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ABSTRACT. An alternative stochastic volatility model with jumps is proposed, in which
stock prices follow a jump diffusion model and their stochastic volatility follows a fractional
stochastic volatility model. By using an approximate method, we find a formulation for the
European-style option in terms of the characteristic function of tail probabilities.
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1. INTRODUCTION

Let (9, F,P) be a probability space with filtration F = (F})o<;<7r. All processes
that we shall consider in Section 1 and 2 will be defined in this space.

For t € [0,T] and T < oo, a geometric Brownian motion (gBm) model with jumps
and with fractional stochastic volatility is a model of the form

dSt = St (/J/dt + \/Eth) + St—}/thta (1.1)

where 1 € R, S = (S¢)¢cjo,7] is a process representing a price of the underlying
risky assets, W = (W})¢[o,7) is the standard Brownian motion, N = (N¢):¢[o,1] iS
a Poisson process with intensity A, and S;_Y; represents the amplitude of the jump
which occurs at time ¢. We assume that the processes W and N are independent.
The volatility process v; := O't2 in (1.1) is modeled by

d’Ut = (w — G’Ut) dt + é.’UtdBt, (12)

where w > 0 is the mean long-term volatility, § € } is the rate at which the volatility
reverts toward its long-term mean, £ > 0 is the volatility of the volatility process,
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and (B;)icjo,7) is a fractional Brownian motion. Assume that the proessess (S;)
and (vt) are J;-measurable.

The notation S;_ means that whenever there is a jump, the value of the process
before the jump is used on the left-hand side of the formula.

The fraction version of equation (1.1) is given by
dSt = St (/Jdt + \/EdBt) + St,mdNt. (13)

Recently, Intarasit and Sattayatham [1] showed that the process S; in (1.3)
can be approximated in Ly(€2) by a semimartingale S{ in the sense that ||S] —
StllL,() — 0 as e — 0, where S; satisfies the following equation

dss = S¢ (udt + \/Edwt) + YydN,.

The purpose of this paper is to consider the problem of option pricing for the
¢Bm model with jumps and with fractional stochastic volatility (1.1). But since
the process S; is a fractional process, we cannot apply Ito calculus directly. We
shall thus work in another direction by finding a formula for option pricing for the
process S§ and using it as an approximation for pricing the model (1.1). In order
to find such a formula, we shall work in the space of a risk-neutral probability
measure. There are some authors who have investigated this problem before but
not in the fractional case, for example Heston [2] and Yan and Hanson [3].

Recall that the fractional Brownian motion with Hurst coeifficient is a Gaussian
process B = (B);>( with zero mean, and the covariance function is given by

R(t,s) = E [BI B] = % (32H + 20— |t — s|2H> .

If H = 1/2, then R(t,s) = min(t,s) and B} is the usual standard Brownian
motion. In the case 1/2 < H < 1 the fractional Brownian motion exhibits statistical
long-range dependency in the sense that p, := E[B¥ (Bf;[_H — B )] > 0 for all

oo
n =1,2,3,... and > p, = oo ([4], page 2). Hence, in financial modeling, one

n=1
usually assumes that H € (1/2,1). Put « = 1/2 — H. It is known that a fractional
Brownian motion B/’ can be decomposed as follows:

where T is the gamma function, Z; = f_ooo [(t—5)"% = (s)"*] dWs.

We suppose from now on that 0 < a < 1/2. The process Z; has absolutely
continuous trajectories, so it suffices to consider only the term

t
Btz/ (t —s)”“dWs, (1.4)
0

that has a long-range dependence.
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Note that B; can be approximated by

t
Bf:/ (t—s+e) “dW; (1.5)
0

in the sense that B converges to B; in Lo(f2) as & — 0, uniform with respect to
t € [0,T] (see [5]).

Since (B );c[o,r] is a continuous semimartingale then It6 calculus can be applied
to the following stochastic differential equation (SDE)

dSE = S5 (udt + 0dBS), 0 <t < T.

Let S§ be the solution of the above equation. Because of the convergence of By
to B; in Lo(2) when € — 0, we shall define the solution of a fractional stochastic
differential equation of the form

dSt = St(,udt + O'dBt), 0 § t S T,

to be a process S} defined on the probability space (€2, F,P) such that the process
S§ converges to S} in Ly(f2) as € — 0 and the convergence is uniform with respect
tot € [0, 7). This definition will be applied to the other similar fractional stochastic
differential equations which will appear later.

The rest of the paper is organized as follows. A risk-neutral for gBm model with
a compound Poisson process and stochastic volatility model is described in section
2. The risk-neutral for gBm model with a compound Poisson process and fractional
stochastic volatility model is also introduced in this section. The relationship be-
tween the stochastic differential equation and the partial differential equation for
the jump diffusion process with stochastic volatility is presented in section 3. In
section 4, an option price formula is given. Finally the closed-form solution for a
European call option in terms of characteristic function is given in section 5.

2. RISK-NEUTRAL FOR A GBM WITH JUMPS
In this section, a risk-neutral for a gBm model combining jumps with stochastic
volatility is introduced. Its solution will also be discussed in this section.
Firstly, let us rewrite the model (1.1) into an integral form as follows:
t t t
St = So +/,uSsds+/\/vsSdes+/Ss_stNs. (2.1)
0 0 0
Note that the last term on the right hand side of equation (2.1) is defined by
t N,
/Ss—stNs = Z ASTH
0 n=1
where
ASn = STn - STn— = Sn_Yn.

The assumption Y,, > 0 always leads to positive values of the stock prices. The
process (Y, )nen is assumed to be independently identically distributed (i.i.d.) with
density ¢y (y) and (T, )nen is a sequence of jump time.

In order to solve equation (2.1) with an initial condition St(t:O) = Sy, we assume

that E| fOT vsS52ds] < co. Then, by an application of It6’s formula for the jump
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process ([6], Theorem 8.14, page 275) on equation (2.1) with f(S,t) = log(St), we
get
. t ¢ t
log S; = log Sy + ut — 3 /vsds +/\/17de5 + /log(l +Y;) dNs,
0 0 0
or, equivalently,

t t
1
Sy = Spexp ,ut—i/vsds—&-/\/@dWS—|—/log(1+YS)dNS
0 0 0

t

It is assumed that a risk-neutral probability measure M exists; the asset price
S¢, under this risk-neutral measure, follows a jump-diffusion process, with zero-
mean, risk-free rate r, and stochastic variance v;,

It is only necessary to know that the risk-neutral measure exists (see, [6] page

321). Hence, all processes to be discussed after this will be the processes under
the risk-neutral probability measure M.

Using an initial condition Sy;—g) = So € L2 (£2), its solution is given by
t . t t t
S; = S exp /(7’ — AEM (Yy))ds — 3 /vsder/\/EdWs + /log(l +Ys)dNs |,
0 0 0 0

where v; satisfies the following fractional SDE
d?}t = (w — 91}15) dt + g’l}tdBt, (23)

with an initial condition v;;—g) = vo € L2 (£2).
For each € > 0, consider an approximation model of equation (2.3);

dv; = (w — 6v;) dt + &v;d By . 2.9
By using the same initial condition as in equation (2.3), one can show that the
solution v§ of equation (2.4) converges in Lo(2) to the process

t
vy = | v —l—w/exp (vs —&Bg) ds | exp (§B: — ~t)
0

for some real constant . ([1], Lemma 2). Hence, by definition, v, is the solution of
equation (2.3).

Now we consider an approximation model of equation (2.2);
ds: = S¢ ((7“ CAEM[Y)]) dt + \/vgth) + S5 Y,dN,, 2.5)

and by using the same initial condition as in equation (2.2), we have

t t t t

1
S; = Spexp /(T—)\EM (YS))dS—§/v§d8+/\/v§dWs—|—/log(1+Ys)st
0

0 0 0
(2.6)

Again, we can prove that ([1], Theorem 3) S{ converges to S; in L2(2) as ¢ — 0 and
uniformly on ¢ € [0, T].
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3. PARTIAL INTEGRO-DIFFERENTIAL EQUATION FOR JUMP DIFFUSION
MODEL WITH STOCHASTIC VOLATILITY

Consider the process X ; = (X}, X?) where X} and X7 are processes in it and
satisfy the following equations:

X} fi (@) dt+ g1 (t) dW; + X} YidNy, (3.1)
ax; f2 (t) dt + ga (t) AWy,

where f1, g1, f2, and go are all continuous functions from [0, T into .

Since every compound Poisson process can be represented as an integral form
of Poisson random measure ([6], page 77) then the last term on the right hand side
of equation (3.1) can be written as follows

t N, N, t
/lef'stS =3 Xp YVo=) [X5, —Xp | = //Xl,zJZ(ds dz)
0 n=1 n=1 0 R

where Y,, are i.i.d random variables with density ¢y (y) and Jz is a Poisson random
measure of the process Z; = 25;1 Y,, with intensity measure A¢y (dz)dt.

Let U(Z") be a bounded real function on 2 and twice continuously differentiable
in 7 = (z1,22) € R% and

W@, t)=E [U (JTT) X, = E’} . (3.2)

By the two dimensional Dynkin’s formula ([7], Theorem 7.7, page 203), u is a
solution of the partial integro-differential equation (PIDE)

ou(7,t

RER)

o0 b AT 1) + /\/ (T + T.8) — (T, )] dy (v)dy,

R

subject to the final condition u(7@,T) = U(7') where 3/ = (y,0) € R2. The notation
A is defined by

_ ou(@,t ou(,t
au(@ ) = fi()y 252 4 gy 24T
1, 0*u(@ ,t) 0%u(@ ,t) 1, 0%u(@ ,t)

and the correlation p defined by p = Corr [th, th] .

4. PRICING A EUROPEAN CALL OPTION

Let C denote the price at time ¢ of a European style call option on the current
price of the underlying asset S; with strike price K and expiration time 7.

The terminal payoff of a European call option on the underling stock S with strike
price K is

max (S — K,0).

This means that the holder will exercise his right only if ST > K and then his
gain is St — K. Otherwise, if Sp < K, then the holder will buy the underlying
asset from the market and the value of the option is zero.

Assuming the risk-free interest rate r is constant over the lifetime of the option,
the price of the European call at time ¢ is equal to the discounted conditional
expected payoff

C (S, v, t; K, T)
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e "IV Ey [max (Sp — K,0) | Sy, v]

= (T / S Pu (St | Sy, v,)dSr — K / Pr( (St | Sp,vp) dSt
K

= S eT(T 7g, /STPM (St | St,vt) dSt fKe*T(T*t)/PM (St | Sty vi) dSt
K K

s 1 75 Pt (S | Sy, v0) dS
= — e e 7’()

t EM [ST | St,'Ut] T M T ty Ut T

K
—Keir(T?t) /PM (ST | St,vt) dSt
K

= Stpl (St,Ut,t; K, T) — KE_T(T_t)PQ (St,vt,t; K, T) (4.1)

where /), is the expectation with respect to the risk-neutral probability measure,
P (St | St,vi) is the corresponding conditional density given (S, v;) , and

Py (Sh, 00, K, T) /STPM (Sr | Seyv0) dSt | /Esd [St | Sivi].

Note that P; is the risk-neutral probability that S > K (since the integrand is
nonnegative and the integral over [0, c0) is one), and finally, that
oo
PQ (St71)t,t;K7T) = /PM (ST ‘ St,’l)t) dST = Prob (ST > K | St,'l)t)
K

is the risk-neutral in-the-money probability. Moreover, Enq [St | S¢,v;] = e"(T=1 S,
for ¢t > 0.

Note that we do not have a closed form solution for these probabilities. However,

these probabilities are related to characteristic functions which have closed form
solutions as will be seen in Lemma 2.

We would like to compute the price of a European call option with strike price
K and maturity T of the model (2.2) for which its fractional stochastic volatility
satisfies equation (2.3).

To do this, consider the logarithm of S¢, namely L5, i.e. L = log (S§) where
S5 satisfies equation (2.6) and its inverse S = exp (Lf) . Denote x = log (K) the
logarithm of the strike price.

We now refer to equation (2.4), since this approximate model is driven by a
semimartingale B; and hence there is no opportunity of arbitrage. This is the
advantage of our approximate approach and we will use this model for pricing the
European call option instead of (2.3).

Note that we can write

dB; = apidt + *dW, 4.2)
where @f = fot(t —u+¢e)l7dW,, a=1/2 - Hand 0 < a < 1/2 ([5], Lemma 2.1).
Substituting (4.2) into equation (2.4), we obtain

dv; = (w + (a€p; — 0) vy) dt + v dWy. 4.3
Consider the SDE (2.2) and (4.3). Define a function U on %2 as follows:
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Ulzy, ) = e " T Dmaz(e™ — k,0).
By virtue of equation (3.2),
W@, t) = E[U(X7) X, = 7]
= "0 By [max (exp (L5) — ,0) | I = £, 0 = v°]
=C (0°,v%,t;k,T)
satisfies the following PIDE:
0_8 L +f80 1282C’+ 0%C +1 0%C
- 1(%8 2 291962 T P2 G050 T 2925002

—rC + )\/ [C (65 +y,v°, t;5,T) — C (£5,0%,t;k,T)] oy (y)dy.  (4.4)
R

In the current state variable, the last line of equation (4.1) becomes

C (5,0%, 4k, T) = el Py (5,05, 6k, T) — e (T=1) p, (5, v%, 6k, T) . (4.5)
The following lemma shows the relationship between P, and P» in the option
value of the equation (4.5).

Lemma 4.1. The functions P; and P> in the option value of the equation (4.5) satisfy
the following PIDEs

8P1 8P 3 apl
="+ AP Stk T 12—
0= b+ AP (6,0, 1, T) + 075 L 4 peec (v°) /2
+(r=ABm (Y1) P+ A/ [(er = 1) Py (€7 +y, 0%, t; 5, T)] ¢y (y)dy,
R
subject to the boundary condition at expiration timet = T,
Py (05,0°, T 5, T) = Lpes . (4.6)
Moreover, P, satisfies the equation
P
0= % + AP (£5,0°,t; 5, T) + 1Py,
subject to the boundary condition at expiration timet = T,
P2 (EE,UE,T; KJ,T) = 1gs>m (4.7)
where
0 0
AUNE n,T) = (1= AB (1) - 50°) 5L 4 0+ (gt - 0)07) 32
1 . O°f apeyase OF Loy on; cv2 O2f
5V e T ) g 2 () ez
—rf+A/[f (6 + .0 1, T) = (€0, 1, )] b () dy
R

4.8)
Note that 1y~ = 1 if ¢ > k and otherwise 1yc~, = 0.
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Proof. We plan to substitute equation (4.5) into equation (4.4). Firstly, we compute

oC

= OP; OP.
= = et L oppr(T-)922 _ k—r(T—t) p
ot ot ot ¢ 2
aC s 8P1 ¢ _ _ aPQ
— P — e" r(T—t) Y12
o=~ ¢ e ¢ e R
30 _ 6@6 3P1 . 7T(T7t) @
ove Ove OveE
820 Ve 3 P1 e 8P1 Al _ _ 82P2
= 2¢e P _ LK ’I‘(T t)
@~ C @re T e T e CBE
820 o Ve 3 P1 e 3P1 o K*T(Tft) 82P2
oledve 0Le Qv Ov® o0Le Qe
92C _ 92p, (T 02P,
O(ve)? O(ve)? d(v°)?

and
C (6 + 0", t;5,T) —
|:e(£€+y)P1 (fa + v, 'UE7 t; K, T) -

C(65,0%,t;k,T)
en—T(T—t)P2 (ZE +, v° K, T)}
— [6’55 Py (65,0%, 45, T) — e (T=1) p, (65, v%, t; K, T)]
er (eypl (Ee +v, UE’ LK, T) - P (EE + v, Ue’ t; K, T))
+ (e Py (05 +y,v%, t;k,T) — e Py (05,0°,¢;5,T))
—er (Tt [Py (65 + y,v°, t;k, T) — Py (£5,0°,t; 5, T)]
e (P (€ +y,v°,t;k,T) —

e* (ey - 1) Pl (66 + y,’l)e,t; ’ivT) +
Py (05,0°,t; K, T))] .

—efi—r(T=1) [Py (05 +y,v°, t;k,T) —

Pl (Es,vs,t;/q’T))

Substitute all terms above in equation (4.4) and separate it by assumed indepen-
dent terms P; and P,. This gives two PIDEs for the risk-neutralized probability
P; (65,v%,t;k,T), 5 =1,2:

op 1 oP; . P
0="" +<T—AEM(Yt> ><8€€+P1)+(w+(a€%— 0)v7) 5 2
€ 82P1 apl a(,e\3/2 a2P1 8Pl 2 2a/,.e\2 82P1
+50 <(ee)z 25 +P1> ) (azeaua avf) #5€ ) d(ve)?
(ev = 1) P (65 +y,v%, K, T)
—rh +A/ e ey SRy |y 6o

subject to the boundary condition at the expiration time ¢ = 7" according to equation
4.6).
By using the notation in equation (4.8), PIDE (4.9) becomes

e 0P

AP (65,0%,t; 5, T) +v° 572 + pfs“(va)?’/Q% +(r=AEm(Y2)) P
+ A [ [(er = 1) PL(€° + y, 0%, t:5,T)] by (y)dy)
R
[Py] (£°,0%, 85, T) .

on
ot

0P,
87 + Al

For Py (¢¢,v°,t;k,T) :
0P,

OZW+TP2+

0=

)

1

o

2

0P,
ore

0P,
ove

(r=2Eac ) - )+ o+ (gt —0))
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1582P2 @ 63/282P1 122a 5282P1
T3V e ) g 2t () e
—rPy + )\/ [Po (05 +y,v°,t;k,T) — Po (€°,0°,t; 5, T)] oy (y)dy (4.10)
R

subject to the boundary condition at expiration time ¢ = T according to equation
4.7).
Again, by using the notation (4.8), PIDE (4.10) becomes

P.
0= % + (A[P] (°,0°, t; 5, T) + rPs)
P.
- % + Ap [Po] (65,0, £, T)
The proof is now completed. O

5. A CLOSED-FORM SOLUTION FOR EUROPEAN CALL OPTIONS

For j = 1,2, the characteristic functions for P; (¢¢,v°,t;x,T'), with respect to
the variable  are defined by
o0
[ (0% tx,T) == — / erdP; (05,v°, t; K, T)
—o00
with a minus sign to account for the negativity of the measure dP;. Note that f; also
satisfies similar PIDEs

of.
% + Aj[f5] (¢°,0%, 45, T) = 0, 5.1)
with the respective boundary conditions
fj (€E7U67T;xaT) = - / eimﬁdpj (EE,”UE,T;I{,T) = — / eim”(fé(gsfﬁ)dﬂ) _ eizf‘g’

since
dP; (0°,v°,T;k,T) = dlyesy = dH(° — k) = —=6(£° — K)dk.
The following lemma shows how to calculate the functions P, and P, as they

appeared in Lemma 1.

Lemma 5.1. The functions P; and P, can be calculated by the inverse Fourier
transforms of the characteristic function, i.e.

+oo

1 —iTK £ E E 4. T
—|—/Re[e fj(é,’v’t’x’ ) dz,

1
2 7 T

P; (6°,v°,t;k,T) =
0+
for j = 1,2, with Re[-] denoting the real component of a complex number.
By letting 7 = T — t. (i) The characteristic function f| is given by
fi e v et + 1) =exp (g1 (1) + v°hy (1) +ixl®),

where

B (r) = (=B (V)i = AEs (V)] 7+ 7 [ (0400 1) oy (y)dy
Rid
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[log (1_ (Al +771)+ (1€A17)> +(A1 +771)T] ,

_5252%,5 2A,

_ (i — AD) (7 —1)
§2e2v® (m + Ay — (m — Ar)eT)’
m = p€e® Ve (1 +ix) + (akpf — 0),

hl (T)

and

A = \/77% — £2e2%ix (ix + 1).
(ii) The characteristic function fs is given by

fo (05,05 szt +7) = exp (go (T) + vho (T) +ixl® +7r7T),

where
2(7) = = AEm )iy —rlr 7 [ (€70 =1) oy (o)dy
R
2 (Ao +m2) + (1 —eB2m
_7525;:1)5 llog <1 - =2 : QAE )> + (A, +772)T] ,
_ (n3 — A3) (27 —1)
ha (1) = €2e200° (g + Ay — (12 — AQ)GAQT)a

2 = p€e®Vvtiz + (alpi — 0)

and

Ay = \/773 + 2e2fiz (iz — 1).
Proof. Proof of (i). To solve for the characteristic explicitly, letting 7 = 7' — ¢ be the
time-to-go, we conjecture that the function f; is given by
fr vt t+ 1) =exp (g1 (1) + v°hy (1) +ixlf), (5.2)
and the boundary condition g; (0) = 0 = hy (0) . This conjecture exploits the lin-
earity of the coefficient in PIDE (5.1).

Note that the characteristic function of f; always exists. In order to substitute
(5.2) into (5.1), firstly, we compute

) 0 0

O (i ()~ )y S =iy, P =),
Pho_ ., PH Ph o
@iy ~ T grger — M g = M

fllE+y, 05 tat+7) = fL (65,05, at+7) = (€9 = 1) fo (05,0%, 2,0+ 7)
and
(V=) fi(E +y v it 7)) = (& — 1) MO
= (¥ —1)e™f (£5,0°, t,t + 7).
Substituting all the above terms into equation (5.1) and after canceling the common
factor of f1, we get a simplified form as follows:

1
0 = —gy(r)—v°h} (1) + (r —AEMm (V3) + 21)8) i

+ (@ + (g = 0)v%) + pee(v)*/2) hu(r)
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1
€,.2 « 3/2 2 _2c(,€\272
—5vta? + pge® (v°)* Piwha (r) + S €22 (v°)*hi (1)

“AEMm (Vi) + A / (=49 — 1) gy (y)dy.
Rid

By separating the order v* and ordering the remaining terms, we can reduce it to
two ordinary differential equations (ODEs),

1 1 1
’HU)=§€8%ﬂﬁﬁ%%@&“¢EU+4@4%a&f—@)M@)+§m_Qma
(5.3)
G5 (7) = ol () + (7 = \Eaa (¥0)) i = ABaq (V) A [ (4507 = 1) oy )y
(5.4)
Let 71 = p€e“Vve (1 +iz) + (a€ps — 6) and substitute it to equation (5.3). We get
oy 2n o
hll (’7’) = 4‘2 2 % (T) + 5252701(”8]11 (T) + mllﬁ (Z.Z‘ + 1))
N ST 21 + /An? — 4€2e200%ix (iz + 1)
n 25 ¢ (hl (T) + 252620‘1}5

(h (r) 2171 Van} — 452520‘7)52'36(2'96—1—1))
1

2§2€2ave
1 m + Aq m — A
= 5625207}6 (hl (T) + 62520‘1)5) <h1 (T) + 7&'252&@6 5

where Ay = /07 — £2e200%iz (iz + 1).
By method of variable separation, we have

2dhy (1)
(m () + g2 ) (m () + =2

Using partial fractions, we get

1 1 1
— — dh =dr.
Ay ( hi (1) + &52L by (1) + g’;;ﬁule ) r)=dr

€2 20g)€

= 2 v%dr.

Integrating both sides, we obtain

hi (1) + N
log | — =20 ) = Ayr+ C.
& (hl (1) + mt+A; 1

52 g2aye

Using boundary condition h; (7 = 0) = 0 we get C' = log (:’]1+ﬁi>
Solving for h;, we obtain
(= A7) (27— 1)
2220 (m + Ap — (m — Ar)etT)’
In order to solve g; (7) explicitly, we substitute h; into equation (5.4) and integrate
with respect to 7 on both sides. Then we get

hl(T)Z

p(r) = (= AEa ()iz = AE ()] 77 [ (0400 1) oy )y
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_ QAT
_5252;;1}5 llog (1 A+ (e )> + (A +771)T] .

24
Proof of (ii). The details of the proof are similar to case (i). Hence, we have
fo (0% ty, t+7) = exp (g2 (7) + vho (7) + iyl® +r7),
where g5 (7), ha () ,72 and Ay are as given in the Lemma.

We can thus evaluate the characteristic functions in closed form. However, we
are interested in the risk-neutral probabilities P;. These can be inverted from the
characteristic functions by performing the following integration

P (S, v;,t; K, T) = Pj(65,0%,t;k,T)
+oo X
1 1 —1TK . ,66 £ t T
= +/Re|:e fJ( ,7/07 7(1;, ):|d£L'
2 7 1T
o+

for j = 1,2, where ¢¢ = log S, v© = log(v§), and k = log(K).
To verify the above equation, firstly we note that

Enm {emaog(st)flog(m) | log(S,) = L5, v = Ue]

= Eum {eim(ﬁ_“) | L = 05,0 = o°

400
= /em(ég*“)de (5,05, t; 8, T)
+00
= e_i‘m/e”éade (5,05t 8, T)
— 00
+00
= e_im/em“(—cS(Zs—m)dﬁ)

e_i"mfj (5 v, 2, T) .

Then
1 1 e —izTK 05 et T
+/Re[e f]( .avt7 3 L, ):|dl'
2 ™ 10
o+
+oo . .
= 51 [Re By [10oD 150 | log(Sy) = L0 = 7] ] -
2 1T
o0+
_ oo _
1 1 iz (L5 —K)
= Enm +/Re[e‘}de§=€E,vf=vf
2 ™ 1
L o+ |
—1 1 +o00 ) ea -
= E/Vl 7+f/wdx|[§:£€’v§:ve
2 s T
L o0+ ]
_1 ) oo
= Enm 5"'59”(56_’%); / Sm(w)dm|L§:£E,vf:vs
L o+
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1 1
Enm §+§sgn( k)| Lf = 5,05 =v°

= Emlleesy | L = 05,0 =07,

where we have used the Dirichlet formula f _+OO§ Wdaz = 1, and the sgn function
is defined as sgn(z) = 1ifz > 0,0ifz =0and —1 ifz < 0. O

In summary, we have just proved the following main theorem.

Theorem 5.1. For eache > 0, the value of a European call option of SDE (2.5) is
C(S;, v, t: K, T) = ScPy (S5, 05,6 K, T) — Ke "T=9 Py (88,05, t; K, T)
where P; and P, are as given in Lemma 2, and
C (55,05, t; K, T) = C (log(S5), v°, t; log(K), T) .

Remark 5.2. In numerical computation, we firstly choose a real number € > (0 and
then compute the value of C (S, v5,t; K, T) according to the formula as given in
Theorem 3. The solution that we get is the value of a call option of the approxi-
mation model (2.5) and this value can be used as an approximating value of a call
option of the fractional model (2.2) as € approaches zero.
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ABSTRACT. The most revised version of Kolmogorov-Arnold representation theorem shows
that all continuous functions of several variables can be represented as superpositions
which are constructed from the sums of continuous functions of one variables. In 2008, Ko-
dama and Akashi show a relation between Kolmogorov-Arnold representation theorem and
Vitushkin theorem. In this paper, we discuss the problem asking what kind of differentiable
functions of several variables can be represented as Kolmogorov-Arnold superpositions con-
structed from only several differentiable functions of one variable.
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1. INTRODUCTION
Let f(,-,-) be the function of three variable defined as
f(’r7y7z):xy+yz+zx7 x7yaZ€Ra

where R is the set of all real numbers. Then, we can easily prove that there do not
exist three functions g(-, -), u(+, ) and v(, -) of two variables satisfying the following
equality:

f(@,y,2) = g(u(z,y),v(z,2)), w9,z €R.
This fact shows us that f(-, -, ) cannot be represented as any 1-time nested super-
position constructed from three real-valued functions of two variables. Actually, it
is clear that the following equality holds:

This result shows us that f(-,-,-) can be represented as a 2-time nested superpo-

sition.

In 1957, Kolmogorov and Arnold [4] solved Hilbert’s 13th problem asking whether
all continuous real-valued functions of several real variables can be represented as
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superpositions of functions of fewer variables or not. If the most revised version
with respect to this problem is applied to the set of all real-valued functions of three
variables, for any continuous real-valued function f(-,-,-) of three real variables,
we can choose a continuous real-valued function g;(-) of one variable, which is
dependent only on f(-,-,-), and a family {¢;;(-);0 <4 < 6,1 < j < 3} of twenty one
real-valued functions of one variable, which is independent of f(-, -, -) satisfying

6 3
f(z1,29,23) = ZW(Z@;‘(%‘))-
=0 \j=1

The above result, which is called Kolmogorov-Arnold representation theorem [4,5],
implies that any continuous real-valued function of three real variables can be
represented as a 7-time nested superposition of continuous real-valued functions
of one real variables.

In 2008, Kodama and Akashi [3] show a relation between Kolmogorov-Arnold
representation theorem and Vitushkin theorem. In this paper, we discuss the
problem asking what kind of differentiable functions of several variables can be
represented as Kolmogorov-Arnold superpositions constructed from only several
differentiable functions of one variable.

2. SUPERPOSITION REPRESENTATIONS DERIVED FROM
KOLMOGOROV-ARNOLD REPERSENTATION

In this section, we consider a generalized version of Kolmogorov-Arnold theo-
rem and a necessary condition enabling to discriminate functions of three vari-
ables being able to be represented as Kolmogorov-Arnold superposition from the
other functions. Here, a relation between Kolmogorov-Arnold representation and
Vitushkin theorem, can be shown as the following:

Proposition 1. Not all differentiable functions of three variables can be repre-
sented as Kolmogorov-Arnold superpositions constructed from only differentiable
functions of one variable.

Proof. Vitushkin theorem [6] assures that there exists a differentiable function
v(-, -, ) of three variables, which cannot be represented as any superposition con-
structed from several differentiable functions of two variables. Since Kolmogorov-
Arnold theorem assures that all continuous functions of three variables can be
represented as 7-time nested superposition constructed from several continuous
functions of two variables. Therefore, if we apply Kolmogorov-Arnold representa-
tion to v(-, -, ), then we can obtain the following equality:

6 3
v(T1,T2,73) = Zgu Z@j(%‘)
=1

=0

Here, if we can assume that all elements belonging to {g,(-);0 < i < 6} and
{0ij(-);0 < i < 6,1 < j < 3} are differentiable, then the above equality shows
that v(-,-,-) can be represented as 7-time nested superposition. Now, we have a
contradiction. O

Akashi [2] classified the concept of superposition irrepresentability, which plays
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an important role in Hilbert’s 13th problem, into the following two concepts:

Strong superposition irrepresentability: There exists a function s(-,-,-) of three
variables, which cannot be represented as any finite-time nested superposition
constructed from several functions of two variables.

Weak superposition irrepresentability: For any positive integer k, there exists a
function sg(-,-,-) of three variables, which cannot be represented as any k-time
nested superposition constructed from several functions of two variables.

For example, Vitushkin proved that there exists a finitely differentiable function
s(+, -, ) of three variables, which cannot be represented as any finite-time nested
superposition constructed from several finitely differentiable functions of two vari-
ables, and Hilbert proved that, for any positive integer k, there exists a polynomial
sk(+, -, ) of three variables, which cannot be represented as any k-time nested su-
perposition constructed from several polynomials of two variables. These results
enables us to generalize Proposition 1 as the following:

Proposition 2. There exists a differentiable function s(-,-,-) of three variables,
which cannot be represented as any finite-time nested superposition. Namely, for
any positive integer n, for any family of differentiable functions {g’(-);0 < i < n}
and for any family of differentiable functions {¢¥(-);0 < i < n,1 < j < 3}, there
exists a function s(-, -, -) of three variables satisfying the following inequality:

3

s(ay,va,m3) # Y _gh | Y 0% (z))

i=0 =1

Proof. Let v(-, -, -) be one of the functions whose existence are proved by Vitushkin
[6] and assume that U(~, . ) can be represented as the following:

n 3
v(zy,ma,w3) = Y gh | > 0¥ (z))
i=0 j=1

Then, this equality shows that v(-,-,-) can be represented as a finite-time nested
superposition, which contradicts Vitushkin theorem. O

The above result shows that there exists a differentiable function v(-, -, -) of three
variables, which cannot be represented as the Kolmogorov-Arnold superposition, if
gu(+) and ¢o1(-), - - - , Pe3(+) are assumed to be differentiable. Actually, the above re-
sult cannot tell which functions of three variables can be represented as Kolmogorov-
Arnold superpositions constructed from only differentiable functions of one vari-
able. Therefore, we treat such a problem in the latter half of this paper.

Let p(-,-,-) and ¢(-, -, -) be differentiable functions of three variables which can be
represented as n-time nested superpositions constructed from several differentiable
functions of two variables, and let r(-,-) be a differentiable functions of two vari-
ables. Then, the differentiable function s(-, -, -), which is defined as the following:

s(x1,x2,x3) = r(p(a1, T2, x3), ¢(21, T2, T3))
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is said to be represented as an n + 1-time nested superposition.

Proposition 3. Assume that there exists an element (1, 72, r3) belonging to [0, 1]*
satisfying Hle si(x1, 22, x3) # 0 and that s(-, -, -) is differentiable and represented
as the following superposition constructed from three differentiable functions p(-, -),
q(-,-) and r(-):

S('? ) ) = T’(p(', ) + Q('v ))
Then, for any constant ¢ belonging to [0, 1], either s1(z1, 22, ¢)/s2(z1, T2, ¢),
sa(c, x9,x3)/83(c, 2, x3) or s3(x1, ¢, x3)/s1(x1, ¢, x3) can be represented in the form
of separation of two variables.

Proof. Without loss of generality, we can assume that s(-,-,-) is represented as
the following;:

s(z1, 2, 23) = r(p(21,23) + q(22, 23)).
Then, for any constant ¢ belonging to [0, 1], we have

s1(z1, 2, C) _ p1(x1, o)’ (p(x1,¢) + q(za, ¢))

s2(21, 72, ) q1(x2, )1’ (p(x1, ¢) + g(w2, )
This equality concludes the proof. U

Remark 1. Let t(x1, 2, x3) be the function of three variables defined as

2,3 4
t(zy,x2,x3) = TITHXS.

This function can be represented as the following one-time nested superposition:
t(xy1, 2, 23) = exp ({logzy + 3logas} + {logx; + 4logxs}).

Let ¢ be any constant belonging to [0, 1]. Then, as for the function ¢, (-, -, ¢) /t2(, -, ),

we have
tl(l'l,l'g, C) - 2Z1

to(z1,@2,¢) 3wy
This equality shows that ¢;(-, -, ¢)/t2(, -, ¢) can be represented in the form of sepa-
ration of two variables x; and x5.

Remark 2. The condition presented in Proposition 3 is not a sufficient condi-
tion but a necessary one. For example, let fi(x1,x2,23) and fa(z1,z2,z3) be the
two functions of three variables defined as
Ji(z1, w2, 03) = 1179 + 2223 + 371
and
fo@1, 22, 3) = 2122 + Tow3 + T371 + 25 + 25 + 75
respectively. Then, the latter function satisfies the following representation:
fa(z1, 22, 23) = r(p(1, 22) + q(71,23)), 0 < 21,72, 73 <1,
where 7(-),p(-,) and q(-,-) are defined as r(z1) = 2%, p(r1,22) = 21/2 + x5 and
q(x1,x3) = x1/2 + o3, respectively, because we have

fo(z, 20, 23) = {(% +x2) + (% +m3)}2.
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Nevertheless, it can be proved that we cannot find any functions r(-), p(-,) and
q(-, ) enabling the former function to be represented as

fl('7 ) ) = T(p(', ) + Q('v ))
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ABSTRACT. Suppose that K is a nonempty closed convex subset of a real Banach space
FE which is also a nonexpansive retract of E. Let T, S : K — FE be two nonself asymptotically
quasi-nonexpansive-type mappings of Ewith F = F (T)NF (S):={z € K : Te = v = Sz} #
. Suppose {x,} is generated iteratively by z1 € K,

tnpr = P((1=an)zn+anS (PS)" ™" (1= Ba) yn + BaS (PS)" " )

Yn = P((1=bn)an+b0.T(PT)" " (1 —4n)Tn + 1T (PT)" ' 2,)), n>1,
where {a,}, {bn}, {B.}, {7n} are appropriate sequences in [0, 1] . In this paper, we study
the strongly converges to a common fixed point of the a new iterative scheme for two nonself
asymptotically quasi-nonexpansive-type mappings in Banach spaces. The results obtained

in this paper extend and improve the recent ones announced by Tan and Xu [16], Shahzad
[12], Thianwan [15], Kiziltunc et al. [17] and many others.

KEYWORDS : Nonself asymptotically quasi-nonexpansive-type mapping; strong conver-
gence; common fixed points; iterative method; Banach space.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we assume that F is a real Banach space and K is a non-
empty closed convex subsetof Eand F = F (T)NF (S) :={z € K : Te = = Sa} #
& denote the set of common fixed points of mappings 7" and S.

A mapping T': K — K is called nonexpansive mapping if

1Tz =Tyl < |l -yl (1.1)
forallz, y € K.
A mapping T : K — K is called quasi — nonexpansive mapping if F(T) # &
and
IT2 — )| < o — 2*] (1.2
forallz € K and z* € F'(T).
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A mapping T : K — K is called asymptotically nonexpansive mapping if there
exists a sequence {k,} C [1,00) with lim,,_,« k, = 1 such that

[Tz = T"y|| < kn [lz -y (1.3)

forallz, y € K andn > 1.

A mapping T : K — K is called asymptotically quasi — nonexpansive mapping
if F(T') # @ and there exists a sequence {k,} C [1,00) with lim,,_, k, = 1 such
that

IT"x — «*|| < ky ||z — 2% (1.4)
forallz € K,2* € F(T) and n > 1.
In [1], a mapping T : K — K is called asymptotically nonexpansive — type
mapping if
lim Sup{ sup {||T”:c Ty = ||z — y|2}} <0, n>1. (1.5)
n—oo z,yeK
In [1], a mapping T : K — K is called asymptotically quasi — nonexpansive —

type mapping if F (T) # @ and

lim sup sup {HT”:U — | = |z — :c*||2} <0, n>1 (1.6)
n—oo zeK, z*€F(T)

From above definitions, if ' (T') is nonempty, a quasi-nonexpansive mappings,
asymptotically nonexpansive mappings, asymptotically quasi-nonexpansive map-
pings and asymptotically nonexpansive-type mappings are all special cases of as-
ymptotically quasi-nonexpansive-type mappings. But the converse does not hold.

The class of asymptotically nonexpansive mappings is a natural generalization
of the important class of nonexpansive mappings. Goebel and Kirk [2] proved that if
K is a nonempty closed and bounded subset of a uniformly convex Banach space,
then every asymptotically nonexpansive self-mapping has a fixed point.

Iterative techniques for asymptotically nonexpansive self-mappings in Banach
spaces including Mann type and Ishikawa type iteration processes have been stud-
ied extensively by various authors, see for example [[2]-[6]]. However, if the domain
of T, D(T), is a proper subset of E (and this is the case in several applications),
and T map D(T) into E, then the iteration processes of Mann type and Ishikawa
type studied by these authors, and their modifications introduced may fail to be
well defined.

A subset K of F is said to be a retract of F if there exists a continuous map
P : E — K such that Pz = z, for all x € K. Every closed convex set of a uniformly
convex Banach space is a retract. Amap P : £ — K is said to be a retraction if
P? = P. It follows that if a map P is a retraction, then Py = y for all y € R(P) in
the range of P.

For nonself nonexpansive mappings, some authors (see, e.g., [[7],[8]]) have stud-
ied the strong and weak convergence theorems in Hilbert space or uniformly convex
Banach spaces. The concept of nonself asymptotically nonexpansive mappings was
introduced by Chidume [9] in 2003 as the generalization of asymptotically nonex-
pansive nonself-mappings. The nonself asymptotically nonexpansive mapping is
defined as follows:

Definition 1.1. (see[9]) Let K a nonempty subset of real normed linear space F. Let
P : F — K be the nonexpansive retraction of £ onto K. Amapping T : K — FE is
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called nonsel f asymptotically nonexpansive if there exists sequence {k,} C [1,00),
kn — 1 (n — o0) such that

HT(PT)"_I:E—T(PT)”_lyH < k|l — o (1.7)

forallz, y € K and n > 1. If T is a self-mapping, then P becomes the identity
mapping so that (1.7) reduces (1.1).

T is said to be a nonself asymptotically quasi — nonexpansive mapping, if
F (T) # & and there exists a sequence {k,} C [1,00), k, — 1 (n — o0) such that

HT(PT)"_lx—x* <ky|lz—z* (1.8)
forallz € K,2* € F(T)and n > 1.
In [10], T is said to be a nonsel f asymptotically nonexpansive — type mapping,
if
lim sup{ sup {HT(PT)"‘1 @~ T (PT)""! yH — ||z — yll}} <0,n>1. (1.9
n—oo x, yeK
In [10], T is said to be a nonself asymptotically quasi — nonexpansive — type

mapping, if F (T') # @ and

lim sup sup {HT (PT)" 'z — 2*
n—00 w€K, 2 € F(T)

- ||ac—x*||}} <0, n>1. (1.10)

Remark 1.2. It follows from above Definition 1.1 that,
i. If T : K — E is a nonself asymptotically nonexpansive mapping, then 7T is a

nonself asymptotically nonexpansive-type mapping;
1. f F(T) # @and T : K — FE is a nonself asymptotically quasi-nonexpansive
mapping, then 7 is a nonself asymptotically quasi-nonexpansive-type mapping;
1it. f F(T) # @ and T : K — F is a nonself asymptotically nonexpansive-type
mapping, then T is a nonself asymptotically quasi-nonexpansive-type mapping.

2
xﬁ2}>§0

+llz—a*)}) <0

Remark 1.3. Observe again that

lim sup sup {HT (PT)" o — 2
n—o0 z€K, x*€F(T)

implies

~llz = )(|T (PT)" 2 — &

lim sup( sup { (HT (PT)" 1o —z*
n—oo zeK,z*cF(T)

which implies

lim sup sup {HT (PT)" g —
n—00 zeK, z*€F(T)

xm*})go.

Similarly, we can show that

lim sup ( sup {HS (PS)" ' —a*

n—00 €K, z*€F(S)

- x—x}) <0.
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Suantai [1 1] defined a new three-step iterations which is an extension of Noor
iterations and gave some weak and strong convergence theorems of such iterations
for asymptotically nonexpansive mappings in uniformly convex Banach spaces.
Recently, Shahzad [12] extended Tan and Xu results [11, Theorem 1, p. 305] to the
case of nonexpansive nonself-mapping in a uniformly convex Banach space. Peng
[13] proved the convergence of finite steps iterative sequences with mean errors
for asymptotically quasi-nonexpansive mappings in Banach spaces. In the same
year, Yang [14] introduced a modified multistep iterative process for some com-
mon fixed point of a finite family of nonself asymptotically nonexpansive mappings
on nonempty closed convex bounded subsets of a real uniformly convex Banach
space. Thianwan [15] defined a weak and strong convergence theorems for new
iterations with errors for nonexpansive nonself-mapping in a uniformly convex Ba-
nach space. In 2009, a new iterative scheme which is called the projection type
Ishikawa iteration for two asymptotically nonexpansive nonself-mappings in a uni-
formly convex Banach space was defined and constructed by Thianwan [18]. He
gave some strong and weak convergence theorems of such iterations under some
suitable conditions in a uniformly convex Banach space. In 2010, Wariam Chuay-
jan, Sornsak Thianwan and Boriboon Novaprateep [19] introduce and study a new
type of multi-step iterative sequence with errors for a finite family of asymptotically
quasi-nonexpansive-type nonself-mappings which can be viewed as an extension
for Ishikawa type iterative schemes of Thianwan [ 18] and they proved strong conver-
gence of a multi-step iterative scheme with errors to a common fixed point of a finite
family of asymptotically quasi-nonexpansive-type nonself-mappings on nonempty
closed convex subset of a real Banach space. In [1], Quan et al. proved approxima-
tion common fixed point of asymptotically quasi-nonexpansive-type mappings by
the finite steps iterative sequences. In [10], Tian et al. introduced on the approxi-
mation problem of common fixed points for a finite family of nonself asymptotically
quasi-nonexpansive-type mappings in Banach spaces.

Inspired and motivated by this facts, I define and study the convergence the-
orems of a new two steps iterative sequences for nonself asymptotically quasi-
nonexpansive-type mappings in Banach spaces.

Let E be a Banach space and K be a nonempty closed convex subset of E,
P : F — K the nonexpansive retraction of £ onto K, and T, S : K — FE
be two nonself asymptotically quasi-nonexpansive-type mappings of F with se-
quences {k,} C [1,00) such that k,, —» 1 asn — oo, and F = F(T)NF(S) :=
{r € K:Tx =x = Sz} # &. Suppose {z, } is generated iteratively by z; € K,

tasr = P ((L=an) 2+ anS (P8 (1= B) v+ 68 (PS)" ) ). (11D
Yo = P ((1 —bp) @n + baT (PT)"" ((1 — ) Tn 4 YT (PT)" xL)) >,

where {a,}, {bn}, {On}, {7n} are appropriate sequences in [0, 1] .

The purpose of this paper is to study the convergence theorems of a new two
steps iterative sequences for nonself asymptotically quasi-nonexpansive-type map-
pings in Banach spaces. The results of this paper can be viewed as an improve
and extend the corresponding results of Tan and Xu [16], Shahzad [12], Thianwan
[15], Kiziltunc et al. [17] and many others.

In the sequel, we need the following well known lemma to prove our main results.
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Lemma 1.4. (see [16]) Let {a,}, {b,} and {J,} be sequences of nonnegative real
numbers satisfying the inequality

An41 < (1+6n) an+bn7 n > 17

if >0 by <ocoand 6, < oo, then
(i lim a,, exists;

n—oo
(i) In particular, if {a,,} has a subsequence which converges strongly to zero, then
lim a, = 0.
n—oo

2. MAIN RESULTS

In this section, we prove the convergence theorem of two steps iterative se-
quences of the a new iterative scheme (1.11) for nonself asymptotically quasi-
nonexpansive-type mappings in Banach spaces.

Theorem 2.1. Let E be a real Banach space and K a nonempty closed subset
of E which is also a nonexpansive retract with retraction P. LetT, S : K — FE
be two nonself asymptotically quasi-nonexpansive-type mappings of £ and F =
F(T)NF(S) :={xeK:Tx=12=Sx} # &. Suppose that {a,}, {bn}, {Bn},
{vn} are appropriate sequences in [0,1]. Starting from an arbitrary x, € K, define
the sequences {z,} and {y,} by the recursion (1.11). Then {z,} strongly converges
to a common fixed point of T and S in E if and only if

liminf, s d(z,, F) = 0. 2.1

~la =} ) <o
- ||xx*||}> <o.

This implies that for any given € > 0, there exists a positive integer ng such that
for n > ng and z* € F, we have that

Proof. We have that

lim sup ( sup {HT (PT)" 'z — 2*

n— oo rzeK,x*eF

Similarly, we have that

limsup< sup {HS(PS)”A;E*:U*

n—oo rzeK,xz*eF

sup {HT (PT)" 'z — 2

2 2
e - a7 } <e
reEK,x*eF

and similarly we have that

‘”E;lil*)ef {HS(PS)nl x—z*

2
— |lx —x*||2} <e.

The necessity of (2.1) is obvious. Next we prove the sufficiency of (2.1). For
e F=FT)NF(S):={reK:Te=x= Sz} # &. Since {z,}, {yn} C E,
then we have

HS(PS)”’I Yn — || = |lyn — 2| < e, Vz* € F, ¥n > ny, (2.2)

HT(PT)n*1 Ty — || = ||zn —2¥|| < e, Vz* € F, Vn > ny. (2.3)

Set 0y = (1= ) Yn + S (PS)"  yp and &, = (1 — 7)) 2 + 7T (PT)" ' .
Thus for any z* € F, using (1.11), (2.2) and (2.3) we have that
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[€nt1 — 2" =

IN

IA

<

HP ((1 —an) T + anS (PS)" ! (an)) -

(1= @) 2+ anS (PS)"™ (1= ) g+ 508 (PS)" " 3 — "
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(2.4)

H(l — ap) Tp + apx” — " +ay (S (PS)" " (a,) — x*) H

an€ + ap |l — %[ + (1 — an) |z, — 27| .

Consider the second term in right-hand side of (2.4), using (1.11) and (2.2), we

have that

|on —

||

_ H(1 — Bo) Yn + BuS (PS)" Ly — z* 2.5)
< (1 =6) llyn — 2" + Bn S(Ps)n_l Yn — "
< (1 =80) lyn — 2| + Bre + B llyn — 27|

[Yn — 27| + Bne.

Using a similar method, consider the first term in right-hand side of (2.5), to-
gether with (1.11) and (2.3), we have that

lyn — 27| =

IN

IN

<

|P (= buy 0T (PT)" " (€))7
H(1 b)) @ + b, T (PT)" ! ((1 — n) @n 4 AT (PT)" " acn> .

(1 =bn) [|wn — 2™ + bn

(2.6)

T(PT)" "¢, —a*

bng + by [|€n — 2| + (1 = bp) [lzn — 27| .

Consider the second term in right-hand side of (2.6), using (1.11) and (2.3), we

have that

”fn -

||

From (2.4), (2.5), (2.6) and (2.7), we have that

[€n1 — 27|

IA A IA

IN IN IN

IA

- H(l = V) @ + T (PT)" ' 2y — 2* 2.7)
< (U =7n) llzn = 27| + 9 ||T (PT)" " @y — 2

< (=) llzn = 271+ e+ llzn — 27|

R

an€ + ap |lon — 2| + (1 — an) ||zn — 27| 2.8

an (|yn — 2% + Bne) + ane + (1 — ay) |z, — 7|

an ((bne + b [|§n — || + (1 = bp) [lzn — &™) + Bne)
Fane + (1 —an) [z, — 27|

anbne + anby [|En — || + an (1 = by) |z — 27| + anfne
+ane + (1 —ayp) ||z, — ¥

anby (|5 — 2| + me) + (1 — an) |25 — 2| + anfre
+an (1= by) [|xn — 27| + ane + anbne

anby || Tn — || + (1 — ap) |25 — %] + anfhne

+an (1= by) ||xn — 2% + anbryne + ane + anbpe

|zn — ™| + anbpyne + ane + anbne + anfre.
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o0
Let ¢, = anbyyne + ane + anbpe + a,Bre. Then > ¢, < co. Therefore, by (2.8), we

n=1
have
inf _[|zn1 — o™ < nf o, — o™ +on, Vn2mno. 2.9
o0
It follows from (2.9) and Y ¢, < oo that
n=1
d(zp41,F) < d(xp, F) + on. (2.10)

By Lemma 1.4 and from (2.10), we know that lim,_, d (2,, F) exists. Because
liminf, . d (2, F) = 0, then we have that
lim d(z,,F)=0. (2.11)
n—oo

Now, we prove that {x,} is a Cauchy sequence in FE. In fact, from (2.9) that for
any n > ng, any m > nj and any z* € F, we have that

[Tntm — 27| < |Zntm-1 — "] + Pngm—1 (2.12)
< Hxn-&-m—? - x*H + (Spn-i-m—l + ‘Pn+m—2)
< ||‘Tn+m73 - .”L'*H + (SDnerfl + Pntm—2 + <Pn+m73)
n+m—1
<

lzn =2+ > on
k=n

So by (2.12), we have that

|Zntm —zull < Tpsm — 2| + 20 — 27| (2.13)
o0
< 2w -2+ > e
k=n

By the arbitrariness of x* € F and from (2.13), we have

|Zntm — x| < 2d (2, F) + Z Yk, VYn > ng. (2.14)
k=n

For any given ¢ > 0, there exists a positive integer n; > ng, such that for any

o0
n >ny, d(z,, F) < $and ) o < 5, we have ||, — 2, < &, and so for any

k=n
m>1
lim ||@ptrm — zn] = 0. (2.15)
n—oo

This show that {xz,} is Cauchy sequence in K. Since K is a closed subset of E,
and so it is complete. Hence, there exists a ¢ € K such that z,, — ¢ as n — oo.
Finally, we have to prove that ¢ € F. By contradiction, we assume that ¢ is not
inF=FT)NF(S) ={zxeK:Te=x=Sx} # &. Since F is a closed set,
d(q,F) > 0. Hence for all ¢ € F, we have that
lg =2l <llg = 2all + llan — 27| 2.16)
This implies that
d(g,F) < llg — znll + d (20, F). (2.17)
From (2.16) and (2.17) (as n — oo ), we have that d (¢, F) < 0. This is a con-

tradiction. Hence ¢ € F = F(T)NF(S) == {r € K:Tx =x = Sz} # &. This
completes the proof of Theorem 2.1. U
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Theorem 2.2. Let E be a real Banach space and K a nonempty closed subset of
FE which is also a nonexpansive retract with retraction P. LetT, S : K — E be two
nonself asymptotically quasi-nonexpansive mappings of E and F = F (T)NF (S) :=
{r € K:Tx =x = Sz} # &. Suppose that {a,}, {b,}, {Bn}, {7} are appropriate
sequences in [0, 1]. Starting from an arbitrary x1 € K, define the sequences {z,}
and {y,} by the recursion (1.11). Then {z,} strongly converges to a common fixed
point of T and S in E if and only if liminf,,_, o d (z,,, F) = 0.

Proof. Since T, S : K — FE are two nonself asymptotically quasi-nonexpansive
mappings , by the definition they are nonself asymptotically quasi-nonexpansive-
type mappings. The conclusion of Theorem 2.2 can be proved from Theorem 2.1
immediately. 0

Theorem 2.3. Let E be a real Banach space and K a nonempty closed subset of
E which is also a nonexpansive retract with retraction P. LetT, S : K — FE be
two nonself asymptotically nonexpansive mappings of E and F = F (T) N F (S) :=
{r € K:Tx =x = Sz} # &. Suppose that {a,}, {bn}, {Bn}, {7n} are appropriate
sequences in [0,1]. Starting from an arbitrary ©1 € K, define the sequences {x,}
and {y,} by the recursion (1.11). Then {z,} strongly converges to a comumon fixed
point of T and S in E if and only iflim inf,, .o d (x,, F) = 0.

Proof. Since T, S : K — E are two nonself asymptotically nonexpansive mappings,
takingn = 1land 7' = S in (1.11), we know that T', S : K — FE are continuous non-
self asymptotically nonexpansive mappings. Therefore, the conclusion of Theorem
2.3 can be proved from Theorem 2.1 immediately. 0

Corollary 2.1. Suppose the conditions in Theorem 2.1 are satisfied. Then the finite
steps iterative sequence {x.,, } generated by the recursion (1.11) converges to common
fixed point x € FE iff there exists a subsequence {mnj } of {z,,} which converges to x.
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1. INTRODUCTION AND PRELIMINARIES

The concept of partial metric space was introduced by Matthews [16] in 1994. In
such spaces, the distance of a point to its self may not be zero. Specially, from the
point of sequences, a convergent sequence need not have unique limit. Matthews
[16] extended the well known Banach contraction principle to complete partial
metric spaces. After that, many interesting fixed point results were established in
such spaces. In this direction, we refer the reader to Valero [25], Oltra and Valero
[23], Altun et al. [4], Romaguera [24], Altun and Erduran [2] and Aydi [6, 7, 8].

First, we recall some definitions and properties of partial metric spaces (see
2, 4, 16, 22, 23, 24, 25] for more details).

Definition 1.1. A partial metric on a non-empty set X is a functionp : X xX — R
such that for all z,y, 2z € X:

(pl) z =y <= p(z,z) = p(z,y) = p(y, ).

(P2) p(z,z) < p(z,y),

P3) p(z,y) = p(y, ),

P4 p(z,y) < p(z, 2) + p(2,y) — p(2, 2).

A partial metric space is a pair (X, p) such that X is a non-empty set and p is a
partial metric on X.

Email address : hassen.aydi@isima.rnu.tn (H. Aydi).
Article history : Received 18 February 2011. Accepted 27 June 2011.
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Remark 1.2. It is clear that, if p(z,y) = 0, then from (p1) and (p2), z = y. But if
x =y, p(x,y) may not be 0.

A basic example of a partial metric space is the pair (R, p), where p(z,y) =
max{x,y} forall z,y € R,.

Each partial metric p on X generates a Ty topology 7, on X which has as a base
the family of open p-balls {B,(z,¢), z € X,e > 0}, where By(z,e) = {y € X :
p(z,y) < p(x,x) +e} forallz € X and € > 0.

If p is a partial metric on X, then the function p°® : X x X — R, given by

p*(z,y) = 2p(z,y) — p(x, ) — p(Y,Y), (1.1)

is a metric on X.

Definition 1.3. Let (X, p) be a partial metric space and {z,} be a sequence in X.
Then

(i) {zn} converges to a point € X if and only if p(z, x) = lir+n p(z,xy,),
n—-—1+0o0o

(ii) {xn} is called a Cauchy sequence if there exists (and is finite) . 77%i_r’n_iroo P(Th, o).

Definition 1.4. A partial metric space (X, p) is said to be complete if every Cauchy

sequence (z,) in X converges, with respect to 7,, to a point z € X, such that

p(x,x) = nmlbiinj%op(:z:n, Tm).

Lemma 1.5. Let (X, p) be a partial metric space. Then

(@) {x,} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the

metric space (X, p®),

(b) (X, p) is complete if and only if the metric space (X, p®) is complete. Furthermore,
lim p°(x,,x) =0 if and only if

n—-+oo

p(x,:c) = lim p(xnax) = lim p(xnvxm)'
n—-+o0o n,m—-4o00
Definition 1.6. ([2]) Suppose that (X,p) is a partial metric space. A mapping
F:(X,p) — (X,p) is said to be continuous at = € X, if for every € > 0, there exists
0 > 0 such that F(By(z,d)) C B,(Fz,¢).

The following result is easy to check.
Lemma 1.7. Let (X,p) be a partial metric space. F : X — X is continuous if and
only if given a sequence {z,} € N and © € X such that p(z,z) = 1irJIrl p(z, Tn),
n—-—1+0oo
thenp(Fx,Fz)= lim p(Fx,Fx,).
n—-+o0o

Remark 1.8. ([22]) Let (X, p) be a partial metric space and F': (X,p) — (X,p). If
F is continuous on (X, p), then F : (X, p*) — (X, p®) is continuous.

On the other hand, fixed point problems of contractive mappings in metric
spaces endowed with a partially order have been studied by many authors (see
[1,3,5,9,10,11, 12, 14, 15, 17, 18, 19, 20, 21]). In particular, Nashine and Altun
[17] proved the following:

Theorem 1.9. Let (X, <) be a partially ordered set and (X, d) be a complete metric
space. Suppose thatT' : X — X is a nondecreasing mapping such that for every
two comparable elements z,y € X
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where
M(z,y) = ad(z,y) + bd(z, Tx) + cd(y, Ty) + e[d(y, Tx) + d(z, Ty)], (1.3)

witha > 0;b,c,e >0, a+b+c+2e <1, andp,p : [0,+00) — [0,+00), ¥ is a
continuous, nondecreasing, ¢ is a lower semi-continuous functions and ¢ (t) = 0 =
»(t) if and only ift = 0. Also suppose, there exists o € X with xg < Txy. Assume
that :

() T is continuous, or

(ii) if a nondecreasing sequence {x,} converges to x, then x,, < x for all n.

Then, T has a fixed point.

The purpose of this paper is to extend Theorem 1.9 on the class of ordered partial
metric spaces. Also, a common fixed point result is given.

2. MAIN RESULTS
Our first result is the following.

Theorem 2.1. Let (X, <) be a partially ordered set and (X, p) be a complete partial
metric space. Suppose thatT : X — X is a nondecreasing mapping such that for
every two comparable elements x,y € X

Y(p(Tx, Ty)) < Y(0(z,y)) — ¢(0(x,y)), 2.1)

where
0(z,y) = ap(z,y) + bp(x, Tx) + cp(y, Ty) + e[p(y, Tx) + p(x, Ty)], 2.2)

witha,e > 0; b, ¢ >0, a+b+c+2 <1, and ¥, p : [0,400) — [0,+00), ¥ is
a continuous, nondecreasing, ¢ is lower semi-continuous functions and ¢ (t) = 0 =
©(t) if and only ift = 0. Also suppose, there exists o € X with xg < Txy. Assume
that :

(i) T is continuous, or

(ii) if a nondecreasing sequence {x, } converges to x in (X, p), then x,, < x for all n.
Then T has a fixed point, say z. Moreover, p(z, z) = 0.

Proof. If Txy = xg, then the proof is completed. Suppose Tzy # xo. Now since
2o < Txog and T is nondecreasing we have

To < Txg < T2$0 <..< Tnl'o < Tn+1$0 < ..

Put x, = T"xo, hence x,41 = Tx,. If there exists ng € {1,2,...} such that
0(zpy, Tny—1) = 0 then by definition (2.2), it is clear that

P(Tng—1,Tng) = P(Tng, Tng—1) = 0, S0 Tpy—1 = Tpn, = TTp,—1 and so we are
finished. Now we can suppose

O(xp, Tn-1) >0, (2.3)
for all n > 1. Let us check that
lim p(zpi1,2,) =0. 2.4)
n—-+oo

By (2.2), we have using condition (p4)
O(xp, Trn—1) =ap(xp, Tn—1) + bp(xpn, Txy) + cp(Tp—1,TTp_1)
+elp(@n—1,Txn) + p(en, Tp-1)]
=(a+)p(zn, Tn—1) + bp(Tn, Tni1) + e[p(Tn—1,Tnt1) + P(Tn, Tn)]
<(a+c+e)p(@n, tn-1) + (0 + €)p(zn, Tni1)  [by (p4)].
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Now we claim that
P(@nt1,Tn) < p(Tn, Tn-1), (2.5)
for all n > 1. Suppose this is not true, that is, there exists ng > 1 such that

P(Tno+1sTng) > P(Tngs Tng—1). Now since zp,, < Tp,4+1, We can use the inequality
(2.1), then we have

V(P(Tno+1: Tng)) =Y (P(TTng, TTne—1))
Sw(e(xnoa xno—l)) - @(e(xno ) xno—l))
Sw((a +c+ €)p(17n0,17n0_1) + (b + 6)p(17n0,17n0+1))

- 90(9(1'?1071'”0*1))
S’lﬁ((a +b+c+ 2e)p(xn0, x’ﬂoJrl)) - Sp(e(xno?xno*l))
<Y (P(Tng, Tng+1)) — P(0(Zng, Tng—1)),
which implies that ©(0(z,,, Zn,—1)) < 0, and by property of ¢, giving that
H(mno,xno_l) = 0, this contradicts (2.3). Hence (2.5) holds, and so the sequence
{p(€n+1,%n)} is nonincreasing and bounded below. Thus there exists p > 0 such
that

lim p(z,41,2,) = p. Assume that p > 0. By (2.2), we have

n—-+oo
ap= lim ap(zp,xn_1) <limsupb(zn, Tn_1)
n—-+00 n—-+oo
=limsup[(a + ¢)p(zn, Tn—1) + bp(Tp, Trni1)
n—-+oo

+ e(P(Tn-1,Tnt1) + D(Tn, Tp))]
<lim Sup[(a +c+ e)p(xn, zn—l) + (b + e)p(xn, xn+1)]'

n—-+o0o
This implies

0 <ap <limsupl(z,,z,—1) < (a+b+c+2¢e)p < p,

n—-+oo
and so there exist p; > 0 and a subsequence {z,,()} of {z, } such that
li 0 1) = < p.
kirfoc (xn(k)axn(k) 1) PL>P
By the lower semi-continuity of ¢ we have
w(p1) < lklgigf 90(0($n(k')7 xn(k)—i—l))'
From (2.1), we have
Y(P(@nk)+1, Tuk))) = VOT 20y, TThky-1))
< Y(O(@n(ky Tnk)—1)) = PO(@nk)s Tnry-1)),
and taking upper limit as £ — 400, we have using the properties of 1) and ¢
Y(p) <Y(p1) — lk@ﬁ{}f O(O(Tn k), Tr(k)+1))
<¢(p1) — »(p1)
<t(p) — p(p1),

that is, ¢(p1) = 0. Thus, by the property of ¢, we have p; = 0, which is a
contradiction. Therefore we have p = 0, that is (2.4) holds.

Now, we show that {x, } is a Cauchy sequence in the partial metric space (X, p).
From Lemma 1.5, it is sufficient to prove that {z,} is a Cauchy sequence in the
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metric space (X, p®). Suppose to the contrary. Then there is a ¢ > 0 such that for
an integer k there exist integers m(k) > n(k) > k such that
P (Tr(k), Tm(k)) > €. (2.6)
For every integer k, let m(k) be the least positive integer exceeding n(k) satisfying
(2.6) and such that
P (Tn(k)> Tmk)—1) < € 2.7)
Now, using (2.4)

€ <P (Znk) Tmk)) <P (Tnk)> Tmk)—1) + P* (Tm(k) =1 Tm(k))
<e + 0 (Zm(k)—1> T(k))-
Then by (2.4) it follows that

li i =e. 2.
Jm P (Tp(ky, Tm(r)) = € (2.8)

Also, by the triangle inequality, we have
1D° (k) T (i) —1) = P (Trk)> Tm(e))| < P (@) =15 Tn(k))-
By using (2.4), (2.8) we get
li s _1) =¢. 2.9
m p (Tn(k)y, Tm(k)—1) = € (2.9)
On the other hand, by definition of p®,
ps (xn(k)a an(k)) = 2p(:rn(k)7 an(k)) - p(zn(k)’ xn(k)) - p(an(k)a an(k))a

P (Tr(k), Tm(k)—1) = 20(Tn(k)s Tm(k)—1) = P(Tn(k)s Tn(k)) — P(Tmk)—1> Tm(k)—1);
hence letting k¥ — +00, we find thanks to (2.8), (2.9) and the condition (p3) in (2.4)

3
li = — 2.10
kililmp(fl?n(k)wm(k)) 5’ ( )
lim p(a:n(k), ajm(k),l) = E (2.11)
k—4o00 2

In view of (2.2), we get

ap(Tn(k)> Tm(k)-1) <O(Tn(k)s Tm(k)-1)
=ap(Tn(k)s Tm(k)—1) + 00Ty, TTn(k)) + cP(Tm) -1, TTm(r)—1)
+elp(@mr)—1: TTn(k)) + P(Tnik), TTm(rk)-1)]
=ap(Tn(k)y, Tm(k)—1) T OP(Tr(k), Tn(k)+1) + P(Tmk)—1> Tm(k))
+e[P(Tm(k)— 15 Tn(k)+1) + P(Tn(k)s Tm(k))]
<ap(Tn(k)ys Tm(k)—1) + 0P(Tr(k)s Tnk)+1) + P(Tm)—1> Tm(k))
Fe[p(Tmk) =15 Tnk)) + P(Tnk), Trk)+1) T P(Tnk)s Tmk))]-

Taking upper limit as kK — 400 and using (2.4), (2.10) and (2.11), we have

0<a < limsup 0(2p k), Ty —1) < (@ + 26)E < =
9 = ot 2=
This implies that there exist €; > 0 and a subsequence {x,(;(p))} of {Znx)} such
that

N ™

S O(@nrp)) Tmk(p)-1) = €1 <

By the lower semi-continuity of ¢ we have
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Now by (2.1) we get

e, ..
1/)(5) =lmsup ¥ (P(Zn(k(p))s Tm(k(p))))

p——+oo
<lmsup ¥(p(Tn(k(p))> Tnk@)+1) T P Tnkp))s TTmkp)-1))

p——+00

= 1imiup YT T p))s TTm(k(p))—1))
pP—T00

<Hmsup[Y(0(zn(k(p))s Tm k) -1)) = LO(@n(rm)> TmEm)-1))]

p——+00
=t(er) — Lim inf o(O(2n(r(p))» Tm(ke))-1))

<t(e1) — p(e1)
<u(5) - (1),

which is a contradiction. Therefore {2, } is a Cauchy sequence in the metric space
(X,p®). From Lemma 1.5, (X, p®) is a complete metric space. Then there is z € X
such that

lim p°(x,,2) =0.

n—-+4oo

Again, from lemma 1.5, we have thanks to (2.4) and the condition (p2)
p(z,2) = lim p(zp,2) = lim p(z,,z,) =0. (2.12)
n—4oo n——+o0o

We will prove that Tz = z.

1. Assume that (i) holds, that is, T is continuous. By (2.12), the sequence {xn}
converges in (X, p) to z, and since T is continuous, hence the sequence {Tz,}
converges to Tz, that is

p(Tz,Tz) = lir+n p(Txy, Tz) (2.13)
Again, thanks to (2.12),
p(z,Tz) = lirf p(x,, Tz) = lir_irrl p(Txp_1,Tz) =p(Tz,Tz). (2.14)

On the other hand, by (2.1), (2.14)
V(p(2,Tz2)) = Y(p(T2,Tz)) < P(0(2, 2)) — ¢(0(z,2)),

where from (2.12) and the condition (p2)
0(z,2) = ap(z,2) + (b+ c+2e)p(z,Tz) = (b+ c+ 2e)p(z,Tz) < p(z,Tz).
Thus,
b(p(2,Tz)) <P(0(z, 2)) — ¢(6(2,2))
<Y(p(2,Tz)) = ¢(0(2,2)).

It follows that ¢(6(z, z)) = 0, s0 0(z, z) = (b+c+2e)p(z,Tz) = 0, thatis p(z,Tz) =0
because e > 0. Hence z = T'z, that is, z is a fixed point of T".
2. Assume that (ii) holds. Then, we have z,, < z for all n. Therefore, for all n, we
can use the inequality (2.1) for z,, and 2. Since
0(z,2n) =ap(z,2,) + bp(2,Tz) + cp(xp, Txy) + e[p(@n, Tz) + p(z, T2y)]
=ap(z,n) + bp(2,T2) + cp(Tn, Tnt1) + e[p(Tn, T2) + p(2, Tng1)],
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hence, from (2.4), (2.12), lirf 0(z,2,) = (b+ €)p(z,Tz). We have
n—-—+0oo

Y(p(Tz, 2)) =limsup(p(T'z, Tni1))

n—-+o0o
=limsup(p(Tz, T,))

n—-+o0o

<limsup¥[(¥(z, xy)) — @(0(z, 2,))]

n—-+00

<Y((b+e)p(Tz,2)) — p((b+e)p(Tz, 2))
<P(p(Tz,2)) — o((b+e)p(Tz, 2)).

Then, ¢((b+ e)p(T'z,2)) = 0, and since e > 0, hence by the property of ¢ we have
p(Tz,z) =0, so Tz = z. This completes the proof of Theorem 2.1. O

Remark 2.2. Theorem 2.1 holds for ordered partial metric spaces, so it is an
extension of the result of Nashine and Altun [17] given in Theorem 1.9 which is
verified just for ordered metric ones.

Corollary 2.3. Let (X, <) be a partially ordered set and (X, p) be a complete partial
metric space. Suppose thatT : X — X be a nondecreasing mapping such that for
every two comparable elements x,y € X

p(Tz,Ty)) < 0(z,y) — p(0(z,y)), (2.15)

where
0(z,y) = ap(x,y) + bp(z,Tx) + cp(y, Ty) + e[p(y, Tx) + p(x, Ty)], (2.16)

witha,e >0;b,¢>0,a4+b+c+2e <1, andp: [0,+00) — [0,+00), ¢ is a lower
semi-continuous functions and p(t) = 0 if and only if t = 0. Also suppose, there
exists xg € X withxg < Txy. Assume that:

() T is continuous, or

(ii) if a nondecreasing sequence {x, } converges to z in (X, p), then x,, < z for all n.
Then T has a fixed point, say z. Moreover, p(z, z) = 0.

Proof. 1t suffices to take ¢ (t) = t in Theorem. O

Corollary 2.4. Let (X, <) be a partially ordered set and (X, p) be a complete partial
metric space. Suppose that T : X — X be a nondecreasing mapping such that for
every two comparable elements r,y € X

p(Tz,Ty)) < kO(z,y), (2.17)
where
0(z,y) = ap(x,y) + bp(z,Tx) + cp(y, Ty) + e[p(y, Tx) + p(x, Ty)], (2.18)

withk € [0,1), a,e > 0;b, ¢ > 0anda+ b+ ¢+ 2e < 1. Also suppose, there exists
xg € X withxg < Txy. Assume that:

() T is continuous, or

(ii) if a nondecreasing sequence {x,} converges to z in (X, p), then x,, < z for alln.
Then T has a fixed point, say z. Moreover, p(z,z) = 0.

Proof. 1t suffices to take ¢(t) = (1 — k)t in Corollary 2.3. O

We give in the following a sufficient condition for the uniqueness of the fixed
point of the mapping 7.
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Theorem 2.5. Let all the conditions of Theorem 2.1 be fulfilled and let the following
condition hold: for arbitrary two points x,y € X there exists z € X which is compa-
rable with both z and y. If (a + 2b+2e) < 1 or (a + 2¢+ 2¢) < 1, then the fixed point
of T' is unique.

Proof. Let u and v be two fixed points of T, i.e., Tu = u and Tv = v. We have in
mind, p(u,u) = p(v,v) = 0. Consider the following two cases:
1. v and v are comparable. Then we can apply condition (2.1) and obtain that

Q/J(p(ua U)) = 1/J(P(TU> TU)) < ¢(9(u7 U)) - <p(9(u, ’U))7
where
0(u, v) =ap(u, v) + bp(us, Tw) + cp(v, Tv) + elp(u, To) + p(v, Tw)]
=(a + 2¢e)p(u,v) + bp(u,u) + cp(v,v)
<(a+b+c+2e)p(u,v) < p(u,v).

We deduce 9¥(p(u,v)) < ¥(p(u,v)) — p(0(u,v)), ie, O(u,v) = 0, so p(u,v) = 0,
meaning that u = v, that is the uniqueness of the fixed point of 7'.
2. Suppose now that u and v are not comparable. Choose an element w € X
comparable with both of them. Then also u = T"wu is comparable with T™w for
each n (since 7T is nondecreasing). Applying (2.1), one obtains that

U(p(u, T"w)) =4 (p(TT" ™ u, TT" " w))
<Y O(T" ru, T tw)) — @(O(T" tu, T tw))
(0, T" 1)) — (0w, T )
where
O(u, T"'w) =ap(u, T"*w) + bp(u, TT"  u) + ep(T™ 1w, TT" 'w)

te[p(u, TT" *w) + p(T" *w, Tu)]

=ap(u, T" " 'w) + bp(u, u) + cp(T™ 1w, T"w)

+e[p(u, T"w) + p(T"  w, u)]

=(a + e)p(u, T" 'w) + ep(T" *w, T"w) + ep(u, T"w)

<(a+c+e)p(u, T w) + (¢ + e)p(u, T"w).

Similarly as in the proof of Theorem 2.1, it can be shown that, under the condition
(a+2c+2e) <1

p(u, T"w) < p(u, T" 'w).
Note that when we consider

P(p(T"w, w)) < PO w,u)) — (0T w, u))
where
(T tw,u) =(a + e)p(u, T" *w) + bp(T" *w, T"w) + ep(u, T"w)
<(a+b+e)p(u, T" 'w) + (b+ e)p(u, T"w),

hence, one finds under (a + 2b + 2¢) < 1 that

p(T"w,u) < p(T" 1w, ).
In each case, it follows that the sequence {p(u, f"w)} is nonincreasing and it has
a limit [ > 0. Adjusting again as in the proof of Theorem 2.1, one can finds that
! = 0. In the same way it can be deduced that p(v,T"w) — 0 as n — +oo. Now,
passing to the limit in p(u,v) < p(u, T"w) + p(T"w, v), it follows that p(u,v) = 0,
so u = v, and the uniqueness of the fixed point is proved. O
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Example 2.6. Let X = [0,+00) endowed with the usual partial order (which is a
total order). Let p(z,y) = max(x,y). For any =,y € X, we have p*(z,y) = |z — y|.
Then, (X,p®) is a complete metric space, and so for (X,p). Take T : X — X be

defined as

1
- —-aZ.
Tx 51‘

Letting ¢ = 0, we have zg = 0 < 0 = T'zy. The mapping T is nondecreasing. Also,

take a = %,e:%andb:c:o,so
1 1 1 1
O(x,y) = §p(a:,y)—l—g[p(x,Ty)—&—p(y,Tx)] =3 max{x,y}—i—g[max{x,Ty}+max{y,Tx}].

Moreover, define

Note that
1 1
Y(p(Tz, Ty)) = max{z,y} < 1 max{z,y}

§i max{z,y} + %[max{m, Ty} + max{y, Tz}] = %9(307 y)

=p(0(z,y)) — ¢(0(z,y)).

Thus, the inequality (2.1) is verified for each comparable z and y. All the hypotheses
of Theorem 2.5 are verified. Here, T' has a unique fixed point, which is z = 0.

Now we will give a common fixed point theorem for two maps. For this, we need
the following definition, which is given in [13].

Definition 2.7. Let (X, <) be a partially ordered set. Two mappings S,7T : X — X
are said to be weakly increasing if Sx < T'Sx and Tz < STz forall z € X.

Note that, two weakly increasing mappings need not be nondecreasing. There
exist some examples to illustrate this fact in [3]

Theorem 2.8. Let (X, <) be a partially ordered set and (X, p) be a complete partial
metric space. Suppose thatT, S : X — X are two weakly increasing mappings such
that for every two comparable elements z,y € X

Y(p(Tx, Sy)) < P(u(z,y)) — e(u(z,y)), (2.19)

where

u(w,y) = ap(x,y) + bp(x, Tx) + cp(y, Sy) + e[p(y, Tx) + p(x, Sy)], (2.20)

witha,e > 0;b,¢>0,a+b+c+2e <1, and,p : [0,+00) — [0,4+00), ¥ is a
continuous, nondecreasing, ¢ is a lower semi-continuous functions and ¢ (t) = 0 =
»(t) if and only ift = 0. Also suppose, there exists ro € X with xg < Txy. Assume
that :

() T' is continuous, or

(ii) S is continuous, or

(i) if a nondecreasing sequence {x.,} converges to x in (X,p), then z,, < x for all n.
Then, S and T have a common fixed point.

Proof. Let z( be an arbitrary point of X. We can define a sequence {z,} in X as
follows:

Topt1 = STo, and xgpyo9 = Twxo,y1 for n €N
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Since S and T are weakly increasing, we have x1 = Szg < T'Sxg = Tx1 = 22 and
xo =Try < STxy = Sxe = x3. Continuing this process we have

1 S w2 <. < Ty anJrl <.

The terms x2,—1 and 2, are comparable then we can use the inequality (2.19) and
we have

Y(p(Txon—1,Sw2n)) < Y(u(T2n—1,T2n)) — P(u(T2n-1,T2n)), (2.21)
where
w(Tan—1, Tan) = ap(Tan—1, Tan) + p(Tan—1, TTon_1) + cp(Tan, Stap)
+e[p(xon, TTon—1) + p(2n—1, ST2n)]
= (a+b)p(Tan—1,72n) + cp(Tan, T2n+1) + e[p(T2n, T2n) + P(T2n—1, T2n+1)]

<(a+b+e)p(xan_1,T2m) + (c+ e)p(xa,, Tant1), using (p4).
(2.22)

Now, we claim that
P(Tnt1,2n) < p(Tpn,Tp_1), Vn &N (2.23)
If p(22n+1, Tan) > p(Tan, Tan—1) for some n € {1,2,...}, then
w(Ton—1,%on) < (@ + b+ c+ 2e)p(xant1, Tan) < p(Tant1, Ton),
and so by (2.21) we have
V(p(z2n, Tant1)) < V(P(T2n+1, T2n)) — P(w(@2n-1, T20)),
s0 u(Ton—1,T2,) = 0, then from (2.22), we get
(a4 b)p(z2n—1, T2n) + cp(T2n; T2nt1) + €[p(T2n, T2n) + P(T2n—1, Tont1)] = 0.
Having in mind that e > 0 and a > 0, hence
P(T2n—1,%2) = p(T2n, Tan) + P(T2n—1, Tans1) = 0. (2.24)
Since p(zan, Zon) < p(Tan—1,T2n), then p(Tan, x2,) = 0, so by (2.24),
p(Tan—1,Z2n+1) = 0. (2.25)
By assumption, we have p(Z2,41,%2,) > 0 = p(Z2n, Z2n—1). On the other hand, by
property (p4)
0 < p(Tant1, T2n) < P(Tant1, Tan—1) + P(T2n-1, Ton)
= p(@2nt1,T2n-1) + 0 = p(Tan+1, Ton—1),
hence p(z2,41,T2n—1) > 0, which is a contradiction with respect to (2.25). So we
have p(2n41, Tan) < p(Tan, Tan—1) for all n € N*. Similarly, we have
P(Tan+1, Tan+2) < P(T2n, Tan+1)-
Therefore, (2.23) holds for any n € N*. Hence, the sequence {p(z,+1, %)} is nonin-
creasing and bounded below. Thus there exists p > 0 such that nl_lgloo P(Try1,Tn) =

p. In particular, we give

lim p($2n71‘2n+1) = lim ,p(x2n—17x2n) = p.
n—-+oo n——+;1

Suppose that p > 0. Therefore, from (2.22)

lim sup ap(z2n—1, T2n) < limsup u(z2,—1, T2n)
n—-+4o0o n—+4o0o

< lim Sup{(a’ +b+ e)p(x2n717 x2n) + (C + e)p(x?ﬂ» x2n+1)}~

n—-+oo



FIXED POINT THEOREMS IN ORDERED PARTIAL METRIC SPACES 279

This implies 0 < ap < limsup,,_, , . u(®2p—1,%2,) < (a4 b+ c+ 2e)p < p and so
there exist p; > 0 and a subsequence {u(Zon k)1, T2n(k))} Of {u(T2n—1,72,)} such
that

kglfoo u(xQn(k)—la xQn(k)) =p1 <p.

By the lower semi-continuity of ¢ we have
90(/71) < lklglj}g (P(u(x%z(k)—la xZn(k)))'
Now, by (2.19), we have
V(P(Tan(k)s Tan(k)+1)) =V (T Tonk) -1, STan(k)))
S¢(u($27L(k)—l7 x2n(k))) - @(U(wgn(k)_l, xQn(k)))a
and taking the upper limit as k¥ — 400, we have
Y(p) <v(p1) — 1kl§+1101§ O(u(Ton(k)y—15 Tan(k)))

<i(p1) — @(p1)
<(p) — w(p1),

so ¢(p1) = 0, which is a contradiction. Therefore, we have

lim p(zpy1,2,)=p=0. (2.26)

n—-+4oo

Now, we prove that {z, } is a Cauchy sequence in (X, p). Again, from Lemma 1.5,
we need to check that {x,, } is Cauchy in (X, p®). To do this, it suffices to prove that
{z2n}is Cauchy in (X, p®). We proceed by contradiction. Then we can find ane > 0
such that for each even integer 2k there exist even integers 2m(k) > 2n(k) > 2k
such that

P (Ton(k)s Tam(k)) = €- (2.27)
By choosing 2m(k) to be smallest number exceeding 2n(k) for which (2.27) holds,
we may also assume

P (Tom(k)—2> Tan(k)) < € (2.28)
Now, (2.27) and (2.28) imply
0 <& < p*(Tan(k)s Tam(k))
< P (Ton(k)s Tamk)—2) + P (Tamk)—2> T2mk)—1) + P (T2m (k) =1, T2m(k))
< e+ P (Tamk) -2, Tam(k)—1) + P (T2m(k)— 1 T2m (k) )
and so thanks to (2.26)

kgrfoop (Ton(k)s Tam(k)) = €- (2.29)

Also, by the triangular inequality,
1D (Zon(k)> Tamk)—1) — P (Z2n (k) T2mk))| < P°(T2m(k) =15 T2m(k))s
and
IP* (T2n (k) +15 T2m(k)—1) =P (T2n(k)s Tam(k)) | < P°(T2mk)—15 T2mk) )+ (T2n (k) Tan(k)+1)-

Therefore we get

li 5 = 2.
Jim p (T2n (k) T2m(k)—1) = €, (2.30)
and

lim  p*(Ton(k)+1> Tamk)—1) = € (2.31)

k— o0
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On the other hand, by definition of p®, as in (2.10) and (2.11), we get from (2.26),
(2.29), (2.30) and (2.31)

3

i —— 2.32

L0 P(Zan(k) T2m(k)) = 5 (2.32)
e

i = 2.33

kirilmp($271(k)7$2m(k) 1) 2’ ( )

m  p(Ton(k)+1> Tamk)—1) = - (2.34)
k—+4o00 2

On the other hand, since %2, ) and Z2,,(x)—1 are comparable, we can use the
condition (2.19) for these points. By, (2.26), (2.32), (2.33) and (2.34)

kggloo UW(T2m(k)—15> T2n(k)) = kginoo (ap(x2m(k)—17x2n(k)) + bp(@2m(k)—15 TT2m(k)—1)

+ ep(Tan(k), STank)) + e[P(T2nk)s TT2mk)—1)

+ p(T2m(k)—1, Swzn(k))]>

= kginoo (ap(wzm(k)—hxzn(k)) + bp(T2m (k) =15 Tam(k))

+ ep(Tan(k), Tan(k)+1) + e[P(Tan(k)s Tam(k))

+ P(T2m (k) -1 x?n(k)+1)]>

9
= 2 —
(a+2e)3,

then we have

£ .
¢(§) =limsup ¢(P(x2n(k), 372m(k)))
k—-+o00

< 1]i€mJSrup Y(P(Tan(k)s Tank)+1) + P(T2nk) 115 Tam(k) )
— 100

< 1]i€m sup Y (p(Tan(k)s Tan(k)+1) + P(STan(k)s TTom(k)—1))
— 400

= lim sup ¥ (p(SZ2n k), TTom(k)-1))
k—+oo

< 1li€m Sup[t (w2 (k)—15 Tan(k))) — L(U(Z2m k)15 Tan(k)))]
— 400

=((a+20)3) — lim inf @(u(@am()-1, Z2n (i)
<((a+20)3) - p((a+20)3)
<¥(5) — p((a+2)2).

This is a contradiction. Therefore {z,} is a Cauchy sequence in the metric space
(X, p®), which is complete from Lemma 1.5. Then there is z € X such that

li (2, 2) = 0.
w2 2)

Again, from Lemma 1.5, we have thanks to (2.26) and the condition (p2)

p(z,2) = lirf p(Tn,2) = lirf p(Tn,xn) =0. (2.35)
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We will prove that Tz = z.

1. Assume that (i) holds, that is T is continuous in (X,p). In view of Remark
1.8, we have T is continuous in (X, p®). Since the sequence {x2,1} converges in
(X, p®) to z, hence {Tx2,+1} converges to Tz in (X, p®), that is from Lemma 1.5

p(Tz,Tz) = liI}_l p(Txoni1,Tz) = lirf p(Txons1, TToni1)

= Jm p(Tant2, Tany2) =0 [by (2.26)].
(2.36)

Again, thanks to (2.35)-(2.36),

p(z,Tz) = lim p($2n+2, Tz)= lim p(Tzoni1,Tz) =p(Tz,Tz). (2.37)

n—-+ n—-+o0o

It follows that p(z,Tz) = 0. Hence z = Tz, that is, z is a fixed point of 7.

2. Assume that S is continuous. The proof of Sz = z will be done similarly as in
the first case (i).

3. Assume that (iii) holds. Then, we have x5, < z for all n. Therefore, we can use
the inequality (2.19) for =2, and z.

Y(p(Tz, 22n11)) =¢(p(Tz, S2n))
Sw(u(z7 :L‘?n)) - @(u(za xQn))’

where

u(z,xon) =ap(z, zan) + bp(2, T2) + cp(xan, Swan) + e[p(xan, T2) + p(z, Szap)]
:ap(zv xQn) + bp(z7 TZ) + Cp(fme x2n+1) + e[P(UUQm TZ) + p(Z7 m2n+1)]~

Thanks to (2.35), we get

lim w(z,22,) = (b+e)p(z,Tz) < p(z,Tz).

n—-+00

Therefore, taking the upper limit as n — 400, we obtain using the properties of
and ¢

P(p(T2,2)) < Y(p(2,T2) — o((b+ €)p(z,Tz)),

giving that p(z,Tz) =0, so Tz = z.

We have proved that z is a fixed point of a one mapping in each precedent case.
Now we show that, such z is also a common fixed point of S 'and 7" . Indeed, without
loss of generality, we take z be a fixed point of S. Now assume that p(z,Tz) > 0. If
we use the inequality (2.19), for x = y = z, we have

Y(p(Tz, 2)) =¢(p(T'2,52))

(u(z,2)) — p(u(z,2))

Y(p(Tz 2)) — ¢((a+c+e)p(z,
=¢(p(Tz,2)) — p((b+e)p(Tz,2)).

We have used (2.35) in the last identity, that is, p(z,z) = 0. It follows that ¢((b +
e)p(T'z,z)) =0, so by a property of ¢, we have (b+ e)p(T'z,z) =0 for e > 0, that is
p(T'z,z) = 0, which is a contradiction because we assumed that p(z,Tz) > 0. Thus
p(2,Tz) = 0 and so z is a common fixed point of S and T. The proof of Theorem
2.8 is completed. U

2)+ (b+e)p(Tz 2))



282 H. AYDI/JNAO : VOL. 2, NO. 2, (2011), 269-284

3. APPLICATION

In this section, we present some applications of previous results and we obtain
some fixed point theorems for single mapping and pair of mappings satisfying a
general contractive condition of integral type in ordered partial metric spaces. Take
I to be the set of
v : Ry — Ry which are Lebesgue integrable mappings, summable, nonnegative
and satisfy

1>
/ v(t)dt >0 foreach £ > 0.
0

Theorem 3.1. Let (X, <) be a partially ordered set and (X, p) be a complete partial
metric space. Suppose thatT : X — X be a nondecreasing mapping such that for
every two comparable elements x,y € X

P(p(Tz,Ty)) P(0(z,y)) (0(z,y))
/ u(t)dtg/ v(t)dt—/ v(t)dt, 3.1)
0 0 0

where

0(z,y) = ap(z,y) + bp(x, Tx) + cply, Ty) + e[p(y, Tx) + p(x, Ty)], (3.2)
witha,e > 0;b,¢>0,a+b+c+2e <1, and ), ¢ : [0,+00) — [0,400), P is a
continuous, nondecreasing, ¢ is a lower semi-continuous functions and ¥)(t) = 0 =
(t) if and only ift = 0. Also suppose, there exists xg € X with xg < Txg. Assume
that :

() T' is continuous, or
(ii) if a nondecreasing sequence {x,} converges to z in (X, p), then z,, < x for alln.
Then T has a fixed point.

Proof. Define A : Ry — Ry by A(z) = [ v(t)dt, then A is continuous and
nondecreasing with A(0) = 0. Thus, equation (3.1) becomes

A(p(Tz, Ty))) < A(0(z,y))) — Alp(0(x,y)))

which further can be written as

Pi(p(Te, Ty)) < u(0(z,y) — e1(0(,y)),
where {1 = A o and ¢; = A o p. Hence, Theorem 2.1 yields a fixed point. g

Theorem 3.2. Let (X, <) be a partially ordered set and (X, p) be a complete partial
metric space. Suppose thatT,S : X — X are weakly increasing such that for every
two comparable elements x,y € X

Y(p(T=z,Sy)) Y(u(z,y)) e(u(z,y))
/ o(t)dt < / o()dt — / o(t)dt, 5.3)
0

0 0
where

u(z,y) = ap(z,y) + bp(z, Tx) + ep(y, Sy) + elp(y, Tx) + p(x, Sy)], (3.4)

witha,e > 0;b,¢>0,a+b+c+2e <1, and ,p : [0,400) — [0,+00), ¥ is a
continuous, nondecreasing, ¢ is a lower semi-continuous functions and 1(t) = 0 =
©(t) ifand only ift = 0. Assume that :

() T' is continuous, or

(ii) S is continuous, or

(iii) if a nondecreasing sequence {x,,} converges to x in (X, p), then z,, < z for all n.
Then T and S have a common fixed point.
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Proof. Define A : R — Ry by A(z) = [Jv(t)dt, then A is continuous and
nondecreasing with A(O) = 0. Thus, equation (3.3) becomes

AW (p(Tz, Sy))) < A(u(z,y))) — Alp(ulz,y)))

which further can be written as

1(p(Tx, Sy)) < r(u(z,y) — o1 (u(z,y)),

where 17 = Ao and 91 = A o p. Hence, Theorem 2.8 yields a common fixed
point. U
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1. INTRODUCTION

The study of fixed points for multivalued contractions and nonexpansive map-
pings using the Hausdorff metric was initiated by Markin [9] and Nadler [10]. Since
then the metric fixed point theory of multivalued mappings has been rapidly de-
veloped. The theory of multivalued mappings has applications in control theory,
convex optimization, differential equations and economics. Theory of multivalued
nonexpansive mappings is harder than the corresponding theory of singlevalued
nonexpansive mappings. Different iterative processes have been used to approx-
imate fixed points of multivalued nonexpansive mappings. In particular in 2005,
Sastry and Babu [14] proved that the Mann and Ishikawa iteration process for
multivalued maping 7" with a fixed point p converge to a fixed point ¢ of 7" under
certain conditions. They also claimed that the fixed point ¢ may be different from
p. Panyanak [12] extended result of Sastry and Babu [14] to uniformly convex
Banach spaces. Recently, Song and Wang [17] noted that there was a gap in the
proof of the main result in [12]. They further revised the gap and also gave the af-
firmative answer to Panyanak’s open question. Shahzad and Zegeye [16] extended
and improved results already appeared in the papers [12, 14, 17]. Very recently,
motivated by [16], Cholamjiak and Suantai [2, 3] introduced some new two-step
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iterative process for two multivalued mappings in Banach spaces and prove strong
convergence of the proposed iterations.

Glowinski and Le Tallec [5] used three-step iterative process to find the ap-
proximate solutions of the elastoviscoplasticity problem, liquid crystal theory, and
eigenvalue computation. It has been shown in [5] that the three-step iterative
process gives better numerical results than the two-step and one-step approximate
iterations. In 1998, Haubruge et al. [6] studied the convergence analysis of three-
step process of Glowinski and Le Tallec [5] and applied these process to obtain new
splitting-type algorithms for solving variation inequalities, separable convex pro-
gramming and minimization of a sum of convex functions. They also proved that
three-step iterations lead to highly parallelized algorithms under certain conditions.
Thus we conclude that three-step process plays an important and significant part
in solving various problems, which arise in pure and applied sciences.

Now the aim of this paper is to introduce a three-step iterative process with er-
rors for multivalued mappings satisfying condition (C) and then prove some strong
convergence theorems for such process in a uniformly convex Banach space. Both
Mann and Ishikawa iterative processes for multivalued mappings can be obtained
from this process as special cases by suitably choosing the parameters. Our results
generalized recent known result in literature.

2. PRELIMINARIES

Recall that a Banach space X is said to be uniformly convex if for each ¢ € [0, 2],
the modulus of convexity of X given by:

) 1
0(t) = inf{l = glle+yl:llzll < Lyl < 1, [lz —yll = t}

satisfies the inequality §(¢) > 0 for all ¢ > 0.
A subset ¥ C X is called proximal if for each x € X, there exists an element
y € F such that

|z —y ||=dist(x, E) =inf{|| x — 2 ||: z € E}.

It is known that every closed convex subset of a uniformly convex Banach space is
proximal.
We denote by CB(E) and P(E) the collection of all nonempty closed bounded
subsets and nonempty proximal bounded subsets of E respectively. The Hausdorff
metric H on CB(X) is defined by

H(A, B) := max{sup dist(x, B), sup dist(y, A)},

T€EA yeb

forall A, B € CB(X).
Let T : X — 2% be a multivalued mapping. An element 2 € X is said to be a
fixed point of T', if x € T'z. The set of fixed points of 7" will be denote by F(T).

Definition 2.1. A multivalued mapping 7' : X — CB(X) is called
(i) nonexpansive if
H(T.Z‘,Ty) < ||33—y||, a:,yEX.
(i) quasi nonexpansive if F(T') # () and H(Tz,Tp) <||  —p || for all x € X and all
p e F(T).

In 2008, Suzuki [19] introduced a condition on mappings, called (C) which is
weaker than nonexpansiveness and stronger than quasi nonexpansiveness. Very
recently, Abkar and Eslamian [1] used a modified Suzuki condition for multivalued
mappings as follows:
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Definition 2.2. A multivalued mapping T': X — C'B(X) is said to satisfy condi-
tion (C) provided that

1
Sdist(z,Ta) < |lo =yl = H(Tz,Ty) < |z —yl, @.y€X.

Lemma 2.3. (1)) Let T : X — CB(X) be a multivalued nonexpansive mapping,
then T satisfies the condition (C).

Lemma 2.4. ([4]) Let T : X — CB(X) be a multivalued mapping which satisfies
the condition (C) and has a fixed point. Then T is a quasi nonexpansive mapping.

Lemma 2.5. ([4]) Let E be a nonempty subset of a Banach space X. Suppose
T : E — P(E) satisfies condition (C) then

H(Tx,Ty) < 2dist(z,Tx) + ||z — ¥,
holds forall z,y € E.
Lemma 2.6. ([20], Lemmal) Let {a,},{b,} and {4} be sequence of nonnegative
real numbers satisfying the inequality
Ap41 < (1 + (Sn)an + bn
If> 0 6, <ooand ) >, b, < oo, thenlim, . a, exists. In particular , if {a,}
has a subsequence converging to 0, then lim,,__,, a,, = 0.

The following Lemma can be found in ([1 1], Lemma 1.4)

Lemma 2.7. Let X ba a uniformly convex Banach space and let B,.(0) = {x €
X :|| z ||[< r}, r > 0. Then there exist a continuous, strictly increasing, and convex
Sunction ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that

lax + By +vyz+nw P<alz 48 |y I+ || 2 I* +nllwl® — afe(l = =y D),
forallz,y,z,w € B.(0), and a, 8,7v,n € [0,1]] witha+ 8 +~v+n=1.

3. MAIN RESULTS

In this section we use the following iteration process.
(A) Let X be a Banach space, E be a nonempty convex subset of X and
T1,T5,T5 : E — CB(FE) be three given mappings. Then, for 1 € F, we consider
the following iterative process:

wy = (1 —ap — by)xn + anz, + by, n>1,
Yn = (1 — cp — dy — )T, + Crtty, + dpuil, + €5, n>1,
Tni41 = (1 —Qy — Bn — ’Yn)xn + anvn + 6nU;L + ’Ynslria n>1,
where zp,,ul, € Th(2y) , Un,v), € To(wy,) and v, € T5(y,) and

{an}; {ba}, {en}, {dn}i{en} {an}, {Bn}, {7n} € [0,1] and {s,},{s,} and {s};} are

bounded sequences in E.

Definition 3.1. Amapping T : E — CB(FE) is said to satisfy condition (J) if there
is a non decreasing function g : [0,00) — [0,00) with g(0) = 0, g(r) > 0 for
r € (0,00) such that

dist(x,Tx) > g(dist(z, F(T)).
Let T; : E — CB(E),(i = 1,2,3) be three given mappings. The mappings
Ty,T>,Ts are said to satisfy condition (II) if there exist a non decreasing function
g :]0,00) — [0, 00) with g(0) =0, g(r) > 0 for r € (0,00), such that

1
gsum?zldist(m, T;x) > g(dist(z, F)),
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where F = ﬂg’zl F(T;).

Theorem 3.1. Let E be a nonempty closed convex subset of a uniformly convex
Banach space X . LetT; : E — CB(FE), (i = 1,2, 3) be three multivalued mappings

satisfying the condition (C) . Assume that F = ﬂ?:l F(T;) # 0 and T;(p) = {p}, (i =
1,2,3) for each p € F. Let {x,} be the iterative process defined by (A), and a,, +

o0

by Cntdy+ep, i+ B+ € [a,b] C (0,1) andalsod 7 b, <00, Y07 e, <00
andy | n < 00. Assume that T}, T> and T satisfying the condition (II). Then {x, }
converges strongly to a common fixed point of T1, T and T5;.

Proof. Let p € F. Then, by the boundedness of {s,},{s},} and {s/}, we let

M = maz{supnz1llsn — pll, supn>1lls;, — pll, supnz1lls; — pll}-

Using (A) and quasi nonexpansiveness of 7; (i=1,2,3) we have

| wn —p =11 (1 = an = bp)@n + anzn + bpsn —p ||
<A —an—"bn) | zn —p |l +tan || 20 —p || +bnllsn — pl|
=1 —an—by || 2o — p || +andist(zn, T1(p)) + bullsn — pll
< (U =an—=bn) | 2n = p [l +an H(Ti(2n), T1(p)) + bullsn — pll
S A =an—=0bn) | zn —p Il +an || 20 —p || +bnllsn —pll
< (A =bn)llzn — pll + bn M
< llen —pll +0u M

and

| yn —p =l (1 = cn = dn — en)xn + cptin + dpuy, + ens;, —p ||
S(L—cn—dn—en) [0 —pll +en [ un —pll +dn [| uy, — pll + enlls), — pll
<(1—cp—dp—en) || zn—p || +endist(un, To(p)) + dypdist(ul,, Ti(p)) + en|ls), — pl|
< (I=ep—dn—en) || 2n=p || +cnH(To(wy), To(p))+dn H(T1(zn), T1(p))+enllsy, —pl|
<(U—cn—dp—en) 2o —pll +en | wn —pll +dn | 20 —p | +enlls; — pll
<(=co—dn—en) |20 —pll +en | 20 —p |l +du || 20 — p | +cnbaM + ex M
< lzn —pll + bn M + e, M.

We also have

| Tt = =1 (1= = Br = W)@ + anvy + Buvy, + sy, —p ||

S —on=PBn—m) 20 —pll +an [ vn = p | +8n | v, = pll + mllsy — Pl
< (I=an =B =) [ 20 —p | +andist(vn, T5(p)) + Budist (v, T2(p)) +nllsy — bl
< (I—an=Bn=) || 2n—p | +enH(T3(yn), T3(p))+BnH (T2 (wn), T2 (p))+nllsy —p

S —an=Bn—w)lzn —pll +an | yn —p [ +8u | wa —p | +mllsy; — pll
< (A=an=0Bn="n) | 2o=p || +anl|zn—p|+anbn M+ayen M+ By |20 —pl|+Bnbn M+, M

S =)llzn = pll+ M(bn + en + )
< lzn —pll+ 00 3.1

where 6, = M(b, + e, + 7,). By assumption we have ) ° 6, < co. Hence by

Lemma 2.6 it follows that lim || «,, — p || exist for any p € F. Since the sequences
{zn},{yn} and {w,} are bounded, we can find r > 0 depending on p such that
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Ty, — Py Yn — P, Wy, — p € B(0) for all n > 0. Denote by
N = maz{supn>1llsn — %, suppz1lls), — pll*, supnz1llsy — pl*}-

From Lemma 2.7, we get

| wn = p 2=l (1 = an = bp)ap + anzn + busn —p ||
(1=an=bn) | 2n=p |” +an || 20=p [I> +bnl[sn—plI> —an(1—an—bpn)o(|lzn—2zn|)
(1=an=by || Tn—p ||* +andist(zn, Tr(p))*+bnllsn—pl* —an(1=an—bn) (| 2n—2n|)
(1=an—=bn) | £n—p |* +anH(T1(x0), To(p))*+bnllsn—pl|* —an(1—an—bn) o (|20 —2zn]|)
(1=an=bn) [ 2n=p |I> +an | 2o=p |* +ballsn—pl* —an(1—an—bn)e(|[2n—2u])
< (1 =bp)llzn = plI* + 6N — an(l — an — bp) ([0 — 2n))
<lan = pl? + 0o N = an(1 = an — bp)@([[2n — zal))

<
<

IAN A

It follows from Lemma 2.7 that

| yn —p ||2:|| (1—cn —dy — en)rn + cpiy + dnu; + ens; -Pp ”2

< (1= cn—dn—en) | 20— |2 +en | tn—p |2 +du || 1 — I + enlls), — pII

— (U= e =~ en)dnplan — ) = 50— 0 — dn — en)enpln — a)
< (A—cn—dn—en) | 2n—p II” +endist(un, Ta(p))*+dndist(u;,, Ty (p))*+enll s, —p|*
— 50 = e = do = )50 — ) = 51 = 0 — dn — en)eniolllzn — wal)
< (1=Cn—du—en) || 2—p |* +enH(To(wn), To(p))*+du H (T3 (2), Ty () >+ en 5y~
— (U e — o~ endnpln — ) = 50— 0 — dn — en)enplan — ual)
<(l—ch—dp—en) | Tn—p|? +en | wn —p||> +dn || 2o —p ||> +enlls, — pl?

— (U= — en)dnpln — ) — 51— 0 — dn — en)enplan — )
<(A—cp—dn—en) | Zn—p ) +cn | Tn —p|? +dn || 20 — p ||* +cubu N + e, N

(e — o — )l — ) — (1~ e — en)enp(l7n — )

< ||@y = plI* + bu N + e, N

— (U= e = o = en)dnpln — ) = 51~ 0 — dn — en)enp(n — ).
By another application of Lemma 2.7 we obtain that

|| Tn+l1 — P H2:|| (1 — Qp — ﬁn - 'Vn)xn + apv, + ﬂnv% + ’YnS/y; - D H2
SA—an="Bn—v) 2 —p > +an | vn —p I +8n || V), = > + Wmllsi — pl?

—an(l —an = B —y)e(|2n —vall)
< (A=an=Bn—n) | zn—p I +and28t(va3( ))?+Bndist(v),, To(p))*+n || s —pll>
—an(l—a, — Yn)e(|Zn — vall)

< (1= —Bn=n) | zn—p |7 +OénH(T3(yn)7T3(P)) 2460 H (Ta(wn), Ta(p)*+7m 51—l
—an(l —an = Bn — )e(|zn — vall)

< (1 —ay, — Bn _'Yn)Hxn —-p ||2 +ap || Yn — D ||2 +6n ” Wp — P ||2

+nlls — pl?
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- a”(l —an — B — 'Vn)SD(Hxn - vn”)
S (lfanfﬂnfryn) || Lp—pP H2 +Oén||$n7p||2+anbnN+an6nN+/Bn||$n7p||2+/8nbnN+’YnN

1
—an(l—an = Bn —m)e(|zn —val) — 50%(1 —cn — dp — en)dnp(||zn — u/nH)

1
- 50411(1 —Cp —dp — en)cn@(Hxn - unH) - anﬁn(l — Qn — bn)‘?(Hxn - Zn”)

1
< Hxn_p||2+N(bn+en+7n)_an(l_an—ﬂn—’Yn)‘P(Hxn_vnH)_ian(l_cn_dn_en)dﬂp(Hxn_uizH)

— g1 e = do — en)en(rn — ) = nBa(1 ~ @~ bu)o(lrn — 2.
So, we have
1, ,
5@ (1= ) (a, — )
< Lon(1 = e = du — en)dnp(lan — )

2
<z, —p ”2 @1 —p ”2 +N(bn + €n + Tn)-
This implies that

> (1 =b)p(|lzn —upll) < llwr = pl* + D N(bn + €n +m) < 00
n=1 n=1

/

from which it follows that lim,,_ . ¢(||z, — u,

and is strictly increasing, we have

|I) = 0. Since ¢ is continuous at 0

lim ||z, —u,| =0.
n—-oo
Similarly we obtain that
lim ||z, — 2n|| = lm ||z, —u,| = lim ||z, —v,|] =0.
n—soo0 n—oo n——-aoo

Hence we obtain dist(x,, Tizy,) < ||z, — ul,|| — 0 as n — co. Also we have

lim ||z, —wy| = lm (an||zn — Znll + bnllsn — zn|) = 0.
n—s-—oo n—-oo
and
lim ||z, —yull = lm_(cnllun — @all + dnlluy, — ol + enlls;, — znll) = 0.
— 00 n—o0

Therefore by Lemma 2.5 we have

dist(xn, To(xy)) < dist(zy, To(wy)) + H(Ta(wy), Ta(zy))
< dist(zy, To(wy)) + 2dist(wy, To(wy)) + ||xn — wn]|
< 3||@p — wy|| + 3dist(xy, To(wy,))
<3||zn —wnll +3||2n —unl]| — 0 as n— oo.

and

dist(xy, Tszy) < dist(zn, Ts(yn)) + H(T3(yn), T3(xn))
< diSt(xanS(yn)) + QdiSt(ynaTii(wn)) + ||xn - yn”
< 3||zn — ynll + 3dist(xy,, T5(yn))

<3|xn —Ynll + 3||Tn — vl — 0 as n — oo.
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Note that by our assumption lim,,_, dist(z,,F) = 0. Hence there exist a subse-
quence {z,, } of {z,} and a sequence {p;} in F such that ||z, — pk|| < 55 for all
k. Therefore by inequality 3.1 we get

||x7lk+1 _pH < Hxnk+1—1 _pH =+ 0"k+1—1
< ”xnk+1—2 7pH + 0"k+1—2 + 9"k+1—1
<..

nk+17nk71
< ”‘Tnk _p” + Z ank+i
i=1
for all p € F. This implies that

nk_*_l*nk*l
s =l < e, —pell + 3 Oy
i=1
1 ’I’Lk+17’ﬂk71
<ot D Onsie
=1

Now, we show that {p;} is a Cauchy sequence in E. Note that

[Pe+1 = Prll < Pkt = T |+ 2, — prll
Ngt1—Nkp—1
1
<gmtmt X Oue
i=1
nk+1—nk—1

1
2/@771 + Z enk—i-i-

i=1

<

This implies that {py} is a Cauchy sequence in E and hence converges to ¢ € E.
Since for7 =1,2,3

dist(pr, Ti(q)) < H(Ti(pr), Ti(q)) < llpx — 4|l

and pp — ¢ as n — oo, it follows that dist(q,T;(q)) = 0 and thus ¢ € F and
{zn,} converges strongly to ¢. Since lim,,_, ||z, — ¢|| exists, we conclude that
{z,} converges strongly to q. O

Theorem 3.2. Let I be a nonempty compact convex subset of uniformly convex
Banach space X . LetT; : E — CB(E), (i = 1,2, 3) be three multivalued mappings
satisfying the condition (C) . Assume that F = ﬂ?zl F(T;) # 0 and T;(p) = {p}, (i =
1,2,3) for each p € F. Let {x,,} be the iterative process defined by (A), and a,, +
by, Crtdn+en, an+Bn+7n € [a,b] C (0,1) andalsod o 1 b, <00, Y o0 e, <00
and Y | vn < o0. Then {x,,} converges strongly to a common fixed point of T1, T>
and T3.

Proof. As in the proof of Theorem 3.1, we have lim,, o, dist(T;(z,),z,) = 0, (i =
1,2,3). Since E is compact, there exists a subsequence {z,, } of {z,} such that
lim x,,, = w for some w € E. By lemma 2.6, for ¢ = 1,2, 3 we have

dist(w, T;(w)) < ||lw — zp, || + dist(zy,, T;(w))
< w = @, || + dist(zn,, Ti(wn,)) + H(Ti(2n, ), Ti(w))
< 3dist(xp,, Ti(zn,)) + 2w —zp, || — 0  as k — oo,
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this implies that w € F . Since {z,, } converges strongly to w and
lim,,_,o ||, — w|| exists (as in the proof of Theorem 3.1), this implies that {xz,, }
converges strongly to w. O

Remark: If we put 77 = T = T35 = T, then Theorem 3.1 also hold even if T is
quasi-nonexpansive.

We now intend to remove the restriction that T;(p) = p for each p € F. We define
the following iteration process.
(B): Let X be a Banach space, E be a nonempty convex subset of X and
T, : E— P(E), (i = 1,2, 3) be given mappings and

Pr,(z) ={y € Ti(2) :|| « — y ||= dist(z, Ti(2))}-
Then, for z; € E, we consider the following iterative process:

wy = (1 — ap — bp)Tpn + anzn + bpsn, n>1,

Yn = (1 —cp — dp — €n)Tn + Cptty + dpttl, + €ns, n>1,

Tn+1 = (1 —ap — fBn — Vn)xn + apvn + ﬁn'U;L + ’Yn&x’ n>1,

where z,,u}, € Pr, (xy,),un, v}, € Pr,(w,) and v, € Pp,(y,) and

{an} {bn}, {en}, {dn}s {en} {an}, {0n}, {1} € [0,1) and {s,}, {s;} and {s} are

bounded sequences in F.

Theorem 3.3. Let E be a nonempty closed convex subset of a uniformly convex
Banach space X. LetT; : E — P(E), (i = 1,2,3) be multivalued mappings such
that Pr, satisfing the condition (C). Let {z,} be the iterative process defined by
(B), and a,, + by, ¢y + dp + €,y + By + Y € [a,b] C (0,1) and also Y7 | b, <
00, Y., <ooandd O v, < oco. Assume that T1, T, and T satisfying the
condition (I) and F # (). Then {z,} converges strongly to a common fixed point of
Tl, T2 and T3 .

Proof. Letp € F. Then, for i = 1,2,3 we have p € Pr,(p) = {p} . Also, we have

lzn = pll < dist(zn, Pr,(p)) < H(Pr,(z0), Pr, (p)) < [len — pll
and

[un — pll < dist(un, Pr,(p)) < H(Pr,(wn), Pr,(p)) < [lwn — pl|,
and

lon = pl| < dist(vn, Pry(p)) < H(Pry(yn), Pry(p)) < llyn —pll-

Now, by similar argument as in the proof of Theorem 3.1, lim,,__ ||z, — ¢|| exists.
Also we get a sequence {p;} € F which converges to some ¢ € E. Since for each
1=1,2,3

dist(pr, Ti(q)) < dist(pr, Pr,(q)) < H(Pr,(px), Pr,(q)) <|| ¢ — & ||,

and p, — g as k — 00, it follows that dist(q,T;(¢)) = 0 for i = 1,2,3. Hence g €
F and {z,, } converges strongly to ¢. Since lim,,_, ||z, — ¢|| exists, we conclude
that {z, } converges strongly to q. O
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ABSTRACT. In the recent decade, a considerable number of optimal control problems have
been solved successfully based on the properties of the measures. Even the method, has
many useful benefits, in general, it is not able to determine the optimal trajectory and control
at the same time; moreover, it rarely uses the advantages of the classical solutions of the
involved systems. In this article, for a heating control system, we are going to present a new
solution path. First, by considering all necessary conditions, the problem is represented
in a variational format in which the trajectory is shown by a trigonometric series with the
unknown coefficients. Then the problem is converted into a new one that the unknowns
are the mentioned coefficients and a positive Radon measure. It is proved that the optimal
solution is exited and it is also explained how the optimal pair would be identified from the
results deduced by a finite linear programming problem. A numerical examples is also given.

KEYWORDS : Simultaneously Determining; Optimal Trajectory; Control of a Heating Sys-
tem.
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1. INTRODUCTION

According to an idea of L. C. Young, by transferring the problem in to a theoreti-
cal measure optimization, in 1986 Rubio introduced a powerful method for solving
optimal control problems ([1 1]). The important properties of the method (globality,
automatic existence theorem a linear treatment even for extremely nonlinear prob-
lems, ...) caused it to be applied for the wide variety of problems. Even the method
has been used frequency for solving several kinds of problems, like [3], [1], [4] and
[7], but at least two important points were not considered in applying the method
yet. Generally the method can not be able to produce the acceptable optimal tra-
jectory and control directly at the same time; and moreover, the classical format of
the system solution, usually is not taken into account. Therefore, there is no any
possibility to use this important fact and their related literatures in the analysis of
the system.
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In this article, we try to bring attention these two facts; for these perposes, an
optimal control problem governed by a one-dimensional wave equation system (a
heating system) with initial and boundary conditions and an integral criterion is
considered as a sample. Regarding a general format of the classical solution, the
problem is presented in a variational format and then by a doing deformation it
is converted into a measure theoretical one with some positive coefficient. Next,
extending the underlying space, using the density properties and applying some
discretization scheme cause to approximate the optimal pair as a result of a finite
linear programming. The approach would be improved if the number of constraints
and nods are exceeded . In this manner, the optimal trajectory and control is
determined at the same time.

2. THE CONTROL SYSTEM

For all t € [0,7] C R the deflection of the shell at an arbitrary point x in time t,
is denoted by u(t, ) which satisfies in the following equation ( see [7] and [13]):

Ut = Clgy (1)

where c is a constant that it dependents on physical structure of the heating. Since
the heating at its boundary there is no any heating at these points and hence we
have the following boundary conditions:

u(t,0) =u(t,L), VO <z <L.(2)

If the initial deflection are denoted by f(z), then the initial conditions of the system
are defined as:
f(@) = u(0,z); (3)

According to [8], u(t,z) belongs to the class of homogeneous Cauchy problems.
Thus it can have a unique bounded classic solution on D = [0,7] x [0, L], if f(x),
and the different orders of their partial derivatives are continuous. Moreover, as
mentioned in [7], the one-dimensional equation problem have the following Fourier
series as the solution:

u(t,x) = ZA,Le_k(T)tsinn—Lﬂ-:c (4)
n=1
Where
A, =2 fOL f(z)sin®Fx dx forn =1,2,...

Convergence of the above series (to a bounded solution of the problem) indicates
that one can approximate the solution by the finite number terms of the series.
Controlling the one-dimensional of heat system, needs to inter some power to the
system somehow. This fact can be done by inserting a shock on a specified place
of the shell. Without lose of the generality, suppose that the place for inserting the
shock be £. Now, let V C R be a bounded set, and ¥ = J(t) : [0,{] — V be a
Lebesgue-measurable control function. Moreover suppose
fo = fo(t,z,9(t)) : D x V — R be a continues function.

The aim is to find the optimal pair of the trajectory and control functions u(¢, x)
and ¥ = J(t) simultaneously, as an optimal solution for the following control prob-
lem:
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Min: I(P) = [, fo(t,x,9)dA

Sto: up = cugg; (5—1)

u(t,0) = u(t,L) =0; (5—2)

f(z) =u(0,2); (5-3) (5)

u|e =9(t). (5-4)

We remind that the objective functional [, fo(¢,2,9)dA can explain error of the
System or so on.

Definition: As a classical form, a pair P = (u, ¥) is called admissible if conditions
(5-2) to (5-4) are satisfied, and u be a bounded solution of (5-1). The set of all
admissible pairs is denoted by P .

Therefore, we wish to find the admissible minimizer pair for the functional I(P)
over P. It is necessary to indicate that the controllability and the observability
of the above system were discussed in many references such as [3]. Thus, we
can suppose that P is nonempty. In the next, we will try to find the solution of
(5) according to the trigonometrical series and use of the embedding method, as
mentioned in section one. For reaching to our purposes, we need to present the
problem in a new formulation.

3. NEW REPRESENTATION OF THE PROBLEM

For a fixed N, the optimal trajectory of (5) can be approximated by the first N
terms of a trigonometric series; i.e.:

'n27r2
u(t,z) = 25:1 Ane P )tsin"L—”x (6)

where A,, for n = 1,2, ..., N are unknown real coefficients that must be deter-
mined under the conditions (5-2) to (5-4). Since this coefficients are unknown, the
amount of the eliminated part of the solution in (4) (the tail of the series), can be
considered in the calculated amount for unknowns. We define:

_ —k(n2z2y . N
u"(t,x) = Ape T tgin—

T (1)

t,x) = — ”27;2 un, (t, x) and then we have:

one can easily show that @}, ., (

N N 2 9

nem?
uTTTf t T y Z xa:act Ziﬁugt(tv'x);

n=1 n=1

then, integrating over [0, 7] x [0, %] gives

Tk
/ / Uggptdxdt = / / L (t, x)dxdt;
o Jo o 1

By regarding the continuity of @" (¢, z)and its partial derivatives, one can change
the order of the integration. Then, by some simple calculations, the constraint (5-4)
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can be appeared as the following new format:
T N 2.2
m/ﬁmﬁ:E:Mm#TwﬂiTﬁ—U(&
0 n=1 2

Now, by considering the equations (6) and (8), the problem (5) can be represented
as the new following exhibition:

Min: I(P) = [}, fo(t,z,9(t))dA

Sto: f(x)= Zn 1 Ansin™FE (9)

2_2

foT D(t)dt = SN | A, sint (e FCEIT 1),

Let z9 = 0,21,%2,...,Zm = L be belong to a dense subsequence of [0, L]. If
m — oo then obviously the solution of the following problem converges to the so-
lution of (10). Thus, for a suitable numbers m, the solution of the problem (9) can
be approximated by the solution of the following one:

Min: I(P) = [ [0 [2 fol0, s, t)daldt = [ Fo(t,)dt
Sto: f(x)= Zn 1 Ansin™F® (10)

77,27\'2
fOT D(t)dt = SN | A, sint (e FCEIT 1),

4. METAMORPHOSIS

To show the existence of the optimal solution of (10) and introducing a simple
linear treatment for obtaining it, we follow [2] and [10] by applying some new ideas.
Hence, we do the metamorphosis step in this section, to deform the problem and
define it in a new space in which it has many advantages.

Let Q= [O T] x V, then for each (u,9) € P, Ay : C(Q) — R that

fo (t,19)dt be a positive continuous linear functional. Based on the Riesz
Representatlon Theorem ([13]), there exists a positive Radon measure py € M +(Q)
(the space of all positive Radon measures on () so that for all h € C(Q), puy(h) =
fQ h du = Ay(h). Therefore, problem (9) is changed into a new one in which its
unknowns are the coefficients A, (n = 1,2, ..., N) and a positive Radon measure,
say (1 , produced by the Riesz Representation Theorem. To be sure that we are able
to elastraite the global solution, like [10], we enlarge the underlying space and seek
on a subset of MT(Q2) which is defined by the last equations of (9). This means
that instead of searching for the optimal measure, say u* , between the introduced
measures from the Risez Representation Theorem, we seek in the set of all positive
Radon measures in which they just satisfy in the conditions of (10); hence, the
induced measures from the Risez theorem are belonged in this set and therefore
our minimization is global. Thus we try to solve the following problem:

Min : u(Fp)
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Sto: flz) = SN | A,sin™Tei;

u(v) = EnN:1 AnSin%(e_k(nLg T 1); (11)

i=1,2,...,m

() = ag, V€ € C(Q).

where the unknown measure p belongs to M (Q), C*(f2) is a subset of func-
tions in C'(2) that depends only on variable ¢ and a;¢ is the Lebesgue integral of ¢
over [0, 7] ; indeed the last set of equations is added to guarantee this property of
an admissible measure that its projection on the real line is the Lebesgue measure
(see for instance [11] and [2]).
Now, suppose that A,,’s are obtained by solving the following linear equations:

nrE; .
17 s 1=1,2,...,m

N
flz;) = Z A, sin
n=1

Then by substituting the obtained coefficients in the third equation of (11), the prob-
lem is converted into one in which the unknown is just the measure p € M1 ()
which satisfied in the last two conditions of (11). Thus, if ) be the space of all
measure in M+ (©) which satisfied the conditions of (11), as Rubio shown in [11],
@ is compact in the sense of weak* topology; moreover . — u(Fp) is a continuous
function. Since each continuous function has an infimum on a compact space
there exists an optimal measure, say *, which minimizes the objective function
of (11) and together with the obtained unknown are satisfied in the conditions of
(11).Thus , we have the following proposition.

Proposition 1: Problem (11) has the optimal solution.
Proof. see [9]. O

By regarding the result of Rosenblooms works in [10], the optimal measure has
the form

M
pt= Zaj5(zj) (12)

where 0(z;) is an atomic measure with the support of the singleton set {z;}, a; is
a nonnegative real coefficient, and z; is a point belongs to §2. Using (12) in (11),
changes the problem into a nonlinear one in which its unknowns are the coefficients
Ay, o, and the supporting points z; forn = 1,2,...,N and j = 1,2,..., M. We
know that, by doing a discretization on {2 with nodes z; = (¢;,9;), 7 =1,2,...,.M
in a dense subset of w C (), the supporting points can be determined; hence the
problem can be converted into a linear one. But, regarding the last set of equations
in (11), the number of constraints are still infinite. It would be more convenient
if somehow we could change the problem into a finite linear programming one.
Then in the next step of approximation, by choosing a dense countable subset of
C'(Q) and then selecting a finite number of its elements as &, for h = 1,2,..., K,
the total number of the constraints of the problem would be finite. Therefore, the
solution of (11) can be approximated by the following linear programming problem
with variables oj, j =1,2,...,M , and A}, A, that A,, = A} — A,,.
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Min : Z]]Vil Otho(tj,ﬁj)

n=1

S.to: fz) =N (AF — Ay)sin™m2i; (11)

Yol = Sl (A — Agsintg (e DT —1);

g n=1

Zjle Ozjfh(tj,’l?]‘) =ap, h=1,2,..., K.

a; >0, 7=1,2,....,M;,Af A, >0, n=1,2,...,N;

The density properties of the applied sets, indicate that if N, m,n,h chosen
bigger and bigger, the optimal solution of (13) convergence into the solution of (10),
or more precisely (5)(see [10]). Therefore, the solution of (5) can be approximated
from the results of the finite linear programming problem (13).

To set up (13), as mentioned in [10] and some other literatures (like [4]), for h =
1,2,...,K we choose 0 = ty < t; < ...tx = T and Dj, = [tp_1,tp) for h =
1,2,..., K and Dy, = [tx_1,tk]; hence UhK:1 Dy, = [0,T]. Now we define the function
&n as follow:
1t; € Dy

St 05) = { 0 ojtherwise
although these class of functions are not continuous but, when K — oo every
functions in C'(Q) can be approximated by a finite linear combination of these
functions (see [5]). In this manner, for an arbitrary function &, , we have
ap = fOT &p dt = t, — tp—1. Now by solving the linear programming problem (13),
one can obtain the optimal coefficients o, Aj, at the same time. Then, according
to (6) and the explained method in [10], simultaneously the optimal trajectory and
control functions can be determined, which is one of the main aim of this paper.

5. A NUMERICAL EXAMPLE

Based on the explained new approach, we incline to find the optimal pair of the
trajectory and control for vibrating system in (5) defined by:

Ut = Ugy
u(t,0) = u(t, L) = 0;
u(0,z) = 2%
with the performance criterion defined by Fy(t,9) = (9—t2)? ; indeed, here was sup-
posed that ¢ = 1, t € [0,0.01], D = [0,1] x [0,0.01],U = [-0.4,0.902], f(x) = z2.
Also we choose N = 20, m = 14. Then for discretization on () we chose 30 value
for 9, inU as ¥; = —0.4 + %, 30 value for ¢; in [0,1] as t; = 3% and 14 value
for z; in [0,1] as z; = #H forl,j =1,2,...,30 as also i = 1,2,...,14. Therefore,
for solving the problem, a similar linear programming problem like (13) with 980
variables was established as follow:

Min : 2?0:01 a;j(9—t%)?

s. to: 27210:1(A7+L — A )sin™E = a2 n=1,2,..,14;

71,27\'2
50, a0, — 20, (A7 — AgsinZ (e T 1) o,
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a1 +oag+...+agy = 0]., gl tQga+...+a150 = 01, 31 + Q32+ ...+ Qoo = 01,

ais1taisat. . Aagrg = 0.1; asritasra+. . .+asze = 0.1; ager+agee+. . .+arge = 0.1;

azz1t+aszat. Aoy = 0.1 aupr oyt . . Fasse = 0.15 argr+arsa+. . .+agee = 0.1;
Q541 + Qs42 + ...+ ag30 = 0.1;

AP AL >0, 7r=1,...,900, n=1,2,...,20;

Then we applied the subroutine DLPRS from IMSL library of Compaq Visual
Fortran to solve the above linear programming problem by Revised Simplex Method.
The optimal value of the objective function was obtained as 0.0000022463. The op-
timal value of the variables were as follows:

A7 =0.37628; A5 = —0.31364

Aj =0.19562; A} = —0.14974

Af =0.11342; Af = —0.091759
7 = 0.073306; A§ = 0.060027

Ag =0.0481107; A}, =0

A7, =0.28193; A7, =0

Aj3=0; A}; =0

Aty =0; Ajg = 0.0070069

Aj; =0; Ajg =0.021661

Ajg = 0.25242 A3, = 0.03849;

o =a5 =...=aj;=0.1

From the obtained optimal values, the nearly optimal piecewise-constant con-
trol was calculated as the explained manner in [11]. Also, by regarding (6) and the
above obtained optimal coefficient, the trajectory function v* (¢, z) was determined
by :

20
p(nix?y, . onT
u*(t,x) = E A e D )tsmfx
n=1

The obtained nearly optimal control and trajectory functions are plotted in figures 1
and 2 respectively (since the optimal trajectory is a variable function, it was plotted
for some especifeid times).
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ABSTRACT. In this paper, a generalization of convexity, namely (G, «)-invexity, is con-
sidered in the case of nonlinear multiobjective programming problems where the functions
constituting vector optimization problems are differentiable. Two auxiliary programming
problems are constructed to present the modified Kuhn-Tucker necessary optimality con-
ditions for (CVP). With the help of auxiliary programming problems (G-CVP), the relation
between (CVP) and (G-CVP) is discussed; while with the help of (p¢ P), a new Kuhn-Tucker
necessary condition for (CVP) is presented. Furthermore, the sufficiency of the introduced G-
Karush-Kuhn-Tucker(G-Kuhn-Tucker) necessary optimality conditions, for nonconvex mul-
tiobjective programming probleminvolving (G, «)-invex functions, is proved.

KEYWORDS : (G R a)—invexity; Kuhn-Tucker constraint qualification; (weakly) efficient solu-
tion; G-Kuhn-Tucker necessary optimality conditions.
AMS Subject Classification: 90C29, 90C46.

1. INTRODUCTION

Convexity plays a central role in many aspects of mathematical programming in-
cluding analysis of stability, sufficient optimality conditions and duality. Based on
convexity assumptions, nonlinear programming problems can be solved efficiently.
There have been many attempts to weaken the convexity assumptions in order to
treat many practical problems. Therefore, many concepts of generalized convex
functions have been introduced and applied to mathematical programming prob-
lems in the literature [1, 2, ]. One of these concepts, invexity, was introduced
by Hanson in [7]. Hanson has shown that invexity has a common property in
mathematical programming with convexity that Karush-Kuhn-Tucker conditions
are sufficient for global optimality of nonlinear programming under the invexity as-
sumptions. Ben-Israel and Mond [6] introduced the concept of pre-invex functions
which is a special case of invexity.

* Corresponding author.
Email address : ydhlxl@hstc.edu.cn(D.H. Yuan).
Article history : Received 9 May 2011. Accepted 30 August 2011.
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Recently, Antczak extended further invexity to G-invexity [3] for scalar differen-
tiable functions and introduced new necessary optimality conditions for differen-
tiable mathematical programming problem. Antczak also applied the introduced
G-invexity notion to develop sufficient optimality conditions and new duality re-
sults for differentiable mathematical programming problems. Furthermore, in the
natural way, Antczak’s definition of G-invexity was also extended to the case of
differentiable vector-valued functions. In [4], Antczak defined vector G-invex (G-
incave) functions with respect to 7, and applied this vector G-invexity to develop
optimality conditions for differentiable multiobjective programming problems with
both inequality and equality constraints. He also established the so-called G-
Karush-Kuhn-Tucker necessary optimality conditions for differentiable vector op-
timization problems under the Kuhn-Tucker constraint qualification [4]. With this
vector G-invexity concept, Antczak proved new duality results for nonlinear differ-
entiable multiobjective programming problems|[5]. A number of new vector duality
problems such as G-Mond-Weir, G-Wolfe and G-mixed dual vector problems to the
primal one were also defined in [5].

Motivated by [4, 5, 9], we present new classes of generalized convexity, namely
vector (G, a)-invexity, in this paper. Basing on this new vector (G, «)-invexity, we
have managed to deal with nonlinear programming problems under some assump-
tions. The rest of the paper is organized as follows: In section 2, we present
concepts regarding vector (G, «)-invexity, and discuss In section 3, we firstly
present G-Karush-Kuhn-Tucker necessary optimality conditions for mathematical
programming problems with a different method from Antczak’s one in [4]. More-
over, with the vector (G, «)-invexity assumption, we prove G-Karush-Kuhn-Tucker
sufficient optimality conditions for mathematical programming problems.

2. VECTOR (G, a)-INVEX FUNCTIONS

In this section, we provide some definitions and some results that we shall use
in the sequel. The following convention for equalities and inequalities will be used

throughout the paper. For any x = (x1,z9, - ,:L‘n)T, y = (Y1,92, - ,yn)T, we
define:

z>yifandonlyifz; > y;, fori =1,2,--- | n;

z 2 yifand only if z; > y;, fori =1,2,--- n;

x> yifand only if z; > y;, fori =1,2,--- . n, butx # y;
T % y is the negation of x > y.

We say that a vector z € R” is negative if z < 0 and strictly negative if z < 0.

Let f = (f1, -+, fx) : X — R¥ be a vector-valued differentiable function defined
on a nonempty set X C R", Iy, (z), i = 1,--- ,k, be the range of f;, that is, the
image of X under f;. Let G; = (Gyp,---,Gyp) : R — R* be a vector-valued
function such that any of its component Gy, : If,(X) — R is a strictly increasing
function on its domain.

Definition 2.1. Let f = (f1,---, fx) : X — R* be a vector-valued differentiable
function defined on a nonempty open set X C R”, I, (z),i=1,--- , k, be the range
of f;. If there exist a differentiable vector-valued function Gy = (Gy,,--- ,Gy,) :

R — R* such that any of its component G 7+ 15 (X) — Ris a strictly increasing
function on its domain, a vector-valued function 7 : X x X — R” and real function
a;: X x X - R4 (i € K) such that, for all z € X (z # u),

G (fi(x)) = G, (fi(w) = i@, w)G, (fi(w)V filwn(z, u),i =1,k (2.1)
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then f is said to be a (strictly) vector (G 1 a)—invex function at u on X (with respect
to 1) (or shortly, (G, a)-invex function at u on X), where a := (a1, a2, -+ ,ap)7.
If (2.1) is satisfied for each u € X, then f is vector (G, o)-invex on X with respect
to 7.

Remark 2.2. In order to define an analogous class of (strictly) vector (G £ a)—incave

functions with respect to 7, the direction of the inequality in the definition of these
functions should be changed to the opposite one.

Remark 2.3. (1) If f is (G ¢, a)-invex function, then, by Definition 2.1 and definition
of a-invex in [9], G (f)(z) = (G, (f1(2)), Gy, (fa(2)), -+, G (fr(@)), Gp(f) 1s a-

invex.

(2) If Gy, (a) = a,Va € R, then (G}, a)-invex function is a-invex defined in [9].

(3) If a(z,u) = 1,Va,u € X, i € K, then (Gy, a)-invex function is vector G-
invex defined in [4]. Further, if |[K| = 1, then (G, «)-invex function is G y-invex
defined in [3].

Hence, the (G, a)-invex function is a generalization of a-invex and G-invex
function.

In general, a multiobjective programming problem is formulated as the following
vector minimization problem:

(CVP) minf(z): = (f1(2), f2(2), -, fu(@)),
st g(x) : = (91(2), 92(2), -, gm
h(CU) - = (h1($)7 hQ(x)7 e hy
reX
where X is a nonempty set of R", and f; denotes a real-valued differentiable
function on X. We denote by K := {1,2,--- ,k}, M := {1,2,--- ;m} and P :=
{13 27 e ap}

Let Ecyp ={z € X : gj(z) <0,j € M, h(x) = 0,t € P} be the set of all feasible
solutions for problem (CVP). Further, we denote by J(z) := {j € M : g;(z) = 0}
the set of constraint indices active at T € Ecyp.

For the convenience, we need the following vector minimization problem:

(G-CVP) minGf(z): = (Gp(fi(x), Gp(f2(2),- Gfk(fk( )
s:t. Gag(x) : = (Gg, (91(2)), Gy, (92(2) qm(gm( ))) = Gy(0)

th(l‘) L= (Ghl (h1($)),Gh2(h2($ )’ ( ( ))) ( )
reX

)
)

where

Gy(0) = (G, (0), Gy (0), -+, Gy, (0)), Gn(0) := (Gn, (0), Gny(0), -+, G, (0)) -
We denote by Eq_cvp = {z € X : Gyg(x) < G4(0),Grh(z) = G,(0)}, J'(z) :=
{7 € M : Gy9;(Z) = Gg,(0)}. Then, it is easy to see that Ecvp = Eg_cvp
and J(z) = J'(Z). So, we represent the set of all feasible solutions and the set of
constraint active indices for either (CVP) or (G-CVP) by the notations E and J (:E)
respectively.

Before studying optimality in multiobjective programming, one has to define
clearly the concepts of optimality and solutions in multiobjective programming
problem. Note that, in vector optimization problems there is a multitude of com-
peting definitions and approaches. The dominated ones are now various scalariza-
tions and (weak) Pareto optimality. The (weak) Pareto optimality in multiobjective
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programming associates the concept of a solution with some property that seems
intuitively natural.

Definition 2.4. A feasible point Z is said to be an efficient solution for a multi-
objective programming problem (CVP) if and only if there exists no x € E such
that

f(z) < f(z).

Definition 2.5. A feasible point Z is said to be a weakly efficient solution for a
multiobjective programming problem (CVP) if and only if there exists no x € E
such that

f@) < f(2).

Theorem 2.6. Let Gy, (i € K) be strictly increasing function defined on I, (X),
Gy, (j € M) be strictly increasing function defined on I, (X) and G, (t € P) be
strictly increasing function defined on Iy, (X). Further, let0 € I,,(X), j € M, and
0 € I;,(X), t € M. Then T is an efficient solution (a weakly efficient solution) for
(CVP) if and only if T is an efficient solution (a weakly efficient solution) for (G-CVP).

Proof Here, we only prove the case that Z is an efficient solution, weakly efficient
solution case can be proved in similar way.

“if” part, we prove that if T is an efficient solution for (G-CVP), then T is an
efficient solution for (G-CVP). On the contrary, Let T be an efficient solution for
(G-CVP) but not an efficient solution for (CVP). Then there exists xy € F, such that

flzo) < f(2).

That is

filwo) < fi(Z),i=1,--- ,k
and there exists ig € K such that

fio(0) < fio (Z).
Note that the strictly monotonicity of Gy,, i = 1,--- , k, we have
G, (fi(wo)) < Gy (fi(Z))

and

Gy, (fi(wo)) < Gy, (fi(7)).
This contradict to the assumption that Z be an efficient solution for (G-CVP).

The proof of “only if” part is similar to “if ” part, we omitted it.

Example 2.7. We now consider the following multiobjective programming problem

minf(x) := (f1(z), fo(x)) = (612*4“",arctanaz)
g(x) =In(2? —2+1) <0,z €R.

Let Gy, (f1(t)) = 2 Int, Gy, (f2(t)) = tant, Gy4(g(t)) = ', and consider the following
multiobjective programming problem:
1

minGy(f(z)) := (Gp, (f1(2)), Gp,(f2(2))) = (

5 111(69”2_4””)7 tan(arctan a:))

Gy(g(x)) = en@®—z+1) < .z eR.

That is the following multiobjective programming problem:

winGy(£(2) = (G4, (). O (falo) = (00~ 40). )
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Gylg(z)) =2 —x+1< 1,z €0,1].

Note that Gy, (f1(z)) = 3(2* — 4a) is decreasing and Gy, (f2(z)) = z is increasing
on the interval [0, 1], we can say = 0 and = 1 are efficient solution for G-CVP.
Hence, by Theorem 2.6, x = 0 and x = 1 are efficient solution for CVP.

Definition 2.8. Let I be a set of all feasible solutions in the multiobjective pro-
gramming problem (CVP) and z € E. The multiobjective programming problem
(CVP) is said to satisfy the Kuhn-Tucker constraint qualification at Z if,

C(E,z)={deR":vy;(z)d =£0,j € J(T),Vh(Z)d = 0,t € P}

where C(FE, Z), the Bouligand tangent cone to F at Z, is defined as follows:

C(E,z) = {dER" Jz, € E, )\ € Ry, hm T =T, hm A =0, d*kh k)\x}
— 00 k

Proposition 2.9. Let ¢ be a real strictly increasing and differentiable function de-
fined on interval (a,b) C R. Then

¢ (z) >0,V xe€ (ab

( ) = 0} and FG—CVP =:

)-
Denote Foyp =: {d € R" : Vg,;(Z)d £ 0, jEJ( ),V
z))Vh(z)d = 0,t € P}.

{deR™: Gy (9;(2))Vy;(2)d = 0,5 € J(Z), G}, (he(
Theorem 2.10. Let G, (j € M) be strictly increasing function defined on Iy, (X)

and Gy, (t € P) be strlctly increasing function defined on Ip,,(X). Then FCV p C
Fo_cvp. Further, we assume that

qu](gj(j)) > 07] € J>

G, (he(Z)) > 0,t € P.
Then Foyp D Fg_cvp.

Proof Since G, (j € J), G, (t € T) are strictly increasing functions, by Proposition
2.9, we have

Gy (u) 2 0,u € I, (X),j €M
h(u) = 0,uel, (X),teP
Therefore, for d € Foy p, we have
Gy, (9;(2))vg;(2)d = 0,5 € M
G}, (hi(2))Vhi(2)d = 0,t € P

That is d € Fg_cyp. On the other hand, if d € Fg_cyp, then d € Feoyp by
assumption and the proof is complete.

Theorem 2.11. Let G, (j € M) be strictly increasing function defined on I, (X)
and Gy, (t € P) be strwtly increasing function defined on I,, (X). Further, let T e E,
Gy, (9;(T)) > 0,j € J(2), and G}, (h(Z)) > 0,t € P. Then the multiobjective
programming problem (CVP) satisfies the Kuhn-Tucker constraint qualification at T
if only if the multiobjective programming problem (G-CVP) satisfies the Kuhn-Tucker
constraint qualification at .

Proof From Definition 2.8 and Theorem 2.10, we get the desired result.
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3. OPTIMALITY CONDITIONS IN MULTIOBJECTIVE PROGRAMMING

In [3], Antczak introduced the so-called G-Karush-Kuhn-Tucker necessary opti-
mality conditions for differentiable mathematical programming problem. In a nat-
ural way, he extended the so-called G-Karush-Kuhn-Tucker necessary optimality
conditions to the vectorial case for differentiable multiobjective programming prob-
lems. In this section, we firstly prove G-Karush-Kuhn-Tucker necessary optimality
which is Theorem 18 in [4] with a different technique. Moreover, we present a
different G-Kuhn-Tucker necessary optimality conditions for differentiable multi-
objective programming problems through a scalar assisted programming problem.

Theorem 3.1 (G-Karush-Kuhn-Tucker necessary optimality conditions). LetG fi (z S
K) be strictly increasing function defined on Iy, (X), Gy, (j € M) be strictly increas-

ing function defined on I, (X)) and G}, (t € P) be strictly increasing function defined

onlIp,(X). Let T be a weakly efficient solution (an efficient solution) for (CVP). More-

over, we assume that the multiobjective programming problem (CVP) satisfies the

Kuhn-Tucker constraint qualification at . Then, there exist A € R", £ € R™ and

i € R? such that

k p
> NG (fi(2) fi(z) + Zé} )V (E) + Y G, (he(2))Vhi(z) = 0
- - 3.1)
& (Gy,(gi(x)) — Gy, (g5 (i‘))) <0, jeEMVreE (3.2)
A>0,£20 (3.3)

Proof From Theorem 2.10, we have Foyp C Fg_cyp. That is
Gy, (9i())vgi(T)d =0, je€ J(T)
G, (hi(z))Vhe(T)d =0, teP

for all d € C(E, ). Since T is a weakly efficient solution (an efficient solution) for
(CVP), then, by Theorem 2.6, Z is a weakly efficient solution (an efficient solution)
for (G-CVP). Note that X be a nonempty open set, therefore

V(Gy, (f)(@))d = G, (fi(2))V fi(z)d > 0,vd € R",i € K,

Therefore, the following system

b (fi(2)V fi(2) < ie K
(gg (2))vgj(z)d = 0, jeJ(x) (3.4)
ht(ht(i))vht(f) =0, teP

is inconsistent on R".
Since the system (3.4) has no solution, then, from Motzkin’s theorem [8], there
exist A € R*, ¢ € R™ and p € RP such that

Z NGy (fi(2)V filT Z §iGy, (9(7))Vg;(T) + ZNtG/h,,(ht(i’))Vht(f) =0
ie K jeJ(T) teP
gj (ng (gj(x)) - ng (gj(x))) S 0> j S J(x),V:v el
A>0,620.
Denote by \; = \;,i € K, & = ¢&;,5 € J(Z), & = 0,5 € M/J(&), ix = pu,t € P,
and we get the desired result.

Remark 3.2. In proof of Theorem 3.1, the method we used here is different from
the one used by Antczak in [3].
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Theorem 3.3 (G-Karush-Kuhn-Tucker necessary optimality conditions). Let T be
a weakly efficient solution (an efficient solution) for (CVP), Gy, (i € K) be strictly
increasing function defined on Iy, (X), G4,(j € M) be strictly increasing function
defined on 1,,(X) and Gy, (t € P) be strictly increasing function defined on I, (X).
Moreover, we assume that the multiobjective programming problem (G-CVP) satisfies
the Kuhn-Tucker constraint qualification at . Then, there exist A\ € R", £ € R™ and
i € RP such that

k m p
STNGY (fi@) v fila Z ))Vg; (@) + 3 1 Gh, (he(2))Tha(z) = 0
=1 j=1 t=1
(3.5)
& (Gy, (gj(2)) — Gy, (9;(x))) <0, j €M (3.6)
A>0,£20 3.7)

Proof Since ¥ is a weakly efficient solution (an efficient solution) for (CVP), then,
by Theorem 2.6, T is a weakly efficient solution (an efficient solution) for (G-CVP).
Again, the multiobjective programming problem (G-CVP) satisfies the Kuhn-Tucker
constraint qualification at . Therefore, the system

G, (fi(2)Vfi(z)d <0, i€K
Gy, (9;())Vg;(T)d =0, je€J, (3.8)
G, (hi(2))Vhi(z)d =0, teP

is inconsistent. The following part is similar to Theorem 3.1

In order to present a strongly G-Karush-Kuhn-Tucker necessary optimality con-
ditions, namely G-Kuhn-Tucker necessary optimality conditions, we need the fol-
lowing scalar programming problem:

k
(pcP) min @g(z) = Z Gy, (fi(x)) (3.9)
s.t. Gf(f(x)) < Gf(f( 7)) (3.10)
Gy(g(x)) = Gy(0) 3.11)
Ghr(h(z)) = G1(0) (3.12)
r€E (3.13)

Let B ={z € E: Gy(f(x)) = G1(f(2)),Gy(g(x)) = Gy(0), Gp(h(x)) = Gu(0)}. we

say that (pgP)satisfies the Kuhn-Tucker constraint qualification at Z if
C(B,7) = {d € R" : 9(G())(@)d < 0,7(Gy(9))(@)d < 0,9(Gp (W) (2)d = 0},

Theorem 3.4 (G-Kuhn-Tucker necessary optimality conditions). Let T be a weakly
efficient solution (an efficient solution) for (CVP), Gy, (i € K) be strictly increasing
Junction defined on Iy, (X), Gy, (j € M) be strictly increasing function defined on
I,,(X) and Gy, (t € P) be strictly increasing function defined on I,,(X ). Moreover,
we assume that the scalar programming problem (pcP) satisfies the Kuhn-Tucker
constraint qualification at Z. Then, there exist A € R", £ € R™ and [i € RP such that

m p
Zm}xﬁ W)+ Y &G )V (E) + D G, (he(2)Vhe(2) = 0
=1 j=1 =1
t (3.14)

& (G, (95(2)) — Gy,(0)) <0, jeM (3.15)
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A>0,620 (3.16)

Proof Since ¥ is a weakly efficient solution (an efficient solution) for (CVP), then,
by Theorem 2.6, Z is a weakly efficient solution (an efficient solution) for (G-CVP).
Further, we can prove that Z is a optimal solution for (pg P). Therefore, from the
Theorem 4.14 in [11],

V(pe)(z)d > 0,Vd € C(E, z).
Again, the scalar programming problem (¢P) satisfies the Kuhn-Tucker constraint
qualification at . Therefore, the following system:

7“”?33?@
V(G¢(f))(x)d £ 0,
Y(Ciylg)) ()d < 5.17)
V(G (h))(@)d = S

is inconsistent. Note that
k
V(pa) (@) = Y G, (Fi(@)V (D),
i=1

then the following system

(z Gl (@) V(@) d < 0
G (fi(2)V fi(z)d = 0, e K (3.18)
@()W%() =0, jed,
me@»WM)de tep

is inconsistent. Hence, from Farkas’s theorem, there exist A € R, ¢ € RI! and
1 € R?P such that

k
S G (H@)VLE) + Y NG (F@)VH@ + Y GG (9;(2) V(@)
=1

ice K jeJ(x)

+ ZMtG/ht(ht(i))Vht(j) =0

teP
k
SN (G (fi(®) = Gr(f(@)) + Y & (G, (9(2) — (G, (0))) <0,
i=1 JjEJ(T)
A=>0,620.
That is
k
S A+ X)C(F@)VREE) + Y &G (9;(2)Vg;(F) (3.19)
i=1 JjEJ(T)
+ > G, (hi(Z)) Vi (7) = 0
teP

& (Gy,(g;(7)) — (G, (0))) < 0,5 € J(z),A = 0,£ 2 0.

Denote by \; =1+ X, §5 =§;(j € J(2)). § =0(j € M/J(z)) and iy = pt, we get
the desired result.

Now, we establish the sufficient optimality conditions for multiobjective pro-
gramming problems of such a type. In the following theorem, we assume that the
functions constituting the considered vector optimization problem (CVP) belong to
the introduced class of nonconvex functions. Then we prove that a feasible point Z,
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at which the GG-Karush-Kuhn-Tucker necessary optimality conditions are fulfilled,
is a weakly efficient solution.

Theorem 3.5 (G-Karush-Kuhn-Tucker sufficent optimality conditions). Let Z be a
feasible point for (CVP), Gy, (i € K) be a differentiable real-valued strictly increasing
Junction defined on I, (X), Gy4,(j € M) be a differentiable real-valued strictly in-
creasing function defined on I, (X ), and Gy, (t € P) be a differentiable real-valued
strictly increasing function deﬁned on I, (X), such that G-Karush-Kuhn-Tucker nec-
essary optimality conditions (3.1)-(3.3) are satisfied at . Further, assume that f
is vector (Gy, a)-invex with respect to n at & on X, g is vector (G, 3)-invex with
respect to the same functionn at & on X, hy (t € P*(Z)) is (Gp,, t)-invex with re-
spect to the same functionn at T on X, and h; (t € P~ (z)) is (Gp,, 1:)-incave with
respect to the same function n at T on X, where Pt(z) = {t € P : iy > 0} and
P (z) ={t € P: i; < 0}. Then T is a weakly efficient solution for (CVP).

Proof Suppose, contrary to the result, that ¥ is not a weakly efficient solution for
(CVP). By Theorem 2.6, ¥ is not a weakly efficient solution for (G-CVP). Hence, there
exists g € X such that

G (file)) < G (fi(@)),i € K (3.20
By the generalized invexity assumption of f, g and h, we have
Gy, (fi(zo)) — Gy (fi(@)) = ailwo, 2)GY, (fi(2))V fi(Z)n(20, 7),i € K (3.21)

(z0,Z),j € M (3.22)

Gy, (9j(w0)) — Gy, (9;(2)) = Bj(w0, 2)Gy, (95(2))Vg;(T)n(w0, T),
Yn(xo,z),t € PT(Z) (3.23)
In(zo, T),

(2
G, (ht(20)) = Gn, (he(T)) > ve(20, 2) G}, (7t (%)) Vg
Gh, (hi(x0)) = Gn, (hi(T)) < vi(20, )G, (he(Z)) Vg (xoa
)

Multiplying (3.22),(3.23) and (3.24) by &;(j € M), u(t € PT) and p(t € P7), wi
get

§i(Gy, (gj(w0)) — Gy, (9;(2))) = &§3(w0, 2)Gy, (9(2)) Vg5 (2)n(x0, ), 5 € M

te P~(z) (3.24)

(z
(z
(z
(

(3.25)
fit (G, (he(w0)) = G, (he(2))) = firye (w0, )Gy, (he(2)) Vhe(T)n(z0, ), t € P

(3.26)
fit(Gh, (he(0)) = G, (he(2))) = fuye(x0, T)G, (he(2)) VI (Z)0 (20, 7).t € P~

(3.27)

From (3.2), (3.20), (3.21), (3.25), (3.26) and (3.27), we have
(fl(f))v i((T)n(xo,7) <0,i € K
Gy, (9;(2))Vg;(@)n(x0,2) < 0,5 € M
ﬂtGht(ht(m))V «(@)n(z0, 2 <0,t € P+
Gy, (he (%)) Vhe(Z)n(20,T) < 0, € P~

Note that A > 0, then

k
(ZXiG}i(fi( NV fi(Z) +
=1

x n(xo,Z) <0

faG’ (9;(2))vg;(z )+Z/~LtG;u(ht(x))Vht(m)>
1

Jj= t=1

which contradicts the G-Karush-Kuhn-Tucker necessary optimality condition (3.1).
Hence, 7 is a weakly efficient solution for (CVP), and the proof is complete.
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Theorem 3.6 (G-Karush-Kuhn-Tucker sufficient optimality conditions). Let T be a
feasible point for (CVP), Gy, (i € K) be a differentiable real-valued strictly increasing
Junction defined on Iy, (X), Gy, (j € M) be a differentiable real-valued strictly in-
creasing function defined on I,,(X), and Gy, (t € P) be a differentiable real-valued
strictly increasing function defined on I, (X), such that G-Karush-Kuhn-Tucker nec-
essary optimality conditions (3.1)-(3.3) are satisfied at . Further, assume that f
is vector strictly (G'f, )-invex with respect ton at & on X, g is vector (G, 3)-invex
with respect to the same functionn at z on X, hy (t € PT(x)) is (Gp,,v:)-invex with
respect to the same functionn at T on X, and h; (t € P~ (Z)) is (Gp,, 1t )-incave with
respect to the same function ) at & on X, where P*(z) = {t € P : iy > 0} and
P~(z) ={t € P: [, <0}. ThenZ is an efficient solution for (CVP).

Proof Proof for efficient optimality is similar to the proof of Theorem 3.5.

4. CONCLUSION

This paper represents a new type of generalized invexity, namely (G, a)-invexity.
This new invexity unified the G-invexity and a-invexity presented in [4] and [9],
respectively. We have constructed two auxiliary mathematical programmings (G-
CVP) and (¢¢ P), and have discussed the relations between programming (G-CVP)
and (CVP). We have illustrated the relation result proved by a suitable example of
the multiobjective programming problem (CVP) involving (G, «)-invex functions.
With assisted mathematical programming (G-CVP), we have proved G-Karush-
Kuhn-Tucker necessary optimality conditions for differentiable multiobjective pro-
gramming problems with both inequality and equality constraints, through a eas-
ier method than presented in [4]. Furthermore, we have proved G-Kuhn-Tucker
necessary optimality conditions for (CVP) with the help of auxiliary mathemati-
cal programming (pg P). As mentioned in [4], our statement of the so-called G-
Kuhn-Tucker necessary optimality conditions established in this paper is more
general than the classical Kuhn- Tucker necessary optimality conditions found in
the literature. Also, we have proved the sufficiency of the introduced G-Karush-
Kuhn-Tucker (G-Kuhn-Tucker) necessary optimality conditions for multiobjective
programming problems involving (G, «)-invexity. More exactly, this result has been
proved for such multiobjective programming problems in which the objective func-
tions, the inequality constraints and the equality constraints (for which associated
Lagrange multipliers are positive) are (G, a)-invex with respect to the same func-
tion 1 and the equality constraints (for which associated Lagrange multipliers are
negative) are (G, «)-incave with respect to the same function 7, but not necessarily
with respect to the same function GG. Hence, we can establish dual result, which is
similar to ones presented in [5], for the programming problem (VCP).
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ABSTRACT. We define the new generalized difference Riesz sequence spaces A2 (p, B") and
X%q (p, B") which consist of all the sequences whose B"— transforms are in the Riesz se-
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We examine some topological properties and compute the a—, f—, and y— duals of the
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1. INTRODUCTION

Throughout w, x and A denote the classes of all, gai and analytic scalar
valued single sequences, respectively.
We write w? for the set of all complex sequences (Zmn), where m,n € N, the set
of positive integers. Then, w? is a linear space under the coordinate wise addition
and scalar multiplication.

Some initial work on double sequence spaces is found in Bromwich [4]. Later on,
they were investigated by Hardy [5], Moricz [9], Moricz and Rhoades [10], Basarir
and Solankan [2], Tripathy [17], Turkmenoglu [19], and many others.

Let us define the following sets of double sequences:
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M, (t) = {(xmn) € w? : supmnen |xmn\t"‘" < oo} ,

Cp(t) := {(mmn) €w?:p—liMmmnooo |[Tmn — T bmn — 1 for someX € (C} ,

Cop (1) := {(:Emn) € w? 1 p — limumnsoo |Tmn|'™ = 1}7

Lu(t) = {(wmn) € 07 30, 302, a7 < 00
Cop (t) := Cp () N M, (t) and Coup (t) = Cop (t) (N M. (2);

where ¢t = (t,,,,) is the sequence of strictly positive reals t,,, for all m,n € N and
P — liMmy, n— oo denotes the limit in the Pringsheim’s sense. In the case t,,, = 1
for all m,n € Ny M, (t),Cp (t),Cop (t) , Ly (t) , Cop () and Copy, (t) reduce to the sets
My, Cp, Cop, Ly, Crp and Copyp, respectively. Now, we may summarize the knowledge
given in some document related to the double sequence spaces. Gokhan and Co-
lak [21,22] have proved that M, (t) and C, (¢),Cy, (t) are complete paranormed
spaces of double sequences and gave the a—, 3—,v— duals of the spaces M, (t)
and Cbp (t) . Quite recently, in her PhD thesis, Zelter [23] has essentially studied
both the theory of topological double sequence spaces and the theory of summa-
bility of double sequences. Mursaleen and Edely [24] have recently introduced the
statistical convergence and Cauchy for double sequences and given the relation
between statistical convergent and strongly Cesaro summable double sequences.
Nextly, Mursaleen [25] and Mursaleen and Edely [26] have defined the almost
strong regularity of matrices for double sequences and applied these matrices to
establish a core theorem and introduced the M —core for double sequences and
determined those four dimensional matrices transforming every bounded double
sequences * = (z,) into one whose core is a subset of the M —core of z. More
recently, Altay and Basar [27] have defined the spaces BS, BS (t),CS,,CSpp, CS,
and BV of double sequences consisting of all double series whose sequence of par-
tial sums are in the spaces M, M, (t),Cp,Cyp,C; and L, respectively, and also
have examined some properties of those sequence spaces and determined the av—
duals of the spaces BS, BV, CSy, and the § () — duals of the spaces CSy, and CS,
of double series. Quite recently Basar and Sever [28] have introduced the Banach
space L, of double sequences corresponding to the well-known space ¢, of single
sequences and have examined some properties of the space £,. Quite recently Sub-
ramanian and Misra [29] have studied the space X%w (p, q,u) of double sequences
and have given some inclusion relations.

Spaces are strongly summable sequences was discussed by Kuttner [31], Mad-
dox [32], and others. The class of sequences which are strongly Cesaro summable
with respect to a modulus was introduced by Maddox [8] as an extension of the
definition of strongly Cesaro summable sequences. Connor [33] further extended
this definition to a definition of strong A— summability with respect to a modulus
where A = (a,,) is a nonnegative regular matrix and established some connec-
tions between strong A— summability, strong A— summability with respect to a
modulus, and A— statistical convergence. In [34] the notion of convergence of
double sequences was presented by A. Pringsheim. Also, in [35]-[38], and [39]
the four dimensional matrix transformation (Az), , = Y °_ > > al}"xy,, was
studied extensively by Robison and Hamilton. In their work and throughout this
paper, the four dimensional matrices and double sequences have real-valued en-
tries unless specified otherwise. In this paper we extend a few results known in
the literature for ordinary(single) sequence spaces to multiply sequence spaces.

We need the following inequality in the sequel of the paper. For a,b, > 0 and
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0 <p <1, wehave
(a+b)P <al +b° (1.1)

The double series ano n—1 Tmn is called convergent if and only if the double se-

quence (s,,,) is convergent, where s, = >, 71 i5(m,n € N) (see[1]).
A sequence & = (X, )is said to be double analytic if sup,, \J;mn|1/ ™ < 0. The

vector space of all double analytic sequences will be denoted by A?. A sequence
@ = (Zmn) is called double gai sequence if ((m + n)! |2, |)/ ™™ = 0asm,n — oo.

The double gai sequences will be denoted by 2. Let ¢ = {all finite sequences} .

Consider a double sequence = = (z;;). The (m,n)"" section zI™ ™ of the sequence

is defined by zI™" = iitowij iy for all m, n € N; where S; denotes the double

sequence whose only non zero term is a ﬁ in the (4, j)th place for each ¢,5 € N.

An FK-space(or a metric space)X is said to have AK property if (S,p) is a
Schauder basis for X. Or equivalently z[™" — .

An FDK-space is a double sequence space endowed with a complete metriz-
able; locally convex topology under which the coordinate mappings = = (x3) —
(mn)(m,n € N) are also continuous.

If X is a sequence space, we give the following definitions:
HX '= the continuous dual of X ;
([ xXe = {a = (amn) : 2 vn=1 l@mnTmn| < 00, foreachx € X} ;

Wi X7 = {a = (amn) : 3 5% ne1 @mnTmn 05 convegent, foreachz € X} ;

. M,N
(IV)X’Y = {Cl = (amn) * SUPmn >1 ’Zm,n:l AmnTmn

< oo, foreachx € X};

Wlet X beanF K — space D ¢; then X1 = {f(%,,m) :fe Xl};

Umtn . foreachz € X};

(VI)X(S - {a - (amn) L SUPmn |amnxmn|
X XB X7 are called o — (orKéthe — Toeplitz)dual of X, 3 — (or generalized —
Kothe—Toeplitz)dual of X,v— dualof X, § — dual of X respectively. X is defined
by Gupta and Kamptan [20]. It is clear that z* C X” and X® C X7, but X? ¢ X7
does not hold, since the sequence of partial sums of a double convergent series
need not to be bounded.

The notion of difference sequence spaces (for single sequences) was introduced
by Kizmaz [30] as follows

Z(A) ={z=(xp) ew: (Azxy) € Z}

for Z = ¢, cp and {,, where Az = x), — 241 for all kK € N.
Here ¢, ¢y and /. denote the classes of convergent,null and bounded sclar valued
single sequences respectively. The difference space bv,, of the classical space ¢, is
introduced and studied in the case 1 < p < oo by BaSar and Altay in [42] and in
the case 0 < p < 1 by Altay and BaSar in [43]. The spaces ¢ (A), ¢y (A), o (A)
and bv, are Banach spaces normed by
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el = lo1| + supis1 |Azy| and [, = (552, lexl”)?, (1 < p < 00).
Later on the notion was further investigated by many others. We now introduce
the following difference double sequence spaces defined by
Z(A) ={z = (zmn) € w?: (Azpy) € Z}

where Z = A23X2 and AI'mn = (zmn - xmn+1) - (Im+1n - xm+1n+1) = Tmn —
Tmntl — Tmt+in + Tmtintl forallm,n € N

Alinear topological space X over the real field R is said to be a paranormed space
if there is a subadditive function g : X — R such that g () =0, ¢ () = g (—z) and
scalar multiplication is continous; that is |y, — @] — 0and g (m, — ) — 0imply
9 (QmnTmn — ax) — 0 for all ¢’s in R and all 2’s in X, where 6 is the zero vector
in the linear space X. Assume here and after that p = (p,,,,) is a double analytic
sequence of strictly positive real numbers with supp,,, = H and M = maz (1, H) .

Let A and i be two sequence spaces and A = (aﬁ?) be an four dimensional

infinite matrix of real numbers (aﬂ?) , where m, n, k, ¢ € N. Then, we say A defines

a matrix mapping from X into x4 and we denoe it by writing A : A — p if for every
sequence & = (Zmn) € A the sequence Az = {(Az),,}, the A— transform of z, is
in p, where

(Ax)ké = Z Za;cnénxmn (k7‘€ € N) (1.2)
m=1n=1

By (A: u), we denote the class of all matrices A such that 4 : A — p. Thus
A e ()\ : ,u) if and only if the series on the right side of (1.2) converges for each
k,¢ € A. A sequence z is said to be A— summable to « if Ax converges to a which
is called as the A— limit of x.
Let (¢mn) be a sequence of positive numbers and
k¢
Qre= > Gmn (kL EN) (1.3)
m=0n=0

Then, the matrix R? = (r}}")? of the Riesz mean is given by

Ion 0 < m,n <k,
mnya _ ) QMU STLIESA, 1.4
The double Riesz sequence spaces are defined as follows:
A2 (p) = — 2. 1k ¢ 1/mn [Pmn
r p) =37 = (l'mn) € W . SUPRreN Ore Zm:() ano dmn (-rmn) <o0¢,
i k 14 ) Pmn
2’1 (p) = {aj = (Tmn) € w2 liMpr— oo ‘ﬁ Em:O ano G (M + n)!xmn)l/m+n _ O} ,

which are the sequence spaces of the sequences x whose R?— transforms are in
A2 (p) and x? (p), respectively.

The main purpose of this paper is to introduce the B"— difference Riesz se-
quence spaces A% (p) and x2 (p) of the sequences whose R?B"— transform are in
AZ (p) and x? (p), respectively and to investigate some topological and geometric
properties of them. For simplicity, we take the matrix RIB™ = T.

2. B"— DIFFERENCE RIESZ DOUBLE SEQUENCE SPACES

Let us define the sequence y = {yi¢ (¢)}, which is used, as the R?B" = T—
transform of a sequence = = (), that is,

k—1 -1 k 4 mn m+n
Yre (@) = (Tx), = ﬁ D =0 2n=0 |:Zi:m Zj:n ke Qij |(m+ n)!xmn|1/ 4
e [+ Ol (k0 € N).
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We define the B"— difference Riesz sequence spaces
A2 (p, B") = {x = (Tmn) € w? : ((Tz),,) € A (p)} ,
2 (p,B") = {73 = (Tmn) € W (Tz)y,) € X’ (p)}

If = 1 then they are reduced the spaces A%?(p, B) and x2¢(p, B). If we take
B = A then we have A%¢ (p, A") and x27 (p, A") . If we take B = A and r = 1 then
we have A27 (p, A) and x29 (p, A) . If we take p,,, = p = 1 for all m,n then we have
A?0 (BT) and 27 (B").

We have the following :

2.1. DEFINTION. Let A = (a’,;”?) denotes a four dimensional summability method

that maps the complex double sequences x into the double sequence Az where the
k,{— th term to Az is as follows:

(Az),, = Zf::l Znoo:1 agy" Tmn

such transformation is said to be nonnegative if a/;" is nonnegative.

The notion of regularity for two dimensional matrix transformations was pre-
sented by Silverman [40] and Toeplitz [41]. Following Silverman and Toeplitz,
Robison and Hamilton presented the following four dimensional analog of regular-
ity for double sequences in which they both added an adiditional assumption of
boundedness. This assumption was made because a double sequence which is P—
convergent is not necessarily bounded.

2.2. THEOREM. Y27 (p, B") is a complete metric space paranormed by ¢, defined
by

98 (£,9) = supmnen |(m +n)! (Tz),,, — (Ty),, ) ™" Ponn /M

)

gp is a paranorm for the spaces A%? (p, B") only in the trivial case with in fp,,, > 0
when A24 (p, B") = A27 (B").

Proof: We prove the theorem for the space x2¢ (p, B") . The linearity of x2? (p, B")
with respect to the coordinatewise addition and scalar multiplication that follow
from the inequalities which are satisfied for u,v € x2? (p, B")

1 m—1 n—1 m n ij . N 1/i+j Dmn /M
SUPmneN Qmn Ei:o Zj:O [Zi:j Zi:j bmnq” |(Z +j) (uij —+ vij)| i| ’ +
prnn/M
o (4 1)) (e + 0) [ <
_ _ ) .. . ) 7 (Pmn /M
SuPmnen | g im0 Lj=0 [E;ﬂ;j D iy Uiy (i +J)!uij|1/z+]} +
Dmn /M
ﬁan \(m+n)!umn|1/m+”
—1 -1 3 . . . 1/i4j DPmn /M
SUPmneN Qvlym i=0 Z?:O [Z:n:j Z:'L:j byn @iz | (1 + 3)vij) & j}
Pmn /M
ﬁan (m +n)!vmn|1/m+"
and for any a € R.
o < maa {1,]a]™} @.1)

It is clear that g (f) = 0 and gp (—2) = gp (v) for all z € 27 (p, B"). Again the
inequality (2.1) yield the subadditivity of gp and

g9 (au) <maz{l, |al} gp (u) .
Let {xké} be any sequence of the elements of the space x2¢ (p, B") such that

JB (xke —x) —0
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and (A\¢) also be any sequence of scalars such that A\yy — A, as k,{ — oco. Then,
since the inequality

g5 (z*) < gp (2) + gp (2™ — )
holds by sub additivity of g, { gB (xké )} is analytic, and thus we have
95 (Meex® — Az) < |Ape — )\|1/M g5 (=) + |/\|1/M gp (z* —z),

which tends to zero as K/ — oo. Hence, the scalar multiplication is continuous.
Finally, it is clear to say that gp is a paranorm on the space X%q (p, B") . Moreover,
we will prove the completeness of the space x2¢ (p, B"). Let %/ be a Cauchy se-
quence inthe 27 (p, B") , where

ij ij ij ij
Tor Loz Tz Top O
] ] ] 13
Ty Ty Tygecc Ty, 0
j ij _ . 2q r
xjf{‘xrgLn - N GXT‘ (paB)
ij tj o ij
xml xm2 xm?) Lrn 0
0 0 0--- 0 0

Then, for a given € > 0, there exists a positive integer ko/; (¢) such that

gB (xij - zpq) <e
for all 4,j,p,q > kolp (€) . If we use the definition of gp, we obtain for each fixed
m,n € N that

. .. 1/ + pmn/M
’(Ta:”)mn - (Ta:pq)mn| < SUPmneN ‘((m +n)! (wa)mn - (Tqu)mn) o
(2.2)
for i, j,p, q > kolo (¢) which leads us to the fact that
Tady, Ty, Ta)d - Tagd, 0
TzP, Tz, Tafy--- TzP, 0
Txﬁlln Tm’r’fn T:vﬁf’n cee TPl 0
0 0 0--- 0 0

is a Cauchy sequence of real numbers for every fixed m,n € N. Since R is complete,

it converges, so we write (Tacij )mn — (T'z),,, asi,j — oo. Hence, by using these

infinitely many limits (T'x),, , (T%)yy - - (T%),,,,,0,0,-- - we define the sequence
Txor Txoz Twoz -+ Taon O
T3011 T$12 T.’Elg tee Ta?ln 0
Temi Txme Txmz - TTym O
0 0 0--- 0 0
From (2.2) with p, ¢ — oo, we have
|(Tz7), = (Tx),,,| <€ i35 > kolo (€) (2.3)

for every fixed m,n € N. Since 2%/ = {x&,ﬂz} € x% (p,B"),

(T2, [ <
mn ’
for all m,n € N. Therefore, by (2.3), we obtain that

Pmn /M Pmn /M

(T2),,, [P < |(T2),,, — (Ta")

(1)

mn <€ (24)

mn mn

<€
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for all i, j > kol (€) . This shows that the sequence T’z belongs to the space x? (p) .
Since {x(ij )} was an arbitrary Cauchy sequence, the space X%q (p, B") is complete.
This completes the proof.

3. THE BASIS FOR THE SPACE x2¢ (p, B")

In this section, we give sequence of the points of the spaces x2¢ (p, B") which
form the basis for those space.

If a sequence space A paranormed by h contains a sequence (by,) with the
property that for every © € )\, there is a unique sequence of scalars («y¢) such that

limpe—och (m — an:() Zizo Qo (M + n)!xmn)l/ern) =0

then (by¢) is a Schauder basis for A\ = 0. The series Y Y @mn/Smn Which has
the sum z is then called the expansion of x with respect to (bg¢) and written as

T = Z Z amnﬁmn-

3.1. THEOREM. Let py,y, (¢) = (T'2),,,, for all m,n € N and also 0 < pp,, < H <
oc. Define the sequence b,,,, (q) of the elements of the space x2 (p, B") for every
fixed m,n € N then the sequence {b,n (¢)},, ,,cy is @ basis for the space X2 (p, B™)
and any x € x2¢ (p, B") has a unique representation of the form

Proof: It is clear that {b,., (q)} C x2? (p, B"), since
T (@) = Smn € X2 (p) (form,n € N) (3-2)

for 0 < pmn < H < oo, where 3, denotes the double sequence whose only

nonzero term is 1 in the (mn)" place for each m,n € N. Let z € x2¢ (p, B") be
given. For every nonnegative integer r, s, we put

glrsl = Z Z Hmn (@) bran (@) (8.3)

m=0n=0

Then, we obtain by applying 7" to (3.3) with (3.2) that

TZ.[’I‘S} = Z:u:O ZZ:O Hmn (q) Tbm” (q) = ZTm:O ZZ:O (T)’mn %m"’
0 if0<,5<nrs
q _ lrs] — ) 0] T, . .
(R (a: T ))” { (Tx)ij it(i, §) > (rs) Given € > 0, then there exists an
integer rpso such that

DPmn /M
<

(3.4)

N

SUPi,j>r,s (Tx)ij
for all r, s > rgsg. Hence,
Pmn /M

S SUPijzro,s0

[rs] Pmn/M .
9gB (a: — gl ) = SUP; j>r.s (Tx)ij (Tx)ij < 5 <¢, for
all r, s > 7950, which proves that z € 27 (p, B") is represented as in (3.1).

To show the uniqueness of this representation, we suppose that there exists a

representation

Therefore the transformation x4 (p, B") to x? (p) and also continuous we have

which contradicts the fact that (7'z),, = fmn (¢) forallm,n € N. Hence the rep-
resentation (3.1) of z € x2? (p, B") is unique. This completes the proof.
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4. UNIFORM OPIAL PROPERTY OF 24 (p, B") — DIFFERENCE RIESZ
SEQUENCE SPACE

In this section, we investigate the uniform Opial property of the sequence spaces
2 (p,B").

The Opial propertyplays an important role in the study of weak convergence of
iterates of mapping of Banach spaces and of the asympototic behavior of nonlinear
semigroup. The Opial property is important because Banach spaces with this
property have the weak fixed point property.

WE give the definition of uniform Opial property in a linear metric space and
obtain that x2? (p, B") have uniform Opial property for p,,, > 1.

For a sequence = = (zx) € X2 (p, B") and for i, j € N, we use the notation

r11 T2 T3+ x1; O
To1 22 T3+ xz; O
Llij =
Tl Tiz Tz Tiy 0
0 0 0--- 0 0
and

0 0 0--- 0 0
Tit11  Ti412 Ti413 " Tit1j 0
Ti421  Ti422  Ti423° Ti425 0
TIN=ij = | Xi431 Tigs2  Tig33- - Tiqzj O
Li+m1l Li+m?2 Li+m3 """ Ti+mn 0

We know that every total paranormed space becomes a linear metric space with
the metric given by

d (J?, y) =49 ((m + n)' |$mn — ymn|1/‘m+n> .

It is clear that x27 (p, B") is total paranormed space with

I (I’ y) —IB ((m + n)! |:17mn - ymn|1/m+n) .

Now, we can give the definition of uniform Opial property in a linear metric space.

A linear metric space (X, d) has the uniform Opial property if for each € > 0
there exists 7 > 0 such that for any weakly gai sequence {zx,} € S(0,7) and
x € x24 (p, B") with d (z,0) > e the following inequality holds:

r4+ 7 <liminfir—ood (Tge + 2,0) .

4.1. LEMMA. If limin fyn—coPmn > 0 then for any L > 0 and € > 0, there exists
§=26(e,L) > 0 for u,v € x2 (p, B") such that

d™ (u+v,0) < d™ (u,0) + €
whenever dM (u,0) < L and d™ (v,0) < 6.

4.2. THEOREM. If p,,,, > 1, then x2? (p, B") have uniform Opial property.

Proof: For any € > 0, we can find a positive number ¢y € (0, €) such that
M
M4 > (r+e)™

Take any = € x27 (p, B") with d™ (z,0) > € and (zx,) to be weakly gai sequence
in S (0,r) . By this, we write

dM (2,0) = 7M.
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There exists pggo € N such that

o0 o
M oo €M €M
d (x|N—Poq07O) = Z Z |Txmn| < 7 < T 4.1)
m=po+1n=go+1
Furthermore, we have

e < dM (2,0) = 3200 Xnto [Tomnl™" + 20011 Znmgort [TZmn""

Po qo EM
M "
€ S Z Z |T$mn|pm v —+ T, (42)
m=0n=0
3eM Po 90 Prmn
4 S m=0 n=0 |Txm"‘ .

By zx¢ — 0, weakly, this implies that ¢ — 0, coordinatewise, hence there exists
kofy € N such that with (4.2)
3 < pzo qzo )Tkg.%' + (M + n)lapn) /™" o (4.3)
4 m=0n=0 " " 7 ‘
for all k¢ > nyly. Lemma (4.1) asserts that

M M M
whenever d™ (y,0) < r™ and d™ (z,0) < ¢. Again by x, — 0, weakly, there exists
kb1 > koéo such that d™ ('Ikapoqo’ 0) < ¢ for all kb > klgla SO by (4.4), we obtain
that

(4.4)

M
€
a (xkaN—;Doro + xk@\Pofm’O) <d" (‘rkle—Po!Iov 0) + 3 (4.5)
hence,
M 0 o
M M mn
d (I‘kg,O) - T <d (J?kg‘N,quO,O) = Z Z |Tk€$mn|p ) (4.6)

m=po+1n=qo+1

M 0 0
MmO Ml (@.7)

m=po+1n=qo+1
for all k¢ > kq¢;. This, together with (4.1),(4.2), implies that for any k¢ > k1/¢;,

pmm,
@ (g +,0) = X000 S0 | Tt + ((m+ 1) ) /™"
pm'n/
D —potl Domeqo i1 ’Tkg.’tmn + ((m+ n)!$mn)1/m+n >
Pmn

=0 Dm0 ’Tkﬂmn + ((m + ”)!xmn)l/m+n

‘Z::poﬂ Zflo:qﬁ—l |Tk£mm”|pmn Zf::pwl Zzozqo-s-l ‘Tkwm"‘pmn‘
> #4-(7”]\/[4-%) —%ZTM+%> (r+e)™.
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ABSTRACT. In this paper, we introduce a general iterative scheme for finding fixed points
of a strictly pseudononspreading mapping. We show that, under some suitable conditions,
the sequence which is generated by the proposed iterative scheme converges strongly to a
fixed point of the mapping. Moreover, such a fixed point is a solution of a certain optimiza-
tion problem that induced by a strongly positive bounded linear operator. Consequently,
since the class of strictly pseudononspreading mapping is the largest one, the main results
presented in this paper extend various results existing in the current literature.

KEYWORDS : Strictly pseudononspreading mapping; Nonspreading mapping; Strictly pseudo-
contractive mapping; Optimization problem; Fixed point problem.

1. INTRODUCTION AND PRELIMINARIES

Let H be a real Hilbert space whose inner product and norm are denoted by (-, -)
and || - ||, respectively. Recall that a mapping T : D(T) C H — H is said to be
nonspreading if

1Tz = Ty|* < |l = y||* + 2(x — Tz,y — Ty), Y,y e D(T). (1.1
It is worth to point out that the class of nonspreading mappings has been used for

studying the resolvents of maximal monotone operators, which is one important
problem (see [7, 8, 9]).

A mapping T : D(T) C H — H is said to be k-strictly pseudo-contraction if
there exists k € [0,1) such that

1Tz —Ty|* < |l - y|* + kllo — Tx — (y = Ty)|*, Va,y € D(T). (1.2)

Note that the class of k-strictly pseudo-contractions includes strictly the class of
nonexpansive mappings (i.e., |7z —Ty|| < ||z —y||, Yo,y € D(T)) as a subclass. In

1 Supported by the Commission on Higher Education and the Thailand Research Fund (Project No. MRG5380247).
2 Supported by the Centre of Excellence in Mathematics, the Commission on Higher Education, Thailand.
* Corresponding author.
Email address : narinp@nu.ac.th(N. Petrot) and rabianw@nu.ac.th(R. Wangkeeree).
Article history : Received 11 July 2011. Accepted 30 August 2011.
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fact, T is a nonexpansive mapping if and only if 7" is a 0-strictly pseudo-contractive
mapping. Moreover, strictly pseudo-contractive mappings is one of the most impor-
tant class that have powerful applications among nonlinear mappings, as in solving
inverse problem. Consequently, many authors have been devoting the studies on
the problems of finding fixed points for strictly pseudo-contractions, see, for exam-
ple, [1, 2, 5] and the references therein.

Recently, Osilike and Isiogugu [12] introduced a new class of mappings, so-
called k-strictly pseudononspreading, that is, a mapping 7' : D(T) C H — H is
said to be k-strictly pseudononspreading if there exists k € [0, 1) such that

[Tz =Ty||* < |lo—y||* + k|l =Tz — (y = Ty)||* + 2(x = Tx,y = Ty), Va,y € D(T).

(1.3)
They showed that the class of nonspreading mappings is properly contained in
the class of strictly pseudononspreading mappings. Moreover, by using an idea of
mean convergence, they also introduced the following iterative process for k-strictly
pseudononspreading mapping on a closed convex subset K of H. Let T : K — K
be a k-strictly pseudononspreading mapping and ¢ € [k, 1) be chosen. Starting
with an arbitrary initial zy € K, define the sequences {z,} and {y, } recursively by

Tn+1 = OQpUu + (1 - an)yn7
1 n—1 ]
o= > Tiwn, (1.4)
1=1

for all n > 1, where ¢ € [k,1), Tc = (I + (1 — ()T, and {«,} is a sequence in
[0,1). It is proved that, under certain appropriate conditions imposed on {«,, }, the
sequence {z, } generated by (1.4) strongly converges to Pp(Tyu, where Pp(T) is the
metric projection of H onto F(T).

On the other hand, let A be a strongly positive bounded linear operator on H,
that is, there exists a constant 7 > 0 with property

(Ax,x) > 7||z||* forallz € H. (1.5)

The optimization problems are of very interesting and have been studying by many
authors. A kind of optimization problem is the following :

.1
?é”cl§<Ax’x> — (z,u), (1.6)
where v € H and C = ;2 C;, when Cy, Cs, ... are infinitely many closed convex
subsets on H such that ﬂji1 C; # 0. For more detailed accounts on optimization
problems and related problems, we refer to [3, 4, 6, 14].
Let T be a nonexpansive mapping with a nonempty fixed point set. In 2003, Xu
[14] considered the following iterative algorithm:

Tnt1 = apu+ (I — ayA)Txy, n >0, (1.7)

where 2o € H is chosen arbitrary and {«,} is a sequence of real numbers. He
proved that if the {c, } satisfies certain conditions, then the sequence {z, } defined
by (1.7) converges strongly to the unique solution of the optimization problem
(1.6), when C' = F(T). Moreover, by using the viscosity approximation method
introduced by Moudafi [11], Marino and Xu [10] considered the following general
iterative method:

Tnt1 = QY f(zn) + (I — anA)Tx,,n >0, (1.8)
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where v > 0 and f : H — H is a contractive mapping. They proved that if
the sequence {a,,} of parameters satisfies certain conditions, then the sequence
{z,} generated by (1.8) converges strongly to the unique solution z* € F(T) of the
variational inequality

(A=qf)z",z —2") 20, Vo e F(T),

which is, in fact, the optimality condition for the minimization problem:

1
min —(A —
IGF}(I}IW) 2< 33,33> h(x)’

where h is a potential function for 7 f.

In this paper, motivated by the above-mentioned results, we introduce a general
iterative scheme for finding fixed points of a strictly pseudononspreading mapping
and then prove that the sequence generated by the proposed iterative scheme con-
verges strongly to a fixed point of such mapping, which is also a solution of the
optimization problem (1.6). Additional results of the main result are also obtained.
Our results improve and develop the corresponding results of Osilike and Isiogugu
[12], Moudafi [11] and Marino and Xu [10].

To do so, we need the following well known results.

Lemma 1.1. [10] Assume that A is a strongly positive linear bounded self-adjoint
operator on a Hilbert space H with coefficienty > 0 and 0 < p < ||A||~}. Then
11— pAll <1 - p7.

Lemma 1.2. [12] Let C' be a nonempty closed convex subset of a real Hilbert space
H,and T : C — C be a k-strictly pseudononspreading mapping. If F(T) # 0, then
it is closed and convex.

Lemma 1.3. Let H be a real Hilbert space. Then for any x,y € H we have

@ [[¢z+(1=Qyll* = Cllz]*+ (1= llyll* = (1= )|z —yl]?. for each ¢ € [0,1].
®) |z +yll* < [l2]* +2(y, 2 + y).

Lemma 1.4. [13] Assume {an} is a sequence of nonnegative real numbers such that

an+1 S (]- - ’Yn)an + 5717117
where {7, } is a sequence in (0, 1) and {6, } is a sequence such that

(01] ch:l Tn = OO
(i) limsup,_ o0 <0o0rd> 07 [0p7n| < o0

Then lim,, . a, = 0.
2. MAIN RESULTS

We start with an important useful lemma.

Lemma 2.1. Let C be a nonempty closed convex subset of a real Hilbert space H,
and T : C — C be a k-strictly pseudononspreading mapping with a nonempty fixed
point set. Let ¢ € [k, 1) be fixed and define T, : C — C by

Te(z) =Cor+ (1 - )Tz, YzeC. 2.1)
Then F(T) = F(T¢).

Proof. This follows immediately from the fact that z — Tex = (1 — {)(z — Tz), for
each z € C. g
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Now we are in a position to prove our main results.
Algorithm. Let v > 0 be a constant and 7' : H — H be a k-strictly pseudonon-
spreading mapping, f : H — H be a contraction and A be a strongly positive
bounded linear operator on H. Let ( € [k,1) and {«,} be a sequence of real
numbers in [0, 1]. For given xy € H, we define a sequence {z,} in H by

Tn+1 = anfy.f(xn) + (I - anA)yn (2.2)
where y,, = % Z?;OI Tgxn and T; is defined by (2.1).
Theorem 2.2. Let H be a real Hilbert space, and T : H — H be a k-strictly
pseudononspreading mapping with a nonempty fixed point set. Let f : H — H be
a contraction with coefficient « € (0,1). Let A be a strongly positive bounded linear

operator on H with coefficient ¥ > 0. Let the sequence {x,,} be defined by (2.2). If
the following control conditions are satisfied:

D 0<y<7/a,
(i) lim, o o =0,
(i) Y07, oy = o0,
then the sequence {x,,} converges strongly to x* € F(T') which solves the following
optimization problem:
mgﬂigﬂ)%(Ax, x) — h(z), (2.3)
where h is a potential function for =y f.

Proof. We divide the proof into several steps.
Step 1. We show that {z,,} is a bounded sequence. Indeed, taking p € F'(T) and
z € H, we see that

I Tez = pl|* = [z + (1 — Q)Tz] — [Cp + (1 — Q)T
= [I¢(z = p) + (1 = O)(T= = Tp)|?
=Clz—plI?+ (1= OlTz—Tp|* = (A =)z — Tz|?
<Cllz=pl*+ (=) [llz = pI* + kllz = T2)*] = (1 = Q)llz = T=|?
=lz=pll>+ 1=k - llz— Tz
<z —pl%.

Thus for each z € H and p € F(T), we have

Tz = pll = |ITe(TE 2) = pll < NTE 2 =pll S TE 22 =pll < - < 2= pll, (2.4)
for all 7 > 0. Consequently,

lyn — Pl

1 n—1
~ 2 Téwn —p
i=0

1 n—1 ]
LS mie, -l
=0

IN

IN

1 n—1
= llan = pll = llzn - p. 2.5)
=0

On the other hand, by condition (ii), without loss of generality we may assume that
an < ||A||7t. Thus, by using Lemma 1.1 and (2.5), we obtain

[Zn+1 = pll = lloan(vf(zn) — Ap) + (I — anA)(yn — )|
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< (1= an¥)llyn — pll + cnllvf(zn) — Ap||

< (@ = any)llzn = pll + anyllf (@) = fFP)I + ownllvf(p) — Apll

< (I =an(¥ —ya)lzn = pll + anllvf(p) — Apll. (2.6)
Using (2.6) and induction, we know that

p) — Ap
o = < max { o = p, PEE=22U >
el
Therefore, {z,} is a bounded sequence. Consequently, {y,}, {Ay,} and {f(z,)}
are also bounded. Moreover, in view of (2.4), we know that || Tz, — p|| < ||z, — p|

for all n > 1, this means {7}z, } is also bounded.

Step 2. We show
lim sup(yf(z*) — Az, 2, — 2™) <0,

n——o0

where z* € F(T) is the unique solution of the optimization problem (2.3).

Observe that, since {z,} is a bounded sequence, we can find a subsequence
{#n,41} of {zp41} and ¢ € H such that z,,,y; — g as j — oo, and

limsup(yf(z*) — Az", ani1 — 2") = lim (vf(z") — 42", 2y, 11 —2%).  (2.7)
j—00

n—-mao90

On the other hand, since { Ay, }, { f(x,)} are bounded sequences and lim,, o @, =
0, we have

im [[Zn41 — Yol = Um apllvf(2,) — Ayal| = 0. (2.8)
n—oo n—oo
Consequently, for arbitrary bounded linear functional g on H we have
19(un;) = 9(D| < 19(yn;) = 9(@n;10)| + [9(2n;41) — 9(q)]
< ||g||Hyng _'r’ﬂj-‘rl” + |g(x7lj+1) _g(Q)‘ (2.9)
Thus, from (2.8) and (2.9), we conclude that Yn; — q as J — o0.

Now for each j > 1and:=0,1,2,...,n; — 1, we put wfl]_ = Tgxnj. Then we see
that

1T e, — Teall® = || Tew;,, — Teql?
= |¢(wy, —q) + (1= ¢)(Twy,, — Tq)||?
= Cllwn, —all* + @ = QI Tw;,, — Tq)|?
—¢(1 = Qlw},, — Tw;,, — (g —Tg)|I?
(1= ) [llwh, = all® + Kljw}, — Twh, — (¢ = To)|?]
Cllwy,, — gl +2(1 = O)wy,, — Twy, g — Taq)
(1= Qllwy,, = Twy,, — (¢ — Tq)||?
= lwy, —all* +2(1 = ){wy,, = Tw;, ¢ — Tq)
~(1 = = k)llwy, = Twy,, —(a—Tq)|?
<y, = al* + 200 = ) (wy,, — Tw,,,q¢ = Tq)

IA

%

n; T(w'fzjaq - TCQ>

(w

2
(1-0)
= lwy, — Teq+Teq — gql* +

= lwn, —dl” +

2 ) .
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= wy,, = Teall® + 1Tcq — all* + 2(w;,, — Teq, g — Teq)
2 7 7
+m<wn3_ — Tcwnj,q — ch>.

Using this one, by summing from 7 = 0 to n; — 1 and dividing by n;, we know that

T 1
T wn; = Tedl® < —llan, = Teall® + 1 Teq = all” + (yn, — Tea, Teg — q)
J J

L2
n;(1=¢)
Since {x,},{T{'z,} are bounded sequences and y,; — g as j — oo, we see that
(2.10) gives

(Tn, —Tg”:rnj,q —T¢q). (2.10)

0 < [|1Teq — qll* +2{q — Teq, Teq — a) = —[|Teq — all*.
This implies that ¢ € F(T¢) = F(T). Consequently, since z* is the solution of
optimization problem (2.3), from (2.7) we have

tim ((7(a%) — A2® e — 1) = hmsup{(7f(2%) — Az* 2, 1 — 27)

j——00

= (Vf(z%) = Az, g = z7)
<0.

Step 3. We prove {z,} converges strongly to * € F(T'), where z* is the unique
solution of the optimization problem (2.3).
Consider,

[Zns1 —2*1* = [[(1 = anA)(yn — 2*) + an(yf(zn) — Az*)|

(1 — and)(yn — x*)”2 + 200 (Vf(2n) — Az™, Tpg1 — 27)
(1- an7)2||xn - x*”Q + anya{||z, — x*HQ + lzns1 — I*HQ}
+200 (v f(2") — Az™, Tpp1 — ),

INIA

this implies that,

1 — 20,5 + a25% + apya

e T
2
erw +7f(@") — Az™, zppy — 27)
20 (7 —
< 1— aln(’}/ rya):| ||-Tn _ x*HZ
— apyQ

200, (7 — ya) { an¥’R 1
+ ~ —
L—apya [2( —va) 7 -«

= (1= fn)llen = 2*|* + K00,

(Vf(2") = Ax™, wngq — a™)

where B
2((1+p)y —ya)an
1- QpyQ

(Vf(@%) =A™, ap g — 7).

R = sup{||z, — x*||2 in>1}, k=

an¥°R 1
27 =) (L4 p)y—na
It is easy to see that ZZOZI kn = oo and limsup,,_, ., 0n, < 0. Hence, by Lemma

1.4, we conclude that the sequence {x,,} converges strongly to z*. This completes
the proof. O

On —
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Setting A =: I, the identity mapping, in Theorem 2.2, we obtain the following
result.

Corollary 2.3. Let H be a real Hilbert space and K be a closed convex subset of H.
LetT : K — K be a k-strictly pseudononspreading mapping on with a nonempty
fixed point set. Let f : K — K be a contraction with coefficient @ € (0,1). Let
xo € K and define a sequence {x,,} by

Tnt1 = O‘nf(zn) + (1 - O‘n)ym
1 n—1
w = =Y Tlz,, 2.11
y n;;<w 2.11)

Joralln > 1, where T is defined by (2.1). If the following control conditions are
satisfied:

() limy,—oo ap =0,

(i) Zzozl Qp = 00,

then the sequence {x,} converges strongly to x* € F(T).

Proof. Since the identity mapping is a 1- strongly positive bounded linear operator
and « € (0,1), we can set v = 1 in (2.2). Consequently, (2.2) reduces to (2.11) and
the required result is followed from Theorem 2.2 immediately. O

Remark 2.4. Let u be a fixed element in K and setting f := u, a constant mapping.
Then our Corollary 2.3 recovers the results presented in [12].

In view of Theorem 2.2, we can obtain the following results as special cases.

Theorem 2.5. Let H be a real Hilbert space, and T : H — H be a nonspreading
mapping with a nonempty fixed point set. Let f : H — H be a contraction with
coefficient « € (0,1). Let A be a strongly positive bounded linear operator on H with
coefficient ¥ > 0. Lety > 0 and {a,,} C [0, 1] be a sequence of real numbers. Let
zo € H and define a sequence {x,,} by

Tpy1 = Oén’)/f(xn) + (I - a7LA)yna
n—1
1 ,
n = — g Tz, 2.12
/ n =1 ’ ( )

Jor alln > 1. If the following control conditions are satisfied:
@) 0<y<¥/o
(i) lim, o a, =0,
(i) Y07 ay = o0,
then the sequence {x,,} converges strongly to x* € F(T') which solves the following
optimization problem (2.3).

Proof. Since every nonspreading mapping is a 0-strictly pseudononspreading map-
ping, by choosing ( = 0in (2.2), we see that (2.2) is reduced to (2.12). Consequently,
by Theorem 2.2, the proof is completed. U

Immediately, form Theorem 2.5, we also have the following results.

Corollary 2.6. Let H be a real Hilbert space and K be closed convex subset of H.
Let T : K — K be a nonspreading mapping with a nonempty fixed point set and
f :+ K — K be a contraction mapping. Let {«,} C [0,1] be a sequence of real
numbers and define a sequence {x,} by

Tny1 = anf(xn) + (]- - an)ynv
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n—1

1 .
no= — 3 Ty, 2.13
! n i=1 ’ ( )

Jor alln > 1. If the following control conditions are satisfied:
(@) hmn—>00 Qp = 0,
(11] ZZO:1 Ay = 00,

then the sequence {x,} converges strongly to x* € F(T).

Corollary 2.7. Let H be a real Hilbert space and K be closed convex subset of H.
Let T : K — K be a nonspreading mapping with a nonempty fixed point set. Let
u € H be fixed and {a,} C [0, 1] be a sequence of real numbers. Let zo € K and
define a sequence {x,} by

Tny1 = opu+ (1 —an)yn,
1 n—1 )

=~ T, (2.14)
=1

Soralln > 1. If the following control conditions are satisfied:

(@) hmnﬁoo Qp = 0,
(ii) ZZOZI Q, = 00,

then the sequence {x,} converges strongly to x* € F(T).

Remark 2.8. It is worth to noting that, since the class of strictly pseudononspread-
ing mappings contains a large number of mappings, our results extend and improve
various related results existing in this present time.
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ABSTRACT. In this research, we introduce an iterative scheme by using the concept of
K-mapping for finding a common element of the set of fixed points of an infinite family of
nonexpansive mappings and the set of solution of a generalized mixed equilibrium problem
in a Hilbert space. Then, we prove strong convergence of the purposed iterative algorithm to
a common element of the two sets. Moreover, we also give a numerical result of the studied
method.

KEYWORDS : Generalized mixed equilibrium problems; Nonexpansive mapping; K -mapping;
Strong convergence; Fixed point.

1. INTRODUCTION

Let H be a real Hilbert space and let C be a nonempty closed convex subset
of H. Let A : C — H be a nonlinear mapping, ¢ : C — RJ{+0o0} be a function
and F' : C x C — R be a bifunction. A mapping T of H into itself is called
nonexpansive if | Tz — Ty|| < ||z — y|| for all 2,y € H, f : C — C be a contraction
if || fx — fy|| < a|lx — y|| where a € (0,1). The set of fixed points of T' (i.e. F(T) =
{r € H : Tz = z}) denoted by F(T). Goebel and Kirk [2] showed that F(T) is
always closed convex and also nonempty provided 7" has a bounded trajectory.

A bounded linear operator A on H is called strongly positive with coefficient 7 if
there is a constant 4 > 0 with the property

(Az,2) > 7||z||* V2 € H.

For a bifunction F' : C x ' — R, equilibrium problem for F' is to find x € C
such that

F(z,y) >0Vy e C. (1.1)

* Corresponding author.
Email address : su_t_na@hotmail.com (S. Chaiyasil) and scmtiO05@chiangmai.ac.th (S. Suantai).
Article history : Received 28 August 2011. Accepted 30 August 2011.
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The set of solutions of (1.1) is denoted by EP(F). Many problems in physics,
optimization, and economics are seeking some elements of EP(F ), see [4], [5].
Several iterative methods have been proposed to solve the equilibrium problem,
see for instance, [1], [4], [5], [6], [10], [12].

In 2005, Combettes and Hirstoaga [5] introduced an iterative scheme of finding
the best approximation to the initial data when EP(F) is nonempty and proved a
strong convergence theorem.

A mapping A of C into H is called inverse-strongly monotone, see [3], if there
exists a positive real number « such that

(x —y, Az — Ay) > oAz — Ay|]* Yo,y € C.

The variational inequality problem is to find a point u € C such that

(v —u, Au) Yv € C. (1.2)

The set of solutions of the variational inequality is denoted by VI(C, A).
In 2008, Ceng and Yao [10] considered the following mixed equilibrium problem:
Find z € C such that F(z,y) + ¢(y) > ¢(z), Yy € C, (1.3)

where ¢ : C — R is a function.
The set of solutions of (1.3) is denoted by M EP(F, ¢).

In 2008, Peng and Yao [6] considered the following generalized mixed equilibrium
problem:

Find z € C such that F(x,y) + (Az,y — z) + ¢(y) > ¢(x), Vy € C. (1.4)

The set of solutions of (1.4) is denoted by GM EP(F, p, A). It is easy to see that «
is a solution of problem (1.4) implies that € domyp = {x € C : p(z) < +00}.

In the case of A = 0, GMEP(F,9p,A) = MEP(F,p). In the case of F' =
¢ = 0, then GMEP(F,9,A) = V(C,A). In the case of A = ¢ = 0, then
GMEP(F,p,A) = EP(F).

In 2008, Peng and Yao [6] introduced an iterative scheme for finding a common
element of the set of solutions of problem (1.4), the set of fixed points of a nonexpan-
sive mappings and the set of solutions of a variational inequality for a monotone,
Lipschitz continuous mapping and obtained a strong convergence theorem.

In 2009, Peng and Yao [12] introduced iterative schemes by using the concept of
W-mapping for finding a common element of the set of solutions of GM EP(F, p, A)
and the set of common fixed point of infinitely family of nonexpansive mappings of
C into itself.

The concept of W-mapping was first introduced by Shimoji and Takahashi [7].
They defined the mapping W,, as follows:

Un,n+1 = Ia
Un,n = )\nTnUn,n+1 + (]- - )\n)Un,n+1;
Un,n—l = )\n—lTn—lUn,n + (1 - /\n—1)17
Un,n—2 = )\n—QTn—2Un,n—1 + (1 - )\n—2)17
Uni = MTUnp1+ (1= M),

Unjic1 = Mec1Tr—1Upg+ (1 — A1)1,
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Un2 = XToUp2+ (1—A)I,
Wn = Un,l = >\1T1Un,l + (1 - )\I)Ia (1.5)

where {\,} C [0,1] and {T},}$2, is a sequence of nonexpansive mappings of C
into itself. This mapping is called the W —mapping generated by T,,,T,,_1,...,T}
and A\, A\p—1, ..., A1. They proved that if X is strictly convex Banach space, then
F(W,) =sey F(T;) where 0 < \; < d < 1 for every i € N.

Recently, A. Kangtunyakarn and S. Suantai [13] introduced the concept of K-
mapping and employed this mapping for finding a common element of the set the
of the solution of an equilibrium problem and the set of common fixed points of a
finite family of nonexpansive mapping, they defined K,, : C — C as follows:

Un,O = Ia

U1 = MTUpo+ (1—X)Unp,

Un2 = DU, 1+ (1 —X)Un1,

Uns = XT3Up2+ (1 —X3)Up 2,

Un = MTuUpi—1+ 1 —Ne)Up k-1,
Uni+1 = Met1Th1Uni + (1 — Mg 1) Ui,
Un,nfl = Anfliz—‘nfl[]n,an + (1 - )\nfl)Un,n727

Kn = Un,n = )\nTnUn,n—l + (]- - )\n)Un,n—la

such a mapping K, is called the K-mapping generated by 73,75, ...,7T, and
AL, A,y Ap.
In this research, we introduce K-mapping defined as follows:

U7L,n+1 - I,

Unm = anTnUn,n+1 + (1 - an)Un,n+1a
Un,nfl = anflTnflUn,n + (]- - anfl)Un,n»
Un,n—Q = an—2T71,—2Un,n—1 + (1 - an—Q)Un,n—ly

Unt = uTkUnps+1+ (1 —ap)Up pt1,

Upk—1 = p1Th-1Unp+ (1 —p_1)Un i,

Upn2 = aToUy3+ (1 —a2)U,s,

K, = Uyi1=a1ThUp2+ (1 —0a1)Upo.

Such a mapping K, is called K-mapping generated by 7,,,7,,_1,...,7] and
Apy, Op—1,...,01.

In 2007, S. Takahashi and W. Takahashi [15] modified the following iterative
solution for finding a common element of the set of fixed point of a nonexpansive
mapping and the solution of equilibrium problem by:

Let H be Hilbert space, C' be a nonempty closed convex subset of H, f be a
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contraction of H into itself, S be a a nonexpansive mapping from C to H, {z,} and
{un} be the sequences generated by z; € H and

{ F(Un,y) + %<y — Zny~&n — xn> >0, Vy eC,

1.6
Tpt1 = anf(xn) + (1 — an)Su,, Vn e N. (1.6

In 2008, S. Takahashi and W. Takahashi [14] modified the following iterative
solution for finding a common element of the set of fixed point of a nonexpansive
mapping and the solution of equilibrium problems by:

Letu € C and 27 € C and let {z,} C C and {z,,} C C be sequences generated by

F(vay) + <Axn,y - Zn> + i(y — Znycn — zn> >0, Vy S Ca (1.7)
Tnt1 = Pnn + (1 — Bn)S[anu + (1 — an)zy], Vn € N. '

Motivated by this two works, we introduce an iterative scheme for finding a com-
mon element if the set of common fixed point of a countable family of nonexpansive
mappings and the set of solution of generalized mixed equilibrium problems.

2. PRELIMINARIES

In this section, we give some useful lemmas that will be used for the main
result in the next section.
Let C be closed convex subset of a Hilbert space H, let Po be the metric projec-
tion of H onto C'i.e., for x € H, Pox satisfies the property

— P = mi — ||
lz = Pe|| = min [z — y|
The following characterizes the projection Pc.

Lemma 2.1. (See [9]) Givenx € H andy € C. Then Pcx = y if and only if there
holds the inequality
(x—y,y—2y>0VzeC.

Lemma 2.2. (See[11]) Let {s,,} be a sequence of nonnegative real numbers satisfy-
ing
Sp41 = (1 - an)sn + 571’ Vn > 0,

where {ay, } is a sequence in (0,1) and {0, } is a sequence such that
o0
(1) Z Oy, = 00,
n=1

: On .
(2) hmsupa— <0or Z |0] < oo.

n—oo n
n=1

Then lim,,_, S, = 0.
Lemma 2.3. In a real Hilbert space H, there holds the inequality
& +ylI* < [l«]* +2(y, = +y) Yo,y € H.

Theorem 2.4. (See [16]) A Banach space X is said to satisfy Opial’s condition if
Ty, — T weakly as n — oo and x # y imply that

limsup ||z, — z|| < limsup ||z, — y||.
n—oo

n—oo
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For solving the generalized mixed equilibrium problem, let us give the following
assumptions for the bifunction F', the function ¢ and the set C:

(A1) F(z,2) =0Vx € C,

(A2) F is monotone, i.e. F(z,y) + F(y,z) <0Vz,y € C,

(A3) foreach y € C, x — F(x,y) is weakly upper semicontinuous,

(A4) for z € C,y — F(x,y) is convex and lower semicontinuous,

(Bl) Vx € H, and r > 0, there exist a bounded subset D, C ' and y €
C' () dom(p) such that for any z € C\D,,

F(a) + 9(a) + (e = 2,2 — 2) < (z),

(B2) C is bounded set.

Lemma 2.5. (See [6]) Let C' be a nonempty closed convex subset of a Hilbert space
H, F: CxC — R be a function such that satisfy (A1) —(A4) and ¢ : C — R|J{+o0}
be a proper lower semicontinuous and convex function. Assume that either (B1) or
(B2) holds. Forr > 0 and x € H, define a mapping T, : H — C as follows:
To(x) ={z € C: F(z,y) + p(y) + {y — 2,2 — z) > p(2), Yy € C}
forallx € H. Then the following conclusions hold:
(1) foreachxz € H, T,.(z) # 0,
(2) T is is single-valued,
(3) T’ is firmly nonexpansive, i.e.
1T, (@) = T, ()12 < (T () — To(y), — y) Yy € H,
(4) F(T,) = MEP(F, p),
(5) MEP(F, ) is closed and convex.

Lemma 2.6. In a strictly convex Banach space F, if
[zl = [lyll = [[Az + (1 = Nyl
forallz,y € Eand A € (0,1), thenx = y.

By using the same argument as in [13] (Lemma 2.7 and Lemma 2.8), we obtain
that the two following lemmas.

Lemma 2.7. Let C' be a nonempty closed convex subset of a strictly convex Banach
space. Let {T;}2, be an infinite family of nonexpansive mappings of C' into itself
with N2, F(T;) # 0 and let A1, X2, ... be real numbers such that 0 < \; < 1
for every i = 1,2,... with Zfil Ai < o©o. Let K,, be the K-mapping generated
by T,,,Tp—1,..., 77 and Ay, A\n_1,..., A1 for eachn € N. Then for every z € C
lim,, .o K,z exists.

Let K : C' — C be defined by Kz = lim,, .o, K,,x. Such a mapping K is called
K-mapping generated by 71,75, ... and Aj, Ag, .. ..

Lemma 2.8. Let C' be a nonempty closed convex subset of a strictly convex Banach
space. Let {T;}52, be an infinite family of nonexpansive mappings of C' into itself
with(;o; F(T;) # 0 and let A1, Xs, . . . be real numbers such that0 < \; < 1 for every
1=1,2,... with Z;’il Ai < 0. Let K be the K-mapping generated by T,,,T,,_1, . . .
and Ap, A\y—1, ... foreachn € N. Then F(K) = (2, F(T}).

Lemma 2.9. Let C be a closed convex subset of Hilbert space, let {T;}?°, be
a infinite family of nonexpansive mappings of C' into itself with (\;—, F(T;) # 0
and let \i, Ao, ... be real numbers such that 0 < \; < 1 with Zf; A < oo for
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every i = 1,2,.... Let K, be the K-mapping generated by T,,,T,_1,...,T1 and
AnsAn_1,...,A1 foreachn € N. Then
o0
Z sup{||Kp+12 — Kyz|| : € B} < 00 2.1)
n=1

for every bounded subset B of C.
Proof. Let B be a bounded subset of C. Then for n € N, x € B, we have

|Kni1z — Kpzl| = ||Un+1,n+1x - Unnw”
= |IMTiUns122 + (1 = AM)Upy120 — (MT1Up 22 + (1 — A1) Uy 22) ||
M (T1Ups1,202 — TiUp 2x) + (1 — A1) (Upg1,2¢0 — Up 22)||

< MUns1,22 = Unpzll + (1 = M)||Unga,22 — Up 22|

= |Unt122 — Up 2zl

= ||Un+1,n+11' - Un,n+1xH

= | At1Tnr1ix + (1 = Apg1) Iz — Iz

= At1||Tos1z — ||

< M. (2.2)

where M = sup,,cysup{||Tph+12 — 2| : © € B}.
This implies sup{|| K412 — K,z| z € B} < \,4+1 M. By the assumption >~ \; <
00, we obtain

> sup{||Kp 17 — Knal : x € B} < oc.
n=1

O

Lemma 2.10. Let C be a nonempty closed convex subset of a strictly convex Banach
space. Let {T;}2, be a infinite family of nonexpansive mappings of C' into itself
with N;2, F(T;) # 0 and let A1, Ao, ... be real numbers such that 0 < \; < 1 for
every i = 1,2,... with Zf; Ai < oo. Let K,, be the K—mapping generated by
Tn,Tn-1,...,71 and Ay, Ap—1,..., A1 for eachn € N and {x,} C C a bounded
sequence. Then

K2y — Kpanll — 0asn — oo. 2.3
Proof. By Lemma 2.7, we have Kx,, = lim,, .o, K;,z,. For m > n, by (2.2) we have
||Kmxn - Knxn” = ||Kmxn - Km—lxn” + HKm—lxn - Km—2:17n||
Foo + | Knp12n — Ky ||
< (>\m+)\mfl + +)\n+1)M
m
> AM,
1=n+1
where M = sup{||Txx, — z»| : k € N,n € N}. It follows that

IN

e}
|K2n = Knao| = lim [|[Kpa, — Kpaa| < AM.
i=n+1

This implies lim, o || K2, — Kp2y| = 0. 0
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3. MAIN RESULT

In this section, we modify iterative scheme (1.6) by using concept of K-
mapping and prove strong convergence of the sequences {z,} and {x,} under
some control conditions.

Theorem 3.1. Let C' be a closed convex subset of areal Hilbert space, F' : CxC — R
be a bifunction satisfying the condition (A1)-(A4) and (B1) or (B2) and let p : C —
R J{+o0} be a proper lower semi-continuous and convex function. Let A be an -
inverse strongly monotone mapping of C into H, f : C — C be a contraction map
with coefficient 0 < a < 1, {T;}52, be an infinite family of nonexpansive mappings of
C into itself with Q = ;2 F(T;) NGMEP(F, A, o) # 0, and let A1, X2, . .. be real
numbers such that 0 < \; < 1 foreveryi = 1,2,... with y ;2 \; < co. Let K,, be
the K-mapping generated by T,,, T, _1,...,T1 and Ap, \n_1,..., A1 for each n € N.
Let z1 € C and {z,} and {z,,} be sequences generated by

F(zn,y) + ‘P(y) - ‘P(zn) + (Aa:n,y — Zn) + Tln<y — ZnyRn T xn> >0Vy e C,
Tna1 = anf(xn) + (1 — ) Knzn, Vn €N,

(3.1)
where

{an} € [0,1] and {r,} C [0, 2q] satisfy the following conditions :
(#)0<a<r, <b<2a

o0
(i1) Z [Tn41 — 1| < 00,

n=1

o) (o)
(4i7) nh—>ngo a, =0, Zan = o0 and Z lan+1 — ap| < 00,
n=1 n=1

Then {x,,} and {z,} converge strongly to z; € 2,
where zy = Po f(z0).

Proof. First, we show that (I — r, A) is nonexpansive. Let 2,y € C. Since A is
a—inverse strongly monotone and r,, < 2a Vn € N, we have

I = rnA)e = (I = raA)yl? = o~y —ra(Az — Ay)|?
llz = ylI? = 2rp(z — y, Az — Ay) + 7} || Az — Ay||?

< o —yll® = 2ar, || Az — Ay|* + 7 || Az — Ay|)?
= |z =yl + ro(rn — 20) || Az — Ay|]?
< = -yl (3.2)

Thus (I — r, A) is nonexpansive.
Since

1
F(Znay) + @(y) - @(Zn) + <A$n,y - Zn> + 7<y — RnsRn — xn) 2 0 Vy € C,

n

we obtain
1
F(zn,y) +¢(y) —@(zn) + — (Y — 2n, 20 — (I —rpA)zy) > 0Vy € C.

By Lemma 2.5, we have z,, = T}. (x, — r,Az,) ¥n € N.
Let 2 € ;2 F(Ti)) NGMEP(F, A, ¢). Then F(z,y) +(Az,y—2) +¢(y) —¢(2) > 0
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forally € C, so
1
Fliz,y)+ —(y—z,2z—z+r,Az) + o(y) — p(z) > 0forally € C.
r

Again by Lemma 2.5, we have z = T,. (z — r,Az). Since I — r, A and T, are
nonexpansive, we have

lzns1 — 2l = lan(f(zn) —2) + (1 — @) (Knzn — 2)||
an f(zn) + anf(2) — anf(2) — anz + (1 — an)(Knzn — 2)|
0l F@) = FEI + onll £2) = 2]+ (L= ) [ Koz — 2|
anallan — 2l +17() = 2l) + (1~ an)llen ]
anallzn — 2l + 17(2) — 2I)
+(1 —a)|Ty, (I — Az — T, (I — 1, A)z||
n(allz — 2l + 1£(2) — 21) + (L~ ) — 2]
= aalfen — 2+ (1~ @)z — 2l + 0l £(2) ]

IAIA

= (1—an+ana)||z, — 2] + an(l - )”“’Z(l )_a)z”
P
< max{|lz, -z, Hf(( o= ) . (3.3)
By induction, we have |z, — z| < max{||z; — z||, Hf((lz)a)z”} Vn € N, this implies

{z,} bounded. It follows that {z,} and {K,z,} are also bounded. Next, we will
show that
lim ||zp4+1 — 20| = 0.
n—oo
Putting u,, = z,, — 7, Az,,. Then, we have z,_1 =T}, u,—1 and 2, = T}, u,. By
definition of x,,, we have
||xn+1 - xn” = ||anf(xn) + (1 - an)KnZn - anflf(xnfl) - (]- - anfl)anlznfln
||anf(xn) - anf(xn—l) + anf(xn—l) - an—lf(xn—l)
+(1 - an)KnZn - (1 - an)Kn—lzn—l + (1 - an)Kn—lzn—l
_(1 - anfl)anlznfln

< an| f(@n) = flen—)ll + an — anal|| f(@a-1)|

+(1 — an)[[Knzn — Kn—12n-1]| + [an — an_1[|[Kn—12n-1]|
< anallwy — Tpoa| + lon — an—a || f (@n-1) |l

+(1 = an)[[Knzn — Kp—12n-1]l + [an — an—1[|[Kn—12n-1]|
= anallry, — xpoal| + (1= an) | Knzn — Kn—12n-1]|

+lan = an—1|(| f(@n-1)ll + [ Kn-12n-1])
< anallry =zl + (1= an)[[[Knzn — Knzp—1||

+HKnZn71 - anlznfln] + ‘an - an,ﬂL
< anallen — Tnoafl + (1= an)|l|zn — 20|

+HK7LZ7L—1 - Kn—lzn—ln] + ‘an - an—l‘La (3.4)

where L = sup{||f(z,)|| + |Knzn|| : n € N}. Since T, and I — r,, A are nonexpan-
sive, we have

l2n — 2n-1ll = T un — Ty un-1ll

= HTrnun - Trnunfl + Trnunfl - Trn,lunfln
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< |NTroun = Trptn—all + ([T un—1 = Try 1|
é ||un - un71| + ||Trnun71 - Trn_lunfln (35)
and
”un - un—l” = Hxn - TnAIn — Tp—1+ Tn—lAIn—ln

Hxn - ’rnAxn - TnAxn—l + TnAxn—l — Tp—1 + Tn—len—ln
(I =rpA)zy, — (I —rpA)zn_1+ (rp—1 — rn)Azn_1]|
|zn — Zp-1|l + |rn-1 — rull|Azn-1]|- (3.6)

IA

By Lemma 2.5, we have
1

F(T,, _ un—1,y)+ (y=Tr, _sun—1,Tr, _,tun—1—un—1)+p(y)—p(Tr,_,upn-1) >0,

n—1

Vy € C and

1
F(Trnun—lay)+7<y*Trnun—1aTmun—l*Un—1>+90(y)*§0(Trnun—l) >0, Vy e C.

n

In particular, we have

F(Trn,lun—lz Trnun—l) + <Trnun—1 - Trn,lun—ly Trn,lun—l - un—1>

Tn—1
+o(Tr,un-1) — o(Tr,_yun-1) 20, Vy € C (3.7)

and

1
F(Trnun_17Trn71un_1) + 7<TT”71U7L—1 - Trn,un—laTrnun—l - 'Um—1>
n

+o(Ty,, yun—1) — @(Tr, un—1) >0, Vy € C. (3.8)
Summing up (3.7) and (3.8) and using (A2), we obtain

r <Trn_1un—1 - Trnun—lv Trnun—l - un—1>
n

+ <Trnun—1 - Trn,lun—laTrn,lun—l - Un—1> Z 0 vy € O

Tn—1
It then follows that

Trtn—1—Up—1 Trp_jUp-1—Up_1

<Trn71un_1 — Trnun_l, > >0, Vy eC.

Tn Tn—1

This implies that

Tn—1
0 S <T7'nun—1 - TTn,lun—la Trn,lun—l — Up—1 — (Trnun—l - un—1)>
n
= <Trnun71 - Trn,lunfla Trn,lunfl - Trnunfl + Trnunfl — Up—1
Tn—1

(TTnun—l - un—1)>

Tn—1

= <Trnun—1 - Trn,lun—laTrn,lun—l - Trnun—l + (1 - r
n
It follows that
Tn—1
[ N T e

Tn

1T, 1 =T, 1 || (| T, i1 |+ [ 1 [])-
Hence, we obtain

Tr— 1 1
HTrnunfl _Trn,lunflu S |1 - :_71|LI = 7|71n _Tnfl‘L/ S a|rn _TnfllL/7 (39)

n n

)(Trnun—l - un—1)>~
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where L' = sup,cy |17, Un—1|| + sup,ey ||un—1]|. From (3.5), (3.6), and (3.9), we
have

lzn = zn-1ll < lun —wn—1ll + 1T, n-1 — Tr,_ tn—1]|

N

1
lTn — Zn_1ll + |rn_1 — mnll|Azpn_1]| + g|7“n —rn_1|L'(3.10)

By (3.4) and (3.10), we have

[Zns1 —2nll < anallzy — 21l + (1 = an)(lzn — 2n-1ll + [ Knzn—1 — Kn-12n-1]|)
+an — an—1|L

< apal|zn — a1+ (1= an)([Tn — 2p-all + [ra—1 — ol | Azp—1 |
1
+a|rn - rn71|L/ + ||ann71 - anlznle) + ‘an - anfllL
< apal|zn, —zp—1| + (1= an)|zn — zn—1| + [rn—1 — rall|Azn—1]]

—|—2|rn T 1|l + | Knzn-1 — Kn_12n_1|| + +|an — an_1|L
= (I-an(l—a))llzn —zn_1l| + [rn-1 — || Azn_1]]

+%|rn — 1|l + | Knzn-1 — Kn_12n_1| + |an — an_1|L
= (l-an(l=a))llzn = zn-rll+ |rn-1 — ral|Azp—1||

1
+alrn—rn71|L’+ sup ||Knz — Kn_12| + |an — an_1|L.  (3.11)
ZE{Zn}

From the conditions (i%), (#i7), Lemma 2.9 and Lemma 2.2, we can conclude that
lim ||@pr1 — zn] = 0. (3.12)
n—oo

By monotonicity of A and nonexpansiveness of ;. , we have

lan(f(2n) = 2) + (1 = an)(Kpzn — Z)”Z

lnr1 — 2|

< anllf(@n) — 217+ (1= an)|l2n — 2|7
< anllf(zn) — Z||2 + (1 = a)| Ty, (zn — 10 Azy) = Tp, (2 — TnAZ)HQ
< anlf(zn) — Z||2 + (1 —an)l|zn —rnAz, — 2+ rnAz)||2
= anllf(zn) - Z||2 + (1= an)|[(wn — 2) = rn(Azy — Az)||2
= anllf(zn) — 217 + (1 = an) (|20 — 21> + ri || Az, — Az
=2rp{xy — 2, Az, — Az))
< anllf(@n) = 212+ (1= an)(|ln — 211 + 72| Az, — A2|?
—2ar,|| Az, — Az|]?)
= anllf(@n) — 217 + (1 — an) (|0 — 27
+rp(rn — 20)|| Az, — Az||2)
< anllf(@n) — 2| + on — 2|

+7n(1 = o) (rn — 20a) || Az, — Az||?, (3.13)
which implies that
r(l = on) (20 = )| Az — A2l < anllf(@n) = 217 + llon = 2lI* = ll2p4 — 2]
anllf(@n) = 21* + (l2n — 2] = w1 = 2[))
(lzn = 2l + llznsr = 2[))
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= anlf(zn) = 2l” + (|2 — 2nsal])
(lzn = 2l + [|2ns1 — 2[)-

This implies by condition (7i7) and (3.12) that

lim ||Az, — Az|| =0. (3.14)
n—0oo
By nonexpansiveness of T, and [ — r, A, we have
l|2n — Z||2 = |7, (xn —rnAz,) = T, (2 — TnAZ)HQ
< (zp —rpdxy) — (2 —rpAz), 2z, — 2)
1

5(I@n = radzy) = (z = ra A + |20 = 2|
—N(@n —rnAzn) — (2 — rpAz) — (20 — Z)||2)

1
< glllzn - 2l + llzn = 217 = [l(@n — 2n) — rn(Azn — A2)|1?)
1
= 5llzn - 2l + llzn = 201? = llzn — 2nl?
420 (T — 29, Ay — AZ) — 72| Az, — Az|)?). (8.15)
It follows that
llzn — 2|I* < ||lzn — 2|2 (3.16)

and
ll2n — Z||2 < lon - z||2 —lzn — ZnH2 +2rp)|Tn — 2n||[|Azy — Az]. (8.17)
By (3.17), we have

lznsr =27 = llan(f(zn) = 2) + (1 = an) (Knzn — 2)|I?
< anllf(zn) = 22 + (1 = an)llzn — 2|
< anllf(zn) = 22+ (1 = an)(len = 2lI* = l|lzn — 20|
+2rn||xn — zn || Az — Az|))
< anllf(zn) = 2l + lzn = 21* = (1= an)llzn — zal®

+ 2r, |2, — 2| Az, — Az||.
This implies
(L —an)llzn =2l < anllf(zn) = 2l + (20 = zaga D (len — 2] + 2ns1 — 2])
+2rp||Tn — 20| Az, — Az||.
Again by the condition (ii7), (3.12) and (3.14), we obtain
lim ||z, — z,|| = 0. (3.18)

n—oo
Since 41 = [ () + (1 — ) K2, we have x,, 11 — Kz, = o (f(2n) — Knzn)-
This implies that
lm ||@p+1 — Knzn| = 0. (8.19)

n—oo
By (3.12), (3.18) and (3.19), we have
| K nzn — 2ol < | Knzn — Tnt1ll + | Zn+1 — Tull + |20 — 20]] = 0@as n — oo. (3.20)
Putting zo = P f(z0). Then
o0
(f(z0) — 20,20 —2) > 0Vz € ﬂ F(T;))NGMEP(F, A, ). (3.21)

i=1
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We shall show that
lim sup(f(z0) — 20, Tn — 20) < 0. (3.22)

n—oo
To show this inequality, take a subsequence {xz,, } of {x,} such that
lim sup(f(z0) — 20, Zn — 20) = lim (f(20) — 20, Tn,, — 20)- (3.23)
n— o0 k—o0
Without loss of generality, we may assume that z,, — w as k — oo where w € C.
We first show w € GMEP(F, A, ). Then we have z,, — w as k — oo. From
zn =Ty, (xy — rpAxy,), we obtain

n

1
F('znay) + (p(y) - (p(zn) + <Awn7y - Zn> + 7<y — ZnyRn — xn> 2 0» Vy cC.

n
From (A2), we have

go(y) - SD(ZH) + <Axn7y - Z’ﬂ> + i<y — Rny&n — xn> > F(Z/, zn)
Then

1
w(y)iw(znk)+<‘4xnk7yiznk>+ri<yiz"k7an 7‘/'Enk> Z F(yvznk)v Vy cC. (3-24)
n
Fort € [0,1] and y € C, put z; = ty + (1 — t)w. Then, z; € C. So, from (3.24), we
have

(2t — zny, Azt) = {2t — 2y, Aze) — (2t — 20y, ATny ) + F(2t, 2n,,) — 0(2t) + ©(2n,,)

_<Zt ~ Zngs Ere T >
Ty,

= (2t —zn,, Azt — Azp, ) + (2t — 2n,, Azn, — Axy,)

+F (2, 2n,,) — ¢(2t) + p(2n,)
e — Tg

—(2t — Zn,, -

k

> aflAze — Az, I + (2t = 2ny, Azny, — Az,)
+F(Zt7 an) - @(Zt) + @(ch)
o Zng — Ty,
<Zt anv Tnk >
> <Zt - an7Aan - Axnk> + F(Zt7 an) - (P(Zt) + <P(an)
(2 — 2n,, Ere — Ty,
Nk

It follows from (3.18), (A4) and weakly lower semicontinuity of ¢ that
(2t —w, Az) + p(2t) — p(w) > F(z1,w). (3.25)

From (A1), (A4) and (3.25), we also have

0 = F(zt,2t) <tF(ze,y) + (1 = t)F(z,w)
< tF(zy) + (1= 8) (2 — w, Azg) + 0(2) — p(w))
< tF(z,y) + (1= )y —w, Az) +to(y) + (1 = t)e(w) — pw))
= tF(z,y) + (1 = 0)(Hy —w, Aze) + tp(y) — to(w))
= tF(z,y) + (1 = t((y — w, Az) + o(y) — ¢(w)),

hence
0 < F(zt,y) + (1 =) ({y — w, Azp) + 0(y) — p(w)).
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Letting ¢ — 0, we have
0< Fw,y)+ (¥ —w, Aw) + ¢(y) — (w)
for all y € C' and hence w € GMEP(F, A, ¢).

Next, we show that w € (-, F/(T;). Assume that w # Kw. By using the Opial
property, (3.20) and Lemma 2.10 we have

liminf ||z, —w| < liminf |z, — Kw|
k—o0 k—o00

<
< liminf ||z, —w|,
k—o0

which is a contradiction. Thus Kw = w, so w € F(K). By Lemma 2.8, we obtain

that w € ;2, F(T;). Hence w € (2, F(T;) NGMEP(F, A, ¢).

Since z,, = wandw € (o, F(T;) N\GMEP(F, A, ¢), by (3.21), we have

limsup(f(z0) — 20, 2n — 20) = lim (f(20) = 20,20, —20) = (f(20) = 20,w — 20) < 0.
(3.26)

From Lemma 2.3 and (3.16) we have

llon (f(zn) = 20) + (1 — an)(Knzn — ZO)||2

[#n41 — 20|

< (1= n)?[[Knzn — 20l + 200 (f (n) = 20, Zny1 — 20)
< (1- O‘n)2||zn - ZO||2 + 200 (f(zn) — 20, Tn+1 — 20)
< (L= an)?llzn — 20l* + 200 (f (2n) — f(20), Tns1 — 20)
+200, (f(20) — 20, Tnt1 — 20)
< (L= an)?llzn — 20l* + 2anallzs — 2ol 241 — 20
+200, (f(20) — 20, Tnt1 — 20)
< (1= an)’llen = 20l* + ana{llzn — 20ll* + lznt1 — 20%}
+2an (f(20) = 20, Tn41 — 20)- (3.27)
This implies
1—an)?+ ana 2
_ 2 < (”—" _ 2, _ _
[#n1 — 2] < 1—ana [0 — 20" + 1= ana<f(zo) 20, Tn41 — 20)
1 =20, +aga 9 . 9
Rl
2«
+ﬁ(f(zo) — 20, Tn+1 — 20)
2(1 —a)ay, 9
< (1- 2"y, —
< -y )
21 —a)ay, , anM 1
20, Tna1 — 20)), (3.28
where M = sup{||z,, — 20||? : n € N}. Put 3, = % and
2(1—a)on f an,
On = e (5520 + 122 (f (20) = 20, @041 — 70)}. Then
lZni1 — 20> < (1= Bo)||lzn — 20]|* + 6, ¥n € N. (3.29)

It follows from assumption (iii) that 220:1 Bn = 00. By (3.26) and lim,, ., a,, = 0,
we have limsup,,_, % < 0. By Lemma 2.2, we obtain that ||z, — 2] — 0 as
n — 00, This completes the proof. U



350 S. CHAIYASIL, S. SUANTAI/JNAO : VOL. 2, NO. 2, (2011), 337-353

By setting A = 0 in Theorem 3.1, we obtain the following result.

Corollary 3.2. Let C be a bounded closed convex subset of a real Hilbert space,
F : C x C — R be a bifunction sastisfing the condition (A1)-(A4) and ¢ : C —
R |J{+oc} be a proper lower semi-continuous and convex function and f : C — C
be a contraction map with coefficient 0 < a < 1. Let {T;}?°, be an infinite family
of nonexpansive mappings of C into itself with @ = (\;—, F(T;) \MEP(F,¢) # 0.
and let A\, A2, ... be real numbers such that 0 < \; < 1 for every i = 1,2,...
with Zfil Ai < o0. Let K,, be the K-mapping generated by T,,,1T,_1,...,T1 and
Ay An—1,-..,A1 foreachn € N. Let x; € C and {z,} and {z,} be sequences
generated by

F(zn,y) +9(y) = ¢(20) + 1y — 20, 20 — 20) 2 0, Yy € C, (3.30)
Tnt1 = nf(n) + (1 — an)Knzn, Vn €N, '

where
{an} € [0,1] and {r,} C [0, 2q] sastisfy the following conditions:

()0<a<r, <b<2a

oo
(i4) Z |Trt1 — Tnl| < 00,

n=1

oo o
(144) nlLH;O o, =0, Z oy, = 0o and Z |ap+1 — | < o0,
) n=1 n=1

Then {z,} and {z,} converge strongly to zy € {2,
where zy = P f(z0).

4. NUMERICAL RESULT

In this section, we give a numerical example of using the iterative method
introduced in our main result. Let H = R and C' = [-5,5]. For n € N, let
T, : C — C be defined by

T ,if x > 0.
T,x = 4.1)
—nLHx ,if x < 0.

andLet F:CxC —R,p:C—R, f:C— Cand A: C — C be defined by
F(y,2) = 2y* + 22y — 422,
py) = -y
Ax =z,
fla) = 3.
It can be shown that that GM EP(F, ¢, A) = {0}. Let {x,} and {z,} be sequences
generated by (3.1). Then we have

1
F(yvzn) + @(y) - @(Zn)"_ < Awnvy —2Zp > +—< Y — 2Zn,%n — Tn >2 07
r

n

1
2% + 22,y — 422 —y? + 22+ Ax,y — Az + T—(yzn — Yz, — 22 4+ 2,1,) > 0,

n
rnyz + 2rpzny — 37'7,,22 + TnTnlY — TnTnzn + Y2n — YTy — z,% + zpxy > 0,

rnyz + 2rnzny + ZnY — ThTnly — Tpy + T'nTnzZn + Tnln — 3Tnzr2L - Z’r21 2 07
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Ty’ + [(2rn + 12p) — (rn + D]y + (rnZnzn + Tnzn — 37°n22272l — Z?L) > 0.

Let G(y) = 'rny2 + [(2rn + 1zn) - (Tn + 1)] Y+ (Tnxnzn + Tnzn — 37"nZQZr2L - ZTQL)
G(y) is a quadratic function of y with coeffient a = r,, b, = (2r, + 12,,) — (rp, + 1),

2.2 2
C=TnpTpZn + Tnin — ITn2°2, — 25,

Determine the discriminant A of G as follows
A = b —dac
= [2rn+ 1)z, — (rn+ 1)a:n}2 — A7y (PaXnzn + Tpzp — a2 — 22)
= 7222 + 2,2 422 — 8ria,z, — 10r, 22, + 2002, + 167222 + 481,22 + 22
= [(rn + 1)21:% —2(rp + 1) (4r, + Dapz, + (4r, + 1)22,21}
= [(rn+ Dy — (47 + 1)2,)°
We know that G(y) > 0 Vy € C. If it has most one solution in C, then A < 0, so

P Z: 111) Z,. Now (3.1) becomes
T rn+1
Tpi1 = Qp— + (1 — ) Ky, | (52 Yn | - 4.2)
2 4Tn+1
Now, we set «,, = w%’ Ty = nL+1 Ap = QL and z; = 1. The following table shows
numerical results of {x,} and {z,}.
n | x, Zn

1.000000000 | 0.500000000
0.500000000 | 0.227272727
0.228409091 | 0.099928977
0.100404829 | 0.043030641
0.043209935 | 0.018281126
0.018347603 | 0.007694156
0.007718817 | 0.003216174
0.003225368 | 0.001337349

W N O O W N =

18 | 0.000000441 | 0.000000179
19 | 0.000000179 | 0.000000072
20 | 0.000000072 | 0.000000028
Table 1:
We observe that {z,,} and {z,} converge to 0 € (.2, F(T;) NGMEP(F, A, ¢) and
220 = 0.000000072 and z29 = 0.000000028 are approximate solutions with accuracy
at 7 decimal places.
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Remark 4.1. If we use W, instead of K,, in (3.1) we also obtain a strong con-
vergence theorem as Theorem 3.1. The next table give comparisons of numerical
results among algorithm 1, algorithm 2 and algorithm 3.

When the initial point are z; = 1 for algorithm 1 and algorithm 2, x; = 0.005 for

algorithm 3. We set a,, = ﬁ’ Ty = niﬂ Ap = %
Using K-mapping and | Using W-mapping and | Using K-mapping and
fl@)=% flan) =2 f(x) = 0.005
n| Tp T, T,
1 -1.000000000 -1.000000000 0.005000000
2 -0.162500000 -0.162500000 0.002750000
3 -0.014295691 -0.028914536 0.001437500
4 -0.000927083 -0.004701357 0.000077461
5 -0.000050769 -0.000073748 0.000044867
6 -0.000002513 -0.000011301 0.000028603
7 -0.000000116 -0.000001704 0.000020128
8 -0.000000005 -0.000000254 0.000015410
Table 2:
Algorithm 1:

F(Znuy) + (P(y) - (p(z’ﬂ) + <A(En,y - Zn> + %<y — RnyRn — $n> Z 0 Vy € Ca
Tpt1 = anf(xn) + (1 — an)Kpzn, Yn €N,

(4.3)
Algorithm 2:

F(Zmy) + ‘P(y> - ‘P(zn> + <A$n7y - Zn> + r%<y — ZnyRn T xn> >0Vy e,
Tnt1 = @ f(n) + (1 — an)Wyz,, Yn €N,
4.4)
Algorithm 3:

F(zn,y) +¢(y) — ¢(2n) + (AT, y — Zn> + i@ — ZnyRn T xn> >0, VyeC,
Tt = apu+ (1 — ) Kpz,, Yn € N.
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tree ecologically 1nteract1ng species has }
in the stability aspect have been invesiihted. C ) aim is to present a mathematical
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1. INTRODUCTION

sults to interpret and analyze this problem. In (1934) Gauss
Gauss and Smaragdov was studied generalization of the following

& = ax —yp(x)
(1.1)

a = y(=7 +cp(@))

Above model states that the prey growth is enhanced by its own presence and its in-
crease growth is limited at predators present, but the predator growth is decreased
by its own presence and its growth rate is enhanced at preys present.

More general form of this model as an intermediate model of predator-prey inter-
actions is as follow:
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dx

G = z9(x) — yp(z)

(1.2)
W =y(=7 +aq(x))

Here the function g(x) is the specific growth rate of the prey in the absence
any predators and represents the relative increase of preys in unit of time. The
function p(z) is efficiency of predator on particular prey and expresses the number
of prey consumed by a predator in a unit of time. The function ¢(z) is the predat
response function with respect to that particular prey. The second statement
(1.2) describes the growth rate of the predator population and the function g(x)
gives the total increase of the predator population. It is clear that in the absence
prey the predator population declines.

Some of properties of p(z), ¢(z) and g(z) will be studied in continua

g9(0) = a >0, g(z) is continuous and differ:

forx >0,9, <0
When the environment has a carrying capacity, the
E>0:gk)=0

This last assumption is biologically realistic.
The term p(x) will have the following properties:

42 (0) >

as two equilibrium points (0,0) and (0, k).The prey isocline

PREDATOR-PREY GAUSS MODEL WITH TWO PREY AND ONE
PREDATOR

Let z and y are density of preys species and z is density of predator species.
Following system represents Gauss model with having two preys and one predator:

&= arx — zp1 ()
T = azy — 2p2(y) (2.1)

T = —c1z + cazpy (%) + c3zpa(x)
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In above system two preys species live in an ecosystem independently and each
species is bait of special predator z and all of coefficients a;, as, c1,c2 and c3 are
positive constant. In this system preys enhance in absences of predator species and
this increasing is limited by terms —zp; () and —zp2(x) respectively. In absence of
preys density of predators populations decrease and preys have positive efficigncy
on predator population.
For example, let two species rabbit and rat live in an ecosystem and each of t
species is baits of fox species. More than assumptions of Gauss model, as,
that p; and py has properties of p(z) in Gauss model.

In system (2.1) following properties are holds:

i. Equilibrium point (0, 0,0) is stable point for system (2.1), in other han
density of populations is zero density of population species wi
different time.

ii. If population density of one of preys species is zero,phen syst
system (1.1).

iii. If population density of predator species is zero,

to
to
iv. If population density of two species are ze convert to

equation of growth rate.
v. Orbit of solutions system (2.1) is inth' =in

means, we ac trix, which may be found as the follow:

0 —pi(z)
as — deéilgy) _pQ(y)
@,Z% —c1 + copr(x) + c3p2(y)

ay — fdpéif) 0 - (E)
0 as — Eidpjéy) —p2(¥)
cﬁdﬁ}igﬁx) ngdpji;y) —c1 + c2p1(T) + e3p2(Y)

il A < 0 and detA > 0, then system (2.1) is locally asymptotically stable.

Let p1(z), p2(¥) > 0

Al = a; — Zidpdla(f)
AQ = as — Eidp;;y)
Az = —c1 + cap1(T) + capa(Y)
Ay = 0227(1]);;?)

_ dp2 (Y
As = ng%
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So
Ay 0 —P1 (f)
A= J|(E,§,E) = 0 A2 —Db2 (y)
Ay As As
Therefore

detA = A1A2A3 — p2A1A5 —|—p1A2A4
Now if A1, A3 < 0 and Ay > 0 Then detA > 0, if Ay < Ay + Az too, then trA < o
and so system (2.1) is locally asymptotically stable.
So following proposition is proved.

Proposition 3.1. Let p(T),p2(y) > 0, the system (2.1) is locally asymptotica
stable in equilibrium point (Z, ¥, Z) provided A1, A3 < 0 and Ay > 0 and

4. GLOBAL STABILITY

In this section, we will prove the global stability of the sys, .1)b

ing a suitable Lyapunove function.

Theorem 4.1. The system (2.1) is globally asymptoti stdble ine
(Z,9,z) providedx < T,y <gyandz > Z.

point

Proof:
Let us consider a suitable Lyapunove funcig
’U(l‘, y’ Z) =
where h = ¢ and k = c3. Obviously p it itj Now the time derivative

2y — 2p2(y) — a2y + Zp2(Y)] + [—c1z +
p2(y)] = hai(x =) — h(zp1(z) —2Zp1(T)) +

& = hlayz — 2py
cazp1(x) + c32p2
kaz(y—7)—h(z)

ple 1. Consider following system:

% = a1 — bll‘Z
dt 2y — b2y '
% = —c12 + bicozx + bacszy

In the above system all of coefficients a1, as, by, be, 1, co and c3 are positive con-
stant. In system (4.1) efficiency of the predator species on preys species and so
efficiency of the preys species on predator species are linear.

Points (0,0, 0), (0, b;g, ‘;—j) and (bfiz ,0, Z—ll) are equilibrium points of system (4.1),
in which we analyzing stability of this point by using Jacobian matrix. Now as-
sume that by = bo = b and a; = a; = a, thus intersection points of two lines bz = a

and cobz + c3by are equilibrium points of system (4.1) too. In order to analyzing
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this points, which we denote these by (T, 7, Z) using the Lyapunov function. First
Jacobian matrix of system (4.1) is found out as follow:

ay — blz 0 —b1x
J|(m,y’z) = 0 as — bgz —bzy
blcgz bQCgZ —C1 + bQCQSC + bgng
So
aq 0 0
Jloooy=1 0 az 0
0 0 —C1

Thus equilibrium point (0, 0, 0) is a saddle point for system(4.1).

J‘(O €1 '12): 0 0

?boc3 by

asbic
Zb; 2 ascs

0
So a; — b})% and +i,/ascq are eigenvalues of ab matrix, thus

( C1 a

92) is hyperbolic point for system (4.1).

rium point

) bQC?,’ bz

). Because

So zero and as — i . atrix, thus system (4.1)in equilib-

rium point ( 5o 0,

, ‘;—;) is hyperbolic point for system (4.1).

stable in equilibrium point (bf; ,0, ‘;—11)

e system (4.1) is stable in equilibrium point (T,7, Z).

sider Lyapunov function
=cy f; ST s+ cg fyy FTydt—l— f; == Jy

S v

NowWy differentiate of above Lyapunov function with respect to variable ¢t 4% is

dt
found out as follow:
_z =) —z
dU:CQw wdl+63y y7y+z Zdz

dt xr dt y dt z dt
lc\lIow by instituted Z—f, % and % from system (4.1) % is found out as follow:
v

S = ca(r —T) (a1 — b12) + c3(y —Y)(az — boz) + (2 — Z)(—c1 + bicoz + bacsy)
As regarding, by = by =band a; = a1 = a and bz = a and cybx + c3

dv __
<=0

and proof is completed.
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4.2. Analysis of Example 2. Consider following system of system (2.1):

dw:l’(l* z )

dt 14z
dy _ 1 _ _=
a =yl —135) (4.2)

d2 = 21— = — =)

It is clear that z,y and z # 0. To obtaining equilibrium points of system (4.
let first equation of above system is zero, in other hand 1 + x = 2. Now let t
equation of above system is zero, in other hand 1+y = z. two terms above conclu
z = y. Now constitute z and y in third equation of system (4.2) and simplify z
given by:

Viv2 h
v1+v2

Therefor equilibrium point(s) of system (4.2)is given by (;1c7
Jacobian of system(4.2) is as follow:

z =

1-— 7(1_;;)2 0
z
Tl .2 = 0 1-awp
v1x? vay?

by:
A= J|(9c,ac,hx) =
And by simplifying
2 2 2
1 = Rl + ey
If trA < 0 and detA > 0t is locally asymptotically stable. Let
1< 12 and1 : i tions of proposition(3.1) is true, thus the

(1+=x)?
system (4.2) is Ig
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1. INTRODUCTION

In the present paper, we try to prove the existence of monotonic solution of the
following mixed Volterra-Fredholm integral equation

t ol
wet) = )+ [ [ gotenneruten) dedr (.0 € 0] x 0.1, 0.
0 Jo
in Ll[O, 1]
Here u(z,t), is an unknown function, and the functions f(z,t), g(z,t,€,7) and
h(e, 7,u(e, 7)) are analytic on D = [0,1] x [0,7] and ¢t € [0, 1].

This equation arises in the theory of parabolic boundary value problems, the math-
ematical modeling of the spatio-temporal development of an epidemic and varies
physical and biological problems.

The aim of this paper is to use Theorem 2.1 and the fixed point theorem with respect
to a measure of weak noncompactness in the Banach algebras for solving Eq.1.1.
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2. BACKGROUND CONCEPTS

Let X be a banach space and 0 its zero vector. Denote by B, the closed ball in
X centered at 6 and with radius r. Let H be a nonempty bounded subset of X,
De-Blasi measure of weak noncompactness [ is defined in [1] as

B(H) = inf{ r > 0: there exists a weakly compact subset W of X such
that H C W + B,.}.

[ has the following useful properties (see [2] for a proof):
i) S(H) = 0 if and only if H is relatively weakly compact;
i) B(H1) < B(Hz) if Hy C Ha;

it) B(H) = A(@o(H)):

) B(rH) =[r | B(H), r € R;

v) If (H,,) is a decreasing sequence of nonempty, bounded, closed and convex of X
with G(H,) — 0, then H = (| H,, is nonempty (obviously, it is closed, convex and
relatively weakly compact by i) and ii)).

The Appell and De Pascal formula [3]
B(H) = lir%{ sup {sup ([, |¥(t)|dt : D C[0,1] x [0,1], meas(D) < e]}},
YV YeH
where meas(D) is the Lebesgue measure of D, so easy in calculation.

Another useful measure is the Hausdorff measure y of noncompactness is de-
fined as [4]

X(H) = inf{r > 0: there exists a compact subset W of X such
that H C W + B, }.

Both § and x have several properties, also these two measure are connected in the
following theorem.

Theorem 2.1. [5]Let H be an arbitrary nonempty and bounded subset of L0, 1].
If H is compact in measure then $(H) = x(H).

Consider the following integral operator

Gu(z,t) = A A g(z,t, e, 7)ule, 7) drde, (z,t) € [0,1] x [0, 1]

generated by the kernel g : [0, 1] x [0, 1] x [0, 1] x [0,1] — R which is assumed to be
measurable with respect to all its variables. Then we have the following proposition

Proposition 2.2. [6]If the linear integral operator G transforms the space L0, 1]
into itself, then G is continuous on L4 0, 1].

3. MAIN RESULT

In this section we discuss the solvability of the nonlinear integral equation of mixed

type

u(z, t) = f(x,t) + /0//0 g(x,t,e,7)h(e, T, ule, 7)) de dr, (z,t) € [0,1] x [0,1].
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For simplicity we suppose the operator

(Tu)(z,t) (z,1) / / (z,t,e,7)h(e, T, ule, 7)) dedr, (x,t) € [0,1] x [0, 1].

(8.1)
In what follows, we formulate the assumptions under which Eq.3.1 will be investi-
gated. Namely we assume the following hypotheses:

Hy) f:]0,1] x [0,1] — R is a continuous function.

Hj) h:[0,1] x [0,1] x R — R is continuous and satisfies in sublinear condition, so
that there exist the nonnegative constants c and d such that

hie,m,ule, 7)) <c+d|ule,T)].
Hs) g :[0,1] x [0,1] x [0,1] x [0, 1] — R is continuous function and measurable and
the integral operator G maps L; into itself.

H,) There exists a positive constant, satisfies d || G ||< 1.

Theorem 3.1. Let the assumptions (H1) — (H4) be satisfied. Eq.(1) has at least
one solution in L]0, 1].

Proof. In view the assumptions and Proposition 2.2 ,we deduce that the operator 7'
maps continuously the space L; into itself. Further applying our assumptions we
derive the following estimate:

| @ |- [ 1 / )+ / t / (et e (e, u(e, 7)) dedr] dde
//fxtdxdt—i—//// glx,t,e,7) || h(e, 7 ule, 7)) | dedrdxdt
<||fH+/ / / / g(z,t,e,7) | [c+ d | u(e,7) |] dedrdadt

In the assumption (H3), g is continuous function in L;. Then it is bounded, namely
| g |< M (M is positive constant). We have

I (Tw) (@, ) [[<|| f Il +Me+d || G| || ue, ) ||

Hence the operator 7' maps the ball B, into itself where

_ Il +Me

1—d| ]

Next, let @, be a subset of B, consisting of all functions that are a.e nonnegative
and nondecreasing on [0, 1], then as in [7] we deduce that (), is nonempty, closed,
convex, bounded and compact in measure. Moreover, by using the assumptions
and Proposition 2.2 we deduce that the operator T transforms @, continuously into

Qr-

Finally, we show that the operator 7' is contraction to the De-Blasi measure of
weak non-compactness. For this, let U C @,, € > 0, then for a measurable subset
D c [0,1] x [0,1] with meas.(D) < € and for arbitrary v € H we have

> 0.

/|Hu xt|dt<||f||L1(D)+// / glx,t,e,7) | [c+d | ule,7) |] dedrds
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1 1
<I| £ o, () +eMmeas(D) + d / / / gz, t,e7) || ule, ) | dedrds
D JO 0

<I fllzioy +eMmeas(D) +d || G [|Ip [| u(e; 7) [, (D),

where || G ||p is the norm of the operator G : Ly(D) — L1(D).

Since
Il f ||L1(D): gg%{ sup {/D flz,t)ds : D C [0,1] x [0,1],meas(D) < e}} = 0.

Thus as € — 0 and take the supremum for all w € U, D C [0, 1] x [0, 1], we see that
B(IU) <d | G| BU).
Since U C @, and @), is compact in measure, then we have

X(TU) <d| G || x(U).

Using all properties of (), and applying Darbo fixed point [3] we deduce that our
operator 7" has a fixed point which is the solution of Eq.3.1 and the proof is com-
plete. O
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1. INTRODUCTION

A continuous function f = u 4+ iv is a complex-valued harmonic function in a
domain D C C if both u and v are real harmonic in D. In any simply connected
domain D , we can write
f = h + 79, where h and g are analytic in D.We call h the analytic part and g the
co-analytic part of f. A necessary and sufficient condition for fto be univalent and
orientation preserving in D that |h/(2)| > |¢'(z)] in D ( see [4]).

W. Hengartner and G. Schober [2], considered harmonic sense preserving uni-
valent mappings defined on NU = {2z : |z| > 1} that map oo to oo and represented
by

- (o] oo
f(z) = h(z) + g(z) + Alog |z| where h(z) = az+ > anz ™, 9(2) =2+ > bpz™"
n=0 n=1

are analytic in VU and |a| > || > 0,4 € C, further % is analytic and ‘%

z z

< 1.
Jahangiri [6] , O Ahuja and Jahangiri [1] and Murugusundaramoorthy [7] have
studied classes of meromorphic harmonic functions.

Let us denoted the family X,(H) consisting of all harmonic sense-preserving
multivalent meromorphic mapping in NU* ={z:2 € Cand 0 < |2| < 1}

f(2) =h(z)+g(2) (1-1

Email address : absa662004@yahoo.com (A. S. Juma).
Article history : Received 7 May 2011. Accepted 31 August 2011.
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where
hz) =2+ anip 12" g(2) =D bnip 12T byl <1 (1-2)
n=1 n=1

Also , we denote by X,,(H) the subfamily of ¥,,(H) consisting of harmonic functions
f = h+ g(2) of the form

F(2) =27 = anp 12T £ by 12D, (B[ < 1), (1-8)

n=1 n=1

The (- Convolution of¢(z) and ¢ (z) where

o(z) =277+ Z an+p_1z("+”_1) + Z bn+p_1z(”+p_1) (1-4)
n=1 n=1
and
P(z) =277+ Z Cn+p712(n+p_1) + Z dn+p71'z(n+p_1) (1-5)
n=1 n=1
is defined by
R an+p 1cn+p 1 S(ntp—1) n+;D 1d7l+17 1m 1-6
(p®p¢)(2) = = +Z +Z (n+p—1)~8 (1-6)

The O-convolution of qﬁ and 1 is the familiar Hadamard product,also the 1-convolution
of ¢ and v is named integral convolution.

For real or complex numbers a1, sz, ...., &g and 1, Bz ..., Bs(8; #0,—1,-2,-3,..;5 =
1,2, ..., s), we define the generalized hypergeometric function o Fi (a1, ..., ag; 1, .., Bs; 2)

by

o

qFS(ala"'aaq;ﬁla"'aﬁs;z) :;M;' (1-7)

(<s+1;¢,s € Ng=NU{0};2 € NU),
where (), is the pochhammer symbol, defined , in term of the Gamma function
L, by

T(x+ k)
(T)r = I(z)
Corresponding to a function
Hp(ala ---»aq;ﬁla "'7&8; Z) =z P qFS(a17 ---,aq;ﬁla "'7ﬁ8; Z>7 (1'8)
we consider a linear operator H,, ,, (a1, ..., g3 B, .., Bs) defined by the convolution

1
Hy(ay, ..., aqg; Bu, o Bs) * Hp (0, oo, 0g; B, -, Bs; 2) = Wo(ﬂ > —p)

Let Hp)qas(a17 "'7aq;ﬂlv ~-~7ﬁs) : Ep(H) — EP(H)deﬁned by
Y (01,0 043 B0 B (2) = Hypa(on, o0 B, o B 2) 5 (2). (1-9)
(aj, 85 #0,-1,-2,-3,.;i=1,...,q; 5 =1,2,...,s,u > —p; f € E,(H); 2 € NU")
For notational simplicity , we use shorter notation
Hquw‘?(al) = Hp(a17 "'705(];617 -'753)

Thus, from (1-9) we deduce that after simple calculations , we obtain

(H[L ( )f(Z)) —p+z N+p)p+n(/81)n+p ..... (ﬁS)n+pan+p,12n+p_l. (1-10)

e 1 (a1)ptnee (g ) ntp
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We note that the linear operator H 4.5 1s closely related to the Choi- Saigo-Srivastava
operator [3].In view of relationship 1-10 for harmonic function f = h+ @ given by

1-1, we define the operator

Hy o f(2) = Hp h(z) + Hpg.59(2).

p.q,s p,q,s

Afunction f € ¥,(H) is said to be in the subclass JH («) of meromorphic harmonic
a-starlike function in NU™ if its satisfies the condition

oo [ 2T )Y — g G |
Hzﬁq,sh(z) + Hzﬁq’sg('z)

where (0 > a < p) and H!, . f(2) is given by 1-10. We also let JH (o) = JH(a) N
Xp(H).
In this paper we obtain coefficient conditions for the classes JH (a)and JH («)

2. COEFFICIENT ESTIMATES

Theorem 2.1 : Let f = h + g where g and h are given by (1-2) if

oo

Z(l —a—=n=p)lanip-1|T)(n) +(n+p—1—=a)|bpyp1|T)(n) <1, (2-1)

n=1

then f € JH(«), where T}'(n) = (WtP)psn(Brinsp--(Bo)ntp

(a1)pgn-eee (ag)n+p

Proof :Suppose the condition (2-1) holds true, we show that

e _Z(Hg,q,sh(z))/_m ~ e A(z) N
R{ HE g oh(2) + Hlgg(2) } R{B<z>}>’

where
A2) = —z(H}, h(2) — 2(Hpq,s9(2)) = —(=pz "~ + 302 T (n)(n + p —
Dantp-12"1P72) + 2(35,2, Ty (n)(n +p — Dbpip—12mP2)
and

B(z) = H]l;,q,sh(z) + Hpg,59(2)= 277 + fozl T#(”)anﬂ)—lznﬂ)il

+ 3 T ()b p1 2P

Using the fact that Rew > « if and only if |1 — o+ w| > |1 + o — w], its suffices
to show that
|A(z) + (1 — a)B(2)| — |A(z) — (1 + a)B(z)| > 0. (2-2)
Substituting for A(z) and B(z) in (2-2), and performing elementary calculations,
we find that
|A(2) + (1 = a)B(2)| = [A(z) — (1 + ) B(2)]|
> 20277 =237 | [(L—a—n—p)lantp-1] + (n+p — 1 — ) buip-1[|Tf (n) 2" P71
S 21— S (U= 1= p)lanspoa| + (1 p— 1 — )by [TE() > 0,
which implies that f € JH («).
Theorem 2.2 : For0 < a <p, f =h+g € JH(a) if and only if

Y (—a—n=planpy1|Tn) + (n+p—1=a)bupa|Th(n) <1, ©2-3)
n=1

_ (H+p)p+n(ﬁl)n+P """ (ﬁs)n+p
where T3 (n) = =5 S
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Proof : SinceJH (a) C JH(«), we need to prove the "only if" part. To this end, for
functions f of the form (1-3) , we have

. {_z<H,ﬁtq,sh<z>>' O] } -
Hpg,sh(z) + Hﬂq,sg(z)

implies that

o 7 T T = @ =1 = Py S Ty T
e = = — > 0.
2P =3 Ty (n)antp—12" TP+ 3700 Ty (n)bpypo1 27t P~1

The above required condition must hold for all values of z in NU* . Upon
choosing the values of z on the positive real axis where 0 = r < 1, we must have

o J Lo Xt TE) (1 =0 = n = p)angp-ar™ 2t 50 | T ()b ar TP
e 1 Lp \")Ontp—1]
1= 30t Ty (n)anpar™ 2P~ 4 3000 T (n)bpap a7 H2P 7

> 0.

(2-4)
If the condition (2-3) does not hold , then the numerator in (2-4) is negative for r
sufficiently close to 1 . Here , there exist 2y = 7 in (0,1) for which the quotient of
(2-4) is negative .This contradicts the required condition for f(z) € JH(«) .
The following result gives the distortion bounds
Theorem 2.3 :Let the function f be in the class JH («). Then , for 0 < |z| =7 < 1,

we have " "
rP— CEI0) <|fR)<r P+ CEED)

Proof :In view of Theorem 2.2 ,for 0 < |z| =7 < 1,

o 5%
O = 574 3 27 = 3 gy
n=1

n=1

<r PP Z(anﬂ?fl + bnyp-1)

n=1
T m— o 0} (MY
- (p — a T“ 1 n:1 P P P
STﬁp+( —aT“ XZTH (I-a-n—planp-1+@n+p—1—a)bpip1]
P
<P
(p — ) T3 (1)
and
o0 o0
|f(z)| = ‘pr =+ Z an+p—12n+p71 - Z b7z+p—12n+p_1
n=1 n=1
2 r P —r? Z(a’ﬂer*l + anrpfl)
n=1
> S (= T () (antpot + brpe)
- (p—a)Ty(1) =~ P
P rr S TH 1 1 b
e NYL TR - - - — - - n —
=r (p _ OZ)T]#(I) x Z P (TL)[( a—n p)an+p 1+ (TL +p a) +p 1]
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p P
>r Y =
(p— )T (1)
Theorem 2.4 :Let ¢(z) and 9 (z) have the form (1-5) and (1-6), respectively be in

JH (o) .Then the 8- Convolution of¢(z) and (=) belongs to JH (o) where
B > max {(log(n +p—1))"llog m, (log(n+p—1))"'log m}

Proof : Since ¢(z),9(z) € JH(a) we can write
Z[(l —a—"n _p)an+p—1 + (TL +p- 1- (X)bn-&-p—l]T;(n) < 1 (2'5)

n=1

Z[(l —a—=n-—plepip-1+(n+p—1—-a)d,,1]TH(n) <1,
n=1

also we have ¢, 4,1 < ﬁ, dpyp-1 < m,we must show
i[(l —a-n- p)an-&-p—lcn-‘f-p—lT;ﬁL(n)_i_(n +p—-1- O‘)bn-i-p—ldn-i-p—lT;#(n) <1
ot (n+p—1)~» (n+p—1)» -
(2-6)
For this purpose we have
i[(l — &= N — P)Unip—1Cnip-1 + (n+p—1—a)bpip-1dnip-1 1T (n)
—1)8 —_1)8 P
o (n+p—1) (n+p—1)
< i An+p—1 + bn—l—g—l7
— (n+p-1)
thus in view of (2-5) the (2-6) holds true if both the following hold true
1 1
n+ —15>77 n+p—1F>——
(n+p—-1"2> T —— (n+p—1) Z -1 a
Equivalently if

1 1
ﬁ Z max {(log(n +p — 1))_1 log m7 (10g<n +p — 1))_1 log W} .

Theorem 2.5: Let 0 < o <y < land ¢ € JH(«),? € JH(7). Then
pxp € JH(y) C JH(a)
Proof :Its clear thatJH (y) C JH(«), also we have

oo

Z[(l —Y=n—plantp1+(n=p—1- 'Y)bn+p—1]T;éL(n) <1

n=1

o

Z[(l —a—"n— p)cn+p—1 + (n +p —1- a)dn-ﬁ-p—l}T;ﬁL(n) S 1a
n=1

and consequently we can write ¢, 1,1 < —1 _d therefore

< 1
T—a—n—p>“ntp=1 = 3 T o>
we obtain

oo

(1—~y—n~— P)antp-1Cnip-1+(n+p—1— ’V)bn+p71dn+p71]T;(n)

n=1
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< Z[W“HMW(”)

—(l-—a—-n-p
= (n —-1-
+;[En 1£ -1 7; batp—] T (n) < 1
and this shows that
¢x1p e JH(y)
Theorem 2.6: Let f;(z) = 2P+ | anﬂ,,l’jznﬂ—l — 3% bpip-1,2"TP~1 be-

long to JH () for j = 1,2, ..... Then F(z) = 3772, 0, f;(2)belongs to JH (a),where

Yoy 05 =1,80;>0.

Proof :We have F(z) = = 7+3° (0375, 0t po1,) P =3 (555 b1, )77,
therefore

S TEm) (I —a—n—p)O ojanip-1) +Tn)n+p—1- ) 0jbuip1)
n=1 j=1 J=1

=> 0; > THm)(1—a—n—p)angp +Tn)(n+p—1— )by

7j=1 n=1
oo
S ZUJ‘ =1.

j=1

oo

Then F(z) € JH(a).

Corollary 2.7: JH(«) is convex set.
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1. INTRODUCTION

Let H be a real Hilbert space with inner product (-, -) and norm || - || and let C
be a nonempty closed convex subset of H. Let B : C' — H be a nonlinear mapping,
¢ : C = R|J{+o0} be a function and f : C x C — R be a bifunction. Peng and
Yao [10] considered the following generalized mixed equilibrium problem:

Finding u € C such that f(u,y) + ¢(y) + (Bu,y —u) > p(u), YyeC. (1.1

In this paper, we denote the set of solutions of (1.1) by GMEP (f, ¢, B). It is
obvious that if v is a solution of (1.1), it implies that v € dom ¢ = {u e C
p(u) < 4o00}.
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If B=0in (1.1), we obtain the following mixed equilibrium problem [3]:
Finding u € C such that f(u,y) + ¢(y) > ¢(u), VyeC. (1.2)
We denote the set of solutions of (1.2) by MEP (f, ¢).

If p =01in (1.1), we obtain the following generalized equilibrium problem [16]:
Finding v € C such that f(u,y) + (Bu,y —u) >0, Vye C. (1.3
We denote the set of solutions of (1.3) by GEP (f, B).

If p=0and B = 0in (1.1), we obtain the following equilibrium problem [2]:
Finding v € C such that f(u,y) >0, Vye€ C. (1.4)
We denote the set of solutions of (1.4) by EP (f).

If f(z,y) =0 forall z,y € C in (1.1), we obtain the following generalized varia-
tional inequality problem:

Finding u € C such that ¢(y) + (Bu,y — u) > ¢(u), Yy € C. (1.5)
We denote the set of solutions of (1.5) by GVI (C, ¢, B).

Ifp=0and f(z,y) = 0forallz,y € Cin (1.1), we obtain the following variational
inequality problem (see also [1, 5]):

Finding v € C such that (Bu,y —u) >0, VyeC. (1.6)
We denote the set of solutions of (1.6) by VI (C, B).

If B=0and f(x,y) = 0 for all z,y € C in (1.1), we obtain the following
minimization problem:

Finding u € C such that ¢(y) > ¢(u), Vy e C. (1.7)

We denote the set of solutions of (1.7) by MP(C, ¢).

In 1994, Blum and Oettli showed that the formulation of (1.4) covered monotone
inclusive problems, saddle point problems, variational inequality problems, mini-
mization problems, optimization problems, variational inequality problems, vector
equilibrium problems and Nash equilibria in noncooperative games. Several prob-
lems in physics, optimization and economics can be reduced to find solutions of
(1.4). The existence of equilibrium problems has been discovered by many authors
(see, for example, [1, 6, 8, ] and the references therein). Also, some solution
methods have been studied by some authors (see, for example, [6, , 13] and the
references therein).

In 2003, Takahashi and Toyoda [16] introduced the method for finding an ele-
ment of F(S)NVI(C, A) in real Hilbert spaces, where C C H is closed and convex,
S : C — H is a nonexpansive mapping and A : C — H is an inverse-strongly
monotone mapping. Their iteration is the following:

Tna1 = QnTp + (1 — ap)SPo(x, — AnAxy,),n > 0,

where z¢ € C,{a,} is a sequence in (0,1), {\,} is a sequence in (0,2a) and P is
the metric projection from H onto C. They proved that, if F(S)NVI(C, A) # 0, {z,}
converges weakly to a point z € F/(S)NVI(C, A), where z = lim,, oo Pr(s)nvi(c,4)Tn-
Later, Takahashi and Takahashi [15] studied the contraction method for finding
F(S)NEP(f)in real Hilbert spaces, where C' C H is closed and convex, S : C — H
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is a nonexpansive mapping, f is a bifunction from C' x C' to R with some specific
conditions. Their algorithm is the following:

IC1€H,

1
f(Ynsu) + r

n

<u_yn7yn_$n>207 VUEC,
Tn+1 = a"fl(xn) + (1 - an)Syn Vn > 1,

where {a,,} C [0,1], {r,} C (0, 00) and some appropriate conditions. They proved
that, if F(S)NEP(f) # 0, {z,} and {y,} converge strongly to a point z € F(S) N
EP(f), where z = PF(S)HEP(f)f(Z)-

Recently, Cho et al. [4] introduced a hybrid projection method for finding F' :=
F(S)NVI(C,B)NGEP(f,A) in real Hilbert spaces, where C' C H is closed and
convex, S : C — C( is a k-strict pseudo-contraction with a fixed point, f is a
bifunction from C' x C to R with some specific conditions, A : C — H is an
a-inverse-strongly monotone mapping and B : C' — H is an (-inverse-strongly
monotone mapping. Their iterative scheme is the following:

1‘160,
C,=C,

1
J(un,y) + (Azn, y — up) + 7<y — U, Up — Ty) >0, VyeC,

n

zn = Po(un — A Buy,),

Yn = @y + (1 — @) Skzn,

Cni1={w € Cp: |lyn —wl| < ||zn —wll},
Tny1 = Po,,, 71, Vn2>1,

where Spx = kx + (1 — k)Sz for all z € C, {a,} C [0,1), {\,} C (0,28) and
{rn} C (0,2«) and some appropriate conditions. They proved that, if F # 0, {z,}
converges strongly to a point = Ppx, where Pr is the metric projection of H onto
F.

In this paper, motivated by the above result, we prove a strong convergent the-
orem of a hybrid projection iterative method defined by (3.1) for finding a com-
mon element of the set of fixed points of an infinite family of Lipschitzian quasi-
nonexpansive mappings, the set of solutions of the general system of the variational
inequality and the set of solutions of the generalized mixed equilibrium problem in
the framework of real Hilbert spaces. Our main result can be deduced for nonex-
pansive mappings applied for strict pseudo-contraction mappings. It is clear that
our result generalizes the work by [4].

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-, -} and norm || - || and let C
be a nonempty closed convex subset of H. Let B: C — H. x, — x means {z,}
converges strongly to z and z,, — x implies {z,,} converges weakly to z. We denote
the set of fixed points of T' by F(T), i.e. F(T)={zx € C:Tx = x}.

Recall the following definitions:

(1) Amapping T : C' — C is said to be nonexpansive if

1Tz =Tyl <z —yl, Va,yeC.
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(2) Amapping T : C' — (' is said to be quasi-nonexpansive if
[Tz = pl| < [lz —pll, Vpe F(P).

(3) Amapping T : C — (' is said to be Lipschitzian if there is a positive constant L
such that

[Te =Tyl < Lllz —yll, Va,yeC.

(4) Amapping T : C' — C'is said to be strictly pseudo-contractive with the coefficient
ke [0,1)if

1Tz =Ty < o = y|* + k(I - T)z — (I = T)yll*, Va,yeC.
(5) B is said to be monotone if
(Bx — By,x —y) >0, Vr,yeC.
(6) B is said to be a-strongly monotone if there exists a constant a > 0 such that
(Bx — By,x —y) > allz —y||>, Vaz,yeC.

(7) B is said to be a-inverse-strongly monotone if there exists a constant a > 0
such that

(Br — By,x —y) > a| Bz — By|*, Vx,yeC.
(8) A set-valued mapping T : H — 2H is said to be monotone if, for all z,y € H, f €
Tz and g € Ty imply (x —y, f — g) > 0.
(9) A monotone mapping T : H — 2% is said to be maximal if the graph G(T) of T
is not properly contained in the graph of any other monotone mapping.

In the other words, a monotone mapping T is maximal if and only if, for (z, f) €
Hx H,{x—y,f—g)>0forall (y,g) € G(T) implies f € Tz. Let B: C — H be
a monotone mapping and N.v be the normal cone to C at v € C, i.e., Nov = {w €
H: (v—u,w) >0, Yué€ C}. Define a mapping T on C by

Bv+ N ifveC
0 ifvécC.

Then T is maximal monotone and 0 € T'v if and only if (Bv,u —v) > 0 forall u € C
(see [14]).

Let B be a 3-inverse-strongly monotone mapping of C' into H. It is easy to show
that B is %-Lipschitz. For A € (0,204], it is known that I — AB is a nonexpansive
mapping of C' into H.

Let C be a nonempty closed convex subset of H. Therefore, for any « € H, there
exists a unique nearest point in C, denoted by Pox, such that ||z — Poz|| < ||z —y||
for all y € C. The mapping P¢ is called the metric projection of H on C. We know
that for x € H and z € C,z = Pox is equivalent to (x — z,z —y) > 0 forally € C.
It is also known that a Hilbert space H satisfies the Opial condition, i.e., for any
sequence {z,} C H with z,, — z, the inequality

Tv = (2.1)

liminf ||z, — z|| < liminf ||z, — y||
n—oo n—oo

holds for every y € H and x # y.
Let A be a monotone mapping from C' into H. In the context of the variational
inequality problem, it is known that
u € VI(C, A) = u = Po(u — MNAu), for all A > 0,

and
u = Po(u — AAu), for some A > 0= u € VI(C, A).
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Let C be a nonempty closed subset of a Hilbert space H. Let {T;,} and I" be two
families of nonlinear mappings of C into itself such that F(T') = (", F(T,) # 0,
where F/(T') = (ycp F(T). {1} is said to satisfy the NST-condition ([9]) with I if
for each bounded sequence {z,} C C,

lim ||z, — Thzu||=0 = lim ||z, —T%,||=0forallT €T.

n—oo n—oo
In the case I' € {T'}, i.e., " consists of one mapping 7', {7} is said to satisfy the
NST-condition with 7.

For solving the generalized mixed equilibrium problem, we may assume the fol-
lowing conditions for the bifunction f, the function ¢ and the set C"

(Al) f(z,z) =0forall z € C;

(A2) f is monotone, i.e., f(x,y) + f(y,x) <0forall z,y € C;

(A3) for each z € C,y — f(x,y) is convex and lower semi-continuous;

(A4) for each z € C,y — f(z,y) is weakly upper semicontinuous;

(B1) for each x € H and r > 0, there exists a bounded subset D, C C and
y» € C'(dom(p) such that for any z € C\D,,

8 8

F(ora) + 90e) + (e = 77— ) < (o)

(B2) C is a bounded set.

The following lemmas are useful for proving some convergence results in next
two sections.

Lemma 2.1. ([10, s 1). Let C be a nonempty closed convex subset of a real
Hilbert space H. Let f be a bifunction from C' x C to R satisfying (A1)-(A4) and let
@ : C — R|J{+o0} be a proper lower semicontinuous and convex function. Assume
that either (B1) or (B2) holds. Forr > 0 and x € H, define a mapping T, : H — C
as follows:

To(@) = {z € C: fo) + o) + 1+ ly — 52— ) > plz), Wy eC)

for allx € H. Then the following conclusions hold:

(1) T, is single-valued;
(2) T, is firmly nonexpansive, i.e., forany x,y € H,

I3 () = To()I” < (T (@) = To(y), = — y)3

3) In(Tr) = MEP (Fv 90)7
(4) MEP (F, ) is closed and convex.

Lemma 2.2. ([7]). Let A : C — H be a-inverse-strongly monotone. If r € (0,2aq),
then we have I — r A is nonexpansive.

Lemma 2.3. ([17]). Let C' be a nonempty closed convex subset of a real Hilbert space
H and T : C — C be a k-strict pseudo-contraction. Define a mapping S : C — C
by Sz = ax + (1 — )Tz forallz € C and « € [k,1). Then S is a nonexpansive
mapping such that F(S) = F(T).

We would like to mention the following remark since our result is very inter-
esting. It shows that a monotone mapping maps all points in a generalized mixed
equlibrium problem to the same point.
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Remark 2.4. Let C be a closed convex subset of a real Hilbert space H, f : C'x(C —
R be a bifunction satisfying (A2) and ¢ : C — R U {400} be a function. Let A be a
monotone mapping of C into H. Then Au = Av for all u,v € GMEP(f,p, A).

Proof. Letu,v € GMEP(f,p, A). We then get

Fluy) + o(y) + (Au,y —u) > p(u), Vyel 2.2)
and
f(0,y) +o(y) + (Av,y —v) 2 p(v), VyeC. 2.3)
By letting y = v in (2.2) and y = u in (2.3), we get
flu,v) + o(v) + (Au,v — u) > p(u) (2.4)
and
flv,u) + p(u) + (Av,u — v) > @(v). (2.5)
By (2.4), (2.5) and the condition (A2), we have
(Av — Au,u —v) > f(u,v) + f(v,u) + (Au,v — u) + (Av,u —v) > 0. (2.6)

From A is a a-inverse-strongly monotone mapping,
0 < allAu — Av||2 < (Au— Av,u—v) <0.
That is Au = Av. O
By letting f = 0 and ¢ = 0 in Lemma 2.4, we obtain the following remark.

Remark 2.5. Let C be a closed convex subset of a real Hilbert space H and A be
a monotone mapping of C into H. Then Au = Av for all u,v € VI(C, A).

3. MAIN RESULT

In this section, we show a strong convergent theorem of hybrid methods for
finding a common element of the set of fixed points of an infinite family of Lip-
schitzian quasi-nonexpansive mappings, the set of solutions of the general system
of the variational inequality and the set of solutions of the generalized mixed equi-
librium problem in the framework of real Hilbert spaces under some appropriate
conditions.

Theorem 3.1. Let C be a closed convex subset of a real Hilbert space H, f :
C x C — R be a bifunction satisfying (A1)-(A4) and ¢ : C — R U {400} be a
proper lower semicontinuous and convex function. Let A be an a-inverse-strongly
monotone mapping of C into H and B be a (-inverse-strongly monotone mapping of C'
into H, respectively. Let {S,} and S be families of Lipschitzian quasi-nonexpansive
mappings of C into itself such that lim,, .« ||Spz— Sy < Ly ||z —y|| forallz,y € C,
sup,, L, = L. )2, F(Sy) = F(S)and F = F(S)NVI(C, B)NGMEP(f,p, A) # 0.
Suppose that {S,,} satisfies the NST-condition with S. Assume that either (B1) or
(B2) holds. Let {x,,} be a sequence generated by the algorithm:

T € C7

Cl = C>

f(unay) + @(y) + <A$n7y - un> + %<y — Un, Up — xn> 2 @(un)a Vy € C7

Zn = PC(UTL - AnBun)7 (38.1)

Yn = ATy + (]- - an)Snzn7
Crns1={w e Cy:lyn —wl| < [lzn —wll},
Tn1 = PC,,L+1x1a n Z 1’
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where {a, } C [0,1),{\,} € (0,25), {rn} C (0,2a),
0<a,<a<l, 0<b< A, <c<28, and 0<d<r,<e<2aq,
for some a,b,c,d,e € R. Then the sequence {x,} defined by the algorithm (3.1)

converges strongly to a point * = Prx1, where Pr is the metric projection of H onto
F.

Proof. We divide our proof into 5 steps.
Step 1: We show that F' C (), and C,, is closed and convex for all n > 1.

From the assumption, C; = C'is closed and convex. Suppose that C,, is closed
and convex for some m > 1. Next, we show that C,,; is closed and convex. For
any w € C,,, we see that

[ym — wll < [lem — w]|
is equivalent to
1 = 1Ym* = 2(w, T = Ym) > 0.
Therefore, C),41 is closed and convex.

Since A is a-inverse-strongly monotone and B is (-inverse-strongly monotone,
by Lemma 2.2, we get that [ — r, A and I — \,, B are nonexpansive.

By nonexpansiveness of 7, and I — r, A, we have

lun =plI* = |7, (20 — rnAzn) = Tr, (p — rn Ap)||?

< |z —rpdzn) — (p— TnAp)”z

= |[I(zn —p) = ru(Az, — Ap)|?

= |lzn = pl? = 2rn(@n —p, Av, — Ap) + ri[| Az, — Apl|?

< ln - p”2 = 2rpal| Az, — Ap||2 + riHAxn - Ap||2

= |zn —p||2 + 1 (rn — 2a)|| Az, — Ap||2

< llan —pll”. (3.2)

We are now ready to show that F' C C,, for each n > 1. From the assumption,
we have that F' C CC;. Suppose F C C,, for some m > 1. Forany w € F' C C,,,
by nonexpansiveness of I — \,,, B, we have

[ym —wl| = |lam@Zm + (1 — am)Smzm — wl|

IN

W [T — w| + (1 = o) ||zm — w]|
am||Tm — w| + (1 — am)||Pc(I — A B)tum — Po(I — A B)w||

( )
A || T — wl| + (1 = )|t — w||
( )

INIA

am[|Tm — w|| + (1 = am)||zm — |

[ —w][.

That is w € C),+1. By mathematical induction, we conclude that F' C C,, for each
n>1.

Step 2: We show that {z,,} is bounded.

Since z, = Po, 21 and 41 = Po, 21 € Cpy1 C C,,, we get

n+1
0 < (21— Zn,Tn — Tpy1) (3.3)

(1 — @n, Ty — T1 + &1 — Tpg1)

IA

My = @l + a1 = zalllzr = 2ol
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Thus

[z1 = za] < ler = zppa . (3-4)

Since x,, = Pc, z1, for any w € F' C C,,, we have

In particular, we obtain

|1 — zn|| < |21 — w]. (3.5)

lx1 — zn|| < ||z1 — Praq]]. (3.6)

By (3.4) and (3.6), we get that lim,,_, ||z, — 1| exists. It implies that {z,} is

bounded.

Step 3: We show that lim,,_, |2, — S2,|| =0forall S € S.

By using (3.3), we obtain that

20 = Znia]® =

IA

and so

Since r,41 = Fc, .,

and then

lern — 21 + 21 — $n+1||
[2n — 21 ]* + 2(zp — 21,21 — Tpg1) + |71 — Tga |12
lzn — 371||2 — 2|z, — $1||2 + 2<xn — L1, Tn — xn+l>

+z1 = Tnar|?

lz1 = @npa|® = [l — 21
lim ||, — Zp41] = 0. (3.7
n—oo

1 € Cp41, we have

1yn = @niall < l[2n = nga ]

lyn — Zoll < llyn = Togrll + |70 — Tnga || < 2/|z0 — Tpga -

By (3.7), we get

lim ||z, — yn] = 0. (3.8)

On the other hand, we have

2 = Ynl = [[Tn — anzn — (1 = an)Spzn|l = (1 — an)||lzn — Snzall-

It follows from (3.8) and the assumption 0 < a,, < a < 1 that

For any w € F, we have

1y — w]?

From (3.2), we obtain

lim ||z, — Spz.|| = 0. (3.9

”anmn + (1 - an)SnZn - w”2

|2y — wH2 + (1 —an) [ Snzn — w||2

<
< oz, —w|]?+ (1= ap)|lzn — w|?. (3.10)

lyn —wl® < anllan —wl|® + (1 = an)|Pe(I = AnB)uy — w|®

S O‘n”xn -

anlln = wl? + (1 = @) (lun — wll” + 2| Bu, — Buw|?

wl + (1 = an)[(I = MB)un — (I = M B)uw|”

-2\, (u,, — w, Bu,, — Bw))

IN A

an”xn -
a2y —wl|® + (1 = an)(|zn — w|® + A (An — 28)| Buy, — Buwlf?)

wl? + (1 = an)(|lun = wl* + An(An = 26)[| Bun — Buw|?)
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< ln = w[? + (1 = an) A (An — 28)|| Bun, — Buw|®.
We then have

(1= a)b(28 — ¢)||Buy, — Bwl* < lzp —wl* = |y — w]?
= (lzn —wll = llyn — wl)(lzn — wll + [lyn — wl)
< lzn = ynll(len = wll + lyn — wl]).
By (3.8), we obtain that
nhﬁngo || Bu,, — Bw|| = 0. (3.11)

On the other hand, since P¢ is firmly nonexpansive and I — A, B is nonex-
pansive, we have

lon —wl? = IPe(T = AuB)uy — Po(l - A B)ul?
< ((I-=M\Bu, — (I - \,B)w, z,, — w)
= ST = A\uBy — (1= A B)ul + 20 — wl?
T = ABYun — (1= M BJw — (20— w)|}
< g llun —wl? + 70— wl?

—|[tt, — 2n — An(Bu, — Bw)|*} (3.12)
=l wl? + llzn — 0] ~ fun — zall?
+2X (Up, — 2, By, — Bw) — \2||Bu,, — Bw||*}.
From (3.2), it implies that
lzn —wl* < lun —w]|* = [lun = 2znl* + 220 (up = 2, Bup, — Bw)
—A2||Buy, — Bw||?
2n — w||* = |t — 2a||* + 22X ||t — 20 ||| Btr, — Bw]|.(3.13)
By (3.10) and (3.13), we get

IN

IN

2 = wl* = [lyn — wl|®
+2(1 — an) A ||un — 2zn]||| Bun — Bwl|
< len = yall(llen — wll + llyn — wl])
+2(1 — an) Anl|tn — zn||| Bun — Bw||.
By (3.8), (3.11) and the assumption 0 < a,, < a < 1, we get

(1 — ap)llun — Zn||2

lim ||Ju, — 2] = 0. (3.14)
n—oo

Also, by (3.10) and (3.12), we obtain that

lyn —wl* < anllan —wl® + (1 = ap)|lu, —w|? (3.15)
= apllz, —w|?+ (1 = )Ty, (20 — 1 Azy) — Ty, (w0 — rp Aw) ||?
< apllzn — w”2 + (1 = an)l(@n — rnAzy) — (w— TnAw)HQ
< apllen —wl* + (1= an)(|lzn —w||* = 2r, (2, — w, Az, — Aw)

+rp || Az, — Aw)||?)
< anllen —w]? + (1 = an)(|zn — w|®
+7n(rn — 20) || Az, — Aw||?)
< o — w|? + (1 = an)rn(rn — 20)|| Az, — Awl|?.
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From the assumptions 0 < a,, <a < land 0 <d <r, <e < 2a, we have
(1 - a)d(2a — e)|| Az, — Aw|* < lzn —w[* = Jyn — w]?
< len = ynll(llzn — wll + llyn — wl])-
By (3.8), we obtain
lim ||Az, — Aw|| = 0. (3.16)
n—00

On the other hand, by using Lemma 2.1, we have 7, is firmly nonexpansive. Then
we get

llun — wH2 = |1, —rpA)zn =T, (1 - TnA)w”Q
< AT —rpA)z, — (I —rpAd)w, u, — w)
1
= ST =rad)zn = (I = rad)w|* + [un — w]|?
(I =rnA)zn — (I —rpA)w — (un — w)H2)
1
< Slllzn = wl® + flun = wl* = [(@n = un) = ra(Azn — Aw)[?)
1
= lllwn —wl* + fun = wll* = 2n = un]®
+2rp (T — Up, Ay — Aw) — 72 || Az, — Aw||?)
and so
[un —w|? < lzg —wl? = |an = uall® + 2rp (@0 — un, Az, — Aw)
—r2|| Az, — Awl?
< lan — w)? = |zn — unl? + 27020 — un ||| Az, — Aw|.(3.17)

By (3.15) and (3.17), we get
lyn —wl® < lzn —w]?* = (1 = an)llzn — ual®
+2(1 — an)rnl|zn — unl||| Az, — Aw||,
which implies that
lzn = wl? = llyn = wl|* + 2|2 — un|| [ Az — Aw]
[2n = ynll(lzn — wll + lyn — w])
121 ||xn — un ||| Az, — Aw]|.

(1 —an)llzn — “n||2 <
<

From the assumptions 0 < o, <a<1,0<d <r, <e < 2aq, (3.8) and (3.16), we
obtain

lim (|2, — uy| = 0. (3.18)

n—oo

On the other hand, we have

|Sn@n — Snznll + |Snzn — xul|

Ll|zy — zn|| 4+ |Sn2n — 2all

Lllzn, — unll + Lllun — 2|l + [[Sn2zn — @al|-

Using (3.9), (3.14) and (3.18), we conclude that
lim ||, — Spx,|| = 0. (3.19)
n—o0

lZn — Snzn |l

IN A IA

From the assumption {S,,} satisfies the NST-condition with S, we have

lim |z, — Sz,||=0, VSe€S. (3.20)
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Since {z,} is bounded, we assume that a subsequence {x,, } of {z,,} converges
weakly to €.

Step 4: We show that { € F'= F(S)NVI(C,BYNGMEP(f, ¢, A).

First, we show that £ € F(S). Suppose that £ # S¢ for some S € S. From
Opial’s condition and (3.20), we obtain

liminf |2, — ¢ < limint ||z, - S¢|
1— 00 1— 00

liminf ||z, — Sxn, + Sz, — SE|
71— 00

71— 00

which give us a contradiction. Hence, £ € F(S).
Now, we prove that £ € VI(C,B). Let T be the maximal monotone mapping
defined by (2.1):
T — Bx + N x ifx e C
0 ife ¢ C.
For any given (z,y) € G(T), we get y — Bx € N¢x. By z, € C and the definition of
N¢, we have

(x — zp,y — Bz) > 0. (3.21)
On the other hand, since z,, = Po(I — A, B)u,, we obtain
(x = 2ny2n — (I — AnB)uy) >0

and then

Z”/\_i“” + Buy) > 0. (3.22)

Since u,, — z, — 0 as n — 00, we have that

(x — zn,

Bu,, — Bz, — 0asn — oco. (3.23)
From (3.21), (3.22) and the -inverse monotonicity of B, we obtain

<$—Zn“y> > <x_zntl‘>

> (x— zpn,, Bx) — (x — 2zn,, zn)\;un + Buy,)
g
= (xr — zn,, Bx — Bzy,) + (x — zp,, Bzp, — Buy,)
Zn; — Un,
> (x — zn;, Bzn, — Bun,) — (x — 2n,, w>
n;
Zn, — Unp,
= <(£,an1 7Bun7:>7<zntZm 7Buni>7<x7’znw%>
n;
> (x’ani - Buni> - ”Zm IBZTLL - Bu’ﬂi
1
= e = znallllzn: = wnl. (3.24)
n;
By (3.14) and (3.18), we get
lim ||z, — z,|| = 0.

n—oo
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Since z,, — £, we obtain z,, — . From (3.14), (3.23) and (3.24), we obtain
<(E - £7y> = lim <£C - any> Z 0.
Mn;— 00

Since T is maximal monotone, we obtain that 0 € T¢. It follows that { € VI(C, B).
Next, we show that £ € GMEP(f, ¢, A). Forany y € C,

s )+ 00) + (A = )+~ = s = ) 2 o).

n

From the condition (A2), we get that

1
o(y) + <Axmy — Up) + 7“7<y = Upy Up — Tp) > f(Y, un) + o(tn).

n
Replacing n by n;, we obtain
Un, — T,
B > () + plun). (325
ng
For any t with0 < ¢ < landy € C, put p; =ty + (1 — t)£. Since y € C and £ € C,
we obtain p; € C. It follows from (3.25) and the monotonicity of A that

‘P(y) + <Awnia Y- unz> + <y = Un,,

(o = in Ape) > (pe =ty Api) = (A, po = ttn) = (1 = i, =2 0%
+f(pts un,) + o(un;) — ©(pt)
= (pt — Un,;, Apt — Aup,) + (pt — Un,, Auy, — Axy,)
~(p1 — tun,, &> + Fprytn,) + lun,) — (p)
> {pt — Un,, Aup, — Axy,) — (Pt — Un,, unr;xn>
(P tn,) + 9 (1in,) — 9(p1): 'L (3.26)

Since A is Lipschitzian, by (3.18), we get Au,, — Az,, — 0 as { — co. From (A3)
and (3.26), we arrive at

(pr — & Apt) > f(pi, &) + (&) — w(pr)- (3.27)
From (Al), (A3), (3.27) and convexity of ¢, we have that
0 F(pespe) < tf(pe,y) + (1 —1)f(pe, &)
tf(pey) + (1 =) ((pe — & Ape) + @(pr) — (€))
tf(pe,y) + (1 =0ty — & Ape) + o(y) — ¢(€)),

IN N

which implies that
floe,y) + (1 =) ({y — & Apr) + (y) — 9(§)) = 0.
Letting ¢ — 0, by (A4), we arrive at

F(&y)+ Yy — & A + o(y) — ¢(§) > 0.
This shows that £ € GMEP(f, ¢, A).

Step 5: We show that z,, — Prz;.

Let T = Ppx; Since T = Prxy C Cpyq and 41 = Po, 1, We get

n+1
|21 = Znp || < flzy — 2|
On the other hand, we have

ey =zl < fler =&
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< liminf ||z — 2y,
1—00

< limsup ||z — @y,
1—00

<l ==

Therefore, we get
[y =&l = lim 2y — 2, = [lz1 — =]
11— 00

This implies that ¥ = £. Since H has the Kadec-Klee property and z; —z,, — 1 —7,
it follows that z,, — Z. Since {x,,} is an arbitrary subsequence of {z,}, we
conclude that z,, — T as n — oo. The proof is now complete. (]

4. DEDUCED THEOREMS AND APPLICATIONS

Theorem 3.1 can be reduced to many different results. By putting S,, = S for
all n > 1 in Theorem 3.1, we obtain the following theorem:

Theorem 4.1. Let C be a closed convex subset of a real Hilbert space H, f :
C x C — R be a bifunction satisfying (A1)-(A4) and ¢ : C — R U {+oc0} be a proper
lower semicontinuous and convex_function. Let A be an a-inverse-strongly monotone
mapping of C' into H and B be a (3-inverse-strongly monotone mapping of C' into H,
respectively. Let S : C' — C' be a L-Lipschitzian quasi-nonexpansive mapping such
that F = F(S)NVI(C,B)NGMEP(f,p,A) # 0. Assume that either (B1) or (B2)
holds. Let {z,} be a sequence generated by the following algorithm:

x1 € C,

Cl = Ca

f(un,y) +@(y) + (Azn, y — un) + %@/ — Up, Un — Tn) = p(Un),Vy € C,

2n = Po(un — AnBuy,), 4.1)

Yn = QpTp + (]- - Oén)SZna
Crns1={w e Cy:|lyn —wl| < [lzn —wl|},
Tni1 = Po, 71, Yn2>1,

where {a, } C [0,1),{\,} € (0,25), {rn} C (0,2a),
0<a,<a<l, 0<b< A, <c<28, and 0<d<r,<e<2aq,

for some a,b,c,d,e € R. Then the sequence {x,} defined by the algorithm (4.1)

converges strongly to a point ¥ = Prx1, where Pr is the metric projection of H onto
F.

When {5, } and S are families of nonexpansive mappings, we get the following
theorem:

Theorem 4.2. Let C be a closed convex subset of a real Hilbert space H, f :
C x C — R be a bifunction satisfying (A1)-(A4) and ¢ : C' — R U {+oc0} be a proper
lower semicontinuous and convex function. Let A be an a-inverse-strongly monotone
mapping of C' into H and B be a (3-inverse-strongly monotone mapping of C' into H,
respectively. Let {S,} and S be families of nonexpansive mappings of C into itself
such that (),—, F(S,) = F(S8) and F = F(S)NVI(C,B) NGMEP(f,p,A) # 0.
Suppose that {S,} satisfies the NST-condition with S. Assume that either (B1)
or (B2) holds. Let {x,} be a sequence generated by the algorithm (3.1), where
{an} C[0,1), {An} C (0,28). {rn} C (0, 20),

0<a,<a<l, 0<b<)A, <c<28, and 0<d<r,<e<2aq,



386 A. KETTAPUN, A. KANANTHAI, S. SUANTAI/JNAO : VOL. 2, NO. 2, (2011), 373-387

Jor some a,b,c,d,e € R. Then the sequence {x,} defined by the algorithm (3.1)
converges strongly to a point T = Prx1, where Pr is the metric projection of H onto
F.

Now we show how to apply Theorem 4.2 for families of strict pseudo-contraction
mappings.

Theorem 4.3. Let C be a closed convex subset of a real Hilbert space H, f :
C x C — R be a bifunction satisfying (A1)-(A4) and ¢ : C — R U {+c0} be a
proper lower semicontinuous and convex function. Let A be an a-inverse-strongly
monotone mapping of C' into H and B be a 3-inverse-strongly monotone mapping of
C into H, respectively. Let {R,} and R be families of k—strict pseudo-contraction
mappings of C into itself such that (- ; F(R,) = F(R) and F = F(R)NVI(C,B)N
GMEP(f,p,A) # 0. Define a mapping S, : C — C by Spz = kx + (1 — k)R,x
Jorallz € C. Suppose that {R,} satisfies the NST-condition with R. Assume that
either (B1) or (B2) holds. Let {x,} be a sequence generated by the algorithm (3.1),
where {a, } C [0,1),{\,} C (0,28), {rn} C (0,2a),

0<a,<a<l, 0<b<A, <c<28, and 0<d<r,<e<2a,

Jor some a,b,c,d,e € R. Then the sequence {x,} defined by the algorithm (3.1)
converges strongly to a point T = Prx1, where Pr is the metric projection of H onto
F.

Proof. By Lemma 2.3, we obtain that S, is nonexpansive for all positive integer n.
We also get that {S,,} satisfies the NST-condition with S = {kI+(1—k)T : T € R}.
The proof is now complete because of the direct result of Theorem 4.2. O

By putting S, = S for all n > 1 in Theorem 4.3, we obtain the following
corallary.

Corollary 4.4. Let C be a closed convex subset of a real Hilbert space H, f :
C x C — R be a bifunction satisfying (A1)-(A4) and ¢ : C — R U {+o0} be a
proper lower semicontinuous and convex function. Let A be an «a-inverse-strongly
monotone mapping of C' into H and B be a (3-inverse-strongly monotone mapping of
C into H, respectively. Let R : C' — C be a k—strict pseudo-contraction such that
F=FRNVI(C,ByNGMEP(f,p,A) # 0. Define a mapping S : C — C by
Sz =kx+(1—k)Rzx forallz € C. Assume that either (B1) or (B2) holds. Let {x,,} be
a sequence generated by the following algorithm (4.1), where {a,} C [0,1),{A\,} C
(0,28), {ra} C (0,2a),

0<a,<a<l, 0<b< A, <c<28, and 0<d<r,<e<2a,

Jor some a,b,c,d,e € R. Then the sequence {x,} defined by the algorithm (4.1)
converges strongly to a point T = Prx1, where Pr is the metric projection of H onto
F.

Remark 4.5. By letting ¢ = 0 in Corollary 4.4, we obtain Theorem 2.1 of [4].

Remark 4.6. Since Theorems 3.1, 4.1, 4.2, 4.3 and Corollary 4.4 are for finding
a common element of the set of fixed points, the set of solutions of the general
system of the variational inequality and the set of solutions of the generalized

mixed equilibrium problem, we can reduce each theorem or corollary by letting
B=0,A=0,¢p=00r f(z,y) =0.
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