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ABSTRACT. In this paper, we improve the outer approximation method proposed by Tuy [10]
for solving a dc programming problem. The improved algorithm has the global convergence
by generating a sequence of polytopes approximating a compact convex set from outside.
Moreover, by incorporating a procedure for calculating the vertex sets utilizing the relations
of connections among vertices by edges, the improved algorithm can calculate an approxi-
mate solution effectively.

KEYWORDS : Global optimization; Dc programming problem; Outer approximation method.

1. INTRODUCTION

Dc programming is one of the important subjects in global optimization and
has been studied by Avriel and Williams [1], Hillestad and Jacobsen [2], Meyer [3],
Rosen [5], Tuy [7] and Ueing [11]. It is known that many global optimization prob-
lems can be transformed into dc programming problems. In particular, Avriel and
Williams [1] and Zaleesky [12] have shown that dc programming problems often
occur in certain engineering design and economic management applications. More-
over, iterative solution methods for solving dc programming problems have been
proposed by Thoai[6], Tuy [9, 10] and many other researchers. Many algorithm of
them all are based on outer approximation methods. Outer approximation is one
of the powerful procedures in global optimization and can solve various global op-
timization problems. The algorithms have the global convergence by generating a
sequence of convex polyhedral sets. Therefore, it is shown that every accumulation
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point of the sequence of the provisional solutions generated by the algorithm is a
globally optimal solution.

In this paper, we consider a problem (DC) to minimize a dc (difference of two
convex) function over a compact convex set. To calculate an approximate solu-
tion of (DC) effectively, we improve the outer approximation method proposed by
Tuy [10]. The proposed algorithm has the global convergence by generating a se-
quence of polytopes approximating the intersection of a closed half space and the
epigraph of one convex function constructing the objective function of (DC) from
outside. Moreover, we propose a procedure for calculating all verteices of polytopes
by utilizing the relation of connections among vertices by edges. By incorporat-
ing the proposed procedure for calculating the vertex sets into the improved outer
approximation method, the efficiency of the algorithm is upgraded.

The organization of this paper is as follows: In Section 2, we consider a dc
programming problem. In Section 3, we explain the outer approximation algo-
rithm proposed by Tuy [10]. In Section 4, we improve Tuy’s outer approximation
algorithm. In Section 5, we propose a procedure for calculating the vertex sets
utilizing the relation of connections among vertices by edges. In Section 6, to verify
the effectively of the algorithm integrated the outer approximation method and the
procedure for calculating the vertex sets proposed in Sections 4 and 5, we show
computational experiments.

Throughout this paper, we use the following notation: R denotes the set of all
real numbers. For a subset X C R", int X, bd X and co X denote the interior,
the boundary and the convex hull of X, respectively. For a finite set X C R”, |X
denotes the number of elements of X. Given a convex polyhedral set (or polytope)
X C R", V(X) denotes the set of all vertices of X. For vectors a,b € R", we use
two kinds of symbols for open and closed line segments: |a,b[ := {x € R" : & =
a+d(b—a), 0<d<1l}and|a,bl:={xcR":x=a+db—a), 0 < <1}. Given
a vector @ € R", a' denotes the transposed vector of a. Given a convex function
f:R™ — R, 9f(x) denotes the subdifferential of f at x, that is, 9f(x) := {u €

R™: f(y) = (w,y —z) + f(x), y € R"}.

2. DC PROGRAMMING PROBLEM

Let us consider the following dc programming problem:

{ minimize  f(x) — g(x)
(DC) \ .
subject to hj(x) <0, j=1,...,m,
where f,g,h; : R — R (j = 1,...,m) are continuously differentiable convex
functions. Since the objective function of (DC) is defined as the difference of two
convex functions, the objective function is called dc function. Let X := {x € R" :
hj(x) <0, j=1,...,m}. Then, from the convexity of h;, X is a convex set.

For (DC), we assume the following conditions.

(A1): int X ={z e R": h;(x) <0, j=1,...,m} #0.

(A2): X is compact.

(A3): A real number 7 is given and satisfies r > max{||x —y| : ¢,y € X}.
From Assumption (A2) and the continuity of the objective function, (DC) has a glob-
ally optimal solution. Now, we notice that (DC) is a convex (concave) programming
problem if g (f) is linear. Then, the useful solution methods have been already
proposed. Therefore, we add the following assumption for (DC).

(A4): f and g are not linear.
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3. TUY’S OUTER APPROXIMATION ALGORITHM

In order to calculate an approximate solution of (DC), the following outer ap-
proximation algorithm has been proposed by Tuy [10].

Algorithm OA
Step O:

Step 0-1: Find a feasible solution y' € X and set w; = f(y') — g(y').
Go to Step 0-2.

Step 0-2: Construct a polytope S C R" satisfying S D X. Calculate the
vertex set V(S). Choose &' € V(S) satisfying f(x’) = max{f(x) :
xz € V(9)}. Sett := f(z') and D(y') := {(z,t) e R" xR : = €
X, f(z) —t <wi, t <t}. Go to Step 0-3.

Step 0-3: Construct a polytope P, C R"*! satisfying P, D D(y') and
Py C {(z,t) € R" x R : t < {}. Calculate the vertex set V(P;). Go to
Step 0-4.

Step 0-4: Find (y,?) € int D(y'). Set a tolerance 7 > 0 and k = 1. Go
to Step 1.

Step 1: Choose (z¥,t;) € argmin{—g(z) +t: (x,t) € V(P:)}. Go to Step 2.

Step 2: If —g(wk) +t, > —7, then stop: y”* is an approximate solution of
(DC). Otherwise, go to Step 3.

Step 3: Set y**! wi 1, Pry1 as follows:

k1 { zk if f(x*) — g(z*) < 0 and z* € X,

v = y*  otherwise,

_ [ f@) —g(a) if fa¥) - g(a*) <0 and 2t € X,
WEHLTT Y otherwise,
Pyt =P, N{(xz,t) € R" x R : ly(z,t) < 0},
where
l(x,1) = (d*, (27, 1) T = (2", 06) ),
d* € 0p(z*,6,),
(2", 61) € (2", ti), (g,H)] Nbd D(y").
Calculate the vertex set V(Py41). Set k — k + 1 and return to Step 1.
The sequences {D(y")} and {P,} satisfy the following conditions.

D(y") > D(y*) > -2 D(y*) > Dy ) >,
PPOP,D>---DP,DPy1 D,
P, D D(y*) for each k =1,2,....
Moreover, we have the following inequality.
Wi > wy > 2wy > Wegr > - > min(DC),

where min(DC) denotes the optimal value of (DC). By approximating {D(y*} by
{ P} from outside, Algorithm OA generates the provisional solution sequence {y*}.
Moreover, it is shown that every accumulation point {y*} is a globally optimal
solution of (DC). Hence, by setting 7 > 0, Algorithm OA calculates an approximate
solution of (DC). However, { P} often do not converge effectively, because the shape
of D(y*) approximated by P, is changed as the number of iterations increases.
Therefore, we improve Algorithm OA by fixing the target approximated by {FPj}
in Section 4. By such the improvement, the convergence of {P;} becomes more
efficient.
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4. IMPROVEMENT OF TUY’S OUTER APPROXIMATION ALGORITHM

In order to enhance the computational efficiency of the algorithm, we improve
Tuy’s outer approximation algorithm as follows:

Algorithm IOA

Step O:

Step 0-1: Find a feasible solution y* € X and set wy := f(y') — g(y').
Go to Step 0-2.

Step 0-2: Construct a polytope S C R” satisfying S O X. Calculate the
vertex set V(S). Choose ' € V(S) satisfying f(z') = max{f(z): x €
V(S)}. Sett:= f(z')and D := {(z,t) e R" xR:x € X, f(x) <t <
t}. Go to Step 0-3.

Step 0-3: Construct a polytope P, C R"*! satisfying P, D D and P; C
{(x,t) € R* x R : t < {}. Calculate the vertex set V(P;). Go to
Step 0-4.

Step 0-4: Find (9,%) € int D. Set a tolerance 7 > 0 and &k = 1. Go to
Step 1.

Step 1: Choose (x* t;,) € argmin{—gi(x) +t : (z,t) € V(P%)}, where
gx(x) := g(x) + wg. Go to Step 2.

Step 2: If —gk(wk) +t, > —7, then stop: y* is an approximate solution of
(DQ). If ¢(xz*,t;) < 7, then stop: z* is an approximate solution of (DC),
where

o(x,t) := max{hi(x),..., hn(x), f(x) —t}.
Otherwise, go to Step 3.
Step 3: Set yk+1,wk+1, P41 as follows:

Y = { zF if f(z*) — gr(z*) < 0 and ¥ € X,

y¥  otherwise,

{ Fah) — g(a¥) if f(@*) — gula®) < 0 and 2* € X,
W41 = .
Wik otherwise,
Pii1 = PN {(x,t) € R" X R : {i(x,t) <0},
where
Ce(z,t) = (d", (@7, 8)" — (2",0,)7),
d" € 0¢(2"*,0,),
(zkﬂ 0k) € [(mka tk)a (1}, E)] Nbd D.
Calculate the vertex set V(Pg1). Set kK — k + 1 and return to Step 1.
From Assumption (A4), int D # () and hence (¥,t) € int D can be found. For each
k, since D = {(z,t) € R® x R : ¢(x,t) < 0,¢t <t} and ¢(x, 1) is convex on R"+1,
we have D C {(x,t) € R" x R : {;(x,¢) < 0}. Hence,
PPOPRD---DP,D---DD.
By the definition of y* at Steps 0-1 and 3, {y*} C X. At iteration k, if f(z*) —
gk(ﬂ?k) <0,

f(@*) = gi(@®) = f(&*) = g(a¥) —wp = f(2") = 9(=") = (f(¥") - 9(¥")) <0,
that is, f(x*) —g(z*) < f(y*) — g(y*). Therefore, for each k, we have the following
inequalities.

F@*) = g(y®) = f(y™) = g(y™*") 2 min(DC),
Wk > Wt > min(DC).
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Moreover, the following theorems hold.

Theorem 4.1. Assume that —g;,(x*) +t;, > 0 at iteration k of Algorithm IOA. Then,
y’C is a globally optimal solution of (DC).

Proof. At iteration k of Algorithm IOA, it follows from the definition of y* that
y* € X. Hence, in order to complete the proof, we shall show that f(y*) — g(y*) <
f(z) — g(z) foreach € X. Let ' € X. Then, (2, f(z')) € D. Since D C P, and
gi is convex, from the definition of (x*,t;), we have

—gi(x') + f(x') > min{—gx(x) + t: (x,t) € D}

> min{—gx(x) +t: (x,t) € P}
=min{—gi(x) +t: (x,t) € V(P)}
=—ge(z") +tx >0

Hence,

fla') = g(a') = f(z') — g(a') —wp = f(&') — g(') = (F(¥") — 9(¥")) > 0.
Therefore,
f@) = g(a') > f(y*) — g(y").
Consequently, y* is a globally optimal solution of (DC). O

Theorem 4.2. Assume that ¢(x¥,t;) < 0 at iteration k of Algorithm IOA. Then, ="
is a globally optimal solution of (DC).

Proof. Since ¢(x*,t;) <0, (x*,t;) € D. Hence,
—gr(x®) + t), > min{—gp(x) + t: (x,t) € D}
> min{—gx(x) +t: (x,t) € Py}
= min{—gx(x) +t: (x,t) € V(P)}
= —gr(") + ts.
This implies that —gi (z"*) +t; > min{—gx(x) +1t : (x,t) € D}. Since (¥, f(z")) €
D, —gi(x®) +t) < —gr(x¥) + f(x¥), that is, t;, < f(x¥). Moreover, since (¥, ;) €

D, t, > f(x¥). Hence, t;, = f(x¥). Since —gi(x) +t > —gip(x) + f(x) for each
(z,t) € D, we have

—g(z"®) + f(x") — wp = min{—g(x) +t — wy : (x,t) € D}
=min{—g(x) + f(z) —wp : x € X}.
Since wy, is constant, f(z*) — g(x*) = min{f(x) — g(x) : ¢ € X}. Consequently,
x* is a globally optimal solution of (DC). O

Corollary 4.3. Assume that ¢(x*,t;) > 0 at iteration k of AlgorithmIOA. Then, there
exists (2%,0;,) € [(z*,t4), (g,t)] Nbd D. Moreover, (z*,ty) & Pi.y1.

Progf. We note D = {(z,t) € R" x R : ¢(x,t) <0, t < t}. Since (y,%) € int D,
#(y,t) < 0. Hence, from the assumption of this corollary, there exists (2¥,0;) €
[(z*,t1), (,1)] such that ¢(2*,6;) = 0, that is, (2¥,0;) € bd D. Moreover, from
the convexity of ¢,

09, 8) = (", (3", D)7 — (25,00)7) = ¢(=",0k) + (d", @, D)7 — (2F,00)7T)
< ¢(y,t) <O0.

We note that there exists y > 0 satisfying
()" te) " = (25,007 = —u((m", D)7 = (2*,00) 7).
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Therefore,
@k, 1) = (d", (&) T, t0) T = (2%, 00) ) = —p(d", (g7, D) T = (",60)T) > 0.
Consequently, (z¥,t;) & Py1. O

Theorem 4.4. Assume thatT = 0 and that {(z*,t;)} is an infinite sequence gener-
ated by Algorithm IOA. Then, every accumulation point of {(x*,t;)} is contained in
D.

Proof. Since {(z¥,t;)} C P, and P; is bounded, {(z*,#;)} has an accumula-
tion point. Moreover, since {(z*,6;)} C bd D and bd D is bounded, {(z*,0;)}
has an accumulation point. Furthermore, since {dk} C U t)ebd pOd(x,t) and
U(z,t)ebd DO®(x,t) is bounded (see Theorem 24.7 in [4]), {dk} has an accumula-
tion point. Let (&,%), (2,60) and d be accumulation points of {(z*,t;)}, {(z*,0;)}
and {dk} respectively. Without loss of generality, we can assume that (z*,¢,) —
(&,1) and (z*,0,) — (%,0) as k — 40c0. Then, from the upper semi-continuity
of 0¢, de 0¢(2,1) (see Theorem 24.4 in [4]).

In order to obtain a contradiction, we suppose that (&, %) ¢ D. Since {(z" tr)}
P Cc{(z,t) eR*"xR:t <t} and D = {(x,t) € R* x R : ¢(x,t) <0, t < ¢},
t <t and hence ¢(&,1) > 0. Then, there exists ;1 > 0 such that (& 1) — ( )
(@D — (2,0)). Since (d, (37,87 — (27.0)T) < 6(5,5) < 0,

(y'
<&7 (ﬁJva)T - (vaé)T> = 7N<d7 (:’)T»E)T - ('%T79A)T> > 0.

N

Moreover, we have

lim £ (zF, t,) = lim (d, ()7, t,)" — ((zF)7,6,)7)

k—+o00 k—s+o00

= <&7 (iiT>tA)T - (2T,é)—r> > 0.

Hence, there exists k;, ks > 0 such that ¢y, (&,#) > 0 and £, (z",t) > 0 for each
k > ki. This implies that {(x* t;)}k>k, N Pry,+1 = . However, from the defin-
itions of P, and (x*,;), {($katk)}k>max{k1,k2} C Py,+1. This is a contradiction.
Consequently, (&,%) € D. O

Theorem 4.5. Assume that T = 0 and that {(z*,t;)} is an infinite sequence gener-
ated by Algorithm IOA. Then, every accumulation point of {wk} is a globally optimal
solution of (DC).

Proof. In the same way of Theorem 4.4, we can assume that (¥, ¢,) — (&,1) as
k — +o0. Since {y*} C X and X is bounded, {y*} has an accumulation point.
Hence, without loss of generality, we can assume that y* — ¢ as k — +4o0.
Moreover, since w, = f(y*) — g(y*), from the continuity of f and g, we can set

w:= lim wg. Then, by the definitions of g; and D, we have

k—s+o00

t—g(@)—w= kir&oo te — g(x®) — wy,

= kinioo min{t — g(z) —wy : (z,t) € V(Py)}
klrrioo min{t — g(x) —ws : (z,t) € Py}
klnj_oo min{t — g(x) — wy : (z,t) € D}
i min{ /(@) — g(@) - (@.1) € D}
= min(DC) — &

IN
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Hence, ¢ — g(#) < min(DC). Moreover, from Theorem 4.4, (&,f) € D. By the
definition of D, £ > f(&). Therefore, f — g(&) > f(&) — g(2) > min(DC). Thus, we
have

t—g(@) = f(&) - g(&) = min(DC).
Consequently, & is a globally optimal solution of (DC). U

Corollary 4.6. Assume thatT = 0 and that {yk} is an infinite sequence generated by
Algorithm IOA. Then, every accumulation point of {yk} is a globally optimal solution
of (DC).

Proof. In the same way of Theorem 4.5, we can assume that yk —s gask — 4o0.
Since {y*} C X and X is compact, § € X. Hence, f(9) — g(¢) > min(DC).
Moreover, by Theorem 4.5 and the definition of y*, we have

min(DC) == lim f(2*) = g(2*) > Tim f(y**") —g(™") = f(8) - 9(@)-

Therefore, f(4) — g(%) = min(DC). Consequently, ¥ is a globally optimal solution
of (DC). O

From Theorems 4.1 and 4.2, it is shown that the stopping criteria of Algo-
rithm IOA are valid. In the case where infinite sequences {x*} and {y*} are
generated by Algorithm IOA, by Theorem 4.5 and Corollary 4.6, every accumula-
tion point of {x*} and {y*} is a globally optimal solution of (DC). Moreover, by
setting 7 > 0, it follows from Theorem 4.4 that Algorithm IOA terminates within a
finite number of iterations.

5. PROCEDURE FOR CALCULATING THE VERTEX SET

At Step 3 of Algorithm IOA proposed in Section 4, the vertex set V(Py) is cal-
culated. In the classical methods, to obtain the vertex set, many systems of linear
equations are solved. However, it is known that such procedures are inefficient. In
this section, we propose a procedure for calculating the vertex set V(Py) utilizing
the relation of connections among vertices by edges. Hence, in order to construct
such a procedure, we introduce the following definitions on convex analysis.

Definition 5.1. ([8]) Let P be an n-dimensional polyhedral set and let H be a
supporting hyperplane of P. Then, the intersection F' := H N P is called a face of
P. IfdimF =1, F is called an edge of P. If dimF = n — 1, F is called a facet of P.

We remember that P, is given at iteration k of Algorithm IOA. Let (v(7),t(3))
(t € Ay C {1,...,a(k)}) be vertices of P, and let F; (j € 'y, C {1,...,3(k)}) be
facets of P, where
e a(k) and (k) denote the numbers of vertices and facets generated by
iteration k, respectively,
e Ay is the index set of all vertices of Py, that is, {(v(i),t(7)) : i € Ag} =
V(Py)
e I'; is the index set of all facets of Py, that is, F; N P, # () for each j € T},
and Fjy N P, = 0 for any j' € {1,..., 3(k)}\'.
For each ¢ € A\, we set the index sets V; and F; as follows:
Vii={j: co{(v(i), 1(2)), (v(j), £(5))} is an edge of Py, j € Ap\{i}},
Fi = {] : (’U(Z),t(%)) S Fj, jE Fk}.
The procedure proposed in this section consists of the following three parts.
Section 5.1: Search for all vertices of P, to remove.
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Section 5.2: Calculation of all vertices of Py to generate.
Section 5.3: Check for the availability of F; (i € T'y).
Section 5.4: Update the index sets V;.

5.1. SEARCH FOR ALL VERTICES TO REMOVE. Since P11 = P, N {(x,t) €
R™ x R : l(x,t) <0} and £ (v(ig), t(ix)) > O, there exist vertices of P, which are
not contained in Py 1. Hence, to construct the vertex set V(Py.11), it is necessary
to search for all (v,t) € V(Py) satisfying ¢, (v,t) > 0. For this reason, we propose
the following procedure.

Procedure A
Step 0: Set M := M’ = {i;}. Go to Step 1.
Step 1: If M’ = (), then stop. Otherwise, choose j € M’ and go to Step 2.
Step 2:
Step 2-0: Set 7 := V; and go to Step 2-1.
Step 2-1: If 7 = (), then go to Step 3. Otherwise, choose ¢ € 7 and go
to Step 2-2.
Step 2-2: If {;(v(q),t(q)) > 0 and ¢ € M, set M — M U {q} and
M — MU {q}. Go to Step 2-3.
Step 2-3: Set 7 — 7\{q} and return to Step 1.
Step 3: Set M’ — M'\{j} and return to Step 1.

Procedure A attain the following.

e M listed the indices of all vertex of P which are not contained in Py .
Hence, for each i € M,

(v(i), (i) € V(Pr) and (v(i), t(i)) & V(Prt1)-

5.2. CALCULATION OF ALL VERTICES TO GENERATE. Let (v(iy), t(i1)), (v(i2), t(i2)) €
V(Py) satisty

19 € Vila gk(’U(Zl)ﬂf(ll)) > 0 and Ek(v(m),t(zz)) < 0.

Then, co {(v(i1),t(i1)), (v(iz2),t(i2))} is an edge of P, and there exists a ver-
tex (v',t’) of P41 generated at iteration k of Algorithm IOA, that is, (v/,t) €
V(Pr+1)\V (Pr). Moreover, the following assertions hold.

o (v',t')e Fjforallj € F;, NF,,.

o (v',t) € Fyryt1-
Here, Fig(p)41 := Per1 N {(z,t) € R” x R : l(x,t) = 0} = P N {(x,t) € R" xR:
lp(x,t) = 0}. We note that Fj)41 is a unique facet of Py at iteration k of
Algorithm IOA. Hence, we can set S(k + 1) := (k) + 1.

In order to calculate all vertices generated at iteration k of Algorithm IOA, we

proposed the following procedure.

Procedure B
Step 0: Set W := (), a(k + 1) := a(k) and M’ := M, where M is generated
by Procedure A. Go to Step 1.
Step 1: If M’ =), then set Ap11 := (AyU{a(k)+1,...,a(k+1)})\ M and
B(k+1) := B(k)+1, and stop. Otherwise, choose j € M’ and go to Step 2.
Step 2:
Step 2-0: Set 7 := V; and go to Step 2-1.
Step 2-1: If 7 = (), then go to Step 3. Otherwise, choose ¢ € 7 and go
to Step 2-2.
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Step 2-2: If ¢, (v(q),t(q)) < 0, then go to Step 2-3. If £ (v(q),t(q)) = 0,
then go to Step 2-4. Otherwise, go to Step 2-5.
Step 2-3: Set (v(a(k+ 1)+ 1), t(a(k+1)+ 1), Fort1)+1 and Vopt1)+1
as follows:
(v(a(k+1)+ 1), t(ak+1))) := (1 = A)(v()), (7)) + Mv(q),t(q)),
Fat+1)+1 = (Fj N F) U{p(k) + 1},
Vat1)+1 = {4},
Vg = (Vo \{5}) U{a(k +1) + 1},
W—Wn{ak+1)+ 1},
alk+1) —ak+1)+1,

_ tk(v(9),t(q))
Ce(v(5), t(4)) — Lr(v(q), t(q))
The renewal of V,(x41)41 are incomplete at this step. The index set
Va(k+1)+1 Will be corrected by Procedure D proposed in Section 5.4.
Go to Step 2.
Step 2-4: Update F,; and V, as follows:

Fy — FqaU{B(k) +1},

Vo = Vo\{i},
W —Wu{q}.

where

Go to Step 2-5.
Step 2-5: Set 7 — 7 \{¢}, and return to Step 2-1.
Step 3: Set M’ «— M'\{j} and return to Step 1.
By Procedure B, we have
o Apy1, a(k+1) and B(k+1) are calculated. Hence, V (Pj41) := {(v(7),t(7)) :
i€ Apy1}.
o {(v(i),t(?):i=alk)+1,...,a(k+1)} = V(Prs1)\V(P) is calculated.
e W listed the indices of all vertices of Py contained in {(x,t) € R™ x R :
li(x,t) = 0} is constructed. Hence, W = {a(k) +1,...,a(k+ 1)} U{i €
Ay : l(v(i),t(i)) = 0}. We note that for each ¢ € W, V; needs to be
generated or updated.
e For each i € Ap\{i € Ay : i (v(7),t(i)) = 0}, V; is updated completely.
e For each i € Ayy1, F; is updated.

5.3. CHECK FOR THE AVAILABILITY OF FACETS. In this section, we propose a
procedure for checking the availability of facets F; (i € Ty, U {8(k + 1)}) for P1.
Then, it is clear that the following theorem holds.

Theorem 5.2. Let P C R" be an n-dimensional convex polyhedral set and let
F(1),...,F(B) be facets of P. Then, foreachi € {1,...,6} andj € {1,...,8}\{i},
FENP, ¢ Fj.

By Theorem 5.2, we propose a procedure for omitting ¢ € I'y satisfying F; N
V(Pr41) C Fj for some j € (I'y U{B(k+ 1)})\{¢} from I'y, U {B(k + 1)} as follows.
Procedure C

Step 0: Set 'y, =T, U{B(k+ 1)} andi:= 1. Go to Step 1.

Step 1: If i = §(k + 1), then stop. If i € ['y11, go to Step 4. Otherwise, go to
Step 2.
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Step 2: Set U, := {q € Ayy1:i € Fy}. Go to Step 3.
Step 3:
Step 3-0: Set j := 7+ 1 and go to Step 3-1.
Step 3-1: If j = B(k + 1) + 1, then go to Step 4. If j & I'x11, then go to
Step 3-4. Otherwise, go to Step 3-2.
Step 3-2: Set ¥; := {q € Apy1:j € Fy}. Go to Step 3-3.
Step 3-3: If ¥; C U, then set I'y11 « Tp1\{i}, Fy, — F,\{i} for each
q € Ag41, and go to Step 4. Otherwise, go to Step 3-4.
Step 3-4: Set j <+ j + 1 and return to Step 3-1.
Step 4: Set ¢ < ¢+ 1 and return to Step 1.

From Procedure C, for each i € 'y,
dim (Pk+1 n Fl) =n-—1.

5.4. UPDATE THE INDEX SETS. Procedure B generates V (P;) by utilizing V; (i €
M), where M is constructed by Procedure A. Hence, in order to generate V (Py2)
at iteration k£ + 1 of Algorithm IOA in the same way, it is necessary to construct
Va(k)+1>- - s Va(k+1). and to update V; for each i € {i € 'y : £x(v(i),t(i)) = 0}.
Then, the following theorem holds.

Theorem 5.3. Let P C R" be an n-dimensional convex polyhedral set and let
{F; :€ T'} be the set of all facets of P, where I is the index set. The line segment
co {v/,v"} (v,v" € V(P), v/ # v") is an edge of P if and only if there exist
i1,...,in—1 € I such that co {v',v"} C F;, foreachj =1,...,n — 1.

By Procedure C, {F} : i € T'y41} is the set all facets of P;,1. Hence, to construct
V; for each © € W (W is generated by Procedure B), we propose the following
procedure.

Procedure D

Step 0: Set j = 1 and go to Step 1.
Step 1: If j = a(k + 1), then stop. If j € W, then go to Step 3. Otherwise, go
to Step 2.
Step 2:
Step 2-0: Set ¢ := j + 1 and go to Step 2-1.
Step 2-1: If ¢ = a1, then go to Step 3. If ¢ € W, then go to Step 2-3.
Otherwise, go to Step 2-2.
Step 2-2: If |[F; N Fy| =n—1,setV; — V;U{q} and V, — V, U{j}. Go
to Step 2-3.
Step 2-3: Set ¢ < ¢ + 1 and return to Step 2-1.
Step 3: Set j «— j + 1 and return to Step 1.

By Procedures B and D, all index sets V; (i € A1) are updated completely.
6. COMPUTATIONAL EXPERIMENTS

In order to investigate the efficiency of Algorithm IOA, we did numerical experi-
ments for the following problem:

gz +g
1

1 n n 1 n n
minimize 3 Zfil 2 ijzxj +f] - 3 Zg'}x? -
i=1 =1 i=1 j=
1 n
subject to 5 ;ai(xi — bi)2 —¢<0, x € R",
i

(6.1)



AN OUTER APPROXIMATION METHOD 11

where f;,g;,aj,bj,f,g,c € [1,10) ¢ = 1,2, j = 1,...,n) are defined by a random
number generator. For each n satisfying 1 < n < 8, we generated 60 problems in
the form of (6.1). The numerical experiments were performed by a computer (CPU:
Xeron MP 3.33GHz-8MB X3, RAM: 6GB). Algorithm IOA was encoded by the C
language on Linux. The computational result of Algorithms IOA for such problems
are written in Table 1, where the tolerance is 7 = 0.001. Here, |V (P,st)| in Table 1
denotes the number of vertices of Py, at the last iteration.

TabLE 1. Computational results of Algorithm IOA

Number of iteration CPU-time(sec) |V (Plast)|

n Average Standard Average Standard Average Standard
deviation deviation deviation

1 3.379 1.495 0.009 0.032 6.379 1,473

2 15.917 5.460 0.000 0.001 34.933 10.535

3 50.950 | 87.218 0.002 0.011 256.017 511.184

4| 68.617 | 26.764 0.009 0.009 907.633 448.863

51| 151.879 | 98.777 0.351 0.608 7166.828 6302.436

6 | 227.076 | 159.698 10.464 26.017 | 40650.830 | 41346.200

7 1 318.729 | 172.307 | 586.560 | 1005.900 | 233899.100 | 186763.300

8 1243.350 | 75.510 | 4626.178 | 4006.415 | 540451.800 | 264155.460

The computational result shows that the proposed algorithm is effective for not
so large size problems.

7. CONCLUSIONS

In this paper, we have improved Tuy’s outer approximation algorithm for solving
(DC). Both Tuy’s algorithm and the improved algorithm generate the sequences of
polytopes to guarantee the global convergence. The sequence of polytopes gener-
ated by Tuy’s algorithm approximates the sequence of compact convex sets. On the
other hands, the improved algorithm generates the sequence of polytopes approx-
imating a compact convex set from outside. By fixing the target set approximated
by the sequence of polytopes, the efficiency of the proposed algorithm has been
upgraded. Moreover, to improve the computational efficiency of the algorithm, we
have proposed a procedure for calculating the vertex sets. By utilizing the relation
of connections among vertices by edges, the proposed procedure calculates the
vertex sets without solving systems of linear equations.
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ABSTRACT. In this paper, we introduce a new class of resolvent mappings for (B, ¢)-
monotone mappings in Banach space, which is a natural and important generalization of a
class of resolvent mappings studied in [X.-P. Luo, N.-J. Huang; A new class of variational
inclusions with B-monotone operators in Banach spaces, J. Comput. Appl. Math. 233
(2010), 1888-1896]. We study some properties of this new class of resolvent mappings and
by making use of it, we discuss the existence and iterative approximation of solutions of
a system of multi-valued variational inclusions. The method and results presented in this
paper improve and generalize many known results in the literature.
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1. INTRODUCTION

In 1968, Brézis [5] initiated the study of the existence theory of a class of vari-
ational inequalities later known as variational inclusions, using resolvent (prox-
imal) mapping. Variational inclusions include variational inequalities as special
cases. For applications of variational inclusions, see [4, ]. In 1994, Hassouni
and Moudafi [15] discussed iterative approximation of solutions for an important
class of variational inclusions using resolvent mapping. Since then various resol-
vent mappings have been introduced and used to develop the iterative methods
for studying the existence and iterative approximation of solutions of variational
inclusions, see for example [1-3, 6-9, 11-14, 16, 18-26, 29-35].

Very recently Luo and Huang [25, ] introduced and studied the classes of
(H, ¢)-n-monotone mappings and B-monotone mappings in Banach space, respec-
tively, and discussed their properties. Using these classes of resolvent mappings for
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(H, ¢)-n-monotone mappings and B-monotone mappings, they studied the conver-
gence analysis of the iterative algorithms for some classes of variational inclusions.

In this paper, we introduce a class of resolvent mappings for (B, ¢)-monotone
mappings in Banach space, which is a natural and important generalization of
the class of resolvent mappings studied in [26]. We study some properties of this
new class of resolvent mappings and by making use of it, we discuss the existence
and iterative approximation of solutions of a system of multi-valued variational
inclusions. The method and results presented in this paper improve and generalize
many known results in the literature.

2. PRELIMINARIES

Let X be a real Banach space with the topological dual space X* and (-, -) denote
the dual pair between X and its dual X* and 2% denote the family of all nonempty
subsets of X. The normalized duality mapping J : X — 2% is defined by

J(@) ={f e X%, (f,z) = Ifllllzll, I} = ll=]l}, Vo e X.

The modulus of smoothness of X is the function px : [0,00) — [0, 00) defined
by

r+y|+ilr—y
pxctt) = sup {WEAEIEZID -y e = 1, = ).
A Banach space X is called uniformly smooth if
im 22X g,
t—0 t

We denote by CB(X) the family of all nonempty, closed and bounded subsets
of X and D(-,-) is the Hausdorff metric on CB(X) defined by

D(A, B) = max{sup inf ||z —yl|,sup inf |z —y[|}, A,B € CB(X).
zcAYEB yeB TEA

Definition 2.1. [31] Let A : X — X* be a single-valued mapping. A is said to be:

(i) monotone, if

(A(x) — Ay),z —y) = 0, Va,y € X;
(i) strictly monotone, if

(A(z) — A(y),x —y) >0, Va,y € X,

and equal to O if and only if x = y;
(iii) ~-strongly monotone, if there exists a constant v > 0 such that

(A(@) = A@y), x — y) = 7llz = yll, Y,y € X;
(iv) m-relaxed monotone, if there exists a constant m > 0 such that
(A(z) = Ay),x —y) > —mllz —y||, Va,y € X;
(v) d-Lipschitz continuous, if there exists a constant § > 0 such that
[A(z) — A()l| < éllx — yl|, Yo,y € X.

Definition 2.2. [26] Let B : X — X* ¢ : X" — X* flg: X — X be
single-valued mappings, and let M : X x X — 2%~ be a multi-valued mapping.
Then
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(i) M(f,-) is said to be a-strongly monotone with respect to f, if there exists a
constant o > 0 such that

<U—’U,$—y> Z O(”JZ _y”Qa vx)lﬁ’w S X,U € M(f(a:),w),v € M(f(y)vw)a

(i) M(-,g) is said to be [-relaxed monotone with respect to g if there exists a
constant § > 0 such that

<’LL—’U7$—y> > —ﬂ”(E _y||27 anyaw € X,'LL € M(mg(x)),v € M(w,g(y)),

(ii) M(-,-) is said to be «/f3-symmetric monotone with respect to f and g if
M(f,-) is a-strongly monotone with respect to f and M(-, g) is S-relaxed
monotone with respect to g with « > § and o = (§ if and only z = y
Vo,y € X.

Lemma 2.3. [28] Let X be a real Banach space and let J : X — 2X" be the
normalized duality mapping. Then for any given x,y € X, the following inequality
holds:

lz+yl* < llal® + 20y, j(@ +y). Vilz +y) € J(@+y).
Lemma 2.4. [27] Let X be a complete metric space; let C'(X) be the family of all

nonempty compact subsets of X andletW : X — C(X) be a multi-valued mapping.
Then for any given z,y € X, u € W(x), there exists v € W (y) such that

d(u,v) <D(W(z), W(y)),
where D(-, -) is Hausdor{f metric on C(X).

Lemma 2.5. [27] Let X be a complete metric space and let W : X — CB(X) be
a multi-valued mapping. Then for any € > 0 and for any given z,y € X, u € W(z),
there exists v € W (y) such that

d(u,v) < (14 €)D(W(z), W(y)),
where D(-, ) is Hausdor{f metric on CB(X).

3. (B,¢)-MONOTONE MAPPINGS

First, we define the notion of (B, ¢)-monotone mappings.

Definition 3.1. Let B: X — X* ¢: X* — X*, f g: X — X be single-valued
mappings, and let M : X x X — 2% be a multi-valued mapping. Then M is said

to be (B, ¢)-monotone if ¢ o M be af-symmetric monotone with respect to f and g,
and (B + ¢ o M(f,g))(X) = X*.

Remark 3.2. (@) Ifpo M(f,g) =AM(f,g), for A > 0 and M be af-symmetric
monotone with respect to f and g, then (B, ¢)-monotone mapping reduces

to the B-monotone mapping considered in [26].
(i) If p o M(f,g) = AM, for A > 0 and M be relaxed monotone then (B, ¢)-
monotone mapping reduces to the A-monotone mapping considered in [1 1].

Theorem 3.3. Let f,g: X — X and ¢ : X* — X* be single-valued mappings; let
B : X — X* bea strictly monotone mapping and let M : X xX — 2X" bea (B, ¢)-
monotone mapping. If (u — v,z — y) > 0 holds for all (y,v) € Graph (¢ o M(f,g)),
thenu € (¢ o M(f,g))(x). where Graph(¢ o M(f,g)) = {(z,2%) € X x X*: a* €
(o M(f,9))(x)}
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Proof. Suppose that there exists (xg, 1) such that
(ug — v, 20 — y) > 0, V(y,v) € Graph (¢ o M(f,g)). (3.1)
Since M is (B, ¢)-monotone, we know that (B+¢oM(f,g))(X) = X* and so there
exists (r1,u1) € Graph (¢ o M(f,g)) such that
B(x1) +u1 = B(xg) + up. (3.2)
It follows from (3.1) and (3.2) that
0 < (ug —uy,x0 — 1) = —(B(x0) — B(x1), 0 — 21).

But the strictly monotonicity of B implies that z; = x(. By (3.2) we also observe
that u; = ug. Hence (zo,ug) € Graph (¢ o M(f,g)), that is, ug € (qSo M(f, g))(xo).
This completes the proof. O

Theorem 3.4. Let f,g: X — X and ¢ : X* — X* be single-valued mappings;
let B: X — X* be a strictly monotone mapping and let M : X x X — 2%X bea
(B, ¢)-monotone mapping. Then (B + ¢ o M(f,g))~! be a single-valued mapping.

Proof. For any x* € X*, let z,y € (B + ¢ o M(f,g))"'(z*), then it follows that
z" — B(z) € po M(f(x),9(x))
z* — B(y) € g0 M(f(y),9(y))-
Pick any given w € ¢ o M (f(y), g(x)), since ¢ o M be a3-symmetric monotone with
respect to f and g, we have
(@ =B)llz —yl* < (2" = B(z) —w +w — (z" = B(y)),z — y).

It follows from « > ( and the strictly monotonicity of B that x = y. Thus (B + ¢ o
M(f,9))"! be a single-valued mapping. This completes the proof. O

Based on Theorems 3.3-3.4, we can define the following resolvent mapping

B
Byr(.,,6

Definition 3.5. Let X be a reflexive Banach space with the dual space X*. Let
fg: X — X, ¢ : X* — X* be single-valued mappings; let B : X — X*
be a o-strongly monotone mapping and let M : X x X — 2% be a (B, ¢)-
monotone mapping. A resolvent mapping Rff(_}_)’ 6 X* — X is defined by

RY, (@) = (B+¢oM(f,g) " (z*), ¥z* € X~.

Theorem 3.6. Let X be a reflexive Banach space with the dual space X*. Let
Lg: X — X, ¢ : X* — X* be single-valued mappings; let B : X — X* be
a o-strongly monotone mapping and let M : X x X — 2% be a (B, ¢)-monotone
mapping. Then the resolvent mapping Rﬁ(w)’ 6" X* — X is Lipschitz continuous

with constant ﬁ, ie.,

* * 1 * * * * *
RN (.6 ) = Bype (W) < m”x -y, Vo*,y" € X"

Proof. Let 2*,y* € X*. It follows that
Ry y,0(a™) = (B+¢ o0 M(f,9)"" (z")

RY 56 =(B+doM(f,g) " (y")
and so

z* — B(Rﬁ(,y,m(x*)) €go M(f(Rﬁ(.,.)@(ff*))»Q(REJ(A,.)@@*)))
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y* — B(RY;(..s(u") € do M(f(Ryr(.y.6U)) 9(Ryr.y.6U"))-
Pick any given w € ¢ o M(f(RZ( ) ¢(y*)),g(Rﬁ(_’.)7¢(x*))). Since ¢ o M be

a3-symmetric monotone with respect to f and g, we have
(o = B)IRY (.. (@") = R0 WO
<{(@" = BBy p(a")) —w+w
—(y" - B(REI(H‘),(ﬁ(y*)))v Rﬁ(‘,.),qa(x*) - Rﬁ(.,.),(p(y*)%
= (&" —y" = B(Ryy(..).6(x"))

+B(RJ]€1(-,-),¢(Z/*))» Rﬁ(.,)@(m*) - RJ]EI(-,-),¢(3/*)>'
Since B be a o- strongly monotone mapping, then

2% = y* 1Ry y,0(2*) = R0l
> (z* — y*,Rﬁ(.,.),qﬁ(l‘*) - REI(‘,.)@(Q*»
> (= B)IRYy(.y.6(2") = Byl
+<B(Rﬁ(iy,),¢(w*) — B(Rﬁ(.7.)7¢(y*)a Rﬁ(,,_w(x*) - R}I\%I(-;)@(y*»

> (a =B+ 0)|Riy..6(") = Rip.0 )

and so

1R (.0 (2") = Bip .0 0O < % —y*|l, Vo, y" € X7

1
(a—5+0)
This completes the proof. O

4. SYSTEM OF MULTI-VALUED VARIATIONAL INCLUSIONS

Throughout the rest of this paper, unless otherwise stated for each 7 = 1,2, we
assume that X; be a real Banach space with norm || - ||; and denote the duality
pairing between X; and X/ by (-,-);. Let A; : X; — X/, pi, fi,9: : Xi — X, Fi:
X,; x X; — X, be single-valued mappings and M, : X; x X; — 2Xi*, W, : X1 —
CB(X;) and let V; : X5 — CB(X3) be multi-valued mappings. We shall study
the following system of multi-valued variational inclusions (in short, SMVI). For
given 0; € X/, the zero element, find (z1,22) € (X1, X2), w; € W;i(z1), v; € Vi(x2)
such that

01 € Ai(z1 — p1(x1)) + Fi(wr,v1) + Ma(f1(z1), 1(21)) 1)
Nl
02 € Ax(zo — pa(x2)) + Fa(wa,v2) + Ma(fa(x2), g2(22)).

We remark that by giving suitable choices of mappings A;, p;, F;, M;, fi, 9i,
W;,V; and of spaces X;, X, (i = 1,2), we can observe that SMVI (4.1) reduces to
many new and previously known systems of variational inclusions, systems of vari-
ational inequalities, variational inclusions and variational inequalities in Banach
spaces as well as in Hilbert spaces, see for example, Kazmi and Khan [18], Kazmi
and Khan [19], Kazmi and Bhat [17], Luo and Haung [25], Wang and Ding [30].
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Theorem 4.1. For eachi = 1,2, let ¢; : X7 — X/ be a single-valued mapping
satisfying ¢;(x; + yi) = ¢i(x;) + ¢i(y;) and ker(¢;) = {0;}, where ker(¢;) = {z; €
Xz* : (bz(xz) = 02} LetAi : X’i e Xz*7 phfi,gi : X,L' — Xi, Fz : XL X XL — XZ be
single-valued mappings and let M; : X; x X; — 2%, W; : X; — CB(X,) and
Vi : Xo — CB(X2) be multi-valued mappings. Let B; : X; — X/ be a 0;-strongly
monotone mapping. Then (x1, T2, w1, W, v1,v2) is a solution of SMVI (4.1) if and only
if

wi =Ry o [Bi(@:) = 65 0 (Ai(w: — pi(x:)) + Fi(wi, v))] (4.2)

where w; € W;(x1), v; € Vi(x2) and Rfji(_’.)7¢i = (B; + ¢i o M;(fi,9:)) L.

Proof. By definition of Rﬁ;, ) we know that (4.2) holds if and only if

1 )5 @i
Bi(w;) = ¢i o (Ai(zi — pi(xi)) + Fi(wi,vi)) € (Bi + ¢i 0 Mi(fi, 9:))(x:)
which is equivalent to
—¢i o (Ai(z; — pi(z:)) + Fi(wi,vi)) € ¢i o Mi(fi(:), gi(:))-
It follows from ¢;(w; + y;) = ¢i(xi) + ¢i(yi) that (4.2) holds if and only if
0; € ¢i o [Ai(w; — pi(wi)) + Fi(wi,vi) + M;i(fi(2:), gi(24)))-
Since ker(¢;) = {6;}, (4.2) holds if and only if
0; € Ai(zi — piz:)) + Fi(wi, vi) + Mi(fi(z:), gi ().
O

Based on Theorem 4.1, we construct the following iterative algorithm for solv-
ing SMVI (4.1):

Iterative Algorithm 4.1. For each i = 1,2, given 2 € X;, w? € W;(z9), ¥ €
V;(29), compute the sequences {7}, {w!}, {v""} defined by the iterative schemes:

= R [Bial) = io [Aual = pile})) + Filw, )]

w € Wiah), ™ = wil] < (14 0~y (Wilal ™), Wala) )

K3

o € Vila), ot = o7 | < (1 n)Da (Vi ), Vi) )
foralln =0,1,2,....... ,-

Now we give the sufficient conditions which guarantee the convergence of the
iterative sequences generated by Iterative Algorithm 4.1.

Theorem 4.2. Foreachi = 1,2, let X; be a reflexive Banach space with dual space
X}. Let ¢; : X — X[ be a \;-Lipschitz continuous satisfying ¢;(x; + y;) =
¢i(x;) + ¢i(y:) and ker(¢;) = {0;}. Let fi,9; : X; — X; be single-valued mappings;
let B; : X; — X be a 0;-strongly monotone and d;-Lipschitz continuous mapping
and let M; : X; x X; — 2% be a (B;, ¢;)-monotone mapping. Let A; : X; — X;
be ~;-Lipschitz continuous mapping; let p; : X; — X, be a m;-strongly accretive
and &;-Lipschitz continuous mapping; let W; : X; — CB(X;) be a D;-Lipschitz
continuous mapping with respect to Ay, > 0 and let V; : Xo — CB(X53) be a Do-
Lipschitz continuous mapping with respect to Ay, > 0 respectively. Let the mapping
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F; : X; x X; — X, be a &;-Lipschitz continuous in the first argument and Bi-
Lipschitz continuous in the second argument. Suppose that the following conditions
are satisfied:

1 _
b= ————— |51 + M@, + A 1—2my + 262+ &)+ AMBid | <1,
' = B +01)[ LM @AW, A1 = 2mn + 262+ &)+ B vl}

1 2 —
ky = (a2—Pat o) [52+A252/\v2 +A2721/1 — 2ma + 265(2 +§2)+>‘20‘2>‘W1} <1.

(4.3)

Then, for each i = 1,2, the iterative sequences {z'}, {wl}, {v}'} generated by
Iterative Algorithm 4.1, converge strongly to x1,x2,w;,ws, V1, Vs, respectively and
(21, X2, wi,ws,v1,v2) is a solution of SMVI (4.1).

Proof. By Iterative Algorithm 4.1 and Theorem 3.6, we have

ot = at | = || R o [Br@D) = 61 0 [Ar(a? = pa(a?)) + Fi(wi, D))
“RY 0, | B @) =0l A @ —pa @l )R op o] |
1

< oo ol [BE) — 6o A —palad)) + B of)] - Balat ™)

610 [y = pr(at ™) + Rt )|

1 n n— n n n— n—
< m(HBl(%)—Bl(% DA As (@] —pi (27)) = Ar (a7~ =pr (271
+all i (wf, o) =F (i o ) )
(4.4)
By Lipschitz continuity of ¢1, A1, By, F1, W1, V1, we have
[B1(27) = Bi(a? ™)l < daflai™ — a7y, (4.5)

and
173wt o) =Fa ()~ o )l
< IR o) = Fa(wi ™ o)l + 18 i~ o) = Fi(wi = of =) s
< @flwi —wi T+ Bl — o T2
< @ (140D (WaaD), Wi (™) + Bl +n71)Ds (Vi(e3), Valas ™))

<ar(L+n " YAw, 2t — 27+ 8@+ n YDAy l2g — 257 2

<(1+nh [@Mwl 2} — 27y + Bidv, [lah — xg'_lllz}’ (4.6)
A1 (a} —pr(2}) — A1 (@} = pu(a? )l < mllaf — 2t~ = (pa(af) —pl(l“?_l)()l-)
4.7

Since p; is a m;-strongly accretive and &; -Lipschitz continuous mapping, then we
have

ot —a3 ™ = (1 (1) —pa (27 7))
< Jlat =2l M3 = 2(pa(e}) — pa (@l (@ - op ) = ((ed) ~ pi(@l 7))

< 2t oy B -2(p1 (@0)-pr (217, (el -2t ) )
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+2(pi(af) = p1 (@), =i (@1 =217 = (praD) = pa (e )) (G — 2 7h)
< o =217 = 2mallot — 277 + 2l (o) — p(al
(2 = 22 7Mh + o @) = pr (@3 + e = 23]
< ot — 2172 = 2mallof — a7 71 + 2602 + €0)lle — 27 7|2
< (1-2m +262+&)) ot — a7

2} =2 = (pr(2}) —pr (@) < V1= 2my + 262+ &) [Jaf —af 1. (4.8)
It follows from (4.4)-(4.8), we have
1

1§ (a1 — B +01)

+Bi Ml =5~ 2 )+ /T = 2ma + 262+ €2l —at

[E

|:51||33?_33?_1H1 +)\1(1+n*1)<a1)\wl||x711 n 1”1

Hence we have

1
n+1 n =~ -1 _
||.T —Iq L= —(al — ﬁl T 01) |:(§1+A1041AW1(1+R )+A1’Y1 \/1 2m1 -+ 251(2 + 61))
xllat =i~ i+ M B (Ll =25~ )] (4.9)
Next
a5 = a3, = BP0 [ Ba(e8) = 020 [Aata p2<z2>>+Fz<w;,v§>]}
R ()0 | Ba(ws ™) =m0l s (@ —pa(ay ™)+ Falw o] |
1 _
< (o oy | [Ba) = 620 [Aala} = palaf) + Fa(wf )] = Balag ™)
(a2 — B2 + 02)
620 [Aa(e5 ™" = paay ™) + Fafwy g ]| |
1 n n— n n n— n—
_—<||B2($2)—B2($2 Dllo+A2l| Az (25 —p2(23)) = Aa (25~ —pa(a ™)) |2
(042 — P2+ 02)
el Baw, v3) — Fa(wp~ o5~ )
(4.10)
By Lipschitz continuity of ¢27A2,B2,F2,W2,V27we have
|Ba(a%) = Ba(ay 12 < doflaf ! — a7 (4.11)
and
| Fo(uws, v3) = Fa(w ™ 05~
< |1Bawi, v) = Fa(wl ™" o)l + | Fawy ™ v5) = Fa(uwg ™ w5 ™) o

< agllwy — w1 + Bollvy — vi 2
<ax(1+nHDy (WQ(CC?)’ Wz(w?fl)) + B (1 +n"1)Dy (1/2(333)7 VQ(erLﬂ))
< aa(L+n ) Aw, [l2f — 2+ B+ 07 llaf — 2572
<(1+n7h) [072/\W2 2t — 277 1 + BaAvs [l2h — 33121_1”2} (4.12)

[ A2 (a5 —p2(ah)) — Aa(a ™! —p2(a5 ™))z < vellay —a5 ™ — (pa(a5) —p2(ay ™))l2.
(4.13)
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Since p» is a mo-strongly accretive and £»-Lipschitz continuous mapping, then we
have

25 —a5 " —(p2(@y) —pa(ah~"))ll2 < /1 —2mg + 262+ &) llzs—25 2. (4.14)
It follows from (4.10)-(4.14), we have

1
n+l _ n < |:5 n__ ,n—1 )\ 1 —1 (— A n__ ,n—1
@3 172||2_—(a2_52+02) allzs — a3 2+ A2 (L +n770) (G2 Aws 2T — 2™ [t
+BaAvalles =5 |2 )+ Ave /T = 2z + 262+ &) a5 —a5 o
ozt =aslle < g [(82+22B2 M (14 )+ X272/ T = 2mz + 262+ &)

x|l a7 o+ AadoAw, (140 Yt 27 )| (4.15)
From (4.9) and (4.15), we have
@it a5+ = (@8, @)l = 23 — ot o+ lag+! — a3,
< ket =2t kg g~ e
< max{ki', k3 } (a7 — 27 7y + g — 257" 2)
< max{kf, K3} ||t 25) — (@37 a5 7]

(4.16)
where X* = X; x Xj is a reflexive Banach space with norm || - ||, = || - [|1 + || - [|2-

Letting n — oo, we obtain max{k7, kJ } — max{ky, k2}, where

1 7 1
k1= + ——— A1 Ay ke = + ———— o\, (417
e (1 = fr+01) 11w ke =ms (g — B2+ 02) 202Aw,; (417)
1
1 (a1—51+01)( 1+ AMdAw 1y 1+ 2 ( §1)> (4.18)
2:% 52+/\252)\V2+)\2’yg\/1—2m2+2§2(2+§2) ) (4.19)
" (ag — B2 + 02)

By (4.3), it follows that 0 < max{ki, ko} < 1 and {(z7,2%)} is a Cauchy sequence.
Thus there exists (z3,25) € X* such that (27, 25) — (27,23) as n — oo. Now
we claim that w! — w; € W;(z1). In fact it follows from the Lipschitz continuity
of W, and Iterative Algorithm 4.1

it = w2 < (140D (Wil ™), Wiah) )

< (T +n HAw, 2Pt —2p. (4.20)
Since {z!'} is a Cauchy sequence, it follows that {w!'} is also a Cauchy sequence.

In a similar way, one can show that {v]'} is a Cauchy sequence. Thus there exist
w; € X1, v; € Xy such that w]' — w;, v]' — v; as n — 00. Further

di(wi, Wi(z1)) < |lwi — wi[| + di(wi’, Wi(21))
< Jjwi = wf| + Dy (Wi(at), W)

< lwi = wll + Aw,

2} —x1]] — 0 as n — oo.
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Since W;(x1) € CB(X7). It follows that w; € W;(x1). Similarly we can show that
v; € V;(x2). By the continuity of ¢;, A;, B;, F;, W;, Vi, Rﬁ;i(~ 3.4, and Iterative Algo-
rithm 4.1, we have

T; = Rﬁ.(.,.)’@ [Bz(xz) — ¢i o [Ai(zi — pi(@i)) + Fi(w;, vi)] |-

By Theorem 4.1, (x1,x2, w1, ws,v1,v2) is a solution of problem SMVI (4.1).
This is completes the proof. 0

Remark 4.3. (@) fpoM(f,g) = AM(f,g), for A\ > 0 and M be af-symmetric

monotone with respect to f and g, then Theorem 3.3-3.6 reduce to Theorem
3.3-3.4 given in [26].

(i) If p o M(f,g) = AM, for A > 0 and M be relaxed monotone then Theorem
3.3-3.6 reduce to Theorem 3.3-3.4 given in [11].

(iii) For each ¢ € {1,2}, if g; = I;, identity operator on X;; ¢ o M;(f;,g:) =
AM;(fi, I;), for A > 0 and M be «;3;-symmetric monotone with respect to f;
and I;, then Theorem 4.2 is a generalization of Theorem 5.1 given in [11].

(iv) The method presented in this paper can be used to extend the results given
in [30, 34, 35].
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ABSTRACT. In this article we prove the existence of at least one weak solution for the
quasilinear problem

—Apu(z) = Mu(z) [P %u(z) + h(z,u(z)) inQ,

u=0 on 0N}

where Ayu := div(|Vu[P72Vu) is the p-Laplacian operator, p > 1, @ C R" is a non-
empty bounded domain with Lipschitz boundary (Q € C%'), X is a positive parameter and
h: Q xR — R is a bounded Carathéodory function. The approach is fully based on the
degree theory.

KEYWORDS : p-Laplacian; Principal eigenvalue; (S ) condition; Topological degree.
AMS Subject Classification: 35J60; 35B30; 35B40.

1. INTRODUCTION

The aim of this paper is to establish the existence of at least one weak solution
for the following quasilinear problem

{ —Apu(z) = Nu(z)[P~?u(z) + h(z,u(z)) inQ,

u =0 on 0%, (1-1)

where Ayu := div(|Vu|P~2Vu) is the p-Laplacian operator, p > 1, Q C RY is a
non-empty bounded domain with Lipschitz boundary (2 € C%!), X is a positive
parameter and h : 2 x R — R is a bounded Carathéodory function.

On the Sobolev space W,?(Q), we consider the norm

P
Jull = ([ wuteyras)
Q
* Corresponding author.

Email address : afrouzi@umz.ac.ir (G.A. Afrouzi), a.hadjian@umz.ac.ir (A. Hadjian), s.shakeri@umz.ac.ir (S. Shakeri) and mirza-
pour@stu.umz.ac.ir (M. Mirzapour).
Article history : Received 4 January 2012. Accepted 30 March 2012.



26 G.A. AFROUZI ET AL./JNAO : VOL. 3, NO. 1, (2012), 25-32

By a (weak) solution of the problem (1.1), we mean any u € WO1 P(Q) such that

/Q V() P~2Vu(z) Vo(z)de — A /Q () [P~ 2u(z)o(z)dz — /Q h(@, u(z))o(z) = 0

for all v € W,"* (). It is well known that the eigenvalue problem

—Apu(z) = Nu(z)[P2u(z) inQ, (1.2)
u=0 on 0f) )

has a principal eigenvalue (i.e., the least one) A\; > 0 which is simple and charac-
terized variationally by
) Jo |Vu(@)|? da
1= RN
wewgP@\{0} Jo [u(@)[P dx
Let X be a reflexive real Banach space and X* its dual. Here and in the sequel
we denote by (f,u) := f(u) the value of the linear form f € X* for an element
u € X.If X is a Hilbert space, then according to the Riesz Representation Theorem,

(fsu) = (u, f).
Definition 1.1. The operator 7' : X — X* is said to satisfy the (S ) condition, if
the assumptions

Up = ug (weakly) in X and lim sup(T'(uy,), un — wo) <0

n—oo

imply
Up — ug  (strongly) in X.

It is clear that if T': X — X* satisfies the (S) condition and K : X — X* be a
compact operator, then the sum 7'+ K : X — X* satisfies the (5 ) condition. We
say that 7' : X — X* is demicontinuous, if 7" maps strongly convergent sequences
in X to weakly convergent sequences in X *.

The main aim of the present paper is to prove the existence of at least one
weak solution of (1.1) via degree theory. Various applications of degree theory
for solutions of nonlinear boundary value problems are already available, see for
instance [1, 2, 4-6, 8]. For other basic notations and definitions we refer to [3].

2. MAIN RESULTS

First we here recall for reader’s convenience the following Theorem of [9] which
is our main tool to prove the results.

Theorem 2.1 (Skrypnik [9]). Let T : X — X* be a bounded and demicontinuous
operator satisfying the (Sy) condition. Let D C X be an open, bounded and non-
empty set with the boundary 0D such that T'(u) # 0 for u € 0D. Then there exists
an integer
deg(T, D, 0)
(called the degree of the mapping T') such that
() deg(T,D,0) # 0 implies that there exists an element ug € D such that

(i) If D is symmetric with respect to the origin and T satisfies T (u) = —T(—u)
for any u € 0D, then
deg(T, D, 0)

is an odd number (and thus different from zero).
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(iii) (Homotopy invariance property) Let Ty be a family of bounded and demi-
continuous mappings which satisfy the (Sy) condition and which depend
continuously on a real parameter A € [0,1], and let Ty(u) # 0 for any
u € 9D and A € [0, 1]. Then

deg(Ty, D, 0)
is constant with respect to A € [0, 1]. In particular, we have
deg(TOa Dv 0) = deg(Tla Da O)

We introduce the operators .J, G, S : W, *(Q) — (W, (Q))* in the following way

(J(u),v) :=/Q|Vu(x)|p_2Vu(x)Vv(x)dx,

(G0 = [ @l Pu(w)o(e)ds,
(S(u), v) = /Q (e, u(@))o(z)dz

for any u,v € VVO1 "P(Q). First we sketch the properties of operators J, G and S.

Lemma 2.2. The operators J, G and S are well defined. Also we have the following
properties of J,G and S.
(@ J,G and S are bounded and continuous (and so demicontinuous) operators;
(b) G and S are compact operators;
(c) J satisfies the (S;.) condition;
(d) J is invertible and its inverse is continuous.

Proof. The fact that J, G and S are well defined follows the standard procedure. The
first two statements follows from the Hoélder inequality, the boundedness of h and
the compact embedding W, *(€2) << L”(2). Let us prove the third statement.
Indeed, let u,, — ug in W, *(Q) and

lim sup(J (t ), un — ug) < 0.

n—oo

Then lim,,—, o (J (1), un — ug) = 0, and so

0o > h,ILn_,S;pU(u”) — J(ug), un — up)
= limsup /Q (|wn(m)|f>—2vun(x)—|vu0(x)\P—2vuo(x))(vun(m)—vuo(x))dx
>

lmp{ [ n@pas— ( [ 19mpa) " ( [ [vutops)
([ lWo<ff>pdw)p;1 (/ |Vun<x>|pdx); -/ IVuo(x)|pda;}

= timsup | lun " = luol*~ | [lunl = fluoll] =0,

n—oo

where the last inequality follows from the fact that s +— |s|P~! is strictly increasing
on (0,00). Hence |lu,| — |luol|, and due to the uniform convexity of W,"* () we
have u,, — ug in W, *(£2). Thus .J satisfies the (S, ) condition.
Finally, we prove the fourth statement. Indeed, the strict monotonicity of s + |s|P~?2
implies that

(J(u) — J(v),u—vy >0 for wu#w.
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Hence .J is injective. To prove that .J~! is continuous we proceed via contradiction.
Suppose there exists a sequence {f,,}5%,, fn — f in (W, (Q))* and

[T ) =T Hf)| =6  fora 6>0.
Let u, := J~1(f,) and u := J~1(f). It follows that
1 fallllunll = (fasun) = (I (un),un) = lunll?, Lo fualP™" < fall
We may then assume u,, — ¢ in WO1 "P(Q) due to the reflexivity of WO1 (Q). Hence
(J(up) — J(@),up — @) = (J(upn) — J(u), uyp — @) + (J(u) — J(@), up, — @) — 0
since J(uy,) — J(u) in (W, ?(Q))*. Then we have
0= Tim (J(wn) = J (@), — @) = T [flun P~ = a@l* =] [Juall = ] = 0,

ie., |[un|| — || Hence u,, — 1 follows due to the fact that W, *(£2) is a uniformly

convex Banach space. Since J is continuous and injective, & = u, a contradiction.
O

We state our main result as follows.

Theorem 2.3. Let A < A\ and let h : 2 Xx R — R be a bounded Carathéodory
Jfunction. Then the problem (1.1) has at least one wealk solution.

Proof. We set

T=J-\G-S5,
such that J,G and S are as above. Then existence of a weak solution of (1.1) is
equivalent to the existence of a solution of the operator equation

T(u) =0. (2.1)
Our plan is to use the degree argument to prove the existence of a solution of
(2.1). By Lemma 2.2, the operator 7" is a bounded and demicontinuous operator
satisfying the (S;) condition.
The operator J satisfies
(J(u), u) = [[ull”.
Moreover, J and G are odd mappings and (p — 1)-homogeneous, i.e.,
J(tu) =t*" J(u) and G(tu) =t*"'G(u) forany t>0, ue W,?(Q).
Our sketch is the following. The existence of at least one solution of (2.1) would
follow from
deg(J — A\G — S,B(0; R),0) # 0 (2.2)
if we found a ball B(0; R) for which (2.2) is valid. To prove (2.2) we use the homotopy
invariance property of the degree (Theorem 2.1(iii)) and connect the operator J —
AG — S with the operator J — AG on the boundary of a ball B(0; R) with a sufficiently
large radius R > 0. Once this is done we finally use

deg(J — AG, B(0; R),0) # 0. (2.3)

(The value of the degree in (2.3) is an odd number according to Theorem 2.1 (ii)).
So, to complete the proof, we have to find an admissible homotopy connecting
J — AG — S and J — A\G. We define a homotopy

T, (u) := J(u) — AG(u) — 75 (u), rel0,1], wueWlP().

It is enough to prove that there exists R > 0 such that for all u € Wy (Q), |ju| = R
and 7 € [0, 1] we have
T-(u) #£0. (2.4)
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Assume, by contradiction, that no such R > 0 exists, i.e., we can find sequence
{un s, € Wy() and {7,}5, C [0,1] such that ||u,| — oo and

J(up) — AG(up) — TS (uy,) = 0. (2.5)
We set v, := W’ divide (2.5) by ||u,|[P~! and use that J and G are (p — 1)-
homogenous to get
S(un)
J(vp) — AG(vy) — Tn—1— = 0. (2.6)
)7 ACE) =T

Due to the reflexivity of VVO1 "P(Q) and the compactness of the interval [0, 1], passing
to suitable subsequence, we may assume that

U, — v in WyP(Q) and Tn, — T € [0,1].
Let M :=sup,cq scr |P(2,5)|. We have

|hxunk || |dl‘<M/ M]_&—)O as k — oo,
et [P~ nka i [, [P~

[, [P

Where M; > 0 is a constant. To summarize, since G is compact, we have

S(u”k)

T -7 — 0, 2.7)
([t 1P

AG(vp, ) — AG(v), (2.8)

in (W7 (Q))* as k — oc.
So, putting together (2.6)-(2.8) we also obtain that
J(vn,) = AG(v)
in (Wy?(Q))* as k — oo, ie.,
vn, — J T (AG())
in VVO1 P(Q) as k — oo (Remember that J is invertible and its inverse is continuous).
Since at the same time v,,, — v in VVO1 P(Q), we have

Upy, — U in W, "*(Q)
and
JW)=AGw)=0 in (WyP(Q)* fora 7el0,1]. 2.9)
Since ||vp, || = 1forall k = 1,2, ..., we have ||v|]| = 1. However, this contradicts the
assumption A < ;. It proves that (2.4) holds, i.e., the homotopy 7’ is admissible.
This completes the proof. U

3. THE CASE p=2AND A\ = )\

Let us assume that p = 2 and consider the eigenvalue problem

—Au(z) = Au(z) inQ,
{ u=~0 on O0f2. 3-1)
It is known that the eigenvalues of (3.1) form an increasing sequence
O< A <A< A<, An — 00.

In fact, it is also possible to prove that A\; has multiplicity 1 (i.e., A\; < A2) and the
corresponding eigenfunction ¢; € VVO1 2 () is positive in 2. Moreover, we have

/Vgpl(x)Vv(x)dx:)\l/gal(x)v(x)d:v, (8.2)
Q Q

for any v € W% (Q).
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Now, We formulate the following Theorem.

Theorem 3.1. Let h : 2 x R — R be a bounded Carathéodory function and satisfy
the following conditions:
() lims_ 1o h(z,s) = h(x,+00), limg__o h(z,s) = h(z,—00), fora.a
z €
(i) h(x,—o0) < h(z,s) < h(z,+00), fora.a. z € Q andforalls € R.
Then, the problem

—Au(z) = Mu(x) + h(z,u(x)) inQ, (3.3)
u=20 on 01, ’
has at least one wealk solution if and only if
/ h(z, —00)p1(z)dr < 0 < / h(z, +00)p1(z)dz. (3.4)
Q Q

Proof. For the sufficiency part we will follow a scheme similar to the proof of Theo-
rem 2.3, but now .J, G, S : Wg2(€2) — Wg*(€) and

(J(u),v) := /QVu(x)Vv(x)d:v = (u,v),
(G(u),v) ::/Qu(a:)v(m)dx,

(S(u),v) := | h(z,u(z))v(z)dr
Q

for any u,v € Wolz(Q) For § > 0 so small that A\; + J < A2 we define a homotopy
T-(u) :=u—A\Gu) — (1 —7)0G(u) — 75(u), Te0,1], wueW,*9).

Performing all steps as in the proof of Theorem 2.3 we arrive at an analogue of (2.9),
namely,

v—[M+(1-7)5]Gw) =0, |v|=1, fora 7e€][0,1],

This is a contradiction if 7 # 1, since A; + (1 — 7)d is not an eigenvalue (A\; <
M+ (1—7)5 <)Ay)and v # 0.

Let us assume 7 = 1, i.e., 7,, — 1. Now, however, we have no contradiction,
since \; is an eigenvalue and

v—=XMGW)=0

has a solution with |[v|| = 1. Another step is necessary to reach a contradiction
and to prove that the homotopy 7T is admissible. We have to revise the last step
when passing to the limit in

U — MG(vy) — (1 = 7,)0G(v,) — 7, S(un)

- =
[l |

and employ special properties of S. Namely,
Upy, — MG (Up,) = (1 = 70, )0G (un, ) — 70y S (U, ) = 0
is equivalent to the integral identity
/ Vi, (2)Vw(z)dz = [M+(1-7,,)4] / Un,, (2)w(x)dax+T7y, / h(x, tn,, (x))w(z)dz
Q Q Q

(3.5)
for all w € Wol’z(Q). Taking w = ¢, in (3.5) and using the fact that

/Vunk(a:)chl(x)dx:)\l/unk(m)gol(a:)dm,
Q Q



EXISTENCE RESULTS FOR A QUASILINEAR BOUNDARY VALUE PROBLEM 31

(see (3.2)), we obtain
(Tny, — 6/unk x)e1(z dl‘—Tnk/h T,y Un,, (2))p1(z)d. (3.6)

As above, vy, = — vin W0 (Q) and v = Ky with a Kk # 0. Assume that k >

Hun I
0. Since v,, — k1 in W,*(Q), by the compact embedding W, *(Q) << L?(),
we have v, — k1 in L?(£2). Hence (at least for a subsequence) v, (r) — kg1 > 0
a.e. in Q, ie., u,, (z) — 400 a.e. in Q. Passing to the limit in (3.6) and using
Tn, — 1_ and the Lebesgue Dominated Convergence Theorem, we obtain

/ h(z,+00)p1(x)dx = klirn (Tny, — 1)6/ Un,, (2)p1(z)dz < 0.
o —00 Q

This contradicts the second inequality in (3.4). Similarly, if £ < 0, then (at least for
a subsequence) u,, (r) — —oo a.e. in {). Passing to the limit in (3.6), we obtain

/Qh(a:, —o0)p1(x)de = kh—{rolo(T"’“ - 1)6/Qunk (x)p1(z)dz > 0.

This contradicts the first inequality in (3.4). This proves that 7T’ is admissible, and
so (3.4) is sufficient for the existence of a weak solution of (3.3).

To prove that (3.4) is also necessary we proceed as follows. Let uy be a weak
solution of (3.3), i.e.,

/Vuo YWo(x )dx—)\l/ﬂuo dx-l—/hmuo Yo(z)dz,

for any v € W, ?(Q). Take v = @1, then

/QVuO(x)Vgol(x)dx =\ /Q uo(z)p1(x)dr + /Q h(z,uo(x))p1(x)dx.
Using (3.2), we have
/ h(z,up(z))p1(x)dz = 0.
By assumption (ii), ?
h(z, —00) < h(z,up(z)) < h(z, +00). (3.7
Multiply (3.7) by ¢1(> 0) and integrate. Then

/ h(z, —o0)p1(x)dx <0 < / h(zx, +00)p1(x)dz,
Q Q
and we have the result. O
Similarly to the proof of Theorem 3.1, we can prove the following
Theorem 3.2. Leth : Q) X R — R be a bounded Carathéodory function and satisfy
the following conditions:
(D lims 400 h(z,s) = h(z,+00), lims_o h(x,s) = h(z,—00), for a.a.
x €
(i) h(z,+o00) < h(z,s) < h(z,—0), fora.a z € Qandforalls e R.
Then, the problem (3.3) has at least one weak solution if and only if

/h(w, +00)p1(z)dr < 0 < / h(z, —o00)p1(z)dz. (3.8)
Q Q

Remark 3.3. It is possible to solve the problem (3.3) directly by means of the Leray-
Schauder degree theory as well, since the operator J in the proof of Theorem 3.1 is
just an identity on W?(€2).



32

G.A. AFROUZI ET AL./JNAO : VOL. 3, NO. 1, (2012), 25-32

REFERENCES

. F.E. Browder, Nonlinear elliptic boundary value problems and the generalized topological

degree, Bull. Amer. Math. Soc. 76 (1970) 999-1005.
Y.Q. Chen, D. O’Regan, Generalized degree theory for semilinear operator equations, Glas-
gow Math. J. 48 (2006) 65-73.

. K. Deimling, Nonlinear Functional Analysis, Springer Verlag, Berlin-Heidelberg-New York,

1985.

D. O’Regan, Y.J. Cho, Y.Q. Chen, Topological Degree Theory and Applications, Series in
Mathematical Analysis and Applications, vol. 10, Chapman & Hall/CRC, Boca Raton-
London-New York, 2006.

. T. Pruszko, Topological degree methods in multi-valued boundary value problems, Nonlin-

ear Anal. 9 (1981) 959-973.
T. Pruszko, Some applications of the topological degree theory to multi-valued boundary
value problems, Dissert. Math. 229 (1984) 1-52.

. L. Rachunkova, S. Stanek, Topological degree method in functional boundary value prob-

lems, Nonlinear Anal. 27 (1996) 153-166.

S.B. Robinson, E.M. Landesman, A general approach to solvability conditions for semi-
similar elliptic boundary value problems at resonance, Differential Integral Equations 8(6)
(1995) 1555-1569.

. V. Skrypnik, Nonlinear Elliptic Boundary Value Problems, Teubner, Leipzig, 1986.



Analysis and

Optimization

Theory o,
Journal of Nonlinear Analysis and Optimization o
Vol. 3, No. 1, (2012), 33-43 Editorsin-Chef
ISSN : 1906-9685 =
http://www.math.sci.nu.ac.th S

NECESSARY AND SUFFICIENT OPTIMALITY CONDITIONS FOR FVPS WITH
GENERALIZED BOUNDARY CONDITIONS

HAONAN WANG, YUQIANG FENG!:*

School of Science, Wuhan University of Science and Technology, Wuhan 430065, P.R. China

ABSTRACT. This paper presents the necessary and sufficient optimality conditions for frac-
tional variational problems with generalized boundary conditions. The Lagrangian that we
consider depends on left Caputo fractional derivatives of order o and which also depends on
the boundary points y(a) and y(b),the terminal time b, and the end point y(b) may be not
specified . Examples are presented to demonstrate the application of the formulations.
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1. INTRODUCTION

Fractional calculus is the branch of mathematics that generalizes the deriva-
tive and the integral of a function to a noninteger order. The study of fractional
problems of the calculus of variations is a subject of current strong research due
to its many applications in science, engineering, mechanics, chemistry, biology,
economics and control theory (see [3, 4, 8-10, 13]).

The fractional calculus of variations was introduced by Riewe in [11, 12], where
he developed Hamiltonian, and other concepts of classical mechanics using frac-
tional calculus.

Klimek presented a fractional sequential mechanics model with symmetric frac-
tional derivatives [5] and stationary conservation laws for fractional differential
equations with variable coefficients [6].

In [1], Agrawal combined the calculus of variations and the concepts of fractional
derivatives to obtain the fractional variational problems.

In [2], Agrawal considered the functional which had unspecified end points. The
extremal function satisfied the terminal condition y(a) = y, and intersected the
curve z = ¢(x) for the first time at b , i.e. y(b) = ¢(b). Here c(x) was the specified
curve.
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In [7], the two authors discussed the necessary optimality conditions for the
functionals of the form:J(y) = I, L(z,y(z)," D%, y,y(a)).

In this paper, we will develop the theory of fractional variational calculus fur-
ther by proving the necessary and sufficient optimality conditions for more general
problems. The functional that we consider has the form:

b
J(y) = / L(z, y(2).€ D&, y(x), y(a), y(b))dz — min vP)

where L(z,y,u,v,w) is a function with continuous first and second (partial)
derivatives with respect to all its arguments. And y(z) has continuous left Caputo
fractional derivatives of order o, here 0 < a < 1. The initial time z = a is specified,
while the initial point y(a), the terminal time b , and the end point y(b) may be not
specified. In some cases, the end point y(x) may intersect a specified curve at the
terminal time.

2. PRELIMINARIES

2.1. REVIEW ON FRACTIONAL CALCULUS. Let f : [a,b] — R be a function, a a
positive real number, n the integer satisfying that n — 1 < a < n,and I' the Euler
gamma function.

2.1.1.The left and right Riemann-Liouville fractional integrals of order « are defined
by

19, f(x) = ﬁ / Ca— 0 (0)de
and
b
I f(a) = ﬁ [ = pwar
respectively;

2.1.2. The left and right Riemann-Liouville fractional derivatives of order « are
defined by

d" 1 ar [*
D2 (@) = T2 ) = g |, =0
and
dn —1n  gr b
D f(a) = (1) o 0) = s [ o (o
respectively;

2.1.3. The left and right Caputo fractional derivatives of order « are defined by
@ _ th—« _ n—oa— n
DI (@) = 15" G @) = oo [ (=0 O

and
n b
CDR (@) = () @) = s [ (D= O e

respectively.
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2.2. INTEGRATION BY PARTS FOR CAPUTO FRACTIONAL DERIVATIVES.
b b n—1
j— 1—
/ 9(z) -© Dg, f(w)de = / f(@) - Di_g(@)dz + > [DyH"g(a) - Dy f(a)]}
a a 7=0
and
b b n—1 )
/ 9(2)- Dy f(x)dz = / f(@)-Dgy g(x)da+ Y " [(—1)"H DY "g(w)- Dyt f(w)])
a a 7=0
Therefore, if 0 < a < 1, we obtain

b b
[ 9t@)€ g s@de = [ 1(@)- Dy gla)dn + 1= gw) - 1)

and ,
/ 9(x) - D f(x)de = / f(@) - D2y g(a)de — [T550g() - F(@)),

Moreover, if f is a function such that f(a) = f(b) = 0,we have the simpler formulas:

b
/ o) < D2, f(x)dz = / f(z) - Dg_g(x)dx

/:gu dx—/f ) D2 g(a)da

3. NECESSARY OPTIMALITY CONDITIONS

and

We will discuss the necessary optimality conditions for the problem (VP) in dif-
ferent cases of boundary conditions.

Casel. The initial point y(a) is specified .

Theorem 3.1. If the terminal time x = b and the end point y(b) are specified as
well. Assume that Y (x) is the desired function, which satisfies that Y (a) = Y, and
Y (b) =Y. Then, Y(x) satisfies the fractional E-L equation:

oL oL

— 4+ D ————=0

ay TP ache,y
Proof. Define a family of curves:

y(x) =Y (2) + en(x) (3.1)
where 7)(z) is a variation of y(z).
Substituting (3.1) into (VP), we obtain

b
36 = [ LY+ n.€ DY Y+ en),Y(a) + 2n(a), Y(0) + en)de

For simplicity, we write L(z,Y +en,Y DY, (Y 4+ en),Y (a) + en(a), Y (b) + en(b)) as
L,
and write L(z,Y,” D2, Y,Y (a),Y (b)) as L,
Find the expression for d.J/de

dJ b -
T.,-:/ 0oL -1+ 05T -C D% + 03T -m(a) + 5L - n(b)de
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Notice that J(g) > J(0),then
dJ ’ C e
I le—o= [ O2L-n+ 03L" Dy, n+ 0sL -n(a)+ 0sL-n(b)dr =0

Using integration by parts
b

b
/ 77(82[1 + D{L(%,L)d:v + 77([;:&8311) |Z +/ 77(@)84[1 + 77(b)85Ld.’L‘

b
B oL . OL . L,
= [ 0G5 + D e )

b b
+ /a n(a)agfa) dx + /a n(b)agfb)dx =0

(3.2)

Since n(z) is arbitrary, I, ~® 5085—) |.—5= 0. n(a) = 0, and 7(b) = 0, which gives
a+t
the fractional E-L equation in the form

oL oL _, 33)

9% L pe __9E
oy a0,y
0

Theorem 3.2. If the terminal time © = b is specified, while the end point y(b) is
unspecified. Assume that Y (z) is the desired function. Then, Y (z) satisfies the
JSollowing fractional E-L equation and the transversality condition.

oL oL
92 L pe Y2
oy " P-gepey =
and ,
oL
Y dr =
L ovp ™

Proof. Using the same way as theorem 3.1, we get

dJ b oL a oL 11—« oL b
- \szof/a 77(87 JFDb—W)deFU(Ib— 80D3+Y) la

de
b b
+/a n(a) 83?(1) dx +/a n(b) a?/fb) dr =0

Since 7(z) is arbitrary, which gives the fractional E-L equation as
oL oL

Dy ———
ay oD,y

=0
Since I;:”‘acgﬁ |z=p= 0 and n(a) = 0,we have

’ oL * oL
[ g =) [ Grsae =0

We know that 7(b) is arbitrary,which gives the transversality condition as

b aL
/a mdxzo (3.4)



NECESSARY AND SUFFICIENT OPTIMALITY CONDITIONS FOR FVPS 37

Theorem 3.3. Ifthe terminal time x = b and the end point y(b) are both unspecified,
and the function y(x) intersects the curve z = c(x) for the first time at x = b, ie.
y(b) = ¢(b). Here z = c(x) is the specified curve.

Assume that Y (z) is the desired function, which intersects the curve z = c¢(x) at
x = B, ie. Y(B)=c(B). Then, Y (z) satisfies the following fractional E-L equation
and the transversality condition.

0L oL
i 5 Yo
oy T Pr-gepay =0
and 5
OL
Dc—- DY ———dx+ L| |;=p=10
(De=DY) [ Soresda+ ]|
Proof. Define a family of curves
y(z) =Y (2) +en(x) (3.5)
We further define a set of end points:
b= B +¢ed(b) (3.6)

Where 0(b) is a variation of b.
Substituting (3.5) and (3.6) into (VP), then the equation (VP) can be rewritten as

B+e6(b)
J(a):/ e L[:LyY—i—an,CD&(Y—&—En),Y(a)+€n(a),Y(B+55(b))+sn(B+56(b))]d1:

For simplicity, we write L[z, Y 4+en,% DS (Y +en), Y (a)+en(a), Y (B4 (b)) +en(B+ed(b))]
as L, and write L[z, Y,” DS, Y,Y (a),Y(B)] as L. Then

dJ Btes(b) - N N
e / oL -n+93L-" Dgin+0sL-n(a)+ 0sL - n(B +ed(b))dx

+6(B +e6(b))L[B +£6(b),Y +en,” Dy (Y +en),

Y(a)+en(a),Y (B +¢ed(b)) +en(B +ed(b))]
Notice that J(¢) > J(0), then we have
dJ B C Ha
I le=0= L -n+0sL-" Dgyn+ 04L -n(a) + 0sL - n(B)dz
+L(B,Y,S D2,Y,Y(a), Y (B))§(B)
Using integration by parts
dJ

B B
i \5:0:/ (O2L + D305 L)da + 1 - (I5-°05L) |© +/ oL - n(a)ds

+ /B dsL-n(B)dz + L(B,Y, D, Y,Y (a),Y(B))§(B) = 0

Since 7)(z) is arbitrary, which gives the fractional E-L equation as
oL oL

ay tPE-gepey =0
Since I5_*93L |z=5= 0 and n(a) = 0, we obtain
B
oL C na _
WB) [ Gz e+ SBILB. Y. DLY.Y (@)Y (B) =0 (3.7)

We notice that
y(b) = c(b) (38)
By using (3.5) and (3.6), the equation (3.8) becomes
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Y (B +¢e6(b)) +en(B +ed(b)) = c(B +€d(b))
Differentiating equation (3.9) with respect to € and then setting € = 0,we get

DY (B)-6(B) +n(B) = Dc(B) - 6(B)
Here D(-) = %
We further get
n(B) = 6(B)D(c(B) =Y (B))
Substituting (3.11) into (3.7), then (3.7) becomes the form

S(B){(De=DY) [ Gosde 1] Los=0

Since §(B) is arbitrary, then the transversality condition is given below

(D — DY) / affB) do+ L) |o—p=0

Case 2. The initial point y(a) is unspecified.

(3.9)

(3.10)

(3.11)

(3.12)

Theorem 3.4. If the terminal time x = b and the end point y(b) are both specified.
Assume that Y (x) is the desired function, which satisfies that Y (b) = Y}.
Then, Y (z) satisfies the following fractional E-L equation and the transversality

condition.
oL o oL
Y +Db‘8cDg‘+Y =0
and
b b
OL 1 _ OL(t)
dr — t— O _dt =
W T Ta—a / =) 5epa vy ™=

Proof. Using the same way as theorem 3.1, we get
dJ b 0L oL oL
o= 4+ DY _~— _\d )
de =0 /a gy + b*aCDggrY) 4, 8CD3+Y)

b b
+/a n(a) ﬁiafﬁa) dx —l—/a n(b) 8}8’%) dr =0

Since 7(z) is arbitrary, which gives the fractional E-L equation as
oL oL

92 pe 2
ov " Prgopey =
Since 7(b) = 0 and I, ~* 525~ |,—,= 0.we have
a+
b
oL oL
———dr — I T ———— |,=4] =0

We know that 7)(a) is arbitrary, therefore (3.13) becomes

b
oL oL
76{ —Il_ai w—a:
/a oY (a)™" = 9%D2,Y lo=a=0

b

a

(3.13)

(3.14)
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We further get the transversality conditions as follow

b oL 1 b . OL(t) B
oy A 5Dz, vH™ ="

O

Theorem 3.5. If the terminal time x = b is specified, while the end point y(b) is
unspecified. Assume that Y (x) is the desired function. Then, Y (z) satisfies the
Jollowing fractional E-L equation and the transversality condition.

oL o oL
oy +D”—aCDf;J =0
and . .
oL 1 ’ . OL(t)
dr — t—a) e dt = 0
L oY (a)™" F(lfoz)/( @) 2D, Y (t)
b
oL
d —
Lo
Proof. Using the same way as theorem 3.1, we get
dJ b oL oL oL
W Do Ilfoz b
de |€ =0=— / <8Y+ b— 80Da )d37+77( b— GCD2‘+Y> a

b b
+ /a n(a)agj(;a) dx + /a "(b)agfb) dz =0

Since 7)(xz) is arbitrary,which gives the fractional E-L equation as

OL  pa 0L
ay = T o°Dg Y

. 11—« oL
Since I~ DY |z—p= 0 ,we have

_1a
/aY U= aCDa le=al +n(0) /ay =0

We know that 7)(a and 7(b) are both arbitrary, the transversahty conditions are
given below

=0

b oL 1 b . OL(t)
i AR oDz v ="
b oL
UM

O

Theorem 3.6. Ifthe terminal time x = b and the end point y(b) are both unspecified,
and the function y(x) intersects the curve z = c(x) for the first time at x = b, i.e.
y(b) = ¢(b), where z = ¢(x) is the specified curve.

Assume that Y (z) is the desired function, which intersects the curve z = c(x) at
x = B, ie. Y(B) = ¢(B). Then, Y (z) satisfies the following fractional E-L equation
and the transversality condition.

oL . oL

9v  pp 9
ay - 9Che,y

and
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B
[(Dc— DY) / &?fmdx + L) |gep=0

B oL 1 B . OL(t) B
W) T Ta—a) / =) 5opa vy =0

a

Proof. Using the same way as theorem 3.1, we obtain

dJ B - B
A le=0= / n(02L + D%_0sL)dx +n - (I5_*0;L) |2 +/ 4L - n(a)dz

B
+/ 9sL -n(B)dr + L(B,Y,” DX, Y,Y (a),Y(B))3(B) =0
Since 7)(x) is arbitrary,which gives the fractional E-L equation as

oL oL
Y L pe 92 _
oy T PB-gepey =

Since I}Bio‘agL |o=5= 0,we get

B oL e OL B oL
77(@)(/[1 de,[B_ DY lo=a) +77(B)/a mdl’

+8(B)L(B,Y,° D2, Y, Y (a),Y(B)) =0 (3.15)

From theorem 3.3, we know that

n(B) = 6(B)D(c¢(B) — Y (B)) (3.16)

Substituting (3.16) into (3.15), then (3.15) becomes the following form
) 1—a OL B oL
n(a)( 3 ay(a)d$—137 W ‘I:a)-f—(S(B)[(DC—DY) . de"‘L] ‘I:B—O
Since 7(a) and n(B) are both arbitrary, the transversality conditions are given below
B oL
[(DC*DY) ; mdl"i’L] |z:B—0
and
B oL 1 B _« OL(t)
W™ Ti—a / =) " gepe v ™ =0

4. SUFFICIENT CONDITIONS

In this section, we prove the sufficient optimality conditions of the following
functional

b
J(y) = / Lz, y(@).C D2, y(),y(a), y(b))de — min (4.0)

Where 0 < o < 1,the initial time a and the terminal time b are both specified, while,
the boundary points y(a) and y(b) are both free.

Some conditions of convexity are in order. Given a function L = L(x,y, u, v, w),we
say that L is jointly convex in (y, u, v, w), if %, g—ﬁ, g—ﬁ, g—i exist and are continuous
and verify the following condition:
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L(z,y +y1,u+ v, v+ v, w+wy) — Lz, y,u, v, w)

for all (:E,y,u,v,w),(x,y+yl,u+u1,v+v1,w+w1) € [avb} x R4

Theorem 4.1. Let L(x,y,u,v,w) be jointly convex in (y,u,v,w). Ify satisfies the
Jractional E-L equation

oL o oL
F)% + Db7780D3+Y =0 (4.1)
and the transversality conditions
b b
oL 1 9L
_ _ S S 4.2
et taa L =Y (2
b
oL
dr = 4.
v x=0 (4.3)

Then, y is a global minimizer to the functional (4.0).

Proof. Since L is jointly convex in (y,u,v,w), for any admissable function y + 7,
we have

b
Ty +n)— I(y) = / Lz, y+ 1.5 D2, (v + 1), 9(a) + n(a), y(b) + n(b))

7L(‘T7 yvc Dg—‘ryv y(a)7 y(b))d‘r

b
OL oL & OL OL
> — N+ 5= "Diin+ —— -n(a) + =— - n(b)dx
. 0y T 9Dy T Gy(a) (@) dy(b) 7(e)
Using integration by parts
b oL oL * oL

Jy+mn) —J(y) 2/

a

77(87y + Dgf(m))dif +n(a)] )

oL b oL
Do,y |ls=a] + W(b)/a mdm =0

Since y satisfies (4.1)-(4.3), thus we obtain J(y +n) — J(y) > 0.
We can similarly prove the sufficient optimality conditions of the functional (VP)
with other different boundary conditions. (]

l—o
_]b7

5. ILLUSTRATIVE EXAMPLES
Consider the following functional:
b
Iw) = [ 9@ + D3 y(@)? + yla)? + y(bde — min
a

Where the initial time x = a is specified. We will discuss its E-L equations and
transversality conditions in different cases of boundary conditions.

Casel. The initial point is specified i.e. y(a) = y,
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Example 5.1. If the terminal time 2 = b and the end point y(b) are both specified.

This problem becomes a specified boundary conditions problem. Assume y(x) is
the desired function, we get the generalized fractional E-L equation in the following
form:

y(z) + Dy (°Dy y(x)) =0

Example 5.2. If the terminal time x = b is specified, while the end point y(b) is
unspecified.We get the generalized fractional E-L equation and the transversality
condition, respectively, in the following form:

y(z) + Dy (“ Dy y(e)) =0

and

y(®)(b—a) =0

Example 5.3. If the terminal time 2z = b and the end point y(b) are both unspecified
in advance, and the function y(z) intersects the curve c(x) = 22 ,for the first time
at z = b,i.e y(b) = c(b) = b°.

Assume that y(z) is the desired function, and it satisfies y(b) = b2.

For this problem, we get the generalized fractional E-L equation and the transver-
sality condition, respectively, in the following form:

y(x) + Dy (°Dy y(x)) =0
and

2(2b — Dy(b))y(b)(b - a) + L(b,y,° D3, y,y(a), y(b)) = 0

Case2.The initial point is unspecified.

Example 5.4. If the terminal time © = b and the end point y(b) are both specified.
We get the generalized fractional E-L equation in the following form:

y(x) + Dy (“ Dy y(x)) =0
and

y(z) + Di_(“Dgyy(x)) =0

b
)b =) = g [ (=) Dyl =0

Il -«
Example 5.5. If the terminal time z = b is specified, while the end point y(b) is

unspecified.We get the generalized fractional E-L equation in the following form:

y(@) + D§ (CD3 y(x) = 0
and

y(B)(b—a) =0

b
y(a)(b—a) — 1 ] / (t—a)™@ © Dg y(t)dt =0

Nl-«
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Example 5.6. If the terminal time 2 = b and the end point y(b) are both unspecified
in advance, and the function y(z) intersects the curve c(x) = 22, for the first time
atx = b, i.e y(b) = c(b) = b2.

Assume that y(x) is the desired function, and it satisfies y(b) = b.

For this problem, we get the generalized fractional E-L equation and the transver-
sality condition, respectively, in the following form:

y(x) + Dg (D3 y(x) = 0
and

b
W) —0) = gy [ (=)™ Dyy(e)ar =0

2(2b — Dy(b))y(b)(b — a) + L(b,y,¢ DX, y,y(a),y(b)) = 0
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ABSTRACT. The central issues that are addressed by the theory of best approximation are
related to the questions of existence, uniqueness, characterizations and qualitative proper-
ties of the minimizing functions. The theory can also estimate the rapidity of convergence
of a sequence of functions converging to a minimizing function. The aim of this article is
to introduce and study the notions of best approximation, proximal set, Chebyshev set and
approximatively compact set in the new setup of intuitionistic fuzzy n-normed linear spaces.
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1. INTRODUCTION

Since the introduction of fuzzy set theory by Zadeh [40] in 1965, fuzzy logic
became an important area of research in various branches of mathematics such
as metric and topological spaces [8, 12, 16], theory of functions [15, 38], approx-
imation theory [1], etc. Fuzzy set theory also found applications for modeling
uncertainty and vagueness in various fields of science and engineering. The notion
of intuitionistic fuzzy set (IFS) introduced by Atanassov [4] has triggered a lot of de-
bate (for details, see [6, 7, 13]) regarding the use of the terminology “intuitionistic”
and the term is considered to be a misnomer on the following account:

e The algebraic structure of IFSs in not intuitionistic, since negation is invo-
lutive in IFS theory.
e Intuitionistic logic obeys the law of contradiction, IFSs do not.

Also IFSs are considered to be equivalent to interval-valued fuzzy sets and they are
particular cases of L-fuzzy sets. In response to this debate, Attanassov justified the
terminology in [2]. Apart from the terminological issues, research in intuitionistic
fuzzy setting remains well motivated as IFSs give us a very natural tool for modeling
imprecision in real life situations and found its application in various area of science
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and engineering, e.g., this theory has been extensively used in decision making
problems [3] and E-infinity theory of high energy physics [22].

The theory of 2-norm and n-norm on a linear space was introduced by S.
Géhler [10, ], which was developed by S.S. Kim and Y.J. Cho [18], R. Mal-
ceski [20], A. Misiak [21], H. Gunawan and M. Mashadi [14]. Fuzzy norm on a
linear space was first introduced by Katsaras [17] and studied by various authors
from different points of view [5, 9, 16, 19, 39]. Vijayabalaji and Narayanan [36]
extended n-normed linear space to fuzzy n-normed linear space. Saadati and
Park [24] introduced the notion of intuitionistic fuzzy normed space while the no-
tion of intuitionistic fuzzy n-normed linear space was introduced by Vijayabalaji et
al. [37].

The best approximation problems were introduced by P. L. Chebyshev in 1853.
Such problems deal with the search for a function in a prescribed class which has
the least deviation from a given function, as measured in a prescribed metric. The
theory also takes into account the continuity properties of the metric projection
and can estimate the rapidity of convergence of a sequence of functions converging
to a minimizing function. Some works in approximation theory can be found in [27,

, 34, 35]. Some interesting works on the theory of best approximation has been
done by Sintunavarat, W. and his coauthors in [29-33]. In the present paper,
we propose to define and study the notions of ¢{-best approximation, ¢-proximal
set, t-Chebyshev set, t-approximatively compact set and prove some useful results
related to those concepts in an intuitionistic fuzzy n-normed linear space. Most
of the results in this article are closely linked with the notion of convergence of a
sequence in intuitionistic fuzzy n-normed linear space and a new and unambiguous
definition of the same has been given in [25, 26]. Here we develop the results based
on that new definition.

2. PRELIMINARIES

Throughout this paper R and N will denote the set of real numbers and the set
of natural numbers respectively. First we recall some definitions.

Definition 2.1. [14] Let n € N and X be a real linear space of dimension d > n (d
may be infinite). A real valued function |.|| on X x X X --- x X = X" is called an

n
n-norm on X if it satisfies the following properties:

@) ||z1,x2,...,2,|| = 0if and only if 1, za, . .., z, are linearly dependent,
(ii) ||z1,22,...,2,| is invariant under any permutation,
(iii) ||z1,z2,...,0x,| = |a|||z1, 22, ..., 2y for any a € R,
) H$17$2, ey Tp—1,Y + Z” < ||.131,$2, cee 7xn—17y|| + H.’II17$2, sy Tp—1,

and the pair (X, ||.||) is called an n-normed linear space.

Definition 2.2. [25] An intuitionistic fuzzy n-normed linear space (in short IFnNLS)
is the five-tuple (X, p, v, *,0), where X is a linear space of dimension d > n over a
field F', * is a continuous ¢-norm, o is a continuous ¢-conorm, u, v are fuzzy sets on
X™x(0,00), u denotes the degree of membership and v denotes the degree of non-

membership of (21,2, ...,2Z,,t) € X™ x (0,00) satisfying the following conditions
for every z1,2s,...,2, € X and s,t > 0:
(i) w(x1, Ty T, t) + V(J}l,l‘g, cey T, t) <1,

(.Tl,IQ, vy T,y )
(111] w1, e, .oy Ty, t) = 1 1f and only if z1, xs, ..., T, are linearly dependent,
(iv) p(x1,zo,...,x,,t) is invariant under any permutatlon of x1,x2,...,2Tn,
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) p(z1,x9,...,cxn,t) = p(ay, za,. .., x”’l )ifc#£0,c€F,

i) p(x1,®e,. .., &n,s) * (1, x2,. .. ,xn,t) < (1,22, Ty + x;l,s +1),
wil) p(z1,z2,..., 2, t) : (0,00) — [0,1] is continuous in ¢,
(vii) limy— oo p(1, 22, . . xn, t) =1 and limy_,g p(z1, 2, ..., 2y, t) =0,
(ix) V(xl,mg, el n,t)
® v(zi,ze,...,Tn,t) = O 1f and only if 21, z2, ...,z are linearly dependent,
(xd) 1/(:51, T2,y Ty, ) is invariant under any permutatlon of x1,x9,...,Ty,
(xii) V(xl,xQ,...,ca:n,t) =v(T1,%2, -, Tn, E I) ifc#£0,ceF,
xiii) v(x1,Z2,...,Zn,8) o v(x1, T2, .. a:n,t) >v(xy, T, ..., Ty + l‘;L, s+t),
xiv) v(z1,T2,...,Zn,t): (0,00) — [0, 1] is continuous in ¢,
xv) limy oo (21,22, ...,2Tn,t) = 0 and lim; o v(21, 22, ..., Tpn,t) = 1.
Definition 2.3. [25] Let (X, u, v, *,0) be an IFnNLS. We say that a sequence z =

{z1} in X is convergent to L € X with respect to the intuitionistic fuzzy n-norm
(u, )" if, for every € € (0,1), t > 0 and y1,¥2,-..,yn—1 € X, there exists ky € N

such that p(y1,y2, - -, Yn—1, 2k — L,t) > 1 —eand v(y1,ya, .-, Yn—1,2x — L, 1) < €

for all k£ > kg. It is denoted by xy, (N7—>) L ask — co.

Definition 2.4. The closure of a subset B in an IFnNLS (X, u, v, %, 0) is denoted

by B and defined by the set of all z € X such that there exists a sequence {z;} in

B such that zy, (e x. We say that B is closed whenever B = B.

3. MAIN RESULTS
Now we obtain our main results.

Definition 3.1. Let A be a non-empty subset of an IFnNLS (X, y, v, *,0). For
x € X,t > 0 and a linearly independent subset Y = {y1, a2, ...,yn—1} of X, denote
,U,Y(.’E,t) = #(y17y27 e 7yn717x7t) and I/Y((E,t) = V(yl»y27 e 7yn717x7t)' Let

p¥ (z = Ajt) = sup{p" (x —y,t) : y € A},

vz — A t) =inf{vY (z —y,t):y € A}.
An element u € A is said to be a t-best approximation to = from A if

Y (x —u,t) = p¥ (x — A t) and v¥ (x —u,t) = v¥ (z — A, t).

By PX (z,t), we denote the set of elements of ¢-best approximation of by elements
of the set A4, i.e.,
PX(ZIJ,t) = {y €A: H“Y(x - Aat) = :uy(x_y7t) and VY('r _Aat) = I/Y(JU—y,t)}.

Definition 3.2. Let (X, u, v, *,0) be an IFnNLS. For « € (0,1) and a linearly inde-
pendent subset Y = {41,%2,...,¥n_1} of X we define the open ball B} (a,t) and
the closed ball BY [«, t] with center z € X and radius t > 0 as follows:

BY (a,t)={ye X : p¥(x —y,t) >1 —aand v¥ (z —y,t) < a},
BYlat)={ye X :p¥ (x —y,t) > 1 —aand v¥ (z — y,t) < a}.

Definition 3.3. Let A be a non-empty subset of an IFnNLS (X, u, v, *,0). Then
A is said to be a t-proximal set if P} (z,t) is non-empty for every x € X \ A
and a linearly independent subset Y = {y1,92,...,Yn—1} of X. A is called a t-
Chebyshev set if P}((x7 t) contains exactly one element for every z € X and some
linearly independent subset Y = {y1,¥2,...,yn—1} of X. Also A is called a ¢-quasi-
Chebyshev set if P} (z,t) is a compact set.
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Example 3.4. Let X = R" (n > 2) with

Z11 Tin
lx1, 22, ..., 2, = abs :
Tni T
where ©; = (z41,%i2,.--,%in) € R™ for each ¢ = 1,2,...,n. Define p,v : X" x
(0,00) — [0,1] by
(X1, oy Ty, t) = Terea el and v(z1,T2,...,Ty,t) =1 — 1

ellzi,@a,...znll/t°
Alsoletaxb=aband aob=min{a+0b,1} for all a,b € [0,1]. Then (X, u, v, *,0) is
an IFnNLS. Let

A={(zy,29,...,2,) ER": =1 <2, <1,0< 29 < 2%, 23=... =12, =0}

Consider z; = (0,3,0,...,0),z2 = (0,2,0,...,0),2z3 = (0,0,1,...,0),...,2, =
(0,0,...,1) € R™. Then for every t > 0,

u((-1,1,0,...,0) —(0,3,0,...,0),(0,2,0,...,0),(0,0,1,...,0),...,
(0,0,...,1),t)
=u((1,1,0,...,0) - (0,3,0,...,0),(0,2,0,...,0),(0,0,1,...,0),...,
(0,0,...,1),)
1
T2/t
Again
1((0,3,0,...,0) — A4,(0,2,0,...,0),(0,0,1,...,0),...,
(0,0,...,1),t)
= sup{u((0,3,0,...,0) — (ug,ua,...,u,),(0,2,0,...,0),(0,0,1,...,0),
(0,0, 1)) =1 <up 1,0 < up < Ui ug =...=u, =0}
= an
Similarly,
v((-1,1,0,...,0) - (0,3,0,...,0),(0,2,0,...,0),(0,0,1,...,0),...,
(0,0,...,1),1)
=v((1,1,0,...,0) - (0,3,0,...,0),(0,2,0,...,0),(0,0,1,...,0),...,
(0,0,...,1),t)
=v((0,3,0,...,0) — 4,(0,2,0,...,0),(0,0,1,...,0),...,(0,0,...,1),%)
B 1
o2/t

Thus for every t > 0, yo = (—1,1,0,...,0),y1 = (1,1,0,...,0) are t-best approx-
imations to (0,3,0,...,0) from A. Therefore, A is a ¢-proximal set but not a t-
Chebyshev set.

Saadati and Park [23] investigated several properties of intuitionistic fuzzy topo-
logical spaces. Every IFnNLS X induces a topology 7 such that for some A C
X, A € 7 if and only if for every z € A and a linearly independent set Y =
{y1,92,- -, Yn—1} C X, there exist t > 0 and a € (0, 1) such that BY (a,t) C A. It
is not difficult to see that the family {BY (1,1):n =1,2,...} is a countable local
basis at  and consequently 7 is a first countable topology.
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Lemma 3.5. Let A be a non-empty subset of an IFnNLS (X, u, v, *,0) and x € X.
Then x € A if and only if for allt > 0 and a linearly independent subset Y =
{y17y23 cee 7yn71} OfX'

p¥ (x—At) =1and v (z — A,t) = 0.

Proof Let + € A. As X is first countable, there exists a sequence {z;} in A

such that xy () x as k — oco. Then for every ¢t > o, A € (0,1) and a linearly

independent subset Y = {y1,¥y2,...,yn—1} of X there exists ng € N such that
pY (z — op,t) > 1 — Xand v¥ (x — z,t) < A for all k > ng. Thus
1-)2< uy(a: -z, t) < uy(x—A,t) <1
and
A> Y (x—ap,t) > ¥ (x— At) >0,
for all k > ng. Hence p¥ (z — A,t) = 1 and v¥ (z — A,t) = 0.

Conversely, suppose ¥ (r — A,t) = 1 and v¥(z — A,t) = 0 forall t > 0
and linearly independent subset Y = {y1,¥2,...,yn—1} of X. We know that
{BY(z,\,t) : t > o,A € (0,1),Y = {y1,%2,---,Yn_1}} is a local base at z. By
definition, there exists a sequence {z,} C A such that ¥ (z — x4, 1) > 1 — ¢
and v¥ (z — zy, 1) < 1. which implies that {z;,} C BY (z, 4, 1). Given ¢t > 0 and
A € (0,1), choose k € N such that t, A > 1, then BY (z, 1, 1) € BY (z,\,t). So we
have BY (x,\,t) N A # ¢. Hence = € A.

Theorem 3.6. Let A be a non-empty subset of an IFMNLS (X, i, v, %, 0). Then for all
x,y € X,t > 0 and a linearly independent subset Y = {y1,y2,...,Yn—1} of X, we
have
W PY,,(z+yt)=P)(z,t)+v.
() PY,(az,|alt) = aP) (z,t), a € R\ {0},
(iii) A is t-proximal (t-Chebyshev) if and only if A+ y is t-proximal (t-Chebysheuv).

Proof (i) Let u € PL_y(:c +y,t). Then

P —At)=p" (z+y—(A+y)t)=p" (z— (u—-y)1)
and
Wa-At)=v(@+y— (A+y),t)=vY(z— (u—1y),1),
which implies that u — y € P} (z,t). Hence u € P} (x,t) + y.
The converse is obvious.

(i) Let u € PY,(az,|at) for some z € X,t > 0,a € R\ {0} and a linearly
independent subset Y = {y1,92,...,yn—1} of X. Then

i (@ = A1) = p¥ (ax — ad, Jalt) = 1 (ax — u,|aft) = 1 (@ = =, 1)
«

and similarly, ¥ (z — A,t) = v¥ (z — £, ), which implies * € P} (,t) and hence

u € aPY (z,t).
The converse is obvious.

(iii) follows from (i).

Lemma 3.7. Let (X, ||.||) be ann-normed space and i, v be fuzzy sets on X™ x (0, c0)
suchthat p(z1, T2, ..., Tpn,t) = m andv(xy,Ta, ..., Ty, t) = %
also let a x b = ab and a o b = min{a + b,1} for all a,b € [0,1]. Let A be a non-

empty subset of the IFNNLS (X, u, v, *,0). Thenu € A is a best approximation to
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x € X in the n-normed space (X, ||.||) if and only if u is a t-best approximation
to x in the IFNNLS (X, i, v, *,0) for each t > 0 and a linearly independent subset
Y = {y17y27 s 7yn—1} OfX

Proof Since u is a best approximation to € X, for a linearly independent set
Y ={y1,y2,---,Yn_1} we have ||y1, 2, .-, Yn_1,2 — u|| = d* (x, A), where d is the
metric induced by the n-norm ||.||. Then

t t
Y
r—At)= =
WA = A T T Tgn e v o=l
=¥ (z —u,t),
and
d¥(z, A _ —
I/Y(l'—A,t): (;Ev ) _ ||y17y27 sy Yn—1,T u”
t+d (J},A) t+Hy17y27,yn—1;x_u”
=v¥(z —u,t).

Hence the result.

Remark 3.8. We recall that a set A is said to be countably compact, if every
countable open cover has a finite subcover, or equivalently, if for every decreasing
sequence A; D A D ... of non-empty closed subsets of A we have N2, A,, # ¢.

Theorem 3.9. Let (X, u, v, *,0) be an IFNNLS. If A is a non-empty subset of X, \ €
(0,1) and Y = {y1,¥2,.-.,Yyn—1} is a linearly independent subset of X such that
AN BY |\, ] is countably compact, then A is t-proximal.

Proof For every n € N,

%
p (z—A,t)
O<l—pYz—At)+—" """ <1
< w(x )+ —— <1,
Yz — At
and0<yy(aj—A,t)—M<l.
n+1

Put A = ANBY[1— ¥ (x — A, ) + 2020 410 BY[)Y (2 — A1) — LA )

(n=1,2,...). Wehave... D A, D A! ., D ...and each A/, is non-empty. Since for
everyn € N, p¥ (r— A, t)(1— =) < ¥ (r— A, t) and l—l/Y(x—A,t)—l—VY(nwi_;lA’t) >

- n+1
V¥ (x — A,t), there exists af, € A such that p¥ (z — A, 1)(1 — =5) < p¥ (z — al,, 1)
and 1 —vY¥ (z— A t)+ "Y(nwi;f"t) > 1Y (x —al,t). Hence a!, € Al . Since each Al is

countably compact and closed, it follows that there exists an ag € N3, A%,. Then
we have

P = A0 20 a0, ) 2 Y @ - A0 - —) (=12,
= u¥ (x— At) = p¥ (x — ag,t),
and
v —At) <vY¥(z—ag,t) <v¥(z—At)(1— %—1—1) (n=1,2,...)

= v (x— At) =¥ (z — ao,t),

whence ag € P} (z,t).
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Definition 3.10. A non-empty subset A of an IFnNLS (X, y, v, *,0) is said to be
t-approximatively compact if for each z € X,¢ > 0, a linearly independent subset
Y = {y1,%2,...,Yn_1} of X and each sequence {y;} in A with p¥ (z — yx,t) —
pY (x — A,t) and ¥ (x — yp,t) — v¥ (z — A, t) there exists a subsequence {y; } of
{yr} converging to an element v in A.

Lemma 3.11. [fA is

() approximately compact in an n-normed space ( .|l), then for each t > 0,
A is t-approximatively compact in the induced IFnNLS (X, u, v, *, 0).

(i) acompact subset of an IFNNLS, then A is t-approximatively compact for each
t> 0.

Theorem 3.12. Fort > 0, let A be a non-empty t-approximatively compact subset
of an IFNNLS (X, u, v, %, 0), then A is a t-proximal set.

Proof For x € X,t > 0 and a linearly independent subset Y = {y1,y2,...,Yn—1}
of X there exists a sequence {y;} C A such that u¥ (z — yx,t) — p¥(z — A, 1)
and v¥ (z — yp,t) — v¥(x — A,t). Since A is a t-approximatively compact set,

there exists a subsequence {y;, } of {yx} and v € A such that yj,, “)" 4. Thus

we have p¥ (v — yi,,t) — p¥ (x — u,t) and v¥ (z — yp, ,t) — I/Y(ac — u,t).Hence
pY (z —u,t) > p¥ (z — A,t) and v¥ (z — u,t) < v¥(x — A, t). Consequently u is a
t-best approximation to x from A.

Theorem 3.13. If for somet > 0, A is a t-approximatively compact subset of an
IFNNLS (X, p, v, *,0), then A is closed in X .

Proof Let 2 € A. Then for a linearly independent subset Y = {y1,%2,...,yn_1} of

X, u¥(r— A;t) =1and v¥(z — A,t) = 0. Since A is t-approximatively compact,

there exists y € A such that u¥ (z —y,t) = p¥ (v — A;t) = L and v¥ (z — y,t) =
Y(z — A,t) = 0. Hence x € A.

Theorem 3.14. If A is at-approximatively compact subset of an IFNNLS (X, j1, v, *, 0),
then A is a t-quasi-Chebyshev set.

Proof Let {y;} be a sequence in P} (z,t). Since A is t-approximatively compact,

there exists subsequence {y, } of {yk} and u € A such that y, 9" . Then

w¥ (x —yp,,t) — p¥(x —u,t) and v¥(x — yp,,t) — v¥(x — u,t). On the other
hand, p¥ (z — yx, , t) — u¥ (x — A, t) and v ( - Yk, ) vY (x — A, t). Therefore
pY (z —u,t) = u¥(z — At) and V¥ (z — u,t) = Y(:I: —-A t) and so u € P} (w,t).

Hence P} (x,t) is compact.

Conclusion. Most of the results in this paper run parallel to those of classical ones
or related works in best approximation theory, but in the proofs a different approach
has been adopted as the convergence of a sequence in an IFnNLS is defined in a
different way (see Definition 2.3) than it has been defined in [37]. Results obtained
here are more general than previous works done in this field and can give tools to
deal with convergence related problems arising in science and engineering.
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ABSTRACT. In this paper, we propose integral type common fixed point theorems in Menger
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1. INTRODUCTION AND PRELIMINARIES

Menger [24] initiated the study of probabilistic metric space (often abbreviated
as PM space) in 1942 and by now the theory of probabilistic metric spaces has
already made a considerable progress in several directions (see[29]). The idea of
Menger was to use distribution functions (instead of non-negative real numbers) as
values of a probabilistic metric. This new notion (i.e.PM space) can cover even those
situations wherein one can not exactly ascertain a distance between two points, but
can only know the possibility of a possible value for the distance (between a pair
of points). This probabilistic generalization of metric space is well utilized in the
investigations of physiological thresholds besides physical quantities particularly
in connections with both string and E-infinity theory (cf.[10]).

In 1986, Jungck [18] introduced the notion of compatible mappings and utilized
the same to improve commutativity conditions in common fixed point theorems.
This concept has been frequently employed to prove existence theorems on com-
mon fixed points. However, the study of common fixed points of non-compatible
mappings is also equally interesting which was initiated by Pant [29]. Recently,
Aamri and Moutawakil [1] and Liu et al. [23] respectively defined the property
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(E.A) and the common property (E.A) and proved interesting common fixed point
theorems in metric spaces. Most recently, Kubiaczyk and Sharma [21] adopted the
property (E.A) in PM spaces and used it to prove results on common fixed points
wherein authors claim their results for strict contractions which are merely for
contractions. Recently, Imdad et al. [16] adopted the common property (F.A) in
PM spaces and proved some coincidence and common fixed point results in Menger
spaces.

The theory of fixed points in PM spaces is a part of probabilistic analysis and
continues to be an active area of mathematical research. Thus far, several authors
studied fixed point and common fixed point theorems in PM spaces which include
[2,3,7,12,13,15, 16, 20, 27, 28, 30, 31, 33, 34, 35] besides many more. In 2002,
Branciari [5] obtained a fixed point result for a mapping satisfying an integral
analogue of Banach contraction principle. The authors of the papers [4, 9, 16,

, 37, 38] proved a host of fixed point theorems involving relatively more general
integral type contractive conditions. In an interesting note, Suzuki [36] showed
that Meir-Keeler contractions of integral type are still Meir-Keeler contractions.

The aim of this paper is to prove integral type fixed point theorems in Menger
PM spaces satisfying common property (E.A). Our results substantially improve
the corresponding theorems contained in [5, 8, 16, 32, 38] along with some other
relevant results in Menger as well as metric spaces. Some related results are also
derived besides furnishing an illustrative example.

Definition 1.1. [33] A mapping F : 8 — R7 is called distribution function if it
is non-decreasing, left continuous with inf{F(¢) : t € R} = 0 and sup{F'(¢) : t €
R} =1.

Let L be the set of all distribution functions whereas H be the set of specific
distribution functions (also known as Heaviside function) defined by

0,ifz <0
H(z) =
1, ifx > 0.

Definition 1.2. [24] Let X be a non-empty set. An ordered pair (X, F) is called a
PM space if F is a mapping from X x X into L satisfying the following conditions:
() Fpq(x) = H(z)ifand only if p = g,
1) Fpq(x) = Fop(@),
(ii) Fpq4(z) = 1and Fy,(y) = 1, then F, .(r +y) = 1, for all p,q,r € X and
z,y > 0.

Every metric space (X, d) can always be realized as a PM space by considering
F : X x X — L defined by F, ,(z) = H(xz — d(p, q)) for all p,q € X. So PM spaces
offer a wider framework (than that of the metric spaces) and are general enough to
cover even wider statistical situations.

Definition 1.3. [33] A mapping A : [0,1] x [0,1] — [0, 1] is called a ¢-norm if
@) A(a,1) =a,A0,0) =0,
(i) A(a,b) = A(b,a),
(iii) A(e,d) > A(a,b) for ¢ > a,d > b,
(iv) A(A(a,b),c) = A(a, A(b,c)) for all a, b, c € [0, 1].

Example 1.4. The following are the four basic ¢{-norms:

(i) The minimum ¢t-norm: T/ (a,b) = min{a, b}.
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(ii) The product t-norm: Tp(a,b) = a.b.
(iii) The Lukasiewicz t-norm: T (a,b) = max{a +b—1,0}.
(iv) The weakest t-norm, the drastic product:

min{a, b}, if max{a,b} =1

TD(aa b) =
0, otherwise.

In respect of above mentioned ¢-norms, we have the following ordering:
Tp <TpL <Tp <Thy.

Definition 1.5. [24] A Menger PM space (X, F, A) is a triplet where (X, F) is a PM
space and A is a t-norm satisfying the following condition:

Fp,r(aj +y) > A(Fpﬂq(l’)a Fq,r(y))-

Definition 1.6. [12] A sequence {p,} in a Menger PM space (X, F, A) is said to be
convergent to a point p in X if for every ¢ > 0 and A > 0, there is an integer M (e, \)
such that F}, ,(€) >1— X, foralln > M(e, \).

Lemma 1.7. [33, 26] Let (X,F,A) be a Menger space with a continuous t-norm
A with {z,},{yn} C X such that {z,,} converges to x and {y,} converges to y. If
F, ,(.) is continuous at the point ty, then lim F . (to) = Fy y(to).

n——-mu>0

Definition 1.8. Let (4, S) be a pair of maps from a Menger PM space (X, F,A)
into itself. Then the pair of maps (A4, S) is said to be weakly commuting if

Fasz,saz(t) > Fagse(t),

foreach x € X and ¢t > 0.

Definition 1.9. [28] A pair (A, S) of self mappings of a Menger PM space (X, F, A)
is said to be compatible if Fasyp, sap,(z) — 1 for all > 0, whenever {p,} is a
sequence in X such that Ap,,, Sp, — t, for some ¢ in X as n — oc.

Clearly, a weakly commuting pair is compatible but every compatible pair need
not be weakly commuting.

Definition 1.10. [1 1] A pair (A4, S) of self mappings of a Menger PM space (X, F, A)
is said to be non-compatible if and only if there exists at least one sequence {x,,}
in X such that

lim Az, = lim Sz, =t€ X for somet € X,

n——-o0 n——oo

implies that lim Flasy, s4x, (fo) (for some ¢y > 0) is either less than 1 or non-
existent. S

Definition 1.11. [21] A pair (A4, S) of self mappings of a Menger PM space (X, F, A)
is said to satisfy the property (E.A) if there exists a sequence {z,,} in X such that
lim Az, = lim Sz, =te X.
n——oo n——oo

Clearly, a pair of compatible mappings as well as non-compatible mappings
satisfies the property (E.A).
Inspired by Liu et al. [23], Imdad et al. [16] defined the following:
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Definition 1.12. Two pairs (4,S5) and (B,T) of self mappings of a Menger PM
space (X,F,A) are said to satisfy the common property (F.A) if there exist two
sequences {x,}, {yn} in X and some ¢ in X such that

lim Az, = lim Sz, = lim Ty, = lim By, =1t

n—-mao>0 n—-uoo

Definition 1.13. [19] A pair (A, S) of self mappings of a nonempty set X is said
to be weakly compatible if the pair commutes on the set of their coincidence points
i.e. Ap = Sp (for some p € X) implies ASp = SAp.

Definition 1.14. [15] Two finite families of self mappings {A4;} and {B;} are said
to be pairwise commuting if:
W) AA; =A;A;, 4,5 € {1,2..m},
(i) BlBJ = BjB,‘, 1,] € {1,271},
(iii) A,Bj = Bin, RS {172771},] S {1,271}

2. MAIN RESULTS
The following lemma is crucial in the proof of succeeding theorems.

Lemma 2.1. Let (X, F,A) be a Menger space. If there exists some k € (0,1) such
that for allp,q € X and allxz > 0,

Fp,q(kx) Fp‘q(z)
/ B(t)dt > / (1)t (1.1)
0 0

where ¢ : [0,00) — [0,00) is a summable nonnegative Lebesgue integrable function
such that f: ¢(t)dt > 0 foreach e € [0, 1), thenp = q.

Fp,q(km) Fp,q(z)
/ o(t)dt > / o(t)dt
0 0

Fyp.q(x) Fz),q(kilm)
/ B(t)dt > / S(t)dt,
0 0

one can inductively write (for m € N)

Fp.q(x) Fp,q(kilm)
/ G(t)dt > / s(t)dt > ...
0 0

Proof. As

implies

Y

Fp,q(kimz)
/ o(t)dt
0

1
= / ¢(t)dt as m — oo.
0

Y

Therefore

Fpq(x) 1
/ B(t)dt — / 6(t)dt > 0
0 0

and henceforth

Fp,q(x) Fp,q(x) 1
/0 S(t)dt — ( /0 (1)dt + /F . ¢(t)dt> >0

/ L st <o

Fp q(z)
which amounts to say that F}, ;(z) > 1 for all > 0. Thus, we get p = q. O

or
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Remark 2.2. By setting ¢(¢) = 1 (for each ¢t > 0) in (1.1) of Lemma 2.1, we have

Fp q(kx) Fp q(x)
/ B(t)dt = Fy okx) > Fyolx) = / o(0)dt,
0 0

which shows that Lemma 2.1 is a generalization of the Lemma 2 (contained in [35])
In what follows, A is a continuous ¢-norm (in the product topology).

Lemma 2.3. Let A, B, S and T be four self mappings of a Menger space (X, F, A)
which satisfy the following conditions: (i) the pair (A, S) (or (B,T)) satisfies the

property (E.A),

(i) B(y.) converges for every sequence {y, } in X whenever T (y,) converges,

(iii) for any p,q € X and for allx > 0,
Fap,Bq(kx) m(z,y)
/ S(t)dt > / o(t)dt @.1)
0 0

where ¢ : [0,00) — [0, 00) is a non-negative summable Lebesgue integrable function
such that f: ¢(t)dt > 0 foreache € [0,1), where0 < k < 1 and

m(x,y) = min{Fsp1¢(2), Fsp,ap(T), Frq,Be(T), Fsp,Be(), Frq,ap()},
(iv) A(X) C T(X) (or B(X) C S(X)).
Then the pairs (A, S) and (B, T) share the common property (E.A).

Proof. Suppose that the pair (4, .S) enjoys the property (E.A), then there exists a
sequence {z,} in X such that

lim Az, = lim Sz, =t, for somet € X.

n——-o0 n——oo

Since A(X) C T(X), for each x,, there exists y,, € X such that Ax,, = Ty, and
henceforth
lim Ty, = lim Az, =t.

n—oo n—oo
Thus in all, we have Ax,, — t, Sx, — t and Ty,, — t. Now we assert that By,, — t.
To accomplish this, using (2.1), with p = x,,, ¢ = y,,, one gets

FAlanyn(kx) ’m(Ty)
/ o(t)dt > / b(t)dt
0 0

min(Fszy,, Typn (), Fsen, Azy (), Fryn, By (2),Fsey, Byn (2),FTy,,  Azy, ()
> /

o(t)dt.

0
Let! = lim B(y,). Also, let > 0 be such that F ;(-) is continuous in = and
n——-~o0

kx. Then, on making n — oo in the above inequality, we obtain

Fy i (kx) min(Fy (), Ft ¢ (x),Fe 1 (x),Fe i (x),Fe e (x))
[ o= | o(t)dt
0 0

or

Ft,l(kx) Ft,l(x)
/ (t)dt > / 6 (1)t
0 0

This implies that [ = ¢ (in view of Lemma 2.1) which shows that the pairs (A, S)
and (B, T) share the common property (E.A). O
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Remark 2.4. The converse of Lemma 2.3 is not true in general. For a counter
example, one can see Example 3.4 furnished in the end of this paper.

Theorem 2.5. Let A, B,S and T be self mappings of a Menger space (X,F,A)
which satisfy the inequality (2.1) together with

(i) the pairs (A, S) and (B, T') share the common property (E.A),
(i) S(X) and T(X) are closed subsets of X .

Then the pairs (A, S) and (B,T) have a point of coincidence each. Moreover,
A, B, S and T have a unique common fixed point provided both the pairs (A, S) and
(B,T) are weakly compatible.

Proof. Since the pairs (A, S) and (B, T) share the common property (E.A), there
exist two sequences {z,} and {y,} in X such that

lim Ax, = lim Sz, = lim By, = lim Ty, =t, for somet € X.

n—oo n—oo n—oo n—0o0

Since S(X) is a closed subset of X, hence lim Sz, =t € S(X). Therefore,

n— o0

there exists a point u € X such that Su = t. Now, we assert that Au = Su. To
prove this, on using (2.1) with p = u, ¢ = y,, one gets

Fau, By, (k) min(Fsu, Ty, (2),Fsu, Au(Z)s FTyn, Byn (2): Fsu, Byn (), Fry,, au(z))
/ o(t)dt = / o(t)dt
0

0

which on making n — oo, reduces to

Faq,t(kx) min(Fy (), Ft, au(x),Fr ¢ (x),Fe ¢ (), Fr au(x))
/ ¢@ﬁ2/ o(t)dt
0 0

FA“,J,(km) FAU,J,(:E)
/ swie= [ s,
0 0

Now appealing to Lemma 2.1, we have Au = t and henceforth Au = Su. Therefore,
u is a coincidence point of the pair (4, 5).
Since T'(X) is a closed subset of X, therefore hm Ty, =t € T(X) and hence

one can find a point w € X such that Tw = t. Now we show that Bw = Tw. To
accomplish this, on using (2.1) with p = z,,, ¢ = w, we have

or

FAz, Bw(kz) min(Fsz, 7w (), Fsey, Az (), Frw, Bw(T),Fsz, Bw(T),Frw Az, (T))
/ p(t)dt > / o(t)dt
0

0
which on making n — oo, reduces to

Fi pw(kx) min(Fy (), Fe,e(2),Ft, Bw (), Ft, Bw (z),Ft,: (x))
/ ot > | o)t
0 0

Fy puw(kx) Fy pw(x)
/ ¢@ﬁz/ B(1)dt.
0 0

On employing Lemma 2.1, we have Bw = ¢ and henceforth Tw = Bw. Therefore,
w is a coincidence point of the pair (B,T).

or

Since the pair (A, S) is weakly compatible and Au = Su, therefore
= ASu = SAu = St.
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Again, on using (2.1) with p = ¢, ¢ = w, we have

Fat,Bw(kx) min(Fs¢, 7w (%), Fst, At (), Frw,Bw (), Fst, Bw(x),Frw, at(z))
/’ ¢©ﬁ2/ o(t)dt
0

0
or

Fat,i (k) min(Fa,¢(x),Fe,e(x), Fe e (x),Fat,e(x),Ft, at(x))
[ e | o(t)dt
0 0

Fay ¢ (kx) Fat,(x)
/ o(t)dt > / o(t)dt.
0 0

Appealing to Lemma 2.1, we have At = St = ¢ which shows that ¢ is a common
fixed point of the pair (A4, ).
Also the pair (B, T) is weakly compatible and Bw = T'w, hence

Bt = BTw =TBw =Tt.

or

Next, we show that ¢ is a common fixed point of the pair (B,T). In order to accom-
plish this, using (2.1) with p = u, ¢ = ¢, we have

Fay,Bt(kx) min(Fsu,7¢ (@), Fsu, Au (), Fre, B¢ (), Fsu, Bt (x),Frt, au(x))
/ gi)(t)dt > / (;S(t)dt
0

0
or

Ft pt(kx) min(Fy e(x),F ¢ (x),Fpe, Bt (x),Fy e (x),FBt ¢ ())
/ ¢@m2/ o(t)dt
0

0
or

Fy pi(kx) Fy Be(x)
/ o= [ i
0 0

Using Lemma 2.1, we have Bt = ¢ which shows that ¢ is a common fixed point
of the pair (B,T'). Hence ¢ is a common fixed point of both the pairs (A4, S) and
(B, T). Uniqueness of common fixed point is an easy consequence of the inequality
(2.1). This completes the proof. 0

Remark 2.6. Theorem 2.5 extends the main result of Ciric [8] to Menger spaces.
Theorem 2.5 also generalizes the main result of Kubiaczyk and Sharma [21] for two
pairs of mappings without conditions on containments amongst range sets of the
involved mappings.

Theorem 2.7. The conclusions of Theorem 2.5 remain true if the condition (ii) of
Theorem 2.5 is replaced by the following: (iii)f A(X) C T(X) and B(X) C S(X).

Corollary 2.8. The conclusions of Theorems 2.5 and 2.7 remain true if the condition
(ii) (of Theorem 2.5) and (iii)’ (of Theorem 2.7)are replaced by the following: (iv) A(X)

and B(X) are closed subsets of X provided A(X) C T(X) and B(X) C
S(X).

Theorem 2.9. Let A, B, S and T be self mappings of a Menger space (X, F,A)
satisfying the inequality (2. 1). Suppose that

() the pair (4, S) (or (B,T)) has property (E.A),
(i) B(y,) converges for every sequence {y,} in X whenever T'(y,) converges,

(i) A(X) C T(X) (or B(X) C S(X)),
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(ii) S(X) (or T(X)) is a closed subset of X .

Then the pairs (A, S) and (B,T) have a point of coincidence each. Moreover,
A, B, S and T have a unique common fixed point provided both the pairs (A, S) and
(B, T) are weakly compatible.

Proof. Inview of Lemma 2.3, the pairs (A, S) and (B, T') share the common property
(E.A), i.e. there exists two sequences {z,} and {y,} in X such that

lim Ax, = lim Sz, = lim By, = lim Ty, =t, for some t € X.
n—oo n—oo

n—oo n—oo

If S(X) is a closed subset of X, then proceeding on the lines of Theorem 2.5,
one can show that the pair (4, S) has a coincidence point, say u, i.e. Au = Su = t.
Since A(X) C T(X) and Au € A(X), there exists w € X such that Au = Tw. Now,
we assert that Bw = T'w.

On using (2.1) with p = z,,,¢ = w, one gets

Faz, Bw(kx) min(Fsgz, 7w (®),Fszp, Azn (), Frw,Bw (), FSzy, ,Bw (), Frw, Az, (€))
/ o(t)dt > / o(t)dt

0 0

which on making n — oo, reduces to

F; pw(kx) min(Fy ¢ (), Ft,e(2),Ft, Bw (), Ft, Bw (z),F% ¢ (x))
/ ¢(t)dt > / ¢(t)dt
0 0

or

Fy pw(kx) Fi pw(x)
/ owiez [ ol
0 0

Owing to Lemma 2.1, we have ¢ = Bw and hence Tw = Bw which shows that w
is a coincidence point of the pair (B, T). Rest of the proof can be completed on the
lines of the proof of Theorem 2.5. This completes the proof.

By choosing A, B, S and T suitably, one can deduce corollaries involving two or
three mappings. As a sample, we deduce the following natural result for a pair of
self mappings. U

Corollary 2.10. Let A and S be self mappings on a Menger space (X, F,A). Sup-
pose that

(i) the pair (A, S) enjoys the property (E.A),
(ii) for all p,q € X and for allx > 0,

FAP,Aq(kI) m(z,y)
/ o(t)dt > / o(t)dt (2.2)
0 0

wherem(x,y) = min{Fsp s4(x), Fsp,ap(2), Fsq.a4(%), Fsp,aq(x), Fsq,ap(2)},0 <k <1
(ii) S(X) is a closed subset of X .

Then A and S have a coincidence point. Moreover, if the pair (A, S) is weakly
compatible, then A and S have a unique common fixed point.

As an application of Theorem 2.5, we have the following result for four finite
families of self mappings. While proving our result, we utilize Definition 1.14 which
is a natural extension of commutativity condition to two finite families of mappings.
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Theorem 2.11. Let{Al, AQ, Am}, {Bl7 BQ, ...Bp}, {517 527 Sn} and {Tl, T27 Tq}
be four finite families of self mappings of a Menger space (X,F,A) with A =
A1As.. Ay, B = B1Bs...B,, S = 5152...5, and T = TI»...T, satisfying the con-
dition (2.1). If S(X) and T(X) are closed subsets of X, and the pairs (A, S) and
(B, T) share the comumon property (E.A), then

(i) the pair (A, S) as well as (B, T) has a coincidence point,

(i) A;, By, S, and T; have a unique common fixed point provided the pair of

Samilies ({A;},{S-}) and ({ Bx}, {Tt}) commute pairwise.

Proof. The proof follows on the lines of Theorem 4.1 due to Imdad and Ali [14] and
Theorem 3.1 due to Imdad et al. [15]. (]

Remark 2.12. By restricting four families as {A;, A2}, {B1, B2}, {51} and {13}
in Theorem 2.11 we get improved version of results due to Chugh and Rathi [7],
Kutukcu and Sharma [22], Rashwan and Hedar [30], Singh and Jain [35] and
others. Theorem 2.11 also generalizes the main result of Razani and Shirdaryazdi
[31] for any finite number of mappings.

By setting Al = A2 = .... = Am = G,Bl =By, =..= Bp = H,Sl = SQ =
wSp=TIand Ty, =15 = ... =T, = J in Theorem 2.11, we deduce the following:

Corollary 2.13. Let G, H,I and J be self mappings of a Menger space (X, F,A)
such that the pairs (G™,I") and (H?,J?) share the comunon property (E.A) and
also satisfies the condition

Fgmg ppy(kz) m(x,y)
/ b(t)dt > / o(t)dt
0

0
(wherem(x, ’y) = min{FInLqu(z), FIvLI"GTIL:E(Z)’ FInLpr(Z% Fqu7pr(Z)7 Fqu7G7nm(Z)})
forallz,y € X,V z > 0 where k € (0,1) and m,n,p and q are fixed positive

integers. If I"(X) and J%(X) are closed subsets of X, then G, H,I and J have a
unique common fixed point provided GI = IG and HJ = JH.

Remark 2.14. Corollary 2.13 is a slight but partial generalization of Theorem 2.5 as
the commutativity requirements (i.e. GI = IG and HJ = JH) in this corollary are
relatively stronger as compared to weak compatibility (in Theorem 2.5). Corollary
2.13 also presents a generalized and improved form of a result due to Bryant [6] in
Menger PM spaces.

3. RELATED RESULTS AND AN EXAMPLE

In this section, we utilize Theorem 2.5 and Theorem 2.9 [16, ] as means to
derive corresponding common fixed point theorems in metric spaces.

Theorem 3.1. Let A, B, S and T be self mappings of a metric space (X, d). Suppose
that

(i) the pairs (A, S) and (B, T) share the conunon property (E.A),
(i) S(X) and T(X) are closed subsets of X,

d(Az,By) m(z,y)
/ S(t)dt < k / o(t)dt 3.1)
0 0

where m(x,y) = max{d(Sz,Ty),d(Ax, Sx),d(By,Ty),d(Sz, By),d(Az,Ty)}, and
0<k<l

(iii) forall x,y € X
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Then the pairs (A, S) and (B,T) have a point of coincidence each. Moreover,
A, B, S and T have a unique common fixed point provided both the pairs (A, S) and
(B, T) are weakly compatible.

Proof. Define F, ,(t) = H(t — d(z,y)) and A(a,b) = min{a,b}. Then (X,F,A)
is a Menger space induced by the metric space (X,d). It is straight forward to
notice that the conditions (i) and (ii) of Theorem 3.1 respectively imply conditions
(i) and (ii) of Theorem 2.5. Also inequality (3.1) of Theorem 3.1 implies inequality
(2.1) of Theorem 2.5. To accomplish this notice that (for any z,y € X and ¢t > 0),
Faz By(kt) = 1 provided kt > d(Az, By) which amounts to say that (2.1) holds.
Otherwise, if kt < d(Ax, By), then

t < max{d(Sz,Ty),d(Azx, Sz),d(By,Ty),d(Sz, By),d(Az,Ty)},

and hence in all the cases, condition (2.1) holds. Thus, all the conditions of Theo-
rem 2.5 are satisfied and conclusions follow immediately in view of Theorem 2.5. [

Remark 3.2. Theorem 3.1 improves the main result of Ciric [8] and several other
similar common fixed point theorems especially those contained in [

]) as we never require any condition on the containment of ranges amongst
involved mappings besides weakening the completeness of the space to closedness
of suitable subsets along with improvement in commutativity considerations. Here,
one may also notice that all the involved mappings can be discontinuous (at the
same time).

Remark 3.3. Similarly, we can also apply our other results (i.e. Theorems 2.7-2.11
and Corollaries 2.8-2.13) to derive the corresponding common fixed point theorems
in metric spaces but here details are avoided.

We conclude this paper by furnishing an illustrative example to demonstrate the
validity of the hypotheses of Theorem 2.5.

Example 3.4. Consider X = [—1,1] and define F}, ,(t) = H(t — |z — y|) for all
x,y € X. Then (X, F,A) is a Menger PM space with A(a,b) = min{a,b}. Define
self mappings A, B, S and T on X as

3 ifwe{-1,1} 3 ifxe{-1,1}
z ifze(—1,1), = ifz e (—1,1),
5, ifa=—1 S ifr=—1
S(z)=1¢ % ifze(-1,1) andT(z) =< £, ifze(-1,1)
_713 ifz=1 %, ifzx=1.

Then with sequences as {z, = -} and {y, = ='} in X, we have

lim Sz, = lim Az, = lim By, = lim Ty, =0
n—soo n—-o0 n——oo n—-muoo

which shows that pairs (A, 5) and (B, T) share the common property (E.A). By a
routine calculation, one can verify the contraction condition (2.1) with k = % Also,

A(X) = B(X) = {g} 0 (-ii) ¢ {—;;] — 5(X) = T(X).

Thus, all the conditions of Theorem 2.5 are satisfied and 0 is a unique common
fixed point of the pairs (4, S) and (B,T) which is their coincidence point as well.
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Here it is worth noting that majority of earlier established theorems (with rare
possible exceptions) cannot be used in the context of this example as Theorem
2.5 never requires any condition on the containment of ranges of the involved
mappings. Also the completeness condition is replaced by the closedness of the
subspaces. Moreover, the continuity requirements of all the involved mappings are
completely relaxed whereas most of the earlier theorems require the continuity of
at least one involved mapping.

REFERENCES

1. A. Aamri and D. El Moutawakil, Some new common fixed point theorems under strict contractive
conditions, J. Math. Anal. Appl. 270(2002), 181-188.

2. J. Ali, M. Imdad and D. Bahuguna, Common fixed point theorems in Menger spaces with common
property (E.A), Comp. Math. Appl., 60(2010), 3152-3159.

3. J. Ali, M. Imdad, D. Mihet, and M. Tanveer, Common fixed points of strict contractions in Menger
spaces, Acta Math. Hung., 132(4)(2011), 367-386.

4. A. Aliouche, A common fixed point theorem for weakly compatible mappings in symmetric spaces
satisfying a contractive condition of integral type, J. Math. Anal. Appl., 322(2)(2006), 796-802.

5. A. Branciari, A fixed point theorem for mappings satisfying a general contractive condition of integral
type, Int. J. Math. Math. Sci., 29(9)(2002), 531-536.

6. V.W. Bryant, A remark on fixed point theorem for iterated mappings, Amer. Math. Monthly, 75
(1968), 399-400.

7. R. Chugh and S. Rathi, Weakly compatible maps in probabilistic metric spaces, J. Indian Math. Soc.,
72 (2005), 131-140.

8. Lj.B. Ciri¢, A generalization of Banach’s contraction principle, Proc. Amer. Math. Soc., 45 (1974),
267-273.

9. A. Djoudi and A. Aliouche, Common fixed point theorems of Gregus type for weakly compatible
mappings satisfying contractive conditions of integral type, J. Math. Anal. Appl., 329 (1) (2007),
31-45.

10. MS El Naschie, A review of applications and results of E-infinity theory, Int. J. Nonlinear Sci. Numer.
Simul. 8(2007), 11-20.

11. J.X. Fang and Y. Gao, Common fixed point theorems under strict contractive conditions in Menger
spaces, Nonlinear Analysis, 70 (2009). 184-193.

12. O. Hadzi¢ and E. Pap, Fixed point theory in probabilistic metric spaces, Kluwer Academic Publish-
ers, Dordrecht, 2001.

13. T.L. Hicks, Fixed point theory in probabilistic metric spaces, Univ. u Novom Sadu Zb. Rad. Prirod.-
Mat. Fak. Ser. Mat., 13 (1983), 63-72.

14. M. Imdad and J. Ali, Jungck’s common fixed point theorem and E.A property, Acta Math. Sinica,
24 (2008), 87-94.

15. M. Imdad, Javid Ali and M. Tanveer, Coincidence and common fixed point theorems for nonlinear
contractions in Menger PM spaces, Chaos, Solitons & Fractals, 42 (2009), 3121-3129.

16. M. Imdad, M. Tanveer and M. Hasan, Some commn fixed point theorems in Menger PM spaces,
Fixed Point Theory Appl., Vol. 2010, 14 pages.

17. M. Imdad, M. Tanveer and M. Hasan, Erratum to “Some common fixed point theorems in Menger
PM Spaces”, Fixed Point Theory Appl., 2011, 2011:28.

18. G. Jungck, Compatible mappings and common fixed points, Int. J. Math. Math. Sci., 9 (4) (1986),
771-779.

19. G. Jungck, Common fixed points for noncontinuous nonself maps on nonmetric spaces. Far East
J. Math. Sci., 4 (2) (1996), 199-215.

20. J.K. Kohli and S. Vashistha, Common fixed point theorems in probabilistic metric spaces, Acta
Math Hung., 115 (2007), 37-47.

21. I. Kubiaczyk and S. Sharma, Some common fixed point theorems in Menger space under strict
contractive conditions, Southeast Asian Bull. Math., 32 (2008), 117-124.

22. S. Kutukcu and S. Sharma, Compatible maps and common fixed points in Menger probabilistic
metric spaces, Commun. Korean Math. Soc., 24 (2009), 17-27.

23. Y. Liu, Jun Wu and Z. Li, Common fixed points of single-valued and multi-valued maps, Int. J.
Math. Math. Sci., 19 (2005), 3045-3055.

24. K. Menger, Statistical metrics, Proc. Nat. Acad. Sci. USA, 28 (1942), 535-537.

25. K. Menger, Probabilistic geometry, Proc. Nat. Acad. Sci. USA, 37 (1951), 226-229.



66 I. ALTUN, M. TANVEER AND M. IMDAD/JNAO : VOL. 3, NO. 1, (2012), 55-66

26. D. Mihet, A generalization of a contraction principle in probabilistic metric spaces (II), Int. J. Math.
Math. Sci 5 (2005), 729-736.

27. D. Mihet, Fixed point theorems in fuzzy metric spaces using property E.A., Nonlinear Anal., 73
(2010), 2184-2188.

28. S.N. Mishra, Common fixed points of compatible mappings in PM-spaces, Math. Japon., 36 (1991),
283-289.

29. R.P. Pant, Common fixed points of noncommuting mappings, J. Math. Anal. Appl., 188 (1994),
436-440.

30. RA. Rashwan and A. Hedar, On common fixed point theorems of compatible maps in Menger
spaces, Demonst. Math., 31 (1998), 537-546.

31. A. Razani and M. Shirdaryazdi, A common fixed point theorem of compatible maps in Menger space,
Chaos, Solitions and Fractals, 32 (2007), 26-34.

32. B. E. Rhoades, Two fixed-point theorems for mappings satisfying a general contractive condition of
integral type, Internat. J. Math. Math. Sci., 63(2003), 4007-4013.

33. B. Schweizer and A. Sklar, Probabilistic metric spaces, Elsevier, North Holand, New York, 1983.

34. V.M. Sehgal and A.T. Bharucha-Reid, Fixed point of contraction mappings on probabilistic metric
spaces, Math. Systems Theory, 6 (1972), 97-102.

35. B. Singh and S. Jain, A fixed point theorem in Menger spaces through weak compatibility, J. Math.
Anal. Appl., 301 (2005), 439-448.

36. T. Suzuki, Meir-Keeler contractions of integral type are still Meir-Keeler contractions, Internat. J.
Math. Math. Sci., (2007), Article ID 39281, 6 pages.

37. D. Turkoglu and I. Altun, A common fixed point theorem for weakly compatible mappings in sym-
metric spaces satisfying an implicit relation, Matematica Mexicana. Boletin.Tercera Serie., 13 (1)
(2007), 195-205.

38. P. Vijayaraju, B.E. Rhoades and R. Mohanraj, A fixed point theorem for a pair of maps satisfying a
general contractive condition of integral type, Internat. J. Math. Math. Sci., 15(2005), 2359-2364.



Analysis and

Optimization

Theory o,
Journal of Nonlinear Analysis and Optimization o
Vol. 3, No. 1, (2012), 67-77 Editorsin-Chef
ISSN : 1906-9685 =
http://www.math.sci.nu.ac.th S

STRONG CONVERGENCE THEOREMS FOR STRONGLY RELATIVELY
NONEXPANSIVE SEQUENCES AND APPLICATIONS

KOJI AOYAMA!"*, YASUNORI KIMURA? AND FUMIAKI KOHSAKA3

1 Department of Economics, Chiba University, Yayoi-cho, Inage-ku, Chiba-shi, Chiba 263-8522, Japan
2 Department of Information Science, Toho University, Miyama, Funabashi-shi, Chiba 274-8510,
Japan
3 Department of Computer Science and Intelligent Systems, Oita University, Dannoharu, Oita-shi,
Oita 870-1192, Japan

ABSTRACT. The aim of this paper is to establish strong convergence theorems for a strongly
relatively nonexpansive sequence in a smooth and uniformly convex Banach space. Then
we employ our results to approximate solutions of the zero point problem for a maximal
monotone operator and the fixed point problem for a relatively nonexpansive mapping.
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1. INTRODUCTION

Let £ be a smooth and uniformly convex Banach space, E* the dual of F,
A C F x E* a maximal monotone operator with a zero point, and {rn} a sequence
of positive real numbers. Assume that {x,} is a sequence defined as follows:
r1 € F and

1 1
Tppy = J 1 (Jx + (1 — —)J(J + rnA)ljxn>
n n

for n € N, where J and J~! are the duality mappings of E and E*, respectively. It
is known [9] that if r,, — oo, then {z,,} converges strongly to some zero point of
A. However, we have not known whether {x,} converges strongly or not without
the assumption that r, — oo. In §5 we present an affirmative answer to this
problem; see Theorem 5.2 and Remark 5.3.

Furthermore, a more general result is proved; see Theorem 4.1, which is a strong
convergence theorem for a strongly relatively nonexpansive sequence introduced

* Corresponding author.
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in [3]. In the proofs of Theorem 4.1, we use modifications of ideas developed
in [10, 16]. In particular, Lemma 3.2 due to Maingé [10] is a fundamental tool; see
also Example 3.3 and Lemma 3.4.

In 85, using Theorem 4.1, we also show Theorem 5.5 which is a strong conver-
gence theorem for a relatively nonexpansive mapping in the sense of Matsushita
and Takahashi [11].

2. PRELIMINARIES

Throughout the present paper, E denotes a real Banach space with norm || - ||,
E* the dual of E, (z,z*) the value of * € E* at z € E, and N the set of positive
integers. The norm of E* is also denoted by || - ||. Strong convergence of a sequence
{zn} in E to x € E is denoted by z,, — z and weak convergence by z, — x.
The (normalized) duality mapping of E is denoted by .J, that is, it is a set-valued
mapping of F into £* defined by

Jo={z" € B*: {w,a") = ||=|* = [|="|*}

forx € E.
Let Sg denote the unit sphere of E, thatis, Sg = {z € E : ||z| = 1}. The norm
| - || of E is said to be Gateaux differentiable if the limit
ety — ]

2.1
t—0 t ( )

exists for all z,y € Sg. In this case F is said to be smooth and it is known that
the duality mapping J of F is single-valued. The norm of F is said to be uniformly
Gateaux differentiable if for each y € Sg the limit (2.1) is attained uniformly for
x € Sg. A Banach space F is said to be uniformly smooth if the limit (2.1) is
attained uniformly for z,y € Sg. In this case it is known that J is uniformly
norm-to-norm continuous on each bounded subset of F; see [17] for more details.

A Banach space F is said to be strictly convex if x,y € Sg and x # y imply
lx + y|| < 2. A Banach space E is said to be uniformly convex if for any € > 0
there exists 6 > 0 such that 2,y € Sg and ||z — y|| > e imply ||z + y||/2 < 1 -6.
It is known that E is reflexive and strictly convex if E is uniformly convex; E is
uniformly smooth if and only if £* is uniformly convex; see [17] for more details.

In the rest of this section, unless otherwise stated, we assume that I is a
smooth, strictly convex, and reflexive Banach space. In this case it is known that
the duality mapping J of E is single-valued and bijective, and J~! is the duality
mapping of E*.

We deal with a real-valued function ¢ on £ x E defined by

$@,y) = 2] — 20z, Jy) + ||yl

for x,y € F; see [1, 8]. From the definition of ¢, it is clear that
(2l = lly)? < ¢l y) 2.2)
for all z,y € E. Since || - ||? is convex,
¢(w, T Mz + (1 - /\)Jy)) < Ap(w,z) + (1 — N (w, y) 2.3)

holds for all z,y,w € F and X € [0,1]. It is known that
oz, Ja*) < p(a, J " —y*) +2(J L — 2, y*) 2.4)
holds for all z € FE and x*,y* € E*; see [9, Lemma 3.2].
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Lemma 2.1. (/8, Proposition 2]) Let E be a smooth and uniformly convex Banach
space. Let {z,} and {y,} be bounded sequences in E. If ¢(xn,y,) — 0, then

Tn — Yn — O.

Let {z,} and {y,} be bounded sequences in E. Then it is obvious from the
definition of ¢ that ¢(xy,,y,) — 0 if 2, — y,, — 0. From this fact and Lemma 2.1,
we deduce the following: If F is a uniformly convex and uniformly smooth Banach
space, then

Tp —Yn — 0 = an - Jyn — 0 Aad (;b(x'ruyn) — 0 (25)

In the rest of this section, we assume that C' is a nonempty closed convex subset
of F.

Let T: C' — FE be a mapping. The set of fixed points of 7" is denoted by
F(T). A point p € C is said to be an asymptotic fixed point of T' [6, 14] if there
exists a sequence {z,} in C such that =, — p and z,, — Tx,, — 0. The set of
asymptotic fixed points of 7' is denoted by a (T). A mapping T is said to be of
type (1) if F(T) # 0 and ¢(p,Tz) < ¢(p,z) forall z € C and p € F(T); T is said
to be relatively nonexpansive [11, 12] if T is of type (r) and F(T) = EF(T). We
know that if T: C' — FE is of type (r), then F(T) is closed and convex; see |
Proposition 2.4].

It is known that, for each « € F, there exists a unique point g € C' such that

¢(zo, ) = min{g(y,z) : y € C}.

Such a point 1z is denoted by Q¢ (x) and Q¢ is called the generalized projection of
FE onto C; see [1, 8]. It is known that

(z = Qc(z),Jr — JQc(x)) <0 (2.6)
or equivalently
¢(2,Qc(x)) + ¢(Qo(z),z) < ¢(2,z) 2.7
holds forall z € F and z € C. Itis obvious from (2.7) that the generalized projection
Q¢ is of type ().

Let A be a set-valued mapping of F into E*, which is denoted by A C F x E*.
The effective domain of A is denoted by dom(A) and the range of A by R(A), that
is, dom(A) = {z € E: Az # 0} and R(A) = U, cqom(a) A7 A set-valued mapping
A C E x E* is said to be a monotone operator if (x — y,z* — y*) > 0 for all
(z,2*),(y,y*) € A. A monotone operator A C F x E* is said to be maximal if
A = A’ whenever A’ C E x E* is a monotone operator such that A C A’. It is
known that if A is a maximal monotone operator, then A~'0 is closed and convex,
where A='0 = {z € E: Az > 0}.

Let A C E x E* be a maximal monotone operator and r > 0. Then it is known
that R(J + rA) = E*; see [15]. Thus a single-valued mapping L, = (J +rA)~1J
of E onto dom(A) is well defined and is called the resolvent of A. It is also known
that F(L,) = A~'0 and

o(u, Lyx) + ¢(Lyrx,x) < ¢(u, ) 2.8)

forallz € E and u € F(L,); see [7, 9]. It is obvious from (2.8) that the resolvent
L, of A is of type (r) for all r > 0 whenever A~'0 is nonempty.
The following lemma is well known; see [2, 18].

Lemma 2.2. Let{¢, } be a sequence of nonnegative real numbers, {7, } a sequence of
real numbers, and {«,, } a sequence in [0, 1]. Suppose that &, +1 < (1 — )& + ann
foreveryn € N, limsup,,__, . vn <0, and fo:l an, = oo, Then &, — 0.
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3. EVENTUALLY INCREASING FUNCTIONS AND STRONGLY RELATIVELY
NONEXPANSIVE SEQUENCES

In this section, we provide some needed lemmas about an eventually increasing
function and a strongly relatively nonexpansive sequence.

A function 7: N — N is said to be eventually increasing if lim,, o, 7(n) = 00
and 7(n) < 7(n + 1) for all n € N. By definition, we easily obtain the following:

Lemma 3.1. Let 7: N — N be an eventually increasing function and {«,} a
sequence of real numbers such that o, — 0. Then o, () — 0.

We need the following lemma:

Lemma 3.2. (Maingé [10, Lemma 3.1)) Let {¢,} be a sequence of real numbers.
Suppose that there exists a subsequence {&,,} of {,} such that &, < &,,+1 for all
i € N. Then there exist N € N and a function7: N — N such that 7(n) < 7(n+ 1),
g‘r(n) < §T(n)+1’ and &, < g‘r(n)—i—l Joralln > N and lim,, T(n) = o0.

Under the assumptions of Lemma 3.2, we can not choose a strictly increasing
function 7; see the following example:

Example 3.3. Let {{,} be a sequence of real numbers define by

_J0 if n is odd;
&n = 1/n ifnis even.
Then the following hold:
(1) There exists a subsequence {,,} of {£,} such that ¢,, < &,,41 for all
1eN;
(2) there does not exist a subsequence {&,,, } of {{,} such that &, < &, 41
and & <&y q1 forallk € N.

Proof. Define n; = 2¢ — 1 for each ¢ € N. Then it is clear that

1
Eni = &1 =0< 5 §2i = &ny1
i

for every ¢ € N. Thus (1) holds.

Let {{n, } be a subsequence of {{,}. Suppose that &, < &, +1 forall k € N.
Then it is easy to check that my, is odd and my, + 1 is even for every £ € N. We now
assume that &, < &,,, 41 for all kK € N. Then it follows that

1 1
- = < [ —
L gk = gmk-‘rl mr + 1
if k is even. This implies that k > my + 1 > k£ + 1, which is a contradiction. O

Using Lemma 3.2, we obtain the following:

Lemma 3.4. Let {{,} be a sequence of nonnegative real numbers which is not
convergent. Then there exist N € N and an eventually increasing function7: N —
N such that £ (n) < §rny41 Joralln € Nand §, < & (py41 foralln > N.

Proof. Since {&,} is not convergent, for any n € N there exists m € N such that
m > n and &, < &mn+1, and hence there exists a subsequence {¢,,} of {{,} such
that &,, < &,,+1 for every ¢ € N. Lemma 3.2 implies that there exist N € N and a
function o: N — N such that o(n) < o(n + 1), £5n) < Eom)+1> and &, < Eq(n)+1
for every n > N and lim,,__,o 0(n) = co. Let us define 7: N — N by 7(n) = o(N)
forn € {1,2,...,N} and 7(n) = o(n) for n > N, which completes the proof. O
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In the rest of this section, unless otherwise stated, we assume that F is a
smooth, strictly convex, and reflexive Banach space and C' is a nonempty closed
convex subset of F.

Let {T,,} be a sequence of mappings of C into E such that F = (', F(T},) is
nonempty. Then

e {T,} is said to be a strongly relatively nonexpansive sequence [3] if each T,
is of type (r) and ¢(T,,zp,x,) — 0 whenever {z,,} is a bounded sequence
in F and ¢(p, x,,) — ¢(p, Tnxr,) — 0 for some point p € F';

e {T,} satisfies the condition (Z) if every weak cluster point of {z,,} belongs to
F whenever {x,} is a bounded sequence in C such that T,,z,, — 2, — 0.

Let A C E x E* be a maximal monotone operator with a zero point and {r,} a
sequence of positive real numbers. Then (2.8) shows that the sequence {L, } of
resolvents of A is a strongly relatively nonexpansive sequence; see [3] for more
details.

In order to prove our main result in §4, we need the following lemmas:

Lemma 3.5. Let {T,,} be a sequence of mappings of C into E such that F =
N~ F(T,) is nonempty, 7: N — N an eventually increasing function, and {z,} a

bounded sequence in C' such that ¢(p, z,) — ¢(p, Tr(n)2n) — 0 for somep € F. If
{T.} is a strongly relatively nonexpansive sequence, then ¢(T()%n, 2n) — 0.

Proof. Suppose that gb(TT(n)zn,Zn) - (0. Then there exist ¢ > 0 and a strictly
increasing function ¢: N — N such that 7 o ¢ is also strictly increasing and

¢(TTOU(7L) Zo(n)s Za(n)) > € (3.1)

foralln € N. Set y =700 and R(u) = {(n) : n € N}. Define a sequence {y,} in
C as follows: For each n € N,

Y = Roop=1(n) ifn e R(,U“)v
" le ifn & R(p).

It is clear that {y, } is bounded,

¢(pa yn) - ¢(pa Tnyn) = ¢(p, Zao,ufl(n)) - ¢(p7 TT(Uo,ufl(n))zao,ufl(n))

for n € R(p), and ¢(p,yn) — ¢(p, Tnyn) = 0 for n ¢ R(u). Since o o pu~ ! is
strictly increasing, it follows that ¢(p, y,) — ¢(p, Tryn) — 0, 50 (T yn, yn) — 0
because {T,} is a strongly relatively nonexpansive sequence. Therefore, noting
that ¥,(n) = Zo(u—1(u(n))) = %o(n) @nd p is strictly increasing, we have

¢(T-roa(n) Zo(n)s Za(n)) = d)(z—:u(n)yu(n)a y/L(n)) — 0,
which contradicts to (3.1). O

Lemma 3.6. Let {T,,} be a sequence of mappings of C into E such that F' =
N, F(T,) is nonempty, 7: N — N an eventually increasing function, and {z,} a

bounded sequence in C' such that TT(n)zn — zp, — 0. Suppose that {T,,} satisfies
the condition (7). Then every weak cluster point of {z,, } belongs to F.

Proof. Let z be a weak cluster point of {z,}. Then there exists a strictly increasing
function o: N — N such that 2,(,) — 2z as n — oo and T o0 is strictly increasing.
Set 4 =700 and R(p) = {p(n) : n € N}. Define a sequence {y, } in C as follows:
For each n € N,

Y = Roop=1(n) ifne R(,U“)v
BV if n & R(p),
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where p is a point in F. Then it is clear that {y, } is bounded,

Yn — Tnyn = Zoop=1(n) — Tr(cop=1(n))Zoou—1(n)
for n € R(p), and y, — Tyn = 0 for nNotinR(u). Since z, — Tr(n)2n — 0 and
oou~! is strictly increasing, it follows that y,, — T}y, — 0. Noting that y is strictly
increasing and Y, (n) = Zoou—1(u(n)) = Zo(n) for every n € N, we know that {za(n)}
is a subsequence of {y,, }, and hence z is a weak cluster point of {y, }. Since {T,}
satisfies the condition (Z), we conclude that z € F'. O

Lemma 3.7. Let {T,,} be a sequence of mappings of C into E, F' a nonempty closed
convex subset of F, {zn} a bounded sequence in C such that z,, — Ty, z, — 0, and
u € E. Suppose that every weak cluster point of {z, } belongs to F'. Then

lim sup(T,, 2z, — w, Ju — Jw) <0,

n—-uoo

where w = Qp(u).

Proof. Since z, —T,,z, — 0and {z,} is bounded, there exists a weakly convergent
subsequence {z,, } of {z,} such that

lim sup(T},z, — w, Ju — Jw) = limsup(z,, — w, Ju — Jw)

n——>00 n—maoo

= lim (z,, —w, Ju — Jw).

Let z be the weak limit of {z,,}. By assumption, we see that z € F. Thus (2.6)
shows that
im (2, —w, Ju — Jw) = (z —w, Ju — Jw) <0,

1—00

which is the desired result. O

4. STRONG CONVERGENCE THEOREMS FOR STRONGLY RELATIVELY
NONEXPANSIVE SEQUENCES

In this section, we prove the following strong convergence theorem:

Theorem 4.1. Let E be a smooth and uniformly convex Banach space, C a nonempty
closed convex subset of E, {S,} a sequence of mappings of C into E such that
F =", F(S,) is nonempty, and {c,, } a sequence in [0, 1] such that a;,, — 0. Let
u be a point in E and {z,} a sequence defined by x1 € C and

Tpi1 = QcJ (a,LJU +(1- an)JSnxn) 4.1)
Sorn € N. Suppose that

e {S,} is a strongly relatively nonexpansive sequence;

e {S,} satisfies the condition (2);

e o, > 0 foreveryn € N and Zzozl o = 00.
Then {x,,} converges strongly tow = Qp(u).

First, we show some lemmas; then we prove Theorem 4.1. In the rest of this
section, we set
Yn = J_l(oszu + (1 = an)JSnzy)

for n € N, so (4.1) is reduced to z,,+1 = Q¢ (Yn)-

Lemma 4.2. Both {z,} and {S,x,} are bounded, and moreover, the following hold:
(1) Yn — Spzpn — 0;
@ 6w, zni1) < and(w,u) + G(w, Sy,) for everyn € N;
3) d(w,xnt1) < (1 — an)P(w, z,) + 200 {yn, — w, Ju — Jw) for everyn € N.
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Proof. Since Q¢ and S, are of type (r) and w € F(S,) C C, it follows from (2.3)
that

¢(w7xn+1) S ¢(w7yn)
< app(w,u) + (1 — an)p(w, Spay,) 4.2)
< anqﬁ(w,u) =+ (1 - O‘n)d)(wzxn)

for every n € N. Thus, by induction on n, we have

¢(w7 Snl'n) < (;5(1071'”) < max{¢(w7x1), ¢(wvu)}

Therefore, by virtue of (2.2), it turns out that {x,,} and {S,x,} are bounded.
By a,, — 0, it is clear that Jy,, — JS,z, = a,(Ju — JS,x,) — 0. This shows
that

Yn — Snn = J Yy, — J LISpz, — 0

because E* is uniformly smooth and J ! is uniformly continuous on every bounded
set. Thus (1) holds.

(2) follows from (4.2).

Since 5, is of type (1), it follows from (4.2), (2.4), and (2.3) that

P(w, Tni1) < d(w, yn)
< gb(w, Jfl(anJu + (1= an)JSpxn — an(Ju — Jw)))
+ 2(yn, — w, apn(Ju — Jw)) (4.3)
< (1= an)d(w, Spxn) + and(w, w) + 2a4, (Y, — w, Ju — Jw)
< (1= ap)d(w, zn) + 20, (yn — w, Ju — Jw)
for every n € N. Therefore, (3) holds. O

Lemma 4.3. Suppose that

lim sup (¢(w, z,) — ¢(w, Tn41)) < 0. (4.4)

n—-a~oo
Then {x,} converges strongly to w.
Proof. We first show that S,,z,, —x,, — 0. Since S, is of type (r), it follows from (2)
in Lemma 4.2 that
0< ¢(w7 xn) - gb(w, Snmn) < ¢(wa zn) - ¢(w7 xn—&-l) + O‘n(b(wa ’LL)

for every n € N, so ¢(w,x,) — ¢(w, Spxy) — 0 by (4.4) and «,, — 0. Since {5, }
is a strongly relatively nonexpansive sequence and {z,} is bounded by Lemma 4.2,
o(Spxp, x,) — 0. Using Lemma 2.1, we conclude that S, z,, — x,, — 0.

We know that y,, — Sp,z, — 0 by (1) in Lemma 4.2 and {S,} satisfies the
condition (Z) by assumption, so Lemma 3.7 implies that

lim sup(y, — w, Ju — Jw) = limsup{S,z, — w, Ju — Jw) < 0.

n——m-o0 n——m-ao0

It follows from (3) in Lemma 4.2 that
A(w, Tpy1) < (1= an)p(w, 2n) + 200 (Yn — w, Ju — Jw)

for every n € N. Therefore, noting that Z:;l oy = o0 and using Lemma 2.2, we
conclude that ¢(w, z,,) — 0, and hence x,, — w by Lemma 2.1. O

Lemma 4.4. The real number sequence {¢(w,z,)} is convergent.
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Proof. We assume, to obtain a contraction, that {¢(w, z,,)} is not convergent. Then
Lemma 3.4 implies that there exist N € N and an eventually increasing function
7: N — N such that
¢(w7 Ir(n)) < ¢(w7 z'r(n)-l—l) (4.5)
for every n € N and
d(w, x,) < G(w, Tr(n)41) (4.6)
for every n > N.
We show that S;(n)Zr(n) — Tr(n) — 0. Since S, is of type (1), it follows
from (4.5), (2) in Lemma 4.2, and Lemma 3.1 that

0 < (W, T7(n)) = O(w, Sr(n)Tr(n))
< ¢(wa xT(n)+1) - ¢(wa S‘r(n)xr(n))
< aT(n)¢(w7u) —0
as n — 00. Since {z,(,)} is bounded and {S,,} is a strongly relatively nonex-
pansive sequence, it follows from Lemma 3.5 that ¢(Sr(,)%r(n), Tr(n)) — 0, S0 We
conclude that S;(,)Tr(n) — T(n) — 0 by Lemma 2.1.

Finally, we obtain a contradiction that qS(w, xn) — 0. From (3) in Lemma 4.2
and (4.5), we know that

AW, Tr(ny+1) < (1 = Qr(n))O(W, T7(n)) + 207 (n) (Yr(n) — W, Ju — Jw)
< (1= arm)O(W, Tr(ny41) + 200 (n) (Yr(n) — w0, Ju — Jw)
for every n € N, where y,(,) = J’l(aT(n)Ju +(1- aT(n))JST(n)xT(n)) for n € N.
Thus, by a; ) > 0, (4.7) shows that
AW, Tr(n)41) < 2{Yr(n) — w, Ju — Jw) (4.8)

for every n € N. Since {5, } satisfies the condition (Z), it follows from Lemma 3.6
that every weak cluster point of {2, ()} belongs to F'. Using (4.8), (1) in Lemma 4.2,
and Lemma 3.7, we have

4.7)

lim sup ¢(w, T7(n)4+1) < 2Hmsup(y,(ny — w, Ju — Jw)

n——oo — 00

= 2limsup(S;(n)Zr(n) — w, Ju — Jw) <0.

n——oo

Therefore, by virtue of (4.6), we conclude that
lim sup ¢(w7 xn) < lim sup ¢(wa x‘r(n)Jrl) < 07

n—-o0 n——oo
and hence ¢(w, x,) — 0, which is a contradiction. O
Proof of Theorem 4.1. Using Lemmas 4.3 and 4.4, we get the conclusion. g

5. APPLICATIONS

In this section, we study the zero point problem for a maximal monotone operator
and the fixed point problem for a relatively nonexpansive mapping. We employ
Theorem 4.1 to approximate solutions of these problems.

To prove the first theorem, we need the following lemma:

Lemma 5.1. ([4, Lemma 3.5]) Let F be a strictly convex and reflexive Banach space
whose norm is uniformly Gateaux differentiable, {r,,} a sequence of positive real
numbers, and L, the resolvent of a maximal monotone operator A C E x E*. Sup-
pose that inf,, r,, > 0 and A~10 is nonempty. Then {L,, } satisfies the condition (Z).

We adopt a modified proximal point algorithm introduced by Kohsaka and Taka-
hashi [9] in the following theorem:
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Theorem 5.2. Let I be a uniformly convex Banach space whose norm is uniformly
Gateaux differentiable, A C E x E* a maximal monotone operator, {c.,, } a sequence
in (0,1], and {r,} a sequence of positive real numbers. Suppose that A~10 is non-
empty, o, — 0, ZZO=1 oy, = 00, and inf,, v, > 0. Let u be a point in E and {z,} a
sequence defined by x1 € F and

Tpy1 =J " (anJu +(1- an)JLrnxn) (5.1)
Jorn € N, where L, = (J +r,A)~1J. Then {z,} converges strongly to Q 4-1o(u).

Proof. Set S,, = L,, for n € N. It is known that F(S,) = A~'0 and L, is a type (1)
self-mapping of E for each n € N. Hence (),—, F(S,) = A7'0 is nonempty. It is
also known that {S,, } is a strongly relatively nonexpansive sequence by [3, Example
3.2] and {S,,} satisfies the condition (Z) by Lemma 5.1. It is clear that Qg is the
identity mapping on E. Therefore, Theorem 4.1 implies the conclusion. O

Remark 5.3. Theorem 5.2 is similar to [9, Theorem 3.3]. In [9, Theorem 3.3], F
is assumed to be smooth and uniformly convex and {«,} in [0,1] while {r,} is
assumed to diverge to infinity.

To prove the next theorem, we need the following lemma:

Lemma 5.4. ([3, Lemma 2.1]) Let {z,,} and {y,} be two bounded sequences in a

uniformly convex Banach space E and {\,,} a sequence in [0, 1] such thatlim inf A,, >
n—-:o0o

0. Suppose that
)‘onnHQ +(1- >‘n)||yn||2 — [Anzn + (1 - )\n)ynnz — 0.
Then (1 — A\p) (2 — yn) — O.

The following is a strong convergence theorem for a relatively nonexpansive map-
ping; see [11, 12] for other convergence theorems and see also [3].

Theorem 5.5. ([13, Theorem 3.4]) Let E be a uniformly convex and uniformly smooth
Banach space, C' a nonempty closed convex subset of E, T: C — F a relatively
nonexpansive mapping, {a, } a sequencein (0, 1], and {8, } a sequencein [0, 1]. Sup-
pose that o, — 0, E;’Ozl o, =00, and 0 < liminf, .o 6, <limsup,__, . O, < 1.
Let u be a point in E and {x,,} a sequence defined by z1 € C and

Tnie1 = QcJ (anJu +(1- an)(ﬁann +(1- ﬁn)JTacn)) (5.2)
Jorn € N. Then {z,} converges strongly to Q p(r)(u).

Proof. Set S, = J ! (6nJ +(1- 5n)JT) for n € N. Then it is easy to check that
each S, is a mapping of type (r) and (), F(S,) = F(T); see [5, Corollary 3.8].
Moreover, it is clear that (5.2) coincides with (4.1). To finish the proof, it is enough
to show that {S,, } is a strongly relatively nonexpansive sequence and {5, } satisfies
the condition (Z).

Let {y,} be a bounded sequence in C such that ¢(p, y,) — ¢(p, Snyn) — 0 for
some p € (', F(S,). Since T is of type (r), we have

Bl Tyall* + (1 = Bu) | T Tynl? = || Snynl®
= Bnd(psyn) + (1 = Bn)d(p, Tyn) — ¢(p; Snyn)
< Bnd(Psyn) + (1 = Bn)d(p, yn) — d(p, Snyn)
= ¢(p,yn) — é(p, Snyn) — 0.
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Using Lemma 5.4 and (2.5), it turns out that
JYn — JSpYn = (1 - 5n)(<]yn - JTyn) — 0,

and hence ¢(S,yn,yn) — 0. Thus {S,} is a strongly relatively nonexpansive
sequence.
Let {zn} be a bounded sequence in C' such that z, — S, z, — 0. Then it follows
from (2.5) that
(1=8)Jzp = JTz,) = J2zyy — JSp2zs — 0,

so we conclude that 2z, — Tz, — 0 by limsup,,_ .. G, < 1 and (2.5). Since T’
is relatively nonexpansive, every weak cluster point of {z,} belongs to F'(T'). This
means that {5, } satisfies the condition (Z). Consequently, Theorem 4.1 implies the

conclusion. 0
Remark 5.6. In [13, Theorem 3.4], {a,} and {3, } are assumed to be sequences
in (0,1).
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1. INTRODUCTION

Consider m closed linear subspaces 51, S, ...,S,, of a given Hilbert space H
and let S denote their intersection. Let the infinite product H;’; 1 Pji=---P3PP
only consist of orthogonal projections Pg,, 1 < k < m, onto these subspaces. We
are concerned with the asymptotic behavior of the sequence {z,}5° , defined by

n
Ty = H PjJZQ = PnPn,—l---Plxm n = 1, 27 e
j=1
Denoting the norm of H by || - ||, we recall that the classical theorems of J. von
Neumann [10] and I. Halperin [9] declare that, for any g € H,

"'Psl)nxo—Psl‘()HZO. (1.1)

m—1

lim [|(Ps,, Ps

We observe that the iterative process here is strongly cyclical and this condition is,
in fact, essential for the proof of (1.1). The convergence in (1.1) may not be uniform
(on bounded subsets of initial points) and these theorems do not provide any rate
of convergence.

Except for some earlier partial results, general necessary and sufficient condi-
tions for uniform convergence in (1.1) were found much later (see [6] for m = 2 and
[2] for the general case). In addition, some estimates of the rate of this convergence
were also obtained, mainly by using the notion of angles between subspaces [8].
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Email address : evg@tx.technion.ac.il (Evgeniy Pustylnik), sreich@tx.technion.ac.il (Simeon Reich) and ajzasl@tx.technion.ac.il
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Traditionally, these estimates were asserted for cyclical products, although this
restriction was not as essential as it was for proving (1.1) in [9]. As a matter of
fact, these estimates were stated for one cycle, but then immediately generalized to
the power n. Consequently, the possibility of concatenating different fragmentary
products of projections into an infinite one was not considered.

We have recently [15-17] used a geometric approach (in particular, angles be-
tween subspaces) to establish useful estimates for proving convergence of infinite
products involving not only orthogonal projections, but also other (possibly nonlin-
ear) nonexpansive operators in Hilbert space. In [18] we provide sufficient condi-
tions for the strong and uniform (on bounded subsets of initial points) convergence
of such infinite products by applying new estimates of the inclination [1] of a finite
tuple of closed linear subspaces.

In view of the diverse applications of infinite products (see, for instance, [7] and
the references therein), it is natural to ask if these results continue to hold in the
presence of computational errors. In the present paper we give affirmative answers
to this question. Our main results, Theorems 2.1 and 2.2, are formulated in Section
2. Their proofs are given in Section 3.

Previous studies concerning inexact powers and infinite products of operators
can be found, for example, in [3-5, 11-14, 19].

2. MAIN RESULTS

For each x € H and each B C H, set
p(z, B) = inf{|lz —y|| : y € B}.

We consider an iterative process, presented as an infinite product Hzl AP,
where all A; are quasi-nonexpansive, possibly nonlinear, operators of arbitrary
nature and each P; is a finite product of all the projections Pg,, Ps,, ..., Ps_ in
any order and amount (that is, with possible repetitions). Here S1,.5s,...,S,, are
assumed to be closed linear subspaces of a given Hilbert space H. By S we denote
the intersection of S1, So, . . ., S;,; the case S = {0} is permitted as well. We assume
that all the subspaces S; are different. Recall that the principal question studied
in this paper concerns the asymptotic behavior of the sequence {z,}52, defined
by z, = H?:l A;P;xg, n=1,2,...,in the presence of computational errors.

We are now ready to state our two main results.

Theorem 2.1. Let {A,}22, be a sequence of self-mappings of a Hilbert space H.
Assume that for all integers n > 1,

An(S) cs 2.1)
and
[|Any — Apz|| < ||ly — z|| forally € H and allx € S. 2.2)
Assume further that for all integersn > 1 and allxz € H,
[Pra = Psz|| < gullz — Psz|| (2.3)
with the factors g, € (0, 1] satisfying
n
im H ¢ =0 (2.4)
i=1
and
E K
MO::sup{l—i—ZHqi: k=23,...} <oc. (2.5)

p=21i=p
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Let the positive numbers M, €, and a natural number ng satisfy

no

[TaM <ef2 (2.6)
i=1
and
oMy < ¢€/2. 2.7)
Finally, assume that {z;}°, C H,
[lol| < M, 2.8)
and that for any integer n > 1,
||5L'n - Anpnxn—lH S J. (29)

Then
p(z;,S) < € for all integers i > ny.

Theorem 2.2. Assume that (2.1) and (2.2) hold for all integers n > 1, and that (2.3)
holds for all integers n > 1 and all points x € H with the factors ¢, € (0, 1] satisfying
both (2.4) and (2.5). Assume further that {J;}32, C (0, 00) and

lim & = 0. (2.10)

1—00

Let e, M > 0 be given. Then there exists an integer n; > 1 such that for each
sequence {z,}5, C H satisfying

[lol| < M 2.11)
and
[|zrn — AnPran_1]|| < 6, for all integersn > 1, (2.12)
the following inequality holds:
p(xn,S) < € for all integers n > nj. (2.13)

Before proceeding to the proofs of these theorems in Section 3, we observe that
both (2.4) and (2.5) clearly hold if for all ¢ = 1,2,. ..,

g <qg<l1

for some constant q.
More generally, both (2.4) and (2.5) hold if there are a real number ¢ € (0,1)
and a natural number p such that

@ip < q for all natural numbers .
In this connection, recall that the number

_ ‘ -1
1(S1,S82,. .., m) = inf max p(z, Sj)p(z, S)

is called the inclination of the m-tuple (S, So, ..., Sy). Clearly, 0 < < 1.
By [1], for any set of integers {i1,...,in} = {1,2,...,m} and any « € H,

|Ps, Ps, -+ Ps, x— Psx|| < (1—1°N"*)"?||z — Pgz||.

iIN—1
Thus (2.4) and (2.5) hold if there is a natural number p such that
sup{N;p: 1=1,2,...} < o0,

where N is the number of operators in the product Py.
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3. PROOFS OF THEOREMS 2.1 AND 2.2
We begin with the following lemma.

Lemma 3.1. Assume that both (2.1) and (2.2) hold for each integer n > 1, (2.3)
holds for all integers n > 1 and all points © € H, ¢ is a positive number, and the
sequence {z,, } 7, C X satisfies

||37n - Anpnxn—lH <4é (3.1)
for all integers n > 1. Then for any integer k > 2,
k ko k
plar, S) < (] Jadp(wo, $) + 61+ (] @) (3.2
i=1 p=2 i=p

Proof. In view of (3.1), for any integer n > 1,
(20, S) < ||xn — AnPrzn_1|| + p(AnPrxn_1,95)
<0+ ||AnPrxn_1 — AnPstn_1]l,
and in view of (2.1) and (2.2),
p(xn, S) <6+ ||Putn—1 — Pstn_1]| <0+ qul||tn-1 — Pszpn_1]|
<0+ qnp(en-1,5). (3.3)

By (3.3),

p(z1,5) <6+ q1p(wo,S), p(x2,5) < q1g2p(x0, S) + g20 + 0. (3.4)
We now show by induction that for any integer & > 2, inequality (3.2) holds. To

this end, we first note that in view of (3.4), inequality (3.2) certainly holds for k = 2.
Assume that n > 2 is an integer and that (3.2) holds for k¥ = n. Thus

p(@n,S) < ([]a)p(x0, S) + 61+ ([ a0:))- (3.5)
i=1 p=2 i=p
By (3.3) and (3.5),
p(ent1,5) <0+ gni1p(an, S)
n+1 n n
<5+ (J] @0)p(x0,9) + 0qniar 1+ > (][ @)
i=1 p=2 i=p
n+1 n n+l
= (JT a)p(x0,9) + (1 + guia + > (] @)
i=1 p=2 i=p
n+1 n+1 n+1
= ([T a)o(wo, ) + 61+ Y (T] @)
i=1 p=2 i=p
so that (3.2) holds for £ = n+ 1. Thus we have shown by induction that inequality
(3.2) holds for all integers k > 2, as claimed. Lemma 3.1 is proved. U

Completion of the proof of Theorem 2.1. By Lemma 3.1, (2.8), (2.5), (2.6)
and (2.7), for any integer k > ng, we have

k k k
p(arS) < ([Japlao. ) + 51+ ([ ao)

p=2 i=p

< (qu‘)M+5Mo <e/2+¢/2=¢

i=1
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Theorem 2.1 is proved. B
Proof of Theorem 2.2. Let M, be defined by (2.5). Choose a positive number ¢

such that
Mo < €/2. (3.6)
By (2.10), there is a natural number ng such that
§; < 6 for all integers i > ny. 3.7
Choose
S=sup{6;:i=12,.} (3.8)
and set
M; = 5My + M. 3.9)
By (2.4), there is a natural number n; > ng such that
ni
My [ @ <e/2 (3.10)
i=no+1

Assume that a sequence {z;}?°, C H satisfies (2.11) and (2.12). By (3.8), (2.11),
(2.12), Lemma 3.1 and (3.9),

1o

(T, S) < Hqip(aco,S) +6My < M;. (3.11)
i=1

For each integer 1 > 1, define
Yi—1 = Ti—l4ng, A; = Aigng, P = Pitne- (3.12)
By (3.11), (3.12), (2.12), (2.5), (3.6), (3.7), (3.10) and by Lemma 3.1 applied to

{vi}2. {Az}fi1 and {P;}5°,, we have for all integers k > nq,

p(xkv S) = p(ykfnov S)

k k k
< II wrwo.8)+o(+ > (JTa)
p=no+1 p=no+1 i=p
ny
< H @My + My < €/2+¢€/2 =¢,
p=no+1

as asserted. Theorem 2.2 is proved.
Acknowledgments. This research was supported by the Israel Science Foundation
(Grant No. 647/07), the Fund for the Promotion of Research at the Technion and
by the Technion VPR Research Fund.

REFERENCES

1. C. Badea, S. Grivaux and V. Miller, The rate of convergence in the method
of alternating projections, Preprint, Institute of Mathematics, AS CR, Prague,
2010.

2. H. H. Bauschke and J. M. Borwein, On projection algorithms for solving convex
feasibility problems, SIAM Rev. 38 (1996), 367-426.

3. D. Butnariu, S. Reich and A. J. Zaslavski, Convergence to fixed points of in-
exact orbits of Bregman-monotone and of nonexpansive operators in Banach
spaces, Fixed Point Theory and its Applications. Yokohama Publishers, Yoko-
hama, 2006, 11-32.



84 E. PUSTYLNIK ET AL./JNAO : VOL. 3, NO. 1, (2012), 79-84

4. D. Butnariu, S. Reich and A. J. Zaslavski, Asymptotic behavior of inexact orbits
for a class of operators in complete metric spaces, J. Appl. Anal. 13 (2007),
1-11.

5. D. Butnariu, S. Reich and A. J. Zaslavski, Stable convergence theorems for
infinite products and powers of nonexpansive mappings, Numerical Func. Anal.
Optim. 29 (2008), 304-323.

6. F. Deutsch, Best approximation in inner product spaces, Springer. New York,
2001.

7. J. Dye and S. Reich, Random products of nonexpansive mappings, Res. Notes
Math. Ser. 244 (1992), Longman Sci. Tech. Harlow, 106-118.

8. K. Friedrichs, On certain inequalities and characteristic value problems for an-
alytic functions and for functions of two variables, Trans. Amer. Math. Soc. 41
(1937), 321-364.

9. 1. Halperin, The product of projection operators, Acta Sci. Math.(Szeged) 23
(1962), 96-99.

10. J. von Neumann, On rings of operators, Reduction theory, Ann. of Math. 50
(1949), 401-485.

11. A. M. Ostrowski, The round-off stability of iterations, Z. Angew. Math. Mech.
47 (1967), 77-81.

12. E. Pustylnik, S. Reich and A. J. Zaslavski, Inexact orbits of nonexpansive
mappings, Taiwanese J. Math. 12 (2008), 1511-1523.

13. E. Pustylnik, S. Reich and A. J. Zaslavski, Convergence to compact sets of
inexact orbits of nonexpansive mappings in Banach and metric spaces, Fixed
Point Theory Appl. 2008, Article ID 528614, 1-10.

14. E. Pustylnik, S. Reich and A. J. Zaslavski, Inexact infinite products of nonex-
pansive mappings, Numerical Func. Anal. Optim. 30 (2009), 632-645.

15. E. Pustylnik, S. Reich and A. J. Zaslavski, Convergence of infinite products of
nonexpansive operators in Hilbert space, J. Nonlinear Convex Anal. 11 (2011),
461-474.

16. E. Pustylnik, S. Reich and A. J. Zaslavski, New possibilities regarding the
alternating projections method, J. Nonlinear Anal. Optim. 2 (2011), 33-37.

17. E. Pustylnik, S. Reich and A. J. Zaslavski, Convergence of non-cyclic iterative
projection methods, J. Math. Anal. Appl. 380 (2011), 759-767.

18. E. Pustylnik, S. Reich and A. J. Zaslavski, Convergence of non-periodic infinite
products of orthogonal projections and nonexpansive operators in Hilbert space,
J. Approximation Theory 164 (2012), 611-624.

19. S. Reich and A. J. Zaslavski, Inexact powers and infinite products of nonlinear
operators, Int. J. Math. Stat. 6 (2010), 89-109.



Analysis and

Optimization

Theory o,
Journal of Nonlinear Analysis and Optimization o
Vol. 3, No. 1, (2012), 85-92 Editorsin-Chef
ISSN : 1906-9685 =
http://www.math.sci.nu.ac.th S

A NEW ITERATIVE METHOD FOR NONEXPANSIVE MAPPINGS
IN HILBERT SPACES

A. RAZANI, M. YAZDI*

Department of Mathematics, Faculty of Science, Imam Khomeini International University, P.O. Box:
34149-16818, Qazvin, Iran

ABSTRACT. In this paper, a new iterative method for finding a common fixed point of a
countable nonexpansive mappings in a Hilbert space, is introduced. Then a strong conver-
gence theorem for a countable family of nonexpansive mappings is proved. This theorem
improve and extend some recent results of Tian (2010) and Xu (2004).

KEYWORDS : Fixed point; Nonexpansive mapping; Iterative method; Variational inequality;
Viscosity approximation.

1. INTRODUCTION

Let H be a real Hilbert space. Amapping S of H into itself is called nonexpansive,
if | Sz — Sy|| < ||z —y| forall z,y € H. Let Fiz(S) denote the fixed points set of S.
We assume Fiz(S) # ), it is well known, F'iz(S) is closed and convex. Recall that
a contraction on H is a self-mapping f of H such that ||f(z) — f(v)| < allz — y|
for all x,y € H, where « € (0,1) is a constant. Let A be a bounded linear operator
on H. A is strongly positive; that is, there exists a constant 7 > 0 such that
(Az,x) > 7||z||?, forallz € H.

Moudafi [5] introduced the viscosity approximation method for nonexpansive
mappings. Let f be a contraction on H, starting with an arbitrary initial o € H,
define a sequence {z,,} recursively by

Tpg1 = anf(xy) + (1 — ay)Szy, n >0, (1.1)

where {a,} is a sequence in (0,1). Xu [9] proved that under certain appropriate
conditions on {«,, }, the sequence {x,,} generated by (1.1) converges strongly to the
unique solution z* in Fix(S) of the variational inequality:

((I—f)z*,z* —x) <0, for all x € Fiz(S). (1.2)
Note that iterative methods for nonexpansive mappings can be used to solve a
convex minimization problem. See, e.g., [2, 8, 10] and references therein. A typical
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Email address : msh_yazdi@ikiu.ac.ir(M. Yazdi).
Article history : Received 17 March 2012. Accepted 25 March 2012.
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problem is that of minimizing a quadratic function over the set of the fixed points
of nonexpansive mapping on a real Hilbert space

. 1
in -

A — 1.
IEIII‘}lm(S)2< .’L',.T) <.7J,b>, (1.3)

where b is a given point in H.
In [8], it is proved, the sequence {z,} defined by the iterative method below with
an arbitrary initial zo € H

Tpi1 = anb+ (I — apA)Sz,, n >0, (1.4)

converges strongly to the unique solution of the minimization problem (1.3) pro-
vided the sequence {a,} satisfies certain conditions. Combining the iterative
method (1.1) and (1.4), Marino and Xu [4] consider the following general iterative
method:

Tnt1 = anyf(xn) + (I — @, A)Sxy,, n > 0. (1.5)

It is proved, if the sequence {«,} satisfies appropriate conditions, then the se-
quence {x,} generated by (1.5) converges strongly to the unique solution of the
variational inequality

((vf—A)x*,x —z*) <0, for all z € Fiz(S).

which is the optimality condition for the minimization problem

1
i (A ’ —h )
i g 3 (AT ) = ha)
where h is a potential function for vf (i.e., h'(z) = vf(z) for z € H).

On the other hand, Yamada [10] introduced the following hybrid iterative method
for solving the variational inequality

Tpy1 = STy — pA F(Sxy), n >0, (1.6)

where F' is k — Lipschitzian and n-strongly monotone operator with £ > 0,7 > 0
and 0 < p < 2n/k?, then, if {)\,} satisfies appropriate conditions, the sequence
{z,} generated by (1.6) converges strongly to the unique solution of the variational
inequality

(Fa™,x — ) > 0, for all z € Fiz(S).

Tian [7] combined the iterative method (1.5) with the Yamada’s method (1.6) and
considered the following iterative method:

Tnt1 = anyf(zn) + (I — payp, F)Sz,, n > 0. (1.7)

He proved, if the sequence {«,, } satisfies appropriate conditions, then the sequence
{zn} generated by (1.7) converges strongly to the unique solution z* € Fiz(S) of
the variational inequality

((vf — pF)z*,z — x*) <0, for all x € Fix(S).

In this paper, motivated by Tian [7], we prove a strong convergence theorem for a
countable family of nonexpansive mappings in a Hilbert space. Our result improve
and extend the corresponding results in recent works.
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2. PRELIMINARIES

Let H be a real Hilbert space with inner product (.,.) and the norm ||.||. Weak
and strong convergence is denoted by notation — and —, respectively. In a real
Hilbert space H,

Az + (1= Nyll* = All® + (1 = Vllyl* = A1 =Nz -y,

for all z,y € H and A € R. Let C be a nonempty closed convex subset of H. Then,
for any = € H, there exists a unique nearest point in C, denoted by Pc(x), such
that

lz = Po(@)|| < [lz —yll, forallyeC.
Such a Pg is called the metric projection of H onto C. It is known, P¢ is nonex-
pansive. Further, for z € H and z € C,
z=Pe(z) & (x—z,2z—y) >0, forallyeC.

Now, we collect some lemmas which will be used in the main result.

Lemma 2.1. Let H be a real Hilbert space. Then, for all x,y € H,

M [lz+yl? < l|lz]? + 2(y, z + y);
@ [z +yl? > =]+ 2y, z).

Lemma 2.2. [1] Assume {a,} is a sequence of nonnegative real numbers such that
Ap+41 S (]- - ’Vn)an + YnUn + Tn,y

where {v,} is a sequence in (0,1), {r,} is a sequence of nonnegative real numbers
and {v,} is a sequence in R such that
1)) Zzozl Tn = O0;
(In limsup,, . vn < 0;
am >0 7, < oo.

Then, lim,, _,» a,, = 0.

Lemma 2.3. [3] Let C' be a nonempty closed convex subset of H and S : C — C
a nonexpansive mapping with Fiz(S) # 0. If {z,} is a sequence in C weakly
converging to x and if {(I — S)(x,)} converges strongly to y, then (I — S)z = y.

Lemma 2.4. [1] Let C' be a nonempty closed convex subset of H. Suppose

oo
Z sup{||[T+1z — Tnz|| : z € C} < .

n=1

Then, for each y € C, {T,y} converges strongly to some point of C. Moreover, let
T be a mapping of C into itself defined by Ty = lim,, .o, Tny, for ally € C. Then
lim,, oo sup{||Tz — Tp,2|| : z € C} = 0.

Theorem 2.5. [7] Let H be a real Hilbert space, S : H — H be a nonexpansive
mapping with Fiz(S) # 0, f : H — H be a contraction with coefficient 0 < o < 1
and F' be a k-Lipschitzian and n-strongly monotone operator on H with k > 0,n > 0.
Let0 < p < 2n/k? and 0 < v < p(n — ”Tkg)/oz = 7/a. Then the unique fixed point
x¢ € H of the contraction x — tyf(x) + (I — tuF)Sx converges strongly to a fixed
point g of S as t — 0 which solves the following variational inequality

(uF —~vf)q,q — 2)) <0, forall z € Fiz(S).
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Theorem 2.6. [7] Let H be a real Hilbert space, S : H — H be a nonexpansive
mapping with Fixz(S) # 0, f : H — H be a contraction with coefficient 0 < a < 1
and F be a k-Lipschitzian and n-strongly monotone operator on H with k > 0,7 > 0.
Let0 < pu < 2n/k* and 0 < v < p(n — “Tkz)/a = 7/a. Suppose {ay,} is a sequence
in (0, 1) satisfying the following conditions:

m >o,2, an = o9;
A

I >0 |antr — an| < 00 orlim, =1

Let xo € H. Then the sequence {x,,} defined by (1.7) converges strongly to q that is
obtained in Theorem 2.5.

3. MAIN RESULTS

In this section, we prove the following strong convergence theorem for finding a
common element of fixed points set of a countable family of nonexpansive mappings
in a Hilbert space.

Theorem 3.1. Let H be a real Hilbert space H. Let {S,}°2, be an infinite family
of nonexpansive self-mappings on H which satisfies (,—, Fiz(S,) # 0. Let f be
a contraction of H into itself with coefficient 0 < o < 1 and F' a k-Lipschitzian
and n-strongly monotone operator on H with k > 0,7 > 0. Let 0 < p < 2n/k?,
0<vy<pln-— "Tkz)/oz = 7/a and 7 < 1. Define a sequence {x,} C H as follows:
Ty =x € H and

{ yn = Y f(20) + (I = anpiF) Sy, 3.1

Tpt+1 = (1 - ﬂn)yn + annynv n>1,

where {a,, } and {3, } are two sequences in [0, 1] satisfying the following conditions:

O lim, oo, =0and Y ;7| a, = o0;
) lim, .o B, =0o0rf, € [0,b) forsomeb € (0,1) and Y| |Bnt1—0Bn| < o0;

[e'e] 1 e
I 307 [apg1 — an| < 0o orlimy, o ofiﬂ =1

Suppose >~ sup{||Sn+12 — Spz|| : 2 € K} < oo for any bounded subset K of
H. Let S be a mapping of H into itself defined by Sz = lim,,_,o, Spz forall z € H
and suppose Fiz(S) = (., Fiz(S,). Then the sequences {x,} defined by (3.1)
conwerge strongly to q € Fixz(S) which is a unique solution of the following variational
inequality

Proof. Let Q = Phx | Fix(s,)- So

1QU — pF +~f)(x) = QU — uF + 7)) < (I — pF +~vf)(x)—
(I = pF +~f) )l

< T = pF) (@) = (I = pF) ()]l
I f (@) = F)
(1 =7z =yl +yallz -y

[ IA

(1= (=)l -yl
for all x,y € H. Therefore, Pn=  rix(s,)(I — pF +~f) is a contraction of H
into itself, which implies, there exists a unique element ¢ € H such that ¢ =

QU — pF +~vf)(a) = Pnz=_, pia(s,) (I — pF + 7vf)(q) or equivalently
((WF —~f)g,q— z)) <0, forall z € Fiz(5). (3.2)
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We proceed with following steps:
Step 1. {z,} and {y,,} are bounded. Let p € Fiz(S). Then, from (3.1), we have

||(1 - ﬁn)(yn _p) + 6n(5nyn _p)H < Hyn _p”
Han(')/f(xn) - MF(p)) + (I - anMF)(Snxn - p)”

(1 —an7)llzn — pll + anyallzn —pll + anllvf(p) — nF(p)|l
(L —an(r —ya))lzn — p|| + anllvf(p) — nF®)|l

max{||z, — p|, va(li):;f(p)\l I

241 = pll

INININA I

By induction,

[n = pll < max{]|z,

. ”ﬁ(i)__;f(p)” Y

Hence, {z,} is bounded, so are {y,}, {f(zn)}, {(FSn)z,} and {S,y,}. Without
loss of generality, we may assume {z,}, {yn}, {f(2n)}, {(FSp)xn}, {Shyn} C K,
where K is a bounded set of H.

Step 2. limy o0 [|[Tn+1 — Znl| = 0. Since K is bounded, {Snyn — yn}, {f(zn)}
and {(F'S,)z,} are bounded. Let

My = sup{[[Snyn = ynll, [ f @n) [, [(ESn)znll : n € N}

From the definition of {x,}, it is easily seen

||mn+2 - xn-&-l” = H(l - ﬂn+1)yn+1 + ﬂn-{—lsn-i-lyn-i-l - (1 - 6n>yn - ﬂnSnyn”

= (X = Bat1)¥n+1 + Brt1Sn41Yn+1 — (1 = Brt1)Yn — BnSnn
H(1 = Bt 1)¥n — (1 = Bn)Yn — Bat1SnYn + Bt 1Snnll

= (1 = Bat1)Wnt1 — Yn) + Brt1(Snt1Ynt1 — Snyn)
+(ﬁn+1 - ﬁn)(snyn - yn)”

< (= Bur)yn+1 = Ynll + Brs1lSnt19Yn+1 — Snynll
+|ﬂn-‘r1 - ﬂn‘Ml

S (1 - 5n+1)”yn+l - ynH + 5n+1||sn+lyn+l - SnynJrl”
+/8n+1||yn+1 - yn” + |5n+1 - 6n‘M1

S Hyn+1 - yn” + ||Sn+1yn+1 - SnynJrl” + |ﬁn+1 - ﬁn|M1a
(3.3)

for all n € N. From (3.1), we obtain

lan17f (Tnt1) + (I — a1 tF) Spy1®n g1 — any f(2n)
—(I — anpF)Span|

(I = anp 1 pF) (Spt1Zn41 — Sn®n) — (Qng1 — an) uF (Span)
Fan1Y(f(ng1) — f(@n)) + (g1 — an)vf(2n)|

1Yn+1 — ynll

< (1= an1m)[Snt1Znt1 = Snnll + a1y T — |
+lant1 — anll[vf(@n) — pF (Span) ||

< (1 - O‘n—&-lT)(HSn—&-lxn—i-l - Sn—f—lxn” + ||Sn+1xn - Snan)
tant17al|Tnir — Tall + a1 — an|(y + 1) My

< (U g1 (7 — 90)) [ns1 — ull + Mr(y+ Dlanss — )

+||Sn+1xn - nxn||7
(3.4)
for all n € N. Using (3.4) in (3.3), we have

[Znt2 = Tnt1ll < (1= apy1 (7 — ya))|[Tnt1 — 24|
+2sup{||Snt+12 — Spz| : z € K} (3.5)

+M2(|an+1 - an' + ‘ﬁn—i—l - Bn|)7
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where My = M;(y+1). Assume Y | |1 —ay| < 0o. Setting ry, = Mo (41 —
|+ 18nt1 — Bnl) + 2sup{||Spy12 — Snz| : 2 € K}

oo oo oo

Zrn = M, Z(|an+1—an|+|ﬁn+1—ﬂn|)+2 Zsup{HSnHz—SnzH iz € K} < oo.
n=1 n=1 n=1
Therefore, it follows from Lemma 2.2, lim,,_, ||Zn+1 — Zn|| = 0. Now, suppose
lim,, oo aa—zl = 1. From (3.5), we get

[Znt2 = Tnsall < (1 = any1 (7 = ya)) 201 — 2|
+2sup{||Snt+12 — Snz|| : z € K} + M3|Bny1 — On
+(Xn+1M2‘1 — Y= |

Qn 41

Setting r, = Ma|Bn+1 — Bn| + 2sup{||Sn+12 — Snz| : 2 € K}, we have

Zrn = M, Z |Bnt1 — Onl +2Zsup{||5n+1z — Szl sz € K} < o0.

n=1 n=1 n=1
Therefore, it follows from Lemma 2.2, lim,, o ||Zp+1 — 25| = 0.
Step 3. limy, 0 ||Zn — Yn|| = 0. Indeed, from (3.1), we obtain
12041 = ynll = Bnllyn — Snynl|

If limy,—oo B = 0, limy, oo || Tnt1 — ynl| = 0. If 5, € [0,b) for some b € (0,1), we
have

”xn-‘rl - yn” ﬁn“yn - SnynH

< Bualllyn — Snxnll + [Snzn — Snynl)
< b(llyn = Snzall + 20 —ynl)
< (|lyn — Tptall + lzn — Zoga | + [[yn — Snzal).
Hence
b
lns1 = ynll < 7= (lzn = 2naall + lyn = Snzal))-
So, by Step 2 and
lim [y, — Span| = Im an|vf(@n) — pF (Shzs)|| = 0, (3.6)
n—oo n—oo
we have lim,, . ||Zn+1 — Yn|| = 0. This implies lim,, . ||z, — yn| = 0.
Step 4. limy, o ||Tn — Sz,|| = 0. Since

lzn — Snxnll < |7 — Zng1ll + [ Tng1 — Ynll + Y0 — Snxall,
it follows from Step 2, Step 3 and (3.6) that lim,, . ||x, — Spz,| = 0. By
|2n — Szn|l < [[STn — Snxn|l + [|Sn2n — 20|
< sup{||Sz — Spz| : z € {zn}} + [|zn — Snzn

and Lemma 2.4, we have lim,,_, ||z, — Sz, | = 0.
Step 5. We claim lim sup,, _, o ((vf—1F)q, yn—q) < 0, where ¢ = P~ | pia(s,)(I—
wE + v f)(q). Take a subsequence {z,, } of {z,} such that
limsup((yf — pF)g, 2n — q) = lim ((vf = pF)g, 2p, = q)-

n—oo

Since {z,, } is bounded in H, without loss of generality, we assume z,, — z € H.
It follows from Step 4 and Lemma 2.3 that z € Fiz(S). So, from (3.2), we obtain

liﬂsotip«vf—uF)q, Yn—q) = 1igl_}b‘olip<(7f—uF)q, tp—q) = ((vf—pF)q, z2—q)) < 0.
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Step 6. {z,} converges strongly to ¢. From (3.1) and Lemma 2.1, we get

21 —all?> = [[(1=Bn)(Wn — @) + Bu(Snuyn — @)

S Hyn - Q||2 = ”an'Yf(xn) + (I - anMF)Sn-'I;n - QH2

= |len(vf(@n) = uF(q) + (I — anpF)(Snzn — )|

< ”(I - O‘nﬂF)(Snzn - Q)||2 + 204n<7f(xn) - NF(L])ayn - Q>

< (1= anm)?|an = ql® + 20 (v f(2n) = 7 (@) Yn — @)
+2an (vf(q) — 1F(9),yn — q)

< (1= a7z — gl + 2anval|zn — qll([yn — 2ol + 20 — qll)
+20, (v f(q) — 1F(q); yn — @)

< (1 =2an(1 —7a))llzn — ql” + (anT)?|J2n — ¢

+2anyal|lzn = allllyn — nll + 200 (vf(0) = 1F(9), yn — @)
anT°)M.
< (1= 200(m = ya)) an — ql® + 200 (7 — yo){ G2
+280%8 ||y, — x| + 25 (7 (@) — 1F(9), v — @)}
= (1=én)llwn — CIH2 + 0nbn,

(ocn‘rz)M2
=y T
1My |4 = (f(g) — wF(g), g — 0). Ttis casy to see, limy o 6 = O,
Yoo 10, = oo and limsup,,_, . 6, < 0. Hence by Lemma 2.2, {z,} converges
strongly to ¢q. From Step 4, Step 6 and Lemma 2.3, we have ¢ € Fixz(S). This

completes the proof. O

where M5 = sup{||z, — ¢q|| : n > 1}, §, = 2a,(7 — ya) and 6,, =

Taking F' = A (A is a strongly positive bounded linear operator on H), p = 1 in
Theorem 3.1, we get

Corollary 3.2. we have {z,,} generated by

Yn = Oén’}/f(xn) + (I - anA)*gnxm
Tni41 = (1 - ﬂn)yn + ﬂnsnyna n>1,

converges strongly to q € Fiz(S) which solves the variational inequality
((A=~f)g,q—2)) <0, forall z € Fiz(S).
Taking F ' =1, u =1,y =1 in Theorem 3.1, we get

Corollary 3.3. we have {z,} generated by
{ Yn = Oénf(mn) + (1 - an)*gnxna
Tnt1 = (1= Bn)yn + BnSpyn, n 21,
converges strongly to q € Fix(S) which solves the variational inequality
((I—-f)g,q—=)) <0, forall z € Fiz(S5).

Remark 3.4. Theorem 3.1 can be obtained without assumption 7 < 1. Therefore,
Theorem 3.1 is a generalization of Theorem 2.6.

Proof. We only use the assumption 7 < 1 for finding ¢ € H which solves the
variational inequality (3.2) in Theorem 3.1. It is needed to prove Step 5 of the proof
of Theorem 3.1. So, we just retrieve Step 5 of the proof of Theorem 3.1. By Theorem
2.5, there exists ¢ € Fiz(S) such that

(uF —~f)g,q — z)) <0, for all z € Fiz(95).

Thus the Step 5 in the proof of Theorem 3.1 is obtained. The rest of the proof is
similar to the original one. O

Remark 3.5. Corollary 3.3 is a generalization of [9, Theorem 3.2].
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ABSTRACT. We study a reaction-diffusion equation involving p-Laplacian with strong Allee
effect type growth and constant yield harvesting (semipositone) in heterogeneous bounded
habitats. An existence result under suitable assumptions is presented. We obtain our
results via the method of sub-super solutions.

KEYWORDS : Semipositone; Sub-super solution; Allee effect; Harvesting.
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1. INTRODUCTION

The aim of this paper is to investigate the following the nonlinear boundary

value problem
{ —Apu = a(z)u+ b(z)u? — h(z)u® — ca(z) inQ, (L1)
u=20 on 01}, ’
where () is a smooth bounded domain in RY (N > 1) with boundary 952 of class C*,
Apz := div(|Vz|P~2V2) is the p-Laplacian operator, p > 1, a, b, h and a are ¢/ func-
tions (Holder continuous) such that h and b are strictly positive functions on €2 and
a is negative at least for some = € () (strong allee effect). Let ag, a1, by, b1, ho and
hi are defined as ap := —inf g a(x), a1 :=sup,ga(x), b := inf 5 b(x), hy :=
sup, g M) and by := sup, . b(x), ho := inf 5 h(x). Here ca with a : @ — [0, 1]
and ¢ > 0 a parameter represents the constant yield harvesting. We prove the
existence of positive solution under certain condition. Our approach is based on
the method of sub and supersolutions. Recently, In the case when p = 2 the prob-
lem (1.1) have been studied by R.Shivaji et al. (see [13]). The main purpose of
this paper is to extend it to the p-Laplacian case with constant yield harvesting.

* Corresponding author.
Email address : afrouzi@umz.ac.ir(G.A. Afrouzi) and s.shakeri@umz.ac.ir(S. Shakeri).
Article history : Received 4 January 2012. Accepted 11 March 2012.
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A typical model of reaction diffusion equations that describes the spatiotemporal
distribution and abundance of organisms is

up = dAu+ uf(x,u)

where u(z, t) is the populations density, d > 0 is the diffusion coefficient, Au is the
Laplacian of u with respect to the x variable, and f(z,u) is the per capita growth
rate, which is affected by the heterogeneous environment. Such ecology models
were first studied by Skellam (see [12]). A classic example is Fishers equation (see
[4]) with
fla,w) = (1 - ).

Similar reaction diffusion biological models have been studied by Kolmogoroff,
Petrovsky, and Piscounoff (see [9]) earlier. Since then reaction diffusion models
have been used to describe various spatiotemporal phenomena in biology, physics,
chemistry and ecology, Fife (see [3]), Okuba and Levin(see [5]), Murray (see [6]),
and Cantrell and Cosner (see [2]). Since the pioneer work by Skellam (see [12]), the
logistic growth rate

f(@,u) = m(z) - b(z)u
has been used in population dynamics to model the crowding effect (see Oruganti,
Shi and Shivaji (see [10])). A more general logistic type model can be characterized
by a declining growth rate per capita function, i.e., f(z, u) is decreasing with respect
to u. In this paper, we consider the dispersal and evolution of species on a bounded
domain Q (in RN ) when the per capita growth rate is

f(z,u) = a(z)u + b(x)u? — h(z)u®.

Note that (1.1)is a semipositone problem due to the presence of the constant yield
harvesting term. It is well known in the literature that the study of positive solutions
to semipositone problems is mathematically challenging (see [1],[8], [10]). (see
[10])where such a model was discussed for the logistic growth case with constant
coefficients. Here we deal with the more difficult strong Allee effect growth.We prove
the existence of positive solution via the method of sub-super solutions.

2. PRELIMINARIES

Here and in what follows, VVO1 "P(Q), p > 1, denotes the usual Sobolev space,
We give the definition of sub-super solution of (1.1).

Definition 2.1. we say that () (resp. ¢ in W, (Q) are called a subsolution (resp.
supersolution) of (1.1), if ¢ satisfies

Jo [V P2V (@) V(e <, (ale)o(@) + ba)i? — hz)v - ca(@) ) u(e)de
Y <0
(2.1)
o V@) P2V () Vuo(@)dz > f, (a()(z) +b(x)? — h(z)" - cala) uw(a)da
=0
(2.2)
for all non-negative test functions w € W, (Q).

Now, if there exists a subsolution and a supersolution ¢ and ¢, respectively, such
that ¢(z) < 0 < ¢(x) for all = € Q, then (1.1) has a positive solution u € W, ()
such that ¥(z) < u(z) < ¢(x) for all z € Q. We shall obtain the existence of
positive weak solution to the problem (1.1) by constructing a subsolution ¢ and a
positive supersolution ¢.
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Proposition 2.2.
2
t(a) If A > % and ¢ > 0, then (1.1) has no positive solution.
: (b) for ¢ large, the problem (1.1) has no positive solution.

Proof. (a) Let \; be the first eigenvalue of- A, with Dirichlet boundary conditions
and ¢; the corresponding eigenfunction

—Bpd = Mo nQ,
¢=0 on 0f)

with ||¢1||lcc = 1. let u be a positive solution of (1.1). Then by using the green
identity, we have

0= /(uAp(blfnglApu) = /gbl(a(a:)u+b(x)u2fh(x)u?’fca(x))f)\1|¢1|p*2u¢>1d:c.

Let

f(s) =ay +bys — hos?

and
fr(s) = uf(uw).
Then
- - b2 + dagh
fo= sup flu)=A > b1 + daoho
u€[0,00] 4hg
and

a(x)u + b(z)u? — h(z)u® — ca(z) < f*(u) — ca(x) for x> 0.
Rewriting we have
0= [(uyr = 18,0 < [ 611" (w) = Mlen P 2o ~ calz)nda.

b24-4agho
4hg ’

/ 61" ()= a1 P 2uby —co(a)yd = / (F )= | P2 sy der—e / a(@)prdz < 0

But for A\; >

which is a contradiction. Hence (1.1) has no positive solution.
We now prove (b). We observe that

c / o(@)prdr = / 1A u + / 61 (ala)u + b@)e® — h(z)u®)dz

—)\1/|¢1|”_2u+f0/¢1
< fo/¢>1-

Clearly is not satiesfies for c large and Hence part (b) of Proposition holds. U

IN

3. EXISTENCE RESULTS

In this section we prove the existence of solution by comparison method. we
first prove an existence result for
{ —Apu = —agu + bou? — hyu?® — ca(z) in Q,

u=20 on 0f). CRY
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Let A\; be the principal eigenvalue of the operator —A, with Dirichlet boundary
conditions and ¢; the corresponding eigenfunction with ¢; and ||¢1|/cc = 1. Hence
there exist 7 > 0 and p € (0,1] and k& > 0 such that

V1P — Mgl >k in ﬁna

b1 > p inQ\ 0,
where 0, = {z € Q : d(x,00) < n}. To discuss our existence result, it is known

that ¢; > 0 in 2 and % < 0 on 012, where n denotes the outward unit normal to
on.
Let

bo > 2+/aghy

g(s) = —ags + bgs® — hys>.

bo — \/bg — 4a0h1

and

The zeros of g are 0,

ri= o0, ,
and
R .= bo + \/b(Q) 74(10}11,
2h1
and hence

g(s) == —h1s(s — R)(s — ).
Let r* be the first positive zero of ¢’. In fact

« b() - \/b% - 3a0h1 < bo

"= 3h; 30y

But g is convex on (0, Sb}fl ). Hence

— /b =
o:=— inf g(s)< ao[bo b — 3aoh

s€[0,R] 3hq ] - aor

We first note that

o ao(bo—\/m)(bmﬂ/myw

Rr—1 3h, 2hy

_ (2h1)”_1a0 bo — \/ b(z) — 3aghy
[bo + v/ b% — 4a0h1]p—1 3hl

(2h1)P"tad { 1=p
- bo + /b2 — dagh ]
bo + 4/ b% - 3a0h1 0 0 o

and thus RHS tends to zero as by tends to infinity. Hence there exist bél) =

bél)(ao, h1,2) such that for every by > bél), we have m > R7-7. Next we also note

that
E - bo + \/bg - 4a0h1 o [bo + \/b(z) - 4a0h1]2 SIS
r bo —\/ bg — 4a0h1 4fa/Ohl

Hence there exists b(()2) = b62) (ag, h1, ) such that for every by > bé2), we have

as by — oo.

-1 » -1
[R%Wﬁ%} C (r,R)

and
ky = inf g(s) > 0.
s€[RESLpP-T RE=L]
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Eventually
k,  min{g(RE2u7T), g(REL)}
Rr—1 Rpr—1
. p—1 » _p—1 o p—1 _»_
= min{hi R——p»1(R——u?»1 — R)(R T — ),
p p p
p—1, _p—1 p—1
hR——(R—— — R)(R—— — )} (8.2)
p p p

tends to infinity as by tends to infinity. Thus there exists b(()s) = bég)(ao, h1,Q) >
b(()Q) such that such that for every by > bé3) we have

o

Rr—1°

For a given ag > 0,h; > 0, define by := max{bgs),bél)} := bo(ag, hy, ). Then we
have

A <

Lemma 3.1. Letb, > by and c* := c*(ag, h1,Q,bg) := min{mRP~!—0, k:u—Rp_l)\l}
fore < ¢*,(3.1) has a positive solution.

Proof. We now construct subsolution

(P T
vi=RCL)0f

is a sub-solution of (3.1). For z € ﬁn then
Vo = Rol Vén
and v will be a subsolution if
{ Jo IV(@) P72V (@) V() da < [, (a(2)i(@) + b@)v? = h(@)e® — cale) Jw(z)de
<0

(3.3)
But

[ V@l i@Tueis = [ s@IVe@r o) V() ds
= B[ V0PV (6l u(a)de
R V()P o))ds
= B[ (ubla) = Vo) Pule)lds.

Now for = € (0,

R (Mg(2)? = [Vo(@)|P) < —RP7'm < —0 — ¢ < —agt) + boy)® — hiy)® — ca(a).
Next for z € Q\ ©,,

R (Np(2)P — |Vh(2)[P) < —RPTIN <k, — ¢ < —agy) + boyp* — hiyp® — caf(z).

Hence

b= Rl
: o1
is a sub-solution of (3.1). We also note that ¢ = R is a super-solution. Hence (3.1)
has a positive solution. U
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Our main result is the following theorem.

~ ~ (1
Theorem 3.1. There exists positive constants by := bo( )(ao, h1,8) and
c¢* = c*(ag, h1,Q,bp)
such that for by > bo and ¢ < ¢* the problem (1.1) has a positive solution. Further c*
is an increasing function of by and

lim ¢* = oco.
by— 00

_p_
Proof. We observe that ¢ := R(-E-)¢? ' is a positive sub-solution for (1.1), since

p—1
1) satisfies

“A < g(¥) — cale) < a(@) + b(@)d? — h(z)y — calz) O
(3.4)
Yv=0 on Jf).
It is easy to see that ¢ = M where M > 0 is sufficiently large so that ¢ > 1 is also
satisfied. Hence (1.1) has a positive solution. We recall here that 0 = —g(r*, by).
Differentiating o with respect to by, we have
do__99(r",bo) dr”  Og
dbo N ar* dbo abo
_ _9
b
= <o

Also R is an increasing function of by. Thus RP~!m — ¢ is an increasing function of
. . k .

bo. Next since % decreases as by increases, we deduce from (5) that froT increases

. _ —11 ku .

as by increases. Therefore k, — R I\; = R T — A1] also increases as by.

Hence by the definition of c*, it is clear that ¢* is an increasing function of by.

Finally since R — o0, 5=t — 0 and % — o0 as by — 00, it is easy to see that
limp, 00 ¢* = 00. This completes the proof of Theorem. O
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1. INTRODUCTION

Let D be a nonempty subset of a Banach space X. Let T : D — D be a
singlevalued mapping. The Mann iteration process (see [1]), starting from xy € D,
is the sequence {xz,,} defined by

Tnt1 = anZp + (1 — ap) Ty, an €10,1],n >0,

where a,, satisfies certain conditions. The Ishikawa iteration process (see [2]),
starting from zy € D, is the sequence {z,} defined by

Yn = bpZpn + (1 = by) T2, by, € [0,1],n >0,
Tni1 = anTpn + (1 — ap)Tyn, an €10,1],n >0,

where a,, and b, satisfy certain conditions.
Recently, Agarwal et al. [3] introduced the following iterative process which is
both faster than and independent of the Ishikawa process.

rg=x €D,
Yn = bnl‘n + (1 - bn)Tx’ru bn S [Oa 1]377/ > 07
Tnt1 = anTzn + (1 —an)Tyn, ap € [0,1],n > 0.

* Corresponding author.
Email address : eslamian@ikiu.ac.ir, mhmdeslamian@gmail.com (M. Eslamian) and abkar@ikiu.ac.ir (A. Abkar).
Article history : Received 7 September 2011. Accepted 17 October 2011.
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In the recent years, iterative process for approximating fixed point of nonexpan-
sive multivalued mappings have been investigated by various authors (see, e.g.,
[4-11]) using the Mann iteration process or the Ishikawa iteration process.

In this paper, inspired by [3] we introduce two new iterative process for a finite
family of generalized nonexpansive multivalued mappings in Banach spaces. Weak
and strong convergence theorems of the proposed iteration processes to a common
fixed point of a finite family of generalized nonexpansive multivalued mappings in
uniformly convex Banach spaces are established. Our results are new even for
single valued mappings.

2. PRELIMINARIES

A Banach space X is said to satisfy Opial’s condition if z,, — 2z weakly as
n — oo and z # y imply that
limsup ||z, — z|| < limsup ||z, — y||.
n——-aoo n——-aoo
All Hilbert spaces, all finite dimensional Banach spaces and /?(1 < p < oo) have
the Opial property.
A subset D C X is called proximal if for each x € X, there exists an element
y € D such that

| z —y ||= dist(x, D) = inf{||  — 2 ||: 2 € D}.

It is known that every closed convex subset of a uniformly convex Banach space is
proximal.

We denote by CB(D), K (D) and P (D) the collection of all nonempty closed bounded
subsets, nonempty compact subsets, and nonempty proximal bounded subsets of
D respectively. The Hausdorff metric H on CB(X) is defined by

H(A, B) := max{sup dist(x, B), sup dist(y, A) },
€A yeb

forall A, B € CB(X).
Let T : X — 2% be a multivalued mapping. An element 2 € X is said to be a
fixed point of T', if x € T'z. The set of fixed points of 7" will be denote by F'(T).

Definition 2.1. A multivalued mapping 7' : X — CB(X) is called
(i) nonexpansive if
H(Tx7Ty)§”$7yH7 Z,yEX.

(ii) quasi-nonexpansive if F(T) # ) and H(Tz,Tp) <|z —p | forall z € X
and all p € F(T).

J. Garcia et al. [12] introduced a new condition on singlevalued mappings, called
condition (E), which is weaker than nonexpansiveness. Very recently, Abkar and
Eslamian [13] used a modified condition for multivalued mappings as follows:

Definition 2.2. A multivalued mapping 7" : X — CB(X) is said to satisfy condi-
tion (E,,) provided that

dist(z, Ty) < pdist(z, Tx) + ||z —y|, =,y X.
We say that 7' satisfies condition (E) whenever 7' satisfies (E#) for some p > 1.

Lemma 2.3. Let T : X — CB(X) be a multivalued nonexpansive mapping. Then
T satisfies the condition (E1).
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The proof of the following Lemma is similar to that of Theorem 3.3 in [10], hence
we omit the details.

Lemma 2.4. ([10]) Let D be a nonempty closed convex subset of uniformly convex
Banach space X with the Opial property. LetT : D — K (D) be a multivalued map-
ping satisfying the condition (E). If x,, — x weakly and lim,, ., dist(x,,, Tx,) = 0,
thenx € Tx.

The following Lemma can be found in [14].

Lemma 2.5. Let X be a Banach space. Then X is uniformly convex if and only if
Jor any given number r > 0 there exists a continuous, strictly increasing and convex
Sunction ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that

laz+ (1 -a)yP<allz|®+1—-a) |y |* —al - a)e(lz -yl
Jorallz,y € B.(0)={z € X ||z ||[<7}, and a € [0,1].

Definition 2.6. Let D be a nonempty closed subset of a Banach space X. A
mapping T : D — CB(D) is hemi-compact if for any bounded sequence {z, }
in D such that dist(Tz,,z,) — 0 as n — oo, there exists a subsequence
{Zn, } of {x,} such that z,,, — p € D. We note that if D is compact, then every
multivalued mapping T : D — C'B(D) is hemi-compact.

3. CONVERGENCE THEOREMS

Let D be a nonempty convex subset of a Banach space X, let 71,75, ..., T}, be
finite multivalued mappings from D into CB(D). Let {x,, } be the sequence defined
by z; € D and

Yn1 = (1 - an,l)xn + A 12n,1;
Yn,2 = (]- - an,Q)Zn,l + Up,22n,2,
(A):
Yn,m—1 = (1 - an,m—l)zn,m—2 + Gn,m—12n,m—1,
Tn+1 = (1 - an,m)zn,m—l + AnmZn,m n>1,

where 2,1 € T1(zy,) , 2nk € Tk(Yn.k—1) for k =2,...;m, and {a,;} € [0,1].

Definition 3.1. A mapping T : D — CB(D) is said to satisfy condition (I) if
there is a nondecreasing function g : [0,00) — [0, 00) with g(0) = 0, g(r) > 0 for
r € (0,00) such that

dist(z, T'z) > g(dist(z, F(T)).
LetT; : D — CB(D), (i = 1,2,...,m) be finite given mappings. The mappings
11,75, ..., T, are said to satisfy condition (II) if there exists a nondecreasing function
g:[0,00) — [0, 00) with g(0) =0, g(r) > 0 for r € (0, 00), such that

max dist(z, T;z) > g(dist(z, F)),
1<i<m

where F = (", F(T;).

Theorem 3.2. Let D be a nonempty closed convex subset of a uniformly convex
Banach space X. LetT; : D — CB(D), (i = 1,2, ...,m) be a finite family of quast-
nonexpansive multivalued mappings satisfy the condition (E). Assume that F =
Niv, F(T;) # 0 and T;(p) = {p}, (i = 1,2,...,m), for eachp € F. Let {x,,} be the
iterative process defined by (A), and a,, ; € [a, 5] C (0,1)(i=1,2,...,m). Assume further
that the mappings 11,15, ..., T,, satisfying the condition (II). Then {x,} converges
strongly to a common fixed point of Ty, T5, .., Ty, .



104 M. ESLAMIAN, A. ABKAR/JNAO : VOL. 3, NO. 1, (2012), 101-110

Proof. Let p € F. It follows from (A) and the quasi-nonexpansivness of T;, (i =
1,2,...,m) that

[ yn1—pll = [[(1=an1)Tn+ani2n1—p |
< (A=an1) | zn—pll +ani [ 201 — Pl
= (I=ana) | 20 —p || +anadist(zn,1,T1(p))
< (I=any) 2 —p | +an 1 H(T1(zn), T1(p))
< (=an1) lzn—pll +ani |z —p |
< lzn —pll
and
[ Yn2 =2l = [(1—-an2)zn1+an22n2—p]|

< (I—an2) | zna—p p

= (1 —apo)dist(zy 1, T1(p)) + an 2dist(z,,2, T2(p))

< (I —=an2)H(Ti(zn), T1(p)) + an2H(T2(yn,1), T2(p))

< (=an2) lzn —pll +tan2 | yn1 —p |

< lzn —pll

Continuing the above process, we get
Yt —pll <llzn —p| for k=3,...,m—1.

In particular

[znt1 =2l = [ (1=anm)znm-1+anmznm—p|
< (I =anm) | 2nm—1 =0 | +anm || 2nm —p |
= (1= anm)dist(znm-1, Tm—1(p)) + an mdist(zn m, Tm(p))
< (= anm)H(Tn-1Yn,m-2)s Tm-1(p)) + anmH (T (Yn,m—1), T (p))
< (A =anm) | Ynm—2—=p | +anm | Ynm—1 =1 ||
< (A =anm) |0 —p Il +anm || 20 —p |
< Az =l

Thus lim,— o || ©, — p || exists for any p € F. Since the sequences {z,} and
{Yn,i}, (1 =1,...,m — 1) are bounded, we can find r > 0 depending on p such that
n — D, Yni — P € By(0) for all n > 0. From Lemma 2.5, we get
lyna—p* = I Q=an1)zn+anizns —p |
< (=any) lzn—p1* +ang | zea —p |
—an1(1 = an,1)@(l|lzn — 2n1l])
= (1=ana) | 2n —p|* +anadist(zn,1, T (p))?

_an,l(l - a”rb,l)gp(Hx’ﬂ - Z’”JH)

< (I—apa) lzn—p ||2 +an,1H(T1($n)vT1(p))2
—an1(1 = an,1)o(zn — 2n1)

< (T=ap) 20 =p I +an | 20 —p|?
—an,1(1 = an1)e([|[Tn — 2n1)

< lzn = pl* = an1 (1 = an)@(llzn = 2nall)

and

(]- - an,2)zn,1 + Gn22n2 — P ”2

lyn2—pI|? = |
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<

IN

IA

IN

(1—=an2) |l 2n1 —p ||2 +an2 || 2n2 —p H2

—an2(1 = an2)e(|2n1 — 2n2l)

(1 —ap2)dist(z,,1,Th (p)* + ap 2dist(zp 2, Ts(p))?
—an2(1 = an2)@(llzn1 — 2n2|)

(1 — an2)H(T1(n), Ty ()2 + an 2 H(To(yn1), To(p))?
—ap,2(1 = an2)p(|lzn1 — 2n2[)

(1 - an72) || In —P ”2 +an,2 H Yn,1 — D H2

—an,z(l - an,2)90(||zn,1 - Zn,2||)

20 = plI* = an1an,2(1 = an1)@((|2n = 20a)

—an,2(1 — an2)e(||2n,1 — zn2|])-

Applying Lemma 2.5 again, we have

| Yz —p I

IN

IN

IN

IN

IN

I (1= an3)zn2+anszns —p ”2

(1 =an3) | Zn2 = p |* +ans || 2oz —p |
—an3(1 = an3)o(l[2n,2 — 2n3ll)

(1 = an,3)dist(zn,2, T2(p))? + an 3dist(zn3, Ts(p))?

—an3(1 = an3)o(|2n,2 = 2n3]))

(1= an 3)H(T2(yn1), T2(p))? + ansH(Ts5(yn,2), T5(p))*

—an,3(1 = an3)o(l[2n,2 — 2n3ll)

(1= an3) | yn1 =2 I* +ans [ ynz —p |17
—an3(1 = an3)o(l[2n,2 — 2n3ll)

(1 —ang)llzn _pH2 + a3l 70 — pH2
—p,30n,20n,1(1 = an 1)@ ([[2n — 2n 1)
—n,3an,2(1 — an2)@(|[2n,1 — 2n,2l|)

—an3(1 = an3)@(llzn2 — 2n,3ll)

|20 — p”2 — an,105,20n,3(1 = an,1) (|20 — 2n1l])
—n,3an,2(1 — an2)@(|[2n,1 — 2n,2l])

—an3(1 = an3)@(|2n,2 — 2n3l))

By continuing this process we obtain

| 2nsr —p |7

IN

IA

IN

IN

| (1= @nm)2nm—1 + nmZnm — D ||
(1= anm) || 2nm—1—p ||2 +anm || Znm —p H2

_anﬂn(l - an,m)ﬂﬁ(”zn,m—l - Zn,mH)

(1 — an,m)dist(zn,m—1, Tm,1(p))2 + an,mdist(zn, m, Tm(p))2

—an,m(1 = anm)e(||2nm—1 — 2nmll)

(1 - an,m)H(Tm—l(yn,m—Q)a Tm—l(p))2
+an,mH(Tm(yn,m,1),Tm(p))2

—an,m (1 = @nm) (| 2n,m—1 = Zn,ml|)

(1 —an,m) | Yn,m—2 —p ||2 +anm || Ynm—1 —p ”2
—an,m (1 = anm)e([|znm-1 = 2nmll)

||(En —P||2 - an,man,mflan,mfluan,l(]- - an,l)‘p(”xn - Zn,l”)

105
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— an,man,mfl(l - an,mfl)@(nzn,mf? - zn,mfln)
_an,m(]- - an,m)@(Hzn,mfl - Zn,m”)
Thus we have
an,man,mfl(l - an,mfl)@(”'zn,m72 - Zn,mfln) S Hl'n - p||27 || Tn+1 — P ||2 .
It follows from our assumption that
a®(1 = B)e(llznm-2 = 2nm-1ll) < 20 = pl* = | znsr —p [I*.
Since lim,, o ||z, —p|| exists for all p € F, taking the limit as n — oo yields that
lm o(||2n,m-2 — Zn,m-1l]) = 0.
n——-:oo
Since ¢ is continuous at 0 and is strictly increasing, we have
lm ||znm—2 — Znm—1| = 0.
n—-aoo

Similarly, we can obtain that

lim |z, —2zp1|| =0,
n—-aoo
and
lim ||z, — 2nk-1]| =0 for k=2,...,m.
n——-~o0
Using (A) we have
lim |z, —ynill =an1 lim |z, —2,1] =0.
— 00 n—--oo
Also we have
zn — zn2ll < llzn — znall + (201 — 2n2ll — 0, n— o0
Hence
Im ||z —Ynoll =1 —an2) lim ||z, — 2zp 1] +ane lIm |z, — 2,2| =0.
n—aoo n—-~o00 n—-00

Continuing the above process , for k = 2, ..., m we have

|20 = 20kl < l2n = 2n k-1l + 12n,k—1 — 20kl — 0, n— 00
and also for k = 2,....m — 1
hm ey —ynkll = (1 —ank) lm ey —zp el +anp lm oy —zn k] = 0.
n—-o00 n—:o0 n—aoo

Also we have
dist(xy, T12n) < ||Tn — 2n1|| — 0.

For k = 2,...,m , since T; satisfies the condition (E) we have

dist(zy, Tprn) < |@n — Ynk—1] + dist(yn k-1, TrTn)
< en = Y1l + pdist(n k-1, Teynp—1) + |20 — Yn k-1l
< en = yngp—1l| + pdist(@n, Trynk—1) + 1|0 — Ynk—1]|
Hzn = Y1l
< (2T = Ynp—1ll + pllzn — 2okl — 0, 1 — oo

Note that by our assumption lim,,_, dist(z,,, F) = 0. Next we show that {z,,} isa
Cauchy sequencein D. Lete > 0 be arbitrarily chosen. Since lim,, ., dist(x,, F) =
0, there exists N such that for all n > N, we have

dist(xy,, F) < Z



APPROXIMATION METHODS FOR FINITE FAMILY OF MULTIVALUED MAPPINGS 107

In particular, inf{||zx — p|| : p € F} < ¢/4. Thus there exist a ¢ € F such that
€
e~ all < 5.

Hence for m,n > N we have

A

||xn+7n - xn” = ||-rn+7n - CZH + ||xn - Q||

g
< 2y —qfl < 2(5

This implies that {z,} is Cauchy sequence in D and hence converges to some
w € D. For i =1,...,m, since T; satisfies the condition (E), we have

dist(w, T;w)

) =¢e.

e — @u | + dist(,, Tw)

IAIA

2 |w — x| + (u)dist(zn, Tix,) — 0, n— oo

from which it follows that dist(w, T;w) = 0 which in turn implies that w € T;(w).
Thus w € F. This completes the proof. O

Theorem 3.3. Let D be a nonempty closed convex subset of a uniformly convex
Banach space X. LetT; : D — CB(D),(i = 1,2,...,m) be a finite family of
quasi-nonexpansive multivalued mappings satisfying the condition (E). Assume that
F=N"1,F(T;) # 0 and T;(p) = {p}, (i = 1,2,...,m) for eachp € F. Let {x,,} be
the iterative process defined by (A), and a,,; € [o, 5] C (0,1)(=1,2,...,m). If one of
the mappings T;, (i = 1,2, ...,m) is hemi-compact, then {x,,} converges strongly to a
common fixed point of 11,15, .., Tpy,.

Proof. As in the proof of Theorem 3.2, we have lim,,_,, dist(T;x,,x,) = 0, (1 =
1,2,...,m). Without loss of generality, we assume that 7} is hemi-compact. Then
there exists a subsequence {x,, } of {z,} such that limz,, = w for some w € D.
Since T; satisfies the condition (E) for ¢ = 1, 2, ..., m, we have

dist(w, Ti(w)) < flw —an, || + dist(zn,, T;(w))
< (w)dist(zn,, Ti(zn,)) + 2||lw — zp, || — 0, as k — oo.

This implies that w € F. Since {x,, } converges strongly to w and lim,,__, ||z, —
w|| exists (as in the proof of Theorem 3.2), it follows that {x,,} converges strongly
to w. 0

Theorem 3.4. Let D be a nonempty closed convex subset of a uniformly convex
Banach space X with the Opial property. LetT; : D — K(D), (i = 1,2,...,m) be
finite family of quasi-nonexpansive multivalued mappings satisfying the condition (E).
Assume that F = (|-, F(T;) # 0 and T;(p) = {p}, (i = 1,2, ...,m) for each p € F.
Let {x,} be the iterative process defined by (A), and a,, ; € [a, 5] C (0,1)(=1,2,....m).
Then {z,,} converges weakly to a common fixed point of Ty, Ts, .., Tp,.

Proof. As in the proof of Theorem 3.2, {z,} is bounded and for i = 1,2,...,m,
lim dist(z,, T;(x,)) = 0.
—00

n
Consider wi,ws € D, two weak cluster points of the sequence {xn} Then there
exist two subsequences {y,} and {z,} of {z,,} such that y, — w; weakly and
zZn — wo weakly. By Lemma 2.4 we have wi,ws € F. As in the proof of Theorem
3.2, lim,, ., ||, — w1 and lim,,_ ||z, — ws| exist. We claim that w; = ws.
Indeed, assume to the contrary that w; # ws. By the Opial property we have
Jim e —wil] = Hm g =] < lm g, — e

= lim |z, —we| = lim |z, —ws
n——--o0 n——->o0
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<  lm |zp —wi|| = lim |z, —wi],
n—-aoo n—moo

which is a contradiction, hence w; = ws. Thus the sequence {z,} has at most one
weak cluster point. Since D is weakly sequentially compact, we deduce that the
sequence {z, } has exactly one weak cluster point w € D, that is z,, — w weakly.
By Lemma 2.4 we obtain that w € F. 0

We now intend to remove the restriction that T;(p) = p for each p € F. We define
the following iteration process.

Let D be a nonempty convex subset of a Banach space X, and let Ty, 75, ..., T},
be finite multivalued mappings from D into P(D), and

Pr,(z) ={y € Ty(2) :|| @ — y ||= dist(z, T;(2)) }.

Then, for x; € D, we consider the following iterative process:

Yn1 = (]- - an,l)xn + Un,12n,1,
Yn2 = (1 - an,Q)Zn,l + Un,22n,2,
(B) :
Yn,m—-1 = (1 - an,m—l)zn,m—Q + anm—12n,m—1,
Tn+1 = (1 - an,m)zn,m—l + An,mZn,m, n 2 13

where z, 1 € Pr,(2,) . 2nk € Pr,(Ynk—1) for k =2,...,;m, and {a,;} € [0,1].

Theorem 3.5. Let D be a nonempty closed convex subset of a uniformly convex
Banach space X. LetT; : D — P(D), (i = 1,2,...,m) be multivalued mappings
such that Pr, is quasi-nonexpansive and satisfies the condition (E). Assume that
F = N2, F(T;) # 0. Let {x,,} be the iterative process defined by (B), and a,; €
[a, B8] € (0,1) (i=1,2,....m). Assume that the mappings Ty, Ts, ..., T, satisfy the
condition (I). Then {x,,} converges strongly to a common fixed point of T1, Ta, ..., Tp,.

Proof. Let p € F, then, Pr,(p) = {p} for i = 1,2,...,m. It follows from (B) that

|| Yn,1 — D || = || (1 - an,l)xn +an,12p1 — P H
< (T=ap) | @n—p| +ana || zag —pl
= (I—=ana) | 20 —p || +anadist(zn1, Pr, (p))
< (I=ana) | 2n —pll +an 1 H(Pr, (zn), Pr, (p))
< (A—=ang) 2o —pll +ans |20 —pl
< lan — ol

Continuing the above process, we get
Ynie —pll < |lxn —p|| for k=2,....,m—1.
It follows that

H Tny1 — P || || ( — Gnp m)znm 1tan min,m — P ||

< (I =anm) | Znm—1 =2 | +anm | Znm — 2 ||
= (1= anm)dist(zym—-1, Pr,_,(p)) + an mdist(zn,m, Pr,, (p))
< (I—=anm)H(Pr,_,(Ynm—2), Pr,_, ()
+anmH(Pr,, (Yn,m-1), Pr,, (p))
< (1 - an,m) H Ynm—-2 — P H +n,m H Ynm—-1 — P ||
< (I=anm) |20 —pll +anm | 0 —p |
< lzn —pll-
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Thus lim, . || #, — p || exists for any p € F. Since the sequences {z,} and
{yn,i}, i = 1,...,m — 1 are bounded, we can find r > 0 depending on p such that

Tn — P, yn,i_peBr

lyna—pII?

(0) for all n > 0. From Lemma 2.5, we get

= | (1=an1)Zn+ aniznn —p |

< (L=ang) |20 =p P +an [ 200 =2 |12
—an,1(1 = an1)e(|zn — 2n])
(1 —an1) || ®n —p||* +an1dist(z, 1, Pr, (p))?
—an,1(1 = an,1)@(||zn — 2n))
(1= ana) | zn —p > +an H(Pr(22), Pr, (p)?
—an,1(1 = an,1)e(|zn — 2p])
< (I—apa) lzn—p H2 +an || 20 —p ||2

—an,1 (L = an1)e(llzn — 2nall)

< lzn = pl? = an1 (1 = an1)e(llzn = 20 l)-

IN

It follows from lemma 2.5 that

l 2ot —pII* =

IA

IA

IN

IN

I (1— an,m)zn,m—l + GnmZnm — P H2

(1— an,m) ” Znym—1 — P ||2 +an,m || Znym — P H2

—n,m (1 = @nm) (| 2n,m—1 — Zn,mH)

(1 = anm)dist(znm—1, Pr,, 1 () + anmdist(znm, Pr,, (p))?
_a'n,m(l - an,m)@(”'zn,m—l - Zn,mH)

(I = anm)H(Pr,,_, (Yn,m—2), Pr,,_, (p))2

+anmH(Pr,, (Yn,m-1), Pr,, (p))2

_an,m(l - anml)‘ﬂ(”'zn,m—l - Zn,mH)

(1= anm) | Yn,m—2 —p H2 +an,m || Ynm—1 —p ||2

—n,m (1 = @nm) (| 2n,m—1 = Zn,ml|)

|l zn —p”2 - an,man,m—lan,m—z-~-an,1(1 - an,1)<p(||:l:n - Zn1||)
- an,man,m—l(l - an,M—l)W(”zn,m—2 — Zn,m—1 )

—@n,m(1 = anm)@(|2nm—1 — Znml)-

Now, by a similar argument as in the proof of Theorem 3.2 we have lim,, o ||z, —

Znkll =0fork =2,.

have

om—1and lim,_ o ||&y — Ynk| = 0 for k =2, ..., m. Also we

dist(xy, T1x,) < dist(zn, Przn) < ||zn — 21| — 0.

For k = 2,...,m , since Pr, satisfies the condition (E) we have

dist(z,,, Tpr,) <

<
<

IN

dist(zy, Pr,zyn) < ||Tn — Yn,k—1| + dist(Yn k-1, Pr,.Tn)
0 = Ynp—1ll + pdist(Yn k-1, Pr¥nr—1) + |20 — Yn k-1l
20 — Ynr—1ll + pdist(n, Pr,ynr—1) + |0 — ynk—1|
Hzn — Y1l

(14 2)llzn = yng—1ll + pllzn — 2zppll — 0, n — oo

Note that by our assumption lim,,__, ., dist(x,, F) = 0. By a similar argument as
in the proof of Theorem 3.2 we show that {x,, } is Cauchy sequence in D and hence

converges to w € D.

dist(w, T;w)

For ¢ =1, ...,m, since Py, satisfies the condition (E), we have

< dist(w, Pr,w)



110 M. ESLAMIAN, A. ABKAR/JNAO : VOL. 3, NO. 1, (2012), 101-110

< lw — x| + dist(x,, Pr,w)
< 2||lw— x| + (p)dist(zy, Pr,x,) — 0, n — 00
from which it follows that dist(w,T;w) = 0, which in turn implies that w €
T;(w), (i =1,2,...,m). Thus w € F. This completes the proof. O
REFERENCES

1. W. R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc. 4 (1953)
506-510.

2. S. Ishikawa, Fixed point by a new iteration method, Proc. Amer. Math. Soc. 44
(1974) 147-150.

3. R. P. Agarwal, D. Oregan, D. R. Sahu, Iterative construction of fixed point of nearly
asymptotically nonexpansive mappings., J. Nonlinear convex Anal. 8 (2007) 61-
79.

4. K. P.R. Sastry, G. V. R. Babu, Convergence of Ishilkkawa iterates for a multivalued
mapping with a fixed point, Czechoslovak Math. J. 55 (2005) 817-826.

5. B. Panyanak, Mann and Ishikawa iterative processes for multivalued mappings
in Banach spaces, Comput. Math. Appl. 54 (2007) 872-877.

6. Y. Song, H. Wang, Erratum to Mann and Ishikawa iterative processes for multi-
valued mappings in Banach spaces, Comput. Math. Appl. 55 (2008) 2999-3002.

7. Y. Song, H. Wang, Convergence of iterative algorithms for multivalued mappings
in Banach spaces, Nonlinear Analysis. 70 (2009) 1547-1556.

8. N. Shahzad, H. Zegeye, On Mann and Ishilkkawa iteration schemes for multivalued
maps in Banach space. Nonlinear Analysis. 71 (2009) 838-844.

9. M. Abbas, S. H. Khan, A. R. Khan, R. P. Agarwal , Comunon fixed points of two
multivalued nonexpansive mappings by one-step iterative scheme, Appl. Math.
Lett., 24 (2011) 97-102.

10. M. Eslamian, A. Abkar, One-step iterative process for a finite family of multival-
ued mappings, Math. Comput. Modell . 54 (2011) 105-111.

11. W. Cholamjiak, S. Suantai, Approximation of common fixed point of two quasi-
nonexpansive multi-valued maps in Banach spaces, Comput. Math. Appl. 61
(2011) 941-949.

12. J. Garcia-Falset, E. Llorens-Fuster, T. Suzuki, Fixed point theory for a class of
generalized nonexpansive mappings, J. Math. Anal. Appl. 375 (2011) 185-195.

13. A. Abkar, M. Eslamian, Common fixed point results in CAT(0) spaces, Nonlinear
Anal., 74 (2011) 1835-1840.

14. H. K. Xu, Inequalities in Banach spaces with application, Nonlinear Anal. 16
(1991) 1127-1138.



	1. INTRODUCTION
	2. DC PROGRAMMING PROBLEM
	3. TUY'S OUTER APPROXIMATION ALGORITHM
	4. IMPROVEMENT OF TUY'S OUTER APPROXIMATION ALGORITHM
	5. PROCEDURE FOR CALCULATING THE VERTEX SET
	5.1. SEARCH FOR ALL VERTICES TO REMOVE
	5.2. CALCULATION OF ALL VERTICES TO GENERATE
	5.3. CHECK FOR THE AVAILABILITY OF FACETS
	5.4. UPDATE THE INDEX SETS

	6. COMPUTATIONAL EXPERIMENTS
	7. CONCLUSIONS
	References
	1. INTRODUCTION
	2. PRELIMINARIES
	3. (B,)-MONOTONE MAPPINGS
	4. SYSTEM OF MULTI-VALUED VARIATIONAL INCLUSIONS
	References
	1.  INTRODUCTION 
	2. MAIN RESULTS
	3. THE CASE p=2 AND =1
	References
	1. INTRODUCTION
	2. PRELIMINARIES
	2.1. REVIEW ON FRACTIONAL CALCULUS
	2.2. INTEGRATION BY PARTS FOR CAPUTO FRACTIONAL DERIVATIVES

	3. Necessary optimality conditions
	4. SUFFICIENT CONDITIONS
	5. ILLUSTRATIVE EXAMPLES
	References
	1.  INTRODUCTION 
	2. PRELIMINARIES
	3. MAIN RESULTS
	References
	1. INTRODUCTION AND PRELIMINARIES
	2. MAIN RESULTS
	3. RELATED RESULTS AND AN EXAMPLE
	References
	1. INTRODUCTION
	2. PRELIMINARIES
	3. EVENTUALLY INCREASING FUNCTIONS AND STRONGLY RELATIVELY NONEXPANSIVE SEQUENCES
	4. STRONG CONVERGENCE THEOREMS FOR STRONGLY RELATIVELY NONEXPANSIVE SEQUENCES
	5. APPLICATIONS
	References
	1. INTRODUCTION
	2. MAIN RESULTS
	3. PROOFS OF THEOREMS 2.1 AND 2.2
	References
	1. INTRODUCTION
	2. PRELIMINARIES
	3. MAIN RESULTS
	References
	1. Introduction
	2. Preliminaries
	3. Existence results
	References
	1.  INTRODUCTION 
	2. PRELIMINARIES
	3.  CONVERGENCE THEOREMS
	References

