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ABSTRACT. In the present paper we introduce some double sequence spaces using ideal
convergence and a sequence of Orlicz functionsM = (Mk,l) in n-normed spaces and ex-
amine some topological properties of the resulting sequence spaces.
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Musielak-Orlicz function; n-normed spaces.
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1. INTRODUCTION AND PRELIMINARIES

The initial works on double sequences is found in Bromwich [4]. Later on, it was
studied by Hardy [13], Moricz [20], Moricz and Rhoades [21], Tripathy ([38, 39]),
Başarır and Sonalcan [2] and many others. Hardy [13] introduced the notion of
regular convergence for double sequences. Quite recently, Zeltser [41] in her Ph.D
thesis has essentially studied both the theory of topological double sequence spaces
and the theory of summability of double sequences. Mursaleen and Edely [25] have
recently introduced the statistical convergence and Cauchy convergence for dou-
ble sequences and given the relation between statistical convergent and strongly
Cesaro summable double sequences. Nextly, Mursaleen [23] and Mursaleen and
Edely [26] have defined the almost strong regularity of matrices for double se-
quences and applied these matrices to establish a core theorem and introduced
the M -core for double sequences and determined those four dimensional matrices
transforming every bounded double sequences x = (xk,l) into one whose core is
a subset of the M -core of x. More recently, Altay and Başar [1] have defined the
spaces BS, BS(t), CSp, CSbp, CSr and BV of double sequences consisting of all
double series whose sequence of partial sums are in the spaces Mu, Mu(t), Cp,
Cbp, Cr and Lu, respectively and also examined some properties of these sequence
spaces and determined the α-duals of the spaces BS, BV, CSbp and the β(v)-duals

∗Corresponding author.
Email address : sunilksharma42@yahoo.co.in(S. K. Sharma), kuldeepraj68@rediffmail.com(K. Raj), aksju_76@yahoo.com(Ajay K.

Sharma).
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of the spaces CSbp and CSr of double series. Recently Başar and Sever [3] have
introduced the Banach space Lq of double sequences corresponding to the well
known space `q of single sequences and examined some properties of the space
Lq. Now, recently Raj and Sharma [33] have introduced double sequence spaces
of entire functions. By the convergence of a double sequence we mean the conver-
gence in the Pringsheim sense i.e. a double sequence x = (xk,l) has Pringsheim
limit L (denoted by P − lim x = L) provided that given ε > 0 there exists n ∈ N
such that |xk,l − L| < ε whenever k, l > n see [28]. We shall write more briefly as
P -convergent. The double sequence x = (xk,l) is bounded if there exists a positive
number M such that |xk,l| < M for all k and l.
The concept of 2-normed spaces was initially developed by Gähler [8] in the mid
of 1960’s, while that of n-normed spaces one can see in Misiak [22]. Since then,
many others have studied this concept and obtained various results, see Gunawan
([10, 11]) and Gunawan and Mashadi [12] and references therein. Let n ∈ N and
X be a linear space over the field K, where K is field of real or complex numbers of
dimension d, where d ≥ n ≥ 2. A real valued function ‖·, · · · , ·‖ on Xn satisfying
the following four conditions:

(i) ‖x1, x2, · · · , xn‖ = 0 if and only if x1, x2, · · · , xn are linearly dependent in
X;

(ii) ‖x1, x2, · · · , xn‖ is invariant under permutation;
(iii) ‖αx1, x2, · · · , xn‖ = |α| ‖x1, x2, · · · , xn‖ for any α ∈ K, and
(iv) ‖x + x′, x2, · · · , xn‖ ≤ ‖x, x2, · · · , xn‖+ ‖x′, x2, · · · , xn|‖

is called a n-norm on X, and the pair (X, ‖·, · · · , ·‖) is called a n-normed space
over the field K.
For example, we may take X = Rn being equipped with the Euclidean n-norm
‖x1, x2, · · · , xn‖E = the volume of the n-dimensional parallelopiped spanned by the
vectors x1, x2, · · · , xn which may be given explicitly by the formula

‖x1, x2, · · · , xn‖E = |det(xij)|,

where xi = (xi1, xi2, · · · , xin) ∈ Rn for each i = 1, 2, · · · , n. Let (X, ‖·, · · · , ·‖)
be a n-normed space of dimension d ≥ n ≥ 2 and {a1, a2, · · · , an} be linearly
independent set in X. Then the following function ‖·, · · · , ·‖∞ on Xn−1 defined by

‖x1, x2, · · · , xn−1‖∞ = max{‖x1, x2, · · · , xn−1, ai‖ : i = 1, 2, · · · , n}

defines an (n− 1)-norm on X with respect to {a1, a2, · · · , an}.
A sequence (xk) in a n-normed space (X, ‖·, · · · , ·‖) is said to converge to some
L ∈ X if

lim
k→∞

‖xk − L, z1, · · · , zn−1‖ = 0 for every z1, · · · , zn−1 ∈ X.

A sequence (xk) in a n-normed space (X, ‖·, · · · , ·‖) is said to be Cauchy if

lim
k→∞
p→∞

‖xk − xp, z1, · · · , zn−1‖ = 0 for every z1, · · · , zn−1 ∈ X.

If every Cauchy sequence in X converges to some L ∈ X, then X is said to be
complete with respect to the n-norm. Any complete n-normed space is said to be
n-Banach space.
The notion of difference sequence spaces was introduced by Kızmaz [14], who stud-
ied the difference sequence spaces l∞(∆), c(∆) and c0(∆). The notion was further
generalized by Et and Çolak [7] by introducing the spaces l∞(∆n), c(∆n) and
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c0(∆n). Let w be the space of all complex or real sequences x = (xk) and let r be
non-negative integers, then for Z = l∞, c, c0 we have sequence spaces

Z(∆r) = {x = (xk) ∈ w : (∆rxk) ∈ Z},
where ∆rx = (∆rxk) = (∆r−1xk −∆r−1xk+1) and ∆0xk = xk for all k ∈ N, which
is equivalent to the following binomial representation

∆rxk =
r∑

v=0

(−1)v

(
r
v

)
xk+v.

Taking r = 1, we get the spaces which were introduced and studied by Kızmaz [14].
An Orlicz function M : [0,∞) → [0,∞) is a continuous, non-decreasing and convex
function such that M(0) = 0, M(x) > 0 for x > 0 and M(x) −→∞ as x −→∞.
Lindenstrauss and Tzafriri [17] used the idea of Orlicz function to define the fol-
lowing sequence space,

`M =
{

x ∈ w :
∞∑

k=1

M
( |xk|

ρ

)
< ∞

}
which is called as an Orlicz sequence space. Also `M is a Banach space with the
norm

‖x‖ = inf
{

ρ > 0 :
∞∑

k=1

M
( |xk|

ρ

)
≤ 1

}
.

Also, it was shown in [17] that every Orlicz sequence space `M contains a subspace
isomorphic to `p(p ≥ 1). The ∆2- condition is equivalent to M(Lx) ≤ LM(x), for
all L with 0 < L < 1. An Orlicz function M can always be represented in the
following integral form

M(x) =
∫ x

0

η(t)dt

where η is known as the kernel of M , is right differentiable for t ≥ 0, η(0) = 0, η(t) >
0, η is non-decreasing and η(t) →∞ as t →∞.
Let λ = (λr) be a non-decreasing sequence of positive numbers tending to infinity
and λr+1 ≤ λr +1, λ1 = 1. The generalized de la Vallee-Poussin mean is defined by

tr(x) =
1
λr

∑
k∈Ir

xk, Ir = [r − λr + 1, r].

A single sequence x = (xk) is said to be (V, λ)-summable to a number L if tr(x) → L
as r → ∞ see [16]. If λr = r, then the (V, λ)-summability is reduced to (C, 1)-
summability see ([36, 37]).
The double sequence λ2 = (λm,n) of positive real numbers tending to infinity such
that

λm+1,n ≤ λm,n + 1, λm,n+1 ≤ λm,n + 1,

λm,n − λm+1,n ≤ λm,n+1 − λm+1,n+1, λ1,1 = 1,

and

Im,n =
{

(k, l) : m− λm,n + 1 ≤ k ≤ m, n− λm,n + 1 ≤ l ≤ n
}

.

Let X be a linear metric space. A function p : X → R is called paranorm, if
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(i) p(x) ≥ 0 for all x ∈ X,
(ii) p(−x) = p(x) for all x ∈ X,
(iii) p(x + y) ≤ p(x) + p(y) for all x, y ∈ X,
(iv) if (λn) is a sequence of scalars with λn → λ as n → ∞ and (xn) is a

sequence of vectors with p(xn − x) → 0 as n → ∞, then p(λnxn − λx) →
0 as n →∞.

A paranorm p for which p(x) = 0 implies x = 0 is called total paranorm and the
pair (X, p) is called a total paranormed space. It is well known that the metric of
any linear metric space is given by some total paranorm (see [40], Theorem 10.4.2,
pp. 183). For more details about sequence spaces (see [18, 19, 24, 27, 29–31, 34])
and reference therein.
A sequence space E is said to be solid(or normal) if (xk) ∈ E implies (αkxk) ∈ E
for all sequences of scalars (αk) with |αk| ≤ 1 and for all k ∈ N.
The notion of ideal convergence was introduced first by P. Kostyrko [15] as a gener-
alization of statistical convergence which was further studied in topological spaces
(see [5]). More applications of ideals can be seen in ([5, 6]).
Recently a lot of activities have started to study sumability, sequence spaces and
related topics in these non linear spaces (see [9, 35]). In particular Sahiner [35]
combined these two concepts and investigated ideal sumability in these spaces and
introduced certain sequence spaces using 2-norm. Raj and Sharma [32] have in-
troduced some sequence spaces of ideal convergence in 2-normed spaces.
We continue in this direction and by using a sequence of Orlicz functions, general-
ized sequences and also ideals we introduce I-convergence of generalized sequences
with respect to a sequence of Orlicz functions in n-normed spaces.

Let (X, ‖·, · · · , ·‖) be a normed space. Recall that a sequence (xn)n∈N of elements of
X is called statistically convergent to x ∈ X if the set A(ε) =

{
n ∈ N : ‖xn−x‖ ≥ ε

}
has natural density zero for each ε > 0.
A family I ⊂ 2Y of subsets of a non empty set Y is said to be an ideal in Y if

(i) φ ∈ I;
(ii) A,B ∈ I imply A ∪B ∈ I;
(iii) A ∈ I, B ⊂ A imply B ∈ I, while an admissible ideal I of Y further

satisfies {x} ∈ I for each x ∈ Y (see [9]).

Given I ⊂ 2N be a non trivial ideal in N. A sequence (xn)n∈N in X is said to be
I-convergent to x ∈ X, if for each ε > 0 the set A(ε) =

{
n ∈ N : ‖xn − x‖ ≥ ε

}
belongs to I (see [15]).
Let Λ = (λm,n) be non-decreasing sequence of positive numbers tending to ∞ such
that λn+1 ≥ λn + 1, λ1 = 0 and let I be an admissible ideal of N, M = (Mk,l) be a
sequence of Orlicz functions, (X, ‖·, · · · , ·‖) is a n-normed space. Let p = (pk,l) be
a bounded sequence of positive real numbers. By S′′(n −X) we denote the space
of all sequences defined over (X, ‖·, · · · , ·‖). Now we define the following sequence
spaces in this paper :
(W I)2

�
λ,M, ∆r, p, ‖·, · · · , ·‖

�
=

n
x ∈ S′′(n−X) : ∀ ε > 0

n
m, n ∈ N :

1

λm,n

X
k,l∈Im,n

h
Mk,l

�
‖
∆rxk,l − L

ρ
, z1, · · · , zn−1‖

�ipk,l ≥ ε
o
∈ I

for some L, ρ > 0 and z1, · · · , zn−1 ∈ X
o

,
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(W I
0 )2

�
λ,M, ∆r, p, ‖·, · · · , ·‖) =

n
x ∈ S′′(n−X) : ∀ ε > 0

n
m, n ∈ N :

1

λm,n

X
k,l∈Im,n

h
Mk,l

�
‖
∆rxk,l

ρ
, z1, · · · , zn−1‖

�ipk,l ≥ ε
o
∈ I

for some ρ > 0 and z1, · · · , zn−1 ∈ X
o

,

(W∞)2
�
λ,M, ∆r, p, ‖·, · · · , ·‖) =

n
x ∈ S′′(n−X) : ∃ K > 0 such that sup

m,n

1

λm,n

X
k,l∈Im,n

h
Mk,l

�
‖
∆rxk,l

ρ
, z1, · · · , zn−1‖

�ipk,l

≤ K for some ρ > 0 and z1, · · · , zn−1 ∈ X
o

,

(W I
∞)2

�
λ,M, ∆r, p, ‖·, · · · , ·‖) =

n
x ∈ S′′(n−X) : ∃ K > 0 such that

n
m, n ∈ N :

1

λm,n

X
k,l∈Im,n

h
Mk,l

�
‖
∆rxk,l

ρ
, z1, · · · , zn−1‖

�ipk,l

≥ K
o
∈ I for some ρ > 0 and z1, · · · , zn−1 ∈ X

o
.

The following inequality will be used throughout the paper. If 0 ≤ pk,l ≤ sup pk,l =
H, D = max(1, 2H−1) then

|ak,l + bk,l|pk,l ≤ D{|ak,l|pk,l + |bk,l|pk,l} (1.1)

for all k, l and ak,l, bk,l ∈ C. Also |a|pk,l ≤ max(1, |a|H) for all a ∈ C.
The main aim of this paper is to study some topological properties and some inclu-
sion relation between above defined sequence spaces.

2. MAIN RESULTS

Theorem 2.1. Let M = (Mk,l) be a sequence of Orlicz functions, p = (pk,l) be a
bounded sequence of positive real numbers and I be an admissible ideal of N. Then
(W I)2

�
λ,M, ∆r, p, ‖·, · · · , ·‖

�
, (W I

0 )2
�
λ,M, ∆r, p, ‖·, · · · , ·‖

�
, (W∞)2

�
λ,M, ∆r, p, ‖·, · · · , ·‖

�
and

(W I
∞)2

�
λ,M, ∆r, p, ‖·, · · · , ·‖) are linear spaces.

Proof. Let x = (xk,l), y = (yk,l) ∈ (W I)2
(
λ,M,∆r, p, ‖·, · · · , ·‖

)
and α, β ∈ R. So{

m,n ∈ N :
1

λm,n

∑
k,l∈Im,n

[
Mk,l

(
‖∆rxk,l − L

ρ1
, z1, · · · , zn−1‖

)]pk,l

≥ ε
}
∈ I

for some L, ρ1 > 0, and z1, · · · , zn−1 ∈ X
}

and {
m,n ∈ N :

1
λm,n

∑
k,l∈Im,n

[
Mk,l

(
‖∆ryk,l − L

ρ2
, z1, · · · , zn−1‖

)]pk,l

≥ ε
}
∈ I

for some L, ρ2 > 0 and z1, · · · , zn−1 ∈ X
}

.

Since ‖·, · · · , ·‖ is a n-norm and M = (Mk,l) be a sequence of Orlicz functions the
following inequality holds:

1
λm,n

∑
k,l∈Im,n

[
Mk,l

(
‖∆r(αxk,l + βyk,l)− L

|α|ρ1 + |β|ρ2
, z1, · · · , zn−1‖

)]pk,l

≤ D
1

λm,n

∑
k,l∈Im,n

[ |α|
(|α|ρ1 + |β|ρ2)

Mk,l

(
‖∆rxk,l − L

ρ1
, z1, · · · , zn−1‖

)]pk,l
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+ D
1

λm,n

∑
k,l∈Im,n

[ |β|
(|α|ρ1 + |β|ρ2)

Mk,l

(
‖∆ryk,l − L

ρ2
, z1, · · · , zn−1‖

)]pk,l

≤ DF
1

λm,n

∑
k,l∈Im,n

[
Mk,l

(
‖∆rxk,l − L

ρ1
, z1, · · · , zn−1‖

)]pk,l

+ DF
1

λm,n

∑
k,l∈Im,n

[
Mk,l

(
‖∆ryk,l − L

ρ2
, z1, · · · , zn−1‖

)]pk,l

,

where F = max
[
1,

(
|α|

(|α|ρ1+|β|ρ2)

)H

,
(

|β|
(|α|ρ1+|β|ρ2)

)H]
. From the above inequality,

we get
{

m,n ∈ N :
1

λm,n

∑
k,l∈Im,n

[
Mk,l

(
‖∆r(αxk,l + βyk,l)− L

|α|ρ1 + |β|ρ2
, z1, · · · , zn−1‖

)]pk,l

≥

ε
}
⊆

{
m,n ∈ N : DF

1
λm,n

∑
k,l∈Im,n

[
Mk,l

(
‖∆rxk,l − L

ρ1
, z1, · · · , zn−1‖

)]pk,l

≥ ε

2

}
∪

{
m,n ∈ N : DF

1
λm,n

∑
k,l∈Im,n

[
Mk,l

(
‖∆ryk,l − L

ρ2
, z1, · · · , zn−1‖

)]pk,l

≥ ε

2

}
.

Two sets on the right hand side belong to I and this completes the proof. Similarly,
we can prove that (W I

0 )2
(
λ,M,∆r, p, ‖·, · · · , ·‖

)
, (W∞)2

(
λ,M,∆r, p, ‖·, · · · , ·‖

)
and (W I

∞)2
(
λ,M,∆r, p, ‖·, · · · , ·‖) are linear spaces. �

Theorem 2.2. Let M = (Mk,l) be a sequence of Orlicz functions and p = (pk,l) be a

bounded sequence of positive real numbers. For any fixed m,n ∈ N, (W∞)2
(
λ,M,∆r, p, ‖·, · · · , ·‖

)
is a paranormed space with the paranorm defined by

gm,n(x) = inf
{

ρ
pm,n

H : ρ > 0 is such that sup
k,l

1
λm,n

∑
k,l∈Im,n

[
Mk,l

(
‖∆rxk,l

ρ
, z1, · · · , zn−1‖

)]pk,l

≤ 1,∀z1, · · · , zn−1 ∈ X
}

.

Proof. It is clear that gm,n(x) = gm,n(−x). Since Mk,l(0) = 0, we get inf{ρ
pm,n

H } =
0 for x = 0 therefore, gm,n(0) = 0. Let us take x = (xk,l) and y = (yk,l) in
(W∞)2

(
λ,M,∆r, p, ‖·, · · · , ·‖

)
. Let

B(x) =
n

ρ > 0 : sup
k,l

1

λm,n

X
k,l∈Im,n

h
Mk,l

�
‖
∆rxk,l

ρ
, z1, · · · , zn−1‖

�ipk,l ≤ 1, ∀z1, · · · , zn−1 ∈ X
o

,

B(y) =
n

ρ > 0 : sup
k,l

1

λm,n

X
k,l∈Im,n

h
Mk,l

�
‖
∆ryk,l

ρ
, z1, · · · , zn−1‖

�ipk,l ≤ 1, ∀z1, · · · , zn−1 ∈ X
o

.

Let ρ1 ∈ B(x) and ρ2 ∈ B(y). Then if ρ = ρ1 + ρ2, we have

sup
k,l

1
λm,n

∑
k,l∈Im,n

Mk,l

(
‖∆r(xk,l + yk,l)

ρ
, z1, · · · , zn−1‖

)

≤ ρ1

ρ1 + ρ2
sup
k,l

1
λm,n

∑
k,l∈Im,n

Mk,l

(
‖∆rxk,l

ρ1
, z1, · · · , zn−1‖

)
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+
ρ2

ρ1 + ρ2
sup
k,l

1
λm,n

∑
k,l∈Im,n

Mk,l

(
‖∆ryk,l

ρ2
, z1, · · · , zn−1‖

)
.

Thus sup
k,l

1
λm,n

∑
k,l∈Im,n

Mk,l

(
‖∆r(xk,l + yk,l)

ρ1 + ρ2
, z1, · · · , zn−1‖

)pk,l

≤ 1 and

gm,n(x + y) ≤ inf
{

(ρ1 + ρ2)
pm,n

H : ρ1 ∈ B(x), ρ2 ∈ B(y)
}

≤ inf
{

ρ
pm,n

H
1 : ρ1 ∈ B(x)

}
+ inf

{
ρ

pm,n
H

2 : ρ2 ∈ B(y)
}

= gm,n(x) + gm,n(y).

Let σs → σ where σ, σs ∈ C and let gm,n(xs
k,l − x) → 0 as s →∞.

We have to show that gm,n(σsxs
k,l − σx) → 0 as s →∞. Let

B(xs) =
{

ρs > 0 : sup
k,l

1
λm,n

∑
k,l∈Im,n

[
Mk,l

(
‖
∆rxs

k,l

ρs
, z1, · · · , zn−1‖

)]pk,l

≤ 1,∀z1, · · · , zn−1 ∈ X
}

,

B(xs−x) =
{

ρ′s > 0 : sup
k,l

1
λm,n

∑
k,l∈Im,n

[
Mk,l

(
‖
∆rxs

k,l − xk,l

ρ′s
, z1, · · · , zn−1‖

)]pk,l

≤ 1,

∀z1, · · · , zn−1 ∈ X
}

.

If ρs ∈ B(xs) and ρ′s ∈ B(xs − x) then we observe that
1

λm,n

∑
k,l∈Im,n

Mk,l‖
∆r(σsxs

k,l − σxk,l)
ρs|σs − σ|+ ρ′s|σ|

, z1, · · · , zn−1‖

≤ 1
λm,n

∑
k,l∈Im,n

Mk,l

(
‖
∆r(σsxs

k,l − σxs
k,l)

ρs|σs − σ|+ ρ′s|σ|
, z1, · · · , zn−1‖

+ ‖
∆r(σxs

k,l − σxk,l)
ρs|σs − σ|+ ρ′s|σ|

, z1, · · · , zn−1‖
)

≤ |σs − σ|ρs

ρs|σs − σ|+ ρ′s|σ|
1

λm,n

∑
k,l∈Im,n

Mk,l

(
‖
∆r(xs

k,l)
ρs

, z1, · · · , zn−1‖
)

+
|σ|ρ′s

ρs|σs − σ|+ ρ′s|σ|
1

λm,n

∑
k,l∈Im,n

Mk,l

(
‖
∆r(xs

k,l − xk,l)
ρ′s

, z1, · · · , zn−1‖
)
.

From the above inequality, it follows that

1
λm,n

∑
k,l∈Im,n

(
Mk,l

(
‖
∆r(σsxs

k,l − σxk,l)
ρs|σs − σ|+ ρ′s|σ|

, z1, · · · , zn−1‖
))pk,l

≤ 1

and consequently,

gm,n(σsxs − σx) ≤ inf
{(

ρs|σs − σ|+ ρ
′

s|σ|
) pm,n

H

: ρs ∈ B(xs), ρ
′

s ∈ B(xs − x)
}

≤ (|σs − σ|)
pm,n

H inf
{

ρ
pm,n

H : ρs ∈ B(xs)
}

+ (|σ|)
pm,n

H inf
{

(ρ
′

s)
pm,n

H : ρ
′

s ∈ B(xs − x)
}

−→ 0 as m −→∞.

This completes the proof. �



8 S. K. SHARMA, K. RAJ AND A. K. SHARMA : VOL. 4, NO. 1, (2013), 1-11

Theorem 2.3. LetM = (Mk,l) be a sequence of Orlicz functions which satisfies ∆2-

condition. Then (W I
0 )2

(
λ,M,∆r, p, ‖·, · · · , ·‖

)
⊂ (W I)2

(
λ,M,∆r, p, ‖·, · · · , ·‖

)
⊂

(W I
∞)2

(
λ,M,∆r, p, ‖·, · · · , ·‖

)
and the inclusions are strict.

Proof. The inclusion (W I
0 )2

(
λ,M,∆r, p, ‖·, · · · , ·‖

)
⊂ (W I)2

(
λ,M,∆r, p, ‖·, · · · , ·‖

)
is obvious. We have only show that (W I)2

(
λ,M,∆r, p, ‖·, · · · , ·‖

)
⊂ (W I

∞)2
(
λ,M,∆r, p, ‖·, · · · , ·‖

)
.

Let (xk,l) ∈ (W I)2
(
λ,M,∆r, p, ‖·, · · · , ·‖

)
. Then

1
λm,n

∑
k,l∈Im,n

[
Mk,l

(
‖∆rxk,l

2ρ
, z1, · · · , zn−1‖

)]pk,l

=
1

λm,n

∑
k,l∈Im,n

[
Mk,l

(
‖∆rxk,l + L− L

2ρ
, z1, · · · , zn−1‖

)]pk,l

≤ 1
λm,n

∑
k,l∈Im,n

[
Mk,l

(
‖∆rxk,l − L

2ρ
, z1, · · · , zn−1‖+ ‖ L

2ρ
, z1, · · · , zn−1‖

)]pk,l

≤ DG
1

λm,n

∑
k,l∈Im,n

[
Mk,l

(
‖∆rxk,l − L

ρ
, z1, · · · , zn−1‖

)]pk,l

+ DG
1

λm,n

∑
k,l∈Im,n

[
Mk,l

(
‖L

ρ
, z1, · · · , zn−1‖

)]pk,l

,

where G = max
{
1,

(
1
2

)H}
. Thus from ∆2-condition, we have x ∈ (W I

∞)2
(
λ,M,∆r, p, ‖·, · · · , ·‖

)
and this completes the proof of the theorem. �

Theorem 2.4. Let M,M′,M′′ are sequences of Orlicz functions. Then we have

(i) (W I
0 )2

(
λ,M′,∆r, p, ‖·, · · · , ·‖

)
⊆ (W I

0 )2
(
λ,M ◦M′,∆r, p, ‖·, · · · , ·‖

)
provided

(pk,l) is such that H0 = inf pk,l > 0.

(ii) (W I
0 )2

(
λ,M′,∆r, p, ‖·, · · · , ·‖

)
∩(W I

0 )2
(
λ,M′′,∆r, p, ‖·, · · · , ·‖

)
⊆ (W I

0 )2
(
λ,M′+

M′′,∆r, p, ‖·, · · · , ·‖).

Proof. (i) For given ε > 0, first choose ε0 > 0 such that max{εH
0 , εH0

0 } < ε. Now using
the continuity of Mk,l. Choose 0 < δ < 1 such that 0 < t < δ, this implies that
Mk,l(t) < ε0. Let (xk,l) ∈ (W I

0 )2
(
λ,M,∆r, p, ‖·, · · · , ·‖

)
. Now from the definition

B(δ) =
{

m,n ∈ N :
1

λm,n

∑
k,l∈Im,n

[
M ′

k,l

(
‖∆rxk,l

ρ
, z1, · · · , zn−1‖

)]pk,l

≥ δH
}
∈ I.

Thus if m,n 6∈ B(δ) then

1
λm,n

∑
k,l∈Im,n

[
M ′

k,l

(
‖∆rxk,l

ρ
, z1, · · · , zn−1‖

)]pk,l

< δH

=⇒
∑

k,l∈Im,n

[
M ′

k,l

(
‖∆rxk,l

ρ
, z1, · · · , zn−1‖

)]pk,l

< λm,nδH

=⇒
[
M ′

k,l

(
‖∆rxk,l

ρ
, z1, · · · , zn−1‖

)]pk,l

< δH for all k, l ∈ Im,n

=⇒
[
M ′

k,l

(
‖∆rxk,l

ρ
, z1, · · · , zn−1‖

)]
< δ for all k, l ∈ Im,n.
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Hence from above using the continuity of M = (Mk,l) we must have

Mk,l

(
M ′

k,l

(
‖∆rxk,l

ρ
, z1, · · · , zn−1‖

))
< ε0 ∀ k, l ∈ Im,n

which consequently implies that∑
k,l∈Im,n

[
Mk,l

(
M ′

k,l

(
‖∆rxk,l

ρ
, z1, · · · , zn−1‖

))]pk,l

< λm,n max{εH
0 , εH0

0 }

< λm,nε

=⇒ 1
λm,n

∑
k,l∈Im,n

[
Mk,l

(
M ′

k,l

(
‖∆rxk,l

ρ
, z1, · · · , zn−1‖

))]pk,l

< ε.

This shows that{
m,n ∈ N :

1
λm,n

∑
k,l∈Im,n

[
Mk,l

(
M ′

k,l

(
‖∆rxk,l

ρ
, z1, · · · , zn−1‖

))]pk,l

≥ ε
}
⊂ B(δ)

and so belongs to I. This proves the result.

(ii) Let (xk,l) ∈ (W I
0 )2

(
λ,M′,∆r, p, ‖·, · · · , ·‖

)
∩ (W I

0 )2
(
λ,M′′

k,l,∆
r, p, ‖·, · · · , ·‖

)
.

Then the fact

1
λm,n

[
(M ′

k,l + M ′′
k,l)

(
‖∆rxk,l

ρ
, z1, · · · , zn−1‖

)]pk,l

≤ D
1

λm,n

[
M ′

k,l

(
‖∆rxk,l

ρ
, z1, · · · , zn−1‖

)]pk,l

+D
1

λm,n

[
M ′′

k,l

(
‖∆rxk,l

ρ
, z1, · · · , zn−1‖

)]pk,l

gives the result. �

Theorem 2.5. The sequence spaces (W I
0 )2

(
λ,M,∆r, p, ‖·, · · · , ·‖

)
and (W I

∞)2
(
λ,M,∆r, p, ‖·, · · · , ·‖

)
are solid.

Proof. Let (xk) ∈ (W I
0 )2

(
λ,M,∆r, p, ‖·, · · · , ·‖

)
, let (αk,l) be a sequence of scalars

such that |αk,l| ≤ 1 for all k, l ∈ N. Then we have{
m,n ∈ N :

1
λm,n

∑
k,l∈Im,n

[
Mk,l

(
‖ (∆rαk,lxk,l)

ρ
, z1, · · · , zn−1‖

)]pk,l
}
⊂

{
m,n ∈ N :

C

λm,n

∑
k,l∈Im,n

[
Mk,l

(
‖∆rxk,l

ρ
, z1, · · · , zn−1‖

)]pk,l

≥ ε
}
∈ I,

where C = max{1, |αk,l|H}. Hence (αk,lxk,l) ∈ (W I
0 )2

(
λ,M,∆r, p, ‖·, · · · , ·‖) for

all sequences of scalars αk,l with |αk,l| ≤ 1 for all k, l ∈ N whenever (xk,l) ∈
(W I

0 )2
(
λ,M,∆r, p, ‖·, · · · , ·‖

)
.

Similarly, we can prove that (W I
∞)2

(
λ,M,∆r, p, ‖·, · · · , ·‖

)
is also solid. �

Theorem 2.6. The sequence spaces (W I
0 )2

(
λ,M,∆r, p, ‖·, · · · , ·‖

)
and (W I

∞)2
(
λ,M,∆r, p, ‖·, · · · , ·‖

)
are monotone.

Proof. It is easy to prove so we omit the details. �
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ABSTRACT. In this paper, we prove a common fixed point theorem for two pairs of selfmaps
satisfying certain generalized weakly contractive condition. Also, we prove the same for two
pairs of such selfmaps in which one pair is compatible, reciprocally continuous and the
other pair is weakly compatible. Some existing results are drawn as corollaries from the
main results of this paper. Examples are given in support of the main results of the paper.
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1. INTRODUCTION

In 1977, Rhoades [10] compared various definitions of contractive mappings
on a complete metric space which were used to generalize Banach contraction
mapping principle. After 20 years, in 1997, weakly contractive maps were in-
troduced by Alber and Guerre-Delabriere [1] in Hilbert spaces which generalize
contraction maps, and established a fixed point theorem in Hilbert space setting.
Rhoades [11] extended this idea to Banach spaces and proved the existence of fixed
points of weakly contractive selfmaps in Banach space setting. Weakly contractive
maps have been considered in several works by different researchers namely Al-
ber, Guerre-Delabrier [1], Babu, Nageswara Rao and Alemayehu [2], Babu and
Alemayehu [3], Choudhury, Konar, Rhoades and Metiya [4], Doric [5], Dutta and
Choudhury [6] and Rhoades [11] and some references cited in these papers in order
to establish the existence of fixed points.

Throughout this paper we denote
Φ = {φ : [0,∞) → [0,∞) | φ is lower semicontinuous and φ(t) = 0 ⇔ t = 0}.
Ψ = {ψ : [0,∞) → [0,∞) | ψ is continuous, nondecreasing and ψ(t) = 0 ⇔ t = 0},
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Definition 1.1. (Rhoades [11]) Let (X, d) be a metric space. A mapping T : X → X
is said to be weakly contractive if there exists ψ ∈ Ψ such that

d(Tx, Ty) ≤ d(x, y)− ψ(d(x, y)) for all x, y ∈ X.

Theorem 1.1. (Rhoades [11] Let (X, d) be a complete metric space and T be a
weakly contractive mapping. Then T has a unique fixed point in X.

Definition 1.2. ( Choudhury, Konar, Rhoades and Metiya [4]) Let (X, d) be a met-
ric space and T be a selfmap of X. T is a generalized weakly contractive map if
there exist maps ψ ∈ Ψ and φ : [0,∞) → [0,∞) satisfying φ is
continuous andφ(t) = 0 ⇔ t = 0 such that
d(Tx, Ty) ≤ ψ(M(x, y))− φ(max{d(x, y), d(y, Ty)}) for all x, y ∈ X,
where

M(x, y) = max{d(x, y), d(x, Tx), d(y, Ty), 1
2
[d(x, Ty) + d(y, Tx)]}.

Definition 1.3. (Jungck [7]) Let f and g be selfmaps of a metric space (X, d). The
pair (f, g) is said be a compatible pair on X, if lim

n→∞
d(fgxn, gfxn) = 0 whenever

{xn} is a sequence in X such that lim
n→∞

gxn = lim
n→∞

fxn = t for some t ∈ X.

Definition 1.4. (Jungck and Rhoades [8]) Let f and g be selfmaps of a metric
space (X, d). The pair (f, g) is said be weakly compatible if they commute at their
coincidence point, i.e., fgx = gfx whenever gx = fx, x ∈ X.

Here we note that every compatible pair is weakly compatible pair of maps but
its converse need not be true [7].

Definition 1.5. ( Pant [9]) Let f and g be selfmaps of a metric space (X, d). Then
f and g are said to be reciprocally continuous if lim

n→∞
fgxn = ft and

lim
n→∞

gfxn = gt whenever {xn} is a sequence in X such that
lim

n→∞
gxn = lim

n→∞
fxn = t for some t ∈ X.

Clearly if f and g are continuous then they are reciprocally continuous, but its
converse need not be true (Pant [9]).

Theorem 1.2. (Choudhury, Konar, Rhoades and Metiya [4]) Let (X, d) be a complete
metric space and T a generalized weakly contractive mapping of X. Then T has a
unique fixed point.

Theorem 1.3. (Choudhury, Konar, Rhoades and Metiya [4]) Let (X, d) be a complete
metric space. Let f and g be selfmaps of X. Suppose that there exist maps ψ ∈ Ψ
and φ : [0,∞) → [0,∞) satisfying φ is continuous and

φ(t) = 0 if and only t = 0 such that
d(fx, gy) ≤ ψ(M(x, y))− φ(m(x, y)}) for all x, y ∈ X, where

M(x, y) = max{d(x, y), d(x, fx), d(y, gy), 1
2 [d(x, gy) + d(y, fx)]}

and
m(x, y) = max{d(x, y), d(x, fx), d(y, gy)}.
Then f and g have a unique common fixed point. Moreover, any fixed point of f is a
fixed point of g and conversely.

Definition 1.6. (Babu, Nageswara Rao and Alemayehu [2]) Let f and g be two
selfmaps of a metric space (X, d). The pair (f, g) is said to be a
generalized weakly contractive pair if there exists a function φ ∈ Φ such that
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d(fx, gy) ≤M(x, y)− φ(M(x, y)) for all x, y in X,
where
M(x, y) = max{d(x, y), d(x, fx), d(y, gy), 1

2 [d(x, gy) + d(y, fx)]}.
Definition 1.7. ( Babu, Nageswara Rao and Alemayehu [2]) Let f, g, S and T be
selfmaps of a metric space (X, d). We say that the pair (f, g) is
(S, T) generalized weakly contractive if there exists a function φ ∈ Φ
such that
d(fx, gy) ≤M(x, y)− φ(M(x, y)) for all x, y in X,
where
M(x, y) = max{d(Sx, Ty), d(fx, Sx), d(gy, Ty), 1

2 [d(Sx, gy) + d(fx, Ty)]}.
Theorem 1.4. (Babu, Nageswara Rao and Alemayehu [2] ) Let f, g, S and T be
selfmaps of a complete metric space (X, d) such that fX ⊆ TX and gX ⊆ SX and
(f, g) is (S, T) generalized weakly contractive pair. If one of the ranges fX, gX, SX
and TX is closed, then f, g, S and T have a unique common fixed point in X.

Theorem 1.5. (Babu, Nageswara Rao and Alemayehu [2] ) Let f, g, S and T be
selfmaps of a complete metric space (X, d) such that fX ⊆ TX and gX ⊆ SX and
(f, g) is (S, T ) generalized weakly contractive pair. Further assume that either

(i) (f, S) is reciprocally continuous and compatible pair of maps and (g, T ) a pair
of weakly compatible maps

or

(ii) (g, T ) is reciprocally continuous and compatible pair of maps and (f, S) a pair
of weakly compatible maps.
Then f, g, S and T have a unique common fixed point in X.

Motivated by the works of Doric [5], Dutta and Choudhury [6],
Choudhury, Konar, Rhoades and Metiya [4] we extend the concept of (ψ, φ)- weakly
contractive maps to four maps.

Definition 1.8. Let f , g, S and T be four selfmaps of a metric space (X, d). If there
exist φ ∈ Φ and ψ ∈ Ψ such that
ψ(d(fx, gy)) ≤ ψ(M(x, y))− φ(m(x, y)) for all x, y in X (A)
where
M(x, y) = max{d(Sx, Ty), d(fx, Sx), d(gy, Ty), 1

2 [d(Sx, gy) + d(fx, Ty)]}
and
m(x, y) = max{d(Sx, Ty), d(fx, Sx), d(gy, Ty)}

then we say that f , g, S and T satisfy generalized (ψ, φ)- weakly
contractive condition.

In this paper, we prove a common fixed point theorem for two pairs of selfmaps
satisfying generalized (ψ, φ)- weakly contractive condition. Also, we prove the same
for two pairs of such selfmaps in which one pair is compatible, reciprocally contin-
uous and the other pair is weakly compatible. Some existing results are drawn as
corollaries from the main results of this paper. Examples are given in support of
the main results of the paper.

2. A COMMON FIXED POINT OF TWO PAIRS OF WEAKLY CONTRACTIVE
MAPS

Let f , g, S and T be selfmaps of a metric space (X, d) satisfying fX ⊆ TX
and gX ⊆ SX. Let x0 ∈ X. Since fX ⊆ TX, we can choose x1 ∈ X such that
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fx0 = Tx1 = y0 (say).
Since gX ⊆ SX, corresponding to x1 ∈ X we can choose x2 ∈ X such that
gx1 = Sx2 = y1 (say).

Continuing the same process we obtain sequences {xn} and {yn} in X such that

y2n = fx2n = Tx2n+1 and y2n+1 = gx2n+1 = Sx2n+2, n = 0, 1, 2, ... . (B)

The following proposition is useful in our subsequent discussion.

Proposition 2.1. Let f , g, S and T be selfmaps of a metric space (X, d) which
satisfy fX ⊆ TX and gX ⊆ SX. Assume that there exist ψ ∈ Ψ and φ ∈ Φ succh
that f, g, S and T satisfy generalized (ψ, φ)- weakly contractive condition. Assume
also that (f, S) and (g, T ) are weakly compatible.
Then F (f, S) 6= ∅ if and only if F (g, T ) 6= ∅, where
F (f, S)={x ∈ X : f(x) = S(x) = x} and
F (g, T )={x ∈ X : g(x) = T (x) = x}.
In this case f , g, S and T have a unique common fixed point.

Proof. Assume that F (f, S) 6= ∅. Let z ∈ F (f, S) and so

z = fz = Sz. (2.1)

Now, we show that z ∈ F (g, T ).
Since fX ⊆ TX there exists w ∈ X such that

fz = Tw. (2.2)

Then, from (2.1) and (2.2), we get

fz = Tw = Sz = z. (2.3)

Next we show that gw = z.
Now from (A) we have

ψ(d(z, gw)) = ψ(d(fz, gw)) ≤ ψ(M(z, w))− φ(m(z, w)) (2.4)

where

M(z, w) = max{d(Sz, Tw), d(fz, Sz), d(gw, Tw),
1
2
[d(Sz, gw) + d(fz, Tw)]}

= max{0, 0, d(gw, z),
1
2
d(z, gw)}

= d(z, gw). (2.5)

and

m(z, w) = max{d(Sz, Tw), d(fz, Sz), d(gw, Tw)}
= max{0, 0, d(gw, z)} = d(z, gw). (2.6)

On using (2.5) and (2.6) in (2.4), we have

ψ(d(z, gw)) ≤ ψ(d(z, gw))− φ(d(z, gw))

which implies that φ(d(z, gw)) = 0. Hence

z = gw. (2.7)

From (2.3) and (2.7) it follows that

gw = Tw = z. (2.8)
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Since g and T are weakly compatible, we have by (2.8)

gz = gTw = Tgw = Tz.

Hence

gz = Tz. (2.9)

Now, we show that gz = z.
From (A) we have

ψ(d(z, gz)) = ψ(d(fz, gz)) ≤ ψ(M(z, z))− φ(m(z, z)) (2.10)

where

M(z, z) = {d(Sz, Tz), d(fz, Sz), d(gz, Tz), 1
2
[d(Sz, gz) + d(fz, Tz)]}

= max{d(z, gz), 0, 0,
1
2
[d(z, gz) + d(z, gz)]}

= d(z, gz). (2.11)

Also, it is easy to see that

m(z, z) = d(z, gz). (2.12)

Therefore, on using (2.11) and (2.12) in (2.10), we have

ψ(d(z, gz)) ≤ ψ(d(z, gz))− φ(d(z, gz))

which implies that
φ(d(z, gz)) = 0

i.e.,

z = gz. (2.13)

Hence, from (2.9) and (2.13), we have z = gz = Tz.
Therefore

F (g, T ) 6= ∅ (2.14)

Hence, from (2.1) and (2.14), we have

F (f, S) ⊆ F (g, T ). (2.15)

Conversely assume that F (g, T ) 6= ∅.
Let z ∈ F (g, T ), then

gz = Tz = z. (2.16)

Now, we show that z ∈ F (f, S). Since gX ⊆ SX, there exists u ∈ X such that

gz = Su. (2.17)

Then, by (2.16) and (2.17), we have

gz = Su = Tz = z. (2.18)

Next we show that fu = z.
From (A) we have

ψ(d(fu, z)) = ψ(d(fu, gz)) ≤ ψ(M(u, z))− φ(m(u, z)) (2.19)

where

M(u, z) = max{d(Su, Tz), d(fu, Su), d(gz, Tz), 1
2
[d(Su, gz) + d(fu, Tz)]}

= max{0, d(fu, z), 0,
1
2
d(fu, z)}
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= d(fu, z). (2.20)

Also we have

m(u, z) = d(fu, z). (2.21)

Now on using (2.20) and (2.21) in (2.19), we have

ψ(d(fu, z)) ≤ ψ(d(fu, z))− φ(d(fu, z))

which implies that φ(d(fu, z)) = 0. Hence

fu = z.

Therefore from (2.18), it follows that

fu = Su = z.

Since f and S are weakly compatible we have

fz = fSu = Sfu = Sz,

so that

fz = Sz. (2.22)

Now, we show that fz = z.
From (A) we have

ψ(d(fz, z)) = ψ(d(fz, gz)) ≤ ψ(M(z, z))− φ(m(z, z)) (2.23)

where

M(z, z) = max{d(Sz, Tz), d(fz, Sz), d(gz, Tz), 1
2
[d(Sz, gz) + d(fz, Tz)]}

= d(fz, z). (2.24)

Also, it is easy to see that

m(z, z) = d(fz, z). (2.25)

On using (2.25) and (2.24) in (2.23), we have

ψ(d(fz, z)) ≤ ψ(d(fz, z))− φ(d(fz, z))

which implies that φ(d(fz, z)) = 0 so that

fz = z. (2.26)

Hence from (2.22) and (2.26) we have fz = Sz = z. Therefore

F (f, S) 6= ∅. (2.27)

Thus from (2.16) and (2.27) we get

F (g, T ) ⊆ F (f, S). (2.28)

Therefore from (2.15) and (2.28) we have F (f, S) = F (g, T ). �

Proposition 2.2. Let f , g, S and T be selfmaps of a metric space (X, d)
satisfying fX ⊆ TX and gX ⊆ SX. Assume that there exist ψ ∈ Ψ and φ ∈ Φ such
that f, g, S and T satisfy generalized (ψ, φ)- weakly contractive condition. Then for
each x0 ∈ X the sequence {yn} defined by (B) is Cauchy in X.
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Proof. First we suppose that yn = yn+1 for some n.
If n = 2m then

y2m = y2m+1.

Now, we have

M(x2m+2, x2m+1)
= max{d(Sx2m+2, Tx2m+1), d(fx2m+2, Sx2m+2), d(gx2m+1, Tx2m+1),

1
2
[d(Sx2m+2, gx2m+1) + d(fx2m+2, Tx2m+1)]}

= max{d(y2m+1, y2m), d(y2m+2, y2m+1), d(y2m+1, y2m),
1
2
[d(y2m+1, y2m+1) + (d(y2m+2, y2m)]}

= max{0, d(y2m+2, y2m+1), 0 ,
1
2
[0 + (d(y2m+2, y2m)]}

= max{d(y2m+2, y2m+1),
1
2
d(y2m+2, y2m)}

≤ max{d(y2m+2, y2m+1),
1
2
[d(y2m+2, y2m+1) + d(y2m+1, y2m)]}

= max{d(y2m+2, y2m+1),
1
2
d(y2m+2, y2m+1)}

= d(y2m+2, y2m+1),

but we have
d(y2m+2, y2m+1) ≤M(x2m+2, x2m+1).

Hence we have

M(x2m+2, x2m+1) = d(y2m+2, y2m+1). (2.29)

Also, we have

m(x, y) = max{d(Sx2m+2, Tx2m+1), d(fx2m+2, Sx2m+2), d(gx2m+1, Tx2m+1)}
= max{d(y2m+1, y2m), d(y2m+2, y2m+1), d(y2m+1, y2m)}
= max{0, d(y2m+2, y2m+1), 0)}
= d(y2m+2, y2m+1). (2.30)

Now, from (A) we have

ψ(d(y2m+2, y2m+1)) = ψ(d(fx2m+2, gx2m+1))
≤ ψ(M(x2m+2, x2m+1)− φ(m(x2m+2.x2m+1)) (2.31)

On using (2.29) and (2.30) in (2.31) we get

ψ(d(y2m+2, y2m+1)) ≤ ψ(d(y2m+2, y2m+1)− φ(d(y2m+2, y2m+1)),

which implies that φ(d(y2m+2, y2m+1)) ≤ 0.
Hence d(y2m+2, y2m+1) = 0, i.e.,

y2m+2 = y2m+1. (2.32)

In a similar way it is easy to see that

y2m+3 = y2m+2. (2.33)

Hence, from (2.32) and (2.33), we have

yn+1 = yn+2.
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Now by applying mathematical induction it follows that

yn = yn+k,

for all k ≥ 0. Therefore, {ym} is a constant sequence for m ≥ n and hence it is a
Cauchy sequence in X.

Now, we suppose that

yn 6= yn+1, for all n. (2.34)

Then from (A) we have

ψ(d(y2n+2, y2n+1)) ≤ ψ(M(x2n+2, x2n+1))− φ(m(x2n+2, x2n+1)) (2.35)

where

M(x2n+2, x2n+1) = max{d(Sx2n+2, Tx2n+1), d(fx2n+2, Sx2n+2), d(gx2n+1, Tx2n+1)
1
2
[d(Sx2n+2, gx2n+1) + d(fx2n+2, Tx2n+1)]}

= max{d(y2n+1, y2n), d(y2n+2, y2n+1), d(y2n+1, y2n),
1
2
[d(y2n+1, y2n+1) + d(y2n+2, y2n)]}

= max{d(y2n+1, y2n), d(y2n+2, y2n+1),
1
2
d(y2n+2, y2n)}

≤ max{d(y2n+1, y2n), d(y2n+2, y2n+1),
1
2
[d(y2n+2, y2n+1) + d(y2n+1, y2n)]}

≤ max{d(y2n+1, y2n), d(y2n+2, y2n+1),max{d(y2n+2, y2n+1), d(y2n+1, y2n)}}
= max{d(y2n+1, y2n), d(y2n+2, y2n+1)}. (2.36)

Also we have

m(x2n+2, x2n+1) = max{d(y2n+1, y2n), d(y2n+2, y2n+1)}. (2.37)

Hence from (2.36) and (2.37) we get

M(x2n+2, x2n+1) = m(x2n+2, x2n+1)

If

max{d(y2n+1, y2n), d(y2n+2, y2n+1)} = d(y2n+2, y2n+1) (2.38)

then using (2.38) in (2.35) we get

ψ(d(y2n+2, y2n+1)) ≤ ψ(d(y2n+2, y2n+1))− φ(d(y2n+2, y2n+1))

which implies that
φ(d(y2n+2, y2n+1)) ≤ 0.

It follows that y2n+2 = y2n+1, which is a contradiction with (2.34).
Therefore

max{d(y2n+1, y2n), d(y2n+2, y2n+1)} = d(y2n+1, y2n)

and

ψ(d(y2n+2, y2n+1)) ≤ ψ(d(y2n+1, y2n))− φ(d(y2n+1, y2n))
< ψ(d(y2n+1, y2n)).

Since ψ is nondecreasing we have

d(y2n+2, y2n+1) ≤ d(y2n+1, y2n). (2.39)
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With a similar argument it follows that

d(y2n+3, y2n+2) ≤ d(y2n+2, y2n+1). (2.40)

Therefore, from (2.39) and (2.40) we have

d(yn+2, yn+1) ≤ d(yn+1, yn), for n = 0, 1, 2.3, . . . .
Hence the sequence {d(yn+1, yn)} is a nonincreasing sequence of nonnegative real
numbers and hence it converges to some real number δ (say), δ ≥ 0.

Now, we show that δ = 0. If possible, suppose that

δ > 0. (2.41)

SinceM(x2n+2, x2n+1) = m(x2n+2, x2n+1) = d(y2n+1, y2n) and from (2.35), we have

ψ(d(y2n+2, y2n+1)) ≤ ψ(d(y2n+1, y2n))− φ(d(y2n+1, y2n)). (2.42)

On taking upper limit as n→∞, using the continuity of ψ and lower
semicontinuity of φ in (2.42) we get ψ(δ) ≤ ψ(δ)− φ(δ), a contradiction.

Therefore
δ = 0.

Next, we show that the sequence {yn} is a Cauchy sequence in X. It suffices to
show that {y2n} is a Cauchy sequence in X.
If possible, suppose that {y2n} is not a Cauchy sequence.
Then there exist ε > 0 and sequences of even positive integers {2mk},
{2nk} with 2mk > 2nk > k such that

d(y2mk
, y2nk

) ≥ ε. (2.43)

Let 2mk be the least positive integer exceeding 2nk and satisfying (2.43). Then it
follows that
d(y2mk

, y2nk
) ≥ ε and

d(y2mk−2, y2nk
) < ε. (2.44)

We now prove

(i) lim
k→∞

d(y2mk
, y2nk

) = ε, (ii) lim
k→∞

d(y2mk+1, y2nk
) = ε,

(iii) lim
k→∞

d(y2mk
, y2nk−1) = ε, (iv) lim

k→∞
d(y2mk+1, y2nk−1) = ε.

Since the proof in each case is similar we prove (i).
Now from (2.43) we have

ε ≤ d(y2mk
, y2nk

)
which implies that

ε ≤ lim sup
k→∞

d(y2mk
, y2nk

).

By using the triangle inequality and (2.44) we have

d(y2mk
, y2nk

) ≤ d(y2mk
, y2nk−2) + d(y2nk−2, y2nk−1) + d(y2nk−1, y2nk

)
< ε+ d(y2nk−2, y2nk−1) + d(y2nk−1, y2nk

).

Therefore we have
lim sup

k→∞
d(y2mk

, y2nk
) ≤ ε.
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It follows that
ε ≤ lim sup

k→∞
d(y2mk

, y2nk
) ≤ ε

so that

lim sup
k→∞

d(y2mk
, y2nk

) = ε. (2.45)

On the other hand, we have

ε ≤ lim inf
k→∞

d(y2mk
, y2nk

) ≤ lim sup
k→∞

d(y2mk
, y2nk

) = ε

so that

lim inf
k→∞

d(y2mk
, y2nk

) = ε. (2.46)

Hence, from (2.45) and (2.46), we have

ε = lim inf
k→∞

d(y2mk
, y2nk

) = lim sup
k→∞

d(y2mk
, y2nk

).

Therefore lim
k→∞

d(y2mk
, y2nk

) exists and lim
k→∞

d(y2mk
, y2nk

) = ε.
Now we have

M(x2nk
, x2mk+1) = max{d(Sx2nk

, Tx2mk+1), d(fx2nk
, Sx2nk

), d(gx2mk+1, Tx2mk+1),
1
2
[d(Sx2nk

, gx2mk+1) + d(fx2nK
, Tx2mk+1)]}

= max{d(y2nk−1, y2mk
), d(y2nk

, y2nk−1), d(y2mk+1, y2mk
)

1
2
[d(y2nk−1, y2mk+1) + d(y2nk

, y2mk
)]}

On taking limits as k →∞ we get

lim
k→∞

M(x2nk
, x2mk+1) = max{ε, 0, 0, ε} = ε. (2.47)

In a similarly way it is easy to see that

lim
k→∞

m(x2nk
, x2mk+1) = ε. (2.48)

Now putting x = x2nk
and y = x2mk+1 in (A) we obtain

ψ(d(y2nk
, y2mk+1)) = ψ(d(fx2nk

, gx2mk+1))
≤ ψ(M(x2nk

, x2mk+1))− φ(m(x2nk
, x2mk+1)).

On taking upper limit as k →∞ using (2.47), (2.48), the continuity of ψ and lower
semicontinuity of φ in the last inequality we get

ψ(ε) ≤ ψ(ε)− φ(ε),

a contradiction. Therefore, {y2n} is a Cauchy sequence so that {yn} is a Cauchy
sequence. �

Theorem 2.1. Let f , g, S and T be selfmaps of a complete metric space (X, d)
which satisfy fX ⊆ TX and gX ⊆ SX. Assume that there exist ψ ∈ Ψ and φ ∈ Φ
such that f, g, S and T satisfy generalized (ψ, φ)- weakly contractive condition. If
the pairs (f, S) and (g, T ) are weakly compatible and one of the ranges fX, gX, SX
and TX is closed, then for each x0 ∈ X the sequence {yn} defined by (B) is Cauchy
in X and lim

n→∞
yn = z (say) and z is a unique common fixed point of f , g, S and T .
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Proof. By Proposition 2.2 the sequence {yn} is Cauchy in X. Since X is
complete there exists z ∈ X such that lim

n→∞
yn = z. Thus

lim
n→∞

y2n = lim
n→∞

fx2n = lim
n→∞

Tx2n+1 = z

and

lim
n→∞

y2n+1 = lim
n→∞

gx2n+1 = lim
n→∞

Sx2n+2 = z. (2.49)

Case (i): Suppose that SX is closed. Then z is in SX and hence there exists u ∈ X
such that

Su = z. (2.50)

Now, we show that fu = z. Now we have

M(u, x2n+1) = max{d(Su, Tx2n+1), d(fu, Su), d(gx2n+1, Tx2n+1),
1
2
[d(Su, gx2n+1) + d(fu, Tx2n+1)]}

and on taking limits as n→∞ we have

lim
n→∞

M(u, x2n+1) = d(fu, z) (2.51)

Similarly it is easy to see that

lim
n→∞

m(u, x2n+1) = d(fu, z). (2.52)

Using (A), we have

ψ(d(fu, gx2n+1)) ≤ ψ(M(u, x2n+1))− φ(m(u, x2n+1)). (2.53)

On taking upper limit as n → ∞ and using (2.51), (2.52), the continuity of ψ and
lower semicontinuity of φ in (2.53), we get

ψ(d(fu, z)) ≤ ψ(d(fu, z))− φ(d(fu, z))).

Hence it follows that φ(d(fu, z))) ≤ 0. Therefore

fu = z.

Hence from (2.50), we get
Su = fu = z.

Since f and S are weakly compatible we have fz = fSu = Sfu = Sz. Therefore

fz = Sz. (2.54)

Now, we show fz = z. We have

M(z, x2n+1) = max{d(Sz, Tx2n+1), d(fz, Sz), d(gx2n+1, Tx2n+1),
1
2
[d(Sz, gx2n+1) + d(fz, Tx2n+1)]}

and on taking limits as n→∞ we have

lim
n→∞

M(z, x2n+1) = d(fz, z). (2.55)

Also we have

lim
n→∞

m(z, x2n+1) = d(fz, z). (2.56)

Now, from (A) we have

ψ(d(fz, gx2n+1)) ≤ ψ(M(z, x2n+1))− φ(m(u, x2n+1)). (2.57)
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On taking upper limit as n→∞ using (2.55), (2.56), the continuity
of ψ and lower semicontinuity of φ in (2.57) we get

ψ(d(fz, z)) ≤ ψ(d(fz, z))− φ(d(fz, z))

so that φ(d(fz, z)) ≤ 0.
Hence

fz = z.

Therefore from (2.54) we have z = fz = Sz. By Proposition 2.1, F (g, T ) 6= ∅ with z
in F (g, T ). Hence z = fz = gz = Sz = Tz.
Case (ii): Suppose that gX is closed.
In this case, z ∈ gX ⊆ SX which implies that z ∈ SX and hence the proof follows
as in case (i).

For the cases TX is closed and fX is closed we follow the arguments similar to
the cases of SX is closed and gX is closed respectively. �

By choosing ψ as the identity map on [0,∞) in Theorem 2.3 we get the following
corollary.

Corollary 2.3. Let f , g, S and T be selfmaps of a complete metric space (X, d) which
satisfy fX ⊆ TX and gX ⊆ SX. Assume that there is φ ∈ Φ such that
d(fx, gy) ≤M(x, y)− φ(m(x, y)) for all x, y ∈ X
where
M(x, y) = max{d(Sx, Ty), d(fx, Sx), d(gy, Ty), 1

2 [d(Sx, gy) + d(fx, Ty)]}
and
m(x, y) = max{d(Sx, Ty), d(fx, Sx), d(gy, Ty)}.
If the pairs (f, S) and (g, T ) are weakly compatible and one of the ranges fX, gX, SX
and TX is closed, then for each x0 inX the sequence {yn} defined by (B) is Cauchy
in X and lim

n→∞
yn = z (say) and z is a unique common fixed point of f , g, S and T .

Remark 2.4. Theorem 1.3 of (Choudhury, Konar, Rhoades and Metiya [4]) follows
as a corollary to Theorem 2.1 by choosing S = T = IX (IX , the identity mapping
on X).

Remark 2.5. Theorem 1.4 (Babu, Nageswara Rao and Alemayehu[2]) follows as a
corollary to Corollary 2.3 by choosing φ ∈ Φ nondecreasing.

Now we give an example in support of Theorem 2.1.

Example 2.6. Let X = [0, 1] with the usual metric and let f , g, S and T be self
maps on X defined by

gx =
{

1
2 , 0 ≤ x ≤ 1

2
1, 1

2 < x ≤ 1, fx =
{

1
2 , 0 ≤ x < 1
1, x = 1,

Sx =

 0, 0 ≤ x < 1
2 and 3

4 ≤ x ≤ 1,
1
2 , x = 1

2 ,
1, 1

2 < x < 3
4 .

Tx =

 1, 0 ≤ x < 1
2 ,

1
2 , x = 1

2 ,
1
20 ,

1
2 < x ≤ 1.

Define ψ, φ : [0,∞) → [0,∞) by ψ(t) = t2, t ≥ 0 and φ(t) = 1
20 t

2, 0 ≤ t ≤ 19
20

and φ(t) = 1
4 t, t >

19
20 then ψ ∈ Ψ and φ ∈ Φ and the maps f , g, S and T satisfy

generalized (ψ, φ)- weakly contractive condition so that f , g, S and T satisfy all the
hypotheses of Theorem 2.1 and f , g, S and T have a unique common fixed point
1
2 .
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3. A COMMON FIXED POINT THEOREM WITH RECIPROCAL CONTINUITY

Theorem 3.1. Let f , g, S and T be selfmaps of a complete metric space (X, d) which
satisfy fX ⊆ TX and gX ⊆ SX. Assume that there exist ψ ∈ Ψ and φ ∈ Φ such
that f, g, S and T satisfy generalized (ψ, φ)- weakly contractive condition.
Assume that either

(i) (f, S) is reciprocally continuous and compatible pair of maps and (g, T )

a pair of weakly compatible maps

or

(ii) (g, T ) is reciprocally continuous and compatible pair of maps and (f, S)

a pair of weakly compatible maps.
Then for each x0 in X the sequence {yn} defined by (B) is Cauchy in X and
lim

n→∞
yn = z (say), and z is a unique common fixed point of f , g, S and T .

Proof. By Proposition 2.2 the sequence {yn} is Cauchy in X. Since X is
complete there exist z ∈ X such that lim

n→∞
yn = z.

Thus lim
n→∞

y2n = lim
n→∞

fx2n = lim
n→∞

Tx2n+1 = z

and lim
n→∞

y2n+1 = lim
n→∞

gx2n+1 = lim
n→∞

Sx2n+2 = z.

Suppose (i) holds.
Since (f, S) is reciprocally continuous it follows that
lim

n→∞
fSx2n+2 = fz and lim

n→∞
Sfx2n+2 = Sz.

Since (f, S) is a compatible pair, we have lim
n→∞

d(fSx2n+2, Sfx2n+2) = 0. Hence
we have fz = Sz. Since fX ⊆ TX there exists u ∈ X such that

fz = Tu.

Thus we have
fz = Tu = Sz. (3.1)

Now, we show that fz = gu. Using (A) we have

ψ(d(fz, gu))) ≤ ψ(M(z, u))− φ(m(z, u)), (3.2)

where

M(z, u) = max{d(Sz, Tu), d(fz, Sz), d(gu, Tu), 1
2
[d(Sz, gu) + d(fz, Tu)]}

= max{0, 0, d(gu, fz),
1
2
[d(fz, gu)]} = d(fz, gu). (3.3)

Also it follows that

m(z, u) = d(fz, gu). (3.4)

Therefore by using (3.3) and (3.4) in (3.2) we get

ψ(d(fz, gu)) ≤ ψ(d(fz, gu))− φ(d(fz, gu)).

Hence it follows that φ(d(fz, gu)) ≤ 0. Therefore

fz = gu. (3.5)
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Therefore from (3.1) we have fz = Sz = gu = Tu. Since every compatible pair is
weakly compatible, the pair (f, S) is weakly compatible. Hence from fz = Sz we
get that

ffz = Sfz. (3.6)

Next, we show that ffz = fz. By using (A), we have

ψ(d(ffz, fz)) = ψ(d(ffz, gu))
≤ ψ(M(fz, u))− φ(m(fz, u)) (3.7)

where

M(fz, u) = max{d(Sfz, Tu), d(ffz, Sfz), d(gu, Tu),
1
2
[d(Sfz, gu) + d(ffz, Tu)]}

= max{d(ffz, fz), 0, 0,
1
2
[d(ffz, fz) + d(ffz, fz)]}

= d(ffz, fz). (3.8)

Also we have

m(fz, u) = d(ffz, fz). (3.9)

On using (3.8) and (3.9) in (3.7) we have

ψ(d(ffz, fz)) ≤ ψ(d(ffz, fz))− φ(d(ffz, fz))

which implies that φ(d(ffz, fz)) ≤ 0. Hence

ffz = fz. (3.10)

Therefore, from (3.6) and (3.10), we have

ffz = Sfz = fz. (3.11)

Hence fz is a common fixed point of f and S. Since (g, T ) is weakly compatible
and gu = Tu we have

gTu = Tgu. (3.12)

Therefore, from (3.5)and (3.12),we have

gfz = Tfz. (3.13)

Now, we show that gfz = fz.
By using (A) we have

ψ(d(fz, gfz)) ≤ ψ(M(z, fz))− φ(m(z, fz)) (3.14)

where

M(z, fz) = max{d(Sz, Tfz), d(fz, Sz), d(gfz, Tfz)
1
2
[d(Sz, gfz) + d(fz, Tfz)]}

= max{d(fz, gfz), 0, 0,
1
2
[d(fz, gfz) + d(fz, gfz)]}

= d(fz, gfz) (3.15)

Also we have

m(fz, u) = d(fz, gfz). (3.16)
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Now using (3.15) and (3.16) in (3.14) we have

ψ(d(fz, gfz)) ≤ ψ(d(fz, gfz))− φ(d(fz, gfz))

which implies that φ(d(fz, gfz)) ≤ 0. Hence

fz = gfz. (3.17)

Therefore

fz = gfz = Tfz. (3.18)

From (3.11) and (3.18) we have

ffz = gfz = Sfz = Tfz = fz. (3.19)

Hence fz is a common fixed point of f , g , S and T .
Finally we show that fz = z.
From (A), we have

ψ(d(fz, gx2n+1)) ≤ ψ(M(z, x2n+1)− φ(m(z, x2n+1) (3.20)

where

M(z, x2n+1) = max{d(Sz, Tx2n+1), d(fz, Sz), d(gx2n+1, Tx2n+1)
1
2
[d(Sz, gx2n+1) + d(fz, Tx2n+1)]}.

On letting n→∞, we have

lim
n→∞

M(z, x2n+1) = max{d(fz, z), 0, 0,
1
2
[d(fz, z) + d(fz, z)]}

= d(fz, z). (3.21)

Also we have

lim
n→∞

m(z, x2n+1) = d(fz, z). (3.22)

Now, on taking limits as n→∞, using (3.21), (3.22) the continuity of
ψ and lower semicontinuity φ in (3.20) we get

ψ(d(fz, z)) ≤ ψ(d(fz, z))− φ(d(fz, z)) which implies that φ(d(fz, z)) ≤ 0. Hence

fz = z. (3.23)

Therefore from (3.19) and (3.23) we have z = fz = gz = Sz = Tz.

The proof of case (ii) is similar and hence is omitted. �

By choosing ψ as the identity map on [0,∞) in Theorem 3.1 we get the following
corollary.

Corollary 3.1. Let f , g, S and T be selfmaps of a complete metric space (X, d) which
satisfy fX ⊆ TX and gX ⊆ SX. Assume that there is φ ∈ Φ such that
d(fx, gy) ≤M(x, y)− φ(m(x, y)) for all x, y ∈ X where
M(x, y) = max{d(Sx, Ty), d(fx, Sx), d(gy, Ty), 1

2 [d(Sx, gy) + d(fx, Ty)]}
and
m(x, y) = max{d(Sx, Ty), d(fx, Sx), d(gy, Ty)}.
Assume that either

(i) (f, S) is reciprocally continuous and compatible pair of maps and (g, T ) a pair of
weakly compatible maps

or



28 G.V.R. BABU AND K.T.KIDANE/JNAO : VOL. 4, NO. 1, (2013), 13-28

(ii) (g, T ) is reciprocally continuous and compatible pair of maps and (f, S) a pair
of weakly compatible maps.
Then for each x0 in X the sequence {yn} defined by (B) is Cauchy in X and
lim

n→∞
yn = z (say) and z is a unique common fixed point of f , g, S and T .

Remark 3.2. Theorem 1.5 (Babu, Nageswara Rao and Alemayehu [2])
follows as a corollary to Corollary 3.1 by choosing φ ∈ Φ nondecreasing.

Now, we give an example in support of Theorem 3.1.

Example 3.3. LetX = [0, 1] with the usual metric and let f , g, S and T be selfmaps
on X defined by

fx =

 0, x = 0
2
3 , 0 < x < 1
3
4 , x = 1,

gx =


1
3 , x = 0
2
3 , 0 < x < 1
5
12 , x = 1,

Sx =


1, x = 0
1
3 , 0 < x < 2

3
4
3 − x, 2

3 ≤ x < 1
0, x = 1,

Tx =

 1, x = 0
1− 1

2x, 0 < x < 1
0, x = 1.

Define ψ, φ : [0,∞) → [0,∞) by ψ(t) = t2, t ≥ 0 and φ(t) = 1
2 t

2, if 0 ≤ t ≤ 2
3 and

φ(t) = 1
3 t, if t > 2

3 , then ψ ∈ Ψ and φ ∈ Φ. Here we observe that (f, S) is reciprocally
continuous, (f, S) is a compatible pair and (g, T ) is a weakly compatible pair of
maps and the maps f , g, S and T satisfy generalized (ψ, φ)-weakly contractive
condition so that f , g, S and T satisfy all the hypotheses of Theorem 3.1 and f , g,
S and T have a unique common fixed point 2

3 .
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ABSTRACT. In this article, we introduce the notion of Kannan Type cyclic weakly contraction
and derive the existence of fixed point theorems in the setup of complete metric spaces. Our
main theorems extend and improve some fixed point theorems in the literature. Examples
are given to support the usability of the results.
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1. INTRODUCTION AND PRELIMINARIES

Fixed point theory is one of the cornerstone in the development of nonlinear func-
tional analysis. Besides mathematics, fixed point theory has been used effectively
in many other discipline such as economics, chemistry, biology, computer science,
engineering, and others. In particular, Banach’s contraction mapping principle
[2] has a significant role in fixed point theory and hence in nonlinear functional
analysis.

Let (X, d) be a complete metric space and T : X −→ X be a self-map. If there
exists k ∈ [0, 1) such that

d(Tx, Ty) ≤ kd(x, y)
for all x, y ∈ X, then T has a unique fixed point.

Banach fixed point theorem not only guarantee the existence and uniqueness
of a fixed point but also show how to get it. All things considered, Banach’s con-
traction mapping principle differ from the origin and antecedents results. We also
notice that a self mapping T , in Banach fixed point theorem, is necessarily contin-
uous. Due to its importance, fixed point theory draw interest of many researcher
(see, e.g.,[19, 11]).
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In 1968, Kannan [9] prove one of the interesting generalization of the Banach
Contraction Principle.

Definition 1.1. [9, 10] A self-mapping T : X −→ X, on a metric space (X, d) is
said to be Kannan type mapping if there exists 0 < k < 1 such that, for all x, y ∈ X,
the following inequality holds:

d(Tx, Ty) ≤ k

2
[d(x, Tx) + d(y, Ty)]].

In Kannan fixed point theorem, a self mapping T need not to be continuous.
This is the most important gains of the Kannan’s result.

On the other hand, Kirk et al.[17] in 2003 introduce the following notion of cyclic
representation and characterize the Banach Contraction Principle in the context of
cyclic mapping.
Definition 1.2. [17] Let X be a non-empty set and T : X −→ X an operator. By
definition, X =

⋃m
i=1Xi is a cyclic representation of X with respect to T if

(a) Xi, i = 1, . . . , m are non-empty sets,
(b) T (X1) ⊂ X2, · · · , T (Xm−1) ⊂ Xm, T (Xm) ⊂ X1.

After the distinguished notion and related fixed point result of Kirk et al.[17],
a number of fixed point theorems are reported in the literature, for operators T
defined on a complete metric spaceX with a cyclic representation ofX with respect
to T (see, e.g., [5] - [23]).

Very recently, Karapınar [11] characterize the notion of the cyclic weak ϕ-
contraction and prove fixed point theorems for such types contractions in the
context of cyclic mapping.

Definition 1.3. (See [11]) Let (X, d) be a metric space, m ∈ N, A1, A2, . . . , Am

closed nonempty subsets of X and Y =
⋃m

i=1Ai. An operator T : Y −→ Y is called
a cyclic weak ϕ-contraction if

(1) X =
⋃m

i=1Ai is a cyclic representation of X with respect to T ;
(2) there exists a continuous, non-decreasing function ϕ : [0,∞) −→ [0,∞) with

ϕ(t) > 0 for t ∈ (0,∞) and ϕ(0) = 0 such that

d(Tx, Ty) ≤ d(x, y)− ϕ(d(x, y)),

for any x ∈ Ai, y ∈ Ai+1, i = 1, 2, · · · ,m where Am+1 = A1.

Let F denote all the continuous functions ϕ : [0,∞) −→ [0,∞) with ϕ(t) > 0 for
t ∈ (0,∞) and ϕ(0) = 0.

Theorem 1.4. (See [11]) Let (X, d) be a complete metric space,m ∈ N, A1, A2, . . . , Am

nonempty subsets of X and X =
⋃m

i=1Ai. Suppose that T is a cyclic weak ϕ-
contraction with ϕ ∈ F. Then, T has a fixed point z ∈

⋂n
i=1Ai.

The aim of this paper is to use the concept of cyclic contraction and Kannan
type mapping and introduce the notions of Kannan type cyclic weakly contractions
and then derive fixed point theorems on it in the setup of complete metric spaces.
Our results generalize fixed point theorems [11, 17] in the sense of metric spaces.

2. MAIN RESULTS

In this section, we introduce the notion of Kannan type cyclic weakly contraction
in metric space. Before this, we introduce the following class of functions: Let F1

denote all the continuous functions ψ : [0,∞)2 −→ [0,∞) satisfying ψ(x, y) = 0 if
and only if x = y = 0.
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We introduce the notion of Kannan type cyclic weakly contraction in metric
space, in the following way.

Definition 2.1. Let (X, d) be a metric space, m ∈ N, A1, A2, . . . , Am nonempty
subsets of X and Y =

⋃m
i=1Ai. An operator T : Y −→ Y is called a Kannan type

cyclic weakly contraction if
(1)

⋃m
i=1Ai is a cyclic representation of Y with respect to T ;

(2)

d(Tx, Ty) ≤ 1
2 [d(x, Tx) + d(y, Ty)]− ψ(d(x, Tx), d(x, Ty)),

for any x ∈ Ai, y ∈ Ai+1, i = 1, 2, · · · ,m where Am+1 = A1 and

ψ(d(x, Tx), d(y, Ty)) ∈ F1.

We state the main result of this section as follows:

Theorem 2.2. Let (X, d) be a complete metric space, m ∈ N, A1, A2, . . . , Am non-
empty closed subsets of X and Y =

⋃m
i=1Ai. Suppose that T is a Kannan type

cyclic weakly contraction. Then, T has a fixed point z ∈
⋂n

i=1Ai.

Proof. Take x0 ∈ X. We construct a sequence in the following way:

xn+1 = Txn, for all n = 0, 1, 2, · · · .
If there exists n0 ∈ N such that xn0+1 = xn0 , then, the existence of the fixed point
is proved. Indeed, we have Txn0 = xn0+1 = xn0 . On the occasion of that we
assume xn+1 6= xn for any n = 0, 1, 2, · · · . Regarding that X =

⋃m
i=1Ai, for any

n > 0 there exists in ∈ {1, 2, · · · ,m} such that xn−1 ∈ Ain
and xn ∈ Ain+1 . Since

T is a Kannan type cyclic weakly contraction, we have

(2.1)
d(xn, xn+1) = d(Txn−1, Txn)

≤ 1
2
[d(xn−1, Txn−1) + d(xn, Txn)]− ψ(d(xn−1, Txn−1), d(xn, Txn))

=
1
2
[d(xn−1, xn) + d(xn, xn+1)]− ψ(d(xn−1, xn), d(xn, xn+1)) (2.2)

≤ 1
2
[d(xn−1, xn) + d(xn, xn+1)].

Consequently,

d(xn, xn+1) ≤ d(xn−1, xn) for any n ∈ N.
By virtue of the fact that we conclude {d(xn, xn+1)} is a nondecreasing sequence
of nonnegative real numbers. Therefore, there exists γ ≥ 0 such that

lim
n−→∞

d(xn, xn+1) = γ. (2.3)

Letting n −→∞ in (2.2) we derive that

γ ≤ lim
n−→∞

1
2
[2γ] ≤ γ,

or

lim
n−→∞

d(xn−1, xn+1) = 2γ. (2.4)

Setting n −→∞ in (2.2) and by using (2.3)and (2.4) we get

γ ≤ 1
2
(2γ)− lim inf

n−→∞
ψ(d(xn−1, xn), d(xn, xn+1))

≤ γ − ψ(γ, γ)
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or, ψ(γ, γ) ≤ 0 by the continuity of ψ. This is a contradiction unless γ = 0, that is,

lim
n−→∞

d(xn, xn+1) = 0. (2.5)

We shall show that the sequence {xn} is a Cauchy sequence. For this goal, we
prove the following claim first:

(C) For every ε > 0 there exists n ∈ N such that if r, q ≥ n with r − q ≡ 1(m),
then d(xr, xq) < ε.

Assume the contrary of (C). Thus, there exists ε > 0 such that for any n ∈ N we
can find rn > qn ≥ n with rn − qn ≡ 1(m) satisfying

d(xqn
, xrn

) ≥ ε. (2.6)

Now, we take n > 2m. Then, corresponding to qn ≥ n use can choose rn in such
a way that it is the smallest integer with rn > qn satisfying rn − qn ≡ 1(m) and
d(xqn

, xrn
) ≥ ε. Therefore, d(xqn

, xrn−m
) ≤ ε. By using the triangular inequality

ε ≤ d(xqn
, xrn

) ≤ d(xqn
, xrn−m

) +
m∑

i=1

d(xrn−i
, xrn−i+1)

< ε+
m∑

i=1

d(xrn−i
, xrn−i+1).

Letting n −→∞ in the last inequality and taking into account that limn−→∞ d(xn, xn+1) =
0, we find

lim
n−→∞

d(xqn , xrn) = ε. (2.7)

Again, by the triangular inequality

(2.8)
ε ≤ d(xqn

, xrn
)

≤ d(xqn
, xqn+1) + d(xqn+1 , xrn+1) + d(xrn+1 , xrn

)
≤ d(xqn

, xqn+1) + d(xqn+1 , xqn
) + d(xqn

, xrn
) + d(xrn

, xrn+1) + d(xrn+1 , xrn
)

= 2d(xqn
, xqn+1) + d(xqn

, xrn
) + 2d(xrn

, xrn+1).

Taking (2.5) and (2.7) into account, we obtain

lim
n−→∞

d(xqn+1 , xrn+1) = ε (2.9)

as n −→∞ in (2.7).
Due to the fact that xqn and xrn lie in different adjacently labeled sets Ai and

Ai+1 for certain 1 ≤ i ≤ m, using the fact that T is a Kannan type cyclic weakly
contraction, we have

d(xqn+1 , xrn+1) = d(Txqn
, Txrn

)

≤ 1
2
[d(xqn

, Txqn
) + d(xrn

, Txrn
)]− ψ(d(xqn

, Txqn
), d(xrn

, Txrn
))

≤ 1
2
[d(xqn

, xqn+1) + d(xrn
, xrn+1)]− ψ(d(xqn

, xqn+1), d(xrn
, xrn+1)).

Regarding (2.5) and (2.7) and the continuity of ψ, letting n −→ ∞ in the last
inequality, we conclude that ε = 0. This is a contradiction and hence (C) is proved.

By the help of (C), we shall show {xn} is a Cauchy sequence in Y . Fix ε > 0.
By (C), we find n0 ∈ N such that if r, q ≥ n0 with r − q ≡ 1(m)

d(xr, xq) ≤
ε

2
. (2.10)
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Since limn−→∞ d(xn, xn+1) = 0, we also find n1 ∈ N such that

d(xn, xn+1) ≤
ε

2m
(2.11)

for any n ≥ n1. Assume that r, s ≥ max{n0, n1} and s > r. Then there exists
k ∈ {1, 2, · · · ,m} such that s−r ≡ k(m). Hence, s−r+ϕ ≡ 1(m) for ϕ = m−k+1.
So, we have

d(xr, xs) ≤ d(xr, xs+j) + d(xs+j , xs+j−1) + · · ·+ d(xs+1, xs).

By (2.10) and (2.11) and from the last inequality, we get

d(xr, xs) ≤
ε

2
+ j × ε

2m
≤ ε

2
+m× ε

2m
= ε

By reason of the fact that (xn) is a Cauchy sequence in Y . Since Y is closed in
X, then Y is also complete and there exists x ∈ Y such that limn−→∞ xn = x. In
what follows, we prove that x is a fixed point of T . In fact, since limn−→∞ xn = x
and, as Y =

⋃m
i=1Ai is a cyclic representation of Y with respect to T, the sequence

(xn) has infinite terms in each Ai for i ∈ {1, 2, · · · ,m}. Suppose that x ∈ Ai,
Tx ∈ Ai+1 and we take a subsequence xnk

of (xn) with xnk
∈ Ai−1 (the existence

of this subsequence is guaranteed by the above-mentioned comment). By using
the contractive condition, we can obtain

d(xnk+1 , Tx) = d(Txnk
, Tx)

≤ 1
2
[d(xnk

, Txnk
) + d(x, Tx)]− ψ(d(xnk

, Txnk
), d(x, Tx))

=
1
2
[d(xnk

, xnk+1) + d(x, Tx)]− ψ(d(xnk
, xnk+1), d(x, Tx)).

Setting n −→∞ and using xnk
−→ x, continuity of ψ, we have

d(x, Tx) ≤ 1
2
d(x, Tx)− ψ(0, d(x, Tx)) ≤ 1

2
d(x, Tx)

which is a contradiction unless d(x, Tx) = 0.Consequently, x is a fixed point of T.
We shall prove that x is a unique fixed point of T . Suppose, to the contrary that,

there exists z ∈ X with x 6= z and Tz = z. By using the contractive condition we
obtain

d(x, z) = d(Tx, Tz) ≤ 1
2
[d(x, Tx) + d(z, Tz)]

−ψ(d(x, Tx), d(z, Tz)) = 0.

which is a contradiction. �

Corollary 2.3. Let (X, d) be a complete metric space, m ∈ N, A1, A2, . . . , Am non-
empty closed subsets of X and Y =

⋃m
i=1Ai. Suppose that T : Y −→ Y be an

operator such that
(1)

⋃m
i=1Ai is a cyclic representation of Y with respect to T ;

(ii) there exists α ∈ [0, 1
2 ) such that

d(Tx, Ty) ≤ α[d(x, Tx) + d(y, Ty)] (2.12)

for any x ∈ Ai, y ∈ Ai+1, i = 1, 2, · · · ,m where Am+1 = A1. Then, T has a fixed
point z ∈

⋂n
i=1Ai.

Proof. Let α ∈ [0, 1
2 ). Here, it suffices to take the function ψ : [0,+∞)2 −→ [0,+∞)

as ψ(a, b) = ( 1
2 − α)(a+ b). It is clear that ψ satisfies the conditions:

(i) ψ(a, b) = 0 if and only if a = b = 0, and
(ii) ψ(x, y) = ( 1

2 − α)(x+ y) = ψ(x+ y, 0).
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Hence, we apply Theorem 2.2 and get the desired result. �

The following corollary gives us a fixed point theorem with a contractive condition
of integral type for cyclic contractions.

Corollary 2.4. Let (X, d) be a complete metric space, m ∈ N, A1, A2, . . . , Am non-
empty closed subsets of X and Y =

⋃m
i=1Ai. Suppose that T : Y −→ Y be an

operator such that
(i)

⋃m
i=1Ai is a cyclic representation of Y with respect to T ;

(ii) there exists α ∈ [0, 1
2 ) such that∫ d(Tx,Ty)

0

ρ(t)dt ≤ α

∫ d(x,Tx)+d(y,Ty)

0

ρ(t)dt

for any x ∈ Ai, y ∈ Ai+1, i = 1, 2, · · · ,m where Am+1 = A1, and ρ : [0,∞) −→
[0,∞) is a Lebesgue-integrable mapping satisfying

∫ ε

0
ρ(t)dt for ε > 0. Then T has

unique fixed point z ∈
⋂m

i=1Ai.

Proof. It is easily proved that the function ϕ : [0,∞) −→ [0,∞) given by ϕ(t) =∫ t

0
ρ(s)ds satisfies that ϕ ∈ F1. Therefore, Corollary 2.3 is obtained from Theorem

2.2, taking as ϕ the above-defined function and as ψ the function ψ(x, y) = ( 1
2 −

α)(x+ y) = ϕ(x+ y, 0). �

If in Corollary 2.4, we take Ai = X for i = 1, 2, · · · ,m, we obtain the following
result.

Corollary 2.5. Let (X, d) be a complete metric space and T : X −→ X a mapping
such that for any x, y ∈ X,∫ d(Tx,Ty)

0

ρ(t)dt ≤ α

∫ d(x,Tx)+d(y,Ty)

0

ρ(t)dt

where ρ : [0,∞) −→ [0,∞) is a Lebesgue-integrable mapping satisfying
∫ ε

0
ρ(t)dt

for ε > 0 and the constant α ∈ [0, 1
2 ). Then T has unique fixed point.

If in Theorem 2.2 we put Ai = X for i = 1, 2, · · · ,m we get the generalized result
of [9, 10].

Corollary 2.6. Let (X, d) be a complete metric space and T : X −→ X a mapping
such that for any x, y ∈ X,

d(Tx, Ty) ≤ 1
2
[d(x, Tx) + d(y, Ty)]− ψ(d(x, Tx) + d(y, Ty)),

where ψ ∈ F1. Then T has unique fixed point.
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ABSTRACT. In this paper, two classes of generalized variational-like inequalities problems
for multivalued mappings are introduced and then by using KKM technique and Kakutani-
Fan-Glicksberg fixed point theorem the solvability of them are investigated when the map-
pings are relaxed η−α-monotone. One can consider this paper the topological vector space
version of reference [15]..
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η-hemicontinuity; η-Coercivity; relaxed η-α-monotone; Relaxed η-α-semimonotone map-
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1. INTRODUCTION

The existence of solutions for variational inequality problems, complementarity
problems, equilibrium problems and others is mainly dependent on the monotonic-
ity of a map ( see [1, 2, 3, 4, 6, 8, 10, 14, 19]). Recently, many authors, see
[7, 8, 9, 10, 11] considered the quasimonotonicity in dealing with variational in-
equality problems. Verma [17, 18] studied and established some existence the-
orems for a solution of a class of nonlinear variational inequality problems with
p-monotone and p-Lipschitz mappings in the setting of reflexive Banach spaces.

Inspired and motivated by several authors[1, 3, 4, 7, 9, 13, 20], we intro-
duce two new concepts of relaxed η-α-semimonotonicity as well as two classes
of variational-like inequalities with relaxed η-α-monotone mappings and relaxed
η-α-semimonotone mappings. Using KKM-technique, we obtain the existence of a
solution for variational-like inequalities problems with relaxed η-α-monotone map-
pings in the setting of reflexive Banach spaces. We also present the solvability
of variational-like inequalities problems with η-α-semimonotone mappings for an
arbitrary Banach space by applying of Kakutani-Fan fixed point theorem [5, 20].
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2. VARIATIONAL-LIKE INEQUALITIES WITH RELAXED η-α-MONOTONE
MAPPINGS

Throughout this paper, unless otherwise specified, we always let E be a Haus-
dorff topological vector space with dual space E?, K a nonempty closed convex
subset of E, T a multivalued mapping from K to E?, and η : K × K −→ K
and α : E −→ <(the real numbers) are mappings. Furthermore, we assume that
α(0) = 0 and limt−→0+

α(tz)
t = 0, for all z ∈ K. This means that α the directional

derivative at θ( zero of E) at every direction z ∈ K is zero. For examples of these
mappings, one can consider all α which has the property α(tz) = tpα(z) for all
t ≥ 0, p > 1 and z ∈ E. We note that if we take E = < then it is easy to see that
the directional derivative of the mapping α(x) = |x| at θ in each direction z ∈ E is
zero but it dose not satisfy α(tz) = tpα(z) for all t ≥ 0, p > 1 and z ∈ E.

Definition 2.1. A multivalued mapping T : K −→ 2E?

(2E?

denotes the set
of all subsets of E?) is said to be relaxed η-α-monotone if there exist mappings
η : K ×K −→ K and α : E −→ < such that the following inequality holds,

〈u− v, η(x, y)〉 ≥ α(x− y), for all x, y ∈ K, u ∈ T (x), and v ∈ T (y). (2.1)

Remark:

(i) If η(x, y) = x− y, for all x, y ∈ K then (2.1) becomes

〈u− v, x− y〉 ≥ α(x− y), for all u ∈ T (x), and v ∈ T (y), (2.1a)

and T is called relaxed α-monotone.
(ii) If T : K −→ E? is a single valued mapping then (2.1) becomes

〈Tx− Ty, η(x, y)〉 ≥ α(x− y), for all x, y ∈ K, (2.1b)

and T is called relaxed η-α-monotone mapping ( see [14]).
(iii) If η(x, y) = x − y, for all x, y ∈ K and α(z) = k‖z‖p, where p and k are

positive constants, then (2.1b) reduces to

〈Tx− Ty, x− y〉 ≥ K‖x− y‖p, for all x, y ∈ K,

and T is called p-monotone ( see [12, 20]).
Definition 2.1 Let X and Y be two topological spaces. A set-valued mapping
G : X −→ 2Y is called:

(i) upper semi-continuous (u.s.c.) at x ∈ X if for each open set V containing G(x),
there is an open set U containing x such that for each t ∈ U, G(t) ⊆ V ; G is said
to be u.s.c. on X if it is u.s.c. at all x ∈ X.

(iii) lower semi-continuous (l.s.c.) at x ∈ X if for each open set V with G(x)∩V 6=
∅, there is an open set U containing x such that for each t ∈ U, G(t) ∩ V 6= ∅; G
is said to be l.s.c. on X if it is l.s.c. at all x ∈ X.

(vi) continuous if G is both lower semi-continuous and upper semi-continuous.

Proposition 2.1 ([16]) Let X and Y be two topological spaces. A set-valued map-
ping T : X −→ 2Y is l.s.c. at x ∈ X if and only if for any y ∈ T (x) and any net
{xα} which converges to x there is a net {yα} such that yα ∈ T (xα) and yα −→ y.

Definition 2.2 Let T : K −→ 2E?

and η : K × K −→ K be the two mappings.
We say that T is lower η-hemicontinuous whenever, for any x, y ∈ K, the mapping
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f : [0, 1] −→ 2(−∞,+∞) defined by,

f(t) = 〈T (x + t(y − x)), η(y, x)〉

is lower semicontinuous at 0.

Remark that this definition is weaker than the corresponding definition given in
[3].

Definition 2.3 ([6]) A mapping F : K −→ 2E is said to be a KKM-mapping, if for

any {x1, x2, . . . , xn} ⊂ K, co{x1, x2, . . . , xn} ⊂
n⋃

i=1

F (xi), where 2E\{∅} denotes

the family of all nonempty subsets of E.

Lemma 2.1([6]) Let K be a nonempty subset of a topological vector space X and
F : K → 2X a KKM mapping with closed values in K. Assume that there exists
a nonempty compact convex subset B of K such that

⋂
x∈B

F (x) is compact. Then⋂
x∈K

F (x) 6= ∅.

Theorem 2.1. Let T : K −→ 2E?

be lower η-hemicontinuous and relaxed η-α-
monotone mapping. Let f : K × K −→ R ∪ {+∞} be a proper function ( that is
f 6= +∞) and η : K ×K −→ E be a mapping. Assume that

(i) η(x, x) = 0, for all x ∈ K,
(ii) for any fixed x ∈ K and u ∈ Ty, the mapping y −→ 〈u, η(y, x)〉 is convex,
(iii) for any fixed x ∈ K, the mapping y −→ f(y, x) is convex.

Then the following two variational-like inequality problems are equivalent ( that
is, their solution sets are equal):

(i) Find x ∈ K such that

〈u, η(y, x)〉+ f(y, x)− f(x, x) ≥ 0, for all y ∈ K and u ∈ T (x). (2.2)

(ii) Find x ∈ K such that

〈v, η(y, x)〉+ f(y, x)− f(x, x) ≥ α(y − x), for all y ∈ K and v ∈ T (y). (2.3)

Proof. Let x ∈ K be a solution of (2.2). Since T is relaxed η-α-monotone, we have

〈v, η(y, x)〉+ f(y, x)− f(x, x) ≥ 〈u, η(y, x)〉+ α(y − x) + f(y, x)− f(x, x)

for all y ∈ K, v ∈ T (y). Then x ∈ K is a solution of (2.3).

For vice versa, let x ∈ K be a solution of (2.3). Assume that y is an arbitrary
element of K and u ∈ T (x). Since x is a solution of (2.3) then f(x, x) < ∞. Letting

yt = (1− t)x + ty, t ∈ [0, 1],

( note K is a convex set) then yt ∈ K. Moreover yt approaches to x when t converges
to zero and so by Proposition 2.1 ( note u ∈ T (x) and T is lower η− hemicontinuous)
there is vt ∈ T (yt), such that

〈vt, η(y, x)〉 −→ 〈u, η(y, x)〉 if t −→ 0 (∗)

and hence ( note that x is a solution of (2.3))

〈vt, η(yt, x)〉+ f(yt, x)− f(x, x) ≥ α(yt − x) = α(t(y − x)). (2.4)
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By condition (iii) we get

f(yt, x)− f(x, x) = f((1− t)x + ty, x)− f(x, x) ≤ t(f(y, x)− f(x, x)) (2.5)

and also conditions (ii) and (i) imply that

〈vt, η(yt, x)〉 = 〈vt, η((1− t)x + ty, x)〉

≤ (1− t)〈vt, η(x, x)〉+ t〈vt, η(y, x)〉
= t〈vt, η(y, x)〉 . (2.6)

It follows from (2.4)-(2.6) , for t ∈]0, 1], that,

〈vt, η(y, x)〉+ f(y, x)− f(x, x) ≥ α(t(y − x))
t

=
α(t(y − x))− α(θ)

t
, (2.7)

for all y ∈ K and vt ∈ T (yt). Now the result follows by letting t −→ 0 in (2.7),
using (*), and the fact that α has nonnegative directional derivative at zero in each
direction. That is

〈u, η(y, x)〉+ f(y, x)− f(x, x) ≥ 0, for all y ∈ K and u ∈ T (x).

Hence x ∈ K is a solution of (2.2). This completes the proof.

We need the following theorem in the sequel.

Theorem 2.2. Let K be a nonempty closed convex subset of a topological vector
space E and E? the dual space of E. Let T : K −→ 2E?\{∅}, f : K × K −→
R ∪ {+∞} and η : K ×K −→ E be three mappings such that,

(i) η(x, y) + η(y, x) = 0, for all x ∈ K,
(ii) for any fixed y ∈ K, the mapping x −→ 〈Tx, η(y, x)〉 + f(y, x) − f(x, x) is

lower semi-continuous,
(iii) for any fixed y ∈ K, the mappings x −→ η(x, y) and x −→ f(x, y) are

concave and convex, respectively,
(iv) 〈ui − uj , η(ai, aj)〉 ≥ 0, for each finite subset A = {a1, a2, ..., an} of K,

y ∈ coA and ui ∈ T (y),
(v) there exist a compact convex subset D of K and a compact subset B of K

such that

∀x ∈ K\B ∃z ∈ D : 〈u, η(z, x)〉+ f(z, x)− f(x, x) < 0, for some u ∈ T (z).

Then the solution set of problem (2.2) is nonempty and compact.

Proof. Define set-valued mapping, F : K −→ 2E as follows:

F (y) = {x ∈ K : ∀ u ∈ T (x), 〈u, η(y, x)〉+ f(y, x)− f(x, x) ≥ 0}.
We claim that F is a KKM mapping. If F is not a KKM-mapping, then there exist

subset {y1, y2, . . . , yn} ⊂ K and ti > 0, i = 1, 2, . . . , n, such that
n∑

i=1

ti = 1,

z =
n∑

i=1

ti yi 6∈
n⋃

i=1

F (yi),

and hence there exist ui ∈ T (y), for i = 1, 2, ..., n such that

〈ui, η(yi, z)〉+ f(yi, z)− f(z, z) < 0, for i = 1, 2, . . . , n,

and so
n∑

i=1

ti〈ui, η(yi, z)〉+
n∑

i=1

tif(yi, z)− f(z, z) < 0,
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and by (iii) ( f is convex in the first variable) we have
n∑

i=1

ti〈ui, η(yi, z) < 0,

and by (i) ( note η(yi, z) = −η(z, yi) and z =
∑n

j=1 tjyj ) we get

−
n∑

i=1

ti〈ui, η(z, yi) < 0,

and it follows from (iii) and (i) that

−
n∑

j=1

n∑
i=1

titj〈ui, η(yj , yi) < 0,

and so by (i) ( note η(yi, yi) = 0, η(yi, yj) = −η(yj , yi)) we get∑
i<j

titj〈ui − uj , η(yi, yj)〉 < 0,

and so 〈ui − uj , η(yi, yj)〉 < 0, for some i < j ,which is contradicted ( by (iv)).
This implies that F is a KKM-mapping. We claim that F (y) is closed for all y ∈ K.
Indeed, let {xα} be a net in F (y) which converges to x ∈ K. We have to show
that x ∈ F (y). To see this let v ∈ T (x) be an arbitrary element. By (ii) through
Proposition 2.1 there is net {vα} in E∗ with vα ∈ T (xα) such that

〈vα, η(y, xα)〉+ f(y, xα)− f(xα, xα) −→ 〈v, η(y, x)〉+ f(y, x)− f(x, x) (I)

and since xα ∈ F (y) we deduce from (I) that

〈v, η(y, x)〉+ f(y, x)− f(x, x) ≥ 0,

and hence x ∈ F (y). Also it follows from (v) that ∩z∈DF (z) ⊆ B, and so F satisfies
all the assumptions of Lemma 2.1 and then there exists x ∈

⋂
y∈K F (y). This means

that x is a solution of problem 2.2. Furthermore the solution set of problem 2.2
equals to the intersection

⋂
y∈K F (y) which by using (v) is a subset of the compact

set B and, note
⋂

y∈K F (y) is closed, so it is compact. This completes the proof of
theorem. �

Remark. (i) It is clear that one can omit condition (v) in Theorem 2.2 when the set
K is compact.

(ii) In [7], the authors, instead of condition (v) in Theorem 2.2, considered the
following condition for a reflexive Banach space, which consists of finding x0 ∈ K
such that,

〈u− u0, η(x, x0)〉 − f(x0, x) + f(x, x)
‖η(x, x0)‖

−→ +∞ , (II)

whenever ‖x‖ −→ ∞, for all u ∈ T (x), u0 ∈ T (x0).
They (II) called η-coercive. It is clear that (II) is a special case of condition (v) in
Theorem 2.2. Because for each positive real number M there is another positive
number N such that

‖x‖ > N ⇒ 〈u− u0, η(x, x0)〉 − f(x0, x) + f(x, x)
‖η(x, x0)‖

> M. (III)

Now we can take B = {x : ‖x‖ ≤ N} and D = {x0} which are weakly compact (
note E is a reflexive Banach space) and convex. Moreover by condition (i) of The-
orem 2.2 η(x, x0) = −η(x0, x) and by multiplying the relation (III) by −1 we get
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condition (v) in Theorem 2.2.

An special case of (II) has been given in [19] as follows ,

〈u− u0, η(x, x0)〉+ f(x)− f(x0)
‖η(x, x0)‖

−→ +∞ ,

whenever ‖x‖ −→ ∞, for all u ∈ T (x), u0 ∈ T (x0).

By combining Theorems 2.1 and 2.2 one can deduce the next result.

Theorem 2.3. Let K be a nonempty closed convex subset of a topological vec-
tor space E and E? the dual space of E. Let T : K −→ 2E?\{∅} be lower η-
hemicontinuous and relaxed η-α-monotone and the conditions (i)-(v) of Theorem
2.2 and condition (ii) of Theorem 2.1 hold. Then the solution sets of problems (2.2)
and (2.3) are equal and a nonempty compact subset of K.

We note that if T is a single valued mapping and f is a zero map, then the
Theorems 2.1 and 2.2 are equivalent to the problems considered and studied by
Bai et al [1].

3. VARIATIONAL-LIKE INEQUALITIES WITH RELAXED η-α-SEMIMONOTONE
MAPPINGS

Throughout this section, let E be an arbitrary locally convex topological vector
space( briefly, locally convex space) with its dual E∗ and K a nonempty closed
convex subset of E.

Definition 3.1. Let A : K × K −→ 2E∗
, η : K × K −→ E and α : E −→ <

be three mappings. The mapping A is called relaxed η − α-semimonotone if the
mapping y −→ A(w, y) is relaxed η−α−monotone, for each w ∈ K. In this section
we consider the following problem of finding x ∈ K such that

〈u, η(y, x)〉+ f(y, x)− f(x, x) ≥ 0, for all y ∈ K andu ∈ A(x, y). (3.1)

where f : K ×K −→ <.

In order to prove our existence theorem we need the following result.

Theorem 3.1 ( Kakutani-Fan-Glicksberg)([5]). Let X be a locally convex Hausdorff
space, D ⊆ X a nonempty, convex compact subset. Let T : D −→ 2D be upper
semicontinuous with nonempty, closed convex T (x), for all x ∈ D. Then T has a
fixed point in D.

Theorem 3.2. Let E be a locally convex Hausdorff space, K ⊆ E a nonempty
closed convex set, A : K × K −→ 2E a relaxed η − α-semimonotone mapping,
f : KtimesK −→ <

⋃
{+∞} a proper convex and weakly lower semicontinuous

functional, and η : K × K −→ E a mapping. If for all w ∈ K, the mapping
y ∈ A(w, y) satisfies all the assumptions of Theorem 2.2 and the mapping, for all
w ∈ K, x −→ 〈u, η(y, x)〉 + f(y, x) − f(x, x) ≥ 0, for all y ∈ K and u ∈ A(w, y),
is convex and upper semicontinuous, then problem (3.1) has a solution. Moreover
the solution set of problem (3.1) is compact and convex.
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Proof. By Theorem 2.2, for each w ∈ coB, the set

G(w) = {x ∈ coB : 〈u, η(y, x)〉+f(y, x)−f(x, x) ≥ 0, for all y ∈ K and u ∈ A(w, y)}

is nonempty convex and compact subset of B ⊂ K. Now the mapping G : coB −→
2coB defined by w −→ G(w) fulfils all the conditions of Theorem 3.1 and hence
there is x ∈ coB ⊂ K such that x ∈ G(x) and so x is a solution of problem 3.1 and
so the solution set of the problem 3.1 is nonempty. It is clear that the solution set
of problem (3.1) is equal to the intersection⋂

w∈K

G(w) ⊆
⋂

x∈coB

G(w) ⊂ D

and since G(w), for all w ∈ K is closed and D is compact then the solution set
problem (3.1) is compact and the convexity of the solution set is obvious from the
assumptions. This completes the proof. �
Remark 3.1. If A is a single valued mapping and f is a zero map, then problem
(3.1) is equivalent to the problem (3.1) considered and studied by Bai et al [1]. Note
that Theorems 2.2 and 3.1 are topological vector space version of Theorems 2.1
and 2.6, respectively, in [3].
Acknowledgements. The authors are very grateful to the anonymous referee for
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research was in part supported by Islamic Azad university, Kermanshah Branch,
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ABSTRACT. Some common fixed point results satisfying a generalized weak contractive
condition in the framework of partially ordered metric spaces are obtained. The proved
results generalize and extend some known results in the literature.
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1. INTRODUCTION AND PRELIMINARIES

Fixed point theory is an old and rich branch of analysis and has a large number of
applications. Fixed point problems involving different contractive type inequalities
have been studied by many authors (see [1]-[20] and references cited therein). The
main aim of this work is to prove some common fixed point theorems for (µ, ψ)-
generalized f-weakly contractive mappings in partially ordered metric spaces.

The Banach contraction mapping is one of the pivotal results of analysis. It is
very popular tool for solving existence problems in many different fields of math-
ematics. There are a lot of generalizations of the Banach contraction principle in
the literature. Ran and Reurings [18] extended the Banach contraction principle
in partially ordered sets with some applications to linear and nonlinear matrix
equations. While Nieto and Rodŕiguez-López [17] extended the result of Ran and
Reurings and applied their main theorems to obtain a unique solution for a first
order ordinary differential equation with periodic boundary conditions. Bhaskar
and Lakshmikantham [2] introduced the concept of mixed monotone mappings
and obtained some coupled fixed point results. Also, they applied their results on
a first order differential equation with periodic boundary conditions.
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Alber and Guerre-Delabriere [1] introduced the concept of weakly contractive
mappings and proved the existence of fixed points for single-valued weakly con-
tractive mappings in Hilbert spaces. Thereafter, in 2001, Rhoades [20] proved the
fixed point theorem which is one of the generalizations of Banach’s Contraction
Mapping Principle, because the weakly contractions contains contractions as a
special case and he also showed that some results of [1] are true for any Banach
space. In fact, weakly contractive mappings are closely related to the mappings of
Boyd and Wong [3] and of Reich types [19]. Fixed point problems involving weak
contractions and mappings satisfying weak contractive type inequalities have been
studied by many authors (see [1], [7]-[15], [20] and references cited therein).

First, we recall some basic definitions and related results.
A map T : X −→ X is called a weakly contractive mapping (see [1], [13], [20]) if

for each x, y ∈ X,
d(Tx, Ty) ≤ d(x, y)− ψ(d(x, y)) (1.1)

where ψ : [0,∞) −→ [0,∞) is continuous and nondecreasing, ψ(x) = 0 if and only
if x = 0 and limψ(x) = ∞.

If we take ψ(x) = kx, 0 < k < 1, then a weakly contractive mapping is called a
contraction.

A map T : X −→ X is called a f -weakly contractive mapping (see [14]) if for each
x, y ∈ X,

d(Tx, Ty) ≤ d(fx, fy)− ψ(d(fx, fy)) (1.2)
where f : X −→ X is a self-mapping, ψ : [0,∞) −→ [0,∞) is continuous and
nondecreasing, ψ(x) = 0 if and only if x = 0 and limψ(x) = ∞.

If we take ψ(x) = (1 − k)x, 0 < k < 1, then a f-weakly contractive mapping
is called a f-contraction. Further, if f = identity mapping and ψ(x) = (1 − k)x,
0 < k < 1, then a f-weakly contractive mapping is called a contraction.

A map T : X −→ X is called a generalized f -weakly contractive mapping (see
[7]) if for each x, y ∈ X,

d(Tx, Ty) ≤ 1
2
[d(fx, Ty) + d(fy, Tx)]− ψ(d(fx, Ty), d(fy, Tx)) (1.3)

where f : X −→ X is a self-mapping, ψ : [0,∞)2 −→ [0,∞) is a continuous
mapping such that ψ(x, y) = 0 if and only if x = y = 0.

If f =identity mapping, then a generalized f-weakly contractive mapping is a
generalized weakly contractive mapping (see [13]).

Khan et al. [16] initiated the use of a control function that alters distance be-
tween two points in a metric space, which they called an altering distance function.

A function µ : [0,∞) −→ [0,∞) is called an altering distance function if the
following properties are satisfied:

(i) µ is monotone increasing and continuous;
(ii) µ(t) = 0 if and only if t = 0.
A map T : X −→ X is called a (µ, ψ)-generalized f -weakly contractive mapping

(see [8]) if for each x, y ∈ X,

µ(d(Tx, Ty)) ≤ µ(
1
2
[d(fx, Ty) + d(fy, Tx)])− ψ(d(fx, Ty), d(fy, Tx)) (1.4)

where f : X −→ X is a self-mapping, µ : [0,∞) −→ [0,∞) is an altering distance
function and ψ : [0,∞)2 −→ [0,∞) is a lower semi-continuous mapping such that
ψ(x, y) = 0 if and only if x = y = 0.

If f =identity mapping, then a (µ, ψ)-generalized f-weakly contractive mapping
is a (µ, ψ)-generalized weakly contractive mapping.
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Let M be a nonempty subset of a metric space (X, d), a point x ∈ M is a
common fixed (coincidence) point of f and T if x = fx = Tx (fx = Tx). The set
of fixed points (respectively, coincidence points) of f and T is denoted by F (f, T )
(respectively, C(f, T )). The mappings T, f : M → M are called commuting if
Tfx = fTx for all x ∈ M ; compatible if lim d(Tfxn, fTxn) = 0 whenever {xn} is a
sequence such that limTxn = lim fxn = t for some t in M ; weakly compatible if
they commute at their coincidence points, i.e., if fTx = Tfx whenever fx = Tx.

Suppose (X,≤) is a partially ordered set and T, f : X −→ X. A mapping T is
said to be monotone f -nondecreasing if for all x, y ∈ X,

fx ≤ fy implies Tx ≤ Ty. (1.5)

If f=identity mapping, then T is a monotone nondecreasing.
A subset W of a partially ordered set X is said to be well ordered if every two

elements of W are comparable.

2. MAIN RESULTS

Theorem 2.1. Let (X,≤) be a partially ordered set and suppose that there exists a
metric d on X such that (X, d) is a complete metric space. Suppose that T and f are
self mappings on X, T (X) ⊆ f(X), T is a monotone f -nondecreasing mapping and

µ(d(Tx, Ty)) ≤ µ(
1
2
[d(fx, Ty) + d(fy, Tx)])− ψ(d(fx, Ty), d(fy, Tx)) (2.1)

for all x, y ∈ X for which f(x) ≥ f(y) where µ : [0,∞) −→ [0,∞) is an altering
distance function and ψ : [0,∞)2 −→ [0,∞) is a lower semi-continuous mapping
such that ψ(x, y) = 0 if and only if x = y = 0.

If {f(xn)} ⊂ X is a nondecreasing sequence with f(xn) −→ f(z) in f(X), then
f(xn) ≤ f(z), and f(z) ≤ f(f(z)) for every n.

Also suppose that f(X) is closed. If there exists an x0 ∈ X with f(x0) ≤ T (x0),
then T and f have a coincidence point.

Further, if T and f are weakly compatible, then T and f have a common fixed
point. Moreover, the set of common fixed points of T and f is well ordered if and only
if T and f have one and only one common fixed point.

Proof. Let x0 ∈ X such that f(x0) ≤ T (x0). Since T (X) ⊆ f(X), we can choose
x1 ∈ X so that fx1 = Tx0. Since Tx1 ∈ f(X), there exists x2 ∈ X such that
fx2 = Tx1. By induction, we construct a sequence {xn} in X such that fxn+1 =
Txn, for every n ≥ 0.

Since f(x0) ≤ T (x0), T (x0) = f(x1), f(x0) ≤ f(x1), T is monotone f-nondecreasing
mapping, T (x0) ≤ T (x1). Similarly f(x1) ≤ f(x2), T (x1) ≤ T (x2), f(x2) ≤ f(x3).
Continuing, we obtain

T (x0) ≤ T (x1) ≤ T (x2) ≤ . . . ≤ T (xn) ≤ T (xn+1) ≤ . . . .

We suppose that d(T (xn), T (xn+1)) > 0 for all n. If not then T (xn+1) = T (xn)
for some n, T (xn+1) = f(xn+1), i.e. T and f have a coincidence point xn+1, and
so we have the result.

Consider

µ(d(Txn+1, Txn)) ≤ µ(
1
2
[d(fxn+1, Txn) + d(fxn, Txn+1)])− ψ(d(fxn+1, Txn), d(fxn, Txn+1))

= µ(
1
2
d(Txn−1, Txn+1))− ψ(0, d(Txn−1, Txn+1)) (∗)

≤ µ(
1
2
d(Txn−1, Txn+1))
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≤ µ(
1
2
[d(Txn−1, Txn) + d(Txn, Txn+1)])

Since µ is a non-decreasing function, for all n = 1, 2 . . ., we have d(Txn+1, Txn) ≤
d(Txn, Txn−1). Thus {d(Txn+1, Txn)} is a monotone decreasing sequence of non-
negative real numbers and hence is convergent. Hence there exists r ≥ 0 such that
d(Txn+1, Txn) −→ r.

From inequality (∗), we have

d(Txn+1, Txn) ≤ 1
2
d(Txn−1, Txn+1)

≤ 1
2
[d(Txn−1, Txn) + d(Txn, Txn+1)]

letting n −→∞, we have

r ≤ lim
1
2
d(Txn−1, Txn+1) ≤

1
2
r +

1
2
r,

i.e. lim d(Txn−1, Txn+1) = 2r. Using the continuity of µ and lower semi-continuity
of ψ, and inequality (∗), we have µ(r) ≤ µ(r)−ψ(0, 2r), and consequently, ψ(0, 2r) ≤
0. Thus r = 0. Hence

d(Txn+1, Txn) −→ 0.
Now, we show that {Txn} is a Cauchy sequence. If otherwise, then there exists

ε > 0 for which we can find subsequences {Txm(k)} and {Txn(k)} of {Txn} with
n(k) > m(k) > k such that for every k, d(Txm(k), Txn(k)) ≥ ε, d(Txm(k), Txn(k)−1) <
ε. So, we have

ε ≤ d(Txm(k), Txn(k))
≤ d(Txm(k), Txn(k)−1) + d(Txn(k)−1, Txn(k))
< ε+ d(Txn(k)−1, Txn(k)).

Letting k −→∞ and using d(Txn+1, Txn) −→ 0, we have

lim d(Txm(k), Txn(k)) = ε = lim d(Txm(k), Txn(k)−1). (2.2)

Again,

d(Txm(k), Txn(k)−1) ≤ d(Txm(k), Txm(k)−1) + d(Txm(k)−1, Txn(k)) + d(Txn(k), Txn(k)−1),

and

d(Txm(k)−1, Txn(k)) ≤ d(Txm(k)−1, Txm(k)) + d(Txm(k), Txn(k)).

Letting k −→∞ in the above two inequalities and using (2.2) we get,

lim d(Txm(k)−1, Txn(k)) = ε.

Also, we have

µ(ε) ≤ µ(d(Txm(k), Txn(k)))

≤ µ(
1
2
[d(fxm(k), Txn(k)) + d(fxn(k), Txm(k))])−

ψ(d(fxm(k), Txn(k)), d(fxn(k), Txm(k)))

= µ(
1
2
[d(Txm(k)−1, Txn(k)) + d(Txn(k)−1, Txm(k))])−

ψ(d(Txm(k)−1, Txn(k)), d(Txn(k)−1, Txm(k))).

Taking k −→ ∞, and using the continuity of µ and lower semi-continuity of ψ,
we have µ(ε) ≤ µ( 1

2 [ε + ε]) − ψ(ε, ε) and consequently ψ(ε, ε) ≤ 0, which is con-
tradiction since ε > 0. Thus {Txn} is a Cauchy sequence. As f(X) is closed
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and fxn = Txn−1, {fxn} is also a Cauchy sequence, there is some z ∈ X such
that lim fxn+1 = limTxn = fz. Since {f(xn)} is a nondecreasing sequence and
lim fxn+1 = fz, f(xn) ≤ f(z), and f(z) ≤ f(f(z)) for every n. Consider

µ(d(Tz, fxn+1)) = µ(d(Tz, Txn))

≤ µ(
1
2
[d(fz, Txn) + d(fxn, T z)])− ψ(d(fz, Txn), d(fxn, T z)),

letting n −→∞, we have

µ(d(Tz, fz)) ≤ µ(
1
2
d(fz, Tz))− ψ(0, d(fz, Tz))

This implies that d(Tz, fz) = 0, i.e. Tz = fz and z is a coincidence point of T and
f .

Now suppose that T and f are weakly compatible. Let w = T (z) = f(z). Then
T (w) = T (f(z)) = f(T (z)) = f(w) and f(z) ≤ f(f(z)) = f(w). Consider

µ(d(T (z), T (w))) ≤ µ(
1
2
[d(fz, Tw) + d(fw, Tz)])− ψ(d(fz, Tw), d(fw, Tz))

= µ(
1
2
[d(Tz, Tw) + d(Tw, Tz)])− ψ(d(Tz, Tw), d(Tw, Tz))

= µ(d(Tw, Tz))− ψ(d(Tz, Tw), d(Tw, Tz)).

This implies that d(Tz, Tw) = 0, by the property of ψ. Therefore, T (w) = f(w) = w.
Now suppose that the set of common fixed points of T and f is well ordered. We

claim that common fixed points of T and f is unique. Assume on contrary that,
Tu = fu = u and Tv = fv = v but u 6= v. Consider

µ(d(u, v)) = µ(d(Tu, Tv))

≤ µ(
1
2
[d(fu, Tv) + d(fv, Tu)])− ψ(d(fu, Tv), d(fv, Tu))

= µ(
1
2
[d(u, v) + d(v, u)])− ψ(d(u, v), d(v, u))

= µ(d(u, v))− ψ(d(u, v), d(u, v)).

This implies that d(u, v) = 0, by the property of ψ. Hence u = v. Conversely, if T
and f have only one common fixed point then the set of common fixed point of f
and T being singleton is well ordered. �

If f =identity mapping, then we have the following result.

Corollary 2.2. Let (X,≤) be a partially ordered set and suppose that there exists a
metric d on X such that (X, d) is a complete metric space. Suppose that T is a self
mapping on X, T is a monotone nondecreasing mapping and

µ(d(Tx, Ty)) ≤ µ(
1
2
[d(x, Ty) + d(y, Tx)])− ψ(d(x, Ty), d(y, Tx)) (2.3)

for all x, y ∈ X for which x ≥ y where µ : [0,∞) −→ [0,∞) is an altering distance
function and ψ : [0,∞)2 −→ [0,∞) is a lower semi-continuous mapping such that
ψ(x, y) = 0 if and only if x = y = 0.

Also suppose that either
(i) {xn} ⊂ X is a nondecreasing sequence with xn −→ z in X, then xn ≤ z, for

every n; or
(ii) T is continuous.
If there exists an x0 ∈ X with x0 ≤ T (x0), then T has a fixed point.
Moreover, for arbitrary two points x, y ∈ X, there exists w ∈ X such that w is

comparable with both x and y. Then the fixed point of T is unique.
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Proof. If (i) holds, then taking f =identity mapping in Theorem 2.1 we get the
result.

If (ii) holds then proceeding as in Theorem 2.1 with f =identity mapping, we can
prove that {Txn} is a cauchy sequence, z = limxn+1 = limT (xn) = T (limxn) =
T (z) and hence T has a fixed point.

Let u and v be two fixed points of T such that u 6= v. Now, consider the following
two cases:

(a) If u and v are comparable. Consider

µ(d(u, v)) = µ(d(Tu, Tv))

≤ µ(
1
2
[d(u, Tv) + d(v, Tu)])− ψ(d(u, Tv), d(v, Tu))

≤ µ(
1
2
[d(u, v) + d(v, u)])− ψ(d(u, v), d(v, u))

= µ(d(u, v))− ψ(d(u, v), d(u, v)).

This implies that d(u, v) = 0, by the property of ψ. Hence u = v.
(b) If u and v are not comparable. Choose an element w ∈ X comparable with

both of them. Then also u = Tnu is comparable with Tnw for each n. Consider

µ(d(u, Tnw)) = µ(d(Tnu, Tnw))
= µ(d(TTn−1u, TTn−1w))

≤ µ(
1
2
[d(Tn−1u, Tnw) + d(Tn−1w, Tnu)])− ψ(d(Tn−1u, Tnw), d(Tn−1w, Tnu))

= µ(
1
2
[d(u, Tnw) + d(Tn−1w, u)])− ψ(d(u, Tnw), d(Tn−1w, u)) (∗∗)

≤ µ(
1
2
[d(u, Tnw) + d(Tn−1w, u)])

and hence we get d(u, Tnw) ≤ d(u, Tn−1w). This proves that the nonnegative
decreasing sequence {d(u, Tnw)} is convergent. If limn−→∞{d(u, Tnw)} = r, then,
letting n −→ ∞ in (∗∗) and from the continuity of µ and lower semi-continuity
of ψ we obtain µ(r) ≤ µ(r) − ψ(r, r) ≤ µ(r). This gives ψ(r, r) = 0 and by our
assumption about ψ, r = 0. Consequently, limn−→∞ d(u, Tnw) = 0. Analogously,
it can be proved that limn−→∞ d(v, Tnw) = 0. Since the limit is unique, we have
u = v.

�

If µ(t) = t, then we have the following result.

Corollary 2.3. Let (X,≤) be a partially ordered set and suppose that there exists a
metric d on X such that (X, d) is a complete metric space. Suppose that T is a self
mapping on X, T is a monotone nondecreasing mapping and

d(Tx, Ty) ≤ 1
2
[d(x, Ty) + d(y, Tx)]− ψ(d(x, Ty), d(y, Tx)) (2.4)

for all x, y ∈ X for which x ≥ y where µ : [0,∞) −→ [0,∞) is an altering distance
function and ψ : [0,∞)2 −→ [0,∞) is a lower semi-continuous mapping such that
ψ(x, y) = 0 if and only if x = y = 0.

Also suppose that either
(i) {xn} ⊂ X is a nondecreasing sequence with xn −→ z in X, then xn ≤ z, for

every n; or
(ii) T is continuous.
If there exists an x0 ∈ X with x0 ≤ T (x0), then T has a fixed point.
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Moreover, for arbitrary two points x, y ∈ X, there exists w ∈ X such that w is
comparable with both x and y. Then the fixed point of T is unique.

If ψ(x, y) = ( 1
2 − k)(x+ y), 0 < k < 1

2 , we have the following result.

Corollary 2.4. [7] Let (X,≤) be a partially ordered set and suppose that there exists
a metric d on X such that (X, d) is a complete metric space. Suppose that T is a
nondecreasing self-mapping of X and T satisfies

d(Tx, Ty) ≤ k[d(x, Ty) + d(y, Tx)], for x ≥ y, (2.5)

where 0 < k < 1
2 , for all x, y ∈ X. Also suppose either

(i) if {xn} ⊂ X is a nondecreasing sequence with xn −→ z in X, then xn ≤ z for
every n.

or
(ii) T is continuous.
If there exists an x0 ∈ X with x0 ≤ T (x0), then T has a fixed point.

Acknowledgement. The author is thankful to the learned referee for valuable
suggestions leading to an improvement of the paper.
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tions, Publ. Math. Debrecen 4317(2009), 1-19.
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[17] J.J. Nieto and R.R. López, Contractive mapping theorems in partially ordered sets and applications
to ordinary differential equations, Order 22(2005), 223-239.

[18] A.C.M. Ran and M.C.B. Reurings, A fixed point theorem in partially ordered sets and some appli-
cations to matrix equations, Proc. Amer. Math. Soc. 132(5)(2004), 1435-1443.



52 SUMIT CHANDOK/JNAO : VOL. 4, NO. 1, (2013), 45-52

[19] S. Reich, Some fixed point problems, Atti Acad. Naz. Lincei Ren. Cl. Sci. Fis. Mat. Natur. 57(1975),
194-198.

[20] B.E. Rhoades, Some theorems on weakly contractive maps, Nonlinear Anal 47(2001), 2683-2693.



Journal of Nonlinear Analysis and Optimization

Vol. 4, No. 1, (2013), 53-64
ISSN : 1906-9685
http://www.math.sci.nu.ac.th

COINCIDENCE POINT THEOREMS IN HIGHER DIMENSION FOR

NONLINEAR CONTRACTIONS

HASSEN AYDI1,∗ AND MAHER BERZIG2

1Dammam University, Jubail College of Education, Departement of mathematics, P.O: 12020,
Industrial Jubail 31961. Saoudi Arabia
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ABSTRACT. In this manuscript, we introduce the concept of a coincidence point of N-order
of F : XN → X and g : X → X where N ≥ 2 and X is an ordered set endowed with a
metric d. We prove some coincidence point theorems of such mappings involving nonlinear
contractions. The presented results are generalizations of the recent fixed point theorems
due to Berzig and Samet [M. Berzig and B. Samet, An extension of coupled fixed point’s
concept in higher dimension and applications, Comput. Math. Appl. 63 (2012) 1319–1334].
Also, this work is an extension of M. Borcut [M. Borcut, Tripled coincidence theorems for
contractive type mappings in partially ordered metric spaces, Appl. Math. Comput. 218
(2012) 7339–7346].

KEYWORDS : Coincidence point; Nonlinear contractions

1. INTRODUCTION

Banach fixed point theorem and its applications are well known. Many au-
thors have extended this theorem, introducing more general contractive conditions,
which imply the existence of a fixed point. Recently, there have been so many ex-
citing developments in the field of existence of fixed point in partially ordered sets.
The first result in this direction was given by Turinici [28], where he extended the
Banach contraction principle in partially ordered sets. Ran and Reurings [25] pre-
sented some applications of Turinici’s theorem to matrix equations. Subsequently,
many other results in ordered sets have been obtained, see [1]-[4],[11],[12], [17]-
[19], [21]-[24].

In [15], Bhaskar and Lakshmikantham introduced the concept of a coupled fixed
point of a mapping F : X×X → X and studied the problems of the uniqueness of a
coupled fixed point in partially ordered metric spaces and applied their theorems to
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problems of the existence and uniqueness of solution for a periodic boundary value
problem. In [20], Lakshmikantham and Ćirić introduced the concept of coupled
coincidence point for mappings F : X ×X → X and g : X → X, and proved some
coupled coincidence point theorems for nonlinear contraction in partially ordered
metric spaces.

We consider the following definitions and results which shall be required in the
sequel.

Definition 1.1 ([20]). Let (X,�) be a partially ordered set and F : X×X → X and
g : X → X. We say F has the mixed g-monotone property if F is monotone g-non-
decreasing in its first argument and is monotone g-non-increasing in its second
argument, that is, for any x, y ∈ X,

x1, x2 ∈ X, gx1 � gx2 implies F (x1, y) � F (x2, y)

and
y1, y2 ∈ X, gy1 � gy2 implies F (x, y1) � F (x, y2).

Definition 1.2 ([20]). An element (x, y) ∈ X × X is called a coupled coincidence
point of the mappings F : X ×X → X and g : X → X if

F (x, y) = gx and F (y, x) = gy.

Definition 1.3 ([20]). We say that the mappings F : X ×X → X and g : X → X
are commutative if

gF (x, y) = F (gx, gy).

Lakshmikantham and Ćirić [20] obtained the following result.

Theorem 1.1 ([20]). Let (X,�) be a partially ordered set and suppose there is a
metric d onX such that (X, d) is a complete metric space. Assume there is a function
φ : [0,+∞) → [0,+∞) with φ(t) < t and lim

r→t+
φ(r) < t for each t > 0 and also

suppose F : X ×X → X and g : X → X are such that F has the mixed g-monotone
property and

d(F (x, y), F (u, v)) ≤ φ

(
d(gx, gu) + d(gy, gv)

2

)
for all x, y, u, v ∈ X with gx � gu and gv � gy. Assume that F (X×X) ⊆ g(X), g is
continuous and commutes with F and also suppose either F is continuous or X has
the following properties:

(i) if a non-decreasing sequence xn → x, then xn � x for all n,
(ii) if a non-increasing sequence xn → x, then x � xn for all n.

If there exist x0, y0 ∈ X such that gx0 � F (x0, y0) and F (y0, x0) � gy0, then there
exist x, y ∈ X such that gx = F (x, y) and gy = F (y, x), that is, F and g have a
coupled coincidence point.

Many generalizations and extensions of Theorem 1.1 exist in the literature, see
[5],[6],[26],[27]. Recently, Berinde and Borcut [13] introduced the concept of tripled
fixed point and established fixed point results for mappings having a monotone
property and satisfying a contractive condition in ordered metric spaces. Later,
Borcut [16] (see also [7]) established a tripled coincidence point theorem for a
pair of mappings F : X × X × X → X and g : X → X satisfying a nonlinear
contractive condition in ordered metric spaces. For other tripled fixed point results,
see [8, 9, 10].
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Definition 1.4 ([16]). Let (X,�) be a partially ordered set, and g a self map on X.
The mapping F : X ×X ×X → X is said to has mixed g-monotone property if for
any x, y, z ∈ X

x1, x2 ∈ X, gx1 � gx2 =⇒ F (x1, y, z) � F (x2, y, z),

y1, y2 ∈ X, gy1 � gy2 =⇒ F (x, y1, z) � F (x, y2, z),
z1, z2 ∈ X, gz1 � gz2 =⇒ F (x, y, z1) � F (x, y, z2).

Definition 1.5 ([16]). Let X be a non-empty set. Given F : X ×X ×X → X and
g : X → X. An element (x, y, z) is called a tripled coincidence point of F and g if

F (x, y, z) = gx, F (y, x, y) = gy and F (z, y, x) = gz.

Definition 1.6 ([16]). Let X be a non-empty set. Let F : X × X × X → X and
g : X → X are such that

g(F (x, y, z)) = F (gx, gy, gz)

whenever x, y, z ∈ X, then F and g are said to be commutative.

Consider also a class of function useful later.

Definition 1.7 (See ([20])). We denote by Θ the set of functions θ : [0,∞) −→ [0,∞)
satisfying

(a) θ is non-decreasing,
(b) θ−1({0}) = {0},
(c) θ(t) < t for all t > 0,
(d) lim

r−→t+
θ(r) < t for all t > 0.

Borcut [16] proved the following result.

Theorem 1.2. Let (X,�) be a partially ordered set and suppose there is a metric d
on X such that (X, d) is a complete metric space. Suppose F : X ×X ×X → X and
g : X → X are such that F has the mixed g-monotone property. Assume there is a
function φ ∈ Θ such that

d(F (x, y, z), F (u, v, w)) ≤ φ(max{d(gx, gu), d(gy, gv), d(gz, gw)}),
for any x, y, z, u, v, w ∈ X for which gx � gu, gv � gy and gz � gw. Assume that
F (X ×X ×X) ⊆ g(X), g is continuous and commutes with F . Also suppose either
F is continuous or X has the following properties:

(i) if a non-decreasing sequence xn → x, then xn � x for all n,
(ii) if a non-increasing sequence xn → x, then x � xn for all n.

If there exist x0, y0, z0 ∈ X such that

gx0 � F (x0, y0, z0), gy0 � F (y0, x0, y0) and gz0 � F (z0, y0, x0),

then there exist x, y, z ∈ X such that

F (x, y, z) = gx, F (y, x, y) = gy and F (z, y, x) = gz,

that is, F and g have a tripled coincidence point.

Throughout this paper, we will use the following notations:

X ×X · · ·X ×X︸ ︷︷ ︸
N terms

= XN where N is a positive integer,

and
(xϕ(p), xϕ(p+1), . . . , xϕ(p+q)) := x[ϕ(p : p+ q)].
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Now, following the concept of m-mixed monotone property introduced very recently
by Berzig and Samet [14], we introduce:

Definition 1.8. Let (X,�) be an ordered set, N ,m are positive integers, 0 ≤ m ≤
N , F : XN −→ X and g : X −→ X be two given mappings. We say that F
has the m-g-mixed monotone property if F (x1, . . . , xm, xm+1, . . . , xN ) is monotone
g-non-decreasing for the range of components from 1 to m and is monotone g-non-
increasing for the range of components from m+ 1 to N , that is,

xi, xi ∈ X, g(xi) � g(xi) implies F (x1, . . . , xi, . . . , xN ) � F (x1, . . . , xi, . . . , xN ), for i = 1, . . . ,m,

and

xi, xi ∈ X, g(xi) � g(xi) implies F (x1, . . . , xi, . . . , xN ) � F (x1, . . . , xi, . . . , xN ), for i = m+1, . . . , N,

for all (x1, . . . , xN ) ∈ XN .

Also, we introduce the concept of a coincidence point of N -order of F : XN → X
and g : X → X as follows:

Definition 1.9. Let (X,�) be an ordered set, N ,m are positive integers, 0 ≤
m ≤ N , F : XN −→ X and g : X −→ X be two given mappings such that
F has the m-g-mixed monotone property. An element U = (x1, x2, . . . , xN ) −→
XN is called a coincidence point of N -order of F and g if there exist 2N maps
ϕ1, . . . , ϕm : {1, . . . ,m} −→ {1, . . . ,m}, ψ1, . . . , ψm : {m + 1, . . . , N} −→ {m +
1, . . . , N}, ϕm+1, . . . , ϕN : {1, . . . ,m} −→ {m + 1, . . . , N}, and ψm+1, . . . , ψN :
{m+ 1, . . . , N} −→ {1, . . . ,m} such that

gxi = F (x[ϕi(1 : m)], x[ψi(m+ 1 : N)]), for i = 1, . . . , N. (1.1)

Definition 1.10. Let X be a non-empty set. Let F : XN −→ X and g : X −→ X
be two given mappings. We say F and g are commutative if

g(F (x1, x2, . . . , xN )) = F (gx1, gx2, . . . , gxN )

for all (x1, x2, . . . , xN ) ∈ XN .

In this paper, we establish some coincidence point theorems of N -order for
F : XN −→ X and g : X −→ X satisfying a contractive condition in complete
ordered metric spaces. The presented results extend and generalize many results
in literature.

2. MAIN RESULTS

Let (X, d) be a metric space and N be a positive integer, N ≥ 1. We endow the
product set XN with the metric d : XN −→ [0,∞), given by

d((u1, u2, . . . , uN ), (v1, v2, . . . , vN )) = max
1≤i≤N

d(ui, vi), (2.1)

which also will be denoted by d.
Our first result is the following.

Theorem 2.1. Let (X,�) be a partially ordered set and suppose there is a metric
d on X such that (X, d) is a complete metric space. For N , m positive integers,
0 ≤ m ≤ N , let F : XN −→ X and g : X −→ X be two mappings such that F has
the m-g-mixed monotone property. Suppose that there exists θ ∈ Θ such that

d(F (U), F (V )) ≤ θ

(
max

1≤i≤N
d(gxi, gyi)

)
, (2.2)
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for all U = (x1, . . . , xN ), V = (y1, . . . , yN ) ∈ XN such that

gxi � gyi, for i = 1, . . . ,m and gxi � gyi, for i = m+ 1, . . . , N.

Suppose F (XN ) ⊆ g(X), g is continuous and commute with F and suppose either

(a) F is continues or
(b) X has the following property

(i) if non-decreasing sequence {xn} −→ x, then xn � x for all n,
(ii) if non-increasing sequence {yn} −→ x, then yn � x for all n.

If there exists U (0) = (x(0)
1 , . . . , x

(0)
N ) ∈ XN such that

gx
(0)
i � F (x(0)[ϕi(1 : m)], x(0)[ψi(m+ 1 : N)]), for i = 1, . . . ,m,

gx
(0)
i � F (x(0)[ϕi(1 : m)], x(0)[ψi(m+ 1 : N)]), for i = m+ 1, . . . , N,

(2.3)

where ϕ1, . . . , ϕm : {1, . . . ,m} −→ {1, . . . ,m},ψ1, . . . , ψm : {m + 1, . . . , N} −→
{m+1, . . . , N}, ϕm+1, . . . , ϕN : {1, . . . ,m} −→ {m+1, . . . , N}, and ψm+1, . . . , ψN :
{m+1, . . . , N} −→ {1, . . . ,m}, then there exists (x1, x2, . . . , xN ) −→ XN satisfying
(1.1), that is, F and g have a coincidence point of N -order.

Proof. Let U (0) = (x(0)
1 , . . . , x

(0)
N ) ∈ XN satisfying (2.3). Since F (XN ) ⊆ g(X) , we

can choose U (1) = (x(1)
1 , . . . , x

(1)
N ) such that

gx
(1)
i = F (x(0)[ϕi(1 : m)], x(0)[ψi(m+ 1 : N)]), for i = 1, . . . , N.

Again from F (XN ) ⊆ g(X) , we can choose U (2) = (x(2)
1 , . . . , x

(2)
N ) such that

gx
(2)
i = F (x(1)[ϕi(1 : m)], x(1)[ψi(m+ 1 : N)]), for i = 1, . . . , N.

Continuing this process we can construct sequences {U (n)} = {(x(n)
1 , . . . , x

(n)
N )} in

XN such that

gx
(n+1)
i = F (x(n)[ϕi(1 : m)], x(n)[ψi(m+ 1 : N)]), for i = 1, . . . , N. (2.4)

Since F has the m-g-mixed monotone property, we have

gx
(0)
i � gx

(1)
i � gx

(2)
i , for i = 1, . . . ,m.

gx
(0)
i � gx

(1)
i � gx

(2)
i , for i = m+ 1, . . . , N.

Continuing this process, we can construct N sequences {gx(n)
1 }, . . . , {gx(n)

N } in X
such that

gx
(n)
i = F (x(n−1)[ϕi(1 : m)], x(n−1)[ψi(m+ 1 : N)]) � gx

(n+1)
i

= F (x(n)[ϕi(1 : m)], x(n)[ψi(m+ 1 : N)]), i = 1, . . . ,m

gx
(n)
i = F (x(n−1)[ϕi(1 : m)], x(n−1)[ψi(m+ 1 : N)]) � gx

(n+1)
i

= F (x(n)[ϕi(1 : m)], x(n)[ψi(m+ 1 : N)]), i = m+ 1, . . . , N.

Assume (gx(n+1)
1 , . . . , gx

(n+1)
N ) 6= (gx(n)

1 , . . . , gx
(n)
N ) for all n ≥ 0, that is, (x(n)

1 , . . . , x
(n)
N )

is not a coincidence point of N -order of F and g. For n ≥ 0, let

tn = max
1≤i≤N

d(gx(n)
i , gx

(n+1)
i ).

By assumption, tn > 0 for all n ≥ 0. We shall prove that {tn} is a decreasing
sequence. Since

gx
(n)
i � gx

(n+1)
i , for i = 1, . . . ,m, and gx

(n)
i � gx

(n+1)
i , for i = m+ 1, . . . , N.

(2.5)
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we have

d(gx(n)
1 , gx

(n+1)
1 ) = d(F (x(n−1)[ϕ1(1 : m)], x(n−1)[ψ1(m+ 1 : N)]), F (x(n)[ϕ1(1 : m)], x(n)[ψ1(m+ 1 : N)]))

≤ θ

 max
1≤i≤m

m+1≤j≤N

{
d(gx(n−1)

ϕ1(i)
, gx

(n)
ϕ1(i)

), d(gx(n−1)
ψ1(j)

, gx
(n)
ψ1(j)

)
} .

Since θ is non-decreasing and max
1≤i≤m

m+1≤j≤N

{
d(gx(n−1)

ϕ1(i)
, gx

(n)
ϕ1(i)

), d(gx(n−1)
ψ1(j)

, gx
(n)
ψ1(j)

)
}
≤

tn−1, then
d(gx(n)

1 , gx
(n+1)
1 ) ≤ θ(tn−1). (2.6)

Similarly, we obtain

d(gx(n)
i , gx

(n+1)
i ) ≤ θ(tn−1), i = 2, . . . , N. (2.7)

Using (2.6) and (2.7) we obtain

0 < tn = max
1≤i≤N

d(gx(n)
i , gx

(n+1)
i ) ≤ θ(tn−1) < tn−1 ; since θ(t) < t; for all t > 0.

Thus, a sequence {tn} is monotone decreasing. Therefore, there is some t+ > 0
such that lim

n−→∞
tn = t+. We show that t = 0.

Suppose, on the contrary, that t > 0. Then, taking the limit as n −→∞ of both
sides of tn ≤ θ(tn) where θ ∈ Θ, we obtain

t = lim
n−→∞

tn ≤ lim
n−→∞

θ(tn−1) < lim
n−→∞

tn−1 = t

which is a contradiction. Thus t = 0, that is,

lim
n−→∞

tn = lim
n−→∞

max
1≤i≤N

d(gx(n)
i , gx

(n+1)
i ) = 0. (2.8)

Now we prove that
{
gx

(n)
i

}
, i = 1, . . . , N are Cauchy sequences. Suppose, to the

contrary, that at least one of
{
gx

(n)
i

}
, i = 1, . . . , N is not a Cauchy sequence.

Then there exist an ε > 0 and two subsequences of integers {σ(k)}, {µ(k)}, µ(k) >
σ(k) ≥ k with

rk = max
1≤i≤N

d(gx(σ(k))
i , gx

(µ(k))
i ) ≥ ε. (2.9)

We may also assume

max
1≤i≤N

d(gx(σ(k))
i , gx

(µ(k)−1)
i ) < ε (2.10)

by choosing σ(k) to be the smallest number exceeding σ(k) for which rk ≥ ε. By
(2.10) and the triangle inequality, we get for i = 1, . . . , N

d(gx(σ(k))
i , gx

(µ(k))
i ) ≤ d(gx(σ(k))

i , gx
(µ(k)−1)
i ) + d(gx(µ(k)−1)

i , gx
(µ(k))
i )

< ε+ d(gx(µ(k)−1)
i , gx

(µ(k))
i ).

Letting k →∞ in above inequality and using (2.8), we have

lim
k→∞

d(gx(σ(k))
i , gx

(µ(k))
i ) ≤ ε, i = 1, . . . , N. (2.11)

On the other hand, we have

d(gx(σ(k))
i , gx

(µ(k))
i ) ≤ d(gx(σ(k))

i , gx
(σ(k)−1)
i ) + d(gx(σ(k)−1)

i , gx
(µ(k)−1)
i )

+ d(gx(µ(k)−1)
i , gx

(µ(k))
i )

≤ d(gx(σ(k))
i , gx

(σ(k)−1)
i ) + d(gx(σ(k)−1)

i , gx
(µ(k))
i )
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+ d(gx(µ(k))
i , gx

(µ(k)−1)
i ) + d(gx(µ(k)−1)

i , gx
(µ(k))
i )

< d(gx(σ(k))
i , gx

(σ(k)−1)
i ) + ε+ 2d(gx(µ(k))

i , gx
(µ(k)−1)
i ).

Letting again k →∞ in above inequality and using (2.8), we have

lim
k→∞

d(gx(σ(k))
i , gx

(µ(k))
i ) ≤ lim

k→∞
d(gx(σ(k)−1)

i , gx
(µ(k)−1)
i ) ≤ ε, i = 1, . . . , N.

(2.12)
By (2.9), (2.11) and (2.12), we may get

lim
k→∞

rk = lim
k→∞

max
1≤i≤N

d(gx(σ(k)−1)
i , gx

(µ(k)−1)
i ) = ε. (2.13)

From (2.5), we have

gx
(σ(k))
i � gx

(µ(k))
i , for i = 1, . . . ,m, and gx

(σ(k))
i � gx

(µ(k))
i , for i = m+1, . . . , N.

Now using this, (2.2), (2.4) and monotonicity of θ, we get

d(gx(σ(k))
1 , gx

(µ(k))
1 ) = d(F (x(σ(k)−1)[ϕ1(1 : m)], x(σ(k)−1)[ψ1(m+ 1 : N)]),

F (x(µ(k)−1)[ϕ1(1 : m(n))], x(µ(k)−1)[ψ1(m+ 1 : N)]))

≤ θ

(
max

1≤i≤N
d(gx(σ(k)−1)

i , gx
(µ(k)−1)
i )

)
.

As a consequence, similarly we have

rk = max
1≤i≤N

d(gx(σ(k))
i , gx

(µ(k))
i ) ≤ θ

(
max

1≤i≤N
d(gx(σ(k)−1)

i , gx
(µ(k)−1)
i )

)
, for i = 2, . . . , N.

(2.14)
Letting k −→∞ and using (2.13), we get

ε ≤ θ(ε) < ε, (2.15)

which is a contradiction. Therefore, we proved that
{
gx

(n)
i

}
, i = 1, . . . , N are

Cauchy sequences. Since X is complete, there exist U = (x1, . . . , xN ) ∈ X such
that,

lim
n−→∞

gx
(n)
i = xi, i = 1, . . . , N. (2.16)

Thus, by continuity of g, we get

lim
n−→∞

g(gx(n)
i ) = gxi, i = 1, . . . , N. (2.17)

From, (2.4) and commutativity of F and g, we have,

g(gx(n+1)
i ) = g(F (x(n)[ϕi(1 : m)], x(n)[ψi(m+ 1 : N)])) (2.18)

= F (gx(n)
ϕi(1)

, . . . , gx
(n)
ϕi(m), gx

(n)
ψi(m+1), . . . , gx

(n)
ψi(N)) (2.19)

for i = 1, . . . , N .
Suppose now that (a) holds. We take n −→∞ and using the continuity of F , we

get

gxi = lim
n−→∞

g(gx(n+1)
i ) = lim

n−→∞
F (gx(n)

ϕi(1)
, . . . , gx

(n)
ϕi(m), gx

(n)
ψi(m+1), . . . , gx

(n)
ψi(N))

= F ( lim
n−→∞

gx
(n)
ϕi(1)

, . . . , lim
n−→∞

gx
(n)
ϕi(m), lim

n−→∞
gx

(n)
ψi(m+1), . . . , lim

n−→∞
gx

(n)
ψi(N))

= F (xϕi(1), . . . , xϕi(m), xψi(m+1), . . . , xψi(N))

= F (x[ϕi(1 : m)], x[ψi(m+ 1 : N)]), for i = 1, . . . , N.

Thus, we proved that F and g have a coincidence point of N -order.
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Suppose now that (b) holds. Since
{
g(x(n)

i )
}

is monotone non-decreasing for i =

1, . . . ,m and non-increasing for i = m + 1, . . . , N , and gx(n)
i −→ xi, i = 1, . . . , N ,

from (b) for all n, we have two cases. The first case is gx(n)
ϕ(i) � xϕ(i), for i = 1, . . . ,m

and gx
(n)
ψ(i) � xψ(i), for i = m + 1, . . . , N . The second case is gx(n)

ϕ(i) � xϕ(i), for

i = 1, . . . ,m and gx
(n)
ψ(i) � xψ(i) for i = m + 1, . . . , N . For both cases and by the

triangle inequality, the monotonicity of θ, (2.2) and (2.18), we get

d(gxi, F (x[ϕi(1 : m)], x[ψi(m+ 1 : N)]))

≤ d(gxi, g(gx
(n+1)
i )) + d(g(gx(n+1)

i ), F (x[ϕi(1 : m)], x[ψi(m+ 1 : N)]))

≤ d(gxi, g(gx
(n+1)
i )) + d(F (gx(n)

ϕi(1)
, . . . , gx

(n)
ϕi(m), gx

(n)
ψi(m+1), . . . , gx

(n)
ψi(N)),

F (x[ϕi(1 : m)], x[ψi(m+ 1 : N)]))

≤ d(gxi, g(gx
(n+1)
i )) + θ

 max
1≤i≤m

m+1≤j≤N

{
d(g(gx(n)

ϕ(i)), gx
(n)
ϕ(i)), d(g(gx

(n)
ψ(j)), gx

(n)
ψ(j))

}
≤ d(gxi, g(gx

(n+1)
i )) + θ( max

1≤i≤N
d(g(gx(n)

i ), gx(n)
i )).

So letting n −→ ∞ yields d(gxi, F (x[ϕi(1 : m)], x[ψi(m + 1 : N)])) ≤ 0. Hence
gxi = F (x[ϕi(1 : m)], x[ψi(m + 1 : N)]) for i = 1, . . . , N . Then, we proved that F
and g have a coincidence point of N -order. This completes the proof of Theorem
2.1. �

Proposition 2.1. Theorem 5 in [16] is a particular case of Theorem 2.1.

Proof. Let F : X × X × X −→ X and g : X −→ X be two mappings satisfying
the hypotheses of Theorem 5 in [16]. For all x1, x2, x3 ∈ X, define the mapping
G : X ×X ×X −→ X by

G(x1, x2, x3) = F (x1, x3, x2).

Since F has the g-mixed monotone property, the mapping G has the 2-g-mixed
monotone property with N = 3. F is continuous, thus also G is continuous .
Now, for all X1, X2, X3 ∈ X and Y1, Y2, Y3 ∈ X with gX1 � gY1, gX2 � gY2 and
gX3 � gY3, we have

d(G(X1, X2, X3), G(Y1, Y2, Y3)) = d(F (Y1, Y3, Y2), F (X1, X3, X2))
≤ θ(max {d(X1, Y1); d(X2, Y2); d(X3, Y3)}).

Moreover, from the hypotheses of Theorem 5 in [16], we know that there exist
x

(0)
1 , x

(0)
2 , x

(0)
3 ∈ X such that gx(0)

1 � F (x(0)
1 , x

(0)
2 , x

(0)
3 ), gx(0)

2 � F (x(0)
2 , x

(0)
1 , x

(0)
2 )

and gx(0)
3 � F (x(0)

3 , x
(0)
2 , x

(0)
1 ). Denote X(0)

1 = x
(0)
3 , X

(0)
2 = x

(0)
1 and X(0)

3 = x
(0)
2 , we

have

gX
(0)
1 � F (X(0)

1 , X
(0)
3 , X

(0)
2 ), gX(0)

2 � F (X(0)
2 , X

(0)
3 , X

(0)
1 ) and gX

(0)
3 � F (X(0)

3 , X
(0)
2 , X

(0)
3 ).

This implies that

gX
(0)
1 � G(X(0)

1 , X
(0)
2 , X

(0)
3 ), gX(0)

2 � G(X(0)
2 , X

(0)
1 , X

(0)
3 ) and gX

(0)
3 � G(X(0)

3 , X
(0)
3 , X

(0)
2 ).

Now, all the required hypotheses of Theorem 2.1 are satisfied with N = 3, m = 2,
ϕ1(1) = 1, ϕ1(2) = 2, ϕ2(1) = 2, ϕ2(2) = 1 and ψ3(3) = 2. Applying Theorem 2.1,
we get that there exist X1, X2, X3 ∈ X such that

gX1 = G(X1, X2, X3), gX2 = G(X2, X1, X3) and gX3 = G(X3, X3, X2),
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that is,

gX1 = F (X1, X3, X2), gX2 = F (X2, X3, X1) and gX3 = F (X3, X2, X3).

This implies that (u1, u2, u3) = (X2, X3, X1) is a tripled coincidence point of F and
g. �

Corollary 2.2. Let (X,�) be a partially ordered set and suppose there is a metric
d on X such that (X, d) is a complete metric space. For N , m positive integers,
0 ≤ m ≤ N , let F : XN −→ X and g : X −→ X be two mappings such that F has
the m-g-mixed monotone property. Suppose that there exists k ∈ [0, 1) such that

d(F (U), F (V )) ≤ k max
1≤i≤N

d(gxi, gyi), (2.20)

for all U = (x1, . . . , xN ), V = (y1, . . . , yN ) −→ XN such that

gxi � gyi, for i = 1, . . . ,m and gxi � gyi, for i = m+ 1, . . . , N.

Suppose F (XN ) ⊆ g(X), g is continuous and commute with F and suppose either

(a) F is continues or
(b) X has the following property

(i) if non-decreasing sequence {xn} −→ x, then xn � x for all n.
(ii) if non-increasing sequence {yn} −→ x, then yn � x for all n.

If there exists U (0) = (x(0)
1 , . . . , x

(0)
N ) ∈ XN such that

gx
(0)
i � F (x(0)[ϕi(1 : m)], x(0)[ψi(m+ 1 : N)]), for i = 1, . . . ,m,

gx
(0)
i � F (x(0)[ϕi(1 : m)], x(0)[ψi(m+ 1 : N)]), for i = m+ 1, . . . , N.

(2.21)

where ϕ1, . . . , ϕm : {1, . . . ,m} −→ {1, . . . ,m},ψ1, . . . , ψm : {m + 1, . . . , N} −→
{m+1, . . . , N}, ϕm+1, . . . , ϕN : {1, . . . ,m} −→ {m+1, . . . , N}, and ψm+1, . . . , ψN :
{m+1, . . . , N} −→ {1, . . . ,m}, then there exists (x1, x2, . . . , xN ) −→ XN satisfying
(1.1).

Proof. Following the proof of Theorem 2.1, for θ(t) = kt with k ∈ [0, 1), then there
exists (x1, x2, . . . , xN ) ∈ XN satisfying (1.1). �

Remark 2.3. Corollary 2.2 generalizes Theorem 3.1 and Theorem 3.2 of Berzig and
Samet [14] (when taking δi = k for each i = 1, . . . , N ).

Theorem 2.2. By adding to the hypotheses of Theorem 2.1 the condition: for every
U = (x1, . . . , xN ), V = (y1, . . . , yN ) ∈ XN , there exists a W = (z1, . . . , zN ) ∈ XN

such that (F (z[ϕ1(1 : m)], z[ψ1(m+1 : N)]), . . . , F (z[ϕN (1 : m)], z[ψN (m+1 : N)]))
is comparable to (gx1, . . . , gxN ) and (gy1, . . . , gyN ). Then F and g have a unique
N -order coincidence point.

Proof. If U = (x1, . . . , xN ) and V = (y1, . . . , yN ) ∈ XN are two N -order coincidence
points of F and g, then we show that

d((gx1, . . . , gxN ), (gy1, . . . , gyN )) = 0.

Since U and V are two N -order coincidence points, we have

gxi = F (x[ϕi(1 : m)], x[ψi(m+ 1 : N)]), for i = 1, . . . , N,

and
gyi = F (y[ϕi(1 : m)], y[ψi(m+ 1 : N)]), for i = 1, . . . , N.

By assumption, there isW = (z1, . . . , zN ) ∈ XN such that (F (z[ϕ1(1 : m)], z[ψ1(m+
1 : N)]), . . . , F (z[ϕN (1 : m)], z[ψN (m + 1 : N)])) is comparable to (gx1, . . . , gxN )
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and (gy1, . . . , gyN ). Set z(0)
i = zi, for i = 1, . . . , N , we can choose W (1) =

(z(1)
1 , . . . , z

(1)
N ) such that

gz
(1)
i = F (z(0)[ϕi(1 : m)], z(0)[ψi(m+ 1 : N)]), for i = 1, . . . , N.

For n > 1, continuing this process we can construct the sequences
{
gz

(n)
i

}
, i =

1, . . . , N such that

gz
(n+1)
i = F (z(n)[ϕi(1 : m)], z(n)[ψi(m+ 1 : N)]), for i = 1, . . . , N.

Further, set x(0)
i = xi, for i = 1, . . . , N and y(0)

i = yi, for i = 1, . . . , N , on the same
way, define the sequences

{
gx

(n)
i

}
, i = 1, . . . , N and

{
gy

(n)
i

}
, i = 1, . . . , N .

Then it is easy to show that, for all n ≥ 1,

gx
(n)
i = F (x[ϕi(1 : m)], x[ψi(m+ 1 : N)]), for i = 1, . . . , N,

and
gy

(n)
i = F (y[ϕi(1 : m)], y[ψi(m+ 1 : N)]), for i = 1, . . . , N.

Since

F (x[ϕi(1 : m)], x[ψi(m+ 1 : N)]) = gx
(1)
i = gxi, for i = 1, . . . , N,

and
F (z[ϕi(1 : m)], z[ψi(m+ 1 : N)]) = gz

(1)
i , for i = 1, . . . , N,

are comparable, then gxi � gz
(1)
i for i = 1, . . . ,m and gxi � gz

(1)
i for i = m +

1, . . . , N . It is easy to show that gxi for i = 1, . . . , N are also comparable to
gz

(n)
i for i = 1, . . . , N , that is, gxi � gz

(n)
i for i = 1, . . . ,m and gxi � gz

(n)
i for

i = m+ 1, . . . , N for all n ≥ 1. Thus, from (2.2) and using the proof of Theorem 2.1
we have

d(gxi, gz
(n+1)
i ) = d(F (x[ϕi(1 : m)], x[ψk(m+ 1 : N)]), F (z(n)[ϕi(1 : m)], z(n)[ψi(m+ 1 : N)]))

≤ θ

 max
1≤k≤m

m+1≤j≤N

{
d(gxϕi(k)

, gz
(n)
ϕi(k)

), d(gxψi(j)
, gz

(n)
ψi(j)

)
}

≤ θ

(
max

1≤i≤N

{
d(gx(i), gz

(n)
(i) )

})
, for i = 1, . . . , N.

Thus, we obtain

max
1≤i≤N

d(gxi, gz
(n+1)
i ) ≤ θ

(
max

1≤i≤N

{
d(gxi, gz

(n)
i )

})
≤ · · · ≤ θn

(
max

1≤i≤N

{
d(gxi, gz

(1)
i )

})
.

(2.22)
But, it is known that the fact that θ ∈ Θ implies

lim
n→∞

θn(t) = 0 for all t > 0.

By letting n −→∞ in (2.22), we obtain

lim
n−→∞

d(gxi, gz
(n+1)
i ) = 0, for i = 1, . . . , N. (2.23)

Similarly, one can prove that

lim
n−→∞

d(gyi, gz
(n+1)
i ) = 0, for i = 1, . . . , N. (2.24)

By the triangle inequality, (2.23) and (2.24) we have

d(gxi, gyi) ≤ d(gxi, gz
(n+1)
i ) + d(gz(n+1)

i , gyi) −→ 0 as n −→∞.

which ends the proof. �
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ABSTRACT. In this paper, we consider a new system of generalized implicit nonconvex
variational inequality problems in the setting of two different Hilbert spaces. Using projection
method, we establish the equivalence between the system of generalized implicit nonconvex
variational inequality problems and a system of nonconvex variational inequality inclusions.
Using this equivalence formulation, we suggest an iterative algorithm and show that the
sequences generated by this iterative algorithm converge strongly to a solution of the system
of generalized implicit nonconvex variational inequality problems. The results presented in
this paper can be viewed as an improvement and refinement of previously known results for
nonconvex (convex) variational inequality problems.
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1. INTRODUCTION

In 1985, Pang [1] showed that a variety of equilibrium models, for example,
the traffic equilibrium problem, the spatial equilibrium problem, the Nash equi-
librium problem and the general equilibrium programming problem can be uni-
formly modelled as a variational inequality defined on the product sets. He decom-
posed the original variational inequality into a system of variational inequalities
and discussed the convergence of method of decomposition for system of varia-
tional inequalities. Later, it was noticed that variational inequality over product
sets and the system of variational inequalities both are equivalent, see for appli-
cations [1, 2, 3, 4]. Since then many authors, see for example [3, 4, 5, 6, 7, 8]
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studied the existence theory of various classes of system of variational inequalities
by exploiting fixed-point theorems and minimax theorems. Recently, a number of
iterative algorithms based on projection method and its variant forms have been
developed for solving various systems of variational inequalities, see for instance
[9, 10, 11, 12].

It is well known that the projection method and its variant forms based on
projection operator over convex set are important tools for studying of existence
and iterative approximation of solutions of various classes (systems) of variational
inequality problems in the convexity settings, but these may not be applicable in
general, when the sets are nonconvex. To overcome the difficulties that rise from
the nonconvexity of underlying sets, the properties of projection operators over
uniformly prox-regular sets are used.

In recent years, Bounkhel et al. [13], Moudafi [14], Wen [15], Kazmi et al. [16],
Noor [17, 18, 19], and the relevant references cited therein], Alimohammady et al.
[20], Balooee et al. [21] suggested and analyzed iterative algorithms for solving
some classes (systems) of nonconvex variational inequality problems in the setting
of uniformly prox-regular sets.

On the other hand, to the best of our knowledge, the study of iterative algorithms
for solving the systems of variational inequality problems considered in [9, 11] in
nonconvex setting has not been done so far.

Motivated and inspired by research going on in this area, we introduce a system
of generalized implicit nonconvex variational inequality problems (in short, SGIN-
VIP) defined on the uniformly prox-regular sets in different two Hilbert spaces.
SGINVIP is different from those considered in [13, 14, 15, 16, 17, 18, 19, 20, 21]
and includes the new and known systems of nonconvex (convex) variational in-
equality problems as special cases. Using the properties of projection operator
over uniformly prox-regular sets, we suggest an iterative algorithm for finding the
approximate solution of SGINVIP. Further, we prove that SGINVIP has a solution
and the approximate solution obtained by iterative algorithm converges strongly
to the solution of SGINVIP. The method presented in this paper extend, unify and
improves the methods presented in [13, 14, 15, 16, 17, 18, 19, 20, 21, 22].

2. PRELIMINARIES

Let H be a real Hilbert space whose norm and inner product are denoted by
‖ · ‖ and 〈·, ·〉, respectively. Let K be a nonempty closed set in H, not necessarily
convex.

First, we recall the following well-known concepts from nonlinear convex analy-
sis and nonsmooth analysis, see [23, 24, 25, 26].

Definition 2.1. The proximal normal cone of K at u ∈ K is given by

NP
K(u) := {ξ ∈ H : u ∈ PK(u + αξ)},

where α > 0 is a constant and PK is projection operator of H onto K, that is,

PK(u) = {u∗ ∈ K : dK(u) = ‖u− u∗‖},
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where dK(u) is the usual distance function to the subset K, that is,

dK(u) = inf
v∈K

‖v − u‖.

The proximal normal cone NP
K(u) has the following characterization.

Lemma 2.1. Let K be a nonempty closed subset of H. Then ξ ∈ NP
K(u) if and only

if there exists a constant α > 0 such that

〈ξ, v − u〉 ≤ α‖v − u‖2, ∀v ∈ K.

Definition 2.2. The Clarke normal cone, denoted by NC
K(u), is defined as

NC
K(u) = c̄o[NP

K(u)],

where c̄oA means the closure of the convex hull of A.

Poliquin et al. [24] and Clarke et al. [25] have introduced and studied a class
of nonconvex sets, which are called uniformly prox-regular sets. This class of
uniformly prox-regular sets has played an important role in many nonconvex ap-
plications such as optimization, dynamic systems and differential inclusions. In
particular, we have

Definition 2.3. For a given r ∈ (0,∞], a subset K of H is said to be normalized
uniformly r-prox-regular if and only if every nonzero proximal normal to K can be
realized by any r-ball, that is, ∀u ∈ K and 0 6= ξ ∈ NP

K(u) with ‖ξ‖ = 1, one has

〈ξ, v − u〉 ≤ 1
2r

‖v − u‖2, ∀v ∈ K.

It is clear that the class of normalized uniformly prox-regular sets is sufficiently
large to include the class of convex sets, p-convex sets, C1,1 submanifolds (possibly
with boundary) of H, the images under a C1,1 diffeomorphism of convex sets and
many other nonconvex sets, see [23, 25]. It is clear that if r = ∞, then uniformly
r-prox-regularity of K reduces to its convexity.

It is known that if K is a uniformly r-prox-regular set, the proximal normal cone
NP

K(u) is closed as a set-valued mapping. Thus, we have NC
K(u) = NP

K(u).

Now, let us state the following proposition which summarizes some important
consequences of the uniformly prox-regularities:

Proposition 2.1. Let r > 0 and let Kr be a nonempty closed and uniformly r-prox-
regular subset of H. Set Ur = {x ∈ H : d(x,Kr) < r}.

(i) For all x ∈ Ur, PKr (x) 6= ∅;
(ii) For all r′ ∈ (0, r), PKr

is Lipschitz continuous with constant
r

r − r′
on

Ur′ = {x ∈ H : d(x,Kr) < r′}.

3. System of generalized implicit nonconvex variational inequality
problems

Throughout the rest part of the paper, we assume that, for each i ∈ {1, 2}, Hi is
a real Hilbert space whose norm and inner product are denoted by ‖ · ‖i and 〈·, ·〉i,
respectively, and Ki,ri is uniformly ri-prox-regular subset of Hi.

For i ∈ {1, 2} and j ∈ {1, 2} \ {i}, assume that Ai, Ci : Hi −→ Hj , Bi :
Hj −→ Hi, Ni : Hj ×Hi ×Hj −→ Hi, gi : Hi −→ Hi are single-valued mappings.
For any constant ρi > 0 (i = 1, 2), we consider the system of generalized implicit
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nonconvex variational inequality problems (SGINVIP): Find (x1, x2) ∈ H1×H2 such
that (g1(x1), g2(x2)) ∈ K1,r1 ×K2,r2 and

〈ρiNi(Aixi, Bixj , Cixi) + ρixi, yi − gi(xi)〉i +
1

2ri
‖yi − gi(xi)‖2

i ≥ 0, ∀yi ∈ Ki,ri
.

(3.1)

Some special cases of SGINVIP (3.1)

Case 1. For each i ∈ {1, 2}, if gi = Ii, the identity operator, N1(A1x1, B1x2, C1x1) =
G1(x1, x2) − x1, N2(A2x2, B2x1, C2x2) = G2(x1, x2) − x2 for all xi ∈ Hi, where
Gi : H1 × H2 −→ Hi is a nonlinear mapping then SGINVIP (3.1) reduces to the
system of problems of finding (x1, x2) ∈ K1,r1 ×K2,r2 such that

〈ρiGi(x1, x2), yi − xi〉i +
1

2ri
‖yi − xi‖2

i ≥ 0, ∀yi ∈ Ki,ri
, (3.2)

which appears to be new.

Case 2. In Case 1, if H1 = H2,K2,r2 = K1,r1 then SGINVIP (3.1) reduces to the
nonconvex variational inequality problem of finding x ∈ K1,r1 such that

〈ρ1G1(x, x), y − x〉1 +
1

2r1
‖y − x‖2

1 ≥ 0, ∀y ∈ K1,r1 ,

which appears to be new.

Case 3. In Case 1, for each i ∈ {1, 2}, if ri = ∞, i.e., Ki,ri
= Ki, the convex set in

Hi, then SGINVIP (3.1) reduces to the system of variational inequality problems of
finding (x1, x2) ∈ K1 ×K2 such that

〈Gi(x1, x2), yi − xi〉i ≥ 0, ∀yi ∈ Ki (3.3)

which has been studied by Ansari et al. [5] and Verma [9].

The following definitions are needed in the proof of main result.

Definition 3.1. A nonlinear mapping g1 : H1 −→ H1 is said to be k1-strongly
monotone if there exists a constant k1 > 0 such that

〈g1(x1)− g1(y1), x1 − y1〉1 ≥ k1‖x1 − y1‖2
1, ∀x1, y1 ∈ H1.

Definition 3.2. Let N1 : H2×H1×H2 −→ H1, A1, C1 : H1 −→ H2, B1 : H2 −→ H1

be nonlinear mappings. Then N1 is said to be
(i) δ1-strongly monotone with respect to A1 in the first argument if there exists

a constant δ1 > 0 such that

〈N1(A1u, x1, x2)−N1(A1v, x1, x2), u− v〉1 ≥ δ1‖u− v‖2
1,

∀u, v, x1 ∈ H1, x2 ∈ H2;
(ii) σ1-relaxed Lipschitz continuous with respect to C1 in the third argument if

there exists a constant σ1 > 0 such that

〈N1(x2, x1, C1u)−N1(x2, x1, C1v), u− v〉1 ≤ −σ1‖u− v‖2
1,

∀u, v, x1 ∈ H1, x2 ∈ H2;
(iii) L(N1,1)-Lipschitz continuous in the first argument if there exists a constant

L(N1,1) > 0 such that

‖N1(u, x1, x2)−N1(v, x1, x2)‖1 ≤ L(N1,1)‖u− v‖1,

∀x1 ∈ H1, u, v, x2 ∈ H2.
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Similarly, we can define the Lipschitz continuity of N1 in the second and third
arguments. First, we prove the following technical lemmas.

Lemma 3.1. SGINVIP (3.1) is equivalent to the following system of generalized
implicit nonconvex variational inclusions: Find (x1, x2) ∈ H1 × H2 such that
(g1(x1), g2(x2)) ∈ K1,r1 ×K2,r2 and

0i ∈ xi + Ni(Aixi, Bixj , Cixi) + ρ−1
i NP

Ki,ri
(gi(xi)), (3.4)

for i = 1, 2, where NP
Ki,ri

(u) denotes the proximal normal cone of Ki,ri at u in the
sense of nonconvex analysis (See Definition 2.1), and 0i is the zero vector of Hi.

Proof. Let (x1, x2) ∈ H1 × H2 with (g1(x1), g2(x2)) ∈ K1,r1 × K2,r2 be a so-
lution of SGINVIP (3.1). If Ni(Aixi, Bixj , Cixi) + xi = 0i, then evidently the
inclusuion (3.4) follows. If Ni(Aixi, Bixj , Cixi) + xi 6= 0i, then from (3.1) and
Lemma 2.1, we get the inclusion (3.4). Conversely, let (x1, x2) ∈ H1 × H2 with
(g1(x1), g2(x2)) ∈ K1,r1 × K2,r2 be a solution of system (3.4) then it follows from
Definition 2.3 that (x1, x2) ∈ H1 × H2 with (g1(x1), g2(x2)) ∈ K1,r1 × K2,r2 is a
solution of SGINVIP (3.1).

Lemma 3.2. (x1, x2) ∈ H1×H2 with (g1(x1), g2(x2)) ∈ K1,r1×K2,r2 is a solution of
SGINVIP (3.1) if and only if (x1, x2) ∈ H1×H2 with (g1(x1), g2(x2)) ∈ K1,r1 ×K2,r2

satisfies the system of relations

gi(xi) = PKi,ri
[gi(xi)− ρi(xi + Ni(Aixi, Bixj , Cixi))], (3.5)

for i = 1, 2, where PKi,ri
is the projection operator of Hi onto the uniformly ri-prox-

regular set Ki,ri
.

Proof. The result follows immediately from Lemma 3.1 and from the fact that
PKi,ri

= (Ii + NP
Ki,ri

)−1.

We can rewrite the equations (3.5) as follows:

gi(xi) = PKi,ri
(wi), wi = gi(xi)− ρi(xi + Ni(Aixi, Bixj , Cixi)). (3.6)

The alternative formulation (3.6) enables us to suggest the following iterative
algorithm for solving SGINVIP (3.1).

Iterative algorithm 3.1. For given (w0
1, w

0
2) ∈ H1 × H2, compute the iterative

sequences {wn
1 }, {wn

2 }, {xn
1} and {xn

2} defined by the iterative schemes:

gi(xn
i ) = PKi,ri

(wn
i ), (3.7)

wn+1
i = (1− αn)wn

i + αn[gi(xn
i )− ρi(xn

i + Ni(Aix
n
i , Bix

n
j , Cix

n
i ))], (3.8)

for all n = 0, 1, 2, ..., and for each i ∈ {1, 2} with j ∈ {1, 2} \ {i}, where αn ∈ (0, 1)

for n > 0 and α0 = 1 and
∞∑

n=1
αn = ∞ and ρ1, ρ2 > 0 are constants.

In Case I, Iterative algorithm 3.1 reduces to the following iterative algorithm for
solving the system (3.2).

Iterative algorithm 3.2. For given (w0
1, w

0
2) ∈ H1 × H2, compute the iterative

sequences {wn
1 }, {wn

2 }, {xn
1} and {xn

2} defined by the iterative schemes:

xn
i = PKi,ri

(wn
i ),

wn+1
i = (1− αn)wn

i + αn[xn
i − ρiGi(xn

1 , xn
2 )], (3.9)
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for all n = 0, 1, 2, ... and for each i ∈ {1, 2} and j ∈ {1, 2} \ {i}, where αn ∈ (0, 1)

for n > 0 and α0 = 1 and
∞∑

n=1
αn = ∞ and ρ1, ρ2 > 0 are constants.

Now, we prove the existence and iterative approximation of solutions for SGINVIP
(3.1).

Theorem 3.1. For each i ∈ {1, 2} and j ∈ {1, 2} \ {i}, let the projection operator
PKi,ri

be ( ri

ri−r′i
)-Lipschitz continuous; let Ai, Ci : Hi −→ Hj and Bi : Hj −→ Hi

be LAi
-Lipschitz continuous, LCi

-Lipschitz continuous and LBi
-Lipschitz contin-

uous, respectively. Let gi : Hi −→ Hi be ki-strongly monotone and continuous;
let Ni : Hj × Hi × Hj −→ Hi be δi-strongly monotone with respect to Ai in the
first argument, τi-relaxed Lipschitz continuous with respect to Ci in the third ar-
gument, and L(Ni,p)-Lipschitz continuous in the pth argument, where p = 1, 2, 3. If
the constant ρi satisfy the following conditions:

Mi −4i < ρi < min{Mi +4i,Ψi}, (3.10)

where

Mi =
biki − aiei

bi(1− e2
i )

; 4i =

√
(biki − aiei)2 − b2

i (1− e2
i )(1− a2

i )
b2
i (1− e2

i )
;

Ψi <
1

bjdi
; ai =

1
µi
− φi; φi = biρjdj ;

biki > aiei + bi

√
(1− e2

i )(1− a2
i ); di = L(Ni,2)LBi

;

µi =
ri

ri − r′i
; bi =

1√
2ki + 3

;

ei =
√

(1− 2δi + L2
(Ni,1)

L2
Ai

) +
√

(1− 2σi + L2
(Ni,3)

L2
Ci

);

ρ2
i − 2ρiki

2ki + 3
∈ [−1, 0); r′i ∈ (0, ri); ri ∈ (0,∞].

Then the sequences {xn
i } and {wn

i } generated by Iterative algorithm 3.1 con-
verge strongly to xi and wi, respectively, where (x1, x2) with (g1(x1), g2(x2)) ∈
K1,r1 ×K2,r2 is a solution of SGINVIP (3.1).

Proof. From Iterative algorithm 3.1, we have

‖wn+1
i − wn

i ‖i ≤ (1− αn)‖wn+1
i − wn

i ‖i + αn‖gi(xn+1
i )− gi(xn

i )− ρi(xn+1
i − xn

i )‖i

+αnρi‖Ni(Aix
n+1
i , Bix

n+1
j , Cix

n+1
i )−Ni(Aix

n
i , Bix

n
j , Cix

n
i )‖i

≤ (1− αn)‖wn+1
i − wn

i ‖i + αn‖gi(xn+1
i )− gi(xn

i ))− ρi(xn+1
i − xn

i )‖i

+αnρi

[
‖[Ni(Aix

n+1
i , Bix

n+1
j , Cix

n+1
i )−Ni(Aix

n
i , Bix

n+1
j , Cix

n+1
i )

−(xn+1
i − xn

i )‖i

+‖Ni(Aix
n
i , Bix

n+1
j , Cix

n+1
i )−Ni(Aix

n
i , Bix

n+1
j , Cix

n
i ) + (xn+1

i − xn
i )‖i

+ ‖Ni(Aix
n
i , Bix

n+1
j , Cix

n
i )]−Ni(Aix

n
i , Bix

n
j , Cix

n
i )‖i

]
. (3.11)

Since Ai, Bi, Ci are LAi
-, LBi

-, LCi
-Lipschitz continuous, Ni is δi-strongly

monotone with respect to Ai in the first argument, σi-relaxed Lipschitz contin-
uous with respect to Ci, and is L(Ni,1)-, L(Ni,2)-, L(Ni,3)-Lipschitz continuous in
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the first, second and third arguments, respectively, one can obtain:

‖Ni(Aix
n+1
i , Bix

n+1
j , Cix

n+1
i )−Ni(Aix

n
i , Bix

n+1
j , Cix

n+1
i )− (xn+1

i − xn
i )‖i

≤
√

(1− 2δi + L2
(Ni,1)

LAi
‖xn+1

i − xn
i ‖i, (3.12)

‖Ni(Aix
n
i , Bix

n+1
j , Cix

n+1
i )−Ni(Aix

n
i , Bix

n+1
j , Cix

n
i ) + (xn+1

i − xn
i )‖i

≤
√

(1− 2σi + L2
(Ni,3)

LCi ‖xn+1
i − xn

i ‖i, (3.13)

and

‖Ni(Aix
n
i , Bix

n+1
j , Cix

n
i )]−Ni(Aix

n
i , Bix

n
j , Cix

n
i )‖i ≤ L(Ni,2)LBi

‖xn+1
i − xn

i ‖i.

(3.14)
Since gi is ki-strongly monotone and PKi,ri

be ( ri

ri−r′i
)-Lipschitz continuous,

then using (3.7), we have

‖xn+1
i − xn

i ‖2
i = ‖xn+1

i − xn
i − (gi(xn+1

i )− gi(xn
i )) + (gi(xn+1

i )− gi(xn
i ))‖2

i

≤ ‖gi(xn+1
i )− gi(xn

i )‖2
i

−2〈gi(xn+1
i )− gi(xn

i ) + xn+1
i − xn

i , xn+1
i − xn

i 〉i

= ‖gi(xn+1
i )− gi(xn

i )‖2
i − 2〈gi(xn+1

i )− gi(xn
i ), xn+1

i − xn
i 〉i

−2〈xn+1
i − xn

i , xn+1
i − xn

i 〉i

≤
(

ri

ri − r′i

)2

‖wn+1
i − wn

i ‖2
i − (2ki + 2)‖xn+1

i − xn
i ‖2

i ,

or

‖xn+1
i − xn

i ‖i ≤
(

µi√
2ki + 3

)
‖wn+1

i − wn
i ‖i, (3.15)

where µi =
(

ri

ri − r′i

)
.

Next, we estimate

‖gi(xn+1
i )− gi(xn

i )− ρ(xn+1
i − xn

i )‖2
i

≤ ‖gi(xn+1
i )− gi(xn

i )‖2
i

−2〈gi(xn+1
i )− gi(xn

i ), xn+1
i − xn

i 〉i + ρ2
i ‖x

n+1
i − xn

i ‖2
i

≤ µ2
i ‖w

n+1
i − wn

i ‖2
i + (ρ2

i − 2ρiki)‖xn+1
i − xn

i ‖2
i .

(3.16)

From (3.15) and (3.16), we have

‖gi(xn+1
i )− gi(xn

i )− ρi(xn+1
i − xn

i )‖i ≤ µi

√
1 +

ρ2
i − 2ρiki

2ki + 3
‖wn+1

i − wn
i ‖i. (3.17)

Further, from (3.11)-(3.15) and (3.17), we have

‖wn+2
i −wn+1

i ‖i ≤ (1−αn)‖wn+1
i −wn

i ‖i+αnµi

√
1 +

ρ2
i − 2ρiki

2ki + 3
‖wn+1

i −wn
i ‖i

+αnρi

[
µi√

2ki + 3

{√
(1− 2δi + L2

(Ni,1)
LAi

+
√

1− 2σi + L2
(Ni,3)

LCi

}
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×‖wn+1
i − wn

i ‖i +
µj√

2kj + 3
(L(Ni,2)LBi

)

]
‖wn+1

j − wn
j ‖j . (3.18)

Define ‖.‖? on H1 ×H2 by ‖(y1, y2)‖? =
2∑

i=1

‖yi‖i for any (y1, y2) ∈ H1 ×H2. We

note that H1 ×H2 is a Hilbert space with induced norm ‖.‖?. It follows from (3.18)
that

‖(wn+2
1 , wn+2

2 )− (wn+1
1 , wn+1

2 )‖? =
2∑

i=1

‖wn+2
i − wn+1

i ‖i,

≤ [1− αn(1− θ)]‖(wn+1
1 , wn+1

2 )− (wn
1 , wn

2 )‖?,
(3.19)

where θ = max{θ1, θ2}; θi = µi[pi + bi(ρiei + ρjdj)];

pi =

√
1 +

ρ2
i − 2ρiki

2ki + 3
; bi =

1√
2ki + 3

;

di = L(Ni,2)LAi ; ei =
√

(1− 2δi + L2
(Ni,1)

LAi +
√

(1− 2σi + L2
(Ni,3)

LCi .

From conditions (3.10), we have 0 < θ < 1, and hence, using the similar lines of
proof of Theorem 4.3 [22], there exists an integer n0 > 0 and a number α ∈ (0, 1)
such that (1−αn(1− θ)) ≤ (1−α(1− θ)) for all n > n0. Therefore, from (3.19), we
have

‖(wn+1
1 , wn+1

2 )− (wn
1 , wn

2 )‖? ≤ (1− α(1− θ))n−n0
‖(wn0+1

1 , wn0+1
2 )− (wn0

1 , wn0

2 )‖?.

Hence for any m ≥ n ≥ n0, it follows that

‖(wm
1 , wm

2 )− (wn
1 , wn

2 )‖? ≤
m−1∑
i=n

‖(wi+1
1 , wi+1

2 )− (wn0

1 , wn0

2 )‖?

≤
m−1∑
i=1

(1− α(1− θ))i−n0
‖(wn0+1

1 , wn0+1
2 )− (wn0

1 , wn0

2 )‖?. (3.20)

Since 0 < (1−α(1−θ)) < 1, it follows from (3.20) that ‖(wm
1 , wm

2 )−(wn
1 , wn

2 )‖? ≤
m−1∑
i=n

‖wm
i −wn

i ‖ −→ 0 as n −→∞, and hence for each i ∈ {1, 2}, {wn
i } is a Cauchy

sequence in Hi. Assume wn
i −→ wi in Hi as n −→ ∞. We observe from (3.15)

that {xn
i } is a Cauchy sequence and hence assume that xn

i −→ xi in Hi as n −→∞.

Further, from the continuity of Ni, Ai, Bi, Ci, gi, PKi,ri and Iterative algorithm
3.1, we observe that

gi(xi) = PKi,ri
[gi(xi)− ρi(xi + Ni(Aixi, Bixj , Cixi))].

Hence it follows from Lemma 3.2 that (x1, x2) ∈ H1 × H2 with (g1(x1), g2(x2)) ∈
K1,r1 ×K2,r2 is a solution of SGINVIP (3.1). This completes the proof.

Remark 3.1.

(i) The method presented in this paper unifies the methods considered in
[13, 14, 15, 16, 17, 18, 19, 20, 21] to the system of nonconvex variational
inequality problems defined on the product of two different Hilbert spaces.



A SYSTEM OF GENERALIZED IMPLICIT NONCONVEX VARIATIONAL INEQUALITY PROBLEMS 73

(ii) The method presented in this paper improves the methods considered in
[19, 20, 21] in the sense that the continuity of g is required instead of the
Lipschitz continuity.

(iii) One needs further research effort to extend the method presented for solv-
ing the system of nonconvex variational inequality problems involving set-
valued mappings.
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ABSTRACT. In this paper, we construct a new iterative scheme by hybrid methods and
prove strong convergence theorem for approximation of a common fixed point of a countable
family of relatively quasi-nonexpansive mappings in a uniformly smooth and strictly convex
real Banach space with Kadec-Klee property using the properties of generalized f -projection
operator. Our results extend many known recent results in the literature.
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1. INTRODUCTION

Let E be a real Banach space with dual E∗ and C be nonempty, closed and convex
subset of E. We denote by J the normalized duality mapping from E to 2E∗

defined
by

J(x) = {f ∈ E∗ : 〈x, f〉 = ||x||2 = ||f ||2}.
The following properties of J are well known (The reader can consult [1-3] for more
details): If E is uniformly smooth, then J is norm-to-norm uniformly continuous
on each bounded subset of E; J(x) 6= ∅, x ∈ E; if E is reflexive, then J is a
mapping from E onto E∗ and if E is smooth, then J is single valued. Throughout
this paper, we denote by φ, the functional on E × E defined by

φ(x, y) = ||x||2 − 2〈x, J(y)〉+ ||y||2, ∀x, y ∈ E. (1.1)

From (1.1), we have (||x|| − ||y||)2 ≤ φ(x, y) ≤ (||x||+ ||y||)2, ∀x, y ∈ E.
Let T be a mapping from C into E. A point x ∈ C is called a fixed point of T if
Tx = x. The set of fixed points of T is denoted by F (T ) := {x ∈ C : Tx = x}. A
point p ∈ C is said to be an asymptotic fixed point of T if C contains a sequence

∗Corresponding author.
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{xn}∞n=0 which converges weakly to p and lim
n→∞

||xn − Txn|| = 0. The set of asymp-

totic fixed points of T is denoted by F̂ (T ). We say that a mapping T is relatively non-
expansive (see, for example, [4-8]) if the following conditions are satisfied:F (T ) 6= ∅;
φ(p, Tx) ≤ φ(p, x), ∀x ∈ C, p ∈ F (T ) and F (T ) = F̂ (T ). If T satisfies F (T ) 6= ∅
and φ(p, Tx) ≤ φ(p, x), ∀x ∈ C, p ∈ F (T ), then T is said to be relatively quasi-
nonexpansive. It is easy to see that the class of relatively quasi-nonexpansive
mappings contains the class of relatively nonexpansive mappings. Many authors
have studied the methods of approximating the fixed points of relatively quasi-
nonexpansive mappings (see, for example, [9-11] the references contained therein).
Clearly, in Hilbert space H, relatively quasi-nonexpansive mappings and quasi-
nonexpansive mappings are the same, for φ(x, y) = ||x − y||2, ∀x, y ∈ H and this
implies that φ(p, Tx) ≤ φ(p, x) ⇔ ||Tx − p|| ≤ ||x − p||, ∀x ∈ C, p ∈ F (T ). The
examples of relatively quasi-nonexpansive mappings are given in [10].

We next give an example of a mapping that is relatively quasi-nonexpansive but
not relatively nonexpansive.

Example 1.1. Let E = `2 and

x0 = (1, 0, 0, 0, . . .)
x1 = (1, 1, 0, 0, . . .)
x2 = (1, 0, 1, 0, 0, . . .)
x3 = (1, 0, 0, 1, 0, 0, . . .)
. . .
xn = (1, 0, 0, 0, . . . , 0, 1, 0, 0, . . .)
. . .

Clearly, {xn} converges weakly to x0. Define a mapping T : E → E by

T (x) =
{

n
n+1xn, if x = xn(∃n ≥ 1),
−x, if x 6= xn(∀n ≥ 1).

We can see that F (T ) = {0} 6= ∅ and

||Tx− 0|| = ||Tx|| ≤ ||x|| = ||x− 0||, ∀x ∈ E.

Furthermore, since `2 is a Hilbert space, we obtain

φ(Tx, 0) = ||Tx− 0||2 = ||Tx||2 ≤ ||x||2 = ||x− 0||2 = φ(x, 0), ∀x ∈ E.

It then follows that T is a relatively quasi-nonexpansive mapping. We next show
that T is not a relatively nonexpansive mapping. Since {xn} converges weakly to
x0, then there exists M > 0 such that ||xn|| ≤ M, ∀n ≥ 1. We observe that

||Txn − xn|| =
∣∣∣∣∣∣ n

n + 1
xn − xn

∣∣∣∣∣∣ =
1

n + 1
||xn|| ≤

1
n + 1

M → 0, n →∞,

but x0 /∈ F (T ). Thus, F (T ) 6= F̂ (T ) even though F (T ) 6= ∅ and ||Txn − xn|| →
0, n →∞. Hence, T is not a relatively nonexpansive mapping.

The above Example 1.1 shows that the class of relatively nonexpansive mappings
is properly contained in the class of relatively quasi-nonexpansive mappings.
In [7], Matsushita and Takahashi introduced a hybrid iterative scheme for approx-
imation of fixed points of relatively nonexpansive mapping in a uniformly convex
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real Banach space which is also uniformly smooth: x0 ∈ C,
yn = J−1(αnJxn + (1− αn)JTxn),
Hn = {w ∈ C : φ(w, yn) ≤ φ(w, xn)},
Wn = {w ∈ C : 〈xn − w, Jx0 − Jxn〉,
xn+1 = ΠHn∩Wn

x0, n ≥ 0.

They proved that {xn}∞n=0 converges strongly to ΠF (T )x0, where F (T ) 6= ∅.

In [12], Plubtieng and Ungchittrakool introduced the following hybrid projection
algorithm for a pair of relatively nonexpansive mappings: x0 ∈ C,

zn = J−1(β(1)
n Jxn + β

(2)
n JTxn + β

(3)
n JSxn)

yn = J−1(αnJx0 + (1− αn)Jzn)
Cn = {z ∈ C : φ(z, yn) ≤ φ(z, xn) + αn(||x0||2 + 2〈w, Jxn − Jx0〉)}
Qn = {z ∈ C : 〈xn − z, Jxn − Jx0〉 ≤ 0}
xn+1 = PCn∩Qnx0,

(1.2)

where {αn}, {β(1)
n }, {β(2)

n } and {β(3)
n } are sequences in (0, 1) satisfying β

(1)
n +

β
(2)
n + β

(3)
n = 1 and T and S are relatively nonexpansive mappings and J is the

single-valued duality mapping on uniformly smooth and uniformly convex Banach
E. They proved under the appropriate conditions on the parameters that the se-
quence {xn} generated by (1.2) converges strongly to a common fixed point of T
and S in a uniformly smooth and uniformly convex Banach space.

Recently, Li et al. [13] introduced the following hybrid iterative scheme for approx-
imation of fixed points of a relatively nonexpansive mapping using the properties of
generalized f-projection operator in a uniformly smooth real Banach space which
is also uniformly convex: x0 ∈ C, C0 = C

yn = J−1(αnJxn + (1− αn)JTxn),
Cn+1 = {w ∈ Cn : G(w, Jyn) ≤ G(w, Jxn)},
xn+1 = Πf

Cn+1
x0, n ≥ 0,

They proved a strong convergence theorem for finding an element in the fixed points
set of T in a uniformly smooth real Banach space which is also uniformly convex.

Motivated by the above mentioned results and the on-going research, it is our
purpose in this paper to prove strong convergence theorem for a countable family of
relatively quasi-nonexpansive mappings in a uniformly smooth and strictly convex
real Banach space with the Kadec-Klee property using the properties of generalized
f-projection operator. Our results extend the results of Matsushita and Takahashi
[7], Plubtieng and Ungchittrakool [12], Li et al. [13] and many other recent known
results in the literature.

2. PRELIMINARIES

Let E be a smooth, strictly convex and reflexive real Banach space and let C be
a nonempty, closed and convex subset of E. Following Alber [14], the generalized
projection ΠC from E onto C is defined by

ΠC(x) := argmin
y∈C

φ(y, x), ∀x ∈ E.

The existence and uniqueness of ΠC follows from the property of the functional
φ(x, y) and strict monotonicity of the mapping J (see, for example, [3, 14-17]). If
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E is a Hilbert space, then ΠC is the metric projection of H onto C. Next, we recall
the concept of generalized f-projector operator, together with its properties. Let
G : C × E∗ → R ∪ {+∞} be a functional defined as follows:

G(ξ, ϕ) = ||ξ||2 − 2〈ξ, ϕ〉+ ||ϕ||2 + 2ρf(ξ), (2.1)

where ξ ∈ C, ϕ ∈ E∗, ρ is a positive number and f : C → R ∪ {+∞} is proper,
convex and lower semi-continuous. From the definitions of G and f , it is easy to
see the following properties:
(i) G(ξ, ϕ) is convex and continuous with respect to ϕ when ξ is fixed;
(ii) G(ξ, ϕ) is convex and lower semi-continuous with respect to ξ when ϕ is fixed.

Definition 2.1. (Wu and Huang [18]) Let E be a real Banach space with its dual E∗.
Let C be a nonempty, closed and convex subset of E. We say that Πf

C : E∗ → 2C

is a generalized f-projection operator if

Πf
Cϕ =

{
u ∈ C : G(u, ϕ) = inf

ξ∈C
G(ξ, ϕ)

}
, ∀ϕ ∈ E∗.

Recall that J is a single valued mapping when E is a smooth Banach space. There
exists a unique element ϕ ∈ E∗ such that ϕ = Jx for each x ∈ E. This substitution
in (2.1) gives

G(ξ, Jx) = ||ξ||2 − 2〈ξ, Jx〉+ ||x||2 + 2ρf(ξ). (2.2)

Definition 2.2. Let E be a real Banach space and C a nonempty, closed and convex
subset of E. We say that Πf

C : E → 2C is a generalized f-projection operator if

Πf
Cx =

{
u ∈ C : G(u, Jx) = inf

ξ∈C
G(ξ, Jx)

}
, ∀x ∈ E.

Obviously, the definition of T is a relatively-quasi nonexpansive mapping is equiv-
alent to: F (T ) 6= ∅ and G(p, JTx) ≤ G(p, Jx), ∀x ∈ C, p ∈ F (T ).

Lemma 2.3. (Li et al. [13]) Let E be a Banach space and f : E → R ∪ {+∞} be a
lower semi-continuous convex functional. Then there exists x∗ ∈ E∗ and α ∈ R such
that

f(x) ≥ 〈x, x∗〉+ α, ∀x ∈ E.

Lemma 2.4. (Li et al. [13]) Let C be a nonempty, closed and convex subset of a
smooth and reflexive Banach space E. Then the following statements hold:
(i) Πf

Cx is a nonempty closed and convex subset of C for all x ∈ E;
(ii) for all x ∈ E, x̂ ∈ Πf

Cx if and only if

〈x̂− y, Jx− Jx̂ + ρf(y)− ρf(x) ≥ 0, ∀y ∈ C;

(iii) if E is strictly convex, then Πf
Cx is a single valued mapping.

Lemma 2.5. (Li et al. [13]) Let C be a nonempty, closed and convex subset of a
smooth and reflexive Banach space E. Let x ∈ E and x̂ ∈ Πf

Cx. Then

φ(y, x̂) + G(x̂, Jx) ≤ G(y, Jx), ∀y ∈ C.

We recall that a Banach space E has Kadec-Klee property if for any sequence
{xn} ⊂ E and x ∈ E with xn ⇀ x and ||xn|| → ||x||, then xn → x as n → ∞. We
note that every uniformly convex Banach space has the Kadec-Klee property. For
more details on Kadec-Klee property, the reader is referred to [2, 16].
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Lemma 2.6. (Kim et al. [19]) Let C be a nonempty, closed and convex subset of a
uniformly smooth and strictly convex real Banach space E which also has Kadec-
Klee property. Let T be a closed relatively-quasi nonexpansive mapping of C into
itself. Then F (T ) is closed and convex.

Lemma 2.7. (Kim et al. [19]) Let E be a uniformly convex real Banach space. For
arbitrary r > 0, let Br(0) := {x ∈ E : ||x|| ≤ r}. Then, for any given sequence
{xn}∞n=1 ⊂ Br(0) and for any given sequence {λn}∞n=1 of positive numbers such that∑∞

i=1 λi = 1, there exists a continuous strictly increasing convex function

g : [0, 2r] → R, g(0) = 0

such that for any positive integers i, j with i < j, the following inequality holds:∣∣∣∣∣∣ ∞∑
n=1

λnxn

∣∣∣∣∣∣2 ≤ ∞∑
n=1

λn||xn||2 − λiλjg(||xi − xj ||).

For the rest of this paper, the sequence {xn}∞n=0 converges strongly to p shall be
denoted by xn → p as n →∞, {xn}∞n=0 converges weakly to p shall be denoted by
xn ⇀ p.

Lemma 2.8. (Li et al. [13]) Let E be a Banach space and y ∈ E. Let f : E →
R ∪ {+∞} be a proper, convex and lower semi-continuous mapping with convex
domain D(f). If {xn} is a sequence in D(f) such that xn ⇀ x ∈ int(D(f)) and
lim

n→∞
G(xn, Jy) = G(x, Jy), then lim

n→∞
||xn|| = ||x||.

3. MAIN RESULTS

Theorem 3.1. Let E be a uniformly smooth and strictly convex real Banach space
which also has Kadec-Klee property. Let C be a nonempty, closed and convex subset
of E. Suppose {Ti}∞i=1 is an infinite family of closed relatively-quasi nonexpansive
mappings of C into itself such that F := ∩∞i=1F (Ti) 6= ∅. Let f : E → R be a convex
and lower semicontinuous mapping with C ⊂ int(D(f)) and suppose {xn}∞n=0 is
iteratively generated by x0 ∈ C, C0 = C,

yn = J−1(αn0Jxn +
∑∞

i=1 αniJTixn),
Cn+1 = {w ∈ Cn : G(w, Jyn) ≤ G(w, Jxn)},
xn+1 = Πf

Cn+1
x0, n ≥ 0,

(3.1)

where J is the duality mapping on E. Suppose {αni}∞n=1 for each i = 0, 1, 2, ... is a
sequence in (0, 1) such that lim inf

n→∞
αn0αni > 0, i = 1, 2, 3, ...,

∑∞
i=0 αni = 1. Then,

{xn}∞n=0 converges strongly to Πf
F x0.

Proof. We first show that Cn, ∀n ≥ 0 is closed and convex. It is obvious that
C0 = C is closed and convex. Thus, we only need to show that Cn is closed and
convex for each n ≥ 1. Since G(z, Jyn) ≤ G(z, Jxn) is equivalent to

2
(
〈z, Jxn〉 − 〈z, Jyn〉

)
≤ ||xn||2 − ||yn||2.

This implies that Cn is closed and convex ∀n ≥ 0. This shows that Πf
Cn+1

x0 is well
defined for all n ≥ 0.
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We now show that lim
n→∞

G(xn, Jx0) exists. Since f : E → R is a convex and lower
semi-continuous, applying Lemma 2.3, we see that there exists u∗ ∈ E∗ and α ∈ R
such that

f(y) ≥ 〈y, u∗〉+ α, ∀y ∈ E.

It follows that

G(xn, Jx0) = ||xn||2 − 2〈xn, Jx0〉+ ||x0||2 + 2ρf(xn)
≥ ||xn||2 − 2〈xn, Jx0〉+ ||x0||2 + 2ρ〈xn, u∗〉+ 2ρα

= ||xn||2 − 2〈xn, Jx0 − ρu∗〉+ ||x0||2 + 2ρα

≥ ||xn||2 − 2||xn||||Jx0 − ρu∗||+ ||x0||2 + 2ρα

= (||xn|| − ||Jx0 − ρu∗||)2 + ||x0||2 − ||Jx0 − ρu∗||2 + 2ρα. (3.2)

Since xn = Πf
Cn

x0, it follows from (3.2) that

G(x∗, Jx0) ≥ G(xn, Jx0) ≥ (||xn|| − ||Jx0 − ρu∗||)2 + ||x0||2 − ||Jx0 − ρu∗||2 + 2ρα

for each x∗ ∈ Cn. This implies that {xn}∞n=0 is bounded and so is {G(xn, Jx0)}∞n=0.
By the construction of Cn, we have that Cn+1 ⊂ Cn and xn+1 = Πf

Cn+1
x0 ∈ Cn. It

then follows Lemma 2.5 that

φ(xn+1, xn) + G(xn, Jx0) ≤ G(xn+1, Jx0). (3.3)

It is obvious that
φ(xn+1, xn) ≥ (||xn+1|| − ||xn||)2 ≥ 0,

and so {G(xn, Jx0)}∞n=0 is nondecreasing. It follows that the limit of {G(xn, Jx0)}∞n=0

exists.

We next show that F ⊂ Cn, ∀n ≥ 0. For n = 0, we have F ⊂ C = C0. Let x∗ ∈ F .
Since E is uniformly smooth, we know that E∗ is uniformly convex. Then from
Lemma 2.7, we have for any positive integer j > 0 that

G(x∗, Jyn) = G(x∗, (αn0Jxn +
∞∑

i=1

αniJTixn))

= ||x∗||2 − 2αn0〈x∗, Jxn〉 − 2
∞∑

i=1

αni〈x∗, JTixn〉+ ||αn0Jxn +
∞∑

i=1

αniJTixn||2 + 2ρf(x∗)

≤ ||x∗||2 − 2αn0〈x∗, Jxn〉 − 2
∞∑

i=1

αni〈x∗, JTixn〉+ αn0||Jxn||2 +
∞∑

i=1

αni||JTixn||2

−αn0αnjg(||Jxn − JTjxn||) + 2ρf(x∗)

= ||x∗||2 − 2αn0〈x∗, Jxn〉 − 2
∞∑

i=1

αni〈x∗, JTixn〉+ αn0||Jxn||2 +
∞∑

i=1

αni||JTixn||2

−αn0αnjg(||Jxn − JTjxn||) + 2ρf(x∗)
≤ G(x∗, Jxn)− αn0αnjg(||Jxn − JTjxn||) (3.4)
≤ G(x∗, Jxn).

So, x∗ ∈ Cn. This implies that F ⊂ Cn, ∀n ≥ 0.

Now since {xn}∞n=0 is bounded in C and E is reflexive, we may assume that xn ⇀ p
and since Cn is closed and convex for each n ≥ 0, it is easy to see that p ∈ Cn for



NEW CONVERGENCE ANALYSIS FOR COUNTABLE FAMILY 81

each n ≥ 0. Again since xn = Πf
Cn

x0, from the definition of Πf
Cn

, we obtain

G(xn, Jx0) ≤ G(p, Jx0), ∀n ≥ 0.

Since

lim inf
n→∞

G(xn, Jx0) = lim inf
n→∞

{
||xn||2 − 2〈xn, Jx0〉+ ||x0||2 + 2ρf(xn)

}
≥ ||p||2 − 2〈p, Jx0〉+ ||x0||2 + 2ρf(p) = G(p, Jx0)

then, we obtain

G(p, Jx0) ≤ lim inf
n→∞

G(xn, Jx0) ≤ lim sup
n→∞

G(xn, Jx0) ≤ G(p, Jx0).

This implies that lim
n→∞

G(xn, Jx0) = G(p, Jx0). By Lemma 2.8, we obtain lim
n→∞

||xn|| =
||p||. In view of Kadec-Klee property of E, we have that lim

n→∞
xn = p.

We next show that p ∈ ∩∞i=1F (Ti). By the fact that Cn+1 ⊂ Cn and xn+1 =
Πf

Cn+1
x0 ∈ Cn, we obtain

φ(xn+1, yn) ≤ φ(xn+1, xn).

Now, (3.3) implies that

φ(xn+1, yn) ≤ φ(xn+1, xn) ≤ G(xn+1, Jx0)−G(xn, Jx0). (3.5)

Taking the limit as n →∞ in (3.5), we obtain

lim
n→∞

φ(xn+1, yn) = 0 = lim
n→∞

φ(xn+1, xn) = 0.

It then yields that lim
n→∞

(||xn+1|| − ||yn||) = 0. Since lim
n→∞

||xn+1|| = ||p||, we have

lim
n→∞

||yn|| = ||p|| and lim
n→∞

||Jyn|| = ||Jp||.

This implies that {||Jyn||}∞n=0 is bounded in E∗. Since E is reflexive, and so E∗ is
reflexive, we can then assume that Jyn ⇀ f0 ∈ E∗. In view of reflexivity of E, we
see that J(E) = E∗. Hence, there exists x ∈ E such that Jx = f0. Since

φ(xn+1, yn) = ||xn+1||2 − 2〈xn+1, Jyn〉+ ||yn||2

= ||xn+1||2 − 2〈xn+1, Jyn〉+ ||Jyn||2. (3.6)

Taking the limit inferior of both sides of (3.6) and in view of weak lower semiconti-
nuity of ||.||, we have

0 ≥ ||p||2 − 2〈p, f0〉+ ||f0||2 = ||p||2 − 2〈p, Jx〉+ ||Jx||2

= ||p||2 − 2〈p, Jx〉+ ||x||2 = φ(p, x),

that is, p = x. This implies that f0 = Jp and so Jyn ⇀ Jp. It follows from
lim

n→∞
||Jyn|| = ||Jp|| and Kadec-Klee property of E∗ that Jyn → Jp. Note that

J−1 : E∗ → E is hemi-continuous, it yields that yn ⇀ p. It then follows from
lim

n→∞
||yn|| = ||p|| and Kadec-Klee property of E that lim

n→∞
yn = p. Hence,

lim
n→∞

||xn − yn|| = 0 = lim
n→∞

||Jxn − Jyn|| = 0.

It then follows from (3.4) that

αn0αnjg(||Jxn − JTjxn||) ≤ G(x∗, Jxn)−G(x∗, Jyn).

From lim
n→∞

||xn − yn|| = 0 and lim
n→∞

||Jxn − Jyn|| = 0, we can easily show that

G(x∗, Jxn)−G(x∗, Jyn) → 0, n →∞.
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Using the condition lim inf
n→∞

αn0αnj > 0, we have for any j ≥ 1 that

lim
n→∞

g(||Jxn − JTjxn||) = 0.

By property of g, we have lim
n→∞

||Jxn − JTjxn|| = 0, j ≥ 1. Since xn → p and J

is uniformly continuous, we have Jxn → Jp. Now, from lim
n→∞

||Jxn − JTjxn|| = 0,

we obtain lim
n→∞

JTjxn = Jp. Furthermore, since J−1 is hemi-continuous, it follows
that Tjxn ⇀ p. On the other hand,∣∣∣||Tjxn|| − ||p||

∣∣∣ =
∣∣∣||JTjxn|| − ||Jp||

∣∣∣ ≤ ||JTjxn − Jp|| → 0, as n →∞.

By Tjxn ⇀ p, lim
n→∞

||Tjxn|| = ||p|| and Kadec-Klee property of E, we obtain that
Tjxn → p, as n →∞, j ≥ 1. Hence, we have

lim
n→∞

||xn − Tjxn|| = 0, j ≥ 1. (3.7)

Since Ti, i ≥ 1 is closed and xn → p, we have p ∈ F = ∩∞i=1F (Ti).

Finally, we show that p = Πf
F x0. Since F = ∩∞i=1F (Ti) is a closed and convex set,

from Lemma 2.4, we know that Πf
F x0 is single valued and denote w = Πf

F x0. Since
xn = Πf

Cn
x0 and w ∈ F ⊂ Cn, we have

G(xn, Jx0) ≤ G(w, Jx0), ∀n ≥ 0.

We know that G(ξ, Jϕ) is convex and lower semi-continuous with respect to ξ when
ϕ is fixed. This implies that

G(p, Jx0) ≤ lim inf
n→∞

G(xn, Jx0) ≤ lim sup
n→∞

G(xn, Jx0) ≤ G(w, Jx0).

From the definition of Πf
F x0 and p ∈ F , we see that p = w. This completes the

proof. �

Take f(x) = 0 for all x ∈ E in Theorem 3.1, then G(ξ, Jx) = φ(ξ, x) and Πf
Cx0 =

ΠCx0. Then we obtain the following corollary.

Corollary 3.1. Let E be a uniformly smooth and strictly convex real Banach space
which also has Kadec-Klee property. Let C be a nonempty, closed and convex subset
of E. Suppose {Ti}∞i=1 is an infinite family of closed relatively-quasi nonexpansive
mappings of C into itself such that F := ∩∞i=1F (Ti) 6= ∅. Suppose {xn}∞n=0 is
iteratively generated by x0 ∈ C, C0 = C, yn = J−1(αn0Jxn +

∑∞
i=1 αniJTixn),

Cn+1 = {w ∈ Cn : φ(w, yn) ≤ φ(w, xn)},
xn+1 = ΠCn+1x0, n ≥ 0,

(3.8)

where J is the duality mapping on E. Suppose {αni}∞n=1 for each i = 0, 1, 2, ... is a
sequence in (0, 1) such that lim inf

n→∞
αn0αni > 0, i = 1, 2, 3, ...,

∑∞
i=0 αni = 1. Then,

{xn}∞n=0 converges strongly to ΠF x0.

Corollary 3.2. Let E be a uniformly smooth and strictly convex real Banach space
which also has Kadec-Klee property. Let C be a nonempty, closed and convex subset
of E. Suppose {Ti}N

i=1 is a finite family of closed relatively-quasi nonexpansive
mappings of C into itself such that F := ∩N

i=1F (Ti) 6= ∅. Let f : E → R be a convex
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and lower semicontinuous mapping with C ⊂ int(D(f)) and suppose {xn}∞n=0 is
iteratively generated by x0 ∈ C, C0 = C,

yn = J−1(αn0Jxn +
∑N

i=1 αniJTixn),
Cn+1 = {w ∈ Cn : G(w, Jyn) ≤ G(w, Jxn)},
xn+1 = Πf

Cn+1
x0, n ≥ 0,

(3.9)

where J is the duality mapping on E. Suppose {αni}∞n=1 for each i = 0, 1, 2, ..., N

is a sequence in (0, 1) such that lim inf
n→∞

αn0αni > 0, i = 1, 2, 3, ..., N,
∑N

i=0 αni = 1.

Then, {xn}∞n=0 converges strongly to Πf
F x0.

References

[1] C.E. Chidume; Geometric properties of Banach spaces and nonlinear iterations, Springer Verlag
Series: Lecture Notes in Mathematics Vol. 1965 (2009), XVII, 326p, ISBN 978-1-84882-189-7.

[2] W. Takahashi; Nonlinear Functional Analysis-Fixed Point Theory and Applications, Yokohama
Publishers Inc., Yokohama, (2000) (in Japanese).

[3] W. Takahashi; Nonlinear functional analysis, Yokohama Publishers, Yokohama, 2000
[4] D. Butnariu, S. Reich, A. J. Zaslavski; Asymptotic behaviour of relatively nonexpansive operators

in Banach spaces, J. Appl. Anal. 7 (2001), 151-174.
[5] D. Butnariu, S. Reich, A. J. Zaslavski; Weak convergence of orbits of nonlinear operator in reflexive

Banach spaces, Numer. Funct. Anal. Optim. 24 (2003), 489-508.
[6] Y. Censor, S. Reich; Iterations of paracontractions and firmly nonexpansive operators with appli-

cations to feasibility and optimization, Optimization 37 (1996), 323-339.
[7] S. Matsushita, W. Takahashi; A strong convergence theorem for relatively nonexpansive mappings

in Banach spaces, J. Approx. Theory 134 (2005), 257-266.
[8] X. Qin, Y. Su; Strong convergence theorems for relatively nonexpansive mappings in a Banach

space, Nonlinear Anal. 67 (2007), 1958-1965.
[9] W. Nilsrakoo, S. Saejung; Strong convergence to common fixed points of countable relatively

quasi-nonexpansive mappings, Fixed Points Theory Appl. (2008), Article ID 312454,19 pages,
doi:10.1155/2008/312454.

[10] X. Qin, Y. J. Cho, S. M. Kang; Convergence theorems of common elements for equilibrium problems
and fixed point problems in Banach spaces, J. Comput. Appl. Math. 225 (2009) 20-30.

[11] K. Wattanawitoon, P. Kumam; Strong convergence theorems by a new hybrid projection algorithm
for fixed point problems and equilibrium problems of two relatively quasi nonexpansive mappings,
Nonlinear Analysis; Hybrid Systems 3 (2009), 11-20.

[12] S. Plubtieng, K. Ungchittrakool; Strong convergence theorems for a common fixed point of two
relatively nonexpansive mappings in a Banach space, J. Approx. Theory 149 (2007), 103-115.

[13] X. Li, N. Huang, D. O’Regan; Strong convergence theorems for relatively nonexpansive mappings
in Banach spaces with applications, Comp. Math. Appl. 60 (2010), 1322-1331.

[14] Y. I. Alber; Metric and generalized projection operator in Banach spaces: properties and applica-
tions, in Theory and Applications of Nonlinear Operators of Accretive and Monotone Type vol 178 of
Lecture Notes in Pure and Applied Mathematics, pp 15-50, Dekker,New York, NY, USA, 1996.

[15] Y. I. Alber, S. Reich; An iterative method for solving a class of nonlinear operator equations in
Banach spaces, PanAmer. Math. J 4 (1994), 39-54.

[16] I. Cioranescu; Geometry of Banach spaces, duality mappings and nonlinear problems, Kluwer
Academic Dordrecht, 1990.

[17] S. Kamimura, W. Takahashi; Strong convergence of a proximal-type algorithm in a Banach space,
SIAM J. Optim 13 (2002) 938-945.

[18] K. Q. Wu, N. J. Huang; The generalized f -projection operator with application, Bull. Aust. Math.
Soc. 73 (2006),307-317.

[19] S. Chang, J. K. Kim, X. R. Wang; Modified Block iterative algorithm for solving convex
feasibility problems in Banach spaces, J. Ineq. Appl. (2010), Article ID 869684,14 pages,
doi:10.1155/2010/869684.



Journal of Nonlinear Analysis and Optimization

Vol. 4, No. 1, (2013), 85-98
ISSN : 1906-9685
http://www.math.sci.nu.ac.th

CONVERGENCE OF AN IMPLICIT ITERATION PROCESS FOR A FINITE

FAMILY OF GENERALIZED I-ASYMPTOTICALLY NONEXPANSIVE MAPPINGS

SEYIT TEMIR∗

Department of Mathematics Art and Science Faculty Harran University, 63200, Sanliurfa,
Turkey
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1. INTRODUCTION

Let K be a nonempty subset of a real normed linear space X and T : K → K
be a mapping. Let F (T ) = {x ∈ K : Tx = x} be denoted as the set of fixed points
of a mapping T .

We introduce the following definitions and statements which will be used in our
main results(see references therein):

A mapping T : K −→ K is called nonexpansive provided
‖Tx− Ty‖ ≤ ‖x− y‖

for all x, y ∈ K and n ≥ 1. T is called asymptotically nonexpansive mapping if
there exist a sequence {λn} ⊂ [0,∞) with lim

n−→∞
λn = 0 such that

‖Tnx− Tny‖ ≤ (1 + λn)‖x− y‖
for all x, y ∈ K and n ≥ 1.

The class of asymptotically nonexpansive maps which an important generaliza-
tion of the class nonexpansive maps was introduced by Goebel and Kirk [4]. They
proved that every asymptotically nonexpansive self-mapping of a nonempty closed
convex bounded subset of a uniformly convex Banach space has a fixed point.
T is called quasi-nonexpansive mapping provided
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Article history : Received 19 April 2012. Accepted 5 October 2012.
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‖Tx− p‖ ≤ ‖x− p‖
for all x ∈ K and p ∈ F (T ) and n ≥ 1.
T is called asymptotically quasi-nonexpansive mapping if there exist a sequence

{λn} ⊂ [0,∞) with lim
n−→∞

λn = 0 such that

‖Tnx− p‖ ≤ (1 + λn)‖x− p‖
for all x ∈ K and p ∈ F (T ) and n ≥ 1.

Remark 1.1. From above definitions, it is easy to see that if F (T ) is nonempty, a
nonexpansive mapping must be quasi-nonexpansive, and an asymptotically non-
expansive mapping must be asymptotically quasi-nonexpansive.

We introduce the following definitions and statements which will be used in our
main results(see [9]-[11]).

Let us recall some notions.
Let T, I : K −→ K. Then T is called I-nonexpansive on K if

‖Tx− Ty‖ ≤ ‖Ix− Iy‖
for all x, y ∈ K.

T is called I- asymptotically nonexpansive onK if there exists a sequence {λ′n} ⊂
[0,∞) with lim

n−→∞
λ′n = 0 such that

‖Tnx− Tny‖ ≤ (1 + λ′n)‖Inx− Iny‖
for all x, y ∈ K and n ≥ 1.

T is called I- asymptotically quasi-nonexpansive on K if there exists a sequence
{λ′n} ⊂ [0,∞) with lim

n−→∞
λ′n = 0 such that

‖Tnx− p‖ ≤ (1 + λ′n)‖Inx− p‖
for all x ∈ K and p ∈ F (T ) ∩ F (I) and n = 1, 2, ....

Remark 1.2. From the above definitions it follows that if F (T ) ∩ F (I) is non-
empty, a I-nonexpansive mapping must be I-quasi-nonexpansive, and linear I-
quasi-nonexpansive mappings are I-nonexpansive mappings. But it is easily seen
that there exist nonlinear continuous I-quasi-nonexpansive mappings which are
not I-nonexpansive.

Now, we give the definition of the generalized asymptotically quasi-nonexpansive
mapping as follows:

Definition 1.3. [7] LetX be a real normed linear space andK a nonempty subset of
X. A mapping T : K −→ K is called generalized asymptotically quasi-nonexpansive
mapping if F (T ) 6= ∅ and there exist sequences of real numbers {un}, {ϕn} with
lim

n−→∞
un = 0 = lim

n−→∞
ϕn such that

‖Tnx− p‖ ≤ ‖x− p‖+ un‖x− p‖+ ϕn

for all x ∈ K, p ∈ F (T ) and n ≥ 1.

If, in Definition 1.3, ϕn = 0 for all n ≥ 1 then T becomes asymptotically quasi-
nonexpansive mapping and hence the class of generalized asymptotically quasi-
nonexpansive mappings includes the class of asymptotically quasi-nonexpansive
mappings.

Now we give generalized I-asymptotically quasi-nonexpansive mappings as fol-
lows:
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Definition 1.4. Let X be a real normed linear space and K a nonempty sub-
set of X. A mapping T : K −→ K is called generalized I-asymptotically quasi-
nonexpansive mapping if F (T ) ∩ F (I) 6= ∅ and there exist sequences of real num-
bers {u′n}, {ϕ′n} with lim

n−→∞
u′n = 0 = lim

n−→∞
ϕ′n such that

‖Tnx− p‖ ≤ ‖Inx− p‖+ u′n‖Inx− p‖+ ϕ′n
for all x ∈ K, p ∈ F (T ) ∩ F (I) and n ≥ 1.

Also, if, in Definition 1.4, ϕ′n = 0 for all n ≥ 1 then T becomes I-asymptotically
quasi-nonexpansive mapping and hence the class of generalized I-asymptotically
quasi-nonexpansive mappings includes the class of I-asymptotically quasi-
nonexpansive mappings.

Recently, concerning the convergence problems of an implicit(or non-implicit)
iterative process to a common fixed point for finite family of asymptotically non-
expansive mappings( or nonexpansive mappings) in Hilbert spaces or uniformly
convex Banach spaces have been obtained by a number of authors (see, the refer-
ences therein).

Xu and Ori [13], in 2001, introduced an implicit iteration process for a finite
family of nonexpansive mappings. Let K be a nonempty closed convex subset
of H Hilbert space. Let {Ti}N

i=1 be N nonexpansive self-maps of K such that

F =
N⋂

i=1

F (Ti) 6= ∅, the set of common fixed points of Ti, i = 1, ..., N . An implicit

iteration process for finite family of nonexpansive mappings {Ti}N
i=1 are defined as

follows, with {αn} ⊂ (0, 1), and an initial point x0 ∈ K, the sequence {xn}n≥1 is
generated as follows:

x1 = α1x0 + (1− α1)T1x1

x2 = α2x1 + (1− α2)T2x2

·
·
·

xN = αNxN−1 + (1− αN )TNxN

xN+1 = αN+1xN + (1− αN+1)TN+1xN+1

·
·
·

The process is expressed in the following form

xn = αnxn−1 + (1− αn)Tnxn, n ≥ 1 (1.1)

where Tn = Tn(modN).

Xu and Ori [13] proved the weak convergence of the sequence {xn} defined
implicity by (1.1) to a common fixed point of the finite family of nonexpansive map-
pings defined in Hilbert space. Zhou and Chang [14], in 2002, studied the weak
and strong convergence of implicit iteration process to a common fixed point for a
finite family of nonexpansive mappings in Banach spaces. Liu [5], in 2002, and
Chidume - Shahzad [2], in 2005, proved the strong convergence of an implicit iter-
ation process to a common fixed point for a finite family of nonexpansive mappings
in Banach spaces. Sun [8], in 2003, extended an implicit iteration process for a
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finite family of nonexpansive mappings due to Xu and Ori [13] to the case of as-
ymptotically quasi-nonexpansive mappings in a setting of Banach spaces. Chang
and et al.[1], in 2003, studied the weak and strong convergence of implicit iteration
process with errors to a common fixed point for a finite family of asymptotically
nonexpansive mappings in Banach spaces. Guo and Cho [3], in 2008, studied the
weak and strong convergence of implicit iteration process with errors to a common
fixed point for a finite family of nonexpansive mappings in Banach spaces. Shahzad
and Zegeye[7], in 2007, studied the strong convergence of implicit iteration process
to a common fixed point for a finite family of generalized asymptotically quasi-
nonexpansive mappings in Banach spaces. Recently, in [11], the weak convergence
theorem for I-asymptotically quasi-nonexpansive mapping defined in Hilbert space
was proved. In [9] the weak and strong convergence of implicit iteration process to
a common fixed point of a finite family of I-asymptotically nonexpansive mappings
were studied. More recently, Temir [10], studied the weak and strong convergence
of the explicit iterative process of generalized I-asymptotically quasi-nonexpansive
mappings to common fixed point in Banach space.

In this paper, we consider the following implicit iterative process with new type
of conception which combines notions such as generalized asymptotically nonex-
pansive mapping and generalized I-asymptotically nonexpansive mapping. Let K
be a nonempty subset of X Banach space.

Let {Ti}N
i=1 be finite family of generalized Ii- asymptotically nonexpansive self-

mappings and {Ii}N
i=1 be finite family of generalized asymptotically nonexpansive

self-mappings on K. {αn} and {βn} are two real sequences in [0, 1]. Then, an
initial point x0 ∈ K, the sequence {xn} defined by

x1 = α1x0 + (1 − α1)T1[β1x1 + (1 − β1)I1x1],

x2 = α2x1 + (1 − α2)T2[β2x2 + (1 − β2)I2x2],

·
·
·

xN = αNxN−1 + (1 − αN )TN [βNxN + (1 − βN )INxN ],

xN+1 = αN+1xN + (1 − αN+1)T
2
1 [βN+1xN+1 + (1 − βN+1)I

2
1xN+1],

·
·
·

x2N = α2Nx2N−1 + (1 − α2N )T 2
N [β2Nx2N + (1 − β2N )I2

Nx2N ],
x2N+1 = α2N+1x2N + (1 − α2N+1)T

3
1 [β2N+1x2N+1 + (1 − β2N+1)I

3
1x2N+1]

·
·
·

Let x0 ∈ K be any given point, the implicitly iterative sequence xn generated by
(1.2) should be written in the following compact form: yn = βnxn + (1− βn)Ik(n)

i(n) xn;

xn = αnxn−1 + (1− αn)T k(n)
i(n) yn,

(1.2)

∀n ≥ 1, where n = (k(n)− 1)N + i(n), i(n) ∈ {1, 2, ..., N}, k(n) ≥ 1.

If we take {Ii}N
i=1 identity mappings and ∀n ≥ 1, βn = 0 then the compact form

induces (1.1) implicit iteration process defined in Xu and Ori [13].
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The aim of this paper is to prove the strong convergence of implicit iterative
sequence {xn}n≥1 defined by (1.2) to common fixed point for finite family of gener-
alized Ii-asymptotically nonexpansive mappings in Banach space. We consider also
{Ii}N

i=1 be finite family of generalized asymptotically nonexpansive self-mappings
of K subset of Banach space. Our results will thus improve and generalize corre-
sponding results of [13], [7], [10] and [9].

2. PRELIMINARIES AND NOTATIONS

In order to prove the main results of this paper, we need the following statements:

Lemma 2.1. [12] Let {an}, {bn} and {κn} be sequences of nonnegative real se-
quences satisfying the following conditions: ∀n ≥ 1, an+1 ≤ (1 + κn)an + bn, where
∞∑

n=0
κn <∞ and

∞∑
n=0

bn <∞. Then lim
n−→∞

an exists.

Lemma 2.2. [6] Let K be a nonempty closed bounded convex subset of a uniformly
convex Banach space X and {αn} a sequence [δ, 1− δ], for some δ ∈ (0, 1). Let {xn}
and {yn} be two sequences in K such that

lim sup
n−→∞

‖xn‖ ≤ d,

lim sup
n−→∞

‖yn‖ ≤ d

and
lim sup
n−→∞

‖αnxn + (1− αn)yn‖ = d

holds for some d ≥ 0.Then
lim

n−→∞
‖xn − yn‖ = 0.

Let X be a uniformly convex Banach space and K a nonempty, closed and sub-
set of X. Let {Ti : i ∈ {1, ..., N}} be N generalized Ii-asymptotically nonexpansive
self-mappings of K with sequences of real numbers {θin}, {ϕin} ⊂ [0,∞) and
θin, ϕin → 0 as n→∞ such that ‖T k

i x−T k
i y‖ ≤ (1+θin)‖Ik

i x− Ik
i y‖+ϕin for all

x, y ∈ K and n ≥ 1 and {Ii : i ∈ {1, ..., N}} be N generalized asymptotically non-
expansive mappings of K with {τin}, {ψin} ⊂ [0,∞) and τin, ψin → 0 as n → ∞
such that ‖Ik

i x− Ik
i y‖ ≤ τin‖x− y‖+ ψin for all x, y ∈ K, for each i = 1, ...N and

n ≥ 1 .

Letting νn = max{θin, τin} for all i ∈ {1, ..., N}, νn ⊂ [0,∞), with lim
k−→∞

νn = 0,
∞∑

n=1
νn < ∞, also φn = max{ϕin, ψin} for all i ∈ {1, ..., N}, φn ⊂ [0,∞), with

lim
n−→∞

φn = 0,
∞∑

n=1
φn < ∞. Then there exist nonnegative real sequences {νn} and

{φn} with νn, φn → 0 as n→∞ such that

‖T k
i x− T k

i y‖ ≤ (1 + θin)‖Ik
i x− Ik

i y‖+ ϕin ≤ (1 + νn)2‖x− y‖+ (2 + νn)φn,

‖Ik
i x− Ik

i y‖ ≤ (1 + τin)‖x− y‖+ ψin ≤ (1 + νn)‖x− y‖+ φn

for all x, y ∈ K,for each i = 1, ...N and n ≥ 1.

Let denote the distance of x to set F ⊂ K, i.e., d(x, F ) = inf{‖x− p‖ : p ∈ F}. A
mapping T : K → K is said to semi-compact if for any bounded sequence {xn} in
K such that ‖xn−Txn‖ → 0 as n −→∞, there exists a subsequence {xni

} ⊂ {xn}
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such that {xni
} → p ∈ K.

The mappings T, I : K → K are said to satisfying condition (A) if there is
a nondecreasing function f : [0,∞) → [0,∞) with f(0) = 0, f(r) > 0, for all
r ∈ [0,∞) such that 1

2 (‖x − Tx‖ + ‖x − Ix‖) ≥ f(d(x, F )) for all x ∈ K, where
d(x, F ) = inf{‖x− p‖ : p ∈ F = F (T ) ∩ F (I)}.

A family {Ti : i ∈ {1, ..., N}} be N generalized Ii-asymptotically nonexpansive
self-mappings of K and {Ii : i ∈ {1, ..., N}} be N generalized asymptotically non-

expansive mappings on K with F =
N⋂

i=1

F (Ti) ∩ F (Ii) 6= ∅ are said to satisfy

condition (B) on K if there is a nondecreasing function f : [0,∞) → [0,∞) with
f(0) = 0, f(r) > 0, for all r ∈ [0,∞) and all x ∈ K such that max

1≤`≤N
{ 1

2 (‖x− T`x‖+

‖x− I`x‖)} ≥ f(d(x, F )) for at least one T` and I`, ` = {1, ..., N}.

3. STRONG CONVERGENCE OF IMPLICIT ITERATION FOR GENERALIZED
I-ASYMPTOTICALLY NONEXPANSIVE MAPPINGS

Let X be a uniformly convex Banach space, K be a nonempty closed convex
subset of X, {Ti : i ∈ {1, ..., N}} be N generalized Ii-asymptotically nonexpansive
self-mappings ofK with sequences of real numbers {θin}, {ϕin} ⊂ [0,∞) such that
∞∑

n=1
θin <∞,

∞∑
n=1

ϕin <∞ and {Ii : i ∈ {1, ..., N}} be N generalized asymptotically

nonexpansive mappings of K with {τin}, {ψin} ⊂ [0,∞) such that
∞∑

n=1
τin < ∞

and
∞∑

n=1
ψin < ∞. Letting νn = max{θin, τin} for all i ∈ {1, ..., N}, νn ⊂ [0,∞),

with lim
k−→∞

νn = 0,
∞∑

n=1
νn < ∞, also φn = max{ϕin, ψin} for all i ∈ {1, ..., N},

φn ⊂ [0,∞), with lim
n−→∞

φn = 0,
∞∑

n=1
φn <∞. Let z ∈ K be fixed and α, β ∈ (0, 1).

Define W : K → K

W (x) = αz + (1− α)T k(n)
i(n) [βx+ (1− β)Ik(n)

i(n) x]. (3.1)

Then

‖W (x)−W (y)‖ = ‖αz + (1− α)T k(n)
i(n) [βx+ (1− β)Ik(n)

i(n) x]

−[αz + (1− α)T k(n)
i(n) [βy + (1− β)Ik(n)

i(n) y]‖

≤ (1− α)
[
(1 + νn)2‖β(x− y)

+(1− β)(Ik(n)
i(n) x− I

k(n)
i(n) y)‖+ (2 + νn)φn

]
≤ (1− α)

[
(1 + νn)2β‖x− y‖

+(1 + νn)2(1− β)‖Ik(n)
i(n) x− I

k(n)
i(n) y‖+ (2 + νn)φn

]
≤ (1− α)

[
(1 + νn)2β‖x− y‖+ (1 + νn)3(1− β)‖x− y‖

+(1 + νn)2(1− β)φn + (2 + νn)φn

]
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≤ (1− α)
[
(1 + νn)3‖x− y‖+ (1 + νn)2(1− β)φn + (2 + νn)φn

]
→ (1− α)‖x− y‖ (n→∞).

Thus, there exists a positive integer N0 such that ‖W (x)−W (y)‖ ≤ (1−α)‖x− y‖
for all n ≥ N0. Since 1 − α < 1, then W is a contraction. By Banach contraction
mapping principal, there exists a unique fixed point in K satisfiying the equation
(3.1). This implies the implicit iterative process (1.2) is well defined.

Lemma 3.1. Let X be a uniformly convex Banach space, K be a nonempty closed
convex subset of X, {Ti : i ∈ {1, ..., N}} be N generalized Ii-asymptotically nonex-
pansive self-mappings of K with sequences of real numbers {θin}, {ϕin} ⊂ [0,∞)

such that
∞∑

n=1
θin < ∞,

∞∑
n=1

ϕin < ∞ and {Ii : i ∈ {1, ..., N}} be N generalized

asymptotically nonexpansive mappings of K with {τin}, {ψin} ⊂ [0,∞) such that
∞∑

n=1
τin <∞ and

∞∑
n=1

ψin <∞. Let be F =
N⋂

i=1

F (Ti) ∩ F (Ii) 6= ∅.

(1) νn = max{θin, τin} for all i ∈ {1, ..., N}, νn ⊂ [0,∞), with lim
n−→∞

νn = 0,

also
∞∑

n=1
νn <∞,

(2) φn = max{ϕin, ψin} for all i ∈ {1, ..., N}, φn ⊂ [0,∞), with lim
n−→∞

φn = 0,

also
∞∑

n=1
φn <∞,

(3) {αn} and {βn} ⊂ [δ, 1− δ] for some δ ∈ (0, 1).
Then the implicitly iterative sequence {xn} is generated by (1.2) converges to a com-

mon fixed point in F =
N⋂

i=1

F (Ti) ∩ F (Ii) 6= ∅ if and only if

lim inf
n−→∞

d(xn,F) = 0.

Proof. The necessity is obvious and so it is omitted.

Now, we prove the sufficiency. From (1.2), we have for any p ∈ F =
N⋂

i=1

F (Ti) ∩

F (Ii) 6= ∅,

‖xn − p‖ = ‖αnxn−1 + (1− αn)T k(n)
i(n) yn − p‖

≤ αn‖xn−1 − p‖+ (1− αn)‖T k(n)
i(n) yn − p‖

≤ αn‖xn−1 − p‖+ (1− αn)
(
(1 + θin)‖Ik(n)

i(n) yn − p‖+ ϕin

)
≤ αn‖xn−1 − p‖+ (1− αn)

(
(1 + νn)‖Ik(n)

i(n) yn − p‖+ φn

)
≤ αn‖xn−1 − p‖+ (1− αn)

(
(1 + νn)(1 + τin)‖yn − p‖+ (1 + τin)ψin

)
+(1− αn)φn

≤ αn‖xn−1 − p‖+ (1− αn)
(
(1 + νn)2‖yn − p‖+ (1 + νn)ψin

)
+(1− αn)φn

≤ αn‖xn−1 − p‖+ (1− αn)
(
(1 + νn)2‖yn − p‖+ (1 + νn)φn

)
+(1− αn)φn
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≤ αn‖xn−1 − p‖+ (1− αn)
(
(1 + νn)2‖yn − p‖+ (2 + νn)φn

)
which implies that

‖xn − p‖ ≤ αn‖xn−1 − p‖+ (1− αn)
(
(1 + νn)2‖yn − p‖+ (2 + νn)φn

)
. (3.2)

‖yn − p‖ = ‖βnxn + (1− βn)Ik(n)
i(n) xn − p‖

≤ βn‖xn − p‖+ (1− βn)‖Ik(n)
i(n) xn − p‖

≤ βn‖xn − p‖+ (1− βn)
(
(1 + τin)‖xn − p‖+ ψin

)
≤ βn‖xn − p‖+ (1− βn)

(
(1 + νn)‖xn − p‖+ φn

)
≤ (1 + νn)‖xn − p‖+ (1− βn)φn. (3.3)

Substituting (3.3) into (3.2), we obtain

‖xn − p‖ ≤ αn‖xn−1 − p‖

+(1− αn)
(
(1 + νn)3‖xn − p‖+ (1− βn)(1 + νn)2φn + (2 + νn)φn

)
,

which implies that

1− [(1− αn)(1 + νn)3]‖xn − p‖ ≤ αn‖xn−1 − p‖

+(1− αn)
(
(1− βn)(1 + νn)2φn + (2 + νn)φn

)
.

Then we get

‖xn − p‖ ≤ αn

1− [(1− αn)(1 + νn)3]
‖xn−1 − p‖

+(1− αn)
(
(1− βn)(1 + νn)3φn + (2 + νn)φn

)
=

[
1 +

(1− αn)[(1 + νn)3 − 1]
1− [(1− αn)(1 + νn)3]

]
‖xn−1 − p‖

+
(1− αn)

(
(1− βn)(1 + νn)2φn + (2 + νn)φn

)
1− [(1− αn)(1 + νn)3]

.

(3.4)

We assume that (1 + νn) ≤ 3

√
(1 + δ

2(1−δ) ) for some n ≥ n0 and λ < 1
δ . Then we

can write 1− [(1− αn)(1 + νn)3] ≥ δ
2 , ∀n ≥ 1. Then (3.4) becomes

‖xn − p‖ ≤
[
1 +

2(1− δ)[(λ2 + λ+ 1)(1 + νn − 1)]
δ

]
‖xn−1 − p‖

+ 2
(1− δ)

(
(1− δ)(1 + δ

2(1−δ) )φn + (2 + νn)φn

)
δ

≤ (1 + κik)‖xn−1 − p‖+ 2
(1− δ)(φn + (2 + νn)φn)

δ
, (3.5)

where κn =
[

2(1−δ)[(λ2+λ+1)(νn)]
δ

]
and Ψin = 2 (1−δ)(3+νn)φn

δ . Moreover, from the

condition (1) and (2), since
∞∑

n=1
νn <∞ and

∞∑
n=1

φn <∞, it follows that
∞∑

n=1
κn <∞
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and
∞∑

n=1
Ψin <∞. Thus we obtain

‖xn − p‖ ≤ (1 + κn)‖xn−1 − p‖+ Ψin. (3.6)

By Lemma 2.1, lim
n−→∞

‖xn − p‖ exists for each p ∈ F =
N⋂

i=1

F (Ti) ∩ F (Ii). By

assumption lim inf
n−→∞

d(xn,F) = 0, we obtain

lim
n−→∞

d(xn,F) = 0.

Next, we show that {xn} is a Cauchy sequence in K. Notice that 1+ z ≤ exp(z) for
all z > 0. From (3.6), for any p ∈ F , we have

‖xn+m − p‖ ≤ exp
( n+m−1∑

j=n

κj

)
‖xn − p‖+ exp

( n+m−1∑
j=n

κj

)( n+m−1∑
j=n

Ψj

)
≤ M‖xn − p‖+M

( ∞∑
j=1

Ψj

)

for all natural numbers m, n, whereM = exp{
∞∑

j=1

κj} < +∞. Since lim
n−→∞

d(xn,F) =

0, for any given ε > 0, there exists a positive integer N0 such that for all n ≥ N0,

d(xn,F) < ε
4M and

∞∑
n=N0

Ψn <
ε

4M . There exists p1 ∈ F =
N⋂

i=1

F (Ti) ∩ F (Ii) such

that ‖xN0 − p1‖ < ε
4M .

Hence, for all n ≥ N0 and m ≥ 1, we have

‖xn+m − xn‖ ≤ ‖xn+m − p1‖+ ‖xn − p1‖

≤ M‖xN0 − p1‖+M
( ∞∑

n=N0

Ψn

)
+M‖xN0 − p1‖+M

( ∞∑
n=N0

Ψn

)
≤ 2M

(
‖xN0 − p1‖+

( ∞∑
n=N0

Ψn

))
≤ 2M(

ε

4M
+

ε

4M
) = ε

which shows that {xn} is a Cauchy sequence in K.
Thus, the completeness of X implies that {xn} is convergent. Assume that {xn}
converges to a point p.

Then p ∈ K, because K is closed subset of X. The set F =
N⋂

i=1

F (Ti) ∩ F (Ii) is

closed. lim
n−→∞

d(xn,F) = 0 gives that d(p,F) = 0.

Thus p ∈ F =
N⋂

i=1

F (Ti) ∩ F (Ii). This completes the proof.

�

Lemma 3.2. Let X be a uniformly convex Banach space, K be a nonempty closed
convex subset of X, {Ti : i ∈ {1, ..., N}} be N generalized Ii-asymptotically nonex-
pansive self-mappings of K with sequences of real numbers {θin}, {ϕin} ⊂ [0,∞)

such that
∞∑

n=1
θin < ∞,

∞∑
n=1

ϕin < ∞ and {Ii : i ∈ {1, ..., N}} be N generalized
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asymptotically nonexpansive mappings of K with sequences {τin}, {ψin} ⊂ [0,∞)

such that
∞∑

n=1
τin <∞ and

∞∑
n=1

ψin <∞. Let be F =
N⋂

i=1

F (Ti) ∩ F (Ii) 6= ∅.

(1) νn = max{θin, τin} for all i ∈ {1, ..., N}, νn ⊂ [0,∞), with lim
n−→∞

νn = 0,

also
∞∑

n=1
νn <∞,

(2) φn = max{ϕin, ψin} for all i ∈ {1, ..., N}, φn ⊂ [0,∞), with lim
n−→∞

φn = 0,

also
∞∑

n=1
φn <∞,

(3) {αn} and {βn} ⊂ [δ, 1− δ] for some δ ∈ (0, 1).
Suppose that for any given x ∈ K, the sequence {xn} is generated by (1.2). Then

lim
n−→∞

‖T`xn − xn‖ = lim
n−→∞

‖I`xn − xn‖ = 0,∀` = 1, 2, ..., N.

Proof. By Lemma 3.1, we can assume that lim
n−→∞

‖xn − p‖ = d for all p ∈ F =
N⋂

i=1

F (Ti) ∩ F (Ii) .

Taking lim sup
n−→∞

on both sides in (3.3) inequality,

lim sup
n−→∞

‖yn − p‖ ≤ d. (3.7)

Since {I` : ` ∈ {1, ..., N}} is N generalized asymptotically nonexpansive self-
mappings of K, we can get that,

‖T k(n)
i(n) yn − p‖ ≤ (1 + νn)‖Ik(n)

i(n) yn − p‖+ φn ≤ (1 + νn)2‖yn − p‖+ (2 + νn)φn,

which on taking lim sup
n−→∞

and using (3.7) gives

lim sup
n−→∞

‖T k(n)
i(n) yn − p‖ ≤ d.

Further,
lim

n−→∞
‖xn − p‖ = d

means that
lim

n−→∞
‖αnxn−1 + (1− αn)T k(n)

i(n) yn − p‖ = d,

lim
n−→∞

‖αn(xn−1 − p) + (1− αn)(T k(n)
i(n) yn − p)‖ = d.

It follows from Lemma 2.2

lim
n−→∞

‖T k(n)
i(n) yn − xn−1‖ = 0. (3.8)

Moreover,

‖xn − xn−1‖ = ‖(1− αn)[T k(n)
i(n) yn − xn−1]‖

≤ (1− αn)‖T k(n)
i(n) yn − xn−1‖.

Thus , from (3.8) we have

lim
n−→∞

‖xn − xn−1‖ = 0 (3.9)

and

lim
n−→∞

‖xn − xn+j‖ = 0,∀j = 1, ..., N. (3.10)
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Now,

‖xn−1 − p‖ ≤ ‖xn−1 − T
k(n)
i(n) yn‖+ ‖T k(n)

i(n) yn − p‖

≤ ‖xn−1 − T
k(n)
i(n) yn‖+ (1 + νn)2‖yn − p‖+ (2 + νn)φn

which on taking lim
n−→∞

implies

d = lim
n−→∞

‖xn−1 − p‖ ≤ lim sup
n−→∞

(‖xn−1 − T
k(n)
i(n) yn‖+ (1 + νn)2‖yn − p‖

+(2 + νn)φn)
≤ lim sup

n−→∞
‖yn − p‖ ≤ d.

Then we have
lim sup
n−→∞

‖yn − p‖ = d.

Next,

‖Ik(n)
i(n) xn − p‖ ≤ (1 + νn)‖xn − p‖+ φn.

Taking lim
n−→∞

on both sides in the above inequality, we have

lim
n−→∞

‖Ik(n)
i(n) xn − p‖ ≤ lim

n−→∞
‖xn − p‖ = d.

Further,

lim
n−→∞

‖βn(xn − p) + (1− βn)(Ik(n)
i(n) xn − p)‖ = lim

n−→∞
‖yn − p‖ = d.

By Lemma 2.2, we have

lim
n−→∞

‖Ik(n)
i(n) xn − xn‖ = 0. (3.11)

We have also,

‖T k(n)
i(n) xn − xn‖ ≤ ‖T k(n)

i(n) xn − T
k(n)
i(n) yn‖+ ‖T k(n)

i(n) yn − xn‖

≤ (1 + νn)2‖xn − yn‖+ ‖T k(n)
i(n) yn − xn‖+ (2 + νn)φn

= (1 + νn)2‖xn − [βnxn + (1− βn)Ik(n)
i(n) xn]‖

+‖T k(n)
i(n) yn − xn‖+ (2 + νn)φn

= (1 + νn)2‖(1− βn)(xn − I
k(n)
i(n) xn)‖+ ‖T k(n)

i(n) yn − xn‖
+(2 + νn)φn

= (1 + νn)2(1− βn)‖Ik(n)
i(n) xn − xn‖

+‖T k(n)
i(n) yn − xn−1 + xn−1 − xn‖+ (2 + νn)φn

≤ (1 + νn)2(1− βn)‖Ik(n)
i(n) xn − xn‖+ ‖T k(n)

i(n) yn − xn−1‖
+‖xn − xn−1‖+ (2 + νn)φn.
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Taking lim
n−→∞

on both sides in the above inequality, from (3.8), (3.9) and (3.11), we
obtain

lim
n−→∞

‖T k(n)
i(n) xn − xn‖ = 0. (3.12)

Now we prove that

lim
n−→∞

‖T`xn − xn‖ = lim
n−→∞

‖I`xn − xn‖ = 0,∀` = 1, 2, ..., N

holds. In fact, since for each n > N ,n = (n−N)(modN) and n = (k(n)−1)N+i(n),
hence n − N = ((k(n) − 1) − 1)N + i(n) = (k(n − N) − 1)N + i(n − N), that is,
k(n−N) = k(n)− 1 and i(n−N) = i(n).
From (3.11),

‖xn − Inxn‖ ≤ ‖xn − I
k(n)
i(n) xn‖+ ‖Ik(n)

i(n) xn − Inxn‖

≤ ‖xn − I
k(n)
i(n) xn‖+ (1 + νn)‖Ik(n)−1

i(n) xn − xn‖+ φn

≤ ‖xn − I
k(n)
i(n) xn‖+ (1 + νn)(‖Ik(n)−1

i(n) xn − I
k(n)−1
i(n−N)xn−N‖

+‖Ik(n)−1
i(n−N)xn−N − xn−N‖+ ‖xn−N − xn‖) + φn

≤ ‖xn − I
k(n)
i(n) xn‖+ (1 + νn)2‖xn − xn−N‖

+(1 + νn)‖Ik(n−N)
i(n−N) xn−N − xn−N‖+ (1 + νn)‖xn−N − xn‖

+(2 + νn)φn

≤ ‖xn − I
k(n)
i(n) xn‖+ (1 + νn)2‖xn − xn−N‖

+(1 + νn)‖Ik(n−N)
i(n−N) xn−N − xn−N‖+ (2 + νn)φn → 0 (n→∞).

This implies that

lim
n−→∞

‖Inxn − xn‖ = 0. (3.13)

Then we also have from (3.11) and (3.12)

‖xn − Tnxn‖ ≤ ‖xn − T
k(n)
i(n) xn‖+ ‖T k(n)

i(n) xn − Tnxn‖

≤ ‖xn − T
k(n)
i(n) xn‖+ (1 + νn)‖Ik(n)

i(n) xn − Inxn‖+ φn

≤ ‖xn − T
k(n)
i(n) xn‖+ (1 + νn)(‖Ik(n)−1

i(n) xn − I
k(n)−1
i(n−N)xn−N‖

+‖Ik(n)−1
i(n−N)xn−N − xn−N‖+ ‖xn−N − xn‖) + φn

≤ ‖xn − T
k(n)
i(n) xn‖+ (1 + νn)2‖xn − xn−N‖

+(1 + νn)‖Ik(n−N)
i(n−N) xn−N − xn−N‖+ (1 + νn)‖xn−N − xn‖

+(2 + νn)φn

≤ ‖xn − T
k(n)
i(n) xn‖+

[
(1 + νn)2 + (1 + νn)

]
‖xn − xn−N‖

+(1 + νn)‖Ik(n−N)
i(n−N) xn−N − xn−N‖+ (2 + νn)φn → 0 (n→∞).

This implies that

lim
n−→∞

‖Tnxn − xn‖ = 0. (3.14)
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Now for all ` = {1, ..., N}.

‖xn − Tn+`xn‖ ≤ ‖xn − xn+`‖+ ‖xn+` − Tn+`xn+`‖+ ‖Tn+`xn+` − Tn+`xn‖.

Taking lim
n−→∞

on both sides in the above inequality, then we get

lim
n−→∞

‖xn − Tn+`xn‖ = 0

for all ` = {1, ..., N}.
Thus, we have

lim
n−→∞

‖xn − T`xn‖ = 0. (3.15)

‖xn − In+`xn‖ ≤ ‖xn − xn+`‖+ ‖xn+` − In+`xn+`‖+ ‖In+`xn+` − In+`xn‖.

Taking lim
n−→∞

on both sides in the above inequality, then we get

lim
n−→∞

‖xn − In+`xn‖ = 0

for all ` = {1, ..., N}.
Thus , we have

lim
n−→∞

‖xn − I`xn‖ = 0. (3.16)

Then the proof is completed. �

Theorem 3.3. Let X be a uniformly convex Banach space, K be a nonempty closed
convex subset of X, {Ti : i ∈ {1, ..., N}} be N generalized Ii-asymptotically nonex-
pansive self-mappings of K with sequences of real numbers {θin}, {ϕin} ⊂ [0,∞)

such that
∞∑

n=1
θin < ∞,

∞∑
n=1

ϕin < ∞ and {Ii : i ∈ {1, ..., N}} be N generalized

asymptotically nonexpansive mappings of K with sequences {τin}, {ψin} ⊂ [0,∞)

such that
∞∑

n=1
τin <∞ and

∞∑
n=1

ψin <∞.

(1) νn = max{θin, τin} for all i ∈ {1, ..., N}, νn ⊂ [0,∞), with lim
n−→∞

νn = 0,

also
∞∑

n=1
νn <∞,

(2) φn = max{ϕin, ψin} for all i ∈ {1, ..., N}, φn ⊂ [0,∞), with lim
n−→∞

φn = 0,

also
∞∑

n=1
φn <∞,

(3) {αn} and {βn} ⊂ [δ, 1− δ] for some δ ∈ (0, 1).

Let be F =
N⋂

i=1

F (Ti) ∩ F (Ii) 6= ∅. Suppose that one of the mappings {Ti : i ∈

{1, ..., N}} and one of the mappings {Ii : i ∈ {1, ..., N}} are semi-compact or satisfy
condition (B). Then the implicit iterative sequence {xn} defined by (1.2) converges
strongly to a common fixed point of {Ti : i ∈ {1, ..., N}} and {Ii : i ∈ {1, ..., N}}.

Proof. Without loss of generality, we can assume that {T1} and {I1} are semi-
compact or satisfy condition (B). It follows from (3.15) and (3.16) in Lemma 3.2
lim

n−→∞
‖xn−T1xn‖ = 0 = lim

n−→∞
‖xn− I1xn‖ = 0 By semi-compactness of {T1} and
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{I1} , there exists a subsequence {xnj
} of {xn} such that {xnj

} → p ∈ K strongly
as j −→∞. From (3.15) and (3.16) in Lemma 3.2

lim
n−→∞

‖xn − T`xn‖ = ‖p− T`p‖

for all ` ∈ {1, ..., N}, and

lim
n−→∞

‖xn − I`xn‖ = ‖p− I`p‖.

for all ` ∈ {1, ..., N}. This implies that p ∈ F . Since lim inf
n−→∞

d(xn,F) = 0, Lemma

3.1 guarantees that {xn} converges strongly to a common fixed point in F . If {T1}
and {I1} satisfy condition (B), then we have lim inf

n−→∞
d(xn,F) = 0. From Lemma 3.1,

we have that {xn} converges to a common fixed point in F . This completes the
proof. �
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ABSTRACT. The present paper deals with the study of superior variation m+, inferior vari-
ation m− and total variation |m| of an extended real-valued function m defined on an effect
algebra L. Various properties in the context of functions m+, m− and |m| are also estab-
lished. Using the notion of an atom of a real-valued function, we have proved Intermediate
value theorem for a non-atomic function m defined on a D-lattice L under suitable condi-
tions. Finally, the notion of the integral for a bounded, real valued function with respect to
a measure on effect algebras with Reisz decomposition property is introduced and studied.
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1. INTRODUCTION

If a quantum mechanical system F is represented in the usual way by a Hilbert
space H, then a self adjoint operator A on H such that 0 ≤ A ≤ I corresponds
to an effect for F [19, 20, 29]. Effects are of significance in representing unsharp
measurements or observations on the systemF [4], and effect valued measures play
an important role in stochastic quantum mechanics [1, 30]. As a consequence,
there have been a number of recent efforts to establish appropriate axioms for
logics, algebras, or posets suggested by or based on effects [13, 14]

In 1992, Kôpka defined D-posets of fuzzy sets in [13], which is closed under the
formations of differences of fuzzy sets, while studying the axiomatical systems of
fuzzy sets. A generalization of such structures of fuzzy sets to an abstract partially
ordered set, where the basic operation is the difference, yields a very general and, at
the same time, a very simple structure called a D-poset. A common generalization
of orthomodular lattices and MV -algebras is termed as lattice ordered effect alge-
bras introduced by Bennett and Foulis [4, 5] in 1994, while working on quantum
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mechanical systems. Such structures are being frequently used because of their
wide range of applications in quantum physics, mathematical economics and fuzzy
theory. For a list of nice examples of effect algebras, we refer to [8] and for some
of its properties we refer also [5] and [6]. The equivalence of D-posets and effect
algebras is proved by Foulis and Bennett [4] and independently by Pulmannová
[25].

The decomposability of a vector measure was first studied by Rickart in 1943
[26], where he established a Lebesgue decomposition theorem for the class of
‘‘strongly bounded" additive measures. This result was later re-established (al-
though it was not realized at that time) by Uhl. Jr. [30], who also presented a
Yosida-Hewitt decomposition theorem for ‘‘strongly bounded" measures. Several
Jordan type decomposition theorems are exhibited by Diestal and Faires in [7]. Af-
terwards, Faires and Morrison [9] exposed conditions on a vector valued measures
that ensure vector valued Jordan type decomposition theorem to hold. A Jordan
type decomposition theorem for vector measures, defined on an algebra of of sets,
with values in an order complete Banach lattice is proved by Schmidt [27]. Upto
slight modification, the result of [28]. extends to the case where domain of the
vector measure is a ring of sets. It is also possible to give a common approach to
vector measures on a Boolean ring and linear operators on a vector lattice. A first
step in this direction was done in [27], where real-valued case was studied. The
method presented there is based on a common abstraction of Boolean rings and
lattice ordered groups. This approach can be refined and fitted to the vector valued
case, and it then yields results of [7, 11] on Jordan decomposition without appeal
to regularity of representing linear operators. The notion of non-atomic measures
and their properties are studied by [15, 16, 17, 18, 21] and the references therein.

Aumann [2] introduced the concept of integral of a set-valued function which
have many applications in mathematical economics, theory of control and many
other fields. Different approaches has been use to extend and generalize the Integral
theory. In the field of set-valued integrals, another approach was done by many
authors using the Choquet integral or the Sugeno fuzzy integral (see [11, 12, 21, 24]
and the references therein). Gould [11] investigated an integral of a real function
with respect to an additive measure taking values in a Banach space X.

The objective of the present paper is study the notion of the non-atomic measures
and integrals on effect algebras. The notion of non-atomic measures is used to
establish an Intermediate value theorem on effect algebras. Moreover, the notion
of integrals is introduced and studied with some of the basic natural properties of
the integrals on effect algebras.

The paper is organized as follows: Section 2 contains prerequisites and basic re-
sults on an effect algebra L. The notions of superior variation m+, inferior variation
m− and total variation |m| [17] of an extended real-valued function m defined on L
are studied elaborately in Section 3, followed by various properties in the context
of functions m+, m− and |m|. Using the notion of an atom of a real-valued mea-
sure m [15, 17], we have proved the equivalence of the following: (i) m+ and m−

are non-atomic, (ii) |m| is non-atomic, (iii) m is non-atomic. In Section 4, we have
proved Intermediate value theorem for a locally bounded real-valued σ-additive,
non-atomic function m defined on a σ-continuous, σ-complete D-lattice L. Sec-
tion 5 is concentrated on the objective to introduce the notion of the integral for
a bounded, real valued function with respect to a measure on effect algebras with
Reisz decomposition property (see [12, 22]).
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2. PRELIMINARIES AND BASIC RESULTS

First of all, we shall give some preliminaries and basic results from effect alge-
bras, which can be found in [3, 4, 5, 6, 22].

An effect algebra (L;⊕, 0, 1) is a structure consisting of a set L, two special
elements 0 and 1, and a partially defined binary operation ⊕ on L × L satisfying
the following conditions for a, b, c ∈ L :

(1) a⊕ b = b⊕ a, if a⊕ b is defined;
(2) a⊕ (b⊕ c) = (a⊕ b)⊕ c, if one side is defined;
(3) for every a ∈ L, there exists a unique b ∈ L such that a ⊕ b = 1 (we put

a⊥ = b);
(4) if a⊕ 1 is defined, then a = 0.
For brevity, we denote an effect algbera (L;⊕, 0, 1) by L. In an effect algebra L,

a dual operation 	 to ⊕ can be defined as follows: a	 c exists and equals b if and
only if b⊕ c exists and equals a. We say that two elements a, b ∈ L are orthogonal,
and we write a ⊥ b, if a⊕ b exists. If a⊕ b = 1, then b is called orthocomplement of
a and write b = a⊥. It is obvious that 1⊥ = 0, (a⊥)⊥ = a, a ⊥ 0 and a⊕ 0 = a, for
all a ∈ L. Also, for a, b ∈ L, we define a ≤ b if there exists c ∈ L such that a ⊥ c
and a ⊕ c = b. It may be proved that ≤ is a partial ordering on L and 0 ≤ a ≤ 1;
a ≤ b ⇔ b⊥ ≤ a⊥, and a ≤ b⊥ ⇔ a ⊥ b for a, b ∈ L. If a ≤ b, the element c ∈ L
such that c ⊥ a and a⊕ c = b is unique, and satisfies the condition c = (a⊕ b⊥)⊥

(we put c = b	 a).
In a natural way, the sum of more than two elements is obtained: If a1, a2 . . . , an ∈

L, we inductively define a1 ⊕ a2 ⊕ . . . ⊕ an = (a1 ⊕ . . . ⊕ an−1) ⊕ an, provided
that the right hand side exists. The definition is independent on permutations
of the elements. We say that a finite subset {a1, a2, . . . , an} of L is orthogonal if
a1 ⊕ a2 ⊕ . . . ⊕ an exists. For a sequence {an}, we say that it is orthogonal if, for
every n,

⊕
i6n ai exists. If, moreover, supn

⊕
i6n ai exists, the sum

⊕
n∈N an of an

orthogonal sequence {an} in L is defined as sup
⊕

i6n ai; we denote by N the set
of all natural numbers and by R the set of all real numbers. An effect algebra L is
called a σ-complete effect algebra, if every orthogonal sequence in L has its sum.
If (L,≤) is a lattice, we say that effect algebra is a lattice ordered effect algebra (or
a D-lattice). The notion of σ-continuity of a D-lattice is, as usual, expressed in
terms of monotone sequences: we write an ↑ a (respectively, an ↓ a) whenever {an}
is an increasing sequence in L and a = supn an (respectively, {an} is a decreasing
sequence and a = infn an). The lattice (L,≤) is said to be σ-continuous if an ↑ a
implies an ∧ b ↑ a ∧ b (or equivalently, an ↓ a implies an ∨ b ↓ a ∨ b) for all b ∈ L.

2.1. We say that an effect algebra L satisfies the Riesz decomposition property,
RDP for short, if for all a, b1, b2 ∈ L a ≤ b1⊕b2 implies that there exists two elements
a1, a2 ∈ L with a1 ≤ b1 and a2 ≤ b2 such that a = a1⊕a2. L has RDP if and only if,
for x1, x2, y1, y2 ∈ L such that x1 ⊕ x2 = y1 ⊕ y2 implies there exists four elements
c11, c12, c21, c22 ∈ L such that x1 = c11 ⊕ c12, x2 = c21 ⊕ c22, y1 = c11 ⊕ c21 and
y2 = c12 ⊕ c22.

2.2. A finite sequence A = {ai}n
i=1 of nonzero elements of an effect algebra L is

called a partition of unity of L if a1 ⊕ a2 ⊕ · · · ⊕ an = 1. A partition B = {bj}m
j=1

is called a refinement of the partition A denoted by A ≺ B, if for any element ai

(i = 1, 2, . . . , n) there is a subset αi ⊆ {1, 2, . . . ,m} such that ai =
⊕

j∈αi
bj and⋃m

i=1 αi = {1, 2, . . . ,m} and αi ∩ αk = φ for i 6= k.
Let A = {ai}n

i=1 and B = {bj}m
j=1 be two partitions of unity in an effect algebra L

with RDP. Due to RDP, there is a Riesz refinement (or joint refinement) C = {cij :
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1 ≤ i ≤ n, 1 ≤ j ≤ m} of {ai}n
i=1 and {bj}m

j=1 such that, for all 1 ≤ i ≤ n and all
1 ≤ j ≤ m. We have ai = ci1 ⊕ · · · ⊕ cim, bj = c1j ⊕ · · · ⊕ cnj . In this case C is
a partition of unity of L, such that A ≺ C and B ≺ C. Also the family (P,≺) is a
directed set, where P is the set of all partitions of unity of L, ≺ is the order relation
on P.

2.3. A function µ : L → R is said to be a measure if µ(a ⊕ b) = µ(a) +
µ(b), for every a ⊕ b ∈ L. If µ is measure then µ(0) = 0. If range of µ is [0,∞),
then µ is monotone. A measure µ : L → R is said to be of finite variation if
sup{|µ(a)| : a ∈ L} < ∞.

Let us recall the following results:
2.4. Assume that a, b, c are elements of an effect algebra L.
(i) If a 6 b, then b = a⊕ (b	 a).
(ii) If a ⊥ b, then a ≤ a⊕ b and (a⊕ b)	 a = b.
(iii) If a 6 b 6 c, then (b	 a) ≤ (c	 a).
(v) If a ≤ b ≤ c, then a⊕ (c	 b) = c	 (b	 a) and (c	 b)⊕ (b	 a) = (c	 a).
(vi) If a ≤ b ≤ c, then (c	 b) ≤ (c	 a) and (c	 a)	 (c	 b) = (b	 a).
(vii) If a ≤ b ≤ c, then (b	 a) ≤ (c	 a) and (c	 a)	 (b	 a) = (c	 b).
(viii) If a ≤ b ≤ c, then a ⊥ (c	 b) and a⊕ (c	 b) = c	 (b	 a).
(ix) If a ≤ b′ ≤ c′, then a⊕ (b	 c) = (a⊕ b)	 c.
(x) If a ⊥ b and (a⊕ b) ≤ c, then c	 (a⊕ b) = (c	 a)	 b = (c	 b)	 a.
2.5. Let L be a σ-complete effect algebra. If {an} is an increasing (respectively,

decreasing) sequence, then supn an (respectively, infn an) exists.
2.6. A function m defined on an effect algebra L with values in R is called a

measure on L, if a, b ∈ L, a ⊥ b implies m(a⊕ b) = m(a) + m(b). It is clear that m
is a measure if and only if b ≤ a implies m(a) = m(b) + m(a 	 b). Obviously, if m
is a measure, then: (i) m(0) = 0; (ii) if β 6= 0 is a finite number, then βm is also a
measure. We say that m is σ-additive, if for every orthogonal sequence {an} in L
such that

⊕
n an exists, m(

⊕
n an) =

∑∞
n=1 m(an).

2.7. A function m defined on a D-lattice L with values in R, is called modular,
if m(a ∨ b) + m(a ∧ b) = m(a) + m(b) for a, b ∈ L.

2.8. A function m defined on an effect algebra L with values in R, is called
locally bounded if, for any a ∈ L, sup{m(b) : b 6 a, b ∈ L} exists.

3. NON-ATOMIC MEASURES ON EFFECT ALGEBRAS

Definition 3.1. [17] Let m be an extended real-valued function defined on an effect
algebra L, that is, m : L → [−∞,∞], with m(0) = 0. Then for a ∈ L,

(i) superior variation of m is defined by

m+(a) = sup{m(b) : b 6 a, b ∈ L};
(ii) inferior variation of m is defined by

m−(a) = − inf{m(b) : b 6 a, b ∈ L}
= sup{−m(b) : b 6 a, b ∈ L};

(iii) total variation of m is defined by

|m| = m+ + m−.

Remark 3.2. (i) 0 ≤ m+(a) ≤ ∞, 0 ≤ m−(a) ≤ ∞, 0 ≤ |m|(a) ≤ ∞,
a ∈ L;

(ii) m+(0) = 0 = m−(0), |m|(0) = 0;
(iii) m− = (−m)+, m+ = (−m)−;
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(iv) −m−(a) 6 m(a) 6 m+(a), |m(a)| ≤ |m|(a), a ∈ L.

Theorem 3.3. If m is a locally bounded real-valued measure defined on an effect
algebra L, then m can be written as

m = m+ −m−.

Proof Let ε > 0. Let a ∈ L. Then there exists b ∈ L such that b 6 a and

m+(a)− ε < m(b). (3.1)

Since a	 b ≤ a, we have

−m(a	 b) ≤ m−(a). (3.2)

From (3.1) and (3.2), we get

m+(a)− ε−m−(a) < m(b) + m(a	 b),
which yields that

m+(a)−m−(a)− ε < m(a). (3.3)

Letting ε → 0, we obtain

m+(a)−m−(a) ≤ m(a). (3.4)

Further, since (3.4) is true for any m, with the aid of Remark 3.2(iii), we have

m+(a)−m−(a) ≥ m(a). (3.5)

Thus (3.4) and (3.5) yields that

m(a) = m+(a)−m−(a),
or m = m+ −m−. �

Theorem 3.4. Let m be a real-valued modular measure defined on a D-lattice L.
Then m+ and m− are measures (and hence |m| is also a measure).

Proof Firstly, let us consider about m+. We have proved in [16], that for a, b ∈ L
with a ⊥ b,

m+(a⊕ b) ≤ m+(a) + m+(b). (3.6)

By Definition 3.1 (i), (ii), there are sequences {an} and {bn} of elements from L
such that an ≤ a, bn ≤ b with

m(an) → m+(a), m(bn) → m+(b). (3.7)

Obviously, an ⊥ bn for each n. Therefore, from m(an ⊕ bn) = m(an) + m(bn), we
have m(an ⊕ bn) → m+(a) + m+(b).

Further, an ⊕ bn ≤ a⊕ b yields that

m+(a⊕ b) ≥ m+(a) + m+(b). (3.8)

From (3.6) and (3.8), we get

m+(a⊕ b) = m+(a) + m+(b),
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that is, m+ is a measure.
By similar argument, we can show that m− is a measure. From Definition

3.1(iii), |m| is a measure.

Definition 3.5. An extended real-valued function m defined on an effect algebra L
is called continuous from below (respectively, continuous from above), if a, an ∈ L,
an ↑ a, n ∈ N ⇒ m(a) = limn−→∞m(an) (respectively, if a, an ∈ L, an ↓ a, n ∈ N
and m(a1) < ∞⇒ m(a) = limn−→∞m(an)).

Proposition 3.6. Let m : L → R be a measure. Then the following assertions are
equivalent:

(i) m is σ-additive.
(ii) m is continuous from below.
(iii) m is continuous from above.
(iv) an ↓ 0 implies limn→∞m(an) = 0.

Theorem 3.7. If m is a locally bounded real-valued σ-additive function defined on
a σ-continuous D-lattice L, then m+, m− and |m| are also σ-additive.

Proof Let an ↑ a, a, an ∈ L. Then m+(an) ≤ m+(a), for every n. Thus the increas-
ing sequence {m+(an)} converges to a limit l, say, where l ≤ m+(a).

For any element b ∈ L, b ≤ a,

m(b ∧ an) ≤ m+(b ∧ an) ≤ m+(an);

also, from the σ-additivity of m,

m(b ∧ an) → m(b).

Hence,
m(b) ≤ l.

As b ∈ L is arbitrary, we get
m+(a) ≤ l.

It follows that m+(a) = l, that is, m+(an) → m+(a).
Further, since m+ is a measure, in view of Proposition 3.6, m+ is σ-additive.
The σ-additivity of m− and |m| are obvious.

Theorem 3.8. If m is a locally bounded real-valued measure defined on an effect
algebra L, then m can be written as

m = m+ −m−.

Further, if m is a real-valued modular measure defined on a lattice effect algebra L,
then the decomposed parts m+ and m− are measures on L (and hence |m| is also
a measure on L). Moreover, if m is a locally bounded real-valued σ-additive function
defined on a σ-continuous D-lattice L, then the decomposed parts m+, m−, and |m|
are also σ-additive.

4. INTERMEDIATE VALUE THEOREM

Let m be a real-valued function defined on an effect algebra L. Firstly, we shall
recall the notion of an atom of a measure m defined on an effect algebra L, which
has been studied in [15, 17].

Definition 4.1. An element a ∈ L with m(a) 6= 0 is called an atom of m (or an
m-atom), if for a, b ∈ L with b ≤ a,

(i) m(b) = 0 (that is, a =m 0) or
(ii) m(a) = m(b).
In case there are no atoms of m in L, m is called non-atomic on L.
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Theorem 4.2. Let m be a locally bounded real-valued measure defined on an effect
algebra L. Then the following conditions are equivalent:

(i) m+ and m− are non-atomic.
(ii) |m| is non-atomic.
(iii) m is non-atomic.

Proof (i) ⇒ (ii): Let a ∈ L be a |m|-atom. Let b ≤ a, b ∈ L with m+(b) 6= 0.
Obviously, |m|(b) 6= 0 and hence |m|(a) = |m|(b), which yields that a ∈ L is an
m+-atom.

(ii) ⇒ (iii): See proof of Theorem 5.5 [17].
(iii) ⇒ (i): Let a ∈ L is an m+-atom. Let b ≤ a, b ∈ L with m(b) 6= 0. Obviously,

m+(b) 6= 0 and hence m+(a) = m+(b), which yields that

m(a) ≤ m(b). (4.1)

From (4.1) and Theorem 3.8, we have

m+(a)−m−(a) ≤ m(b). (4.2)

Replacing m by −m in (4.2), we get

m(a) ≥ m(b). (4.3)

From (4.1) and (4.3), a ∈ L is an m-atom.

Theorem 4.3. Let m be a [0,∞)-valued σ-additive function defined on a σ-complete
effect algebra L. Then m is non-atomic on L if and only if for a given element a ∈ L
with m(a) > 0 and ε > 0, there exists b ∈ L, b ≤ a, such that 0 < m(b) < ε.

Proof The if part: Obvious.
The only if part: Suppose the contrary and choose an element a ∈ L with

m(a) > 0 and t0 > 0, for which m(b) > t0 holds if b 6 a, b ∈ L and m(b) > 0.
Define

t1 = inf{m(b) : b ∈ L, b 6 a,m(b) > 0}.
Then obviously 0 < t0 6 t1. Take a1 6 a, a1 ∈ L with t1 6 m(a1) < t1 + 1 and
setting

t2 = inf{m(b) : b ∈ L, b 6 a1,m(b) > 0}.
Choose a2 6 a1 with t2 6 m(a2) < t2 + 1

2 . Continuing the process in the same
manner, we obtain sequences {tn} and {an} such that t0 6 t1 6 t2 6 . . . 6 m(a)
and a > a1 > a2 > . . . with

tn 6 m(an) < tn +
1
2n

,

for all n. Using 2.2, put a0 =
∧∞

n=1 an. Clearly, in view of Proposition 3.6, we have
m(a0) = limn−→∞m(an) = limn−→∞ tn > 0. Let b 6 a0 with m(b) > 0. Then
µ(a0) > µ(b) > tn, for any n and hence µ(b) = µ(a0). This gives that a0 ∈ L is an
atom of m, a contradiction.

Theorem 4.4. Let m be a [0,∞)-valued σ-additive function defined on a σ-complete
effect algebra L. If m is non-atomic on L, then m takes every value between 0 and
m(1).

Proof Let 0 < t < m(1). According to Theorem 4.3, there are elements c ∈ L such
that 0 < m(c) < t. Let

s1 = sup{m(c) : c ∈ L,m(c) 6 t}.
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(Obviously 0 < s1 6 t). Then there exists an element c1 ∈ L such that s1
2 <

m(c1) 6 s1. Let
s2 = sup{m(c) : c ∈ L, c1 6 c,m(c) 6 t}.

Then there exists an element c2 ∈ L such that c2 > c1 and s2 − s1
22 < m(c2) 6 s2.

Continue this construction inductively to obtain

sn = sup{m(c) : c ∈ L, cn−1 6 c,m(c) 6 t},
and then there exists cn > cn−1, cn ∈ L such that

sn −
s1

2n
< m(cn) 6 sn.

It is clear that {sn} is a decreasing sequence and {cn} is an increasing sequence
of elements in L such that d =

∨∞
n=1 cn ∈ L (using 2.5) and therefore, in view of

Proposition 3.6, we get limn−→∞ sn = limn−→∞ µ(cn) = µ(d). Therefore µ(d) =
limn−→∞ sn = s (let). Clearly s 6 t. Now we claim that s = t. For, otherwise, let us
suppose that s < t. Since 0 < t < µ(1), we get µ(1	d) > 0, d ∈ L and therefore, by
Theorem 4.3, we obtain an element b of L such that b 6 (1	d) and s < µ(d⊕b) < t.
But then d⊕ b > cn−1, for all n > 1, which yields that µ(d⊕ b) 6 sn, for all n. This
will further imply that µ(d⊕ b) 6 s, a contradiction. Thus µ(d) = t as required.

Theorem 4.5. (Intermediate value theorem). Let m be a locally bounded real-valued
σ-additive function defined on a σ-continuous, σ-complete D-lattice L. If m is non-
atomic on L, then m takes every value between −m−(1) and m+(1).

Proof Follows from Theorem 3.7, Theorem 4.2 and Theorem 4.4.

5. GOULD TYPE INTEGRAL ON AN EFFECT ALGEBRA

In this section, we introduce and study the notion of Gould type integral with
respect to a measure defined on an effect algebra. The Gould type integral was in-
tensively studied for different types of set (multi)functions: vector valued measures
[11], measures [12] monotone set multifunctions (called fuzzy multimeasures) [24].
From now onwards, let µ be a measure defined on an effect algebra L with RDP,
which is not identically zero and let f : L → R be a real valued bounded function.

Definition 5.1. [12] For a measure µ on L, define

µ(a) = sup{
n∑

i=1

| µ(ai) |},

for every a ∈ L, where the supremum is extended over all finite partitions {ai}n
i=1

of a. We define µ̃ as
µ̃(a) = inf{µ(b) : a ≤ b, b ∈ L},

for every a ∈ L. It may be observed that µ is a finitely additive monotone function
on L and µ̃(a) = µ(a), for every a ∈ L.
A property (M) is said to be µ-almost every where (µ-a.e. in brief), if the property
(M) is valid otherwise the set {a ∈ L : µ̃(a) = 0}. We shall assume µ̃(1) < ∞.

Definition 5.2. [12] Define osc(f, a) = supx,y≤a | f(x) − f(y) |, where a ∈ L. We
observe that:

(1) a ≤ b ⇒ osc(f, a) ≤ osc(f, b), for a, b ∈ L.
(2) osc(f + g, a) ≤ osc(f, a) + osc(g, a), for a ∈ L.
(3) osc(αf, a) =| α | osc(f, a), for a ∈ L and α ∈ R.
The function f is said to be µ̃-measurable on L if for every ε > 0 there exists a

partition Aε = {ai}n
i=0 of unity of L such that
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(1) µ̃(a0) < ε,
(2) supx,y≤ai

| f(x)− f(y) |= osc(f, ai) < ε, for every i = 1, 2, . . . , n.
Such a partition Aε is called an ε-partition of unity of L.
It is easy to see that if f and g are µ̃-measurable on L, then f + g is µ̃-measurable,
αf is µ̃-measurable for every α ∈ R and f + c is µ̃-measurable for every constant
real number c.

Definition 5.3. [12] Let σ(A, ti, µ) ≡ σ(A) =
∑n

i=1 f(ti)µ(ai) for every partition A
= {ai}n

i=1 of unity of L and ti ≤ ai, ti ∈ L, i = 1, 2, . . . , n. The function f is said to
be µ-integrable on L if there exists a I ∈ R such that for every ε > 0 there exists a
partition Aε of unity of L so that for every partition A = {ai}n

i=1 ∈ P with Aε ≺ A
and every choice of ti ≤ ai, ti ∈ L, i = 1, 2, . . . , n we have d(σ(A), x) < ε (here d is
the usual metric on R). In this case I is called the integral of f in L and is denoted
by

∫
L

fdµ. That is, the net {σ(A)}A∈(P,≺) is convergent in (R, d). Obviously, if Aε

exists, the integral is unique.

Example 5.4. Let Mk = {0, 1
k , 2

k , . . . , k
k}, k ≥ 1, be a finite MV -algebra. Then

s( 1
k ) = 1

k is the measure on Mk and A = { 1
k , 1

k , . . . , 1
k} is the finest refinement

of unity in Mk. Let f : Mk → R is a bounded real valued function defined as
f(x) = c, for every x ∈ L, where c is a real constant. Then

∑
n f( 1

k )s( 1
k ) = c and

hence
∫

L
fdµ = c

Theorem 5.5. If µ is nonnegative and f = 0 µ-almost everywhere, then f is µ̃-
measurable, µ-integrable on L and

∫
L

fdµ = 0.

Proof Since f is a bounded function on L, there exists M > 0 so that | f(a) |≤ M
for every a ∈ L. Let A = {a ∈ L : f(a) 6= 0}. Then µ̃(a) = 0 for every a ∈ A, which
implies that, for every ε > 0 there exists bε ∈ L, so that a ≤ bε and µ(bε) < ε

M . Let
us consider Aε = {bε, b

⊥
ε } which is a partition of unity of L. Since µ̃(bε) = µ(bε) <

ε
M and osc(f, b⊥ε ) = supx,y≤bε

| f(x)− f(y) |= 0, we get that f is µ̃- measurable.
Let us take an arbitrary partition B = {bj}m

i=1 of unity of L, such that Aε ≺ B.
Let ti ≤ bi, ti ∈ L, i = 1, 2, . . . ,m, be chosen arbitrary. We may suppose that
b1 ⊕ b2 ⊕ . . . ,⊕bk = bε and bk+1 ⊕ bk+2 ⊕ · · · ⊕ bm = b⊥ε . Then

σ(A) =|
m∑

i=1

f(ti)µ(bi) |≤
k∑

i=1

| f(ti)µ(bi) | +
m∑

i=k+1

| f(ti)µ(bi) |

=
k∑

i=1

| f(ti)µ(bi) |

≤ M ·
k∑

i=1

| µ(bi) |

≤ M · µ(bε) ≤ M · ε

M
= ε.

Hence f is µ-integrable on L and
∫

L
fdµ = 0.

Theorem 5.6. If f is µ-integrable on L and α ∈ R, then
(1) αf is µ-integrable on L and ∫

L

αfdµ = α

∫
L

fdµ,

(2) f is αµ-integrable on L and∫
L

fd(αµ) = α

∫
L

fdµ.
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Proof The case α = 0 is trivial. Let α 6= 0. Because f is µ-integrable on L, for every
ε > 0 there exists a partition Aε ∈ P, so that for every partition A = {ai}n

i=1 ∈ P
with Aε ≺ A and for every ti ≤ ai, ti ∈ L, i = 1, 2, . . . , n we have

d(
n∑

i=1

f(ti)µ(ai),
∫

L

fdµ) <
ε

| α |
.

Then

d(
n∑

i=1

αf(ti)µ(ai), α
∫

L

fdµ) =| α | ·d(
n∑

i=1

f(ti)µ(ai),
∫

L

fdµ),

<| α | · ε

| α |
= ε,

that is, αf is µ-integrable on L and
∫

L
αfdµ = α

∫
L

fdµ.
(2) The function µ : L → R defined by (αµ)(a) = α.µ(a), for every a ∈ L is a

measure of finite variation and hence the theorem.

Theorem 5.7. Let f, g : L → R are two bounded µ-integrable functions on L. Then
f + g is also µ-integrable on L and∫

L

(f + g)dµ =
∫

L

fdµ +
∫

L

gdµ.

Proof Since f is µ-integrable, then for every ε > 0, there exists A1 ∈ P so that
for every B1 ∈ P, B1 = {ai}n

i=1 with A1 ≺ B1 and for every ti ≤ ai, ti ∈ L,
i = 1, 2, . . . , n, we have

d(
n∑

i=1

f(ti)µ(ai),
∫

L

fdµ) <
ε

2
.

Similarly, g is also µ-integrable so there is a partition A2 ∈ P such that for every
B2 ∈ P, B2 = {bj}m

j=1 with A2 ≺ B2 and every sj ≤ bj , sj ∈ L, j = 1, 2, . . . ,m, we
have

d(
m∑

j=1

f(sj)µ(bj),
∫

L

gdµ) <
ε

2
.

Let A0 be a joint refinement of A1 and A2. Then for any partition C = {ck}p
k=1 ∈ P

with A0 ≺ C, we get that for every k = 1, 2, . . . , p, there exists ik = 1, 2, . . . , n
and jk = 1, 2, . . . ,m, so that ck ≤ aik

, ck ∈ L and ck ≤ bjk
, ck ∈ L. We have to

prove that d(
∑p

k=1(f + g)(rk)µ(ck),
∫

L
fdµ +

∫
L

gdµ) < ε, for every rk ≤ ck, rk ∈ L,
k = 1, 2, . . . , p.

Now for every rk ≤ ck, rk ∈ L, k = 1, 2, . . . , p and A1 ≺ C, A2 ≺ C, we observe
that

d(
p∑

k=1

(f + g)(rk)µ(ck),
∫

L

fdµ +
∫

L

gdµ) = d(
p∑

k=1

f(rk)µ(ck)

+
p∑

k=1

g(rk)µ(ck),
∫

L

fdµ +
∫

L

gdµ)

≤ d(
p∑

k=1

f(rk)µ(ck),
∫

L

fdµ)

+d(
p∑

k=1

g(rk)µ(ck),
∫

L

gdµ)
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<
ε

2
+

ε

2
= ε.

Hence f + g is µ-integrable and thus the theorem is proved.

Corollary 5.8. If µ : L → [0,∞) and f = g, µ-almost every where f and g are two
µ-integrable bounded functions on L, then∫

L

fdµ =
∫

L

gdµ.

Proof Using Theorem 5.5, 5.6 and 5.7, we have the above corollary.
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ABSTRACT. We investigate eigenvalue intervals for the existence of positive solutions for
the second order integral boundary value problem8><

>:
u′′(t) + λf(u(t)) = 0, t ∈ (0, 1),

u(0) =

Z 1

0

u(s)dα(s), u(1) =

Z 1

0

u(s)dβ(s)

where f ∈ C(R, R) is sign-changing.
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1. INTRODUCTION

In this paper, we are concerned with determining values of λ (eigenvalues), for
which exist positive solutions of nonlinear second-order integral boundary-value
problem 

u′′(t) + λf(u(t)) = 0, t ∈ (0, 1),

u(0) =
∫ 1

0

u(s)dα(s), u(1) =
∫ 1

0

u(s)dβ(s),
(1.1)

where f ∈ C(R, R); α and β are right continuous on [0, 1), left continuous at t = 1,
and nondecreasing on [0,1], with α(0) = β(0) = 0;

∫ 1

0
u(s)dα(s) and

∫ 1

0
u(s)dβ(s)

denote the Riemann-Stieltjes integrals of u with respect to α and β, respectively.
We shall concentrate on the case when the nonlinearity f(u) is allowed to change
sign, which is of particular mathematical interest.
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The motivation for the present work stems from many recent investigations. In
fact, boundary value problems with integral boundary conditions for ordinary dif-
ferential equations arises in different areas of applied mathematics and physics.
For example, heat conduction, chemical engineering, underground water flow,
thermo-elasticity, and plasma physics can be reduced to the nonlocal problems
with integral boundary conditions. Concerning the existence of positive solutions
for eigenvalue problem, we refer the reader to [4, 5, 7, 8]. For the special case
λ = 1, (1.1) have been the subject matter of many recent publications on singular
boundary value problems, for this we refer the reader to the papers by Karakostas
and Tsamatos [10, 11], Yuhua Li and Fuyi Li [12], Webb and Infante [16, 17], Yang
[18, 19, 20] and Zhang and Sun [22] and the references therein. For more informa-
tion about the general theory of integral equations and their relation with boundary
value problems we refer to the book of Corduneanu [6] and Agarwal and O’Regan
[3]

Positive solutions are usually the ones of interest and because of the difficulties
associated with proving the existence of such solutions using the techniques of
nonlinear functional analysis, most of the recent work assumes nonnegativity of
f(u) in order to generate positive operators using the positivity of Green’s function.
To the authors’s knowledge, there are few papers that have considered the existence
of positive solutions for local, nonlocal and, particularly, integral boundary value
problems involving sign-changing nonlinearities (see[1, 2, 13, 14, 15] ).

Recently, using the a priori estimate method and the Leray-Schauder fixed point
theorem, Yang [18] studied (1.1) with λ = 1 under the assumptions:

(H1) f(x) > 0, x ∈ (−∞, 0] and there is p > 0 such that f(x) < 0, x ∈ (p, +∞).
(H2) κ1 > 0, κ4 > 0, κ = κ1κ4 − κ2κ3 > 0, where

κ1 = 1−
∫ 1

0

(1− t)dα(t), κ2 =
∫ 1

0

tdα(t),

κ3 =
∫ 1

0

(1− t)dβ(t), κ4 = 1−
∫ 1

0

tdβ(t).

Motivated by [18], the purpose of this paper is to give sufficient conditions on
f(u) to determine ranges of λ for which positive solution exists. We make the
following assumptions

(H ′
1) f : R → R is continuous and there is p > 0 such that f(x) > 0, x ∈ (0, p)

and f(p) = 0.
(H ′

2)
∫ 1

0
dα(t) < 1,

∫ 1

0
dβ(t) < 1.

Remark 1.1. It is obvious that the condition imposed on f in this paper is weaker
than that of [18]. But the condition about α(t), β(t) is stronger than that of [18].

2. PRELIMINARIES

Let X be the Banach space C[0, 1] with ‖u‖ = sup
t∈[0,1]

|u(t)|. Define a set K ⊂ X

by

K = {u ∈ X : u(t) ≥ t(1− t)‖u‖, t ∈ [0, 1]}.

It can be easily verified that K is indeed a cone in X. For any r > 0, defined Ωr by
Ωr = {u ∈ K : ‖u‖ < r}.
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To study (1.1), consider the map T : X → X defined by

(Tu)(t) =
∫ 1

0

k(t, s)u(s)ds+κ−1 (1− t, t)
(

κ4 κ2

κ3 κ1

)
∫ 1

0

dα(t)
∫ 1

0

k(t, s)u(s)ds∫ 1

0

dβ(t)
∫ 1

0

k(t, s)u(s)ds


and F : X → X defined by

(F (u))(t) = f(u(t)),
where k(t, s) is given by

k(t, s) =

{
t(1− s), 0 ≤ t ≤ s ≤ 1,

s(1− t), 0 ≤ s ≤ t ≤ 1.

Then if (H1) and (H2) ( or (H ′
1) and (H ′

2)) hold, by [18, 21], u is a solution of (1.1)
if and only if u ∈ C2[0, 1] is a solution of the equation

(I − λTF )u = 0, that is, a fixed point of λTF,

where by standard arguments, TF : X → X is a compact map.
For the function k(t, s), it is easy to know that

t(1− t)s(1− s) ≤ k(t, s) ≤ s(1− s), t, s ∈ [0, 1]. (2.1)

Lemma 2.1. T (K) ⊂ K and the map T : K → K is completely continuous.

Proof. The inequality (2.1) and the definition of T imply that T (K) ⊂ K. The
complete continuity of the integral operator T is well known. �

The following lemma is needed in our argument.

Lemma 2.2. [9] Let X be a Banach space and K a cone in X. Assume that T :
Ωr → K is completely continuous such that Tu 6= u for u ∈ ∂Ωr.

(i) If ‖Tu‖ ≥ ‖u‖ for u ∈ ∂Ωr, then i(T,Ωr,K) = 0.
(ii) If ‖Tu‖ ≤ ‖u‖ foru ∈ ∂Ωr, then i(T,Ωr,K) = 1.

3. MAIN RESULTS

Our first result is the following theorem in which we shall prove existence of at
least a solution of the BVP(1.1).

Theorem 3.1. If (H ′
1) and (H ′

2) hold, then for λ > 0, (1.1) has at least a solution
u ∈ C2[0, 1].

Proof. We define a auxiliary functions f̃ : R → R by

f̃(u) =

 f(0), u ≤ 0,
f(u), 0 < u < p,
0, u ≥ p.

Thus f̃ is continuous and bounded on R so there exists M > 0 such that

|f̃ | ≤ M, on R.

Consider the modified problem
u′′(t) + λf̃(u(t)) = 0, t ∈ (0, 1),

u(0) =
∫ 1

0

u(s)dα(s), u(1) =
∫ 1

0

u(s)dβ(s).
(3.1)
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This is equivalent to the integral equation

u(t) = λ

∫ 1

0

k(t, s)f̃(u(s))ds

+
λ

κ
(1− t, t)

(
κ4 κ2

κ3 κ1

)
∫ 1

0

dα(t)
∫ 1

0

k(t, s)f̃(u(s))ds∫ 1

0

dβ(t)
∫ 1

0

k(t, s)f̃(u(s))ds.


(3.2)

We write (3.2) as an operator equation

(I − Tλ)u = 0,

where Tλ = λT F̃ , and F̃ : X → X defined by

(F̃ (u))(t) = f̃(u(t))

is bounded. Notice that |f̃ | ≤ M . Thus for some constant N > 0, independent of
λ, u, we have

‖Tλu‖C[0,1] ≤ λMN.

It follows from the Schauder fixed point theorem that Tλ has a fixed point uλ ∈
C[0, 1]. This together with the equation in (3.1) implies that uλ ∈ C2[0, 1].

Since results to be proved in this Theorem are true for any positive parameter
λ. So in the rest of proof, we write uλ as u for simplicity.

To finish the proof from the definition of f̃ , it suffices to show that any solution
u of (3.1) satisfies

0 ≤ u(t) ≤ p, t ∈ (0, 1),

i.e., any solution u of (3.1) in fact is a solution of (1.1). Now we claim that any
solution u of (3.1) satisfies 0 ≤ u(t) ≤ p, t ∈ (0, 1). Firstly, we show that u ≥ 0, t ∈
[0, 1]. In fact, the nonnegativity of f̃ ensures that

u′′(t) ≤ 0, t ∈ [0, 1]. (3.3)

So, in order to get the desired results, we only need to prove that u(0) ≥ 0 and
u(1) ≥ 0. (3.3) implies

u(t) ≥ (1− t)u(0) + tu(1), t ∈ [0, 1].

Therefore,

u(0) =
∫ 1

0

u(t)dα(t) ≥ u(0)
∫ 1

0

(1− t)dα(t) + u(1)
∫ 1

0

tdα(t)

and

u(1) =
∫ 1

0

u(t)dβ(t) ≥ u(0)
∫ 1

0

(1− t)dβ(t) + u(1)
∫ 1

0

tdβ(t).

The last two inequalities can be written as(
κ1 −κ2

−κ3 κ4

)(
u(0)
u(1)

)
≥
(

0
0

)
.

Then by Remark 1.1, we have

κ1 > 0, κ2 ≥ 0, κ3 ≥ 0, κ4 > 0, κ > 0.

Thus (
u(0)
u(1)

)
≥ 1

κ

(
κ4 κ3

κ2 κ1

)(
0
0

)
=
(

0
0

)
.
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Next, we show that u(t) ≤ p, t ∈ [0, 1]. If not, then there exists a t0 ∈ [0, 1] such
that u(t0) = max

t∈[0,1]
u(t) > p.

If t0 = 0, then u(0) =
∫ 1

0
u(t)dα(t) ≤ u(0)

∫ 1

0
dα(t), from (H ′

2), we have the
contradiction u(0) ≤ 0. Similarly, the condition (H ′

2) gives t0 6= 1.
If t0 ∈ (0, 1), then we have u′(t0) = 0. We consider the following two cases:

case (i), u(t) ≥ p, t ∈ [0, 1]; case (ii), there exists t1 ∈ [0, 1] such that u(t1) < p.
In the second case , without loss of generality, we assume that t1 ∈ [0, t0) and
u(t) > p, t ∈ (t1, t0].

For case (i), we have u′′(t) = −λf̃(u(t)) = −λf(p) = 0, t ∈ (0, 1). Thus, u′

is constant on [0, 1]. Since u′(t0) = 0, it follows that u′(t) = 0 for t ∈ [0, 1].
Consequently, u(t) ≡ u(t0) > p on [0, 1]. On the other hand, we have u(0) =∫ 1

0
u(t)dα(t) ≤ u(0)

∫ 1

0
dα(t), from (H ′

2), we obtain

u(t) ≡ u(0) ≤ 0.

Which is a contradiction.
For case (ii), we have u′′(t) = −λf̃(u(t)) = −λf(p) = 0, t ∈ (t1, t0]. This together

with u′(t0) = 0 implies that u(t1) = u(t0) > p, contradicting u(t1) < p. �

When f(0) > 0, the existence results in Theorem 3.1 can be improved in

Theorem 3.2. If (H ′
1) and (H ′

2) hold with f(0) > 0, then for λ > 0, (1.1) has at least
one positive solution u ∈ C2[0, 1].

Remark 3.3. If f(0) = 0, then Theorem 3.2 may be false, as the following coun-
terexample shows. {

−u′′(t) = λu(t)(1− u(t)), t ∈ (0, 1),

u(0) = u(1) = 0.
(3.4)

Suppose u is a positive solution of (3.4). Multiplying the equation in (3.4) by sinπt
and integrating on [0, 1], we have

π2

∫ 1

0

u(t) sinπtdt = −
∫ 1

0

u′′(t) sinπtdt

= λ

∫ 1

0

u(t)(1− u(t)) sinπtdt < λ

∫ 1

0

u(t) sinπtdt.

Thus, for every λ ≤ π2, Theorem 3.2 is not true. However, Theorem 3.2 remain
true for sufficiently large λ.

Theorem 3.4. If (H ′
1) and (H ′

2) hold with f(0) = 0. Then exists a λ0 > 0 such that
for all λ > λ0, (1.1) has at least one positive solution u ∈ C2[0, 1].

Proof. Using Theorem 3.1, we can show that any solution of the modified problem
(3.1) satisfies

0 ≤ u(t) ≤ p, t ∈ [0, 1]

and hence is a solution of (1.1). So it suffices to show that the compact operator
Tλ has a nonzero fixed point in K\{θ}.

Take r ∈ (0, p). Let λ0 =
512r

11m
, where m = min

v∈[ r
4 ,r]

f(v) > 0. Notice that for any

u ∈ K we have that u(t) ≥ t(1 − t)‖u‖ for all t ∈ [0, 1]. In particular, we have
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u(t) ≥ 3
16‖u‖ for all t ∈ [ 14 , 3

4 ]. Let u ∈ ∂Ωr, then f(u(t)) ≥ m for t ∈ [ 14 , 3
4 ]. Hence

for λ > λ0, we have

‖Tλu‖ ≥ λ min
t∈[ 14 , 3

4 ]

∫ 3
4

1
4

k(t, s)f(u(s))ds ≥ λ min
t∈[ 14 , 3

4 ]

(
t(1− t)

∫ 3
4

1
4

s(1− s)f(u(s))ds

)
≥ 3λ

16

∫ 3
4

1
4

s(1− s)f(u(s))ds

≥ 11
512

λm > r = ‖u‖, u ∈ ∂Ωr.

On the other hand, for each fixed λ > λ0 since f̃(u) is bounded, there is an R > r
such that

‖Tλu‖ < R = ‖u‖, u ∈ ∂ΩR.

It follows from Lemma 2.2 that

i(Tλ,Ωr,K) = 0, while i(Tλ,ΩR,K) = 1,

and hence,
i(Tλ,ΩR\Ωr,K) = 1.

Thus, Tλ has a fixed point u in ΩR\Ωr. Theorem 3.1 implies that the fixed point u
is a solution of (1.1) such that

0 < r < ‖u‖ ≤ p.

Consequently, (1.1) has at least a positive solution u for each λ > λ0. �
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1. INTRODUCTION

Let A be the class of all analytic functions of the form:

f(z) = z +
∞∑

n=2

anzn, (1.1)

in the open unit disc U = {z ∈ C : |z| < 1}. Further, by S we shall denote the
class of all functions in A which are univalent in U .

A function f ∈ A is subordinate to an univalent function g ∈ A, written f(z) ≺
g(z), if f(0) = g(0) and f(U) ⊆ g(U). Let Ω be the family of analytic functions w(z)
in the unit disk U satisfying the conditions w(0) = 0 , |w(z)| < 1 for z ∈ U . Note
that f(z) ≺ g(z) if there is a function w(z) ∈ Ω such that f(z) = g(w(z)).

Let φ(z) be an analytic function with positive real part on U and φ(0) = 1,
φ′(0) > 0 which maps the unit disc U onto a region starlike with respect to 1
which is symmetric with respect to the real axis. Ma and Minda [3] introduced and
studied the class S∗(φ), consists of functions f ∈ S for which

zf ′(z)
f(z) ≺ φ(z), (z ∈ U).
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Recently, Ravichandran et al.[5] defined classes related to the class of starlike
functions of complex order as follows:

Definition 1.1. Let b 6= 0 be a complex number. Let φ(z) be an analytic function
with positive real part on U with φ(0) = 1, φ′(0) > 0 which maps the unit disk U
onto a region starlike with respect to 1 which is symmetric with respect to the real
axis. Then the class S∗

b (φ) consists of all analytic functions f ∈ A satisfying

1 + 1
b ( zf ′(z)

f(z) − 1) ≺ φ(z).

The class Cb(φ) consists of functions f ∈ A satisfying

1 + 1
b

zf ′′(z)
f ′(z) ≺ φ(z).

Following the work of Ma and Minda [3], Shanmugam and Sivasubramanian [7]
obtained Fekete-Szegö inequality for the more general class Mα(φ), defined by

αz2f ′′(z)+zf ′(z)
(1−α)f(z)+αzf ′(z) ≺ φ(z),

where φ(z) satisfies the conditions mentioned in Definition 1.1. Kamali et al.[2]
introduced and studied a new class of functions f ∈ T for which

Re(αz3f ′′′(z)+(1+2α)z2f ′′(z)+zf ′(z)
αz2f ′′(z)+zf ′(z) ) > β, 0 ≤ α < 1, 0 ≤ β < 1.

Shanmugum et. al.[8] remarked that the class of functions T is the familiar class
of functions introduced and studied by Silverman [10]. In a later investigation, this
particular class introduced by Kamali and Akbulut was generalized by Shanmugum
et al. [9]. Shanmugum et. al.[8] introduced a more general class of complex order
M [b, α](φ) defined as follows:

Definition 1.2. Let b 6= 0 be a complex number. Let φ(z) be an analytic function
with positive real part on U with φ(0) = 1, φ′(0) > 0 which maps the unit disk U
onto a region starlike with respect to 1 which is symmetric with respect to the real
axis. Then the class M [b, α](φ) consists of all analytic functions f ∈ A satisfying

1 + 1
b (αz3f ′′′(z)+(1+2α)z2f ′′(z)+zf ′(z)

αz2f ′′(z)+zf ′(z) − 1) ≺ φ(z), 0 ≤ α < 1.

Clearly,
M [b, 0](φ) ≡ Cb(φ).

where the class Cb(φ) consists of functions f ∈ A satisfying

1 + 1
b

zf ′′(z)
f ′(z) ≺ φ(z).

In the present paper we shall need a recent generalization of the Ruscheweyh
derivative which was introduced in [1].

Let f ∈ A, λ ≥ 0 and m ∈ R, m > −1, then we consider
Dm

λ f(z) = z
(1−z)m+1 ∗Dλf(z), z ∈ U,

where Dλf(z) = (1− λ)f(z) + λzf ′(z), z ∈ U.
If f ∈ A, f(z) = z +

∑∞
n=2 anzn, z ∈ U we obtain the power series expansion of

the form
Dm

λ f(z) = z +
∑∞

n=2[1 + (n− 1)λ] (m+1)n−1
(1)n−1

anzn, z ∈ U,

where (a)n is the Pochhammar symbol, given by

(a)n =
Γ(a + n)

Γ(a)
=

{
1 for n = 0
a(a + 1)(a + 2)...(a + n− 1) for n ∈ N = {1, 2, 3, ...}.

In the case m ∈ N = {1, 2, 3, ...}, we have
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Dm
λ f(z) = z(zm−1Dλf(z))(m)

m! , z ∈ U,

and for λ = 0 we obtain the mth Ruscheweyh derivative introduced in [6], Dm
0 =

Dm,
Since

(m + 1)n−1

(1)n−1
=

Γ(m + 1 + n− 1)Γ(1)
Γ(m + 1)Γ(1 + n− 1)

=
Γ(m + n)

Γ(m + 1)Γ(n)

=
(m + n− 1)!
m!(n− 1)!

.

And

σ(m,n) =
(

m + n− 1
m

)
=

(m + n− 1)!
m!(n− 1)!

.

So, we get

σ(m,n) = (m+1)n−1
(1)n−1

Hence
Dm

λ f(z) = z +
∑∞

n=2[1 + (n− 1)λ]σ(m,n)anzn, z ∈ U,

So in this paper we introduce a more general class of complex order H[b, α,m, λ](φ)
which we define below.

Definition 1.3. Let b 6= 0 be a complex number. Let φ(z) be an analytic function
with positive real part on U with φ(0) = 1, φ′(0) > 0 which maps the unit disc
U onto a region starlike with respect to 1 which is symmetric with respect to the
real axis. Then the class H[b, α,m, λ](φ) consists of all analytic functions f ∈ A
satisfying

1 +
1
b
(
αz3(Dm

λ f)′′′(z) + (1 + 2α)z2(Dm
λ f)′′(z) + z(Dm

λ f)′(z)
αz2(Dm

λ f)′′(z) + z(Dm
λ f)′(z)

− 1) ≺ φ(z),

0 ≤ α < 1, λ ≥ o,m > −1.

Clearly,
H[b, α,m, λ](φ) ≡ M [b, α](φ)

where m = λ = 0, [8].
Motivated essentially by the aforementioned works, we obtain certain necessary

and sufficient conditions for the unified class of functions H[b, α,m, λ](φ) which
we have defined. The motivation of this paper is to generalize the results obtained
by Shanmugum et. al.[8].

2. PRELIMINARIES AND NOTATIONS

In order to prove our main results, we need the following lemmas.

Lemma 2.1. [5] Let φ be a convex function defined on U , φ(0) = 1. Define F (z) by

F (z) = z exp(
∫ z

0

φ(x)− 1
x

dx). (2.1)
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Let q(z) = 1 + c1z + ... be analytic in U . Then

1 +
zq′(z)
q(z)

≺ φ(z), (2.2)

if and only if for all |s| ≤ 1 and |t| ≤ 1, we have

q(tz)
q(sz)

≺ sF (tz)
tF (sz)

. (2.3)

Lemma 2.2 ([4], Corrolary 3.4h.1,p.135). Let q(z) be univalent in U and let ϕ(z) be

analytic in a domain containing q(U). If zq′(z)
ϕ(q(z)) is starlike, then

zp′(z)ϕ(p(z)) ≺ zq′(z)ϕ(q(z)),
implies that p(z) ≺ q(z) and q(z) is the best dominant.

3. MAIN RESULTS

3.1. Subordination Results. Applying Lemma 2.1 we have

Theorem 3.1. Let φ(z) and F (z) be as in Lemma 2.1. The function f ∈ H[b, α,m, λ](φ)
if and only if for all |s| ≤ 1 and |t| ≤ 1, we have

(
s[αz2(Dm

λ f)′′(tz) + z(Dm
λ f)′(tz)]

t[αz2(Dm
λ f)′′(sz) + z(Dm

λ f)′(sz)]
)

1
b ≺ sF (tz)

tF (sz)
(3.1)

Proof. Define the function p(z) by

p(z) = (
αz2(Dm

λ f)′′(z) + z(Dm
λ f)′(z)

z
)

1
b . (3.2)

By taking logarithmic derivative of p(z) given by (3.2), we get

zp′(z)
p(z)

=
1
b
{αz3(Dm

λ f)′′′(z) + (1 + 2α)z2(Dm
λ f)′′(z) + z(Dm

λ f)′(z)
αz2(Dm

λ f)′′(z) + z(Dm
λ f)′(z)

− 1}. (3.3)

Now, by definition 1.3

1 +
zp′(z)
p(z)

= 1 +
1
b
{αz3(Dm

λ f)′′′(z) + (1 + 2α)z2(Dm
λ f)′′(z) + z(Dm

λ f)′(z)
αz2(Dm

λ f)′′(z) + z(Dm
λ f)′(z)

−1} ≺ φ(z), (0 ≤ α < 1).
(3.4)

Then applying Lemma 2.1 we get the result.
This completes the proof of Theorem 3.1. �

Putting λ = 0 in Theorem 3.1. Then we have the Ruscheweyh derivative and we
get the following new result:

Corollary 3.1. Let φ(z) and F (z) be as in Lemma 2.1. The function f ∈ H[b, α,m, ](φ)
if and only if for all |s| ≤ 1 and |t| ≤ 1, we have

(
s[αz2(Dmf)′′(tz) + z(Dmf)′(tz)]
t[αz2(Dmf)′′(sz) + z(Dmf)′(sz)]

)
1
b ≺ sF (tz)

tF (sz)
(3.5)

And putting m = λ = 0 in Theorem 3.1 gives Theorem 2.1 [8]. Then we have.

Corollary 3.2. Let φ(z) and F (z) be as in Lemma 2.1. The function f ∈ H[b, α, ](φ)
if and only if for all |s| ≤ 1 and |t| ≤ 1, we have

(
s[αz2f ′′(tz) + zf ′(tz)]
t[αz2f ′′(sz) + zf ′(sz)]

)
1
b ≺ sF (tz)

tF (sz)
(3.6)
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And putting α = m = λ = 0 in Theorem 3.1 gives a result in Definition 1.1 [5].
Then we have

Corollary 3.3. Let φ(z) and F (z) be as in Lemma 2.1. The function f ∈ H[b](φ) if
and only if for all |s| ≤ 1 and |t| ≤ 1, we have

(
sf ′(tz)
tf ′(sz)

)
1
b ≺ sF (tz)

tF (sz)
(3.7)

Theorem 3.2. Let φ be starlike with respect to 1 and F (z) is given by (2.1) be
starlike. If f ∈ H[b, α,m, λ](φ). Then

αz2(Dm
λ f)′′(z) + z(Dm

λ f)′(z)
z

≺ (
F (z)

z
)b. (3.8)

Proof. Define the functions p(z) and q(z) by

p(z) = (αz2(Dm
λ f)′′(z)+z(Dm

λ f)′(z)
z )

1
b , q(z) = F (z)

z

Then a computation yields

zp′(z)
p(z)

=
1
b
{αz3(Dm

λ f)′′′(z) + (1 + 2α)z2(Dm
λ f)′′(z) + z(Dm

λ f)′(z)
αz2(Dm

λ f)′′(z) + z(Dm
λ f)′(z)

− 1}, (3.9)

now, by Definition 1.3 we have

1+
zp′(z)
p(z)

= 1+
1
b
{αz3(Dm

λ f)′′′(z) + (1 + 2α)z2(Dm
λ f)′′(z) + z(Dm

λ f)′(z)
αz2(Dm

λ f)′′(z) + z(Dm
λ f)′(z)

−1} ≺ φ(z),

(3.10)
and

zq′(z)
q(z) = zF ′(z)

F (z) − 1 = φ(z)− 1.

Since f ∈ H[b, α,m, λ](φ), we have

zp′(z)
p(z) = 1

b{
αz3(Dm

λ f)′′′(z)=(1+2α)z2(Dm
λ f)′′(z)+z(Dm

λ f)′(z)
αz2(Dm

λ f)′′(z)+z(Dm
λ f)′(z) − 1} ≺ φ(z)− 1 = zq′(z)

q(z) .

so
zp′(z)
p(z) ≺ zq′(z)

q(z) .

Now in Lemma 2.2 putting ϕ(p(z)) = 1
p(z) and ϕ(q(z)) = 1

q(z)) we get that
zp′(z)
p(z) ≺ zq′(z)

q(z) implies that p(z) ≺ q(z)
and (p(z))b ≺ (q(z))b

Hence
αz2(Dm

λ f)′′(z)+z(Dm
λ f)′(z)

z ≺ (F (z)
z )b.

This completes the proof of Theorem 3.2. �
�

Putting λ = 0 in Theorem 3.2. Then we have the Ruscheweyh derivative and we
get the following new result.

Corollary 3.4. Let φ be starlike with respect to 1 and F (z) is given by (2.1) be
starlike. If f ∈ H[b, α,m](φ). Then

αz2(Dmf)′′(z) + z(Dmf)′(z)
z

≺ (
F (z)

z
)b. (3.11)

And putting m = λ = 0 in Theorem 3.2 gives Theorem 2.3 [8]. Then we have.
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Corollary 3.5. Let φ be starlike with respect to 1 and F (z) is given by (2.1) be
starlike. If f ∈ H[b, α](φ). Then

αz2f ′′(z)+zf ′(z)
z ≺ (F (z)

z )b

Also putting α = m = λ = 0 in Theorem 3.2 we have the following new result.

Corollary 3.6. Let φ be starlike with respect to 1 and F (z) is given by (2.1) be
starlike. If f ∈ H[b](φ). Then

f ′(z) ≺ (F (z)
z )b

3.2. Coefficients Estimates. This section is about the class β-convex functions
involving complex order defined as follows.

Definition 3.7. Let b 6= 0 be a complex number. Let φ(z) be an analytic function
with positive real part on U with φ(0) = 1, φ′(0) > 0 which maps the unit disk
U onto a region starlike with respect to 1 which is symmetric with respect to the
real axis. Then the class H[b, β,m, λ](φ) consists of all analytic functions f ∈ A
satisfying

1+ 1
b{(1−β)( z(Dm

λ f)′(z)
(Dm

λ f)(z) )+β(1+ z(Dm
λ f)′′(z)

(Dm
λ f)′(z) )−1} ≺ φ(z), 0 ≤ β ≤ 1, λ ≥ o,m > −1.

We note that, for m = λ = 0 we get H[b, β,m, λ](φ) ≡ Mβ,b(φ), [8].
To prove our main result of this section, we need the following:

Lemma 3.8. [5] If p(z) = 1 + c1z + c2z
2 + ... is a function with positive real part.

Then

|c2 − µc2
1| ≤ 2max{1, |2µ− 1|},

and the result is sharp for the functions given by

p(z) = 1+z2

1−z2 , p(z) = 1+z
1−z .

Our main result is the following

Theorem 3.3. Let 0 ≤ β ≤ 1. Further let φ(z) = 1 + B1z + B2z
2 + ..., z ∈ U,

where B′
ns are real with B1 > 0 and B2 ≥ 0. If f(z) given by (1.1) belongs to

H[b, β,m, λ](φ). Then

|a3 − µa2
2| ≤

B1|b|
2(m+1)(m+2)(1+2β)(1+2λ)max{1, |B2

B1
+ bB1

(1+β)2 (1 + 3β − µ (m+2)(1+2λ)(1+2β)
(m+1)(1+λ)2 )c2

1|}.

Proof. If f(z) ∈ H[b, β,m, λ](φ), then there is a Schwarz function w(z), analytic in
U with w(0) = 0 and |w(z)| < 1 in U such that

1 +
1
b
{(1− β)(

z(Dm
λ f)′(z)

(Dm
λ f)(z)

) + β(1 +
z(Dm

λ f)′′(z)
(Dm

λ f)′(z)
)− 1} = φ(w(z)). (3.12)

Define p1(z) by

p1(z) =
1 + w(z)
1− w(z)

= 1 + c1z + c2z
2 + ... . (3.13)

Since w(z) is a Schwarz function, we see that Re(p1(z)) > 0 and p1(0) = 1.
Define the function p(z) by

p(z) = 1 +
1
b
{(1− β)(

z(Dm
λ f)′(z)

(Dm
λ f)(z)

) + β(1 +
z(Dm

λ f)′′(z)
(Dm

λ f)′(z)
)− 1}

= 1 + b1z + b2z
2 + ... .

(3.14)
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From (3.13) we get

w(z) =
p1(z)− 1
p1(z) + 1

=
1
2
[c1z + (c2 −

c2
1

2
)z2 + (c3 −

c3
1

4
− c1c2)z3 + ...] . (3.15)

Since

φ(z) = 1 + B1z + B2z
2 + ..., z ∈ U,

so, we get

φ(
p1(z)− 1
p1(z) + 1

) = 1 +
1
2
B1c1z + [

1
2
B1(c2 −

c2
1

2
) +

B2c
2
1

4
]z2 + ... . (3.16)

Using (3.12),(3.14) and (3.15) we have

p(z) = φ(
p1(z)− 1
p1(z) + 1

), (3.17)

hence

1 + b1z + b2z
2 + ... = 1 +

1
2
B1c1z + [

1
2
B1(c2 −

c2
1

2
) +

B2c
2
1

4
]z2 + ... . (3.18)

Equating the coefficients in (3.18) we get

b1 =
1
2
B1c1, (3.19)

b2 =
1
2
(B1(c2 −

1
2
c2
1)) +

1
4
B2c

2
1. (3.20)

For f(z) in (1.1) we obtain from (3.14) that

1 +
1
b
{(m + 1)(1 + λ)(1 + β)a2z + [(m + 1)(m + 2)(1 + 2λ)(1 + 2β)a3−

(m + 1)2(1 + λ)2(1 + 3λ)a2
2]z

2 + ...} = 1 + b1z + b2z
2 + ....

(3.21)

Equating the coefficients in (3.21) we get

a2 =
bb1

(m + 1)(1 + λ)(1 + β)
, (3.22)

a3 =
bb2 + (m + 1)2(1 + λ)2(1 + 3β)a2

2

(m + 1)(m + 2)(1 + 2λ)(1 + 2β)
. (3.23)

By applying (3.19) and (3.20) in (3.22) and (3.23) respectively we obtain

a2 =
bB1c1

2(m + 1)(1 + λ)(1 + β)
, (3.24)

a3 =
bB1c2

2(m + 1)(m + 2)(1 + 2λ)(1 + 2β)
+

c2
1

4(m + 1)(m + 2)(1 + 2λ)
[

1 + 3β

(1 + β)2
b2B2

1 − b(B1 −B2)].
(3.25)

Now, we have

a3 − µa2
2 =

bB1

2(m + 1)(m + 2)(1 + 2λ)(1 + 2β)
[c2 − νc2

1], (3.26)

where

ν = 1
2 [1− B2

B1
− bB1

(1+β)2 (1 + 3β − µ (m+2)(1+2λ)(1+2β)
(m+1)(1+λ)2 )].

Then, applying lemma 3.8 on (3.26) we obtain
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|a3 − µa2
2| ≤

B1|b|
2(m+1)(m+2)(1+2β)(1+2λ) |c2 − νc2

1| ≤
B1|b|

2(m+1)(m+2)(1+2β)(1+2λ)2max{1, |2ν − 1|},

for

ν = 1
2 [1− B2

B1
− bB1

(1+β)2 (1 + 3β − µ (m+2)(1+2λ)(1+2β)
(m+1)(1+λ)2 )].

This completes the proof of Theorem 3.3. �
�

Putting m = λ = 0 in Theorem 3.3 gives Theorem 3.3 in [8]. Then we have

Corollary 3.9. Let 0 ≤ β ≤ 1. Further let φ(z) = 1 + B1z + B2z
2 + B3z

3 + ..., z ∈ U,
where B′

ns are real with B1 > 0 and B2 ≥ 0. If f(z) given by (1.1) belongs to
H[b, β](φ).Then

|a3 − µa2
2| ≤

B1|b|
2(1+2β)max{1, |B2

B1
+ (1− 2µ + β(3− 4µ)) bB1

(1+β)2 |}.

Putting m = λ = β = 0 in Theorem 3.3, gives a result obtained in [5]. Then we
have

Corollary 3.10. Let 0 ≤ β ≤ 1. Further let φ(z) = 1+B1z+B2z
2 +B3z

3 + ..., z ∈ U,
where B′

ns are real with B1 > 0 and B2 ≥ 0. If f(z) given by (1.1) belongs to H[b](φ).
Then

|a3 − µa2
2| ≤

B1|b|
2 max{1, |B2

B1
+ (1− 2µ)bB1|}.
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ABSTRACT. In our previous work [4], we obtained three general KKM type theorems A, B,
and C for abstract convex spaces. In this paper, we show that these three theorems are
mutually equivalent. Actually, by adopting a method of making new abstract convex spaces
from old, we give a direct proof of Theorem C from Theorem B.
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1. INTRODUCTION

The celebrated Knaster-Kuratowski-Mazurkiewicz theorem (simply, the KKM
theorem) in 1929 is concerned with certain types of multimaps later called the
KKM maps. The KKM theory, first named by the author, is the study of applica-
tions of equivalent formulations or generalizations of the KKM theorem. Actually
the KKM theorem has several hundred generalizations in the literature.

Since 2006, we have introduced the new concepts of abstract convex spaces
and KKM spaces which are adequate to establish the KKM theory. With such new
concepts, we could generalize and simplify many known results in the theory; see
[1, 3].

In our previous work [2], we reviewed some known facts on abstract convex
spaces and obtained three general KKM type theorems which are equivalent or can
be extended to Theorems A, B, and C in [4], resp. Each of them contains a large
number of previously known particular forms which are generalizations, imitations,
or modifications of the original KKM theorem due to many other authors. In [4],
we recalled some historically important previous particular versions of our KKM
type theorems in order to give a short history on each of them. Moreover, further
remarks on related works were given in [5, 6].
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Note that the proofs of Theorems B and C in [4] are based on Theorem A, which
is an abstract form of the original KKM Theorem. Some other proofs of Theorem C
are also given in [5].

This paper is a continuation of [4]. In this paper, by adopting a method of
making new abstract convex spaces from old, we give a direct proof of Theorem C
from Theorem B. Consequently, Theorems A, B, and C are mutually equivalent.

2. ABSTRACT CONVEX SPACES

For the concepts of abstract convex spaces and KKM spaces, the reader may
consult with the references in [3–6].

Definition 2.1. An abstract convex space (E,D; Γ) consists of a topological space
E, a nonempty set D, and a multimap Γ : 〈D〉 ( E with nonempty values ΓA :=
Γ(A) for A ∈ 〈D〉, where 〈D〉 is the set of all nonempty finite subsets of D.

For any D′ ⊂ D, the Γ-convex hull of D′ is denoted and defined by

coΓD′ :=
⋃
{ΓA | A ∈ 〈D′〉} ⊂ E.

A subset X of E is called a Γ-convex subset of (E,D; Γ) relative to D′ if for any
N ∈ 〈D′〉, we have ΓN ⊂ X, that is, coΓD′ ⊂ X.

Definition 2.2. Let (E,D; Γ) be an abstract convex space and Z a topological
space. For a multimap F : E ( Z with nonempty values, if a multimap G : D ( Z
satisfies

F (ΓA) ⊂ G(A) :=
⋃
y∈A

G(y) for all A ∈ 〈D〉,

then G is called a KKM map with respect to F . A KKM map G : D ( E is a KKM
map with respect to the identity map 1E .

A multimap F : E ( Z is called a KC-map [resp., a KO-map] if, for any
closed-valued [resp., open-valued] KKM map G : D ( Z with respect to F , the
family {G(y)}y∈D has the finite intersection property. In this case, we denote
F ∈ KC(E,D,Z) [resp., F ∈ KO(E,D,Z)].

Definition 2.3. The partial KKM principle for an abstract convex space (E,D; Γ) is
the statement 1E ∈ KC(E,D,E); that is, for any closed-valued KKM map G : D (
E, the family {G(y)}y∈D has the finite intersection property. The KKM principle
is the statement 1E ∈ KC(E,D,E) ∩ KO(E,D,E); that is, the same property also
holds for any open-valued KKM map.

An abstract convex space is called a (partial) KKM space if it satisfies the (partial)
KKM principle, respectively.

We had the following diagram for triples (E,D; Γ):

Simplex =⇒ Convex subset of a t.v.s. =⇒ Lassonde type convex space
=⇒ H-space =⇒ G-convex space =⇒ φA-space =⇒ KKM space

=⇒ Partial KKM space =⇒ Abstract convex space.

3. GENERAL KKM THEOREMS A, B, and C

In [4], we gave standard forms of the KKM type theorems as follows:

Theorem A. Let (E,D; Γ) be an abstract convex space, the identity map 1E ∈
KC(E,D,E) [resp., 1E ∈ KO(E,D,E)], and G : D ( E a multimap satisfying

(1) G has closed [resp., open] values; and
(2) ΓN ⊂ G(N) for any N ∈ 〈D〉 (that is, G is a KKM map).
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Then {G(y)}y∈D has the finite intersection property.
Further, if
(3)

⋂
y∈M G(y) is compact for some M ∈ 〈D〉,

then we have ⋂
y∈D

G(y) 6= ∅.

Recall that Theorem A is a simple consequence of the definitions of the partial
KKM principle or the KKM principle.

Consider the following related four conditions for a map G : D ( Z with a
topological space Z:

(a)
⋂

y∈D G(y) 6= ∅ implies
⋂

y∈D G(y) 6= ∅.

(b)
⋂

y∈D G(y) =
⋂

y∈D G(y) (G is intersectionally closed-valued).

(c)
⋂

y∈D G(y) =
⋂

y∈D G(y) (G is transfer closed-valued).

(d) G is closed-valued.

From the partial KKM principle we have a whole intersection property of the Fan
type as follows:

Theorem B. Let (E,D; Γ) be a partial KKM space [that is, 1E ∈ KC(E,D,E)] and
G : D ( E a map such that

(1) G is a KKM map [that is, ΓA ⊂ G(A) for all A ∈ 〈D〉]; and
(2) there exists a nonempty compact subset K of E such that either

(i)
⋂
{G(y) | y ∈ M} ⊂ K for some M ∈ 〈D〉; or

(ii) for each N ∈ 〈D〉, there exists a compact Γ-convex subset LN of E relative to
some D′ ⊂ D such that N ⊂ D′ and

LN ∩
⋂

y∈D′

G(y) ⊂ K.

Then we have K ∩
⋂

y∈D G(y) 6= ∅.
Furthermore,
(α) if G is transfer closed-valued, then K ∩

⋂
{G(y) | y ∈ D} 6= ∅;

(β) if G is intersectionally closed-valued, then
⋂
{G(y) | y ∈ D} 6= ∅.

Recall that conditions (i) and (ii) in Theorem B are usually called the compactness
conditions or the coercivity conditions, and (ii) has numerous variations or particular
forms appeared in a very large number of literature. Note that Theorem B can be
easily deduced from the compact case of Theorem A; see [4, 5].

Theorem B can be extended for F ∈ KC(E,D,Z) instead of 1E ∈ KC(E,D,E))
as the following in [4, 5]:

Theorem C. Let (E,D; Γ) be an abstract convex space, Z a topological space, F ∈
KC(E,D,Z), and G : D ( Z a map such that

(1) G is a KKM map w.r.t. F ; and
(2) there exists a nonempty compact subset K of Z such that either

(i)
⋂
{G(y) | y ∈ M} ⊂ K for some M ∈ 〈D〉; or

(ii) for each N ∈ 〈D〉, there exists a Γ-convex subset LN of E relative to some
D′ ⊂ D such that N ⊂ D′, F (LN ) is compact, and

F (LN ) ∩
⋂

y∈D′

G(y) ⊂ K.
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Then we have
F (E) ∩K ∩

⋂
y∈D

G(y) 6= ∅.

Furthermore,
(α) if G is transfer closed-valued, then F (E) ∩K ∩

⋂
{G(y) | y ∈ D} 6= ∅; and

(β) if G is intersectionally closed-valued, then
⋂
{G(y) | y ∈ D} 6= ∅.

Remark 3.1. 1. Taking K instead of K, the closure notation in (i) and (ii) can be
erased.

2. It is clear from Theorem C ⇒ Theorem B ⇒ Theorem A(closed case). In our
previous proofs of Theorems B and C are based on Theorem A.

4. A WAY OF MAKING NEW ABSTRACT CONVEX SPACES FROM OLD

In this section we deduce Theorem C from Theorem B, based on a method of
making new abstract convex spaces from old.

Consider the situation in Theorem C:

Definition 4.1. Let (E,D; Γ) be an abstract convex space, Z a topological space,
and F : E ( Z a map. Let ΛA := F (ΓA) for each A ∈ 〈D〉. Then (Z,D; Λ) is called
the abstract convex space induced by F.

Let Y ⊂ Z and D′ ⊂ D such that ΛB ⊂ Y for each B ∈ 〈D′〉. Then Y is
called a Λ-convex subset of Z relative to D′, and (Y, D′; Λ′) a subspace of (Z,D; Λ)
whenever Λ′ = Λ|〈D′〉.

Proposition 4.2. A KKM map G : D ( Z on an abstract convex space (E,D; Γ)
with respect to F : D ( Z is simply a KKM map on the corresponding abstract
convex space (Z,D; Λ) induced by F .

Proof. Simply note that ΛA := F (ΓA) ⊂ G(A) for each A ∈ 〈D〉. �

Proposition 4.3. For an abstract convex space (E,D; Γ), the corresponding abstract
convex space (Z,D; Λ) induced by F : D ( Z is a partial KKM space if and only if
F ∈ KC(E,D,Z).

The abstract convex space (Z,D; Λ) induced by F : D ( Z is a KKM space if
and only if F ∈ KC(E,D,Z) ∩ KO(E,D,Z).

Proof. (Z,D; Λ) is a partial KKM space
⇐⇒ For every closed-valued KKM map G : D ( Z (that is, ΛA = F (ΓA) ⊂ G(A)
for each A ∈ 〈D〉), it has the finite intersection property of map-values.
⇐⇒ For every closed-valued KKM map G : D ( Z with respect F , it has the finite
intersection property of map-values.
⇐⇒ F ∈ KC(E,D,Z).

Similarly, for open-valued KKM map G : D ( Z, it has the finite intersection
property of map-values ⇐⇒ F ∈ KO(E,D,Z). �

The following is our main result in this paper:

Proposition 4.4. Theorems B and C are equivalent.

Proof. By putting E = Z and F = 1E , Theorem C reduces to Theorem B. Now we
show that Theorem C follows from Theorem B as follows.

Let (Z,D; Λ) be the abstract convex space induced by F with ΛA := F (ΓA) ⊂
G(A) for each A ∈ 〈D〉. Then

(1) G is a KKM map on (Z,D; Λ).
(2) Condition (i) implies Theorem B(i) with F (E) ∩K instead of K.
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In fact, since F (ΓA) ⊂ G(A) for each A ∈ 〈D〉, we have F (Γ{y}) ⊂ G(y) for each
y ∈ D and so

K ⊃
⋂

y∈M

G(y) ⊃
⋂

y∈M

F (Γ{y}) ∩
⋂

y∈M

G(y).

Hence
F (E) ∩K ⊃

⋂
{G(y) | y ∈ M} for some M ∈ 〈D〉.

(3) Condition (ii) implies Theorem B(ii) with F (E) ∩ K instead of K and with a
compact Λ-convex subset F (LN ) of Z instead of LN .

In fact, this can be shown by the following two facts:
(a) A ∈ 〈D′〉 implies ΓA ⊂ LN and hence ΛA = F (ΓA) ⊂ F (LN ) ⊂ F (LN ). So

F (LN ) is compact and Λ-convex.
(b) K ⊃ F (LN ) ∩

⋂
{G(y) | y ∈ D′} by assumption and clearly we have F (E) ⊃

F (LN ) ∩
⋂
{G(y) | y ∈ D′}. Hence

F (E) ∩K ⊃ F (LN ) ∩
⋂
{G(y) | y ∈ D′}.

Consequently, replacing (E,D; Γ), K, LN in Theorem B by (Z,D; Λ), F (E) ∩
K, F (LN ), respectively, all of the requirements of Theorem B are satisfied. There-
fore we have the conclusion

F (E) ∩K ∩
⋂

y∈D

G(y) 6= ∅.

The statements (α) and (β) are routine. �

5. COMMENTS ON RELATED WORKS

In this section, we give some comments on our previous versions of generalized
KKM theorems A, B, and C appeared in our previous works:

(1) Since 2006, we have introduced the new concepts of abstract convex spaces
and KKM spaces which are adequate to establish the KKM theory. With such new
concepts, we could generalize and simplify many known results in the theory on
convex spaces, H-spaces, G-convex spaces, and others; see [1].

(2) In 2008 and 2010 [1, 3], we established the basis of the KKM theory and
gave particular forms of Theorems A and B. Note that [3] contains some incorrectly
stated statements such as (VI), Theorem 4, (XVI), and (XVII). These can be corrected
easily.

(3) In 2009 [2], we reviewed some known facts on abstract convex spaces and
obtained three general KKM type theorems which are equivalent or can be extended
to Theorems A, B, and C in this paper, resp. Each of them contains a large num-
ber of previously known particular forms which are generalizations, imitations, or
modifications of the original KKM theorem due to many other authors.

(4) In 2011 [4], we established the basic KKM theorems A, B, and C, and recalled
some historically important previous particular versions of these theorems in order
to give a short history on each of them. Moreover, further comments on related
works are given.

(5) In 2011 [5], we deduced Theorems B and C from Theorem A and added a
new proof of Theorem C. Some corrections of the coercivity conditions appeared in
previous versions of such KKM type theorems were given.
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(6) In 2012 [6], we give several generalizations of the 1984 KKM theorem of Ky
Fan and some known applications in order to recover the close relationship among
them. Theorems A, B, and C are stated as the final ones in the evolution of the
KKM theorem from 1929. It is stated that, as far as the author knows, Theorem
C contains several hundred generalizations of the KKM theorem appeared in the
existing literature; see the references therein.

(7) Further study on our new method of making abstract convex spaces from old
will appear.
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In this paper we define Ciric type g−weak contractions in the context of coupled
fixed points and prove the existence of coupled common fixed points for a pair of w-
compatible maps using CLRg property. Further, we consider a pair of maps satisfying
a new class of implicit relation with CLRg property and prove the existence of coupled
common fixed points. The results of Long, Rhoades and Rajovic [15] and our results
are independent. Examples are provided to illustrate this phenomenon.. ...
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1. INTRODUCTION

In 2006, Bhaskar and Lakshmikantham [9] established a coupled contrac-
tion principle and proved the existence of coupled fixed points in partially ordered
compete metric spaces. In 2009, Lakshmikantham and Ciric [14] introduced the
concept of commuting maps, coupled coincidence points and coupled common fixed
points and established coupled coincidence, coupled common fixed point theorems
in partially ordered complete metric spaces. In 2010, Abbas, Khan, Radenovic
[3] introduced the concept of w−compatible maps in the context of coupled fixed
points in cone metric spaces. Recently Long, Rhoades and Rajovic [15] established
coupled coincidence point theorems in complete metric spaces and cone metric
spaces too. Some works in this line of research in different spaces are [3, 8, 10,
13, 22, 23, 24, 25].

Throughout this paper, N denotes the set of all natural numbers, R is the set of
all real numbers and R+ = [0,∞).

In the following definitions, we suppose that X is a non-empty set.
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Definition 1.1. [9] An element (x, y) in X ×X is called a coupled fixed point of
the mapping F : X ×X → X if x = F (x, y) and y = F (y, x).

Definition 1.2. [14] An element (x, y) in X ×X is called a coupled
coincidence point of the mappings F : X ×X → X and g : X → X if gx = F (x, y)
and gy = F (y, x).

Definition 1.3. [14] An element (x, y) in X ×X is called a coupled common
fixed point of the mappings F : X ×X → X and g : X → X if
x = gx = F (x, y) and y = gy = F (y, x).

Definition 1.4. [14] The mappings F : X × X → X and g : X → X are called
commutative if gF (x, y) = F (gx, gy) for all x, y ∈ X.

Definition 1.5. [3] The mappings F : X × X → X and g : X → X are called
w − compatible if gF (x, y) = F (gx, gy) whenever gx = F (x, y) and gy = F (y, x).

We denote Φ1 =
{
ϕ/ϕ : R+ → R+ satisfying ϕ is non-decreasing and

lim
n−→∞

ϕn(t) = 0 for t > 0
}

.
Long, Rhoades and Rajovic [15] proved the following theorem in complete metric

spaces.

Theorem 1.1. [15] Let (X, d) be a complete metric space. Assume that F : X×X →
X, g : X → X are two mappings satisfying
(H1) : there exists ϕ ∈ Φ1 such that

d
(
F (x, y), F (u, v)

)
≤ ϕ

(
Mg

F (x, y, u, v)
)

for all x, y, u, v ∈ X; (1.1)
where
Mg

F (x, y, u, v) = max{d(gx, gu), d(gy, gv), d(gx, F (x, y)), d(gu, F (u, v)),

d(gy, F (y, x)), d(gv, F (v, u)), d(gx,F (u,v))+d(gu,F (x,y))
2 , d(gy,F (v,u))+d(gv,F (y,x))

2 },

(H2) : F (X ×X) ⊆ g(X) and g(X) is a closed subset of X.

Then (i) F and g have a coupled coincidence point in X and
(ii) F and g have a unique common fixed point whenever F and g are w−compatible.

Popa [16] introduced implicit relations and established the existence of fixed
points and common fixed points in metric spaces. The importance of using an
implicit relation in proving fixed point theorems is that it includes many known
contractive conditions so that the known results follow as corollaries. Some works
on this line of research are [4, 5, 6, 7, 17].

In 2002, Amari and Moutawakil [1] introduced the notion of property (E. A)
and proved the existence of common fixed points for a pair of self maps. Many
researchers [2, 11, 18] worked in this direction.

In 2011, Sintunavarat and Kumam [20] introduced a new property called
common limit in the range of g (CLRg) in both metric and fuzzy metric spaces and
proved common fixed point theorems in fuzzy metric specs. CLRg property never
requires the closedness of the range space of g for the existence of fixed points. For
more details and works on CLRg property we refer [19, 20, 21].

Recently Jain, Tas, Sanjay Kumar and Gupta [13] extended the notation of
property (E. A) and CLRg property to the context of coupled fixed points in metric
spaces and fuzzy metric spaces and proved the coupled fixed point results in fuzzy
metric spaces.

Definition 1.6. [13] Let (X, d) be a metric space. Two mappings
F : X × X → X and g : X → X are said to satisfy property (E. A) if there exist
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two sequences {xn} and {yn} in X such that
lim

n−→∞
F (xn, yn) = lim

n−→∞
g(xn) = t1 and lim

n−→∞
F (yn, xn) = lim

n−→∞
g(yn) = t2

for some t1, t2 ∈ X.

Definition 1.7. [13] Let (X, d) be a metric space. Two mappings F : X ×X → X
and g : X → X are said to satisfy common limit in the range of g (CLRg) property
if there exist two sequences {xn} and {yn} in X such that
lim

n−→∞
F (xn, yn) = lim

n−→∞
g(xn) = gt1 and lim

n−→∞
F (yn, xn) = lim

n−→∞
g(yn) = gt2

for some t1, t2 ∈ X.

Remark 1.8. If F and g satisfy ‘property (E.A) with range of g is closed’ then F
and g satisfy ‘CLRg property’. But its converse is not true due to the following
example.

Example 1.9. Let X = (−4, 4). We define F : X ×X → X and g : X → X by

F (x, y) =
x− y

4
, x, y ∈ X

and
gx =

x

2
, x ∈ X.

Here g(X) = (−2, 2) is not a closed set. Now we choose two sequences {xn} and

{yn} in X by
xn = −2− 1

n and yn = 2 + 1
n , n = 1, 2, 3... . Hence

lim
n−→∞

F (xn, yn) = lim
n−→∞

g(xn) = −1 = g(−2)

and
lim

n−→∞
F (yn, xn) = lim

n−→∞
g(yn) = 1 = g(2).

Thus the pair (F, g) satisfy CLRg property.
Hence CLRg property is more general than property (E.A) with g(X) is closed.

In this paper, we prove a coupled common fixed point theorem for Ciric type
g−weak contractions by using CLRg property. Further, we consider a pair of
maps satisfying a new class of implicit relation with CLRg property and prove the
existence of coupled common fixed points.

In the following, we define
Φ = {ϕ/ϕ : R+ → R+ satisfying ϕ is continuous and ϕ(t) = 0 if and only if t = 0}.
Here we note that the classes of functions Φ1 and Φ are independent, in the sense
that neither Φ1 is contained in Φ nor Φ is contained in Φ1. We illustrate it in the
following examples.

Example 1.10. ϕ = [0,+∞) → [0,+∞) defined by ϕ(t) =

 t2 if t ∈ [0, 1]

1
t if t ∈ (1,∞).

Clearly ϕ ∈ Φ, but ϕ is not an increasing function. Hence ϕ does not belong to Φ1.

Example 1.11. ϕ = [0,+∞) → [0,+∞) defined by ϕ(t) =


t2

12 if t ∈ [0, 1]

t
10 if t ∈ (1,∞).
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Clearly ϕ ∈ Φ1, but ϕ is not a continuous function. Hence ϕ does not belong to Φ.

2. PRELIMINARIES

We define Ciric type g−weak contractions and a class of implicit relation in the
context of coupled fixed points.

Definition 2.1. Let (X, d) be a metric space. Let F : X × X → X, g : X → X
be two maps of a metric space X. We say that F is a Ciric type g-weak contraction
map if there exists ϕ ∈ Φ such that

d(F (x, y), F (u, v)) ≤ M(x, y, u, v)− ϕ(M(x, y, u, v)) for all x, y, u, v ∈ X; (2.1)
where
M(x, y, u, v) = max{d(gx, gu), d(gy, gv), d(gx, F (x, y)), d(gy, F (y, x)), d(gu, F (u, v)),

d(gv, F (v, u)), d(gx, F (u, v)), d(gy, F (v, u)), d(gu, F (x, y)), d(gv, F (y, x))}.

Remark 2.2. Suppose that F and g satisfy the inequality (1.1) with ϕ ∈ Φ1. If ϕ is
continuous then F is a Ciric type g− weak contraction. But its converse need not
be true (Example 2.3).
For, we assume that (1.1) holds.
i.e., d(F (x, y), F (u, v)) ≤ ϕ(Mg

F (x, y, u, v))
≤ M(x, y, u, v)− (I − ϕ)M(x, y, u, v)
= M(x, y, u, v)− φϕ(M(x, y, u, v)),

where φϕ = I − ϕ and it is clear that φϕ(t) = 0 if and only if t = 0.

Example 2.3. Let X = [−1, 1) with the usual metric. We define F : X ×X → X

and g : X → X by F (x, y) =


1
4 if x ≥ y

− 1
4 if x < y;

and gx =


1
2 if x 6= 0

0 if x = 0.

We define ϕ(t) = 1
8 t, t ≥ 0. Clearly ϕ ∈ Φ and F is a Ciric type g−weak contraction.

But for x = 1, y = u = 0 and v = 1, we have
d(F (x, y), F (u, v) = 1

2 � ϕ(max{ 1
2 , 1

2 , 1
4 , 1

4 , 1
4 , 1

4 , 1
2 , 1

2}) = ϕ( 1
2 ) for any ϕ ∈ Φ,

since ϕ(t) < t for t > 0.
Hence the inequality (1.1) fails to hold.

Definition 2.4. Let Λ be the set of all continuous functions T : R11
+ → R satisfying

the following conditions:
(T1) : there exists a mapping f : R+ → R+, f(t) < t for t > 0 such that

T (u, 0, 0, 0, 0, v1, v2, v1, v2, 0, 0) ≤ 0 for u > 0 or
T (u, v1, v2, 0, 0, 0, 0, v1, v2) ≤ 0 for u > 0
implies that u ≤ f(max{v1, v2}).

(T2) : T (u, 0, 0, u, u, 0, 0, 0, 0, 0, u) > 0 for u > 0.

Example 2.5. T (t1, t2, ..., t11) = t1 − k max{t2, t3}, where k ∈ [0, 1).
Let T (u, v1, v2, 0, 0, 0, 0, v1, v2, v1, v2) = u− k max{v1, v2} ≤ 0
i.e., u ≤ k max{v1, v2}.
Thus u ≤ f(max{v1, v2}) with f(t) = kt. Hence T1 satisfied.
Also T (u, 0, 0, u, u, 0, 0, 0, 0, 0, u) = u > 0 for u > 0. Thus T ∈ Λ.



COUPLED COMMON FIXED POINT THEOREMS OF CIRIC TYPE g−WEAK CONTRACTIONS 137

Example 2.6. T (t1, t2, ..., t11) = t1 − ϕ(max{t2, t3, t4, t5, t6, t7, t8+t9
2 , t10+t11

2 })
with ϕ(t) < t for t > 0, ϕ(t) = 0 if and only if t = 0 and ϕ is continuous.
Let u > 0 and T (u, v1, v2, 0, 0, 0, 0, v1, v2, v1, v2) = u− ϕ

(
max{v1, v2}

)
≤ 0.

Hence u ≤ f(max{v1, v2}) with f = ϕ.

Also T (u, 0, 0, u, u, 0, 0, 0, 0, 0, u) = u > 0 for u > 0. Thus T ∈ Λ.

Example 2.7. T (t1, t2, ..., t11) = t1 − α t8t9+t10t11
1+t2+t3+t4+t5+t6+t7

where 0 ≤ α < 1.

Let u > 0, T (u, 0, 0, 0, 0, v1, v2, v1, v2, 0, 0) = u− α v1v2
1+v1+v2

≤ 0.

i.e., u ≤ α v1v2
1+v1+v2

≤ α max{v1, v2}. Hence u ≤ f(max{v1, v2}) with f(t) = α

for all t ≥ 0. Also T (u, 0, 0, u, u, 0, 0, 0, 0, 0, u) = u > 0 for u > 0. Thus T ∈ Λ.

Example 2.8. T (t1, t2, ..., t11) = t1 − (a1t2 + a2t3 + · · ·+ a10t11)

where
10∑

i=0

ai < 1. Let u > 0,

T (u, 0, 0, 0, 0, v1, v2, v1, v2, 0, 0) = u− [(a6 + a8)v1 + (a7 + a9)v2] ≤ 0.

i.e., u ≤ (a6 + a8)max{v1, v2}+ (a7 + a9)max{v1, v2}
= (a6 + a7 + a8 + a9)max{v1, v2}.

Thus u ≤ f(max{v1, v2}) with f(t) = (a6 + a7 + a8 + a9)t.
Also T (u, 0, 0, u, u, 0, 0, 0, 0, 0, u) = u− (a3 + a4 + a11)u > 0 for u > 0.

Hence T ∈ Λ.

3. MAIN RESULTS

The following is the main result of this section.

Theorem 3.1. Let (X, d) be a metric space and F : X × X → X, g : X → X
be two maps, the pair (F, g) satisfy CLRg property and F is a Ciric type g−weak
contraction map then F and g have a coupled coincidence point. Further, F and g
have a unique coupled common fixed point provided F and g are w-compatible.

Proof. Since F and g satisfy CLRg property, there exist two sequences
{xn} and {yn} in X such that lim

n−→∞
F (xn, yn) = lim

n−→∞
g(xn) = gx and

lim
n−→∞

F (yn, xn) = lim
n−→∞

g(yn) = gy for some x, y ∈ X.

Now, we prove that gx = F (x, y) and gy = F (y, x).
Assume that d(gx, F (x, y)) > 0 or d(gy, F (y, x)) > 0.
Now, we consider
d(gx, F (x, y)) ≤ d(gx, F (xn, yn)) + d

(
F (xn, yn), F (x, y))

≤ d(gx, F (xn, yn)) + M(xn, yn, x, y)− ϕ(M(xn, yn, x, y)) (3.2)
where
M(xn, yn, x, y) = max{d(gxn, gx), d(gyn, gy), d(gxn, F (xn, yn)), d(gyn, F (yn, xn)),

d(gx, F (x, y)), d(gy, F (y, x)), d(gxn, F (x, y)), d(gyn, F (y, x)),

d(gx, F (xn, yn)), d(gy, F (yn, xn))}.
On taking limits as n →∞, in M(xn, yn, x, y), we get
lim

n−→∞
M(xn, yn, x, y) = max{d(gx, F (x, y)), d(gy, F (y, x))}.

Now, on taking limits as n →∞ in (3.2), we get
d(gx, F (x, y)) ≤ max{d(gx, F (x, y)), d(gy, F (y, x))}
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−ϕ(max
{
d(gx, F (x, y)), d(gy, F (y, x))

}
)

< max
{
d(gx, F (x, y)), d(gy, F (y, x))

}
. (3.3)

Similarly we get,
d(gy, F (y, x)) < max{d(gx, F (x, y)), d(gy, F (y, x))}. (3.4)

Hence from (3.3) and (3.4) we get
max{d(gx, F (x, y)), d(gy, F (y, x))} < max{d(gx, F (x, y)), d(gy, F (y, x))},
a contradiction.
Hence gx = F (x, y) and gy = F (y, x).
Thus (x, y) is a coupled coincidence point of F and g.

Let (x, y) and (x∗, y∗) be two coupled coincidence points of F and g.

Now, we prove that gx = gx∗ and gy = gy∗.

We assume that d(gx, gx∗) > 0 or d(gy, gy∗) > 0.
Now, we consider
d(gx, gx∗) = d(F (x, y), F (x∗, y∗))

≤ M(x, y, x∗, y∗)− ϕ(M(x, y, x∗, y∗))
< M(x, y, x∗, y∗) (3.5)

where
M(x, y, x∗, y∗) = max{d(gx, gx∗), d(gy, gy∗), d(gx, F (x, y)), d(gy, F (y, x)),

d(gx∗, F (x∗, y∗)), d(gy∗, F (y∗, x∗)), d(gx, F (x∗, y∗)),
d(gy, F (y∗, x∗)), d(gx∗, F (x, y)), d(gy∗, F (y, x))}

= max{d(gx, gx∗), d(gy, gy∗)}.
Similarly we get
d(gy, gy∗) < max{d(gx, gx∗), d(gy, gy∗)}. (3.6)
Henc, from (3.5) and (3.6), we get
max{d(gx, gx∗), d(gy, gy∗)} < max{d(gx, gx∗), d(gy, gy∗)},
a contradiction.
Hence gx = gx∗ and gy = gy∗. (3.7)
Now, we prove that gx = gy∗ and gy = gx∗.

We assume that d(gx, gy∗) > 0 or d(gy, gx∗) > 0.
Consider
d(gx, gy∗) = d(F (x, y), F (y∗, x∗))

≤ M(x, y, y∗, x∗)− ϕ(M(x, y, y∗, x∗))
< M(x, y, y∗, x∗) (3.8)

where
M(x, y, y∗, x∗) = max{d(gx, gy∗), d(gy, gx∗), d(gx, F (x, y)), d(gy, F (y, x)),

d(gy∗, F (y∗, x∗)), d(gx∗, F (x∗, y∗)), d(gx, F (y∗, x∗)),
d(gy, F (x∗, y∗)), d(gy∗, F (x, y)), d(gx∗, F (y, x))

}
= max

{
d(gx, gy∗), d(gy, gx∗)}.

Similarly we get
d(gy, gx∗) < max{d(gx, gy∗), d(gy, gx∗)}. (3.9)
Hence, from (3.8) and (3.9), we get
max{d(gx, gy∗), d(gy, gx∗)} < max{d(gx, gy∗), d(gy, gx∗)},
a contradiction. Hence
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gx = gy∗ and gy = gx∗. (3.10)
Thus, from (3.7) and (3.10), we get

gx = gx∗ = gy = gy∗. (3.11)

Let (x, y) be a coupled coincidence point of F and g, hence gx = F (x, y) and
gy = F (y, x). Let us take u = gx and v = gy. Since F and g are w−compatible, we
have

gu = ggx = gF (x, y) = F (gx, gy) = F (u, v)
and

gv = ggy = gF (y, x) = F (gy, gx) = F (v, u).
Hence (u, v) is a coupled coincidence point, hence from (3.7) we have
gu = gx and gv = gy. Thus
u = gx = gu = F (u, v) and v = gy = gv = F (v, u). (3.12)

Hence (u, v) is a coupled common fixed point.
And from (3.11) we have u = v.

Let (u1, v1) be another coupled common fixed point of F and g.

i.e., u1 = gu1 = F (u1, v1) and v1 = gv1 = F (v1, u1) (3.13)
From (3.11), (3.12) and (3.13), we get
u1 = gu1 = gu = u and v1 = gv1 = gv = v.

Hence coupled common fixed point is unique. �

Corollary 3.1. Let (X, d) be a metric space and F : X ×X → X, g : X → X be
two maps, the pair (F, g) satisfy property (E.A), g(X) is closed and F is a Ciric type
g−weak contraction map then F and g have a coupled coincidence point. Further, F
and g have a unique coupled common fixed point provided F and g are w-compatible.

Proof. Since the pair (F, g) satisfies property (E.A) and g(X) is closed, by Remark
1.8 we have F and g satisfy CLRg property and hence by Theorem 3.1 the
conclusion of this corollary follows. �

Example 3.2. Let X = [0, 1) with the usual metric.
We define F : X ×X → X by

F (x, y) =



x−y
3 if x, y ∈ [0, 1

3 ) with x ≥ y

1
2 if x, y ∈ [ 13 , 1) with x ≥ y

0 otherwise;

and g : X → X defined by gx =

 x if x ∈ [0, 1
3 )

9
10 if x ∈ [ 13 , 1).

Now, we choose the sequences {xn} and {yn} in X by xn = 1
n+3 and yn = 1

3n+1 ,
n = 1, 2, 3, ..., then
lim

n−→∞
F (xn, yn) = lim

n−→∞
g(xn) = 0 = g0 and

lim
n−→∞

F (yn, xn) = lim
n−→∞

g(yn) = 0 = g0.

Hence the pair (F, g) satisfy CLRg property.
We define ϕ : R+ → R+ by ϕ(t) = 1

8 t, t ≥ 0; here we observe that t − ϕ(t) is an
increasing function.
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Now, we consider the following cases to check the inequality (2.1).

First we consider the case x, y, u, v ∈ [0, 1
3 ).

Now, we have the following four subcases.

Subcase (i) : x ≥ y and u ≥ v.
Now

d(F (x, y), F (u, v)) ≤



1
3 [(x− u) + (v − y)] if x ≥ u, v ≥ y

1
3 [(x− u) + (y − v)] if x ≥ u, v < y

1
3 [(u− x) + (v − y)] if x < u, v ≥ y

1
3 [(u− x) + (y − v)] if x < u, v < y. (3.14)

and
M(x, y, u, v) = max{|x−u|, |y− v|, 2x+y

3 , y, 2u+v
3 , v, | 3x−u+v

3 |, y, | 3u−x+y
3 |, v

}
.

Hence (3.14) ≤


7
8 [ 3x−u+v

3 ] whenever (x ≥ u, v ≥ y) or (x ≥ u, v < y)

7
8 [ 3u−x+y

3 ] whenever (x < u, v ≥ y) or (x < u, v < y)

= M(x, y, u, v)− ϕ(M(x, y, u, v)).

Subcase (ii) : x ≥ y, u < v.
In this subcase, we have

d(F (x, y), F (u, v)) = 1
3 (x− y) ≤


7
8x if max{x, y, u, v} = x

7
8v if max{x, y, u, v} = v

= M(x, y, u, v)− ϕ(M(x, y, u, v))
where
M(x, y, u, v) = max{|x− u|, |y − v|, 2x+y

3 , y, u, 2v+u
3 , x, |y − v−u

3 |, |u− x−y
3 |, v

}
.

Subcase (iii) : x < y, u ≥ v.
By symmetry in the inequality (2.1), it is clear that the inequality (2.1) holds as in
Sub case (ii).

Subcase (iv) : x < y, u < v. Inequality (2.1 ) holds trivially.

In the following cases, i.e.,
(i) x, y, u, v ∈ [ 13 , 1) or u, v ∈ [0, 1

3 ) and x, y ∈ [ 13 , 1) with x ≥ y, u < v;
(ii) u ∈ [0, 1

3 ) and x, y, v ∈ [ 13 , 1) with x ≥ y;
(iii) v ∈ [0, 1

3 ) and x, y, u ∈ [ 13 , 1) with x ≥ y.
In these cases, we have
d
(
F (x, y), F (u, v)

)
= 1

2 ≤
7
8

9
10 = M(x, y, u, v)− ϕ(M(x, y, u, v)),

where M(x, y, u, v) = 9
10 .

Now we consider the following cases:
(i) x, y ∈ [0, 1

3 ) and u, v ∈ [ 13 , 1) with x ≥ y, u < v;
(ii) x, y, u ∈ [0, 1

3 ) and v ∈ [ 13 , 1) with x ≥ y;
(iii) x, y, v ∈ [0, 1

3 ) and u ∈ [ 13 , 1) with x ≥ y.
In these cases, we have
d
(
F (x, y), F (u, v)

)
= 1

3 (x− y) ≤ 7
8

9
10 = M(x, y, u, v)− ϕ(M(x, y, u, v)),

where M(x, y, u, v) = 9
10 .
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Also, we consider the following case :
x, y ∈ [0, 1

3 ) and u, v ∈ [ 13 , 1) with x ≥ y, u ≥ v then
d
(
F (x, y), F (u, v)

)
= 3−2(x−y)

6 ≤ 7
8

9
10 = M(x, y, u, v)− ϕ(M(x, y, u, v)),

where M(x, y, u, v) = 9
10 .

Further, we have the following cases :
(i) x < y, u < v; x, y, u, v ∈ X;
(ii) u, v are in different intervals and x, y are in different intervals;
(iii) x, y are in different intervals with u < v;
(iv) u, v are in different intervals with x < y.
In these cases, we have d

(
F (x, y), F (u, v)

)
= 0.

Since the inequality (2.1) is symmetric, the other cases i.e., x is replaced by u and
y is replaced by v also hold.
Now at (x, y) = (0, 0) we have gx = F (x, y), gy = F (y, x) and
gF (x, y) = F (gx, gy). Hence F and g satisfy all the hypotheses of Theorem 3.1 and
(0, 0) is a coupled common fixed point. In fact (0, 0) is unique.

Remark 3.3. In Theorem 3.1, we considered Ciric type g− weak contraction which
is more general than the inequality (1.1) and relaxed the condition F (X × X) ⊆
g(X) but imposed a condition namely ϕ is continuous on R+. Thus Theorem 3.1 is
a partial generalization of Theorem 1.1.

Theorem 3.2. Let (X, d) be a metric space, F : X ×X → X and g : X → X be two
mappings such that

(i) F and g satisfy CLRg property,
(ii) there exists T ∈ Λ such that

Td(F (x, y), F (u, v)), d(gx, gu), d(gy, gv), d(gx, F (x, y)), d(gy, F (y, x)),
d(gu, F (u, v)), d(gv, F (v, u)), d(gx, F (u, v)), d(gy, F (v, u)),
d(gu, F (x, y)), d(gv, F (y, x))) ≤ 0 for all x, y, u, v ∈ X. (3.15)

Then (a) the pair (F, g) has a coupled fixed point and

(b) the pair (F, g) has a unique coupled common fixed point provided it is
w− compatible.

Proof. By (i), there exist two sequences {xn} and {yn} in X such that

lim
n−→∞

F (xn, yn) = lim
n−→∞

g(xn) = gx and

lim
n−→∞

F (yn, xn) = lim
n−→∞

g(yn) = gy for some x, y ∈ X.

Now, we prove that gx = F (x, y) and gy = F (y, x).

We assume that d(gx, F (x, y)) > 0 or d(gy, F (y, x)) > 0.
Now, we consider
T (d(F (xn, yn), F (x, y)), d(gxn, gx), d(gyn, gy), d(gxn, F (xn, yn)),

d(gyn, F (yn, xn)), d(gx, F (x, y)), d(gy, F (y, x)), d(gxn, F (x, y)),

d(gyn, F (y, x)), d(gx, F (xn, yn)), d(gy, F (yn, xn))) ≤ 0.
On taking limits as n →∞, we get

T
(
d(gx, F (x, y)), 0, 0, 0, 0, d(gx, F (x, y)), d(gy, F (y, x)), d(gx, F (x, y)),

d(gy, F (y, x)), 0, 0
)
≤ 0.
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Hence from condition (T1) of Definition 2.4 we get

d(gx, F (x, y)) ≤ f(max{d(gx, F (x, y)), d(gy, F (y, x))}). (3.16)
Again we consider
T

(
d(F (yn, xn), F (y, x)), d(gyn, gy), d(gxn, gx), d(gyn, F (yn, xn)),

d(gxn, F (xn, yn)), d(gy, F (y, x)), d(gx, F (x, y)), d(gyn, F (y, x)),

d(gxn, F (x, y)), d(gy, F (yn, xn)), d(gx, F (xn, yn))) ≤ 0.
On taking limits as n →∞, we get
T

(
d(gy, F (y, x)), 0, 0, 0, 0, d(gy, F (y, x)), d(gx, F (x, y)), d(gy, F (y, x)),

d(gx, F (x, y)), 0, 0
)
≤ 0.

Hence from condition (T1) of Definition 2.4 we get

d(gy, F (y, x)) ≤ f
(
max{d(gx, F (x, y)), d(gy, F (y, x))}

)
. (3.17)

From (3.16) and (3.17) we get

max{d(gx, F (x, y)), d(gy, F (y, x))} ≤ f(max{d(gx, F (x, y)), d(gy, F (y, x))}),

< max{d(gx, F (x, y)), d(gy, F (y, x))},
a contradiction.
Hence gx = F (x, y) and gy = F (y, x).

Thus (x, y) is a coupled fixed point of F and g.
Let (x, y) and (x∗, y∗) be two coupled coincidence points of F and g.
Now, we prove that gx = gx∗ and gy = gy∗.

We assume that d(gx, gx∗) > 0 and d(gy, gy∗) > 0.
Now, we consider
T (d(F (x, y), F (x∗, y∗)), d(gx, gx∗), d(gy, gy∗), d(gx, F (x, y)), d(gy, F (y, x))

d(gx∗, F (x∗, y∗)), d(gy∗, F (y∗, x∗)), d(gx, F (x∗, y∗)), d(gy, F (y∗, x∗))

d(gx∗, F (x, y)), d(gy∗, F (y, x))) ≤ 0. Hence

T
(
d(gx, gx∗), d(gx, gx∗), d(gy, gy∗), 0, 0, 0, 0, d(gx, gx∗), d(gy, gy∗),

d(gx∗, gx), d(gy, gy∗), d(gx∗, gx), d(gy∗, gy)
)
≤ 0.

Hence from condition (T1) of Definition 2.4 we get

d(gx, gx∗) ≤ f
(
max{d(gx, gx∗), d(gy, gy∗)}

)
. (3.18)

Similarly it follows that
d(gy, gy∗) ≤ f

(
max{d(gx, gx∗), d(gy, gy∗)}

)
. (3.19)

From (3.18) and (3.19) we have
max{d(gx, gx∗), d(gy, gy∗)} ≤ f

(
max{d(gx, gx∗), d(gy, gy∗)}

)
< max{d(gx, gx∗), d(gy, gy∗)},

a contradiction.
Hence gx = gx∗ and gy = gy∗.
Now we prove that gx = gy∗ and gy = gx∗.

We assume that either d(gx, gy∗) > 0 or d(gy, gx∗) > 0.
Now, we consider
T (d(F (x, y), F (y∗, x∗)), d(gx, gy∗), d(gy, gx∗), d(gx, F (x, y)), d(gy, F (y, x)),

d(gy∗, F (y∗, x∗)), d(gx∗, F (x∗, y∗)), d(gx, F (y∗, x∗)), d(gy, F (x∗, y∗))
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d(gy∗, F (x, y)), d(gx∗, F (y, x))) ≤ 0.

T (d(gx, gy∗), d(gx, gy∗), d(gy, gx∗), 0, 0, 0, 0, d(gx, gy∗), d(gy, gx∗),

d(gy∗, gx), d(gx∗, gy)) ≤ 0. Hence

T (d(gx, gy∗), d(gx, gx∗), d(gy, gy∗), 0, 0, 0, 0, d(gx, gx∗), d(gy, gy∗),

d(gx∗, gx), d(gy, gy∗), d(gx∗, gx), d(gy∗, gy)) ≤ 0.
Hence from condition (T1) of Definition 2.4, we get

d(gx, gy∗) ≤ f
(
max{d(gx, gy∗), d(gy, gx∗)}

)
. (3.20)

Similarly it follows that
d(gy, gx∗) ≤ f

(
max{d(gx, gy∗), d(gy, gx∗)}

)
. (3.21)

From (3.20) and (3.21) we have
max{d(gx, gy∗), d(gy, gx∗)} ≤ f(max{d(gx, gy∗), d(gy, gx∗)})

< max{d(gx, gy∗), d(gy, gx∗)},
a contradiction.
Hence gx = gy∗ and gy = gx∗.

Thus gx = gx∗ = gy = gy∗. (3.22)
Let (x, y) be a coupled coincidence point and take u = gx, v = gy.

Hence u = gx = F (x, y) and v = gy = F (y, x).
Since the pair (F, g) is w−compatible, we have

gu = ggx = gF (x, y) = F (gx, gy) = F (u, v)
and

gv = ggy = gF (y, x) = F (gy, gx) = F (v, u)
so that (u, v) is a coupled coincidence point. Hence gu = gx and gy = gv.
Thus u = gx = gu = F (u, v) and v = gy = gv = F (v, u).
Hence (u, v) is a coupled common fixed point.
Moreover from (3.22) we get u = v.
Now we suppose that (u1, v1) be another coupled common fixed point
i.e., u1 = gu1 = F (u1, v1) and v1 = gv1 = F (v1, u1).
From (3.22) we get
u1 = gu1 = gu = u and v1 = gv1 = gv = v.
Hence coupled fixed point is unique. �

Corollary 3.4. Let (X, d) be a metric space, F : X×X → X and g : X → X be two
mappings such that

(i) F and g satisfy property (E.A),
(ii) g(X) is a closed subset of X,
(iii) there exists T ∈ Λ such that

T (d(F (x, y), F (u, v)), d(gx, gu), d(gy, gv), d(gx, F (x, y)), d(gy, F (y, x)), d(gu, F (u, v),

d(gv, F (v, u)), d(gx, F (u, v)), d(gy, F (v, u)), d(gu, F (x, y)), d(gv, F (y, x))) ≤ 0
for all x, y ∈ X,
then (a) the pair (F, g) has a coupled fixed point

(b) the pair (F, g) has a unique coupled common fixed point provided it is
w− compatible.

Example 3.5. Let X = [0, 1) with the usual metric. We define T : R11
+ → R by

T (t1, t1, ..., t11) = t1 − h max{t2, t3, t4, t5, t6, t7, t8, t9, t10, t11}, where h = 2
3 .



144 G. V. R. BABU AND P. SUBHASHINI/JNAO : VOL. 4, NO. 1, (2013), 133-145

Clearly T ∈ Λ. Now, we define F : X ×X → X and g : X → X by

F (x, y) =


2x−y

3 if x ≥ y

0 if x < y;
gx =

 x if x ∈ [0, 1
5 )

9
10 if x ∈ [ 15 , 1).

Now, we choose the sequences {xn} and {yn} in X by
xn = 1

n+5 and yn = 1
2(n+2) , n = 1, 2, 3..., then

lim
n−→∞

F (xn, yn) = lim
n−→∞

g(xn) = 0 = g0
and

lim
n−→∞

F (yn, xn) = lim
n−→∞

g(yn) = 0 = g0 .

We define ϕ : R+ → R+ by ϕ(t) = t
9 , t ≥ 0; here we observe that t − ϕ(t) is

an increasing function. And at (x, y) = (0, 0) we have gF (x, y) = F (gx, gy). Here
we note that F and g satisfy the inequality (3.15). Hence F and g satisfy all the
hypotheses of Theorem 3.2. and (0, 0) is a coupled common fixed point. Moreover
(0, 0) is unique.
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ABSTRACT. In this paper we develope the weak contraction mapping principle in the context
of partial metric spaces which are generalizations of metric spaces meant for the study of
denotational semantics of programming languages. We consider certain control conditions
for this purpose and accomplish the task in partial metric spaces. Additionally, a partial
order is defined on this space. An illustrative example is given. The method we use in this
paper is a combination of analytic and order theoretic methodologies.
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1. INTRODUCTION

Fixed points play an important role in computer science especially for justifica-
tions of induction and recursive definitions. In 1994 Matthews [23, 24] introduced
the conception of partial metric spaces as generalizations of metric spaces where
self distance may be non-zero. The motivation for such a generalization comes
from the study of denotational semantics of programming languages in computer
science [38] where it was felt that a metric approach to this study is not possible
unless the definition of the metric is suitably modified. Our interest is to prove
fixed point results in this space. Fixed points have important roles to play in com-
puter science, especially in semantics [37]. The study of fixed points in partial
metric spaces was initiated in [23] where Matthews established a contraction map-
ping theorem in partial metric spaces. Other fixed point results followed this work.
Some instances of these works are in [1, 4-6, 21, 22, 31, 33, 35, 40].
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In metric spaces we find a lot of efforts to generalize the Banachs contraction
mapping principle as, for instances, in [7, 9, 25, 39]. Particularly, Alber and
Guerre-Delabriere in [3] introduced the concept of weak contraction in Hilbert
spaces. Rhoades in [34] has shown that the result which Alber et al. proved
in [3] is also valid in complete metric spaces. A weak contraction is intermediate to
contraction mapping and a nonexpansive mapping. The weak contraction principle
established by Rhoades in metric spaces as mentioned above has been generalized
in a number of ways. Dutta and Choudhury [15] has proved a generalization
employing a method different from that used by Rhoades. Another approach of
generalisation was initiated by Eslamian and Abkar [17] and was further adopted
by Choudhury and Kundu [14].
A separate methodology was applied to this problem by Popescu [32] and proved
that some of the control conditions used by Doric [16] are not required. There
are several other fixed point results of weakly contractive mappings and their gen-
eralizations. Some instances of these works are noted in [10, 12-13, 16, 28, 29, 41].

In recent years fixed point theory has experienced a rapid development in par-
tially ordered metric spaces. References [2, 8, 11, 19, 27, 30] are some instances
of these works. Particularly, Harjani et. al have established a generalized weak
contraction principle in partially ordered metric spaces [20].

The purpose of this paper is to weaken the contractive conditions in partial met-
ric spaces having a partial ordering defined on them. We have shown that the
weak contractions necessarily have fixed points in partially ordered partial metric
spaces. using the notion of weak control conditions two fixed point theorems in
ordered partial metric spaces in view of Popescu [32] conditions has been proved.
Here our effort is to show that a parallel development is also possible in partial
metric spaces with a partial order. Our approach is a blending of analytic and
order theoretic methods. We have given an illustrative examples.

The following are some essential concepts for our discussion in this paper.

Definition 1.1. [23] Let X be a nonempty set and let p : X ×X →R+ be such that
the following are satisfied, for all x, y, z ∈ X

(P1) x = y ⇐⇒ p(x, x) = p(y, y) = p(x, y)
(P2) p(x, x) ≤ p(x, y)
(P3) p(x, y) = p(y, x)
(P4) p(x, y) ≤ p(x, z) + p(z, y)− p(z, z).

Then the pair (X, p) is called a partial metric space and p is called a partial
metric on X.
It is clear that, if p(x, y) = 0, then from (p1) and (p2) x = y. But if x = y, p(x, y)
may not be 0. If p be a partial metric on X, then the function dp : X × X → R+

defined as

dp(x, y) = 2p(x, y)− p(x, x)− p(y, y) (1.1)

satisfies the conditions of an usual metric on X [23]. Each partial metric p on X
generates a T0 topology τp on X, whose base is a family of open p−balls {Bp(x, ε) :
x ∈ X, ε > 0} where Bp(x, ε) = {y ∈ X : p(x, y) ≤ p(x, x) + ε} for all x ∈ X and
ε > 0 [23].
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The concepts of convergence, Cauchy sequence, completeness and continuity in
partial metric space is given in the following definition.

Definition 1.2. [23] Let (X, p) be a partial metric space.

(1) A sequence {xn} in the partial metric space (X, p) converges to the limit x if
and only if p(x, x) = lim

n→∞
p(x, xn).

(2) A sequence {xn} in the partial metric space (X, p) is called a Cauchy se-
quence if lim

m,n→∞
p(xm, xn) exists and is finite.

(3) A partial metric space (X, p) is called complete if every Cauchy sequence {xn}
in X converges with respect to τp to a point x ∈ X such that
p(x, x) = lim

m,n→∞
p(xm, xn).

(4) A mapping f : X → X is said to be continuous at x0 ∈ X if for every ε > 0,
there exists δ > 0 such that f(Bp(x0, δ)) ⊆ Bp(fx0, ε).

The following implication follows from the above definition.
If a function f : X → X where (X, p) is a partial metric space is continuous

then fxn → fx whenever xn → x as n→∞.

Lemma 1.3. [23] Let (X, p) be a partial metric space.

(1) A sequence {xn} is a Cauchy sequence in the partial metric space (X, p) if and
only if it is a Cauchy sequence in the metric space (X, dp).

(2) A partial metric space (X, p) is complete if and only if the metric space (X, dp)
is complete. Moreover, lim

n→∞
dp(x, xn) = 0 if and only if p(x, x) = lim

n→∞
p(x, xn) =

lim
m,n→∞

p(xm, xn).

Definition 1.4. A function f : R → R is said to be monotone non-decreasing (or
monotone increasing) if x ≥ y implies f(x) ≥ f(y).

The following are examples of a partial metric spaces.

Example 1.5. [22] Let X =[0,1] and p : X × X →R+ be defined as p(x, y) =
max{x, y}. Then, (X, p) is a partial metric space and it is also complete.

We construct the following example of a partial metric spaces.

Example 1.6. Let X = {0, 1, 2, 3, 4, .....}. We define p : X ×X →R+ as

p(x, y) =
{

x+ y + 2, if x 6= y,
1, if x = y.

Then p is a partial metric on X.
The properties (P1), (P2) and (P3) are directly verified by inspection. We prove

(P4) in the following. Let a, b, c ∈ X. If a 6= c then
i) p(a, c) = a + c + 2 < a + b + 2 + b + c + 2 − 1 = p(a, b) + p(b, c) − p(b, b) (if

b 6= a and b 6= c).

ii) p(a, c) = a + c + 2 < 1 + a + c + 2 = p(a, b) + p(b, c) − p(b, b) (if b = a and
b 6= c).
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If a = c then p(a, c) = 1 ≤ p(a, b) + p(b, c)− 1 = p(a, b) + p(b, c)− p(b, b).
Thus (P4) is satisfied.

In view of (1.1) the function dp : X ×X → R+ defined as

dp(x, y) =
{

2x+ 2y + 2, if x 6= y,
0, if x = y.

It is a metric on X.

2. MAIN RESULTS

Theorem 2.1. Let (X,�) be a partially ordered set and let there be a partial metric
p on X such that (X, p) is a complete partial metric space. Let f : X → X be a
continuous and non-decreasing mapping such that

ψ(p(fx, fy)) ≤ ψ(M(x, y))− β(M(x, y)) whenever x, y ∈ X and x � y, (2.1)

with

M(x, y) = max{p(x, y), p(Tx, x), p(y, Ty), 1
2
[p(y, Tx) + p(x, Ty)]} (2.2)

where
i) ψ : [0,∞)→ [0,∞) is a monotone non-decreasing function such that ψ(t) = 0 if

and only if t = 0,
ii) β : [0,∞)→ [0,∞) is a function satisfying β(0) = 0, lim inf

n→∞
β(an) > 0 whenever

lim
n→∞

an = a > 0,

iii) β(t) > ψ(t)− ψ(t−) for all t > 0, where ψ(t−) is the left limit of ψ at t.
If there exists x0 ∈ X such that x0 � fx0, then f has a fixed point.

Proof. Starting with x0 ∈ X, and following the same steps as in theorem 2.1, we
obtain a sequence {xn} in X defined as

fxn = xn+1 for all n ≥ 0, (2.3)

for which

x0 � fx0 = x1 � fx1 = x2 � fx2 � ........ � fxn−1 = xn � fxn = xn+1 � .....
(2.4)

If xn = xn+1, then f has a fixed point. Therefore we assume that

xn 6= xn+1, for all n ≥ 0.

Then it follows from the definition of p that

p(xn, xn+1) 6= 0 for all n ≥ 0. (2.5)

Let, if possible, for some n

p(xn−1, xn) < p(xn, xn+1). (2.6)

By triangular inequality of partial metric space,
1
2
(p(xn−1, xn+1) + p(xn, xn)) ≤ 1

2
(p(xn−1, xn) + p(xn, xn+1))

≤ max{p(xn−1, xn), p(xn, xn+1)}

Now,

M(xn−1, xn) = max{p(xn−1, xn), p(xn−1, xn), p(xn, xn+1),
1
2
[p(xn, xn) + p(xn−1, xn+1)]}

= p(xn, xn+1) [by ( 2.6)]
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Substituting x = xn−1 and y = xn in (2.1), using (2.2), (2.3), (2.4) and the
monotone property of ψ, for all n ≥ 0, we have

ψ(p(xn, xn+1)) = ψ(p(fxn−1, fxn))

≤ ψ(M(xn−1, xn))− β(M(xn−1, xn))

. ≤ ψ(p(xn, xn+1))− β(p(xn, xn+1)) (2.7)

A consequence of the properties of β given in condition (ii) of the theorem is that
β(a) > 0 for a > 0. Then from (2.5), β(p(xn, xn+1)) > 0. With this, (2.7) leads to a
contradiction. Therefore, for all n ≥ 1,

p(xn, xn+1) ≤ p(xn−1, xn).

Thus the sequence {p(xn, xn+1)} is a monotone decreasing sequence of non-negative
real numbers and consequently there exists r ≥ 0 such that

lim
n→∞

p(xn, xn+1) = r. (2.8)

Suppose that r > 0. If there exists n such that p(xn, xn+1) = r, then, by (2.7) we
have ψ(r) ≤ ψ(r)−β(r). Since β(r) > 0, this is a contradiction. So p(xn, xn+1) >
r, for all n ≥ 0. Then taking limit infimum as n → ∞ in (2.7), using (2.8) and the
fact that {p(xn, xn+1)} is monotone decreasing, we have

ψ(r+) ≤ ψ(r+)− lim
n→∞

inf β(p(xn, xn+1)).

By virtue of condition (ii), lim
n→∞

inf β(p(xn, xn+1)) > 0. So the above inequality leads
to a contradiction. Hence

lim
n→∞

p(xn, xn+1) = 0. (2.9)

It follows by (P1) and (P2) of definition 1.1 that

lim
n→∞

p(xn, xn) = 0. (2.10)

Since from (1.1), dp(x, y) ≤ 2p(x, y) for all x, y ∈ X, for all n ≥ 0, from (2.9) it
follows that

lim
n→∞

dp(xn, xn+1) = 0. (2.11)

Next we show that {xn} is a Cauchy sequence in (X, dp). If not, then there exists
some ε > 0 for which we can find two subsequences {xm(k)} and {xn(k)} of {xn}
such that, for all k ≥ 0,

n(k) > m(k) > k,

dp(xm(k), xn(k)) ≥ ε (2.12)
and

dp(xm(k), xn(k)−1) < ε. (2.13)
Now, for all k ≥ 0, we have

ε ≤ dp(xm(k), xn(k)) ≤ dp(xm(k), xn(k)−1) + dp(xn(k)−1, xn(k))

< ε+ dp(xn(k)−1, xn(k)) (by(2.13)).
Taking k →∞ in the above inequality, using (2.11), we obtain

lim
k→∞

dp(xm(k), xn(k)) = ε. (2.14)

Also, for all k ≥ 0, we have
dp(xm(k)−1, xn(k)−1) ≤ dp(xm(k)−1, xm(k)) + dp(xm(k), xn(k)) + dp(xn(k), xn(k)−1)
and dp(xm(k), xn(k)) ≤ dp(xm(k), xm(k)−1)+dp(xm(k)−1, xn(k)−1)+dp(xn(k)−1, xn(k)).
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Taking limit as k →∞ in the above two inequalities, using (2.11) and (2.14) we
obtain

lim
k→∞

dp(xm(k)−1, xn(k)−1) = ε. (2.15)

For k=1,2,3...

dp(xn(k)−1, xm(k)) ≤ dp(xn(k)−1, xn(k)) + dp(xn(k), xm(k)) (2.16)

and
dp(xn(k), xm(k)) ≤ dp(xn(k), xn(k)−1) + dp(xn(k)−1, xm(k)). (2.17)

Making k → ∞ in (2.16) and (2.17) respectively, and using (2.14) and (2.11) we
have

lim
k→∞

dp(xn(k)−1, xm(k)) = ε. (2.18)

Again for k=1,2,3...

dp(xn(k), xm(k)−1) ≤ dp(xn(k), xm(k)) + dp(xm(k), xm(k)−1)

and dp(xn(k), xm(k)) ≤ dp(xn(k), xm(k)−1) + dp(xm(k)−1, xm(k)).
Making k →∞ in the above two inequalities and using (2.14) and (2.11) we obtain

lim
k→∞

dp(xn(k), xm(k)−1) = ε. (2.19)

Since for all x, y ∈ X, dp(x, y) ≤ 2p(x, y)− p(x, x)− p(y, y) by using, (2.14), (2.15),
(2.18) and (2.19) we get

lim
k→∞

p(xm(k), xn(k)) =
ε

2
, (2.20)

lim
k→∞

p(xn(k)+1, xm(k)) =
ε

2
, (2.21)

lim
k→∞

p(xm(k)−1, xn(k)+1) =
ε

2
(2.22)

and
lim

k→∞
p(xn(k), xm(k)−1) =

ε

2
. (2.23)

Next we show that for sufficiently large k, p(xm(k), xn(k)) ≤
ε

2
.

If not, then there exists a subsequence {k(i)} of N such that for all i > 0,
ε

2
< p(xm(k(i)), xn(k(i)))). (2.24)

In view of (2.4), substituting x = xm(k(i))−1 and y = xn(k(i))−1 in (2.1), for all i > 0,
we have

ψ(p(xm(k(i)), xn(k(i))))
= ψ(p(fxm(k(i))−1, fxn(k(i))−1))
≤ ψ(M(xm(k(i))−1, xn(k(i))−1))− β(M(xm(k(i))−1, xn(k(i))−1)). (2.25)

M(xm(k(i))−1, xn(k(i))−1)
= max{p(xm(k(i))−1, xn(k(i))−1), p(xm(k(i))−1, xm(k(i))), p(xn(k(i))−1, xn(k(i))),

1
2 (p(xm(k(i))−1, xn(k(i))) + p(xn(k(i))−1, xm(k(i))))}

Taking limit as i → ∞ in (2.25), using (2.20)- (2.23) in the above inequality,
taking into account the inequality (2.24) and the monotone property of ψ, we obtain

ψ(
ε

2

+
) ≤ ψ(

ε

2

+
)− lim inf

i→∞
β(M(xm(k(i))−1, xn(k(i))−1)).

But by a property of β, the last inequality implies that

lim inf
i→∞

β(M(xm(k(i))−1, xn(k(i))−1)) > 0.
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Then the above inequality gives a contradiction. Thus for sufficiently large k,

p(xm(k), xn(k)) ≤
ε

2
. (2.26)

Again from (1.1) we have

dp(xm(k), xn(k)) = 2p(xm(k), xn(k))− p(xm(k), xm(k))− p(xn(k), xn(k)).

Taking k → ∞ and using (2.14) and (2.10), we have p(xm(k), xn(k)) ≥
ε

2
. Then the

above observation along with (2.26) implies that, there exists a positive integer k1

such that for all k ≥ k1,
p(xm(k), xn(k)) =

ε

2
. (2.27)

Substituting x = xm(k) and y = yn(k) in (2.1), (2.2), using (2.3), (2.4), we obtain

ψ(p(xm(k)+1, xn(k)+1)) = ψ(p(fxm(k), fxn(k)))
≤ ψ(M(xm(k), xn(k)))− β(M(xm(k), xn(k))) (2.28)

where,

M(xm(k), xn(k)) = max{p(xm(k), xn(k)), p(xm(k), xm(k)+1), p(xn(k), xn(k)+1),
1
2
(p(xm(k), xn(k)+1) + p(xm(k)+1, xn(k)))} (2.29)

Then, for all k ≥ k1, M(xm(k), xn(k)) =
ε

2
and (2.28) becomes

ψ(p(xm(k)+1, xn(k)+1)) ≤ ψ(
ε

2
)− β(

ε

2
) < ψ(

ε

2
). (2.30)

Thus, by (2.30), using the monotone property of ψ, for all k ≥ k1, we have

p(xm(k)+1, xn(k)+1) <
ε

2
. (2.31)

Taking the limit as k → ∞ in (2.28), using (2.29) and (2.31), we obtain ψ(
ε

2

−
) ≤

ψ(
ε

2
)− β(

ε

2
), which contradicts condition (iii).

Therefore the sequence {xn} is a Cauchy sequence in (X, dp). Since (X, p) is
complete, by lemma 1.3, (X, dp) is complete and consequently the sequence {xn}
is convergent to z in X, that is,

lim
n→∞

xn = z. (2.32)

Thus, by lemma 1.3,

p(z, z) = lim
n→∞

p(xn, z) = lim
n,m→∞

p(xn, xm). (2.33)

Again by (1.1), for all m,n ≥ 0

dp(xn, xm) = 2p(xn, xm)− p(xn, xn)− p(xm, xm).
Taking limit m,n→∞, using (2.10) and the fact that {xn} is a Cauchy sequence
in (X, dp), we have

lim
n,m→∞

p(xn, xm) = 0.

Then, from (2.33), it follows that

p(z, z) = lim
n→∞

p(xn, z) = lim
n,m→∞

p(xn, xm) = 0. (2.34)

Next we prove that fz = z. Suppose that

p(z, fz) > 0. (2.35)
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By virtue of (2.32), the continuity of f implies that fxn → fz as n → ∞. Then,
by lemma 1.3, we have

p(fz, fz) = lim
n→∞

p(fxn, fz) = lim
n→∞

p(xn+1, fz). (2.36)

Now,

p(z, fz) ≤ p(z, xn+1) + p(xn+1, fz)− p(xn+1, xn+1)
≤ p(z, xn+1) + p(xn+1, fz).

Taking n→∞ in the above inequality, using (2.32), (2.34) and (2.36), we obtain

p(z, fz) ≤ lim
n→∞

p(z, xn+1) + lim
n→∞

p(xn+1, fz)

= p(fz, fz).

M(z, z) = max{p(z, z), p(z, fz), p(z, fz), 1
2 (p(z, fz) + p(z, fz))} = p(z, fz) [by

(2.34)]
Using the last inequality and the monotone property of ψ, from (2.36) we obtain,

ψ(p(z, fz)) ≤ ψ(p(fz, fz)) ≤ ψ(M(z, z))− β(M(z, z)) (by (2.1) and (2.4)).
≤ ψ(p(z, fz))− β(p(z, fz)) (2.37)

In view of (i), (ii) and (2.35) we obtain p(z, fz) = 0. Then from (P1) and (P2) of the
definition 1.1, it follows that z = fz. �

Our next theorem is obtained by replacing the continuity of f by an ordered
theoretic condition.

Theorem 2.2. Let (X,�) be a partially ordered set and suppose that there exists a
partial metric p on X such that (X, p) is a complete partial metric space. We assume
that if any nondecreasing sequence {xn} in X converges to z, then

xn � z for all n ≥ 0. (2.38)

Let f : X → X be a non-decreasing mapping such that

ψ(p(fx, fy)) ≤ ψ(M(x, y))− β(M(x, y)) for all x, y ∈ X and x ≺ y (x 6= y),
(2.39)

where ψ and β satisfies all the condition of theorem 2.3. If there exists x0 ∈ X such
that x0 � fx0, then f has a fixed point.

Proof. Following the steps identically as in the proof of the theorem 2.1 we obtain
(2.32) and (2.34). In view of (2.4) we claim that {xn} is a non-decreasing sequence
converges to z in (X, p) such that for all n ≥ 1, xn � z. If xn = z, for some n,
then, from (2.29) and (2.54), it follows that xn = xn+1, in which case we have a
fixed point. So we assume that xn 6= z for all n ≥ 0. From (2.34) it is observed that
p(z, z) = 0. Suppose ε = p(z, fz) > 0.

Thus for each k0 there exists k0 ∈ N such that for n ≥ k0,

p(xn+1, z) <
ε

2
, p(xn, z) <

ε

2
and in view of (2.9) p(xn+1, xn) <

ε

2
.

p(z, fz) ≤ p(z, xn+1) + p(xn+1, fz)− p(xn+1, xn+1)
≤ p(z, xn+1) + p(fxn, fz)

Taking n→∞, and using (2.34), we have

p(z, fz) ≤ lim
n→∞

p(fxn, fz) (2.40)
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Since xn � z , putting x = xn and y = z in (2.39), using (2.40), and the property of
ψ, we get

ψ(p(z, fz)) ≤ lim
n→∞

ψ(p(fxn, fz))

≤ lim
n→∞

ψ(M(xn, z))− lim
n→∞

β(M(xn, z)) (2.41)

where

ε = p(z, fz) ≤M(xn, z)

= max{p(xn, z), p(z, fz), p(fxn, xn),
1
2
(p(xn, fz) + p(z, fxn))}

= max{p(xn, z), p(xn+1, xn), p(fz, z),
1
2
(p(xn, z) + p(z, fz) + p(z, xn+1))}

≤ max{ε
2
,
ε

2
, ε, ε} = ε.

Then by (2.41),
ψ(ε−) ≤ ψ(ε)− β(ε) (2.42)

In view of the properties of (i)-(iii) we arrive at a contradiction, unless p(fz, z) = 0.
Since p(z, z) = 0 and p(z, fz) = 0, from (P1) and (P2) of definition 1.1, it follows
that z = fz. �

Remark 2.3. Under the assumption when partial metric is a metric we have the
result of Popescu [32].

Example 2.4. Let X = [0, 1]∪{2, 3, 4, ...}. p(x, y) = max{x, y} for x, y ∈ X. We
define a partial order as follows

1) 0 � x for all x ∈ [0, 1] and 0 � 2, 1 � 3.

2) for all x, y ∈ {2, 3, 4, ...} x � y iff x ≤ y and (y − x) is divisible by 2.

That is we have the following two chains 0 ≤ 2 ≤ 4... and 0 ≤ 1 ≤ 3... Then
“ � ” satisfies all the conditions of a partially ordered set.

Also, (X, p) is a complete partial metric space.
Let ψ : [0,∞)→ [0,∞) be defined as:

ψ(t) =
{
t if 0 ≤ t ≤ 1
t2, if t > 1.

and

β : [0,∞)→ [0,∞) be defined as:

β(t) =
{

t2

2 if 0 ≤ t ≤ 1
2t− 1, if t > 1.

Let f : X → X be defined as:

ψ(t) =
{
x− x2

2 if 0 ≤ x ≤ 1
x− 1, if x ∈ {2, 3, 4, ...}.

without loss of generality, we assume that x > y.
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p(x, y) = max{x, y} = x, p(x, fx) = max{x, fx} = x,
p(y, fy) = max{y, fy} = y.

p(y, fx) =
{

max{y, x− x2

2 }, if 0 ≤ x ≤ 1
max{y, x− 1}, if x ∈ {2, 3, 4, ...}.

or

p(x, fy) =
{

max{x, y − y2

2 } = x, if 0 ≤ y ≤ 1
max{x, y − 1} = x, if y ∈ {2, 3, 4, ...}.

Then

M(x, y) = max{p(x, y), p(fx, x), p(y, fy), 1
2 (p(y, fx) + p(x, fy))} = x

Therefore, we discuss the following cases.

Case-1: x, y ∈ [0, 1]. Then

ψ(p(fx, fy)) = ψ
(
max

(
x− x2

2 , y −
y2

2

))
= ψ

(
x− x2

2

)
[since x+ y < 2]

= x− x2

2

= ψ (M (x, y))− β (M (x, y)) .

Case-2: x ∈ {3, 4, ...} and y ∈ [0, 1]. Then

ψ(p(fx, fy)) = ψ
(
max

(
x− 1, y − y2

2

))
= ψ (x− 1)

= (x− 1)2 = x2 − 2x+ 1

= ψ (M (x, y))− β (M (x, y)) .

Case-3: x = 2 and y ∈ [0, 1] , fx = 1. Then

ψ(p(fx, fy)) = ψ
(
max

(
1, y − y2

2

))
= ψ (1) =1

= ψ (2)− β (2)

= ψ (M (x, y))− β (M (x, y)) .

Hence the required conditions of theorem 2.1 are satisfied and it is seen that “0”
is the fixed point of f in X.
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