. From Proposition 1.15, f
and g have a unique common fixed point. O

Corollary 2.12. Let (X, q) be a quasi-cone metric space, P a K-normal cone. Sup-
pose that mappings f,g : X — X satisfy the contractive condition

q(fz, fy) = alq(gzr, gy) + q(fz, gy)] forallz,y € X. (2.5)

where o € (O, %) If the range of g contains the range of f and g(X) is a bicomplete
quasi-cone metric space, then f and g have a unique coincidence point in X . Moreover
if f and g are weakly compatible, then f and g have a unique common fixed point.

Theorem 2.13. Let (X, q) be a quasi-cone metric space, P a K-normal cone. Sup-
pose that mappings f,g : X — X satisfy the contractive condition

a(fz, fy) = Aa(gz, gy) + va(gz, fy) for allz,y € X. (2.6)
where ),y are positive constant such that A + 2y < 1. If the range of g contains the
range of f and g(X) is a bicomplete quasi-cone metric space, then f and g have a
unique coincidence point in X. Moreover if f and g are weakly compatible, then f
and g have a unique common fixed point.

Corollary 2.14. Let (X, q) be a quasi-cone metric space, P a K-normal cone. Sup-
pose that mappings f,g : X — X satisfy the contractive condition

a(fz, fy) = alq(gz, gy) + q(gz, fy)] forallz,y € X. 2.7)
where o € (0, %) If the range of g contains the range of f and g(X) is a bicomplete
quasi-cone metric space, then f and g have a unique coincidence point in X . Moreover
if f and g are wealkly compatible, then f and g have a unique common fixed point.

In the following section, we shall establish some topological properties of quasi-
cone metric spaces.

sectionTopology on quasi-cone metric spaces
We begin by stating the following lemma.
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Lemma 2.15. Let (X, q) be a quasi-cone metric space. For each ¢ € FE with ¢ > 0,
there exists o > 0 such that * < ¢ whenever ||z|| < o, z € E.

Proof. Since ¢ > 0, then ¢ € Int(P). Hence, find ¢ > 0 such that
{reFE:|z—c| <o} CInt(P).
Now if [|z|| < o then ||[(c—z) —c|| = || — z|| = ||z|| < 0 and (¢ — z) € Int(P). O

Lemma 2.16. Let (X, q) be a quasi-cone metric space over a cone P. Then for each
c1,co € Int(P), thereexists c € Int(P) suchthatc;—c € Int(P) andca—c € Int(P).

Proof. Since ¢z > 6, then by Lemma 2.15, we pick > 0 such that ||z|| < ¢ implies
that © < ¢3. Choose ng such that nio < Hcéil\l‘ then ||c|| = % < ¢ and hence,

¢ < c9. But it is also clear that ¢ > 0 and ¢ < ¢;. O

Proposition 2.17. Every quasi-cone metric space is a topological space.
Proof. For ¢>> 6, and z € (X, q) let
By(w,c) ={y € X : q(z,y) < c}
and
B ={By(z,c) :x € X,c < 6}.
Then the collection
T={UCX:VzeU3ec>0, Byx,c) CU}
is a topology on X. Indeed,

(i) ¢ and X belong to T,
(i) let U,V € T and let x € U N V. Then there exist ¢; > 6 and ¢ > 0 such
that By(x,¢1) C U and B(z,c2) C V.

By Lemma 2.16, there exists ¢ € Int(P) such that ¢; — ¢ € Int(P)
and ¢y — ¢ € Int(P). Then, it is clear that x € By(x,¢) C U NV, hence
unveT.

(iii) let (U, )q be a family of sets from 7. We consider x € L&J U,. There exists

a, such that x € U%. Hence, find ¢ > 0 such that

x € By(z,c) C Ua, C U Uy,.

ThatisU U, € T.
«
This completes the proof.
O

Definition 2.18. Let (X, ¢) be a quasi-cone metric space. Then a subset F C X
is called up bounded(resp. bounded) if there exists ¢ > 6 such that ¢(z,y) =< ¢ for
all z,y € F (resp. 0(F) = sup{q(x,y) : z,y € F} exists in E).

Lemma 2.19. Let (X,q) be a quasi-cone metric space. Then a subset ' C X
is up bounded if and only if there exist © € X,c1,ca € Int(P) such that F C
Cy(x,c1) N Cy-1(x, cz) where Cy(x,¢c) = {y € X : q(x,y) 2 ¢} forany x € X and
c>0.

When the cone P is strongly minihedral, we have the following characterization.
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Proposition 2.20. Let (X, q) be a quasi-cone metric space over a Banach space with
a K-normal strongly minihedral cone P. Then a subset F' C X is bounded if and
only if the quantity &' (F) = sup ||¢(x,y)| < oo.

z,yeF

Proof. Suppose that F is bounded. For all z,y € F, ¢(z,y) < §(F), which entails
that [lg(z, y)|| < K[[0(F)]| < .
Conversely, assume that §'(F) = sup |l¢(z,y)|]| = M < oo, and fix some ¢; > 0.

z,yeF
By Lemma 2.15, we know that we can find § > 0 such that ||z|| < ¢ implies that
c1 > z. Forany z,y € F, we set ¢y = %. Since ||c; 4] = §/2 < 6, we

have that ¢; — ¢, € Int(P). By setting Qpy = M, it is then clear that
Qg y(c1 — cgy) € Int(P), ie oz yc1 — q(x,y) € Int(P). In other words ¢(z,y) <
agye1 = 2ey € Int(P), from which we derive that g(z,y) < 22¢;. Since P is
minihedral, then F' is bounded. (|

We conclude this section by the following lemma.

Lemma 2.21. Every quasi-cone metric space (X, q) is first countable.

Proof. Let p € X. Fix ¢ € Int(P). We show that B, = {Bq(p, 1¢) : n € N} is a local
base at p. Let U be an open set containing p. There exists ¢; € Int(P) such that
By(p,c1) C U. We know by Lemma 1.4 that we can find ny € N such that e <L o
Hence By(p, ;=) C By(p, c1). This completes the proof.

O

3. CONCEPT OF CONVEXITY

In this section, we introduce a concept of convexity in quasi-cone metric spaces.
Most of the results here are a generalization of some similar known notions in
quasi-pseudometric spaces (see [10] and [11]).

Definition 3.1. Let F be a real Banach space, P be a cone on F and < the partial
order with respect to P. An element x € E is said to be a nonnegative vector if
0 < z and a positive vector if § < x. Hence P is the set of all nonegative elements.
We shall use the following notations:

o 0,—[=P={zxcE:0=<z}and;

o |0, — [={ze€FE:0<zx}.

Definition 3.2. A quasi-cone metric space (X, ¢) will be called Isbell-convex or
g-hyperconvex provided that for each family (z;);c; of points of X and families of
nonnegative vectors (7;);er and (s;);er the following condition holds:

If g(x;, ;) = i + s; whenever ¢, j € I, then ﬂ(Cq(:ci,m) N Cyt (x4, 8;:)) # 0.
iel
Definition 3.3. A quasi-cone metric space (X, ¢) will be called metrically convex

if for any point z,y € X and nonnegative vectors r and s such that q(z,y) < r + s,
there exists z € X such that ¢(z, 2) < r and ¢(z,y) < s.
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The following examples are basic but not trivial, and therefore, important.

Example 3.4. Let X = R, E = R?, ¢(z,y) = (z *y, x *y), where the operation * is
defined by z *y = max{z —y, 0}, whenever z,y € Rand P = {(z,y) : ¢ > 0,y > 0}.
Then (R, ¢) is metrically convex.

Example 3.5. Let X = R, E = R?, ¢(x,y) = (2fy, 2ly), where the operation f is
defined by zffy = x — vy, if + > y and xfy = 1 otherwise, whenever =,y € R and
P ={(x,y) : > 0,y > 0}. Then (R, ¢) is not metrically convex. Indeed, we have

But there is no z € R such that ¢ (%, z) = (%,
a z would satisfy z < % and z > 1.

) and ¢(z,1) < (3, 1). since such

Definition 3.6. Let (X, ¢) be a quasi-cone metric space. A family of balls (Cy(z;,75), Cyt (i, 8i))ier
with z; € X and r;, s; € [#, — [ whenever i € [ is said to have the mixed binary
intersection property if for all indices 4, j € I, (Cy(x;,7;) N Cye (), s5) # 0.

Definition 3.7. A quasi-cone metric space (X, q) will be called Isbell-complete
if every family of balls (Cy(z;,7;), Cqt (%, 8i))icr With z; € X and r;,s; € [0, — |
whenever ¢ € I having the mixed binary intersection property satisfies [ (Cy(z;,7;)N

iel
Co iy 5:)) # 0.

Corollary 3.8. If (X, q) is an Isbell-convex (resp. Isbell-complete, metrically convex)
quasi-cone metric space, then (X, ¢*) is Isbell-convex(resp. Isbell-complete, metrically
convex).

Proposition 3.9. A quasi-cone metric space (X, q) is Isbell-convex if and only if it is
metrically convex and Isbell-complete.

Proof. Suppose that (X, q) is Isbell-convex. Let 1,25 € X, 71,79 € [#,— [ such
that q(xl,xg) < ry + s2. Then set ry = s1 = q(gcg,xl). By Isbell-convexity, there
exists © € Cg(x1,71) N Cyt (22, 52), hence (X, ¢) is metrically convex.

Consider now a family of balls (Cy(z;,7;), Cqt (2, $;))icr that have the mixed bi-
nary intersection property. Thus ¢(z;,z;) < r; + s; whenever ¢,j € I. By Isbell-
convexity, there exists = € iQI(Cq(xZ—7 ri) N Cyt (x4, 8;:)). So (X, q) is Isbell-complete.

For the converse, assume that (X, ¢) is metrically convex and Isbell-complete. Con-
sider a family (x;);c; of points of X and families (r;);c; and (s;);cs of nonnegative
vectors such that ¢(z;,2;) < r; + s; whenever ¢,j € I. Since (X, ¢) is metrically
convex, then (Cy(z;,7;), Cqt (%, 5i))icr has the mixed binary intersection property.

Therefore, there exists = € iQI(C'q(xi, i) N Cyt (x4, 5;)) by Isbell-completeness.

Thus, (X, ¢) is Isbell-convex. O

Example 3.10. Let X = R, £ = R?, ¢(z,y) = (v*y, x*y), where the operation * is
defined by x *y = max{x —y, 0}, whenever z,y € Rand P = {(z,y) : > 0,y > 0}.
Then (R, ¢) is gq-hyperconvex.

We first observe that, for any ¢ = (e1,62) € P, Cy(z,e) = [z — &,00) and
Cy-1(z,e) = (—00,x + €] whenever x € R where é = min{e;,e2}. Let (2;);cr be a
family of points in R and (r;);e; and (s;);c; be families of nonnegative vectors with
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r; = (r},r?) and s; = (s},s?) such that g(x;,z;) < r; + s;, whenever i,j € I. We

R 1%
recall quickly that 7; = min{r;,r?} and $; = min{s}, s7}. Suppose that

29" 1991
m (Cy(i,ri) N Cy=1(x4,5;)) = 0 for some finite subset G of I.
i€G
We can assume that G is nonempty. It follows that
max{x; —7;: 1 € G} > min{zx; + §; : i € G}.
Therefore, there are i, jo € G such that z;, — rj, > ;, — si,, that is Cy(z;,,7,) N
Cy-1(xjy, 8iy) = 0. In particular, z;, > ;.
Thus 7;, + 55, < ¢(Ziy, Tj,) = (@i, —Tjy, Tiy —j,) —a contradiction. We conclude
that
ﬂ (Cq(mi,ri) N Cy=1(x4,5:)) # 0 whenever G is a finite subset of I.
i€G
Since for any i € I,Cy(x4,7;) N Cy-1(x;, s;) is compact with respect to the stan-
dard topology on R, we conclude that
() (Cylwi,i) N Cyor (@i, 50)) # 0.
iea
Hence (R, ¢) is gq-hyperconvex.

Example 3.11. Let X = R, E =R? ¢(x,y) = (|x — y/, |* — y|), whenever x,y € R
and P = {(z,y) : * > 0,y > 0}. Then (R, ¢) is not q-hyperconvex.

Indeed, forany i € [0, 1], setr; = (5, 1) and s; = (3,2). Thenforanyi,j € [0,1],
q(z,y) = (1,1) =r; + 5;. But

N@nnceaceog)Nes (1)
(e Fra)n(z - [51)
0.

Proposition 3.12. Let (X,q) be a g-hyperconvex quasi-cone metric space. Let
(z;)ier be a family of points in X and let (r;);cr and (s;);c; be families of non-
negative vectors such that q(z;, ;) < r; + s;.

The set D = iQI(C'q(aci, i) N Cqt (24, 5;)) is nonempty and g-hyperconvex.

Proof. We first observe that since X is g-hyperconvex, then D # (). For each a € S,
let z, € D and let r,, s, be nonnegative vectors such that q(xa,xg) = 7o + S8
whenever o, 8 € S.

We show that the family satisfies the hypothesis of g-hyperconvexity. Indeed, in
particular, for each « € S and i € I, we have that q(zs, ;) < s; < 74 + s; and
q(z;, ) X 1 2 1; + So. Hence by g-hyperconvexity of X,

0 # [ﬂ(cqmm) NCy m,sm] N [ﬂ (Cy(ar70) 1 Cyt (0 50)

el a€csS

:Dm

Hence, D is g-hyperconvex.

() (Ca(a;ra) N Cyt (za, sa))] :

a€eS
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ABSTRACT. In this paper, we study some properties of set of solutions of a new general-
ized mixed vector equilibrium problem in Banach space. Further, we introduce an iterative
method based on hybrid method and convex approximation method for finding a common
element to the set of solutions of a system of unrelated generalized mixed vector equilibrium
problems and the set of solutions of common fixed point problems for the two families of gen-
eralized asymptotically quasi ¢-nonexpansive mappings in Banach space. Furthermore, we
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1. INTRODUCTION

Throughout the paper unless otherwise stated, let E be a real Banach space
with its dual space E* and let (.,.) denote the duality pairing between E and E*
and ||.|| denote the norm of E as well as of E*. Let C' be a nonempty, closed and
convex subset of £ and let 2 denote the set of all nonempty subsets of E. Let
Y be an ordered Banach space and let P be a pointed, proper, closed and convex
cone of Y with intP # ().

In 1994, Blum and Oettli [3] introduced and studied the following equilibrium
problem (in short, EP): Find x € C such that
F(x,y) >0, ¥y € C, (1.1)
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where I’ : C x C — R is a bifunction.

The EP(1.1) includes variational inequality problems, optimization problems,
Nash equilibrium problems, saddle point problems, fixed point problems, comple-
mentary problems as special cases. In other words, EP(1.1) is a unified model for
several problems arising in science, engineering, optimization, economics, etc.

In the last two decades, EP(1.1) has been generalized and extensively studied in
many directions due to its importance; See for example [9, 11, 17] and references
therein, for the literature on the existence of solution of the various generalizations
of EP(1.1). Some iterative methods have been studied for solving various classes
of equilibrium problems, see for example [4, 7, 12, 13, 14, 18, 25, 26, 27] and
references therein.

In this paper, we introduce and study the following generalized mixed vector
equilibrium problem (in short, GMVEP). Let F': C X C' — Y and ¢ : C xC — Y
be nonlinear bimappings and let A : C' — B(E,Y), where B(E,Y) is a Banach
space of all continuous linear operators from F into Y, be a nonlinear mapping,
then GMVEP is to find z* € C such that

F(z*, ) + (x — x*, Ax™) + Y(x,2") — p(a*,2%) € P, Vo € C. (1.2)
The solution set of GMVEP(1.2) is denoted by Sol(GMVEP(1.2)).

Example 1.1. Let £ = R, the set of all real numbers, with the inner product
defined by (x,y) = a2y, Vz,y € R. Let Y = R, then P = [0,+00) and let C =
[0,2]. Let F and v be defined by F(z,y) = 2% — 3y — 2y and ¢(z,y) = 2% — y* +
2y, Vx,y € C, and A(x) = x + 2, Vo € C, respectively, then it is easy to observe
that Sol(GMVEP(1.2)) = [1,2] # 0.

If v = 0 and A = 0, then GMVEP(1.2) reduces to the strong vector equilibrium
problem (in short, SVEP): Find z* € C' such that

F(a*,x) € P, Vx € C, (1.3)

which has been studied by Kazmi and Khan [15]. It is well known that the vector
equilibrium problem provides a unified model of several problems, for example,
vector optimization, vector variational inequality, vector complementary problem
and vector saddle point problem [11, 17]. In recent years, the vector equilibrium
problem has been intensively studied by many authors, see for example [9,

] and the references therein.

IfY = R, then P = [0,+00) and hence GMVEP(1.2) reduces to the following
generalized mixed equilibrium problem (in short, GMEP): Find « € C such that
F(z*,z) 4+ (x — 2", Ax™) + ¢(z,2") — (2", 2™) > 0, Vz € C, (1.4)

where ¢ : C — R U {+00} be a proper extended real-valued function. The
solution set of GMEP(1.4) is denoted by Sol(GMEP(1.4)). The GMEP(1.4) with
P(z,x*) = (x), Va,x* € C has been studied by Ceng and Yao [4] in Hilbert space.

IfY =R and F = 0, then P = [0,400) and hence GMVEP(1.2) reduces to the
following generalized variational inequality problem (in short, GVIP): Find = € C
such that

(x —a*, Ax™) + Pz, z") —P(z™,2") > 0, Vo € C, (1.5)
where ¢ : C — R U {400} be a proper extended real-valued function.
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Further, we consider the following new system of generalized mixed vector equi-
librium problems, which we call the system of unrelated generalized mixed vector
equilibrium problems (in short, SUGMVEP): For each ¢ = 1,2,3,..., N, let K; be a
nonempty, closed and convex set in F with K = ﬁf\ilKi #P;letFy: K;xK; — Y
be a bimapping, ¥; : K; x K; — R be a bifunction and A; : K; — B(E,Y) be a
nonlinear mapping. Then SUGMVEP is to find z* € NY; K; such that

Fi(‘r*7 yz) + <yl - .I'*, A1$*> + wl(yw‘r*) - 1/11‘(95*’95*) € Pa Vy’b S Ki7 1= 17 27 37 ceey N.

(1.6)
We denote by Sol(GMVEP(F;, A;, 1;, K;)), the set of solution of GMVEP(1.2) cor-
responding to the mappings F;, A;,v; and K;. Then the set of solutions of SUG-
MVEP(1.6) is given by NI | Sol(GMVEP(F}, A;, ¥;, K;)).

If Y = R, then SUGMVEP(1.6) reduces to the system of unrelated generalized
mixed equilibrium problems (SUGMEP) of finding z* € ﬂi]\ile‘ such that

Fz(x*ayz) + <yz —.’E*,AZ(E*> +wz(y27x*) _wl(x*u'r*) 2 07 Vil/z S Kiv 1= 172737 "'aNa
(1.7)
which appears to be new.

If E = H, Hilbert space, ¥; = 0 and Y = R for all ¢, then SUGMVEP(1.6) reduces
to the system of unrelated mixed equilibrium problems introduced and studied by
Djafari-Rouhani, Kazmi and Rizvi [S].

Further if £ = H, A; =0, ¢; = 0 and Y = R for all 7, then SUGMVEP(1.6)
reduces to the system of unrelated variational inequality problems considered and
studied by Censor et al. [5] for set-valued version of mappings A;.

We also observe that if F; = 0, ¢; = 0, Y = R and F = H for all 4, then
SUGMVEP(1.6) reduces to the problem of finding a point x € ﬁf\;1K ; which is well
known convex feasibility problem. If the set K; are fixed sets of family of operators
S; : H — H then the convex feasibility problem is the the common fixed points
problem (in short, CFPP).

Next, we recall a mapping 7' : C — C is said to be nonexpansive if || Tz — Ty|| <
|z —yl, Yo,y € C.

The fixed point problem (in short, FPP) for a nonexpansive mapping 7' is to:
Find = € C such that z € Fix(T), (1.8)

where Fix(T) is the fixed point set of the nonexpansive mapping 7. It is well known
that if Fix(T) # 0, then Fix(T') is closed and convex.

Let U(E) = {z € E : ||z|| = 1} be the unit sphere of E. Then the Banach space
FE is said to be strictly convex if w < 1Vz,y € U(F) with x # y. It is said
to be uniformly convex if for any € € (0,2], there exists § > 0 such that for any
x,y € UE), ||z — y|| > € implies w < 1—4. The space F is said to be smooth

if the limit lim;_,q w exists Vz,y € U(FE). It is also said to be uniformly

smooth if the limit exists uniformly for =,y € U(E).
The normalized duality mapping J : E — 27" is defined by
J(@) = {a* € B : (a,a%) = ||z|]? = "}, Var € .
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It is well known that if E* is strictly convex, then J is single valued and demicon-
tinuous, i.e., if z,, — = then Jz,, — Jx.

It is well known that if F is uniformly smooth, then J is uniformly norm-to-norm
continuous on each bounded subset of E. It is also well known that F is uniformly
smooth if and only if £* is uniformly convex. Recall that £ enjoys the Kadec-Klee
property if for any sequence {z,} C E and z € E with z,, = z and ||z, || — ||z||
then ||z, — z|| — 0 as n — oo. It is well known that if F is a uniformly convex
Banach space then E enjoys the Kadec-Klee property.

Let E be a smooth Banach space. The Lyapunov functional ¢ : E x E — R is

defined by
o(x,y) = ||lz[* — 2(z, Jy) + ly|?, Va,y € E.

Observe that in a Hilbert space H, ¢(z,y) = ||z —y||?, Vz,y € H. Alber [1] recently
introduced a generalized projection operator Hc in a Banach space F which is an
analogue of the metric projection Po in Hilbert space. Recall that the generalized
projection [ [ : £ — C'is a mapping that assigns to an arbitrary point € E the
minimum point of the functional ¢(z,y), that is, [[, # = Z, where Z is the solution
to the minimization problem

o(Z, ) = min ¢(y, ).

yeC

The existence and uniqueness of the operator []. follow from the properties of
the functional ¢(z,y) and strict monotonicity of the mapping J. In Hilbert space,
[ = Pc. Itis obvious from the definition of ¢ that

d(z,y) = ¢(x,2) + ¢(z,y) + 2(z — 2, Jz — Jy),
and
(=l = lw)? < ¢(z,9) < (=]l + lyl)?, Yo,y € E. (1.9)

Note that if F is a reflexive, strictly convex and smooth Banach space, then
¢(z,y) = 0if and only if z = y.

Let £ be a smooth, strictly convex and reflexive Banach space. Let C' be a
nonempty subset of E.
Definition 1.2. A mapping 7 : C — C is said to be:
(i) asymptotically regular on C' if for any bounded subset K of C,

limsup{|T" 2 — T"z| : 2 € K} = 0;
n—»oo

(i) closed if for any sequence {z,} C C such that lim,, .z, = x9 and
lim, o T, = yo, then Txg = yo.

Definition 1.3. [27] Let T : C' — C be a mapping. A point p € C' is said to be an
asymptotic fixed point of T if C' contains a sequence {z,, } which converges weakly
to p so that lim,,_, ||#, — Tz,|| = 0. The set of asymptotic fixed points of T will

be denoted by Fix(T").
Definition 1.4. A mapping 7 : C — C is said to be:

(i) [27] relatively nonexpansive if

F&(T) =Fix(T) #0, ¢(p,Tx) < ¢(p,x), Vo € C, Vp € Fix(T);
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(ii) relatively asymptotically nonexpansive if
Fix(T) = Fix(T) # 0, ¢(p, T"x) < (1 + pn)d(p, ), Vo € C, Vp € Fix(T), ¥n > 1,

where p,, C [0,000) is a sequence such that u,, — 0 as n — oo;
(iii) [29] quasi ¢-nonexpansive if

Fix(T) # 0, ¢(p, Tx) < ¢(p,2), Yz € C, Vp € Fix(T);

(iv) [29, 21] asymptotically quasi ¢-nonexpansive if there exists a sequence
{pn} C [0, 0) with p,, — 0 as n —» oo such that

Fix(T) # 0, ¢(p, T"x) < (1 + pn)d(p, x), Yo € C, ¥p € Fix(T), ¥n > 1;

(v) [22] generalized asymptotically quasi ¢-nonexpansive if Fix(T) # () and
there exist two nonnegative sequences {u,} C [0,00) with u,, — 0 and
&n C [0, 00) with &, — 0 as n — oo such that

o, T"x) < (14 pn)o(p, x) + &, Vo € C, Vp € Fix(T), Vn > 1.

In 2007, Tada and Takahashi [25] and Takahashi and Takahashi [26] proved
weak and strong convergence theorems for finding a common solution of EP(1.1)
and FPP(1.8) of a nonexpansive mapping in a Hilbert space. For further related
work, see Ceng and Yao [4] and Shan and Huang [23].

In 2009, Takahashi and Zembayashi [27] proved weak and strong convergence
theorems for finding a common solution of EP(1.1) and FPP(1.8) of a relatively non-
expansive mapping in real Banach space. For further related work, see Kazmi
and Farid [16] and the references therein. Recently, Qin and Agarwal [21] proved
a strong convergence to common fixed points of the pair of asymptotic quasi ¢-
nonexpansive mappings in Banach space. Later Qin et al. [22] proved a strong
convergence to common fixed points of a family of generalized asymptotically quasi
¢-nonexpansive mappings. Very recently, Song and Chen [24] proved a strong
convergence to common element of the set of solutions of mixed equilibrium prob-
lem and set of fixed points of FPP(1.8) of a generalized asymptotically quasi ¢-
nonexpansive mapping in Banach space.

Motivated by the work of Qin et al. [21, ], Song and Chen [24], Shan and
Huang [23], and by the ongoing research in this direction, we study the existence
and properties of solution of a new generalized mixed vector equilibrium problem in
Banach space. Further, we introduce an iterative method based on hybrid method
and convex approximation method for finding a common element to the set of so-
lutions of SUGMVEP(1.6) and the set of solutions of common fixed point problems
for the two families of two generalized asymptotically quasi ¢-nonexpansive map-
pings in Banach space. Furthermore, we obtain a strong convergence theorem
for the sequences generated by the proposed iterative scheme. Finally, we derive
some consequences from our main result. The results presented in this paper ex-
tended and unify many of the previously known results in this area, see for instance

[16, 24].
2. PRELIMINARIES AND NOTATIONS

We recall some concepts and results which are needed in sequel.
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Lemma 2.1. [1] Let ¥ be a smooth, strictly convex and reflexive Banach space, and
C be a nonempty closed and convex subset of E. Then the following conclusions
hold:

@) ¢(z,cy) + ¢(cy,y) < é(x,y), Vo € C,y € E;
(i) Letx € E and z € C then

z=Me(x) e (z—y,JJr—Jz) >0, Vy € C.

Lemma 2.2. [20] Let C' be a nonempty, closed and convex subset of a smooth,
strictly convex and reflexive Banach space E and let T' be a relatively nonexpansive
mapping from C' into itself. Then Fix(T) is closed and convex.

Lemma 2.3. [6] Let E be a uniformly convex Banach space and letr > 0. Then there
exists a strictly increasing, continuous and convex function g : [0, 00) — [0, 00) such
that ¢g(0) = 0 and

1Xa + py + vzl < Al2l® + pllyll® +1121% = wvgly = 21D,
Jorallz,y,z € B.(0) and A, p1,y € [0,1], where B, (0) = {z € E: ||z| <r}.
Definition 2.4. [19, 28] Let X and Y be two Hausdorff topological spaces and let D
be a nonempty, convex subset of X and P be a pointed, proper, closed and convex

cone of Y with intP # (). Let 0 be the zero point of Y, U(0) be the neighborhood
set of 0, U(zg) be the neighborhood set of zy and f : D — Y be a mapping.

() If, for any V € U(0) in Y, there exists U € U(zg) such that
f@) e flxg)+V+P, Ve eUND,

then f is called upper P-continuous on xq. If f is upper P-continuous for
all z € D, then f is called upper P-continuous on D;
(i) If, for any V € U(0) in Y, there exists U € U(x() such that

f@) e f(xo)+V —P,YVxeUND,

then f is called lower P-continuous on xg. If f is lower P-continuous for
all z € D, then f is called lower P-continuous on D;
(iii) If, for any 2,y € D and ¢t € [0, 1], the mapping f satisfies

f(x) e fltz+ (L=t)y) + Por f(y) € f(tz + (1 —t)y) + P,

then f is called proper P-quasiconvex;
(iv) If, for any x,y € D and ¢ € [0, 1], the mapping f satisfies

tf(@)+ (1 =0)f(y) € ftz + (1 = t)y) + P,
then f is called P-convez.

Lemma 2.5. [10] Let X and Y be two real Hausdorff topological spaces, D be a
nonempty, compact and convex subset of X and P be a pointed, proper, closed and
convex cone of Y withintP # (). Assumethatg: DxD — Y and®: D — Y are
two nonlinear mappings. Suppose that g and ® satisfy
(i) g(xz,z) € P, Vx € D;

(i) @ is upper P-continuous on D;

(iii) g(.,y) is lower P-continuous, Vx € D;

(iv) g(z,.)+ ®(.) is proper P-quasiconvex, Vx € D.

Then there exists a point x € D satisfies

G(z,y) € P\ {0}, Vy € D,
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where
G(z,y) = g(z,y) + 2(y) — ®(x), Vz,y € D.

Let F,¢: C x C — Y be two mappings and A : C — B(E,Y’) be a nonlinear
mapping. For any z € F, define a mapping G, : C x C — Y as follows:

e
Gi(z,y) = Flz,y) + {y — 2, Ax) + 4 (y,2) = (2, 2) + ~{y —z, Jr = Jz), (2.1)
where 7 is a positive real number and e € intP.

Assumption 2.6. Let G, F, ¢ satisfy the following conditions:
() Forallz € C, F(z,z) € P;
(i) F is P-monotone, i.e., F(z,y) + F(y,x) € —P, Va,y € C;
(ii) F(.,y) is continuous, Vy € C;
(iv) F(x,.) is weakly continuous and P-convex, i.e.,

tF(l'vyl) + (1 _t)F('rayQ) € F(xvtyl + (1 _t)y2)+P7 V%yl,yz € Cv vt € [07 1]a

) G.(.,y) is lower P-continuous, Yy € C' and z € E;
vi) ¢(.,y) is P-convex and weakly continuous;
(vi) G.(z,.) is proper P-quasiconvex, Vo € C and z € E;
(viii) ® is P-skew symmetric, i.e.,

Z/J(x,x) - ’l/)(l’,y) - w(y,m) +w(yay) € Pa vay eC.

Remark 2.7. P-skew-symmetric bifunctions are natural extensions of skew-symmetric
bifunctions. The skew-symmetric bifunctions have the properties that can be con-
sidered ananalogous to the monotonicity of the gradient and the non-negativity of
the second derivative for convex functions. For the properties and applications of
the skew-symmetric bifunctions, we refer the reader to [2].

3. MAIN RESULTS

For any r > 0, define a mapping 7). : E — C as follows:

T.(z2) ={zeC: F(x,y)—l—(y—:&Ax>+w(y,x)—w(x,x)—|—§<y—x, Jx—Jz) € P, Yy € C},
(3.1)
where ¢ € intP.

Now, we study some properties of set of solutions of GMVEP(1.2) and the map-
ping 7.

Theorem 3.1. Let E be a uniformly smooth and strictly convex Banach space and
let C' be a nonempty, compact and convex subset of E. Assume that P is a pointed,
proper, closed and convex cone of a real order Banach space Y with intP # (). Let
G, : CxC — Y be defined by (2.1). Let F,v : C x C — Y and G, satisfy
Assumption 2.6 and A : C — B(E,Y) be a continuous and P-monotone mapping.
LetT, : E — C be defined by (3.1). Then the following conclusions hold:
(W) T-(z) # 0, Vz € E;
(ii) 7; is single-valued;
(ii) 7. is_firmly nonexpansive type mapping, i.e., forall z1,z9 € E,

(Tyz1 — Trzo, JTrzy — JTrze) < (Typz1 — Trze, J21 — J22);

(iv) Fix(T,) =Sol(GMVEP(1.2));
(v) Sol(GMVEP(1.2)) is closed and convex.
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Proof. (i) Let g(z,y) = G.(z,y) and ®(y) = 0 for all z,y € C and z € E. It is easy
to observe that g(x,y) and ®(y) satisfy all the conditions of Lemma 2.5 Then there
exists a point € C such that

G,(z,y)+P(y) — ®(x) € P, Vy € C,
and thus 7T,.(z) # 0, Vz € E.
(ii) For each z € E, T,.(z) # 0, let x1, 22 € T;.(2). Then
F(achy)—i—(y—xl,Ax1>+w(y,m1)—w(x1,:vl)—i—;(y—xl, Jr1—Jz) € P, Yy € C, (3.2)
and
F($27y)+<y*l’2,AI2>+1/J(Z/,172)*1/’(172,$2)+§<y712, Jrg—Jz) € P, Yy € C. (3.3)
Letting y = z2 in (3.2) and y = z; in (3.3), and then adding, we have

F(l’l,lﬂg) -+ F(ZIZQ,IEl) + <£172 — 1, AII?l — Al’g)
+ (22, 21) — (21, 21) + (21, T2) — (T2, 72) + £(T2 — 21, J21 — J12) € P.

Since F' is P-monotone, A is P-monotone, i.e., (x3 — 21, Ax1 — Axo) € —P and ¢
is P-skew symmetric, then we have

e
*<£L’2 —x1,Jr1 — Jil'2> e P.
r

Since e € intP, r > 0 and P is closed and convex cone, we have
1
*<IC2 - (L’l,J"El — J(E2> 2 0.
r

Since E is strictly convex, the preceding inequality implies 1 = z2. Hence 7, is
single-valued.

(iii) For any 21, 22 € E, let x1 = T,.(z1) and 25 = T}.(22). Then

F(z1,y) + (y — 21, Azy) +(y, 21) — Y(z1,21) + ;(y —x1,Jo1 —Jz1) € P, Yy € C,

(3.4)
and
e
F(x2,y) + (y — 2, Az2) +1(y, v2) — Y (22, 72) + ;(y — w9, Jxo — Jzo) € P, Vy € C.
(3.5)

Letting y = x2 in (3.4) and y = z; in (3.5), and then adding, we have

F(xy1,22) + Fxo,21) + (X2 — 21, Az — A22)
+p(@2, 1) — (21, 21) + (21, 22) — (22, 22) + F (22 — 21, J21 — J22 — J21 + J20) € P.

By using the monotoncity of F, A and the properties of ) and P, we have
%(xz —x1,Jxy — Jog — Jz1 — Jz9) > 0.
Hence, we have
(o — a1, Jo1 — J2) + (3 — w1, J29 — J21) > 0,
or,
(1 — @9, Jr1 — Jxa) < (27 — T2, J21 — J22),
ie.,

<TT(21) — TT(Z2)7 JTT(Zl) — JTT(22)> S <TT(21) — TT(Z2)7 JZl — JZQ) (3.6)

Thus 7, is firmly nonexpansive-type mapping.
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(iv) Let € Fix(T,.). Then
F(z,y) + (y — x, Az) + ¥(y,x) — Y(z,z) + ;(y—x,Jx —Jz) e P, Yy eC,
and so
F(z,y) + (y — x, Az) + ¥(y,x) —(z,z) € P, Vy € C.
Thus z € Sol(GMVEP(1.2)).

Let € Sol(GMVEP(1.2)). Then
F(z,y) + (y — x, Az) + Y (y,x) — Y(z,z) € P, Vy € C,
and so
F(z,y)+ (y — z, Az) + Y(y,x) — Y(x,x) + ;(;y —x,Jr—Jz) e P, Vy e C.
Hence z € Fix(T}.). Thus Fix(T}) = Sol(GMVEP(1.2)).

(v) By the definition of ¢, we have
O(Tr(21), Tr(22)) + A(Tr(21), T1(22)) = 2||T (z0)[I? = 2(T:-(21), JT;-(22))
—2(T}(22), J T\ (= )>+2||T (z2)]1?

= < r(21), JTr(21) = J T (22))
+2(T(22), JT: (2 ) JT( 1)

= 2Tn(21) = Tr(22), JTr(21) = I T (22)),

and

AT (21), 22) + @(Tr(22), 21) — ¢(Tr-(21), 21) — G(T(22), 22)

= T (2)I” = 2T (21), J22) + [|22]* + T (22) [ + [l ||
2T (22), Jz1) — || T (22)|I” + 2(T, r(22), J2) = |2l
=T (2011 + 2(T5(21), T 21) — |||
= 2<TT(21),J21 — J2:2> — 2<TT(22)7J211 - J22>
= 2<TT(21) — TT-(ZQ), JZl — JZQ>
Thus, it follows from (3.6) and the preceding two equations that

A(Tr(21), Tr(22))+ (T (22), Tr(21)) < d(Trz1, 22)+ (T 22, 21) = (T (21), 21) = d(T7(22), 22)-

Hence, for z1, 2o € C, we have

(T (21), Tr(22)) + d(Tr(22), T1(21)) < d(Tr21, 22) + ¢(Tr22, 21).
Taking z; = u € Fix(7T}), we have

d(u, Trz1) < o(u, z1).

Next, we show that le( +) = Sol(GMVEP(1.2)). Indeed, let p € fi;(TT). Then
there exists a sequence {z,} C F such that z,, — p and lim,,—, ||z, — T2, || = 0.
Moreover, we get Tz, — p. Hence, we have p € C. Since J is uniformly continuous
on bounded sets, we have
. N Jzn = J Tz ||
lim —mMmMm—

n—» o0 r

=0, r>0. (3.7

From the definition of T}, we have, Vy € C,
F(Trzn,y)+Hy—Trzn, AT 2n)+0(y, Trzn) — (T 2n, Trzn)+§<y—Tsz JTrzn—Jz,) € P,
T

0 € F(y,Tan) - <y — TTZ"’ AT”'z”> - (w<y’TTZn) - ’(/J(TrznaTan))
_$<y - T’l‘z’l’HJT’I‘ZTL - JZn) + P7 Vy E C
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Lety; = (1 —t)p +ty, Vt € (0,1]. Since y € C and p € C, we get y; € C and hence
0 € F(vaan) - <yt - Tr2n7 ATr2n> - (Q/J(ythan) - 7/1(Tr2n,Tan))
—S(ys — Trzn, JTr2n — J2n) + P,
= F(ythan) - <yt - Tan, ATan> - (z/)(ythan) - w(TTZnaTTZ’ﬂ)) (3.8)
—e(yy — Tyzy, Hrzn=tzny 4 p,
0 € F(y.p)— (vt —p, Ap) — ¥(ye,p) + ¥ (p,p) + P.

It follows from Assumption 2.6 (i), (iv) and (vi) that
tF(ye,y) + (1 =) F(ye, p) + th(y,p) + (1 = )Y(p,p) —¥(ye,p) € F(yi,ye) + ¥ (yt,p)

—(ye,p) + P
€ P
Now,
—t[F(ys,y) + Uy, p) — (s, p) — (ye — p, Ap)]—
(1 =O[F(yt,p) + ¥ (p,p) — (Yt ) — (Yt — p, Ap)l € =P + (y+ — p, Ap)
tE (ye, y)+(y, p)— w(yu p)—(yt—p, Ap)|—(1-t)P € —P+(y:—p, Ap), (using (3.7))

—t[F(
—t[F(ys,y) + ¥ (y,p) — ¥ (e, p) — (ye — p, Ap)] € =P + (1 = t)P + (y, — p, Ap)
—t[F(ye,y) + ¢ (y,p) — (v, p) — (Yt — p, Ap)] € —tP + (y; — p, Ap)

€ —tP+ (ty+ (1 —t)p—p,Ap) € —tP +t(y — p, Ap)

F(ys,y) +¥(y,p) — ¥(ye,p) — (Yt —p, Ap) € P — (y — p, Ap).
Letting t — 0, we have

F(p,y) + (y — p, Ap) + ¢ (y,p) — ¥(p,p) € P.

Thus p € Sol(GMVEP(1.2)). So, we get Fix(T}) = Sol(GMVEP(1.2)) = Fix(T}.).
Therefore 7T, is a relatively nonexpansive mapping. Further, it follows from Lemma
2.2 that Sol(GMVEP(1.2)) = Fix(T}) is closed and convex. This completes the
proof. U

Next, we have the following consequence of Theorem 3.1

Lemma 3.2. Let £, C, F, ), G, be the same as in Theorem 3.1 and let r > 0.
Then, for z € E and q € Fix(T,), we have

¢(q, Trz) + ¢(T,2, ) < ¢(q, ).

We prove a strong convergence theorem for finding a common element to the set
of solutions of SUGMVEP(1.6) and set of fixed points of common fixed point prob-
lems of two families of generalized asymptotically quasi ¢-nonexpansive mappings
in Banach space.

Theorem 3.3. Let F be a uniformly smooth and strictly convex Banach space such
that E has Kadec-Klee property. For eachi € I := {1,2,3,.... N}, let K; be a
nonempty, compact and convex subset of ¥ such that K = ﬂfilKi # (). Assume
that P is a pointed, proper, closed and convex cone of a real ordered Banach space
Y with intP # (. Let for each i, the mappings F;,v; : K; x K; — Y satisfy
Assumption 2.6 and A; : K; — B(E,Y) be continuous and P-monotone map-
ping. For each fixed i, let S;,T; : K; — FE be closed, asymptotically regular
and generalized asymptotically quasi ¢-nonexpansive mappings with the sequences
{nni}s {sni} and {Cui}. {€ni} such that T = (NYFix(S;)) N (NN, Fix(T;)) N
(NY;Sol(GMVEP(F;, A;, ¢, K;))) # 0. Assume that, for each fixed i, the sequences
{rni} C [a,00) for some a > 0, {a, i} € (0,1) and {B] ;} € (0,1) (j = 1,2,3) be
such that
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W B+ Bni+ B =

(i) liminf, B}L’i 72” > 0 and lim inf, 6}1’1. 3. > 0;
(iif) limsup,,_, o apni < 1; '
(iv) liminf, oo ry,; > 0.

Let {x,} be a sequence generated by the iterative scheme:

xTo € E,

Cri=K;, C,=nN,C,;, =K,

Ty = HC1 Lo,

Yn,i = Jﬁl(an,z\]xn + (1 - an,i)JZn,i)a

Zni = J le)inn + B,%J-JTZ»”xn + B,?;yiJS;’xn),

Un,i = Trn,i(yn,z‘)

Cn+1,i == {U € Cn,i : ¢(U7un,i) S ¢(Uaxn) + 6n,1Mn + ,Ufn,i}7
Cnt1 = NierCn14,

zn+1=[l¢, ., ®o, for every n € N U{0},

where M,, = sup{¢(p,z,) : p € '}; e € intP; J : E — E* is the normalized duality
mapping with its inverse J~'; §,,; = 5,2”6” + 53’”777” and fiy, ; = fwﬂfm + gnzﬂf’”
Then the sequence {x,} converges strongly to [ [ zo.

Proof. First, we show that C,, is closed and convex for every n > 1. It suffices to
show that for each i € I, C),; is closed and convex for every n > 1. This can be
proved by induction on n. In fact, for n = 1, C;; = K is closed and convex for
each i € I. Assume that (), ; is closed and convex for some n > 1 and for each
1€ 1l. Forv e Cn+17i,

¢(U7 un,i) S ¢(Uv xn) + 6n,iMn + Honiy
which is equivalent to
2<'U, an - Jun,z) S ||xn||2 - ||Un,1||2 + 5n,iMn + Hn,i~

It is easy to see that C), 1 ; is closed and convex for each ¢ € I. Then, for alln > 1,
C,,; is closed and convex for each ¢ € I. Consequently, C,, = ﬂlNlemi is closed
and convex for all n > 1. This shows that H Crpr L0 is well defined.

Next, we prove I' C (), for all n > 1. It suffices to show that foreach i € I, I' C
Ch,i. Indeed, I' C C ; = K, is obvious. Suppose I' C C},; for some k > 1. Then,
for Vw € I' C C};, we have

o(w, z,i) o(w, Jfl(ﬂ,i’ig]ark + ﬁi’iJTikzk + ﬂ,‘:”iJSka))
[wll? = 2(w, By, ; Ty, + B ;T Ty + B Sf )
+||ﬁli,i‘]$k + Blf,iJTikxk + ﬁi’,ﬂsﬁ“l’k”?
fwl* = 251%,2‘@”, Jag) — 2513,1‘(“” JTikxk> - 2573,i<wa JSka>
B4 llzll® + B7 N TFal® + B | Sin||?
ﬁ]ifﬁ(wv Tg) + Bl%,z¢(wa Tikxk) + Bg,i¢(w? S’kak)
Brid(w, %) + B2 (1 + Cri)d(w, xx) + ExiBf + B s (1 + nii)d(w, ) + hiBy 5
o(w, k) + Ok i d(w, Tk) + p,i-

IA

IN

ININ

(3.9)
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Further, it follows from Theorem 3.1 that u,; = T, ;
and T, . is relatively nonexpansive. Therefore

P(w, wm‘) o(w, Ty, Yk.i)

Yn,i for all m € N U {0},

< ¢(w’yk,z)

= qS(w, Jfl(ahi]xk + (1 — ak,i)JZk,i))

= |lw|]® = 2w, Jxp + (1 — agi)Jdzg i) + o i Jok + (1 — ki) zp |2

= JJwl? = 2a(w, Jog) — 2(1 — agi)(w, T2pi) + arillzel® + (1 — anq)llzn,:l

= agid(w, k) + (1 — ani)o(w, 2r,4)

< agid(w,zy) + (1= ani)d(w, zx) — (1 — agi) (B iCh,i + B imk,i)p(w, Tx)
(1 - ak,z)(gk Zﬁk i + Sk zﬂk 1)

< plw,zx) + (1= ) (B2 o + B2 i) d(w, xx) + (EniBR; + i)

< ¢(w,zk) + (B zCk it Bk: M) P(w, zx) + (&czﬂiz + <k7iﬁg,i)

< (b(wa .I'k) + 61@7sz + M-

(3.10)
This shows that w € Cj41,. Thatis, I' C C,,, for all n > 1 and each ¢ € I.
Therefore, w € C,, = N;jc;C,,; foralln > 1.

From Lemma 2.1, we have

¢ (xp, z0) ¢(le, xo, z0)
¢(w>$0) - ¢<waxn)
o(w, xg), for each w € T C C,, and for each n > 1.

INIA I

Therefore, the sequence {¢(z,,xo)} is bounded. It follows from (1.9) that the
sequence {z, } is also bounded. Since F is reflexive, without loss of generality, we
may assume that x,, — p as n — oo. Since C; C C, for j > n, we have z; € C),
for j > n. Since C), is closed and convex, p € C,, for alln > 1. Hence p € N7, C,,.
Since ¢(zn, 7o) < G(Tns1,70) < B(p, o), we have

o(p,x0) < hm 1nf d(xp, x0) < limsup ¢(zn, x0) < d(p, xo),

n—>oo
which implies that ¢(z,,, z0) — @(p, x¢) as n —» oo. Hence ||z, || — ||p||. By the
Kadec-Klee property of F/, we have x, — p € C'as n — oo.

Since ¢, — p and J : E — E* is demicontinuous, we have Jz,, — Jp € E*.
Note that

[Tzl = 12l = [llznll = lIplll < llzn =l
This implies that ||Jx,|| — ||Jp||. Since E is uniformly smooth, E* is uniformly
convex Banach space and hence it enjoys the Kadec-Klee property, we see that
lim ||Jz, — Jp| =0. (3.11)
n—»oo

On the other hand, since z,, = II¢, zo and z,4+1 = Il¢
have

120 € Cn+1 c C,, we

d(xn, o) < d(Tpt1,0), foralln > 1.
Therefore, {¢(z,,%0)} is non-decreasing. Further, it follows that the limit of
{é(xn,x0)} exists. By the construction of C,,, one has that C,, C C, and z,, =
II¢,, xo € C), for any positive integer m > n. It follows that

(b(xmaxn) ¢(xm7HCn$O)

(T, x0) — ¢(Ilc, 20, o) (3.12)
¢($m, 1'0) - ¢($n, 1'0)'

Letting m,n — oo in (3.12), we have ¢(x,,, Z,) — 0.

Al
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Next, we show that p € (N, Fix(S;)) N (N, Fix(7T;)). By taking m = n+ 1 in
(3.12), we have
lim ¢(xp41,2,) =0. (3.13)

n——0o0

Notice that x,+1 € Cy 41, from the definition of C,,, for every i € I, we have

¢>($n+1, Un,i) S ¢($n+1, wn) + 5n,7.Mn + ,un,i~ (314)

It follows from (3.13) and (3.14) that
nh_r>n A(Tnt1,Un,i) = 0. (8.15)
It follows from (3.15) and inequality 0 < (||zp41]] — |unil)? < d(@ni1,un;) that

len, i and consequently, we have |Ju, ;|| — ||Jp||. This implies that
{J(un,:)} is bounded. Since FE is reflexive, E* is also reflexive. So, we may assume
that J(un,;) — foi € E

On the other hand, in view of the reflexivity of E, we have J(E) = E*, which
means that for fy; € E*, there exists e; € F, such that Je; = fy ;. Using weakly
2, we have

hm 1nfn—>oo ¢(xn+17 un,i) - hm infn—>oo(||xn+1||2 - 2<xn+1; Jun,z> + ||un,i|
liminf, oo (|Tnt1)? — 2(@ns1, Jun.i)
211> = 2(p, fo.i) + |l foill?

Ipll* = 2{p, Jei) + || Tes|?

¢(p7 ei)'

It follows from (3.15) that ¢(p, e;) = 0. Hence p = ¢;, which implies that fo; = Jp.
Hence Ju, ; — Jp € E*. Since ||Ju, ;|| — ||Jp|| and by the Kadec-Klee property
of E*, we have

%)
12

v 1l

| Jup,; — Jp|| — 0, Vi€ 1. (3.16)

Since J~! : E* — E is demi-continuous, therefore u, ; — p. Since |u, ;|| — ||p||
and using the Kadec-Klee property of £*, we have

Up,; —> P, aSn —>» 00 Vi € I. (3.17)
Hence,
lm ||z, —un|| =0, Vi€l (3.18)
n—-aoo

Since J is uniformly norm-to-norm continuous on bounded sets, we have
lim ||Jx, — Ju, || =0, Vie I. (3.19)
n—oo
Now,

¢(w7 Tp) — qb(w, un,i)

[ I* = llun,i I = 2(w, T2 — Jum,i)

<z = unll( il) + 2llwlll[Jzn — Junll-
It follows from (3.18) and (3.19) that
d(w, ) — d(w, up;) — 0, as n — oo. (3.20)

From u,; =T,

Tn,i

Yn,: and Lemma 3.2, we have

¢(un,ia ynz) ¢(Trn iYnis ynz)

S ¢(w yn,z) - (b(wa un,i)

< an,id)(waxn) + (1 - Qi) o(w, zp, 1) P(w, uy, 1) 3.21)
< ap z¢(w xn) + (1 Qp z)[ (w xn) 6n,zM + fn,i ’

< ¢(w xn) - ¢(waun,z) + (1 — Qp z)[5n7zM + ,umi]-



68 FARID AND KAZMI/JNAO : VOL. 7, NO. 1, (2016), XXX-XXX

Using (3.20) and the restrictions on the sequences in above inequality, we have
im ¢ (un,i, Yn,i) = 0. (3.22)

n—oo
Since 0 < (il lyn.s) )* < $(ttn i, Yns). it ollows from (3.17) that [.i | — [1p]
and consequently ||Jy, ;|| — ||Jp||. This implies that {Jy, ;} is bounded. Since
E is reflexive, E* is also reflexive, so we may assume that J(y,, ;) — ho,; € E*.

On the other hand, in view of the reflexivity of E, we have J(E) = E*, which
means that for ho; € E*, there exists d; € I, such that Jd; = hg;. Using lower
semi-continuity of ||.||?, we have

lim inf o0 ([|tn,i |* = 2(tn,is Jyn,i) + [[Yn,ill*)
lminf, oo (Jtnil|* = 2(tn i, JYni) + | Tyn.ill?)
IplI* = 2(p, ho,i) + |lho,i |2

Pl = 2(p, Jd;) + ||d;]|*

¢(p7 dl)

It follows from (3.22) that ¢(p, d;) = 0. Hence p = d;, which implies that h¢ ; = Jp.
Hence Jy,; — Jp € E*. Since Jy,; — Jp, [|[Jyn,il| — ||Jp| and Kadec-Klee
property of E*, we have

liminf, o &(Uni, Yn,i)

[IAVARI

| Tyn,i — Jp|| — 0, as n — oo. (3.23)

Since J~! : E* — FE is demi-continuous, we have y,; — p. Further, since
|yn.ill — |lp|| and E has the Kadec-Klee property, we have

[9n.i —pll — 0, as n — oo. (3.24)
It follows from (3.18) and (3.24) that
1Yn,i = wn,ill < l|uns —pll + |yn,s —pl] — 0, as n — oo.

Since J is uniformly norm-to- norm continuous on bounded sets, we have

| Jyni — Jun,i]| — 0, as n — oo. (3.25)
It follows from (3.19) and (3.25) that
Tz — Jynill < ||Jxn — Jtni|l + || Jtni — Jynil| — 0, asn — c0.  (3.26)

From iterative scheme, (3.26) and limsup,,__, ., o, ; < 1, it follows that

| zn,: — Jzn|| < |Jxn — Jynill — 0, as n — oo. (3.27)

(1— o)
Hence,

| Tzni — JIpll < |z, — Jzn|| + |20 — Ip|| — 0, as n — 0. (3.28)
Since J~! : E* — F is demi-continuous, we have Zp,i — p. From (3.28), we have
that

lznall = IRl = [[[J2n.ill = [[Tpll| < [|J2n,i — Jp|| —> 0, as n — oo.

This implies that ||z, ;|| — ||p||. Since E enjoys the Kadec-Klee property, we see
that
nli_r}noo |2n: — Pl = 0. (3.29)

Further,

||Zn,1l - In” < ||Zn,i - p” + ”xn - pH — 07 as n — o0. (3.30)
Now,

P(w, xp) — p(w, 2n1) [zl = 2n,ill* = 2(w, Jzn — J2n,i)

[2n = Znill(lznll + 120.6l]) + 2lwll| J2n — J2n il

IA I
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It follows from (3.27) and (3.30) that
d(w, zpn) — d(w, 2n,i) — 0, as n — oo. (3.31)

Let r = max{sup,s; {24}, sup,sr {17720}, sup,i{[S7e,]}}. Since E is
uniformly smooth, then E* is uniformly convex. In the light of Lemma 2.3, we
have, for any fixed w € Fix(T;) N Fix(S;),

P(w,2n:) = P(w, J_l( ’rll,i‘]xn + ,BgyiJTi"x” + ﬂfi,iJS?’In))
= lwl® = 2(w, B}, jJxn + BE T T w0 + By ;TSP )

B T + B2 I T wn + B2, ISP, |2

< Hw”Q - 26}171—@0, Jrn) — 252,1-(107 JT ) — 262,1‘@”7 JSPan)
+671z,i“xn“2 + /BTQL z'HTin$n||2 + ﬁi,illlewnl\Q - vlL,z' %zg(Han — JSlan|)
= Brll)id)(wv xn) + 53,1‘(1 - Cn,z)(b(wa xn) + Bz,i'gn,i
+67311(1 + 77n,z‘)¢(wv Ty) + /Bg,ign,i - /371” gzg(”an = JSPx,|)
= ¢(w, xn) + ( Z@Cn,i + 627inn,i)¢(wa xn)
B2 i+ B2 soni — B iBo ig(| Jan — TSP an]))
= o(w,z,) + 5n,i¢(wa Tn) + Hn,i — qlz,i ?ng(”'kEn = JSPz,)
< dlw, ) + 6niMy + pini — BBy 9| Jzn — JSPaal)).

This implies that
’r1L7’L ?z,ig(”‘]%L = JSi'w,|) < p(w, z,) — d(w, Zn,i) + O i My, + Hn i (3.32)
Taking limit on both sides of (3.32) and using lim inf,,__, ﬁ}” ;9’” > (0 and (3.31),
we have
g(lJzy — JSI2y|]) — 0, as n — oo. (3.33)
Therefore, using Lemma 2.3, (3.33) implies that
Tz, — JSIz,|| — 0, as n — oo. (3.34)
Next,
|JSFan — Jp|| < ||JSFan — Jon|| + [[Jzn — Jp|.
Using (3.34) and (3.11) in above inequality, we get

lim ||JS}x, — Jp| = 0. (3.35)
n—oo
Since J~! is demicontinuous, it follows that Slx, — p for each fixed i.

Using |[[S7@n| — [Iplll = (7Sl = 7Pl < 7S] @0 — Jp|| with (3.35), we get
|1Sray,|| — |lp|| for each fixed i as n — oco. Since E enjoys the Kadec-Klee
property, we obtain

lim | SPz, —p|| = 0. (3.36)
n—>o0
Similarly, we obtain
lim || 7]z, — p|| = 0. (3.37)
n——0o0
Notice that
157 an = pll < 17 an — SPan| + (15720 — pll- (3-38)

Since S}’ is asymptotic regular, then from (3.36) and (3.38), we have
lim_ |87+, — pfl = 0,
n—-oo

that is, S;S'z, —p — 0 as n — oo. It follows from the closedness of S; that
S;p = p, for each fixed i. Hence p € NI, Fix(S;). In a similar way, we can obtain
p € NI, Fix(T;). Hence p € (N}, Fix(T;)) N (N7~ Fix(S;)).

Next, we prove p € NY;Sol(GMVEP(F;, A;, ¢, K;)).
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It follows from (3.25) and liminf,,_, 7, ; > 0 that
[Syn,i = J T3, i Yn,i

Tn,i

lim

n—r00

=0.

Since u,, ; =T,

Tn,i

F(Trn ,yn,ia yl) + <y2 - Trnj,yn,i, ATrn,,iyn,i>

Yn,i» W€ have

+ i, Tr, iYn, i) — (T, aYnis Lr,, Yn.i)
+ < < T’r‘n iYn,is JT, T, iYn,i — Jyn,7,> S Pv Vyz S Kiv

Tni

0 € F(yla T, . Yn, i) = (i — Ty, Yn,is AT, Yn.i) — (V(Yis T, Yn,i) — w(Trn Ynyir Lr,, Yn.i))
rn S (Wi = T iYnsis I T, Ynii — Jyn,z> + P, Vy; € K;.
Let y;+ = (1 — t)p + ty;, V¢ € (0,1]. Since y; € K; and p € K;, we get y;+ € K; and
hence

0 € F(y,Tr, iYn, i) — <yz ¢ — 1, i Ynyis AT, ,yn,i> - (d’(:‘h’,ta T, ,yn,i) - (T, i Ynyis Trn,iyn,i))
_T:’.<yit Tr,”ynzw] T Ynyi Jynz>+Pa
= F(yi,ta T, Yn,i) — <yz t = Try Yn,is ATrn ,yn,z’> - (d)(yi,ta T, 1yn,i) - w(Trn Ynis LI, Lyn,i))
ey — Ty iy Lzttt =ity 4 p
0 € Fit,p)— Wit — 0, Ap) — (Wi, p) + ¥ (p,p) + P.

It follows from Assumptions 2.6 (i), (iv) and (vi) that

tF(yieyi) + (1 =) F(ys, p) + t(yi,p) + (1 =)0, ) =¥ (Wit 0) € F(Wie, ye) + ¥ (yire, p)

_w(yi,tvp) + P
€ P

Now,
—t[F (yi,t,9i) + Wi, 0) — VWit 0) — Yir — 0, AD)]—
(1 =) [F(yit,p) +¥(p,p) — L(Yirtsp) — (Wit — P, Ap)] € =P + (yit — p, Ap)

—t[F(yi,e, yi) + V(Wi p) — V(Yit,0) — Wie — 0, Ap)] — (1 —t)P € =P + (yi,s —
p, Ap), (using (3.7))

—t[F (yi,0,9:) + (Wi, ») =0 (Yi,e,0) — Wie —p, Ap)] € =P+ (1 —=t) P+ (yi s —p, Ap)
—tF Wi, yi) + (Wi ) — (Wi, 0) — (Wit — p, Ap)] € —tP + (yi,e — p, Ap)
€ —tP+ (ty; + (1 —t)p — p, Ap) € —tP + t{y; — p, Ap)

F(yie,yi) + (i p) = O(ie, p) — (Wi —p, Ap) € P — (yi — p, Ap).

Letting ¢t — 04, we have
F(p,yi) +¢(yi,p) — ¥(p,p) — (p — p, Ap) + (yi — p, Ap) € P

F(p,yi) + (yi —p, Ap) + ¢(yi,p) — ¢ (p,p) € P.
Thus p € Sol(GMVEP(F;, A;, 5, K;)). Hence p € T

Finally, we prove that p = [[.2zo. Since I' C Cy41 and z,,41 = [[~
have

n41 Zo, we

(X1 — ¢, Jxg — Japy1) >0, Vg €T (3.39)
By taking the limit in (3.39), we have
(p—q,Jxo— Jp) 20, Vg €T.

Hence, in view of Lemma 2.1, we see that p = HF 2. This completes the proof. [

Finally we give some consequences of Theorem 3.3.
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Corollary 3.4. Let F be a uniformly smooth and strictly convex Banach space such
that ¥ has Kadec-Klee property. Let K be a nonempty, compact and convex subset
of E. Assume that P is a pointed, proper, closed and convex cone of a real ordered
Banach space Y with intP # (). Let the mappings F,v : K x K — Y satisfy
Assumption 2.6 and A : K — B(E,Y) be continuous and P-monotone mapping.
Let S, T : K — FE be closed, asymptotically regular and generalized asymptotically
quasi ¢-nonexpansive mappings with the sequences {n, }, {s,} and {(,}, {&.} such
that T := Fix(S) N (Fix(T)) N (Sol(GMVEP(1.2))) # 0. Assume that, the sequences
{rn} C la,00) for some a > 0, {a,} C (0,1) and {31} C (0,1) (j = 1,2, 3) be such
that

@ BL+62+8 =1;

(i) liminf, . BLA2 > 0 andliminf, . B33 > 0;
(iii) limsup,,_ . an < 1;
(iv) liminf,__ 7, > 0.

Let {z,} be a sequence generated by the iterative scheme:

xTo € E,
Tl = HCI Zo,
Yn = J HapJz, + (1 — an)Jzn),K
w=J Y BLIx, + B2IT 2, + B2TS™2,),
Up =Ty (Yn)
CnJrl = {U S Cn : ¢(Uaun) < (b(vyxn) + 5nMn + Mn}7
Tpa1 = ch+1 xg, for every n € N U {0},

where M, = sup{¢(p,x,) :p € '}; e € intP; J : E — E* is the normalized duality
mapping with its inverse J~1; 8, = B¢, + B2nn and p, = £,.5% + <85
Then the sequence {x, } converges strongly to [ [ zo.

Proof. The proof follows by taking % = 1 in Theorem 3.3. (]

Corollary 3.5. Let F be a uniformly smooth and strictly convex Banach space such
that E has Kadec-Klee property. For eachi € I := {1,2,3,..., N}, let K; be a
nonempty, compact and convex subset of F such that K = ﬁf\LlKi # (. Let for
each i, the mappings F;,v¢; : K; x K; — R satisfy Assumption 2.6 and A; :
K; — FE* be continuous and monotone mapping. For each fixed i, let S;,T; :
K; — FE be closed, asymptotically regular and generalized asymptotically quasi
¢-nonexpansive mappings with the sequences {1, ;}, {sn,:} and {(n,i}, {&n,i} such
that T' := (NN, Fix(S;)) N (NN, Fix(T;)) N (N, Sol(SUGMEP(1.7))) # (. Assume
that, for each fixed i, the sequences {r,, ;} C [a,c0) for some a > 0, {a,;} C (0,1)
and {Bf”} C (0,1) ( =1,2,3) be such that

(1) ﬂ}lﬂ + 52,1‘ + 5271 = ].;

() lminf, o B}” ,2” > 0 and liminf, ,871” fm- > 0;
(iif) limsup,, .o oy < 1;
(iv) liminf,, oo ry; > 0.
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Let {x,} be a sequence generated by the iterative scheme:

o € E7

Cii=K;, C, =n¥,C1,; =K,

T = HC1 Lo,

Yn,i = J_1<an,iJ$n + (1 - an,i)Jzn,i)y

Zni = J 7 }L’inn + ﬁ%ﬁiJTi"acn + BgyiJS{"xn),

Up,; = Trn,i(yn,i)

CnJrl,i = {U S Cn,i : ¢<v7un,i) < (Z)(U, mn) + 6n,iMn + /’Ln,i}a
Cn+1 = NicrCrii,,

Zn+1 = [l¢,,, ®o, for every n € N U{0},

where M,, = sup{¢(p,z,) : p € T'}; e € intP; J: E — E* is the normalized duality
mapping with its inverse J~1; §,,; = 572”(,” + 52,1'777171' and [ty ; = 5,”572” + gnﬂﬂiﬂ-.
Then the sequence {x,} converges strongly to [ [ zo.

Proof. The proof follows by taking Y = R, P = [0, o) in Theorem 3.3. O

Corollary 3.6. Let E be a uniformly smooth and strictly convex Banach space such
that E has Kadec-Klee property. Let K be a nonempty, compact and convex sub-
set of E. Let the mappings F,¢ : K x K — R satisfy Assumption 2.6 and
A : K — E* be continuous and monotone mapping. Let ST : K — FE be
closed, asymptotically regular and generalized asymptotically quasi ¢-nonexpansive
mappings with the sequences {n,}, {s,} and {(,}, {&.} such that T' := Fix(S) N
(Fix(T)) N (Sol(GMEP(1.4))) # 0. Assume that, the sequences {r,} C [a,o0) for
somea >0, {an} C (0,1) and {2} C (0,1) (j = 1,2, 3) be such that
M B +Br+06 =1
(i) liminf, . BLB2 > 0 andliminf, . BL33 > 0;
(iif) limsup,,_ ., an <1;
(iv) liminf,,__ . r, > 0.
Let {x,} be a sequence generated by the iterative scheme:
rg € F,
T = HC1 Lo,
Yn = J HanJz, + (1 —an)J2,),
2n = J B Iz, + BEIT 2, + B2 TS 2y),
Up =Ty, (yn)
Cny1 = {U €Cp: (,ZS(U,U,L) < d’(v; zn) + 6, M, + ,Ufn}a
tny1 = [l¢, ., ®o, for every n € N U {0},

where M,, = sup{¢(p,x,,) : p € T'}; e € intP; J : E — E* is the normalized duality
mapping with its inverse J~1; 8, = $2(, + B30, and j, = .82 + .53,
Then the sequence {x,} converges strongly to [ [ zo.

Proof. The proof follows by taking Y =R, P = [0,00), ¢ = 1 in Theorem 3.3. O
The following corollary is similar to Qin and Agrawal [21].

Corollary 3.7. Let F be a uniformly smooth and strictly convex Banach space such
that ¥ has Kadec-Klee property. Let K be a nonempty, compact and convex subset of
E. Let S,T : K — E be closed, asymptotically regular and generalized asymptoti-
cally quasi ¢-nonexpansive mappings with the sequences {n,}, {¢,} and {¢, }, {¢n}
such that T' := Fix(S) N (Fix(T)) # 0. Assume that, the sequences {r,} C [a,00)
Jor somea >0, {a,} C (0,1) and {81} C (0,1) (j = 1,2,3) be such that

W Bh+ B2+ 83 =1
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(i) liminf, . BLA2 > 0 andliminf, . B:32 > 0;
(iii) limsup,,_ . oy < 1.

Let {x,} be a sequence generated by the iterative scheme:

x9 € F,

T = Hcl Zo,

Yn = J HanJz, + (1 —an)Jdz,),

2n = J BT x, + BEIT w, + B2 TS™x,),
Crni1={v€Ch:0v,yn) < d(v,2,) + 60 My + in },
znt1 = [Ie, ,, ®o, for every n € N U{0},

where M, = sup{¢(p,x,) : p € T}; e € intP; J : E — E* is the normalized duality
mapping with its inverse J~1; §,, = 32(, + B30, and p, = £,82 + 6,53,
Then the sequence {x,,} converges strongly to [ [ zo.

Proof. The proof follows by taking Y = R, P = [0,00), i =1, and F =0, A =
0, ¢ = 0 in Theorem 3.3. O
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ABSTRACT. In this paper, we obtain fixed point theorems and A—convergence theorems for
fundamentally nonexpansive mappings on CAT(k) spaces with k¥ > 0. Our results extend
and improve some results of Salahifard et al. [3], and many others.
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1. INTRODUCTION

A mapping T on a subset E of Banach space X is said to be nonexpansive if
ITx — Ty|| < ||z — y]|| for all z,y € E. We denote by F(T') the set of fixed points of
T,ie., F(T)={x € E : Tx = x}. Amapping T is said to be quasi-nonexpansive
if F(T)# 0 and | Tz — 2| < ||x — z|| for all x € F and 2z € F(T). In 2008, Suzuki
[1] introduced condition (C) as follows:
A mapping T on a subset E of Banach space X is said to satisfy the condition (C)
(or Suzuki’s generalized nonexpansive) on E if

1
gllz =Tzl < |lo — y|| implies || T2 — Tyl < [z - yl,

for all z,y € E. Moreover, he obtained some interesting fixed point theorems and
convergence theorems for such mappings. In 2012, Nanjaras et al. [2] extend
Suzuki’s results on fixed point theorems and A —convergence theorems for such
mappings in CAT(0) spaces. In 2013, Salahifard et al. [3] introduced fundamentally
nonexpansive mapping which generalizes the Suzuki’s generalized nonexpansive
mapping and proved some fixed point theorems for this kind of mappings in CAT(0)
spaces.

Fixed point theory in CAT(k) spaces was first studied by Kirk [4, 5]. His works
were followed by a series of new works by many authors, mainly focusing on CAT(0)
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spaces (see e.g., [2, 3,6, 7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, ). Since
any CAT(k) space is a CAT(k’) space for k' > k, all results for CAT(0) spaces
immediately apply to any CAT(k) space with k¥ < 0. However, there are only a few
articles that contain fixed point results in the setting of CAT(k) spaces with k > 0.
In this paper, we extend the results of Salahifard et al. [3] to the general setting of
CAT(k) spaces with k > 0.

2. PRELIMINARIES AND NOTATIONS

Let (X, p) be a metric space. A geodesic path joining z € X to y € X (or, more
briefly, a geodesic from z to y) is a map ¢ from a closed interval [0,!] C R to X such
that ¢(0) = z,¢(l) =y, and p (c(t),c(t")) = |t — ¢'| for all ¢, ¢’ € [0,!]. In particular, c
is an isometry and p(z,y) = l. The image c ([0,!]) of ¢ is called a geodesic segment
joining z and y. Write c(a0 + (1 — a)l) = az ® (1 — a)y for a € (0,1). When it is
unique this geodesic segment is denoted by [z, y]. This means that z € [z, y] if and
only if there exists « € [0, 1] such that

p(r,2) = (1 —a)p(x,y) and p(y, 2) = ap(z,y).

In this case, we write z = ax @ (1 — a)y. Let D be a positive constant. A metric
space (X, p) is said to be a geodesic space (D-geodesic space) if every two points of
X (every two points of distance smaller than D) are joined by a geodesic, and X is
said to be uniquely geodesic (D-uniquely geodesic) if there is exactly one geodesic
joining x and y for each z,y € X (for z,y € X with p(z,y) < D). A subset E of
X 1is said to be convex if E includes every geodesic segment joining any two of its
points. If this condition holds for any two points in F with distance smaller than
D, F is said to be D-convex. The set E is said to be bounded if

diam(F) := sup{p(z,y) : 2,y € E} < o0.

Now we introduce the model spaces M}, for more details on these spaces the
reader is referred to [21]. Let n € N. We denote by E” the metric space R" endowed
with the usual Euclidean distance. We denote by (:|-) the Euclidean scalar product
in R”, that is,

(z|ly) = z1p1 + ... + TpYn Where £ = (21, ..., ), Y = (Y1, ey Yn)-
Let S™ denote the n—dimensional sphere defined by
S" ={x = (21,..., Tny1) € R : (z]2) = 1},

with metric dg- (z,y) = arccos(z|y), =,y € S™.

Let E™! denote the vector space R"t! endowed with the symmetric bilinear
form which associates to vectors u = (uq, ..., up+1) and v = (v1,...,Up+1), the real
number (u|v) is defined by

n
(uv) = —Upy1Upt1 + Zuﬂh
i=1
Let H" denote the hyperbolic n—space defined by
H" = {u= (U1, ., tny1) € E™': (ulu) = —1,u,11 > 0},
with metric dg» such that

coshdyn (z,y) = —(z|y), =,y € H".



RUNNING TITLE 77

Definition 2.1. Given k € R, we denote by M’ the following metric spaces:

() if K = 0 then M is the Euclidean space E";

(ii) if £ > 0 then M}’ is obtained from the spherical space S" by multiplying the
distance function by the constant 1/v/k;

(iii) if & < O then M} is obtained from the hyperbolic space H" by multiplying
the distance.

A geodesic triangle /\(z,y, z) in a geodesic space (X, p) consists of three points
x,y,z in X (the vertices of /) and three geodesic segments between each pair of
vertices (the edges of /). A comparison triangle for a geodesic triangle A(z,y, z) in
(X, p) is a triangle A(Z,7,Z) in M? such that

p(mvy) = dlwf (fvy)a p(:‘/a Z) = dM,f (?,E) and p(z,x) = d]%,f (Ev E)

If £ < 0 then such a comparison triangle always exists in M ,f If £ > 0 then such
a triangle exists whenever p(z,y) + p(y, 2) + p(z,2) < 2Dy, where Dy = 7/Vk. A
point P € [T, 7] is called a comparison point for p € [z,y] if p(x,p) = d M2 (T, D).

A geodesic triangle A(x,y, z) in X is said to satisfy the CAT(k) inequality if for
any p,q € /\(z,y, z) and for their comparison points p,q € A(Z,7, %), one has

p(p;q) < dpg2(P,9)-

Definition 2.2. If £ < 0, then X is called a CAT(k) space if X is a geodesic space
such that all of its geodesic triangles satisfy the CAT(k) inequality.

If £ > 0, then X is called a CAT(k) space if X is Djy—geodesic and any geodesic
triangle A(z,y, z) in X with p(x,y) + p(y, z) + p(z,z) < 2Dy, satisfies the CAT(k)
inequality.

In a CAT(0) space (X, p), if z,y, z € X then the CAT(0) inequality implies

1 1 1 1 1
7 (590 37) < 320 + 57 - 1702) N
This is the (CN) inequality of Bruhat and Tits [22]. This inequality is extended by
Dhompongsa and Panyanak [19] as

PP, (1-a)y @ az) < (1-a)p’(z,y) + ap®(2,2) —a(l —a)p?(y,2)  (CN")

forall @ € [0,1] and z,y, z € X. In fact, if X is a geodesic space then the following
statements are equivalent:

(i) X is a CAT(0) space;

(ii) X satisfies (CN);

(iii) X satisfies (CN*).

Let R € (0,2]. Recall that a geodesic space (X, p) is said to be R—convex for R
(see [23]) if for any three points z,y, z € X, we have
2 2 2 R 2
Pz, (1-ay®az) < (1-a)p’(z,y) +ap™(z,2) = Sal —a)p™(y,2). (1)

It follows from (CN*) that a geodesic space (X, p) is a CAT(0) space if and only if
(X, p) is R—convex for R = 2. The following lemma is a consequence of Proposition
3.11in [23].

Lemma 2.3. Let k > 0 and (X, p) be a CAT(k) space with diam(X) < Wjie Jor
somee € (0,7/2). Then (X, p) is R—convex for R = (m — 2¢) tan(e).

The following lemma is also needed.
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Lemma 2.4. ([21, p.176]) Let k > 0 and (X, p) be a complete CAT(k) space with

diam(X) < ﬂ/Q\/%E for somee € (0,7/2). Then

p(z,0y® (1 —a)z) <ap(z,y) + (1 —a)p(z, 2).
Jorallz,y,z € X and a € [0,1].

Let {z,} be a bounded sequence in a CAT(k) space (X, p). For z € X, we set
r(z,{z,}) = limsup p(z, z,,).
n—-oQ
The asymptotic radius r({z,}) of {x, } is given by

r({zn}) = inf{r(z, {z,}) : € X},
and the asymptotic center A({z,}) of {z,} is the set

A(fzn}) = {z € X or(e, {on}) = r({zn})}-

It is known from Proposition 4.1 of [1 1] that in a CAT(k) space X with diameter
smaller than 2”—\/% A({x,}) consists of exactly one point. We now give the concept

of A—convergence and collect some of its basic properties.

Definition 2.5. ([9], [24]) A sequence {z,} in X is said to A—converge to x € X if
x is the unique asymptotic center of {u,,} for every subsequence {u,} of {z,}. In
this case we write A — lim,, x,, = = and call  the A—limit of {z,}.

Lemma 2.6. Let k > 0 and (X, p) be a complete CAT(k) space with diam(X) <

W/Q\/E_ £ for some e € (0, 7/2). Then the following statements hold:
(i) [11, Corollary 4.4] every sequence in X has a A—convergence subsequence;
(ii) [11, Proposition 4.5] if{z,,} C X and A—lim,, z,, = z, thenz € N2 ,conv{xy,

Tkt1, ...}, Wheretonv(A) = N{B: B 2 A and B is closed and convex}.

By the uniqueness of asymptotic centers, we can obtain the following lemma (cf.
[19, Lemma 2.8]).

Lemma 2.7. Let k > 0 and (X, p) be a complete CAT(k) space with diam(X) <

W/Q\/E_E for some e € (0,7/2). If {x,,} is a sequence in X with A({z,}) = {«} and
let {uy} is a subsequence of {x,} with A({un,}) = {u} and the sequence {p(z,,u)}

converges, then x = u.

Definition 2.8. [3] Let F be a nonempty subset of a CAT(k) space (X, p). Amapping
T : F — F is said to be _fundamentally nonexpansive if

p(T*(x),T(y)) < p(T(2),y),
forall z,y € F.

Proposition 2.9. [3] Every mapping which satisfies condition (C) is_fundamentally
nonexpansive, but the inverse is not true.

3. MAIN RESULTS

Let X be a uniformly convex Banach space, K be a nonempty closed convex
subset of X.
In this section, we prove our main theorems.

Lemma 3.1. Let E be a nonempty subset of a CAT(k) space (X, p), andT : E — E
be a fundamentally nonexpansive mapping. Then

p(z, T(y)) < 3p(T(x),x) + p(z,y),
forallz,y € E.
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Proof. Since T is fundamentally nonexpansive, we have

p(x,T(y)) < p(,T(x)) + p(T(x), T*(x)) + p(T*(x), T(y))
< 2p(x,T(x)) + p(T(2),y)
<3p(z, T(2)) + p(x,y)-
This completes the proof. O

The following lemma is a consequence of Lemma 3.4 of [16].

Lemma 3.2. Let k > 0 and (X, p) be a CAT(k) space such that diam(X) < ﬂ/z\/E_E

for some ¢ € (0,7/2) and let {z,} and {w,} be two sequences in X. Let {3,}
be a sequence in [0, 1] such that 0 < liminf, §, < limsup, 8, < 1. Suppose that

Zn+1 = Bnzn+ (1= Bn)w, foralln € N and lim sup,, (p(wp+1, wn) — p(Zn+1, 2n)) < 0.
Then lim,, p(wy, 2,,) = 0.

Lemma 3.3. Let k > 0 and (X, p) be a complete CAT(k) space with diam(X) <

”/2\@7 = for some e € (0,7/2). Let E be a nonempty closed convex subset of X, and

T : E — FE be a fundamentally nonexpansive mapping. Define a sequence {x,,}
byz, € Eand x, 41 = a,T(2,) @ (1 — o), for alln € N where {a,, } C [0, 1] such
that 0 < liminf,, o, < limsup,, ay, < 1. Thenlim, o p(T(zn), z,) = 0.

Proof. Since T’ is fundamentally nonexpansive, we have

p(T($n+1), T(mn)) = anp(T2(xn)7 T(In)) S OénP(T(In), In) = P($n+17 xn)

for all n € N and hence

p(T($n+1), T(xn)) < p(xn-i-l, xn)-
This implies that

lim sup (p(Tzpi1,Txn) — p(Tpa1,2n)) < 0.

n—ro0o

So, by Lemma 3.2, we have
lim p(T(zy),xn) = 0.

n—roo
This completes the proof. O

Theorem 3.1. Let k > 0 and (X, p) be a complete CAT(k) space with diam(X) <

”/2\@_ £ for some e € (0,7/2). Let E be a nonempty closed convex subset of X, and

T : E — E be a fundamentally nonexpansive mapping. Then F(T) is nonempty.

Proof. Define a sequence {x,} by z; € F and x,41 = %Txn ® %a:n for all n € N.
Suppose that A({z,}) = {#}. Then by Lemma 2.6, z € E. By Lemma 3.3, we have
lim,, p(T(xy,), ) = 0 and by Lemma 3.1,

p(an, T(2)) < 3p(T(2n), Tn) + p(2n, 2)-

Taking the limit superior on both sides in the above inequality, we obtain

limsup d(z,,T(z)) < limsup d(z,, 2).
n—-aoQ

n—o0

Since A({x,}) = {z}, it must be the case that z = T(z). O

The following corollary shows that how we derive a result for CAT(0) spaces from
Theorem 3.1.
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Corollary 3.4. Let (X, p) be a complete CAT(0) space, E be a nonempty bounded
closed convex subset of X, and T : E — FE be a fundamentally nonexpansive
mapping. Then F(T) is nonempty.

Proof. 1t well known that every convex subset of a CAT(0) space, equipped with the
included metric, is a CAT(0) space (cf. [21]). Then (FE, p) is a CAT(0) space and hence
it is a CAT(k) space for all £ > 0. Notice also that F is R—convex for R = 2. Since
E is bounded, we can choose ¢ € (0,7/2) and k > 0 so that diam(E) < T/2_¢ The

N
conclusion follows from Theorem 3.1.

Theorem 3.2. Let k > 0 and (X, p) be a complete CAT(k) space with diam(X) <

”/2\/2_ £ for some e € (0,7/2). Let E be a nonempty closed convex subset of X, and

T : E — F be a_fundamentally nonexpansive mapping and F(T) # 0. Then F(T)
is closed and convex.

Proof. We can prove by following the steps of the Theorem 4.1 of [3]. O

Theorem 3.3. Let k > 0 and (X, p) be a complete CAT(k) space with diam(X) <

”/2\/2_ = for some e € (0,7/2). Let E be a nonempty closed convex subset of X, and

T : E — E be a fundamentally nonexpansive mapping. Let {z,} be a sequence in
E with lim, p(T(z,), ) =0 and A —lim,, x, = z. Thenz € E and z = T(z).

Proof. Since A —lim,, z,, = z, by Lemma 2.6, we have z € E. It follows from Lemma
3.1 that

p(xn, T(2)) < 3p(T(n), 2n) + p(Tn, 2).

Taking the limit superior on both sides in the above inequality, we obtain
lim sup p(2,, T(2)) < lim sup p(x,, 2).
n—>oo n—oQo
By the uniqueness of asymptotic center, we obtain z = T'(z). 0

The following corollary shows that how we derive a result for CAT(0) spaces from
Theorem 3.3.

Corollary 3.5. Let (X, p) be a complete CAT(0) space, E be a nonempty bounded
closed convex subset of X, and T : E — FE be a _fundamentally nonexpansive
mapping. Let{z,} be a sequence in F withlim,, p(T(z,),x,) = 0 and A—lim,, z,, =
z. Thenz € E and z = T(z).

Proof. It well known that every convex subset of a CAT(0) space, equipped with the
included metric, is a CAT(0) space (cf. [21]). Then (E , p) is a CAT(0) space and hence
it is a CAT(k) space for all £ > 0. Notice also that F is R—convex for R = 2. Since
E is bounded, we can choose ¢ € (0,7/2) and k > 0 so that diam(E) < ﬂ%E. The
conclusion follows from Theorem 3.3.

Lemma 3.6. Let k > 0 and (X, p) be a complete CAT(k) space with diam(X) <

”/2\/% < for some ¢ € (0,7/2). Let E be a nonempty closed convex subset of X,

and T : E — FE be a fundamentally nonexpansive mapping. Suppose {x,} is
a sequence in E such that lim,, p(T(x,),z,) = 0 and {p(z,,v)} converges for all
v € F(T), then wy(z,) C F(T). Here wy(z,) := JA ({u,}) where the union is
taken over all subsequences {u, } of {z,}. Moreover, w,,(x,) consists of exactly one
point.
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Proof. Let u € wy(2,). Then there exists a subsequence {u,} of {z,} such that
A({un}) = {u}. By Lemma 2.6, there exists a subsequence {v,} of {u, } such that
A—lim, v, =v € E. By Theorem 3.3, v € F(T'). By Lemma 2.7, u = v. This shows
that wy, (z,) C F(T). Next, we show that w,,(z,) consists of exactly one point. Let
{un} be subsequence of {x, } with A({u,}) = {u} and let A({z,}) = {z}. Since
U € wy(zy) C F(T), we have {p(z,,u)} converges. Again, by Lemma 2.7, © = u.
This completes the proof. U

Theorem 3.4. Let k > 0 and (X, p) be a complete CAT(k) space with diam(X) <

”/2\@76 Jor some e € (0,7/2). Let E be a nonempty closed convex subset of X, and

T : E — E be a fundamentally nonexpansive mapping. Define a sequence {x,, }
byzi € E and zp1+1 = o, T(zy,) @ (1 — )z, for alln € N where {a,, } C [0, 1] such
that 0 < liminf,, o, < limsup,, a,, < 1. Then {z,} A— converges to a fixed point of
T.

Proof. By Lemma 3.3, we have lim, p(T(zy),2,) = 0. By Theorem 3.1, F(T) is
nonempty. Given z € F(T), by Lemma 3.1 we have

p(T(xn),2) < 3p(T(2),2) + p(an, 2) < p(wn, 2).
This implies that

P(@nt1,2) = planT (zn) © (1 — o) Ty, 2)
< anp(T'(2n), 2) + (1 = an)p(an, 2)
< p(@n, 2).
That is
Pni1,2) < plin, 2). @
Thus {p(zy, z)} is bounded and decreasing for all z € F(T), and so it is convergent.

By Lemma 3.6, w,, () consists of exactly one point and is contained in F(T'). This
show that {z,,} A— converges to an element of F(T). O

Theorem 3.5. Let k > 0 and (X, p) be a complete CAT(k) space with diam(X) <

”/2\%7 = for some e € (0,7/2). Let E be a nonempty compact convex subset of X, and

T : E — FE be a fundamentally nonexpansive mapping. Define a sequence {x,,}
byz, € Eand x, 41 = a,T(2,) @ (1 — o), for alln € N where {a,, } C [0, 1] such
that 0 < liminf, a,, < limsup, o, < 1. Then {z,} converges strongly to a fixed
point of T

Proof. By Lemma 3.3, we have lim,,_, o, p(T(z,,),z,) = 0. Since E is compact,
there exists a subsequence {z,, } of {z,} such that limj z:,, = z for some z € E.
It follows from Lemma 3.1 that

P(Xn,, T(2)) <3p(T(xn,), Tn,) + p(Tn,,z) for all k € N.

Letting k — oo, we have {x,,, } converges to T'(z). This implies that z = T'(z), that
is z € F(T). Following the proof of Theorem 3.4, we obtain lim,, p(z,,, z) exists for
all z € F(T), it must be the case that lim,, p(z,,2) = 0. Therefore we obtain the
desired result. |

Recall that a mapping 7' : ' — I is said to satisfy condition (I) if there exists
a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and f(r) > 0 for
all » > 0 such that p(z,T(z)) > f (p(z, F(T))) for all z € E, where p (z, F(T)) =
inf.cper) p(z, 2).
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Theorem 3.6. Let k > 0 and (X, p) be a complete CAT(k) space with diam(X) <

W/z\/i = for some ¢ € (0,7/2). Let E be a nonempty closed convex subset of X, and
T : E — FE be a fundamentally nonexpansive mapping satisfies the condition
(I). Define a sequence {z,} by xz; € E and xpy1 = ap,T(zy) ® (1 — ap)zy, for all
n € N where {a,,} C [0,1] such that 0 < liminf, o, < limsup, o, < 1. Then {z,}
converges strongly to a fixed point of T

Proof. By condition (I), we have
fp(zn, F(T))) < p(xn, T(xy)) forall n € N.
It follows from Lemma 3.3 that

im f(p (2, F(T))) = 0.
This implies that there exists a subsequence {z,, } of {z,} such that

1
P(Tny, 2k) < oF for all k € N. 3)

Where {z;,} C F(T). By (2), we have

p(xnk+17zk) S p(xnk7zk> S
Hence

P(2k+17 zk) < P(Zk+17 xnk+1) + p(xnk-u ’ Zk?)
1 1 1 1
< 2D + oF < o1 —> 0as k — oo.
This shows that {z;} is a Cauchy in F(T). Since F(T) is closed in X, there exists a
point z in F(T) such that limg__, » 2; = 2. It follows from (3) that limy__, o, x = 2.

Since lim,,_,, p(z,, 2) exists, it must be the case that lim, . p(z,,2) = 0.
Therefore we obtain the desired result. O
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In 2006, Bhaskar and Lakshmikantham proved a fixed point theorem for a mixed
monotone mapping in a metric space endowed with partial order, using a weak con-
tractivity type of assumption. Recently Luong and Thuan proved some results of
coupled fixed point that generalized main results of them. In this paper, By using the
samet’s method and by using different conditions we prove some coupled fixed point
theorems for mapping having mixed monotone property in partially ordered metric
space. Also by considering the results of Berinde and Burcut and using the main idea
of Samet and Vetro extend the concept of «—admissibility for tripled fixed point the-
orems in metric spaces. As an application, we discuss the existence and solution of a
nonlinear integral equation.
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1. INTRODUCTION

In 1987, Guo and Lakshmikantham introduced the notion of coupled fixed
points [6]. In the last decade of the previous century other authors obtained im-
portant results in this area. In 2006 Bhaskar and Lakshmikantham introduced
notions of a mixed monotone mapping and a coupled fixed point [7]. They proved
fixed point theorem for a mixed monotone mapping in a metric space endowed with
partial order, using a weak contractivity type of assumption.

Recently Luong and Thuan proved some results of coupled fixed point that gener-
alized main results of them [10].
Let us recall some basic definitions of mixed monotone property and c-admissiblity,

[11]-[10].
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Definition 1.1. [7], Let (X, <) be a partially ordered set and F' : X x X — X.
The mapping F' is said to have the mixed monotone property if F'(z,y) is monotone
non-decreasing in z and is monotone non-increasing in ¥, that is, forany z,y € X,
x1,29 € X, 11 <19 = F(a1,y) < F(22,9)

and

yi,92 € X, y1 Syp = F(z,y1) 2 F(z,12).

Definition 1.2. [7], An element (z,y) € X x X is called coupled fixed point of the
mapping F': X x X — X ifa = F(z,y), and y = F(y, z).

Definition 1.3. [2], An element (z,y, z) € X x X x X is called a tripled fixed point
of F: X xXxX— XifF(z,y,2) =z, F(y,z,2) =y, and F(z,x,y) = z.

Definition 1.4. [11], Let (X, d) be a metric space and T : X — X be a given
mapping. we say that T is an o — 1) — contractive mapping, if there exist two
functions ¥ € ¥ and o : X x X — [0,00) such that :

oz, y)d(Tz, Ty) < Y(d(z,y)) forall x,y€ X.
Definition 1.5. [11],Let 7 : X — X and o : X x X — [0,00). we say that T is
a — admissible if
r,ye X, alz,y) >1= a(Tz,Ty) > 1.
Definition 1.6. [9] Let f : X — X anda: X x X — (—o00,+00). We say that f isa

triangular a—admissible mapping if (T1) a(z,y) > 1 = a(fz, fy) > 1, z,y € X
(T2)

implies «(z,y) > 1,z,y,z € X.

Example 1.7. [9] Let X = R, fz = e’ and a(z,y) = ¥/r—y+ 1. Hence, fis a
triangular a—admissible mapping. Again, if a(z,y) = /z—y+1> 1thenz >y
which implies fx > fy. That is, «(fxz, fy) > 1. Moreover, if

afr,2z) > 1
a(z,y) > 1,
then z — y > 0, and hence a(:my) > 1.

Lemma 1.8. [11] (A Coupled Fixed Point is a Fixed Point). Let ' : X x X — X be a
given mapping. Define the mappingT : X x X — X x X by

T(x,y) = (F(z,y), F(y,z)), forall (z,y) € X x X.
Then, (x,y) is a coupled fixed point of F' if and only if (x,y) is a fixed point of T'.

Let ® denote all functions ¢ : [0,00) — [0, 00) which satisfy
(i) ¢ is continuous and non-decreasing,
(i) ¢(t) = 0 if and only if ¢t = 0,
(iii)p(t + s) < p(t) + ¢(s), Vt, s € [0,00)
and ¥ denote all functions 1 : [0,00) — [0, 0c0) which satisfy lim;—,,1(t) > 0 for all
r > 0and lim;_,,+1(t) = 0.
In [10] the authors gave examples of this functions.

Theorem 1.9. (see[11]) let (X, d) be a complete metric space and T : X — X be
an o — ) —contractive mapping satisfying the following condition:
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(i) T is a—admissible,
(i) there exists xg € X such that a(xg, Txg) > 1,
(iii) 7" is continuous.
Then, T' has a fixed point, that is, there exists x* € X such that Tz* = z*.
Theorem 1.10. [10]Let (X, <) be a partially ordered set and suppose there is a
metric d on X such that (X,d) is a complete metric space. let F : X x X — X

be a mapping having the mixed monotone property on X such that there exist two
elements g, yo € X with

2o < F(0,y0) and yo = F(yo, o).
Suppose there exist p € ® and 1) € ¥ such that

P(d(F (,y), F(u,0)) < Sip(d(w, u) + d(y, v)) — o Loy
SJorallx,y,u,v € X withz > u and y < v. Suppose either

(a) F'is continuous or

(b) X has the following property:
(i) if a non-decreasing sequence {mn} — x, thenx,, < z foralln,
(i) if a non-increasing sequence {y,} — y, theny < y, for all n,

then F' has a coupled fixed point in X.

2. THE MAIN RESULTS

Theorem 2.1. Let (X,d) be a complete metric space and F : X x X — X be a
mapping having the mixed monotone property on X . suppose that there existy € ¥
and ¢ € ® and a function o : X% x X? — [0, 00) such that

(@) (0.0) (A (Pla), P, ) € S u) +d(y.v) — (L2402

(2.1)

if F is o — admissible and there exists (zg,yo) € X x X such that

a((zo, o), (F(zo,Y0), F'(yo,0))) = 1 and a((F'(yo, o), F' (0, Y0)), (o, Z0)) > 1,
and there exists xg,yo € X such that

zo < F(xo,y0) and yo > F(yo, o).

and for all x,y,u,v € X Suppose either

(a) F'is continuous or

(b) X has the following property:
(i) if a non-decreasing sequence {xn} — x, thenx,, < z foralln,
(i) if a non-increasing sequence {y,} — y. theny < y, for all n

then F' has a coupled fixed point in X.

Proof. Let xg,yo € X be such that xy < F(zg,y0) and yo > F(x0,y,). we construct
sequences {z,} and {y,} in X as follows

Tnt1 = F(TnyYn) and ypnt1 = F(Yn,xn) for allmn >0 2.2)
We shall show that
Ty < Tpy1 and Yp > Ypa1 for all n > 0. (2.3)

We shall use the mathematical induction.
Let n = 0. Since zy < F(zo,%0) and yo > F(yo,x0) and 1 = F(x0,y0) and
y1 = F(yo,x0), we have zo < x1 and yo > y; thus (2.28) hold for n = 0.
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Now suppose that (2.28) hold for some fixed n > 0, then since z, < z,4; and
Yn = Yn+1, and by mixed monotone property of F', we have

Tp42 = F(xn+17yn+1) > F(xna ynJrl) > F((Enyyn) = Tn+1 (2.4)

Yn+2 = F(yn+1,l’n+1) S F(yruxn-i-l) S F(ynaxn) = Yn+1 (25)

Now from (2.29) and (2.30), we obtain

Tpt+1 < Tpt2 and Yni1 = Ynto
Thus by the mathematical induction we conclude that (2.28) hold for all n > 0.
Since z,, > z,-1 and y, < y,_1, so we have

p(d(@n, 2nt1)) = P(d(F (20, yn), F(Tn-1,Yn-1)))
S a((xnflaynfl)a (F(xnfhynfl)aF(ynflu(Enfl)))SO(d(F((Enyyn%F((Enfhynfl)))

<

d(Tp—1,2n) + d(Yn—1,Yn) ) (2.6)

e (dlnmr,an) + dlyn-r90) — ;

DN |

P(dyns yo+1)) = ¢ (AF Wo1,0-1). F(yasa))

< a((Fn-15201) P@a1,9n-1)s Wn-1:20-1) )0 (AF (W1, 30-1), Flgn, 20)))

d(ynfla yn) + d(l’n,h xn))

< (o1 0) + (e s,20)) — o '

Adding (2.33) to (2.36 ), we get

B((Gt,€2), (1)) (AP @y )y F@n1,9n-1))) + @(AF W1, 0-1), F(ysa))))

(2.7

< w(d(fcm Tn-1) + d(yn, ynfl)) - 2w(d(“"""’ Zn-1) ;r 4y Y1) ) (2.8)
with
B((C1,¢2), (11,m2)) = min {a((xn,l,yn,l), (F(:vn,l,yn,l),F(yn,l,xn,l))>,
(2.9)
a((F(yn—laxn—1)7F(xn—la yn—l))a (%—hyn—l)) }
(2.10)

If we consider Y = X x X, so we can define 5 : Y x Y — [0, 00), such that for all
¢=(C,¢)n=(m,m) €Y

B((C1,¢2)s (m;m2)) = min{e((C1, C2), (m1,m2)), (2, M), (C2,C1))-

and T : Y — Y is given by (1.8). let ¢ = ((1,{2),7 = (m,n2) € Y such that
B(¢,m) > 1, we obtain immediately that 5(7¢,Tn) > 1. also there exists (z9,yo) €
Y such that:

B((z0,y0), (F(z0,y0), F(y0,70))) > 1. (2.11)
By property (iii) of ¢, we have
p(d(@ns1,20) + d(Ynt1,9n)) < 0(d(@nt1.20)) + Q(AYn, Yntr)).  (2.12)

From (2.37), (2.40) and (2.41), we have
%O(d(xn—&-la Tn) + d(Yn+1, yn)) < B((Tn, Yn), (Tn-1, yn—l))@(d(mn-‘rla Tn) + d(Ynt1, yn))
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d@m JUn—l) + d(yn, yn—l)
2

< o (dlans 1) + dlyn 1) ) = 20 .
(2.13)

Which implies

o(d(@nt1, ) + d(Yns1,Yn)) < @(d(@n, Tn_1) + d(Yn, Yn—1)).
Using the fact that ¢ is non-decreasing, we get

A(@nt1,Tn) + d(Ynt1,Yn) < d(@n, Tn-1) + d(Yn, Yn—1)-

Set §, = d(znt1,2n) + d(Ynt1,yn) then sequence {4, } is decreasing. Therefore,
there is some § > 0 such that

We shall show that § = 0. Suppose to the contrary, that § > 0, Then taking the limit
as n — oo of both sides of (2.41) and have in mind that we suppose lim;_,,. 1(¢) > 0
for all r > 0 and ¢ is continuous, we have

w(6) = lim ¢(d, —hm{ n1—2¢( 5 )}

n—»oo
=p(0) -2, lim 1/)( =) < @(9).
a contradiction. Thus ¢ = 0, that is,
Uiy —000n = liMny—eo [d(an, Zn) + d(Ynt1, yn)} =0. (2.15)

In what follows, we shall prove that {z, } and {y, } are Cauchy sequences. Suppose,
to the contrary, that at least of {z,} or {y,} is not Cauchy sequence. Then there
exists an € > 0 for which we can find subsequences {Z, )}, {Zm )} of {z,} and

{Unt) s {Wm) } of {yn} with n(k) > m(k) > k such that
ATk, Tm(k)) + AYn(k)s Ym(k)) = €. (2.16)

Further,corresponding to m(k), we can choose n(k) in such a way that it is the
smallest integer with n(k) > m(k) > k and satisfying (2.45). Then

AT (k) =15 Tmk)) T AYn(k)—1, Ymk)) < € (2.17)

Using (2.45), (2.46) and the triangle inequality, we have

< d( (k) l‘n(k) 1)+ d(l“n 8 =15 Tm(k)) + AWUn(k) Yn(k)—1) + AYn(k) =15 Ym(k))

< d( Tn(k)s n(k)—l) + d(yn(k)a yn(k)—l) +e.
Letting k£ — oo and using (2.44)

limg ook = limp oo [d(a?n(k), Ton(k)) + A(Yn(k)s ym(k)):| =e. (2.18)
By the triangle inequality

T = ATy Tm(k)) T AUn(k)s Ym)) < ATnk)s To)+1) + AT £15 Tme)+1)
+ AT (k) +1> Tm(k)) T AYn(k)s Yn(r)+1)

+ d(yn(k)-‘rh ynL(k)-‘rl) + d(y'm(k)-i-la ym(k))
= On(k) + Om(k) + A(@Tn)+1, Tmk)+1) + AYnk)+1> Ymk)+1)-
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Using the property of ¢, we have
o(ry) = @(5n(k) + 5m(k) + d(xn(k)Jrh xm(k)Jrl) + d(yn(k)+17 ym(k)+1))

< P(Gn(k) t Omr)) T LA Tnm) 11, Tmy+1)) + A Ynk) 41, Ymky+1))- (2.19)
Since n(k) > m(k), hence Tp,(x) > Tm(k) and Y (k) < Ym(k)- SO We have

(AT n(ky+ 15 Tm)+1)) = LAFE @k, Ynk))s F(@mrys Ym(r)))) (2.20)
< a((xn(k)a yn(k))7 (xm(k)a ym(k)))so(d(F(xn(k)a yn(k))7 F(xnb(k)a ym(k)))) (2.21)

2

1 d(
< iw(d(xn(k), Tin(k)) + A WYn)> Ym(k))) — 1/}(
(2.22)

= 3ot - (%), 229)
and
Q(AWYn)+1> Y +1)) = LAE Wnkys Tn))s F Gmey Tmr))))
< a((yn(k)a Tn(k))s Um(k)> Tm())) 2 (AF Wnky> Tnir))s F Yk Tmk))))

A(Yn(k)> Ym(k)) + ATn (k) Tm(k))
o ; )

—_

iw(d(yn(k)a ym(k)) + d(xn(k)a an(k))) -

= So(r) — v (%)- (2.24)
From (2.48)-(2.52), we have
(1) < 0 (8ngk) + ) + (%) — 27/1(%‘)
a contradiction. Therefore {z,} and {y,} are Cauchy sequences. Since X is
complete metric space, there exist x,y € X such that
limp ooy = and limy s o0cYn =Y. (2.25)
Now, suppose F' is continuous. Taking the limit as n — oo in (2.27) and by (2.53),

we get

T = llmn%mxn = limn—)ooF(:Cn—l,yn—l) = F(limn%ooxn—la lzmn%ooyn—l) =

F(x,y)

and

Y= lzmn—ﬂ)oyn = limn%ooF(yn—laxn—l) = F(limn%myn—lylimnﬁooxn—l) =
F(y, ).

Therefore F' has coupled fixed point.
Finally, suppose that (b) holds. by assumption (b), we have z,, > = and y,, < y for
all n. Since

d(a:,F(J:,y)) < d(xvxn+l) + d(xn+l?F(x7y)> = d(l‘,$n+1) + d<F(xnayn)?F(xay))
Therefore

e(d(z, F(z,y))) < o(d@,2n11)) + @ (d(F (20, yn), F(z,y)))

(d(:L' Tn41 )+a((xn,yn)v(CE,y))@(d(F(xnayn)aF(xay)))

<
< (A, 7u41)) + S (dlwn, 2) + dlyn,y)) — (L)),
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Taking the limit of above inequality, using (2.53) and the property of 1, we get
¢(d(x, F(z,y))) =0, thus d(z, F(z,y)) = 0. Hence z = F(x,y). Similarly, one can
show that y = F(y, x).

Thus we proved that F' has a coupled fixed point. O

Theorem 2.1. In addition to hypothesis of Theorem 2.1, if o and yg are comparable
then F' has a Fixed point.

Proof. By using a similar proof in Theorem (2.6) of [10] we can deduce the proof. [l

Corollary 2.2. In Theorem 2.1, if 2.1 replaced with:

a((x, y), (u, v))cp(d(F(:E, y), F(u, U))) < igp(d(z, u) + d(y, v) + d(u, F(u,v)) + d(v, F(v, u)))

—1

(2.26)
Sorall (x,y), (u,v) € X x X, then F has coupled fixed point.

Proof. Let xg,yo € X be such that 2o < F(xg,yo) and yo > F(x0,y,). we constract
sequences {x,} and {y,} in X as follows
Tnt1 = F(xn,yn) and yny1 = F(Yn, xn) for alln >0 2.27)
We shall show that
Ty < Tpy1 and Yp > Yna1 for all n > 0. (2.28)

We shall use the mathematical induction. Let n = 0. Since 2y < F(xo,y0) and
Yo > F(yo,x0) and 1 = F(x0,yo) and y1 = F(yo, o), we have ¢ < z7 and yo > 1
thus (2.28) hold for n = 0.

Now suppose that (2.28) hold for some fixed n > 0, then since z,, < x,4; and
Yn = Yn+1, and by mixed monotone property of F', we have

Tn+4+2 = F(xn—&-layn—i-l) 2 F(-/L‘nayn-&-l) Z F(-rnzyn) = Tn+1 (229)

Yn4+2 = F(yn+17xn+1) < F(vayxn+1) < F(yna zn) = Yn+1 (2.30)
Now from (2.29) and (2.30), we obtain

Tn41 S Tn+2 and Yn+1 Z Yn+2-
Thus by the mathematical induction we conclude that (2.28) hold for all n > 0.
Since z,, > z,—1 and vy, < y,—1, SO we have

Sﬁ(d(T/m xﬂ+1)) - (p(d(F(In—la yn—l)a F(In; yn))) (2.31)

< a((@n-1:90-1): (F@at,9n-1), F@no1:20-1)) ) @ (AF @1, yn-1), P, 90))

(2.32)

1
4
—l/) d(xn—l"rn) + d(yn—layn) + d(xn—17F(x7z—17yn—1)) + d(yn—lvF(yn—la xn—l))

4
< So(dar. ) + o)) - o ntn) Aot
©(d(Yns Yn+1)) = P(AF (Yn-1,Tn-1), F (Yn,Tn))) (2.34)

@(d(xn—h xn) + d(yn—17 yn) + d(xn—la F(xn—la yn—l)) + d(yn—la F(yn—h xn—l)))

)

(d(m, u) + d(y,v) + d(u, F(u,v)) + d(v, F(v,u)

(2.33)
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< a((F(yn—hxn—l), F(‘rnflaynfl))a (Yn—1, xnfl))W(d(F(ynfla Tn-1), F(yn,xn)))

(2.35)
1
< EW(d(yn—la yn) + d(gjn—la xn) + d(yn—h F(yn—h zn—l)) + d(xn—la F(In—la yn—l)))
_ w(d(yn—la Yn) + d(Tn_1,2n) + dYn—1, F(Yn—1,7n1)) + d(xn_1, F(2n_1, yn—l)))
4

d(ynfla yn) + d(xnfla xn))

< %Qp(d(ynfla yn) + d(xn*h xn)) - ¢< 2

Adding (2.33) to (2.36 ), we get

ﬁ(((la@)a(7717772))<90(d(F(xmyn)aF(In—layn—l))) Jr@(d(F(yn—laxn—l),F(ymxn))))

d(xrn xnfl) + d(yn7 ynfl))
5 .

(2.36)

< @(d(fﬂm Tp—1) + d(Yn, ynfl)) - 21/f( (2.37)

With

B((¢1,¢2), (m1,m2)) = min {a((xn—hyn—l), (F(xn—l,yn—l)vF(yn—laxn—l))>a
(2.38)

O‘((F(yn—la Tp-1), F(Tn-1, yn—l))a (Tp_1, yn—l)) }
(2.39)

If we consider Y = X x X, so we can define 5 : Y x Y — [0, 0), such that for all
C = (C17C2)a77 = (7717772) ey

B((C15¢2)s (m;m2)) = min{e((C1, C2), (m1,m2)), (2, M), (C2,C1))-

and T : Y — Y is given by (1.8). let ¢ = ((1,{2),7 = (m,n2) € Y such that
B(¢,n) > 1, we obtain immediately that 3(T°(,Tn) > 1. also there exists (zo,y0) €
Y such that:

B((z0,v0), (F(z0,0), F(y0,70))) > 1. (2.40)
By property (iii) of ¢, we have
P(d(@ni1,20) + dYnt1,9n)) < @(d(@ns1,20)) + 0(d(Yn, Ynt1))- (2.41)
From (2.37), (2.40) and (2.41), we have
P(d(@ny1,2n) + dYny1Yn)) < B0, Yn)s (@n—1,Yn—1))0(d(@ni1,20) + d(Yni1,Yn))

< w(d(azn,xn_l) + d(yn,yn_l)> B 2¢(d(xn,xn_1) ; d(yn,yn_l))

(2.42)
Which implies
@(d(xn-‘rl; xn) + d(yn-i-h yn)) < @(d(-rnv J:n—l) + d(y’ru yn—l)) .

Using the fact that ¢ is non-decreasing, we get

d(xn+17 xn) + d(yn+1a yn) S d(l’n, xnfl) + d(yn; yn71)~
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Set 6, = d(Zpn+1,%n) + d(Yn+1,yn) then sequence {6, } is decreasing. Therefore,
there is some J > 0 such that
limy 00 0n = limn—)oo[d(xn-i-la xn) + d(yn+la yn)] =4 (2.43)

We shall show that § = 0. Suppose to the contrary, that § > 0, Then taking the limit
as n — oo of both sides of (2.41) and have in mind that we suppose lim;_,,. () > 0
for all r > 0 and ¢ is continuous, we have

¢(0) = Jim p(6n) = Jim [ [ ()]
=¢(d) -2 lim w( —) < @(0).
a contradiction. Thus ¢ = 0, that is,
liMy—000n = liMn—0o [d(xm_l, Zn) + d(Ynt1, yn)} =0. (2.44)

In what follows, we shall prove that {z, } and {y, } are Cauchy sequences. Suppose,
to the contrary, that at least of {x,} or {y,} is not Cauchy sequence. Then there
exists an ¢ > 0 for which we can find subsequences {Z,,)}, {Zmu)} of {z,} and

{Uny b {Yme) } of {yn} with n(k) > m(k) > k such that
AT k), Tom(k)) + AYn(k)s Ym(k)) = €- (2.45)

Further,corresponding to m(k), we can choose n(k) in such a way that it is the
smallest integer with n(k) > m(k) > k and satisfying (2.45). Then

A(Tn(k)y—1> Tmk)) T AYnk)—1> Ymk)) < € (2.46)
Using (2.45), (2.46) and the triangle inequality, we have
e <1k = d(Tn(r), Tm(k)) + AYn(k)s Ym(k))

+ d(@mk)ys F(@m)s Ymx))) + dUm)s FYm)s Tmk)))

< d(Tn(k)s Tnky—1) T ATnm) -1 Tmk)) T AYnk)> Ynk)—1) + AUn(k)—1> Ym(k))

+ AT (k) Tm(k+1)) T AYm(k)s Ymk+1))

< On(k—1) T €+ Omk) < 20n(k—1) T €
Letting kK — oo and using (2.44)

limy_soori = limp o0 [d(xn(k)7 Ton(k)) + AYn(k)s Ym(k))

Fd( T (k) s F(Tm(k)> YUm(r))) + d(ym(k)aF(ym(k)vxm(k)))} =e. (247
By the triangle inequality

Tk = d(Tp (k) Tm(k)) + AYn(k) Ym(k))
+ d( @) F(@mr), Ymk))) T AYmry, F(Ym)s Tm(r)))
< d(Tn(kys Tnky+1) + ATnm) 115 Tmk)+1) T ATy 115 Tmk)) + AYn(k)s Yn(k)+1)
A(Yn(k)+1> Ymk)+1) T AYmk)+1 Ymk)) T ATmk)s Tmk+1) + AYmk)s Ym(k+1))
= On(k) T 20m(k) + A Trk)+15 Tk +1) + AYn(k)+15 Ym(k)+1)-
Using the property of ¢, we have
@(rr) = ©(On) + 20m@m) + A(@nw)+1: Tmry+1) + AWYn(e) 415 Ym()+1))

< P(On(r) + 20mk)) + P(A(Tnk) 11 Tmk)+1)) + PA(Ynk) 115 Ym(k)+1)) - (2.48)
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Since n(k) > m(k), hence 2,y > (k) and Yy (k) < Ym(k). SO We have

(@ )11, Tmr)+1)) = C(AEF (T, Ynk))s F (@) Ym)))) (2.49)

1
< ¢ (d(xn(k)v Tin(k)) + AWYn (k) Ymk)) + A @y, F (@) Ymi))) + A Ymkys F k) Tmi))))
w(d(xn(k)»xm(k)) + d(Yn(k)ys Ymk)) + ATy F(@m), Ymr))) + d(ym(k)aF(ym(k)axm(k))))
4
1 Tk
= Jolr )—w(z) 2.50)
(AW k)y+1 Ym)+1)) = L(AF Yn(r)s Tuk))s F Uk Tm)))) (2.51)

< a((Yn(k)s Tnik))s Um)s Tmr))) 2 (AF Yngeys Tnk))s F Yk Tmr))))
Zgo(d( (k) Ym(k)) T ATy Tmk)) + AWy FUme) Tma))) + Q@) F(@mir), Ymx))))

#J( A(Yn (k) Ymk)) + A @nk)s Tmk)) T AYmk)s FUmk)s Tmi))) + ATmy, F(@m, ym(k))))
4

—_

- 1 Tk
= 100 = ()
(2.52)
From (2.48)-(2.52), we have

@) < ¢ (3ngry + 2ma)) + hiolri) =20 (% ).

Letting kK — oo and using (2.44) and (2.47), we have

#(£) < 9(0) + 3ple) = Aimpoeth (%) = Sp(e) = Aimr ety (%) < 0e),
a contradiction. Therefore {z,} and {y,} are Cauchy sequences. Since X is
complete metric space, there exist x,y € X such that
Uiy ooy = & and limp_soolYn = Y- (2.53)

Now, suppose I’ is continuous. Taking the limit as n — oo in (2.27) and by (2.53),
we get

T = liMmp_oo®n = limn%ooF(xnfl,ynfl) = F(limn%ooxnfla lzmn%ooynfl) =

F(z,y)

and

Y = limp_00Yn = limn—moF(yn—hxn—l) = F(limnaooyn—hlimn—mxn—ﬁ =

F(y,x).

Therefore F' has coupled fixed point.
Finally, suppose that (b) holds. by assumption (b), we have z,, > = and y,, < y for
all n. Since

d(z, F(z,y)) < d(z,vpq1) + d(@py1, F(2,y) = d(@, 2ny1) + d(F (20, Yn), F,9)).
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Therefore
< (p(d T, Tp41 )+Oé((znayn ) (d(F 5177:,1/n F(Z‘7y)))
< p(d(z.2ni)) + iw(d(zn, 2) + Ao ) + dn, F(wn, 92) + Ay, Fn,2.))

)+
)+

- d(n, F (xmyn))>

(d(x7 xn-i-l)) + i@(d(xna Qf) + d(yna Zl) + d(l'n, xn-&-l) + d(yn7 y7z+1))
(d(xn’ x) + d(ym y) + d(yn, yn+1) + d(xna xn-‘rl))
(

(d(xm l‘) + d(ym y) + d(yna (yn, xn)
¥

_w 4

-+ i(p(d(xml') + d(yn»y) + 5”) - w(

d(xn,x) + d(yn, y) + 5n).

= d(xv‘rnJrl)) 4

(2.54)
Taking the limit of above inequality, using (2.53) and the property of 1), we get
¢(d(z, F(z,y))) =0, thus d(z, F(z,y)) = 0. Hence z = F(z,y). Similarly, one can
show that y = F(y, x)
Thus we proved that F' has a coupled fixed point. O

Theorem 2.2. Let (X, d) be a complete metric space o : X x X — [0, 00) a function,
Y e W, andT : X — X be a continuous, non-decreasing triangular a—admissible
mapping such that

a(z,y)y(d(Tz,Ty)) < w(%(d(w‘, Ty) + d(y7Tsc))) - s@(d(a?»Ty), d(y,Tx))
(2.55)

Forallz,y € X,

where ¢ : [0,00) x [0,00) — [0,00) is a continuous function such that o(x,y) = 0 if
and only if x = y. and there exists o € X such that a(xg,Txo) > 1. ThenT has a
fixed point.

Proof. Take xy € X such that a(zg,Tzp) > 1 and define sequence {z,} in X with
Tpt1 =Ty

a(xzo, Txo) = a(xg,x1) > 1 = a(Txo, Tx1) = a(x1,22) > 1.

By continuity of this process we have a(x,, z,+1) > 1, Thus

¢(d(xn; zn—&-l)) = ¢(d(Txn—17 Txn)) S O‘(In—h In)ﬂ}(d(TIn_l, Txn))

< w(%(d(:cn,l, Tx,) + d(a?n,TwnA))) - gp(d(mn,l,Txn),d(a:n,T:cn,l))
< ¢(%(d($n—1a Tnt1) + d(xn’xn))) - ‘P(d(m”—l’x”“)’ d<x”’x"))

< ¢(%(d($n—1y $n+1))> - w(d(xn_h Tnt1), 0) < ¢<%d($n—1’l‘n+1))-
Since 1 is non-decreasing function, we get
w(d(xn,xnﬂ)) < w(%d(xnl,xnﬂ)) = d(Xp, Tnt1 < %d(xn,l,mnﬂ).
Hence d(x,, xn+1)n>1 is non-decreasing sequence and there is 7 > 0 such that
r= nl;néo AT, Tpg1)- (2.56)

Also we have
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(:En;xn+1) % (mn717$n+1) < Q(d(-rn lyxn) +d(xn7xn+1>)

limp—ood(Zn—1,Tnt+1) = 2r Letting n — oo and using (2.56), we get
r < limp—oo3d(Tp—1,Tn41) < 5(r+7).

Hence by using of continuity 1, ¢, we have

b(r) < v (2(20) — p(2r,0).
Which implies that ¢(2r,0) = 0 = r = 0 and limy,—cod(Zpn, Tny1) = 7 = 0. Now we
show that {z,} is a cauchy sequence in z. Suppose to the contrary that {z,, } is not
cauchy sequence, then there exists € > 0 for which we can find two subsequence
{zm,} and {z,, } of {x,} such that n, is the smallest index for which n; > m; > 0,
d(Xn;, Tm,;) > €, Thus d(Tm,, Tn, ,) < €, and we have

e <d(@m;, Tn,) < d(@mys Timgyr) F A @y Tog_y) + (@015 Tny)
< 2d(Timys Tmgyy ) + A(@my, Ty ) + 2d(T,_y, T0,)
< 2d(Tpn,;, Trnyyy ) + €+ 3d(XTm,_ 15 T, )
Letting ¢ — co we get
limi oo (T, Tny) = UMiood(Tmyy 1> Tngyr) = iMoo (@, Tn,) = €. (2.57)
Also we have

w(d(xmLJrN ))

w( (Txm,, Txmq)) < O‘(xmwxni)w(d(Txmmemq))
0 (5@, Tan )+ da Tom)) — @(Aem, Ton, ), dlen,,, Trm,))
(4

( ( (T Tny) + d(mni_l,xmiﬂ))) — @(d(:ﬂmi,:ﬂm)7d(xni_1,xmi+l)).

By letting ¢« — co and use of continuity of ¢ and 1, we get

P(e) < Y(e) —plee).

Hence we get p(c,e) = 0, and € = 0, a contradiction, thus {x,,} is cauchy sequence
in X and there exists x € X such that lim,,_, .z, = .

Since T is continuous and z, — x, we obtain z,4; = Tz, — Tr and Tz = x.
Thus T has fixed point. O

IN

Theorem 2.3. let ' : X x X x X — X be a given mapping in complete metric space
(X, d) and suppose that there exist1) € ¥ and a functiona : X3 x X3 — [0, 00) such
that

1
a((@,y,2), (u,v,w))d(F(z,y, 2), Fu,0,w)) < 39(d(z,u) + d(y, v) + d(z,w))
(2.58)
Jorall (z,y,2), (u,v,2) € X x X x X. suppose also that
(@) Forall (z,y,z2),(u,v,w) € X x X x X, we have a((x,y, 2), (u,v,w)) =1 =

a((F(x,y,z),F(y,z,x),F(z,z,y)), (F(u,v,w),F(v w,u), F(w,u,v) ) >1,
(i) there exists (xo,Yo,20) € X x X x X such that
a((xo,ymzo), (F(xoyyo,Zo)vF(yov207960)7F(2079C071/0))) 21
a((F(yo,Zo,l”o)vF(Zml’ovyo)’F(Io,yO,Zo))»(y0,20,$0)> =1

a((ZOax07y0)a (F(ZO;any07)aF(x07y05Zo)aF(yO,ZO7xO))) 2 1
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(iii) and F' is continuous.
Then, F has a tripled fixed point, that is, there exists (x*,y*,z*) € X x X x X such
that z* = F(z*,y*, 2*) and y* = F(y*,2*,2*) and z* = F(z*, 2", y*).

Proof. The idea consists in transporting the problem to the complete metric space
(Y,6) where Y = X x X x X and 6((z,y, 2), (u,v,w)) = d(z,u) + d(y,v) + d(z,w)
for all (x,y, 2), (u,v,w) € X x X x X. also we have

a((x,y,z),(u,v,w))d(F(x,y,z),F(u v,w)) < ((5 x,y,2), (u,v w))) (2.59)
and

a((v,w,), (9, 2))d(P(v,w,0), F(y, 2,2)) < 20 (5((0,w,0), (3,2,2)) ) (2.60

OJ\*—‘

and

a((z,x,y),(w,u,v))d(F(z,x,y),F(w,u v)) < 7,/}(5 z,z,y), (W, u v))) (2.61)

w\H

Now if T : Y — Y is defined by
T(Tl,TQ,Tg) = (F(Tl,TQ,Tg),F(TQ,Tg,Tl),F(Tg,Tl,TQ)). (262)
for all (11,72,73) € Y,and :Y x Y — [0, 00) is the function defined by

ﬁ((£1;€27£3)a (77177727773)) =
min {oz((a:, Y, 2), (u, v, w)),a((v, w,u), (y, 2, x)),oa((z, z,y), (w,u, v)) },

Then by summing up the inequalities (2.59)-(2.61), and using of (2.62) we get

BEMI(T(2,y,2), T(u,v,w)) < ¥ (6((x,y, 2), (u,v,w))). (2.63)
for all £ = (£1,&,&3),n = (m1,1m2,m3) € Y. Then T is continuous and § —
1—contractive mapping and 5(£,n) > 1. It is easy to check that T is f—admissible
and we know that there exists (zg, yo, 2z0) € Y such that

B((x0, 90, 20), T (0,90, 20)) > 1.
All the hypotheses of 1.9 are satisfied, and so we deduce the existence of a fixed
point of T. U

Example 2.3. Let X = [0, +00) equipped with the standard metric d(x,y) = |z —y|
for all z,y € X. Then (X,d) is complete metric space. Define the mapping F' :
XxXxX —Xby

T x>y >z
0 otherwise

Pl = {
Clearly F is continuous mapping. Define o : X2 x X2 — [0, +00) by
1 u>v>w
ol b)) ={ | L

0 otherwise
Then, (2.58) is satisfied with ¢ (t) = % for all t > 0. Also it is easy to check that
a((m, Y, 2), (u,v,w)) > 1 implies

oz((F(a:, y,2), Fy,z,x), F(z,x, y))7 (F(u,v,w), F(v,w,u), F(w, u,v))) >1,

for all (x,y, 2), (u, v, w)
€ X x X x X. On the other hand, the condition (ii) of Theorem (2.3) is satisfied
with (xo, Yo, 20) = (0,0,0). All the required hypotheses of same Theorem are true
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and so we deduce the existence of a tripled fixed point of F.. Hence (0,0,0) is a
tripled fixed point of F'.

Corollary 2.4. Let (X, d) be a complete metric space and F': X x X x X — X bea
mapping having the mixed monotone property on X. Suppose that there exist ) € ¥
and ¢ € ¢ and a function o : X? x X3 — [0, 00) such that

a((@,9,2), (w,v,w)(A(F (. 2), Flu,v,w)) )

1 d(z,u) +d(y,v) + d(z,w
< 2o(daw) +d(y,0) +d(z,w)) — (AU TABITAE W)
If F' is a—admissible mapping satisfying the following conditions
() Forall (z,y,z), (u,v,w) € X x X x X, we have
a((z,y,2), (u,0,w)) 2 1=

(2.64)

o((F(,9.2), F(y, 2,2), F(z.2,9)), (Fu,v,w), F(o,w,0), F(w,u,0)) ) > 1
(i) there exists (xo,Yo,20) € X x X x X such that
a((x07y072:0)7 (F(x07y0720)7F(y07ZOuxo)aF(ZOam(hyO))) > 17

o((F(yo, 20,0), F (20,70, 30), F (0, 30, 20)) (90, 20, 70) ) > 1,

a((ZOaanyO)? (F(Z07$0,y07)aF($07yo,Zo)vF(ymZo,Jio))) > 1.

(iii) There exists xg, Yo, 20 € X such that
zo < F(0,%0,20) Yo = F(yo, 20, %0) and zo < F(z,0,%0),
(iv) forzx,y,z,u,v,w € X withx > u,y < v,z > w,
(v) Fis continuous or
(@) If a non-decreasing sequence {x,} — z, thenx,, < x for alln,
(b) If a non-increasing sequence {y,} — vy, theny, >y for alln,
(c) If a non-decreasing sequence {zn} — 2z, then z,, < z for all n. Then F' has tripled
fixed point in X.

3. APPLICATION

In this section, we study the existence of a solution to a nonlinear integral
equation, as an application to the fixed point theorem.
let © denote the class of those functions 0 : [0,00) — [0, 00) which satisfies the
following conditions:
(i) 0 is increasing.

(ii) There exists ¢ € ¥ such that 0(z) = § —1(5) for all z € [0, 00).
For example, 0(z) = kz, where 0 < k < £,0(z) = 2(57_11),9(:3) =5 - w are in
O.
Consider the following integral equation
b
z(t) = / (K(t,s) + Ka(t, 5))(f (s, 2(s)) + (s, 2(s))ds + h(t) (3.1)

tel=la,b].
We assume that K, K, f, g, ¢ satisfy the following conditions (i) K1(¢,s) > 0 and
Ks(t,s) < 0forallt,s € [a,b].
(ii) There exist A\, 4 > 0 and € © such that forall z,y € R, = > y.
0< f(t,z) = f(t,y) < A0z —y)
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and

—pb(x —y) < g(t,x) —g(t,y) <0

and Also

max{\, u} sup;e; [ (Ki(t,s) — Ka(t,5))ds < 1

(iii) Also there exists (xg,y0) € C(I) x C(I )such that for all ¢ € I, we have
e((xo(t), yo(t)), ([ K1(t,s)(f(s,20(s)) + g(s,90(s)))ds

+ [V Ko (t,5)(f(5,90()) + g(s,20(s)))ds + h(t),

([} K, 8)(F(s,50()) + g(s,@0(s)))ds + [) Ka(t,s)(f(s,20(5)) + g(s,0(5)))ds +
h(t)))) > 0.

and
(L2 (t, 8)(f (5, 50(s)) +9(s, zo(s )))ds+fbK2 (t,5)(f(s,z0(s))+9(s, yo(s)))ds+h(t),

)
([} K (t,5)(f(s,20(5)) + g(5,30(5)) )d8+f Ka(t,5)(f(s,y0(s))
+9(s,20(s)))ds + h(t), (yo g o zo(1))))) =

x(t

(V) Forallt € I,x,y € C(I (

e( [y Ka(t, 5)(f(s,2(5)) + g(s,y(s)) d5+f Ks(t,s)(f(s,y(s)) + g(s,z(s)))ds + h(t),
S B (t ) (£(s,9(5) + g, 2(s))ds + [, Ka(t, 8)(F(s,2(5)) + g5, y(5)))ds + h(t)),
(fy K1(t,5)(f(5,u(s)) + g(s,v(s ) d5+f Ks(t,s)(f(s,v(s)) + g(s, u(s)))ds + h(?),
({le(t,S)( (5,0(5)) +g(s,u(s)))ds+ [ Ka(t, s)(f(s,u(s)) +g(s,v(s)))ds+h(t)) >

)
) (1)), ( (),v(t))) = 0 implies that
)

Definition 3.1. An element (3,7) € C(I,R) x C(I,R) is called a coupled lower
and upper solution of the integral equation (3.1) if 8(¢) < ~(¢) and

/;(t; < [P E(t8)(f (s, B(5)) +g(s,7(s)ds + 7 Ka(t,s)(f(5,7(5)) +g(s, B(s)))ds +
t),
and

h(t; > [} K1t 5)(f(5,7(5)) +g(s, B(s)))ds + [ Kot 5)(f(s, B(5)) +9(s,7(s)))ds +
t),
forallt € [a,b].

Theorem 3.2. Consider the integral equation (3.1) with K1, Ko € C(I x I,R), f,g €
C(I xR,R) and h € C(I x R,R) and suppose that conditions of (i), (i), (ii4) and
(iv) are satisfied. Then the existence of a coupled lower and upper solution for (3.1)
provides the existence of a solution of (3.1) in C(I,R).

Proof. Let X = C(I,R). X is a partially ordered set if we define the following order
relation in X

z,y € C(I,R) & z(t) <y(t), forall ¢ € [a,b].

And (X, d) is a complete metric space with metric

d(x’ y) = SUP¢er |$(t) - y(t)|v x,y € C(IvR)

Suppose {u,} is a monotone non-decreasing sequence in X that converges to
u € X. Then for every t € I, the sequence of real numbers

ur(t) <ug(t) <...<u,(t) < ...

converges to u(t). Therefore, for all t € I,n € N, u,(t) < u(t). Hence u,, < u, for all
n.

Similarly, we can verify that lim v(¢) of a monotone non-increasing sequence v, (t)
in X is a lower bound for all the elements in the sequence. That is, v < v,, for all n.
Therefore, condition (b) of Theorem (2.1) holds. Also, X x X = C(I,R) x C(I,R)
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is a partially ordered set if we define the following order relation in X x X

(x,y), (u,v) € X x X, (x,y) < (u,v) & x(t) < u(t) and y(t) > v(t), vVt € I.

For any z,y € X, max{x(t),y(t)} and min{xz(t),y(t)}, for each ¢ € I, are in X
and are the upper and lower bounds of z,y, respectively. Therefore, for every
(x,y), (u,v) € X x X, there exists a (max{x,u}, min{y,v}) € X x X that is com-
parable to (z,y) and(u,v). Define F: X x X — X by

F(z,y)( / K (t,s)(f(s,z(s))+g(s,y(s)) ds+/ Ky (t,s)(f(s,y(s))+g(s,x(s)))ds+h(t)

forallt € [a,b)].
Now we shall show that [’ has the mixed monotone property. Indeed, for z; < zo,
that is, 21(t) < z2(t), for all ¢ € [a, b], we have

F(ay,y)(t) = F(az,y)(t) = [} Ki(t,5)(f(s,21(5)) + g(s,y(s)))ds

+ [P Kot 5)(f(s,9(s)) + g(s,1(5)))ds + h(t)
—ﬁKﬁ@U@uﬂﬂw@M»W
— [V Ko (t,8)(f(s,y(s)) + g(s,2(5)))ds — h(t)

= [P K1 (t,5)(f(s,21(5)) + f(5,22(s)))ds
(

+ [, Kot ) (g(s,21(5)) + g5, 72(s)))ds.
by Assumption (i) and (ii). Hence F(x1,y)(t) < F(x2,y)(t),Vt € I, that is,

< F(z2,y).
for all ¢ € [a, b], we have
z(s)) + g(s,y1(s)))ds
(t,s)(f(s,91(s ))+g(8 z(s)))ds + h(t)
— [ Ku(t,5)(f (s, 2(5)) + g(5,y2(5)))ds
— [, Ks(t, 8)(f(s,y2(s)) + 95, 2(5)))ds = h(t)
= [} Ka(t:5)(g(s,01(5)) — 9(s,y2(s)))ds
#ﬁ&@@(smﬁ) F(s,ya(s
by Assumption (i) and (ii). Hence F )( ) < F(xz,y2)(t),Vt € I, that is,
F(z,y1) < F(x,y2).
Thus, F(x,y) is monotone non-decreasing in 2 and monotone non-increasing in y.
Define the function a : C(I)* x C(I)* — [0, 00) by

a«awmmm>:{1 e(((1), y(1)), (u(t), (1)) > 0, t € T

0 otherwise.

F(z1,y)
Similarly, if y; > yo, that is, yl( ) > ya(t),
F(z,y1)(t) — F(z,y2)( f Ki(t,s)(f(s,
—|—f: Ks(t,s

/\\_/

(f( )
(f (s, )
s)(f( )
(4( )
I )

)
)
)
))ds
(,

Now, for > u, y < v, that is, x(t)z () y(t) <w(t) forall t € I, we have
a((2,y), (u,v)d(F(z,y), F(u,v)) < d(F(z,y), F(u,v))
:wmemww—mew

= supye; | [} Ku(t,s)(f(s,2(5)) + g(s,y(s)))ds

+ [2 Kt 8)(F(s,9(s)) + g(s,(5)))ds + ()

—(JY K1 (t,5)(f(5,u(s)) + g(s,v(s)))ds

+ [ Kt 8)(f(s,0(s)) + (s, uls)))ds + (1))

= suptez|[sz¥a (£, 8)[(f(5,2(5)) — f(s,u(5))) + (9(5,5(5)) — g(s,0(s)))lds
+was[< y(s)) = f(s,0(s))) + (g(s,2(5)) — g(s,u(s)))]ds|

= supyes | [} K1t s)[(f(s,2(5) — f(s,u(s ) = (g(5,0(s) — gls,y(s))ds
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— [P Kt 9)[(f(5,0(5)) — fls.y(s))) —
< supye; | [2 Ki(t, s)[M0(x(s) — u(s)) + u9(v(8) - y(s))]ds
— [P K (t, ) [N0(u(s) — y(s)) + pf(a(
< max{\, u} sup,e; [2(Ki(t,s) — Ka(t, s))[e)(x(s) — u(s)) + 0(v(s) — y(s))]ds.
As the function 0 is increasing and > u,y < v,
B(a(s) — u(s)) < O(d(z,u)), 8(v(s) — y(s)) < 8(d(v,y)).
for all s € [a, b], we obtain
d(F(z,y), F(u,v)) < max{\, u} supye; [L(K1(t,s) — Ka(t, )
x[0(2(s) — u(s)) + B(v(s) — y(s))lds. b
< max{\, u}.[0(d(x, u)) + 0(d(v,y))]. supse; [2 (K (t,s) — Ka(t,s))ds
< L[0(d(x,w)) + 6(d(v, y))]
< 9(d(z,u)) + 0(d(v, 1))
d(wvu);rd(my) _ w(d(%u);rd(v,y) ).

Therefore, for z > u,y < v, we have
d(F(agy),F(u 1))) d(ac u)-&-d(v,y) w(d(w,u);—d(v,y))'

Now, let (3,7) be a coupled lower and upper solution of the integral equation
(3.1) then we have B(t) < F(8,7v)(t) and v(t) > F(~,8)(¢t) for all t € [a,b], that is,
B < F(B,7) and 5 > F(7, ).

From condition (iv), for all (z,y), (u,v) € C
a((z,y), (u,v)) = 1= e((x(t),y(t)), (u(t),

— e((F((t),y(6)), P(y(), 2(0)), (Fu(t)

= a((F(z,y), F(y,2)), (F(u,v), F(v,u)))

Then F' is a-admissible.

From (iii), there exists (zg,yo) € C(I) x C(I) such that

a((zo, y0), (F((z0,50)), F (Yo, %0))) = 1, a((F (yo, x0), F'((x0,90))), (x0,%0)) = 1.

Finally, Theorem (3.2) give that F' has a coupled fixed point (z, y). Since 8 < v, then

the hypothesis of Theorem (3.2) is satisfied. Therefore © = y, that is x(t) = y(¢),

for all t € [a,b] implying = F(z,z) and x(t) is the solution of equation (3.1). O

—~

I) x C(I),

(1)) >0

;o(t), F(u(t), u(t)))) 2 0
>

<

1.
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ABSTRACT. The aim of this work is to suggest a new system of nonlinear regularized noncon-
vex variational inequalities in a real Hilbert spaces and established an equivalence relation
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1. HIiSTORICAL BACKGROUND

Variational inequalities which were introduced by Stampacchia [23] provided us
with a powerful tools to study a wide class of problems arising in mechanic, physics,
optimization and control theory, linear programming, economics and engineering
sciences, see [8, 9, ]. In recent years, several authors studied different type of
system of variational inequalities and suggested iterative algorithms to find the ap-
proximate solutions of such system, see [7, 10, 11, 14, 15, 19, 20, 22, 26, 27]. We
remark that the almost all results concerning the system of solutions of iterative
scheme for solving the system of variational inequalities and related problems are
being considered in the setting of convex sets. Consequently the techniques are
based on the projections of operator over convex sets, which may not hold in gen-
eral, when the sets are nonconvex. It is known that the unified prox-regular sets
are nonconvex and included the convex sets as special cases, see [4, 18, 28].
Inspired by the recent works going on this fields, see [1, 2, 3, 5, 6, 13, 16, 17,

, 25], in this paper, we introduced and studied a new system of nonlinear regu-
larized nonconvex variational inequalities in a real Hilbert spaces. We established
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the equivalence between the system of nonlinear regularized nonconvex variational
inequalities and the fixed point problems. By using the equivalence relation, we
construct a perturbed projection iterative algorithms with mixed errors for finding
a solution set of the aforementioned system. Also we proved the convergence of the
defined iterative algorithms under suitable assumptions.

2. Basic FOUNDATION

Let H be a real Hilbert space with norm || - || and inner product (-, -). Let K be
a nonempty convex subset of H, and C'B(#) denote the family of all closed and
bounded subsets of H.

Definition 2.1. The proximal normal cone of K at a point u € H is given by
NEw)={CeH uec Pc(ut+al)},
where a > 0 is a constant and Py is projection operator of H onto K, that is,
Pre(u) ={v e K:di(u) = |lu—ol},
where dx (u) is the usual distance function to the subset /C, that is,
di () = inf Ju— o]|
Lemma 2.2. Let K be a nonempty closed subset in H. Then( € N, ,15 (u) if and only
if there exists a constant o > 0 such that
(C,v —u) < allv—ul]® Yo e K.
Definition 2.3. The Clarke normal cone, denoted by N (u), is defined as
N (u) = @[ NE (u)],

where 0.4 means the closure of the convex hull of A. It is clear that N (z) C
NE (). The converse is not true in general. Note that NS (z) is always closed
and convex cone where as N,é’ (z) is always convex but may not be closed, see

[4, 9, 18, 24].

Definition 2.4. For any r € (0,+00], a subset K, of H is called the normalized
uniformly prox-regular (or uniformly r-prox-regular) if every nonzero proximal nor-
mal to K, can be realized by an r-ball. This mean that for all Z € K, and all
0# ¢ € Ng (@) with ||¢]| =1,

1
(Go—7) < -lle =72 2 e K.

Lemma 2.5. [3] A closed set KL C H is convex if and only if it is proximally smooth
of radius r for every r > 0.

Proposition 2.6. Let r > 0 and K, be a nonempty closed and uniformly r-prox-
regular subset of H. Set
U(r)={ueH:0<dk.(u) <r}.
Then the following statements are hold:
(@ forallz € U(r), Pc, (z) # 0;

(b) for all v’ € (0,r), Px, is Lipschitz continuous mapping with constant
on

r
r—r’

U ) ={ueH:0<dk, (u) <r'};

(c) the proximal normal cone is closed as a set valued mapping.
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From Proposition 2.6 (c), we have N¢ (z) = N{ (x). Therefore we define
N, (z) = N,%VT (x) = N,lgr (z) for a class of sets.
Definition 2.7. The single-valued operator p : H — H is called

(i) monotone if

<p(.’£) _p(y)al - y> > Oa vxay € H,

(ii) B-strongly monotone if there exists a constant 8 > o such that

(p(x) = p(y),x —y) > Ble —yl?, Vo,yeH,
(iii) o-Lipschitz continuous mapping if there exists a constant o > o such that
Ip(z) —pW)ll < olle —yll, Va,yeH.
Definition 2.8. Let p : H — # be a single valued mapping and let T : H — 27
be a set valued mapping. Then 7T is said to be
(i) monotone if
(u—v,z—y) >0, Ve,ye H,ueT(z),veT(y),
(i) x-strongly monotone with respect to p if there exists a constant x > 0 such
that
(u—v,p(z) = p(y)) = Kllz —ylI*, Yo,y €H,ueT(x),veT(y)

Definition 2.9. A two-variable set-valued operator T : H x H — 2% is £ — D-
Lipschitz continuous in the first variable, if there exists a constant £ > o such that,
forall z,z' € H,

D(T(x,y), T(z",y") < &lle — 2’|, Vy,y' €H
where D is the Hausdorff pseudo metric that is for any two nonempty subsets A
and B of H
ZS(A, B) = max {sup d(z, B), sup d(y, A)} .
€A yeB

3. SYSTEM OF NONLINEAR REGULARIZED NONCONVEX VARIATIONAL INEQUALITIES

In this section, we introduce a new system of nonlinear regularized nonconvex
variational inequalities in a real Hilbert space and investigated their relations.
Let Ty,...,Tn : H x H — CB(H) be the nonlinear set valued mappings and let
g1s---,9N-P1, .- ., hy : H — H be the nonlinear single valued mappings such that
K. C g;(H) fori = 1,...,N. For any constants 71,...,ny > 0, we consider the
problem of finding z1,...,zxy € H and u; € T1(x2,x1), us € To(xs,22), ... ,un—_1 €
Tn-1(zn,xNn—-1), un € Tn(z1,2nN) such that hy(z1),...,hn(zy) € K, and

(muy + hi(x1) — g1(x2), 1(x) — ha(21)) + 55 lg1 (2) — ha(21)|* > 0,
(naug + ho(x2) — g2(3), g2(x) — ha(w2)) + 55 l|lg2(x) — ha(z2)|* > 0,

(Mn-1un—1 +hn_1(zn-1) —gn-1(zN), gn—1(z) — hn—1(zN—-1))
+ 3 llgn—1(z) — hn_1(zn-1)]* > 0,

(nvun + by (zn) — gy (#1), gn (@) — by (28)) + 3= [lgn () — ha (zn)]1? > 0,
Ve € Kyt g1(x),...,gn(x) € K.

(3.1)
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The problem (3.1) is called the system of nonlinear regularized nonconvex variational
inequalities.

Lemma 3.1. Let K, be a uniformly r-prox-regular set then the problem (3.1) is equiv-
alent to finding x1,...,ony € H and uy € Ti(x2,21), ug € To(x3,x2), ..., un—_1 €
Tn_1(zn,zn—-1), uny € Tn(x1,2N) such that

0 € mut + hi(z1) — g1(z2) + NE (ha(z1)),

0 € naug + ha(z2) — g2(x3) + N _(ha(22)),

(3.2)
0€nn_1un—1+hy-1(zn-1) = gnv-1(zn) + NE (hy-1(zn-1)),
0 € nyun + hn(zy) — gy (21) + NE (hn(zn)),

where N,ICDT (s) denotes the P-normal cone of K, at s in the sense of nonconvex
analysis.

Proof. Let (z1,...,ZN,U1,...,un) With 21,...,2xy € H, hi(x1),...,hn(zn) € K,
and u; € Tl(xg,ail), Ug € Tg(l‘g,.’)ﬁg), LLLUN—1 € TNfl(l‘N,.%‘Nfl), unN € TN(,’L‘l,l‘N)
be a solution set of the system (3.1). If

mui + ha(z1) — g1(z2) =0
because the vector zero always belongs to any normal cone, then
0 € mur + hi(21) — g1(z2) + N (ha(21)).
If
mui + hi(z1) — g1(z2) # 0
then for all x € H with ¢;(z) € K,
(G + (@) = 01(22),01(2) — m(e) < ol (@)~ )P @3
From Lemma 2.2 we have
—(muy + ha(z1) — g1(x2)) € NE (hy(21))

and
0e U1 —+ hl(fﬂl) — gl(CC2) —+ NIICDW(hl(Il» (34)
Similarly
0 € nauz + ha(x2) — ga(ws) + NE (ha(x2)),
0 € n3us + hs(z3) — g3(xa) + NE_(hs(x3)),
: (3.5)
0€nn-1un—1+hy-1(zn-1) = gn-1(zn) + NE (hy-1(zn-1)),
0 € nyvun + hn(zn) — gn(21) + NE (hn(zn)),
Conversely, if (z1,...,ZN,u1,...,uy) with z1,..., 2y € H, hi(z1),...,hn(zN) €
K, and u; € Ti(x2,21), ug € Ta(zs,22), ... un—1 € ITn_1(xN,ZN_1), uN €
Tn (21, ) is a solution set of the system (3.2) then from Definition 2.4, z1,...,zy €
H and u; € Tl(xg,xl), Uy € Tg(xg,xg), oL UN—1 € TN_l(mN,xN_l), uy €

Tn(z1,zy) with hy(z1),...,hn(xx) € K, is a solution set of the system (3.1). [

The problem (3.2) is called system of nonlinear regularized nonconvex variational
inclusions.
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4. MAIN RESULTS

Lemma 4.1. LetTy,...,TN, g1,---,9N, h1,-..,hN, 71,...,nN be the same as in
the system (3.1). Then (z1,...,TN,U1,...,uy) with z; € H,hi(x;) € K, for all
i=1,...,N and uy € Ti(x2,21), uy € To(x3,22), ... ,.un—1 € Tn_1(zN,ZN-1),
uny € Tn(z1,zN) is a solution set of the system (3.1) if and only if

hi(z1) = P, [g1(z2) — mual,

ha(z2) = Pk, [g2(w3) — nous],

(4.1)

hn—1(zn-1) = Px,[gn-1(zN) — N—1uN—1],
hy(zn) = P, [gn (1) — nvun],

where Py, is the projection of H onto the uniformly r-prox-regular set K.

Proof. Let (x1,...,ZN,u1,...,uy) with 2; € H,h;(z;) € K, foralli=1,..., N and
u € Tl(l‘g,l‘l), Uy € T2($3,.Z‘2), LLLUN—1 € TN_l(JJN,IN_l), unN € TN(l‘l,JZN) is
a solution set of the system (3.1). Then from Lemma 3.1, we have

0 € mus + hy(21) = g1(22) + NE (ha(21)),

0e T2 U2 + hg(.’tz) — 92(1'3) + N,}CDT (hg(fEQ)),

0€nn_1un—1+hn_1(xn-1) — gn-1(zn) + NE (An_1(zn-1)),
0 € nvun +hn(zn) — gn(z1) + NE (hn(zN)),

g1(z2) —mur € (I + NE )(hi(21)),
g2(w3) — maug € (I + NE )(ha(x2)),

o= : (4.3)

gn-1(zNn) —nN—1un—1 € (I + NE Y(hn-1(xn-1)),
gn(z1) —nyun € (I 4+ NE ) (hn(zn)),

hi(x1) = P, [g1(72) — muil,
ha(w2) = Px,[g2(73) — noual,

& : (4.4)

hn-1(zn-1) = P, [gn-1(zn) — N—1uN_1],
hn(ry) = Pk, [gn(71) — nyvun],

where  is an identity mapping and Pg, = (I + N )~*. O

Remark 4.2. The inequality (4.1) can be written as follows
q1 = g1 (332) —mui, hi (xl) = P)C,‘ [91]
a2 = g2(w3) —mauz, ha(x2) = Py, [g2]
: 4.5)

gn—1 =gn-1(zN) —nn—1un—1, hn-1(zn-1) = Pk, [qn—-1]
gy = gn(®1) —nnun, hy(zn) = P, [qn],

where n; > 0,2 =1,..., N are constants.
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The fixed point formulation (4.5) enables us to construct the following perturbed
iterative algorithms with mixed errors.

Algorithm 4.1. LetTl,...,TN,gl,...,gN, hi,...,hn.M1,...,nN be the same as in

the system (8.1) such that hy, .. : H — H be onto operators. Lete?, ... e,
..., % € H,ap € Randny > 0 Forgwenq17 oo @ € Hyweleta?, ... 2% € H,
ud € Tl(ch,x?), u € To(2,29), ... ul_ 1 € Tn-1(2%,2%_,), ul € Tn(29,2%)
such that

9 D) a1 = (1 —a0)q) + ao(g1(29) — noud + €9) + 17,
ha(29) = P, (49): a3 = (1 — ao)q3 + ao(g2(28) — noul + €9) + r9,

hn-1(2_1) = Pe, (@} -1); an-1 = (1= a0)dl—q +aolgn-1(2z) — mouly_,
+6(J)\7—1) + T(I)\/—la
h (@) = P (a¥); an = (1 — ao)gd + aolgn (af) — nouly +eR) + 73
(4.6)
We choose z1, ...,z € H such that hy(z}) = Pk, (q1)... ..hn(z)) = Pk, (q%). By
Nadler’s theorem [2 1], there exists

up € Ty (3, 2); |uf —uill < (14 (1+n) ") D(Ty (23, 21), T1 (23, 01
uy € Ta(a§,29); [Jug —uzll < (1+ (1+n) ™) D(Ta(a§, 25), To(x3, 23)),

uy_1 € Tn—1(af, aX_1)s g —up_q [l < L+ (1 +n) " HD(Tn-1 (2R, 2%,
R TN—l(z}\ﬁx}V—l))a
uy € Ty (2%, 2%); [uly —upll < 1+ A +n)")D(Tn (2], 2%), Tn (a1, 7).
4.7)
Continuing the above process inductively, we can obtain the sequences {x7}> ,
AN Inte {ul I - {ul 1aZo by using

hl (JJ
hg (IE

) =P, (q1); aitt = (1 — an)q + an(g1(2h) — mup + e}) + 17,
)= Pc,(¢3); @bt = (1—an)gd + an(g2(a) — maul + ef) + 17,

NI =3

hy-1(zy_1) = Px,(qy_1); qX,Hl (1 —an)gy_ 1 + an(gn-1(2R)

n
—NN-1UN_1 +ER_1) T TR 1,

h (@) = P, (a%); an'' = (1 — an)af + anlgn (27) — nvufy + ef) + 15,
4.8)
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and

uptt e Tyt ety =t < (1 (L4 n) ") D(Ty (25, 27),
T1( n—i—l n+1))

uy ™€ To(ay ™ a5 ™) flug —up ™ < (L4 (14+0)"1)D (Tz(l’g,xz)
Ta(ay ™ a3 th),

)

uyty € Tv—a (e e Mlufy —uihll < (L4 (1 +n)7h)x
D(T -1 (2 afy_y), Tn-a (2 i),
uptt e T (@i, et uf — wit ] < (1 (14 n) ") D(Tn (o7, o),
T (2, i),
4.9)
where 0 < a,, < 1is a parameter and {e}}7%q, ..., {eX oo, {71020, - {TN 1220
are sequences in H to take into account of a possible inexact computation of the
resolvent operator satisfying the following conditions:

lim e = lim ] =0;
n—rr 00 n—00
oo oo
Do lled —ep Tt <o, Yt T < oo (4.10)
n=1 n=1

foralli=1,...,N.
Theorem 4.3. Let T}, g;, h;,n;, fori = 1,..., N be the same as in the system (3.1)
such that, foreacht=1,...,N,

(i) 7; is k;-strongly monotone with respect to g; and &; — ﬁ—Lipschitz continuous
mapping in the first variables;
(ii) h; is B;-strongly monotone and o;-Lipschitz continuous mapping;
(iii) g; is pi-Lipschitz continuous mapping.
If the constants n; > 0 satisfying the following conditions:

et - € (2 - (= 20 - map?)

_hm
m §1 7’5% 3
- e =& (8 — =2 - mp2) -
n JQV 7’5]2\7 s .
TR1 > 51\/7'2#% —(r—1")2(1 — m9)2,
reny > Eny/riud — (r—r)2(1—m)?, (4.12)
rpy > (r—r)(1—m),...,runy > (r—71")(1 —m), (4.13)

and

=4/1-28i+0?, 2m <1+a? (4.14)
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foreachi = 1,...,N, where v’ € (0,r), then there exists z7,...,x% € H with
hi(z3),...,hn(zy) € K and uf € Ti(xs,z7), ub € To(xd, z5), ..., ujy_, €
Tn_1(zy,xy_1)uly € ITn(z3,xy) such that (z5,...,x%5,uf,...,uy) is a solution
set of system (3.1) and sequences {(x7,..., %, ul, ..., uy) 5>, suggested by Algo-
rithm 4.1 converges strongly to (z3,..., TN, ul, ..., uk).
Proof. From (4.8), we have
lgy ™ =gt < (1—an)la — a7l + anllgr(@h) — gr(ay™") —m(uf —uf ™|
Halef — ey T A+ [l — . (4.15)
Since 77 is x1-strongly monotone with respect to g; and &; —ZS—Lipschitz continuous
mapping in the first variables and ¢; is p;-Lipschitz continuous, we get
g1 (23) = gr(25™") = m(uf —uf ™2
= Jlg1(a3) = g1(a5 ™ HII* = 2 (uf —ui™h g1(5) — g (a5 ™))

+ g |uy — i
< pillel — 27 = 2 [l — yE’S_lllz

+ 0t (L+n )2 (D(Ty (af, 27), Ta(ag " 2™ 1)))?
(f = 2|2y — 25712
+ i (L+n P (D(T1(af, 2f), Ty~ 2™ h))?
< (uf = 2men)llay — 237 P+ e (14 T2 lag — 272

= (1 —2mm + i (L +n"1)?) oy — gt (4.16)
It follows from (4.15) and (4.16), we obtain that
g =gt < (L—an)llgd —ai I + anlled — et~ + [|rf — 7|

+an\/,u1 —2mK1 + P31+ n1)2|2h — x§_1||. 4.17)

Similarly, we can prove that

loz™ =gzl < (1—an)llgy — a5~ | + anlles —es ™| + [Iry —r37 "
e 13— 2maa + m3ER(L 4 n 2 —

lgz™ a3l < (1—an)llas — a7l +anlles —es™ |+ [lrf — 5™
o 3 — 2srs + nRER(L 4 n 12k —

ot — k1l < (1 —an)llaf-1 —dn 1||

+O‘n\/ﬂ?\/—1 —2NN—1KN—1 + 7]12V—1§JQV—1(1 +n=1)? x
o — a5+ anllef—y —ex il + llrk—1 — a4l

lay™ —anll < (1 —an)llgl — gyl
ey — 2w+ R €L n 2 — 2
+agller —en Hl + lrk =yl (4.18)

By using (4.8), we get that
ot =27 7H < et =277t = (ha(a) = ha (@ T + (@) = ha (27 7))
=ll2f — 277 = (ha(af) — (27O + | Pe, (aF) — Pre, (a1l
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<t —ai ™ = (ha(e) = ha(ey I + 72 llaf — a7 (4.19)

Since h; is [31-strongly monotone and o;-Lipschitz continuous, we have

ot — 277" = ((e}) — @y I2 = flaf 2P + (@) - (2P
—2(h(a}) - ha(2f ), af — a7 )
<l — a7 Y2 - 281l — 23

+of||lat — 2t H?
= (1-261 40|zt — T 1||2. (4.20)
By (4.19) and (4.20), we obtain that
o =2 7H < y/1 =281+ off|af — 2P| + ol — ' @21

that is

.
ot — 277 < Y. @422

Vi

Similarly, we can prove that

r
xn_xn—l < q _qn—l ,
o =t el
r
§-ay 7l < M,
lay — af

(r—r’)(l W)”q?; _QS

r

ey — a4l < gk -1 — an_ll,
(r—r(1 - \/1 —2Bn-1+0%_1)
r
zh — 2 < — g (4.23)
(£35S NI < (r—r)(1—/1—28n + N)H‘JN vl
It follows from (4.17), (4.18), (4.22) and (4.23) that
_ Q1(n)
n+l _ n < _ n __ . n—1 iy n __ —1
gy all < (A-a)ld —d¢ ||+an—(r_r,)(1_7r2)llq a |
+apller — e+ Irf =7,
5% — a5l < (- )l — a5+ o 2 g
- : (=) (—m)
+aglles —es |+ lIrs =5,
_ rQn_1(n)
||anr1 —an-ll < (1—an)\|q’fv_1—q%flllJranWHqN—q ||
+anllefy — el + Irk oy — AL
Qn(n)
n+l _ n < 1— n _ n—1 TN _
lax™ —anll < (1 —an)llay —ay ||+a"—(r—r/)(l—7r1)” g
+anlled —en H+ ek — i, 4.24)
where

Qi(n) = \/uf —2mik; + 22 (1+n~1)2, and m = /1 —28; + o2,

foralli=1,2,..., N.
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Now we define || - ||, on H x ... X H by
N—times
(x1,...,2n)lls = |21l + ...+ |lzn|ls, forall (z1,...,25) EH X ... X H.
N—times
It is obvious that (% X ... x H, || - ||+) is a Hilbert space, applying (4.24) we have

N —times

g™ an™) = (@)l < (= an)llals - ai) = (a7 gy s

+a, @) (gf's -, qx) = (675 an Dl +anll(el - eR)
— (e Dl IO ) = P R D e (4.25)
Put
B rQ1(n) rQn(n)
6(71)_max{(r—r’)(l—wz)7”" - ) (4.26)
Let O(n) — ©,as n — o0
- TQl TQN
@max{(r—r’)(l—ﬂg)"“’(T—r’)(l—m)} (4.27)

By (4.11),we know/\that 0<© <1 For© = %(@ +1) € (0,1) there exists ng > 1
such that @(n) = O for each n > ny. So it follows from (4.25) that, for each n > ny,
g™ g™ = (@ d)lle < A= an)llars oo ah) = (@7 Dl
+an®ll(ar, - aR) = (a1 ay Dl
Fapll(ef, - e) = (er e Dl TR = T
= (1—an(1=O))ll(a},- - k) = (a7 sai Dl
Fag(ef, . ef) = (e e Dl IO rR) = T
< (101 0) (1~ (- O o) — (@)
Fagll (e ey (T e e T )
= (%R anl(ed s eR) = (e
G O R (e N |
= (1= an(1=0)ll(gr ™" an ) = (@ % a2l
(1

an(1=O)(er ™, e ) = (el % e Al
(e eR) = (e L)

(L —an( =Dy ) = P2 )

T R) = T D

/N 3

+ oy

IN

< (L =an(1=0)" (g gyt = (@)
n—no

A\\i— n—(i—1 n—(i—1 n—ia n—ia
ton D (1= an(1=0) (et U e ) = (e e s
7=1
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n—ngo

+ 3 (1= an( =0 Yy e T ). @.28)
Thus, for any m > n > ng, we get that

m—

—

< S ()
j=n
m—1
< S =1 =) (g, gt = (g, )]
j=n
m—1j—no ) ) .
Fan S S (T—an(1=0) (e~ e ) (e
j=n i=1

m—1j—no

+3 N - an (=0 T e ) — e e (4.29)

j=n i=1

Since (1 — a, (1 — 0)) € (0,1), it follows from (4.10) and (4.29) that

(g - an) = (afs - )l = llat" — ai'll + .. + llay — gl — 0 as n — oo.

So {qi'},...,{¢k} are Cauchy sequences in / and thus there exists ¢}, ...,qy € H
such that ¢{ — ¢}..... ¢ — ¢ as n — oo. By (4.22) and (4.23), it follows
that the sequences {z7},....{z% } are also Cauchy sequences in . Hence there
exists x7,...,2y € H such that 27 — 27,..., 2%, — xy as n — oo. Since for
eachi=1,...,N, T;is & — ﬁ—Lipschitz continuous mapping in the first variable,
therefore it follow from (4.7) that

luf = wf < (L (L) ) D(Th (g, ), Ty 2f ™))
< A+ @+n) ez -2 — 0,
luy —us ™| < (L4 (L4 n) )D(Th (s, a5), Te(ay ' ap ™))
< (14 A +n) Helaf — a5 — 0,
lufy —uyh < A+ @ +n)7H)D (TN (@ 2 1), In—a (23 2 ))
< (L4 (0 enoallef — 23— 0,
lufe —uy™ < (L4 (L4 0) DTy (2 o), Tl a™)
< (41 +n) Denlat =™ — 0, (4.30)
as n — oo. Hence {u}'},...,{uly} are Cauchy sequences in H and so there
exists uy,...,uy € H such that u? — ul,...,uyy, — uj as n — oo. Further

ul € Ty (2%, 1) we have

d(uy, Ty (w3, 7)) inf{|lu — ¢l : t € Ta(x3,27)}

< ur =g + d(uf, Ty (x5, 27))
< i = ufl + D(T1(a3,27), Tr (23, 27 H)
< ey —wfl| + &fles — 23] — 0, (4.31)
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as n — oco. Hence d(uj, Ty (x5, 23)) = 0 and so u} — u} € Ty (a3, x7).

By the same method, we can prove that

d(uz, To(wz,23)) < luz —uz | + &ofleg — x3] — 0,

d(uz, Ts(eg, 23)) < lug — ugl| + &llaf — 23| — 0,
dluy 1, Tn-1(zn, 2n—1)) < luy-g —u |+ Ev-alleR — 2x ] — 0,
d(uy, Tn(z1,2y)) < fluy = uill +Enllat — 21l — 0, (4.32)

as n —> oo. Therefore uy € Th(z5, z3).... .uy € Tn(zf,xy). Since g; for i =

1,..., N is continuous, it follows from (4.8) and (4.10) that

a1 = g1(x3) —mui, ..., qy = gn(T]) — INuRy- (4.33)
Since hq, ..., hy and Px, are continuous mappings, it follows from (4.8) and (4.33)
that

hi(z1) = Px,.(a1) = Pc,(91(23) — mui),

ho(z3) = P, (q2) = P, (g2(23) — m2u3),

h(zh_1) = Px.(av-1) = Pc.(gn-1(zx) = nv-1un_1),
hn(zy) = Pe.(dy) = Pe,.(9n(27) — nvup). (4.34)
Now Lemma 4.1, guarantees that (z7,..., 2}, u], ..., ul) is a solution set of system
(3.1). O
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ABSTRACT. The purpose of this paper is to study a class of non-differentiable multi objective
fractional programming problem in which every component of objective functions contains
a term involving the support function of a compact convex set. For a differentiable function,
we use the definition of second-order (C, «, p, d) — V-type-I convex function. Further, Wolfe
type dual has been formulated for this problem and appropriate duality results have been
proved under second-order (C, «, p,d) — V-type-I convexity assumptions.

KEYWORDS : Duality; non-differentiable; multi-objective fractional programming; general-
ized convexity.
AMS Subject Classification: 90C26 . 90C30 . 90C32 . 90C46

1. INTRODUCTION

Second-order duality has even greater significance over first order duality, since
it provides tighter bounds for the value of the objective function when approxi-
mation are used. Second-order duality for non-linear programming was the first
to study in Mond [1]. Then, the concept of second-order duality for non-linear
programming problems introduced by Mangasarian [2].

In the recent years attempts have been made by several authors to define var-
ious classes of differentiable non-convex functions and to study their duality and
optimality criteria for solving such problems ([4], [5], [8], [9], [10], [11], and oth-
ers). One such generalization of convex function is the invexity notion introduced
by Hanson [5]. The term invex (which means invariant convex) was suggested by
Craven [7]. Over the years, many generalizations of this concept have been given
in the literature. For example, the concept of invexity of functions was also gener-
alized to B-invex functions by Suneja et al.[6]. The class of (p, r)-invex functions
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with respect to 7 is an extension of the class of invex functions with respect to
introduced by Hanson [5].

Recently, Kim et al. [12] delineated a group of non-differentiable multi-objective
fractional programs and founded necessary and sufficient optimality conditions and
duality results for weakly efficient solutions of non-differentiable multi-objective
fractional programming problems. Later on, Kim et al. [13] considered two pairs
of non-differentiable multi-objective symmetric dual problems of second order with
cone constraints over arbitrary closed convex cones, which are Mond-Weir type
and Wolfe type and weak, strong, converse and self-duality theorems were founded
under the assumptions of pseudo-invex functions of second order. We have to max-
imize the efficiency of an economic system resulting optimization problems whose
objective function is a ratio. Including maximization of productivity, maximization
of return on investment, maximization of risk, minimization of cost. Ojha [14] de-
rived a pair of second order symmetric non-differentiable multi-objective fractional
problems, also derived weak and strong duality theorems.

In this paper, we use the concept of second-order (C, «, p, d) — V -type-I functions
for a non-differentiable multi-objective second-order fractional programming prob-
lem. A numerical non-trivial example illustrates the existence of such functions.
In this dual, we generalize the models already existing in the literature. Using
(C,a, p,d) — V-type-I function, we set up weak, strong and strict converse duality
results for Wolfe-type dual program.

2. DEFINITIONS AND NUMERICAL ILLUSTRATION

Definition 2.1. A function C' : X x X x R — R (X C R") is said to be convex
on R™ iff for any fixed (z, u) € X x X and for any 1, x9 € R", such that

C:c,u()\xl + (1 - )\).232) < )\C‘L,u(l‘l) + (1 - /\)C%u(xQ)v VA€ (Oa 1)'

Suppose the real valued function d : X x X — R satisfy the property d(z,u) = 0 &
x =u and let C; ,(0) = 0, for any (z,u) € X x X.

The general multi-objective programming problem can be expressed in the follow-
ing form :

(P) Minimize f(z) = (f1(z), fo(x), ..., fr(x))
subject tox € X" = {zr € X : g(x) < 0},

where X C R"is open, f : X — R* g : X — R™, are differentiable functions
on X.

Definition 2.2 . A point Z € X is said to be an efficient solution of (P) if there
exists no 2 € X such that f;(z) < fi(2), i = 1,2, ..., k.

We write the definition of second-order (C,a,p,d) — V -type-1 functions. Let C
be a convex function with respect to third variable.

Definition 2.3. For any i = 1,2,...,k, j = 1,2,...,m, the function (f;, h;) is said
to be second-order (C, o, p,d) — V-type-I at u € X if there exist o}, a? X x X —
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Ry \ {0} and p}, p? € R, such that for each z € X and p € R", we have

12 (5 u
@[fi($) — fi(u) + %pTV2fi(u)p] > Cx,u(v,fi(u) + Vin(u)p) n W
and

# —h.(u 1 T727, . u (. 2, . M
TV ki zcz,u<wj< )+ V2 >p) e

Definition 2.4. For any ¢ = 1,2,....k, j = 1,2,...,m, the functions (f;, h;) are
said to be second-order semi-strictly (C, «, p,d) — V-type-1 at u € X if there exist
of, of : X x X = R\ {0} and p;, p? € R, such that for each z € X° and p € R",
we have

172 .U
)~ 10+ 50 VL8] > Con (V) + V() + A5 2
and
k() + 2pT V2 (u () 4 V2 () ) 4+ L)
C@(m)[ hj(u) + 57 V=h;(u)p) >Cm,u<Vh]< ) + V2hy( )p) + oy

Every (F, a, p,d) type-1 function is (C, a, p, d) type-1. But the converse need not be
true. This is seen from the following example.

Example 1. Let X = R.Let f : X — Rand g: X — R where f(z) = 2% — cos2x — 1
cos2x + 1

1

and g(z) = — 2z. Suppose ai, a3 € R, \ {0} and a} = 20 a3 = 3 and
Cyula) = %. Letd: X x X — Ry be d(x,u) = (v —u)>
Letp: 7]-7 p% = %a ,0% =-1
By definition of (C, a, p, d) type-1 at u = —0.57, we have

1 L 1o 2 p'd?(z,u)

— —p'V - Cac u \% \ - ’

T @) = £+ 50" T ) = Con (V100 + 2 (up) = 52

1
202% — 40(1 + cos2z) + 60 — 5% — 51"~ 6)2 + (z + 5m)? >0,

Similarly,

1 1 prd?(z, u)
———[—h —p"V?h — Coul VA V?h R e
a0+ 38"V = e (Vi + VPt ) - £
for all z € X. Hence, (f, h) is second order (C, «, p, d) type-1but (f, h) is not second
order (F,a, p,d) type-1at u = 0.57 as C' is not sub-linear with respect to the third
argument.

Definition 2.5. Let C' be a compact convex set in R™. The support function of
C' is defined by

5(z|C) = max{zTy : y € C}.
A support function, being convex and everywhere finite, has a sub-differential, that
is, there exists a z € R" such that

s(y|C) > s(z|C) + 2T (y — 2),Vx € C.
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The sub-differential of s(z|C') is given by
ds(z|C) = {z € C: 2w = s(x|C)}.
For a convex set D C R", the normal cone to D at a point x € D is defined by
Np(z) ={y € R": y*'( —2) <0,Vz € D}.
When C is a compact convex set, y € N¢(z) if and only if s(y|C) = zTy, or
equivalently, = € 9s(y|C).
3. PROBLEM FORMULATION

A general multi-objective fractional programming problem can be expressed in the
following form :

(MFP) Min G(z) = (fl(x) +S([C1) fo(@) + S(x|C2)  frlz) + S(:,C|Ck)>

)
g9(x) = S(x|D) " g(x) = S(z|D) "7 g(z) - S(z|D)
Subject to x € X ={x € X : hj(z) + S(z|E;) <0, j =1,2,...,m},
where X C R” is a closed convex set, f;, g: X - R(i=1,2,...,k)and h; : X —
R (j =1,2,...,m) are continuously differentiable functions. f;(.)+S(.|C;) > 0 and

g9(.)=S(.|D) > 0,and S(z|C;), S(z|D) and S(z|E;) denote the support functions of
compact convex sets, C;, D and Ej, foralli = 1,2, ..., k, j = 1,2, ..., m, respectively.

For every v € Rfi, consider the following auxiliary problem:
(MFP), Minimize G(x) = <f1 (z) + S(z|Cy) — v1(g(x) — S(z| D)),

oo Ful) + S(IC) — vi(g() — s<xD>>>.

Lemma 3[16]. Let * € X is an efficient solution for (MFP) if and only if there exists
_ Ji(@) + 5(2]Cy)

ve Ri such that 7 is an efficient solution for (MFP); and v; =

1,2, ..., k.

9@ - S@D) "~

Theorem 3.1 ( Necessary Condition)[15]. Assume that T is an efficient solu-
tion of (MFP) and let the Slater’s constraint qualification be satisfied on X. Then

k
there exist 0 < A\ € R*, ZA}:I,OggeRm, Zzi € R*, v € R" and

=1
w; € R", 1=1,2,...,k, 5 =1,2,...,m such that

Zi € Ci, v e D, wj € Ej, 1=1,2,...,k, j=1,2,....m.
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4. DUALITY MODEL-I

Now, in this section we study the duality for (MFP),, for some v € R’j_. We first
consider the following auxiliary problem:

(MFD) maximize {fl (u) +ulz — v (g(u) —uTv) — %pTVQ (fl(u) +ulzy — v1(g(u)
— o) )p+zy] )", — LTV, (u)p)

ooy fro(w) +uT 2 — v (g(u) — uv) — %PTVz <fk(u) +u”'zy, — v (g(u)

Y U)p+zyj )+, - 3 V)|

Subject to

k

ZAiV(fi(u)—kuTzi—ul( (u) —ulv ) +Zy] )+ uTw;)
i=1

k m
+ Z £\ V2 (fl(u) +ulz; — vi(g(u) — uTv)>p + Z y; V2hi(u)p =0, 4.1)
i=1

j=1

zzeCiy,veD,i=1,2, ..k, Wj GE]‘, =12 ..

)m’

k
Y >0, j=12..m X >0, i=12.k Y \=
i=1
We now discuss the duality results for (MFP),, and (MFD).

Theorem 4.1 (Weak Duality Theorem). Let x be a feasible solution for (MFP),,
for some v € R’i and for each feasible solution (u, z, v, y, A, v, w, p) of (MFD), for the
same v € Ri . Suppose that, forany ¢ =1,2,....k, j=1,2,....m

(4) [fl() () zi—vi(g()— ()T ), hj(.)—l—(.)ij is second-order (C, a, p,d) —

V-type-1 at u,

(1) oj(z,u) = af(x,u) = a(z,u), for all i and j,

k m
(iid) Y Xipi + D> yip] > 0.
i=1 =1

Then the following cannot hold
filx) + S(x|C3) = vi(g(x) = S(x|D)) < fi(w) + u” 2 — vi(g(u) — u'v)

1
+Zy]( )+ ul w; — prV2 i(u )p)7 Vi=1,2,...k 4.2)

and
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fr(‘T) + S(‘T|Cr) - Vr(g<x) - S(mlD)) < fr(u) + uTzr - Vr(g(u) - UTU>

+ Zyj ( )+ ul w; — pTVth(u)p>, for some r = 1,2, ..., k. (4.3)

k
Proof. Suppose that (4.2) and (4.3) hold, then using \; > 0, Z)‘i =1, 2Tz <
i=1

S(x|Cs)

, Ty < S(z|D), i = 1,2, ..., k, we have

k
ZA[ )+ 2Tz — vilgle) — o) — (fa(w) + 0"z — vilg(u) — uTv)

i=1

+%pTV2 <fz'(u) +ulz — vi(g(u) — UTU)>1”]

—Zw( ) +uw; — prVQh (uw)p ) < 0. (4.4)

Foranyi=1,2,...k, 7=1,2,...,m, [fl( )+(. )T zi —vi(g(. )—(.)TU), hj(.)—f—(.)ij

is second-order (C, a, p, d) — V-type-1, we have

al (910 ) {fz( )+ a2tz —vi(g(x) — 2Tv) — (fi(w) +u 2 — vi(g(u) — ul'v))
2 pid*(x,u)
+ ipTv <fz(u) + UTZi — Vi(g(u) — UTU))p:| _ W

> Chn [V (fi(u) +ulz; — vi(g(u) —u v)) + V2 (fl( ) +ulz —vi(g(u) — uTv))p] (4.5)

and

[— (hj(u) +u"wy) + ;pTVth(U)p}

PR (., u)

> o [V(W) -t wy) + V2hy (u)p } i

m
Let7 =1+ Zyj > (. Adding the two inequalities after multiplying (4.5) by —
-

Jj=1

Yj

and (4.6) by =X and summing them over all ¢ and j, we obtain

k
> x| (o) + 575 — o) = 70) = () + s~ o) — 7o) +

N =

p"? (At m(g(w) o) S (a0 5 Vs
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j=1 17

+ zk: _ e i ik & (z,u) 4.7)
— ol (x,u)T a?(x,u)T e '
i)

Using hypothesis (ii) and convexity of C, it gives

k

(1 TZ [fz z) + a2tz — vi(g(x) — 2Tv) = (fi(u) + u” 2z — vi(g(u) — ulv)) +

i=1

prvz (fz )+u zz—vz(g(U)—uTv> } e Zy]{ u)+u wj—prvz i (uw)p
v (fi(u) +ul 2 — vi(g(u) — uTU> +Vv? <fi(u) +ul 2 — vi(g(u)

{
iy{ )+ wy) + Vs |
+ﬁ (é&-p} +§:lyjp§) &2 (). 4.8)

Finally using feasibility condition (4.1), hypothesis (i#i) and using C ,,(0) = 0, it
follows that

k

le(fl VT 2 —vi(g(a)—aT0) — fi(u )—&—uTzi—ui(g(u)—uTv)—i—;pTVQ(fi(u)-i-
Tz — vy(g(u) - uTU> p)

1
_Zyj< +u wj — 7pTV2 j(u )p) > 0.
which contradict (4.4). Hence the result. O

Theorem 4.2 (Strong Duality Theorem). If u € X 0 is an efficient solution of (MFP),,
and let the Slater constraint qualification be satisfied. Then there exist \ € RF, y e
R™, zz € R", v € R"and w; € R", i = 1,2,...,k, j = 1,2,...,m, such that
(@, 2,0,7,\, U, w,p = 0) is a feasible solution of (MFD) and the objective function
values of (MFP), and (MFD) are equal. Moreover, if the conditions of Theorem 3.1
holds for all feasible solutions of (MFP), and (MFD), then (4, 2, 7, §, A, U;, @, p = 0)
is an efficient solution of (MFD).

Proof. Since  is an efficient solution of (MFP),, and the Slater constraint qualifica-
tion is satisfied, from Theorem 2.1, there exist i € R*,j € R™, % € R", © € R"
and w; € R",i=1,2,...,k,j = 1,2, ...,m, such that

+u'z; mo o
Zul (aa%) + GV (hi(@) + ;) =0, 4.9)
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> gi(hi(@) + u"w;) =0, (4.10)
j=1
a’'z = S(u|Cy), a'v = S(a|Dy), atw; = S(u|E;), (4.11)
z € Cy, v € Dy, w; € By, (4.12)
>0, 9,>0,i=1,2,...k j=1,2,...,m. 4.13)

Equation (4.9) can be written as,
k

i fi U +7T7i _ o
+> " Vy;(hi(a) + u"w;) = 0. (4.14)
j=1
i L fi(a) +a’z
Letting \; = (a)ﬂ_ w— and 1; = EZ; — ;Tg ,i=1, k. we have

k m
>NV (fi(u) +alz — vi(g(a) — uTv)) + Y g V(hy(a) + a"w;) =0 (4.15)

fi(w) + "z — vi(g(u) —a"v) = 0. 4.16)

Thus, (4, Z,0,7,\ 7, w,p = 0) is feasible for (MFD) and the objective function
values of (MFP), and (MFD) are equal. This complete the proof of theorem 4.2. [

Theorem 4.3 (Strict Con_verse Duality Theorem). Let ¥ be a feasible solution
for (MFP), and (4, z, 9,7, A\, w,p) be feasible for (MFD) Suppose that, for any ¢ =
2,0k, 7=1,2,....m

1
507V ) <0

) {fz() ()T zi—m3(g() = () Tw), hj(.)+(.)Tw]} is second-order semi-strictly

(Cv «, p, d) - V_type'l at a,
(#1) o (z,0) = (T, 1) = oz, ), for all i and j,

k
() Y Aopt + 37 20,
i=1 j=1
Then, * = u.

Proof. We suppose on contrary  # . Since (4, 2,7, 7, A, 0, p) is feasible solution
for (MFD), we have

m[i (fz +a’z — vi(g(n) —a v) iy a) +a’w;)
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k m
+ Z \i V2 (f,»(u) +al'z — vi(g(a) — uTU)>p + Z jVth(u)p] =0. (4.17)

j=1

al(; ) [fz(f) + 21z — vi(g(z) — 270) — (fi(a) + a’ 2z — v (g(a) — a’ v)
L _poo N =T= = N —T-\= pid?(z, )
+§p \Y (fi(u)—i—u z; — pi(g(a) —a v)p} - TER

and
= — (hj(u) + u"w;) + 1;ETVQh (@)p
a3 (z, u) I ) /
&2(z,
> Coa| V(@) + a7 w;) + V2h,(@yp| + LT, 4.19)
j('ra U)
_ o e , A Yj .
LetT =1+ Zyj > 0. Multiplying (4.18) by — and (4.19) by =, summing over
T T

j=1
1=1,2,...,kand j =1,2,...,m, we have

< a3(z,u)7 2
Y _ 7 2

>; mg{V(fZ(u)—;u z—vi(g(@) — @ v) +V (fl(u)—i—u Z

—vi(g(a) —u v)p} + Z ‘UT_]C-,E{V(h](u) +alw;) + 'V hj(u)p} +
LW u ];pz o

<Z ERTADD a§<x$>r>d2<x’“)'

Using hypothesis (ii¢) and convexity of C, it yield

;ﬁT(fz(ﬂ)+UT51 wo(0) ~a"0)p fj s (@, 5w
> Cra { k ):{V(f,(u) +a'z — vi(g(u) — uTv)> +V? (fz(u) +u'z — v;(g(a) —
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oo

Jj=1

\h‘b‘

{ )+ @ wJ)+Vh()H

k m

1 _

Z, 1) (Z)‘W% + Z%@) d*(z, ). (4.20)
=1 j=1

Finally, using feasibility conditions (4.1) and hypothesis (iv) in (4.20), we get

Using (4.17), above equation gives

k
SR (@) 4275 - nlalo) - 270) ~ () + 075 - o) - o)

.
Il

+

o=

p''v? ( fi(w) +uz — vi(g(u) — uTU) p>

- Zyj ( )+ ulw; — pTVth(u)p> > 0.

this contradicts the hypothesis (). Hence proved. O

5. DuALITY MODEL-II

Now, in this section we study the duality for (MFP),, for some v € Rﬁ. We first
consider the following auxiliary problem:

(MFD1)

maximize | f1(u) +u” 21 — v1(g(u) = uT0), oy filu) + u” 2 — vi(g(u) — uT)

Subject to

k

Z)\Z-V<fi(u)+uTzi—yz( (u) —u U>+Zyj ) 4 ulw;)
i=1

+Z)\ V2< )+ u zz—uz(g(u)—u v)p-ﬁ-Zy]V hj(u)p =0, (5.1)

j=1

Z )\lpTV2< )+ ulz — vi(g(u) — uTv)>p <0, (5.2)
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T2
p* V=h;(u)p <0, (5.3)

ZiGCZ', veD, i=12,..k, W EEj, J=12,....,m,

k
Y =0, j=1,2.,m A >0, i=12 ..k Y N=1
i=1
We now discuss the duality results for (MFP), and (MFD1).

Theorem 5.1 (Weak Duality Theorem). Letx € X 0 pe a feasible solution for (MFP),,,
for some v € Rf_ and for each feasible solution (u, z,v,y, A\, v, w,p) of (MFD1), for
the same v € Rﬁ_ . Suppose that, forany i =1,2,....k, j =1,2,...,m,

(7) [fi(.)—k(.)Tzi—Vi(g(.)—(.)Tv), hi(.)+(.)"w; | is second-order (C, o, p,d) —

V-type-I at u,
2

(ii) al(z,u) = aj(z,u) = a(z,u), for all i and j,
k m
(i) > Xipi + Y _y;ps > 0.
i=1 j=1
Then the following cannot hold

fi(z) + S(z|Cy) — vi(g(x) — S(x|D))

< filu) +ulz — vi(g(u) —u'v), Vi=1,2,.... k (5.4)
and
fr(x) + S(I|Cr) - Vr(g(‘r) - S(‘T‘D))
< fr(u) +ul 2z — v, (g(u) — ur'v), for some r = 1,2, ..., k. (5.5)
Proof. The proof follows on the lines of Theorem 4.1. O

Theorem 5.2 (Strong Duality Theorem). If u € X 0 is an efficient solution of (MFP),
and let the Slater constraint qualification be satisfied. Then there exist e RE 3 €
R"™, z; € R", v € R"and w; € R", i = 1,2,..,k, j = 1,2,...,m, such that
(4, 2,0,7, \, U;, 0, p = 0) is a feasible solution of (MFD1) and the objective function
values of (MFP), and (MFD1) are equal. Moreover, if the conditions of Theorem 3.1
holds for all feasible solutions of (MFP), and (MFD1), then (@, 2, 0, §, \, 7;, w0, p = 0)
is an efficient solution of (MFD1).

Proof. The proof follows on the lines of Theorem 4.2. U

Theorem 5.3 (Strict Convgrse Duality Theorem). Let z € X 0 be a feasible solution
for (MFP), and (u,Zz,v,y, A\, w,p) be feasible for (MFD1). Suppose that, for any
1=1,2,..,k, j=1,2,....m,

i=1
0,

(#4) [ft( Y4+ () 2 —=2i(g() = ()T v), hyi()+ () w;| is second-order semi-strictly
C,a,p,d) — V-type-1 at @,

(i11) o (z,u) = a3 (Z,u) = (Z, ), for all i and j,
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k m
() > Xipi + Y405 > 0.
1 j=1
Then, T = u.

.
Il

Proof. The proof follows on the lines of Theorem 4.3. 0
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ABSTRACT. A mathematical model has been established to analyse the changes in the tissue
temperature on the peripheral regions of human body with respect to varying physiological
conditions. The formulation is based on a parabolic heat equation with appropriate physio-
logical parameters. The solution has been established using finite difference scheme and the
simulation was done with the help of MATLAB software. It has been observed that the re-
sults have shown a considerable effect on temperature profiles due to variable physiological
parameters.

KEYWORDS : Heat regulation; finite element method; bio-heat model; boundary value prob-
lem.

AMS Subject Classification(2010): 92BXX; 92CXX; 92C35; 92C50; 46N60.

1. INTRODUCTION

The heat and mass transport in human body are two important physiological
processes. Any change in the homostasis disturbs the overall function of the well
coordinated system. The skin is the largest organ of the human body and is re-
sponsible for all kinds of processes including temperature regulation, protecting
the body from external invasion and for the manufacture of vitamin D. The body
loses heat mainly through skin to its surroundings by radiation, conduction and
evaporation and thus the body temperature maintains constant level under nor-
mal physiological and atmospheric conditions. Under the normal physiological
and atmospheric conditions, the skin and subcutaneous tissue (SST) region of
body maintains its core temperature at 37°C. The skin is divided into two main
layers epidermis and dermis. The subcutaneous or bottom layer contains muscles
and fatty tissue that help keep the skin toned and firm. The dermis or main layer
contains sensory nerve endings, blood and lymph vessels, hair follicles and the
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sebaceous and sweat glands. This is also where new living cells are manufactured
before emerging on the surface. The epidermis, or top layer, is the visible surface
of the skin, which is composed of flat, essentially dead skin cells. The unstable
environmental temperature plays a great role for the disturbance in human ther-
moregulatory system. The effect of surrounding temperature makes its way via
dermal layers and leads to hyperthermia and hypothermia in body core and other
various thermal stresses to the body peripherals. From the last few years various
researchers studied the distribution of temperature in the human body in relation
to several environment temperatures. If T' represents the temperature of the tissue
at any point in the dermal layers, then the mathematical model for the distribution
of temperature in the human dermal layers can be represented as:

kd2T + 2k n dr
dr? rodr
and the associated boundary conditions are

o o i (”) — B(Ty —T.) (1.2
or r=R

+Q=0 (1.1)

im =
r—0+ Or

where 7 is the radial distance from the origin, R is the radius of the domain, E is
the ambient cooling constant, T, ambient temperature, T periphery temperature,
Q@ - the heat production per unit volume and k is the thermal conductivity inside
the dermal region.

To study the effect of environmental temperatures on human dermal regions
various mathematical models were formulated. Earlier experimental investigations
were made by Patterson[1 1] to obtain temperature profiles in the SST region. Some
theoretical investigations have been carried out during the last few decades by
Cooper and Trezek [2], Chao et. al. [1] discussed temperature distribution in SST
region under normal environmental and physiological conditions. Song et. al [16]
established models describing the macro and micro vascular level heat transfer in
limbs. and Jas [6] studied the thermal behaviour of human organs in malignan-
cies. Our group had also developed numerous models in this direction [7], but the
thermal conductivity was mostly assumed as constant function. In the present
study, we assumed the thermal conductivity as a function of temperature in the
estimation of heat regulation in human peripheral tissues.

Thron [17] studied the above model to estimate the temperature distribution
in human head and suggested that if there is no singularity in the differential
equation(1.1), then the solution is given by

() =1, + O [1 w2k (Tﬂ (1.3

6k ER R

In addition, he calculated the temperature distribution by assuming additional heat
sources while the cooling of blood at peripheral regions is given by the equation
(1.3) with

Q=Qo+ Qs (1.4)
where @, = Vs(T1 — T), Qo is the heat production of tissue, V is volume of the
flow of blood in unit time, 77 is the deep temperature of the human head and
s =0.9cal /°Cem3.

Richardson and Whitelaw [14] predicted the temperature profiles and the heat
conduction and skin surface as functions of surface temperature. Flesch [4] esti-
mated the temperature distribution using the heat equation (1.3) by assuming a
heat generation rate as an explicit function of the radial distance and an implicit
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function of the environment temperature. Khanday and Saxena [8],[9] calculated
the mass and temperature distribution at multilayered skin and sub-dermal tissues
by using variational finite element method with respect to various environmental
temperatures. Also, they studied the conditions under which the brain maintains
thermostat and also estimated the cold effect with respect to ambient temperatures.

The present paper is an attempt to study the temperature distribution at deep
dermal layers of the human body with heterogeneous thermal conductivity being a
function of temperature.

2. MATHEMATICAL FORMULATION

Estimation of temperature distribution in human body using mathematical tech-
niques has gained interest among many researchers. The heat transfer in biologi-
cal tissues was studied initially by Pennes’ [12] and later on Perl [13]. The existing
models for heat transfer in dermal regions mostly assumed thermal conductivity
term k either as constant or function of displacement. The thermal conductivity of
the material may also depend on the temperature, thus it is meaningful to assume
thermal conductivity of the material k as temperature dependent.

Assume k as a function of temperature as k(7)) = ko(T — Ty )™. Hence, a math-
ematical model of the heat transfer in the human tissue follows the differential
equation of heat conduction as

T (T — T (

ar R2T T 0T
Pe ot

o "oz T o2

or or orT

9% + e + 6z> +Q
where p, ¢ and k¢ represent the density, specific heat of the tissue and thermal

conductivity respectively.
In case of steady state, the above equation reduces to

2T 2k nko (dT>2 Q
(

+ ko(T — T )Y < 2.1)

ko + —+ — =0 (2.2)
dr

de2 = r (T —Tg) T—Ty)"
Assuming the heat generation term () as a function of temperature T and from
equation (1.4) we can take ) = ¢;(37 — T') for some positive constant ¢, thus we
have

ET 2k nko dr\?> @(37-T)
k miilY i 22 2.3
w2 T Yot & (T —Ty)" (2-3)
The boundary conditions associated with the system are given as
dT
- =0, T(r)=T 2.4
(%) (r) = Tu (2.4

The singular boundary value problem determining the conduction of heat in human
dermal layers.

2T 2k, nko  (dT\?> q(37—T)

ko + —2 4 0 (22 #——0, 0 R 2.5

"az Ty +(T—TH>(dr> =Ty~ 5T o
dT
- =0. T(r=T 2.6
(dr>7_0 , T(r)=Tnu (2.6)

Using transformations
y=T—-Ty, t=r/R, (2.7)
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the boundary value problem reduces to the following system of equations

d%y  2kod dy\> 37—y — Ty)R?
kY Zhody (dy +Q1( y—Th)
ez "y dt dt (y)"

(dT) =0, y=Ty 2.9)
t=0

=0, 0<t<l1 (2.8)

dt
By using the following substitution
ko (dy\’ 37—y — To ) R2
c(t) =t* and f(t,y,cy’) = %o (y) n i ( y—Tr)
Yy

dt (y)"
(2.8) and (2.9) reduces to

1 /
—— [y’ ()] + f(ty,ey') =0 (2.10)
c(t)

y'(0)=0, y(1)=0
The solution of this singular non-linear boundary value problem exists and is
unique. To compute the approximate solution by using finite difference method
has been used.

3. SOLUTION AND INTERPRETATION OF THE MODEL

The temperature distribution in human dermal regions can be obtained by solv-
ing the above boundary value problem numerically discussed as

Py | 2ody | nko (dy\* (37— y TR’

y'(0)=0, y(1)=0

Partitioning the interval (0, 1) into p subintervals with the length of each subinterval

ko =0, 0<t<l1 (38.1)

as 1 then by the central differences, the equation (3.1) above for ¢ = 0 changes

into the following form

(37T —y — T)R?h?
(yo)™

and fori =1,2,3,...(p — 1), we have

1 i1 — Yio1)? 37—y —Ty)R? 1

(1 + ) Yi+1 + ’ﬂko (y +1 Y 1) + ql( L o H) — Qkoyl + <1 — > Yi—1
i 4y; (y) v

(3.3)

2koyr +

—2koyo =0, O0<t<1 (3.2)

1
where p = z.q1 = 0.000002, T, = 33.03 +0.14(Z, — 10),

ko = 0.00009T (37 — Ty;)(*/3) and T, is an ambient temperature.

Making use of numerical technique to solve the resulting non-linear system
of equations, the temperature distribution in human dermal regions at various
environmental temperatures can be computed.

The heat generation calculated at the body core (brain and heart) is given in
Figure-(3). It has been observed from Figure-(3) that the heat generation in these
regions increases when the environment temperature decreases from 10°C' to 0°C.
The present solution is useful and realistic due to the fact that it maintains constant
temperature at these regions.
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4. DISCUSSION AND CONCLUSION

A Heat distribution model to understand the peripheral tissues temperature of
human body has been formulated. The formulation is based on bio-heat equation
with variable physiological parameters and appropriate boundary conditions. The
boundary value problem determining the distribution of heat in the biological tis-
sue has been solved using numerical method. The computation and simulation
has been carried out by MATLAB software. The outcome of this study reflects
some innovations in the existing models by means of temperature dependent. It
is important to mention that the experiments have shown a great role of thermal
conductivity on the thermal behaviour of the biological tissue. The numerical solu-
tion of the boundary value problem was carried out and the results were compared
with the existing solutions as discussed by Thron [17]. The variation of temper-
ature at various dermal layers of the underlying tissue is demonstrated in Figure
(1). The curves (1) and (2) are due to thron[17] at two atmospheric temperatures
T, = OOC, 10°9C while as the curves (3) and (4) are our results at the same ambient
temperatures respectively. The figure reveals that there are gradual changes of
temperature with radial distances. The study in this paper shows same tempera-
ture variation of tissues with that of Thron [17] with few significant differences in
some results. The main reason for such differences is that Thron [17] treated the
thermal conductivity as constant whereas it is temperature dependent in our case.
Therefore, it may be said that the present study is comparatively more realistic.
Similarly Figure-(2) is described at ambient temperatures 7, = 21°C,25°C. It is
evident from the Figures-(1,2) that the temperature variation in radial distances
shows the same tendency with existing study of temperature variations on the hu-
man periphery. For temperature dependent thermal conductivity k, the present
study shows some realistic values for the estimation of thermoregulation in human
dermal layers. The value of thermal conductivity gradually increases from outer
regions towards core with increase in temperature. Also a nonlinear singular dif-
ferential equation with suitable boundary conditions was developed according to
the equation-(14). The estimation of temperature distribution in human head for
various ambient temperatures was done by various researchers including Khan-
day and Saxena[10], Thron [17]. They have realized that sub-lingual temperature of
the head is not affected from the environmental temperature. Some realistic results
were observed in this study while comparing these results with some experimental
work carried out by Hodgson [5]. It is worthwhile to mention that the model can be
used extensively in medical sciences and biomedical engineering.
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Radial Distance (cm)

FIGURE 1. Temperature distribution in the tissue of human head

versus radial distance for various values of environmental temper-
atures.

Temperature of Tissue (°C)
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FIGURE 2. Temperature distribution in the tissue of human head

versus radial distance for various values of environmental temper-
atures.
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FIGURE 3. Heat generation of tissue of the human head versus ra-
dial distance for several environmental temperatures.
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ABSTRACT. In this paper, we discuss best approximation and best coapproximation in met-
ric linear spaces. We obtain some results on the characterizations, existence and uniqueness
of elements of best approximation and best coapproximation in metric linear spaces. We
also study single-valuedness and linearity of metric projection and metric coprojection.

KEYWORDS : Proximinal set; coproximinal set; Chebyshev set; co-Chebyshev set; quasi-
orthogonality.
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1. INTRODUCTION AND PRELIMINARIES

A new tool in approximation theory, called best coapproximation by Papini and
Singer [13], was introduced in normed linear spaces by C. Franchetti and M. Furi
[1]. Subsequently, this theory has been developed to a large extent in normed lin-
ear spaces and in Hilbert spaces by C. Franchetti and M. Furi, H. Mazaheri, T.D.
Narang, P.L. Papini and I. Singer, Geetha S. Rao and her coworkers, and by many
others (see e.g. [1], [3], [4], [8], [13]-[16] and references cited therein). However, the
situation in case of metric linear spaces and metric spaces is somewhat different.
Although, some attempts have been made in this direction (see e.g. [9]-[12]) but
still the theory is less developed as compared to the theory of best approximation.
The present paper is also a step in this direction. This paper mainly deals with
the characterizations of elements of best approximation and best coapproximation
in metric linear spaces. Some results concerning the existence and uniqueness
of elements of best approximation and best coapproximation have been discussed.
We also study single-valuedness and linearity of metric projection and metric co-
projection.
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Let G be a closed subset of a metric space (X, d). An element gy € G is called a
best approximation (best coapproximation) to x € X if

d(zng) < d(xvg) (d(QOag) < d(x’g))

for all g € G. The set of all such gg € G is denoted by Pg(x)(Rg(z)). The set G is
called proziminal (coproximinal) if Po(x) (Rg(z)) contains at least one element
for every x € X. If for each x € X, Pg(x)(Rg(z)) has exactly one element, then
the set G is called Chebyshev (co — Chebyshev).

We shall denote the set {z € X : g9 € Pg(z)} ({x € X : g0 € Ra(z)}) by
P5'(90) (Rg'(90))-

For a proximinal (coproximinal) subset G of X, the mapping Ps(Rg) : X —
2¢(= the collection of all subsets of () defined by Pg(z) = {g0 € G : d(z,g0) <
d(z,g) for every g € G} (Ra(x) = {go € G : d(go,g) < d(x,g) for every g € G})
is called metric projection (metric coprojection).

A linear space X together with a translation invariant metric d (i.e., d(x + z,y +
z) = d(z,y) for all z,y,z € X) such that addition and scalar multiplication are
continuous in (X, d) is called a metric linear space.

Every normed linear space is a metric linear sapce but a metric linear space
need not be normable (see [17], p.31-36).

Remarks 1.1.

(i) A proximinal subset of a metric space need not be coproximinal:
Let X = R? and G = {(x,y) € R? : 22 + y?> = 1}, then G is a compact
subset of R? and hence proximinal. However, G is not coproximinal as
(0,0) € R? does not have any best coapproximation in G.

(ii) A coproximinal subset of a metric space need not be proximinal:

Let X = R—{1} and M = (1,2], then M is a coproximinal subset of X but
is not proximinal.

(iii) A Chebyshev subset of a metric space need not be co-Chebyshev:

Let X = R and G = [1, 2], then G is Chebyshev but not co-Chebyshev.

(iv) A co-Chebyshev subset of a metric space need not be Chebyshev:

Let X = R? with the metric d((x1,%1), (¥2,%2)) = |21 — 22| + |y1 — y2| and
G = {(z,y) € R? : x = y}. Then G is a proximinal subset of X. We have
Po(z,y) = {a(r,z) + (1 — a)(y,y) : 0 < a < 1}, i.e., G is not Chebyshev,
but Re(z,y) = {(52, Z£4)}, ie., G is co-Chebyshev.

() The set P;"'(go)(R5' (g0)) is a closed set for every gy € G.

(vi) If G is a subspace of a metric linear space (X,d) then P;'(0)G = {0}
and R;'(0)NG = {0}, where P;'(0) = {z € X : 0 € Pg(x)} and
R;'(0) ={zr € X : 0 € Rg(x)}.

(vii) If G is subspace of a metric linear space (X,d), then gy € Pg(x) (g0 €
Rg(x)) if and only if x — go € P5"(0) (z — go € R5'(0)) and Pg(z + g) =
Po(z) + g (Ra(x + g) = Ra(z) + g) for every g € G.

(vii) If G is subspace of a metric linear space (X, d), then d(g,0) = d(g, R;"(0))
for every g € G.

For a closed linear subspace G of a metric linear space (X, d), the canonical
mapping © of X onto X/G is defined as 7(z) = © + G, x € X. This mapping 7 is
linear, continuous and open (see [17], p.29).

Let (X, d) be a metric linear space and z,y € X. We say that z is orthogonal to
y, x L yif d(z,0) < d(x, ay) for every scalar «. For a subset G of X, we say that
G L zifg L x forevery g € G.
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2. MAIN RESULTS

This section mainly deals with the characterizations, existence and unique-
ness of elements of best approximation and best coapproximation in metric lin-
ear spaces. We start with the following theorem which gives equivalent conditions
under which coproximinal subspaces are co-Chebyshev:

Theorem 2.1. Let G be a coproximinal subspace of a metric linear space (X, d),
then the following are equivalent:

(i) R¢ is one-valued and linear.

(ii) RE;I (0) is a linear subspace of X.

Proof. (i)=> (ii). Letz,y € R;'(0) and o, B be scalars. Then R (z) = {0} and Rg(y)
{0}. Since R¢ is linear, we have Rq(ax + By) = aRg(x) + fRa(y) = {0}. This
implies that ax + By € R;'(0).

()= (i). Let g1,92 € Rg(x). This gives  — g1, — g2 € R5'(0). Since R5'(0) is a
subspace, we have (v — g1) — (z — g2) € R5'(0), i.e., g2 — g1 € R5'(0). This gives
g2 — g1 € R'(0)G = {0} and so g; = go. Hence R is one-valued.

Letx,y € X and «, 3 be scalars. Suppose g; € Rg(x) and g2 € R (y). This gives
z—g1, y—g2 € R5'(0). Since R;'(0) is a subspace, we have a(z—g1)+58(y—g2) €
R;1(0), ie., (ax + By) — (agi + Bg2) € RG'(0). Now, Rg(ax + By) — (agi + Bgz) =
Ra(ax + By — (ag1 + Bg2)) = {0}, as Rg is single-valued. Hence Rg(ax + fy) =
agy + Bg2 = aRg(x) + fRa(y). U

Proceeding on similar lines, we obtain the following theorem which gives equiv-
alent conditions under which proximinal subspaces are Chebyshev:

Theorem 2.2. Let G be a proximinal subspace of a metric linear space (X, d), then
the following are equivalent:

(i) Pg is one-valued and linear.

(@ P5'(0) is a linear subspace of X .

Remarks 2.3. (i) For normed linear spaces, Theorem 2.1 was proved in [12] and
Theorem 2.2 in [2].

(i) If we take G to be only a proximinal subset containing zero, then P 1(O) isa
subspace but G need not be Chebysheuv.

Example 2.4. Let X = R with usual metric and G = (—o0,1]J[2,00). Then
P;'(0) = {0} is a subspace but G is not a Chebyshev set.

Example 2.4 also shows that one of the main result (Theorem 2.6) proved in [5]
is not valid.
We require the following lemmas proved in [12] ([10]) for our next results:

Lemma 2.5. Let G be a linear subspace of a metric linear space (X,d), then the
Jfollowing are equivalent:

(i) G is proximinal (coproximinal).

@ X =G+ P;'(0) (X =G+ R5'(0)).

Lemma 2.6. Let G be a linear subspace of a metric linear space (X, d) then the
Jollowing are equivalent:

(i) G is Chebyshev (co-Chebyshev ).

WX =G@P;'0) (X =GP R;'(0)), where @ means that the sum decomposi-
tion of each x € X is unique.

The following theorem gives necessary and sufficient condition for the metric
coprojection to be linear.
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Theorem 2.7. Let G be a co-Chebyshev subspace of a metric linear space (X, d),
then the following are equivalent:

(i) R¢ is linear.

(i) R;'(0) is a subspace.

(i) R;'(0) contains a subspace N for which X = G @ N.

Proof. (i)=- (ii) follows from Theorem 2.1.

(if)=>(iii) is obvious by Lemma 2.6.

(iii)= (). Let z,y € X and «, be scalars.. Then z = g1 +n; and y = g2 + no
for some ¢1,92 € G and ny,ny € N. Therefore, © — g1,y — g2 € N. Since N is a
subspace, we have a(z — g1) + B(y — g2) € N C R;'(0) for all scalars a, 3. This
gives (o + By) — (ag1 + Bga) € R5'(0), ie., Ra(ax + By — (agi + Bga)) = {0}(as
G is co-Chebyshev), i.e., Rg(ax + By) = ag1 + Sg2 = aRa(z) + SR (y). O

Proceeding on similar lines, we obtain the following theorem which gives neces-
sary and sufficient conditions for the metric projection to be linear.

Theorem 2.8. Let G be a Chebyshev subspace of a metric linear space (X, d), then
the following are equivalent:

(i) P¢ is linear.

(@) P;'(0) is a subspace.

(ii) P;*(0) contains a subspace N for which X = G @ N.

Remarks 2.9. For normed linear spaces, Theorem 2.7 was proved in [15] and The-
orem 2.8 in [2].

The following theorem gives necessary and sufficient conditions for the set Rg;l (0)
to be Chebyshev:

Theorem 2.10. Let G be a coproximinal subspace of a metric linear space (X, d). If
Ral (0) is an additive group then the following are equivalent:
() R;'(0) is a Chebyshev set.
@ G = {z € X :d(z,R;'(0)) = d(,0)}.
Proof. (i)= (ii). Suppose = € X is such that

d(z, R;'(0)) = d(z,0). 2.1)
Then there exist g € G such that § = 2 — g € R;'(0) (as G is a coproximinal
subspace and so by Lemma 2.5, X = G + R;'(0)). Therefore d(z,§) = d(g,0) =
d(g, R5'(0)) = d(z — g, R5'(0)) = d(z, R;'(0)), as R;'(0) is an additive group.
This implies § € PRal(O)(Z). From (2.1), we have 0 € PRE;l(O) (z). Since R;'(0) is
Chebyshev, we have § = 0 and so x = g € (. Also, by Remark 1.1 (8), we have
d(g,0) = d(g, R5'(0)) for all g € G. Consequently, the result follows.
(ii))= (i). Let x € X. Then there exist g € Gsuchthatg=xz—g € REI(O). Therefore

d(z, RG'(0)) = d(z — g, R5'(0)) = d(,9) (as v — § € G)
i.e., R;'(0) is proximinal.
Suppose that for some x € X, there exist g1, ga € PRgl(O) (z), ie.,
d(w, g1) = d(z, Rg' (0)) = d(z — g1, Rg'(0))
and
d(w, g2) = d(x, Rg' (0)) = d(z — g2, Rg' (0))
Then by hypothesis, © — g1,z — go € G. Since G is a subspace, (z — ¢1) — (z —
g2) € G, ie., g1 — go € G. Also Rél(O) is an additive group, we have §; — go €
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R;'(0). Therefore, i — g2 € R5'(0)(\G = {0} and so g» = ¢i. Hence R;'(0) is
Chebyshev. O

Let G be a linear subspace of a metric linear space (X,d). We say that G is a
quasi — orthogonal set if G L P5'(0), i.e., g L ¢/ forall g € G and ¢’ € P;(0).
Concerning quasi-orthogonality of subspaces, we have

Lemma 2.11. Let G be a quasi-orthogonal subspace of a metric linear space (X, d)
then d(g,0) = d(g, P5*(0)).

Proof. Since G is a quasi-orthogonal subspace, G L P;'(0), i.e., g L ¢ for all
g € Gand ¢ € P;'(0), i.e., d(g,0) < d(g,ag’) forall g € G, ¢’ € P5"(0) and all
scalars a. Taking a = 1, we obtain d(g,0) < d(g,¢') for all g € G, ¢’ € P5'(0).
This implies d(g,0) < inf . p-1 g d(g,9) = d(g, P5'(0)) for all g € G. Also,
d(g, P5'(0)) = infg/epgl(o) d(g,g") < d(g,0) for all g € G. Consequently, d(g,0) =
d(9, P (0)). O

Using Lemma 2.11, we have the following result which characterizes Cheby-
shevity of P;'(0):

Theorem 2.12. Let G be a proximinal, quasi-orthogonal subspace of a metric linear
space (X, d). If P, 1(0) is an additive group then the following are equivalent:

() P;'(0) is a Chebyshev set.

(i) G = {z € X : d(x, P;'(0)) = d(x,0)}.

Proof. The proof runs on similar lines as that of Theorem 2.10. U
Remarks 2.13.

(i) For normed linear spaces, Theorem 2.12 was proved in [5].

(ii) It was shown in [11] that if G is a proximinal (coproximinal) subspace of a
metric linear space (X,d) and P;'(0) (R;'(0)) is a convex set, then G is
Chebyshev (co-Chebyshev). If we take G to be a proximinal (coproximinal)
subset containing zero instead of a subspace then GG need not be Chebyshev
(co-Chebyshev). Example 2.4 and the following example confirm these
facts.

Example 2.14. Let X = R and G = [0, ), then R;'(0) = (—o0,0] and Rg(—1) =
[0,1], i.e., Rg'(0) is a convex set but G is not co-Chebyshev.

Concerning the coproximinality of quotient spaces, we have

Lemma 2.15. Let G be a closed linear subspace of a metric linear space (X, d) and
F' a coproximinal subspace of X containing G. Then F'/G is coproximinal in X/G.

Proof. Let  + G € X/G, = € X, and f be a best coapproximation to . We prove
that f 4+ G is a best coapproximation to z + G. Suppose it is not, then there exist
f'+G € F/Gsuchthatd(f+G, f'+G) > d(z+G, f'+G), i.e., infeead(z—f,g9) <
d(f — f’,G). Then there exist some gy € G such that

d(x — f',90) <d(f = f',G) < d(f - [, 90)
i.e., d(z, "+ g0) <d(f, f'+9go). Thus f is not a best coapproximation to z from F,
a contradiction. Hence f + G is a best coapproximation to x + G and consequently,
F/G is coproximinal in X/G. O

Concerning the coproximinality of F', we have
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Lemma 2.16. Let G be a proximinal subspace of a metric linear space (X, d) and F
a subspace of X containing G. If F/G is coproximinal in X /G then F is coproximinal
in X.

Proof. Let x € X be arbitrary, then  + G € X/G. Since F'//G is coproximinal in
X/G, there is some f +G € Rp/g(z+G), ie, d(f + G, f' +G) <dz + G, [+
G) for evrey f' + G € F/G. Since G is proximinal, there exist go € G such
that d(f — f',90) < d(z — f',G) < d(x — f',0) for every f' € F. This gives
f — g0 € Rp(z). Hence F is coproximinal in X. O

Using Lemmas 2.15 and 2.16, we obtain the following result:

Theorem 2.17. Let G be a proximinal subspace of a metric linear space (X, d) and
F a coproximinal subspace of X containing G. If 7 : X — X /G is the canonical map,
then(Rp(z)) = Rp/q(z + G).

Concerning the co-Chebyshevity of quotient spaces, we have

Theorem 2.18. Let G be a proximinal subspace of a metric linear space (X, d) and
F' a coproximinal subspace containing G. If R;l(()) is a convex set then F/G is a
co-Chebyshev subspace of X/G.

Progf. Using Theorem 2.17, we have 7(Rp(z)) = Rp/a(z + G).

In view of Remark 2.13, it is sufficient to prove that RI;/lG
this, let  + G,y + G € R;}G(G) and 0 < A < 1. Since G € Rp/g(z+ G) and G €
Rpja(y + G), there exist g € Rp(x) and h € Rp(y) such that n(g) = G = 7w(h).
Therefore, z — g,y — h € Rz'(0) (as g € Rp(z), h € Re(y)).

Since R,'(0) is a convex set, we have Az — g) + (1 — \)(y — h) € R;'(0)
i.e., d(0,f) < dAx—g)+ (1 =X (y—nh),[f) forall f € F. This implies d(\g +
IT=XNhAg+ QA =XNh+f)<drz+ 1 =Ny, f+Ag+ (1 —Ah) forall f €F.
Therefore, Ag + (1 — A)h € Rp(Ax + (1 — N)y).

Also m(Ag + (1 = Ah)) = G. Therefore, G € Rp;g(Ax + (1 — ANy + G), i.e., Mz +
G)+(1-Ny+G) € R;}G(G) and so R;}G(G) is convex. Hence F/G is co-
Chebyshev in X/G. O

(G) is convex. For

Remarks 2.19. For normed linear spaces, Lemmas 2.15, 2.16 and Theorems 2.17,
2.18 were proved in [3].

Proceeding on similar lines, we obtain the following results on best approxima-
tion in quotient spaces. For normed linear spaces these results were proved in [5]
and [6]:

(i) Let G be a closed linear subspace of a metric linear space (X, d) and F' a prox-
iminal subspace of X containing G. Then F'/G is proximinal in X/G.

(ii) Let G be a proximinal subspace of a metric linear space (X, d) and F a subspace
of X containing G. If F'/G is proximinal in X/G then F is proximinal in X.

(iii) Let G be a proximinal subspace of a metric linear space (X, d) and F' a prox-
iminal subspace of X containing G. If 7 : X — X/G is the canonical map then
m(Pr(z)) = Prjc(z + G).

(iv) Let G be a proximinal subspace and F' a proximinal subspace of X containing
G. If P, '(0) is a convex set then F'/G is a Chebyshev subspace of X/G.

Acknowledgements. The research work of the first author has been supported



BEST APPROXIMATION AND BEST COAPPROXIMATION 143

by University Grants Commission, India under Emeritus Fellowship and that of
the second author under Senior Research Fellowship.

REFERENCES

1. C. Franchetti and M. Furi, Some characteristic properties of real Hilbert spaces, Rev. Roumaine
Math. Pures Appl. 17(1972), 1045-1048.

2. R.B. Holmes and B.R. Kripke, Smoothness of approximation, Michigan Math. J. 15(1968), 225-248.

3. H. Mazheri: Best coapproximation in quotient spaces, Nonlinear Anal. 68(2008), 3122-3126.

4. H.Mazaheri and S.M.S. Modaress, Some results concerning proximinality and co-proximinality, Non-
linear Anal. 62 (2005), 1123-1126.

5. H.Mazaheri and F.M. Maalek Ghaini, Quai-orthogonality of the best approximant sets, Nonlinear
Anal. 65(2006), 534-537.

6. H. Mohebi and Sh. Rezapour: On sum and quotient of quasi-Chebyshev subspaces in Banach spaces,
Anal. Theory Appl. 19 (2003), 266-270.

7. T.D. Narang, Best approximation in metric linear spaces, The Mathematics Today 5 (1987), 21-28.

8. T.D. Narang, On best coapproximation in normed linear spaces, Rocky Mountain J. Math 22(1991),
265-287.

9. T.D. Narang, Best coapproximation in metric spaces, Publications de lInstitut Mathematique
51(1992), 71-76.

10. T.D. Narang and S.P. Singh, Best coapproximation in metric linear spaces, Tamkang J. Math. 30
(1999), 241-252.

11. T.D. Narang and Sahil Gupta, Proximinality and coproximinality in metric linear spaces, Ann. Univ.
Mariae Curie-Sklodowska Sect. A 69(1) (2015), 83-90.

12. T.D. Narang and Sahil Gupta, On Best Approximation and Best Coapproximation, Thai J. Math.
14(2016), 505-516.

13. P.L. Papini and I. Singer, Best coapproximation in normed linear spaces, Mh. Math. 88(1979),
27-44.

14. Geetha S. Rao, A new tools in approximation theory, The Mathematics Student 83 (2014), 05-20.

15. Geetha S. Rao and K.R. Chandrasekaran, Characterizations of elements of best coapproximation in
normed linear spaces, Pure Appl. Math. Sci. 26 (1987), 139-147.

16. Geetha S. Rao and R. Saravanan, Strongly unique best coapproximation, Kyungpook Math. J.
43(2003), 519-538.

17. Walter Rudin: Functional Analysis, McGraw-Hill, Inc., 1973.



Journal of Nonfinear

Analysis and

Optimization :

Theory . i
Journal of Nonlinear Analysis and Optimization o
Vol.7, No.1, (2016), 145-153 St i i
ISSN : 1906-9685 e
http://www.math.sci.nu.ac.th mmm,_

EXISTENCE AND UNIQUENESS OF COUPLED BEST PROXIMITY POINT IN
PARTIALLY ORDERED METRIC SPACES

BINAYAK S. CHOUDHURY!, N. METIYAZ:* AND P. KONAR3

I Department of Mathematics, Indian Institute of Engineering Science and Technology, Shibpur,
Howrah - 711103, West Bengal, India
2 Department of Mathematics, Sovarani Memorial College, Jagatballavpur, Howrah-711408, West
Bengal, India

3 Department of Mathematics, NITMAS, South 24 Pargana, West Bengal, 743368, India

ABSTRACT. In this paper we utilize a generalized almost contractive mapping to establish
some coupled best proximity point results which are global optimization results of find-
ing the minimum distances between two sets. The results are obtained in metric spaces
with a partial ordering defined therein. There is a blending of analytic and order theoretic
approaches in the proofs. We illustrate the main theorem through an example.
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1. INTRODUCTION AND PRELIMINARIES

Best proximity point results are related to the problem of finding minimum
distances which is by itself a classical problem considered in many areas of math-
ematics. It occupies an important position in the calculus of variation [16]. In
geometrical studies it is related to the concept of geodesic [3]. In our case the ob-
jects are subsets of metric spaces. The minimum distance between pairs of subsets
are realized by utilizing best proximity points of non-self mappings.

Technically, (X, d) denotes a metric space throughout the paper and A, B C X.
We use the following notations.

D(z, B) =inf {d(x, b) : b€ B}, where z € X,
d(A, B) =inf{d(a, b) :a € Aand b € B},
Ao ={a € A:d(a, b) =d(A, B) for some b € B},
By ={be B:d(a, b)=d(A, B) for some a € A}.
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It is to be noted that for every a € Ay there exists b € By such that d(a, b) =
d(A, B) and conversely, for every b’ € By there exists a* € Ay such that d(a’, b')
d(A, B).

Let T: A — B be a non-self mapping. Then z* € A is a best proximity point
of T if d(x*, Tz*) = d(A, B) [10]. A best proximity point reduces to a fixed
point in case where A = B. A best proximity point problem can be described as
the problem of finding an optimal approximate solution of the fixed point equation
x = Tz although the exact solution need not exist. This is an approach to the global
optimization problem of finding minimum distance between two sets by minimizing
globally the quantity d(z, Tx) such that the minimum value d(A4, B) is attained
at some point.

At this, point it is pertinent to point out the difference between proximity point
results and best approximation results. Unlike former, the best approximation
results are not necessarily optimal. For instance, the famous Ky Fan’s best ap-
proximation result is not an optimality result [11].

Eldred et al [10] introduced best proximity points. Interest in results associated
with this concept increased rapidly which has resulted in the publication of a good
number of papers on this topic. Side by side, coupled fixed point theorems also
occupied large research interest in recent times with the publication of results like
[5, 6, 12, 15, 17]. Coupled mapping was utilized in research on best proximity
pairs in the work of [20] and was followed by works like [13, s s . Our
purpose is to establish coupled best proximity point theorems in a metric space
where a partial order is defined. In the sequel we use an almost contraction like
inequality. These inequalities featured in the study of generalized contractions
originated by Berinde [4]. This category of inequalities has been utilized in a good
number of papers which are predominantly on fixed point studies, some instances
being [1, 2, 7, 8, 9]. We utilize this idea for finding best proximity pairs through
coupled maps. Precisely, we utilize a generalized almost contraction mapping for
the purpose of obtaining coupled best proximity points. The above mentioned
mapping is assumed to be defined from one set A X A to the other set B. Then
under suitable conditions, by applying fixed point methodologies, we obtained a
coupled best proximity point of the above mentioned mapping which realizes the
minimum distance. The main result has one corollary and an illustrative example.
Separate order theoretic condition is imposed to ensure the uniqueness of the
coupled best proximity point in the main result.

The following are the requisite mathematical concepts for the discussions in this
paper.

Throughout this paper, (X, d, <) denotes a partially ordered metric space where
= is a partially order on the metric space (X, d).

Definition 1.1 ([12]). Amapping g: AXA — A is said to have the mixed monotone
property if
u, vE€A u=xv=g(u, y) g, y), forallye A
and
p, g€ A, p=2qg=g(x, p) =gz, q), forallze A
Definition 1.2 ([14]). A mapping g: A x A — B is said to have proximal mixed
monotone property if forall x, y € A
u="v
d(a, g(u, y)) =d(A, B), p=a=b
d(b, g(v, y)) = d(A, B)
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and

pP=q

d(cv g(l’, p)) :d(A’ B)7 =c=d,
d(d7 g(x, Q)) = d(A7 B)

where u, v, p, q, a, b, ¢, d € A.

If A = B in the above definition, the notion of the proximal mixed monotone
property reduces to that of the mixed monotone property.

Definition 1.3. A mapping F': A x A — B is said to have proximal mixed mono-
tone property on Ay x Ay if for all z, y € Ay

u =0
d(a, g(u, y)) =d(A, B), =a=b
d(b7 g(U, y)) = d(A’ B)

and
P=q
d(c, g(x, p)) = d(A, B), »=czd,
d(d, g(x, q)) = d(A, B)
where u, v, p, q, a, b, ¢, d € Ap.
Lemma 1.4 ([14]). Let (X, d, <) be a partially ordered metric space and A, B are

nonempty subsets of X. Assume A is non-empty. Letg: Ax A — B be a mapping
such that g(Ag x Ag) C By and g has proximal mixed monotone property. Then for
allu, v, p, q, w € Ay

u=vandp >=q
d(v, g(u, p)) =d(A, B), » =v3w.
d(w, g(v, q)) = d(A, B)

Lemma 1.5 ([14]). Let (X, d, <) be a partially ordered metric space and A, B are
nonempty subsets of X. Assume Ay is non-empty. Let g: Ax A — B be a mapping
such that g(Ag x Ag) C By and g has proximal mixed monotone property. Then for
allu, v, p, q, z € Ag

u=<vandp>q
d(q, g(p, u)) =d(A, B), »=qr 2.
d(Z, g(Qv U)) = d(A’ B)

Definition 1.6 ([20]). A point (a, b) € A x A is said to be a coupled best proximity
point of the mapping g: A x A — B ifd(a, g(a, b)) =d(A, B)and d(b, g(b, a)) =
d(A, B).

2. MAIN RESULTS

Theorem 2.1. Let (X, <) be a partially ordered set and suppose that there is
a metric d on X such that (X, d) is a complete metric space. Let (A, B) be a
pair of non-empty closed subsets of X such that Ay is non-empty and closed. Let
F: Ax A — B be a mapping such that F(Ag x Ag) C By and F has proximal mixed
monotone property on Ag X Ag. Suppose that there exist nonnegative real numbers
a,band L witha + b < 1 such that forall x, y, u, v, p, q € Ag

rXuandy > v,
d(p, F(z, y)) =d(A, B), » = d(p, q) < N(z, y, u, v, p, q),

where
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N(z, y, u, v, p, q) = ad(z, u)+bd(y, v)+L min{d(p, u), d(g, z), d(p, ), d(q, u)}.
Suppose either
(a) F' is continuous or
(b) X has the following properties:

(i) if a nondecreasing sequence {xn} — x, thenx,, Xz, foralln > 0;

(ii) if a nonincreasing sequence {y,} — y, theny =< y,, foralln > 0.
Also, suppose that there exist elements (xo, yo), (x1, y1) € Ap X Ap such that
d(x1, F(xo, yo)) = d(A, B) and d(y1, F(yo, o)) = d(A, B) with xyp = 1 and
1Yo = y1. Then F' has a coupled best proximity point in Ag X Ayg.

Proof. By the hypothesis of the theorem there exist elements (zg, o), (1, y1) €
A X Ag such that 2o = 1 and yy > y; and

d(z1, F(xo, yo)) = d(A, B) and d(y1, F(yo, z0)) = d(A, B). (2.1)
Since F'(Ag x Ag) C By, there exists an element (23, y2) € Ag X Ag such that
d(za, F(x1, y1)) = d(A, B) and d(y2, F(11, z1)) = d(A, B). (2.2)

Hence by the Lemmas 1.4 and 1.5, we have z; <X 2 and y; = ys.
Continuing this process, we construct the sequences {x,,} and {y,} in Ay such
that

Tn X Tpe1 and yp = Yn41 forall n >0 (2.3)

and

d(xnt1, F(xn, yn)) =d(A, B) and d(yn+1, F(yn, zn)) = d(4, B). (2.4)

Now,
Tn = Tpy1 and Yp = Ynt1,
d(xp+1, F(xn, yn)) =d(A, B), —
d(ny2, F(Tnt1, Yni1)) = d(A, B)
d(Tpy1, Tpy2) < N(mn, Yns Tntls Yntls Tntls Tni2), (2.9)
where

N(Zn, Yns Trt1, Yntls Tntl, Tngz) = @ d(Tn, Tpi1) + 0 d(Yn, Ynt1)
+Lmin {d(2nt1, Tnt1)s d(Tnt2, Tn)s A(Tntt, Tn), d(Tnto, Tngr)}
=a d(Tpn, Tnt1) +bd(Yn, Ynt1)-
So, we have

d(x7L+17 mn+2) <a d(xvu xn—&-l) +b d(yn7 yn+1)- (2.6)
Similarly, it can be obtained that
d(y7L+17 yn+2) <a d(ynv yn-‘rl) +b d(]}n, xn+1)' 2.7

Combination of (2.6) and (2.7) implies that

A(Tpy1, Tny2) + d(Ynt1s Ynte2) < (@ +0) [d(@n, Tnv1) +dYn, Ynt1)].  (2.8)

Let r, = d(p, Tnt1)+d(Yn, Yn+1) and k = a+ b. By repeated application of (2.8),
we get
0<r, <krp1 <k®rn,_o<..<Kk"r. (2.9)

Let m, n € N with m < n. Then
d(zﬂ’u '1:71,) + d(ym7 yn) S d([L’m’ ,:l,’m_,’_l) —+ d(ym7 ym+1) + d(mm,-i-l, xm+2) +
A(Ymt1s Yma2) T+ d(@n-1, Tn) + d(Yn-1, Yn)
<rm+Tm+1+..+rp_1 < [km+km+l+m+kn—1}r0
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m

1—k

< ro — 0as m — oo (since 0 < k < 1).

Then it follows that
lim d(zp, z,) =0 and lim  d(ym, y.) =0,

m, n—00 m, n—00
which implies that both {z,} and {y,, } are Cauchy sequences in Ay. Since A is a

closed subset of the complete metric space (X, d), Ay is also complete. Now from
the completeness of A, there exists z*, y* € Ay such that

lim z, =2%; thatis, lim d(z,, 2*) =0 (2.10)
and

lim y, =y*; thatis, lim d(y,, ") =0. (2.11)

n—o0 n—oo

Let the condition (a) holds.
Taking limit as n — oo in (2.4) and using (2.10), (2.11) and the continuity of F/,
we have

d(z*, F(z*, y*)) =d(A, B) and d(y*, F(y*, *)) = d(A, B).

Therefore, (z*, y*) is a coupled best proximity point of F'.
Next we suppose that the condition (b) holds.
Using the condition (b) of the theorem, (2.3), (2.10) and (2.11), we have

T, = 2* and y, = y*, forall n > 0. (2.12)
Since z*, y* € Ag and F(Ap X Ag) C By, there exists u, v € Ag such that
d(u, F(z*, y*)) =d(A, B) and d(v, F(y*, z*)) = d(A, B). (2.13)

By (2.4), (2.12) and (2.13)

T, X z*and y, =y,

d(xn-&-la F(xna yn)) = d(A7 B)a -

d(u, F(z*, y*)) = d(A, B)

d(anLla U) é N(l'na Yn, CL'*, y*7 Tn41, u)» (214)
where
N(xna ym LU*, y*7 xn-‘rl, ’LL) =a d(ﬂjn, .’IT*) +bd(yn7 y*)
+L min {d(znt1, %), d(u, ©p), d(Xnt1, Tn), d(u, *)}.

Using (2.10) and (2.11), we obtain

lim N(xn, yn, 2%, ¥*, Tpy1, u) =0. (2.15)

n—oo
Taking the limit as n — oo in (2.14), using (2.10) and (2.15), we have d(z*, u) < 0,
which implies that d(z*, u) = 0; that is, u = z*.
Again, by (2.4), (2.12) and (2.13)

y* 2y, and x* = x,,

d(vv F(y*7 ‘T*)) = d(Av B)v =
d(yn+1a F(yna Cﬁ‘n)) = d(A7 B)
d(va yn+1) < N(y*7 LL'*, Yn, Tn, VU, yn+1)7 (2.16)

where
N(*, =% Yny Tny U, Ynt1) = a d(y*, yn) + b d(z*, )
+Lmin {d(v, yn), d(Yn+1, ¥*), d(v, ¥*), d(Ynt1, Yn)}-
Using (2.10) and (2.11), we obtain
lim N(y*, .Z‘*, Yns Tn, U, yn+1) =0. (2.17)

n— oo
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Taking the limit as n — oo in (2.16), using (2.11) and (2.17), we have d(v, y*) <0
which implies that d(v, y*) = 0; that is, v = y*.
Since u = xz* and v = y*, we have from (2.13) that

d(z*, F(z*, y*)) =d(A, B) and d(y*, F(y*, %)) = d(A, B).
Hence (z*, y*) is a coupled best proximity point of F'. O

With the help of partially ordered set (X, <) we endow the product space X x X
with the following partial order:

Theorem 2.2. In addition to the hypotheses of Theorems 2.1, suppose that for every
(x, y), (z*, y*) € Agx Ay there exists (u, v) € AgXx Ay such that (u, v) is comparable
to (z, y) and (z*, y*). Then F has a unique coupled best proximity point.

Proof. From Theorem 2.1, the set of coupled best proximity points F' is non-empty.
Suppose that (z, y) and (z*, y*) are coupled best proximity points of F'. So

d(z, F(z, y)) =d(A, B), d(y, Fly, ) =d(A, B), (2.18)

and
d(z*, F(z*, y*)) = d(A, B), d(y*, F(y*, ") = d(A, B). (2.19)

Now, we show that (z, y) = (z*, y*).
By the assumption, there exists (u, v) € Ag X Ag such that (u, v) is comparable
with (z, y) and (z*, y*).

Put (ug, vg) = (u, v).
Suppose that

(ug, vo) =X (z, y); thatis, wug <Xz, v = y (the proof is similar in other case).
(2.20)
Since u = ug, v = vy € Ag and F(Ag x Ag) C By, there exists (u1, v1) € Ag X Ag
such that

d(uy, F(ug, v9)) =d(A, B) and d(vi, F(vg, ug)) = d(A, B). (2.21)
From (2.18), (2.19), (2.20) and (2.21), we have

ug X xand vy = y up X xand vy = y
d(uy, F(ug, vo)) =d(A, B) and d(vy, F(vg, ug)) = d(A, B)
d(xv F(‘r» y)) = d(Aa B)a d(yv F(yv x)) = d(A’ B)

Since F'(Ag x Ag) C By and z, vg € Ay, there exists 1 € Ap such that
d(z1, F(x, v9)) =d(A, B).

Now we have

U 2, Y = vo,
d(uy, F(ug, v9)) =d(A, B) and d(z, F(z, y)) =d(A, B)
d(x1, F(z, v)) = d(4, B), d(x1, F(z, v)) = d(4, B).

Using the proximal mixed monotone property of F', we have
u; = z7 and z; = x which implies that u; < z.
Again, since F(Ap X Ag) C By and vy, = € Ay, there exists y; € Ag such that
d(y1, F(vo, x)) =d(A, B).
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Now we have

ug X @, y = o,
d(vi, F(vo, uo)) =d(A, B) and d(y, F(y, z)) =d(A, B)
d(yl, F('UO7 :13)) = d(A, B)? d(yla F(“Oy CL')) = d(A7 B)'

Using the proximal mixed monotone property of F', we have
v1 =~ y1 and y; »~ y which implies that v; > y.

Therefore, we have
(ur, v1) = (x, y). (2.22)
Continuing this process, we have sequences {u,} and {v,} in 4y such that

d(tUnt1, F(un, v,)) =d(A, B), d(vnt1, F(vn, uyn)) = d(A, B)and (uy,, v,) = (z, y) for all n > 0.

(2.23)
By (2.18) and (2.23)
Uup 2 xand v, = Y
d(tupt1, Fun, v,)) =d(A, B), =
d(z, F(z, y)) = d(A, B)
d(un+17 I) < N('Uwu Uny, Ty Y, Un+1, .CE), (2.24)

where
N(’Z,Ln, Una .’,E, ya un-‘rlv I) =a d(unv I) +bd(1}n’ y)
+L min {d(up+1, ©), d(x, uy), d(Unt1, un), d(x, )}
=a d(up, ) +bd(v,, y).
Therefore, from (2.24), we have
d(tnt1, ) = a d(up, ) +bd(v,, y). (2.25)
Again, by (2.18) and (2.23)

Yy v, and T = Uy

d(ya F(ya x)) = d(Av B)a -
d(vnt1, F(vp, un)) = d(A, B)
d(y7 ’Un+1) < N(ya Ly, Un, Un, Y, ’Un+1)7 (2.26)

where
N(ya T, Up, Un, Y, anrl) =a d(y7 Un) +0b d(l‘, un)
+L min {d(y, 'Un)a d(vn+1a 2/)7 d(ya y)v d(vn-l-lv Un)}
=ad(y, v,)+bd(x, uy).
From (2.26) it follows that

d(y, vn+1) < ad(y, v,)+bd(z, uy). (2.27)
Combining (2.25) and (2.27), we have
d(”n—i—la l‘) + d(’l)n_H, y) S (a’ + b) [d(u7H JJ) + d(’Unv y)} (2‘28)

Since a + b < 1, it follows from (2.28) that
d(Un-H, $) + d(Un+1, y) < d(un7 I) + d(Um y).

Therefore, {d(u,, z) + d(v,, y)} is a monotonically decreasing sequence of non-
negative real numbers and hence there exists a p > 0 such that

nh_}nolo [d(up, x)+ d(vn, y)] = p. (2.29)

We show that p = 0. If possible, let p > 0.
Taking limit as n — oo in (2.28) and using (2.29), we have

p<(a+0b)p<p, (since(a+0b)<1)
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which is a contradiction. Therefore, p = 0. Hence

lim [d(un, x)+ d(vn, y)] =0, (2.30)
n—r00
which implies that
lim d(up, ) =0 and lim d(v,, y) =0. (2.31)
n—00 n—oo

Similarly, we can prove that

lim [d(up, 2*)+ d(vn, y*)] =0, (2.32)
n— 00
and hence
lim d(u,, 2*) =0 and lim d(v,, y*) =0. (2.33)
n—oo n—oo

Using triangle inequality, (2.31) and (2.33), we have

d(z, *)+d(y, v*) < [d(x, up)+d(u,, *)+d(y, v,)+d(v,, y*)] — 0, asn — 0.

Hence d(z, z*) + d(y, y*) = 0, which implies that d(z, z*) = 0 and d(y, y*) = 0;
that is, x = ¢* and y = y*; that is, (z, y) = (z*, y*). Therefore, the coupled best
proximity point of F' is unique. (|

Example 2.3. Let X = R2 (R denotes the set of real numbers) and d be the
Euclidean metric on X. We define a partial order < on X such that (z, y) = (u, v)
ifand only if < wand y < v, for all (z, y), (u, v) € X. Let

A={(2,0), (0, 2)}U{(z, 0): 2 <z <3},

B={(-2,0), (0, =2)} U{(0, ) : =3 <z < —2},

Ao = {(27 0)7 (Ov 2)} and By = {(723 O)a (07 72)}
Let F': A x A — B be defined as

F((z1, 22), (1, 42)) = (=22, —z1) for all (z1, z2), (Y1, y2) € A X A,

Let a, b and L be three nonnegative real numbers with a + b < 1.
Here all the conditions of theorem 2.1 are satisfied and it is seen that ((2, 0), (O,
2)) and ((0, 2), (2, 0)) are two coupled best proximity points of F.

Considering L = 0 in Theorem 2.1, we have the following corollary.

Corollary 2.4. Let (X, =) be a partially ordered set and suppose that there is
a metric d on X such that (X, d) is a complete metric space. Let (A, B) be a
pair of non-empty closed subsets of X such that Ay is non-empty and closed. Let
F: Ax A — B be a mapping such that F'(Ag X Ag) C By and F' has proximal mixed
monotone property on Ag X Ag. Suppose that there exist nonnegative real numbers
a and b with a + b < 1 such that for all x, y, u, v, p, q € Ag

zuandy = v,
d(p, F(z, y)) =d(A, B), = d(p, q) <ad(z, u)+bd(y, v).
d(g, F(u, v)) = d(A, B)

Suppose that the condition (a) or (b) of the theorem 2.1 holds. Also, suppose that
there exist elements (o, yo), (x1, y1) € Ag X Ay such that d(z1, F(zo, yo)) =
d(A, B) and d(y1, F(yo, xo)) = d(4, B) withxzy = 1 and yo *= y1. Then F' has a
coupled best proximity point in Ag X Ayp.
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