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1. INTRODUCTION AND PRELIMINARIES

The initial works on double sequences is found in Bromwich [4]. Later on, it was
studied by Hardy [13], Moricz [20], Moricz and Rhoades [21], Tripathy ([38, D,
Basarir and Sonalcan [2] and many others. Hardy [13] introduced the notion of
regular convergence for double sequences. Quite recently, Zeltser [4 1] in her Ph.D
thesis has essentially studied both the theory of topological double sequence spaces
and the theory of summability of double sequences. Mursaleen and Edely [25] have
recently introduced the statistical convergence and Cauchy convergence for dou-
ble sequences and given the relation between statistical convergent and strongly
Cesaro summable double sequences. Nextly, Mursaleen [23] and Mursaleen and
Edely [26] have defined the almost strong regularity of matrices for double se-
quences and applied these matrices to establish a core theorem and introduced
the M -core for double sequences and determined those four dimensional matrices
transforming every bounded double sequences © = (1) into one whose core is
a subset of the M-core of x. More recently, Altay and Basar [1] have defined the
spaces BS, BS(t), CS,, CSpp, CS, and BV of double sequences consisting of all
double series whose sequence of partial sums are in the spaces M,, M,(t), Cp,
Cup. Cr and L, respectively and also examined some properties of these sequence
spaces and determined the a-duals of the spaces BS, BV, CSy, and the §(v)-duals

* Corresponding author.
Email address : sunilksharma42@yahoo.co.in(S. K. Sharma), kuldeepraj6é8@rediffmail.com(K. Raj), aksju_76@yahoo.com(Ajay K.
Sharma).
Article history : Received 20 April 2012 Accepted 20 March 2013.
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of the spaces CSp, and CS, of double series. Recently Basar and Sever [3] have
introduced the Banach space £, of double sequences corresponding to the well
known space /, of single sequences and examined some properties of the space
Lq. Now, recently Raj and Sharma [33] have introduced double sequence spaces
of entire functions. By the convergence of a double sequence we mean the conver-
gence in the Pringsheim sense i.e. a double sequence x = (zj,) has Pringsheim
limit I (denoted by P — limz = L) provided that given € > 0 there exists n € N
such that |xk7l — L| < e whenever k,[ > n see [28]. We shall write more briefly as
P-convergent. The double sequence = = (xy) is bounded if there exists a positive
number M such that |z ;| < M for all k and [.

The concept of 2-normed spaces was initially developed by Géahler [8] in the mid
of 1960’s, while that of n-normed spaces one can see in Misiak [22]. Since then,
many others have studied this concept and obtained various results, see Gunawan
([1o, ]) and Gunawan and Mashadi [12] and references therein. Let n € N and
X be a linear space over the field K, where K is field of real or complex numbers of
dimension d, where d > n > 2. A real valued function |-,--- , || on X" satisfying
the following four conditions:

@) ||x1,x2, - ,z,|| = 0if and only if x1, 29, - ,x, are linearly dependent in
X;

(i) ||x1, 22, - ,zy| is invariant under permutation;

(i) |ax1,x2, -, 20l = |a] ||z1,22, -, 2| for any a € K, and

() ||z 4+ 2,29, ,xn|| < ||z, 22, s znl + |27 22, 2]l
is called a n-norm on X, and the pair (X, ||-,--- ,-||) is called a n-normed space
over the field K.
For example, we may take X = R” being equipped with the Euclidean n-norm

lx1,z2, -+ , x| E = the volume of the n-dimensional parallelopiped spanned by the
vectors =1, 3, - - , T, Which may be given explicitly by the formula
”xlanv T vanE = |det(xij)|v
where x; = (2;1,%i2, + ,Tin) € R™ for each ¢ = 1,2,--- ,n. Let (X,[-,---,])
be a n-normed space of dimension d > n > 2 and {aj,as, - ,a,} be linearly
independent set in X. Then the following function |-, - - ,-||sc on X"~ ! defined by
“.7/'17.'172, T 7xnleoo = maX{”.’I/’],.’I}Q, T ,$n,1,ai|| 1= 1727 e 7n}
defines an (n — 1)-norm on X with respect to {a1,as, -+ ,an}-
A sequence (zj) in a n-normed space (X, |-,---,-||) is said to converge to some
LeXif
klirn lex — L,21, -, 2n—1|| =0 for every z1,---,2,-1 € X.
— 00
A sequence (z1) in a n-normed space (X, ||-,--- ,||) is said to be Cauchy if
lim ||z — 2p, 21, ,2n—1]| =0 forevery zi,---,z,-1 € X.
k— oo
P00

If every Cauchy sequence in X converges to some L € X, then X is said to be
complete with respect to the n-norm. Any complete n-normed space is said to be
n-Banach space.

The notion of difference sequence spaces was introduced by Kizmaz [14], who stud-
ied the difference sequence spaces I, (A), ¢(A) and ¢g(A). The notion was further
generalized by Et and Colak [7] by introducing the spaces [, (A™), ¢(A™) and
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co(A™). Let w be the space of all complex or real sequences x = () and let r be
non-negative integers, then for Z = [, ¢, ¢p we have sequence spaces

Z(A") ={x = (zx) € w: (ATxy) € Z},

where A"z = (ATzy) = (A" oy, — A" lxyy) and A2y = x4, for all k € N, which
is equivalent to the following binomial representation

Az = i(—l)v ( Z ) Thto-

v=0
Taking r = 1, we get the spaces which were introduced and studied by Kizmaz [14].
An Orlicz function M : [0, 00) — [0, 00) is a continuous, non-decreasing and convex
function such that M (0) =0, M(z) > 0 for x > 0 and M (x) — o0 as © — 0.
Lindenstrauss and Tzafriri [17] used the idea of Orlicz function to define the fol-
lowing sequence space,

gM:{mng('ﬁ)m}

which is called as an Orlicz sequence space. Also ¢); is a Banach space with the

norm
-
||| = inf {p >0 ZM(—) < 1}.
k=1 P
Also, it was shown in [17] that every Orlicz sequence space ), contains a subspace

isomorphic to ¢,(p > 1). The A,- condition is equivalent to M (Lz) < LM(z), for
all L with 0 < L < 1. An Orlicz function M can always be represented in the
following integral form

M(zx) = /093 n(t)dt

where 7 is known as the kernel of M, is right differentiable for t > 0,7(0) = 0, n(t) >
0, n is non-decreasing and 7)(t) — oo as t — 0.

Let A = (\;) be a non-decreasing sequence of positive numbers tending to infinity
and A\, 11 < A-+1, A; = 1. The generalized de la Vallee-Poussin mean is defined by

1
tr(x) = " Z xg, Lr=1[r—X+1,7].
" kel,

A single sequence x = (zy,) is said to be (V, A)-summable to a number L if¢,.(z) — L
as r — oo see [16]. If A\, = r, then the (V, \)-summability is reduced to (C,1)-
summability see ([36, 37]).

The double sequence \s = ()\m’n) of positive real numbers tending to infinity such
that

A7n-i-1,n < )\m,n + 1, A’rn,n-l—l < )\m,n + 17

)\m,n - )\m+1,n < >\m,n+1 - )\m+1,n+1; /\1,1 = ]-7
and

Imm:{(k,l):m—)\m,,mhlgkgm, n—Am,n+1SZ§n}.

Let X be a linear metric space. A function p : X — R is called paranorm, if
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() p(z) >0forallz € X,
(i) p(—z) =p(x) forallz € X,
(ii) p(z+y) <p(x)+p(y) forall z,y € X,
(iv) if (A\,) is a sequence of scalars with A,, — A as n — oo and (z,,) is a
sequence of vectors with p(z, —z) — 0 as n — oo, then p(A,z, — Az) —
0 asn — oo.

A paranorm p for which p(z) = 0 implies = 0 is called total paranorm and the
pair (X, p) is called a total paranormed space. It is well known that the metric of
any linear metric space is given by some total paranorm (see [40], Theorem 10.4.2,
pp- 183). For more details about sequence spaces (see [18, s s , 29-31, 34])
and reference therein.

A sequence space E is said to be solid(or normal) if () € E implies (ozi) € E
for all sequences of scalars (ay,) with |ax| < 1 and for all k € N.

The notion of ideal convergence was introduced first by P. Kostyrko [15] as a gener-
alization of statistical convergence which was further studied in topological spaces
(see [5]). More applications of ideals can be seen in ([5, 6]).

Recently a lot of activities have started to study sumability, sequence spaces and
related topics in these non linear spaces (see [9, 35]). In particular Sahiner [35]
combined these two concepts and investigated ideal sumability in these spaces and
introduced certain sequence spaces using 2-norm. Raj and Sharma [32] have in-
troduced some sequence spaces of ideal convergence in 2-normed spaces.

We continue in this direction and by using a sequence of Orlicz functions, general-
ized sequences and also ideals we introduce I-convergence of generalized sequences
with respect to a sequence of Orlicz functions in n-normed spaces.

Let (X, ||, ,-||) be a normed space. Recall that a sequence (x,, )nen of elements of
X is called statistically convergent to x € X if the set A(e) = {n eN:|z,—z| > e}

has natural density zero for each € > 0.
A family Z C 2Y of subsets of a non empty set Y is said to be an ideal in Yif

W) ¢ €L;
(i) A,Be€Zimply AUB € 17;
(iii) A € Z, B C A imply B € Z, while an admissible ideal Z of Y further
satisfies {2} € 7 for each x € Y (see [9]).

Given Z C 2" be a non trivial ideal in N. A sequence (,),en in X is said to be

I-convergent to x € X, if for each € > 0 the set A(e) = {n eN: |z, —z| > 6}

belongs to 7 (see [15]).
Let A = (\,,,) be non-decreasing sequence of positive numbers tending to oo such
that A,+1 > A, + 1, Ay = 0 and let I be an admissible ideal of N, M = (M}, ;) be a

sequence of Orlicz functions, (X, |-, ,-||) is a n-normed space. Let p = (py,;) be
a bounded sequence of positive real numbers. By S”(n — X) we denote the space
of all sequences defined over (X, ||-,--- ,-||). Now we define the following sequence
spaces in this paper :

W (A M AT p, [l ) =

{zES"(an):Ve>O{m,n€N: ! 3 [Mk,l(u%,zl,...,zn,1||)]p“ze}el

T kl€lm,n

forsome L,p >0 and 21, - - ,2n—1 EX}7
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W2 (A M, AT p 1) =
1 AT .
{res"(n-X):ve>0{mnen: S M (152 aal))] T 2 et
Amon 1€ P
forsome p >0 and 21, ,2n—1 EX},
(Woe)2 (A ML AT py [l ) =

{z € 5”(n—X):3 K >0 such that sup

m,n

> [Mk,l (II Arlﬂ)ck,l e zna H)]Pk,l

T K l€Im,n

< K forsome p>0 and 21, - ,zn_1 EX},
(WL)2 (AWM AT p, [ ) =
1 A"z Pk,
{xES”(n—X):HK>O such that {m,nEN: Z [Mk,l(” LILE 7zn,1||)] !
>\m,n ElEm.n P
ZK} €l forsome p>0 and 21, - ,2n—1 EX}.

The following inequality will be used throughout the paper. If 0 < p;; < suppi; =

H, D = max(1,27~1) then
lak, + br

for all k,1 and ay,;, by, € C. Also |a[P*t < max(1, |a|*) for all a € C.

The main aim of this paper is to study some topological properties and some inclu-
sion relation between above defined sequence spaces.

(1.1)

2. MAIN RESULTS

Theorem 2.1. Let M = (M}, ;) be a sequence of Orlicz functions, p = (py,) be a
bounded sequence of positive real numbers and I be an admissible ideal of N. Then

W2 (XM AT p, [l l) W2 (A M AT o) (Woo)a (A MU AT, 1y} and
(Wl)2 (AyM,AT,p, I, ,-||) are linear spaces.
Proof. Let x = (xk,l)vy = (yk,l) € (WI)Q <)‘7M7Arap7 ||7 t 1”) and avﬁ € R. So
A X Pkl
{m,nEN: Z [Mkl(H kil — ,zl,~-~,zn_1||)] 26}6[
" k€L n
for some L, p; >0, and z1, - ,2,-1 € X}
and
A L Pkl
{manEN Z |:Mk ( Ykl — 7217"'7Z7L—1H>:| 26}61
™ k€L P2
for some L, ps >0and 21, -+ ,2,-1 € X}‘
Since ||-,--- ,-|| is a n-norm and M = (M}, ;) be a sequence of Orlicz functions the

following inequality holds:

1 A"z + — L Pk,
Z |:Mk,l(H ( k,l ﬁyk:,l) 2, 7Zn71H):|

Am,n k€D n |l p1 + | B]p2
1 o A"x; — L Pk,
SEPEN S S V(T T ]
(lalpr + 18lp2) p1

" kl€ln



6 S. K. SHARMA, K. RAJ AND A. K. SHARMA : VOL. 4, NO. 1, (2013), 1-11

1 A" — L Pk,
R rea Ml (e i e SRRE))
LT P1 P2 P2
1 A" L Pk,
S Amn Z |: <|| xkl 3 R1y """ ;Zn71||):| o
k€L n
1 A" — L D1
+ DF— Y [Mk,l(||L,z1,~~~ )]
T A€ T p2

H H
where F' = max [17 (L) , (m) } From the above inequality,

(Ialp1+18lp2)
1 A"(azp) + Byry) — L Pk,1
weget{m,nGN: Z Mkl(H (0@ + Byr.1) S 21, 2n 1\\)} >
" oplel |04|P1+|m,02
)
1 Ar(ﬂk 1 — L Pk,1 €
c { ; : Z [Mk,l(||77azlv"';Zn—1||>:| Z*}
n P1 2
k€L n
AT k1 — L Pr,1 €
U { Z |:Mk ( Y azla"'azn—1||):| 27}
" g l€Dm p2 2
Two sets on the right hand side belong to I and this completes the proof. Similarly,
we can prove that (Wi)a (A M, A7 p, [l 1+ ). (Wa)2 (A ML AT p 1ol
and (W1), ()\, M,A p,||-,- -+ ,-||) are linear spaces. O

Theorem 2.2. Let M = (M, ;) be a sequence of Orlicz functions andp = (py,;) be a
bounded sequence of positive real numbers. For any fixedm,n € N, (W) ()\, MA p || ||)
is a paranormed space with the paranorm defined by

gm.n(x) = inf {pp";fn :p >0 issuchthat sup

k,l m,n

A"x Dkl
> M (1= szl

k,l€ly n

S 1,V2'1,'~~ ;2n—1 € X}

Proof. It is clear that gm,n(x) = gm,n(—x)- Since Mk,l(o) — 0. we get inf{pm}?n } _
0 for x = 0 therefore, ¢,,,,(0) = 0. Let us take z = (v%,;) and y = (yx,) in

(Wao)a (A M, A7 [ o). Let

ATz p
B(I):{ﬂ>OISﬁ> > [Mkl(” pkl lewznflll)] " SLVZl:"',anlGX},

"k IEIm N

Aypa Pk
> [Mk,z(HT’,zh"' ,Zn_1H)] <1,Vzi,-++ ,2n-1 € X}.

T g l€lm,n

Let p1 EB( ) and ps EB( ) Then if p = p; + p2, we have

ivkz+ k.l
Z Mk (” Y )72:17"'727171”)

™ k€l om

p1 1 ( ATy )

sup Syt Zp—1
PL+ P2 k1 Amn kl; | n-tl

B(y) = {p>0:sup
k,l
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1 ATy
P2 sup > MkJ(Hinla'“ 7Zn—1H)~
p1+ p2 k1l )\m,n klel P2

Thus sup
k,l Am, n

A"(Tr + Yk Pr.l
Z Mk,l(”¥7zla'“ 7Zn71H) < 1and
kd€lm n P1 P2

Pm,n

gmn(@+y) < il {(pr+p2)H" : p1 € B(), p2 € Bly) }

< inf{m Tip € B(l’)} +inf{pf 1p2 € B(y)}
= gm,n(x) + gmm(y)-

Let 0® — o where o,0° € C and let gm,n(xz’l —1xz) — 0as s — 0.
We have to show that gmyn(osxzyl —ox) — 0as s — 00. Let

Z {Mkl(” =

kl€lm n

Armil — Tkl Pk,1
Z |:Mk7;l(|| : yR1y "t 7zn71||)i| S 1a

/
El€lm,n Ps
V21, , 2p—1 € X}

If p; € B(z®) and p), € B(m — z) then we observe that
AT(J ‘Tkl O l)

1
M| o 2
A "k,l;;m pelo® —al+ o] "

B(z®) = { > 0:sup

k.l Pk,
,Zlv"'vznle)} Sl,v21,"'72n71€X},
k,l )\mn

B(z*—zx) = {p; >0 :sup

kJl \mmn

A" (o%zs |, — oz )
Z Mkl(” o _kUl|+ ]|€Ul| ezl
" ki€l Ps P

AT(Jﬂfkl — OXL l)
znall)

|
palo* — ol + pJol

— AT
< |o* U\ps/ 1 > Mkl( (xkz) 1’_._7%71”)

pslo® — ol + pilo] Adm.n

IN

+

k€L n
’
o 1 (xk,l xk‘,l)
R P R
pslo® —al+pilof Amn A€l n s

From the above inequality, it follows that

"(o%x% , — 0Tk,) Pk,
S (M (1 e e el <

e palo™ —al+ ool ~

and consequently,

Pm,n

gmn(o’a® —ow) < il {(p,lo* — o+ plol) T ips € Bla*),p, € Ba* ~ )}
< (o* — o))" it {p"H" < p € B}
+ (o) 5 inf { (6) 7" : p, € Bla® — ) }

—0 as m — oo.

This completes the proof. U
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Theorem 2.3. Let M = (M}, ;) be a sequence of Orlicz functions which satisfies Aq-

condition. Then (W{ ), ()\,./\/l7 A" p |l ||) C (WI)Q()\,M, A p H) -
(WL)s ()\, M A" p|- -, ||> and the inclusions are strict.
PTOOf The inclusion (WOI)Q()"Ma A7-7p7 H7 e 7”) - (WI)Q(AMA/L Ar’p’ ||7 T 7”)
is obvious. We have only show that (W), ()\,M, AT |- ||) (W, ()\ M, A" p, |-,
Let (2,) € (W!)2 (A M, A7, p, [+ -] ). Then
1 ATz Dk,
S o1 )
L NPT S
1 Az, +L—L Dkl
: (EBEEE Ly
n p
El€Ln n
A" i L Pkr,1
S )\ Z |:Mk:l(|| s 7Z17"'7277,71H+||277217"'7zn71||)i|
kleImn p P
1 A"z — L Dk, 1
< DG5 (M (152252 2zl
m,n P
M ki€l
L Pk,
+ Z |:Mk:l( 7ZTL—1H>:| 5
" g€l p

where G = max {1, (%) }. Thus from A,-condition, we have z € (WOIO)2</\,M, ATy

and this completes the proof of the theorem. g
Theorem 2.4. Let M, M’ M" are sequences of Orlicz functions. Then we have

0 (W)e(\MLATp ) € (W2 (A Mo MLAT p|-+ -]} provided
(pk,1) is such that Hy = inf py,; > 0.

(@ (W) (A ML A7 p | )W) (A M AT o) © (W) (A M+
M”, A", p, ||’ . ||)

Proaof. (i) For given € > 0, first choose ¢y > 0 such that max{e}, 651 °} < e. Now using
the continuity of M} ;. Choose 0 < § < 1 such that 0 < ¢ < 4, this implies that

My i(t) < eo. Let (zx,) € (WOI)2<)\,M, A" p, |y ,H) Now from the definition
1 A" Pk,

B(5) = {mn eN: 3 [M,”(H Thl . 72,1,1\\)} " 5H} el
T k€T n

Thus if m,n ¢ B(d) then

1 A" Pk,
[ ( Jiklz ...,Zn_1||>}kl<5H
klelmn
Dkl
= Z |:Mkl( 21yttt Zn—1||>:| <)\mn5H
kJl€lym n

A" Pk,
[Mkl(” L TR ,zn,1||)} o < 6% for all klelnn

A
= [M,’CI(H wk’l,zl,-~- ,zn,1||>] <6 forall k,l € Iy,
’ p

)
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Hence from above using the continuity of M = (M} ;) we must have

A"
Mkl(Mm(H LU ,zn_1||)> <eV k€l

which consequently implies that

A"x Pk,
Z [Mkl(Mkl(H kil z17~-~,zn,1||))] < )\m’nmax{e(l)ﬂeé{‘)}

kl€lmn
< Amn€
ATx Pkt
P o 3 (S |
" kl€lnn
This shows that
A" Pk,
{m7n eN: 3 [Mk,l (M,Q‘lo\ Thl e 7zn,1||))] > e} c B(5)
T 1€l n ' P
and so belongs to I. This proves the result.
) Let (z0) € (W2 (A M A7, |l ) 0 (W2 (A MY ATl o)

Then the fact

o (AR A (P |

P
< Dﬁ[Mkz(HA Tkl J2L, ,Zn—1||>rkvl
T Y (S |
gives the result. 7 U
Theorem 2.5. The sequence spaces (W{ ), ()\, M A" p|- -, ||) and (WL), (/\, M, A" p |-
are solid.
Proof. Let (x1) € (W{d)2 ()x, M,A" |- ||) let (av;,;1) be a sequence of scalars

such that |ay, l| < 1forall k,I € N. Then we have

AT Pkl
{m7n€N Z |:Mk ( M,Zl,"'7zn_1“):| kl}c
" el p
C AT Dkl
{m,neN: By Z [Mk’l(\|ﬂ,zl,-~-,zn,1||)} ZE}EI,
T e l€lmn P
where C' = max{1, |ox;["}. Hence (arizr1) € (W)2 (A,M,A’“,p, [+l for

all sequences of scalars oy with |ay | < 1 for all k,I € N whenever (zj,;) €
(W (A M A7 1ol
Similarly, we can prove that (WL ), ()\, M A p |- H) is also solid. O

Theorem 2.6. The sequence spaces (W{ ), ()\, M A" |- ||) and (WL), ()\, M A" |-

are monotone.

Proof. 1t is easy to prove so we omit the details. (]
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ABSTRACT. In this paper, we prove a common fixed point theorem for two pairs of selfmaps
satisfying certain generalized weakly contractive condition. Also, we prove the same for two
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1. INTRODUCTION

In 1977, Rhoades [10] compared various definitions of contractive mappings
on a complete metric space which were used to generalize Banach contraction
mapping principle. After 20 years, in 1997, weakly contractive maps were in-
troduced by Alber and Guerre-Delabriere [1] in Hilbert spaces which generalize
contraction maps, and established a fixed point theorem in Hilbert space setting.
Rhoades [1 1] extended this idea to Banach spaces and proved the existence of fixed
points of weakly contractive selfmaps in Banach space setting. Weakly contractive
maps have been considered in several works by different researchers namely Al-
ber, Guerre-Delabrier [1], Babu, Nageswara Rao and Alemayehu [2], Babu and
Alemayehu [3], Choudhury, Konar, Rhoades and Metiya [4], Doric [5], Dutta and
Choudhury [6] and Rhoades [1 1] and some references cited in these papers in order
to establish the existence of fixed points.

Throughout this paper we denote
O ={¢:[0,00) — [0,00) | ¢ is lower semicontinuous and ¢(t) =0 &t = 0}.
U = {¢:[0,00) — [0,00) | 9 is continuous, nondecreasing and ¥(t) =0 < t =0},
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Email address : gvr_babu@hotmail.com(G.V.R. Babu), kidanekoyas@yahoo.com(K.T.Kidane).
Article history : Received 14 February 2012. Accepted 3 September 2012.



14 G.V.R. BABU AND K.T.KIDANE/JNAO : VOL. 4, NO. 1, (2013), 13-28

Definition 1.1. (Rhoades [11]) Let (X, d) be a metric space. Amapping 7 : X — X
is said to be weakly contractive if there exists ¢y € ¥ such that

d(Tz,Ty) < d(z,y) — ¥(d(z,y)) for all z,y € X.

Theorem 1.1. (Rhoades [11] Let (X,d) be a complete metric space and T be a
wealkly contractive mapping. ThenI' has a unique fixed point in X.

Definition 1.2. ( Choudhury, Konar, Rhoades and Metiya [4]) Let (X, d) be a met-
ric space and 7" be a selfmap of X. T is a generalized weakly contractive map if
there exist maps ¢ € ¥ and ¢ : [0,00) — [0, 00) satisfying ¢ is

continuous and¢(t) = 0 < t = 0 such that

d(Tz, Ty) < (M (z,y)) — ¢(max{d(z,y), d(y, Ty)}) forall z,y € X,

where

M(r,y) = max{d(z,y), iz, Tz), d(y, Ty), Sld(r, Ty) +d(y, o))}

Definition 1.3. (Jungck [7]) Let f and g be selfmaps of a metric space (X, d). The
pair (f, g) is said be a compatible pair on X, if lim d(fgx,,gfx,) = 0 whenever
n—oo

{z,} is a sequence in X such that lim gz, = lim fz, =t for some ¢t € X.
n—oo

n—oo
Definition 1.4. (Jungck and Rhoades [8]) Let f and g be selfmaps of a metric

space (X, d). The pair (f, g) is said be weakly compatible if they commute at their
coincidence point, i.e., fgx = gfx whenever gz = fz, v € X.

Here we note that every compatible pair is weakly compatible pair of maps but
its converse need not be true [7].

Definition 1.5. ( Pant [9]) Let f and g be selfmaps of a metric space (X, d). Then
f and g are said to be reciprocally continuous if lim fgx, = ft and
n—oo

lim gfx, = gt whenever {z,} is a sequence in X such that

n—oo

lim gx, = lim fx, =t for somet € X.
n—oo

n—oo

Clearly if f and ¢ are continuous then they are reciprocally continuous, but its
converse need not be true (Pant [9]).

Theorem 1.2. (Choudhury, Konar, Rhoades and Metiya [4]) Let (X, d) be a complete
metric space and T' a generalized weakly contractive mapping of X. Then T has a
unique fixed point.

Theorem 1.3. (Choudhury, Konar, Rhoades and Metiya [4]) Let (X, d) be a complete
metric space. Let f and g be selfmaps of X. Suppose that there exist maps ¢ € ¥
and ¢ : [0,00) — [0, 00) satisfying ¢ is continuous and

¢(t) = 0if and only t = 0 such that
d(fz,9y) <P(M(z,y)) — ¢(m(z,y)}) forall z,y € X, where

M(z,y) =max{d(z,y), d(z, fz), d(y,gy), 5ld(z,gy) + d(y, f2)]}

and

m(z,y) = max{d(z,y), d(z, fz), d(y,gy)}-

Then f and g have a unique comumon fixed point. Moreover, any fixed point of f is a
Jfixed point of g and conversely.

Definition 1.6. (Babu, Nageswara Rao and Alemayehu [2]) Let f and g be two
selfmaps of a metric space (X, d). The pair (f, g) is said to be a
generalized weakly contractive pair if there exists a function ¢ € ® such that
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d(fz,gy) < M(z,y) — ¢(M(z,y)) for all z,y in X,

where

M(z,y) = max{d(z,y), d(=z, fz), d(y,g9y), 3ld(z,gy) +d(y, fx)]}.

Definition 1.7. ( Babu, Nageswara Rao and Alemayehu [2]) Let f,g,.S and T be
selfmaps of a metric space (X, d). We say that the pair (f, g) is

(S, T) generalized weakly contractive if there exists a function ¢ € ¢

such that

d(fz,gy) < M(z,y) — ¢(M(z,y)) for all z,y in X,

where

M(z,y) = max{d(Sz,Ty), d(fz,Sz), d(gy.Ty), $[d(Sz,gy) + d(fz,Ty)]}.

Theorem 1.4. (Babu, Nageswara Rao and Alemayehu [2] ) Let f,g,S and T be
selfmaps of a complete metric space (X, d) such that fX C TX and gX C SX and
(f, g) is (S. T) generalized weakly contractive pair. If one of the ranges fX, gX,SX
and T'X is closed, then f, g, S and T have a unique common fixed point in X .

Theorem 1.5. (Babu, Nageswara Rao and Alemayehu [2] ) Let f,g,S and T be
selfmaps of a complete metric space (X, d) such that fX CTX and gX C SX and
(f,g) is (S, T) generalized weakly contractive pair. Further assume that either

(#) (f,9S) is reciprocally continuous and compatible pair of maps and (g,T) a pair
of weakly compatible maps
or

(it) (g,T) is reciprocally continuous and compatible pair of maps and (f,S) a pair
of weakly compatible maps.
Then f, g, S and T have a unique common fixed point in X .

Motivated by the works of Doric [5], Dutta and Choudhury [6],
Choudhury, Konar, Rhoades and Metiya [4] we extend the concept of (1, ¢)- weakly
contractive maps to four maps.

Definition 1.8. Let f, g, S and T be four selfmaps of a metric space (X, d). If there
exist € ® and ¢ € ¥ such that

V(d(fz,gy)) < O(M(z,y)) — ¢(m(z,y)) for all z,y in X (4)
where

M(z,y) = max{d(Sz, Ty), d(fz,Sz), d(gy, Ty), 3[d(Sz,gy) +d(fz,Ty)]}

and

m(x,y) = max{d(Sz, Ty), d(fz,Sz), d(gy,Ty)}

then we say that f, g, S and T satisfy generalized (¢, ¢)- weakly
contractive condition.

In this paper, we prove a common fixed point theorem for two pairs of selfmaps
satisfying generalized (1), ¢)- weakly contractive condition. Also, we prove the same
for two pairs of such selfmaps in which one pair is compatible, reciprocally contin-
uous and the other pair is weakly compatible. Some existing results are drawn as
corollaries from the main results of this paper. Examples are given in support of
the main results of the paper.

2. A COMMON FIXED POINT OF TWO PAIRS OF WEAKLY CONTRACTIVE
MAPS

Let f, g, S and T be selfmaps of a metric space (X, d) satisfying fX C TX
and gX C SX. Let zg € X. Since fX C TX, we can choose x; € X such that
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Jxo =Tz = yo (say).
Since gX C SX, corresponding to 1 € X we can choose x5 € X such that
gxr1 = Sz = y; (say).
Continuing the same process we obtain sequences {z,} and {y,} in X such that

Yon = [Ton = Top41 and Yo g1 = gTont1 = STopgo, n=0,1,2,.... (B)

The following proposition is useful in our subsequent discussion.

Proposition 2.1. Let f, g, S and T be selfmaps of a metric space (X,d) which
satisfy fX CTX and gX C SX. Assume that there exist ) € ¥ and ¢ € ® succh
that f,g,S and T satisfy generalized (1, ¢)- weakly contractive condition. Assume
also that (f,S) and (g, T) are weakly compatible.

Then F(f,S) # 0 ifand only if F(g,T) # 0, where

F(f,S)={x e X : f(x) =S(z) =z} and

F(g,T)={xr € X : g(z) =T(z) = z}.

In this case f, g, S and T have a unique common fixed point.

Proqf. Assume that F(f,S) # (). Let z € F(f,S) and so
z=fz=2_8z. 2.1)

Now, we show that z € F(g,T).
Since fX C TX there exists w € X such that

fz=Tw. (2.2)
Then, from (2.1) and (2.2), we get
fz=Tw=Sz==z. (2.3)
Next we show that gw = z.
Now from (A) we have
P(d(z, gw)) = Y(d(fz, gw)) < P(M(z,w)) — d(m(z,w)) (2.4)
where
M(z,w) = maz{d(Sz,Tw), d(fz,S%), d(gw,Tw), %[d(Sz, gw) + d(fz,Tw)]}
= maz{0, 0, d(gw, 2), %d(z, gw)}
= d(z,gw). (2.5)
and
m(z,w) = max{d(Sz,Tw), d(fz,Sz), dlgw,Tw)}
= maz{0, 0, d(gw,2)} = d(z, gw). (2.6)

On using (2.5) and (2.6) in (2.4), we have
P(d(z, gw)) < P(d(z, gw)) = ¢(d(z, gw))
which implies that ¢(d(z, gw)) = 0. Hence
Z = gw. 2.7)
From (2.3) and (2.7) it follows that
gw =Tw = 2. 2.8
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Since g and T are weakly compatible, we have by (2.8)
gz =gTw=Tgw ="Tz.

17

Hence
gz =Txz. (2.9
Now, we show that gz = z.
From (A) we have
P(d(z, 92)) = ¢(d(fz,92)) < P(M(z,2)) — p(m(2, 2)) (2.10)
where
M(z,z) = {d(Sz,Tz), d(fz,Sz), d(gz,Tz), 1[d(52,gz) +d(fz,Tz)]}

2
= maz{d(z,gz), 0, 0, %[d(z,gZ) +d(z,92)]}

= d(z,92). (2.

Also, it is easy to see that

m(z,z) = d(z,gz). (2.

Therefore, on using (2.11) and (2.12) in (2.10), we have

P(d(z, 92)) < P(d(z, 92)) — d(d(z,92))
which implies that
¢(d(z,92)) =0

ie.,
Z=g=z. (2.
Hence, from (2.9) and (2.13), we have z = gz = T'z.
Therefore
F(g,T) #0 2.
Hence, from (2.1) and (2.14), we have
F(f,S) C F(g,T). 2.

Conversely assume that F(g,T) # (.
Let z € F(g,T), then

11)

12)

13)

14)

15)

gze=Tz=z. (2.16)
Now, we show that z € F(f,S). Since gX C SX, there exists u € X such that
gz = Su. (2.17)
Then, by (2.16) and (2.17), we have
gz=Su=Tz = z. (2.18)
Next we show that fu = z.
From (A) we have
Y(d(fu,z)) =p(d(fu,g2)) < (M(u, ) — p(m(u, 2)) (2.19)
where
M(u,z) = max{d(Su,Tz), d(fu,Su), d(gz,Tz), %[d(Su, 9z) +d(fu,T2)|}

= mar(0, d(fu,2), 0, Sd(fu,2)}
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= d(fu.2). (220

Also we have

m(u,z) = d(fu,z). (2.21)
Now on using (2.20) and (2.21) in (2.19), we have
(d(fu,2)) < B(d(fu,2)) — G(d(fu, 2))
which implies that ¢(d(fu, z)) = 0. Hence
fu=-=z.
Therefore from (2.18), it follows that
fu=Su=z.
Since f and S are weakly compatible we have

fz=fSu=Sfu=Sz,

so that
fz= 25z (2.22)
Now, we show that fz = z.
From (A) we have
P(d(fz,2)) = Y(d(fz,92)) < P(M(z,2)) — ¢(m(z, 2)) (2.23)

where

M(z,z) = max{d(Sz,Tz), d(fz,5%), d(gz,Tz), %[d(SZ, 9z) +d(fz,T2)]}
= d(fz2). (2.24)
Also, it is easy to see that
m(z,z) =d(fz,z). (2.25)
On using (2.25) and (2.24) in (2.23), we have
P(d(fz,2)) < Y(d(fz,2)) — d(d(fz,2))
which implies that ¢(d(fz,z)) = 0 so that

fz==z. (2.26)
Hence from (2.22) and (2.26) we have fz = Sz = z. Therefore
F(f,8) #0. (2.27)
Thus from (2.16) and (2.27) we get
F(g,T) C F(£,5). (2.28)
Therefore from (2.15) and (2.28) we have F(f,S) = F(g,T). O

Proposition 2.2. Let f, g, S and T be selfmaps of a metric space (X, d)

satisfying fX CTX and gX C SX. Assume that there exist1) € ¥ and ¢ € ® such
that f, g, S and T satisfy generalized (1, ¢)- weakly contractive condition. Then for
each xy € X the sequence {y,} defined by (B) is Cauchy in X.
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Proof. First we suppose that y,, = y,+1 for some n.
If n = 2m then

Yom = Y2m+1-

Now, we have

M (x2m42, Tom+1)

= max{d(STom+2, TTom+1), A(fTom+2, STom+2), A(9T2m+1,TTom+1)s

1
§[d(51'2m+27 9Z2m+1) + d(fTom+2, TTam+1)]}
= max{d(y2m+1ay2m)a d(y2m+2,y2m+1), d(Y2m+1, Y2m),

1

§[d(y2m+17 Yom+1) + (d(Y2m+2,Y2m)]}

1
= maz{0, d(Y2m+2,Y2m+1), 0 75[04' (d(y2m+2, Y2m)]}

= mam{d(y2m+25y2m+1)a d(y2m+27y2m)}

1
2
1
2

< mam{d(y2m+25 y2m+1)a [d(y2m+23 y2m+l) + d(y2m+1a me)]}

—_

= max{d(yY2m+2, Y2m+1)s sd(Y2m+2, Y2m+1)}

2
= d(Y2mt2, Y2m+1)s

but we have

d(Yam+2, Yom+1) < M (Tom+2, Tam41)-

Hence we have

M(zom+2, Tom+1) = d(Y2m+2, Y2m+1)- (2.29)

Also, we have

m(z,y)

= maz{d(STam2, TTam+1), d(fTomi2, STam+2), d(gTami1, TTami1)}
= mam{d<y2m+17 y2m)7 d(y2m+2’ y2m+1)a d(y2m+1’ y2m)}
= maz{0, d(Y2m+2,Y2m+1), 0)}

= d(y2m+27 y2m+1)- (2.30)
Now, from (A) we have
P(d(Yam+2:Yom+1)) = V(A(framt2, 9T2m+1))
< Y(M(zami2, Tomy1) — O(Mm(T2m2-Tom1)) (2.31)

On using (2.29) and (2.30) in (2.31) we get

Y(d(Yom+2: Yzm+1)) < V(d(Yam+2, Yom+1) — d(d(Y2m+2, Y2m+1)),

which implies that ¢(d(yam+2, Yam+1)) < 0.
Hence d(y2m+2, Yo2m+1) = 0, i.e.,

Yom+2 = Yom+1- (2.32)

In a similar way it is easy to see that

Yom+3 = Y2m+2- (2.33)

Hence, from (2.32) and (2.33), we have

Yn+1 = Yn+2-
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Now by applying mathematical induction it follows that

Yn = Yn+k,

for all k > 0. Therefore, {y.,} is a constant sequence for m > n and hence it is a
Cauchy sequence in X.
Now, we suppose that

Yn F Ynyt1, for all n. (2.34)
Then from (A) we have
Y(d(Yant2, Yant1)) < V(M (22nt2; Tant1)) — ¢(M(T2n12, Tant1)) (2.35)
where
M (2242, Tang1) = maz{d(Szoni2, Tront1), d(frani2, SToni2), d(grans1, Troni1)

1
§[d(5$2n+2» 9Tont1) + d(front2, TTony1)]}

= maz{d(Y2nt1,Y2n): dY2nt2,Y2n+1), d(Y2nt1,Y2n)s

1

§[d(y2n+17 Yon+1) + d(Y2n+2,Y2n)]}

1
d(y2n+27 :Uzn)}

= maz{d(Y2nt1,Y2n) A(Y2n+2, Y2n+1), 3

< maz{d(yYan+1,Y2n), d(Y2nt2,Y2nt1), %[d(y2n+27y2n+l) + d(y2n+1,y2n)]}
< max{d(yant1,Y2n), dYant2, Yont1), maz{d(Yant2, Yant1) A(Y2nt1, Y2n) } }
= maz{d(Yan+1,Y2n), A(Y2n+2, Y2n+1) }- (2.36)
Also we have
M(Ton+2, Tant1) = maz{d(Yan+1, Y2n), d(Y2n+2, Y2n+1) }- (2.37)

Hence from (2.36) and (2.37) we get
M (2ony2, Tant1) = m(Tant2, T2nt1)
If
maz{d(y2n+1,Y2n), d(Y2n+2: Y2n+1)} = d(Y2n+2;, Y2n+1) (2.38)
then using (2.38) in (2.35) we get

Y(d(Yont2, Y2nt+1)) < U(d(Yant2: Y2n+1)) — O(d(Y2nt2, Y2nt1))

which implies that
¢(d(y2n+2, yant1)) < 0.

It follows that y2,,42 = y2n+1, Which is a contradiction with (2.34).
Therefore

maz{d(Yan+1,Y2n), d(Y2n+2, Yon+1)} = d(Y2n+1, Y2n)

and

V(d(Yan+2:Yont1)) < P(d(Y2n+1,92n)) — O(d(Y2nt1, Y2n))
< Y(d(Yan+t1,Y2n))-

Since ) is nondecreasing we have

d(Yan+2, Yont1) < d(Y2nt1,Y2n)- (2.39)
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With a similar argument it follows that

d(Y2n+3, Y2n+2) < d(Yon+2, Y2n+1)- (2.40)
Therefore, from (2.39) and (2.40) we have

d(Yn+2yYnt1) < d(Ynt1,Yn), forn =0,1,2.3,....
Hence the sequence {d(y,+1,¥.)} is a nonincreasing sequence of nonnegative real
numbers and hence it converges to some real number § (say), 6 > 0.
Now, we show that § = 0. If possible, suppose that

6> 0. (2.41)
Since M (z2n+2, Tant+1) = M(Tant2, T2n+1) = A(Y2n+1, Y2r) and from (2.35), we have

Y(d(Yant2,Y2n+1)) < V(d(Y2n+t1,Y2n)) — O(d(Y2n+1,Y2n))- (2.42)

On taking upper limit as n — oo, using the continuity of ¢ and lower
semicontinuity of ¢ in (2.42) we get ¥(0) < ¥(J) — ¢(J), a contradiction.
Therefore
0 =0.

Next, we show that the sequence {y,} is a Cauchy sequence in X. It suffices to
show that {ys, } is a Cauchy sequence in X.

If possible, suppose that {y2,} is not a Cauchy sequence.

Then there exist € > 0 and sequences of even positive integers {2my},

{2n} with 2my, > 2ny, > k such that

d(Y2my» Y2n, ) = €. (2.43)

Let 2my, be the least positive integer exceeding 2n; and satisfying (2.43). Then it
follows that

d(y2mkay2nk) 2 € and
d(y2mk727 y2’nk> < €. (244)

We now prove

(l) hm d(mekvank) =€ (11) hm d(mekJrl?ank) =6
k—oo k—o0

(i) lm d(yam,, Yane—1) = € @) Um d(Yom, +1,Y2n,—1) = €.
k—oo k—oo

Since the proof in each case is similar we prove (i).
Now from (2.43) we have
€ < d(Yamy, > Y2ny)
which implies that
€ < limsup d(Yam,,, Y2n,, )-

k—o0

By using the triangle inequality and (2.44) we have

d(Y2m,. Yani) < d(Y2mys Yan—2) + d(Y2n, 2, Yon 1) + d(Y2n, -1, Y2n,,)
<€+ d(Y2n,—2, Y2ng—1) T d(Y2n, -1, Y2ny )-
Therefore we have
lim sup d(yam, , Yan, ) < €.

k—oo
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It follows that
e <limsup d(yam,,Yon,) < €

k—oo

so that

lim sup d(yamy , Y2n, ) = €. (2.45)

k—o0

On the other hand, we have

€< likrg g;f d(Y2my, Yon, ) < Hmsup d(Yom,, Yon,) = €

k—oo

so that

liminf d(yam,,Yan,) = €. (2.46)

k—o0

Hence, from (2.45) and (2.46), we have

€= hkm g.}f d(mek 5 y2nk) = lim sup d(mek y Yany, ) .

k—oo
Therefore lim d(yam, , Y2n, ) exists and lim d(y2m, , Yon, ) = €.
k—o0 k—oo

Now we have
M(zan,, Tome+1) = maz{d(Sxan,, TT2m,+1), A(fTon,, STan,), A(9Tame+1, TTamp+1);
Sl 20, G2 41) + {2, T )]}
= maz{d(Yzn,—1,Y2m.), AY2ni>Y2ni-1)s AY2mi+1:Y2m,)

1
§[d(y2nk—1’ Yomu+1) + d(Y2n, Y2m,. )]}

On taking limits as kK — oo we get

lm M (2an,,Tom,+1) = max{e, 0,0,e} =e. (2.47)

k—oo

In a similarly way it is easy to see that

Hm m(zan,, Tom,+1) = €. (2.48)
k—oo

Now putting © = %2, and y = Ty, +1 in (A) we obtain
w(d(fonk ) g:EkaJrl))
< (M (22n,, Tamy+1)) — O(M(T2n, , Tam,11))-

On taking upper limit as £k — oo using (2.47), (2.48), the continuity of 1) and lower
semicontinuity of ¢ in the last inequality we get

() < Ple) = ¢(e),

a contradiction. Therefore, {y2,} is a Cauchy sequence so that {y,} is a Cauchy
sequence. O

w(d(y%lk ) y2mk+1))

Theorem 2.1. Let f, g, S and T be selfmaps of a complete metric space (X, d)
which satisfy fX CTX and gX C SX. Assume that there existy € ¥ and ¢ € ®
such that f,g,S and T satisfy generalized (1, ¢)- weakly contractive condition. If
the pairs (f,S) and (g,T) are weakly compatible and one of the ranges f X, gX, SX
and T X is closed, then for each xy € X the sequence {y,,} defined by (B) is Cauchy
in X and nh_)rr;o yn = 2z (say) and z is a unique common fixed point of f, g, S and T
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Proof. By Proposition 2.2 the sequence {y,} is Cauchy in X. Since X is
complete there exists z € X such that lim y, = z. Thus
n—oo

lim yo, = lim fxo, = lim Txopy1 =2
n—oo n—oo n—oo

and

lim yonp+1 = lim gxopy1 = lim Sxo,io = 2. (2.49)
n—oo n—oo n—oo

Case (i): Suppose that SX is closed. Then z is in SX and hence there exists u € X
such that

Su = z. (2.50)
Now, we show that fu = z. Now we have
M(u,z2n+1) = maz{d(Su, Txan11), d(fu, Su), d(gront1, TT2n41),
1
3ld(Su, gzans1) + d(fu, Tzans1)]}

and on taking limits as n — oo we have

lim M (u,zony1) = d(fu,z) (2.51)

n—oo

Similarly it is easy to see that

lim m(u, zont1) = d(fu, 2). (2.52)

n—oo

Using (A), we have

Pd(fu, grani1)) < P(M(u, 22n41)) = d(m(u, Tant1)). (2.53)

On taking upper limit as n — oo and using (2.51), (2.52), the continuity of i) and
lower semicontinuity of ¢ in (2.53), we get

P(d(fu, 2)) < P(d(fu, 2)) — ¢d(fu, 2))).
Hence it follows that ¢(d(fu, z))) < 0. Therefore

fu=-z.
Hence from (2.50), we get
Su = fu=z.
Since f and S are weakly compatible we have fz = fSu = S fu = Sz. Therefore
fz= 25z (2.54)
Now, we show fz = z. We have
M(z,w2n41) = max{d(Sz, Twon1),d(fz,52), d(gz2n+1, TT2n11),
1
S1d(Sz, gzani1) +d(fz, Toans)]}

2
and on taking limits as n — oo we have

lim M(z,29n41) = d(fz,2). (2.55)
n— oo
Also we have
lim m(z,x2,41) = d(fz, 2). (2.56)

Now, from (A) we have
P(d(f2, gr2n11)) < (M (2, 29n41)) = d(m(u, T2n11)). (2.57)
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On taking upper limit as n — oo using (2.55), (2.56), the continuity
of 1/ and lower semicontinuity of ¢ in (2.57) we get

P(d(fz,2)) < Y(d(fz,2)) — d(d(fz,2))

so that ¢(d(fz,z)) < 0.

Hence

fz=z.

Therefore from (2.54) we have z = fz = Sz. By Proposition 2.1, F(g,T) # 0 with z
in F(g,T). Hence z = fz =gz = Sz =T=z.
Case (ii): Suppose that gX is closed.
In this case, z € gX C SX which implies that z € SX and hence the proof follows
as in case (i).

For the cases T'X is closed and fX is closed we follow the arguments similar to
the cases of SX is closed and ¢gX is closed respectively. U

By choosing 1) as the identity map on [0, c0) in Theorem 2.3 we get the following
corollary.

Corollary 2.3. Let f, g, S and T be selfmaps of a complete metric space (X, d) which
satisfy fX CTX and gX C SX. Assume that there is ¢ € ¢ such that

d(fx,g9y) < M(z,y) — ¢(m(x,y)) forallz,y € X

where

M(z,y) = max{d(Sxz, Ty), d(fz,Sz), d(gy,Ty), 5ld(Sz,gy) + d(fz, Ty)]}

and

m(z,y) = max{d(Sz, Ty), d(fx,Sz), d(gy,Ty)}.

Ifthe pairs (f, S) and (g, T') are weakly compatible and one of theranges f X, g X, SX
and TX is closed, then for each x( in X the sequence {y,} defined by (B) is Cauchy
in X and lim y, = z (say) and z is a unique common fixed point of f, g, S and T

Remark 2.4. Theorem 1.3 of (Choudhury, Konar, Rhoades and Metiya [4]) follows
as a corollary to Theorem 2.1 by choosing S = T = Ix (Ix, the identity mapping
on X).

Remark 2.5. Theorem 1.4 (Babu, Nageswara Rao and Alemayehul2]) follows as a
corollary to Corollary 2.3 by choosing ¢ € ® nondecreasing.

Now we give an example in support of Theorem 2.1.

Example 2.6. Let X = [0, 1] with the usual metric and let f, g, S and T be self
maps on X defined by

1 1 1

17 §<J}S17 1, r =1,

0,0§x<%and%§>{§1, 1, 0§x<%,

1 1 1 1
St = bR %‘25, 5 Tr = 51, .'17257

1, §<JJ<Z 507 2<$<1

Define 1, ¢ : [0,00) — [0,00) by ¥(t) = t*, t > 0 and ¢(t) = 55¢%, 0 < t < 32
and ¢(t) = it, t > ;—g then ¢ € ¥ and ¢ € ® and the maps f, g, S and T satisfy
generalized (1, ¢)- weakly contractive condition so that f, g, S and T satisfy all the
hypotheses of Theorem 2.1 and f, g, S and T have a unique common fixed point
1

3-
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3. A COMMON FIXED POINT THEOREM WITH RECIPROCAL CONTINUITY

Theorem 3.1. Let f, g, S and T be selfmaps of a complete metric space (X, d) which
satisfy fX CTX and gX C SX. Assume that there exist ) € ¥ and ¢ € ® such
that f, g, S and T satisfy generalized (v, ¢)- weakly contractive condition.

Assume that either

() (f,S) is reciprocally continuous and compatible pair of maps and (g,T')

a pair of weakly compatible maps

or

(i) (g,T) is reciprocally continuous and compatible pair of maps and (f, S)

a pair of wealkly compatible maps.
Then for each xy in X the sequence {y,} defined by (B) is Cauchy in X and
lim vy, = z (say), and z is a unique common fixed point of f, g, S and T
n—oo

Proof. By Proposition 2.2 the sequence {y,,} is Cauchy in X. Since X is
complete there exist z € X such that lim y, = z.
n—oo
Thus lim y9, = lim fxs, = lim Txo,y1 =2
n—oo n—oo n—oo
and lim ys,11 = lim gxo,411 = lim Sxo,i0 = 2.
n—oo n—oo n—oo
Suppose (i) holds.
Since (f, S) is reciprocally continuous it follows that
lim fSxopyo = fzand lim Sfxe,i2 = Sz.
n—oo n—oo

Since (f,S) is a compatible pair, we have lim d(fSz2,12,5fx2,42) = 0. Hence
n—oo
we have fz = Sz. Since fX C TX there exists © € X such that

fz=Tu.

Thus we have
fz=Tu= S5z (3.1)
Now, we show that fz = gu. Using (A) we have

V(d(fz gu))) < Y(M(z,u)) — d(m(z,u)), (3.2)
where
M(z,u) = max{d(Sz,Tu), d(fz,5%), d(gu, Tu), %[d(Sz,gu) +d(fz,Tu)]}
= max{0, 0, d(gu, fz), %[d(fz,gu)]} =d(fz, gu). (3.3)

Also it follows that
m(z,u) = d(fz, gu). (3.4)
Therefore by using (3.3) and (3.4) in (3.2) we get
V(d(fz gu)) < P(d(fz,gu)) — o(d(fz, gu)).
Hence it follows that ¢(d(fz, gu)) < 0. Therefore

fz = gu. (3.5)
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Therefore from (3.1) we have fz = Sz = gu = Tu. Since every compatible pair is
weakly compatible, the pair (f,S) is weakly compatible. Hence from fz = Sz we
get that

ffz=5fz (3.6)
Next, we show that ffz = fz. By using (A), we have
Y(d(ffz fz) = ¢(d(ffz gu))
where
M(fz,u) = max{d(Sfz,Tu), d(ffz,Sfz), d(gu, Tu),
S(S 2 gu) +d(f £, Tu)])

= max{d(ffz £2), 0, 0, S[d(ff5 f2) +d(f S5 02}
= d(ffz f2). (3.8)
Also we have
m(fz,u) =d(ffz, fz). (3.9
On using (3.8) and (3.9) in (3.7) we have
P(d(f [z, f2)) <P(d(ffz f2) = old(ffz [f2))
which implies that ¢(d(f fz, fz)) < 0. Hence

ffz= f=z. (3.10)
Therefore, from (3.6) and (3.10), we have
ffz=5fz= f=. (8.11)

Hence fz is a common fixed point of f and S. Since (g,7") is weakly compatible
and gu = T'u we have

gTu = Tgu. (3.12)

Therefore, from (3.5)and (3.12),we have

gfz=Tfz. (8.13)
Now, we show that gfz = fz.
By using (A) we have
Y(d(fz,9f2)) < V(M(z, fz)) — ¢(m(z, f2)) (3.14)
where
M(z, fz) = max{d(Sz,Tfz), d(fz,5z), d(gfzTfz)
Sld(S=,0f2) + d(f= Tf2)])

= max{d(fz.gf2), 0, 0, Jld(f20f2) +d(f= 952}
= d(fz,g9fz) (3.15)

Also we have

m(fz,u) =d(fz,9fz). (3.16)
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Now using (3.15) and (3.16) in (3.14) we have

which implies that ¢(d(fz,gfz)) < 0. Hence

fz=ygfz (3.17)
Therefore
fz=gfz=Tf=z. (3.18)
From (3.11) and (3.18) we have
ffz=gfz=Sfz=Tfz= fz (3.19)

Hence fz is a common fixed point of f, g, S and 7.
Finally we show that fz = z.
From (A), we have

PS 2 923m11)) S G (3, 22013) = (2, T0s1) .20
where
M(z,z9n41) = max{d(Sz,Tronyt1), d(fz,52), d(groni1, Txont1)
S1(S2, gansr) +d(f2 Taznsn)]}
On letting n — oo, we have
Jim M(sz) = max{d(fz.2), 0, 0, 3[d(fz,2) + (2 )]}
= d(fz2). (3.21)
Also we have
Hm m(z, 2ons) = d(fz, 2). (3.22)

n—oo

Now, on taking limits as n — oo, using (3.21), (3.22) the continuity of
1 and lower semicontinuity ¢ in (3.20) we get

W(d(fz,2)) <W(d(fz,z)) — ¢(d(fz, z)) which implies that ¢(d(fz,z)) < 0. Hence
fz=z. (3.23)
Therefore from (3.19) and (3.23) we have z = fz =gz = Sz =T=z.

The proof of case (ii) is similar and hence is omitted. O

By choosing ¢ as the identity map on [0, 00) in Theorem 3.1 we get the following
corollary.

Corollary 3.1. Let f, g, S and T be selfmaps of a complete metric space (X, d) which
satisfy fX CTX and gX C SX. Assume that there is ¢ € ® such that

d(fz,gy) < M(z,y) — d¢(m(z,y)) forallz,y € X where

M (z,y) = max{d(Sz, Ty), d(fz,Sz), d(gy, Ty), 3d(Sz,gy) +d(fz,Ty)]}

and

m(z,y) = max{d(Sz, Ty), d(fz,Sz), d(gy, Ty)}-

Assume that either

() (f,S) is reciprocally continuous and compatible pair of maps and (g,T) a pair of
weakly compatible maps

or
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(1) (g,T) is reciprocally continuous and compatible pair of maps and (f,S) a pair
of weakly compatible maps.

Then for each xg in X the sequence {y,} defined by (B) is Cauchy in X and
nlin;o yn = 2z (say) and z is a unique common fixed point of f, g, S and T.

Remark 3.2. Theorem 1.5 (Babu, Nageswara Rao and Alemayehu [2])
follows as a corollary to Corollary 3.1 by choosing ¢ € ¢ nondecreasing.

Now, we give an example in support of Theorem 3.1.

Example 3.3. Let X = [0, 1] with the usual metric and let f, g, S and T be selfmaps
on X defined by

0, = é, z=0
fx= é, O<zx<l1 gr=1< %, O<z<l1
5 or=1, 15—2, z=1,
1, =0
1 0<z<?2 L z=0
Sr=< ¥ 5 3 Ter=< 1—3s2, O<z<l1
s—z, s<z<l1 2
6’ x’_f_ 0, z=1.

Define ¢, ¢ : [0,00) — [0,00) by ¢(t) =%, t > 0and ¢(t) = 5t%,if0 < t < 2 and
o(t) = %t, ift > % then € ¥ and ¢ € ®. Here we observe that (f, S) is reciprocally
continuous, (f,S) is a compatible pair and (g,T") is a weakly compatible pair of
maps and the maps f, g, S and T satisfy generalized (¢, ¢)-weakly contractive
condition so that f, g, S and T satisfy all the hypotheses of Theorem 3.1 and f, g,
S and T have a unique common fixed point %
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ABSTRACT. In this article, we introduce the notion of Kannan Type cyclic weakly contraction
and derive the existence of fixed point theorems in the setup of complete metric spaces. Our
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are given to support the usability of the results.
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1. INTRODUCTION AND PRELIMINARIES

Fixed point theory is one of the cornerstone in the development of nonlinear func-
tional analysis. Besides mathematics, fixed point theory has been used effectively
in many other discipline such as economics, chemistry, biology, computer science,
engineering, and others. In particular, Banach’s contraction mapping principle
[2] has a significant role in fixed point theory and hence in nonlinear functional
analysis.

Let (X, d) be a complete metric space and 7' : X — X be a self-map. If there
exists k € [0,1) such that

d(Tz,Ty) < kd(z,y)
for all z,y € X, then T has a unique fixed point.

Banach fixed point theorem not only guarantee the existence and uniqueness
of a fixed point but also show how to get it. All things considered, Banach’s con-
traction mapping principle differ from the origin and antecedents results. We also
notice that a self mapping 7, in Banach fixed point theorem, is necessarily contin-
uous. Due to its importance, fixed point theory draw interest of many researcher

(see, e.g.,[19, 11]).
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In 1968, Kannan [9] prove one of the interesting generalization of the Banach
Contraction Principle.

Definition 1.1. [9, 10] A self-mapping T : X — X, on a metric space (X,d) is
said to be Kannan type mapping if there exists 0 < k < 1 such that, forall z,y € X,
the following inequality holds:

k

d(Tz, Ty) < 5d(z,Tz) + d(y, Ty)]].

In Kannan fixed point theorem, a self mapping 7' need not to be continuous.
This is the most important gains of the Kannan’s result.

On the other hand, Kirk et al.[17] in 2003 introduce the following notion of cyclic
representation and characterize the Banach Contraction Principle in the context of
cyclic mapping.

Definition 1.2. [17] Let X be a non-empty set and 7' : X — X an operator. By
definition, X = (J;", X; is a cyclic representation of X with respect to T if

(a) X;i,i=1,..., m are non-empty sets,

b) T(Xy) C X, , T(Xn—1) C Xin, T(Xm) C X;.

After the distinguished notion and related fixed point result of Kirk et al.[17],
a number of fixed point theorems are reported in the literature, for operators T’
defined on a complete metric space X with a cyclic representation of X with respect
to T (see, e.g., [5] - [23]).

Very recently, Karapmar [11] characterize the notion of the cyclic weak -
contraction and prove fixed point theorems for such types contractions in the
context of cyclic mapping.

Definition 1.3. (See [11]) Let (X,d) be a metric space, m € N, Ay, Ay,..., A
closed nonempty subsets of X and Y = |J;" | A;. Anoperator T : Y — Y is called
a cyclic weak (-contraction if

1) X = U:’i1 A; is a cyclic representation of X with respect to T';

(2) there exists a continuous, non-decreasing function ¢ : [0, c0) — [0, c0) with
o(t) > 0fort € (0,00) and ¢(0) = 0 such that

foranyx € A;,y € Ajp1,i=1,2,--- ,m where A,, 11 = A;.

Let F denote all the continuous functions ¢ : [0, 00) — [0, 00) with () > 0 for
t € (0,00) and p(0) = 0.

Theorem 1.4. (See[11]) Let (X, d) be a complete metric space, m € N, Ay, As, ... Ay,
nonempty subsets of X and X = U;il A;. Suppose that T is a cyclic wealk ¢-
contraction with ¢ € F. Then, T' has a fixed point z € ﬂ?zl A;.

The aim of this paper is to use the concept of cyclic contraction and Kannan
type mapping and introduce the notions of Kannan type cyclic weakly contractions
and then derive fixed point theorems on it in the setup of complete metric spaces.
Our results generalize fixed point theorems [11, 17] in the sense of metric spaces.

2. MAIN RESULTS

In this section, we introduce the notion of Kannan type cyclic weakly contraction
in metric space. Before this, we introduce the following class of functions: Let F4
denote all the continuous functions v : [0, 00)? — [0, 00) satisfying ¥ (z,y) = 0 if
and only if x =y = 0.



FIXED POINT THEOREMS FOR KANNAN TYPE CYCLIC WEAKLY CONTRACTIONS 31

We introduce the notion of Kannan type cyclic weakly contraction in metric
space, in the following way.

Definition 2.1. Let (X, d) be a metric space, m € N, A, Ao, ..., A, nonempty
subsets of X and Y = U:i1 A;. An operator T': Y — Y is called a Kannan type
cyclic weakly contraction if

(1) U?;l A; is a cyclic representation of Y with respect to T';
(2)

d(Tz,Ty) < gld(z, Tz)+d(y, Ty)] - ¥(d(z, Tx),d(z, Ty)),
forany x € A;,y € Ajp1,1=1,2,--- ;m where A,,1; = A; and
U(d(x, Tx),d(y, Ty)) € F1.
We state the main result of this section as follows:

Theorem 2.2. Let (X, d) be a complete metric space, m € N, Ay, As, ..., Ay, non-
empty closed subsets of X and Y = UT;I A;. Suppose that T' is a Kannan type
cyclic weakly contraction. Then, T' has a fixed point z € ﬂ?zl A;.

Proof. Take zy € X. We construct a sequence in the following way:
Tpt1 =Tz, foralln=0,1,2,--- .

If there exists ng € N such that x,,,4+1 = x,, then, the existence of the fixed point
is proved. Indeed, we have Tz,, = Tn,+1 = Zn,. On the occasion of that we

assume T, 41 # ¥, forany n = 0,1,2,---. Regarding that X = |J;", A;, for any
n > 0 there exists i, € {1,2,--- ,m} such that z,_; € A;, and z, € A;, . Since
T is a Kannan type cyclic weakly contraction, we have
(2.1)
d(xn, tpnt1) = d(Txp-1,Tzy)
1
< §[d(1'n—17 Txn—l) + d(.l?n, T‘rn)} - w(d(zn—la Txn—l)a d(xn; Tl‘n))
1
= i[d(xn—lv xn) + d(ﬂjn, xn—&-l)] - ¢(d(xn—1a xn)a d(l‘n, 517n+1)) (2.2)
1
S i[d(xn—laxn) +d(l’n,1’n+1)].
Consequently,

d(Tn, Znt1) < d(Tp—1,2,) for any n € N.
By virtue of the fact that we conclude {d(z,,%,+1)} is a nondecreasing sequence
of nonnegative real numbers. Therefore, there exists v > 0 such that

lm d(xn, Tni1) = 7. 2.3)

Letting n — oo in (2.2) we derive that

1
v < lim 5[27}9%

—00

or

lim d(zp—1,Tn+1) = 27. (2.4)

n——oo

Setting n — oo in (2.2) and by using (2.3)and (2.4) we get

IN

1 ..
Y 5(2’7) - %H:Ioljd)(d(a?n_l,Z’n)7d(l'n,$n+1))

A

> 97— 1/](’71 'V)
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or, ¥(v,7) < 0 by the continuity of 4. This is a contradiction unless v = 0, that is,

lim d(xn,2ne1) = 0. (2.5)

We shall show that the sequence {z,} is a Cauchy sequence. For this goal, we
prove the following claim first:

(C) For every € > 0 there exists n € N such that if r, ¢ > n with r — ¢ = 1(m),
then d(z,,z,) < €.
Assume the contrary of (C'). Thus, there exists € > 0 such that for any n € N we
can find r,, > ¢, > n with r,, — ¢, = 1(m) satisfying
d(xq,,xr,) 2 €. 2.6)
Now, we take n > 2m. Then, corresponding to ¢, > n use can choose 7, in such
a way that it is the smallest integer with r,, > ¢, satisfying r, — ¢, = 1(m) and
d(zg, ,zy,) > €. Therefore, d(x,, ,z,, ., ) < . By using the triangular inequality

m
e < d(zg,,r,) < d(zg,, Tr,_,,) + Z ATy, s Trp i)

i=1
m
< e+ Z (i3 Try_igr)-
i=1

Letting n — oo in the last inequality and taking into account that lim,, . o d(Zp, Zp41) =
0, we find

lim d(zg,,z,,)=c¢. 2.7

n—oo
Again, by the triangular inequality

(2.8)
d(zq,,Tr,)
AT+ Tapyr) T ATgniy Tropy) +A(@r, 405 20,)
Ad(X g Tgpr) + A@q, 1 2q,) + d(zg, 20,) +d(@r,, Tr ) + d(@r, ) T0,)
2d(xq,,, 2q,,,) +d(zq,,vr,) +2d(2r, , 20, ).
Taking (2.5) and (2.7) into account, we obtain

IA A IA

lim d(xq, ., Tr,,,)=¢ 2.9

n——-:aoo
asn — oo in (2.7).
Due to the fact that x4, and z,, lie in different adjacently labeled sets A; and
A1 for certain 1 < ¢ < m, using the fact that T is a Kannan type cyclic weakly
contraction, we have

d(an-H ’ ITn-H) = d(TIQn ’ Txrn)
1
< ) [d(zg,,Trq,) + d(@r,, T2:,)] = P(d(2g,, T2y, ), d(27,, Tr,,))

1
S 5 [d('r‘hl ’ xQHJrl) + d(mrn ) mrn+1 )} - w(d(xQn’ xQn+1 )7 d(‘r7'n,? ‘rTn,+1 ))

Regarding (2.5) and (2.7) and the continuity of 1, letting n — oo in the last
inequality, we conclude that ¢ = 0. This is a contradiction and hence (C) is proved.

By the help of (C), we shall show {z,} is a Cauchy sequence in Y. Fix ¢ > 0.
By (C), we find ng € N such that if r, ¢ > ng with r — ¢ = 1(m)

d(z,, zq) < % (2.10)
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Since lim,,_ oo d(Zy, Tn11) = 0, we also find nq € N such that
€

d(Tpy Tpt1) < B (2.11)
for any n > n;. Assume that r,s > max{noml} and s > r. Then there exists
ke€{1,2,--- ,m} such that s—r = k(m). Hence, s—r+¢ = 1(m) for p = m—k+1.
So, we have

d(z,, xs) < d(Tp, Totj) + d(@sqj, Tspjo1) + - + d(Tst1, Ts).
By (2.10) and (2.11) and from the last inequality we get
d < < c
(xr,xs)_2—|—j><2— 2+mx%—a

By reason of the fact that (z,) is a Cauchy sequence in Y. Since Y is closed in
X, then Y is also complete and there exists * € Y such that lim,, ..z, = z. In
what follows, we prove that x is a fixed point of 7'. In fact, since lim,,_ .z, =
and,as Y = U:11 A; is a cyclic representation of Y with respect to 7', the sequence
(z5,) has infinite terms in each A; for i € {1,2,--- ,m}. Suppose that z € A;,
Tz € A;+1 and we take a subsequence z,, of (z,) with z,, € A;_; (the existence
of this subsequence is guaranteed by the above-mentioned comment). By using
the contractive condition, we can obtain

d(@n,,,,Txr) = dTz,,,Tx)
< Gldwn, Tan,) + (e, Ta)] — (d(an,, Ton,), dla, T))

1
= §[d(xnk ’ xnk+1) + d(xv T$)] - 'Lb(d(xnk ’ xnk+1 )7 d(l’, Tﬂ:))
Setting n — oo and using z,, — x, continuity of 1), we have
1 1

which is a contradiction unless d(z, Tx) = 0.Consequently, z is a fixed point of 7.

We shall prove that x is a unique fixed point of 7. Suppose, to the contrary that,
there exists z € X with x # z and Tz = z. By using the contractive condition we
obtain

1
d(z,z) =d(Tz,Tz) < §[d(x,Ta?) +d(2,Tz)]
—(d(z,Tx),d(z,Tz)) = 0.
which is a contradiction. (]
Corollary 2.3. Let (X, d) be a complete metric space, m € N, Aj, Ay, ..., A, non
empty closed subsets of X and Y = U?; A;. Suppose thatT : Y — Y be an
operator such that
(1) U:n 1 A; is a cyclic representation of Y with respect toT';
(ii) there exists a € [0, 3) such that
d(Tz, Ty) < ald(z,Tz) + d(y, Ty)] (2.12)
foranyzxz € A,y € Aipq,i=1,2,--- ,m where A,,;1 = A;. Then, T has a fixed
point z € (I, A;.
Proof. Let a € [0,

1). Here, it suffices to take the function ¢ : [0, +00)? — [0, +00)
as ¥(a,b) = (3 — a)

0i

(-

b). It is clear that ¢ satisfies the conditions:

(a+
if and only if a = b = 0, and
a)(z +y) =z +y,0).

() ¥(a,b) =
i) Y(z,y) =
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Hence, we apply Theorem 2.2 and get the desired result. O

The following corollary gives us a fixed point theorem with a contractive condition
of integral type for cyclic contractions.

Corollary 2.4. Let (X,d) be a complete metric space, m € N, Ay, As, ..., Ay, non-
empty closed subsets of X and Y = U:’;l A;. Suppose thatT : Y — Y be an
operator such that

(@) UZ1 A; is a cyclic representation of Y with respect to T';

(ii) there exists a € [0, §) such that

d(Tz,Ty) d(z,Tx)+d(y,Ty)
/ p@ﬁga/ p(t)dt
0 0

Joranyx € A,y € Ajyq, i =1,2,--+ ,m where A,,11 = Ay, and p : [0,00) —
[0,00) is a Lebesgue-integrable mapping satisfying fos p(t)dt fore > 0. Then T has
unique fixed point z € (-, A;.

Proof. 1t is easily proved that the function ¢ : [0,00) — [0,00) given by ¢(f) =

fot p(s)ds satisfies that ¢ € Fy. Therefore, Corollary 2.3 is obtained from Theorem

2.2, taking as ¢ the above-defined function and as 1 the function ¥ (z,y) = (3 —

a)(z+y) =p(x+y,0). O

If in Corollary 2.4, we take A; = X fori = 1,2,--- ,m, we obtain the following
result.

Corollary 2.5. Let (X,d) be a complete metric space and T : X — X a mapping
such that for any z,y € X,

d(Tz,Ty) d(z,Tx)+d(y,Ty)
/ p@ﬂga/ plt)dt
0 0

where p : [0,00) — [0,00) is a Lebesgue-integrable mapping satisfying foa p(t)dt
Jor e > 0 and the constant « € |0, %) Then T has unique fixed point.

If in Theorem 2.2 we put A; = X fori = 1,2,--- ,m we get the generalized result
of [9, 10].

Corollary 2.6. Let (X, d) be a complete metric space and T : X — X a mapping
such that for any x,y € X,

1
d(Tz,Ty) < gld(z,Tz) + d(y, Ty)] = d(d(z, Tx) + d(y, Ty)),
where 1) € F1. Then T has unique fixed point.
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ABSTRACT. In this paper, two classes of generalized variational-like inequalities problems
for multivalued mappings are introduced and then by using KKM technique and Kakutani-
Fan-Glicksberg fixed point theorem the solvability of them are investigated when the map-
pings are relaxed 1 — a-monotone. One can consider this paper the topological vector space
version of reference [15]..
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1. INTRODUCTION

The existence of solutions for variational inequality problems, complementarity
problems, equilibrium problems and others is mainly dependent on the monotonic-

ity of a map ( see [1, 2, 3, 4, 6, 8§, , , ). Recently, many authors, see
[7, 8, 9, 10, 11] considered the quasimonotonicity in dealing with variational in-
equality problems. Verma [17, ] studied and established some existence the-

orems for a solution of a class of nonlinear variational inequality problems with
p-monotone and p-Lipschitz mappings in the setting of reflexive Banach spaces.

Inspired and motivated by several authors[1, 3, 4, 7, 9, s ], we intro-
duce two new concepts of relaxed 7-a-semimonotonicity as well as two classes
of variational-like inequalities with relaxed 7-a-monotone mappings and relaxed
n-a-semimonotone mappings. Using KKM-technique, we obtain the existence of a
solution for variational-like inequalities problems with relaxed 7-a-monotone map-
pings in the setting of reflexive Banach spaces. We also present the solvability
of variational-like inequalities problems with 7-a-semimonotone mappings for an
arbitrary Banach space by applying of Kakutani-Fan fixed point theorem [5, 20].

* Corresponding author.
Email address : farajzadehali@gmail.com(A. Farajzadeh), salahuddin12@mailcity.com(Salahuddin).
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2. VARIATIONAL-LIKE INEQUALITIES WITH RELAXED 7-a-MONOTONE
MAPPINGS

Throughout this paper, unless otherwise specified, we always let £ be a Haus-
dorff topological vector space with dual space E*, K a nonempty closed convex
subset of E, T" a multivalued mapping from K to £*, and n : K x K — K
and « : E — R(the real numbers) are mappings. Furthermore, we assume that
a(0) = 0 and lim;__, o+ a(fz) = 0, for all z € K. This means that « the directional
derivative at 6( zero of F) at every direction z € K is zero. For examples of these
mappings, one can consider all « which has the property a(tz) = tPa(z) for all
t >0, p>1and z € E. We note that if we take £ = R then it is easy to see that
the directional derivative of the mapping a(x) = |z| at § in each direction z € E is
zero but it dose not satisfy o(tz) = tPa(z) forallt >0, p > land z € E.

Definition 2.1. A multivalued mapping 7" : K — 28" 2F" denotes the set
of all subsets of E*) is said to be relaxed n-a-monotone if there exist mappings
n: K x K — K and a : F — R such that the following inequality holds,

(w—w, n(z,y)) > alzr—vy), forallz,y € K, ue T(x), andv € T(y). (2.1)

Remark:

() Ifn(z,y) =z —y, forall z,y € K then (2.1) becomes
(u—v, x—y) > a(zx—y), forallu € T(x),and v € T(y), (2.1a)

and T is called relaxed a-monotone.
(i) 7T : K — E* is a single valued mapping then (2.1) becomes

(Tx — Ty, n(z,y)) > a(z—y), forallz,y € K, (2.1b)

and T is called relaxed n-a-monotone mapping ( see [14]).
(iii) If n(z,y) = ¢ — y, for all z,y € K and a(z) = k| z||’, where p and k are
positive constants, then (2.1b) reduces to

(Tx —Ty, x —y) > Kllz—y|?, forallz,y € K,

and T is called p-monotone ( see [12, 20]).

Definition 2.1 Let X and Y be two topological spaces. A set-valued mapping
G : X — 2Y is called:

(i) upper semi-continuous (u.s.c.) at z € X if for each open set V' containing G(x),
there is an open set U containing z such that for each t € U, G(t) C V; G is said
to be u.s.c. on X ifitis u.s.c. atall z € X.

(iii) lower semi-continuous (L.s.c.) at z € X if for each open set V with G(z)NV #
(), there is an open set U containing = such that foreach t € U, G(t) NV # 0; G
is said to be l.s.c. on X ifitisl.s.c. atallz € X.

(vi) continuous if G is both lower semi-continuous and upper semi-continuous.
Proposition 2.1 ([16]) Let X and Y be two topological spaces. A set-valued map-

ping T : X — 2Y is Ls.c. at z € X if and only if for any y € T(z) and any net
{4} which converges to x there is a net {y, } such that y, € T(z,) and yo, — y.

Definition 2.2 Let 7 : K — 28" and  : K x K — K be the two mappings.
We say that T is lower n-hemicontinuous whenever, for any z,y € K, the mapping
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f:[0,1] — 2(=2+°°) defined by,
@) = (T(x+t(y — ), 1y, ))

is lower semicontinuous at 0.

Remark that this definition is weaker than the corresponding definition given in

[3].

Definition 2.3 ([6]) A mapping F' : K — 2F is said to be a KKM-mapping, if for
any {z1,22,...,2n} C K, co{z1,22,...,2,} C CJ F(z;), where 2E\{(} denotes
the family of all nonempty subsets of I. =

Lemma 2.1([6]) Let K be a nonempty subset of a topological vector space X and

F: K — 2% a KKM mapping with closed values in K. Assume that there exists

a nonempty compact convex subset B of K such that (| F(x) is compact. Then
r€B

() F(z) # 0.

zeK

Theorem 2.1. Let 7 : K — 2" be lower n-hemicontinuous and relaxed n-a-
monotone mapping. Let f : K x K — R U {400} be a proper function ( that is
f # +o00)and n: K x K — E be a mapping. Assume that

@) n(xz,x) =0, forall z € K,
(i) for any fixed z € K and u € Ty, the mapping y — (u,n(y, x)) is convex,
(iii) for any fixed z € K, the mapping y — f(y, ) is convex.

Then the following two variational-like inequality problems are equivalent ( that
is, their solution sets are equal):

(i) Find x € K such that
(u,n(y,x)) + f(y,x) — f(z,x) > 0, forally € K and u € T(x). (2.2)

(ii) Find x € K such that
(v,n(y,z)) + fly,z) — f(z,2) > a(y—=x), forally € K andv € T(y). (2.3)

Proof. Let © € K be a solution of (2.2). Since 7 is relaxed n-a-monotone, we have

<U77l(yax)> + f(yvx) - f(l?,l’) 2 <’U,,77(1j7l')> + Oé(y - CC) + f(y7l') - f(:ZZ,I)
forally € K, v € T(y). Then z € K is a solution of (2.3).

For vice versa, let x € K be a solution of (2.3). Assume that y is an arbitrary
element of K and u € T'(x). Since z is a solution of (2.3) then f(x,x) < co. Letting

ye = (1—t)z+ty, t€l0,1],

(note K is a convex set) then y; € K. Moreover y; approaches to x when ¢ converges
to zero and so by Proposition 2.1 (note u € T(x) and 7' is lower — hemicontinuous)
there is vy € T'(y;), such that

(vi,n(y, ) — (u, Ny, 2)) ift — 0 (x)

and hence ( note that x is a solution of (2.3))

(v, n(ye, 2)) + [(Yr, 2) = f2,2) = alys —z) = a(lly —2)). (2.4)
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By condition (iii) we get

[y x) — f(o,2) = f(A -tz +ty,x) - flz,x) < U(fly,z) - f(z,2)) (2.5)
and also conditions (ii) and (i) imply that
(ve,n(ye, ) = (v, n((1 =)z + ty, ))
< (1= 8){ve, (e, @) + (v, n(y, )
= t({ve,n(y, v)) . (2.6)
It follows from (2.4)-(2.6) , for ¢ €]0, 1], that,

atly —z)) _ a(tly —=z)) —a(f)
<Ut777(ya33)>+f(ya33) —f(l',ﬂf) > ¢ = n ’ (27)
for all y € K and v; € T(y;). Now the result follows by letting ¢ — 0 in (2.7),
using (*), and the fact that o has nonnegative directional derivative at zero in each

direction. That is

(u,n(y,x)) + fly,x) — f(z,z) > 0, forally € K and u € T(x).

Hence z € K is a solution of (2.2). This completes the proof.
We need the following theorem in the sequel.

Theorem 2.2. Let K be a nonempty closed convex subset of a topological vector
space F and E* the dual space of E. Let T : K — 28 \{0},f : K x K —
RU{+} and n: K x K — F be three mappings such that,

@ n(z,y) +n(y,x) =0, forall z € K,

(i) for any fixed y € K, the mapping x — (Tz,n(y,z)) + f(y,z) — f(z,x) is
lower semi-continuous,

(iii) for any fixed y € K, the mappings * — 7(z,y) and © — f(x,y) are
concave and convex, respectively,

(iv) (u; — uj,n(a;,a;)) > 0, for each finite subset A = {a1,as,...,a,} of K,
y € coA and u; € T(y),

(v) there exist a compact convex subset D of K and a compact subset B of K
such that

Vee K\B3ze€ D: (u,n(z,x))+ f(z,z) — f(x,x) < 0, for some u € T(z).
Then the solution set of problem (2.2) is nonempty and compact.
Proof. Define set-valued mapping, F : K — 2F as follows:
Fy) = {s € K : VueT(), (u, n(y,2)) + f(y.2) — fa,x) > 0}.
We claim that F' is a KKM mapping. If F' is not a KKM-mapping, then there exist
subset {y1,y2,...,ynt C K and t; > 0,i=1,2,...,n, such that i t; =1,

=1
n n
z = Zti yi ¢ UF(yz),
i=1 i=1
and hence there exist u; € T'(y), for i = 1,2, ...,n such that
<uia 77(%72» + f(ylaz) - f(Z’Z) < 07 for i = 1a2a RN

and so

S taus, 1l 2) + St i) — £(2,2) <0,
=1 =1
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and by (iii) ( f is convex in the first variable) we have
n
Z ti<uia 77(1%7 Z) < 07
i=1

and by (i) ( note n(y;, 2) = —n(z,y;) and z = Z?Zl t;y;) we get

- Zt1<uz7 U(Zayz) < Oa
i=1

and it follows from (iii) and (i) that

- Z Ztitﬂuz‘, n(y;,vi) <O,

j=1i=1
and so by (i) (note n(y;, yi) = 0,1(yi,y;) = —1(y;, y:)) we get
D tit(ui —ug, n(yi,y;)) <0,
i<j
and so (u; — uj, N(yi,y;)) < 0, for some ¢ < j ,which is contradicted ( by (iv)).
This implies that F' is a KKM-mapping. We claim that F(y) is closed for all y € K.
Indeed, let {z,} be a net in F(y) which converges to x € K. We have to show

that € F(y). To see this let v € T'(z) be an arbitrary element. By (ii) through
Proposition 2.1 there is net {v,} in E* with v, € T(z,,) such that

(Vo (Y, wa)) + [y, wa) = f(@as ¥a) — (0,0(y,2)) + fly, @) = f(z,2) (I)

and since z,, € F(y) we deduce from (I) that

<’U?n(yax)> + f(yax) - f(l',.’l?) 2 07
and hence = € F(y). Also it follows from (v) that N,epF(z) C B, and so F satisfies
all the assumptions of Lemma 2.1 and then there exists T € [, ¢ ;¢ F'(y). This means
that 7 is a solution of problem 2.2. Furthermore the solution set of problem 2.2
equals to the intersection (7, . ;- F'(y) which by using (v) is a subset of the compact
set B and, note ), x F'(y) is closed, so it is compact. This completes the proof of
theorem. [J

Remark. (i) It is clear that one can omit condition (v) in Theorem 2.2 when the set
K is compact.

(ii)) In [7], the authors, instead of condition (v) in Theorem 2.2, considered the
following condition for a reflexive Banach space, which consists of finding zg € K
such that,

(u—wo, n(z,20)) — flxo,2) + f(z, )
l[n(z, zo)|l
whenever ||z|| — oo, for all u € T'(z), ug € T'(zo).
They (II) called n-coercive. It is clear that (II) is a special case of condition (v) in
Theorem 2.2. Because for each positive real number M there is another positive
number N such that

— +oo, (II)

(u — uo, n(@,20)) — f(w0, %) + f(2, )
l[n(z, zo)ll

Now we can take B = {z : ||| < N} and D = {z(} which are weakly compact (

note F is a reflexive Banach space) and convex. Moreover by condition (i) of The-

orem 2.2 n(x,x9) = —n(zo,z) and by multiplying the relation (III) by —1 we get

[z]| > N = > M. (II)
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condition (v) in Theorem 2.2.

An special case of (II) has been given in [19] as follows ,
(u —ug, n(z,20)) + f(z) — f(x0) 400,
(2, o)l

whenever ||z|| — oo, for all u € T'(z), up € T(zo).

By combining Theorems 2.1 and 2.2 one can deduce the next result.

Theorem 2.3. Let K be a nonempty closed convex subset of a topological vec-
tor space £ and E* the dual space of E. Let T : K — 2F"\{} be lower 7-
hemicontinuous and relaxed 7-a-monotone and the conditions (i)-(v) of Theorem
2.2 and condition (ii) of Theorem 2.1 hold. Then the solution sets of problems (2.2)
and (2.3) are equal and a nonempty compact subset of K.

We note that if T is a single valued mapping and f is a zero map, then the
Theorems 2.1 and 2.2 are equivalent to the problems considered and studied by
Bai et al [1].

3. VARIATIONAL-LIKE INEQUALITIES WITH RELAXED 7-a-SEMIMONOTONE
MAPPINGS

Throughout this section, let F be an arbitrary locally convex topological vector
space( briefly, locally convex space) with its dual E* and K a nonempty closed
convex subset of .

Definition 3.1. Let A : K x K — 2F" | p: K xK — Fanda: E — R
be three mappings. The mapping A is called relaxed 1 — a-semimonotone if the
mapping y — A(w, y) is relaxed 1 — a«—monotone, for each w € K. In this section
we consider the following problem of finding z € K such that

(u,n(y,z)) + fly,z) — f(x,z) > 0,for all y € K andu € A(x,y). (3.1)
where f: K x K — R.

In order to prove our existence theorem we need the following result.

Theorem 3.1 ( Kakutani-Fan-Glicksberg)([5]). Let X be a locally convex Hausdorff
space, D C X a nonempty, convex compact subset. Let T : D — 2P be upper
semicontinuous with nonempty, closed convex T'(z), for all z € D. Then T has a
fixed point in D.

Theorem 3.2. Let E be a locally convex Hausdorff space, K C F a nonempty
closed convex set, A : K x K — 2F a relaxed 1 — a-semimonotone mapping,
f: KtimesK — R|J{+oo} a proper convex and weakly lower semicontinuous
functional, and n : K x K — FE a mapping. If for all w € K, the mapping
y € A(w,y) satisfies all the assumptions of Theorem 2.2 and the mapping, for all
w e K,z — (u,n(y,z)) + f(y,z) — f(z,2) > 0, forally € K and u € A(w,y),
is convex and upper semicontinuous, then problem (3.1) has a solution. Moreover
the solution set of problem (3.1) is compact and convex.
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Proof. By Theorem 2.2, for each w € coB, the set
G(w) ={x € coB : {u,n(y,2))+f(y,x)—f(x,z) >0, forally € Kandu € A(w,y)}

is nonempty convex and compact subset of B C K. Now the mapping G : coB —
2¢°B defined by w — G(w) fulfils all the conditions of Theorem 3.1 and hence
there is € coB C K such that € G(z) and so z is a solution of problem 3.1 and
so the solution set of the problem 3.1 is nonempty. It is clear that the solution set
of problem (3.1) is equal to the intersection

N Gw) < () Gw)cD

weK rEcoB

and since G(w), for all w € K is closed and D is compact then the solution set
problem (3.1) is compact and the convexity of the solution set is obvious from the
assumptions. This completes the proof. [

Remark 3.1. If A is a single valued mapping and f is a zero map, then problem
(3.1) is equivalent to the problem (3.1) considered and studied by Bai et al [1]. Note
that Theorems 2.2 and 3.1 are topological vector space version of Theorems 2.1
and 2.6, respectively, in [3].
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1. INTRODUCTION AND PRELIMINARIES

Fixed point theory is an old and rich branch of analysis and has a large number of
applications. Fixed point problems involving different contractive type inequalities
have been studied by many authors (see [1]-[20] and references cited therein). The
main aim of this work is to prove some common fixed point theorems for (u,)-
generalized f-weakly contractive mappings in partially ordered metric spaces.

The Banach contraction mapping is one of the pivotal results of analysis. It is
very popular tool for solving existence problems in many different fields of math-
ematics. There are a lot of generalizations of the Banach contraction principle in
the literature. Ran and Reurings [18] extended the Banach contraction principle
in partially ordered sets with some applications to linear and nonlinear matrix
equations. While Nieto and Rodfiguez-Lopez [17] extended the result of Ran and
Reurings and applied their main theorems to obtain a unique solution for a first
order ordinary differential equation with periodic boundary conditions. Bhaskar
and Lakshmikantham [2] introduced the concept of mixed monotone mappings
and obtained some coupled fixed point results. Also, they applied their results on
a first order differential equation with periodic boundary conditions.
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Alber and Guerre-Delabriere [1] introduced the concept of weakly contractive
mappings and proved the existence of fixed points for single-valued weakly con-
tractive mappings in Hilbert spaces. Thereafter, in 2001, Rhoades [20] proved the
fixed point theorem which is one of the generalizations of Banach’s Contraction
Mapping Principle, because the weakly contractions contains contractions as a
special case and he also showed that some results of [1] are true for any Banach
space. In fact, weakly contractive mappings are closely related to the mappings of
Boyd and Wong [3] and of Reich types [19]. Fixed point problems involving weak
contractions and mappings satisfying weak contractive type inequalities have been
studied by many authors (see [1], [7]-[15], [20] and references cited therein).

First, we recall some basic definitions and related results.

Amap T : X — X is called a weakly contractive mapping (see [1], [13], [20]) if
for each z,y € X,

d(T'r’Ty) < d(x,y) - ¢(d($7y)) (1.1)
where ¢ : [0,00) — [0, 00) is continuous and nondecreasing, 1(z) = 0 if and only
if £ = 0 and lim ¢)(x) = oco.

If we take ¢ (z) = kx, 0 < k < 1, then a weakly contractive mapping is called a
contraction.

AmapT : X — X is called a f-weakly contractive mapping (see [14]) if for each
z,y € X,

where [ : X — X is a self-mapping, ¢ : [0,00) — [0,00) is continuous and
nondecreasing, ¢(z) = 0 if and only if z = 0 and lim ¢ (z) = co.

If we take ¢(z) = (1 — k)z, 0 < k < 1, then a f-weakly contractive mapping
is called a f-contraction. Further, if f/ = identity mapping and ¥ (x) = (1 — k)=,
0 < k < 1, then a f-weakly contractive mapping is called a contraction.

Amap T : X — X is called a generalized f-weakly contractive mapping (see
[7]) if for each z,y € X,

AT, Ty) < Sld(f, Ty) +d(fy, o) - w(d(f2, To), d(fy,T2)) (1.9

where f : X — X is a self-mapping, ¢ : [0,00)? — [0,00) is a continuous
mapping such that ¥(x,y) = 0 if and only if x = y = 0.

If f =identity mapping, then a generalized f-weakly contractive mapping is a
generalized weakly contractive mapping (see [13]).

Khan et al. [16] initiated the use of a control function that alters distance be-
tween two points in a metric space, which they called an altering distance function.

A function p : [0,00) — [0,00) is called an altering distance function if the
following properties are satisfied:

(i) ¢ is monotone increasing and continuous;

(i) pu(t) = 0 if and only if ¢t = 0.

Amap T : X — X is called a (u, 1)-generalized f-weakly contractive mapping
(see [8]) if for each z,y € X,

p(d(T2, Ty)) < p(3[d( o, Ty) + d(fy, T2))) ~ (@ fo, Ty), d(Fy, Tw)) (L4

where f : X — X is a self-mapping, p : [0,00) — [0, 00) is an altering distance
function and v : [0, 00)? — [0, 00) is a lower semi-continuous mapping such that
Y(x,y) =0ifand only if x = y = 0.

If f =identity mapping, then a (u, 1))-generalized f-weakly contractive mapping
is a (u, 1¥)-generalized weakly contractive mapping.



SOME COMMON FIXED POINT RESULTS FOR GENERALIZED 47

Let M be a nonempty subset of a metric space (X,d), a point x € M is a
comumon fixed (coincidence) point of f and T if x = fx = Ta (fx = Tx). The set
of fixed points (respectively, coincidence points) of f and T is denoted by F'(f,T)
(respectively, C(f,T)). The mappings T, f : M — M are called commuting if
Tfx = fTx for all x € M; compatible if im d(T fz,,, fTx,) = 0 whenever {z,,} is a
sequence such that lim 7T'z,, = lim fx,, = ¢ for some t in M; weakly compatible if
they commute at their coincidence points, i.e., if fTx = T fx whenever fr = Tx.

Suppose (X, <) is a partially ordered set and T, f : X — X. A mapping T is
said to be monotone f-nondecreasing if for all z,y € X,

fx < fy implies Ta < Ty. (1.5)

If f=identity mapping, then T is a monotone nondecreasing.
A subset W of a partially ordered set X is said to be well ordered if every two
elements of W are comparable.

2. MAIN RESULTS

Theorem 2.1. Let (X, <) be a partially ordered set and suppose that there exists a
metric d on X such that (X, d) is a complete metric space. Suppose thatT and f are
self mappings on X, T(X) C f(X), T is a monotone f-nondecreasing mapping and

p(d(T, Ty)) < p(G Ao, Ty) + d(Fy, Ta))) —6(d(fo, Ty),d(fy, Te)) @1

forall x,y € X for which f(x) > f(y) where p : [0,00) — [0,00) is an altering
distance function and v : [0,00)? — [0,00) is a lower semi-continuous mapping
such that ¢ (z,y) = 0 ifand only if x = y = 0.

If{f(z,)} C X is a nondecreasing sequence with f(x,) — f(z) in f(X), then
F(en) < (), and f(2) < f(f(2)) for every n.

Also suppose that f(X) is closed. If there exists an xg € X with f(x¢) < T(xo),
thenT and f have a coincidence point.

Further, if T and f are weakly compatible, thenT' and f have a common fixed
point. Moreover, the set of common fixed points of T' and f is well ordered if and only
if T and f have one and only one comumon fixed point.

Proof. Let zp € X such that f(z¢) < T'(z¢). Since T'(X) C f(X), we can choose
x1 € X so that fz; = Txg. Since Tx; € f(X), there exists 25 € X such that
fxe = Tx;. By induction, we construct a sequence {z,} in X such that fz,; =
Tz,, for every n > 0.

Since f(xg) < T(xo), T(x0) = f(z1), f(xo) < f(x1), T is monotone f-nondecreasing
mapping, T'(z¢) < T(z1). Similarly f(z1) < f(z2), T(z1) < T(x2), f(z2) < f(x3).
Continuing, we obtain

T(xo) <T(x1) <T(x2) <...<T(xp) <T(xps1) <....

We suppose that d(T(zy,), T (zn41)) > 0 for all n. If not then T(z,4+1) = T(x,,)
for some n, T(zp+1) = f(n41), i.e. T and f have a coincidence point 1, and
so we have the result.

Consider

,LL(d(TZEn+1, Txn)) S M(% [d(fxn—i-h Txn) + d(fxna Tzn-&-l)D - w(d(fzn-&-la T«In)a d(fxn; TI7,+1)>
= WGd(Trn 1, Tanin) = $(0,d(Ton 1, Tas1)) (¥
< Ud(Tw, 1, Ta,sm)

2
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1
< /‘(E[d(Txnflvan) +d(Tzp, Trpy1)))
Since p is a non-decreasing function, for alln = 1,2. .., we have d(Tx, 41, Tx,) <

d(Tz,, Txy—1). Thus {d(Tz,+1,Tx,)} is a monotone decreasing sequence of non-
negative real numbers and hence is convergent. Hence there exists > 0 such that
A(Txpi1,Tay) — 1.

From inequality (%), we have

1
d(Txn+17 Txn) < §d(T33n—1a Txn+1)
1
< §[d(Tzn—17Txn) + d(TIn,T.T7L+1)]
letting n — oo, we have
1 1
r < lim id(Txn 1L, Txn1) < 57’ + 2r

ie. limd(Tx,—1,Tx,41) = 2r. Using the continuity of ;1 and lower semi-continuity
of ¢, and inequality (*), we have p(r) < u(r)—1(0, 2r), and consequently, (0, 2r) <
0. Thus r = 0. Hence

d(Tzp41,Tx,) — 0.

Now, we show that {7z, } is a Cauchy sequence. If otherwise, then there exists
€ > 0 for which we can find subsequences {77, ()} and {Tz; )} of {Tz,,} with
n(k) > m(k) > k such that for every k, d(T@ k), TTp(k)) = € A(TTm k), TTn)-1) <
€. So, we have

< ATy, TTh )
< d(Txpmy, Trpgy—1) + d(TTh@m)—1, TTp))
< e+ d(Txp)y—1, TTn))-
Letting kK — oo and using d(Txy 1, Tx,) — 0, we have
m d(T iy, T k) = € = U d(T 2, (1), T (1) —1)- (2.2)
Again,
d(TTpmy, Trpy—1) < dTTpm), TTma)—1) + AT gy—1, TTrk)) + AT Tr ), TTr k) —1),
and
ATxpy—1,TTpiy) < d(TTpyy—1, TTr)) + A(TT 1y, T (i)
Letting £ — oo in the above two inequalities and using (2.2) we get,
lim d(T 2 (k) —1, TTp()) = €.

Also, we have

ple) < wld(Tmpy, TTnk)))
< u(%[d(fxm Taay) + A5, Tmgs)) ~
YAy TTnm), A fTnirys TTmx)))
= u(%[ (Txm —1, T r)) + AT ) -1, Tm(r))]) —
(d

V(AT k)15 TTnr))s ATy 1, TTm(k)))-

Taking k — o0, and using the continuity of x4 and lower semi-continuity of v,
we have p(e) < p(i[e + €]) — ¥(e, €) and consequently (e, e) < 0, which is con-
tradiction since € > 0. Thus {Tz,} is a Cauchy sequence. As f(X) is closed
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and fx, = Tx,_1, {fz,} is also a Cauchy sequence, there is some z € X such
that lim fx,+; = limTx, = fz. Since {f(z,)} is a nondecreasing sequence and
lim frn,41 = fz, f(zn) < f(2), and f(z) < f(f(z)) for every n. Consider

M(d<TZa fxn-‘rl)) = M(d(TZ?Twn))
< PGl Ten) + d(fan, T2)) = 9(d(f 2 Ten),d(f, T2)),

letting n — oo, we have

p(T2, f2)) < plyd(f2T2)) — p(0,d(f2T7)

This implies that d(T'z, fz) =0, i.e. Tz = fz and z is a coincidence point of T" and

f.
Now suppose that T" and f are weakly compatible. Let w = T(z) = f(z). Then

T(w)=T(f(2)) = f(T(2)) = f(w) and f(2) < f(f(2)) = f(w). Consider
pd(TE), Tw) < p(gla(f,Tw) +d(fw, T2))) — 6(d(fz Tw), d(fw, T2))

u(%[d(Tz, Tw) + d(Tw, T#)]) — $(d(T=, Tw), d(Tw, T2))

wd(Tw,Tz)) —(d(Tz,Tw),d(Tw,Tz)).
This implies that d(T'z, Tw) = 0, by the property of ¢. Therefore, T'(w) = f(w) = w.
Now suppose that the set of common fixed points of 7" and f is well ordered. We

claim that common fixed points of 7" and f is unique. Assume on contrary that,
Tu = fu=wand Tv = fv =v but u # v. Consider

pld(u,v) = pld(Tu, o)
< pld(fu, To) +d(fo, Tu)) = (d(fu, To), d(fo, Tw)

= 5, v) + do,w)]) — Y v), dv,w)

= p(d(u,v)) —¥(d(u,v),d(u,v)).
This implies that d(u,v) = 0, by the property of ¢. Hence u = v. Conversely, if T
and f have only one common fixed point then the set of common fixed point of f
and T being singleton is well ordered. U

If f =identity mapping, then we have the following result.

Corollary 2.2. Let (X, <) be a partially ordered set and suppose that there exists a
metric d on X such that (X, d) is a complete metric space. Suppose that T is a self
mapping on X, T is a monotone nondecreasing mapping and

p(d(Tz, Ty)) < M(%[d(% Ty) + d(y, Tx)]) —¥(d(z,Ty),d(y, Tz))  (2.3)

forallx,y € X for which x > y where i : [0,00) — [0,00) is an altering distance
Junction and 1 : [0,00)? — [0,00) is a lower semi-continuous mapping such that
Y(xz,y) =0ifand only ifx =y = 0.

Also suppose that either

(1) {xn} C X is a nondecreasing sequence with x,, — z in X, then x,, < z, for
every n; or

(i) T' is continuous.

If there exists an xo € X with xg < T'(z), then T has a fixed point.

Moreover, for arbitrary two points x,y € X, there exists w € X such that w is
comparable with both x and y. Then the fixed point of T' is unique.
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Proof. If (i) holds, then taking f =identity mapping in Theorem 2.1 we get the
result.

If (ii) holds then proceeding as in Theorem 2.1 with f =identity mapping, we can
prove that {T'z,} is a cauchy sequence, z = limx, 11 = limT(z,) = T(limz,,) =
T'(z) and hence T has a fixed point.

Let u and v be two fixed points of T’ such that u # v. Now, consider the following
two cases:

(@) If w and v are comparable. Consider

p(d(u,v) = p(d(Tu,Tv))
< ugld(u, To) + d(v, Tu))) ~ (d(u, Tv), (v, Tu)
< gl v) + do,w)]) — v(dw,v), v, w)

= p(d(u,v)) —P(d(u,v),d(u,v)).
This implies that d(u,v) = 0, by the property of ¢). Hence u = v.
(b) If v and v are not comparable. Choose an element w € X comparable with
both of them. Then also u = T"u is comparable with 7" w for each n. Consider

p(d(u, T"w)) = p(d(T"u, T"w))
= w(d(TT" 'u, TT" *w))

< u(%[d(T"’lu, Tmw) + d(T" 'w, T™u)]) — Y(d(T™ u, T"w), d(T™ w, T"u))

= u(%[d(u, T"w) + d(T" " w, w)]) — (d(u, T"w), d(T" " w, u)) ()

< (g, T"w) + d(T" )

and hence we get d(u,T"w) < d(u,T" 'w). This proves that the nonnegative
decreasing sequence {d(u, T™w)} is convergent. If lim,,_,{d(u, T"w)} = r, then,
letting n — oo in (xx) and from the continuity of p and lower semi-continuity
of ¢ we obtain p(r) < p(r) — ¥(r,r) < p(r). This gives ¢(r,r) = 0 and by our
assumption about v, r = 0. Consequently, lim, ., d(u, T"w) = 0. Analogously,
it can be proved that lim,,__. ., d(v,T"w) = 0. Since the limit is unique, we have
U =".

O
If u(t) = t, then we have the following result.

Corollary 2.3. Let (X, <) be a partially ordered set and suppose that there exists a
metric d on X such that (X, d) is a complete metric space. Suppose that T is a self
mapping on X, T is a monotone nondecreasing mapping and

A(Te, Ty) < S[d(e, Ty) + d(y, To)] ~ 6(d(w, To), d(y, Te) - @4

Jorallz,y € X for which x > y where p : [0,00) — [0,00) is an altering distance
Junction and 1 : [0,00)?> — [0, 00) is a lower semi-continuous mapping such that
Y(x,y) =0ifand only ifc =y = 0.

Also suppose that either

@ {z,} C X is a nondecreasing sequence with z,, — z in X, then x,, < z, for
every n; or

(i) T' is continuous.

If there exists an xg € X withxg < T(zg), then T has a fixed point.
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Moreover, for arbitrary two points z,y € X, there exists w € X such that w is
comparable with both x and y. Then the fixed point of T' is unique.

If (z,y) = (3 — k)(z +y). 0 < k < 5., we have the following result.

Corollary 2.4. [7] Let (X, <) be a partially ordered set and suppose that there exists
a metric d on X such that (X, d) is a complete metric space. Suppose that T is a
nondecreasing self-mapping of X and T satisfies

d(Tz, Ty) < kld(xz, Ty) + d(y, Tx)], forz >y, (2.9)

where 0 < k < % Sorallx,y € X. Also suppose either

@ if {x,} C X is a nondecreasing sequence with x,, — z in X, then x,, < z for
every n.

or

(i) T' is continuous.

If there exists an xg € X with xg < T'(z), then T has a fixed point.
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ABSTRACT. In this manuscript, we introduce the concept of a coincidence point of N-order
of F: X¥ — X and g : X — X where N > 2 and X is an ordered set endowed with a
metric d. We prove some coincidence point theorems of such mappings involving nonlinear
contractions. The presented results are generalizations of the recent fixed point theorems
due to Berzig and Samet [M. Berzig and B. Samet, An extension of coupled fixed point’s
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1. INTRODUCTION

Banach fixed point theorem and its applications are well known. Many au-
thors have extended this theorem, introducing more general contractive conditions,
which imply the existence of a fixed point. Recently, there have been so many ex-
citing developments in the field of existence of fixed point in partially ordered sets.
The first result in this direction was given by Turinici [28], where he extended the
Banach contraction principle in partially ordered sets. Ran and Reurings [25] pre-
sented some applications of Turinici’s theorem to matrix equations. Subsequently,
many other results in ordered sets have been obtained, see [1]-[4],[11],[12], [17]-
[19], [21]-[24].

In [15], Bhaskar and Lakshmikantham introduced the concept of a coupled fixed
point of a mapping F' : X x X — X and studied the problems of the uniqueness of a
coupled fixed point in partially ordered metric spaces and applied their theorems to
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problems of the existence and uniqueness of solution for a periodic boundary value
problem. In [20], Lakshmikantham and Ciri¢ introduced the concept of coupled
coincidence point for mappings F': X x X — X and g : X — X, and proved some
coupled coincidence point theorems for nonlinear contraction in partially ordered
metric spaces.

We consider the following definitions and results which shall be required in the
sequel.

Definition 1.1 ([20]). Let (X, <) be a partially ordered set and F : X x X — X and
g: X — X. We say F' has the mixed g-monotone property if F' is monotone g-non-
decreasing in its first argument and is monotone g-non-increasing in its second
argument, that is, for any z,y € X,

21,22 € X, gx1 = gro implies F(z1,y) <X F(z2,y)
and

y1,y2 € X, gy1 X gy2 implies F(z,y1) = F(x,y2).

Definition 1.2 ([20]). An element (x,y) € X x X is called a coupled coincidence
point of the mappings F': X x X - X and g: X — X if

F(z,y) = gz and F(y,z) = gy.

Definition 1.3 ([20]). We say that the mappings F': X X X — X andg: X — X
are commutative if

gF(z,y) = F(gz, 9y).
Lakshmikantham and Cirié [20] obtained the following result.
Theorem 1.1 ([20]). Let (X , j) be a partially ordered set and suppose there is a

metric d on X such that (X, d) is a complete metric space. Assume there is a function
¢ : [0,400) — [0,400) with ¢(t) < t and lim ¢(r) < t for eacht > 0 and also
r—t

suppose F' : X x X — X and g : X — X are such that F' has the mixed g-monotone
property and

d(F(x,y), F(u,v)) < ¢ <d(gx,gm ;L d(gy,gv)>

Jorallz,y,u,v € X with gz < gu and gv < gy. Assume that F'(X x X) C g(X), g is
continuous and commutes with F' and also suppose either F' is continuous or X has
the following properties:

(i) if a non-decreasing sequence x,, — x, thenz,, < x for alln,
(ii) if a non-increasing sequence x,, — x, then x < x,, for all n.

If there exist xo,yo € X such that gxg = F(xo,y0) and F(yo,Zo) =< gyo, then there
exist x,y € X such that gx = F(z,y) and gy = F(y,x), that is, F and g have a
coupled coincidence point.

Many generalizations and extensions of Theorem 1.1 exist in the literature, see
[51,[61,[26],[27]. Recently, Berinde and Borcut [13] introduced the concept of tripled
fixed point and established fixed point results for mappings having a monotone
property and satisfying a contractive condition in ordered metric spaces. Later,
Borcut [16] (see also [7]) established a tripled coincidence point theorem for a
pair of mappings F' : X x X x X — X and g : X — X satisfying a nonlinear
contractive condition in ordered metric spaces. For other tripled fixed point results,
see [8, 9, 10].
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Definition 1.4 ([16]). Let (X, <) be a partially ordered set, and ¢ a self map on X.
The mapping F': X x X x X — X is said to has mixed g-monotone property if for
any z,y,z € X

xy, T2 € X, gr1 = gre = F(21,¥,2) =2 F(22,9, 2),
v, Y2 € X, gy1 2 gy = F(z,y1,2) = F(x,y2,2),
21, 22€X7 gz j922:>F(xayvzl)jF(xayaZQ)'

Definition 1.5 ([16]). Let X be a non-empty set. Given F': X x X x X — X and
g: X — X. An element (z,y, z) is called a tripled coincidence point of F' and g if
F(x,y,2) =gz, F(y,z,y) =gy and F(z,y,z) = gz.

Definition 1.6 ([16]). Let X be a non-empty set. Let F': X x X x X — X and

g : X — X are such that
9(F(z,y,2)) = F(gz, 9y, 92)

whenever z,y, z € X, then F' and g are said to be commutative.
Consider also a class of function useful later.

Definition 1.7 (See ([20])). We denote by O the set of functions 6 : [0, 00) — [0, c0)
satisfying
(a) 0 is non-decreasing,

) 6-'({0}) = {0},
(c) 6(t) <tforallt>0,
(@) )linb O(r) < tforall t > 0.

Borcut [16] proved the following result.

Theorem 1.2. Let (X, =) be a partially ordered set and suppose there is a metric d
on X such that (X, d) is a complete metric space. Suppose F': X x X x X — X and
g: X — X are such that F' has the mixed g-monotone property. Assume there is a
Jfunction ¢ € © such that

d(F(x,y,z),F(u,v,w)) < d)(max{d(gm,gu),d(gy,gv),d(gz,gw)}),

Jorany z,y, z,u,v,w € X for which gr > gu, gv = gy and gz > gw. Assume that
F(X x X x X) C g(X), g is continuous and commutes with F. Also suppose either
F' is continuous or X has the following properties:

(i) if a non-decreasing sequence x,, — x, thenz,, X x foralln,
(ii) if a non-increasing sequence x,, — x, thenz <X x,, for alln.

If there exist xq, Yo, 20 € X such that
gzro = F(w0,Y0,20), 9Yo = F'(Yo,T0,y0) and gzo = F(z0,Y0,%0),
then there exist z,y, z € X such that
F(z,y,2z) =gz, F(y,z,y) =gy and F(z,y,x) =gz,
that is, F' and g have a tripled coincidence point.
Throughout this paper, we will use the following notations:

X xX---XxX=X" where N is a positive integer,

N terms

and
(To(p)s To(pt1)s - - - To(pta)) = Zlp(p 1 p+ q)].
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Now, following the concept of m-mixed monotone property introduced very recently
by Berzig and Samet [14], we introduce:

Definition 1.8. Let (X, <) be an ordered set, N,m are positive integers, 0 < m <
N, F: XY — X and g : X — X be two given mappings. We say that F
has the m-g-mixed monotone property if F(z1,...,Zm, Tm41,--.,2N) is monotone
g-non-decreasing for the range of components from 1 to m and is monotone g-non-
increasing for the range of components from m + 1 to [V, that is,

z;,7; € X, g(z;) 2 9(Z;) implies F(xy,...,2;...,2n5) 3 F(z1,...,%,...,xN), fori=1,...,m,

and
z;, T € X, g(z;,) 29(x;) implies F(xy,...,z,,..
for all (z1,...,7x) € XN,

Also, we introduce the concept of a coincidence point of N-order of F : XV — X
and g : X — X as follows:

Definition 1.9. Let (X, <) be an ordered set, N,m are positive integers, 0 <
m < N, F: XY — Xandg: X — X be two given mappings such that
F has the m-g-mixed monotone property. An element U = (z1,23,...,2n) —
X" is called a coincidence point of N-order of F and g if there exist 2N maps
Olyeeyom 2 {1, .. om}p — {1,...om}, Y,y o im+ 1,0 N} — {m +
,...,N} ©mity-on 2 {1,....m} — {m+1,...,N}, and ¥uq1,...,¥N :
{m+1,...,N} — {1,...,m} such that

gx; = F(x[pi(1:m)],z[thi(m+1: N)]), fori=1,...,N. (1.1)

Definition 1.10. Let X be a non-empty set. Let F': XV — X andg: X — X
be two given mappings. We say F' and g are commutative if

g(F($17372,...,$N)) = F(gﬂfl,gﬂfg,...,g.ﬁ]\])
for all (z1,x9,...,2x5) € XN

In this paper, we establish some coincidence point theorems of N-order for
F: XY — X and g : X — X satisfying a contractive condition in complete
ordered metric spaces. The presented results extend and generalize many results
in literature.

2. MAIN RESULTS

Let (X, d) be a metric space and N be a positive integer, N > 1. We endow the
product set XV with the metric d : X~ — [0, 00), given by

d = d(ug, v; 2.1
((Ul,?bg, 7UN)7(U17’02a 7UN)) 1211225\, (utavz)v ( )

which also will be denoted by d.
Our first result is the following.

Theorem 2.1. Let (X, <) be a partially ordered set and suppose there is a metric
d on X such that (X,d) is a complete metric space. For N, m positive integers,
0<m<N,letF: XY — X andg: X — X be two mappings such that F has
the m-g-mixed monotone property. Suppose that there exists 6 € O such that

AF ), F V) <0 (o, dlamign) ). 22)

1<

nxn) = F(xy, ..., T, ..., xN), fori =m+1,..., N,
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JorallU = (x1,...,25),V = (y1,...,yn) € X such that
gr; X gy;, fori=1,....m and gx; > gy;, fori =m+1,..., N.
Suppose F(XY) C g(X), g is continuous and commute with F and suppose either

(a) F is continues or

(b) X has the following property
(i) if non-decreasing sequence {x,,} — x, thenx,, < x for alln,
(i) if non-increasing sequence {y,} — x, theny, = x for alln.

If there exists U) = (acgo), e ,xs\?)) € XV such that

gmgo) = F(x(o)[api(l : m)]7w(0)[1/}i(m +1:N)]), fori=1,...,m,
ga:l(.o) - F(ac(o)[cpi(l : m)],x(o)[wi(m+ 1:N))), fori=m-+1,...,N,

where @1,...,0m : {1,...,m} — {1,....m}1,...,%m : {Mm+1,...,N} —
{m+1,..., N} oms1,---,on :{1,...,m} — {m+1,..., N}, and ¥ 41,..., %N :
{m+1,...,N} — {1,...,m}, then there exists (11,23, ...,xn) — X satisfying
(1.1), that is, I and g have a coincidence point of N-order.

(2.3)

Proof. Let U(®) = (x(lo), . (O)) € X% satisfying (2.3). Since F(X?) C g(X) , we
can choose U(Y) = (91:51)7 ce g\})) such that

gscl(-l) = F(zO0pi(1:m)], 2O i(m +1: N)]), fori=1,...,N.
Again from F(X") C g(X) , we can choose U?) = (m?), e ,xg\?)) such that
gxl(?) = F(zWp;(1: m)], 2V [p;(m +1: N))), fori=1,...,N.

Continuing this process we can construct sequences {U(™} = {(x(ln), . ("))} in
X" such that
gz = F(a™[pi(1: m)], 2™ [ihi(m +1: N)]), fori=1,...,N. 2.4)
Since F' has the m-g-mixed monotone property, we have
gzx EO) =< gx( ) = gxz(.z), fori=1,...,m.
9z; (0) >-gx( ) iga:l(?), fori=m+1,...,N.
Continuing this process, we can construct N sequences {gxgn)} o {gx ]\7,)} in X
such that
gml(-n) = F" Y1 :m)],z" Y (m+1:N)]) =< gxgnﬂ)
= F(‘T(n)[ i(1 m)]am(n)[wi(m"’_l:N)D7i:1>‘
gaf" = F<z<" V(L m)], 2 Vi (m+ 1: N)]) = ga:<”+”
= F@a™[p;(1:m)], 2™ [i(m+1:N)]),i=m+1,...,N.

Assume (g:cgn—H) e ,gx%l+1)) # (gosgn), . ,gxg\?)) foralln > 0, thatis, (xgn), T

)

is not a coincidence point of N-order of F' and g. For n > 0, let

) (n+1)
t, = : .
n = WaX d(gz;”, g, )
By assumption, ¢, > 0 for all n > 0. We shall prove that {¢,} is a decreasing
sequence. Since

(n+1) (n+1)

,fori=m+1,...,N.
(2.5)

()<g ,fori=1,...,m, and gac(")>g:c

2
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we have

d(gat", gz{"™) = d(F(a" V(1 : m)], 2™ V[gy (m +1: N)]), F(a™ [p1 (1 : m)], ™ i1 (m + 1 : N)]))

(-1 () (1) ()
o e {dlgal) g2l dloal ) g |

m+1<j<N

Since ) is non-decreasing and max. {d(gxfol( ) 9T gi)( )) d(g:z:gl1 (jl)),g gi)m)} <

m+1<j<N
tn,—_1, then

d(gac(ln) gac(1"+1)) < O(tn—1). (2.6)
Similarly, we obtain
d(ga™, gz{" ™Y < O(t,_y), i=2,...,N. 2.7)
Using (2.6) and (2.7) we obtain
0<t, = max d(gxgn),gxz(-nﬂ)) < O(tn—1) < tn_1; since O(t) <t; forall t > 0.

Thus, a sequence {¢,} is monotone decreasing. Therefore, there is some t; > 0
such that lim ¢, =t;. We show that ¢t = 0.

n——-ma90o

Suppose, on the contrary, that ¢ > 0. Then, taking the limit as n — oo of both
sides of ¢,, < 0(t,,) where 6 € ©, we obtain

t= lim t, < lim O(t,—1) < lim t,_1 =t
n—oo n—o0

n——--o0

which is a contradiction. Thus ¢t = 0, that is,

lim ¢, = lim max d(gxz(-n),gajz(-wrl)) = 0. (2.8)

n—-o00 n—o0 1<i<N
Now we prove that { gxgn)} ,4 =1,..., N are Cauchy sequences. Suppose, to the

contrary, that at least one of { gxgn)} ,i = 1,..., N is not a Cauchy sequence.

Then there exist an € > 0 and two subsequences of integers {o(k)}, {u(k)}, p(k) >
o(k) > k with

rr, = max d(g (U(k)),gxz(»“(k))) > e (2.9)
1<i<N
We may also assume
(G(k)) (pu(k)—1)
1I<nzi}§v d(gx , 9%, )<e (2.10)

by choosing o (k) to be the smallest number exceeding o (k) for which r;, > €. By
(2.10) and the triangle inequality, we get fori =1,..., N

d(gal®) ga ) < gga @) =Dy | g 0= o)y

< 4 d(gzl Y gy

Letting kK — oo in above inequality and using (2.8), we have

(@) gDy <o 1,

hm d(gx ..,N. (2.11)

On the other hand, we have
d(ngU(k)),gfvE#(k))) < d(

T g0 @D | (gg @B g (m)-1)

IN +

(
d(g Eu() ) g h)
(
'L

d(g U(k)) (U(k)—l)) + d(gxgd(k)_l),gxgﬂ(k)))
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b d(gaE) ga DY | grga M= o )

< d(g2l"™) g2V 4 ey 2d(gult) | gDy

Letting again £ — oo in above inequality and using (2.8), we have

hm d(gx(a(k)) (“(k))) < klim d(gzgg(k)_l),gxl(“(k)_l)) <e i=1,...,N.
(2.12)
By (2.9), (2.11) and (2.12), we may get
klggork = lggo 1r<nlzi)§vd(g (o(k)—1 ),g E“(k) 1)) e. (2.13)

From (2.5), we have

PRGNSO (o(k))

,fori=1,...,m, and gz, = gzgu(k)), fori =m+1,...,N.
Now using this, (2.2), (2.4) and monotonicity of 0, we get

d(g2t™™, e ™) = (P Dy (1 m)], 2BV (m 411 N))),
Fz®#® =Dy (1 :m(n))], 2#B =Dy (m + 1 : N)]))

< 0 ( max d(gxz(-a(k)_l),gxl(“(k)_l))) )

As a consequence, similarly we have

T = max d(gzgg(k)),gzgu(k))) <40 ( max d(g (a(k)_l),gzgu(k)_l))> ,fort=2,...,N.

1<i<N 1<i<N
(2.14)
Letting k — oo and using (2.13), we get
e<f(e) <e, (2.15)
which is a contradiction. Therefore, we proved that { gxz(") i =1,...,N are
Cauchy sequences. Since X is complete, there exist U = (z1,...,2yx) € X such
that,
lim gacgn):a:i, i=1,...,N. (2.16)
n——-ao0
Thus, by continuity of g, we get
hm g(gx( ))—gxi, i=1,...,N. (2.17)

From, (2.4) and commutativity of F' and g, we have,

g(gai™™) = g(F ™ ]pi(1:m)), 2™ [i(m +1: N))))  (2.18)

_ (n) (n) (n) (n)
= F(ggg%(l),...,gm%(m) 9T mg1yr - o 9T, (N)) (2.19)
fori=1,...,N.

Suppose now that (a) holds. We take n — oo and using the continuity of F', we
get

n+1 . n n n n
gr; = hm g(gx ( * )) = nh_r)noo F(gxfpi)(l), . ,gx( i)(m),gacgbi)(m+1), . ,gmfp )(N))
_ : (n) (n) (n) : (n)
F(m gzg -0 Hm ogzpi,, Hm ogay i, ... Hm gz, )
= F(a:%(l), ce ,xw(m),xwi(erl), ey J}wi(N))

= F(z[p;(1: m)],z[¢p;(m +1: N)]), for i=1,...,N.

Thus, we proved that F' and g have a coincidence point of N-order.
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Suppose now that (b) holds. Since { g(xgn) )} is monotone non-decreasing for i =
1,...,m and non-increasing for s = m+1,..., N, and gm(n) — xz;,t=1,...,N,
from (b) for all n, we have two cases. The first case is g:v( ()) 2 Xy, fori=1,...,m
and gxfb()i) = Ty(), for t = m+1,..., N. The second case is gxfp(z.) Z Ty(i), for
1=1,...,m and gasff(zi) = @y fori =m+1,...,N. For both cases and by the
triangle inequality, the monotonicity of 6, (2.2) and (2.18), we get

d(gxi, F(zpi(1: m)], x[pi(m + 1 : N)J))
n+1 (n+1
)+ d(glgai™ ), Flalei (s m) afgi(m + 12 N))))

< d(gzi,g(gz d(F (ggcfan)(l)7 .. ,gx(n)(m), gx Ep )(erl)’ . ,gacg:)(m),

< d(gzi, 9(gz; )+
)+
F(x[pi(1:m)], z[ti(m +1: N)]))

(”+1))

< d(griglon™ ) +0 | max  {d(g(gD)). a2 (7)) dlgl92()). 005 |
m4+1<G<N
< d(gai, g(ge;" ™)) + 0( max d(g(ge;™). gai™)).

So letting n — oo yields d(gxi,F(m[goi(l :m)],z[hi(m 4+ 1 : N)])) < 0. Hence
gr; = F(z[p;(1: m)],z[tp;(m+1: N)]) fori = 1,..., N. Then, we proved that F’
and g have a coincidence point of N-order. This completes the proof of Theorem
2.1. O

Proposition 2.1. Theorem 5 in [16] is a particular case of Theorem 2.1.

Proof. Let FF: X x X Xx X — X and g : X — X be two mappings satisfying
the hypotheses of Theorem 5 in [16]. For all 21,22, 23 € X, define the mapping
G: X xXxX— Xby

G(z1,22,23) = F(21, 23, 22).

Since F' has the g-mixed monotone property, the mapping GG has the 2-g-mixed
monotone property with NV = 3. F is continuous, thus also G is continuous .
Now, for all X;, Xo, X3 € X and Y7,Ys,Ys € X with ¢X; < gY7,9X2 = gY5 and
gXs3 = gY3, we have
d(G(X17X27X3)7G(Y17}/27Y3)) = d(F(Y17Y37Y2)7F(XlaX37X2))
< O(max {d(X1, Y1); d(X2, Y2); (X3, Y3)}).
Moreover, from the hypotheses of Theorem 5 in [16], we know that there exist
IEO),JZgO) ) ¢ X such that g:c(o) < F(x; © xéo),xéo)) g:zz(o) = F(xs (0) zgo), (20))
and gméo) j F(xs © xéo),xg )). Denote Xl( ) = i())o)7X2(0) (0) and X( ) = éo)’ we
have
gX O < PO, X0, X, 060 < P, X, X0) and oX(® = P, X0, X0),
This implies that
X0 < GO0, X, X, g% < GO, X0, X) ana gx = G, X0, x0),

Now, all the required hypotheses of Theorem 2.1 are satisfied with N = 3, m = 2,
v1(1) =1, p1(2) = 2, p2(1) = 2, p2(2) = 1 and 9¥3(3) = 2. Applying Theorem 2.1,
we get that there exist X7, X5, X3 € X such that

9X1 = G(X1,X2,X3),9Xo = G(X3,X1,X3) and ¢X3 = G(X3, X3, X2),



COINCIDENCE POINT THEOREMS IN HIGHER DIMENSION FOR NONLINEAR CONTRACTIONS 61

that is,
9X1 = F(X1,X3,X2),9Xo = F(X3,X3,X;) and ¢X3 = F(X3, X5, X3).

This implies that (u1, us, uz) = (X2, X3, X1) is a tripled coincidence point of F' and
g. O

Corollary 2.2. Let (X, <) be a partially ordered set and suppose there is a metric
d on X such that (X,d) is a complete metric space. For N, m positive integers,
0<m<N,letF: XN —X and g : X — X be two mappings such that F' has
the m-g-mixed monotone property. Suppose that there exists k € [0,1) such that

d(F(U), F(V)) <k max, d(gzi, gyi), (2.20)

JorallU = (x1,...,2n),V = (y1,...,yn) — X¥ such that
gr; 2 gy, fori=1,....m and gx; = gy;, fori=m+1,...,N.
Suppose F(XY) C g(X), g is continuous and commute with F' and suppose either

(a) F' is continues or

(b) X has the following property
(i) if non-decreasing sequence {xn} — x, then x,, X x for alln.
(i) if non-increasing sequence {y,} — x, thenvy,, = z for all n.

If there exists U®) = (:cgo), e ,xg\(,))) € XV such that

g2l” 2 F(@©[pi(1: m)], 2@ [i(m +1: N))), fori=1,...,m,
920 = F(2O[pi(1: m)), 2Oy (m + 1: N)]), fori=m+1,...,N.

where ©1,...,0m + {1,....m} — {1,....om}1,...;0n : {im+1,... N} —
{m+1,...,N} oms1,-.-,on :{1,...,m} — {m+1,..., N}, and ¥, 41,..., 0N :
{m+1,...,N} — {1,...,m}, then there exists (v1, 22, . ..,vn) — X" satisfying
(1.1).

Proof. Following the proof of Theorem 2.1, for 6(t) = kt with k € [0, 1), then there
exists (71, 72,...,2y) € X satisfying (1.1). O

(2.21)

Remark 2.3. Corollary 2.2 generalizes Theorem 3.1 and Theorem 3.2 of Berzig and
Samet [14] (when taking ; = k foreach i = 1,..., N).

Theorem 2.2. By adding to the hypotheses of Theorem 2.1 the condition: for every
U= (z1,...,25),V = (y1,...,yn) € X, there exists aW = (z1,...,zy) € XV
such that (F'(z[p1(1 : m)], z[1(m+1: N)]),..., F(z[en(1:m)], z[bn(m—+1: N)]))

is comparable to (gx1,...,9xn) and (gy1,...,9yn). Then F and g have a unique
N-order coincidence point.

Proof. fU = (x1,...,xx)and V = (y1,...,yn) € XV are two N-order coincidence
points of F' and g, then we show that
d((gmla v 7ng)7 (gyh .o 7gyN)) =0.
Since U and V are two N-order coincidence points, we have
gz, = Flalgi(L:m)],afdu(m+1: N))), fori=1,....N,
and
9yi = F(y[e:(1 : m)],y[v;(m+1:N))), fori=1,...,N.

By assumption, thereis W = (21,...,2x) € X such that (F(z[p1(1 : m)], z[t1 (m+
1:N)]),...,F(zlen(1 : m)],z[tbn(m + 1 : N)])) is comparable to (gx1,...,9TN)
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and (gy1,...,9yn). Set ZZ-(O) = z, for i = 1,...,N, we can choose W) =
(zg), cee z](\})) such that
gz = F(zO[p;(1: m)], 2O (m +1: N)]), fori =1,...,N.
For n > 1, continuing this process we can construct the sequences { gzl(")} J1 =
1,..., N such that
(n+1) _ (M)[s.(1 - (") o)y . P
9z = F(z"[p;(1:m)], 2" [¢pi(m+1: N)]), fori=1,...,N.
Further, set .Z‘Z(-O) =ux;, fori=1,..., N and ygo) =y,, fori=1,..., N, on the same
way, define the sequences {gxgn)} ,i=1,...,N and {gygn)} i=1,...,N.
Then it is easy to show that, for alln > 1,
ggcl(-n) = F(x[p;(1: m)],z[¢p;(m+1: N)]), fori =1,...,N,

and

gt = F(ylpi(1: m)],y[i(m +1: N)]), fori=1,...,N.
Since

F(zlp;(1:m)],z[p;(m+1: N)]) = gajgl) =gx;, fori=1,..., N,

and

F(zlpi(1:m)], z[i(m+1: N)]) = gzgl), fori=1,...,N,
are comparable, then gz; =< gzgl) for: =1,...,m and gx; >~ ngl) for i = m +
1,...,N. It is easy to show that gx; for © = 1,..., N are also comparable to

gzZ(") fori = 1,..., N, that is, gz; =< gzi(n) fori = 1,...,m and gx; = ng") for
t=m+1,...,N foralln > 1. Thus, from (2.2) and using the proof of Theorem 2.1
we have

d(gw;, 92") = d(F(a[pi(1 s m)], altog(m+ 12 N))), F(™[pi(1: m)], 2 [ihy(m +1: N))))

() )
<O max {d(gfﬂw(k),gz%(k)),d(g%i(j),gzwi(]—))}
mA1<G<N

<40 ( max {d(ga:(i),gz((g))}> , fori=1,... N.

1<i<N

Thus, we obtain

max d(gxi,gz§"+1)) <0 < max {d(gmi,gzi(n))}) <0 ( max {d(g:vi,ngl))}> .

1<i<N 1<i<N 1<i<N
(2.22)
But, it is known that the fact that § € © implies
lim 6"(t) =0 forallt > 0.
n—oo
By letting n — oo in (2.22), we obtain
lim d(gz;, 92"ty =0, fori=1,...,N. (2.23)
n——mao0o
Similarly, one can prove that
lim d(gyi,gzi("ﬂ)) =0, fori=1,...,N. (2.24)
n—-ao

By the triangle inequality, (2.23) and (2.24) we have

d(g;, 9y;) < d(gr;, 92" ) + (92", gy;) — 0 as n — .

which ends the proof. O
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ABSTRACT. In this paper, we consider a new system of generalized implicit nonconvex
variational inequality problems in the setting of two different Hilbert spaces. Using projection
method, we establish the equivalence between the system of generalized implicit nonconvex
variational inequality problems and a system of nonconvex variational inequality inclusions.
Using this equivalence formulation, we suggest an iterative algorithm and show that the
sequences generated by this iterative algorithm converge strongly to a solution of the system
of generalized implicit nonconvex variational inequality problems. The results presented in
this paper can be viewed as an improvement and refinement of previously known results for
nonconvex (convex) variational inequality problems.
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relaxed-Lipschitz continuous mapping.

AMS Subject Classification: 47J10, 49J40, 90C33

1. INTRODUCTION

In 1985, Pang [1] showed that a variety of equilibrium models, for example,
the traffic equilibrium problem, the spatial equilibrium problem, the Nash equi-
librium problem and the general equilibrium programming problem can be uni-
formly modelled as a variational inequality defined on the product sets. He decom-
posed the original variational inequality into a system of variational inequalities
and discussed the convergence of method of decomposition for system of varia-
tional inequalities. Later, it was noticed that variational inequality over product
sets and the system of variational inequalities both are equivalent, see for appli-
cations [1, 2, 3, 4]. Since then many authors, see for example [3, 4, 5, 6, 7, 8]
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studied the existence theory of various classes of system of variational inequalities
by exploiting fixed-point theorems and minimax theorems. Recently, a number of
iterative algorithms based on projection method and its variant forms have been
developed for solving various systems of variational inequalities, see for instance

[9, 10, 11, 12].

It is well known that the projection method and its variant forms based on
projection operator over convex set are important tools for studying of existence
and iterative approximation of solutions of various classes (systems) of variational
inequality problems in the convexity settings, but these may not be applicable in
general, when the sets are nonconvex. To overcome the difficulties that rise from
the nonconvexity of underlying sets, the properties of projection operators over
uniformly prox-regular sets are used.

In recent years, Bounkhel et al. [13], Moudafi [14], Wen [15], Kazmi et al. [16],
Noor [17, , 19], and the relevant references cited therein], Alimohammady et al.
[20], Balooee et al. [21] suggested and analyzed iterative algorithms for solving
some classes (systems) of nonconvex variational inequality problems in the setting
of uniformly prox-regular sets.

On the other hand, to the best of our knowledge, the study of iterative algorithms
for solving the systems of variational inequality problems considered in [9, 11] in
nonconvex setting has not been done so far.

Motivated and inspired by research going on in this area, we introduce a system
of generalized implicit nonconvex variational inequality problems (in short, SGIN-
VIP) defined on the uniformly prox-regular sets in different two Hilbert spaces.
SGINVIP is different from those considered in [13, , , , , , , , 21]
and includes the new and known systems of nonconvex (convex) variational in-
equality problems as special cases. Using the properties of projection operator
over uniformly prox-regular sets, we suggest an iterative algorithm for finding the
approximate solution of SGINVIP. Further, we prove that SGINVIP has a solution
and the approximate solution obtained by iterative algorithm converges strongly
to the solution of SGINVIP. The method presented in this paper extend, unify and
improves the methods presented in [13, s s s s s s s , 22].

2. PRELIMINARIES

Let H be a real Hilbert space whose norm and inner product are denoted by
|| - || and (-, -), respectively. Let K be a nonempty closed set in H, not necessarily
convex.

First, we recall the following well-known concepts from nonlinear convex analy-
sis and nonsmooth analysis, see [23, s , 26].

Definition 2.1. The proximal normal cone of K at u € K is given by
NE(u) :={6 € H:u € Pg(u+af)},
where o > 0 is a constant and Py is projection operator of H onto K, that is,

Pr(u) ={u” € K :dg(u) = [lu—u"[},
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where dg (u) is the usual distance function to the subset K, that is,

d = inf ||[v — ul.
K@) = inf v —u
The proximal normal cone N (u) has the following characterization.

Lemma 2.1. Let K be a nonempty closed subset of H. Then £ € N }?(u) if and only
if there exists a constant o > 0 such that
& v—u) <alv—ul? YveK.
Definition 2.2. The Clarke normal cone, denoted by N (u), is defined as
N (u) = co[NE (u)],
where ¢c0A means the closure of the convex hull of A.

Poliquin et al. [24] and Clarke et al. [25] have introduced and studied a class
of nonconvex sets, which are called uniformly prox-regular sets. This class of
uniformly prox-regular sets has played an important role in many nonconvex ap-
plications such as optimization, dynamic systems and differential inclusions. In
particular, we have

Definition 2.3. For a given r € (0, 00|, a subset K of H is said to be normalized
uniformly r-prox-regular if and only if every nonzero proximal normal to K can be
realized by any r-ball, that is, Vu € K and 0 # £ € NZ(u) with ||¢]| = 1, one has

1
& v—u)y < % v —ul? Vv e K.

It is clear that the class of normalized uniformly prox-regular sets is sufficiently
large to include the class of convex sets, p-convex sets, C''! submanifolds (possibly
with boundary) of H, the images under a C'''! diffeomorphism of convex sets and
many other nonconvex sets, see [23, 25]. It is clear that if r = oo, then uniformly
r-prox-regularity of K reduces to its convexity.

It is known that if K is a uniformly r-prox-regular set, the proximal normal cone
NE(u) is closed as a set-valued mapping. Thus, we have N$ (u) = N (u).

Now, let us state the following proposition which summarizes some important
consequences of the uniformly prox-regularities:

Proposition 2.1. Let » > 0 and let K. be a nonempty closed and uniformly r-prox-
regular subset of H. Set U, = {z € H : d(z,K,) < r}.
(i) Forallz € U,, Pk, (x) # 0;
(i) For all " € (0,7), Pk, is Lipschitz continuous with constant
U ={x € H:dz,K,)<r'}

/Ol’l
r—r

3. System of generalized implicit nonconvex variational inequality
problems

Throughout the rest part of the paper, we assume that, for each i € {1,2}, H; is
a real Hilbert space whose norm and inner product are denoted by || - ||; and (-, -);,
respectively, and Kj ,, is uniformly 7;-prox-regular subset of H;.

For i € {1,2} and j € {1,2} \ {i}, assume that A;, C; : H, — H,, B; :
H; — H;, N;: H; x H; x H; — H;, g; : H; — H; are single-valued mappings.
For any constant p; > 0 (i = 1,2), we consider the system of generalized implicit
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nonconvex variational inequality problems (SGINVIP): Find (ml, $2) € H{ x Hy such
that (g1(x1), g2(x2)) € K1, X Ka,, and
1
(piNi(Asxi, Bixj, Cixs) + pixi, yi — gi(24))i + ?Hyz —gi(z)||? >0, Vy; € K; .
1
(3.1)

Some special cases of SGINVIP (3.1)

Case 1. Foreachi € {1,2}, if g; = I;, the identity operator, N1(A;z1, Bz, Ci121) =
Gl(xl,l’g) — X, Ng(AzIQ,BQIl,CQIQ) = GQ(I’l,IEQ) — X2 for all xr; € Hi, where
G; : Hy x Hy — H; is a nonlinear mapping then SGINVIP (3.1) reduces to the
system of problems of finding (z1,z2) € K; ,, X Ks,, such that

1
(PiGi(w1,m2),yi — 23)i + 27.“% — x|} >0, Vyi € K, (3.2)
K3
which appears to be new.

Case 2. In Case 1, if H; = Hy, Ky ,, = Kj,, then SGINVIP (3.1) reduces to the
nonconvex variational inequality problem of finding x € K ,, such that

1
(PGi(z,z),y —x)1 + 271||Z/ - 35”% >0, Vy € Ky,
which appears to be new.

Case 3. In Case 1, for each i € {1,2}, if r; = o0, i.e., K; ,, = K;, the convex set in
H;, then SGINVIP (3.1) reduces to the system of variational inequality problems of
finding (x1,x2) € K7 x K5 such that

(Gi(w1,72),y;i —24)i > 0, Vy; € K; (3.3)
which has been studied by Ansari et al. [5] and Verma [9].

The following definitions are needed in the proof of main result.

Definition 3.1. A nonlinear mapping ¢; : H; — H; is said to be k;-strongly
monotone if there exists a constant k£; > 0 such that

(g1(z1) — 1 (1), 21 —y1)1 > Kallen — willf, Vau,y1 € Hy.

Definition 3.2. LetN1 : HQXHl XH2 — H17 A1,01 : H1 — Hg, B1 : H2 — H1
be nonlinear mappings. Then NV, is said to be

(i) 01-strongly monotone with respect to A; in the first argument if there exists
a constant d; > 0 such that

(N1(Aru, 21, w2) — Ni(Arv, 21, 22),u — v)1 > 51”“_““%’

Yu,v,x1 € Hi, x2 € Ho;
(ii) o1-relaxed Lipschitz continuous with respect to C; in the third argument if
there exists a constant o; > 0 such that

<Nl(x27x1701u) - N1<x2?$laclv>7u - U>1 < —O'1||U - U”%’
Yu,v,x1 € Hy, 29 € Ho;

(iii) L(n, 1)-Lipschitz continuous in the first argument if there exists a constant
(N1,1) g
L(n, 1y > 0 such that

N1 (u, 21, 22) — Ni(v, 21, 22)[1 < Lny vy llu—vll1,

Va1 € Hi, u,v,x9 € Ho.
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Similarly, we can define the Lipschitz continuity of N; in the second and third
arguments. First, we prove the following technical lemmas.

Lemma 3.1. SGINVIP (3.1) is equivalent to the following system of generalized
implicit nonconvex variational inclusions: Find (:(:1,962) € Hy; x Hs such that

(gl('rl)vg2(m2)) € K17T1 X K27T2 and

for i = 1,2, where N fgi (u) denotes the proximal normal cone of K, ,, at u in the
sense of nonconvex analysis (See Definition 2.1), and 0; is the zero vector of H;.

Proof. Let (z1,22) € Hy x Hy with (g1(21),92(22)) € K1, X Ka,, be a so-
lution of SGINVIP (3.1). If N;(A;x;, Bix;,Cix;) + x; = 0;, then evidently the
inclusuion (3.4) follows. If N;(A;z;, B;z;,Cix;) + x; # 0;, then from (3.1) and
Lemma 2.1, we get the inclusion (3.4). Conversely, let (z1,23) € H; X Hy with
(91(x1), g2(x2)) € K1, X Ky, be a solution of system (3.4) then it follows from
Definition 2.3 that (x1,z2) € Hy X Hy with (g1(x1), g2(22)) € K1, X Ko, is a
solution of SGINVIP (3.1).

Lemma 3.2. (x1,x2) € Hy X Ho with (g1(x1), g2(z2)) € K1 4, X K3 r, is a solution of
SGINVIP (3.1) if and Ol’lly if (Il,SCz) S H1 X H2 with (gl(Il),gg(Ig)) € Kl,rl X K27r2
satisfies the system of relations

9i(xi) = Pr, . [9i(z:) — pi(xi + Ni(Aizy, Biwy, Cizy))], (3.5)
fori = 1,2, where Pk, , is the projection operator of H; onto the uniformly r;-prox-
regular set K .

Proof. The result follows immediately from Lemma 3.1 and from the fact that
Py, =i+ Ng, )7t

We can rewrite the equations (3.5) as follows:
gi(z:i) = Pk, (wi), wi = gi(xi) — pi(zi + Ni(Aizs, Bizj, Ciz;)). (3.6)

The alternative formulation (3.6) enables us to suggest the following iterative
algorithm for solving SGINVIP (3.1).

Iterative algorithm 3.1. For given (w?,w)) € H; x Hs, compute the iterative
sequences {w]'}, {wh}, {27} and {23} defined by the iterative schemes:

g9i(x}) = Pk, , (i), (3.7)
w?“ = (1 —a™w! + a™[gi(z]) — pi(a} + N; (A2}, Bz}, Cizh)], (3.8)
foralln =0,1,2,..., and for each i € {1,2} with j € {1,2} \ {i}, where " € (0,1)

forn > 0 and o = 1 and > a™ = oo and p1, p2 > 0 are constants.
n=1

In Case I, Iterative algorithm 3.1 reduces to the following iterative algorithm for
solving the system (3.2).
Iterative algorithm 3.2. For given (w?,w)) € H; x Ha, compute the iterative
sequences {w]}, {wh}, {27} and {2} } defined by the iterative schemes:
T = PKi,ri (w;'),

with = (1= oM} + "z} — piGi(al, 23))], (3.9)
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forallm = 0,1,2,... and for each i € {1,2} and j € {1,2} \ {i}, where o™ € (0,1)
o0
forn >0and o’ =1 and Y. a” = oo and py, p2 > 0 are constants.

n=1

Now, we prove the existence and iterative approximation of solutions for SGINVIP
(8.1).

Theorem 3.1. For each i € {1,2} and j € {1,2} \ {i}, let the projection operator
Py, . be (="ir)-Lipschitz continuous; let A;, C; : H, — H; and B, : H; — H;

r;—rh

be L Ai—Lipschftz continuous, L¢,-Lipschitz continuous and L g, -Lipschitz contin-
uous, respectively. Let g; : H; — H; be k;-strongly monotone and continuous;
let N; : H; x H; x Hj — H; be §;-strongly monotone with respect to A4; in the
first argument, 7;-relaxed Lipschitz continuous with respect to C; in the third ar-
gument, and Ly, ,)-Lipschitz continuous in the p'* argument, where p = 1,2,3. If
the constant p; satisfy the following conditions:

M, —N; < p; < min{Mi + A, \I/i}, (310)
where
M - biki —ae; v (bik; — aze;)? — b2 (1 —e2)(1 — a’zz),
o h(l—-e2) T b2(1—e€?) ’
1 1
U, < bjdi; = bi; i = bipjdy;
b;k; > a;e; +b; (1 — 63)(1 — a?); d; = L(Ni,Z)LBi;
T ]-

i = b= ——
: il ki3
\/(1 —20; + L2y LA + \/(1 — 20, + L2y 4 L3

o
&
I

(Ni53)

p; — 2piki
2k; + 3
Then the sequences {z}'} and {w!'} generated by Iterative algorithm 3.1 con-

verge strongly to x; and w;, respectively, where (x1,z2) with (g1(21), g2(22)) €
Ky, x Ky, is a solution of SGINVIP (3.1).

€ [-1,0); ri € (0,7;); r; € (0,00].

Proof. From Iterative algorithm 3.1, we have

lwi = will; < (1= am)wf* —wlli + o gi(2f ) = gi(a]) = piaiT =2

— 7 % [

+anpi|Ni(Aait, Biay ™, Ciapt) — Ni(Aga}, Bixlf, Caa!) |

IN

(1= o) [wi ™ —willi + a"llgi(27 ™) = gia])) = pilai ™t = a])li

+Oénp1' [H [Nz (AZ‘I:»H_l, Bil‘?+1, Cy.CCZH_l) — Nl(AZIL'?, BiI;H_l, Czl’?—i_l)

— (@7t =2}

+HNZ(AZ$:Z, BiLEE»H—l, CZ‘I’;H_l) - Nz(AZfEZL, BifE;H_l, Cll';z) + (l’;H—l — X

n n+1 n n n n
+ HNz(Az-rz ,Bil‘j+ , Cix; )] — Nl(All‘l ,Bil‘j , Cix )HZ] . (3.11)

Since A;,B;,C; are L,-, Lp,-, L¢,-Lipschitz continuous, N; is §;-strongly
monotone with respect to A; in the first argument, o;-relaxed Lipschitz contin-
uous with respect to C;, and is Ly, 1)-» L(n;2)-» L(n, 3)-Lipschitz continuous in
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the first, second and third arguments, respectively, one can obtain:

INi(Asey ™, By, Cia? ™) = Ni(Agay, Biad ™, Ciaf ™) — (a7 —af) s

< \/(1 —20; + L2y La, [l — s, (3.12)
INi (A, Biay ™, i) = Ny(Aga, Biary ™, i) + (a7 — 2
< \/(1 — 20+ L2y g Lo, |27 — 2|, (3.13)
and
INi(Asa}, Bixi*, Ciw!)] — Ni(Aiw}!, Biah, Coa)|li < L, 2y L, [Jaf ™t — a}|ls.

(3.14)
ri)-Lipschitz continuous,

Since g; is k;-strongly monotone and PKL” be (

i

then using (3.7), we have

lap ™t =217 = 2t — 2} — (gi(a?™) = gi(a}) + (gi(a] ™) — gi(@)|IF
< lgi(ap ) — gi(a)|1?
—2(gi(a]™) — gi(a]) + af Tt —ap 2Pt —ap);
= lgi(@! ) — gi(@)12 — 2(gi (=) — gs(al), 2P — 2,
—2(3:?“ -zl x?‘H — )
75 2
= ( — /> Jwtt — w7 — (2k; + 2)|laft — 2|7,
ri — 7}
or

Hi 1
22 < | == ) [T — w?];, 3.15
ot ol < (g ) b~ uf (3.15)
T
where ui( ,>.
Ty —T;

Next, we estimate

lgi(aP ™) — gi(@!) — plaf ™ — 2|7
< gt — gilap)|1?

~2gi(@7™h) = gi(a}), a7 — @i+ pfllaf T — 2 |IF (3.16)

% %

< gl = wllF + (pF — 2pika) a7 - a7

% %

From (3.15) and (3.16), we have

2
g It = w (3.17)

lgi (2P ) = gi(@}t) — ps(af ™ — aP)lli < pay |1+

Further, from (3.11)-(3.15) and (3.17), we have

2 < (1—a) i+ —a oy |14 L 2R et
1 1 — 3 2]{1_’_3 1

n
i w;'||;

oM — 95 2 _ ) 2
+a"p; [m{\/(l 26+ Ly, La, + /1= 200+ L2y 5 Lo, |
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*flwi ™ —wi + | Ny ™ = will;. (3.18)

Hj
—(L(y. LB
,/2kj+3( (N::2)
Define ||.||« on Hy x Ha by ||(y1,y2)||s = Z lly:||; for any (y1,y2) € Hy1 x Hy. We

note that H; x Hs is a Hilbert space with 1nduced norm ||.||.. It follows from (3.18)
that

(w2, w5 *2) — (it wy ™). = ZIIU}"*2 w; i,
<[ —a(1 =0l (™ wy™) = (wi,wg)|s,
(3.19)
where 0 = max{@l, 02}; 91 = ,Ufz[pz + bl(plez + pjdj)];
2
i =1+ = ;b = ;
b 2k; + 3 V2ki +3

di = Lin, 2 Das; ei:\/(l—Zéi—i—L? \La, +\/ ~20;+ L2y Lo

From conditions (3.10), we have 0 < # < 1, and hence, using the similar lines of
proof of Theorem 4.3 [22], there exists an integer n® > 0 and a number « € (0,1)
such that (1 —a™(1—6)) < (1 — (1 —0)) for all n. > n°. Therefore, from (3.19), we
have

0 0 0
oL wg ) = (i, wh)e < (1= a1 —0)" " wf L w™ ) — ().

Hence for any m > n > n0, it follows that

m—1
0 0
(wi, wg") = (wi, wg) [l < D (it wi™) = (wi, wy )l
i=n
s 0 0 0 0 0
<D (—a(l=0) " |[(wp T wy ) = (Wi wh ) s (3.20)
i=1

Since 0 < (1—a(1—0)) < 1, it follows from (3.20) that ||(w{", wg") — (W}, wH)||« <
-1
Z |lw™ —wlk|| — 0 as n — oo, and hence for each i € {1,2}, {w!} is a Cauchy
1=n
sequence in H;. Assume w; — w; in H; as n — oo. We observe from (3.15)

that {«} is a Cauchy sequence and hence assume that 2 — z; in H; asn — oo.

Further, from the continuity of N;, A;, B;,C}, g, Pk, », and Iterative algorithm
3.1, we observe that

gi(z;) = Pr, ,, [9i (i) — pi(xi + Ni(Aszi, Bixj, Cixy))].
Hence it follows from Lemma 3.2 that (z1,72) € Hy; x Hs with (g1(x1), g2(22)) €
Ky, x K, is a solution of SGINVIP (3.1). This completes the proof.

Remark 3.1.

(i) The method presented in this paper unifies the methods considered in
[13, 14, 15, 16, 17, 18, 19, 20, 21] to the system of nonconvex variational
inequality problems defined on the product of two different Hilbert spaces.
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(i) The method presented in this paper improves the methods considered in
[19, 20, 21] in the sense that the continuity of g is required instead of the
Lipschitz continuity.

(iii) One needs further research effort to extend the method presented for solv-
ing the system of nonconvex variational inequality problems involving set-
valued mappings.
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1. INTRODUCTION

Let E be a real Banach space with dual £* and C be nonempty, closed and convex
subset of F. We denote by .J the normalized duality mapping from E to 27" defined
by
J(x)={f € E*: {z, ) = [l|* = || f]*}-

The following properties of J are well known (The reader can consult [1-3] for more
details): If E is uniformly smooth, then J is norm-to-norm uniformly continuous
on each bounded subset of E; J(z) # (), « € E; if F is reflexive, then J is a
mapping from E onto E* and if F is smooth, then J is single valued. Throughout
this paper, we denote by ¢, the functional on E X E defined by

o(z,y) = ||=||* = 2(z, J(y)) + ||y|*, Va,y € E. (1.1)

From (1.1), we have (||z]| = [lyl)? < ¢(x,y) < (llal + llyll)2, ¥a.y € E.

Let T be a mapping from C into FE. A point z € C is called a fixed point of T if
Tx = x. The set of fixed points of T is denoted by F(T) := {z € C : Tz = z}. A
point p € C'is said to be an asymptotic fixed point of T if C' contains a sequence

* Corresponding author.
Email address : deltanougt2006@yahoo.com(Yekini Shehu).
Article history : Received 7 February 2012. Accepted 26 September 2012.
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{xn}2°, which converges weakly to p and lim ||z, — T'z,|| = 0. The set of asymp-
n—oo

totic fixed points of 7" is denoted by F (T). We say that a mapping T is relatively non-
expansive (see, for example, [4-8]) if the following conditions are satisfied: F(T') # 0;
d(p,Tz) < ¢p(p,z), Yo € C, p € F(T) and F(T) = F(T). If T satisfies F(T) # ()
and ¢(p,Tz) < ¢(p,x), Yo € C, p € F(T), then T is said to be relatively quasi-
nonexpansive. It is easy to see that the class of relatively quasi-nonexpansive
mappings contains the class of relatively nonexpansive mappings. Many authors
have studied the methods of approximating the fixed points of relatively quasi-
nonexpansive mappings (see, for example, [9-11] the references contained therein).
Clearly, in Hilbert space H, relatively quasi-nonexpansive mappings and quasi-
nonexpansive mappings are the same, for ¢(z,y) = ||z — y| |2, Vz,y € H and this
implies that ¢(p,Tz) < ¢(p,z) & ||[Tx —p|| < ||z —p||, Vo € C, p € F(T). The
examples of relatively quasi-nonexpansive mappings are given in [10].

We next give an example of a mapping that is relatively quasi-nonexpansive but
not relatively nonexpansive.

Example 1.1. Let £ = ¢? and

zn = (1,0,0,0,...,0,1,0,0,...)

Clearly, {z,,} converges weakly to zy. Define a mapping 7' : E — E by

_ e iz =2,(3n > 1),
T(@) { —z, if © # z,(Vn > 1).

We can see that F(T) = {0} # 0 and
[Tz = Of| = [[Tz|| < [z]| = ||z = O], Vo € E.
Furthermore, since /2 is a Hilbert space, we obtain
¢(Tz,0) = ||Tz — 0]]* = [|Tz|]* < ||=||* = [|z - O||* = ¢(x,0), Vz € E.

It then follows that 7T is a relatively quasi-nonexpansive mapping. We next show
that T is not a relatively nonexpansive mapping. Since {z,} converges weakly to
xo, then there exists M > 0 such that ||z,|| < M, Vn > 1. We observe that

1

1

n
HT‘rn_‘rnH = “n+lxn_xn

but 2o ¢ F(T). Thus, F(T) # F(T) even though F(T) # 0 and ||Tz, — .|| —
0, n — co. Hence, T is not a relatively nonexpansive mapping.

The above Example 1.1 shows that the class of relatively nonexpansive mappings
is properly contained in the class of relatively quasi-nonexpansive mappings.

In [7], Matsushita and Takahashi introduced a hybrid iterative scheme for approx-
imation of fixed points of relatively nonexpansive mapping in a uniformly convex
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real Banach space which is also uniformly smooth: zy € C,

Yn = J HapnJz, + (1 — an)JTz,),
Hﬂ = {’LU S O : ¢(wvyn) S d)(w)ajn)}a
W, ={weC: (x, —w,Jrg — Jx,),
Tnt+1 = Hpg,nw, 2o, n > 0.

They proved that {x,, }72, converges strongly to Il p(1yzo, where F/(T) # 0.

In [12], Plubtieng and Ungchittrakool introduced the following hybrid projection
algorithm for a pair of relatively nonexpansive mappings: xg € C,

2 = J B Tan + B IT, + B TS2,)

Yn = J HapJzg + (1 — ) J2p)

Cn=1{2€C:¢(2,yn) < b(2,2,) + an(||xo]|* + 2(w, Jx, — J0))} (1.2)
Qn=1{2€C:{(xy— 2 Ja, — Jug) <0}

Tnt+1 = Po,ng., %o,

where {«,}, {57(11)}, {@(12)} and {57(13)} are sequences in (0, 1) satisfying g +

,(LQ) + 67(,3) = 1l and T and S are relatively nonexpansive mappings and J is the
single-valued duality mapping on uniformly smooth and uniformly convex Banach
FE. They proved under the appropriate conditions on the parameters that the se-
quence {z,} generated by (1.2) converges strongly to a common fixed point of T
and S in a uniformly smooth and uniformly convex Banach space.

Recently, Li et al. [13] introduced the following hybrid iterative scheme for approx-
imation of fixed points of a relatively nonexpansive mapping using the properties of
generalized f-projection operator in a uniformly smooth real Banach space which
is also uniformly convex: xg € C, Cy = C

Yo = J HanJr, + (1 — an)JTx,),
Chy1 ={w € Cyp : Glw, Jyn) < G(w, Jx,)},
Tpil = Hén+19€07 n >0,

They proved a strong convergence theorem for finding an element in the fixed points
set of 7" in a uniformly smooth real Banach space which is also uniformly convex.

Motivated by the above mentioned results and the on-going research, it is our
purpose in this paper to prove strong convergence theorem for a countable family of
relatively quasi-nonexpansive mappings in a uniformly smooth and strictly convex
real Banach space with the Kadec-Klee property using the properties of generalized
f-projection operator. Our results extend the results of Matsushita and Takahashi
[7], Plubtieng and Ungchittrakool [12], Li et al. [13] and many other recent known
results in the literature.

2. PRELIMINARIES

Let E be a smooth, strictly convex and reflexive real Banach space and let C be
a nonempty, closed and convex subset of E. Following Alber [14], the generalized
projection Il from E onto C' is defined by

e (2) ;= argming(y, x), Vx € E.
yel

The existence and uniqueness of Il follows from the property of the functional
¢(x,y) and strict monotonicity of the mapping J (see, for example, [3, 14-17]). If
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F is a Hilbert space, then Il is the metric projection of H onto C'. Next, we recall
the concept of generalized f-projector operator, together with its properties. Let
G :C x E* — RU {400} be a functional defined as follows:

G(&, ) = [[E]I* = 2(&, ) + llel* + 2p£(6), 2.1)

where £ € C, ¢ € E*, pis a positive number and f : C — R U {400} is proper,
convex and lower semi-continuous. From the definitions of G and f, it is easy to
see the following properties:

(1) G(&, ¢) is convex and continuous with respect to ¢ when ¢ is fixed;

(i1) G(&, ¢) is convex and lower semi-continuous with respect to £ when ¢ is fixed.

Definition 2.1. (Wu and Huang [18]) Let E be a real Banach space with its dual £*.
Let C be a nonempty, closed and convex subset of . We say that Hé : B* — 2¢
is a generalized f-projection operator if

fo,_ . — 3 *
e ={ueC:Clup) = nIGE )} Vo B

Recall that J is a single valued mapping when E is a smooth Banach space. There
exists a unique element ¢ € E* such that ¢ = Jz for each € E. This substitution
in (2.1) gives

G(&, Jx) = ||&]]* - 2(¢, Jo) + [|z* + 2p£ (). (2.2)

Definition 2.2. Let E be a real Banach space and C' a nonempty, closed and convex
subset of E. We say that Hé : B — 2% is a generalized f-projection operator if

S — . —
Oz = {u e C:Gu,Jz) = 512261'(5, J:U)}, Ve € E.

Obviously, the definition of 7' is a relatively-quasi nonexpansive mapping is equiv-
alent to: F'(T) # 0 and G(p, JTz) < G(p, Jzx), Yz € C, p € F(T).

Lemma 2.3. (Lietal [13]) Let E be a Banach space and f : E — R U {400} be a
lower semi-continuous convex functional. Then there exists x* € E* and a € R such
that

f(z) > (z,2") +a, Vz € E.
Lemma 2.4. (Li et al. [13]) Let C be a nonempty, closed and convex subset of a
smooth and reflexive Banach space E. Then the following statements hold:

(1) Héx is a nonempty closed and convex subset of C' for allx € F;
i) forallx € E, & € Lz and only {
e}

(2 -y, Jo = Ji+pf(y) —pf(x) 20, Vy € C;
(#4i) if E is strictly convex, then Héx is a single valued mapping.

Lemma 2.5. (Li et al. [13]) Let C' be a nonempty, closed and convex subset of a
smooth and reflexive Banach space E. Letx € F and & € Hém. Then

oy, &) + G(2, Jz) < G(y, Jx), Vy € C.

We recall that a Banach space E has Kadec-Klee property if for any sequence
{z,} C F and z € E with z,, — z and ||z,|| — ||z||, then z,, — z as n — co. We
note that every uniformly convex Banach space has the Kadec-Klee property. For
more details on Kadec-Klee property, the reader is referred to [2, 16].
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Lemma 2.6. (Kim et al. [19]) Let C' be a nonempty, closed and convex subset of a
uniformly smooth and strictly convex real Banach space FE which also has Kadec-
Klee property. Let T be a closed relatively-quasi nonexpansive mapping of C' into
itself. Then F(T) is closed and convex.

Lemma 2.7. (Kim et al. [19]) Let ¥ be a uniformly convex real Banach space. For
arbitrary r > 0, let B,.(0) := {x € E : ||z|| < r}. Then, for any given sequence
{}22, C B,(0) and for any given sequence {\,,}22_; of positive numbers such that
2221 A; = 1, there exists a continuous strictly increasing convex function

9:10,2r] =R, g(0) =0

such that for any positive integers i, 7 with ¢ < j, the following inequality holds:

> 2
n=1

For the rest of this paper, the sequence {z,}52, converges strongly to p shall be
denoted by x,, — p as n — 00, {z, 52, converges weakly to p shall be denoted by

Ty — P.

< Z )\onnHZ - /\7>\]9(th - ZE]H)
n=1

Lemma 2.8. (Li et al. [13]) Let F be a Banach space andy € E. Let f : E —
R U {400} be a proper, convex and lower semi-continuous mapping with convex
domain D(f). If {z,} is a sequence in D(f) such that x,, — = € int(D(f)) and
nlLH;OG(xn,Jy) = G(z, Jy), then nlgr;oHa:nH = ||z||.

3. MAIN RESULTS

Theorem 3.1. Let I be a uniformly smooth and strictly convex real Banach space
which also has Kadec-Klee property. Let C' be a nonempty, closed and convex subset
of E. Suppose {T;}22, is an infinite family of closed relatively-quasi nonexpansive
mappings of C' into itself such that F := N2, F(T;) # 0. Let f : E — R be a convex
and lower semicontinuous mapping with C’ C int(D(f)) and suppose {x,}5°, is
iteratively generated by xq € C, Cy = C,

Yn = Jﬁl(anOan + Zfil OéniJTizn)a
Cny1= {w €Cp: G(w7 Jyn) < G(’LU, an)}a (3.1)
Tn+1 = Hén_HIOa n = Oa

where J is the duality mapping on E. Suppose {a,;}52, for eachi = 0,1,2,...is a
sequence in (0, 1) such that 1iminfoznoozm- >0,4i=1,2,3,..., Yoo @ni = 1. Then,

{xn}22, converges strongly to 1T/ F20-

Proof. We first show that C,,, Vn > 0 is closed and convex. It is obvious that
Cy = C is closed and convex. Thus, we only need to show that C,, is closed and
convex for each n > 1. Since G(z, Jy,) < G(z, Jx,,) is equivalent to

2((z J2n) = (2 Tya)) < Ileall® = llyml I

This implies that C,, is closed and convex Vn > 0. This shows that Hén“xo is well
defined for all n > 0.
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We now show that lim G(x,, Jxo) exists. Since f : E — R is a convex and lower
n—oo

semi-continuous, applying Lemma 2.3, we see that there exists u* € E* and a € R
such that

fly) > (y,u*) +a, Vy € E.
It follows that

G(xn, Jzo) = ol = 2(xn, Jz0) + ||20l|* + 20 (20)

> |nl? = 2(z,, Jxo) + ||z0||? + 2p(z0, u*) + 2pa
= lznl® = 2(zn, Jxo — pu*) + [Jzo||* + 2pc
> |zall? = 2l|zall||Jzo — pu*]] + |lzo||* + 2pa

(laall = 10 — pu*[1)* + llaol [2 = [|.Tz0 — pu*|I* + 2p0..(3.2)

Since z,, = Hénxo, it follows from (3.2) that
G(a*, Jxo) > G(an, Jxo) = (||anl| — || Jzo — pu*[])? + ||20l]* — || Jzo — pu*|]* + 2pa

for each z* € C,,. This implies that {xz, }52 is bounded and so is {G(x,, Jzo) }22,.
By the construction of C,,, we have that C,1; C C,, and z,,1 = Hén+1x0 e C,. It
then follows Lemma 2.5 that

¢(‘rn+1v l'n) + G(l'na JxO) < G(anrh J.’Eo) (3.3)
It is obvious that

S(@n+1,2n) 2 (|[znsall = [lon]))* 2 0,

and so {G(xy, Jx0)}22, is nondecreasing. It follows that the limit of {G(z,, Jzo) }52,
exists.

We next show that /' C C,,, Vn > 0. For n = 0, we have F' C C = Cy. Let z* € F.
Since F is uniformly smooth, we know that E* is uniformly convex. Then from
Lemma 2.7, we have for any positive integer j > 0 that

G(z*, Jy,) = G(a*, (anodz, + Zam-JTixn))

i=1

= ||z*]]* = 2ano(x*, Jx,) — ZZ (@™, JTixy) + ||omoJ Ty + ZamJTimnW +2pf(z")

i=1 i=1

<
i=1 i=1
— o g ([ Jon — JTjaal]) + 2pf (27)
e} e}
= ||lz*|]? = 2ano{z*, Jx,) — ZZani<x*, JTx,) + ol | Jzn||* + ZamH.]TianZ
i=1 i=1
—anoCn;g(|[Jen — JTjzall) + 2pf (27)
< G(z*, Jzpn) — anoon;g(|| Tz — JTjz,||)
< Gz, Jxp).

So, z* € C,,. This implies that F' C C,, Vn > 0.

Now since {x,,}°2 ; is bounded in C and F is reflexive, we may assume that z,, — p
and since C), is closed and convex for each n > 0, it is easy to see that p € C,, for

[|2*]|* = 200 (x*, J2,) — ZZam(x*, JTx,) + ol || |* + ZamHJTianQ
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each n > 0. Again since z,, = Hé”mo, from the definition of Hé we obtain
G(xn, Jzo) < G(p, J0), Yn > 0.
Since

lim infG(xy,, Jxo)

n—oo

tim inf{| 0] [2 = 2(@n, Jao) + [[zol* + 2pf (wa) }
1Pl — 2(p, Jo) + llzol|* + 20f () = G(p, o)

v

then, we obtain

G(p, Jro) < liminfG(xy,, Jxo) < limsupG(zy, Jzo) < G(p, Jxo).

n—00 n— o0
This implies that lim G(z,, Jxg) = G(p, Jxo). By Lemma 2.8, we obtain lim ||z, || =
n—oo n—oo
[|p|]- In view of Kadec-Klee property of F, we have that lim z, = p.

n—oo

We next show that p € N2, F(T;). By the fact that C,y; C C, and Tp41 =

Héono € C,,, we obtain

¢((En+1, yn) S ¢(xn+1a xn)
Now, (3.3) implies that
¢<xn+17 yn) < ¢<xn+17 wn) < G(anrla J:EO) - G(-Tnz JxO) (3.5)

Taking the limit as n — oo in (3.5), we obtain
lim ¢(xp41,Yn) =0= lim ¢(xp41,2,) =0.
n— 00 n—oo
It then yields that lim (||zn+1]| — [|yn]]) = 0. Since lim ||zp41]] = ||p||, we have
n—oo n—oo
lim ||y, || = |[p[| and lim [|Jy,[| = [|/p]|.
n—oo n—o0

This implies that {||Jy,||}22, is bounded in E*. Since E is reflexive, and so E* is
reflexive, we can then assume that Jy, — fo € E*. In view of reflexivity of F, we
see that J(E) = E*. Hence, there exists € F such that Jz = fj. Since
H(Tnt1,Yn) = H$n+1||2 = 2(n+1, JYn) + ||yn||2

Hxn-i-lHQ = 2znt1, Jyn) + ||Jy”||2. (3.6)
Taking the limit inferior of both sides of (3.6) and in view of weak lower semiconti-
nuity of ||.||, we have

0 = [Ipll* = 2(p, fo) + |lfoll* = lplI* = 2(p, Jz) + || Ja||*
1pl1* = 2(p, Jz) + ||2]]* = 6(p, ),

that is, p = «. This implies that fy = Jp and so Jy, — Jp. It follows from

lim ||Jy,|| = ||Jp|| and Kadec-Klee property of E* that Jy, — Jp. Note that
n—oo
J~! : EB* — FE is hemi-continuous, it yields that y,, — p. It then follows from
lim ||y,|| = ||p|| and Kadec-Klee property of F that lim y, = p. Hence,
n— o0 n—o0

lim ||z, — yn|| = 0= lim ||Jx, — Jy,|| = 0.

n—oo n—oo

It then follows from (3.4) that
anotnig([|[Jan — JTjz,||) < G(x*, Jz,) — G(z™, Jyy,).

From lim ||z, — y»|| = 0and lim ||Jz, — Jy,|| = 0, we can easily show that
n—oo n— 00

G(z*, Jzy,) — G(z*, Jy,) — 0, n — 0.
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Using the condition lim infa,ga,; > 0, we have for any j > 1 that
n—oo

lim g(||Jzyn, — JT;z,]]) = 0.
n—oo

By property of g, we have lim ||Jz, — JT;z,|| = 0, j > 1. Since z,, — p and J
n—oo
is uniformly continuous, we have Jxz, — Jp. Now, from lim ||Jz,, — JTz,|| =0,
n—oo
we obtain lim J7)x, = Jp. Furthermore, since J ~! is hemi-continuous, it follows

n—oo

that Tz, — p. On the other hand,

Tzl = lIpll| = [l T5wall = 11p11] < 17T = Jpl] = 0, a5 0 — .
By Tz, — p, lim ||Tjz,|| = ||p|| and Kadec-Klee property of E, we obtain that
n—oo

Tjx, — p, asn — oo, j > 1. Hence, we have
lim ||z, — Tjz,|| =0, j > 1. (3.7
n—oo

Since T;, ¢ > 1is closed and x,, — p, we have p € F = N, F(T;).

Finally, we show that p = Héxo. Since F' = N2, F(T;) is a closed and convex set,
from Lemma 2.4, we know that H{;xo is single valued and denote w = HJ;QUO. Since
T, = Hénajo and w € F' C C,,, we have

G(xp, Jxo) < G(w, Jxg), Vn > 0.

We know that G(&, Jp) is convex and lower semi-continuous with respect to { when
@ is fixed. This implies that

G(p, Jzo) < liminfG(xy, Jxg) < limsupG(zy, Jzo) < G(w, Jxo).
n—oo n— oo
From the definition of H};xo and p € F, we see that p = w. This completes the
proof. O

Take f(x) = 0 for all z € F in Theorem 3.1, then G(§, Jz) = ¢(&, z) and Héaﬁo =
IIcxp. Then we obtain the following corollary.

Corollary 3.1. Let E¥ be a uniformly smooth and strictly convex real Banach space
which also has Kadec-Klee property. Let C' be a nonempty, closed and convex subset
of E. Suppose {T;}22, is an infinite family of closed relatively-quasi nonexpansive
mappings of C into itself such that F := N2, F(T;) # (. Suppose {z,}52, is
iteratively generated by xg € C, Cy = C,

Yn = J_l(anOan + 221 aniJT’ixn);
Cny1 ={w € Cp : p(w,yn) < ¢(w,7,)}, (3.8)
Tn+1 = ch+1x07 n > Oa

where J is the duality mapping on E. Suppose {a,; 52, for eachi = 0,1,2,... isa
sequence in (0,1) such that lim infa,gon; > 0, i =1,2,3,..., > an; = 1. Then,
n—oo

{zn}52, converges strongly to Il pxg.

Corollary 3.2. Let E be a uniformly smooth and strictly convex real Banach space
which also has Kadec-Klee property. Let C' be a nonempty, closed and convex subset
of E. Suppose {Ti}f\él is a finite family of closed relatively-quasi nonexpansive
mappings of C into itself such that F := NN, F(T;) # 0. Let f : E — R be a convex
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and lower semicontinuous mapping with C' C int(D(f)) and suppose {x,}52, is
iteratively generated by xg € C, Cy = C,

Yn = J71<an0<]1'n + Zfil aniJTixn)a
Cnt1 ={w e Cy : Gw, Jyn) < G(w, Jz,)}, (3.9)
Tpt1 = Hén+lx(], n Z 0,

where J is the duality mapping on E. Suppose {a,;}22 , for eachi = 0,1,2,...,N
is a sequence in (0,1) such that lim infa, oo, >0, i =1,2,3,..., N, 27];\;() an; = 1.
n—oo

Then, {z,}22, converges strongly to Héxo.
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ABSTRACT. In this paper, we consider strong convergence of implicit iteration process to
common fixed point for generalized [-asymptotically nonexpansive mappings. The main
results extend to finite family of generalized [-asymptotically nonexpansive mappings in a
Banach space.
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1. INTRODUCTION

Let K be a nonempty subset of a real normed linear space X and T : K — K
be a mapping. Let F'(T') = {z € K : Tz = z} be denoted as the set of fixed points
of a mapping 7.

We introduce the following definitions and statements which will be used in our
main results(see references therein):

A mapping T : K — K is called nonexpansive provided

[Tz =Tyl < [l -yl
for all z,y € K and n > 1. T is called asymptotically nonexpansive mapping if
there exist a sequence {\,} C [0,00) with lim A, = 0 such that
n—-uoo

[Tz =T y|| < (14 An)llz =yl
forallz,y € K and n > 1.

The class of asymptotically nonexpansive maps which an important generaliza-
tion of the class nonexpansive maps was introduced by Goebel and Kirk [4]. They
proved that every asymptotically nonexpansive self-mapping of a nonempty closed
convex bounded subset of a uniformly convex Banach space has a fixed point.

T is called quasi-nonexpansive mapping provided
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Article history : Received 19 April 2012. Accepted 5 October 2012.
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1Tz —pll < [l —p
forallz € K andp € F(T) and n > 1.
T is called asymptotically quasi-nonexpansive mapping if there exist a sequence
{An} C [0, 00) with nli_r)noo An = 0 such that

[Tz —pl < (1+ )z — pll
forallz € K andp € F(T) and n > 1.

Remark 1.1. From above definitions, it is easy to see that if F'(T') is nonempty, a
nonexpansive mapping must be quasi-nonexpansive, and an asymptotically non-
expansive mapping must be asymptotically quasi-nonexpansive.

We introduce the following definitions and statements which will be used in our
main results(see [9]-[11]).

Let us recall some notions.

Let T,I : K — K. Then T is called I-nonexpansive on K if

[Tz —Ty|| < [[Iz — Ty||
forall z,y € K.

T is called I- asymptotically nonexpansive on K if there exists a sequence {\/,} C
[0,00) with lim A/, = 0 such that
n——-:uo90

17" = Tyl < (L+ X)) 11"z — I"y||
forallz,y € K andn > 1.

T is called I- asymptotically quasi-nonexpansive on K if there exists a sequence
{N,} € [0,00) with lim A/ =0 such that
n—oo

17"z = pll < (1+ X))z — p|
forallz €e Kandpe F(T)NF(I)andn=1,2,....

Remark 1.2. From the above definitions it follows that if F/(T) N F(I) is non-
empty, a I-nonexpansive mapping must be /-quasi-nonexpansive, and linear I-
quasi-nonexpansive mappings are /-nonexpansive mappings. But it is easily seen
that there exist nonlinear continuous /-quasi-nonexpansive mappings which are
not /-nonexpansive.

Now, we give the definition of the generalized asymptotically quasi-nonexpansive
mapping as follows:

Definition 1.3. [7] Let X be areal normed linear space and K a nonempty subset of

X. Amapping T : K — K is called generalized asymptotically quasi-nonexpansive

mapping if F(T) # () and there exist sequences of real numbers {u,}, {¢,} with
lim u, =0= H_I)noo (n, such that

n——uoo n
[T"z = pll < ||z = pll + unllz — pll + ¢n
forallz € K,pe F(T)and n > 1.

If, in Definition 1.3, ¢, = 0 for all n > 1 then T becomes asymptotically quasi-
nonexpansive mapping and hence the class of generalized asymptotically quasi-
nonexpansive mappings includes the class of asymptotically quasi-nonexpansive
mappings.

Now we give generalized /-asymptotically quasi-nonexpansive mappings as fol-
lows:
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Definition 1.4. Let X be a real normed linear space and K a nonempty sub-
set of X. A mapping T : K — K is called generalized I-asymptotically quasi-
nonexpansive mapping if F(T) N F(I) # () and there exist sequences of real num-

bers {u},}, {¢],} with nhinm up, =0= nleOo ¢, such that

1Tz = pll < 1" = pll + wp [z — pll + ¢,
foralz € K,pe F(T)NF(I)and n > 1.

Also, if, in Definition 1.4, ¢/, = 0 for all n > 1 then T becomes [-asymptotically
quasi-nonexpansive mapping and hence the class of generalized I-asymptotically
quasi-nonexpansive mappings includes the class of I-asymptotically quasi-
nonexpansive mappings.

Recently, concerning the convergence problems of an implicit(or non-implicit)
iterative process to a common fixed point for finite family of asymptotically non-
expansive mappings( or nonexpansive mappings) in Hilbert spaces or uniformly
convex Banach spaces have been obtained by a number of authors (see, the refer-
ences therein).

Xu and Ori [13], in 2001, introduced an implicit iteration process for a finite
family of nonexpansive mappings. Let K be a nonempty closed convex subset
of ‘H Hilbert space. Let {T;}Y; be N nonexpansive self-maps of K such that

N
F = (| F(T;) # 0, the set of common fixed points of T;, i = 1,..., N. An implicit
i=1
iteration process for finite family of nonexpansive mappings {Tl}i\]: , are defined as
follows, with {a,} C (0,1), and an initial point 29 € K, the sequence {z,},>1 is
generated as follows:

x1=a1x0+ (1 — )i

To = a1 + (1 — Ozg)TQJZQ

TN = QNIN-_1 + (1 — OéN)TNLEN

TN41 = ant1ZN + (1 — ant1)TN+1TN 41

The process is expressed in the following form
Tp = apTp-1 + (1 —ap)Than, n>1 (1.1

where T,, = T} (modN) -

Xu and Ori [13] proved the weak convergence of the sequence {z,} defined
implicity by (1.1) to a common fixed point of the finite family of nonexpansive map-
pings defined in Hilbert space. Zhou and Chang [14], in 2002, studied the weak
and strong convergence of implicit iteration process to a common fixed point for a
finite family of nonexpansive mappings in Banach spaces. Liu [5], in 2002, and
Chidume - Shahzad [2], in 2005, proved the strong convergence of an implicit iter-
ation process to a common fixed point for a finite family of nonexpansive mappings
in Banach spaces. Sun [8], in 2003, extended an implicit iteration process for a
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finite family of nonexpansive mappings due to Xu and Ori [13] to the case of as-
ymptotically quasi-nonexpansive mappings in a setting of Banach spaces. Chang
and et al.[1], in 2003, studied the weak and strong convergence of implicit iteration
process with errors to a common fixed point for a finite family of asymptotically
nonexpansive mappings in Banach spaces. Guo and Cho [3], in 2008, studied the
weak and strong convergence of implicit iteration process with errors to a common
fixed point for a finite family of nonexpansive mappings in Banach spaces. Shahzad
and Zegeye[7], in 2007, studied the strong convergence of implicit iteration process
to a common fixed point for a finite family of generalized asymptotically quasi-
nonexpansive mappings in Banach spaces. Recently, in [1 1], the weak convergence
theorem for [-asymptotically quasi-nonexpansive mapping defined in Hilbert space
was proved. In [9] the weak and strong convergence of implicit iteration process to
a common fixed point of a finite family of /-asymptotically nonexpansive mappings
were studied. More recently, Temir [10], studied the weak and strong convergence
of the explicit iterative process of generalized [-asymptotically quasi-nonexpansive
mappings to common fixed point in Banach space.

In this paper, we consider the following implicit iterative process with new type
of conception which combines notions such as generalized asymptotically nonex-
pansive mapping and generalized [-asymptotically nonexpansive mapping. Let K
be a nonempty subset of X Banach space.

Let {T;} Y, be finite family of generalized I;- asymptotically nonexpansive self-
mappings and {Ii}i]\il be finite family of generalized asymptotically nonexpansive
self-mappings on K. {«,} and {f,} are two real sequences in [0,1]. Then, an
initial point ¢ € K, the sequence {z,, } defined by

21 = a1zo + (1 — )1 [Brzr + (1 — Bu) 1],
29 = a1 + (1 — a2)Ta[Boz2 + (1 — B2)l2x2],

zn = anzn-1+ (1 —an)In[Bven + (1 — Bn) Iz ],

41 = anpizy + (1 —any)TE[Byrzn i + (1 — By Ifen ],

Ton = aanTan-1 + (1 — 042N)T]%][ﬁ2N~T2N +(1- BQN)IJQVZUQJ\{L
Tan41 = Qant1Tan + (1 — aan1) T [Ben+1zan41 + (1 — Bant1) i xan11]

Let ¢ € K be any given point, the implicitly iterative sequence z,, generated by
(1.2) should be written in the following compact form:

(1.2)

k
Ty = QpTp_1 + (1 - O‘n)Ti(g;)yna

Vn > 1, where n = (k(n) — 1)N +i(n),i(n) € {1,2,..., N}, k(n) > 1.

If we take {I;}¥ ;| identity mappings and Vn > 1, 3, = 0 then the compact form
induces (1.1) implicit iteration process defined in Xu and Ori [13].
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The aim of this paper is to prove the strong convergence of implicit iterative
sequence {z,},>1 defined by (1.2) to common fixed point for finite family of gener-
alized I;-asymptotically nonexpansive mappings in Banach space. We consider also
{I;}X, be finite family of generalized asymptotically nonexpansive self-mappings
of K subset of Banach space. Our results will thus improve and generalize corre-
sponding results of [13], [7], [10] and [9].

2. PRELIMINARIES AND NOTATIONS
In order to prove the main results of this paper, we need the following statements:

Lemma 2.1. [12] Let {a,}, {b,} and {k,} be sequences of nonnegative real se-
quences satisfying the following conditions: ¥Yn > 1, an+1 < (1 + ky)a, + by, where
Z K, < 00 and Z by, < co. Then lim a, exists.
n=0 n=0 n—oo
Lemma 2.2. [6] Let K be a nonempty closed bounded convex subset of a uniformly
convex Banach space X and {«,, } a sequence [0,1 — ¢], for some 6 € (0,1). Let {z,}
and {y,} be two sequences in K such that

lim sup ||z, || < d,

n—-o0

limsup ||lyn| < d
n—-uoQo

and
limsup [|onzn + (1 — an)yn| =d

n—->~ao
holds for some d > 0.Then
lim ||@, —ya|| = 0.
n—oo

Let X be a uniformly convex Banach space and K a nonempty, closed and sub-
set of X. Let {T; : ¢ € {1,..., N}} be N generalized I;-asymptotically nonexpansive
self-mappings of K with sequences of real numbers {6;,}, {¢in} C [0,00) and
Oin: @in — 0asn — oo such that || T}z —Tfy|| < (1+6;,)||Ifz — IFy|| + @i for all
z,y € Kandn > 1and {I; : i € {1,..., N}} be N generalized asymptotically non-
expansive mappings of K with {7;,}, {¢in} C [0,0) and 7;p,, i — 0asn — 0o
such that |[Ifz — I¥y|| < 7in|lz — y|| + ¥ for all z,y € K, for each i = 1,...N and
n>1.

Letting v, = max{0;,, 7} foralli € {1,...,N}, v, C [0,00), with lim v, =0,

— 00

118

Vp < 00, also ¢, = max{n,Yi,} for all i € {1,...,N}, ¢, C [0,00), with

n=1

o0
hm ¢n =0, Z ¢n < 00. Then there exist nonnegative real sequences {v,,} and
n—

{(bn} with v,,, (bn — 0 as n — oo such that
anﬂj - 71zkyH < (1 + etrb)”Izkx - Izky” + ©in < (1 + V’n)2||-r - y” + (2 + Vn)(bnv
[1Fz = Iyl < (14 7in) [z = yll + $in < (1 +v) |z = yll + ¢
forall z,y € K, foreacht=1,..Nandn > 1.

Let denote the distance of x to set F' C K, i.e., d(z, F) = inf{||lx —p|| : p € F}. A
mapping T : K — K is said to semi-compact if for any bounded sequence {z,} in
K such that ||z, — Tz, || — 0 as n — o0, there exists a subsequence {z,,} C {x,}
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such that {z,,} - p€ K.

The mappings 7,1 : K — K are said to satisfying condition (A) if there is
a nondecreasing function f : [0,00) — [0,00) with f(0) = 0, f(r) > 0, for all

€ [0,00) such that i (||lz — Tz| + ||z — Iz|) > f(d(z,F)) for all z € K, where
d(z, F) =inf{[|lx —p||l:p e F=F(T)NF()}.

A family {T; : i € {1,..., N}} be N generalized I;-asymptotically nonexpansive
self-mappings of K and {I; : i € {1,..., N}} be N generalized asymptotically non-

N
expansive mappings on K with F = (| F(T;) N F(I;) # () are said to satisfy

condition (B) on K if there is a nondecreasing function f : [0,00) — [0, 00) with
f(0)=0,f(r) >0, forall r € [0,00) and all x € K such that rnéax {3(lz — Toz| +

lx — Lex||)} > f(d(z, F)) for at least one Ty and Iy, £ = {1,...,N}.

3. STRONG CONVERGENCE OF IMPLICIT ITERATION FOR GENERALIZED
I-ASYMPTOTICALLY NONEXPANSIVE MAPPINGS

Let X be a uniformly convex Banach space, K be a nonempty closed convex
subset of X, {T; : i € {1,..., N}} be N generalized I;-asymptotically nonexpansive
self—mappings of K with sequences of real numbers {6;, }, {¢in} C [0, 00) such that
Z Oin < 00, Z win <ooand {I; : i € {1,..., N}} be N generalized asymptotically

n=1

oo}
nonexpansive mappings of K with {7;,}, {¢in} C [0,00) such that } 7, < c©

n=1

and ) ¢;, < oo. Letting v, = max{6;,,7;,} foralli € {1,...,N}, v, C [0,00),

n=1

with hm v, = 0, Z v, < 00, also ¢, = max{@,,Y;,} for all i € {1,..., N},

n=1

¢n C |0, 00), with hm ¢ =0, Z¢n<oo Let 2z € K be fixed and a, 5 € (0, 1).

Define W : K — K e
W (z) = az+ (1 — )T} [Be + (1 = AL al. (3.1)
Then
W) - Wl = faz+ 0 - )T Bz + (1 B Y1)

—laz+ (1 - )T By + (1 - ALY

< (1= )[4 w8l ~ )
+(1 = B) (L) — I} )||+(2+un)¢n]
< (- +wm)Pslz—yl
(1402 (1 = BT = Tyl + 2+ va) ]
< (1-a) :(1+yn) Bl —yll + (1 + 1)1 = B)|lz — yl|

(1 +v0)* (L= B)pn + 2+ vn)
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< (=a) [+ u) e =yl + (1+0)*(1 = B)n + 2+ )b

- (I=a)fz -yl (n— o)

Thus, there exists a positive integer Ny such that ||W(z) — W (y)| < (1 —a)|lz —y]|
for all n > Ny. Since 1 — a < 1, then W is a contraction. By Banach contraction
mapping principal, there exists a unique fixed point in K satisfiying the equation
(3.1). This implies the implicit iterative process (1.2) is well defined.

Lemma 3.1. Let X be a uniformly convex Banach space, K be a nonempty closed

convex subset of X, {T; : i € {1,..., N}} be N generalized I;-asymptotically nonex-

pansive self-mappings of K with sequences of real numbers {0;,}, {pin} C [0,00)
o0 o0

such that Y 0;p < 00, Y. pin < 00 and {I; : i € {1,..., N}} be N generalized

n=1 n=1

asymptotically nonexpansive mappings of K with {7}, {¥in} C [0,00) such that
ZTm<ooandZ77/1m<oo Let be F = ﬂF( 3 NE(L) # 0.

n=1 n=1 i=

(1) vy, = max{;n, Tin} for all i € {1,...,N}, vp C [0,00), with lim v, =0,

o0
also Y v, < 00,
n=1

(2) ¢n = max{in, VYin} foralli € {1,...,N}, ¢, C [0,00), with lim ¢, =0,
n—-:oo
&)
also Y ¢, < 00,
n=1
3) {an} and {5,} C [§,1 — 6] for some § € (0,1).
Then the implicitly iterative sequence {x,,} is generated by (1.2) converges to a com-

mon fixed point in F = ﬂ F(T;) N F(1;) # 0 if and only if

=1

liminf d(z,,, F) = 0.

n——oo

Proof. The necessity is obvious and so it is omitted.
N
Now, we prove the sufficiency. From (1.2), we have forany p € F = (| F(T;) N

F(I;) # 0,

i=1

)

lzn —pll = llanzn-1+ (1 — )Ty, — p

< anllzaa = ol + (1= an) [T ya — 1

< anfans—pl+ (1 - an>(<1+em>u1’z§?yn Pl + ¢in)

< anllznot —pll+ (1= an) (L + v v — Pl + 60)

< anllensy = pll+ (1= an) (1 +2) 1+m>||yn Pl + (L + 7in)in
+(1 = an)on

< aullensy = pll+ (1= an) (1 4+22)2 90 = pll+ (L4 va)iiin)
+(1 = an)én

< allensy = pll+ (1= an) (L +272)2 0 = pll+ (14 22)6,)

+(1 - an)¢n
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< anfan- = pl+ (1= @) ((L+ 1) lyn = pll + 2+ v2)on )

which implies that

lzn —pll < anllzn-1 —pl+ (1 —ay) ((1 + Vn)2||yn —pll+ 2+ Vn)¢n> (3.2)

1Bnn + (1 = B I — p

lyn —pll =
< Bullen —pll + (= B 20 —
< Ballen —pll+ (= B) (1 + 7i0)ll2n = pll + i)
< Ballen —pll+ (= B (L4 v)llen =Pl + 60)
< (L4 va)llen =Pl + (1= Bu)én. (3.9

Substituting (3.3) into (3.2), we obtain
[2n —pll < anllza —pf
(1= o) (U )l = pll (U= Ba) (14 1)+ (24 )6 )
which implies that
1= [1 =)@+ vn)lllzn —pll < anllza—s —pl
(1= ) (1= B+ 10)60 + (24 1) ).

Then we get
o

1-[(1 =)+,
(1= ) (1= B+ 1) 60 + (24 )0 )

(1_an)[(1+l’n) — 1] |
L—[(1 = an)(1+wvp)?]

(1 - an) ((1 - Bn)(l + Vn) ¢n + (2 + Vn>¢n)
1—[(1 = an)(1+vn)?] '

IN

[z = pl| gillen—1 =Pl
)?]

= [1+ -1 = pl

4
(3.4)

We assume that (1 +v,) < /(1 + ( > ) for some n > ng and A < }. Then we

can write 1 — [(1 — a,)(1 + 1,)%] > &, ¥n > 1. Then (3.4) becomes

Z

o — pl < {14— 2(1—9)[(A? +)\(;r 1)(1+1/n71)]}”%_1 |
(1= 8)((1 = 0)(1 + 55)m + (2 + va)én)
+ 2 5

(1 — 6)(¢n + (2 + Vn)¢n)
6 )

where K, = {2(1*5)[0‘2;)‘“)(”")]} and VU,,, = 2%. Moreover, from the

(3.5)

< (Ut rw)len —pl +2

oo oo
condition (1) and (2), since Y v, < co and Z ¢n < 00, it follows that Y kK, < 0o

n=1 n=1 n=1
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oo
and Y ¥;, < co. Thus we obtain
n=1
||1'n _p” < (1 + Hn)Hxn—l _pH + Wi, (3.6)

N
By Lemma 2.1, hm |lzn, — pl|| exists for each p € F = ﬂ F(T;) N F(1;). By

assumption lim inf d(a:n, F) =0, we obtain

n—-m:ao90

lim d(z,,F)=0.

n—:oo

Next, we show that {z,} is a Cauchy sequence in K. Notice that 1+ z < exp(z) for
all z > 0. From (3.6), for any p € F, we have

n+m—1 n+m—1 n+m—1
Jonim =pl < exp( 3 w)lea—pl+e( > w)( D W)
j=n j=n j=n

< Mz, —p|+ M(i v,)
j=1

for all natural numbers m, n, where M = exp{ Z kj} < +o0. Since hm d(xy, F) =
j=1
0, for any given € > 0, there exists a positive integer Ny such that for all n > Ny,

d(zn,F) < 157 and Z W, < 157- There exists p; € F = ﬂ F(T;) N F(I;) such

n No i=1
that HINO p1|| < 4JV['
Hence, for all n > Ny and m > 1, we have

||xn+m - xn” < ||'In+m _p1|| =+ Hxn - pl”

o0

< Mllen, = pall + M( Z n) + Moy, = pill + M (D W)

) =

IA

M (e, = pill + (

gmw

€
IM(—— + &
(4M+4M) ¢

which shows that {z,} is a Cauchy sequence in K.
Thus, the completeness of X implies that {z,} is convergent. Assume that {z,}
converges to a point p.

Then p € K, because K is closed subset of X. The set F = ﬂ F(T;) N F(I;) is
i=1

closed. hm d(:z:n,]-") = 0 gives that d(p, F) = 0.

Thusp € F = ﬂ F(T;) N F(I;). This completes the proof.

=1

O

Lemma 3.2. Let X be a uniformly convex Banach space, K be a nonempty closed

convex subset of X, {T; : i € {1,..., N}} be N generalized I;-asymptotically nonex-

pansive self-mappings of K with sequences of real numbers {0;,}, {¢in} C [0,00)
o0 oo

such that Y 0, < 00, > pin < 00 and {I; : ¢ € {1,..., N}} be N generalized

n=1 n=1
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asymptotically nonexpansive mappings of K with sequences {Tm}, {tin} C [0,00)

such that Z Tin < 00 and Z in < 00. Let be F = ﬂ F(T) N F(I;) # 0.
n=1 n=1 =1
(1) v, = max{b;,, 7in} foralli € {1,...,N}, v, C [0,00), with lim v, =0,

also 3 v, < 00,
n=1
(2) ¢n = max{pin, Yin} foralli € {1,...,N}, ¢, C [0,00), with lim ¢, =0,

n——oo
o0
also > ¢, < 00,
n=1
3) {an} and {B3,} C [§,1 — J] for some § € (0,1).
Suppose that for any given x € K, the sequence {x,} is generated by (1.2). Then
lim [|Tyx, — x,|| = lim ||Ljz, — 2] =0,V0=1,2,...,N.
n—-oo n—-oo

Proof. By Lemma 3.1, we can assume that lim |z, —p|| = dforallp € F =
n—--o0

N
N F(T) N (L) .

T_aking lim sup on both sides in (3.3) inequality,

n——oo

limsup ||y, — p|| < d. (3.7

n—-mao90

Since {I; : ¢ € {1,..,N}} is N generalized asymptotically nonexpansive self-
mappings of K, we can get that,

k k(
1Ty = pl < (14 ) 1Ty = I+ 6n < (14 v0) 2y — Pl + (2 + V)6,

which on taking lim sup and using (3.7) gives

hmsup||T(n) yn — pll < d.
Further,
lim |z, —p||=d
means that
lim fanan1+ (1= an) T yn — pll = d,
. k(n
Jm (@t = p) + (1= an)(T0Ty = p)l = d.
It follows from Lemma 2.2
lim ||7; Yy — 1] = 0. (3.8)

Moreover,

k(n
11 = @) [T 9 = @l

k(n
(1= a) 1Ty — s

[z — &n—1]|

IN

Thus , from (3.8) we have

lim ||z, —z,—1||=0 (3.9

n——oo

and

lim |z, —zp44]| =0,Vji=1,...,N. (3.10)
n——oo
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Now,

IN

k(n k(n
-1 = T3 yall + 1T v —
Zn—1— Tl(n ynH +(1+ Vn) lyn —pll + (2 + vn)dn

[£n—1 = pll

IN

which on taking lim implies
n—aoo

i : k "
d= n@w |n—1—pl < limsup(||xn-1— i 2;)2/"” + (14 v0)?lyn — 2l
+(24 vn)dn)
< limsup [ly, —p|| < d.

Then we have
limsup ||y, — p|| = d.

Next,
III(n) o —pll < (1+vn)|zn —pll + én-

Taking lim on both sides in the above inequality, we have
n—oo

. k .
lim 1Kz, —p| < lim o, - p| = d.
n—-oo n—-oo

Further,

im |50 (20 —p) + (1 - Ba) (11, M) V2, —p)| = imlyn —pl| = d.

By Lemma 2.2, we have
: k(n) —
nhmoo Ly Tn — x|l = 0. (3.11)

We have also,

TS — 2l < T w0 = TSyl + (T3 g — 2
< ()2l — yall + 1T g — xnu + (24 va)bn
= (1+Vn)2‘|xn_[ﬁnxn (1_ﬁn) 1(n) xn]”
HITIS = wal| + (2 + )
= (T4 v2)2 (1= B)(@n — I + I TE Yy — 2
(n) (n)
+(2+Vn)¢n
JFHT]zgg)ynfxn 1+ Tao1 — 2n|l + (2 + vn)dn
k(n
< (14 v)2(1 = Bl wn — ol + T3 yn — 20 |

Hwn — 1l + (2 + vn) P
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Taking lim on both sides in the above inequality, from (3.8), (3.9) and (3.11), we
n—-aoo

obtain

lim |75 — 2| = 0. (3.12)
Now we prove that
lim ||Tyxy — 2zp|| = lm |[lex, —z,] =0,¥¢=1,2,..,N

holds. In fact, since foreachn > N,n = (n—N)(modN) and n = (k(n)—1)N+i(n),
hence n — N = ((k(n) —1) = 1)N +i(n) = (k(n — N) —1)N + i(n — N), that is,
k(n— N)=k(n)—1andi(n — N) =i(n).

From (3.11),
lon = Lnzall < llzn = LYzl + 11520 — Lz
< o = LY wnll + A+ v) 115 20 — 20| + 0
< = LSl 4 (U ) (™ — I8 A |
HIL N):cn N = Ta-Nll + 20— = zall) + én
< o = LYzl + (14 v) on — 20w
A+ v 11 e = 2w+ (U vn) Jn = 2
+(2 + vn)n
< mn—m%am+u+vmﬂm—x%Nn

A+ v I e 8 = 2 ]+ 2+ vn)dn — 0 (1 — 00).

This implies that
lim ||I 2, — 2,] = 0. (3.13)
n—-~oo

Then we also have from (3.11) and (3.12)

n%fn%nsn%fﬂmnwwﬂgm T%H
< ||xn_Tl (n) xn”"’(l'i"/n)n 1(71) -1 an"'(bn
< nxn-f*’”xnn-+<1%—unxnfﬁ2? EEE S
1

+||Ii(n_N)In—N = Zn-n| + [[Tn-n — Znl) + ¢n

< n = TRl + (14 )| — 2]
1+ ) [0 -y = Tnen |l + (1 ) |2y — 2
(2 + V) Pn

< an = TS wnl + [0+ v)? + (L v)] llon — 2]

1+ ) L T = Tnn |+ (24 V) dn — 0 (0 — 00).

This implies that
lim ||Thz, — 2, = 0. (3.14)
n—-aoo
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Now for all £ = {1,...,N}.

|0 — Threxnll < |20 — Tnpell + |Tnre — TngeZngell + | Tnrenge — Tngenl-

Taking lim on both sides in the above inequality, then we get

n—-aoo
lim ||zp, — Thyeznl =0
n—-o0
forall/ ={1,...,N}.
Thus, we have
lim ||z, — Tez,| = 0. (3.15)
n—-—o0

|20 = Intexnll < (|20 — Togell + |Tnte — Invenrell + | nseTnte — Ingownl.

Taking lim on both sides in the above inequality, then we get
n—-ao0

lim ||z, — Inyezn] =0
n—-—ao
forall ¢ ={1,..., N}.
Thus , we have
lim ||z, — Liz,| = 0. (3.16)
n—-uoo
Then the proof is completed. O

Theorem 3.3. Let X be a uniformly convex Banach space, K be a nonempty closed

convex subset of X, {T; : i € {1,..., N}} be N generalized I;-asymptotically nonex-

pansive self-mappings of K with sequences of real numbers {0;,}, {pin} C [0,00)
(o] o0

such that Y 0, < 00, Y. @i < 00 and {I; : i € {1,...,N}} be N generalized

n=1 n=1
asymptotically nonexpansive mappings of K with sequences {7, }, {¢in} C [0, 00)
[e.e] o0

such that > 7, < 0o and Y. ¥, < oo.

n=1 n=1
(1) vy, = max{n, Tin} foralli € {1,...,N}, v, C [0,00), with lim v, =0,
n—-~oo
oo
also > v, < o0,
n=1
(2) ¢ = max{in, Vin} foralli € {1,..,N}, ¢, C [0,00), with lim ¢, =0,

(o]
also Y ¢, < 00,

(3) {oz"}n;rlld {Bn} C [0,1— 4] for some § € (0,1).

N
Let be F = (| F(T;) N F(I;) # 0. Suppose that one of the mappings {T; : i €
i=1

i=
{1, ..., N}} and one of the mappings {I; : i € {1,..., N}} are semi-compact or satisfy
condition (B). Then the implicit iterative sequence {x,} defined by (1.2) converges
strongly to a common fixed point of {T; : i € {1,.... N}} and {I; : i € {1,..., N}}.

Proof. Without loss of generality, we can assume that {7}} and {I;} are semi-
compact or satisfy condition (B). It follows from (3.15) and (3.16) in Lemma 3.2

lim ||z, —Tiz,||=0= lim |z, — I1z,| =0 By semi-compactness of {7} and
n—-s00 n—so0
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{I,} . there exists a subsequence {x,, } of {z,} such that {z,,,} — p € K strongly
as j — o00. From (3.15) and (3.16) in Lemma 3.2

lim |z, — Tyan|| = [lp — Tep|l
n—-m:ao©0
forall ¢ € {1,...,N}, and
m lzn — Loewn | = [lp — Lep|-
n—-:ao0

for all £ € {1,...,N}. This implies that p € F. Since liminf d(z,,F) = 0, Lemma
n—-ma~0

3.1 guarantees that {x,,} converges strongly to a common fixed point in F. If {17 }
and {I; } satisfy condition (B), then we have lim inf d(«,,, ) = 0. From Lemma 3.1,

n—aoo
we have that {z,} converges to a common fixed point in F. This completes the
proof. O
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ABSTRACT. The present paper deals with the study of superior variation m ™, inferior vari-

ation m~ and total variation |m/| of an extended real-valued function m defined on an effect
algebra L. Various properties in the context of functions m™, m™ and |m/| are also estab-
lished. Using the notion of an atom of a real-valued function, we have proved Intermediate
value theorem for a non-atomic function m defined on a D-lattice L under suitable condi-
tions. Finally, the notion of the integral for a bounded, real valued function with respect to
a measure on effect algebras with Reisz decomposition property is introduced and studied.
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1. INTRODUCTION

If a quantum mechanical system F is represented in the usual way by a Hilbert
space H, then a self adjoint operator A on H such that 0 < A < I corresponds
to an effect for F [19, , 29]. Effects are of significance in representing unsharp
measurements or observations on the system F [4], and effect valued measures play
an important role in stochastic quantum mechanics [1, 30]. As a consequence,
there have been a number of recent efforts to establish appropriate axioms for
logics, algebras, or posets suggested by or based on effects [13, 14]

In 1992, Kopka defined D-posets of fuzzy sets in [13], which is closed under the
formations of differences of fuzzy sets, while studying the axiomatical systems of
fuzzy sets. A generalization of such structures of fuzzy sets to an abstract partially
ordered set, where the basic operation is the difference, yields a very general and, at
the same time, a very simple structure called a D-poset. A common generalization
of orthomodular lattices and MV -algebras is termed as lattice ordered effect alge-
bras introduced by Bennett and Foulis [4, 5] in 1994, while working on quantum
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mechanical systems. Such structures are being frequently used because of their
wide range of applications in quantum physics, mathematical economics and fuzzy
theory. For a list of nice examples of effect algebras, we refer to [8] and for some
of its properties we refer also [5] and [6]. The equivalence of D-posets and effect
algebras is proved by Foulis and Bennett [4] and independently by Pulmannova
[25].

The decomposability of a vector measure was first studied by Rickart in 1943
[26], where he established a Lebesgue decomposition theorem for the class of
“strongly bounded" additive measures. This result was later re-established (al-
though it was not realized at that time) by Uhl. Jr. [30], who also presented a
Yosida-Hewitt decomposition theorem for “strongly bounded" measures. Several
Jordan type decomposition theorems are exhibited by Diestal and Faires in [7]. Af-
terwards, Faires and Morrison [9] exposed conditions on a vector valued measures
that ensure vector valued Jordan type decomposition theorem to hold. A Jordan
type decomposition theorem for vector measures, defined on an algebra of of sets,
with values in an order complete Banach lattice is proved by Schmidt [27]. Upto
slight modification, the result of [28]. extends to the case where domain of the
vector measure is a ring of sets. It is also possible to give a common approach to
vector measures on a Boolean ring and linear operators on a vector lattice. A first
step in this direction was done in [27], where real-valued case was studied. The
method presented there is based on a common abstraction of Boolean rings and
lattice ordered groups. This approach can be refined and fitted to the vector valued

case, and it then yields results of [7, 11] on Jordan decomposition without appeal
to regularity of representing linear operators. The notion of non-atomic measures
and their properties are studied by [15, 16, 17, 18, 21] and the references therein.

Aumann [2] introduced the concept of integral of a set-valued function which
have many applications in mathematical economics, theory of control and many
other fields. Different approaches has been use to extend and generalize the Integral
theory. In the field of set-valued integrals, another approach was done by many
authors using the Choquet integral or the Sugeno fuzzy integral (see [11, 12, 21, 24]
and the references therein). Gould [11] investigated an integral of a real function
with respect to an additive measure taking values in a Banach space X.

The objective of the present paper is study the notion of the non-atomic measures
and integrals on effect algebras. The notion of non-atomic measures is used to
establish an Intermediate value theorem on effect algebras. Moreover, the notion
of integrals is introduced and studied with some of the basic natural properties of
the integrals on effect algebras.

The paper is organized as follows: Section 2 contains prerequisites and basic re-
sults on an effect algebra L. The notions of superior variation m™, inferior variation
m~ and total variation |m/| [17] of an extended real-valued function m defined on L
are studied elaborately in Section 3, followed by various properties in the context
of functions m™, m™ and |m|. Using the notion of an atom of a real-valued mea-
sure m [15, |, we have proved the equivalence of the following: (i) mT and m~
are non-atomic, (ii) |m| is non-atomic, (iii) m is non-atomic. In Section 4, we have
proved Intermediate value theorem for a locally bounded real-valued c-additive,
non-atomic function m defined on a o-continuous, o-complete D-lattice L. Sec-
tion 5 is concentrated on the objective to introduce the notion of the integral for
a bounded, real valued function with respect to a measure on effect algebras with
Reisz decomposition property (see [12, 22]).
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2. PRELIMINARIES AND BASIC RESULTS

First of all, we shall give some preliminaries and basic results from effect alge-
bras, which can be found in [3, 4, 5, 6, 22].

An effect algebra (L;®,0,1) is a structure consisting of a set L, two special
elements O and 1, and a partially defined binary operation @ on L x L satisfying
the following conditions for a,b,c € L :

MDadb=>bDa, if a ® b is defined;

2 a@ (b®c)=(aDb)® c, if one side is defined;

(3) for every a € L, there exists a unique b € L such that a @b = 1 (we put
at =),

(4) if a ® 1 is defined, then a = 0.

For brevity, we denote an effect algbera (L;®,0,1) by L. In an effect algebra L,
a dual operation & to & can be defined as follows: a © c exists and equals b if and
only if b & c exists and equals a. We say that two elements a,b € L are orthogonal,
and we write a | b, if a ® b exists. If a & b = 1, then b is called orthocomplement of
a and write b = a*. It is obvious that 1+ =0, (a*)* =a,a L 0 and a ® 0 = a, for
all a € L. Also, for a,b € L, we define a < b if there exists ¢ € L such that a 1 ¢
and a ® ¢ = b. It may be proved that < is a partial ordering on L and 0 < a < 1;
a<beob-<at,anda <bl < a Lbforabe L. Ifa <b, the element ¢ € L
such that ¢ | a and a @ ¢ = b is unique, and satisfies the condition ¢ = (a ® b*)*
(we put c = b S a).

In a natural way, the sum of more than two elements is obtained: Ifa;,as...,a, €
L, we inductively define a1 @ a2 ® ... B a, = (a1 ® ... ® an_1) B ay,, provided
that the right hand side exists. The definition is independent on permutations
of the elements. We say that a finite subset {a1,as,...,a,} of L is orthogonal if
ar ®az P ...3Pa, exists. For a sequence {an}, we say that it is orthogonal if, for
every n, (P, ,, a; exists. If, moreover, sup,, @, ,, a; exists, the sum €, .y a, of an
orthogonal sequence {a,} in L is defined as sup P, ,, a;; we denote by N the set
of all natural numbers and by R the set of all real numbers. An effect algebra L is
called a o-complete effect algebra, if every orthogonal sequence in L has its sum.
If (L, <) is a lattice, we say that effect algebra is a lattice ordered effect algebra (or
a D-lattice). The notion of o-continuity of a D-lattice is, as usual, expressed in
terms of monotone sequences: we write a,, T a (respectively, a,, | a) whenever {a,, }
is an increasing sequence in L and a = sup,, a,, (respectively, {a,} is a decreasing
sequence and a = inf, a,). The lattice (L, <) is said to be o-continuous if a,, T a
implies a, Ab 1 a A b (or equivalently, a,, | a implies a,, Vb | aV b) forallb € L.

2.1. We say that an effect algebra L satisfies the Riesz decomposition property,
RDP for short, if for all a, by, bs € L a < by @by implies that there exists two elements
ai,az € L with a; < by and ay < by such that a = a; ® ay. L has RDP if and only if,
for x1,x2,y1,y2 € L such that x1 & 5 = y; @ y» implies there exists four elements
C11,C12,C21,C22 € L such that x1 = c11 ® c12, T2 = c21 B 22, Y1 = c11 @ c21 and
Y2 = c12 D Co0.

2.2. A finite sequence A = {a;}}_; of nonzero elements of an effect algebra L is
called a partition of unity of L if a; ® a2 @ -+ © a, = 1. A partition B = {b;}7.,
is called a refinement of the partition A denoted by A < B, if for any element a;
(i =1,2,...,n) there is a subset o; C {1,2,...,m} such that a; = P b; and
U, ={1,2,...,m} and o; N, = ¢ for i # k.

Let A ={a;}}"; and B = {b;}""; be two partitions of unity in an effect algebra L
with RDP. Due to RDP, there is a Riesz refinement (or joint refinement) C = {c¢;; :

JEa;
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1<i<mn,1<j<m}of {a;}], and {b;}7", such that, forall 1 <i < n and all
1<j<m. Wehavea; =¢j1 @ - D Cim, bj = c1; - P cp;. In this case C is
a partition of unity of L, such that A < C and B < C. Also the family (3, <) is a
directed set, where ‘P is the set of all partitions of unity of L, < is the order relation
on L.

2.3. A function p : L — R is said to be a measure if u(a & b) = p(a) +
w(b), for everya @ b € L. If 11 is measure then p(0) = 0. If range of u is [0, 00),
then p is monotone. A measure py : L — R is said to be of finite variation if
sup{|u(a)|:a € L} < 0.

Let us recall the following results:

2.4. Assume that a, b, c are elements of an effect algebra L.

@ Ifa<b thenb=a® (bOa).

(i) Ifa L b, thena <a®band (adb)Sa=0.

(iii) f a < b < ¢, then (bSa) < (¢S a).

WMIfa<b<c thena®(coOb)=cO (bSOa)and (cOb) B (bOa) =

(vi)Ifa <b<c then (cob) < (cOa)and (cSa)O(cOb)=(bO

vi)Ifa <b<e¢ then (bSa) < (cOa)and (coa)o (bOa)=(cO

(vii) fa <b<c¢, thena L (cE&b)anda® (cOb) =cO (bOa).

(ix) Ifa<b <, thena® (bSc)=(a®b)Oec.

XIfalband (a®b) <c, thenco (a®b)=(cEa)ob=(cOb) Sa.

2.5. Let L be a o-complete effect algebra. If {a,} is an increasing (respectively,
decreasing) sequence, then sup,, a,, (respectively, inf,, a,) exists.

2.6. A function m defined on an effect algebra L with values in R is called a
measureon L, if a,b € L, a 1 b implies m(a ® b) = m(a) + m(b). It is clear that m
is a measure if and only if b < a implies m(a) = m(b) + m(a © b). Obviously, if m
is a measure, then: (i) m(0) = 0; (i) if 8 # 0 is a finite number, then Gm is also a
measure. We say that m is o-additive, if for every orthogonal sequence {a,} in L
such that @, a,, exists, m(@,, an) =Y ., m(ay,).

2.7. A function m defined on a D-lattice L with values in R, is called modular,
if m(a V b) + m(a A b) = m(a) + m(b) for a,b € L.

2.8. A function m defined on an effect algebra L with values in R, is called
locally bounded if, for any a € L, sup{m(b) : b < a,b € L} exists.

(c©a).

a).
b).

3. NON-ATOMIC MEASURES ON EFFECT ALGEBRAS
Definition 3.1. [17] Let m be an extended real-valued function defined on an effect

algebra L, that is, m : L — [—o0, o], with m(0) = 0. Then for a € L,

(i) superior variation of m is defined by
m™(a) = sup{m(b) : b < a,b € L};
(ii) inferior variation of m is defined by
m~(a) = —inf{m(b):b
= sup{-m(b) : b
(iii) total variation of m is defined by

a,be L}

<
<a,be L}

Im| =m™ +m™.

Remark 3.2. (i) 0 < m™*(a) < 00,0 <m (a) < o0, 0 < |m|(a) < o,
a € L;

(i1) m*(0) = 0 = 7( ), Im|(0) = 0;

(iéd) m™ = (=m)*, m* = (=m)~;
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(iv) =m~(a) < m(a) < m™(a), [m(a)| < |ml(a), a € L.

Theorem 3.3. If m is a locally bounded real-valued measure defined on an effect
algebra L, then ' m can be written as

m=m"—m".

Proof Let ¢ > (0. Let a € L. Then there exists b € L such that b < a and

mT(a) —e < m(b). (3.1)

Since a © b < a, we have

—m(a©b) <m (a). (3.2)
From (3.1) and (3.2), we get

mT(a) —e —m~(a) < m(b) + m(a ©b),
which yields that

mT(a) —m™ (a) — e < m(a). (3.3)
Letting ¢ — 0, we obtain
m*(a) —m~ (a) < m(a). (3.4)

Further, since (3.4) is true for any m, with the aid of Remark 3.2(iii), we have

m*(a) —m~(a) > m(a). (3.5)
Thus (3.4) and (3.5) yields that

m(a) =m™(a) —m~ (a),
orm=mt —-—m". O

Theorem 3.4. Let m be a real-valued modular measure defined on a D-lattice L.
Then m™ and m~ are measures (and hence |m| is also a measure).

Proof Firstly, let us consider about mT. We have proved in [16], that for a,b € L
with a L b,

m*(a®b) <mT(a) +m™(b). (3.6)

By Definition 3.1 (i), (ii), there are sequences {a,} and {b,,} of elements from L
such that a,, < a, b,, < b with

m(an) — m*(a), m(b,) — m*(b). (3.7

Obviously, a,, L b, for each n. Therefore, from m(a, & b,) = m(a,) +m(b,), we
have m(a, @ b,) — m™(a) + m*(b).
Further, a,, & b, < a & b yields that

m*(a®b) >mT(a) +m™(b). (3.8)
From (3.6) and (3.8), we get
m*T(a®b) =mT(a) +m™(b),
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that is, m™ is a measure.

By similar argument, we can show that m~ is a measure. From Definition
3.1(ii),
Definition 3.5. An extended real-valued function m defined on an effect algebra L
is called continuous from below (respectively, continuous from above), if a,a,, € L,
an T a,n € N= m(a) = lim,_ - m(a,) (respectively, if a,a,, € L, a, | a, n € N
and m(a1) < oo = m(a) = lim,, o m(ay)).

m| is a measure.

Proposition 3.6. Let m : L — R be a measure. Then the following assertions are
equivalent:

(i) m is o-additive.

(ii) m is continuous from below.

(iii) m is continuous from above.

(iv) ay, | 0 implies lim,,_,, m(a,) = 0.

Theorem 3.7. Ifm is a locally bounded real-valued o-additive function defined on
a o-continuous D-lattice L, thenm™, m™ and |m| are also o-additive.

Proof Let a,, | a, a,a, € L. Then m™ (a,,) < m*(a), for every n. Thus the increas-
ing sequence {m™ (a, )} converges to a limit /, say, where [ < m™(a).

For any element b € L, b < a,

mbAay,) <mT(bAa,) <mT(a,);
also, from the o-additivity of m,
m(b A ap) — m(b).
Hence,
m(b) <.
As b € L is arbitrary, we get
m™*(a) <.

It follows that m™ (a) = [, that is, m™ (a,,) — m™ (a).

Further, since m* is a measure, in view of Proposition 3.6, m* is o-additive.

The o-additivity of m~ and |m/| are obvious.

Theorem 3.8. Ifm is a locally bounded real-valued measure defined on an effect
algebra L, then m can be written as

m=m"—m".

Further, if m is a real-valued modular measure defined on a lattice effect algebra L,
then the decomposed parts m™ and m~ are measures on L (and hence |m| is also
a measure on L). Moreover, if m is a locally bounded real-valued o-additive function
defined on a o-continuous D-lattice L, then the decomposed parts m™, m~, and |m|

are also o-additive.

4. INTERMEDIATE VALUE THEOREM

Let m be a real-valued function defined on an effect algebra L. Firstly, we shall
recall the notion of an atom of a measure m defined on an effect algebra L, which
has been studied in [15, 17].

Definition 4.1. An element a € L with m(a) # 0 is called an atom of m (or an
m-atom), if for a,b € L with b < a,

(©) m(b) = 0 (that is, a =, 0) or

(i) m(a) = m(b).

In case there are no atoms of m in L, m is called non-atomic on L.
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Theorem 4.2. Let m be a locally bounded real-valued measure defined on an effect
algebra L. Then the following conditions are equivalent:

(i) m* and m~ are non-atomic.

(it) |m| is non-atomic.

(#i1) m is non-atomic.

Proof (i) = (ii): Let a € L be a |m|-atom. Let b < a, b € L with m™(b) # 0.
Obviously, |m|(b) # 0 and hence |m|(a) = |m|(b), which yields that a« € L is an
m™-atom.

(#4) = (4i1): See proof of Theorem 5.5 [17].

(133) = (i): Let a € L is an m™*-atom. Let b < a, b € L with m(b) # 0. Obviously,
m™(b) # 0 and hence m™ (a) = m™ (), which yields that

m(a) < m(b). 4.1)
From (4.1) and Theorem 3.8, we have
m*(a) —m~ (a) < m(b). (4.2)
Replacing m by —m in (4.2), we get
m(a) = m(b). 4.3)
From (4.1) and (4.3), a € L is an m-atom.

Theorem 4.3. Letm be a [0, co)-valued o-additive function defined on a o-complete
effect algebra L. Then m is non-atomic on L if and only if for a given element a € L
withm(a) > 0 and e > 0, there exists b € L, b < a, such that 0 < m(b) < e.

Proof The if part: Obvious.

The only if part: Suppose the contrary and choose an element ¢ € L with
m(a) > 0 and to > 0, for which m(b) > to holds if b < a, b € L and m(b) > 0.
Define

t1 = inf{m(b) : b € L,b < a,m(b) > 0}.
Then obviously 0 < tg < ¢;. Take a1 < a, a1 € L with {3 < m(a;) < t; + 1 and
setting

to = inf{m(b) : b € L,b < a1, m(b) > 0}.
Choose as < a; with to < m(ag) < to + % Continuing the process in the same
manner, we obtain sequences {t,} and {a,} such that ¢y < t; < t3 < ... < m(a)
and a > a1 > as > ... with

tn, < man) < tn + L

L L 2n )

for all n. Using 2.2, put g = /\ZC:1 an. Clearly, in view of Proposition 3.6, we have

m(ag) = lim,,— oo m(ay) = lim,_,oct, > 0. Let b < ag with m(b) > 0. Then

w(ag) = pu(b) > t,, for any n and hence p(b) = p(ag). This gives that ag € L is an
atom of m, a contradiction.

Theorem 4.4. Let m be a [0, co)-valued o-additive function defined on a o-complete
effect algebra L. If m is non-atomic on L, then m takes every value between 0 and
m(1).

Proof Let 0 < t < m(1). According to Theorem 4.3, there are elements ¢ € L such
that 0 < m(c) < t. Let

s1 =sup{m(c) : ¢ € L,m(c) < t}.
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(Obviously 0 < s; < t). Then there exists an element ¢c; € L such that 571 <
m(cy) < s1. Let

s9 =sup{m(c) : c€ L,c; < ¢;m(e) <t}
Then there exists an element ¢y € L such that ¢s > ¢; and sy — ;—; < m(cz) < S9.
Continue this construction inductively to obtain

sp =sup{m(c): c € L,cp—1 < ¢, m(c) < t},

and then there exists ¢, > ¢,_1, ¢, € L such that
S1

Sy — on < m(cn) < $p-

It is clear that {s,} is a decreasing sequence and {c¢,} is an increasing sequence
of elements in L such that d = \/Zo=1 ¢n € L (using 2.5) and therefore, in view of
Proposition 3.6, we get lim,,— .o S, = lim,, o p(c,) = u(d). Therefore p(d) =
lim,,_ oo S, = S (let). Clearly s < t. Now we claim that s = ¢. For, otherwise, let us
suppose that s < t. Since 0 < ¢ < (1), we get u(1©d) > 0, d € L and therefore, by
Theorem 4.3, we obtain an element b of L such that b < (16d) and s < pu(d®b) < t.
But then d®b > ¢,_1, for all n > 1, which yields that u(d ® b) < s,, for all n. This
will further imply that u(d @ b) < s, a contradiction. Thus u(d) = t as required.

Theorem 4.5. (Intermediate value theorem). Let m be a locally bounded real-valued
o-additive function defined on a o-continuous, o-complete D-lattice L. If m is non-
atomic on L, then m takes every value between —m ™ (1) and m™(1).

Proof Follows from Theorem 3.7, Theorem 4.2 and Theorem 4.4.
5. GOULD TYPE INTEGRAL ON AN EFFECT ALGEBRA

In this section, we introduce and study the notion of Gould type integral with
respect to a measure defined on an effect algebra. The Gould type integral was in-
tensively studied for different types of set (multi)functions: vector valued measures
[11], measures [12] monotone set multifunctions (called fuzzy multimeasures) [24].
From now onwards, let i be a measure defined on an effect algebra L with RDP,
which is not identically zero and let f : L — R be a real valued bounded function.

Definition 5.1. [12] For a measure p on L, define
n
fi(a) = sup{>_ | p(as) [},
i=1

for every a € L, where the supremum is extended over all finite partitions {a;}}_;
of a. We define 1 as

a(a) = inf{f(b) : a < b, b € L},
for every a € L. It may be observed that 1 is a finitely additive monotone function
on L and ji(a) = fi(a), for every a € L.
A property (M) is said to be p-almost every where (u-a.e. in brief), if the property
(M) is valid otherwise the set {a € L : i(a) = 0}. We shall assume i(1) < oco.

Definition 5.2. [12] Define osc(f,a) = sup, , -, | f(z) — f(y)
observe that:

(1) a < b= osc(f,a) < osc(f,b), fora,b € L.

(2) osc(f + g,a) < osc(f,a) + osc(g,a), for a € L.

(3) osc(af,a) =] a | osc(f,a), for a € L and «a € R.

The function f is said to be p-measurable on L if for every € > 0 there exists a
partition A, = {a;}"_, of unity of L such that

, where a € L. We
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(1) fi(ao) < e,

(2) sup, ,<q, | f(¥) = f(y) |= 0sc(f,a;) <e, foreveryi=1,2,...,n.
Such a partition A, is called an e-partition of unity of L.
It is easy to see that if f and g are i-measurable on L, then f + g is i-measurable,
af is p-measurable for every o € R and f + ¢ is p-measurable for every constant
real number c.

Definition 5.3. [12] Let 0(A, t;, 1) = o(A) = >, f(ti)u(a;) for every partition A
= {a;}!, of unity of L and ¢; < a;,¢; € L, i = 1,2,...,n. The function f is said to
be p-integrable on L if there exists a I € R such that for every € > 0 there exists a
partition A, of unity of L so that for every partition A = {a;}; € P with A. < A
and every choice of t; < a;,t; € L, i =1,2,...,n we have d(c(A),z) < € (here d is
the usual metric on R). In this case [ is called the integral of f in L and is denoted
by [, fdu. Thatis, the net {o(A)} 4¢(p,<) is convergent in (R, d). Obviously, if A,
exists, the integral is unique.

Example 5.4. Let M = {0, %, %, ol %} k > 1, be a finite MV -algebra. Then
s(f) = 3 is the measure on My, and A = {4, +,...,+} is the finest refinement

of unity in My. Let f : M — R is a bounded real valued function defined as

f(z) = c, for every x € L, where c is a real constant. Then >, f(1)s(+) = ¢ and

hence [, fdu=c

Theorem 5.5. If i is nonnegative and f = 0 p-almost everywhere, then f is [i-
measurable, -integrable on L and | . fdu=0.

Proof Since [ is a bounded function on L, there exists M > 0 so that | f(a) |< M
foreverya € L. Let A= {a € L: f(a) # 0}. Then ji(a) = 0 for every a € A, which
implies that, for every € > 0 there exists b. € L, so that a < b. and 7i(b.) < 3;. Let
us consider A. = {b., bt} which is a partition of unity of L. Since ji(b.) = 7i(b.) <
< and osc(f,b) = sup, ,<p. | f() — f(y) |= 0, we get that f is ji- measurable.
Let us take an arbitrary partition B = {b;}2; of unity of L, such that A, < B.
Let t; < b;,t; € L, i = 1,2,...,m, be chosen arbitrary. We may suppose that
by @by @ ..., by =b. and by ® bpio @ --- @ by, = bt. Then

m k m
o) =| S Fulb) 1< 1 feutvn) |+ 32 | fltuvo) |
i=1 i=1 i=k+1
k
= Z | f(ta)p(bi) |
k
<M- Z | (i) |
<M-E(b) S M- =

Hence f is pi-integrable on L and [, fdu = 0.

Theorem 5.6. If f is u-integrable on L and a € R, then
(1) af is p-integrable on L and

Aaﬂu:aéfw,

(2) f is au-integrable on L and

| ratew =a [ san
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Proof The case o = 0 is trivial. Let « # 0. Because f is y-integrable on L, for every
g > 0 there exists a partition A. € P, so that for every partition A = {a;}; € P
with A. < A and for every t; < a;,t; € L, i =1,2,...,n we have

d u(ai%/Lfdﬂ)
Then . )
d(;af(tz)u(az),a/Lfdu) =l d(;f(tz)u(%% Lfdﬂ)’
<laf- | 2 | =g,

that is, af is p-integrable on L and [, afdpu = o [, fdp.
(2) The function p : L — R defined by (au)(a) = a.u(a), for every a € Lis a
measure of finite variation and hence the theorem.

Theorem 5.7. Let f,g: L — R are two bounded p-integrable functions on L. Then
f + g is also p-integrable on L and

/L(f+g)du=/Lfdu+/Lgdu-

Proof Since f is p-integrable, then for every € > 0, there exists A; € P so that
for every B1 € B, By = {a;}]-; with A; < B; and for every t; < a;,t; € L,

i1=1,2,...,n, we have
- €
Ay f(tuter). [ Fa < 5.
i=1

Similarly, g is also p-integrable so there is a partition As; € P such that for every
By € P, By = {b} *, with Ay < By and every s; < bj,s; € L, j =1,2,...,m, we

have
Zf (sj)u /gdﬂ) g

Let Ag be a joint refinement of A1 and Aj,. Then for any partition C = {c;}/_; € B
with Ag < C, we get that for every k = 1,2,...,p, there exists iy, = 1,2,...,n
and jx = 1,2,.. m, so that ck < a;,c; € L and ¢ < bj,,c € L. We have to
prove that d(3_}_ (f +9)(re)u(cr), [, fdu+ [, gdp) < e, for every ry, < cx, i € L,
k=1,2,....p.

Now for every r, < ¢, 7, € L, k =1,2,...,pand A; < C, A; < C, we observe
that

A (f + 9)(ri)ulex) /fdu+/gdu =d()_ f(rx
st st

p
+ > g(ri)p(er), /fdu+/gdu)
1 L L

k=

< d(3 frn(en) | 1w

=1

hS]

+(Y gruten). | g

k=1
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Hence f + g is pu-integrable and thus the theorem is proved.

Corollary 5.8. Ifu: L — [0,00) and [ = g, u-almost every where f and g are two
p-integrable bounded functions on L, then

/Lfdu:/Lgdu-

Proof Using Theorem 5.5, 5.6 and 5.7, we have the above corollary.
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ABSTRACT. We investigate eigenvalue intervals for the existence of positive solutions for
the second order integral boundary value problem

u”(t) + Af(u(t)) =0, (0,1),

1

te
u(0) = /0 w(s)da(s), u(l) = [ u(s)dB(s)

0
where f € C(R,R) is sign-changing.
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1. INTRODUCTION

In this paper, we are concerned with determining values of A (eigenvalues), for
which exist positive solutions of nonlinear second-order integral boundary-value
problem

W(8) + Af(u(t)) =0, te(0,1),

1 1
u(0) = / u(s)da(s), u(1) = / u(s)dA(s),

where f € C(R,R); o and 3 are right continuous on [0, 1), left continuous at ¢t = 1,
and nondecreasing on [0,1], with a(0) = 3(0) = 0; fol u(s)da(s) and fol u(s)dB(s)
denote the Riemann-Stieltjes integrals of u with respect to o and 3, respectively.
We shall concentrate on the case when the nonlinearity f(u) is allowed to change
sign, which is of particular mathematical interest.
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The motivation for the present work stems from many recent investigations. In
fact, boundary value problems with integral boundary conditions for ordinary dif-
ferential equations arises in different areas of applied mathematics and physics.
For example, heat conduction, chemical engineering, underground water flow,
thermo-elasticity, and plasma physics can be reduced to the nonlocal problems
with integral boundary conditions. Concerning the existence of positive solutions
for eigenvalue problem, we refer the reader to [4, 5, 7, 8]. For the special case
A =1, (1.1) have been the subject matter of many recent publications on singular
boundary value problems, for this we refer the reader to the papers by Karakostas
and Tsamatos [10, 11], Yuhua Li and Fuyi Li [12], Webb and Infante [16, 17], Yang
[18, 19, 20] and Zhang and Sun [22] and the references therein. For more informa-
tion about the general theory of integral equations and their relation with boundary
value problems we refer to the book of Corduneanu [6] and Agarwal and O’Regan
[3]

Positive solutions are usually the ones of interest and because of the difficulties
associated with proving the existence of such solutions using the techniques of
nonlinear functional analysis, most of the recent work assumes nonnegativity of
f(u) in order to generate positive operators using the positivity of Green’s function.
To the authors’s knowledge, there are few papers that have considered the existence
of positive solutions for local, nonlocal and, particularly, integral boundary value

problems involving sign-changing nonlinearities (see[1, 2, 13, 14, 15]).
Recently, using the a priori estimate method and the Leray-Schauder fixed point
theorem, Yang [18] studied (1.1) with A = 1 under the assumptions:

(Hy) f(z) >0,z € (—00,0] and there is p > 0 such that f(z) < 0,z € (p, +0).
(H2) k1 > 0,k4 > 0,k = K1K4 — Kakg > 0, where

k1 =1-— /01(1 —t)da(t), ko= /01 tda(t),

iy — /01(1 ~dB(), Ks—1— /Oltdﬁ(t).

Motivated by [18], the purpose of this paper is to give sufficient conditions on
f(u) to determine ranges of A for which positive solution exists. We make the
following assumptions

(Hy) f : R — R is continuous and there is p > 0 such that f(z) > 0, = € (0,p)
and f(p) =0.

NS 1
(H)) fo da(t) < 1, fo dg(t) < 1.

Remark 1.1. It is obvious that the condition imposed on f in this paper is weaker
than that of [18]. But the condition about «(t), 5(t) is stronger than that of [18].

2. PRELIMINARIES

Let X be the Banach space C|0, 1] with |ju|| = sup |u(t)|. Define a set K C X
te[0,1]
by

K={ue X :ult)>t1l-1t)u|, te]0,1]}.

It can be easily verified that K is indeed a cone in X. For any r > 0, defined (2, by
Q. ={ue K: |u|| <r}.
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To study (1.1), consider the map T : X — X defined by

Fa /-@2) /Olda@) /Olk(tas)ws)ds

(Tu)(t) = | k(ts)u(s)ds+r (1 -tt)( 4 ©
/0 ( 3 K1 /ldﬂ(t)/lk(t, s)u(s)ds
0 0

and F': X — X defined by

where k(t, s) is given by
t(l—s), 0<t<s<1,
k(t,s) =
s(1—1t), 0<s<t<l1.

Then if (H;) and (Hs) (or (Hy) and (HJ)) hold, by [18, 21], u is a solution of (1.1)
if and only if u € C?[0, 1] is a solution of the equation

(I = A\TF)u =0, that is, a fixed point of \T'F,

where by standard arguments, TF : X — X is a compact map.
For the function k(t, s), it is easy to know that

t(1—1)s(1—s) <k(ts) <s(l—s), t,s€][0,1]. (2.1)
Lemma 2.1. T(K) C K and the map T : K — K is completely continuous.

Proof. The inequality (2.1) and the definition of 7' imply that T(K) C K. The
complete continuity of the integral operator T is well known. (]

The following lemma is needed in our argument.

Lemma 2.2. [9] Let X be a Banach space and K a cone in X. Assume that T :
Q, — K is completely continuous such that Tu # u for u € 052,

@ If | Tul|| > |Jul| for u € OK,, theni(T, 2, K) = 0.

@) If || Tu|| < ||lu|| foru € 0., theni(T,Q,, K) = 1.

3. MAIN RESULTS

Our first result is the following theorem in which we shall prove existence of at
least a solution of the BVP(1.1).

Theorem 3.1. If (H}) and (H}) hold, then for A > 0, (1.1) has at least a solution

u € C?[0,1].
Proof. We define a auxiliary functions f: R — R by
B f(0), u<0,
flu)=q fw), 0<u<p,
0, U > p.

Thus fis continuous and bounded on R so there exists M > 0 such that
Ifl <M, on R.

Consider the modified problem

u”(t) + A f(u(t)) =0, te(0,1),

1 1 (3.1
u(0) = / w(s)da(s), uw(l) = [ u(s)da(s).
0

0
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This is equivalent to the integral equation

u(t) = )\/0 k(t, s)f(u(s))ds

A
+(1—t7t)(“4 2 )
K R3 K1

We write (3.2) as an operator equation

(I —Ty\)u=0,

1 1 ~

/ da(t) / Kt s)f(u(s)ds | (3.2)
0 0
1 1 ~

/0 aa(t) / k(t, 5) F(u(s))ds.

where T = AT F,and F : X — X defined by
(F(w)(t) = f(u(t))

is bounded. Notice that |f| < M. Thus for some constant N > 0, independent of
A, u, we have
||T)\UH0[0,1] < AMN.

It follows from the Schauder fixed point theorem that 7 has a fixed point u) €
C[0, 1]. This together with the equation in (3.1) implies that uy € C?[0, 1].

Since results to be proved in this Theorem are true for any positive parameter
A. So in the rest of proof, we write u) as u for simplicity.

To finish the proof from the definition of ]”v it suffices to show that any solution
u of (3.1) satisfies

0<u(t)<p, te(0,1),

i.e., any solution u of (3.1) in fact is a solution of (1.1). Now we claim that any
solution u of (3.1) satisfies 0 < u(t) < p, t € (0,1). Firstly, we show that u > 0, ¢ €

[0,1]. In fact, the nonnegativity of f ensures that
u'(t) <0, te0,1]. (3.3)

So, in order to get the desired results, we only need to prove that «(0) > 0 and
u(1) > 0. (3.3) implies

u(t) > (1 —t)u(0) + tu(l), te€[0,1].

Therefore,

u(0) :/0 u(t)da(t) > u(O)/O (1 —t)da(t) —l—u(l)/o tda(t)

and
1

u(1)=/0 u(t)dﬁ(t)zu(o)/o (1—t)dﬁ(t)+u(1)/0 1B(1).

The last two inequalities can be written as

K1 —Ka u(0) S (0
—K3 K4 u(l) J=\ 0 )"
Then by Remark 1.1, we have

k1 >0, ko >0, k3 >0, kg >0, kK> 0.

()= (o ) (9)-(30):

Thus
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Next, we show that u(t) < p, ¢ € [0, 1]. If not, then there exists a t; € [0, 1] such
that u(tp) = max u(t) > p.
tel0,1]

If to = 0, then u(0) = fol u(t)da(t) < u(0) fol da(t), from (HJ}), we have the
contradiction «(0) < 0. Similarly, the condition (H}) gives ¢y # 1.

If o € (0,1), then we have u/(ty) = 0. We consider the following two cases:
case (i), u(t) > p, t € [0,1]; case (ii), there exists t; € [0,1] such that u(t;) < p.
In the second case , without loss of generality, we assume that t; € [0,¢9) and
U(t) >p, te (tl,to]. _

For case (i), we have u”(t) = —Af(u(t)) = =Af(p) = 0, t € (0,1). Thus, v
is constant on [0,1]. Since u/(tg) = 0, it follows that «'(¢) = 0 for ¢ € [0,1].
Consequently, u(t) = u(tg) > p on [0,1]. On the other hand, we have u(0) =
fol u(t)da(t) < u(0) fol da(t), from (HJ), we obtain

u(t) = u(0) <0.
Which is a contradiction. _

For case (ii), we have u” (t) = =\ f(u(t)) = =Af(p) = 0, t € (¢1,to]. This together
with ' (t9) = 0 implies that u(¢1) = u(to) > p, contradicting u(¢1) < p. O

When f(0) > 0, the existence results in Theorem 3.1 can be improved in

Theorem 3.2. If (H}) and (H}) hold with f(0) > 0, then for A > 0, (1.1) has at least
one positive solution u € C2[0,1].

Remark 3.3. If f(0) = 0, then Theorem 3.2 may be false, as the following coun-
terexample shows.

{ —u"(t) = Mu(t)(1 —u(t)), te(0,1), (3.0

u(0) = u(l) =0.

Suppose u is a positive solution of (3.4). Multiplying the equation in (3.4) by sin 7t
and integrating on [0, 1], we have

1 1
72 / u(t)sinwtdt = - / u” (t) sin wtdt
0 0

1 1
= )\/O u(t)(1 — u(t)) sinwtdt < )\/0 u(t) sin wtdt.

Thus, for every A < 72, Theorem 3.2 is not true. However, Theorem 3.2 remain
true for sufficiently large .

Theorem 3.4. If (H/) and (H}) hold with f(0) = 0. Then exists a Ao > 0 such that
Jorall \ > ), (1.1) has at least one positive solution u € C?[0,1].

Proof. Using Theorem 3.1, we can show that any solution of the modified problem
(8.1) satisfies

0<u(t)<p, te]0,1]
and hence is a solution of (1.1). So it suffices to show that the compact operator

T has a nonzero fixed point in K\{60}.

51
Take r € (0,p). Let Ao = =" where m = min f(v) > 0. Notice that for any
11m ve[f,r]

u € K we have that u(t) > t(1 — t)||ul| for all ¢ € [0,1]. In particular, we have
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u(t) > Z||ull for all t € [1,2]. Let u € 99, then f(u(t)) > m for ¢t € [+, 2]. Hence
for A > \g, we have

3

ITxull > A min 4k@@ﬂmwmzxrmltu—@/%a—@ﬂmm@
te[1,2]1 )1 te[g,%] 1

leo

3 13 1
4>34 1 1
L
> %6 " s(1— ) f(u(s))ds
NN = lull, e
> 512m r=||ull, u -

On the other hand, for each fixed A > )¢ since f(u) is bounded, there is an R > r
such that

|Thul| < R=|jul|, ueoQkg.
It follows from Lemma 2.2 that
i(Tx, ., K) =0, while i(T\,Qg, K) =1,

and hence,
i(Ty, Qr\Q,, K) = 1.

Thus, T has a fixed point v in 2 R\(TT. Theorem 3.1 implies that the fixed point w
is a solution of (1.1) such that

0<r<|ul <p.

Consequently, (1.1) has at least a positive solution u for each A > . O
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1. INTRODUCTION
Let A be the class of all analytic functions of the form:

f(z):z—l—Zanz", (1.1)
n=2

in the open unit disc U = {z € C : |z| < 1}. Further, by S we shall denote the
class of all functions in A which are univalent in U.

A function f € A is subordinate to an univalent function g € A, written f(z) <
g(z), if f(0) = g(0) and f(U) C g(U). Let Q be the family of analytic functions w(z)
in the unit disk U satisfying the conditions w(0) = 0, |w(z)| < 1 for z € U. Note
that f(z) < g(2) if there is a function w(z) €  such that f(z) = g(w(z)).

Let ¢(z) be an analytic function with positive real part on U and ¢(0) = 1,
¢'(0) > 0 which maps the unit disc U onto a region starlike with respect to 1
which is symmetric with respect to the real axis. Ma and Minda [3] introduced and
studied the class S*(¢), consists of functions f € S for which

28 < 9(2), (z€U).
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Recently, Ravichandran et al.[5] defined classes related to the class of starlike
functions of complex order as follows:

Definition 1.1. Let b # 0 be a complex number. Let ¢(z) be an analytic function
with positive real part on U with ¢(0) = 1,¢/(0) > 0 which maps the unit disk U
onto a region starlike with respect to 1 which is symmetric with respect to the real
axis. Then the class S (¢) consists of all analytic functions f € A satisfying

L+ HEHE - 1) < ¢(2).
The class Cy(¢) consists of functions f € A satisfying
1+ 3278 < g(2).

Following the work of Ma and Minda [3], Shanmugam and Sivasubramanian [7]
obtained Fekete-Szego inequality for the more general class M, (¢), defined by
oz’ f(2)+zf'(2)
T—alf(tasr () = 9(2):
where (;S(z) satisfies the conditions mentioned in Definition 1.1. Kamali et al.[2]
introduced and studied a new class of functions f € T for which

azS///Z QZQIIZ Z/Z
Re(e LG IRa: LRG3 0<a<1,0< A< 1.

Shanmugum et. al.[8] remarked that the class of functions 7T is the familiar class
of functions introduced and studied by Silverman [10]. In a later investigation, this
particular class introduced by Kamali and Akbulut was generalized by Shanmugum
et al. [9]. Shanmugum et. al.[8] introduced a more general class of complex order
M]Ib, a](¢) defined as follows:

Definition 1.2. Let b # 0 be a complex number. Let ¢(z) be an analytic function
with positive real part on U with ¢(0) = 1,¢'(0) > 0 which maps the unit disk U
onto a region starlike with respect to 1 which is symmetric with respect to the real
axis. Then the class M[b, a](¢) consists of all analytic functions f € A satisfying

aZS " z o Z2 " z z ’ z
14 (e RO LERIE) 1) < g(2), 0<a < 1.

Clearly,
M{b, 0](¢) = Cp(9).
where the class C(¢) consists of functions f € A satisfying
1zf"(2)
In the present paper we shall need a recent generalization of the Ruscheweyh

derivative which was introduced in [1].
Let f€e A, A>0and m € R, m > —1, then we consider

DY f(z) = W * Drf(z), z€U,
where D) f(z) = (1 = N f(z) + Azf'(2), z€U.
IffeA f(z) =2+ . ,a,2", z € U we obtain the power series expansion of
the form

DEf(2) = 24 Yool + (n— DA UEestg, 20 2 € 1,

where (a),, is the Pochhammar symbol, given by
(@) I(a+n) 1 forn=0
a = —— =

" I'(a) ala+1D)(a+2)...(a+n—-1) forneN=1{1,23,..}.

In the case m € N={1,2,3,...}, we have
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DY f(z) = 2 DAE ™

m!
and for A = 0 we obtain the mth Ruscheweyh derivative introduced in [6], Dg* =
D™,
Since
(m+1)p—1  T(m+14+n-1)T(1)
(Dn—1 D(m+1)T(1+n—1)
_ I'(m+n)
~ I'(m+1)I(n)
_(m+n-—-1)
ml(n—1)! °
And
(m +n— 1)
o(m,n) =
m
_ (m+n-—-1)
 omln—1)! 7
So, we get
m~+1),—
o(m,n) = U=
Hence

DV f(z) =z+ > o[+ (n—1)Ao(m,n)a,z", z€U,
So in this paper we introduce a more general class of complex order H [b, v, m, A](¢)
which we define below.

Definition 1.3. Let b # 0 be a complex number. Let ¢(z) be an analytic function
with positive real part on U with ¢(0) = 1, ¢/(0) > 0 which maps the unit disc
U onto a region starlike with respect to 1 which is symmetric with respect to the
real axis. Then the class H[b, o, m, \](¢) consists of all analytic functions f € A

satisfying

1,a2(DY )" (2) + (1 +20)2*(DY'f)"(2) + 2(DY' f)'(2) _
H @2 (DY 177 (:) + DX 1) ) S
0<a<l,A>o0,m>—1.
Clearly,

H[b, a,m, A|(¢) = M[b, o] (¢)

where m = A =0, [8].

Motivated essentially by the aforementioned works, we obtain certain necessary
and sufficient conditions for the unified class of functions H|[b, o, m, A](¢) which
we have defined. The motivation of this paper is to generalize the results obtained
by Shanmugum et. al.[8].

2. PRELIMINARIES AND NOTATIONS

In order to prove our main results, we need the following lemmas.

Lemma 2.1. [5] Let ¢ be a convex function defined on U, ¢(0) = 1. Define F'(z) by

F(z)==z e:cp(/oz %dm) 2.1)
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Letq(z) =1+ ¢1z + ... be analytic inU. Then
2q'(2)
q(2)

if and only if for all |s| < 1 and |t| < 1, we have
q(tz)  sF(tz)
q(sz) tF(sz)’

Lemma 2.2 ([4], Corrolary 3.4h.1,p.135). Let ¢(z) be univalent in U and let p(z) be

analytic in a domain containing q(U). If ;&'((j))) is starlike, then

2p'(2)¢(p(2)) < 24/ (2)(q(2)),
implies that p(z) < q(z) and q(z) is the best dominant.

1+

< ¢(2), (2.2)

(2.3)

3. MAIN RESULTS
3.1. Subordination Results. Applying Lemma 2.1 we have

Theorem 3.1. Let ¢(z) and F'(z) be as inLemma 2.1. The function f € H[b, o, m, \](¢)
if and only if for all |s| < 1 and |t| < 1, we have

( sloz® (DY f)" (t2) + (D3 f)'(t2)]
tlaz?(DY f)"(s2) + 2(D}'f)' (s2)]

Proof. Define the function p(z) by
p(2) = (QZQ(DTf)”(z) + 2(DY ) (2)

z
By taking logarithmic derivative of p(z) given by (3.2), we get
zp'(z) _ 1{0423(D3"f)’”(2) + (1 +2a)22(DY /)" (2) + 2(DFf)' (2)

sF(tz)
= tF(sz) S

o=

)

)b (3.2)

oz b 2 (DFF)(2) T 2DV ) (2) R
Now, by definition 1.3
W), 1,a(DEN)"(E) + (1t 20)2(DF ) (2) + 2(DF ) (2)
e T a2 (DT V(=) + 2DV F)(2) 5.4)

-1} < ¢(2), (0<a<1).

Then applying Lemma 2.1 we get the result.
This completes the proof of Theorem 3.1. O

Putting A = 0 in Theorem 3.1. Then we have the Ruscheweyh derivative and we
get the following new result:

Corollary 3.1. Let¢(z) and F(z) be as in Lemma 2. 1. The function f € H[b, a, m,](¢)
if and only if for all |s| < 1 and |t| < 1, we have

( slaz®(D™ )" (tz) + 2(D™ f)'(t2)]
tlaz2(D™ f)"(sz) + (D™ f)'(sz)]
And putting m = A = 0 in Theorem 3.1 gives Theorem 2.1 [8]. Then we have.

)% - sF(tz) 3.5
tF(sz) '

Corollary 3.2. Let ¢(z) and F(z) be as in Lemma 2.1. The function f € H[b, o, ](¢)
if and only if for all |s| < 1 and |t| < 1, we have

( slaz?f" (tz) + 2f' (t2)]
tlaz?f"(sz) + 2f'(s2)]

sF(tz)

tF(sz) (36

)b <
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And putting « = m = A = 0 in Theorem 3.1 gives a result in Definition 1.1 [5].
Then we have

Corollary 3.3. Let ¢(z) and F(z) be as in Lemma 2.1. The function f € H[b|(¢) if
and only if for all |s| < 1 and |t| < 1, we have

(sf’(tz)) sF(tz)
tf'(sz) tF(sz)

Theorem 3.2. Let ¢ be starlike with respect to 1 and F(z) is given by (2.1) be
starlike. If f € H[b, «,m, \|(¢). Then

az?(DY'f)"(2) + 2(D5' f)' (=)

o=

<

(3.7

). (3.8)

Proof. Define the functions p(z) and ¢(z) by

p() = (SEEORN QDN @)} gy = FE)

Then a computation yields
2 (2) _ 1{a23(D3"f)’”(Z) + (1 +20)2%(DY'f)"(2) + 2(DY' )" (2)

p(z) b a2(Dy 1)"(z2) + 2(Dy f) () -1} 3.9
now, by Definition 1.3 we have

p'(2) 1,02 (DY) (2) + (1+20)22(DP £)"(2) + 2(DFf) (2)
e o (DY 1)) + (DY F) ) 1}(; i;)
and

’

/() _ 2P
e = e 1=k -1

Since f € H[b,a, m, A](¢), we have

/() _ 1 e (DY) () =(1420)2 (DX ) () +=(DF ) () _ Ll )
e b T I G 1} =<olz) =1 ="y

SO

2 (2)  2d(2)
PG az)
1

Now in Lemma 2.2 putting ¢(p(z)) = 76

and p(q(z)) = Ti)) we get that

Zgég) < Z;ZES) implies that p(z) < ¢(z)
and (p(2))" < (q(2))"

Hence

az?(DY' )" (2)+2(DY f)' (2) ~ (M)b.

z
This completes the proof of Theorem 3.2. O
]

Putting A = 0 in Theorem 3.2. Then we have the Ruscheweyh derivative and we
get the following new result.

Corollary 3.4. Let ¢ be starlike with respect to 1 and F(z) is given by (2.1) be
starlike. If f € H[b,a,m|(¢). Then

az? (D™ f)"(z) + (D™ f)'(z) (F(z)

). (3.11)

And putting m = A = 0 in Theorem 3.2 gives Theorem 2.3 [8]. Then we have.
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Corollary 3.5. Let ¢ be starlike with respect to 1 and F(z) is given by (2.1) be
starlike. If f € H[b, a](¢). Then

a?f (') ()b

Also putting « = m = A = 0 in Theorem 3.2 we have the following new result.

Corollary 3.6. Let ¢ be starlike with respect to 1 and F(z) is given by (2.1) be
starlike. If f € H[b](¢). Then

3.2. Coefficients Estimates. This section is about the class (3-convex functions
involving complex order defined as follows.

Definition 3.7. Let b # 0 be a complex number. Let ¢(z) be an analytic function
with positive real part on U with ¢(0) = 1, ¢'(0) > 0 which maps the unit disk
U onto a region starlike with respect to 1 which is symmetric with respect to the
real axis. Then the class H[b, 3, m, \](¢) consists of all analytic functions f € A
satisfying

L+ HO-B) o + 80+ {55 B35 -1} < 6(), 0< B < 1,A > 0,m > —1.

We note that, for m = A = 0 we get H[b, 5, m, A (¢) = Mg (¢), [8].
To prove our main result of this section, we need the following:

Lemma 3.8. [5] Ifp(z) = 1 + c12 + 2% + ... is a_function with positive real part.
Then

lea — pc?| < 2maz{1,|2u
and the result is sharp for the functions given by

2
p(z) = H=, p(z) = &2,

Our main result is the following

Theorem 3.3. Let 0 < 3 < 1. Further let $(2) = 1 + Byz + Bo22 + ...,z € U,
where B! s are real with By > 0 and By > 0. If f(z) given by (1.1) belongs to
HIb, 3,m, \(¢). Then

|b] ‘GS—MG%| - ( )( )(
B lb bE m+2)(1+2X) (1+28)
20n+4)un+2h1+25x1+zx)”“ax{l |B *’(1+5)2(1*’3ﬂ TR T i) (102 ) il

Proof. If f(z) € H[b, 3,m, \|(¢), then there is a Schwarz function w(z), analytic in
U with w(0) = 0 and |w(z)| < 1 in U such that

Ly gy 2D ) (DY)

L 0= D) a0+ SO <1 = o). e
Define p;(z) by

pi(z) = izgz; =1+4c1z+c22+.... (3.13)

Since w(z) is a Schwarz function, we see that Re(p;(z)) > 0 and p;(0) = 1.
Define the function p(z) by

p(z) =1+ %{(1 _ g A (Z)

Dy )'(),
Dy )2) )~

(DY f)(2) (3.14)
=14biz+by2>+....

)+ B+
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From (3.13) we get
pi(z)—1 1 c? c

w(z) = )1 = 5[612 + (eg — 51)22 + (e3 — Zl —ae) 4. (3.15)
Since
#(2) =1+ Biz+ Byz? + ...,z €U,
so, we get
p1(z) —1 1 1 2. By, ,
——)=1+-=-B -B - = e 3.16
p1(2)+1) +3 1clz+[2 1(c2 2)+ 1 127 + (3.16)
Using (3.12),(3.14) and (3.15) we have
pi(z) —1
= 3.17
p(z) ¢(p1(z) 1) (3.17)
hence
1 1 2 Byc?
L4 b1z +bp2 4+ = 14+ S Bieyz + [ Bilea — %1) + icl]f ... (318
Equating the coefficients in (3.18) we get
1
by = 531017 (3.19)
1 1 1
bg = 5(31(62 — 56%)) + ZBQC% (320)

For f(z) in (1.1) we obtain from (3.14) that

1+ %{(m + DA+ N1+ Bazz+ [(m+1)(m+2)(1+2)N)(1 4+ 208)as—

(3.21)
(m4+ 121+ X (1+3N)a3]z® + ..} =1+ b1z +ba2? + ...
Equating the coefficients in (3.21) we get
as = bby (3.22)
LT A DAV +B) '
2 2 2
0y = bby + (m 4+ 1)7(1 + X)*(1 + 3ﬂ)a2_ (3.23)
(m+1)(m+2)(14+20)(1 +20)
By applying (3.19) and (3.20) in (3.22) and (3.23) respectively we obtain
bBicy (3.24)
as = .
Toam+ DA+ N1+ 4)
bBlcQ
3 =
S m et Dm 2L 2N 28) 595
5 .
i 1+38 5 5
b*Bi — b(B1 — B»)].
T Dm0 ar gz’ bt~ vBL - B
Now, we have
B
az — pas = bB1 [co — vc?], (3.26)

2(m + 1)(m + 2)(1 + 20 (1 + 26)

where

vV =

[1 & o bB1 (1 + 35 o ‘LL (m+2)(1+2)\)(1+2ﬁ) )]

1
25 B (149)? (m+1)(1+A)?

Then, applying lemma 3.8 on (3.26) we obtain
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2 B [b] 2
las — pa3| < sommraTI Ty (2 — Vel <
B |b|
STy rzE ey 2mee{l, [2v — 11},
for
_1 B _bBy (m+2)(1+2>\)(1+2[3)
v=5ll= 5~ arar (136 — e mamaae
This completes the proof of Theorem 3.3. O

Putting m = A = 0 in Theorem 3.3 gives Theorem 3.3 in [8]. Then we have

Corollary 3.9. Let0 < 3 < 1. Further let ¢(z) = 1+ Byz + Boz2 + B3z3 +...,2 € U,
where B s are real with B; > 0 and By > 0. If f(z) given by (1.1) belongs to
H{b, 5](¢).Then

Bilb
|az — pa3| < 2(1+|2‘5)ma‘77{1 |52+ (1= 20+ B3 - 4“))%‘}'

Putting m = A = 8 = 0 in Theorem 3.3, gives a result obtained in [5]. Then we
have

Corollary 3.10. Let0 < 3 < 1. Furtherlet $(z) = 1+ Byz+ Bo2?+ B323+..., 2 € U,
where B),s are real with B; > 0 and By > 0. If f(z) given by (1.1) belongs to H[b](¢).
Then

laz — pa3| < Bllb‘max{l |§z + (1 —2u)bBy|}.
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ABSTRACT. In our previous work [4], we obtained three general KKM type theorems A, B,
and C for abstract convex spaces. In this paper, we show that these three theorems are
mutually equivalent. Actually, by adopting a method of making new abstract convex spaces
from old, we give a direct proof of Theorem C from Theorem B.
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1. INTRODUCTION

The celebrated Knaster-Kuratowski-Mazurkiewicz theorem (simply, the KKM
theorem) in 1929 is concerned with certain types of multimaps later called the
KKM maps. The KKM theory, first named by the author, is the study of applica-
tions of equivalent formulations or generalizations of the KKM theorem. Actually
the KKM theorem has several hundred generalizations in the literature.

Since 2006, we have introduced the new concepts of abstract convex spaces
and KKM spaces which are adequate to establish the KKM theory. With such new
concepts, we could generalize and simplify many known results in the theory; see
(1, 3l

In our previous work [2], we reviewed some known facts on abstract convex
spaces and obtained three general KKM type theorems which are equivalent or can
be extended to Theorems A, B, and C in [4], resp. Each of them contains a large
number of previously known particular forms which are generalizations, imitations,
or modifications of the original KKM theorem due to many other authors. In [4],
we recalled some historically important previous particular versions of our KKM
type theorems in order to give a short history on each of them. Moreover, further
remarks on related works were given in [5, 6].
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Note that the proofs of Theorems B and C in [4] are based on Theorem A, which
is an abstract form of the original KKM Theorem. Some other proofs of Theorem C
are also given in [5].

This paper is a continuation of [4]. In this paper, by adopting a method of
making new abstract convex spaces from old, we give a direct proof of Theorem C
from Theorem B. Consequently, Theorems A, B, and C are mutually equivalent.

2. ABSTRACT CONVEX SPACES

For the concepts of abstract convex spaces and KKM spaces, the reader may
consult with the references in [3-6].

Definition 2.1. An abstract convex space (E, D;T") consists of a topological space
E, a nonempty set D, and a multimap I' : (D) — E with nonempty values I'4 :=
I'(A) for A € (D), where (D) is the set of all nonempty finite subsets of D.

For any D’ C D, the I'-convex hull of D’ is denoted and defined by

corD' :=| J{Ta| A€ (D)} CE.

A subset X of F is called a I'-convex subset of (E, D;T") relative to D’ if for any
N € (D'), we have I'y C X, thatis, corD’ C X.

Definition 2.2. Let (F, D;T") be an abstract convex space and Z a topological
space. For a multimap F' : £ — Z with nonempty values, ifa multimap G : D — Z
satisfies
F(Ta) C G(A):= | JG(y) for all A€ (D),
yEA
then G is called a KKM map with respect to F'. A KKM map G : D — FE is a KKM
map with respect to the identity map 1g.

A multimap F' : F — Z is called a RC€-map [resp., a KO-map] if, for any
closed-valued [resp., open-valued] KKM map G : D — Z with respect to F', the
family {G(y)}yep has the finite intersection property. In this case, we denote
F € R¢€(E, D, Z) [resp., F € RO(E, D, Z)].

Definition 2.3. The partial KKM principle for an abstract convex space (E, D;T') is
the statement 1p € RE(FE, D, E); that is, for any closed-valued KKM map G : D —o
E, the family {G(y)}yep has the finite intersection property. The KKM principle
is the statement 1y € RC(E, D, E) N RO(E, D, E); that is, the same property also
holds for any open-valued KKM map.

An abstract convex space is called a (partial) KKM space if it satisfies the (partial)
KKM principle, respectively.

We had the following diagram for triples (E, D;T):

Simplex = Convex subset of a t.v.s. = Lassonde type convex space
— H-space = G-convex space =—> ¢ 4-space =—> KKM space
= Partial KKM space = Abstract convex space.

3. GENERAL KKM THEOREMS A, B, anp C

In [4], we gave standard forms of the KKM type theorems as follows:

Theorem A. Let (E, D;T") be an abstract convex space, the identity map 1 €
RE(E,D,E) [resp., 1g € RO(E, D, E)], and G : D — E a multimap satisfying

(1) G has closed [resp., open| values; and

2 'y C G(N) forany N € (D) (thatis, G is a KKM map).
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Then {G(y) }yep has the finite intersection property.
Further, if
(3 Nyenr G(y) is compact for some M € (D),

then we have L
() Gly) #0.

yeD
Recall that Theorem A is a simple consequence of the definitions of the partial
KKM principle or the KKM principle.

Consider the following related four conditions for a map G : D — Z with a
topological space Z:

(@ Nyep G(y) # 0 implies . p G(y) # 0.
® Nyep Gly

© Nyep G(y) = Nyep G() (G is transfer closed-valued).
(d) G is closed-valued.

) =yep G(y) (G is intersectionally closed-valued).

From the partial KKM principle we have a whole intersection property of the Fan
type as follows:

Theorem B. Let (E, D;T") be a partial KKM space [that is, 1g € RE(E, D, E)| and
G : D — E a map such that
(1) G is a KKM map [that is, T4 C G(A) forall A € (D)]; and
(2) there exists a nonempty compact subset K of E' such that either
D) ({G(y) |y € M} C K for some M € (D); or
(i) for each N € (D), there exists a compact I'-convex subset L of E relative to
some D' C D such that N C D' and

LynN ﬂ G(y) C K.
yeD’

Then we have K N (,cp G(y) # 0.
Furthermore,
() if G is transfer closed-valued, then K N({G(y) | y € D} # 0;
(8) if G is intersectionally closed-valued, then (\{G(y) |y € D} # 0.

Recall that conditions (i) and (ii) in Theorem B are usually called the compactness
conditions or the coercivity conditions, and (ii) has numerous variations or particular
forms appeared in a very large number of literature. Note that Theorem B can be
easily deduced from the compact case of Theorem A; see [4, 5].

Theorem B can be extended for F' € R¢€(E, D, Z) instead of 15 € KE(E, D, E))
as the following in [4, 5]:

Theorem C. Let (E, D;T") be an abstract convex space, Z a topological space, F' €
RE(E,D,Z), and G : D — Z a map such that
(1) G is a KKM map w.r.t. F; and
(2) there exists a nonempty compact subset K of Z such that either
O ({G(y) |y € M} C K for some M € (D); or
(i) for each N € (D), there exists a I'-convex subset Ly of E relative to some
D’ C D suchthat N C D', F(Ly) is compact, and

F(Ly)n () Gly) C K.
yeD’
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Then we have L
F(E)ynKn () Gy) # 0.
yeD
Furthermore,
() if G is transfer closed-valued, then F(E)N K N({G(y) |y € D} # 0; and
(B) if G is intersectionally closed-valued, then ({G(y) | y € D} # 0.

Remark 3.1. 1. Taking K instead of K, the closure notation in (i) and (ii) can be
erased.

2. It is clear from Theorem C = Theorem B = Theorem A(closed case). In our
previous proofs of Theorems B and C are based on Theorem A.

4. A WAY OF MAKING NEW ABSTRACT CONVEX SPACES FROM OLD

In this section we deduce Theorem C from Theorem B, based on a method of
making new abstract convex spaces from old.
Consider the situation in Theorem C:

Definition 4.1. Let (E, D;T") be an abstract convex space, Z a topological space,
and F': E — Z amap. Let Ay := F(I'4) for each A € (D). Then (Z, D; A) is called
the abstract convex space induced by F.

Let Y C Z and D' C D such that Ap C Y for each B € (D’). Then Y is
called a A-convex subset of Z relative to D', and (Y, D’; A’) a subspace of (Z, D; A)
whenever A’ = Al p.

Proposition 4.2. A KKM map G : D — Z on an abstract convex space (E,D;T")
with respect to F' : D — Z is simply a KKM map on the corresponding abstract
convex space (Z, D; A) induced by F.

Proof. Simply note that A4 := F(I'4) C G(A) for each A € (D). O

Proposition 4.3. For an abstract convex space (E, D;T'), the corresponding abstract
conwex space (Z, D; A) induced by F : D — Z is a partial KKM space if and only if
F e RE(E,D, 7).

The abstract convex space (Z, D; A) induced by F : D — Z is a KKM space if
andonly if F € RC(E, D, Z)NRO(E, D, Z).

Proof. (Z,D;A) is a partial KKM space
<= For every closed-valued KKM map G : D — Z (thatis, Ay = F(T'4) C G(4)
for each A € (D)), it has the finite intersection property of map-values.
<= For every closed-valued KKM map G : D — Z with respect F, it has the finite
intersection property of map-values.
<~ FeRC(E,D, 7).

Similarly, for open-valued KKM map G : D — Z, it has the finite intersection
property of map-values < F € RO(E, D, 7). O

The following is our main result in this paper:
Proposition 4.4. Theorems B and C are equivalent.

Proof. By putting E = Z and F' = 1g, Theorem C reduces to Theorem B. Now we
show that Theorem C follows from Theorem B as follows.

Let (Z, D; A) be the abstract convex space induced by F with Ay := F(I'y) C
G(A) for each A € (D). Then

(1) G is a KKM map on (Z, D; A).

(2) Condition (i) implies Theorem B(i) with ﬁ N K instead of K.
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In fact, since F(T'4) C G(A) for each A € (D), we have F(I'y,y) C G(y) for each
y € D and so
K> () Gw> [ Fyyn () Gw).
yeM yeM yeM
Hence
F(E)NnK > n{@ | y € M} for some M € (D).

(3) Condition (ii) implies Theorem B(ii) with F'(E) N K instead of K and with a
compact A-convex subset F(Ly) of Z instead of Ly .

In fact, this can be shown by the following two facts:

(@ A€ (D) impliesT'y C Ly and hence Ay = F(T'y) C F(Ly) C F(Ly). So
F(Ly) is compact and A-convex.

) K D F(Ly) N({G(y) | y € D'} by assumption and clearly we have F(E) D
F(Ly)N({G(y) |y € D'}. Hence

F(B) N K > F{In) n(J(Gl) |y € D'}

Consequently, replacing (E, D;T"), K, Ly in Theorem B by (Z, D;A), F(E)N
K, F(Ly), respectively, all of the requirements of Theorem B are satisfied. There-
fore we have the conclusion

FEINK N () Gl 0.

yeD

The statements («) and () are routine. O

5. COMMENTS ON RELATED WORKS

In this section, we give some comments on our previous versions of generalized
KKM theorems A, B, and C appeared in our previous works:

(1) Since 2006, we have introduced the new concepts of abstract convex spaces
and KKM spaces which are adequate to establish the KKM theory. With such new
concepts, we could generalize and simplify many known results in the theory on
convex spaces, H-spaces, G-convex spaces, and others; see [1].

(2) In 2008 and 2010 [1, 3], we established the basis of the KKM theory and
gave particular forms of Theorems A and B. Note that [3] contains some incorrectly
stated statements such as (VI), Theorem 4, (XVI), and (XVII). These can be corrected
easily.

(3) In 2009 [2], we reviewed some known facts on abstract convex spaces and
obtained three general KKM type theorems which are equivalent or can be extended
to Theorems A, B, and C in this paper, resp. Each of them contains a large num-
ber of previously known particular forms which are generalizations, imitations, or
modifications of the original KKM theorem due to many other authors.

(4) In 2011 [4], we established the basic KKM theorems A, B, and C, and recalled
some historically important previous particular versions of these theorems in order
to give a short history on each of them. Moreover, further comments on related
works are given.

(5) In 2011 [5], we deduced Theorems B and C from Theorem A and added a
new proof of Theorem C. Some corrections of the coercivity conditions appeared in
previous versions of such KKM type theorems were given.
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(6) In 2012 [6], we give several generalizations of the 1984 KKM theorem of Ky
Fan and some known applications in order to recover the close relationship among
them. Theorems A, B, and C are stated as the final ones in the evolution of the
KKM theorem from 1929. It is stated that, as far as the author knows, Theorem
C contains several hundred generalizations of the KKM theorem appeared in the
existing literature; see the references therein.

(7) Further study on our new method of making abstract convex spaces from old
will appear.
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In this paper we define Ciric type g—weak contractions in the context of coupled
fixed points and prove the existence of coupled common fixed points for a pair of w-
compatible maps using C LR, property. Further, we consider a pair of maps satisfying
a new class of implicit relation with C' LR, property and prove the existence of coupled
common fixed points. The results of Long, Rhoades and Rajovic [15] and our results
are independent. Examples are provided to illustrate this phenomenon.. ...

KEYWORDS : Coupled fixed point, coupled coincidence point, coupled common fixed point,
w—compatible maps, property (E. A), C LR, property, implicit relation..
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1. INTRODUCTION

In 2006, Bhaskar and Lakshmikantham [9] established a coupled contrac-
tion principle and proved the existence of coupled fixed points in partially ordered
compete metric spaces. In 2009, Lakshmikantham and Ciric [14] introduced the
concept of commuting maps, coupled coincidence points and coupled common fixed
points and established coupled coincidence, coupled common fixed point theorems
in partially ordered complete metric spaces. In 2010, Abbas, Khan, Radenovic
[3] introduced the concept of w—compatible maps in the context of coupled fixed
points in cone metric spaces. Recently Long, Rhoades and Rajovic [15] established
coupled coincidence point theorems in complete metric spaces and cone metric
spaces too. Some works in this line of research in different spaces are [3, 8, 10,
13, 22, 23, 24, 25].

Throughout this paper, N denotes the set of all natural numbers, R is the set of
all real numbers and R = [0, 00).
In the following definitions, we suppose that X is a non-empty set.
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Definition 1.1. [9] An element (z,y) in X X X is called a coupled fized point of
the mapping F: X x X — X ifx = F(x,y) and y = F(y, z).

Definition 1.2. [14] An element (z,y) in X x X is called a coupled

coincidence point of the mappings F': X x X — X and g: X — X if gx = F(z,y)
and gy = F(y, z).

Definition 1.3. [14] An element (z,y) in X x X is called a coupled common
fixzed point of the mappings F': X x X — X andg: X — X if

v =gz =F(z,y)andy = gy = F(y, ).

Definition 1.4. [14] The mappings F' : X x X — X and g : X — X are called
commutative if gF (x,y) = F(gz, gy) for all z,y € X.

Definition 1.5. [3] The mappings F' : X x X — X and g : X — X are called
w — compatible if gF (x,y) = F(gx, gy) whenever gz = F(z,y) and gy = F(y,x).

We denote ®; = {gp /v : Ry — R, satisfying ¢ is non-decreasing and
lim ¢"(t) =0fort > 0}.
n—-auo0

Long, Rhoades and Rajovic [15] proved the following theorem in complete metric
spaces.
Theorem 1.1. [15] Let (X, d) be a complete metric space. Assume that F': X x X —

X, g: X — X are two mappings satisfying

(H,) : there exists ¢ € ®1 such that
d(F(x,y),F(u,v)) < @(Mlg(a:,y,u,v))for allz,y,u,v € X; (1.1)
where
Mlg'(xvyvuvv) = max{d(gx,gu), d(Qy»gv)v d(ga:,F(x,y)L d(gu,F(u,v)),

d(gy, F(y, ), d(gv, F(v,u)), d(9w7F(u7v));d(gqu(w,y))’ d(gy7F(v7u));rd(ng(y,w))}’
(H2): F(X x X) C g(X) and g(X) is a closed subset of X.

Then (i) F' and g have a coupled coincidence point in X and
(i4) F and g have a unique cormumon fixed point whenever F and g are w—compatible.

Popa [16] introduced implicit relations and established the existence of fixed
points and common fixed points in metric spaces. The importance of using an
implicit relation in proving fixed point theorems is that it includes many known
contractive conditions so that the known results follow as corollaries. Some works
on this line of research are [4, 5, 6, 7, 17].

In 2002, Amari and Moutawakil [1] introduced the notion of property (E. A)
and proved the existence of common fixed points for a pair of self maps. Many
researchers [2, 11, 18] worked in this direction.

In 2011, Sintunavarat and Kumam [20] introduced a new property called
comumon limit in the range of g (CLR,) in both metric and fuzzy metric spaces and
proved common fixed point theorems in fuzzy metric specs. C’LRg property never
requires the closedness of the range space of g for the existence of fixed points. For
more details and works on C LR, property we refer [19, 20, 21].

Recently Jain, Tas, Sanjay Kumar and Gupta [13] extended the notation of
property (E. A) and CLR, property to the context of coupled fixed points in metric
spaces and fuzzy metric spaces and proved the coupled fixed point results in fuzzy
metric spaces.

Definition 1.6. [13] Let (X, d) be a metric space. Two mappings
F:XxX — Xandg: X — X are said to satisfy property (E. A) if there exist



COUPLED COMMON FIXED POINT THEOREMS OF CIRIC TYPE g—WEAK CONTRACTIONS 135

two sequences {2, } and {y,} in X such that
lim F(xn,y,) = lim g(z,) =t and lm F(y,,z,)= lim g¢(y,) =t2
n—-ma0o n——o0 n—-mao0 n—oo

for some tq,ty € X.

Definition 1.7. [13] Let (X, d) be a metric space. Two mappings F : X x X — X
and g : X — X are said to satisfy comunon limit in the range of g (CLR,) property
if there exist two sequences {z,,} and {y,} in X such that

lim F(2p,y,) = lim g(z,) =gt; and lim F(y,,x,) = lim g(y,) = gt2
n——-mo~0 n——>ao0 n——-mao0 n——-ma<0

for some t1,ts € X.

Remark 1.8. If F' and g satisfy ‘property (£.A) with range of g is closed’ then F
and g satisfy ‘CLR, property’. But its converse is not true due to the following
example.

Example 1.9. Let X = (—4,4). We define F: X x X - X and g: X — X by

F(z,y) = %y, r,ye X
and
gT = g, reX.
Here g(X) = (—2,2) is not a closed set. Now we choose two sequences {x,} and
{yn} in X by

Tp =—2— % and y, =2+ %, n=1,2,3... . Hence
lim F(2p,y,) = lim g(z,)=-1=g(-2)
n—aoo n——:oo

and
lim F(yn,z,) = lm g(y,) =1=g(2).

Thus the pair (F, g) satisfy C LR, property.
Hence CLR, property is more general than property (E.A) with g(X) is closed.

In this paper, we prove a coupled common fixed point theorem for Ciric type
g—weak contractions by using CLR, property. Further, we consider a pair of
maps satisfying a new class of implicit relation with C'LR, property and prove the
existence of coupled common fixed points.

In the following, we define
® ={p/p: Ry — Ry satisfying ¢ is continuous and ¢(t) = 0 if and only if ¢t = 0}.
Here we note that the classes of functions ®; and ® are independent, in the sense
that neither ®; is contained in ® nor ® is contained in ®;. We illustrate it in the
following examples.

t2 iftel0,1]
Example 1.10. ¢ = [0, +00) — [0, +00) defined by ¢(t) =

1 ifte(1,00).

Clearly ¢ € @, but ¢ is not an increasing function. Hence ¢ does not belong to ®;.

2 iftelo,]
Example 1.11. ¢ = [0, +00) — [0, 400) defined by ¢(t) =
& ifte(1,00).
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Clearly ¢ € ®;, but ¢ is not a continuous function. Hence ¢ does not belong to ®.

2. PRELIMINARIES

We define Ciric type g—weak contractions and a class of implicit relation in the
context of coupled fixed points.

Definition 2.1. Let (X, d) be a metric space. Let F : X x X — X, g: X —» X
be two maps of a metric space X. We say that F' is a Ciric type g-wealk contraction
map if there exists ¢ € ® such that

d(F(z,y), F(u,v)) < M(x,y,u,v) — p(M(x,y,u,v)) forall z,y,u,v € X; 2.1
where
M(z,y,u,v) = max{d(gz, gu), d(gy, gv), d(gz, F(z,y)), d(gy, F'(y,z)), d(gu, F(u,v)),

d(gv,F(uu)), d(gm,F(u,v)),d(gy,F(v,u)), d(ng(m,y)), d(gUaF(ﬁ%x))}'

Remark 2.2. Suppose that F' and g satisfy the inequality (1.1) with ¢ € ;. If p is
continuous then F' is a Ciric type g— weak contraction. But its converse need not
be true (Example 2.3).
For, we assume that (1.1) holds.
ie., d(F(z,y), F(u,v)) < (M (x,y,u,v))

< M(x,y,u,v) - (I - @)M(Ivyauﬂv)

= M(.’E, Y, u, ’U) - ¢¢(M(x7 Yy, u, ’U)),
where ¢, = I — ¢ and it is clear that ¢, (t) = 0 if and only if t = 0.

Example 2.3. Let X = [—1, 1) with the usual metric. We define F': X x X — X
i ifx>y % ifx#0
andg: X — X by F(z,y) = and gr =
—1 ifz<y; 0 ifx=0.

We define ¢(t) = %t, t > 0. Clearly ¢ € ® and F'is a Ciric type g—weak contraction.

Butforz =1, y =u =0and v =1, we have

d(F(z,y),F(u,v) = 5 £ p(maz{s, 5, . 1, 3+ 1 3> 3}) = ¥(3) forany p € D,
since ¢(t) < ¢ for t > 0.

Hence the inequality (1.1) fails to hold.

Definition 2.4. Let A be the set of all continuous functions 7 : R_1|_1 — R satisfying

the following conditions:

(T}) : there exists a mapping f : Ry — Ry, f(t) < tfort > 0 such that
T(u,0,0,0,0,v1,v9,v1,v2,0,0) <0 for u > 0 or

T(u,v1,v2,0,0,0,0,v1,v3) <0 foru >0
implies that u < f(max{vi,va}).
(Ty) : T(u,0,0,u,u,0,0,0,0,0,u) > 0 for u > 0.
Example 2.5. T'(t1,%2,...,t11) = t1 — k max{ta,t3}, where k € [0, 1).
Let T'(u, v1,v2,0,0,0,0,v1, v3,v1,v2) = u — k maz{vy,va} <0
i.e., u < k max{vy,vs}.
Thus u < f(max{vy,v2}) with f(t) = kt. Hence T} satisfied.
Also T'(u,0,0,u,u,0,0,0,0,0,u) =u > 0for u > 0. Thus T € A.
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Example 2.6. T'(t1,12,...,t11) = t1 — p(maz{ts, ts, ta, t5, tg, t7, Bte, hodhi})
with ¢(t) < t fort > 0, ¢(t) = 0 if and only if ¢ = 0 and ¢ is continuous.

Let v > 0 and T'(u, v1,v2,0,0,0,0,v1,v9,v1,v2) = u — gp(max{vhvg}) <0.
Hence u < f(maz{vi,va}) with f = .

Also T'(u,0,0,u,u,0,0,0,0,0,u) =u > 0 for u > 0. Thus T € A.
Example 2.7. T(t1,ta,...,t11) = t1 — a1+t2_:f;igi_"t?j_t6+t7 where 0 < a < 1.

Letu > 0, T(u,0,0,0,0,v1,v2,v1,v2,0,0) = u — - < 0.

, u < apt% - < amaz{vi, ve}. Hence u < f(maz{vi, v2}) with f(t) = «

forall t > 0. Also T'(u,0,0,u,u,0,0,0,0,0,u) =u > 0for u > 0. Thus T € A.

i.e.

Example 2.8. T(tl,tg, ...,tu) =1t — (a1t2 + asty + - - -+ alotn)
10
where > a; < 1. Let u > 0,
i=0
T(u,0,0,0,0,v1,v2,v1,v2,0,0) = u — [(ag + asg)v1 + (a7 + ag)vs] < 0.

i.e., u < (ag + ag)maz{vy,va} + (a7 + ag)max{vi, ve}

= (ag + ay + ag + ag)maz{vy, va}.
Thus u < f(maz{vy,ve}) with f(t) = (ag + a7 + as + ag)t.

Also T'(u,0,0,u,u,0,0,0,0,0,u) = u — (ag + a4 + a11)u > 0 for u > 0.
Hence T € A.

3. MAIN RESULTS
The following is the main result of this section.

Theorem 3.1. Let (X, d) be a metric spaceand F : X x X — X ¢g: X — X
be two maps, the pair (F, g) satisfy CLR, property and F' is a Ciric type g—wealk
contraction map then F' and g have a coupled coincidence point. Further, F and g
have a unique coupled common fixed point provided F' and g are w-compatible.
Proof. Since F' and g satisfy C LR, property, there exist two sequences
{z,} and {y,} in X such that lim F(z,,y,) = lim g¢g(z,)= gz and

n—s-o0 n—-oo

lim F(yn,x,) = lim g(y,) = gy for some z,y € X.
n——-oo n——oo
Now, we prove that gz = F(z,y) and gy = F(y, x).

Assume that d(gz, F(x,y)) > 0 or d(gy, F'(y,z)) > 0.
Now, we consider

d(gz, F(z,y)) < d(gz, F(2n, yn)) + d(F (20, yn), F(z,y))

where

M (2n, Yn, z,y) = maz{d(gzn, gx), d(gyn,9Yy), d(gTn, F(Tn,yn)), d(9Yn: F (Yn,n)),
d(gz, F(x,y)),d(gy, F(y,x)), d(gzn, F(z,y)), d(gyn, F(y,x)),

d(gz, F(zn,yn)), d(9y, F (Yn, za))}-
On taking limits as n — oo, in M (z,,, Yn, T,y), we get

Mim  M(zn,yn, @, y) = max{d(ge, F(z,y)), d(gy, F(y,z))}.

Now, on taking limits as n — oo in (3.2), we get

d(gz, F(x,y)) < max{d(gz, F(z,y)), d(gy, F(y,z))}
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—p(maz{d(gz, F(z,y)), d(gy, F(y,2))})
< maz{d(gz, F(z,y)), d(gy, F(y,z))}.
Similarly we get,

d(gy, F(y,x)) < max{d(gz, F(x,y)), d(gy, F(y,))}.

Hence from (3.3) and (3.4) we get

maz{d(gz, F(z,y)), d(gy, F(y,x))} < maz{d(gz, F(z,y)), d(gy, F(y,2))},
a contradiction.

Hence gz = F(z,y) and gy = F(y, x).

Thus (z,y) is a coupled coincidence point of F' and g.

Let (z,y) and (z*,y*) be two coupled coincidence points of F' and g.

Now, we prove that gr = gz* and gy = gy*.

We assume that d(gzx, gz*) > 0 or d(gy, gy*) > 0.
Now, we consider

d(gz, gr*) = d(F(z,y), F(z*,y"))
S M(I7yax*ay*) - @(M(I7y7x*ay*))
< M(z,y,z*,y")

where

M(z,y,x*,y*) = mazx{d(gz, g=*), d(gy, gy*), d(gz, F(x,y)), d(gy, F(y,z)),
d(gz™, F'(z*,y%)), d(gy*, F'(y*,z")), d(gz, F(z*,y")),
d(gy, F(y*,2%)), d(gz*, F(z,y)), d(gy*, F(y, ))}

= max{d(gz, gz*), d(gy, gy*)}-
Similarly we get

d(gy, 9y*) < maz{d(gx, gz*), d(gy,gy™)}-

Henc, from (3.5) and (3.6), we get

maz{d(gz,gz”), d(gy,gy")} < maz{d(gz,gz*), d(gy,gy")},
a contradiction.

Hence gx = gx* and gy = gy*.

Now, we prove that gr = gy* and gy = gz*.

We assume that d(gzx, gy*) > 0 or d(gy, gz*) > 0.

Consider

d(gz,gy*) = d(F(z,y), F(y*,x*))
< M(z,y,y*, %) — (M (z,y,y", %))
< M(z,y,y*, x*)
where
M(z,y,y*, z*) = max{d(gz, gy*), d(gy,gz*), d(gx, F(z,y)), d(gy, F(y,z)),
d(gy*, F(y*,x*)), d(gz*, F(z*,y")), d(gz, F(y*, %)),
d(gy, F(z*,y")), d(gy*, F(z,y)), d(gz*, F(y,z))}
= maz{d(gz, gy*), d(gy, gz*)}.
Similarly we get
d(gy, gz*) < maz{d(gz, gy*), d(gy, gz*)}.
Hence, from (3.8) and (3.9), we get

maz{d(gz, gy*), d(gy,9z*)} < maz{d(gz,gy*), d(gy,gz")},
a contradiction. Hence

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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gz = gy* and gy = gx*. (3.10)
Thus, from (3.7) and (3.10), we get
gz = gr* = gy = gy*. (3.11)

Let (x,y) be a coupled coincidence point of F' and ¢, hence gz = F(z,y) and
gy = F(y,x). Let us take u = gz and v = gy. Since F and g are w—compatible, we
have

and
gv = g9y = gF(y,x) = F(gy, gz) = F(v,u).
Hence (u,v) is a coupled coincidence point, hence from (3.7) we have
gu = gz and gv = gy. Thus
u=gx=gu= F(u,v)andv = gy = gv = F(v,u). (8.12)

Hence (u,v) is a coupled common fixed point.
And from (3.11) we have u = v.

Let (u1,v1) be another coupled common fixed point of F' and g.

i.e., up = guy = F(uy,v1)and vy = gu; = F(v1,uq) (3.13)
From (3.11), (3.12) and (3.13), we get

u; = gup = gu = v and v = gv; = gv = 0.

Hence coupled common fixed point is unique. O

Corollary 3.1. Let (X, d) be a metric spaceand F : X x X — X, g: X — X be
two maps, the pair (F, g) satisfy property (E.A), g(X) is closed and F is a Ciric type
g—wealk contraction map then F' and g have a coupled coincidence point. Further, F
and g have a unique coupled common fixed point provided F' and g are w-compatible.

Proof. Since the pair (F, g) satisfies property (F.A) and g(X) is closed, by Remark
1.8 we have F' and g satisfy C LR, property and hence by Theorem 3.1 the
conclusion of this corollary follows. U

Example 3.2. Let X = [0, 1) with the usual metric.
We define F': X x X — X by

=Y oifrye [07%) with x >y
Flz,y)=4 3 ifzyels ) withz>y

0 otherwise;
z ifzel0,3)
and g : X — X defined by gx =
S ifxeli1).
Now, we choose the sequences {z,} and {y,,} in X by x,, = n%irg and y, =
n=123,.., then
lim F(2n,yn) = n&n@ g(x,) = 0= g0 and

_1
3n+1°

lim F(yn,x,) = lim g(y,) =0=g0.

Hence the pair (F, g) satisfy CLR,, property.

We define ¢ : Ry — Ry by ¢(t) = %t, t > 0; here we observe that t — ¢(t) is an
increasing function.
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Now, we consider the following cases to check the inequality (2.1).

First we consider the case z,y, u,v € [0, %)
Now, we have the following four subcases.

Subcase (7) : > y and u > v.
Now
sl@—u)+(w—y)] ifezu vy

Wl

[(z—u)+(y—v)] ifz>u, v<y

=

d(F(z,y), F(u,v)) <
[(u—2)+@w—y)] ife<uv>y

W=

sllu—2)+y—0) ifz<u v<y (3.14)

and
M(x7yauav) :max{|x—u|, ‘y—’U|, QI;‘U, Y, 2u3+v’ v, |317§L+v‘7 Y, ‘3u73$+y|7 U}'

;[Sz—gu—Q—U]

whenever (x> u,v > y) or (x > u,v < y)
Hence (3.14) <

g[g’“%*y] whenever (z < u,v > y) or (r < u,v < y)

= M(z,y,u,v) —p(M(z,y,u,v)).

Subcase (47) : ¢ >y, u < v.

In this subcase, we have
%m if max{z,y,u,v} ==z

A(F(e,y). Fluv) = 3e—n) <q

v if mar{z,y,u,v} =v

= M(z,y,u,v) —o(M(z,y,u,v))

where
2z+y 2v+tu

M(x,y,u,v)zmaxﬂx—u\, |y—v|, 3 YU, T3, |y_v

30 Ju = 552, o).
Subcase (1i7) : * < Yy, © > 0.

By symmetry in the inequality (2.1), it is clear that the inequality (2.1) holds as in
Sub case (27).

Subcase (1v) : ¢ < y, u < v. Inequality (2.1 ) holds trivially.

In the following cases, i.€.,

(@) z,y,u,v € [%,1) or u,v € [0, %) and x,y € [%,1) with z >y, u < v;
(i) u € [0, %) and x,y,v € [%, 1) with = > y;

@ii) v € [0,3) and x,y,u € [3,1) with z > y.

In these cases, we have

d(F(a:,y), F(u, v)) =
where M (z,y,u,v) =

% < %% = M(x,y,u,v) - gD(M(IL',y,’U,,’U)),
>

Now we consider the following cases:

@) z,y €[0,%) and u,v € [§,1) with z >y, u < v

(#4) x,y,u € [0, %) and v € [%, 1) with = > y;

(@) z,y,v € [0,3) and u € [}, 1) with z > y.

In these cases, we have

d(F(fvy)v F(u, U)) = %g(x —y) < %% = M(z,y,u,v) — o(M(z,y,u,v)),

where M (z,y,u,v) = 15.
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Also, we consider the following case :
T,y € [O,%) and u,v € [%,1) with z > y, u > v then

d(F(z,y), F(u,v)) = # < T8 — M(x,y,u,v) — o(M(z,y,u,v)),

where M (z,y,u,v) = 13-

Further, we have the following cases :

W) x <y, u<v; x,y,u,v € X;

(22) u, v are in different intervals and x, y are in different intervals;
(222) x, y are in different intervals with u < v;

(2v) u, v are in different intervals with z < y.

In these cases, we have d(F(z,y), F(u,v)) = 0.

Since the inequality (2.1) is symmetric, the other cases i.e., x is replaced by v and
y is replaced by v also hold.

Now at (z,y) = (0,0) we have g = F(z,y), gy = F(y,z) and

gF(z,y) = F(gz, gy). Hence F and g satisfy all the hypotheses of Theorem 3.1 and
(0,0) is a coupled common fixed point. In fact (0, 0) is unique.

Remark 3.3. In Theorem 3.1, we considered Ciric type g— weak contraction which
is more general than the inequality (1.1) and relaxed the condition F(X x X) C
9(X) but imposed a condition namely ¢ is continuous on R . Thus Theorem 3.1 is
a partial generalization of Theorem 1.1.

Theorem 3.2. Let (X, d) be a metric space, F : X x X — X and g : X — X be two
mappings such that

(i) F and g satisfy CLR, property,
(ii) there exists T € A such that

Td(F(z,y), F(u,v)), dgz, gu),d(gy, gv), d(gz, F(z,y)), d(gy, F(y, )),
d(gu, F(u,v)), d(gv, F(v,u)), d(gz, F(u,v)), dgy, F(v,u)),
d(gu, F(x,y)), d(gv, F(y,z))) <0 forallz,y,u,v € X. (3.15)

Then (a) the pair (F, g) has a coupled fixed point and

(b) the pair (F, g) has a unique coupled common fixed point provided it is
w— compatible.

Proof. By (i), there exist two sequences {z,} and {y,} in X such that

lim F(xn,y,) = lim g(z,) = gz and
n—-o0 n——-o0

lim F(yn,x,) = lim g¢g(y,) =gy for some z,y € X.
n—-oo n—-oo
Now, we prove that gz = F(x,y) and gy = F(y, ).

We assume that d(gz, F(x,y)) > 0 or d(gy, F(y,x)) > 0.
Now, we consider

T(d(F(zn,yn), F(2,y)), d(gTn,gz), d(gyn,9y), d(gTn, F(Tn,yn)),
d(.gynaF(yn;xn))? d(gm,F(m,y)),d(gy,F(y,x)L d(gmnaF(‘T7y)>7

d(gyn, F(y,2)), d(gz, F(xn,yn)), d(gy, F(yn,zn))) < 0.
On taking limits as n — oo, we get

T(d(gz, F(,y)),0,0,0,0, d(gz, F(z,y)), d(gy, F(y,)), d(gz, F(x,y)),
d(gy, F(y,)),0,0) <0.
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Hence from condition (77) of Definition 2.4 we get

d(gz, F(x,y)) < f(maz{d(gz, F(x,y)), d(gy, F(y,z))}).
Again we consider

T(d(F(yn, xn), F(y,x)), d(gyn.gy); d(gn,9z), d(gyn, F (Yn,xn)),
d(gznaF(xnyyn))’ d(gy,F(y,:z:)),d(gx,F(x,y)), d(gyn,F(y,x)),

d(gzn, F(z,9)), d(gy, F(yn,zn)), d(gz, F(2n,yn))) < 0.
On taking limits as n — oo, we get

T(d(gy, F(y,)),0,0,0,0, d(gy, F(y,x)), d(gz, F(xz,y)), d(gy, F(y,x)),
d(gz, F(z,y)),0,0) < 0.

Hence from condition (77) of Definition 2.4 we get

d(gy, F(y,z)) < f(maz{d(gz, F(z,y)), d(gy, F(y,x))}).
From (3.16) and (3.17) we get
maz{d(gz, F'(z,y)),d(gy, F(y,v))} < f(maz{d(gz, F(x,y)),d(gy, F(y,x))}),

< maz{d(gz, F(z,y)),d(gy, F(y,x))},
a contradiction.

Hence gz = F(x,y) and gy = F(y, x).

Thus (z,y) is a coupled fixed point of F' and g.
Let (z,y) and (z*,y*) be two coupled coincidence points of F' and g.
Now, we prove that gr = gz* and gy = gy*.

We assume that d(gz, gz*) > 0 and d(gy, gy*) > 0.
Now, we consider

T(d(F(z,y), F(z*,y")), d(gz, gz*), d(gy,9y"), d(gz, F(z,y)), d(gy, F(y,z))
d(ga™, F(z*,y")), dlgy*, F(y*,27)), d(gz, F(z*,y")), d(gy, F(y*, x"))
d(gz”, F(z,y)), d(gy*, F(y,z))) < 0. Hence

T (d(gx, gx*), d(gz,gz*), d(gy,gy*),0,0,0,0, d(gx, gz*), d(gy,gy*),
d(gz*, gx), d(gy, gy*), d(gz*, gx),d(gy*, gy)) < 0.

Hence from condition (77) of Definition 2.4 we get

d(gz, gz*) < f(maz{d(gz, gz*), d(gy, gy*)}).

Similarly it follows that

d(gy, gy*) < f(maxz{d(gz, gaz*), d(gy, gy*)})-

From (3.18) and (3.19) we have

maz{d(gz, gz*), d(gy,gy*)} < f(maz{d(gz, gz*), d(gy,9y*)})

< maz{d(gz,gx*), d(gy,gy*)},
a contradiction.

Hence gxr = gx* and gy = gy*.
Now we prove that gx = gy* and gy = gz*.

We assume that either d(gz, gy*) > 0 or d(gy, gz*) > 0.
Now, we consider

T(d(F(z,y), F(y*, %)), d(gz,gy*), d(gy,gz*), d(gz, F(x,y)), d(gy, F(y,x)),
d(gy*, F(y*,x*)), d(gz*, F'(z*,y")), d(gz, F(y*,x")), d(gy, F(z*,y"))

(3.16)

(3.17)

(8.18)

(3.19)
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dgy™, F(z,y)), dlgz™, F(y,x))) <
T(d(gz, 9y*), d(gz,gy*), d(gy, gz*),0,0,0,0, d(gz, gy*),d(gy, gz*),
d(gy*, gv), d(gz*, gy)) < 0. Hence
T(d(gz, gy*), d(gz,gz*), d(gy.gy*),0,0,0,0, d(gz, gz*), d(gy,gy"),

d(gx*, gz), d(gy, 9y*), d(gz*,gx),d(9y", gy)) < 0.
Hence from condition (77) of Definition 2.4, we get

d(gz, gy*) < f(maz{d(gz, gy*), d(gy, gz*)}). (3.20)
Similarly it follows that
d(gy, gz*) < f(maz{d(gz, gy*), d(gy, gz*)}). (3.21)

From (3.20) and (3.21) we have
maz{d(gz, gy*), d(gy,gz*)} < f(maz{d(gz, gy*), d(gy, gz*)})

< maz{d(gz, gy*), d(gy,g2")},

a contradiction.
Hence gz = gy* and gy = gz*.
Thus gr = gx* = gy = gy*. (3.22)
Let (z,y) be a coupled coincidence point and take u = gz, v = gy.
Hence u = gz = F(z,y) and v = gy = F(y, x).
Since the pair (F, g) is w—compatible, we have
and

gv = ggy = gF (y,z) = F(gy, gv) = F(v,u)
so that (u,v) is a coupled coincidence point. Hence gu = gz and gy = gv.
Thus u = gz = gu = F(u,v) and v = gy = gv = F(v,u).
Hence (u,v) is a coupled common fixed point.
Moreover from (3.22) we get u = v.
Now we suppose that (u1,v1) be another coupled common fixed point

i.e., up = guy = F(uy,v1) and v1 = gv; = F(v1,u1).

From (3.22) we get

u; = guy = gu = u and v; = gv; = gv = v.

Hence coupled fixed point is unique. O

Corollary 3.4. Let (X, d) be a metric space, F': X x X — X and g : X — X be two
mappings such that
(i) F and g satisfy property (E.A),
(ii) g(X) is a closed subset of X,
(iii) there exists T € A such that

T(d(F(x,y),F(u, v)), d(gx,gu),d(gy,gv)d(gm,F(ay)),d(gy,F(y,x)),d(gu,F(u,v),

d(gv, F(v,u)),d(gx, F(u,v)), d(gy, F(v,u)),d(gu, F(z,y)), d(gv, F(y,z))) <0
Sorallzx,y € X,
then (a) the pair (F, g) has a coupled fixed point
(b) the pair (F, g) has a unique coupled common fixed point provided it is
w— compatible.

Example 3.5. Let X = [0, 1) with the usual metric. We define T : R}' — R by
T(t17t17 "‘7t11) = tl —h ma’x{t27t3vt4vt5at67t77t87t97t107t11}7 where h = %
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Clearly T' € A. Now, we define F': X x X — X and g: X — X by
MT_Z’ ifx >y x ifo[O,%)
F(xay) = gr =
0 if x <wy; X ifxzeli ).
Now, we choose the sequences {z,} and {y,} in X by

Ty = %«}5 and UYn = m’ n = 1,2,3..., then
lim F(z,,y,) = lim g(z,) =0=g0
and
lim F(yn,zn) = lim g(yn) =0=g0.
n—so00 n—>aoo

We define ¢ : Ry — Ry by o(t) = t > 0; here we observe that t — (t) is
an increasing function. And at (z,y) = (0,0) we have gF'(z,y) = F(gx, gy). Here
we note that F' and g satisfy the inequality (3.15). Hence F' and g satisfy all the
hypotheses of Theorem 3.2. and (0, 0) is a coupled common fixed point. Moreover
(0,0) is unique.

t
9>
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ABSTRACT. In this paper we develope the weak contraction mapping principle in the context
of partial metric spaces which are generalizations of metric spaces meant for the study of
denotational semantics of programming languages. We consider certain control conditions
for this purpose and accomplish the task in partial metric spaces. Additionally, a partial
order is defined on this space. An illustrative example is given. The method we use in this
paper is a combination of analytic and order theoretic methodologies.
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1. INTRODUCTION

Fixed points play an important role in computer science especially for justifica-
tions of induction and recursive definitions. In 1994 Matthews [23, 24] introduced
the conception of partial metric spaces as generalizations of metric spaces where
self distance may be non-zero. The motivation for such a generalization comes
from the study of denotational semantics of programming languages in computer
science [38] where it was felt that a metric approach to this study is not possible
unless the definition of the metric is suitably modified. Our interest is to prove
fixed point results in this space. Fixed points have important roles to play in com-
puter science, especially in semantics [37]. The study of fixed points in partial
metric spaces was initiated in [23] where Matthews established a contraction map-
ping theorem in partial metric spaces. Other fixed point results followed this work.
Some instances of these works are in [1, 4-6, 21, 22, 31, 33, 35, 40].
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In metric spaces we find a lot of efforts to generalize the Banachs contraction
mapping principle as, for instances, in [7, 9, 25, 39]. Particularly, Alber and
Guerre-Delabriere in [3] introduced the concept of weak contraction in Hilbert
spaces. Rhoades in [34] has shown that the result which Alber et al. proved
in [3] is also valid in complete metric spaces. A weak contraction is intermediate to
contraction mapping and a nonexpansive mapping. The weak contraction principle
established by Rhoades in metric spaces as mentioned above has been generalized
in a number of ways. Dutta and Choudhury [15] has proved a generalization
employing a method different from that used by Rhoades. Another approach of
generalisation was initiated by Eslamian and Abkar [17] and was further adopted
by Choudhury and Kundu [14].

A separate methodology was applied to this problem by Popescu [32] and proved
that some of the control conditions used by Doric [16] are not required. There
are several other fixed point results of weakly contractive mappings and their gen-
eralizations. Some instances of these works are noted in [10, 12-13, 16, 28, 29, 41].

In recent years fixed point theory has experienced a rapid development in par-
tially ordered metric spaces. References [2, 8, 11, 19, 27, 30] are some instances
of these works. Particularly, Harjani et. al have established a generalized weak
contraction principle in partially ordered metric spaces [20].

The purpose of this paper is to weaken the contractive conditions in partial met-
ric spaces having a partial ordering defined on them. We have shown that the
weak contractions necessarily have fixed points in partially ordered partial metric
spaces. using the notion of weak control conditions two fixed point theorems in
ordered partial metric spaces in view of Popescu [32] conditions has been proved.
Here our effort is to show that a parallel development is also possible in partial
metric spaces with a partial order. Our approach is a blending of analytic and
order theoretic methods. We have given an illustrative examples.

The following are some essential concepts for our discussion in this paper.

Definition 1.1. [23] Let X be a nonempty setand let p : X x X —R™T be such that
the following are satisfied, for all z,y,z € X
(P1)z =y < p(z,7) = p(y,y) = p(z,y)
(P2) p(z,z) < p(z,y)
(P3) p(z,y) = p(y,z)
(P4) p(z,y) < p(z, 2) + p(2,y) — p(2, 2).

Then the pair (X, p) is called a partial metric space and p is called a partial
metric on X.
It is clear that, if p(z,y) = 0, then from (pl) and (p2) © = y. Butif z = y, p(z,y)
may not be 0. If p be a partial metric on X, then the function d,, : X x X — R*
defined as

dp(z,y) = 2p(x,y) — p(z,2) — p(y,y) (1.1)

satisfies the conditions of an usual metric on X [23]. Each partial metric p on X
generates a T} topology 7, on X, whose base is a family of open p—balls {B,(z,¢) :
z € X,e >0} where B,(z,e) ={y € X : p(z,y) < p(z,z) + ¢} forall z € X and
e > 0[23].
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The concepts of convergence, Cauchy sequence, completeness and continuity in
partial metric space is given in the following definition.

Definition 1.2. [23] Let (X, p) be a partial metric space.

(1) A sequence {z,} in the partial metric space (X, p) converges to the limit x if
and only if p(z,z) = lim p(z,z,).
n—oo

(2) A sequence {z,} in the partial metric space (X,p) is called a Cauchy se-

quence if lim p(z,,2,) exists and is finite.
m,n— oo

(3) A partial metric space (X, p) is called complete if every Cauchy sequence {z,, }
in X converges with respect to 7, to a point x € X such that

plz,z) = lm p(zpm,zn).

m,n— o0

(4) A mapping f : X — X is said to be continuous at x¢ € X if for every £ > 0,

there exists ¢ > 0 such that f(B,(zo,d)) C By(fzo,€).

The following implication follows from the above definition.
If a function f : X — X where (X,p) is a partial metric space is continuous
then fx,, — fx whenever z,, — x as n — oo.

Lemma 1.3. [23] Let (X, p) be a partial metric space.

(1) A sequence {x,} is a Cauchy sequence in the partial metric space (X, p) if and
only if it is a Cauchy sequence in the metric space (X, dp).

(2) A partial metric space (X, p) is complete if and only if the metric space (X, d,,)
is complete. Moreover, lim dy,(z,z,) = 0 if and only if p(z,z) = lim p(z,x,) =
n—oo n—oo

lim p(xnm xn)

m,n— 00
Definition 1.4. A function f : R — R is said to be monotone non-decreasing (or
monotone increasing) if > y implies f(z) > f(y).

The following are examples of a partial metric spaces.

Example 1.5. [22] Let X =[0,1] and p : X x X —R" be defined as p(z,y) =
max{z,y}. Then, (X, p) is a partial metric space and it is also complete.

We construct the following example of a partial metric spaces.

Example 1.6. Let X = {0,1,2,3,4,.....}. We definep: X x X —R" as
r+y+2ifx#y,
p@,y) = { lLifz=y.

Then p is a partial metric on X.

The properties (P1), (P2) and (P3) are directly verified by inspection. We prove
(P4) in the following. Let a,b,c € X. If a # ¢ then

)pla,c)=a+c+2<a+b+2+b+c+2—-1=p(a,b)+pb,c)—pbb) Gf
b # a and b # ¢).

ii) p(a,c) =a+c+2<1+a+c+2=p(ab)+pbc)—pbb) (fb=aand
b # o).
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If a = c then p(CL,C) =1< p(a> b) +p(b7 C) -1= p(aa b) +p(ba C) - p(b’ b)
Thus (P4) is satisfied.
In view of (1.1) the function d, : X x X — R7T defined as

_ 20 + 2y + 2,if x #£ y,
dp(x,y)—{ 0,ifz = y.
It is a metric on X.

2. MAIN RESULTS

Theorem 2.1. Let (X, <) be a partially ordered set and let there be a partial metric
p on X such that (X,p) is a complete partial metric space. Let f : X — X be a
continuous and non-decreasing mapping such that

v(p(fz, fy) < v(M(z,y)) — B(M(z,y)) wheneverz,y € X and z <y, (2.1)
with

M (z,y) = max{p(z,y),p(Tx,x),p(y, Ty), %[p(% Tz) + p(x, Ty)|} (2.2)

where

)¢ : [0,00) — [0,00) is a monotone non-decreasing function such that ¢ (t) = 0 if
and only ift = 0,

i) 3 : [0,00) — [0, 00) is afunction satisfying 5(0) = 0, liminf3(a,) > 0 whenever
lim a, =a >0,

i) B(t) > (t) —(t™) forall t >0, where(t™) is the left limit of ¢ at t.
If there exists xy € X such that xg = fxg, then f has a fixed point.

Proof. Starting with zy € X, and following the same steps as in theorem 2.1, we
obtain a sequence {x, } in X defined as

fxn =xpy1 foralln >0, (2.3)
for which

2o = fro=x1 X fr1 =22 =X fro X nnii. S frpaa=an 2 frp =2p01 2l

If z,, = 41, then f has a fixed point. Therefore we assume that
Ty # Tpy1, forall n > 0.
Then it follows from the definition of p that
p(xp, Tpy1) #0 foralln > 0. (2.5)
Let, if possible, for some n
P(Tn—1,%n) < D(Tp, Tpy1). (2.6)

By triangular inequality of partial metric space,

E On1, Tns1) + P 70) < = (D(En1,2n) + DT Zns1)

2 2
< max{p(xn—lvxn)ap(xn’xn—‘rl)}
Now,
M(:Cn,h‘fn) = maX{p(xnflaxn)ap(xnflvxn)vp(xn:$n+1)7

%[p(a:m Tn) + P(Tn—1, Tni1)]}

= p(@n,Tny1) [y (2.6)]
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Substituting * = z,_1 and y = z,, in (2.1), using (2.2), (2.3), (2.4) and the
monotone property of ¢, for all n > 0, we have
1/)(17(1’71, xn—‘,—l)) = qu(p(fxn—lv fl’n))
S ’ll)(M(l'n,h xn)) - /Q(M(xnfla xn))
. S ¢(P($m$n+1)) _B(p(xn7$n+1)) (27)

A consequence of the properties of § given in condition (ii) of the theorem is that
B(a) > 0 for a > 0. Then from (2.5), B(p(xn, Trn+1)) > 0. With this, (2.7) leads to a
contradiction. Therefore, for all n > 1,

p((ﬂn, xn+1) < p(xnfla xn)
Thus the sequence {p(z,, T,+1)} is a monotone decreasing sequence of non-negative
real numbers and consequently there exists 7 > 0 such that

lim p(zy,, Tpy1) =7 2.8)
n—oo

Suppose that r > 0. If there exists n such that p(x,,z,+1) = r, then, by (2.7) we
have 9 (r) < ¢(r) — 8(r). Since §(r) > 0, this is a contradiction. So p(xy,, Tp+1) >
r, for all n > 0. Then taking limit infimum as n — oo in (2.7), using (2.8) and the
fact that {p(x,, n+1)} is monotone decreasing, we have

Y(rt) <ovirt) - nh_{go inf B(p(zn, Tnt1)).

By virtue of condition (i), lim inf 8(p(xy,,n11)) > 0. So the above inequality leads

n—oo
to a contradiction. Hence

lim p(2,, Tpy1) = 0. 2.9)
n—oo
It follows by (P1) and (P2) of definition 1.1 that
lim p(z,,z,) = 0. (2.10)
n—oo

Since from (1.1), dp(z,y) < 2p(z,y) for all z,y € X, for all n > 0, from (2.9) it
follows that

lim dp(zp, znt1) = 0. (2.11)

Next we show that {z,,} is a Cauchy sequence in (X, d,). If not, then there exists
some ¢ > 0 for which we can find two subsequences {,, )} and {z,x)} of {z,}
such that, for all k¥ > 0,
n(k) > m(k) >k,
Ap(Tm(k) Tn(k)) = € 2.12)

and

dp(a:m(k), a?n(;g),l) < €. (2.13)
Now, for all £ > 0, we have

€ < dp(Tm(k)s Tnk)) < dp(Tm(k)s Tr(k)—1) + dp(Trk) =15 Tn(k))
<e—+ dp(mn(k)_l, JCn(/C)) (by(2.13)).

Taking k — oo in the above inequality, using (2.11), we obtain

klirrgodp(xm(k),xn(k)) =E. (2.14)

Also, for all k > 0, we have
dp (T (k) =1, Tn(k)—1) < Ap(Tm k) =15 Tmk)) + dp(Tm(r)s Trr)) + dp(Tr(k)s Tnk)—1)
and dp (T (k) Znk)) < Ap(Tmk)s Trm(k)—1)Fdp(Trr) =1, Tne)—1) Fdp(Tnk) =1, Tn(k))-
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Taking limit as k — oo in the above two inequalities, using (2.11) and (2.14) we
obtain

klir{:odp(xm(k)_l,xn(k)_l) =ec. (2.15)
For k=1,2,3...
dp(Tr(k)—1, Tm(k)) < dp(Trr)—1, Tnk)) + dp(Tnik), Tm(k)) (2.16)
and
dp(xn(k)a x?n(k)) < dp(xn(k)a ‘rn(k)—l) + dp(xn(k)—lv xm(k)) (2.17)

Making £ — oo in (2.16) and (2.17) respectively, and using (2.14) and (2.11) we
have
kliﬂ()lcdp(xn(k),l, l‘m(k)) =e. (2.18)

Again for k=1,2,3...
dp(xn(k:)a xm(k:)A) < dp(xn(k)v xm(k)) + dp(xm(k)a xm(k)q)

and dp(zn(k:)7 ‘Tm(k:)) < dp(zn(k:)v xm(k)—l) + dp(zm(k)—la x’m(k))‘
Making k£ — oo in the above two inequalities and using (2.14) and (2.11) we obtain

klim dp(wn(k)7$m(k)—1) =E&. (2.19)

Since for all z,y € X, d,(z,y) < 2p(z,y) — p(z,z) — p(y,y) by using, (2.14), (2.15),
(2.18) and (2.19) we get

. €
1 (@ () () = 2 (2.20)
lim p( )=> 2.21)
im p(z x == i
k_mp n(k)+1> Tm(k) 9’
. €
klif{:op(xm(k)—1, Tp(k)+1) = 3 (2.22)
and
. €
klgr;op(xn(k)yxm(k)—l) =3 (2.23)
Next we show that for sufficiently large k, p(,, k), Tn(k)) < %
If not, then there exists a subsequence {k(i)} of N such that for all i > 0,
€
= < P( T k(i) Trk(i))))- (2.24)

2

In view of (2.4), substituting & = Xy, (x(;))—1 and y = Tk (;))—1 in (2.1), for all i > 0,
we have
V(P(Tm k(i) Tn(k())))
YO Tmki))—1 fTnre))—1))
V(M (T k(i) -1 Tnir(i))—1)) = BIM(Tim(k(iy)—1 Tn(k(i)—1))-  (2.25)

M (T k() =15 Tr(h(i))—1)

= maX{p(xmgk(i))fh T k(i) —1) P(Tm(k(6)) = 1> Tm(k(i)))s P(Tn(k(i) = 1> Tn(k(i)))s

g(p(xm(k(i)yh ﬂ?n(k(i))) +P(33n(k(i)>flv xm(k(i))))}

Taking limit as 7 — oo in (2.25), using (2.20)- (2.23) in the above inequality,
taking into account the inequality (2.24) and the monotone property of ¢/, we obtain
1/1(2 ) < ¢(§ ) = M inf BOM (L i i) 15 Tnh(in)-1))-

But by a property of (3, the last inequality implies that

IN

e+ e+

hgg}fﬂ(M(xm(k(i))—la zn(k(i))—l)) > 0.
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Then the above inequality gives a contradiction. Thus for sufficiently large k,
P(T (k) Tr(r)) < % (2.26)
Again from (1.1) we have
dp(Trm(k), Tn(k)) = 2P(Tm(k)s Tn(k)) = P(Tm(k), Tmk)) = P(En(k)s Tn(k))-

Taking k — oo and using (2.14) and (2.10), we have p(Zy, k), Tn(k)) = % Then the

above observation along with (2.26) implies that, there exists a positive integer k;

such that for all £ > kq,
€

P(@m(k) Tu(i)) = 5- 2.27)

Substituting = = T (k) and y = Yn(k) In (2.1), (2.2), using (2.3), (2.4), we obtain
VP Em)+15 Tu+1)) = VO Tm@), [Tnk)))
V(M (T () Tr(ry)) — BIM (T (), Tr(ry)) (2.28)

IN

where,
M (Zm(k)s Tnky) = MAD( T (k) Tn(k))s P(Tm(k)s Tmk)+1) P(Tn(k)s Tn(k)+1);

1
§(p($m(k)7 Trk)+1) + P(Tm(k)+1, Tn(r)))} (2.29)

Then, for all k > k1, M (&), Tn(k)) = g and (2.28) becomes

€ € €
V(P (k)+15 Tr(k)+1)) < w(i) - 5(5) < 1/’(5)' (2.30)
Thus, by (2.30), using the monotone property of ¢, for all £ > k;, we have
€
p(xm(k‘)—i-laxn(k-)+1) < 5 (2.31)
Taking the limit as k¥ — oo in (2.28), using (2.29) and (2.31), we obtain w(gi) <
7’[}(;) -p (%) which contradicts condition (iii).

Therefore the sequence {z,} is a Cauchy sequence in (X,d,). Since (X,p) is
complete, by lemma 1.3, (X, d,) is complete and consequently the sequence {x,, }
is convergent to z in X, that is,

lim z,, = z. (2.32)
n—oo
Thus, by lemma 1.3,
p(z,2) = lim p(xn,2) = Um p(x,, Tm). (2.33)
n— oo n,Mm— 00

Again by (1.1), for all m,n > 0

dp(xna me) = 2p(xn; xm) - p(l’m xn) - p(l’m, x'm)~
Taking limit m,n — oo, using (2.10) and the fact that {xn} is a Cauchy sequence
in (X, d,), we have
lim p(z,,z,) =0.

n,m-— o0

Then, from (2.33), it follows that
p(z,2) = lim p(zy,2) = lm p(zy,zm) =0. (2.34)
n—oo

7,1M— 00
Next we prove that fz = z. Suppose that
p(z, fz) > 0. (2.35)
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By virtue of (2.32), the continuity of f implies that fx, — fz as n — oco. Then,
by lemma 1.3, we have

p(fz fz) = lim p(fn, fz) = lm p(znir, f2). (2.36)
Now,
p(z f2) < p(z2ni1) +p(@ng1, [2) = p(Tngr, Tnga)
< p(z@nt1) + p(@ngr, f2).
Taking n — oo in the above inequality, using (2.32), (2.34) and (2.36), we obtain
p(z, fz) < lim p(z,2n41) + nlirgop(xn+1, f2)

n—oo

= p(fz f2).

M(z,2) = max{p(z, 2),p(z, f2),p(z, f2), 5(p(2, f2) + p(2, f2))} = p(2, f2) [by
(2.34)]
Using the last inequality and the monotone property of 1, from (2.36) we obtain,

Pp(z f2)) < P(p(fz f2)) S P(M(2,2)) = B(M(z,2)) (by (2.1) and (2.4)).

< W(p(z, f2)) — Bp(z, f2)) (2.37)
In view of (i), (ii) and (2.35) we obtain p(z, fz) = 0. Then from (P1) and (P2) of the
definition 1.1, it follows that z = fz. 0

Our next theorem is obtained by replacing the continuity of f by an ordered
theoretic condition.

Theorem 2.2. Let (X, <) be a partially ordered set and suppose that there exists a
partial metric p on X such that (X, p) is a complete partial metric space. We assume
that if any nondecreasing sequence {x,,} in X converges to z, then

Ty, X 2z foralln > 0. (2.38)
Let f : X — X be a non-decreasing mapping such that

Y(p(fz, fy)) < Y(M(x,y)) — B(M(z,y)) forallz,y € X and = <y (z # y),
(2.39)

where 1 and (3 satisfies all the condition of theorem 2.3. If there exists ro € X such
that xg =X fxg, then f has a fixed point.

Proof. Following the steps identically as in the proof of the theorem 2.1 we obtain
(2.32) and (2.34). In view of (2.4) we claim that {xn} is a non-decreasing sequence
converges to z in (X, p) such that for all n > 1, z,, < z. If z,, = z, for some n,
then, from (2.29) and (2.54), it follows that z,, = x,41, in which case we have a
fixed point. So we assume that x,, # z for all n > 0. From (2.34) it is observed that
p(z,2) = 0. Suppose € = p(z, fz) > 0.

Thus for each kg there exists kg € N such that for n > ko,

p(Tn,2) < g and in view of (2.9) p(@p41,Ty) <

| ™

€
57
p(z, f2)

P(Tny1,2) <

P(27In+1) Jrp(ﬂ??n+17 fZ) *P(In+1,$n+1)
p(Z, xn-i-l) + p(fxnv fZ)

Taking n — 00, and using (2.34), we have

p(z, fz) < lim p(fa,, f2) (2.40)

<
<
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Since z,, X z , putting ¢ = x,, and y = 2 in (2.39), using (2.40), and the property of
P, we get
b(p(z, f2)) < lm d(p(fan, f2))
< lim (M (2p,2)) — lim S(M(zn, 2)) (2.41)

e = plz fz) < M(z,,2)

—_

= max{p(:(:m Z)vp(Z’ fz)7p(fmn7$n)a §(P($n7 fZ) +p(Z, fxn))}

= max (P, 2), D1, 0), DS 2 2)y 5 (s 2) (3, £2) D3 2s1))}
g €
22

IN

max{=, —,¢,e} =e.

Then by (2.41),

P(e™) < ¥(e) — Ble) (2.42)
In view of the properties of (i)-(iii) we arrive at a contradiction, unless p(fz, z) = 0.
Since p(z,2z) = 0 and p(z, fz) = 0, from (P1) and (P2) of definition 1.1, it follows
that z = fz. O

Remark 2.3. Under the assumption when partial metric is a metric we have the
result of Popescu [32].

Example 2.4. Let X = [0, 1]U{2, 3, 4, ...}. p(z,y) = mazx{z,y} for z,y € X. We
define a partial order as follows

DO0<zforallz €[0,1]]and 0 <2, 1< 3.
2)forall xz,y€{2,3,4,..} x 2 yiff © <y and (y —x) is divisible by 2.

That is we have the following two chains 0 < 2 < 4...and 0 < 1 < 3... Then
“ X7 satisfies all the conditions of a partially ordered set.

Also, (X, p) is a complete partial metric space.
Let ¢ : [0,00) — [0, 00) be defined as:

t if 0<t<1
Mt)_{ 2, if t>1.

and

B:0,00) — [0, 00) be defined as:

t2 :
L fo<t<l1
=4 2 LUt
Alt) {2t1, if t>1.

Let f : X — X be defined as:
2
b(t) = x—% if 0<z<1
-1, if ©e{2,3,4,..}.

without loss of generality, we assume that = > y.
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p(:&y) = max{:c, y} =7, p(l‘,fﬂ?) = max{;m f.’l?} =,
p(y, fy) = max{y, fy} = y.

2
_ [ max{y,z - %}, if 0<z<1
p(y, fz) { max{y,z — 1}, if z€{2,3,4,..}
or
2
_ ) max{z,y - %} =2, if 0<y<1
p(z, fy) { max{z,y — 1} = x, if ye{2,3,4,..}.
Then

M(z,y) = max{p(z,y), p(fz, ), p(y, fy), 5 (0(y. fz) + p(z, fy)} = =
Therefore, we discuss the following cases.

Case-1: z,y € [0, 1]. Then

V(e ) = (max (v - 5,y - %))

w(ac—%) [since z + y < 2]

z?
2

Case-2: z € {3,4,...} and y € [0,1]. Then
Y(p(fz, fy) = (max (x -ly— %2))
—G-1)

=(z—-1)7=a22-22+1

= (M (z,y)) — B (M (z,y)).

Case-3: x =2and y € [0,1], fx = 1. Then

lp(fe, fy)) = (max (1,y - %))

= (M (z,y)) — B (M (x,y)).

Hence the required conditions of theorem 2.1 are satisfied and it is seen that “0”
is the fixed point of f in X.
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