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ON GENERALIZED VARIATIONAL INEQUALITY PROBLEMS®

HAMID MOTTAGHI GOLSHAN, ALI FARAJZADEH*

Department of Mathematics, Islamic Azad University, Ashtian branch, P. O. Box
39618-13347, Ashtian, Iran

ABSTRACT. In this paper, we introduce and study the generalized implicit vec-
tor variational inequality problems with set valued mappings in topological vector
spaces. We establish existence theorems for the solution set of these problems
to be nonempty compact and convex. Our results extend the results by Fang and
Huang [Existence results for generalized implicit vector variational inequalities with
multivalued mappings, Indian J. Pure and Appl. Math. 36(2005), 629-640].

KEYWORDS : Implicit vector variational inequality; Set valued mapping; Affine
mapping,
C-pseudomonotone; Strongly C-pseudomonotone.

1. INTRODUCTION

The vector variational inequality, as an important generalization of the scalar
variational inequality, has been shown to have wide applications to vector opti-
mization problems and vector equilibrium problems (see [1, 2, 4, 10]). The first
result on the vector variational inequality is paper [8] by Giannessi, which studies
the vector variational inequality in the setting of a finite dimensional case. Later
on, Chen and Yang [4] studied the vector variational inequalities in infinite dimen-
sional spaces. The theory of vector variational inequalities can be used to the study
vector complementarity problems and multi-objective programming problems. For
details, we refer to [1, 2, 8, 9, 10].

Throughout this paper, unless otherwise specified, we always let X and Y be real
Hausdorff topological vector spaces, K C X a nonempty convex set, C' : K — 2Y
with pointed closed cone convex values ( we recall that a subset A of Y is convex
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cone and pointed whenever A+ A C Y,tA C A, fort > 0, and AN —A = {0}
respectively) where 2 denotes all the subsets of Y. Denote by L(X,Y) the set of
all continuous linear mappings from X into Y. For any given ! € L(X,Y), x € X,
let (I,z) denote the value of [ at z. Let T : K — 2X(XY) and G : X x Y — X
be two mappings. Finallylet A: K x K — 2L(X.Y) pe a set-valued mapping. We
need the following definitions and results in the sequel.

Definition 1.1. Let X and Y be two topological spaces. A set-valued mapping
G : X — 2Y is called:

(i) upper semi-continuous (u.s.c.) at x € X if for each open set V' containing G(m)
there is an open set U containing z such that for each t € U, G(t) C V; G is said
to be u.s.c. on X ifitis u.s.c. atallz € X.

(i) upper hemicontinuous if the restriction of G on straight lines is upper semi-
continuous.

(iii) lower semi-continuous (l.s.c.) at € X if for each open set V with G(z) NV #
(), there is an open set U containing z such that foreach t € U, G(t) NV # 0; G
is said to be l.s.c. on X ifitis l.s.c. atallxz € X.

(iv) closed if the graph of G, i.e., the set {(z,y) : x € X,y € G(x)}, is a closed set
in X xY.

(v) compact if the closure of range G, i.e., ¢l G(X), is compact, where G(X) =
UxEX G(I)

(vi continuous if G is both lower semi-continuous and upper semi-continuous.

Lemma 1.2. (((10],[12]). Let X and Y be two topological spaces. Suppose that
G : X — 2Y | is a set-valued mapping. Then the following statements are true:

(@) IfG is closed and compact, then GG is u.s.c.

(b) If for any x € X, G(z) is compact, then G is w.s.c. on X if and only if for
any net{z,} C X suchthatz, — x and for every y, € G(x,), there exist
y € G(z) and a subnet {ys} of {ya} such thatyg — y.

(c) If G is lower semicontinuous then for any closed C C 'Y any net {ma} cX
converges to x and G(z,,) C C for all o imply that G(x) C C.

Definition 1.3. We say that the mapping G : K — 2¥ is C-upper sign-continuous
if, for all z,y € K, the following implication holds:

G(1=tz+ty) NC((1 —t)z+ty) #0, Vt €]0,1[= G(x) N C(z) # 0.

Remark 1.4. Let f : K x K — R be areal mapping. If we define G(z) = {f(z,y)},
for all z,y € K, and C(z) = [0,00), then Definition 1.3 reduces to the upper
sign-continuous introduced by Bianchi and Pini in [1]. The upper sign continuity
notion was first introduced by Hadjisavvas [10] for a single valued mapping in the
framework of variational inequality problems. It is clear that if G is C-upper sign-
continuous then G is upper hemicontinuous but the simple example G : ® — 2%
defined by

Glr) = {0} ifz=0
YEIR ifz 40
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and C(z) = [0,00), for © € R, shows that the converse dose not hold in general.
We note that the map G is upper semicontinuous at each nonzero element of real
numbers.

Definition 1.5. Let E be a topological vector space. Amapping F : M C E — 2F
is said to be a KKM mapping, if, for any finite set A C M,

coA C F(A),
where coA denotes the convex hull of A.

Lemma 1.6. ([5]). Let M be a nonempty subset of a Hausdorff topological vector
space E and F : M — 2M be a KKM mapping. If F(x) is closed in E, for every
x € M, and compact, for some x € M, then

M Flx) # 0.

reM
Definition 1.7. Let T : K — 2L(XY) be a set valued mapping. Then 7 is said to
be

(i) strongly C'-pseudomonotone with respect to G if for any given x,y € K,
(Tz,G(z,y)) € —intC(z) = (Ty,G(y,z)) C —intC(z).

(i) C-pseudomonotone with respect to G if for any given =,y € K,
(T, G(x,y)) £ —C(x) \ {0} = (Ty,G(y, 2)) € =C(y).

Remark 1.8. (a) It is clear from Definition 1.7 that strongly C'-pseudomonotone
with respect to G implies C-pseudomonotone with respect to G but the simple
example X = #?, Y = R, K any closed convex subset of X, T'(z) = {(0,0)}, for all
x € K and G is an arbitrary function from X x Y to X shows that the converse is
not valid in general.

(b) If we define G(z,y) = y — g(x) where g : K — K is a mapping, then
Definition 1.7 collapses to the Definition 2.3 in [8].

Example 1.9. Let X = K =R, Y =R?and C(z) = P = {(2,y) e R : 2 >0, y >
0}, for all z,y € K. Let us define

T()={( ,2 )} Gle.y) =y —zand g(x) = .
(%)

Then, obviously, T(z) C L(X,Y). If we take y < z, z < 0, then (T'(z),y — z) =
{(y—2)(2,2%)} ¢ —intP since (y— )z > 0 and (T(y), y—z) = {(y—2) (4 42)} & P
because (y — ac)y2 < 0 and so T is not strongly C- pseudomonotone mapping with
respect to g in the sense of Huang and Fang [8]. While, if (T'(y),y—z) € —intP then
(x —y)(y,y?) € intP. Thus x — y > 0 and y > 0 which imply that (T'(z),z — y) =
(x — y)(z,2?) € intP and so (T'(z),y — ) € —intP. This shows that T is strongly
C-pseudomonotone with respect to G in our sense.

2. MAIN RESULTS

In this section, we consider the following generalized implicit vector variational
inequality problems in the topological vector space setting:

(IVVL,) find = € K such that (T'z, G(z,y)) € —intC(z), Vy € K,
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and
(IVVIy) find = € K such that (T'z, G(z,y)) € —C(z) \ {0}, Yy € K.

Clearly, a solution of problem (IVV/. 2) is also a solution of problem (IVVIl). Note
that if G(z,y) = 0, for all (x,y) € X x Y, then the solution set of (IVVI;) and (IVVIy)
are equal to the set K. Moreover, if G(x,y) = 0, for all y € Y, then x is a solution
of (IVVI;) and (IVVIy).

Example 2.1. Let X =R, K =[1,2], Y = R? and C(x) = {(t,s) e R2: 0 < s <
tz}, forallz € K. Let T'(x) = {(t,tx) € R? : t € R} and G(x,y) = 1, forallz,y € K.
One can check that = 1 is a solution (IVVI; ) and is not a solution of (IVVIy).

Example 2.2. Consider the following linear programming:

min{z it T = (2;)j—q € R" with > 0, Az = b},
i=1

where A (is a matrix), ¢ = (¢;)7.; € R", b € R™ are fixed.

Now if we define X = %", K = {z € R" : © > 0, Az = b}( note K is closed and
convex), Y = R, C(z) = [0,00),G(x,y) = y — « and define T(x) = {c}, for all
x € K, then the above linear programming is a special case of (IVVI,).

The following lemmas play a key role in this section. Furthermore, they improve
Lemmas 2.3 and 2.4, respectively, of [8]. Precisely, they extend Lemmas 2.3 and 2.4
of [8] from Banach spaces to topological vector spaces, omit the closedness of C' :
K — 2Y, replace special case (z,y) — y—g(z), where g : K — K is a mapping,
with a general mapping (z,y) — G(z,y), and upper sign-continuityupper with
hemicontinuity .

Lemma 2.3. Suppose that
(1) for each fixed y, the mapping v — (Tx,G(x,y)) is upper sign-continuous

(2) T is C-pseudomonotone with respect to G;
(3) (Tx,G(z,z))NC(x) # 0 forevery z € K;
(4) G(z,y) is affine in the second variable.

Then for any giveny € K, the following are equivalent:

W (Ty,G(y,2)) £ —C(y) \ {0}, Vz € K:
(i) (Tz,G(z,y)) C —C(2), Vz € K

Proof. The fact (i) = (i) directly follows from the definition of C'-pseudomonotonicity
with respect to G. Now let (i) hold and z be an arbitrary element of K. Hence (ii)
implies that

(Tz,G(z,y)) C —C(z), Vz € K,Vt €]0,1], (2.1)
where z; =y + t(z — y).
We claim that, for all ¢ €]0, 1],
(Tzt,G(zt,2)) N C(zt) # 0, (2.2)
Otherwise, we have, for some ¢ €]0, 1],

(Tz,G(z1,2)) CY\ C(z). (2.3)
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From (4) , (2.1) and (2.3) we get
<TZt7 G(Ztv Zt)> = <tha (]— - t)G(Ztv y) + tG(Ztv Z)> =
(1 =t)(T2,G(z,y)) + t{Tz,G(2,2)) T —Cl(z) + Y\ C(z) CY\ C(z),
which is a contradiction ( with condition (3)). Thus,

(Tzt,G(2t,2)) N C(z) £ 0, Vt €]0,1],

and so by (1) we deduce that

(Ty,Gly,2)) N Cly) # 0.
This completes the proof. O

Remark 2.4. (a) We can omit condition (3) of Lemma 2.3 when G(w7 x) =0,Vx € K.
Moreover, we can replace (4) by C(z)- convexity of G(z,y) in the second variable,
that is, for all z, 21, 20 € K and ¢t €]0, 1], the following implication holds:

Gz, (1 —1t)z1 +tz2) C (1 —t)G(z,21) +tG(x, z2) — C(x).

We note that even in the real line convexity of G with respect second variable
is weaker than to be affine G with respect second variable. To see this consider
G(z,y) = y?, where z,y € R. Hence we obtain another version of Lemma 2.3, for
G(z,z) =0,Vz € K, as follows:

Lemma 2.5. Suppose that
(1) for each fixed y, the mapping v — (Tx,G(x,y)) is upper sign-continuous

(2) T is C-pseudomonotone with respect to G;
(3) G(x,y) is C(x)-convex in the second variable.

Then for any giveny € K, the following are equivalent:

0 (Ty. Gly. 2)) £ ~Cly)\ {0}, vz € K:
(i) (Tz G(z,y)) C—-C(z), Vz € K.

We can get, by a similar argument given in lemma 2.5, the following result
which is another version of Lemma 2.5 when G is strongly C-pseudomonotone in
the second variable and G(x,z) =0, for all z € K.

Lemma 2.6. Assume that
(1) for each fixed y € K, the mapping x — (Txz,G(x,y)) is upper sign-
continuous ;
(2) T is strongly C-pseudomonotone with respect to G;
(3) G(z,y) is C(x)-convex in the second variable.
Then for any given y € K, the following are equivalent:
M (Ty,G(y,2)) & —int C(y), Vz € K;
(i) (Tz,G(z,y)) C —C(2), V2 e K

In the following we establish an existence result for (IVVIs) .

Theorem 2.7. Suppose all the assumptions of Lemma 2.3 ( or Lemma 2.5) hold and
, for each fixed v € K, the mapping y — G(z,y) is continuous. If there exist a
compact convex subset D of K and a compact subset B of K such that

(C) VexeK\B3zeD: (I'z,G(z,2)) ¢ —C(z),
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then the solution set of (IVVIs) is nonempty compact and convex.
Proof. Define Fy, Fy : K — 2K by
Fi(z) ={x € K : (Tz,G(x,2)) £ =C(x) \ {0}},
Fy(z)={x € K:(Tz,G(z,z)) C —C(2)}.

We claim that F} is a KKM mapping. If it is not the case, then there exist 21, ..., 2, €
K and t; > 0 with X7_,¢; = 1 such that z = 37" ¢,z & Ul | Fi(2;), i.e.,

(Tz,G(x,2)) € —C(z)\ {0}, i=1,2,....,n.
It follows from the condition (4) of Lemma 2.3 ( or condition 3 of Lemma 2.5) that
(Tz,G(z,2)) = (T, X 1t;G(x,2;)) C

Ei:lti <Tx7 E?:lG(xv Zl)> - _C(x) \ {0}7
and so
(Tz,G(x,2)) € —C(z) \ {0}

This and C(z) N (—=C(z) \ {0}) = 0 ( note that the mapping C has pointed closed
cone convex values) imply that

(Tz,G(z,z) NC(x) = {0},

which contradicts condition (3) of Lemma 2.3. Hence F} is a KKM

mapping and so F5 is also a KKM mapping ( note, by (2) of Lemma 2.3 we have
Fy(z) C Fy(z) for every z € K). Further, by the continuity of the mapping y —
G(z,y) for each fixed x € K, that F»(z) is closed in K, for every z € K. Now
F>|coaupy (the restriction of F> on compact and convex subset co(A U D) of K
where A is finite subset of K) satisfies all the assumptions of Lemma 1.6 and hence

Necco(aun)Fo(2) # 0. (2.4)

By condition (C) we have
ﬂzeDFQ(Z) C B. (25)

From (2.4) and (2.5) we inform that the family {F5(z)}.cx has finite intersection
property and so

Neex Fo(z) # 0.
Then there exists x € K such that
(Tz,G(z,2)) C —C(z), Vz € K.
Now from Lemma 2.3 ( or Lemma 2.5) we get
(Tz,G(z,2)) ¢ —C(x) \ {0}, Vz € K,

and so z is a solution of (IVVIs). By Lemma 2.3 ( or Lemma 2.5) the solution set of
(IVV15) equals to the set

S={zeK:(Tz,G(z,z)) C -C(z),Vz € K},

which is convex by (4) of Lemma 2.3 ( or (3) of Lemma 2.5). Also by our assumption
(that is condition (C)) S is a closed subset of B and hence compact. This completes
the proof. U
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Remark 2.8. (a) One can see, by the definitions of (IVVI;), (IVV]3) and —int C(x) C
—C(x), for all x € K, that any solution of (IVVI5)is a solution of (IVV];). So we can
consider Theorem 2.7 as an existence theorem for the solution of (IVVI;).

(b) To be continuity of GG in the second variable in Theorem 2.7 can be replaced
by the lower semi-continuity of the mapping

z—{r e K:(Tz,G(z,2)) C —C(2)}.

(c) We can drop condition (C) of Theorem 2.7 when K is compact. Hence Theorem
2.7 improves Lemma 2.7 of [8]. Because, in Lemma 2.4 of [8], the authors supposed
that K is a bounded closed subset of a reflexive Banach space X which means K
is compact in the W*— topology on X.

The next result guarantees, under suitable conditions, the solution set of (IVVI;)
is nonempty compact and convex. We omit its proof, since it is similar to the proof
of Theorem 2.7.

Theorem 2.9. Suppose all the assumptions of Lemma 2.6 hold and , for each fixed
x € K, the mappingy — G(x,y) is continuous ( or the mapping z — {x € K :
(Tz,G(z,x)) € —C(z)} is lower semi-continuous). If there exist a compact convex
subset D of K and a compact subset B of K such that

Ve e K\B3z € D: (Tz,G(z,2)) £ —C(z),

then the solution set of (IVVI1) is nonempty compact and convex

3. APPLICATION

In this section, using Theorems 2.7 and 2.9, we establish some existence the-
orems for the following two generalized implicit vector variational inequality prob-
lems in the locally convex topological vector spaces. Our results extend Theorems
3.1 and 3.2 of [8] from the reflexive Banach spaces to locally convex spaces. More-
over, we do not use the notion demi-C-continuity on our maps. : Now we recall

generalized implicit vector variational inequality problems as follow:
find v € K such that

(A(u,u), G(u,v))y ¢ —C(u) \ {0}, Vv € K,
and
find v € K such that
(A(u,u), G(u,v)) ¢ —int C(u), Vv € K.
In order to prove our existence theorems we need the following result.
Theorem 3.1. ( Kakutani-Fan-Glicksberg)([7]). Let X be a locally convex Hausdor[f
space, D C X a nonempty, convex compact subset. Let T : D — 2P be upper

semicontinuous with nonempty, closed convex T'(z), for all v € D. Then T has a
fixed point in D.

Theorem 3.2. Assume that the following conditions hold
() for each fixed (w,y) € K x K, the mapping x — (A(w,z), G(z,y)) N C(x)
is upper sign-continuous with compact values;
(i) for each fixed w € K the mapping x — A(w,z) is C-pseudomonotone
with respect to G;
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(iii) for each fixed w € K(A(w,x),G(z,z)) N C(z) # 0;

(iv) G(x,y) is affine in the second variable;

(v) for each finite dimensional subspace M of X with Ky; = KN M # (), there
exist compact subset B); and compact convex subset D), of Kj; such
that V(w,z) € Ky x (Ka\Bw), 3z € Dy such that (A(w, 2), G(z,2)) ¢
—C(2);

(vi) for each fixed v € K, the mapping (z,y) — (A(x,y),G(v,y))is lower
semicontinuous.

Then there exits u € K such that
(A(u,u), G(u,v)) € —C(u) \ {0}, Vv € K.
Proof. Let M C X be a finite dimensional subspace with Kj; = K N M # (). For
each fixed w € K, consider the problem of finding v € K, such that
(A(w,u), G(u,v)) € —=C(u) \ {0}, Yv € K. (2.6)

By Theorem 2.7, the solution set of problem (2.6) is nonempty compact and convex
subset of K, and so the mapping F': Ky — 2Km defined by

Fw)={ue€ Ky : (A(w,u),G(u,v)) € —C(u) \ {0}, Vv € Kn}

has nonempty compact and convex values. Lemma 2.3 implies

Fw)={ue Ky : (A(w,u), Glv,u)) C -=C(v), Yo € Kp}.
Further, F' has closed graph. Indeed, let (wq,us) € Ky X F(w,) converge to
(w,u) € Kpr X Kpr. Then (A(wg, uq), G(v,uq)) € —C(v), for all & and v € K.
Now from (vi) we get (A(w,u), G(v,u)) € —C(v) and hence v € F(w). This shows
that the graph of F' is closed and so since the values of F' are compact we deduce
from Lemma 1.2 that F' is upper semi-continuous on K,;. Therefore, by using the
Kakutani-Fan-Glicksberg fixed point theorem (that is Theorem 3.1), F' has a fixed
point wg € Ky, i.e., there exists wg € Kj; such that

(A(wo,v), G(v,wg)) € —C(v), Yv € K.
Set M = {M C X : M is a finite dimensional subspace with K,; # ()} and for
M € M and
Wy ={ue Ky : (A(u,v),G(v,u)) € —C(v), Yo € Ky}, VM € M.

Clearly, W), is nonempty and by (vi),(v)is a compact subset of B),. For each finite
subset {M;}_; of M, from the definition of W), we have Wy, m, C ﬂ?zl W,
so {Wy; : M € M} has the finite intersection property. Hence, there is u €
MNarem War- We show that

(A(u,v),G(v,u)) € =C(v), Yv € K.
Indeed, for each v € K, there is M € M such that v € K);. Since W), is closed
and u € W)y, there exists a net {u,} C W), such that u,, converges to u. It follows
that
(A, v), G(v,uq)) € —C(v).
Since C(v) is closed, G is continuous in the second variable, u, converges to u one
has

(A(u,v),G(v,u)y C —C(v), Vv € K.
Now Lemma 2.3 implies
(A(u,u), G(u,v)) € —C(u) \ {0}, Vv € K.

The proof is complete. O
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Remark 3.3. In Theorem 3.2, we can omit (iii) if G(z,2) = 0, for all z € K, and
also condition (v) when K is compact. Hence we get Theorem 3.1 of [8] without
assuming K is a bounded subset of a reflexive Banach space X. Moreover, in
Theorem 3.2 C' : K — 2 does not need to have closed graph as supposed in
Theorem 3.1 in [8].

Using Theorem 2.7 and the proof given for Theorem 3.2, we obtain the following
theorem.

Theorem 3.4. Assume that the following conditions hold

(i) for each fixed (w,y) € K x K, the mapping z — (A(w,z),G(z,y)) N C(x)
is upper sign-continuous with compact values;

(i) foreach fixedw € K the mappingxz — A(w, x) is strongly C-pseudomonotone
with respect to G;

(il) for each fixedw € K, (A(w,z),G(z,x)) ¢ —intC(x);

(iv) G(z,y) is affine and continuous in the second variable;

(v) for each finite dimensional subspace M of X with Ky; = K N M # (), there
exist compact subset Bj; and compact convex subset Dy of Ky such
that V(w,z) € Ky x (Ky\Bwm). 32 € Dy such that (A(w, 2), G(z,2)) ¢
—C(2);

(vi) for each fixed v € K, the mapping (z,y) — (A(z,y),G(v,y))is lower
semicontinuous.

Then there exits u € K such that

(A(u,u), G(u,v)) € —int C(u), Yv € K.

REFERENCES

1. M. Bianchi, R. Pini, Coercivity conditions for equilibrium problems, J. Optim.
Theory Appl, 124 (2005) 79-92.

2. G. Y. Chen, vector variational inequality and its applications for multiobjective
optimization, Chinese Sci. Bull., 34 (1989), 969-972.

3. G. Y. Chen, Existence of solutions for a vector variational inequality: an exten-
sion of the Hartman-Stampacchia theorem, J. Optim. Theory Appl., 74 (1992),
445-456.

4. G. Y. Chen, X. Q. Yang, vector complementarity problem and its equivalence
with weak minimal element in ordered spaces, J. Math. Anal. Appl., 153 (1990),
136-158.

5. A. Daniilidis and N. Hadjisavas, Existence result for vector variational inequali-
ties, Bull. Austral. Math. Sci. 54 (1996), 473-481.

6. K. Fan, Some properties of convex sets related to fixed point theorems, Math.
Annal. 266 (1984) 519-537.

7. K. Fan, A minimax theorem for vector-valued functions, J. Optim. Theory Appl.
60 (1989) 19-31.

8. Y. P. Fang, N. J. Huang, Existence results for generalized implicit vector varia-
tional inequalities with multivalued mappings, Indian J. Pure and Appl. Math.
36 (2005), 629-640.



10 H. MOTTAGHI GOLSHAN, A. FARAJZADEH/JNAO : VOL. 2, NO. 1, (2011), 1-10

9. F. Giannessi, Theorem of alternative, quaderatic program and complementar-
iti problems, in "Variational inequality and complemetarity problems", (R. W.
Cottle, F. Giannessi, and J. L. Lions Eds.), Wiely, New Yourk, 151-186, 1980.

10. N. Hadjisavvas, Continuity and maximality properties of pseudomonotone op-
erators, J. Convex Analysis, 10 (2003) 465-475.

11. B. S. Lee, S. J. Lee, Vector variational-type inequalities for set-valued map-
pings, Appl. Math. Lett. 13(3) (2000), 57-62.

12. N.T. Tan, Quasi-variational inequalities in topological linear locally convex
Hausdorff spaces, Math. Nachr. 122 (1985) 231-245.



Analysis and.
Journal of Nonlinear Analysis and Optimization B
Vol. 2, No. 1, (2011), 11-17 ——
ISSN : 1906-9685 Sy

http://www.sci.nu.ac.th/jnao

STOCHASTIC MODEL FOR GOLD PRICES AND ITS
APPLICATION FOR NO-ARBITRAGE GOLD DERIVATIVE
PRICING

N. ISSARANUSORN!*, S. RUJIVANZ?, K. MEKCHAY"

!Department of Mathematics, Faculty of Science, Chulalongkorn University,
Bangkok, 10330, Thailand
?Department of Mathematics, School of Science, Walailak University, Nakhon Si
Thammarat, 80161, Thailand

ABSTRACT.In this paper, we develop a one-factor model of stochastic behavior of
gold prices. The gold prices are assumed to follow an extended Geometric Brownian
Motion with a time-varying drift which describes seasonal variation in gold prices.
The drift includes instantaneous convenience yields which follow an ordinary differ-
ential equation. Moreover, we derive closed-form solutions for no-arbitrage prices
of gold futures and European gold options under the no-arbitrage assumptions.

KEYWORDS : Gold futures; European options; No-arbitrage prices; Instantaneous
convenience yields.

1. INTRODUCTION

Gold has been a valuable metal throughout the ages because of its versatility.
It can be used in many applications. One of its primary uses is as jewelry and
adornment. It is even used in aerospace, dentistry, electronics. People can also
use gold as the standard value for the money of each country. Furthermore, gold is
extremely important to the development of industry and technology of each coun-
try because it is considered as a liquid asset and has low fluctuations. Therefore
it is used as an assurance when issuing bank notes. We can see that in many
countries they have gold for a guaranteed source of investment funds. Moreover,
gold investment is a good way for getting high return in the long run. Nowadays,
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12 N. ISSARANUSORN, S. RUJIVAN, K. MEKCHAY/JNAO : VOL. 2, NO. 1, (2011), 11-17

7000

—— 1080
—&— 1890
1991
1992
—— 1093

—— 1894

—— 1995

——— 1896

GOLD SPOT PRICES ( bahts )
3
IS
[==]

1897

2000 T T T !

JAN FEB MAR APR MAY JUN JUL AUG SEP OCT NOV DEC
MONTHS

FIGURE 1. Monthly averages of gold spot prices over nine years

the investment in commodity derivatives markets which have gold as an underlying
asset is receiving widespread attention. Gold derivatives markets have witnessed
a tremendous growth in recent years. In order to provide closed-form solutions for
gold derivatives such as futures and options, one can treat gold spot prices as a
random walk. In other words, gold spot prices are assumed to follow a stochastic
differential equation (SDE). Using the SDE theory, the closed-form solutions can
be obtained by solving the associated partial differential equations.

By considering gold as one of those commodities, one can choose a model pro-
posed by Brennan-Schwartz (1985) [1] to describe the dynamics of gold spot prices
To follow the model, gold spot prices are assumed to follow a Geometric Brownian
Motion (GBM) and the convenience yield, which is an important factor influencing
commodity prices, is described in the same way as a dividend yield. Nevertheless,
this specification is inappropriate because it does not take into account the mean-
reversion property of commodity prices. Schwartz (1997) [2] introduced variation
of this model in which the convenience yield is mean reverting and intervenes in
the commodity price dynamics. Besides the mean reversion property of commodity
prices, the other main empirical characteristic that makes commodities noticeable
different from stocks, bonds and other financial assets, is seasonality in prices.
Many commodities, such as agricultural commodities or natural gas, exhibit sea-
sonality in prices, due to harvest cycles in the case of agricultural commodities
and change consumptions in the case of natural gas. In addition, gold also have
seasonal variation in prices as well (see Figure 1.). We use the gold spot prices
data [6] during January 1989 to December 1997 in plotting graph to observe the
tendency of gold spot prices shown in Figure 1.. It shows seasonal variation of gold
prices. From analyzing the graph, we can see that gold spot prices at the beginning
of each year are high. They drop in the middle and at the end of each years, they
are high again. Thus, the graph looks like sine wave. Therefore, a model of gold
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spot prices introduced in this paper will take to account a seasonal variation in
gold prices.

The remaining of this paper is organizes as follows. In section 2, we present a
one-factor model, which is an extension of Schwartz model 1 [2]. In section 3, we
present the no-arbitrage assumptions and derive for closed-form solutions for no-
arbitrage prices of gold futures and European gold options. Finally, We conclude
the paper in section 4.

2. STOCHASTIC MODEL FOR GOLD PRICES

In this section, we develop a one-factor model of stochastic behavior gold prices.
The gold prices are assumed to follow an extended Geometric Brownian Motion
with a time-varying drift which describes seasonal variation in gold prices. The
drift includes instantaneous convenience yields which follow an ordinary differ-
ential equation (ODE). Our model can be written as follow: under an equivalent
martingale measure Q,

dS; = (7" — 5(t))Stdt + O'Stth, So = 89 > 0, (2.1)
dé(t
DU — e (a(t) 56, 6.(0) = 8, 22)
a(t) = ag + agsin(2n(t — ta)), (2.3)

where (S¢(w)):e[o, 7] is a gold spot price process, 7 is a risk-free interest rate, §(t) is
instantaneous convenience yield at time 7" which is assumed to follow the ordinary
differential equation (2) and has mean reversion property, (W;(w)):e[o,r] is a-one
dimensional standard Brownian motion under a probability space (2, F,Q) and a
filtration (F);>¢,  is the speed of adjustment of the gold prices, oy is a long run
mean, o is the volatility of gold prices, «(t) is seasonal variation in in convenience
yields. The parameters «; and T denoted, respectively, the annual seasonality pa-
rameters and the seasonality centering parameter, representing the time of annual
peak of equilibrium price in a year.
From (2), the closed-form solution of the ODE (2) is

3(t) = ag + C(t) + (J — ag — C(0))e ™", 2.4)
where
Ct) = —2a1 kreos(27(t —ﬁt;)—z Iﬁgmzsm@w(t 1)) | 25

From Kloeden and Platen [4 page 120], the strong solution of the SDE (1) can be
expressed as

S, =5, L (r— 22 —5(s))ds+o+/(t—t0) Z 2.6)
to I .
forall 0 <tg <t <T, where Z is the standard normal random variable.

Proposition 2.1. The gold spot price S; modeled by (1) is neither negative nor zero
forallt > 0. Moreover, for a fixed ty > 0,In(S:/St,) is normal distributed with mean

ftto (r— %2 — d(s))ds and variance o2(t — t).
3. VALUATION OF GOLD DERIVATIVES

In order to price futures and options of the commodity (gold in this case), we
assume the following assumptions hold.
The no-arbitrage assumptions
1. The market is arbitrage-free, that is for any portfolio ¢ = (¢;),V,(0) = 0
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and V,(T) > 0,P—a.s. for all time 7" > 0 imply V,(T) = 0,P— a.s., where
Vo (t) = V,(t, St, ¢+) denotes the value of the portfolio ¢ at time ¢ and P denotes an
original probability measures. Namely, if a portfolio requires a null investment and
is riskless (there is no possible loss at the time horizon 7’), then its terminal value
at time 7" has to be zero.

2. The market participants are subject to no transaction costs when they trade.

3. The market participants are subject to the same or no tax rate on all net trading
profits.

4. The market participants can borrow/lend money at the same risk-free rate of
interest.

A. GOLD FUTURES PRICING
Form Rujivan [5], under the no-arbitrage assumptions in a futures market,

the no-arbitrage price (fair-price) of gold futures at a current time ¢, denoted by
FT(t,S,), satisfies,

FT(t,8;) = EglSr|F, (3.1)
where the expectation is taken under the equivalent martingale measure Q condi-
tioned on F;.

The relation (7) implies that FT solves the partial differential equation:
oFT OFT 1 oFT
— (= 5()S S + 0282
ot oS 2 052

subject to a terminal condition

(3.2)

FT(T,S) =5, (3.3)

forall S > 0.
We now solve the PDE (8) subject to (9) to obtained closed-form solutions for
no-arbitrage gold futures price.

Theorem 3.1. (Determination of gold futures prices)
For given and fixed maturity date T, no-arbitrage gold futures prices to the PDE (8)
can be expressed as

FT(t, St) = SteA(Tit) (34)

where
A(r)=rr —/ (T — s)ds, (3.5)
0
SorallT > 0.

Proof. To avoid confusion about the notations, we omit writing the subscript ¢ of
S; and write FT = FT(¢,5,).
Let 7 =T — ¢, and we calculate

orT

oFT 9FT  9°FT
ot B

_ T A7 —
= —(FTA(M), S5 =" Fo

0,
where / = %.
Replacing the above partial derivatives into (8), we then obtain the following ODE,
ATy =(r—46(T — 1)) (3.6)
and the terminal condition implies that
A(0) = 0. (8.7
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Then, we solve (12) subject to (13) to obtain (11). O
B. EUROPEAN GOLD OPTIONS PRICING

In this section, we consider European options written on gold spot prices. We
first consider a European call option. Let ¢ and K be respectively, a maturity date
and strike price of the call option. From [5], under the no-arbitrage assumptions,
the call option price must equal to the present value of the expected payoff of the
call option under the equivalent martingale measure Q,

C(T,t,8;, K) = e "= Eg[max(0, Sy — K)|Fi], (3.8)

Theorem 3.2. (No-arbitrage prices of European call options for gold) The no-arbitrage
European gold call options prices with strike price K is

C(T,t,S;, K) = Spe I 0459 (d)) — Ke T d(dy) (3.9)
where

In(5t s)ds + —I=0)
dy = n(x) +r( ft Jds + * (3.10)

O'\/T—
do=dy —ovT —t (3.11)

Proof. We omit writing the martingale measure Q and the filtration F; in this proof
to avoid confusion about notations. From (14), we obtain

C(T,t,S;, K) = e "8 E[maxz(0, Sy — K)],
— e—r(T—t)E[(ST - K)*),
e "TDE[I(St — K)),
e TSy — Ke "9 E[1], (3.12)

where [ is the indicator random variable for the event that the option finishes in
the money, that is,

1, if Sy > K,
I= noer (3.13)
0, if Sy <K.
Next, we will show that
1, if Z VT —t—d
=4 A=V L (3.14)
0, if otherwise.

where d; is given in (16).
Using (6) and (19) , we obtain

ST > K & Steft —48(s))ds+oT—tZ S K
o’ K
o / ~ T~ 8(s))ds + VT2 > In )
K 1.2
= 7> n(sif’)ir(T*t*ft s)ds + 50°(T —t)

o\/ﬁ
s Z>oVT —t—dy
and we also obtain (20). From (20), we have
E[l] = P(Sr > K)
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= P(Z >ovT — —dl)

=P(Z<di —oVT —1)

= (I’(dl — O'\/T — t)

= ®(ds), (3.15)
where @ is the standard normal distribution function.
Using (6) and (20) with @ = o/T — t — dj,
we then obtain,

e—'r(T—t)E[IST] — r(T-1) /OO Ster(T—t)—ftT §(s)ds+30*(T—t)+ov/T—ty 1 e_%dy
a V2T

1 (o)
=S,e” ST 8(s)ds — / e—%(y2—2a\/T—ty+02(T—t))dy
Vv a

= Spe [ 00)ds Smeyr=t

1 0
I
= Spe i 5(3)(13\/% /_Odol e
= 5,79 P(Z > —ay)
= Sy~ 0@ p(z < dy)
— Spe= i 5()ds (g, -
Replacing (21) and (22) into (18), we then reach (15). N

Theorem 3.3. (No-arbitrage prices of European put options for gold) The no-arbitrage
European gold put options prices with strike price K is

P(Tt, 8, K) = Ke " T D®(—dy) — S(1 — e I 3)dsg(dy)), (3.17)
where dy and ds satisfy, respectively, (16) and (17).
Proof. The put-call parity [3] equation satisfies

CO(T,t,S;, K) + Ke "™t = P(T,t,8,, K) + S;. (3.18)
Replacing (15) into (24) , we then obtain
P(T,t,S;, K) = (Ke "I — Ke "T=D(dy)) — (S; — Spe™ 4+ 545 (q,)).

Finally, we rearrange the equation above to obtain the no- arbitrage European gold
put options prices. O

4. CONCLUSION

This paper has developed a one-factor model for gold prices which is an extension
of the model proposed by Schwartz. We have provided closed-form solutions for no-
arbitrage prices of gold futures and European gold options under the no-arbitrage
assumptions. Moreover, one can use our model to predict gold prices in the futures
if the unknown parameters are estimated using historical data of gold spot prices.
Finally, closed-form no-arbitrage prices of American options for gold will be derived
in our future work
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ABSTRACT. In this paper, we first give a quick introduction to Nielsen theory in the
traditional topological setting. We then turn to the applications of Nielsen theory,
and survey some results in nonlinear analysis.
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1. INTRODUCTION

Nielsen theory occupies a prominent place within topological fixed point theory and
is currently one of the most active research areas of algebraic topology. Nielsen
theory, named in honor of its founder, Danish mathematician Jakob Nielsen (1890
- 1959), is concerned with finding the minimum number of solutions to certain
equations involving maps, minimized among all the maps in a given homotopy
class. The first part of this paper focuses on the traditional definition of Nielsen
fixed point classes and the Nielsen number itself.

Not only has the Nielsen theory been widely studied in the topological setting,
there are many areas of mathematics that have used the idea of Nielsen theory to
solve existing problems. In the second part of the paper, we focus on the applica-
tions of Nielsen theory in nonlinear analysis.
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This work originated with the suggestion of Professor Dr. Sompong Dhompongsa
and people in his group when the author presented previous works concerned with
calculating the Nielsen number on various topological spaces. They wanted to
know if there is any way that the author’s speciality in topological fixed point and
Nielsen theory could be applied to their work in analysis. The author hopes that
this brief survey will demonstrate the possibility of more collaborations between
these two areas.

2. NIELSEN THEORY: THE INTRODUCTION

Let X be a connected compact polyhedron then X has a universal cover p :
X — X. For any self-map f : X — X, a lift f of f is a map from X to itself such
that p o f = f op. Also, recall that a deck transformation is a homeomorphism
a: X H)?suchthatpoa:p.

2.1. The Minimum Number. The main object of study in topological (Nielsen) fixed
point theory is concerned with finding the "minimum number" of the fixed points
of f: X — X.

MF[f] = { min §Fiz(g) : g ~ [}
where Fiz(g) = {z : g(z) = z} and ~ denotes homotopy. Note that MF[f] = O
would mean there is a map homotopic to f that has no fixed points.

Main Problem: Determine MF[ f] from information about f.

2.2. Fixed Point Classes. Nielsen theory depends on the concept of the "fixed
point class" which partitions F'iz(f) into equivalence classes. There are two ways
of describing the equivalence relation.

Definition 2.1. Definition of Fixed Point Classes (via path homotopy): Two
fixed points zp and z; of f : X — X are in the same fixed point class if and only if
there exists a path c¢ from x( to x1 such that ¢ ~ f oc.

c
T

xo/\,
/
/

/

foc

Definition 2.2. Definition of Fixed Point Classes (via lifting classes): Two lifts
fand f’ of f are said to be conjugate if there exists v € D such that f/ = yo foy™!.
A lifting class is denoted as

[fl={vofoy Iy €D}
Two fixed points xy and x; of f X — X are in the same fixed point class if and

only if 2o, z; € p(Fiz(f)). If f, f are conjugate lifts, then p(Fiz(f)) = p(Fiz(f'))
so fixed point classes depend on conjugacy classes of lifts.

For a chosen base point g and a chosen lift f of f, the f:,—conjugacy class of
a € (X, xg) is called the coordinate of the lifting class (see [20] for more de-
tails) [a o f]. This « is can be obtained geometrically.

Suppose zq € p(Fiz(f)) and Zo € p~'(zo) and Zo € Fiz(f) is the constant path at
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o where f is the chosen lift of f. Then the coordinate of the class of a fixed point
x of f is the fr-conjugacy class of a = [c* (f o ¢)"1] € m1(X,x0), where c is any
path from z to . In other words, x € p(Fiz(ao f)).

2.3. The Nielsen Number. The fixed point index is an indispensable tool of fixed
point theory. The index of each fixed point allow us to algebraically count fixed
points in an open set. Roughly, we can think of the index of F, a fixed point class,
with respect to f as follows. Suppose F is finite and for x5 € F, pick a sphere
centered at x2 such that this sphere is small enough to exclude other fixed points
and the sphere is mapped by f into a Euclidean neighborhood of x3. The index of
Z9 is the degree of the map

id— f
lid — f]
restricted to the sphere.
T3 z5
T ® .
Ty
T2

©

Definition 2.3. The index of a fixed point class [ is the sum of the indices of all
fixed points in F.

A fixed point class F is said to be essential if the index of F with respect to f is not
Zero.

Definition 2.4. The Nielsen Number of f, denoted N(f), is the number of essential
fixed point classes of f.

Theorem 2.1. If g is homotopic to f, then N(g) = N(f) and therefore
N(f) < MF[f]
In fact, if X is not a surface, then there exists a map g ~ f such that it has exactly

N(f) fixed points.

2.4. Properties of the Nielsen number.

Homotopy invariant: The Nielsen number is a homotopy invariant.
Commutativity: Let ¢ be a map from X to Y and let ) be a map from Y to
X, then

N(po)=N(pop)

pot

N

X X

R

y Ty

Yo
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Homotopy-type Invariant: Let ¢ be a map from X to Y and let ¢) be a map
from Y to X such that ¢ o 1) and ¥ o ¢ are homotopic to the identity. Let
f be a self-map on X and suppose g be a self-map on Y is homotopic to

po f o1 then
N(g) = N(f)
Xf4>X
YA NY
g

2.5. Geometric and Algebraic Aspects of Nielsen Theory. The interest in the
Nielsen number N (f) comes from the fact that it usually does solve the "minimum
number" MF[f] problem, but not always. However it is difficult to calculate the
Nielsen number N(f) from the definition.

Thus the "classical” Nielsen fixed point theory has two aspects

Geometric Aspect: determining when N(f) = MF[f].
Algebraic Aspect: calculating N(f).

3. APPLICATIONS OF NIELSEN THEORY TO DIFFERENTIAL AND INTEGRAL
EQUATIONS

This section of this review paper based on the subsection of the same title by Pro-
fessor Robert F. Brown in [6].

At the 1950 International Congress of Mathematicians, Leray suggested that the
work of Nielsen what gives a lower bound for the number of fixed points of a map
should be extended to analytic problems because solutions to analytic problems
can often be formulated as fixed points of functions and the existence of multiple
solutions is often significant. However the setting of Nielsen theory was originally
concerned with maps on finite polyhedra or compact ANRs, not the appropriate
setting for analytic problems. In fact, Leray himself obtained a result in 1959,
generalizing global Lefschetz fixed point theory that was the first step in extending
Nielsen theory to the analytic setting [22].

3.1. Selected applications of Nielsen Theory.

(i) Let E, F be Banach spaces, L : ' — F anisomorphism, H : ExR" — Fa
completely continuous map and B : E — R a continuous linear mapping
onto a Euclidean space. Brown in [8] applied the Nielsen theory to help
finding solutions to Ly = H(y, \) that satisfies By = 0. These solutions
can be represented as the fixed points ofamap 7 : ExXR"” — ExXR". If T
satisfies a condition called p-retractibility, then Nielsen fixed point theory
may be extended to produce lower bounds for the number of fixed points
of such maps.

(ii) Brown and Zezza in [9] applied Nielsen theory to some problems in con-
trol theory. They studied the controllability of perturbed linear control
processes whose control space can be reduced to a finite-dimensional
one. Their techniques produce a lower bound on the number of controls
that achieve a given target, using Nielsen theory to detect when there is
more than one solution.
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Feckan [1 1] used Nielsen theory to establish the existence of multiple peri-
odic solutions to problems in which the operator L is not an isomorphism.
Suppose i : R" x R® — R" is 1-periodic in the first variable and bounded.
For the system y’ = eh(t,y), with small €, if the map II : R® — R" is
u-retractible onto a compact, locally contractible subset S by a retraction
p, then N(p®|s), the Nielsen number of the map p®|g, is a lower bound
for the number of 1-periodic solution to the system.

Feckan also used this approach to study some nth order boundary value
problems in [12].

Suppose that L : X — Y be a linear map between two Banach spaces
X,Y. We say that L is a Fredholm operator if the image of L is closed in
Y and the kernel and cokernel of L are finite dimensional. The index of a
Fredholm map is defined as

i(L) = dimKer(L) — dim(Y/Im(L))

Feckan [15] applied Nielsen theory to the problem of the form Lu = F(u)
for L Fredholm with positive index.

Many of his results applying Nielsen theory to ordinary differential equa-
tions on Banach spaces are summarized in [10]. He also mentions there
that his techniques could be used for some problems concerning partial
differential equations as well.

Borisovich, Kucharski and Marzantowicz [4] applied Nielsen theory to non-
linear integration equations of the Urysohn type.

Let X be the Banach space of pairs of continuous functions on [0, 1]. Let
G : X — X be defined by

G(u,v)(t) = (u(t), v(t))

where u(t) and v(t) are of Urysohn type, i.e.
1
u(t) = /o Ky (t, s, u(s),v(s))v’(s)ds
o(t) = /0 Ko (t, s,u(s),v(s))u*(s)ds.

Let A be the subset of K consisting of pairs (u,v) of functions, each of
which takes only non-negative or only non-positive values and are not both
the zero function. They found that the Nielsen number of G restricted to
A was 2 which means that the system has at least two non-zero solutions.
There has been extensive work on the application of Nielsen theory to
nonlinear analysis focusing on differential inclusions, multivalued func-
tions and boundary value problems due mainly to Andres, Gorniewicz and
Jeierski. See [1] for more in-depth information on this area.

In 2003, Andres and Vath [2] developed two definitions of the Nielsen
numbers for the more general setting of noncompact maps. One definition
is based on Nielsen’s original idea for fixed point classes. The second
definition is based on the idea of classes due to Wecken. They focused
on a Nielsen number for coincidence points of two continuous maps p, q :
I' — X which is the lower bound of the number of coincidence points
(p(x) = q(z) for € T"). Notice that if ¢ is the identity map, this gives the
classical Nielsen number. In particular, their definition can be used in
the Banach space setting.
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(vii) In 2007, Andres and Vath [3] used the definitions that they defined in [2]
to calculate the Lefschetz and the Nielsen numbers of iterated function
systems or dynamical systems in hyperspaces. Their success was due
to the fact that hyperspaces are topologically simple. Their result stated
that the Lefschetz and the Nielsen numbers can be calculated as easily as
just counting fixed points of a map of a finite set of, typically, very small
cardinality.
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1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations was originated from a question of
Ulam [27] concerning the stability of group homomorphisms. Hyers [12] gave a
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’
Theorem was generalized by Aoki [1] for additive mappings and by Th.M. Rassias
[26] for linear mappings by considering an unbounded Cauchy difference. The
paper of Th.M. Rassias [26] has provided a lot of influence in the development of
what we call generalized Hyers-Ulam stability or Hyers-Ulam-Rassias stability of
functional equations. A generalization of the Th.M. Rassias theorem was obtained
by Gavruta [10] by replacing the unbounded Cauchy difference by a general control
function in the spirit of the Th.M. Rassias’ approach. J.M. Rassias [23]-[25] followed
the innovative approach of the Th.M. Rassias’ theorem [26] in which he replaced
the factor ||z||” + ||y||” by ||z||? - ||y||? for p,q € R with p + ¢ # 1. The stability
problems of several functional equations have been extensively investigated by a
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number of authors and there are many interesting results concerning this problem
(see [5, 8,9, 13, 16, 17]).

Definition 1.1. [7] Let A be a C*-algebra and = € A a self-adjoint element, i.e.,
x* = z. Then z is said to be positive if it is of the form yy* for some y € A.
The set of positive elements of A is denoted by A™.

Note that AT is a closed convex cone (see [7]).

It is well-known that for a positive element = and a positive integer n there exists
a unique positive element y € AT such that z = y™. We denote y by xw (see [11]).

In this paper, we introduce a square root functional equation

S (v+y+atyiet +ylaiyt) = S@) +Sw) (L.1)
and a 3rd root functional equation
T (v+y+3eiydal +3ytatyd) = T(x) + T(y) (1.2)

for all 7,3y € AT. Each solution of the square root functional equation is called a
square root mapping and each solution of the 3rd root functional equation is called
a 3rd root mapping.

Note that the functions S(z) = v/ = 22 and T(z) = ¢z = z3 in the set of
non-negative real numbers are solutions of the functional equations (1.1) and (1.2),
respectively.

Let X be a set. A function d : X x X — [0, 0] is called a generalized metric on
X if d satisfies

(1) d(z,y) = 0 if and only if z = y;

(2) d(z,y) = d(y,x) for all z,y € X;

() d(z,2z) < d(x,y) + d(y, z) for all z,y, z € X.

We recall a fundamental result in fixed point theory.

Theorem 1.1. [2, 6] Let (X, d) be a complete generalized metric space and let J :
X — X be a strictly contractive mapping with Lipschitz constant L. < 1. Then for
each given element x € X, either

d(J"z, J" M r) = 0o

Jor all nonnegative integers n or there exists a positive integer ny such that

(1) d(J" "z, J"Tlz) < 0o,  Vn > ng;

(2) the sequence {J"x} converges to a fixed point y* of J;

(3) y* is the umqueﬁxed pointof J inthesetY = {y € X | d(J™z,y) < oo};
(4) d(y,y*) < t2d(y, Jy) forally € Y.

In 1996, G. Isac and Th.M. Rassias [14] were the first to provide applications of
stability theory of functional equations for the proof of new fixed point theorems
with applications. By using fixed point methods, the stability problems of several
functional equations have been extensively investigated by a number of authors
(see [3, 4], [19]-[22]).

Using the fixed point method, we prove the Hyers-Ulam stability of the functional
equations (1.1) and (1.2) in C*-algebras.

Throughout this paper, let At and BT be the sets of positive elements in C*-
algebras A and B, respectively.
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2. STABILITY OF THE SQUARE ROOT FUNCTIONAL EQUATION
In this section, we investigate the square root functional equation in C*-algebras.

Lemma 2.1. [15] Let S : AT — B be a square root mapping satisfying (1.1). Then
S satisfies

S(4"x) =2"S(x)
forallz € AT and alln € Z.

We prove the Hyers-Ulam stability of the square root functional equation in C*-
algebras. Note that the fundamental ideas in the proofs of the main results in
Sections 2 and 3 are contained in [2, 3, 4].

Theorem 2.1. Let p : AT x AT — [0,00) be a function such that there exists an
L <1 with

L
pla,y) < S (4, 4y) 2.1)
forallz,y € A*. Let f : AT — BT be a mapping satisfying
Hf (93 +y+aiyiat o+ y%w%y%) — flz) - f(y)H < plz,y) (2.2)

forall x,y € AT. Then there exists a unique square root mapping S : AT — AT
satisfying (1.1) and

1£(2) = S@I < 5= (w,) 2.9
forallz € AT,
Proof. Letting y = «x in (2.2), we get
1f(4z) = 2f(2)]| < ¢(z,z) (2.4)

forallz € At.
Consider the set

X :={g: A" - B"}
and introduce the generalized metric on X:
d(g,h) = inf{p € Ry : [lg(z) — h(z)|| < pp(, @), Vo € AT},

where, as usual, inf ¢ = +00. It is easy to show that (X, d) is complete (see [18]).
Now we consider the linear mapping J : X — X such that

Jg(x) =29 ()

forallz € A™.
Let g, h € X be given such that d(g,h) = ¢. Then

l9(z) = h(x)|| < ¢(z, z)
for all z € AT. Hence
179() = Jh@)l = 29 (7 ) =2 () | < Le(, )
for all z € A*. So d(g,h) = ¢ implies that d(Jg, Jh) < Le. This means that
d(Jg, Jh) < Ld(g, h)
forall g,h € X.
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It follows from (2.4) that

17 —2f ()1 < Sl )

forallz € AT. Sod(f,Jf) < L.
By Theorem 1.2, there exists a mapping S : AT — B™ satisfying the following:
(1) S is a fixed point of J, i.e.,

T 1
s(5)=5s 2.5
7) =35 2.5
for all z € AT. The mapping S is a unique fixed point of J in the set
M ={g€X:d(f,g) < oo}
This implies that S is a unique mapping satisfying (2.5) such that there exists a
i € (0,00) satisfying
1f(x) = S(@)|| < pep(z, x)
forallz € AT;
(2) d(J"f,S) — 0 as n — oo. This implies the equality

Cme (T
Jim 277 () = S()
forall x € A™;
3) d(f,S) < {2;d(f,Jf). which implies the inequality
L
2—2L°

This implies that the inequality (2.3) holds.
By (2.1) and (2.2),

J,‘—Fy—‘,—gj%y%x%—kyix%yi x Y
e ORI

d(f,s) <

2n

n :I: y n
< 2 ‘9(47747) < L"p(x,y)

for all 7,5y € AT and all n € N. So
HS (x fy+aiyii +y%x%y%> —S(z) - S(y)” =0

for all z,y € AT. Thus the mapping S : AT — BT is a square root mapping, as
desired. O

Corollary 2.2. Letp > % and 01, 8, be non-negative real numbers, and let f : AT —
B™T be a mapping such that

Hf (x ty+aiyiat 4 yix%y%) = f(z) - f(y)H
< Ol + llyl?) + 02 - |z % - [ly]* (2.6)

for all z,y € AT. Then there exists a unique square root mapping S : At — BT
satisfying (1.1) and
201 + 6 »
17— Sl < 222 o

forallz € AT,
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Proof. The proof follows from Theorem 2.1 by taking ¢(x,y) = 01 (||z|? + ||y||?) +
0y - ||z||% - ||y||? for all 2,y € AT. Then we can choose L = 2' =2 and we get the
desired result. t

Theorem 2.2. Let v : AT x AT — [0,00) be a function such that there exists an
L <1 with

Ty
) <2L (77 7)
plz.y) <2Le (.7
forallz,y € AT. Let f : AT — BT be a mapping satisfying (2.2). Then there exists
a unique square root mapping S : AT — A7 satisfying (1.1) and

1
1/ @) = 5@ < 557

(z, )

forallz € AT,

Proof. Let (X, d) be the generalized metric space defined in the proof of Theorem
2.1.
Consider the linear mapping J : X — X such that

1

Jg(@) = 59 (4z)

forallz € At.
It follows from (2.4) that

1 1
f(@) = 5 fz)|| < Se(z,x)
2 2
forallz € AT. Sod(f,Jf) < 1.
The rest of the proof is similar to the proof of Theorem 2.1. U

Corollary 2.3. Let 0 < p < % and 61,0> be non-negative real numbers, and let

f : AT — BT be a mapping satisfying (2.6). Then there exists a unique square root
mapping S : AT — BT satisfying (1.1) and

1f(@) - S())| < 2t b

11
2 —4r
forallx € A™.

Proqf. The proof follows from Theorem 2.2 by taking o(x,y) = 01 (||z]|? + ||y]|P) +
0y - ||| 2 - ||y||? for all z,y € A*. Then we can choose L = 2%~ and we get the
desired result. g

3. STABILITY OF THE 3RD ROOT FUNCTIONAL EQUATION
In this section, we investigate the 3rd root functional equation in C*-algebras.

Lemma 3.1. [15] Let T : AT — B™ be a 3rd root mapping satisfying (1.2). Then T
satisfies

T(8"z) =2"T(x)
forallz € AT and alln € Z.

We prove the Hyers-Ulam stability of the 3rd root functional equation in C*-
algebras.
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Theorem 3.1. Let ¢ : AT x AT — [0,00) be a function such that there exists an
L <1 with

L
forallz,y € AT, Let f : AT — BT be a mapping satisfying
Hf (fc +y+3ziysad + 3y%w%y%) - fz) - f(y)H < o(zy) B

for all x,y € AT. Then there exists a unique 3rd root mapping T : AT — AT
satisfying (1.2) and

[f(z) = T(x)]| < (z,2)

2
2—2L
forallx € AT,

Proof. Letting y = z in (3.1), we get

1f(82) = 2f (z)[| < p(x, x) (3.2)

forallz € AT.
Let (X, d) be the generalized metric space defined in the proof of Theorem 2.1.
Consider the linear mapping J : X — X such that

J9(x) := 29 (g)

forallz € AT.
Now we consider the linear mapping J : X — X such that

Jg(x) :==2g (%)

forallz € AT.
It follows from (3.2) that

17 -2 ()1 < so(e,)

forallz € X. Sod(f,Jf) < %.
The rest of the proof is similar to the proof of Theorem 2.1. O

Corollary 3.2. Letp > % and 01, 8, be non-negative real numbers, and let f : AT —
BT be a mapping such that

Hf (ﬂ?+y+3x%y%x% +3y%$%y%> - f(z) - f(y)H
< O(lll” + lylP) + 02 [l % - [yl * (3.3)

for all x,y € At. Then there exists a unique 3rd root mapping T : At — BT
satisfying (1.2) and
201 + 0,

1f (@) =T@)ll < 55—

1l
forallx € AT,

Proof. The proof follows from Theorem 3.1 by taking ¢(z,y) = 61(||z||” + [|y||?) +
Oy - ||z||% - ||y||? for all 2,y € AT. Then we can choose L = 2' 3P and we get the
desired result. g
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Theorem 3.2. Let p : AT x AT — [0,00) be a function such that there exists an
L <1 with
ry
p(z,y) < 2Ly (57 g)
forallz,y € AT, Let f : At — B be a mapping satisfying (3.1). Then there exists
a unique 3rd root mapping T : AT — A7 satisfying (1.2) and

17@) ~ T@)l < 55z ()

forallx € A™T.

Proof. Let (X, d) be the generalized metric space defined in the proof of Theorem
2.1.
Consider the linear mapping J : X — X such that

To(x) = o (87)

forallz € At.
It follows from (3.2) that

1 1
f(x) = 5 f(8z)|| < Se(z,x)
2 2
forallz € AT. Sod(f,Jf) < 3.
The rest of the proof is similar to the proof of Theorem 2.1. O

Corollary 3.3. Let 0 < p < % and 61,0; be non-negative real numbers, and let
f : AT — BT be a mapping satisfying (3.3). Then there exists a unique 3rd root
mapping T : At — B satisfijing (1.2) and
201 + 62 »
17@) = T@)I < S22 ]
forallz € AT,

Proof. The proof follows from Theorem 3.2 by taking ¢(z,y) = 01 ([|z[|” + [[y[?) +
Oy - ||z||% - ||y||? for all 2,y € AT. Then we can choose L = 2°’~! and we get the
desired result. g
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ABSTRACT. We provide a short survey of some recent results of ours regarding
the convergence of infinite products of nonexpansive operators, some of which
are orthogonal projections, while others may even be nonlinear. It turns out that
the standard requirement of cyclic order of the projections may be replaced with
the positivity of the angles between the given subspaces. Moreover, one of these
angles may even be unknown, provided the corresponding projection appears in
the infinite product sufficiently rarely.

KEYWORDS : Alternating projection; Angle; Infinite product; Nonexpansive opera-
tor.

1. INTRODUCTION

The well-known method of alternating projections is used for finding points in
the intersection of a finite number of closed and convex sets via individual approxi-
mations from each one of these sets. If all the sets are closed linear subspaces of a
given Hilbert space H, then we can use the best approximations which in this case
are the standard orthogonal projections. Taking an initial point o € H and pro-
jecting it successively onto the given subspaces, we may expect that the sequence
of iterations {x,, = P,P,_1 -+ P12} will converge to a point z* in the intersection
of all the subspaces.

We are interested in either strong or uniform convergence. The only necessary
condition for this is that every subspace is involved in the iteration process in-
finitely often. The various sufficient conditions presented in the literature require
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a special order of the projections and/or additional information regarding inter-
relations between the given subspaces. For example, many iteration procedures
were studied for the case where the orthogonal projections are arranged cyclically
in a prescribed repeated order. In this connection, one should mention, first and
foremost, the celebrated pioneering works by J. von Neumann [4] and I. Halperin
[3]. For instance, in the case of three projections Py, Py, Py onto three given sub-
spaces U, V, W, respectively, Halperin’s theorem ensures the strong convergence of
the sequence {z,, = (Py Py Pw)"x¢} to Pynvaw o for any 2o € H.

The uniform convergence of iterations cannot be obtained by only using the
order of the projections, because any projection operator has norm 1, which is
insufficient for achieving uniform convergence. Nevertheless, the product of two
projections Py Py could have norm less than 1 in the case of a positive angle
between the subspaces U and V. The concept of an “angle between subspaces"
in an arbitrary Hilbert space has many different definitions applied to different
problems and situations. We adopt the one given by K. Friedrichs in [2] and widely
used for studying projection methods in the monograph [1] by F. Deutsch. Namely,

0(U,V) =nf{|0(z,y)| - €U, y €V, 2,y # 0},
where U =UNUNV)L, Vo=V n(UNV)L and

(z,y)

O(x,y) = arccos
’ [l - 1lyll

is the usual angle between two vectors in a space with inner product (-, -). The uni-
form norm convergence of the sequence {z,, = (Py Py )"z} to Pyny o immediately
follows from the estimate

|PyPyx — Pyavz| < cosO(U,V) ||z — Pynvz|  forany z € H.

The angle 0(U, V) is positive (and, consequently, cos (U, V) < 1) whenever at
least one of the subspaces U,V is finite dimensional. Otherwise the angle may be
zero even in rather standard situations.

Example. Let {¢,,}52 ; be an orthonormal basis in the separable Hilbert space
H and let the numerical sequences {a,,} and {3,} be such that a? + 32 = 1 for
each n with «,, — 0 as n — oo. We consider two infinite dimensional subspaces
U and V with the bases {u, }22; and {v, }5°,, respectively, defined by

1 1
Uop—1 = —=(€3n—€3n—1), U2n = —=(€3pF€3n—1),Vn = Ane3pn_o+fnesn, n=12,....
V2 V2

It is a simple task to check that both bases {u,} and {v,} are orthonormal and
that U NV = {0}, so that U = U° and V = V°. Hence we may use the vectors
e3n = %(uzn,l + gy, ) from the subspace U and v,, from the subspace V, obtaining
that cos O(U, V') > (ezn,vn) = B — 1 as n — oo, that is, (U, V) = 0.

Observe, in addition, that for any of the basis vectors u,, € U° and v, € V°,
the angles 0(um,v,) > 7 because (Upm,v,) < % for all combinations of m,n.
This means that, generally speaking, the conclusion that §(U,V) = 0 cannot be
obtained by only considering the basis vectors, making the problem of deciding
whether (U, V') > 0 rather difficult in general.
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2. UNIFORM CONVERGENCE

In the case of three subspaces U, V, W the pairwise angles between them are
insufficient for getting uniform convergence. The known proofs for the projections
arranged as Py Py Py require either the angles a = (U, V) and 8 =0(U NV, W)
or the angles o = 0(V, W) and 8 = 0(U,V N W). The corresponding estimate is

[Py Py Pwa — Puavaw®|| < qllz — Punvawz|  forany = € H,
with ¢ = (1 —sin® asin® 8)'/? in the first case and with

¢ = max |cos g, (1 + sin? g tan? o) ~1/2

in the second one. We see that uniform convergence may be ascertained only when
both « and [ are positive. In particular, uniform convergence occurs if at least one
of the subspaces is finite dimensional.

Using angles between subspaces, we are able to consider short fragments of the
iteration process independently of other fragments, which may be further combined
in arbitrary order, making the cyclic order of projections unnecessary:

-+ (PyPy Pw)(Py Pw Py)(Pw Py Py)(PyPwPy) - -

Moreover, we may insert between these fragments other nonexpansive, even non-
linear, operators if this is needed for improving the calculation process or for ob-
taining solutions with additional properties. Recall that an operator A is called
nonexpansive if ||Az — Ay|| < || — y|| for any z,y € H.

Generally speaking, the approximation process can be presented as an infinite
product of operators Hzozl A, P,, where all A, are nonexpansive and all P,, are
linear contractions, obtained as compositions of the projections Py, Py, Py in any
suitable order.

Theorem 2.1. Let the subspace ' = U NV N W be invariant under all the nonex-
pansive operators A,, acting on a Hilbert space H and participating in a given infinite
product. Let ¢ < 1 be such that

|Prnx — Prx|| < g|lx — Prz| forawyze H, n=12,....
Then, for any initial point xq € H, the corresponding partial products_form a sequence
{xn = AnPnAn—lpn—l e A1P1$0}

such that
lim ||z, — Prxz,| =0,
n——-o0

uniformly over any bounded set of initial points xq. If, in addition, all x € F' are fixed
points for each A,,, then {z,} is strongly convergent to some z* € F.

In particular, the operators A,, could be the separate projections Py, Py, Py or
their pairwise products, and thus the triple products P,, = Py Py Py (or in another
order) need not follow cyclically and may be located in the iterative process arbi-
trarily far from each other. In practice this means that the order of the projections
may be essentially random (not cyclic and even not “almost" cyclic); the only condi-
tion for uniform convergence to the best approximation from U NV NW is that the
triple products with known positivity of the corresponding angles appear infinitely
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many times, for instance,
-+ Py Py Py (Pw Py Py ) Pw Py Py Py (Pw Py Py )Py Py -+ - .

3. STRONG CONVERGENCE

Rather surprisingly, a similar assertion can be proved in the case where only one
angle (say 6(U, V')) is known to be positive and no properties of the angles involving
the third subspace W are given. Of course, the convergence of iterations in this
case may be only strong, but it holds without imposing any cyclic arrangement of
the projections.

Theorem 3.1. Let U, V, W be three subspaces of a Hilbert space H such that the
angle §(U, V) is positive. Let the nonexpansive operators A,, n =1,2,..., be such
that all elements of the subspace U NV are fixed points of each A,,. Let a sequence
of natural numbers {k, } be such that

oo
Z ¢ < o0, where ¢ = cosO(U,V).
n=1

Then, for any x € H, there exists x* € U NV N'W such that
lim ||Pw An(PyPy)* Py An_1(PyPy)fn=t .. Py Ay (Py Py)e — z*|| = 0.

Note that Theorem 3.1 admits an interesting new application to Numerical Analy-
sis. Suppose we are interested in finding the point Pynyawxo for some given
xo € H. By Halperin’s theorem we may use the iterations z, = (Pw Py Py )"z
which converge to the sought-after point. Suppose the subspace W is such that
any computation of the projection Py is difficult in comparison with other projec-
tions. Omitting all A,,, we see that, in the case where §(U, V) > 0, Theorem 3.1
enables another iteration process, namely,

an = Pw(PyPy)* Py (PyPy)fn - Py (PyPy)o oy, N=n+) k,
=1

which converges to the same point Pynyaw xo for arbitrarily quickly increasing &,
and, correspondingly, arbitrarily rare computations of Py .

We now give a brief sketch of the proof of Theorem 3.1. We will use the following
result from [5, p. 1512]. Here p(y, F) := inf{||ly — z|| : z € F}.

Proposition 3.1. LetT : H — H be a nonexpansive operator and let a set F C H
be such that, for any given x € H, the sequence {p(T"x,F)} converges to 0 as
n — 00. Let a sequence {x,}°2 o C H be such that, foreachn =0,1,2,...,

o0
||xn+1 - Tan S Yny Z’yn < 0.
n=1
Then p(x,, F) — 0 as n — oco. If, in addition, {T™x} is strongly convergent for
eachx € H, then {x,} strongly converges to some z* € F.
According to the von Neumann theorem for two projections,

im |[(Pw Puav)™e — Punvawe|| =0, Vo € H,
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which corresponds to the hypotheses of Proposition 3.1 if we put T" = Py Pynv
and ' = UNV NW. Next, for arbitrary z € H, we define 1 = z, z,41 =
Pw A, (Py Py)*~,. The inequality
|PuPva — Puave| < qllz — Purvell, ¢=cosd(U,V),
which has already been indicated above, can be readily generalized by induction to
|(PyPyv)"x — Pyavz| < ¢" ||z — Puavel,

and by the postulated properties of the operators A,,, we have A, Pynve = Pyny e
for each n. Consequently,

@041 — Tanll = | Pw An(Py Py) 20 — Py Puavay||
< HAn(PUPV)knxn - AnPUﬁV'rn” < ||(PUPV)knxn - PUﬁVxn”
< qk" ”xn - PUﬁVxn” < qk" ||xn|| < qk" ||IIJ||,
where we have used the fact that the sequence {||x,||} is decreasing.
Setting
_ kn
Y =q" |z,
we obtain the last assumption of Proposition 3.1.

Acknowledgements. This research was supported by the Israel Science Founda-
tion (Grant No. 647/07), the Fund for the Promotion of Research at the Technion
and by the Technion President’s Research Fund.

REFERENCES

1. F. Deutsch, Best Approximation in Inner Product Spaces, Springer, New York,
2001

2. K. Friedrichs, On certain inequalities and characteristic value problems for an-
alytic functions and for functions of two variables, Trans. Amer. Math. Soc. 41
(1937) 321-364.

3. L. Halperin, The product of projection operators, Acta Sci. Math. (Szeged) 23
(1962) 96-99.

4. J.von Neumann, On rings of operators. Reduction theory, Ann. Math. 50 (1949)
401-485.

5. E. Pustylnik, S. Reich and A. J. Zaslavski, Inexact orbits of nonexpansive map-
pings, Taiwanese J. Math. 12 (2008) 1511-1523.



Analysis and.
Journal of Nonlinear Analysis and Optimization B
Vol. 2, No. 1, (2011), 41-54 —
ISSN : 1906-9685 Sy

http://www.sci.nu.ac.th/jnao

DOOB’S DECOMPOSITION OF FUZZY SUBMARTINGALES VIA
ORDERED NEAR VECTOR SPACES®

COENRAAD C. A. LABUSCHAGNE!, ANDREW L. PINCHUCK?"*

1Programme in Advanced Mathematics of Finance, Department of Computational
and Applied Mathematics, University of the Witwatersrand, Johannesburg,
Private Bag 3, 2050 WITS,
South Africa

?Department of Mathematics, Rhodes University, P.O. Box 94, Grahamstown,
6140, South Africa

ABSTRACT. We use ideas from measure-free martingale theory and Radstrém’s
completion of a near vector space to derive a Doob decomposition of submartingales
in ordered near vector spaces, which is a generalization of result noted by Daures,
Ni and Zhang, and an analogue of the Doob decomposition of submartingales in
the fuzzy setting, as noted by Shen and Wang.

1. INTRODUCTION

The aim of this paper is to complete the work of [1 1] and extend those results to
the fuzzy setting. In [1 1] we focussed on the Doob’s decomposition of submartin-
gales and used the notion of near vector spaces to overcome the problems faced.

In this paper, we again concern ourselves with Doob’s decomposition of sub-
martingales. This decomposition was extended from the classical setting of real
valued martingales to set-valued martingales by Daures, Ni and Zhang (see [12, 13])
and also by Shen and Wang (see [16]).
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When modelling events which involve inherent uncertainty due to incomplete
information, one method is to use fuzzy sets. This leads to the concept of fuzzy
martingales. In the fuzzy setting we immediately encounter the same type of prob-
lem the one faces in the set-valued setting. That is that neither the spaces of sub-
martingales nor the range spaces of the submartingales are vector spaces. Since
they are in fact near vector spaces we can apply the near vector ideas developed in
(10, 14].

Our aim is to build on the work done in [10] and [11] and once again use
ideas from measure-free martingale theory (see [1, 2, 3, 7, s 1), together with
Radstrom’s completion of a near vector space, to give an elementary proof for a
version of Doob’s decomposition of fuzzy submartingales.

After introducing the necessary preliminaries and notation, we consider Doob’s
decomposition of a submartingale in an ordered vector space. From this, and with
the aid of Radstrém’s completion of a near vector space (see [10]), we obtain a
Doob decomposition of a submartingale in an ordered near vector space. We then
specialize the ordered near vector space to the appropriate fuzzy set-valued space
of submartingales that are integrable. As special cases, we obtain the Daures, Ni
and Zhang result by using the fact that martingales which are integrably bounded
are integrable (see [12]). We also derive an analogue of the Doob decomposition of
fuzzy submartingales, as noted by Shen and Wang.

2. PRELIMINARIES

Let (2, X, 1) be a finite measure space. If ¥ is a sub o-algebra of ¥, denote by
L°(2, %0, i) the set of Yg-measurable functions f : Q — R. If f € L1(, 3¢, 1)
is a random variable, we denote by E[f|X] the conditional expectation of f with
respect to Y. If (3;) an increasing sequence of sub o-algebras of 3, then (f;,3;)
is a martingale (submartingale) provided that

fi € L°(, %4, p) and fi = (<) E[fig1]5i]
for all+ € N. The following well-known result relates submartingales to martingales:

Theorem 2.1. (Doob’s Decomposition) If (¥;) an increasing sequence of sub o-
algebras of ¥, and (f;,%;) is a submartingale, then ( f;,%;) has a unique decompo-
sition

filw) = M;(w) + A;j(w) ae.

where (M;,3;) is a set-valued martingale and (A;) is a predictable (i.e., A; is ¥;_1-
measurable for all 1 > 2), increasing sequence such that

@ Ai(w)=0 ae.,
0) A;(w) = S} (Bl [Si]@) - fiw)) ae. forj =2,
(©) M;(w) = fj(w) — Aj(w) a.e. forallj € N.

Daures, Ni and Zhang proved an analogue of Doob’s decomposition for set-valued
submartingales (see [3, ). Before we state our main result, as can be found in
[12], we first recall some terminology from [6, 12].

Our main focus is on the application of near vector spaces to fuzzy submartin-
gales so we present an overview of the important notions associated with fuzzy sets
and fuzzy random variables. For a more comprehensive treatment of fuzzy sets and
the application of fuzzy sets in functional analysis the reader is referred to [12].
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Definition 2.1. Let X be a set and [ the unit interval [0,1]. A fuzzy set on X
(fuzzy-subset of X) is a map from X into . That is, if A is a fuzzy subset of X then
A € I’X, where I denotes the collection of all maps from X into I.

I¥ is naturally equipped with an order structure induced by I. If A, B € IX
then we say that A is a fuzzy subset of B if A(z) < B(x) forall z € X.
For a given fuzzy set we associate collections of crisp subsets of X with it.

If A e IX and a € I we define,
A ={z e X : Ax) > a};
Ay ={z e X : A(x) > a}.

These crisp sets are referred to as a-levels (or cuts), strong and weak respectively.
We call A° the support of A and denote it by supp(A4). We have the following useful
relationship between fuzzy sets and their corresponding a-cuts.

Lemma 2.2. Let A and B be fuzzy sets on a set X. Then for all « € (0, 1]:
(i) A=B <= A, = B, foralla € (0,1], and
(i) A< B+~ A, C B,.

The following theorems enable us to decompose a given fuzzy set into a supre-
mum of a collection of crisp sets.

Theorem 2.2. Fora A € IX and z € X we have

A(x) = sup {ax, (=)}
ae(0,1]

If A€ P(X)and a € I we define

a ifzeA
axa(z) = 0 ifxg A

So

_J a onz

Xy = { 0 elsewhere
We call ay o @ fuzzy point with support at z and value a. We will denote the set
of fuzzy points in IX by X. A fuzzy point is clearly a generalization of a point in
ordinary set theory.
If A, B are crisp subsets of a vector space X and t a scalar we have
t-A={ta:a€ Aand A+ B={a+b:a€ A bec B}. We define addition and
scalar multiplication of fuzzy sets in the natural way which is a direct
consequence of the image of a fuzzy mapping.

Definition 2.3. Let X be a vector space. For A,B € [X,t ¢ K andz € X

(a) [Addition] (A 4 B)(x) = sup,,  p,—o1A(x1) A A(22)}.
(b) [Scalar multiplication] t - A(x) = A(§) for t # 0. If t = 0:

0 ifx #£0
supA ifx=0.

t-A(a:):{
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Denote the power set of X by P(X). It is well-known that the set
Po(X) = P(X)\0 does not, in general, form a vector space with respect to the
above defined operations.

A crisp subset A of a vector space X is said to be convex of for any a,b € A and
any k € [0, 1] we have that ka + (1 — k)b € A. We have an analagous notion in the
fuzzy setting.

Definition 2.4. Let A be a fuzzy subset of a vector space X. Then A is
(fuzzy)conwex if A(kz + (1 — k)y) > A(z) A A(y) whenever z,y € X and 0 < k < 1.

It is once again a simple matter to confirm that if a fuzzy set A is convex then for
each « € [0,1), A, is convex in the classical sense.
In [11] we considered the certain collections of sets.

f(X) :={A € Py(X) : Ais closed}.
For all A,C € {(X), define

ApC=A+C,

where the closure is taken with respect to the norm on X. Then f(X) is closed
under &.

In [10] we introduced the following notation:
cf(X): = {Aef(X): Ais convex},
bf(X): = {A€f(X): Aisbounded},
cbf(X): = {Aebf(X): Ais convex}.

We define F(X) as the collection of fuzzy sets A : X — I such that
(a) A is uppersemicontinuous,

(b) supp(A) is compact,
© {reX:Alx)=1} #0.

Lemma 2.5. Let A C F.(X) ifand only if A, € cf(X)foralla € I.
If A€ Py(X) and z € X, the distance between z and A is defined by
d(z, A) = inf{||lz — y||x : y € A}
Define dy for all A, B € cf(X) by
dp (A, B) = supd(a, B) Vsupd(b, A).
a€A beB

Then dy is a metric on c¢f(X), which is called the Hausdorff metric, and
(cf(X),dy) is a complete metric space (cf. [12]). In the special case where
B = {0}, let
[Allg = dr (4, {0});

in general || - || g is not a norm. Furthermore, cbf(X) is a closed subspace of
bf(X) (cf. [12]).
We generalize the Hausdorff metric to the fuzzy setting in the natural way by
defining d, as

doo (F1, F2) = dp (supp(F1), supp(F3)),
for fuzzy random variables F} and F5.
In [11] we defined the following operation the © operation on crisp sets A and B
in the following way: A© B := {z € X : © + B C A}. We can naturally extend this
to fuzzy sets in the following way.
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Definition 2.6. Let A, B € IX. We define A© B as

Ac B = sup {ax, oz, (7)}
ae(0,1]
The following definition provides us with the fundamental notions of random
variables in the fuzzy setting.

Definition 2.7. (@) A fuzzy set-valued random variable (f.r.v.) or a fuzzy
random set is a function F' : Q — F(X) such that
Fo(w)={z € X : F(w)(z) > a} is a set-valued random variable for all
a € (0,1]. We denote by M[X, F(X)] the collection of all ¥-measurable
fuzzy random variables. We denote by M[X, F.(X)] the collection of
measurable and integrable functions f : ¥ — F.(X) respectively.

(b) The expectation of a fuzzy random variable F, denoted E(F), is defined

by

E(F) = /qupp(F)d,u.

(c) Let Xy be a sub o-algebra of . Then the conditional expectation of F'
relative to Y is defined as E[F|X¢] = E[supp(F)|Xo].

(d) A selection of F € M[%,F(X)] is a function f € L'(u, R) such that
f(w) < F(w) for all w € Q a.e. We denote the set of selections of F' by Sk
and we say that F is integrable if SL # (). We denote by L[, F(X)] the
collection {F € M[X,F(X)] : S;. # 0} and L[, F.(X)] denotes the set
{F e LI, F(X)]: Flw) € F.(X),Vw € Q}.

Hiai and Umegaki proved in [6] that, if F' € L[X, {(X)], then there exists a unique
G € M[Zy, {(X)] such that

St:(Z0) = {E[f[30] : f € Sk},

where the closure is taken in L' (3, y, X), and E[f|2] denotes the conditional
expectation of f: ) — X with respect to Y. As is customary, we denote G by
E[F|Xo] and call E[F|%] the conditional expectation of F': ) — f(X) relative to
Y (cf. [6, 12]). It is well-known that the following properties hold:

Theorem 2.3. (see [6, 12]) Let X be a sub o-algebra of . If F € L[X, F.(X)],
then the conditional expectation E[F|X¢] € L[Xo, Fc(X)] of F with respect to ¥y has
the following properties:

[El) lfF17F2 S E[Z,FC(X)], then 5[F1 + F2|Z()] = 5[F1‘Eo] @g[FQ‘ZO}

(E2) IfF € LI, F(X)] and X € Ry, then E]AF|3g] = AE[F|X0].

(E3) If F1, Fy € LIX,F(X)], then Fy < F; implies E[F1|X0] < E[F2|Z0].

(E4) If F € L2, F(X)], then E[F|%g] = F.

(ES) I,fEO Q 22 Q Yand F € ,C[Eo,FC(X)], then £ [5[F|EQ] | ZQ] = S[F|E()]

If F € M[X,F(X)], then F is called integrably bounded provided that there exists
p € L(p1) such that ||z|x < p(w) for all # € F(w) and for all w € 2. In this case,
F(w) € Fo(X) a.e. and || F(w)||g = sup{||z||x : = € supp(F)(w)} < p(w) for all
we

Let £![¥, F(X)] denote the set of all equivalence classes of a.e. equal
F € M[X, F(X)] which are integrably bounded. If
A: LYY, F(X)] x L1Q,F(X)] — Ry is defined by

A(Fy, Fy) =/QdH(supp(Fl(w)),Supp(Fz(w)))du,
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then (£![X,F(X)],A) is a complete metric space. Define addition +, scalar
multiplication - and an order relation pointwise on £![¥, F(X)].
Let

LS, F(X)] ={F € L'[Z,F(X)] : F(w) € Fo(X) a.e.}.
Note that £![3, F.(X)] C £![2,F(X)] and for ¥ a sub o-algebra of ¥ we have
E[F|X0] € L[S, F(X)] for all F € L[S, F(X)].
We generalize the following from [12]:
Definition 2.8. Let (F;) C L[¥,F(X)] and (¥;) an increasing sequence of sub
o-fields of ¥.. Then (F}, ¥;);en is called a martingale (respectively, submartingale)
in L[X,F(X)] provided that F; € M[X;,F(X)] and F;(w) = (<) E[Fi41|%:](w) a.e.
for all + € N.
Let X* = {z* : X — R : 2* is linear and continuous}. For every bounded subset
C of X and each z* € X*, let

s(z*,C) :=sup{z*(x) : © € supp(C)}.

We are now in a position to state a fuzzy version of Doob decomposition theorem

of Daures, Ni and Zhang, as can be found in [12]:

Theorem 2.4. Let (F;,Y;) be a set-valued submartingale in L[, F.(X)]; i.e.,
(F;, ;) be a submartingale in L[3, F.(X)] and (F;) C L2, F.(X)]. If there exists
B € ¥ with u(B) = 0 such that foranyw ¢ B and alli € N

@ s(-, E[FBim1(w)]) = s(+, Fi-1(w)) and
(@) s(-, Fi(w)) —s(-, E[F]Xi—1(w)])

are convex functions on X*, then (F;, ¥;) can be decomposed as
Fi(w) = M;(w) + A;(w) forallw ¢ B

where (M;,Y;) is a_fuzzy martingale and (4;) is a fuzzy set-valued predictable
increasing sequence such that for allw ¢ B

(@ A;(w) =0,

) 4;(w) = (L1 ElFn[Bw) & Fiw)) foratlj > 2.

() M;(w) = F;(w), and

@ M) = (LIulFi(w) © ER S a](@)) + Fi(w) forallj > 2,

The proof of Theorem original crisp version of 2.4, as given in [12], exploits the
properties of the the functions s(-, C') where C € F.(X).

To achieve our aim, we derive a Doob decomposition theorem for submartingales
in ordered near vector spaces as considered in [10]. As a consequence and as an
intermediate step, we obtain a Doob decomposition for fuzzy submartingales
which are integrable in §4. The latter then yields the Daures, Ni and Zhang result
(see [3, 13]) as a special case, as integrably bounded functions are integrable (see
[12, p.31]). It also yields an analogue of the Doob decomposition of fuzzy
submartingales, as noted by Shen and Wang (see [16]).

3. DOOB’S DECOMPOSITION IN AN ORDERED NEAR VECTOR SPACE

It was noted in [10] that if X is a Banach space, then (cf(X), +, - ) is a near vector
space. For the convenience of the reader, we recall the definition from [10].
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Let S be a nonempty set. As in [10], S is said to be a near vector space, provided
that addition +: S x .S — S is defined such that (S, +) is a cancellative
commutative semigroup; i.e., for all z,y,z € S:

rtz=yt+z=z=y, zty=y+z, (@+ty +tz=2+(y+2),

and multiplication - : R; x S — S by positive scalars is defined such that for all
x,y € Sand A\, 6 € R,:

Ar+ Ay =AMz +y), A+0)z = r+dx, (A)x = A(dz), la = .

Let S be a (near) vector space. If (S, <) is a partially ordered set such that < is
compatible with addition and multiplication by positive scalars; i.e., for all
z,y € Sand o € Ry,

<y = [r+z<y+zandazx < ayl,

then S is called an ordered (near) vector space.

It was noted in [10] that if X is a Banach space, then (cf(X),C,+, -) is an
ordered near vector space.

RAadstrém proved the following result in [14, Theorem 1]:

Theorem 3.1. If S is a near vector space, then there exist a vector space R(S) and
amap j: S — R(S) such that

(@) j is injective,

b) jlax + By) = aj(x) + Bj(y) foralla, b € Ry and x,y € S,

© R(S) =34(5) =4 () :={j(x) —jy) : x,y € S}.

An outline of the proof of the previous theorem can be found in [10].
Let S be an ordered near vector space. Define an order < on R(S) by

[z,y] < [z1,01] <= 2+ y1 <y + a1,

Then R(S) is an ordered vector space and j: S — R(S) is an order embedding
(see also [10]); i.e.,

s <t e j(s) <jt).
Let S be an ordered near vector space which also satisfies

(Z) there exists 0 € S suchthatz +0 =z forall x € S and A0 = 0 for all
AeR,.

Then S is said to be an ordered near vector space with a zero.
If X is a separable Banach space, then

(@) (M[Ea FC(X)]7 +, -, S),

0) (L[X,Fe(X)],+,-, <), and

() (£1 [27 FC<X)]7 +5 S)
are ordered near vector space with with x ,, as zero where x, is the characteristic
function of A. In fact, (L[Z,F.(X)], +, -, <) is a sub ordered near vector space of
(M2, Fo(X)], +,+, <) and (L[S, F(X)], +, -, <) is a sub ordered near vector
space of (L[X,F.(X)],+,+, <).
It is clear that if S is an ordered near vector space S with a zero, then there exists
a subtraction operation on R(S), but this does not guarantee the existence of a
subtraction operation on S under which S is closed.
To overcome this problem, we consider the following:

Definition 3.1. Let S be an ordered near vector space with a zero and define C by

yCr<3JzeS0<zandy+z =zl
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Then, by the cancellation law, z is unique in Definition 3.1 and we define
zi=x—y.
Also,
rCy=z<yforalz,yecsS
and it follows that C is a partial ordering on S. We call C the ordering associated
with <.
Also note that, for all z € S,
0Cx<—0<uz;
ie.,
Sy ={reS:0<z}={xeS:0Cz}.
It is readily verified that (5, C) is an ordered near vector space with 0 as zero.
Furthermore, if we consider the Radstrém completion R(S) of (S, +, -, C), then

yCax <= FJze€S(0<zand|[z0] =[z,vy])
<— dx—yeS(0<z—yand |z —y,0] =[z,y]).

Our strategy is now as follows. We first consider Doob’s decomposition of a
submartingale in an ordered vector space. Then we use this ordered vector space
result to obtain a Doob decomposition of a submartingale in an ordered near
vector space. We specialize the ordered near vector space to the appropriate fuzzy
set-valued space of submartingales that are integrable and obtain the Daures, Ni
and Zhang result as a special case from the latter for integrably bounded
martingales.

We now define martingales in terms of projections rather than sub o-algebras. By
considering martingales in this way, we can apply the theory of martingales to
near vector spaces.

Definition 3.2. Let S be any nonempty set, (7;) a commuting sequence (i.e.,
T;T; = T;T; = T, for all i < j) of projections on .S and (f;) C S. Then
@ (fi,T;) is a martingale in S, provided that f; = T; f; for all 4 < j.
If, in addition, (S, <) is a partially ordered set and each T; is order preserving; i.e.,
u < v = Tyu < Tvforall u,v € S, then
(b) (f;,T;) is called a submartingale in S, provided that f; € R(T;) for all ¢
(where R(T;) is the range of T;) and f; < (>)T;f; for all i < j.

As was noted in [9], it follows from Theorem 2.3 that if (Ei) is a filtration and if we
set

T,(F) = E[F|%;] for all F € L[%, Fo(X))] (F e L! [E,FC(X)}) andi € N,

then (7;) is a commuting sequence of order preserving projections on the ordered
near vector space L[3, F.(X)] (£![X,F.(X)]) and the range R(T;) of T} is

L2, Fe(X)] (L2, Fe(X)]) for each i. Furthermore, if (F;) C L[S, F.(X)]
(L[S, Fe(X)]) and (%) is an increasing sequence of sub o-fields of 3, then
(F;,T;) is a martingale (respectively, submartingale) in the ordered near vector
space L3, F.(X)] (L[, F.(X)]) in the sense of Definition 3.2.

The following result, which is based on a vector lattice version in [7], is the first
step in achieving our aim of proving the Daures, Ni and Zang result in an
elementary way:

Theorem 3.2. Let E be an ordered vector space, (f;) C E and (T;) a commuting
sequence of positive linear projections on E. If (f;,T;) is a submartingale,
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(@) A =0,

(i) A; = 21;11 (T fis1 — fi) forallj > 2 and

(iif) Mj = fj — Aj for Clll] eN,
then the decomposition f; = M; + A;,i € N, is the unique decomposition of (f;, T;)
with (M;,T;) a martingale in E, (A;) C E a positive and increasing sequence and
Ajt1 € R(T;) forall j € N.
Let S be an ordered near vector space. Amap 7': S — S is called R, -linear
provided that T'(ax + By) = aTx + BTy for all z,y € S and «, 8 € R. It was
shown in [10] that if S is an ordered near vector space and T: S — S is an order
preserving R -linear map, then T, defined by T[ac, y] = [Tz, Ty] for all
[z,y] € R(S), is an order preserving linear map from R(S) to R(S).
Let (f;,T;) be a submartingale in an ordered near vector space S, where (T;) is a
commuting sequence of order preserving R -linear idempotents on S. Then
([fi,0], T;) is a submartingale in R(S) and (T}) is a commuting sequence of order
preserving linear projections on R(S5).
We need the following notion:
Definition 3.83. Let S be an ordered near vector space with a zero, (f;) C S, (T;) a
commuting sequence of order preserving R, -linear idempotents on S and (f;, T;)
We call (f;,T;) a C-submartingale in S if f; € R(T;) for all ¢ and f; T T;( f;) for all
j<i.
Theorem 3.3. Let S be an ordered near vector space with a zero, (f;) C S and (T;)
a commuting sequence of increasing R -linear projections on S. If (f;,T;) is a
C-submartingale,

(@ Ay =0,

(b) A; =312 [Tifirr — fi,0] forall j > 2,

(@ M; =[f1,0] and '

@ M; = [f1.0] + 302 [forrs Tifir] forall j € N,
then the decomposition [f;,0] = M; + A; for alli € N, is the unique decomposition of
([f:,0], T;) with (M;, T;) a martingale in R(S), (A;) C R(S) a positive and
increasing sequence and A1 € R(T}) for all j € N.

4. THE DAURES-NI-ZHANG VERSION OF DOOB’S DECOMPOSITION IN THE
FUZZY SETTING

Let X be a Banach space. We first specialize our above discussion on the
associated ordering to the ordered near vector space (F.(X),+,-, <).
The ordering C on F (X)) x F.(X) associated with < is given by

AC B =30 €Fu(X) (x,, <Cand A+ C = B).

0eAoB& BC Aforall A, B € Py(X),

if supp(4) is bounded, then A6 A = x .

if A€ F(X), then Ao B € F(X),

if A is convex, sois A © B provided that A© B # x,,

if supp(A4) and supp(B) are bounded, then supp(A © B) is also bounded,

The following theorem and two subsequent corollaries follow from the results in
[11].

Theorem 4.1. Let X be a Banach space. If A, B € F.(X), then there exists

C € Fo(X) suchthat B+ C = A ifand only if B+ (A © B) = A. Moreover, in this
case, A © B is the unique C satisfying A = C + B.
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Corollary 4.1. Let X be a Banach space and A, B € F.(X). Then the following
statements are equivalent:

(i) There exists C € F.(X) such that B+ C = A.
(i) B+ (Ae B)=A.
(i) [s(-,A) — s(-, B)]a is a convex function on X* for each o € I.

Corollary 4.2. Let X be a Banach space. Then, for all A, B € F.(X), the following
statements are equivalent:

i) BC A.
() X, <AcBand B+ A& B = A.
(ii) B<Aands(-,A)—s(-,B) is a convex function on X *.
Proof. From [12, p.159] we have that for each « € (0, 1],
{O} = [X{g}]a g Aa o Ba = Ba g Aa
@BSAandx{o} CAoB
by Lemma 2.2. By applying Theorem 4.1 we complete the proof. O

We use our main result Theorem 3.3 to obtain:

Theorem 4.2. Let (F}, ¥;) be a fuzzy submartingale in L[S, F.(X)]. If there exists
B € ¥ with u(B) = 0 such that forany w ¢ B and alli € N

@ [s(-, E[F[Zi1(w)]) = s(-, Fio1(w))]a and

@ [s(-, Fi(w)) — (-, E[F[Ei1(w))]a
are convex functions on X* for all « € I, then (F;,¥;) has a decomposition

Fi(w) = M;(w) + Aj(w) forallw & B,

where (Ml7 %) is a fuzzy martingale and (A;) is a predictable increasing sequence
M[Z, F.(X)]in such that for allw ¢ B

(a) A1(W) = X0y

(b) A;(w) = (24‘*1 EIF 1| (w) © Fi(w)) or all j > 2,

(¢) Mi(w) = Fi(w), and

@ M) = (LulFi(w) © ER S a](@)) + Fi(w) forallj > 2,

Proof. The proof of this theorem is very similar to the proof of Theorem 4.4 from
[11]. We want to apply Theorem 3.3 to the ordered near vector space L[X, F.(X)].
It was noted earlier that (£[-|%;]) is a commuting sequence of increasing

R, -linear projections on L[X, F.(X)] such that R(E[- |3;]) = L[X;, cf(E)] for all

i € N. We first verify that (F;,Y;) is a fuzzy C-submartingale.

As (F;, Y;) is a fuzzy submartingale, it follows from F;(w) C E[F;11]%;](w) a.e. for
allw € Q and ¢ € N that

X0y < E[Fit1]%i](w) er( )a.e. forallw € Qand i € N.
Also, s(-,E[F;|Zi—1(w)]) — s(+, Fi—1(w)) for allw ¢ B and all ¢ € N means that
Fi(w) + (E[F] S (@) © Fiw)) = ElFi] T (@)
for all w € B and all n € N; consequently,
Fi(w) CE[F;11]%](w) ae. forallw ¢ Band ¢ € N.

Hence, (F;, %;) be a set-valued C-submartingale.
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Let A;(w) =0forallw ¢ B and, for all j > 2,

Aj :j 1 [E[Fiﬂ\zi] 9Fz‘7><{0}} = []z_i (5[Fi+1|2i] GFi)7X{O} },

1 i=1

i
M =[F1,0] and, for all j > 2,

j—1
M; = [F, 0]+ Y [Fisn, ElFia |2 |
=1

Then it follows from Theorem 3.3 that in the Radstréom’s completion
R(L[E, Fe(X)]) of L[E, Fe(X)], we have that the submartingale ([, X, ], €[ [i])
has a unique decomposition
[Fi(w), Xy ()] = Mi(w) + Ai(w) forallw ¢ B and i € N,
where with (M, ETE]) a martingale in R(L[X,F.(X)]), (A4;) C L[E,F.(X)] a
positive and increasing sequence and A;;1 € L[Z;,F.(E)] for all j € N.
From the assumption s( -, Fy,(w)) — s( -, E[F;|Xi—1(w)]) for all w ¢ B and all i > 2,
we get that F; = E[F|Z_, (w)] + (F o &R, |Zi_1(w)}). Hence, in R(L[S, Fe(X)]).
it follows that
Fi’g[Fi\Ei—ﬂ} = [Fi © E[Fi|Zi-1], X (o, }

But then, for all j > 2,

j—1

M; = [Fix,]+> [Fi+17€[Fi+1|Ei]}
i=1
j—1
= [FLxe)+ ) |:Fi+1 S E[Fiy1]%i], {0}]

i=1

j—1

- [ Z (Fi+1 @E[Fi+1\2i]> + F, X{O}}

i=1

Let
J—1
Ay =0and 4; = Z (5[Fi+1|2i] o Fi) for all j > 2,
i=1
j—1
M1 =0 and Mj = Z <ﬂ+1 S 5[Fl+1|21}> + F1 for allj Z 2.

=1

Then (F;, X;) has a decomposition
F;=M; + A; foralli € N,

with the required properties. O

We are now in a position to prove Theorem 2.4, the fuzzy version of the Doob
decomposition as noted by Daures, Ni and Zhang, using Theorem 4.2.

Proof of Theorem 2.4. As L![X, F.(X)] is a sub ordered near vector space of

L[, Fe(X)] (see [9]), we may in Corollary 4.2 replace L[, F.(X)] by L[, F.(X)],
which completes the proof of Theorem 2.4. O
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5. THE SHEN-WANG VERSION OF DOOB’S DECOMPOSITION IN THE FUZZY
SETTING

If {0} # E is a Banach lattice, then the canonical embedding £ — F.(FE), given
by x + X/, is not order preserving if cf(E) is endowed with the usual fuzzy
ordering. We want to relate the ordering on F to an appropriate ordering on
F.(E). We, therefore, consider

F(E;): = {AeF(F;): Ais convex}.
For all F,G € F.(E), define
FG&3JHeF.(E;)(F+H=QG).

Direct verification yields that

e if ' € F.(F), then x,,, X F'ifand only if 0 < f for all f € F,

e (F.(E), =) is a partially ordered set and (F.(E),+, -, <) is an ordered

near vector space.

It is also clear that the ordering C associated with < on F.(F) coincides with <.
We extend the ordering < pointwise to the spaces L[, F.(F)] and L[S, F.(E)].
Then (L[X,F.(E)],+,, =) and (L[S, F.(E)], +, -, <) are ordered near vector

spaces.
The next result shows that conditional expectations are <-preserving:

Lemma 5.1. Let E be a Banach lattice, (2, %, 1) a finite measure space space and
Y0 a sub o-algebra of ¥. Then the following holds:

(E3) IfF1, Fy € £[27FC(E)], then Fy =< F; implies 5[F1|Z()] = 5[F2|20]

Proof. Once again the proof of this theorem is very similar to the proof of Theorem
5.2 from [11]. Let F} < Fy. Select H € L[3,F.(E)] for which H(w) € F.(E;) a.e.
and F| + H = F,. Then E[F1|%0] + E[H|X0] = E[F2|X0]. To conclude that
E[F1]%0] = E[F,|X0], it suffices to show that x ,, = E[H|X].

If h € LY(Q, %, u) such that h(w) € H(w) a.e., then, as H(w) € F.(E}) a.e., it
follows that h(w) > 0 a.e.; consequently, E[h|Zo](w) > 0 a.e. and

Sh(Zo) ={h € L', X0, ) : 0 < h(w) € H(w) a.e.}.

But then x ,, < {E[h|Xo]: h € S} (X0)}. From the definition of E[H %], it follows
that x,, < E[H|¥o], and the proof is complete. O

The following version of Doob’s decomposition is similar to a result noted by Shen
and Wang (see [16]). Their result differs from the one below mainly in the
assumption (1) in Theorem 5.1. This assumption yields an explicit description of
the martingale involved in the decomposition, which they do not obtain in their
result.

Theorem 5.1. Let E be a Banach lattice, (F;,%;) be a <-submartingale in
L2, F.(E)] (alternatively, L[S, F.(E))). If there exists B € ¥ with u(B) = 0 and,
Soreachi > 2,
s(+, Fi(w)) — s(+, E[Fi]|Ei—1(w)]) forallw ¢ B
is a convex functions on X*, then there is a decomposition of (F;, %;) as
Fi(w) = M;(w) + Aj(w) forallw ¢ B

where (M;, ;) is a set-valued martingale in L[X, F(F)]| (alternatively,
L1, F.(E))]) and (A;) is a set-valued predictable <-increasing sequence such that
foralw ¢ B
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() A1(w)
4;(w) = (zzf;f ElF )W) © Fi(w)) Jorallj > 2
(c) Ml( ) = Fi(w), and
@ M;(w) = ( DIalFiw) © ERIS )W) ) + Fi(w) for all j > 2

Moreover, the decomposition is unique.

Proof. The proof is very similar to that of Theorem 4.2, although we are
considering the ordering < instead of C. The details follow:
From Lemma 5.1, we know that £[- |X;] is <-preserving. Hence, in R(L[X,F.(X)])

we have that ([F}, X, |, m]) has a unique decomposition
[Fi,x{o}] =M;+ A, foralli € N,
where A; = 0 and, for all j > 2,

j—1 Jj—1

Aj = Z{ Fiy1]%4] 9F17X{0}} = [Z(“:[Fiﬂmi]@Fi)’Xm}},
1

= i=1
My = [F1,0] and, for all j > 2,

j—1
M; = [F1,0] + Z [Fi+1a5[Fi+1‘Ei]:|
i=1
with (M}, 6T|E\l]) a martingale in R(L[E,F.(X)]), (A;) C L[E,F.(X)] a positive
and increasing sequence and A, 1 € L[X;,F.(E)| for all j € N.
From the assumption s( -, Fy,(w)) — s( -, E[F;|Xi—1(w)]) for all w &€ B and all i > 2,
we get that F; = E[F|S;_y (w)] + (F o E[Fi|2i,1(w)}). Hence, in R(L[S, Fe(X)]).
it follows that
{Fiag[Fi‘Eifl]} = [Fi O E[Fi|Xi-1], X (0 }
But then, for all j > 2,

j—1
Mj = [F17X{o}] + Z |:Fi+1v5[Fi+1|Ei]}
o
= [Fixe)+ ), [Fz'+1 O E[FilXa], X oy ]
1=1
i1
= [ > (Fi+1 S S[Fi+1|zi]) + I, X{o)}
i=1

Let

J—1
Al =0and 4; =Y (5[Fi+1|2i] o F) for all j > 2,
=1

j—1
My = 0and M, = Z( Fip1 © E[Fip |5 ]) 4 F forall j > 2.
=1
Then (F;, X;) has a decomposition
Fi ZMZ—FAz foralliEN,

with the desired properties. (|
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ABSTRACT. This paper characterizes properties of Nash equilibriums for a supply
chain newsvendor game with resource constraints. The newsvendor game has been
modelled as a Stackelberg game in R" and also been reformulated as a fixed-point
problem for proving the existence and uniqueness.
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1. INTRODUCTION

The classic newsvendor (or newsboy or single-period) model is a mathematical
model in operations management and applied economics. It used to determine
optimal inventory levels that reap the most profits under selling price p and un-
certain demand D with cumulative distribution function Fp. Please refer to the
review to this topic over the past 40 years [8]. Determining the fulfillment amount
is elaborate, as order too much will lead to waste and order too little will results
to business lost. Since the inventory at hand is fixed, every demand above this
quantity will be lost, that is, the expected sales S(q) = Fmin(q, D). A standard
newsvendor problem solves the profit maximization problem

max 7 = max E[pmin(g, D) — cg]
q q

where ¢ < p denotes the procurement cost for the good and F is the expectation
operator with respect to the random variable D. Rewrite the function min(a,b) =
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b— (b—a)t for (a)" = max(a,0). The celebrated form of solution for the optimal
quantity to the classic newsvendor problem read as

p—cC
pa)

where F'f ! denotes the inverse function of the well-defined cumulative distribution

q*:argmgxw:F[_)l( (1.1

function F' of D. The ratio % sometimes is referred to a critical ratio. This paper
considers a newsvendor selling N products in a supply chain while procuring them
from a supplier, the problem is often modelled as a non-cooperative game. The
expected profit functions for the retailer can be written as

N
(g, w) = ZpiE min(g;, D;) — wig;, (1.2)
i=1
while the one for the supplier is
N
Ts(q, w) = Z(wi - ¢i)g. (1.3)
i=1
The retailer determine an optimal order quantity ¢ = (q1, ..., qy) within a strate-
gic space ) C RN while the supplier determine an optimal wholesale price w =
(wy, . ..,wy) within a strategic space W C R for maximizing their own profits. ¢
represents the unit production cost. Through the rest of the paper, we use bold
face letter for vector representation, e.g., ¢ = (c1,...,cn). The non-cooperative

game between two vertical players in a supply chain is

maxgeq (g, w)

1.4
maXy,ew Ws(va) (-4

In certain situations, the order quantities and wholesale prices need to be con-
fined to particular conditions. For example the constraint conditions can be gen-
eralized to, for example, a minimum service level ¢ > R; [3], or resource limitation
Ziecj gi < Cj [1, 6] for multiple product newsvendor problems. In this paper, we
consider the resource constraint,

N
Y ac<cC. (1.5)
1=1

2. PRELIMINARIES

For ease of derivation, the expected sales S(g;) = E[min(g;, D;)] rewrite to
E[D; — (D; — ¢;)™]. By using integral by part, we can further write

St = [ afitado - [ (@ a)fita)da

— GFi(g) - / " Fi@)de + a1 - Fi(g)
=q; 7/0 Fi(z)dzx

The problem (1.4) with constraint (1.5) can be solved by the Lagrangian,

N
Ly(q,w,A) = (g, w) + A <Z qi — q) : 2.1)
=1
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The best response function for the retailer has been solved by the Karush-Kuhn-
Tucker condition, that is,

gi(wi, \) = F; (p" _;U_i - )‘) 2.2)
N
Y a—-C<0 2.3)
=1

N
A (Z ¢ — C) =0 2.4)
=1

Since the supplier possesses the freedom to pricing its goods, the supply chain
game is deemed a Stackelberg game with supplier as the leader and the retailer as
the follower. Substituting the best follower response function ¢, the supplier profit
(1.3) becomes
N 4 y
7s(q, w, A) = Z(wz —¢)Ft (M) ; (2.5)
i=1 pi
and the corresponding first order condition
87‘(’8 = ]-711._1 <p7' Wi /\) - (’LUL - Ci)VFi_l (pz i )\> =0 (2.6)
w; i pi

Define w} = p’_;ﬂ and g;(w!) = (p;—c;—A—p;w})VF; ' (w!). Equ. (2.6) becomes
a fixed point problem

w; = F(gi(w;)) = F; 0 gi(wj), @7

where the operator o represents the function composition.

3. MAIN RESULTS

Before proving the nature of equilibriums, we need some definitions. A function
f: X xY — R has increasing differencein (z,y) € X x Y C Rx Rifforall 2’ >«
and 3’ > vy, f satisfies

f(xla y/) - f(a:,y') > f(xlvy) — f(x,y).
The definition of increasing difference implies that the incremental gain or payoff
to choosing a higher z is greater when y is larger. A game is a supermodular
game if the strategy spaces are compact and the best response function u(s;, s_;)
is continuous and has increasing difference in (s;, s_;).

Lemma 3.1. [1 1] Given a twice differentiable function f, it has increasing difference
2

in (z,y) if and only if%;;jy) > 0.

Lemma 3.2. [11] A supermodular game admits at least one pure strategy Nash

equilibrium.

The existence of Nash equilibriums have been proved in many reports by either
the convexity or supermodularity of payoff functions[7, 4, 9, 10].

It is also essential to apply fixed point theorems for proving the existence of Nash
equilibriums, for example, Brouwer, Kakutani and Tarski’s fixed point theorems [2].

Theorem 3.1. The game (1.4) admits at least one pure strategy Nash equilibrium, if
F' is non-decreasing.
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Proof. Consider the game (1.4) with the fixed point problem (2.7). The composition
mapping F'og is continuous and it maps a convex and compact set W into a closed
convex subset of W. By the Kakutani fixed point theorem, there exists a point
w® € W such that w® € F o g(w). O

In order to prove uniqueness, we the following definitions. A mapping f : W —
W is a contraction if there exists a Lipschitz constant 0 < k£ < 1, such that

1f (@) = F)I < kllz = yl], Y,y € W.

This Lipschitz condition amounts to the condition || f'(w)|| < 1 for all w € W. It is
well-known that a contraction has a unique fixed point.

2
Define the coefficient of relative risk aversion e(w) as Y _F(w) and it is a measure

VF(w)
of risk attitude which is relative to the strength of preference [5].

Theorem 3.2. [fthe accumulative distribution function F' for the uncertain demand
is well-defined and

9 vwew, (3.1)

V2F; <
1+ pigs
the game (1.4) has a unique solution.
Proof. Taking derivative to the composition (2.7),
[V (Fi 0 gi)(wi)|| = [[(Vgi - (VFi) 0 gi)(w;)]|
= [(-piVE ' + gV E 1) - (VE) 0 gi) (w;)]|
<|(=piVE " + g V2E DI (VE) 0 gi)(w)]|

By the Lagrange inversion theorem and Lagrange-Burmann formula, the deriv-
ative of an inversion reads as

1
F! =\
V) @) = GrEw)
Let F~!(w) = a. Given V2F < 0, therefore,
—Di 9i
<1 d
H Fz(a)+V2Fl(a)H_ 3an
IVEilllgi(w)]] <1
It is necessary that
9i
—pi9%+ =3~ <1, Vae W.
I=pst Gap =t e

If the condition (3.1) holds, ||V (F; o g;)(w;)|| < 1. Therefore the game has a
unique solution. U
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ABSTRACT. In the previous paper [4] we show Takahashi’s and Fan-Browder’s
fixed point theorems in a vector lattice and in the previous paper [5] we show
Schauder-Tychonoff’s fixed point theorem using Fan-Browder’s fixed point theorem.
The purpose of this paper is to introduce a topology in a vector lattice and to show
a fixed point theorem for a nonexpansive mapping and also common fixed point
theorems for commutative family of nonexpansive mappings in a vector lattice.

KEYWORDS : Fixed-point; Contraction mapping; Lipschitz condition; Lagrangian;
Kuhn-Tucker condition; Lagrange-B"urmann expansion.

1. INTRODUCTION

There are many fixed point theorems in a topological vector space, for instance,
Kirk’s fixed point theorem in a Banach space, and so on; see for example [3].

In this paper we consider fixed point theorems in a vector lattice. As known well
every topological vector space has a linear topology. On the other hand, although
every vector lattice does not have a topology, it has two lattice operators, which are
the supremum V and the infimum A, and also an order is introduced from these
operators; see also [6, 9] about vector lattices. There are some methods how to
introduce a topology to a vector lattice. One method is to assume that the vector
lattice has a linear topology [1]. On the other hand, there is another method to
make up a topology in a vector lattice, for instance, in [2] one method is introduced
in the case of the vector lattice with unit.
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In the previous paper [4] we show Takahashi’s and Fan-Browder’s fixed point
theorems in a vector lattice and in the previous paper [5] we show Schauder-
Tychonoff’s fixed point theorem using Fan-Browder’s fixed point theorem. The
purpose of this paper is to introduce a topology in a vector lattice and to show
a fixed point theorem for a nonexpansive mapping and also common fixed point
theorems for commutative family of nonexpansive mappings in a vector lattice.

2. TOPOLOGY IN A VECTOR LATTICE

First we introduce a topology in a vector lattice introduced by [2]; see also [4, 5].

Let X be a vector lattice. e € X is said to be an unitife Az > 0 forany r € X
with x > 0. Let Kx be the class of units of X. In the case where X is the set of
real numbers R, KR is the set of positive real numbers. Let X be a vector lattice
with unit and let Y be a subset of X. Y is said to be open if for any z € Y and for
any e € Kx there exists € € Cr such that [z —ee,z +ee] C Y. Let Ox be the class
of open subsets of X. Y is said to be closed if Y € Ox. For e € Kx and for an
interval [a, b] we consider the following subset

[a,b]¢ = {x | there exists some ¢ € g such thatz —a > ce and b — = > ce}.

By the definition of [a, b]° it is easy to see that [a, b]® C [a,b]. Every mapping from
X X Kx into (0, 00) is said to be a gauge. Let Ax be the class of gauges in X. For
x € X and § € Ax, O(z,9) is defined by

O(z,0) = U [x —d(z,e)e,x + d(x, e)e].
eckx
O(z,d) is said to be a §-neighborhood of x. Suppose that for any € X and for
any ¢ € Ax there exists U € Ox such that z € U C O(z, ).

For a subset Y of X we denote by cl(Y') and int(Y"), the closure and the interior
of Y, respectively. Let X and Y be vector lattices with unit, 2o € Z C X and f
a mapping from Z into Y. f is said to be continuous in the sense of topology at
xg if for any V' € Oy with f(z¢) € V there exists U € Ox with zy € U such that
fUnz)ycv.

Let X be a vector lattice with unit. X is said to be Hausdorff if for any z1, 22 € X
with 1 # x5 there exists 01,02 € Ox such that 1 € O1, 5 € O3 and O1NO, = (.
A subset Y of X is said to be compact if for any open covering of Y there exists a
finite sub-covering. A subset Y of X is said to be normal if for any closed subsets
Iy and F, with I3 N F5, NY = () there exists 01,05 € Ox such that I} C Oy,
Fy C Oy andOlﬂOgﬂY:@.

A vector lattice is said to be Archimedean if it holds that £ = 0 whenever there
exists y € X with y > 0 such that 0 < rx < y for any r € Kg.

Let X be a vector lattice with unit and Y a vector lattice, zp € Z C X and f a
mapping from Z into Y. f is said to be continuous at x if there exists {v, | e € Kx }
satisfying the conditions (U1), (U2)? and (U3)® such that for any e € Kx there exists
0 € Kgr such that for any x € Z if |z — z¢| < Je, then |f(z) — f(zo)| < v.; where

(Ul) v, € Y with v, > 0;

(U2)¢ ve, > v, if e1 > e

(U3)°® For any e € Kx there exists 0(e) € Kr such that vg(e)e < %ve.

Let X be an Archimedean vector lattice. Then there exists a positive homomor-
phism f from X into R, that is, f satisfies the following conditions:

(H1) f(az+ By) = af(x)+ Bf(y) for any z,y € X and for any «, 8 € R;
(H2) f(z) >0 for any z € X with z > 0;
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see [5]*Example 3.1. Suppose that there exists a homomorphism f from X into R
satisfying the following condition instead of (H2):

(H2)* f(x) > 0 for any € X with x > 0.
Example 2.1. We consider of a sufficient condition to satisfy (H2)°. Let X be a
Hilbert lattice with unit, that is, X has an inner product (-, -) and for any z,y € X

if |z| < |y|, then (z,z) < (y,y). For any e € Kx let f be a function from X into R
defined by f(z) = (z,¢e). Then f satisfies (H1) and (H2)® clearly.

3. FIXED POINT THEOREM FOR A NONEXPANSIVE MAPPING

Let X be a vector lattice and Y a subset of X. A mapping f from Y into Y is
said to be nonexpansive if | f(x) — f(y)| < |z — y| for any z,y € Y. In this section
we consider a fixed point theorem for a nonexpansive mapping.

Lemma 3.1. Let X be a Hausdorff Archimedean vector lattice with unit and K a
non-empty compact convex subset of X. Then

c(K)=qz|eeK \[|lz—y= N\ V lz—yl

yeK zeK yeK
is non-empty compact convex.

Proof. For any x € K and for any e € Kx let

F(r,e)=Sy|lyeKlz—y < \ \/ lz—yl+e
rzeK yeK
Then F(z,e) is non-empty compact convex. Let C(e) = (), cx F(x,¢e). Since
Ni_, F(zi,e) # 0 for any z1,...,2, € K, C(e) is non-empty compact convex.
Since C'(e1) D C(eq) for any e1,e2 € Kx with e; > eo, ﬂeelcx C(e) is non-empty
compact convex. Moreover ¢(K) = (), C(e). Indeed ¢(K) C [, Cle) is
clear. Let x € C(e) for any e € Kx. Then
z—yl< N\ Viz—yl+e
rzeK yeK
for any y € K. Therefore

Vie—=yl< A Vie—yl+ N\ e= A\ VIz—yl

yeK zeK yeK eelx zeK yeK

By definition
Vie=y>= A Vlz—yl
yeK rceK yeK

Therefore
Vie=yl= AV lz—yl
yeK reK yeK

that is, x € ¢(K). O

Let X be a Hausdorff Archimedean vector lattice with unit and Y a subset of
X. We say that Y has the normal structure if for any compact convex subset K,
which contains two points at least, of Y there exists z € K such that

Vie—yl< \/ le—yl

yeK r,ycK
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Lemma 3.2. Let X be a Hausdorff Archimedean vector lattice with unit and K a
non-empty compact convex subset, which contains two points at least, of X. Suppose
that K has the normal structure. Then

Vo ole—yl< \ le—yl

z,y€c(K) z,yeK

Proof. Since K has the normal structure, there exists z € K such that
w—y <\ lz—yl= A\ VIe—yl<VIz=yl< \ lz—yl
yeK zeK yeK yeK z,ye K
for any z,y € ¢(K). Therefore
V olz—yl< \ 2=yl
z,y€c(K) z,yeK
g

Theorem 3.1. Let X be a Hausdorff Archimedean vector lattice with unit and K a
non-empty compact convex subset of X. Suppose that K has the normal structure.
Then every nonexpansive mapping from K into K has a fixed point.

Proof. Let f be a nonexpansive mapping from K into K and {K), | A € A} the
family of non-empty compact convex subsets of K satisfying that f(K)) C K. By
Zorn’s lemma there exists a minimal element Ky of { K | A € A}. Assume that Ky
contains two points at least. By Lemma 3.1 ¢(K)) is non-empty compact convex.
Let © € ¢(Kp). For any y € K, we obtain that

f@) = f)l <le—y <\ lz—yl= A\ V lz—yl
yE€Ko z€Ko yeKo
Let

M={ylyeKl|f@x)-y< \ V lz—yl
z€Ko yeKo

Then f(Ky) C M and hence f(KoNM) C KoN M. Since K is a minimal element,
it holds that Ky C M. Therefore

\V lf@—yl< AV lz—yl
y€Ko €Ky yeKo

By definition, we have

V Ir@-y= AV lz—yl

yeKo zeKo yeKop
Therefore

Vi@ -yl= AV -yl

yeKo zeKo yeKop

thatis, f(z) € ¢(Kp). Since K| is a minimal element, it holds that ¢(K() = K and

hence
Vo olz—yl=\ lz—yl

z,y€c(Ko) z,ye Ko

Vo olz—y< \ lz—yl

z,y€c(Ko) z,y€Ko

However by Lemma 3.2
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It is a contradiction. Therefore K, only contains a unique point. The point is a
fixed point. U

4. FIXED POINT THEOREM FOR THE COMMUTATIVE FAMILY
OF NONEXPANSIVE MAPPINGS

For any nonexpansive mapping f from K into K let Fx(f) be the set of fixed
points of f.

Lemma 4.1. Let X be a Hausdorff Archimedean vector lattice with unit, Y a subset
of X and f a nonexpansive mapping from Y into Y. Suppose that there exists a
homomorphism from X into R satisfying the condition (H2)®. Then Fy (f) is closed.

Proof. Assume that Fy (f) is not closed. Then for any § € Ax there exists z €
Fy(f)¢ such that O(z,8) ¢ Fy(f)C. Take ys € O(z,8) N Fy(f). Then f(ys) = ys.
Note that every nonexpansive mapping is continuous and hence by [5]*Lemma 3.2
it is also continuous in the sense of topology. Since {ys | 6 € Ax} is convergent to
x in the sense of topology, {f(ys) | 0 € Ax} is convergent to f(x) in the sense of
topology. Since X is Hausdorff, f(z) = x. It is a contradiction. Therefore Fy (f) is
closed. (]

Lemma 4.2. Let X be a vector lattice. If |z — z| = |z — w
|z — z| + |y — z| = |z — y|, then z = w.

y—zl=ly—wl and

’

Proof. Note that |a + b| = |a — b| if and only if |a| A |b| = 0. Since

1 1
|z — z] = z2(z+w)2(zw)‘
and
1 1
o —wl = |z~ 5(z+w) + 5z ~w)|,

it holds that |z — 4(z+ w)| A 3|z — w| = 0. In the same way it holds that
ly — 3(z+w)| A 3]z — w| = 0. Note that (a +b) Ac < aAc+bAc for any
a,b,c > 0. Therefore

|a:—y\/\1|z—w| < (a:—1(z—w)’—|—‘1(z—w)—y‘>/\1z—w|
2 - 2 2 2
< x—l(z—w)‘/\lz—w|—|—‘y—1(z+w)‘/\1|z—w|
- 2 2 2 2

= 0.

Assume that z # w. Note that, if |b|A|c| = 0, then ||a| — ||| A|¢| = |a|A|c|. Therefore
1 1
(o —2l+ly— =D Agle—wl > |o—zlAglz—ul

>

1
= —|lz—w|>0.
Sl — vl
It is a contradiction. Therefore z = w. O

Lemma 4.3. Let X be a Hausdorff Archimedean vector lattice with unit, Y a subset
of X and f a nonexpansive mapping fromY intoY. Then Fy (f) is convex.
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Proof. Letz,y € Fy(f) and 0 < a < 1. Then
lz— f(1—a)z+ay)| = [f(z)— f((1-a)z+ay)l

< Jz— (- o)z +ay)| =alz—yl,
y=f(A-a)z+ay)l = [fy)— f(Q-a)r+ay)
< y-((1-a)z+tay)=(1-a)lz—yl|
Since
loe—yl < |z—f(1-a)z+ay)+|y— f((1-a)z+ay)
< lp—(1-a)z+ay)|+ly— (1 - )z +ay)| = |z -yl
it holds that
lz— f(1-)z+ay)| = |z—((1-a)z+ay)
ly—f(A-a)z+ay)| = [y—(1-a)z+ay)
and hence
|z — f(1—a)z+ay)|+ |y — f(1 - a)z+ay)| = |z -yl
By Lemma 4.2 f((1 — o)z 4+ ay) = (1 — a)x + ay, that is, Fy (f) is convex. O

Theorem 4.1. Let X be a Hausdorff Archimedean vector lattice with unit, K a
compact convex subset of X and {f; | i = 1,...,n} the finite commutative family of
nonexpansive mappings from K into K. Suppose that there exists a homomorphism
Jrom X into R satisfying the condition (H2)° and K has the normal structure. Then

Ni_, Fr(f:) is non-empty.

Proof. Let {K | A € A} be the family of non-empty compact convex subsets of K
satisfying that f;(K,) C K, for any i¢. By Zorn’s lemma there exists a minimal
element Ky of {K) | A € A}. Assume that K, contains two points at least. By
Theorem 3.1 Fk, (f10- - -of,) is non-empty. Moreover by Lemma 4.1 and Lemma 4.3
Fr,(fio---o f,) is compact convex. It holds that f;(Fk,(fio-- 0 fn)) = Fk,(f10
.-+ o f,) for any i. It is shown as follows. Let x € Fi,(f1 0--- 0 f,). Since

file) = fi((fro--- o fu)(@)) = (fro---o fu)(fi(x))

forany i, fi(z) € Fic,(fio-++0 f). thatis, fi(Fic,(fio+--0 fn)) C Ficy(fio---0 fy).
Nextlet 2; = (fio- -0 fi_10 fix10---0 f,)(x). Since

(fro---o fu)(xs) = (fro---0o ficr0 fiy10---0 fn)(x) = x4,

it holds that x; € Fg,(f1 0o f,). Moreover f;(x;) = x. Therefore F, (f1 0o
fn) C fi(Fr,(fio---0fy)). Since K has the normal structure, there exists zy € Ky

such that
\/ 2o — y| < \/ |z —yl.
yeKo z,yeKo
Let
A=<z |z € Ky, \/ |z —y| < \/ |0 — ¥
yGFKO(flo"'Ofn) yGFKO(flo'“Ofn)

A is non-empty and convex clearly. Moreover since X is Archimedean, A is closed
and hence compact. Let © € A. Then for any ¢ and for any y € Fk,(f10---0 f,)

|fi(z) =yl = [fi(x) = filyi)] < |z —wil
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< \/ |z —y|

YEFicy (fro-0fn)

< \/ lzo — yl

yEFKO(flo"'Ofn)

and hence f;(a) € A, thatis, f;(A) C A. Since K| is minimal, A = K. Therefore

\ z —y| < \ |20 —y| < \V jz — yl.
z,yEFK, (f10--0fn) yEFK, (f10--0fn) z,yEFK, (f10--0fn)

It is a contradiction. Therefore K, only contains a unique point. The point is a
common fixed point of {f; | i =1,...,n}. O

Theorem 4.2. Let X be a Hausdorff Archimedean vector lattice with unit, K a
compact convex subset of X and { f; | i € I} the commutative family of nonexpansive
mappings from K into K. Suppose that there exists a homomorphism from X into R
satisfying the condition (H2)* and K has the normal structure. Then (\;.; Fr (f;) is
non-empty.

Proof. By Theorem 4.1 (,_, Fk(f;,) is non-empty for any finite set iy,...,i, € I.
Since K is compact, (,; Fx(f;) is non-empty. O
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ABSTRACT. Some new iterative process for multivalued mappings in CAT(0) spaces
are introduced. Strong and A -convergence theorems for such iterative process are
established.

KEYWORDS : Fixed point; Strong convergence; A-convergence; Quasi nonexpan-
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1. INTRODUCTION

Fixed point theory in CAT(0) spaces was first studied by W. A. Kirk (see [11, 12].)
He showed that every nonexpansive single valued mapping defined on a bounded
closed convex subset of a complete CAT(0) space always has a fixed point. Since
then the fixed point theory for single valued and multivalued mappings in CAT(0)
spaces has been developed and a number of papers have appeared (see for example,
[1, 3, 6, 15]). In [6], Dhompongsa and Panyanak obtained /A-convergence theorems
for the Mann and Ishikawa iterations for nonexpansive single valued mappings in
CAT(0) spaces. Very recently, Khan and Abbas [10] introduced a new iterative
process for nonexpansive single valued mappings and proved convergence theo-
rems for such iterative process in CAT(0) spaces. On the other hand some authors
introduced and studied Mann and Ishikawa iteration for multivalued mappings in
Hilbert spaces as well as in Banach spaces (see [16, , s ].) The purpose
of this paper is to introduce some iterative process for quasi nonexpansive multi-
valued mappings and prove A-convergence and strong convergence theorems for
such iterative process in CAT(0) spaces.
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2. PRELIMINARIES

Let (X,d) be a metric space. A geodesic path joining x € X andy € X is a
map c from a closed interval [0,7] C R to X such that ¢(0) = z, ¢(r) = y and
d(c(t), c(s)) = |t — s| for all s,¢ € [0,r]. In particular, the mapping c is an isometry
and d(z,y) = r. The image of ¢ is called a geodesic segment joining x and y which
when unique is denoted by [z,y]. For any z,y € X, we denote the point z € [z, 1]
such that d(z, z) = ad(x,y) by z = (1 — @)z ® ay, where 0 < o < 1. The space
(X, d) is called a geodesic space if any two points of X are joined by a geodesic,
and X is said to be uniquely geodesic if there is exactly one geodesic joining z and
y. A subset D of X is called convex if D includes every geodesic segment joining
any two points of D.

A geodesic triangle A(x1,22,23) in a geodesic metric space (X,d) consists of
three points in X (the vertices of /) and a geodesic segment between each pair
of points (the edges of A). A comparison triangle for A(zy,z2,23) in (X,d) is
a triangle A(w1,22,23) := A(F71,T2,7T3) in the Euclidean plane R? such that
dg2 (75, 7T;) = d(x;,x;) for 4,5 € {1,2,3}.
A geodesic metric space X is called a CAT(0) space if all geodesic triangles of ap-
propriate size satisfy the following comparison axiom:
Let A be a geodesic triangle in X and let A be its comparison triangle in R2. Then
A is said to satisfy the CAT(0) inequality if for all z,y € /A and all comparison
points 7,7 € A, d(z,y) < dp>(T, 7).
The following properties of a CAT(0) space are useful (see [2]):

(i) A CAT(0) space X is uniquely geodesic;

(i) For any x € X and any closed convex subset D C X there is a unique

closest point to z € D.

A notion of A-convergence in CAT(0) spaces based on the fact that in Hilbert spaces
a bounded sequence is weakly convergent to its unique asymptotic center has been
studied in [13]. Let {xn} be a bounded sequence in X and D be a nonempty
bounded subset of X. We associate this sequence with the number

r=r(D,{z,}) = inf{r(z, {z,}) : z € D},

where

r(z, {n}) = limsup d(z, ),

n—oo

and the set
A=AD,{z,})={x € D: r(zx,{zn}) =71}

The number r is known as the asymptotic radius of {z,} relative to D. Similarly,
the set A is called the asymptotic center of {z,, } relative to D.

In a CAT(0) space, the asymptotic center A = A(D, {x,}) of (z,,) consists of exactly
one point whenever D is closed and convex. A sequence {z,} in a CAT(0) space X
is said to be A-convergent to x € X if z is the unique asymptotic center of every
subsequence of {x,}. Notice that given {x,,} C X such that {z,} is A-convergent
to z and given y € X with x # y,

lm supy,—cod(x, ;) < lim sup,——ood(y, ).
Thus every CAT(0) space X satisfies the Opial property.

Lemma 2.1. ([13]) Every bounded sequence in a complete CAT(0) space has a /\-
convergent subsequence.
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Lemma 2.2. ([4]) If D is a closed convex subset of a complete CAT(0) space and if
{zn} is a bounded sequence in D, then the asymptotic center of {x,} is in D.

Lemma 2.3. ([6]) If {z,,} is a bounded sequence in complete CAT(0) space X with
A({z,}) = {z} and {u,} is a subsequence of {z,} with A({u,}) = {u} and the
sequence {d(z,,u)} converges, then x = wu.

Lemma 2.4. ([6]) Let (X,d) be a CAT(0) space. For z,y € X andt € [0,1], there
exists a unique point z € [z, y] such that

d(z,z) = td(z,y)  and  d(y,2) = (1 -t)d(z,y).
We use the notation (1 — t)x @ ty for the unique point z.
Let (X, d) be a geodesic metric space. We denote by C'B(X) the collection of all
nonempty closed bounded subsets of X, we also write K (X) to denote the collection

of all nonempty compact subsets of X. Let H be the Hausdorff metric with respect
to d, that is,

H(A, B) := max{sup dist(x, B), sup dist(y, A)},
z€A yeB

for all A, B € CB(X) where dist(xz, B) = inf,cp d(z,y).
Let T : X — 2% be a multivalued mapping. An element z € X is said to be a
fixed point of 7', if 2z € T'z. The set of fixed points of T is denoted by F(T).

Definition 2.5. A multivalued mapping 7' : X — CB(X) is called
(i) nonexpansive if
H(Tz,Ty) <d(z,y), x,yeX.

(i) quasi nonexpansive if F(T) # 0 and H(Tz,Tp) < d(z,p) forall z € X
and allp € F(T).

In [7], Garcia-Falset et al. introduced condition (E) for single valued mappings.
The current authors in [1] stated this condition for multivalued mappings as fol-
lows:

Definition 2.6. A multivalued mapping T': X — C'B(X) is said to satisfy condi-
tion (E,) provided that

dist(z,Ty) < pdist(z,Tx) +d(z,y), z,y€X.
We say that 7T satisfies condition (E) whenever 7T satisfies (Eu) for some p > 1.

Lemma 2.7. Let T : X — CB(X) be a multivalued nonexpansive mapping, then
T satisfies the condition (E1).

The following lemmas can be found in [6].

Lemma 2.8. Let X be a CAT(0) space. Then forall z,y,z € X and allt € [0,1] we
have

(W) d((1 —t)z D ty,2) < (1 —t)d(z, ) + td(y, 2),

(i) d((1—t)x ®ty,2)? < (1 —t)d(x,2)? +td(y, z)? — t(1 — t)d(z,y)>.
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3. MAIN RESULTS

In this section we use the following iteration process.
(A): Let X be a CAT(0) space, D be a nonempty convex subset of X and
T : D — CB(D) be a given mapping. Then, for z; € D, and
an, by, € [0,1], we consider the following iterative process:
Yn = (1 - bn>xn @ bnzny n > 1a
Tn41 = (1 - a'n)un ® ApWp, N 2 17
where z,,,u, € Tx, and w, € Ty,.
Theorem 3.1. Let D be a nonempty closed convex subset of a complete CAT(0) space
X. LetT : D — CB(D) be a quasi nonexpansive multivalued mapping such that

F(T) # 0 and T(p) = {p} for eachp € F(T). Let {z,} be the iterative process
defined by (A), and ay, b, € [a,b] C (0,1). Assume that

lim dist(zy,,T(v,)) =0 = liminf dist(z,, F(T)) = 0.

n—~oo n—:oo

Then {xz,} converges strongly to a fixed point of T .

Proof. Let p € F(T). Then, using (A) and quasi nonexpansiveness of T we have
d(yn,p) = d((1 = bp)xyn ® byzn,p)

1= bp)d(xn,p) + bnd(zn, p)

1 —b,)d(xn,p) + bpdist(zn, Tp)

1 —by)d(zp,p) + by H(Tx,, Tp)

1—by)d )+ bpd(zp, p) = d(zn, ).

IN

( (
( (
( (
( (

IAIA

We also have

d(nt1,p) = d((1—an)un ® anwn,p)

(1 = an)d(un, p) + and(wy, p)

(1 — ayn)dist(un, Tp) + apdist(wy, Tp)
(1 —an)H(Tzy,Tp) + anH(Ty,,Tp)

(1 = an)d(xn,p) + and(yn,p) < d(n, ).

Thus, the sequence {d(z,,p)} is decreasing and bounded below. It now follows
that lim,,_, d(z,,p) exists for any p € F(T'). From Lemma 2.8, we get

d(yn»p)2 = d((l - bn)xn @b Znap)2

IN

INIA

< (1 =bp)d(@n, p)? + bnd (20, p)* = bp(1 — by)d(xp, 2,)?
= (1 =bp)d(2n,p)* + bndist(z,, TP)? — bp(1 — by)d(4, 2 )?
< (1 =bp)d(@n, p)? + b H(Txy, Tp)? — bp(1 — by)d(xp, 2,)*
< (- bn)d(xnap) + bnd(xmp)z —bp (1 = by)d(zp, Zn)2

= d(xn,p)Q — b, (1 — bn)d(xn,zn)z.
By another application of Lemma 2.8 we obtain
d((1 = ap)un © apwy, p)?
(1 = ap)d(tn, p)? + and(wn,p)? — an(1 — ay)d(ty,, wy,)?
(1 — ap)dist(un, Tp)? + andist(w,, Tp)?
(1 — an)H(Txp, Tp)? + anH(Tyn, Tp)?
(1 = an)d(zn, p)* + and(yn, p)*

d(xn+1ap)2

IAIA A IA
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< (1= ap)d(xn, p)? + and(xn, p)* — anbp(1 — by)d(z, 2,)?,
so that
a*(1 — b)d(2n, 20)? < anbp(l — bp)d(zn, 20) < d(zn,p)? — d(Tni1,p)2.
This implies that

oo

Z Cl2(1 - b)d(ajna Zn)2 < d(xl,p)2 < o,

n=1
and hence lim,, o, d(z,, z,) = 0. Thus dist(z,, Tz,) < d(zn,2,) — 0asn —
0o. Note that by our assumption lim,,_, dist(z,, F'(T)) = 0. Therefore, we can
choose a subsequence {z,,} of {z,} and a sequence p; in F(T') such that for all
keN

1
d(Tn,,pr) < oF

Since the sequence {d(z,,p)} is decreasing, we get
d(mnk+1vpk) S d(xnkapk) < 27

Hence

1 1

ok S -1

Consequently, we conclude that {p;} is a Cauchy sequence in D and hence con-

verges to ¢ € D. Since

dist(pk, T(q)) < H(T(px),T(q)) < d(pk,q)

and p, — ¢ as k — 00, it follows that dist(q, T(q)) = 0 and hence ¢ € F(T') and
{zn,} converges strongly to ¢. Since lim,,_, d(z,, q) exists, it follows that {z, }
converges strongly to q. (]

1
d(pr+1,0k) < d(@nyyrs Pr1) + A(@Tnyyy PR) < ok+1 +

Theorem 3.2. Let D be a nonempty closed convex subset of a complete CAT(0) space
X. Suppose T : D — K (D) satisfies the condition (E). If {x,,} is a sequence in D
such thatlim,, o dist(Txp, x,) = 0 and A —lim, 2, = v. Thenv € D andv € Tw.

Proof. Let A — lim,, x,, = v. We note that by Lemma 2.2, v € D. For each n > 1,
we choose z,, € Tv such thatd(zy, z,,) = dist(x,, Tv).

By the compactness of Tv there exists a subsequence {z,, } of {z,} such that
limg_ o 2n, = w € Tv. Since T satisfies the condition (E) we have

dist(zy,,,Tv) < pdist(zy,,T(zn,)) + d(@n,,v).
for some p > 1. Note that
A(xn,,, w) < d(Tny, 2n,) + d(2n,, w) < pdist(zy,,T(zy,)) + d(@n,,v) + d(zn,, ).

Thus

limsup d(zy, ,w) < limsup d(z,,,v).
k— o0 k—00

From the Opial property of CAT(0) space X, we have v = w € T'. O
Now, we are ready to prove a /A-convergence theorem.

Theorem 3.3. Let D be a nonempty closed convex subset of a complete CAT(0) space
X. LetT : D — K(D) be a quasi nonexpansive multivalued mapping satisfying
condition (E) and such that F(T) # () and T(p) = {p} for each p € F(T). Let {z,}
be the iterative process defined by (A), and an,b, € [a,b] C (0,1). Then {z,} is
A-convergent to a_fixed point of T
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Proof. As in the proof of Theorem 3.1 we have lim,,_ . dist(Tz,,2,) = 0. Now
we let Wy, (z,) = UA({u,}) where the union is taken over all subsequences
{u,} of {z,}. We claim that W, (z,) C F(T). Let u € Wy(x,), then there
exists a subsequence {u,} of {z,} such that A({u,}) = {u}. By Lemmas 2.1
and 2.2 there exists a subsequence {v,} of {u,} such that A — lim, v, = v €
D. since lim,, o dist(Tv,,v,) = 0, by Theorem 3.2 we have v € F(T), and
lim,, o d(z,,v) exists. Hence u = v € F(T) by Lemma 2.3. This shows that
Wy (zn) C F(T). Next we show that W,,(z,) consists of exactly one point. Let
{u,} be a subsequence of {z,} with A({u,}) = {u} and let A({z,}) = {z}. Since
u € Wy(zyn) C F(T) and d(x,,v) converges, by Lemma 2.3 we have © = u. O

By using Theorem 3.3 along with Lemma 2.7 we obtain the following corollary.

Corollary 3.1. Let D be a nonempty closed convex subset of a complete CAT(0)
space X. Let T : D — K(D) be a multivalued nonexpansive mapping such that
F(T) # 0 and T(p) = {p} for each p € F(T). Let {z,,} be the iterative process
defined by (A), and ay,, by, € [a,b] C (0,1). Then{z,} is /A-convergent to a fixed point
of T.

Theorem 3.4. Let D be a nonempty compact convex subset of a complete CAT(0)
space X. LetT : D — CB(D) be a quasi nonexpansive multivalued mapping
satisfying condition (E) and such that F(T) # () and T'(p) = {p} for eachp € F(T).
Let {x,,} be the iterative process defined by (A), and ay,,b,, € [a,b] C (0,1). Then
{xn} converges strongly to a fixed point of T.

Proof. As in the proof of Theorem 3.1 we have lim,, o dist(Tx,,z,) = 0. Since
D is compact, there exists a subsequence {z,, } of {z,} such that lim z,, = w for
some w € D. Since T satisfies the condition (E), for some 1 > 1 we have
dist(w, Tw) < d(w, Xy, ) + dist(zn,, Tw)
< pdist(zp,, T(Tn,)) +2d(w,z,,) — 0  as k — oo.

This implies that w € F(T). Since {z,,} converges strongly to a point w and
lim,,—, d(z,,w) exists (as the proof of Theorem 3.1 shows), it follows that {x,,}
converges strongly to w. g

We now define the following iteration process.
(B): LetT : D — P(D) be a given mapping and

Pr(z)={yeTz:||z—yl=dist(z,Tx)}.
For fixed 21 € D, and a,, b, € [0, 1], we consider the iterative process defined by:
Yn = (L = b))z, B byzn, n>1,
Tnat1 = (1 — ap)uy B anwy, n>1,
where z,,u, € Prz, and w, € Pry,.

Theorem 3.5. Let D be a nonempty closed convex subset of a complete CAT(0)
space X. LetT : D — CB(D) be a multivalued mapping with F(T) # 0 such
that Pr is nonexpansive. Let {x,} be the iterative process defined by (B), and
ap, by € [a,b] C (0,1). Assume that

lim dist(xy, T(x,)) =0 = liminf dist(z,, F(T)) = 0.

Then {xz,} converges strongly to a fixed point of T .
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Proof. Letp € F(T). Then p € Prp = {p}. Hence using (B) and Lemma 2.8 we have

d(Yn,p) = d((1 = bp)Tn ® bpzn,p)
< (1 =by)d(xn,p) + bpd(zn,p)
= (1-=0b,)d(zn,p) + bpdist(z,, Prp)
< (1 —bp)d(xn,p) + b H(Pra,, Prp)
< (1 =bn)d(zn,p) + bud(zn,p) = d(zn, p),
and
d(xpi1,p) = d((1 = ap)un ® apwn,p)
< (1= an)d(un,p) + and(wn,p)
= (1 - an)dist(un, Prp) + apdist(wy,, Prp)
< (1 —an)H(Pre,, Prp) + a,H(Pryy,, Prp)
< (1= ap)d(@n,p) + and(yn,p) < d(zn,p).

Hence, the sequence {d(z,,p)} is decreasing and bounded below. It now follows
that lim,, o d(z,, p) exists for any p € F(T'). From Lemma 2.8, we get

d(yn,p)* = d((1 = bn)zn @ bnzn,p)”
< (1 =bp)d(@n,p)? + bnd(2n,p)? = bp(1 — by)d(w0, 2,)?
= (1 —=bp)d(2n,p)* + budist(zn, Prp)? — bp(1 — by)d(x,, 2,)?
< (1 =0bp)d(xn,p)? + by H(Prx,, Prp)? — by (1 — by)d(xp, 2,)?
< (1= bp)d(zn, ) + bnd(xn,p)Q = bn(1 = bp)d(an, Zn)2
= d(xp,p)? = bp(1 = bp)d(zy, 2)>.

By applying Lemma 2.8 we infer that

d((l - an)un @D anwnap)2

d(‘rnJrlvp)z

H(Prx,, Prp)® + anH(Pryn,, Prp)®
(.’137“]3)2 + a'nd(y’mp)Q
(xn,p)Z + and(znap)2 - anbn(l - bn)d(l’", Zn)Z-

(VAN VAN VAN VAN VAN
S~ oo
|
S
3

As in the proof of Theorem 3.1, lim,,_, dist(z,, F'(T)) = 0. Therefore, we can
choose a subsequence {z,, } and a sequence pj, in F'(T) such that for all k € N

d(x’ﬂkﬂpk) < 27]6'

Again, {pk} is a Cauchy sequence in D and hence converges to some ¢ € D. Since

dist(pr, Tq) < dist(pg, Prq) < H(Prpk, Prq) < d(pk, q)

and p, — ¢ as k — oo, it follows that dist(q,Tq) = 0 and hence ¢ € F(T)
and {x,, } converges strongly to q. Since lim,,_, d(z, ¢) exists, we conclude that
{z,} converges strongly to q.

(]
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ABSTRACT. In this paper we introduce and extend some notions in [18] and intro-
duce a notion of t-best approximatively compact sets, t-best approximation points,
t-proximinal sets and t-boundedly compact sets in both fuzzy and intuitionistic
fuzzy metric spaces. The results obtained in this paper are related to the corre-
sponding results in metric spaces and fuzzy metric spaces and fuzzy normed space.
Many examples are also given.

KEYWORDS : Best approximation; Topology; Intuitionistic fuzzy metric spaces.

1. INTRODUCTION AND PRELIMINARIES

It is well known that the notion of fuzzy metric spaces plays a fundamental role
in fuzzy topology, so many authors have introduced and studied several notions of
fuzzy metric spaces from different points of view. In particular, following Menger
[9], Kramosil and Michalek [8] generalized the concept of probabilistic metric space
and studied an interesting notion of fuzzy metric space with the help of continuous
t-norm. Later on, in order to construct a Hausdorff topology on the fuzzy metric
space George and Veeramani [6] modified the concept of fuzzy metric space intro-
duced by Kramosil and Michalek and obtained several classical theorems on this
new structure. Actually, this topology is first countable and metrizable [3]. Further
results in the topology of fuzzy metric spaces, in the sense of [6] may be found in
[2,3,5,7, 11, 15]. Park [10] extended the notion of fuzzy metric space proposed by
George and Veeramani [6] and introduced the notion of intuitionistic fuzzy metric
space which is based both on the idea of intuitionistic fuzzy set and the concept
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of fuzzy metric spaces. The topology generated by intuitionistic fuzzy metric space
coincides with the topology generated by fuzzy metric space and, hence, topological
results for intuitionistic fuzzy metric space are immediate consequences of the cor-
responding for fuzzy metric space. Some results in the topology of the intuitionistic
fuzzy metric spaces may be found in [4, 10, 12].

Best approximation in fuzzy metric spaces has been discussed by Veeramani in
[18]. In this paper , we start with the definitions of intuitionistic fuzzy metric spaces
[10] and fuzzy normed spaces [13] and conclude some useful results, to be used in
the next section. In section 2, we define the notion of t-approximatively compact
sets in fuzzy and intuitionistic fuzzy metric spaces and introduce the notions of
t-proximinal sets, t-boundedly compact sets, and t-best approximation points, this
notions are the generalization of [13, 18]. For this notions we also point out some
results about the relationship between metric spaces, fuzzy metric spaces and
intuitionistic fuzzy metric spaces. To define the intuitionistic fuzzy metric space
we have to state several concepts as follows:

Definition 1.1. [14]. A binary operation * : [0,1] x [0,1] — [0, 1] is continuous
t-norm if * satisfies the following conditions:

(a): * is commutative and associative;

(b): * is continuous;

(€): ax1=aforallac|0,1];

(d): axb<c+dwhenevera <candb<danda,b,c,de [0,1].

Definition 1.2. [14]. A binary operation ¢ : [0,1] x [0,1] — [0, 1] is continuous
t-conorm if ¢ satisfies the following conditions:

(a): ¢ is commutative and associative;

(b): ¢ is continuous;

(c): a0 =aforalla € [0,1];

(d): adb < cOd whenever a < cand b < d and a,b,¢,d € [0,1].

Definition 1.3. [10]. A 5-tuple (X, M, N, *, Q) is said to be an intuitionistic fuzzy
metric space if X is a arbitrary set, * is a continuous t-norm, ¢ is a continuous
t-conorm and M, N are fuzzy sets on X x X x (0,00), satisfying the following
conditions, for all z,y,z € X,s,t > 0

(@): M(x,y, )+N(9c y,t) < 1;

): M(z,y,t) >

(c): M(x,y,t) = 11fandonly1fx—y

@: M(x,y,t) = M(y,z,1);

(@0 M(z,y,1) = M(y, 2,5) < M(z, 21 + 5);
®: M(z,y,.): (0 oo) (0, 1] is continuous;
@: N(z,y, )

(h): N(z,y,t) = O if and only if z = y;

=

(i): (x,y,t) = N(y,z,t);

G): N(x,y,t)ON(y,2,8) > N(x,z,t+ s);

(k): N(z,y,.):(0,00) — (0,1] is continuous.
The functions M (z,y,t), N(z,y,t) denote the degree of nearness and the degree of
non-nearness between x and y with respect to ¢, respectively. A fuzzy metric space
is a triple (X, M, *) such that conditions (b)-(f) are satisfied[6].

Definition 1.4. [13] The 3-tuple (X, N, *) is said to be a fuzzy normed space if
X is a vector space, * is a continuous ¢t-norm and N is a fuzzy set on X x (0,1)
satisfying the following conditions for every =,y € X and ¢,s > 0,
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(@): N(z,t) >

(b): N(x,t) = 11fand only if z = 0;

(c): N(azx,t) = N(z,t/|al), for all « # 0;
(d): N(z,t)* N(y,s) < N(z+y,t+s);

(e): N(z,.):(0,00) — [0,1] is continuous;
®: limyoo N(z,t) =1

Remark 1.5. [13] Every fuzzy normed space (X, N, ) induces a fuzzy metric space
(X, M, x) by defining M (z,y,t) = N(z — y,t) and is therefore a topological space

f (X, M,x) is a fuzzy metric space then George and Veeramani proved [6]
that every fuzzy metric spaces (X, M, *) generates a Hausdorff first countable
topology 7p; on X which has as a base the family of open balls of the form
{Bu(z,r,t);z € X,r € (0,1),t > 0}, where By(x,r,t) = {y € X : M(z,y,t) >
1 — r}. Furthermore, for each z in X, {B(z,1/n,1/n);n € N} is a neighbor-
hood local base at = for the topology 75s, so 7js is the first countable. Recently,
George and Romaguera proved [3] that if (X, M, %) is a fuzzy metric space, then
{Un,;n € N} is a base for a uniformity i,, on X compatible with 75, where
U, = {(z,y) € X x X;M(z,y,1/n) > 1 — (1/n)} for all n € N. Therefore,
(X, M, *) is a metrizable space. Analogously, Saadati and Park [12] proved for
intuitionistic fuzzy metric spaces (X, M, N, %, {) that the topology 7(s, ) on X for
which open balls are of the form {B n)(z,7,t);2 € X,r € (0,1),t > 0} where
Bou,ny(z,r,t) ={y € X : M(z,y,t) > 1 —r,N(y,z,t) < r} is metrizable.

Remark 1.6. [4, Proposition 1] For each € X, r € (0,1) and ¢ > 0, we have
By (z,7,t) = Bu,ny(, 7, 1), thus, the two topologies 7); and 7(y7, vy are equivalent
in X, and the results obtained in the topology of intuitionistic fuzzy metric spaces
become immediate consequences of the corresponding results of the topology of
fuzzy metric spaces.

Remark 1.7. In a fuzzy metric space (X, M, *) for each z in X, 0 < r < 1 and
t > 0, the set Bys[z,r,t] defined as
Bylz,rt]={ye X : M(z,y,t) > 1—r}

is a closed set [6]. By a similar proof [18, Preposition.1] we deduce for each z € X,
0 <r < 1landt > 0in an intuitionistic fuzzy metric space (X, M, N, *,{) , the set
Byr,ny[z, 7, t] defined as

Boumlz,rtl={ye X : M(z,y,t) >1—r,N(y,z,t) <r}
is equal to Bys[z,7,t]. Consequently, the set By, n)[z,7,1] is a closed set in the
topology 7(ps,ny on X.

Remark 1.8. [4, Proposition 2] Let (X, M, N, *, {) be an intuitionistic fuzzy metric
space, then the triple (X, My, *) is a fuzzy metric on X where My is defined on
X x X x (0,00) by My(z,y,t) = 1 — N(z,y,t) and x is the continuous t-norm
defined by axb=1—[(1 —a)0(1 — b)].

In sequel we simply show the fuzzy metric space (X, My, *) by (X, N, x).
As a conclusion from above remark and definition of intuitionistic fuzzy metric
spaces, we derive the following theorem.

Theorem 1.1. The 5-tuple (X, M, N,x*,) is an intuitionistic fuzzy metric space if
and only if the triples (X, M, %) and (X, N, %) are fuzzy metric spaces on X and for
eachz,y € X andt € (0,00),

M(z,y,t) + N(z,y,t) < 1.
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Remark 1.9. [10] Every fuzzy metric space (X, M, «) is an intuitionistic fuzzy
metric space of the form (X, M,1 — M, *,{) such that t-norm * and t-conorm ¢
are associated , ie, 20y = 1 — [(1 — z) * (1 — y)] for any z,y € [0,1]. We call
the intuitionistic fuzzy metric space (X, M, N, x, (), the spacial intuitionistic fuzzy
metric space when M # 1 — N.

Remark 1.10. [11, Proposition.1] Let (X, M, %) be a fuzzy metric space then M is
a continuous function on X x X x (0, 00).

By using remarks 1.8 and 1.10 we derive the following:

Theorem 1.2. Let (X, M, N, x, ) be an intuitionistic fuzzy metric space, then M
and N are continues functions on X x X x (0, 00).

The followings are examples for intuitionistic fuzzy metric space:

Example 1.11. [10] Let (X, d) be a metric space. Define a x b = ab and aQb =
min{l,a+b} for all a,b € [0, 1] and let My and Ny be fuzzy sets on X x X x (0, c0)
defined as

d(zx,
and Ng(z,y,t) = #ﬁf’ﬁ,y)

h n
Ma(,y,1) = FTmaay)
for all t,h,m,n € RT. Then (X, My, Ng,*,¢) is an intuitionistic fuzzy metric
space and called induced intuitionistic fuzzy metric space. The fuzzy metric space

(X, My, %) is called, induced fuzzy metric space [6].

Note the above example holds when t-norm is a * b = min{a,b} and t-conorm
is a0b = max{a, b} and hence the 5-tuple (X, M, N, *, {) is an intuitionistic fuzzy
metric space with respect to any continuous t-norm and continuous t-conorm. In
the above example by taking h = m = n = 1, we get

¢ d(z,
Md($7y7t) = m and Nd(xa:%t) = t+£{(my’;)

The fuzzy metric space (X, My, Ny, , Q) is called, the standard intuitionistic fuzzy
metric space.

Example 1.12. Let X = N. Define a * b = max{0,a+b— 1} and a0b=a+ b — ab
for all a,b € [0,1] and let M and N be fuzzy sets on X x X x (0,00) as

x+t y—

y+t Ty y+t Ty
M(z,y,t) = » and N(z,y,t) =

1 xr—

o+l y<=w T ys«w

for all z,y € X and t > 0, then (X, M, N, x,{) is an intuitionistic fuzzy metric
space, but if we choose t-norm a * b by min{a, b} and t-conorm a{b by max{a, b},
then (X, M, N, x, ) is not an intuitionistic fuzzy metric space.

Note that, in the above example, t-norm * and t-conorm ¢ are not associated,
and there exists no metric d on X that induces standard intuitionistic fuzzy metric
space on X.

In all above examples, M is related to N by M = 1 — N. The following is an
example of a spacial intuitionistic fuzzy metric space in which M # 1 — N.

Example 1.13. Let X = R” and give ds the Euclidean distance on X and d., the

max-distance on X .i.e. for each z = (z1,22,...,2Zn).y = (Y1,Y2,-..,Yn) € X give
do(z,y) = /(21 —y1)? + (22 — y2)2 + - + (20 — yn)?
doo(xay) = max{|:c1 - y1|7 |IQ - y2‘7~ ) |xn - yn|}

Define a xb = aband aQb =1 —[(1 — a) * (1 — b)] and let My, and N,__ be fuzzy
sets on X x X x (0,00) as follows
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; - t — _deo(zyy)
Ma,(2,y.t) = ey and Na, (2,0.0) = 5500y
for all z,y € X and t > 0, we show that My, (z,y,t) + Ng_(x,y,t) < 1, the
inequality doo(2,y) < d2(z,y) holds, thus

_ _doo(z,y) da(z,y)
Na,(2,y,t) = t+dojzy,y) < t+dzgzwy,y)

consequently

do(x,
Ma, (2,y,t) + Na (2, y,1) < t+d2t(w:y) + t+f1(2(acy,.2/) =L

By theorem 1.1 (X, My,, Ny__, *,¢) is an intuitionistic fuzzy metric space.

2. BEST APPROXIMATION

We begin this section with the concept of t-best approximation points in fuzzy
metric spaces introduced by Veeramani [18].
Our reference for best approximation in metric spaces is [16].

Definition 2.1. Let A be a nonempty subset of fuzzy metric space (X, M, ). For
xz € X and ¢ > 0, define
M(A, z,t) = sup{M(z,y,t) : y € A}
An element yg € A is said to be a t-best approximation point to x from A if
M (yo, x,t) = M (A, z,t).

We denote by P%(:L‘, t) the set of t-best approximation points to . For ¢t > 0 a
subset A of a fuzzy metric space (X, M, ) is called t-proximinal if for every point
€ X, P (x,t) #0.

Example 2.2. [18] Let X = N, define a *b = ab for all a,b € [0, 1], let M be a fuzzy
seton X x X x (0,00) as follows
vt TSy
M(z,y,t) =
wo o y<w

for all z,y € X and ¢ > 0, then (X, M, *) is a fuzzy metric space. Let A =
{2,4,6,...} then we conclude

M(A,3,t) = max{%a ij:tt} = 27172 = M(3,4,t)

Hence, for each ¢t > 0, 4 is t-best approximation point to 3 from A. As M (3,4,t) >
M (2,3,t), 2 is not a t-best approximation point to 3, so P}/ (3,t) = {4}.

A fuzzy metric space (X, M, ) is called strong fuzzy metric space [18, Defination
2.1}, if for each z in X and ¢ > 0, the map y — M (x,y,t) is a continuous map on
X. Since by remark 1.10 the map y — M (z,y,t) is always continuous thus every
strong fuzzy metric space (X, M, %) is a fuzzy metric space and we can omit the
notion of strong fuzzy metric spaces which is used in [18].

Definition 2.3. [18] For ¢ > 0, a nonempty subset A of a fuzzy metric space
(X, M, %) is said to be t-approximatively compact if for each x in X and each se-
quence y,, in A with M (y,,x,t) — M (A, z,t), there exists a subsequence y,,, of y,
converging to an element yg in A.

Definition 2.4. [18] For ¢t > 0, a nonempty closed subset A of a fuzzy metric space
(X, M, %) is said to be t-boundedly compact if for each z in X and 0 < r < 1, the
set B[z, r,t] N A is a compact subset of X.
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Remark 2.5. [13] Let (X, d) be a metric space and A C X, then A is a approxi-
matively compact set in the metric space (X, d) if and only if for any ¢t > 0, A is a
t-approximatively compact set in the induced fuzzy metric space (X, My, *) .

Veeramani proved that every nonempty t-approximatively compact subset of a
fuzzy metric space is t-proximinal and every t-boundedly compact subset of fuzzy
metric space is t-approximatively compact [18, Theorem 2.10,Theorem 2.16 re-
spectively]. Also it can be easily proved that every t-proximinal set is a closed
set. Thus each of the following properties in fuzzy metric spaces implies the next
one:compact, t-boundedly compact, t-approximatively compact, t-proximinal and
closed.

Now we define the notions of t-approximatively compact sets and t-best approx-
imation points in intuitionistic fuzzy metric space(X, M, N, x, {).

Definition 2.6. Let A be a subset of intuitionistic fuzzy metric space (X, M, N, , {),
forx € X,t > 0let
M(A, z,t) = sup{M(y,z,t) :y € A} and N(A,z,t)=1inf{N(y,z,t):y € A}
We say A is a t-proximinal subset of X (respect to (M, N)) if for each x in X there
exist two elements y;,y2 € A such that M(y;,z,t) = M(A, z,t) and N(ys,x,t) =
N(A,z,t). In this case we say y1, y2 are t-best approximation points to x (respect
to (M,N) from A). We denote by PflM’N)(x,t) the set of {a € A;M(a,z,t) =
M(A, z,t),N(a,z,t) = N(A,z,t)}. If (X, M, N, *, ) be a non-spacial intuitionistic
fuzzy metric space, then we have M = 1 — N and if we define P} (x,t) by {a €
A;N(a,z,t) = N(A, z,t)}then PY!(z,t) = PY (z,t) and we can choose y; = yo. In
this case we say y; is a t-best approximation point to x (respect to (M, N) from A).
Notice by theorem 1.1, (X, N, x) is a fuzzy metric space and we have PIQM’N) (z,t) =
P (z,t) N PY (z,¢).

Next examples illustrate the last definition.

Example 2.7. Take X = R?, let (X, My,, Ng_, *, 0) be an intuitionistic fuzzy metric
space defined in example 1.13 and take a = (0,5/4),b = (1,1) € X. Define A C X
by a line that connect a to b. ie. A = {Aa+ (1 — \)b; A € [0,1]}. We observe
that da(A, zo) = inf{\/2% + y?; (z,y) € A} = 5/4 and we find there exists exactly
one element y; = (0,5/4) in A such that dy(A4,2z9) = da(y1,20). On the other
hand, we observe that do (A, o) = inf{max{|z|, |y|}, (z,y) € A} = 1 and we find
there exists exactly one element yo = (1, 1) in A such that do, (4, ¢) = doo (Y2, Zo),
consequently, for every ¢t > 0

t
Ma, (A, zo,t) = sup{ Mg, (y, xo,t);y € A} = Sup{m;y € A}

t t
t +inf{da(zo,y);y € A} ¢+ da(zo, 1)

Consequently, there exists a unique point y; = (0,5/4) in A such that My, (A, zo,t) =
Mg, (y1,20,t) and by similar reasoning we find there exists a unique point y, =
(1,1) in A such that Ng__ (A4, zo,t) = Na_ (Y2, 20,t), so y1 = (0,5/4) and y» =
(1,1) are t-best approximation points to x = (0,0) (respect to (My,, Ng__)) and
PN () —

Example 2.8. In the example 2.7, if we replace the fuzzy set N, by Ng,, then

y1 = (0,5/4) is a t-best approximation point to 2 = (0, 0) respect to (My,, Ng,) and

PMENE) (0 1) — {(0,5/4))
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Remark 2.9. (a): For any t > 0, A is a t-proximinal subset of X in fuzzy
metric space (X, M, *) if and only if A is a t-proximinal subset of X in
fuzzy metric space (X, M,1— M, *,{). If A is a subset of X, then for each
e X, PY(x,t) =P M (a,t).

(b): Suppose (X, M, N, x,{) be an intuitionistic fuzzy metric space and A a
subset of X then for every = in X, y1,y2 € A are t-best approximation
points to z (respect to (M, N)) in the intuitionistic fuzzy metric space
(X, M, N,*, Q) if and only if y; and y» are t-best approximation points to
x in the fuzzy metric spaces (X, M, ) and (X, N, x) respectively.

Example 2.10. Consider the intuitionistic fuzzy metric space (X, M, N, *, {) in the
example 1.12, we have M = 1 — N. Let A = {2,4,6,...}, we conclude from the
above remark and example 2.2

M(A,3,t) = max{g—ii, i% = i% = M (3,4,1)

and

N(A,3,t) =1— M(A,3,t) =1 — M(3,4,t) = N(3,4,1)
Hence for each ¢ > 0, 4 is t-best approximation point to 3. As M (3,4,t) > M (2,3,t),
2 is not a t-best approximation point to 3 and P} (3,t) = 1(4M’N) (3,t) = {4}.

Remark 2.11. Let (X, d) be a metric space and A a nonempty subset of M, then
the following are equivalent.

(@): yo € A is a t-best approximation point to x € X in the metric space
(X, d).

(b): yo € A is a t-best approximation point to x € X in the induced fuzzy
metric space (X, My, *).

(c): yo € A is a t-best approximation point to z € X in the induced intu-
itionistic fuzzy metric space (X, My, Ny, *,

0).

Definition 2.12. For ¢t > 0, a nonempty subset A of an intuitionistic fuzzy metric
spaces (X, M, N, x, {) is said to be t-approximatively compact if for each z in X and
sequences each z, and y, in X with M (y,,z,t) — M(A,x,t) and N(x,,z,t) —
N(A, z,t), there exist subsequences x,,, of z, and y,, of y, converging to elements
xo and yg € A, respectively.

Remark 2.13. (@): If A be a compact subset of X in intuitionistic fuzzy met-
ric space (X, M, N, x,{) then for each t > 0, A is a t-approximatively
compact set.

(b): A is a approximatively compact subset of X in metric space (X, d) if and
only if for each t > 0, A is a t-approximatively compact subset of X in the
induced intuitionistic fuzzy metric space (X, My, Ny, *, Q).

(c): For eacht > 0, if A is a t-approximatively compact subset of X in intu-
itionistic fuzzy metric space (X, M, N, %, () then A will be a t-approximatively
compact subset of X in fuzzy metric space (X, M, ).

Theorem 2.1. Let A be a t-approximatively compact subset of X in intuitionistic
fuzzy metric space (X, M, N, *,{) then A is closed.

Proof. Let t > 0 and A be a t-approximatively compact subset of an intuitionistic
fuzzy metric space (X, M, N, *,0), then by remark 2.13, A is a t-approximatively
compact set in fuzzy metric space (X, M, ), thus by using [18, Theorem 2.11] A
is a closed set in fuzzy metric space (X, M, *) and since the two topologies 7)s
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and 7(js,n) coincides in X, A is a closed set in intuitionistic fuzzy metric space
(X, M, N, *,0). O

Theorem 2.2. Fort > 0, let A be a nonempty t-approximatively compact subset of
X in an intuitionistic fuzzy metric space (X, M, N, *,{) then A is a t-proximinal set.

Proof. For each z in X, we have
M(A, x,t) =sup{M(y,z,t);y € A} and N(A, z,t)=inf{N(y,x,t);y € A}
consequently there exist sequences z,, and y,, in A such that
M (yn,x,t) > M(A,z,t) and N(x,,z,t) — N(A, x,t)

since A is a t-approximatively compact set, subsequences y,,, of y, and z,, of z,
and points xg,yo € A exist such that z,, — x¢ and y,, — yo. By theorem 1.2, M
and N are continuous functions thus we have

M (yn,,z,t) = M(yo,x,t) and N(x,,,z,t) — N(xo,z,1)
so we conclude
M (yo,x,t) = M(A,z,t) and N(zg,x,t) = N(A,z,t)

consequently, yo, Zo are t-best approximation points to x from A (respect to (M, N)),
i.e. A is a t-proximinal set. O

Definition 2.14. For ¢t > 0, a nonempty closed subset A of an intuitionistic fuzzy
metric (X, M, N, *,0) is said to be t-boundedly compact if for each z in X and
0 <7 < 1, the set By, ny[z,7,t] N A is a compact subset of X.

Theorem 2.3. Let (X, M, N, x,{) is an intuitionistic fuzzy metric space, If A is a
nonempty t-boundedly compact subset of X then A is a t-approximatively compact
set.

Proqf. By remark 1.7 we have By [, r,t] = By,nl2,7,t], thus A is a t-boundedly
compact set in the fuzzy metric space (X, M, *) if and only if A is a t-boundedly
compact set in the intuitionistic fuzzy metric space (X, M, N, x, (). The proof is an
immediate consequence of [18, Theorem 2.16]. O

Remark 2.15. Since in an intuitionistic fuzzy metric space a set is compact if and
only if it is sequentially compact, thus for each ¢ > 0, if A is a t-approximatively

compact set then for each z in X the set PIE‘M’N) (z,t) is a compact set.
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ABSTRACT. The aim of this paper is to prove fixed point and mean convergence
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1. INTRODUCTION

In this paper, we show fixed point and mean convergence theorems for a se-
quence of A\-hybrid mappings in Hilbert spaces. Particularly, we focus on pointwise
convergent sequences of such mappings.

According to [2] and §2, every nonexpansive mapping [5, 6, 10] is a 1-hybrid map-
ping and every nonspreading mapping introduced by Kohsaka and Takahashi [7]
is a 0-hybrid mapping. Thus our results may be regarded as generalizations of
results of [1] and [8]. Akatsuka, Aoyama, and Takahashi [1] showed a mean con-
vergence theorem for a pointwise convergent sequence of nonexpansive mappings;
Kurokawa and Takahashi [8] proved some mean convergence theorems for non-
spreading mappings in Hilbert spaces.

Moreover, since the convex combination of the identity mapping and a strictly
pseudononspreading mapping introduced by Osilike and Isiogugu [9] is A-hybrid
for some real number )\, our mean convergence theorem is a generalization of [9].
Osilike and Isiogugu [9] showed some mean convergence theorems for strictly
pseudononspreading mappings in Hilbert spaces.
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2. PRELIMINARIES

Throughout the present paper, H denotes a real Hilbert space with the inner
product (-,-) and the norm || - ||, C' a nonempty closed convex subset of H, I the
identity mapping on H, and N the set of positive integers. Strong convergence of a
sequence {z,} in H to x is denoted by z,, — x and weak convergence by z,, — .
The metric projection of H onto C' is denoted by Pc, that is, for each x € H, Pcx
is the unique point in C such that ||Pcz — z|| = min{|ly — z|| : y € C'}. It is known
that Pc is nonexpansive and

(y — Pex,x — Pox) <0 2.1

forallz € H and y € C; see [10].

Let D be a nonempty subset of /. The set of fixed points of a mapping 7': D —
H is denoted by F(T). Amapping T: D — H is said to be quasi-nonexpansive if
F(T) is nonempty and [Tz — z|| < ||t — z|| forall z € D and z € F(T). Let A be a
real number. A mapping 7: D — H is said to be A\-hybrid [2] if

2Tz — Tyl* < ||z = Tyl* + |y — Tz|* — 2X\z — T2,y — Ty)
or equivalently
1T = Tyl* < llz — y)|* +2(1 = N)(z — Ta,y — Ty)

for all z,y € D. Let k be a real number with k € [0,1). Amapping T: D — H is
said to be k-strictly pseudononspreading [9] if

1Tz = Ty||* < |lo — ylI* + 2(x — Tz,y — Ty) + sl — Tz — (y — Ty)||?
for all z,y € D. It is known that
e T is A-hybrid for every A € [0,1] if T is a firmly nonexpansive mapping
[3, 4, 5, 6];
T is 1-hybrid if and only if T' is nonexpansive;
T is 0-hybrid if and only if T" is nonspreading in the sense of [7];
T is 1/2-hybrid if and only if T is hybrid in the sense of [11];
F(T) is closed and convex if T: C — H is a quasi-nonexpansive map-
ping;
e T is quasi-nonexpansive if 7" is a A\-hybrid mapping with a fixed point.

The following lemma plays an important role in the present paper.

Lemma 2.1. Let H be a Hilbert space, D a nonempty subset of H, v and k real
numbers, and T': D — H a mapping such that

Tz — Ty|* < |l —ylI* + 2v(x — T,y — Ty) + sz — Tz — (y — Ty)|>  2.2)
forallz,y € D. LetT,: D — H be a mapping defined by T,, = ol + (1 — a)T,
where « is a real number with a < 1. Then

a—K
IToz = Toy|* + T— Iz = Taz = (y = Tuy)|®

2y (2.3)
<o =yl? + 7= (o = Taz,y — Tuy)

forallz,y € D. Moreover, ifk < «, thenT,, is (1 — o — ) /(1 — a)-hybrid.

Proof. Letz,y € D be fixed. Since l —a > 0and I —T = (I —T,)/(1—«a), it follows
from (2.2) that

(1—a)|Tz - Tyl
<1 =a)(|z—yll* +2v(x — T,y — Ty) + 6|z — Tz — (y — Ty)||*)
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=(1-a)llz —y|?

2 K
7Taa 7Ta
ot~ Tat,y = Tay) + 7——

+ |z — Toz — (y — Tay) ||

and hence
1Tz — Toyl®
=allz —y|* + 1 - )Tz = Ty|* — a(l = a)|Ja = Tz — (y - Ty)|?
=allz —y|* + (1 - )| Tz — Ty|* —

—— o — Toz — (y - Top)

2 a—K
< lle =yl + ;= (& = Towyy = Toy) = T |l = Tz = (y = Tuy)|I*.
Thus (2.3) holds. Now we suppose that £ < . Then (a — k)/(1 —a) > 0, and (2.3)
yields that

l—a—v
l1—«

Therefore, T, is (1 — o — ) /(1 — a)-hybrid. O

I Tu — Toyll? < fle — ylI? + 2 (1 - ) (& = Tuz,y — Tag).

Lemma 2.1 implies the following lemma.

Lemma 2.2. Let H be a Hilbert space, D a nonempty subset of H, A a real number,
and T: D — H a A-hybrid mapping. Let T,: D — H be a mapping defined
by T, = al + (1 — a)T, where a a real number with 0 < o < 1. Then T, is
(A —a)/(1 — a)-hybrid.

Proof. Assuming that y = 1— X and x = 0 in Lemma 2.1, we obtain the conclusion.
(]

Using Lemma 2.2, we can show the following corollary.

Corollary 2.3. Let H be a Hilbert space and D a nonempty convex subset of H.
Suppose that every nonspreading self-mapping on D has a fixed point. If A € [0,1),
then every A\-hybrid mapping T: D — D has a fixed point.

Proof. Let A € [0,1) and let T: D — D be a A-hybrid mapping. Then it follows
from Lemma 2.2 that T\ = Al +(1— )T is a nonspreading mapping of D into itself.
Hence, by assumption, we know that F'(T)) is nonempty. On the other hand, it
obviously holds that F(Ty) = F(T'). Thus F(T) is nonempty. O

Remark 2.4. It is known that every nonspreading self-mapping on C has a fixed
point if C is a nonempty bounded closed convex subset of H; see [7, Theorem 4.1].

Lemma 2.1 also implies the following lemma, which was essentially proven in

[9].

Lemma 2.5. Let H be a Hilbert space, D a nonempty subset of H, k and (3 real
numbers with0 < k < < 1,T: D — H a k-strictly pseudononspreading map-
ping, and Tg: D — H the mapping defined by T = 31 + (1 — 3)T. Then 1p is
—58/(1 — B)-hybrid.

Proof. Assuming that @« = fand -y = 1 in Lemma 2.1, we obtain the conclusion. [J

We need the following lemmas in order to prove our results in the remainder
sections.
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Lemma 2.6. Let {z,} and {y,} be sequences in a Hilbert space H and {n,} a
sequence of real numbers. Suppose that {x,} is bounded and both {y,} and {n,}

are convergent. Then
n

> {@rs =z, k) — 0
k=1

S|

asn — oQ.

Proof. Let y and 7 be the limits of {y,} and {7,}, respectively. Since {x,} is
bounded, it follows that (2,41 — Zn,yn —y) — 0 and hence

n

1O 1O 1

- > (whir =z yp) = - D @k — koY) + - > (wrir — T,y — y)
k=1 k=1 k=1

n

1 1
= E(anrl —r1,y) + E;@"kﬂ —Tg, Y —y) — 0

as n — 00. Therefore, since {(Z,4+1 — Tn, yn)} is bounded, it follows that

n

1 & 1 & 1
— — = — — — — — e — O
- kglnk<$k+1 Tk, Yk) - k§7177<33k+1 xk,yk>+n kgl(% N){(Tht1—Tk, Yk)

as n — o0. O

The following lemma was essentially shown in [1, Lemma 3.1], where {§n} was
assumed to be convergent to 0. For the sake of completeness, we give the proof.

Lemma 2.7. Let H be a Hilbert space, C a nonempty closed convex subset of H,
and T: C — H a mapping. Let {z,} be a sequence in C, {£,} a sequence of real
numbers, {z,} a sequence in C defined by z, = (1/n) Y ,_, zx forn € N, and z a
weak cluster point of {2, }. Suppose that
€n < llzn = 2lI* = llznss — T2
Joreveryn € Nand (1/n) Y }_, & — 0 as n — oo. Then z is a fixed point of T
Proof. By assumption, it is clear that
T e e &

=l — T2+ T2 — 2|2  [lzgar — T

— = T2 — s — T2 + 2ap — T2, Tz — 2) + T2 — 2]
for every k € N. Summing these inequalities from k£ = 1 to n and dividing by n, we
have

k=1

1 n
9l 2 _ _ 2
+ <n Za:k Tz,Tz z> +||Tz — 2|
k=1

1
< EHxl —T2||? +2(zp — T2, Tz — 2) + | Tz — z||?
for every n € N. Since z is a weak cluster point of {z,}, there is a subsequence
{#n,;} of {z,} such that z,, — z. Replacing n by n; in the above inequality, we
obtain

1 & 1

— ng < n—||x1 —T2|? +2(zn, — T2, Tz — 2) + | Tz — z||*.

(2 k=1 (2
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Since (1/n;) >_yL, & — 0 and z,, — 2, we conclude that
0<2(z—Tz,Tz—2)+||Tz — z||* = —||Tz — z|?

and hence Tz = z. U

Lemma 2.8 (Takahashi and Toyoda [12]). Let F' be a nonempty closed convex subset

of a Hilbert space H, P the metric projection of H onto F, and {x,,} a sequence in H

such that ||xp4+1 — ul| < ||@n — ul| forallu € F andn € N. Then {Px,} converges
strongly to some point in F'.

3. FIXED POINT THEOREMS

In this section, we study existence of fixed points of A\-hybrid mappings.
The following theorem is a generalization of [1, Theorem 3.2] and [2, Theorem
4.1].

Theorem 3.1. Let H be a Hilbert space, C' a nonempty closed convex subset of H,
{A\n} a sequence of real numbers such that \,, — X\, and T,,: C — C a \,-hybrid
mapping forn € N. Let {z,,} and {z,} be sequences in C defined by z1 € C,

1 n
Tn+1 = Inxyn, and z, = - g Tk
k=1

forn € N. Suppose that {T,,} is pointwise convergent and T' denotes the pointwise
limit of {T},}, that is, Tz = lim,,_,o, T,z for x € C. Then the following hold:
(i) The mapping T is \-hybrid and (., F(T},) C F(T);
(i) if {x,} is bounded, then T' has a fixed point and every weak cluster point
of {zn} is a fixed point of T .

Proof. We first prove (1). Let z,y € C be fixed. Since each T,, is \,-hybrid, it
follows that

[Thz — Tny||2 <z - y”2 +2(1 = Ap)(z — Thx,y — Toy)
for every n € N. Taking the limit n — oo, we have
1T = Ty|* < llo = ylI* + 21 = \){& — Tz,y — Ty).

Thus T is A-hybrid. Furthermore, let u € (\ —, F(T},). Since T, is pointwise
convergent, Tu = lim,,__, T,,u = u and hence u € F(T).

We next prove (2). Assume that {z,} is bounded. Then {z,} is also bounded
and thus there exists a subsequence {z,,} of {z,} such that z,, — z € C. Itis
enough to show that z is a fixed point of T'. Since 7, is A\,-hybrid and z,,+1 = T, 2,
we have

[@nt1 = T2l* = [|znt1 — Toz + Tnz — T2|
= ||pi1 — Tnz|?> + | Tz — T2||* + 2{xps1 — Tz, Tz — T2)
<Nam = 2|2 +2(1 = M) (@ — Tpy1, 2 — Toz)
+ | Thz = T2 (|1 Thz = Tz|| + 2[|zn 41 — Tnz]).
Therefore, we conclude that
pin + e < |l — 2|7 = llepsr — T2
for every n € N, where p,, = 2(1 — \,)(p41 — T, 2 — Tpz) and
en =~ Tz = To|(ITaz — T2 + 2rnsr — Tz,
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Since {z, } is bounded and both {\, } and {T;,z} are convergent, Lemma 2.6 shows
that (1/n) Y ;_; s — 0, and hence (1/n) >_}_, (1 +€x) — 0. Thus Lemma 2.7
implies that z is a fixed point of 7. O

A direct consequence of Theorem 3.1 is as follows:

Corollary 3.1. Let H be a Hilbert space, C a nonempty closed convex subset of H,
A a real number, T: C — C a A\-hybrid mapping, and {«,} a sequence in [0, 1)
such that «, — 0. Let {x,,} and {z,} be sequences in C defined by =1 € C,

1 n
Tpt1 = @nZpn + (1 — )Tz, and z, = - kz_lxk
Jorn € N. Suppose that {x,} is bounded. Then T has a fixed point and every weak
cluster point of {2z, } is a fixed point of T.

Proof. PutT,, = o, I+ (1— )T for n € N. Then Lemma 2.2 shows that T,,: C —
Cis (A —ay)/(1— ay,)-hybrid. Itis clear that (A — a,,)/(1 —ay) — A and T is the
pointwise limit of {7}, }. Therefore, Theorem 3.1 implies the conclusion. O

In particular, assuming that «,, = 0 for each n € N in Corollary 3.1, we obtain
the following:

Corollary 3.2. ([2, Theorem 4.1]). Let H, C, A\, and T be the same as in Corollary 3. 1.
Let x be a point in C and {z,} a sequence in C defined by

1 n
Zp = — E T+ 1z
n
k=1

Jforn € N, where TV is the identity mapping on C. Suppose that {T"x} is bounded.
Then T has a fixed point and every weak cluster point of {z,, } is a fixed point of T'.

4. MEAN CONVERGENCE THEOREMS

In this section, we prove some mean convergence theorems for a family of A-
hybrid mappings.

We first prove the following lemma, which is a variant of [2, Lemma 5.1].
Lemma 4.1. Let H be a Hilbert space, C a nonempty closed convex subset of H,
and T,,: C — C a quasi-nonexpansive mapping for n € N. Suppose that {T,}
has a common fixed point. Let F' be the set of common fixed points of {T,,} and P

the metric projection of H onto F'. Let {z,} and {z,} be sequences in C' defined by
xr1 € C,

1 n
Tpt1 = Ipxy, and z, = -~ E T,
k=1

Sorn € N. Then the following hold:

(i) The sequence {x,} is bounded and { Pz, } converges strongly;
(i) if each weak cluster point of {z, } belongs to F, then {z, } converges weakly
to the strong limit of { Pz, }.

Proof. We first prove (1). Since T}, is quasi-nonexpansive,
[2nt1 — ul| = [[Thzn —ull < [lzn — ull

forallw € F and n € N. Thus {x,} is bounded and Lemma 2.8 implies that { Pz, }
converges strongly.
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We next prove (2). Since {zn} is bounded by (1), there exists a weak cluster point
z of {z,}. Let {z,,} be a subsequence of {z,} such that z,, — z and w the strong
limit of { Pz, }. It is enough to show that z = w. Since P is the metric projection
of H onto F' and z € F, it follows from (2.1) that

(z — Pz, xp — Pxg) <0
for every k € N. Since each T}, is quasi-nonexpansive and Pz € F, it follows from
the definition of P that
k41 = Prrsall < |2esr — Pawll = | Thwr — Pl < [[ox — Pagl]
for every k € N. Therefore
(z —w,x, — Pxy) = (2 — Py, v, — Pay) + (Pxy — w,z — Pxy)
< (Pzxj —w,zy — Pxy)
< [[Pay — wllllzx — Pay||
< [Pk — wllllzy — Pyl
for every k£ € N. Summing these inequalities from k = 1 to n; and dividing by n;,

we have

Kz

1 & 1
<z — W, Zp, — o Zka> < - Z [Pz — w||||lx1 — Px1]|.
k=1 k=1

Since z,, — zas i — oo and Px,, — w as n — 00, we obtain (z —w,z—w) <0
and hence z = w. This completes the proof. O

Using Theorem 3.1 and Lemma 4.1, we obtain the following:

Theorem 4.1. Let H be a Hilbert space, C' a nonempty closed convex subset of H,
{A\n} a sequence of real numbers such that \,, — X\, and T,,: C — C a \,-hybrid
mapping forn € N. Let {z,,} and {z,} be sequences in C defined by x1 € C,

n
1
Tpt1 = Inxy, and z, = - E Tp
k=1

forn € N. Suppose that {T,,} is pointwise convergent, T' denotes the pointwise limit
of {T,}. and F(T) = ,_, F(T,) # 0. Then {z,} converges weakly to the strong

limit of { Px.,, }, where P is the metric projection of H onto F(T).

Proof. Since T}, is \,,-hybrid and (,—, F(T,,) # 0, each T;, is quasi-nonexpansive.
Thus it follows from Lemma 4.1 that {z,} is bounded. Hence Theorem 3.1 shows
that every weak cluster point of {2, } belongs to F(T) = (', F(T},). Therefore,
Lemma 4.1 implies the conclusion. O

The following corollary is a direct consequence of Theorem 4.1.

Corollary 4.2. Let H be a Hilbert space, C a nonempty closed convex subset of H,
A a real number, T: C — C a A\-hybrid mapping with a fixed point, and {a,} a
sequence in [0, 1) such that o, — 0. Let {x,,} and {z,,} be sequences in C defined
byz, € C,

1 n
Tpi1 = @y + (1 — )Ty, and 2, = — Zxk
"o

forn € N. Then {z,} converges weakly to the strong limit of { Px,,}, where P is the
metric projection of H onto F(T).
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Proof. Put T,, = a,I + (1 — a,)T for n € N. Then Lemma 2.2 shows that each
T,: C — Cis (A\—ay,)/(1—ay,)-hybrid. Itis clear that (A—a,,)/(1—a,) — A and
T is the pointwise limit of {7}, }. It is also clear that F(T,,) = F(T) for every n € N
and hence F(T) = (.2, F(T,,). Therefore, Theorem 4.1 implies the conclusion. []

n=1

Using Corollary 4.2, we immediately obtain the following weak convergence the-
orem for a strictly pseudononspreading mapping, which is a generalization of [8,
Theorem 3.1].

Corollary 4.3. (Osilike and Isiogugu [9, Theorem 3.1]) Let H, C, {a,}, and P be
the same as in Corollary 4.2. Let k and (3 be real numbers with0 < x < f < 1 and
T: C — C a k-strictly pseudononspreading mapping with a fixed point. Let {x,}
and {z,} be sequences in C' defined by x; € C,

1
n = Gpdn 1—a, n 1-8)T n)s dz, =—
Tng1 = oy + (1= an) (Ban + (1 = B)Tay), and z n;xk

Jorn € N. Then {z,} converges weakly to the strong limit of { Px,,}.

Proof. Set Tg = I + (1 — B)T. Then it follows from Lemma 2.5 that —(/(1 — §)-
hybrid. Obviously, F(T') = F(Tg). Thus Corollary 4.2 implies the conclusion. [

Assuming that a,, = 0 for each n € N in Corollary 4.2, we obtain the following:

Corollary 4.4. ([2, Theorem 5.2]) Let H, C, A, T, and P be the same as in Corol-
lary 4.2. Let x be a point in C' and {z,} a sequence in C defined by
1 n
Zn = — Tkt
n= 2T e
k=1

Jorn € N, where T is the identity mapping on C. Then {zn} converges weakly to
the strong limit of { PT"z}.
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1. INTRODUCTION

A recent move “The DA VINCI Code" (2006) shows the following
finite sequence:

112 35 813 2 1L (1.1)

The code utilizes the Fibonacci sequence as a mysterious code [5],
which is the first eight numbers

F17 F27 F37 F47 F57 Fﬁa F77 F8
in the Fibonacci sequence (Table 1).

Definition 1.1. The Fibonacci sequence {F,,} is defined as the solu-
tion to the second-order linear difference equation,

Fn+2 - Fn+1 - Fn - O, F1 = 1, FO - O (12)
n(0123456 7 8 9 10 11 12 13 14 15 16
F,/0 1 12 3 5 8 13 21 34 55 89 144 233 377 610 987

Table 1 Fibonacci sequence {F,,}

The many relationships between optimization theory and the code
were studied in [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20]. Iwamoto,
Kira and Ueno [14] proposed the Fibonacci complementary duality for
two pairs of primal and dual optimization problems. The Fibonacci
complementary duality proved that there are some beautiful relations
during optimal points of both optimization problems, and whose op-
timal values and optimal points are characterized by the Fibonacci
sequence. Our results in this paper become paired their results in
[14].

This paper considers a pair of primal and dual quadratic optimiza-
tion problems, and we compare optimal values and optimal points
of both problems. We show that both optimal solutions are charac-
terized by an alternate Fibonacci sequence in the following sense. (i)
The value of maximum and minimum are the same (duality). (ii) The
maximum point and the minimum point are two-step alternate Fi-
bonacci sequences (2-step alternately Fibonacci). “Alternate" means
that a positive number and a negative number appear alternately for a
sequence. (iii) Both the optimal points constitute alternately two con-
secutive positive numbers and two consecutive negative numbers of
Fibonacci sequence (alternately Fibonacci complement). This triplet
is called the alternately Fibonacci complementary duality. Moreover,
this paper considers a pair of primal and dual optimizaiton problems
of four variables together with their respective reversed problems. We
show a two-step alternate DA VINCI Code by using optimal points of
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their problems, and we propose a method the alternately Fibonacci
section to find optimal points for the problems.

This paper is organized as follows. In section 2, we establish the
alternately Fibonacci complementary duality about two pairs of pri-
mal and dual quadratic optimization problems. Section 3 proves the
two-step alternate DA VINCI Code by using optimal points of four
variables for the problems. In section 4, we propose the alternately
Fibonacci section to find optimal points for quadratic optimization
problems.

2. THE ALTERNATELY FIBONACCI COMPLEMENTARY DUALITY

In this section, we consider a pair of primal and dual quadratic
optimization problems
n—1
minimize Z (21 + 2pi1)? + 224 ]
k=0
(P,)  subjectto (i)x € R"

where ¢ € R, x = (x1,23,...,2,), and
n—2
Maximize 2cp0 — 48— 3 [(n-+ s+ 4] — 2
k=0
(Dn)

subject to (i) p € R"

where w= (MO; K1y - 7/'L7L*1)'

Theorem 2.1. For the problems (P,,) and (D,,), letx = (zo, z1, ..., %)
be feasible of the primal problem (P,) and p = (uo, pt1,- - -, fin—1) be
feasible of the dual problem (D,,). Then, min(P,,) > max(D,,).

Proof Letx = (z9,x1,...,x,) be feasible of the primal problem (P,,),
and [ () be the evaluated value

n—1
I(z) =) [(zr+zp1)” +27,4] . (2.1)
k=0
Let
U = Tk + Ty 0<k<n-—1. (2.2)

Then we have for any i = (po, ft1, - - -, fin—1) € R™,

I(z) = [} + 0 — 2 (Tn + 2 — up)] (2.3)
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Since

i
L

I(z) = 2xopo+ Y [zk+ 2(k—1 + ) xk] + 25 + 212
1

i

n

-1
+ (UZ - 2,ukuk) s

k=0
we have
n—2
I(x) = 2mopo—pg— Y [k + trr)” + ] — gy
k=0
n—1 n—1
+ (zp + pr—1 + Mk)2 + (2, + Mn—1)2 + Z (ug, — ,uk:)2
k=1 k=0
n—2
> 2wopo — fig — Z [+ p11)? + ir] =ty
k=0
for any = = (zg, 21, ...,%,) € R"™, u = (ug,...,u, 1) € R" satisfying

(2.2) and any p = (o, - - -, ptn—1) € R". Let us take

n—2

T(n) o= 2cp0 — g = > (e + pe)® + pipn) — oy (2.4)
k=0

Then we have an inequality

I(x) > J(p) (2.5)

for any feasible z = (zg, 1, . ..,*,) € R""! of the primal problem (P,)
and any feasible j1 = (g, ft1, - - -, fin—1) € R" of the dual problem (D,,).

Lemma 2.2. (Lucas formula) Let { ).} be the Fibonacci sequence. For
any n > 1, we have

Y F = F.F.. (2.6)

k=1

Theorem 2.3. The primal problem (P,,) has the minimum value

FZn
m = ¢ at the point
2n—+1
T = (wo, 1, To, T3, -+ Ty «-vy Tpn_1, Tp)
c
= 7 Fopp1,—Fon1,Fop3,...,
2n+1

Yt (_1)kF2n72k+1 Yt (_1)n—1F3 ) (_1>nF1)
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Proof Since the objective function /(z) (see also (2.1)) for (P,) is

convex and differentiable for any © = (z1, 2, ...,2,), the minimum
point for (P,,) satisfies the first order optimality condition,
ol
— =20 1<k <n. (2.7
8l‘k
These conditions (2.7) are equivalent to the following n equations:
(AF)p (_1)k Tk + Trt1 _ (_1)k+1 Tr41 0<k<n—1.
F2n72k F2n72k71
(2.8)

The condition (AF)p is called the alternately Fibonacci condition for
(P,). From the condition (AF)p,

Fop_op—1

Tpp1 = ——————1, 0<k<n-—1. (2.9)
Fon_opt1

Thus we have
T = (%o, T1, Ty, T3, -+oy Thy vy Tp_1, Tn)
c
= 7 Fopp1,—Fon_1,Fo3,...,
2n+1

e (D oot s (—1) Ry (1) E )
(2.10)

Faon,
Next, we prove the minimum value m = 7 2 ¢?. From (2.1) and
2n—+1
(2.10),
I(z
F22n+1—£2) = [(F2n+1 - FQn—1)2 + (_FQn—l)Q]

(P + Fons) + B, ] +
c+ {E T B+ () RY () R

= (F22n72k + F22n72k71)

= Fy,F5,11 (by Lucas formula).

Consequently, we get

m = I1(z) = c. (2.11)
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Fy

Theorem 2.4. The dual problem (D,,) has the maximum value M = —2"—¢?
2n+1

at the point

W= (G Yy 5 M3y s Hi e Hn)
e
- F2n7_F2n—27F2n—47"'7
Fona

s () B (1)U )

Proof Since the objective function J(u) (see also (2.4)) for (D,,) is con-

cave and differentiable for any = (uo, ft1, - - -, fin—1), the maximum
point for (D,,) satisfies the first order optimality condition,
oJ
— =0 0<k<n-1. (2.12)
Ok

These conditions (2.12) are equivalent to the following n equations:

(AF)p C—fo _ Mot (_1)kﬂk+uk+1 — (—1)H Pt 1

FQn—l FQn—l ’ FQn—Qk—l F2n—2k—2

(2.13)

for 0 < k < n — 2. The condition (AF)p is called the alternately
Fibonacci condition for (D,,). From the condition (AF)p,

Fop_o+ Fop Fon_op—2

= C, = — O < k < n—2
Ho Fopn_o+ Fop1 + Fopy Hi1 Fon_op, Hi o
(2.14)
Thus we have
o= (B0 B Hay H5 e B ey M)
c
= 7 <F2n;_F2n—2aF2n—47-" ; (2.15)
2n+1
e (1) oo ,(—1)”‘1F2>.
Fon
Next, we prove the maximum value M = 7 2 From (2.4) and
2n+1
(2.15),
J *
anﬂﬂ = 2FFoni — Fy, — [(FQn — Fop)® + (—an—z)Q] -

cee — [(—an,Q + F2n74)2 + F22n74}
~[(Fi = B+ (-R)?] — (-F)’

= 2P Fonn— Y F}
k=1
= 2F5,F5,11 — F5,F5, 11 (by Lucas formula)

- F2nF2n+1'
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Consequently, we get

Fy,
M = J) = F22+102' (2.16)

There are the following triplet relations between the minimum point
% of the primal problem (P,,) and the maximum point p* of the dual
problem (D,,).

(i) (duality) The value of maximum and minimum are the same:

F2n
C2.

m=M =
F: 2n+1
It is a quadratic function of ¢, whose coefficient is ratio of adja-
cent Fibonacci number. This is the first alternately Fibonacci
complementary duality.

(ii) (2-step alternately Fibonacci) Both the minimum point & and
the maximum point y* are two-step alternate Fibonacci se-

quence:
r = (270, ZlAﬁl, [i’g, i"g, ceey [i’k, ceey i'n—la fn)
C
= I3 <F2n+17_F2n717F2n737'--7"'7(_1>kF2n72k+17"'7<_1)nF1>
2n+1
and
:U’* - (N’S? MT? /,L;, :LL§7 MR MZ? Tty /’szl)
C _
- i3 <F2n7_F2n—27F2n—47"'7(_1)kF2n—2k7"'a<_]—)n IFQ)-
2n+1

This is the second.

(iii) (alternately Fibonacci complement) Both the optimal points
constitute alternately the (1-step) alternate two-run Fibonacci
sequence:

N * A~ * * A
(Io,MO7I'1,M1,... y Ll y Mg 5+ + - 7#’[’],7171:71)

c
= F—<F2n+1 oy, —Fou 1 —Fon_a .o (= 1) Foyopir, (—1)F Fop_op,
2n+1

(=), (-1)%).

This is the third.

This triplet is called the alternately Fibonacci complementary duality.
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Theorem 2.5. If (P,) has an optimal solution, then there is a fea-
sible solution of (D,,) and the two objectives have the same values.
Moreover,
T = <I07 '%17 ‘%27 i‘37 LR ik? ceey jn—l; in)

c

= <F2n+1 = Fon 1 Fon sy s (D Py opin s, (D) E )
2n+1

is the optimal solution of (P,,), and

*

/’L = (/’sz)v /“ﬁ? :U’; M;a Tty /~L27 ctty /1:171)

C
- F <F2na_F2n—27F2n—47"' 7(_1>kF2n—21€7~" 7(_1)n_1F2>
2n+1

is the optimal solution of (D,,). Hence, the alternately Fibonacci com-
plementary duality holds between (P,,) and (D,,).

Proof It is obvious to prove this theorem from the proofs of theo-
rem 2.1, 2.3, and 2.4.

3. THE ALTERNATE DA VINCI CODE

We introduced the DA VINCI Code (see also (1.1)) in the introduc-
tion, and we showed that the code utilizes the Fibonacci sequence.
In this section, we consider a pair of primal problem (P,) and its dual
(D4) together with their respective reversed problems. We prove the
two-step alternate DA VINCI Code by using optimal points of their
problems. Two-step alternate DA VINCI Code is defined as the follow-
ing sequence:

1 -1 -2 3 5 —8 —13 21. (38.1)
Let us now consider the following primal quadratic optimization prob-
lem (P,):

3
minimize Z [(zk + zh41)” + Tp 1]
k=0
(P4)  subjectto (i) —co<zp<oo k=1,234
(i) xo = c.

By theorem 2.3, the primal problem (P,) has the minimum value

Fg 5
myg = —¢C 3.2
4 7, (3.2)
at the point
. o c
T = (v9,21,%2,23,84) = — (Fy,—Fr, F5,—F3, F1). (3.3)
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From theorem 2.1, a dual problem (D,) for the primal problem (P,)
is given by

2

Maximize 2cpy — ;L% — Z [(Mk + Mk+1)2 + Miﬂ] - Mg
k=0

(Da4) . .
subject to (i) —co< ux <oo k=0,1,2,3.

By theorem 2.4, the dual problem (D,) has the maximum value
M4 = —C (34)

at the point

« . C

o= (g ey s, i) = 2

Let us now appreciate a triplet alternately Fibonacci complemen-
tary duality about both the optimal solutions for the primal problem
(P4) and the dual problem (Dy).

(i) (duality) The value of maximum and minimum are the same:

F.
my = M, = ?8 2. (3.6)
9

This is the first alternately Fibonacci complementary duality.

(Fgu_F67F47_F2)~ (35)

(ii) (2-step alternately Fibonacci) Both the minimum point
c
Fy

i’ = (Fg,—F7,F5,—F3,F1> (37)
and the maximum point
c
o= F(st—FG,F%—Fz) (3.8)
9

are 2-step alternate Fibonacci sequences, as was shown. This
is the second.

(iii) (alternately Fibonacci complement) Both the optimal points
constitute alternately the (1-step) alternate two-run Fibonacci
sequence:

(I’(), :uzk)u jjlu /J’T7 :%27 /’67 j:37 /1’;;7 ;%4)
C
Fy
This is the third.

(Fo. By, ~Fr, ~Fs, By, Fi, =Fy, ~F2, Fi). (39
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Hence, the alternately Fibonacci complementary duality holds be-
tween the primal problem (P,) and the dual problem (Dy).
Next we consider a reversed problem (RP,) for the problem (P,) as
follows:
4
minimize Z [ZL‘Z + (zx + $k+1)2]
k=1
(RP4)  subjectto (i) —co<zp<oo k=1,234
(ii) z5 = ¢,
that is, a variable (xg, z1, T2, 3, z4) for (P,) was replaced by a vari-
able (x5, 4,23, x9,21). Moreover, its dual problem is the following
problem:
3

Maximize — p? — Z [,ui + (pu + uk+1)2} — 113+ 2cpy
k=1

(RDa) . .
subject to (i) —oco< ux <oo k=1,23,4.

From (3.2) and (3.3), the problem (RP,) has the minimal value

! 21 (3.10)
m = — .
4 34
at the point
F o= (B8, 05,00, 05) = 314(1,—2,5,—13,34). (3.11)
From (3.4) and (3.5), its dual problem (RD,) has the maximum value
21
! 2
= — 3.12
4 34 c ( )
at the point
c
pro= (MT?M,Q(?/%’/JZ) = ﬂ(_1737_8721)' (3.13)

Both the reversed optimization problems (RP4) and (RD,) have the
alternately Fibonacci complementary duality.

(i) (duality) The value of maximum and minimum are the same:

21
I M/ _ = 2‘
my 4 34 c
(ii) (2-step alternately Fibonacci) Both the minimum point
c
r = —(1,-2,5,-13, 34 3.14
x 34 ( ) ) ) ) ) ( )
and the maximum point
N c
= — (-1, 3,-8, 21 3.15
/"L 34 ( ) b ) ) ( )

are 2-step alternate Fibonacci sequences, as was shown.
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(iii) (alternately Fibonacci complement) Both the optimal points
constitute alternately the (1-step) alternate two-run Fibonacci
sequence:

(i'17 :u,l(a j?a M§7 j37 :uga j4a p’27 1'5)
c
_ ¥<1,—1,—2,3,5,—8,—13,21,34). (3.16)
For (3.16), we take a constant ¢ = 34, then the sequence
(Ty, pi, To, ps, T3, M3, T4, wj) constitutes a two-step alternate
DA VINCI Code.

4. THE ALTERNATELY FIBONACCI SECTION

In this section, for the problem (P4) and (D4), we propose the alter-
nately Fibonacci sections, which are a method to find optimal points
for the quadratic optimization problems. The alternately Fibonacci
sections are given by the alternately Fibonacci conditions (AF)p and
(AF)p.

First, let us now propose the alternately Fibonacci section for the
primal problem (P4). From (2.8) in the proof of theorem 2.3, the
alternately Fibonacci condition (AF)p for the problem (P,) is given
by the following four equations:

(AF) c+x . on T+ X9 _ T2 To + T3 o x3 T3+ Ty
" K, T -F  —F, F' F  —-F  —F
4.1)

The condition (AF)p means that the following eight quantities:

ctxy, Ty, X+r2, T2, TptT3, X3, T34, 14 (4.2)
are allocated on the basis of the alternate two-run Fibonacci sequence
Fy:—F;: —Fs: F5: Fy: —F3 : —Fy : F|. We take an interval [0, ¢/,
where ¢ > 0. The first equation of (AF)p means that an optimal point
—Z1 is an internally dividing point of the interval [0, ¢| depending on
a ratio 7 : Fg. That is,

F7 Fr

—Cc =
7+ Fy Ey
Next the second equation of (AF)p means that an optimal point Z5

is an internally dividing point of the interval [0, —Z;| depending on a
ratio Fx : Fg. That is,

A

- =

X Fs5

To2 = m(-l’l) -

Fs

= (—1).
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The third equation of (AF)p means that an optimal point —Z3 is
an internally dividing point of the interval [0, 75| depending on a ratio
Fg : F4. That iS,

Fs Fs .

T3 — F3—|—F4 To = F5 Zo.

At the last, the fourth equation of (AF)p means that an optimal point
%4 is an internally dividing point of the interval [0, —#3] depending on
a ratio F) : F5. That is,

A

" Fy " Fo,o
SR
Thus we can find the optimal point & = (o, 1, T2, I3, T4) as follows,

. Fr

xry = —FQC,

. F5  Fy F

T FE R R

. F3 Fy I7 F3

BT TR R R TR

. F k3 F5 I Fy

By = ——=.23.75 77 N
F3 F5 Fr  Fy Fy

Consequently, we get
. N c
& = (w0, 21,22, %3,24) = I (Fo,—F7, F5,—F3, Fy).
9
Let us now propose the alternately Fibonacci section for the dual
problem (D4). From (2.13) in the proof of theorem 2.4, the alter-
nately Fibonacci condition (AF)p for the problem (D,) is given by the
following four equations:

(AF)p C—Ho _ ot _ Mt He  po fotps M3

Fr E —Fy’ —I3 Fy’ F3 -y
4.3)

The condition (AF)p means that the following seven quantities:

Mos Mo pa, o f1, o p1 T p2, o f2, 2+ p3, 3. (4.4)

are allocated on the basis of the alternate two-run Fibonacci sequence
Fy: F;: —Fg: —F5: Fy: F3 : —F,. We take an interval [0, |, where
¢ > 0. The first equation of (AF)p means that an optimal point ) is
an internally dividing point of the interval [0, ¢| depending on a ratio
Fg : F5. That is,

Fy Fy

Ko = mc = FQC.
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Next the second equation of (AF)p means that an optimal point
—u} is an internally dividing point of the interval [0, ] depending on
a ratio Iy : F5. That is,

- Fg « _ Te
—H1 = m#o = EMO'

The third equation of (AF)p means that an optimal point x5 is an
internally dividing point of the interval [0, —u}] depending on a ratio
F, : F5. That is,

" Iy N
Mo = ot Fy (—p1) = Fy (—n1)-
At the last, the fourth equation of (AF)p means that an optimal point
—u} is an internally dividing point of the interval [0, u5] depending on
a ratio I5 : F5. That is,
_ F2 *
—F2 Iyl Mo = EU?

. Fy

= —c
/’LO F97

Fy Fy Fy

= ———C= ——=¢C
. _ P R R__ R
2 = F R R By
PN ¢ TN SN SN IO i T
Ha F, F, Fs F F

Consequently, we get

*

o= (g, 1475 1, f13)
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ABSTRACT. In this paper, using the Bourbaki-Kneser fixed point theorem, we give
a new proof of the Hahn-Banach theorem in a partially ordered vector space and
the separation theorem in the Cartesian product of a vector space and a partially
ordered vector space.

KEYWORDS : Fixed point theorem; Hahn-Banach theorem; Separation theorem;
Partially ordered vector space.

1. INTRODUCTION

The Hahn-Banach theorem is one of the most fundamental theorems in the
functional analysis theory and the separation theorem is one of the most funda-
mental theorems in the optimization theory. These theorems are known well in
the case where the range space is the real number system. The following is the
Hahn-Banach theorem: Let p be a sublinear mapping from a vector space X to the

real number system R, Y a vector subspace of X and q a linear mapping from Y to
R such that ¢ < p onY. Then q can be extended to a linear mapping g defined on
the whole space X to R such that g < p.
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Moreover, the following is the separation theorem:

Let X be a normed space, X™* a its dual space, A, B subsets of X such that A is
closed convex and B is compact convex subset with A N B = (), then there exists an

f e X*\ {0} such thatinf{f(y) | y € B} > sup{f(z) |z € A}.

It is known that the Hahn-Banach theorem establishes in the case where the
range space is a Dedekind complete Riesz space; see [4, 17, 19] and the separa-
tion theorem establishes in the Cartesian product space of a vector space and a
Dedekind complete ordered vector space; see [6, 7, , 16].

The Hahn-Banach theorem is proved often using the Zorn lemma. For the proof
of the Hahn-Banach theorem, there exist several approaches. For instance, Hirano,
Komiya, and Takahashi [8] showed the Hahn-Banach theorem by using the Markov-
Kakutani fixed point theorem [10] in the case where the range space is the real
number system.

In this paper, in Section 3, using the Bourbaki-Kneser fixed point theorem, we
give a new proof of the Hahn-Banach theorem and the Mazur-Orlicz theorem in
the case where the range space is a Dedekind complete partially ordered vector
space (Theorem 3.1 and Theorem 3.2). In Section 4, we give a new proof of the
separation theorem in the Cartesian product of a vector space and a Dedekind
complete partially ordered vector space (Theorem 4.1); see [6, 7, 15, 16]. The
Bourbaki-Kneser fixed point theorem is proved without using the Zorn lemma; see
[11]. Therefore the theorems above are proved without using the Zorn lemma.

2. PRELIMINARIES

Let R be the set of real numbers, IV the set of natural numbers, / an indexed
set, (E, <) a partially ordered set and F' a subset of E. The set F' is called a chain
if any two elements are comparable, that is, z < yory < x for any z, y € F. An
element ¢ € FE is called a lower bound of F' if x < y for any y € F. An element
x € F is called the minimum of F' if x is a lower bound of F' and x € F'. If there
exists a lower bound of F', then F' is said to be bounded from below. An element
x € FE is called an upper bound of F if y < x for any y € F. An element z € E
is called the maximum of F' if x is an upper bound and z € F'. If there exists an
upper bound of F', then F' is said to be bounded from above. If the set of all lower
bounds of F' has the maximum, then the maximum is called an infimum of F' and
denoted by inf F. If the set of all upper bounds of F' has the minimum, then the
minimum is called a supremum of F' and denoted by sup F'. A partially ordered set
E is said to be complete if every nonempty chain of E has an infimum; F is said
to be chain complete if every nonempty chain of £ which is bounded from below
has an infimum; F is said to be Dedekind complete if every nonempty subset of
which is bounded from below has an infimum. A mapping f from F to E is called
decreasing if f(x) < x for every x € E. For the further information of a partially
ordered set; see [1, 4, 5, 14, 17].

In a complete partially ordered set, the following theorem is obtained; see [3, 11,

I.

Theorem 2.1 (Bourbaki-Kneser). Let E' be a complete partially ordered set. Let f
be a decreasing mapping from E to E. Then f has a fixed point.

Recently, T. C. Lim [13] proved a common fixed point theorem for the family of
decreasing commutative mapping, which is a generalization of Theorem 2.1.
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A partially ordered set F is called a partially ordered vector space if F is a vector
space and z + 2z < y + z and ar < ay hold whenever z,y,z € F, z < y, and « is
a nonnegative real number. If a partially ordered vector space E is a lattice, that
is, any two elements have a supremum and an infimum, then F is called a Riesz
space.

Let X be a vector space and E a partially ordered vector space. A mapping f
from X to E is said to be concave if

fltz+ (1 —t)y) > tf(x) + (1 —1t)f(y)
for any x,y € X and t € [0,1]. A mapping f from X to F is called sublinear if the
following conditions are satisfied.
(S1) For any z,y € X, p(x + ) < p(z) + p(y).
(S2) For any « € X and a > 0 in R, p(az) = ap(z).

3. THE HAHN-BANACH THEOREM

Lemma 3.1. Let p be a sublinear mapping from a vector space X to a Dedekind
complete partially ordered vector space E, K a nonempty convex subset of X and q
a concave mapping from K to E such thatq < pon K. Foranyx € X, let

f(z) = inf{p(z + ty) —tq(y) | t € [0,00) andy € K}.
Then f is sublinear such that f < p. Moreover if g is a linear mapping from X to E,
theng < f is equivalenttog <ponX andq < gon K.
Proof. Forany x € X,
{p(z +ty) —tq(y) | t € [0, 00) and y € K}
is bounded from below. Indeed, since
p(z +ty) —tq(y) = p(ty) — p(—z) — tg(y) = —p(—2),
it is established. Since FE is Dedekind complete, f is well-defined and we have
f(z) > —p(—=z). By definition of f, we have f(z) < p(z) and f(ax) = af(z) for any
a > 0. Thus (S2) is established. Let 1,25 € X. For any y1,y2 € K and s,t > 0,
we have
p(z1 + sy1) — sq(y1) + p(az + ty2) — tq(yz)
> p(z1 + 22+ (s + H)w) — (s + t)g(w)
> f(xl + x?)a
1

where w = 15 (sy1 +1ty2) € K. For p(x1 + sy1) — sq(y1), take infimum with respect

to s > 0 and y; € K, we have

f(z1) + p(w2 +tys) — tq(y2) > f(21 + x2)

and for p(zs + tys) — tq(y2), also take infimum with respect to t > 0 and y, € K,
we have

f(x1) + f(x2) > fw1 + 22).

Thus (S1) is established. Suppose that g is a linear mapping from X to F. If g < f,
then we have g < p. Moreover for any y € K, since

—9() = 9(=y) < f(=y) <p(=y +y) —aly) = —q(y),
we have g > g on K. To prove the converse, suppose that ¢ < pon X and ¢ < g on
K. Forany z € X, y € K and ¢ > 0, we have

g(w) = gz +ty) —tg(y) < p(z +ty) — tq(y).
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This implies that g < f. 0

The above lemma is proved in case where the range space is a Dedekind complete
Riesz space, see [17, Lemma 1.5.1].
By Theorem 2.1 and Lemma 3.1, we can give a following lemma.

Lemma 3.2. Let f be a sublinear mapping from a vector space X to a Dedekind
complete partially ordered vector space E. Then there exists a linear mapping g from
X to E such that g < f.

Proof. Let EX be the set of mappings of X into E. Define f < ¢ for f, g € EX by
f(z) < g(z) for all z € X. Then (EX, <) is a partially ordered vector space. Put
f*(x) = —f(—xz) for any € X. Let

Y = {h € EX | his sublinear, f* <h < f}.

Then Y is an ordered set. Since F is Dedekind complete, E¥ is also so. Consider
an arbitrary chain Z C Y. Since E¥X is Dedekind complete and Z is bounded from
below, there exists a ¢ = inf Z in EX. Then g is sublinear. Since Y is bounded
from below, it holds that g € Y. Thus Y is complete. Let K = {y}. Then h is also
a concave mapping from K to E. We define a decreasing operator S by

Sh(x) = inf{h(z +ty) — th(y) |t € [0, o0), y € K}

for any h € Y. By Lemma 3.1, Sh is sublinear and S is a mapping from Y to Y.
Thus by Theorem 2.1, we have a fixed point g € Y. Then for any z € X, we have

g(z) < glx +y) —g(y) and
g(@)+9(y) < gz +y) < glz) +g(y).

Since
0=g(0) = g(—az + az) = g(—az) + ag(z)

for any o > 0 and = € X, we have g(—az) = —ag(x). Thus g(az) = ag(z) for any
a € R and x € X. Therefore, g is linear. O

By Lemma 3.2 and Lemma 3.1, we can prove the Hahn-Banach theorem and
the Mazur-Orlicz theorem in case where the range space is a Dedekind complete
partially ordered vector space.

Theorem 3.1. Let p be a sublinear mapping from a vector space X to a Dedekind
complete ordered vector space E, Y a vector subspace of X and q a linear mapping
fromY to E such that q < p onY. Then q can be extended to a linear mapping g
defined on the whole space X to E such that g < p.

Proof. By Lemma 3.1, there exists a sublinear mapping f such that f < p. By
Lemma 3.2, there exists a linear mapping g such that g < f. Then putting K =Y
in Lemma 3.1, we have ¢ < pon X and ¢ < gon Y. Since ¢ is linear, forany y € Y,
we have

9(=y) < f(~y) <p(~y+y) —qly) = —q(y) = q(~y).

Then we have g < gon Y. Thus ¢ = g on Y. Therefore, the assertion holds. U

We obtain the Mazur-Orlicz theorem in a Dedekind complete partially ordered
vector space.
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Theorem 3.2. Let p be a sublinear mapping from a vector space X to a Dedekind
complete partially ordered vector space E. Let {z; | j € I} be a family of elements
of X and {y; | j € I} a family of elements of E. Then the following (1) and (2) are
equivalent.

(1) There exists a linear mapping f from X to E such that f(z) < p(z) forany z € X
andy; < f(x;) forany j € I.

(2)Foranyn € N, ay,q9,...,a, > 0 and j1, J2, - .., jn € I, we have

n n
Z iy, <p (Z aixji> .
i=1 i=1

Proof. The assertion from (1) to (2) is clear. For any z € X, by (2), we have

n n
—p(—z)<p (;v + Z aia:ji) — Zaiyji.

i=1 i=1
Put

po(z) = inf {p (I + Oéil‘j,) - aw;,
=1

i=1

nEN,mZOandjiGI}.

Since F is Dedekind complete, py is well-defined and pg is sublinear. Thus by
Lemma 3.2, there exists a linear mapping f from X to E such that f(z) < po(z)
for any « € X. Since po(—z;) < —y;, we have

y; < —po(—z;) < fla;).
Since po(x) < p(z), we have f(z) < p(z). Thus the assertion holds. O

4. THE SEPARATION THEOREM

Let X be a vector space, E' a Dedekind complete partially ordered vector space
and X x F the Cartesian product of X and E. Let A be a nonempty subset of X
and L(A) denotes the affine manifold spanned by A. We denotes the algebraical
relative interior of A, that is,

Int(A) = {x cX For any z € L(A) there exists ¢ > 0 such that } .

z+ ANz —z)e Aforany X € [0, ¢)

If L(A) = X, then we write I(A) instead of Int(A). Let f be a linear mapping from
X to E, g a linear mapping from E to E and ug a point in . Then

H={(z,y) € X xE| f(x) +g(y) = uo}

is empty or an affine manifold in X x E. Let A, B be nonempty subsets of X x E.
A nonempty subset A C X x F is said to be cone (with the vertex in ¢ € X x E) if
A > 0 implies A(A — ) C (A — xp). It is said that an affine manifold H separates
A and B if

H_ >DAand H, OB
where we set
H_ ={(z,y) e X x E| f(x)+g(y) <uo}

and

Hy ={(z,y) € X x E| f(z) + g(y) = uo}-
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The operator Py defined by Px(z, y) = « for any (z, y) € X x E is called the
projection of X X E onto X. Then Py is a linear mapping from X x E to X. We
define

Px(A) ={zx € X | there exists y € F such that (z, y) € A}.
Then we have
Px(A+ B) = Px(A)+ Px(4)
for A # () and B # (). The subset
CA)={zeXXE|X>0,z¢€ A}
is called the cone spanned by A. If A is convex, then C'(A) is convex. By Lemma 3.2,

we obtain the separation theorem in the Cartesian product of a vector space and a
Dedekind complete partially ordered vector space.

Theorem 4.1. Let A and B be subsets of X x E such that C(A — B) is convex, and
Px (A — B) satisfies the following (i) and (ii) :

(i)0 € I(Px(A — B)),

(ii) if (z, y1) € A and (x, y2) € B, theny; > ys holds.

Then there exists a linear mapping f from X to E and ayy € E such that the affine
manifold

H={(z,y) e X x E| f(x) —y =yo}
separates A and B.
Proof. By assumption (i) and the definition of I(Px (A — B)), for any x € X there
exists € > 0 and for any A € [0, ¢), there exists y € F such that (\z, y) € A — B.
Then there exist x1, o2 € X and ¥4, y2 € F such that
(Az, y) = (21 — 22, y1 —y2) = (21, 91) — (22, 42) € A— B.

Define

E,={yeE]|(z,y) € C(A- B)}, forany z € X.
Since A\~ (y; — y2) € E, for any \ € (0, €), we have E,, # (). Lety € Ey and y # 0,
then there exists A > 0, (z1, y1) € A and (z2, y2) € B such that

(0, 9) = M(z1, y1) — (22, y2)}

and x; = x9. By assumption (ii), we have y = A\(y; — y2) > 0. We define F, =
{y € E |y > 0}. Then we have y € E,. Since C(A — B) is convex cone, we have
E,+E,CE, ., foranyum, z € X. We prove that for every € X the subset F,
possesses a lower bound in F. Since F, is nonempty, for any x € X, there exists
yl € E with —y/ € E_,. Then we have

y—y €E,+E_, CEyCEy

for any y € F,. This implies y/ <y for any y € E,. Since F is Dedkind complete,
operator p(z) = inf{y | y € E,} is well defined. Then p(z) is sublinear. By
Lemma 3.2, there exists a linear mapping f from X to E such that f(z) < p(z) for
all z € X. Then for any (z1, y1) € A, (22, y2) € B, take © = x1 — 22, we have

(1 —22) <p(x1 —22) <Y1 — v
Therefore,

flx1) =y < fz2) — v
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Since F is Dedekind complete, there exists a yo € F such that

f@1) —y1 < wo < fla2) — y2
for any (x1, y1) € A, (22, y2) € B. Thus the affine manifold H separates A and
B. (]
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ABSTRACT. This paper considers a stochastic cellular automata system which
models a random dynamical system, and introduces a simple unconstrained op-
timization problem on such a system to capture hidden characteristics over time.
To achieve this goal, we create a random metric which is applied to nearby and far-
away locations of automata in order to find hidden characteristics in the automata
system over time. Solving the random metric based unconstrained optimization
problem, we found that solutions show high and low level fluctuations, depending
on the choice of the perturbation parameter A and the corresponding locations.
The application of our method to cell concentration data reveals its consistency
and adaptability. This work is an expanded version of our previous work [5].

KEYWORDS : Unconstrained optimization; Nonlinear dynamic; Time series analy-
sis; Local autoregressive modeling; Probabilistic metric.

1. INTRODUCTION

In the last two decades, the analysis of various properties of dynamical systems
has been a field of active research. Researchers have now agreed that dynamical
models may be analyzed by estimating the frequency spectrum of the system. This
may be done by non-parametric methods; for example, Fast Fourier Transform [10]
or by fitting the autoregressive model, which is a parametric model [7]. However,
in the presence of a high-dimensional system with hidden characteristics, the first
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approach is inappropriate because it does not explain the temporal events. In con-
trast, the second approach provides a more flexible framework for parsimonious
dynamical modeling of time series data, which can be readily applied to predic-
tion or classification. There are many dynamical phenomena in nature that may
be treated as stochastic processes; for example financial markets, cell dynamics,
hydrodynamics, economic, biological and psychological events. Although most of
them may not be considered as stochastic at the microscopic level, they are to be
considered as such at macroscopic level. By sampling the dynamical process at
equally spaced intervals of time we characterize the stochastic processes and their
predictive mechanisms [3, 6].

Without loss of generality, we consider a dynamical system with n particles ran-
domly interacting over time, with on and off states respectively. Here, on and off
states depend on the type of system being used: “on” may be an activated state
whereas “off” may be a non-activated state. If we consider a biological process, for
example, then “on” may be a high concentration and “off” a low concentration of
some chemical or substance. We are interested in finding the optimal method of ex-
tracting hidden information among those particles, so as to be able to understand
and predict the future behavior of the system by optimization of such information.
As a first step we should be able to capture the nonlinearity in the dynamic and
measurability of the random process which is involved. But, nonlinearity itself is
not a property, but rather the absence of property [10], and therefore we have to
be more specific as to our interpretation of nonlinearity. We adopt the notation
Xi = X, = Xi(t), read as “the state X at location ¢ at time ¢”. Consequently we
could build a class of parametric models based on the reconstructed state space
(for details, see [11]), but here we prefer to explore the direct parametric model of
the state dynamics by using the time series X;(¢), i = 1,..., N at various “ON”
and “OFF” locations (analogously to [5]). Further, we consider as a modeling as-
sumption that each particle in the system de facto interacts with “nearby” and/or
“faraway” neighbors where interactions are captured by our designed metric. Fur-
thermore, we define the state dynamic as a mixture of the dynamics at the i-th
locations where the “on state of the system” is represented by X; and those at the
j-th locations represented by X; (or the “off state of the system”). We shall explore
the linear dependence among local states using a linear function f of the past
states of the stochastic cellular automata system; this leads us to the stochastic
equations

Xi=f(Xic1,..., Xizp) +& (1.1

XjZf(Xj_l,... Xj_q)+€j (1.2)

Above, p and ¢ are the respective model orders and ¢; and ¢; represent the

respective dynamical noises of the system. If f () is a linear function, we obtain

the classic AR(p) models. The correlation p (X;, X;) between random states X;
and X is statistically given by

)

vy o ) op i FE]
p(XHXJ)p(Zaj){ 1 lf’L:] 9 (13)

where
E (.’Ei — Ewl) (l‘j — E.’L‘j)
E (aci — Exi)2 E (CL‘]‘ — E:r:j)2

plirg) = (1.4
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and ¢ = [At] and j = [At]. The last approximation occurs because, as in [1, 4,

], we may obtain a stationary model from any stationary nonlinear stochastic
dynamical system model (as sampling intervals are fixed in time series models).
In the next section we will explicitly define the function f which is important in
designing our quantitative measure.

2. LOCAL AUTOREGRESSIVE MODELS

In order to design a quantitative measure for such a dynamical system, we as-
sume that nonlinearity may be modeled by a nonlinear as well as a linear model
with some added noise (as in [10]). Here we choose the following Local Autoregres-
sive Models (LAMs) of orders p and q respectively (for on/off locations):

P
X; = Z arXi_L +€; T — AR(p) (2.1)

k=1

q
X; =Y bX;+e;  j—AR(q) 2.2)

=1
where ¢; ~ N(0,1),¢; ~ N(0,1) are Gaussian noises of the system. We define
a bandwidth parameter i such that X; = % approaches zero for the largest

occurring values of h. Observe that h is a variable parameter and « is a fixed
parameter. In the next section we state three lemmas to support our method.

Lemma 2.1 (Kolmogorov-Smirnov). The distance between two independent random
variables is the distance between their probability distribution functions:

ZTi,Tj

This lemma provides a useful way of checking equality of certain functions of
independent identically distributed random variables, where x;,z; are values of
random states X;, X;, and P (X; < z;) and P (X; < z;) are the respective proba-
bilities of those values.

Lemma 2.2. The distance between two random states X; and X is equal to the
p-th mean of the consecutive difference between the probable values of those random
variables:

1
N -1

] =

dp (Xi,X;) = Ep | X; — X;|" = (wipi — ;)" (2.4)

i=1 j=1

This is known as the mean difference value in probability theory. The proofs to
Lemmas 2.1 and 2.2 may be found in [8].

Lemma 2.3. The distance between two independent and identically distributed
random variables X; and X;, with given means and standard deviations is equal to
the expected value of their consecutive differences.

dy (Xi, X;) = Ep | X — X;°;  Ji—jl <1 (2.5)



122 H. C. JIMBO, M. J. CRAVEN /JNAO : VOL. 2, NO. 1, (2011), 119-129

The proof of Lemma 2.3 follows from our results in Sections 3 and 4.

In the case when there are some perturbations in the system (that is, there exists
at least one pair (i, j) such that \;; # 0) and the states X; and X; are faraway from
each otheri.e. |[i — j| > 1 we write:

N N
dy (X5, X;) = Epy |Xi = X"+ Y X |[P(wi) = Ay P (w))| 5 li—j] > 1,i < N,j < N

i=1 j=1

’ (2.6)

where Py = (Pi,P]f) is a simple scalar product, P represents a probability at
location ¢ and P’ represents a probability at location j. Observe that Lemma 2.3
is a consequence of Lemmas 2.1 and 2.2, and it will be used in the next section of
the paper.

3. MEASURABILITY

3.1. Mathematical Foundation. After identifying the system (see [5]), we build
a metric to measure the degree of interactions between the two state dynamics
X; and X;. We develop an analogue of Kolmogorov distance over the sample
distributions at locations ¢ and j, called an a-metric. Technically, we assume that
minimizing such a metric will provide a solution which corresponds to the hidden
characteristics of the system; this is justified by the law of minimal entropy in
physics. It is clear that nearby states (locations such that |i — j| < 1) will be less
perturbed than faraway states (locations such that |i — j| > 1); thus our a-metric
is

Ep|X: — X;1%  li—jl<1 (i)
J(Zvjv)‘) = 2 N / . . o
EP0|Xi — Xj| + Z Akl |P(wl) — AP (wl)|; |Z —]| > 1 (ii)
=1
(3.1)
where
1 N N
2 2
Epo |Xi—Xj| = mZZ|Xl—X]| PO(Xi<.ri,Xj<$j)
i=1 j=1

2 2 2
= |zapr — xppi|” + [wepe — x5 + A [TinDn — TinD)|
and X; = X(w;) = z; with probability P(w;) = p; € (0,1), X; = X(w;) = z; with
probability P(w;) = p; € (0,1) with

n n
EpXi= Z Tipk = Z TikPk = TiaP1 + Ti2P2 + oo+ TinPn (3.2)
k=1 k=1
n n
Ep X; = Z%‘Pz = ijlpz = zj1py + Tjepy + ..+ Tjnpy. (3.3)
=1 =1

From (3.1), subequation (i) is the analogue of Kolmogorov distance (KD), and sube-
quation (ii) is an adjusted version of KD called (AKD) and ) is the parameter of
regularization of the interactions between particles (see [2]). We will discuss the
following cases:

(@) If A = 0, then (i) and (ii) are identical and |i — j| < 1. That is, J represents
the probabilistic metric of nearest neighboring states.
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(b) If A # 0 then J; = Ep |X; — Xj|2 + M\Ep|X,; — Xj\Q is the probabilistic
metric of the faraway neighboring states. Finally, we wish to find the
solution to the minimization problem

J = min J (5,25, A) . (3.4)

Ty Lj,
At each given time, (14) gives an unconstrained linear optimization problem on
the random states X; and X;, which can be easily solved.

Proposition 3.1. If there are perturbations in the system, the dynamic quadratic
variation of both X; and X; is proportional to their probabilistic variation in the
perturbed part of the system: | X; — Xj\z = \|P;, — Fj|.

The above proposition is important because it simplifies the manipulation of
the automata system at the perturbed locations. In this way, we may create a
simulation using approximations of various equations, which we shall observe in
the next subsection.

3.2. Solving the Unconstrained Optimization Problem. We wish to solve the
equation (3.4), where

N N N N
1
mZZ\Xi—Xj|2P(Xi<I¢,Xj<$j)+22/\j |P(wi) = AjP(wj)l,

i=1 j=1 i=1 j=1

J =

(3.5)
which we decompose in two parts in an intuitive way: J = J; + Jo. The first part,
Ji, of this equation gives the approximation

N N
ZZ ‘Xz — Xj|2P(XfL‘ < Jij,Xj < Jij)
i=1 j=1
~ (zap — Xj1p'1)2 + (Ti2p2 — Xj2p'2)2 + oA (@inpn — XjnJU;J2 (3.6)

and the second part may be approximated as

N N
2 2 2
DD N P(@i) = AP(w))| & A (pr = Aph) A2 (p2 = Aaph) . - A0 (pn — Anp))”
i=1j=1
(8.7)
Taking the first partial derivative of J with respect to the i-th location, and putting

p1 P2 Pn

the sum equal to zero implies that the optimal x; is &; = (p, splr ) Analo-
1 2 n

gously, with respect to the j-th location we have 7; = (%, g—z, s i—") . Partially dif-
P1

ferentiating all the components of .J with respect to \,, gives A=

D2 Pn
SpT0 2prr 3 )
Finally, to check whether our optimal solutions (fi, Zj, )\) are consistent and can

be validated in general, we apply our new concept to existing cell concentration
data to obtain the results presented in the next section.

4. SIMULATION AND RESULTS

To validate our theoretical framework, we apply our concept to real existing
biological data. We use the cellular concentration data available at [13] and apply
our method to measure the optimal adjusted Kolmogorov distance between states
at various locations over time. We let the initial states be X;(0), the initial cell
concentration at the i-th locations (which we take to be the first column of the



124 H. C. JIMBO, M. J. CRAVEN /JNAO : VOL. 2, NO. 1, (2011), 119-129

aforementioned data), and X(0), the initial cell concentration at the j-th locations
(we take this to be the second column of the data). The “on” and “off” states are
respectively represented by increases and decreases of the concentration at a given
location over time. First we plot the dynamic at each location and the a-metric in
separate graphs.

We subdivide our cases studied into five classes based on the choice of the value
of lambda, which is defined in this work as the perturbation parameter and is
applied only to faraway states. All dynamics for cases (a) and (b) show fluctuations
at the beginning but those fluctuations become rapidly damped over time. We now
plot each scenario based on the choice of A;; € [0,1]. The results in this section
are taken from [5].

4.1. Extremal Cases \;; = 0 or )\;; = 1. We take )\;; to be either of the endpoints
of the closed interval [0, 1]. Figs. 1 and 2 give typical plots for the dynamic of X,
the dynamic of X; and the dynamic of the a-metric over time, respectively.

Values of Xi over time t. Each paint in Xi is given by a difirent color of e Values of X over time t. Each paint in ¥ is given by a difierent color of line.
4

0 0 200 300 400 SO0 600 700 800 900 1000 "0 10 20 300 400 SO0 00 00 600 900 1000
t t

(@) (b)

i
0 100 200 300 400 500 600 700 600 900 1000
1

(©)

FIGURE 1. Case 1: \;; = 0 for all ¢, j.

4.2. Normal Cases )\;; # 0,1. This time we take );; to be to be one of three values
not equal to the endpoints of the interval. Figs. 3, 4 and 5 give typical plots for
the dynamic of X;, the dynamic of X; and the dynamic of the a-metric over time,
respectively.
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Values of X over time 1. Each point in Xi is given by a diferent color of line

(a)

Values of X over time 1. Each point in )] is given by a diferent color of line

0 100 200 300 400 500 BOD 700 800 900 000 "0 0 200 30 400 s00 B0 700 800 900 000
t

(b)

Values of J over Time t

0 100 200 300 400 500 600 700 800 900 1000
t

(c)

FIGURE 2. Case 2: )\;; = 1 for all 4, j.

Values of Xi over time t. Each paint in Xi is given by a difirent color of ne

Values of Xj over time t. Each paint in ¥ is given by a difirent color of ne

0 M0 20 3,0 400 s00 600 70D 800 900 1000 0 100 200 300 400 500 600 700 8OO 900 1000
t

(a)

t

(b)

Values of J over Time t

125

0 100 200 300 400 500 600 700 8O0 900 1000
t

(c)

FIGURE 3. Case 3: )\;; = \y = N—dimensional constant vector.

Comments: Figs. 1-5 are detailed plots of the dynamics of particles X;(t) and
X (t) over time and the a-metric J over 1000 timesteps. Observe that cases 1, 2
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Values of Xi over time t. Each point in Xi is given by a difisrent color of ine Values of X over time t. Each paint in X] is given by a difirent color of ine

0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
t t

«10° Values of J over Time t

L L
0 100 200 300 400 500 600 700 800 900 1000
t

(c)
FIGURE 4. Case 4: \;; = \;.

Values of Xi over time t. Each point in Xi is given by a difierent color of line Values of X over time t. Each point in X] is given by a diflerent color of line

100 200 300 400 500 600 <700 800 900 1000 200 300 400 500 600 700 800 900 1000
t t

X107 Values of J over Time t

0 100 200 300 400 500 600 700 800 900 1000
t

(c)
FIGURE 5. Case 5: \;; = A;.

and 3 exhibit low fluctuations in the a-metric J over time, but in the remaining
cases there are very high fluctuations in J. However it is surprising to observe
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that the smallest value of J is achieved faster in case 5. This again proves that
random fluctuations may be beneficial to dynamical systems in terms of optimality
and stability. Additionally, this example shows that local stability drives global

stability.

In the following tables, we give the optimal value J and the standard deviation

of the a-metric J found in each case.

Extremal Cases | 1. \;; =0 | 2. )\;; =1
J 4.765 x 10 | 3.226 x 10°
SD 1.637 x 10! | 4.667 x 10*

TaBLE 1. This table shows the minimum value of the ad-
justed Kolmogorov distance for each perturbation \;; in
the extremal cases. Comparing both cases, we observe
that case 1 has the smallest optimal J and spread (or
SD). This means that although case 1 has the best op-
timal J, the number of states reaching such optimality
are very limited. In case 2, J attains an optimal value
greater than that of case 1, but with a greater spread.
These results confirm relative stability of the cell con-
centration stochastic cellular system, since optimal .J
exist in both cases and are comparable.

Normal Cases | 3. >\ij = )\N 4. /\ij = )\z 5. )\ij = /\j
J 1.565 x 10* | 5.232 x 10° | —1.893 x 108
SD 4.960 x 10 | 4.465 x 10% | 6.047 x 108

TaBLE 2. This table shows the minimum values of the
adjusted Kolmogorov distance for each perturbation \;;
in the regular cases together with the spread. Case 5
has the smallest optimal j (the fact it is so small is inter-
esting in itself) with a medium spread, and case 4 has
the medium optimal J but with very high spread. Fi-
nally case 3 has a low optimal J (comparable to case 1)
and also the smallest spread among the normal cases.
These results indicate that many states in case 3 reach
the optimal level, and that states at the j-th locations
are more robust than those at the i-th locations.

Further, if we compare the normal and extremal cases we observe that the
spreads for the normal cases are at least those of the extremal cases, but compar-
ing optimal values in both normal and extremal cases remains difficult in general

(optimal J in case 1 is relatively stable, but is unstable in case 2).
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5. DISCUSSION AND CONCLUSION

In this paper, we have designed a random metric (the so-called a-metric) to
capture nonlinearity and important hidden events in a "random" dynamical system.
To this end we have incorporated a Local Autoregressive Model of the dynamic into
the "probabilistic" metric and solved an unconstrained optimization problem on a
stochastic cellular automata system. We hypothesize the solution will correspond
to some hidden characteristics of the state dynamics. Such information may prove
to be useful for exploring such a system. Again our motivation here comes from the
wish to optimally capture hidden but relevant information in a stochastic cellular
automata system defined as a mixture of stochastic processes.

Further, the created random metric was applied to nearby and faraway loca-
tions in order to find hidden characteristics of the automata system over time.
Solving the unconstrained optimization random metric based problem, we found
that solutions show high and low level fluctuations depending on the choice of the
perturbation parameter A and the location. The application of our method to cell
concentration data reveals its consistency and adaptability (Table 2). Finally this
exercise confirms that reliable detection and quantitative description in stochastic
systems with limited precision remains a difficult task, especially when the dy-
namic is characterized by some additional complexity. But the example here with
cellular data shows appreciable results despite a rather high dimension; therefore
our methodology which combines a random metric and unconstrained optimization
has the merit of producing interesting results.
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ABSTRACT. The Feichtinger conjecture for exponentials asserts that the following
property holds for every fat Cantor subset B of the circle group: the set of restric-
tions to B of exponential functions can be covered by Riesz sets. In their seminal
paper on the Kadison-Singer problem, Bourgain and Tzafriri proved that this prop-
erty holds if the characteristic function of B has Sobolev regularity. Their probabil-
ity based proof does not explicitly construct a Riesz cover. They also showed how
to construct fat Cantor sets whose characteristic functions have Sobolev regular-
ity. However, these fat Cantor sets are not convenient for numerical calculations.
This paper addresses these concerns. It constructs a family of fat Cantor sets,
parameterized by their Haar measure, whose characteristic functions have Sobolev
regularity and their Fourier transforms are Riesz products. It uses these products
to perform computational experiments that suggest that if the measure of one of
these fat Cantor sets B is sufficiently close to one, then it may be possible to ex-
plicitly construct a Riesz cover for B using the Thue-Morse minimal sequence that
arises in symbolic topological dynamics.

KEYWORDS : Beurling density; Fat Cantor set; Feichtinger conjecture for expo-
nentials; Paley-Littlewood decomposition; Riesz cover; Riesz product; Sobolev reg-
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1. INTRODUCTION

We let N = {1,2,3,...},Z,R,C, and T = R/Z denote the natural numbers,
integers, reals, complex numbers and the circle group with Haar measure pu.
Throuought this paper B denotes a Borel subset of T with p(B) > 0, F denotes a
nonempty subset of Z, and xp and xr denote their characteristic functions. F' is
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an arithmetic set if ' = j + nZ for j € Z,n € N. We define exponential functions
ex(t) =M ke Z,teT; E(F)={ex : k€ F};

P(F) = trigonometric polynomials spanned by E(F') whose norm || f||2 = 1;

a(B,F):inf{/ If@®))?dt : feP(F)}. (1.1)
teB

(B, F) is a Riesz pair if (B, F') > 0, or equivalently if F(F)xp is a Riesz basic
sequence [4]. {F; : j = 1,...,n} is a Riesz cover for B if each (B, F}) is a Riesz

pair and U7_, Fj = Z. This paper studies the
Feichtinger Conjecture for Exponentials (FCE) Every B has a Riesz cover.

The FCE is a special case of the Feichtinger Conjecture (FC): Every unit norm
Bessel sequence is a finite union of Riesz basic sequences, which was formulated
in ([2], Conjecture 1.1). Casazza and Crandel [3] proved that the FC is equivalent
to a yes answer to the following problem which has remained open since it was
formulated in 1959 [9]:

Kadison-Singer Problem (KSP) Does every pure state on the C*-algebra (>°(Z)
admit a unique extension to the C*-algebra of bounded operators B(¢?(Z))?

A fat Cantor is a set that is homeomorphic to Cantor’s ternary set and has positive
Haar measure. Lemma 2.2 shows that the FCE is equivalent to the assertion: every
fat Cantor set has a Riesz cover. In their seminal paper on the KSP, Bourgain and
Tzafriri proved a result ([1], Theorem 4.1) that implies B has a Riesz cover whenever
X5 is in the Sobolev space H*(T) for some s > 0. However, their existence proof
does not explicitly construct Riesz covers. They also proved a result ([1], Corollary
4.2) that implies xp € H*(T) for all s < 4 whenever T\B = U32,0; where O;
are pairwise disjoint open intervals that satisfy p(O;) < 277, thus showing the
existence of fat Cantor sets that have Riesz covers. This is surprising since Lemma
2.3 shows that if B is a fat Cantor set then (B, F) is not a Riesz pair for a class of
sets F' that includes the class of arithmetic sets.

This paper has four main results:

(i) Construction of ternary fat Cantor sets such that the Fourier transforms of
their characteristic functions are Riesz products described by Equation 3.1.

(ii) Proof of Theorem 3.1 which shows that ternary fat Cantor sets satisfy xp €
H*(T) for every s < 1 — %ggg ~ 0.3691 so they have Riesz covers. Ternary fat Can-
tor sets differ from those constructed by Bourgain and Tzafriri because the lengths
of the open intervals O; removed have algebraic decay j~ log3/1082 rather than ex-
ponential decay 277. The proof uses Lemma 2.5 which provides a refinement of the
standard Paley-Littlewood decomposition that Bourgain and Tzafriri used to prove

([1], Corollary 4.2).

(iii) Computation of estimates of «(B, F'), where B is a ternary fat Cantor set

and xr = ---10010110.0110100110010110 - - - is the Thue-Morse minimal sequence
[17], [13]. These estimates suggest that {F,1 + F,2 + F'} is a Riesz cover for B if
u(B) is sufficiently close to 1.
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(iv) Proof of Theorem 3.2 that shows the spectral envelope S(F) of F' (see Defi-
nition 2.1) is convex whenever X r is a minimal sequence.

Results (iii) and (iv) relate the FCE to the field of symbolic dynamics. We give a
brief review of the concepts from this field that we use in this paper.

Let A be a finite set with the discrete topology. The symbolic dynamical system
over A is the pair (A%, o) where A” has the product topology (homeomorphic to
Cantor’s ternary set) and o is the shift homeomorphism defined by

(cb)(n) =b(n—1),b€ A% ncZ.

A sequence b € A” is minimal if its orbit closure {o™(b) : n € Z} is a mini-
mal closed shift-invariant set. Zorn’s lemma ensures the existence of minimal
sequences in any nonempty closed shift invariant subset. F' C Z is syndetic if
there exists n € N such that U;‘;OI (j + F) = Z, thick if for every n € N there exists
k € Z such that k+{0,2,3,...,n — 1} C F, and piecewise syndetic if F' = F; N F};
where F is syndetic and F} is thick. Minimal sequences are characterized by a
result of Gottschalk [6], [7] that says a sequence b is minimal if and only if for
every finite G C Z, the set {n € Z : o"(b)|c = b|g } is syndetic. Gottschalk’s
result shows that the Thue-Morse sequence is a minimal sequence and it can be
used to construct other minimal sequences. Clearly if I’ is nonempty and xr is
a minimal sequence then F is syndetic. Therefore, if (B, F) is a Riesz pair and
X r is a minimal sequence then B has a Riesz cover. Furstenberg in ([5],Theorem
1.23) used Gottschalk’s result for symbolic dynamics over the set {1, ...,n} to prove
that if U?ZlF ; = Z then one of the sets I; is piecewise syndetic. In ([12], Theorem
1.1) we used Furstenberg’s result to prove that B has a Riesz cover if and only if
there exists nonempty set F' such that (B, F) is a Riesz pair and xr is a mini-
mal sequence. This result shows that FCE holds if and only if for every Borel set
B C T with pu(B) > 0 there exists a nonempty F' C Z such that y is a minimal
sequence and (B, F') is a Riesz pair. Paulsen [15] investigated the relationship
between the Kadison-Singer Problem and syndetic sets and in [16] he used meth-
ods from operator algebras (completely positive maps and multiplicative domains)
to independently derive the key results in our paper [12] that relate the FCE to
syndetic sets.

2. PRELIMINARIES

L?(T) and ¢*(Z) are Hilbert spaces with scalar products (f,g) = [, .p f(x)g(z)du(x)
and (a,b) = ), ., a(n)b(n) and associated norms || ||z and the Fourier transform
L2(T) 5 f — f € (3(Z), defined by

fio = (f.c0) = [ s@)en(-o)do, ke z,
T
is a unitary surjection. Sobolev spaces for s > 0 are defined by
HY(T) = { f € LA(T) : S_|F(k)[2 K> < oo}
kez

A function f € L*(T) is called Sobolev regular if f € H*(T) for some s > 0.
We observe that L'(T) C L?(T) is a Banach algebra under convolution and each
exponential function e defines a multiplicative linear functional or character
LYT) > f — f(k) € C. C(T) denotes the Banach space of continuous complex



134 W. LAWTON/JNAO : VOL. 2, NO. 1, (2011), 131-140

valued functions on T with the infinity norm |||/, and M (T) denotes the Ba-
nach algebra of complex valued measures on T with the total variation norm and
the convolution product. The Riesz Representation Theorem asserts that M (T) is
the linear dual of C(T). For t € T, ¢; denotes the Dirac measure at ¢ defined by
0i(f) = f(t), f € C(T). Ameasure v is positive if v(f) > 0 whenever f > 0, a prob-
ability measure if it is positive and (1) = 1, and discrete if it is a countable linear
combination of Dirac measures. We identify L' (T) with the set of absolutely contin-
uous measures in M (T). The maximal ideal space M (T) is the set of generalized
characters which define multiplicative linear functionals on M (T) via the Gelfand
correspondence. For v € M(T) and t € T we define translation 7v(f) = v(f(- —t))

and for n € N we define the dilation d,, v by d,,v(f) = ZZ;S 01 f(ZEE)dy(z). Clearly

n

d,v has period % since 71d,,v = d, V.
n

Definition 2.1. The spectral envelope of ' is the set of probability measures on
T given by
S(F) = weak® — closure { |f|? : f € P(F)}. 2.1

Ifj € Z,n € Nthen S(j+ F) = S(F) and S(nF) = {d,v : v € S(F)}. If
ve S(F)andt € T then 7z v € S(F). The functions f, = ﬁ(el +--+4e,) € PZ)
and the sequence of Fejer kernels K,, = |f,|? converges weakly to 6y € S(Z). If
v € M(T) is a probability measure then K, * v are nonnegative trigonometric
polynomials so the Riesz-Fejer spectral factorization theorem implies there exists
Qn € P(T) such that K,, xv = |Q,|*. Since K, * v converges weakly to v, it follows
that v € S(Z). Therefore S(Z) consists of all probability measures and S(j + nZ)

. . -1
contains the discrete measure 16y =Y ;_ 0.

If By C B are Borel sets and B does not have a Riesz cover then By does not
have a Riesz cover. Assume that a Borel set B C T contains an interval [a, b] with
b > a. Choose n € Nwithn(b—a) > landset F; =j+nZ : j=0,..,n—1
If f € P(F;) then |f|* has period + and hence a(B, F;) > 1/n,j = 0,..,n — 1.
Therefore B has a Riesz cover consisting of arithmetic sets. If a Borel set B; with
1(B1) > 0 does not have a Riesz cover then, since p is inner regular, there exists
a closed By C B; with u(By) > 0. Clearly By is nowhere dense. A theorem of
Brouwer ([10], Theorem 7.4) shows if ;(B) > 0 and B is closed, nowhere dense,
and perfect (has no isolated points) then B is a fat Cantor set.

Lemma 2.2. Ifa Borel set By with (B1) > 0 does not have a Riesz cover then there
exists a _fat Cantor set B C B; such that B does not have a Riesz cover. Therefore,
the FCE is equivalent to the assertion that every fat Cantor set has a Riesz cover.

Proof. By the preceding argument B; contains a nowhere dense closed set By C B;
with p(Bp) > 0. We use transfinite induction to define a collection of nonincreasing
subsets B, C By indexed by ordinals as follows: B, = set of limit points of B,
and for limit ordinals Bg = N, <3B,. The Cantor-Baire Stationary Principle implies
that there exists a countable ordinal  such that B, = B,. Let B = B,. Then B
is perfect. A set of isolated points is countable so has Haar measure zero. Since we
remove a countable number of such sets from By to obtain B, u(B) > 0. Since B
is also closed and nowhere dense Brouwer’s theorem implies that B is a fat Cantor
set. [J O

Lemma 2.3. If B is closed, v € S(F'), and v(B) = 0 then (B, F) is not a Riesz pair.
If B is a fat Cantor set and S(F') contains a discrete measure then (B, F') is not a
Riesz pair. A fat Cantor set can not have a Riesz cover consisting of arithmetic sets.
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Proof. If B is closed then the map S(F) > v — v(B) is upper semi-continuous
since
limsup,, _,, vj(B) < v(B), hence

a(B,F)=inf{v(B) : ve S(F)} (2.2)
and this implies the first assertion. If v € S(F) is discrete then there exists
sequences ¢; > 0,t; € T,j € N such that v = ZjeN ¢;j0t;. The Baire Category
Theorem implies there exists t ¢ Ujen(B — t;). Then 7y v € S(F') and

Ttl/(B)Z Z Cj = Z CjZO
JEN,t;+teB JEN,te(B—t;)

and this implies the second assertion. The fact that spectral envelopes of arithmetic
sets contain discrete measures implies the third assertion. [ U

Remark 2.4. In [12] we describe Bohr sets and show ([12], Theorem 2.1) that if F'
is a Bohr set then S(F') contains discrete measures. Therefore, by Lemma 2.3, if
B is a fat Cantor set and F' is a Bohr set then (B, F') is not a Riesz pair.

Lemma 2.5. Leto;,j € N be a sequence of positive real numbers that satisfies the

Jollowing two conditions:
(¢) lim sup it
jooo  Oj
and o
(ii) lim inf 2 > 0.
j—o0 gj
Ifc>0,p>0and f € L*(T) satisfies
1 =) = FOI3 < cof, jEN (2.3)

then f € H*(T) foralls € (0,%).

Proof. Equation 2.3 implies that fsatisﬁes
~ 4sin® ko ; )
SR —F2 <, j=J. (2.4)
keZ 9j
Condition (ii) ensures that there exists § € (0,7) and J € N such that
Oo; <(m—8)oj41, j>J.
We set ¢; = ¢(1 — 0/m)%*/(4sin? §) and observe that
n " —2
SFRPIRP <Y S fRPEFE<a Y o (25)
|k|>J JEN 0<n |k|o;<m—0 jEN

Condition (i) ensures that this sum converges whenever s € ((), ’23) O O

3. MAIN RESULTS

Construction of Ternary Fat Cantor Sets

For every v € (0, 1) the following construction gives a fat Cantor set B C T such
that y(B) = ~. Start with the interval Sy = [—1, 1] and remove the middle open
interval having length %(1 — ) to obtain a set S; equal to the union of two disjoint
equal length closed intervals. From each of these two intervals remove the middle
open interval having length %(1 — 1) to obtain a set S4 equal to the union of four
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disjoint equal length closed intervals. Continue in this manner to construct a de-
creasing sequence of closed sets S; each the union of 27 closed intervals having
length

Li=v277 +(1-7)377.
Construct S = N;enS; and B = S+ Z C T. Clearly u(B) = v and B = —B. Let
z; be the distance between the center of the rightmost interval in S;_; and the

rightmost interval in S;, let [; = [— 1LJ7 2L ], and define the sequence of discrete
measures
1 1 1 1 1 1
v = (26:751 + 26:751) * (25302 + 26902) Kook (25zj + 26zj> .
Then

rj = %(Lj—l —-Lj), jeN
and
Xs; = 27 X1, * Vj.
Since we have weakly convergent sequences x5, — Xxp and 2/ x;, — u(B)dy it
follows that

w(B)vj — X
Therefore the Fourier transform of yp equals the Riesz product ([18], Section 7,
Chapter 5)
x5 (k H cos 27mcj , keZ. (3.1)
jJjeN

Equation 3.1 provides an efficient method to compute Xp.

log 2

Theorem 3.1. If B is a ternary fat Cantor set then xg € H*(T) fors < 1 — Tog3 SO

B has a Riesz cover.

Proof. Assume that B is a ternary fat Cantor set and set v = p(B). Set 0; =
37(1—7),j€eNandp=1— }ggg Lemma 2.5 implies that it suffices to show that
there exists ¢ > 0 such that

IxB(- =) = xsll3 <cdf, jeN (3.2)
The Borel subsets of T form an abelian group under the Boolean operation
B1ABy = (By UBy)\(B1 N Bs)

with identity ¢, BiABy = ¢, u(B1ABy) < u(Bi1) + u(Bz2), and ||x5, — X513 =
p(B1ABsy). Observe that since S; consists of the union of 2’ closed intervals sepa-
rated by distance > o,

5+ 0a8) <21-) (2)  jen

Furthermore
2 J
W(S;0B) = u(S,\B) = sz - (3) -

Inequality 3.2 holds with ¢ = 4(1 — 'y)l_p since (B+0;)AB = [(B+0;)A(S; +
;)] A[BAS;]A[(S; + o) AS,] implies that

IxB(-—0;) — xall3 <401 —7) (g) :
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Theorem 3.2. If yr is a minimal sequence then S(E) is convex. Furthermore,
a(B,F)=inf{v(B) : v € S.(F) } (3.3)
where S.(F) is the set of extreme points in S(F).
Proof. Set Q(F) = {|f|* : f € P(F)}. Since S(E) is the weak* closure of Q(F),
to prove that S(F') is convex it suffices to show that the convex combination of
any two elements in Q(F) is in S(E). Let f,h € P(F) and let a,b € [0,1] satisfy
a®+b? = 1. Gottshalk’s theorem implies there exists a sequence n; € N converging
to oo with e,,; h € P(F), j € N. Define the sequence

| +en, bI?
S Fen, A2
Then g; € Q(F), j € N and the Riemann-Lebesgue lemma implies that
lim g; = a®| f* + b*|h|?
J—00

g; jeN.

thus proving that S(F') is convex. S.(F') is nonempty since the the Krein-Milman
theorem implies that S(F) is the weak*-closure of the set of convex combinations
of points in S(F)). Since S(F’) is separable, Choquet’s theorem implies that every
element v € S(F) is represented by a probability measure on S.(F) C S(F), from
which Equation 3.3 follows.

t

Optimization Algorithm to Estimate «(B, F'). We now describe a computa-
tional approach to estimate a(B, F') under the assumption that xr is a minimal
sequence. Let B(¢%(Z)) denote the C*-algebra of bounded operators on the Hilbert
space (*(Z). Define the Laurent operator Lg € B((*(Z)) by the Toeplitz matrix
[LB](j,k) = XB(k — j), j,k € Z and define the restriction operator Rp : (*(Z) —
2(F) by Rp(a)(k) = a(k), a € (*(Z), k € F, so the adjoint R}, : (?(F) — (*(Z) is
given by

Ry (b)(k) = b(k) ifk € F, else = 0.
The matrix [Rr Lp R}| for the operator Rp Lp R} : (*(F) — (?(F) is a principle
submatrix of the matrix [L B} for the Laurent operator Lp. Then

a(B,F) =infspecRp Lp R (3.4)

where spec denotes the spectrum of the restricted operator. For finite G C Z,
a(B,G) = mineig[Re Lp R, since the later matrix is finite. For infinite F' such
that xr is a minimal sequence, define F,, = [0,n]N F, n € N. Gottschalk’s theorem
implies that for every finite G C F’ there exists m € N such that G C F,, whenever
n > m. Since F), is an increasing sequence of sets the sequence a(B,Fn) is a
nonincreasing sequence of nonnegative numbers. This implies the following result
which provides an algorithm to approximate a(B, F').

a(B,F) = lim «a(B, F,). (3.5)

Description of Numerical Experiments We used Equation 3.1 to compute Xpg
for ternary Cantor sets. Figure 1 left, right shows the values Xp(k),k = 1 : 4095
for u(B) = 0.25,0.75, respectively. We used Equation 3.5 to estimate «(B, F),
where xr is the Thue-Morse minimal sequence, by «(B, Fyo95), where Fygo5 =
[0,4095] N F. For p(B) = 0.25, the computed value of a(B, Fyo9s) is the negative
number —1.2261 x 10~'* due to the fact that the true value is smaller than machine
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precision. For p(B) = 0.75 the computed value of «(B, Fyo95) is 0.085512 which is
385 trillion times machine precision! What explains this difference? We proved in
([12],Corollary 1.1) that if B(B, F) is a Riesz pair then D" (F) < p(B) where the
upper Beurling density

D*(F) = lim max L&A+l (3.6)

k—oo a€R k

Here |F'N(a, a+k)| is the cardinality of F'N(a, a+k). This result was based on a deep
result of Landau ([1 1], Theorem 3) in a form discussed by Olevskii and Ulanovskii
[14]. Clearly, if X is the Thue-Morse minimal sequence then DT (F) = 1, so
for n(B) < 1, a(B,F) = 0. This means that trigonometric polynomials having
frequencies in F' can have their squared moduli localized on the set T\B. The
coefficients of the most localized polynomial having frequencies in the finite set F),
are the entries of the eigenvectors corresponding to the eigenvalue «(B, F},) of the
restricted matrix. It is an open question if this happens for ;(B) > 1. The function
in Figure 1 displays more intermittency than the function in Figure 2 because the
gaps are larger. Perhaps this difference in intermittency can be used to explain the
immense difference in the « values.

We used Equation 3.5 to compute «(B, F),) as a function of L = log,n for ten
ternary Cantor sets B with u(B) € {0.5,1.5,2.5,...,9.5 }. Figure 2 left shows the
values of a(B, F},) and Figure 2 right shows the values of log «(B, F},) for each of
the ten sets. Both plots show that for u(B) < 1,

a(B,F) = LILII;OQ(B’F”> =0.

However, Figure 1 shows that for ;(B) > 3, a(B, F,) decreases as a function of
L much slower and Figure 2 suggests that for u(B) > %, the sequence may not
converge to 0 because log a(B, F),) appears to be a convex function of L. If this is
the case then for u(B) > %, a(B, F) > 0 and {F, 1+ F, 2+ F} is a Riesz cover for B.

Suggestions for Further Research Theorem 3.2 shows that characterization of
the set of extreme points S, (F') in the spectral envelopes of integer subsets F' such
that x r is a minimal sequence is crucial to understanding the FCE. For such a set
F' consider the dynamical system (X (F'), o) where X (F') is the orbit closure of x 5.
Then X (F) has at least one shift invariant ergodic probability measure (.

Remark 3.1. If x i is the Thue-Morse minimal sequence then ( is unique [8].

Define X;(F) = {b € X(F) : b(0) = 1}. For g € L?(X,(,0) define og(x) =
g(o ). Then the sequence (07 g, g) is positive definite so by the Herglotz theorem
there exists a positive measure v, € M(T) such that v,(e;) = (07 g,9), j € Z.

Define the set
S(F,¢) ={vy : g € L*(X,(), support(g) C X1(F)}.

The Birkhoff ergodic theorem can be used to show that X(F, () C S(F). This fact,
together with the fact that P(F') contains no extreme points, suggests research to
answer the

Question 3.2. Is S.(F') C X(F,()?

The fact that generalized characters play a crucial role in characterizing the
structure of the Banach algebra M (T) suggests research to investigate their utility
for characterizing spectral envelopes.
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FIGURE 2. «a(B,F), u(B) =0.05: 0.1 : 0.95, as a function
of (1 + log, size F)
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ABSTRACT. In a recent work of the author [42], we obtained three general KKM
type theorems for abstract convex spaces. In this review, we show that two of them
can be stated for intersectionally closed-valued KKM maps in the sense of Luc et
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1. INTRODUCTION

Many problems in nonlinear analysis can be solved by showing the non-emptiness
of the intersection of certain family of subsets of an underlying set. One of the re-
markable results on such nonempty intersection is the celebrated Knaster-Kuratowski-
Mazurkiewicz theorem (simply, the KKM theorem) in 1929 [10], which is concerned
with certain types of multimaps later called the KKM maps. The KKM theory, first
named this by the author [17], is the study of applications of equivalent formula-
tions or generalizations of the KKM theorem.

Since 2006, we have introduced the new concepts of abstract convex spaces
and KKM spaces which are adequate to establish the KKM theory. With such new
concepts, we could generalize and simplify many known results in the theory on
convex spaces, H-spaces, G-convex spaces, and others; see [27-33,39,40,42,43].
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In a recent work [42], we reviewed some known facts on abstract convex spaces
and obtained three general KKM type theorems which are equivalent or can be
extended to Theorems A, B, and C in this paper, resp. Each of them contains a large
number of previously known particular forms which are generalizations, imitations,
or modifications of the original KKM theorem due to many other authors. In the
present paper, we recall some historically important previous particular versions
of our KKM type theorems in [42] in order to give a short history on each of them.
Moreover, further comments on related works are given.

2. ABSTRACT CONVEX SPACES

For the concepts of abstract convex spaces and KKM spaces, the reader may
consult with our previous works [27-33,39,40,42,43].

Definition 2.1. An abstract convex space (E, D;T') consists of a topological space
E, a nonempty set D, and a multimap I : (D) — E with nonempty values I'4 :=
I'(A) for A € (D), where (D) is the set of all nonempty finite subsets of D.

For any D’ C D, the I'-convex hull of D' is denoted and defined by

COFD/ = U{FA ‘ Ae <D/>} CcCFE.

A subset X of E is called a I'-convex subset of (E, D;T') relative to D’ if for any
N € (D), we have 'y C X, that is, corD’ C X.

When D C E, asubset X of E is said to be I'-convexif cor (X N D) C X; in other
words, X is I'-convex relative to D' := XND. Incase £ = D, let (E;T") := (E, E;T").

Definition 2.2. Let (E, D;T') be an abstract convex space and Z a topological
space. For a multimap F' : £ — Z with nonempty values, ifa multimap G : D — Z
satisfies
F(Ta)CG(A):= ] Gly) for all A€ (D),
yeA
then G is called a KKM map with respect to F'. A KKM map G : D — FE is a KKM
map with respect to the identity map 1.

A multimap F' : E — Z is called a R¢-map [resp., a RO-map] if, for any
closed-valued [resp., open-valued] KKM map GG : D — Z with respect to F, the
family {G(y)}yep has the finite intersection property. In this case, we denote
F € RE(E, D, Z) [resp., F € RO(E, D, Z)]. Some authors use KKM instead of RC.

We have abstract convex subspaces as the following simple observation shows:

Proposition 2.3. ([42]) For an abstract convex space (E, D;I") and a nonempty
subset D' of D, let X be a I'-convex subset of E relative to D' and T : (D') — X a
map defined by

Iy:=T4CX for Ae (D).

Then (X, D';T") itself is an abstract convex space called a subspace relative to D'.

Proposition 2.4. ([42]) Let (E, D;T") be an abstract convex space, (X, D";T") a sub-
space, and Z a topological space. If F € R€(E, D, Z), then F|x € R€(X, D', F(X)).

Definition 2.5. The partial KKM principle for an abstract convex space (E, D;T') is
the statement 1y € RE(E, D, E); that is, for any closed-valued KKM map G : D —o
E, the family {G (y)}ye p has the finite intersection property. The KKM principle
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is the statement 15 € R€(E, D, E) N RO(E, D, E); that is, the same property also
holds for any open-valued KKM map.
An abstract convex space is called a KKM space if it satisfies the KKM principle.

We had the following diagram for triples (E, D;T):

Simplex = Convex subset of a t.v.s. = Lassonde type convex space
— H-space = (G-convex space <= ¢ 4-space —> KKM space
= Space satisfying the partial KKM principle
=—> Abstract convex space.

Example. There are plenty of examples of abstract convex spaces; see [31-33,39,40,
42,43]. Here we need only two classes of them:

(1) A generalized convex space or a G-convex space (X, D;T') due to Park is an
abstract convex space such that for each A € (D) with the cardinality |A| = n + 1,
there exists a continuous function ¢4 : A,, — I'(A4) such that J € (A) implies
oa(Ay) CT(J).

Here, A, is the standard n-simplex with vertices {ei " o and Aj its face corre-
sponding to J € (A); thatis, if A = {ag,a1,...,an}and J = {a;y, a4, ..., a;,} C A,
then Ay = co{eiy, €y, - -, €ip I

() A ¢ 4-space (X, D; {$a} ac(p)) consists of a topological space X, a nonempty
set D, and a family of continuous functions ¢4 : A, — X (that is, singular
n-simplexes) for A € (D) with |A| = n 4+ 1. Every ¢4-space can be made into a
(-convex space; see [28,41].

3. THE KKM THEOREM A

The following whole intersection property for the map-values of a KKM map is a
standard form of the KKM type theorems:

Theorem A. Let (E, D;T’) be an abstract convex space, the identity map 1p €
RE(E,D, E) [resp.,
1g € RO(E, D, E)], and G : D — E a multimap satisfying

(1) G has closed [resp., open] values; and

(2)T'n C G(N) forany N € (D) (that is, G is a KKM map).
Then {G(z)}.ep has the finite intersection property.

Further, if

3) N,enr G(2) is compact for some M € (D).
then we have

() Gly) #0.

yeD

Proof. The first part is a simple consequence of definition. For the second part,
let K := [, G(2). Since {G(z) | z € D} has the finite intersection property, so

does {K NG(z) | z € D} in the compact set K. Hence it has the whole intersection
property. O

Recall that Theorem A is a simple consequence of the definitions of the partial
KKM principle or the KKM space.

From now on, in this section, we give historically well-known particular forms of
Theorem A in the chronological order.
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() Knaster, Kuratowski, and Mazurkiewicz in 1929 [10] obtained the following
so-called KKM theorem from the Sperner combinatorial lemma, and applied it to a
simple proof of the Brouwer fixed point theorem:

Theorem. ([10]) Let A; (0 < i < n) ben+1 closed subsets of ann-simplexpop1 -« - Pn.-
If the inclusion relation

PioPiy *+* Pip, C Aig U A U+ U A,
holds for all faces p;,pi, -+ pi, (0 <k <m,0<ip<i3 < -+ <ix <mn), then

N, A; # 0.

(I) A milestone on the history of the KKM theory was erected by Ky Fan in
1961 [3]. He extended the KKM theorem to arbitrary topological vector spaces and
applied it to coincidence theorems generalizing the Tychonoff fixed point theorem
and a result concerning two continuous maps from a compact convex set into a
uniform space.

Lemma. ([3]) Let X be an arbitrary set in a topological vector space Y. To each
x € X, letaclosed set F'(x) inY be given such that the following two conditions are
satisfied:

(i) The convex hull of any finite subset {x1,22, - ,2,} of X is contained in
U?:1 F(z;).

(i) F'(z) is compact for at least one x € X.
Then (,cx F(x) # 0.

This is usually known as the KKMF theorem and was shown to have numerous
applications; see [24].

(1) In 1987, W.K. Kim [8] and M.-H. Shih and K.-K. Tan [51] independently
showed that any simplex is a KKM space:

Theorem. ([8,51]) Let X = {x1,...,7,} be the set of vertices of a simplex S~ ! in
E =R"andlet F : X — E be an open-valued KKM map. Then (\\_, F(xz;) # 0.

However, the main idea was given in the earlier work of Fan [4, Theorem 2] as a
matching theorem for closed coverings. Later, results of Kim [8,9] were generalized
by the present author [15,16]. Moreover, Lassonde [12] refined Kim’s idea and gave
some applications.

(IV) The following shows that G-convex spaces are KKM spaces:

Theorem. ([25,26]) Let (X, D;T') be a G-convex space and F' : D — X a map such
that

(1) F has closed [resp., open] values; and

(2) F is a KKM map.
Then {F(z)}.cp has the finite intersection property.

Further, if

(3) N,ear F(z) is compact for some M € (D),
then we have

ﬂ F(z) #0.

zeD

(V) In 2008, we showed that any ¢ 4-space is a KKM space [34-36]:
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Definition. For a ¢4-space (X, D;{¢a}ae(py) and a topological vector space Z,
let F': X —o Z be a multimap. Then a map G : D — X satisfying

F(¢a(Ay)) C G(J) foreach A€ (D) and J € (A)
is called a KKM map w.r.t. F.

Theorem. ([34-36]) For a ¢ a-space (X, D;{¢a}ac(py). let G : D — X be a KKM
map with closed [resp., open] values. Then {G(z)},cp has the finite intersection
property. (More precisely, for each N € (D) with |[N| = n+ 1, we have ¢n(A,) N
Moy G() # 0)

Further, if

(3) N,ear G(2) is compact for some M € (D),
then we have (), G(z) # 0.

4. THE KKM THEOREM B

Recall that the main conclusions of most results in the preceding section are of
the form

N & #0.

yeD

for a multimap G : D — E.
Consider the following related four conditions:

@ N,ep G(2) # 0 implies (., G(z) # 0.

®) N, ecp G ()= .ep G (2) (G is intersectionally closed-valued [13]).

© N.ep G(2) = N.ep G(2) (G is transfer closed-valued).
(d) G is closed-valued.

In [13], the authors noted that (a) <= (b) <= (c) <= (d), and gave examples
of multimaps satisfying (b) but not (c). Therefore it is a proper time to deal with
condition (b) instead of (c) in the KKM theory.

Example. The following maps G are intersectionally closed-valued, but not transfer
closed-valued:

(1) G(z) = (0, 1) for every z € [0, 1] is a constant multimap from D = [0,1] to E
= [0, 1]; see [13].

(2) Each G(z) is a convex set in a Euclidean space and has a relative interior
point in common; see Rockafellar [50, Theorem 6.5].

(3) For a given subset F of a topological vector space with z* € F, each G(z),z €
D, is a nicely star-shaped at z*; see [13].

From the partial KKM principle we have a whole intersection property of the Fan
type as follows:

Theorem B. Let (E, D;T") be an abstract convex space satisfying the partial KKM
principle [that is, 15 € R€(E, D, E)] and G : D — E a map such that

(1) G is a KKM map [that is, T 4 C G(A) for all A € (D)]; and

(2) there exists a nonempty compact subset K of E such that either
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0 N{G(z) | z€ M} C K for some M € (D); or

(ii) for each N € (D), there exists a compact I'-convex subset Ly of E relative to
some D' C D suchthat N C D’ and

Ly () Glz) C K.
zeD’

Then we have K N (., G(2) # 0.
Furthermore,
() if G is transfer closed-valued, then K N ({G(z) | z € D} # 0;
(B) if G is intersectionally closed-valued, then ({G(z) | z € D} # 0.

Proof. As in [33,42,43], from the hypothesis, we must have K N (), G(z) # 0.
(a) Since G is transfer closed-valued,

KN ()G =Kn[]G) #0.

ze€D zeD

(B) Since G is intersectionally closed-valued,

[ G(z) = [ G(z) #0.

zeD zeD

This implies the conclusion. O

Recall that conditions (i) and (ii) in Theorem B are usually called the compactness
conditions or the coercivity conditions, and (ii) has numerous variations or particular
forms appeared in a very large number of literature. Note that Theorem B can be
easily deduced from the compact case of Theorem A, and hence it seems to be not
a big problem to treat the case (ii).

From now on, in this section, we give some important forerunners of Theorem
B:

(I) According to Lassonde [11], a convex space is a nonempty convex set (in a
vector space) equipped with any topology that induces the Euclidean topology on
the convex hulls of its finite subsets. Such convex hulls are called polytopes. A
nonempty subset L of a convex space X is called a c-compact set if for each finite
subset S C X there is a compact convex set Lg C X such that LU S C Lg.

In 1983, Lassonde gave the following:

Theorem. ([11]) Let D be an arbitrary set in a convex space X, Y any topological
space, and F : D — 2Y a multifunction having the following properties

(i) For each x € D, F(z) is compactly closed in Y.

(ii) For some continuous map s : X — Y, the multifunction G : D — 2X given
by G(z) = s71(F(x)) is KKM.

(iii) For some c-compact set L C X, (\{{F(z) | z € L N D} is compact.
Then({F(z) | x € D} # 0.

Note that (iii) is a compactness condition implying condition (ii) of Theorem B.

In our work in 1989 [14], from this, we deduced a general Fan-Browder fixed
point theorem with its various applications to analytic alternatives, section prop-
erties, fixed points, minimax and variational inequalities.

More general results for H-spaces (X, D;T") are deduced in 1992 [18].
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Note that the continuous maps s were later extended to acyclic maps, admissible
maps, better admissible maps, and £€-maps by the author; see Section 5.

(II) In 1984, Fan obtained the following:

Theorem. ([4]) In a topological vector space, let Y be a convex set and () # X C Y.
For each v € X, let F(z) be a relatively closed subset of Y such that the convex
hull of every finite subset {1, xa,...,2,} of X is contained in the corresponding
union | J;_, F(z;). If there is a nonempty subset X, of X such that the intersection
Neex, F(x) is compact and X is contained in a compact convex subset of Y, then

ma;eX # @

(II) A particular form of Theorem B for H-spaces (X, D;T") was obtained and
applied in 1993 [19].

(IV) In 2000 [26], for a G-convex space (X D D;T'), we had a particular form of
Theorem B as follows:

Theorem. ([26]) Let (X D D; F) be a G-convex space, K a nonempty compact subset
of X,and F : D — X a multimap such that

(1) F is transfer closed-valued;

(2) F is a KKM map; and

(3) foreach N € (D), there exists a compact G-convex subspace Ly of X contain-
ing N such that

LNﬂﬂ{m|Z€LNﬁD}CK.
Then K N ({F(2) | z € D} # 0.

Recall that this theorem generalizes earlier works of Tian, Ding, Chang et al.,
Lin and Park; see [26]. For H-spaces, the preceding theorem was given in [18,19].
Note that many particular forms are still happening. Moreover, condition (3) was
first due to S.-Y. Chang [2] as a generalizations of Fan’s original conditions, and
had been adopted by the present author since 1992. However, still many authors
are using particular forms of (3).

(V) In 2001 [49], Park and Lee defined generalized KKM maps on (G-convex
spaces. In 2007 [7], H. Kim and the author showed that a generalized KKM map G
is a KKM map on a new G-convex space (X, I;I'?) and, from Theorem B, deduced a
KKM type theorem [42, Theorem 3.7] for generalized KKM maps with closed values.

(VI) When G is closed-valued or transfer closed-valued in condition (1) of Theorem
B, we obtained the following already:

Theorem. ([42]) Let (X ,D; F) be an abstract convex space satisfying the partial
KKM principle, and G : D — X a map such that
(1) G is transfer closed-valued;
2) G is a KKM map; and
(3) there exists a nonempty compact subset K of X such that either
) K D ({G(z) | z € M} for some M € (D); or
(i) for each N € (D), there exists a compact I'-convex subset Ly of X relative to
some D' C D suchthat N C D' and

K>Lyn(|{G(z)|zeD}.
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Then K N({G(z) | z € D} # 0.

This is an an equivalent form of [33, Theorem 8.2], subsumes a very large num-
ber of particular KKM type theorems in the literature, and has a number of equiv-
alent formulations for abstract convex spaces satisfying the partial KKM principle
as in [33]. Since the preceding theorem can be easily deduced from Theorem B, we
do not need to think about the ‘transfer’ case.

5. THE KKM THEOREM C

Theorem B can be extended to F' € (X, D, Z) instead of 1x € R€(X, D, X))
as the following generalized form of [42, Theorem 2.10] shows:

Theorem C. Let (X, D;T") be an abstract convex space, Z a topological space, F' €
RE(X,D,Z), and G : D — Z a map such that
(1) G is a KKM map w.r.t. F'; and
(2) there exists a nonempty compact subset K of Z such that either
) K D ({G(y) |y € M} for some M € (D); or
(i) for each N € (D), there exists a I'-convex subset Ly of X relative to some
D’ C D suchthat N C D', F(Ly) is compact, and

K > F(Ly)n[{G(z) | z € D'}.

Then we have

FX)nKn () Gly) # 0.
yeD
Furthermore,
() if G is transfer closed-valued, then F(X) N K N({G(z) | z € D} # 0; and
(B) if G is intersectionally closed-valued, then ({G(z) | z € D} # 0.

Proof. Case (i): Since F(I'y) C G(N) for each N € (D) by (1), we have

F(Ty) C F(X)NG(N) ¢ F(X)NG(N) =: G'(N),

where G'(y) := F(X) N G(y) is closed for each y € D. Then, by Proposition 2.4
on (X,D',F(X)), {G'(y) | y € D} has the finite intersection property. Since the
requirement (i) implies

FX)NK>FX)n (| G =) ¢ W),

yeM yeM

Nyerr G'(y) is compact. Therefore (\{G'(y) | y € D} # () by Theorem A and hence

FX)NnKn () Gly) # 0.

yeD

Case (ii): Suppose that
FX)nKn () Gly) = 0.
yeD

Since F'(X) N K is compact, F(X)NK C |J{Z\ G(y) | y € N} for some N €
(D). Let Ly be the I'-convex subset of X in (ii). Define G’ : D’ — F(Ly) by
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G'(y) = G(y)NF(Ln) fory € D'. Foreach A € (D’'), define I’ :=T 4N Ly. Then
(Ln,D’;TV) is an abstract convex space. Moreover,

(Flpy)(T'y) C F(TA)NF(Ly) C G(A)N F(Ly) = G'(4)

for each A € (D’) by (2); and hence G’ : D’ — F(Ly) is a KKM map w.r.t. F|p
on the abstract convex space (Ly,D’;T”) with closed values in F(Ly). Since
F € R&(X,D,Z), by Proposition 2.4, we have F|, € R&€(Ly,D’,F(Ly)) and
hence, {G'(y) | y € D'} = {G(y) N F(Ly) | y € D’} has the finite intersection
property. Since we assumed that F'(L N) is compact, each G’ (y) is compact. Hence
(M{G'(y) | y € D'} # 0 by Theorem A and there exists a

ze (1 Gw)=FIyx)N[) Gy ck

yeD’ yeD’

by (ii). Since z € K and z € F(Ly), we have z € | J{Z \ G(y) | y € N} by our

assumption. So z ¢ G(y) for some y € N C D’, and hence z ¢ (\{G(y) | y € D'}.
This contradicts z € (J{G'(y) | y € D'}. Therefore, we must have

FX)NnKn () Gly) # 0.

yeD

(o) Since G is transfer closed-valued,

FX)NKN (| Gy)=FX)nKn ) Gy) #0.
yeD

y€D

(6) since G is intersectionally closed-valued,

) Gly) = () Gly) # 0.

yeD yeD

This implies the conclusion. O

Note that Theorem C can be reformulated to the equivalent forms of coincidence
theorems, matching theorems, analytic alternatives, minimax inequalities, geomet-
ric and section properties as in [7,33,48].

Let cc(E) denote the set of nonempty closed convex subsets of a convex space E,
kc(E) the set of nonempty compact convex subsets of F, and ka(F) the set of
compact acyclic subsets of a topological space E.

Now we give a brief genesis of Theorem C as follows:

() In 1992, for a convex space and an acyclic map (that is, a u.s.c. map with
compact acyclic values), we have the following KKM theorem [17, Theorem 3]:

Theorem. ([17]) Let D be a nonempty subset of a convex space X, Y a Hausdorff
space, F': X — ka(Y) a u.s.c. multimap, and K a nonempty compact subset of Y.
Let G : D — Y be a multimap such that

(1) for each z € D, G(z) is closed;

(2) foreach N € (D), F(coN) C G(N); and

(3) there exists an Ly € kc(X) containing N such that x € Ly \ F*(K) implies
({G(z) | z€ LynD} CY \ F(x).

Then F(X)NKN({G(z) |z € D} # 0.
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For X =Y and F = 1y, condition (2) simply states that G : D — X is a KKM
map. In [18] we showed that many of the key results of a large number of other
papers are consequences of the preceding theorem.

(I) In 1994 [21], we introduced an admissible class A (X,Y) of maps T : X — Y
between topological spaces X and Y as the one such that, for each 7" and each
compact subset K of X, there exists a map I' € 2. (K,Y) satisfying I'(x) C T(x)
for all x € K; where 2, is consisting of finite composites of maps in 2, and 2 is a
class of maps satisfying the following properties:

(i) 2 contains the class C of (single-valued) continuous functions;

(ii) each F' € 2, is u.s.c. and compact-valued; and

(iii) for any polytope P, each F' € .(P, P) has a fixed point.

Theorem. ([21]) Let D be a nonempty subset of a convex space X, Y a Hausdorff
space, and F € A (X,Y). Let G : D — Y be a multimap such that

(1) foreachz € D, G(x) is closed inY’;

(2) forany N € (D), F(coN) C G(N); and

(3) there exist a nonempty compact subset K of Y and, for each N € (D), a
compact D-convex subset Ly of X containing N such that F(Ly) N({Gz | = €
LynN D} C K.

Then F(X)NKN{Gxz |z € D} # 0.

Note that, if F' is single-valued, the Hausdorfiness assumption on Y is not
necessary.

(I11) The origin of the class A€ and Theorem C is the following [47, Theorem 3]:

Theorem. ([47]) Let (X D D;TI') be a G-convex space, Y a Hausdor[f space, and
F eA%(X,Y). Let G : D — Y be a map such that
(1) foreachxz € D, G(x) is closed inY’;
(2) forany N € (D), F(T'y) C G(N); and
(3) there exist a nonempty compact subset K of Y such that either
) ({G(z) | x € M} C K for some M € (D); or
(ii) for each N € (D), a compact G-convex subset Ly of X containing N such
that F(Lny)N({G(z) |x € LN D} C K.
Then F(X)N K NN{G(z) |z € D} # 0.

This was due to Park and Kim [47,48], where this had been reformulated to more
than a dozen foundational results in the KKM theory. The class Y in the above
theorem can be replaced by the extended class B for G-convex spaces.

This was given originally under the assumption that D C X, which is redundant
in view of condition (ii) of Theorem C. In the preceding theorem, the admissible class
2% is a subclass of £¢; and note that F'(Ly) is compact since Ly is compact and
F' can be regarded as a composition of u.s.c. maps having compact values (by the
definition of A%).

In 1997 [48], we gave ten equivalent formulation of the preceding theorem in the
form of coincidence theorems, matching theorems, analytic alternatives, minimax
inequalities, geometric and section properties. Similarly, we can make equivalent
formulations of Theorem C. Moreover, in [48], a large number of particular forms
of the preceding theorem are listed. Note also that, after [48], there have appeared
too many similar works on G-convex spaces and modifications of the preceding
theorem to trace out all of them.
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(IV) The KKM theorem in (III) was modified by Kalmoun and Rihai [5] in 2001 as
follows: For a transfer closed-valued map G in (1) and by considering G instead of
G in (2) and (3), they deduced the same conclusion as in Theorem C. By applying
this modification, they obtained an existence theorem for generalized vector equi-
librium problems and applied it to greatest element, fixed point, and vector saddle
point problems within the frame of G-convex spaces. A particular form of their KKM
theorem was applied in 2003 [6] to existence for vector equilibrium, mixed varia-
tional inequalities, greatest elements for a binary relation, and the Fan-Browder
fixed point theorem.

(V) Let X be a convex space and Y a Hausdorff space. In 1997 [22], we introduced
a new “better” admissible class B of multimaps as follows:

F € B(X,Y) < F : X — Y such that, for any polytope P in X and any
continuous map f : F(P) — P, f(F|p) has a fixed point.

The following KKM theorem is due to the author [22, Theorem 3]:

Theorem. ([22]) Let X be a convex space, Y a Hausdorff space, F' € B(X,Y) a
compact map, and S : X — Y a map. Suppose that

(1) for each z € X, S(x) is closed; and

(2) foreach N € (X), F(coN) C S(N).
Then F(X)NO{S(z) |z € X} #0.

This KKM theorem was applied in [23] to a minimax inequality related to admis-
sible multimaps, from which we deduced generalized versions of lopsided saddle
point theorems, fixed point theorems, existence of maximizable linear functionals,
the Warlas excess demand theorem, and the Gale-Nikaido-Debreu theorem.

In 2010 [1], the preceding theorem is shown to be equivalent to some existence
theorems of variational inclusion problems. These were applied to existence the-
orems of common fixed point, generalized maximal element theorems, a general
coincidence theorems and a section theorem.

(VI) There have also appeared a large number of the so-called generalized KKM
maps in the literature. In fact, a number of authors tried to generalize the concept
of KKM maps on particular cases of ¢ 4-spaces. All such KKM maps are known to
be the ones for certain GG-convex spaces; see [34].

6. COMMENTS ON RELATED WORKS

There are several hundred published papers on generalizations of the KKM the-
orem. Recently, in order to upgrade the KKM theory, we have tried to criticize some
inappropriate results of other authors. We give abstracts of a few examples of such
papers by the present author:

() In [34], we introduced basic results in the KKM theory on abstract convex
spaces and the KKM maps. These were applied to various modifications of the con-
cepts of generalized convex spaces and KKM type maps. We discuss the nature of
those modifications and criticize recently appeared ‘generalizations’ of our previous
works due to many other authors.
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(I) Basic results in the KKM theory on abstract convex spaces and the KKM
maps are applied to ¢ 4-spaces which unify various imitations of G-convex spaces
in [37]. We also showed that basic theorems on ¢ 4-spaces can be applied to correct
and improve results on the so-called R-KKM maps on the so-called L-convex spaces
in a work of C.M. Chen.

(I7) In [38], we introduced a new concept of abstract convex minimal spaces
which was used to establish typical results in the KKM theory. Since any minimal
space can be made into a topological space, results on abstract convex minimal
spaces can be deduced from the theory on abstract convex spaces. In this way, the
KKM type theorems were used to obtain coincidence theorems, the Fan-Browder
type fixed point theorems, the Fan intersection theorem, and the Nash equilibrium
theorem on abstract convex minimal spaces.

(IV) Recently, some authors adopted the concept of the so-called generalized R-
KKM maps which were used to rewrite known results in the KKM theory. In [44], we
showed that those maps are simply KKM maps on GG-convex spaces. Consequently,
results on generalized R-KKM maps follow the corresponding previous ones on G-
convex spaces.

(V) In a paper by Hou Jicheng, On some KKM type theorems, Advances in Math-
ematics, 36(1) (2007), 86-88, the author claimed that some previous KKM type
theorems are false by giving a counterexample. In [45], we showed that the coun-
terexample does not work and, consequently, the results are correct. Moreover,
we claimed that the artificial concept like transfer compactly closed-valued maps
can be destroyed. Finally, we introduced a theorem generalizing the main target of
Hou.

(VI) In the KKM theory, instead of the concepts of closure, interior, closed-valued
multimap, l.s.c. multimap, finite open cover, etc., resp., some authors adopt ccl,
cint, transfer compactly closed-valued map, transfer compactly l.s.c. multimap,
transfer compactly local intersection property, etc., resp. In [46], we showed that
such inappropriate and artificial concepts can be invalidated. For example, by
giving finer topologies on the underlying space, we can invalidate “compactly”-
attached terminology. In such ways, we obtained simpler formulations of some
KKM type theorems, some Fan-Browder type fixed point theorems, and others.

This is why we eliminated such useless terminology in this paper.
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ABSTRACT. Let E be a real Banach space and let C' be a nonempty subset of E.
A mapping T : C' — F is called generalized hybrid if there are «, 3 € R such that
alTz =Ty + (1 = a)|lz = Ty|* < BTz — y|* + (1 = B) |l — yII?

for all z,y € C. In this paper, we first deal with some properties for generalized
hybrid mappings in a Banach space. Then, we prove weak convergence theorems
of Mann’s type for such mappings in a Banach space satisfying Opial’s condition.

KEYWORDS : Banach space; Nonexpansive mapping; Nonspreading mapping; Hy-
brid mapping; Fixed point; Weak convergence.

1. INTRODUCTION

Let H be a real Hilbert space and let C' be a nonempty subset of H. Then a
mapping T : C — H is said to be nonexpansive if |7z — Ty|| < ||l — y|| for all
x,y € C. An important example of nonexpansive mappings in a Hilbert space is a
firmly nonexpansive mapping. A mapping F' is said to be firmly nonexpansive if

|Fa — Fy|?> < (z —y, Fz — Fy)

for all z,y € C; see, for instance, Browder [3] and Goebel and Kirk [7]. It is
known that a firmly nonexpansive mapping F' can be deduced from an equilibrium

* Corresponding author.
Email address : wataru@is.titech.ac.jp (W. Takahashi) and yaojc@math.nsysu.edu.tw (J.-C. Yao).
Article history : Received 21 December 2010. Accepted 24 January 2011.



156 W. TAKAHASH]I, J.-C. YAO/JNAO : VOL. 2, NO. 1, (2011), 155 - 166

problem in a Hilbert space; see, for instance, [2] and [6]. Recently, Kohsaka and
Takahashi [15], and Takahashi [21] introduced the following nonlinear mappings
which are deduced from a firmly nonexpansive mapping in a Hilbert space. A
mapping T : C — H is called nonspreading [15] if

2|Tx - Ty|* < | Tz — ylI* + | Ty — || (1.1
for all z,y € C. Amapping T : C — H is called hybrid [21] if
3|1 T2 — Tyl* < llo — yll* + 1 Tx — yl* + | Ty — =] (1.2)

for all z,y € C. They proved fixed point theorems for such mappings; see also
Kohsaka and Takahashi [14], Iemoto and Takahashi [10] and Takahashi and Yao
[23]. Motivated by these mappings and results, Aoyama, Iemoto, Kohsaka and
Takahashi [1] introduced a broad class of nonlinear mappings in a Hilbert space
called A-hybrid which contains the classes of nonexpansive mappings, nonspread-
ing mappings, and hybrid mappings. Furthermore, Kocourek, Takahashi and Yao
[12] introduced a more broad class of nonlinear mappings than the class of A-
hybrid mappings in a Hilbert space. They called such a class the class of gener-
alized hybrid mappings and then proved general fixed point theorems and some
convergence theorems in a Hilbert space; see also [25] and [8]. Hsu, Takahashi
and Yao [9] extended this class of generalized hybrid mappings in a Hilbert space
to Banach spaces and they also called such a class the class of generalized hybrid
mappings. Further, they proved general fixed point theorems in a Banach space;
see also [13].

In this paper, we first deal with some properties for generalized hybrid mappings
in a Banach space. Then, we prove weak convergence theorems for such mappings
in a Banach space satisfying Opial’s condition.

2. PRELIMINARIES

Throughout this paper, we denote by N the set of positive integers and by R the
set of real numbers. Let E be a real Banach space with norm || - || and let E* be the
topological dual space of E. We denote the value of y* € E* at x € F by (x,y*).
When {z,} is a sequence in E, we denote the strong convergence of {z,} tox € E
by x, — = and the weak convergence by x,, — x. The modulus ¢ of convexity of
FE is defined by

o9 =int {1- XM o < 1y < 10 - ) 2 €

for every € with 0 < € < 2. A Banach space E is said to be uniformly convex if
0(€) > 0 for every € > 0. A uniformly convex Banach space is strictly convex and
reflexive. Let C be a nonempty subset of a Banach space F. AmappingT : C — FE
is nonexpansive if || Tz — Ty|| < ||z — y| for all z,y € C. Amapping T : C — E'is
quasi-nonexpansive if F(T') # () and | Tz —y|| < ||[z—y| forallz € C andy € F(T),
where F(T) is the set of fixed points of T'. If C' is a nonempty closed convex subset
of a strictly convex Banach space E and T : C' — (' is quasi-nonexpansive, then
F(T) is closed and convex; see Itoh and Takahashi [1 1]. Let F be a Banach space.
The duality mapping .J from E into 27 " is defined by

Jo={z" € B*: (w,a") = ||z]* = [|="|*}
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forevery x € E. Let U = {z € E : ||z|| = 1}. The norm of FE is said to be Gateaux
differentiable if for each z,y € U, the limit

N e ]

t—0 t
exists. In the case, E is called smooth. We know that F is smooth if and only if J is
a single-valued mapping of F into E*. We also know that F is reflexive if and only
if J is surjective, and E is strictly convex if and only if .J is one-to-one. Therefore, if
E is a smooth, strictly convex and reflexive Banach space, then J is a single-valued
bijection. The norm of F is said to be uniformly Gateaux differentiable if for each
y € U, the limit (2.1) is attained uniformly for x € U. It is also said to be Fréchet
differentiable if for each x € U, the limit (2.1) is attained uniformly for y € U. A
Banach space F is called uniformly smooth if the limit (2.1) is attained uniformly
for z,y € U. It is known that if the norm of E is uniformly Gateaux differentiable,
then J is norm to weak® uniformly continuous on each bounded subset of E, and
if the norm of E is Fréchet differentiable, then J is norm to norm continuous. If
FE is uniformly smooth, J is norm to norm uniformly continuous on each bounded
subset of £/. For more details, see [19, 20]. The following results are also in [19, 20].

(2.1)

Theorem 2.1. Let E be a Banach space and let J be the duality mapping on E.
Then, for any x,y € E,

l2l* = llyl* = 2(z = v, ),
where j € Jy.

Theorem 2.2. Let E be a smooth Banach space and let J be the duality mapping
onE. Then, (x —y,Jx — Jy) > 0 forallx,y € E. Further, if E is strictly convex and
(x —y,Jxr — Jy) =0, thenz = y.

The following result was proved by Xu [26].

Theorem 2.3 (Xu [26]). Let FE be a uniformly convex Banach space and let r > 0.
Then there exists a strictly increasing, continuous and convex function g : [0, 00) —
[0, 00) such that g(0) = 0 and

Az + (1= Nyl* < Azl + (1= N[lyll* = A1 = Ng(llz —yl)
forallz,y € B, and A with0 < A< 1, where B, = {z € E : ||z|| < r}.

Let E be a Banach space. Then, F satisfies Opial’s condition [17] if for any {x,,}

of F such that x,, — x and x # y,

liminf ||z, — z|| < liminf ||z, — y|.

n—-oo n——aoo
Let F be a Banach space and let A C Ex E. Then, Ais accretive if for (21, y1), (x2,92) €
A, there exists j € J(x1 —x3) such that (y; —ys, j) > 0, where J is the duality map-
ping of E. An accretive operator A C E x E is called m-accretive if R(I+rA) = E for
all > 0, where I is the identity operator and R(I+rA) is the range of [+rA. Anac-
cretive operator A C E'x E is said to satisfy the range condition if D(A) C R(I+rA)
for all » > 0, where W is the closure of the domain D(A) of A. An m-accretive
operator satisfies the range condition.

3. GENERALIZED HYBRID MAPPINGS IN BANACH SPACES

Let E be a Banach space and let C be a nonempty subset of E. Then, a mapping
T : C — F is said to be firmly nonexpansive [4] if

||T.’E - Ty||2 < <‘r - y7j>7
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forall z,y € C, where j € J(Txz—Ty). It is known that the resolvent of an accretive
operator satisfying the range condition in a Banach space is a firmly nonexpansive
mapping. In fact, let C = D(A) and r > 0. Define the resolvent J, of A as follows:

Jrx={z€ D(A):xz € z+rAz}

for all z € D(A). It is known that such J,.x is a singleton; see [19]. We have that

for 1,29 € D(A), 1 = 21 +7y1, Y1 € Az and 29 = 25 + 1Y, Y2 € Azs. Since A is
accretive, we have that (y; — y2,7) > 0, where j € J(z; — 2z2). So, we have

(

T — 21 T2 — 22

) = 0.
r T

Furthermore, we have that

Tl — 21 T2 — 22 .
< - 7]>20
r r
= (21— 21— (X2 — 22),7) >0

= (z1 —22,5) > ||21 — 22|”.

From z; = J.x1 and 25 = J,x2, we have that J, is a firmly nonexpansive mapping;
see also [4], [5] and [24]. From [9] we know that the classes of nonexpansive map-
pings, nonspreading mappings and hybrid mappings are deduced from the class of
firmly nonexpansive mappings in a Banach space. In general, Hsu, Takahashi and
Yao [9] defined a class of nonlinear mappings in a Banach space containing the
classes of nonexpansive mappings, nonspreading mappings and hybrid mappings
as follows: Let E be a Banach space and let C' be a nonempty subset of E. A
mapping 7" : C' — F is called generalized hybrid if there are a, 3 € R such that

allTe =Ty + (1 — )z — Tyl < BITz -yl + (1 - Dllz—yl2 G

for all x,y € C. They also called such a mapping an («, ()-generalized hybrid
mapping in a Banach space. We note that an («, (3)-generalized hybrid mapping is
nonexpansive for « = 1 and g = 0, nonspreading for &« = 2 and g = 1, and hybrid
for a = % and § = % As in [9], we have the following result in a Banach space; see
[9] for the proof.

Theorem 3.1. Let C' be a nonempty subset of a Banach space E and let T be a
generalized hybrid mapping of C into E, i.e., there are «, 3 € R such that

allTz — Tyl + (1 - a)llo — Tyll? < BTz — gl + (1L — Bz —yl* (3.2
forallz,y € C. Then, the following hold:
() fa+B8<1,thenT =1, wherelx =z forallz € C;
(i) f « = 0 and B = 1, then T satisfies that | Tz — y|| = ||Ty — || for all
z,y € C;
(iii) ifa =0 and B > 1, thenT satisfies that
2]l —y|* < Iz —y||* + || Ty — ||
forallx,y € C;
(iv) f f=ta+1, -1 <t <ooanda > 0, thenT satisfies that
2Tz — Ty|* + 2tz — y||* < (¢ + )||T2 —yl* + (¢ + )Ty — ||

forallz,y € C. In particular, T is nonexpansive fort = —1, nonspreading
Sort =0, and hybrid fort = —%;
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W iff=ta+1, —0o<t<—-1landa <0, thenT satisfies that
2w — Ty|]? + 2l — y|* > (¢ + DTz — yl|” + (¢ + D||Ty — 2]
Sorallx,y € C.

Furthermore, we have the following result.

Theorem 3.2. Let F be a Banach space, let C' be a nonempty subset of E and let
A € [0, 1]. Then the following hold:

(i) A generalized hybrid mapping with a fixed point is quasi-nonexpansive;
(i) a firmly nonexpansive mapping is (2 — A\, 1 — \)-generalized hybrid.

Proof. We show (i). Since T': C — F is a generalized hybrid mapping, there are
a, 8 € R such that

a|Tz = Ty|* + (1 =)z = Ty|* < BTz —ylI* + 1 = Bz —yl>  3.3)
forall z,y € C. Let u € F(T'). Then we have that for any y € C,

allu =Tyl + (1 - a)llu—Tyl? < Blu—yl? + (1 - Blu—yl® (G4

and hence ||u — Ty||?> < ||u — y|*>. This implies that T is quasi-nonexpansive. We

next show (ii). Let 7" be a firmly nonexpansive mapping of C into F. Then we have
that for z,y € C and j € J(Tx — Ty),

1Tz — Tyl < (z — y, ).
From Theorem 2.1 we have that
IT2=Ty||* < (z - y,3)
—0<2(x—Tax— (y—Ty),j)
= 0< |lo —y|* - Tz — Ty|
= Tz~ Ty|* < [lz —y|
= Tz =Tyl < |z — .
So, for A € [0, 1] we have
NITz = Ty|* < Alz -y (3.5)
Futhermore, we have that for z,y € C and j € J(Tx — Ty),
IT2=Ty||* < (z — y,3)
= 0<20x—-Tz— (y—Ty),J)
= 0 < |z =Tyl = |Tx = Ty||* + | Tz —y||* — Tz — Ty
= 0< |lz = Tyl* + lly - Tz|)* - 2| Tz — Ty|
= 2||Ta — Ty|? < o — Tyl* + |ly — Tz|*
Thus, for A € [0, 1] we have
2(1 = N)||Tz = Tyl < (1 = Nz = Tyl* + 1 = Nly - T=||*. (3.6)
Therefore, we have from (3.5) and (3.6) that
(2= W) Te — Tyl < (1= Nz = Tyl? + (1 = My — Ta|* + Az — |
and hence
(2= NITe - Tyl2 + (A= Dlle - Tyl2 < (1 = Ay - Ta? + Mo - g2
This implies that T is a (2 — A\, 1 — \)-generalized hybrid mapping. O
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Using Takahashi and Jeong’s result [22], Hsu, Takahashi and Yao [9] also proved
the following fixed point theorem for generalized hybrid mappings in a Banach
space.

Theorem 3.3. Let E be a uniformly convex Banach space and let C' be a nonempty
closed convex subset of E. Let T : C' — C be a generalized hybrid mapping. Then
the following are equivalent:

@ F(T) #0;

(b) {T"x} is bounded for some x € C.

Using Theorem 3.3, they also proved the following fixed point theorems in a
Banach space.

Theorem 3.4. Let E be a uniformly convex Banach space and let C' be a nonempty
closed convex subset of E. Let T : C' — C' be a nonexpansive mapping, i.e.,

1Tz =Tyl < llz =y, Va,yeC.
Suppose that there exists an element & € C such that {T"z} is bounded. Then, T
has a fixed point in C.

Theorem 3.5. Let E be a uniformly convex Banach space and let C' be a nonempty
closed convex subset of E. Let T : C — C' be a nonspreading mapping, i.e.,

2|Tx - Ty|* < |Tx —yl* + | Ty — «|*, Va,yeC.

Suppose that there exists an element & € C such that {T"z} is bounded. Then, T
has a fixed point in C.

Theorem 3.6. Let E be a uniformly convex Banach space and let C' be a nonempty
closed convex subset of E. LetT : C — C' be a hybrid mapping, i.e.,

37w = Ty|]? < [T — y|2 + | Ty — o2 + o = y|?, Va,y e C.

Suppose that there exists an element x € C such that {T"z} is bounded. Then, T
has a fixed point in C'.

4. SOME PROPERTIES OF GENERALIZED HYBRID MAPPINGS

Let E be a Banach space. Let C be a nonempty subset of . Let T : C — C be
a mapping. Then, p € C'is called an asymptotic fixed point of 7" [18] if there exists
{z,} C C such that x,, — p and lim,, o |2, — T2,| = 0. We denote by F(T)
the set of asymptotic fixed points of 7. A mapping I — T of C' into F is said to be
demiclosed on C' if F(T) = F(T).

Theorem 4.1. Let E be a Banach space satisfying Opial’s condition and let C' be a
nonempty closed convex subset of E. Leta, € R and letT be an («, 3)-generalized
hybrid mapping of C' into itself such that « > 1 and 3 > 0. Then F(T) =F(T),ie.,
I — T is demiclosed.

Proof. Let T : C — C be an («, 3)-generalized hybrid mapping, i.e., there exist
a, 8 € R such that

alTz = Ty|* + (1 = a)|lz = Ty|* < BTz — y|* + (1 = B) |l — yII? (4.1)

for all 2,y € C. The inclusion F(T) C F(T) is obvious. Thus we show F(T) C
F(T). Let u € F(T) be given. Then we have a sequence {z,} of C' such that
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Zp = uand lim, . ||z, — T2z,|| = 0. Since T : C — C is a generalized hybrid
mapping, we obtain that

AT, = Tul? + (1= ) | — Tull® < BTz, — ul® + (1 = B)llzn —ul®. 2.2
From o > 1, 8 > 0 and (4.2), we have

ol T, — Tu||2 < B Tzn — 2| + |77 — UH)2 + (1= B)llzn — u||2
+ (= V) (|zp — T2l + | Tz — Tul)?.
So, we have that
(@ = (0= D)ITzp — Tul® < (B+ (1 = B)llzn — ul]* + (B + a = )|z, — Tz, |?
+2(8+a— D([|zn —ull + [[T2n — Tul )| Tzn — n|

and hence
1T — Tull® < n — ull? + (8 + & — 1) 2n — T (@3
+2(8+a—1)([lon — ull + [Tz — Tul)[Tzn — 2n.
From z,, — u, we obtain that {z,,} is bounded. From lim,,_ ||z, — Tz,|| = 0 we

also have that {T'z,, } is bounded. So, we can take a positive constant M such that
sup{||zn — u|| + || Tzn — Tul|| : n € N} < M. (4.4
Suppose T'u # u. Then we have from Opial’s condition, (4.3) and (4.4) that
liminf ||z, — u||* < liminf ||z, — Tu|?
n——-o0 n——:oo
= liminf ||z, — Tz, + Tz, — Tul?
n——oo
= liminf | Tz, — Tul?
n—-aoo
< liminf(||z, — ul|® + (B + o — 1)||z, — Tz,
n——oo
+2(8+a—-1)M|Tay — n|)
= lim inf ||2,, — ul?.
n—-uoo

This is a contradiction. So, we have Tu = u and hence F(T) C F(T). This
completes the proof. U

Remark. We do not know that the demiclosedness property for a generalized hy-
brid mapping holds or not in a uniformly convex Banach space.

Using Theorem 4.1, we can prove the following theorems in a Banach space.

Theorem 4.2. Let E be a Banach space satisfying Opial’s condition and let C' be a
nonempty closed convex subset of E. LetT : C — C be a nonexpansive mapping,
ie.,

[Tz =Tyl < [lz —yll, Vz,yeC.

Then, I — T is demiclosed on C.
Proof. In Theorem 4.1, a (1, 0)-generalized hybrid mapping of C into itself is nonex-

pansive. Further, « =1 > 1and 6 =0 > 0. By Theorem 4.1, I — T is demiclosed
on C. O
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Theorem 4.3. Let E be a Banach space satisfying Opial’s condition and let C' be a
nonempty closed convex subset of E. Let T : C — C' be a nonspreading mapping,
ie.,

2| T — Ty|)® < |Ta -yl + [Ty — 2|%, Va,y € C.
Then, I — T is demiclosed on C.
Proof. In Theorem 4.1, a (2, 1)-generalized hybrid mapping of C into itself is non-

spreading. Further, « =2 > land § =1 > 0. By Theorem 4.1, I — T is demiclosed
on C. O

Theorem 4.4. Let E be a Banach space satisfying Opial’s condition and let C' be a

nonempty closed convex subset of E. Let T : C — C be a hybrid mapping, i.e.,
3Tz — Tyl* < ||Tx — y|* + | Ty — z|* + ||z — ylI*, Va,yeC.

Then, I — T is demiclosed on C.

Proof. InTheorem 4.1, a (%, %)—generalized hybrid mapping of C' into itself is hybrid.
Further, o = % >land f = % > 0. By Theorem 4.1, I — T is demiclosed on C'. [

Next, we have the following property of the fixed point set of a generalized hybrid
mapping in a Banach space.

Theorem 4.5. Let E be a strictly convex Banach space, let C' be a nonempty closed
convex subset of E and let T' be a generalized hybrid mapping of C' into itself. Then
F(T) is closed and convex.

Proof. Let T : C — C be a generalized hybrid mapping, i.e., there exist o, 3 € R
such that
af|Te = Ty|* + (1 - a)llz — Tyl < BTz — y[* + (1 = B)llx — y? (4.5)

for all z,y € C. If F(T) is empty, then F(T') is closed and convex. If F'(T) is
nonempty, then we have from Theorem 3.2 that T' is quasi-nonexpansive. From
Itoh and Takahashi [11], we have that F(T) is closed and convex. O

Let F be a Banach space and let C' be a nonempty subset of £. A mapping
T : C' — C is called asymptotically regular if for any x € C,

Ty — TP — 0.

Theorem 4.6. Let E be a uniformly convex Banach space and let C' be a nonempty
closed convex subset of E. Let T be a generalized hybrid mapping of C' into itself
with F(T) # 0 and let v be a real number with 0 < v < 1. Define a mapping
S:C—Chy

S=~v1+(1-T.
Then, for any x € C, Sz — S™z converges strongly to 0, i.e., S is asymptotically
regular.

Proof. Let T : C — C be a generalized hybrid mapping with F(T) # (. Then,
from Theorem 3.2 we have that 7" is quasi-nonexpansive. Using that T is quasi-
nonexpansive, we have that for any v € F(T), x € Cand n € N,

15" e —ul| = [|SS™z — u
=||vS"x + (1 —v)TS"x — ul|
= [y(8"x —u) + (L = )(TS"z — u)|
<A™z —ul + A = TS"x — ul|



WEAK CONVERGENCE THEOREMS FOR GENERALIZED HYBRID MAPPINGS 163

<8z —ull + (1 =) [|5™2 — u]
= [|S"z — u||.

So, we have that lim,,_,, ||S"2 — u|| exists. Then, {S"x} is bounded. Since T is
quasi-nonexpansive, {T'S"z} is also bounded. Let

r = max{sup |S"z — u||,sup | TS"x — ul| }.
neN neN
Then, from Theorem 2.3, there exists a strictly increasing, continuous and convex
function g : [0,00) — [0, 00) such that g(0) = 0 and
12z + (1= Nyl* < Mal® + 1@ = lyll* = A1 = Ng(|lz - yll)

forall z,y € B, and A with 0 < A < 1, where B, = {2 € E : ||z|| < r}. So, we have
that for any u € F(T), x € C and n € N,

15"+ — ul? = [|SS"x — ul]?
= ||vS"x + (1 — )TS"z — ul)?
<9)18"2 —ul® + (1= NITS"z — ul|* = 1(1 = 1)g(|S"x - TS"z|)

<I8" e — ul) +

o~ o~ o~ —

1= IS"z —ul* = (1 = 7)g(||S"z — TS"z|)
= [|8"z — ul* = (1 = )g(||S"z — TS"x])
< 18"z —ulf?
and hence
Y1 =g(|8"z = TS"x|) < [[$™x — ul® = Sz — u]*.
Since lim,, ., ||S™2 — u||? exists and 0 < v < 1, we have
lim_g(|S"e ~ 75" a]) = 0.
From the properties of g, we have lim,, . ||S"2 — T'S"z|| = 0. From
|8 e — TS™z|| = ||[vS"x + (1 — y)TS"x — TS x| = v||S™x — TS"z|,
we have that
|S" e — S™z| = ||S" T e — TS "z + TS"x — S"z|
< |8z — TS™x|| + | TS™x — S™=|
=4||S"x — TS x| + |TS"x — S"z| — O.
This completes the proof. O

5. WEAK CONVERGENCE THEOREMS

In this section, we first prove a weak convergence theorem of Mann'’s type [16]
for generalized hybrid mappings in a Banach space satisfying Opial’s condition.

Theorem 5.1. Let F be a uniformly convex Banach space which satisfies Opial’s
condition and let C' be a nonempty closed convex subset of E. Let a,,3 € R and
let T be an («, 3)-generalized hybrid mapping of C' into itself such that & > 1 and
B > 0. Let {v,} be a sequence of real numbers with0 < a < v, < b < 1 and define
a sequence {x,} of C as follows: x1 =z € C and

Tntl = Ynln + (]- - ’Vn)TfEn, Vn € N.
IfF(T) # 0, then {z,} converges weakly to some element z € F(T).
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Proof. Let T : C — C be an («, 3)-generalized hybrid mapping., i.e.,
a| Tz = Ty|* + (1 - a)llz = Ty||* < BTz -yl + (1 = B)|la - y|?
for all z,y € C. Since F(T) # (), we know from Theorem 3.2 that T is quasi-

nonexpansive. Using the fact that T is quasi-nonexpansive, we have that for any
ue F(T),z€Candn €N,

[znt1 — ull = [lvnzn + (1 = ) Tzn — ul|
= llm(@n —u) + (1 =) (Ten — u)|
<l —ull + (1 =) [ Ten — ull
S llwn —ull + (1 =) ln —ull
= [[an —ull.
So, we have that lim,,—, ||z, — u|| exists. Then, {z,} is bounded. Since T is
quasi-nonexpansive, {T'z,} is also bounded. Let
r = max{sup |z, — ul|,sup ||Tz, — ul|}.
neN neN
Then, from Theorem 2.3, there exists a strictly increasing, continuous and convex
function g : [0, 00) — [0, 00) such that g(0) = 0 and
A+ (1= Ngll? < Allzl + (1 = )yl = M1 = Ng(lle — g1l
forall z,y € B, and A with 0 < A < 1, where B, = {z € E : ||z]| < r}. So, we have
that forany u € F(T), x € C andn € N,
241 = ull® = [Yazn + (1 = y0) Ty — uf?
= n(n — ) + (1 = 73) (T — )|
< allzn = ull? + (1 = )| T2 — wl? = a1 = 3)g(ln — Tl
< allzn = w2 + (1= 3) 120 = ull® = 701 = 1)g(len — Tzal)
= llzn = ull® = (1 = 1)9(llzn — Tznl])
< wn —ul?
and hence
(L = 1)g (20 = Tl < n — > = [nss — ul®
Since lim,, . ||, — u||? exists, we have from 0 < a < v, < b < 1 that

lim g(||zn, — Tx,||) = 0.

n

From the properties of g, we have

lim ||z, —Txz,| = 0. (5.1)

Since {x, } is bounded and F is reflexive, there exists a subsequence {x,, } of {z,}
such that {x,, } converges weakly to v € C. Using Theorem 4.1 and (5.1), we have
Tu = u. Let us show that the entire sequence {x,,} converges weakly to some point
of F'(T). To show it, let us take two subsequences {x,,} and {x,,} of {z,} such
that z,,, — u and z,,;, — v. Suppose u # v. From u,v € F(T), we know that
lim,, . ||Zn —u| and lim,, o, ||z, —v|| exist. Since E satisfies Opial’s condition,
we have that
lim_[lon — vl = lim_ |z, — ul
n——-ao0o 1—>00

< lim ||z, — |
11— 00
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= lim ||z, —v|
n—aoo

= tim on, ol
J—00

< lim ||lzg, — ul|
J—

= lim |z, —ul.
n——-muo90

This is a contradiction. So, we must have v = v. This implies that {z,} converges
weakly to a point of F/(T). O

Remark. We do not know that such a weak convergence theorem for a generalized
hybrid mapping holds or not in a uniformly convex Banach space which has a
Fréchet differentiable norm.

Using Theorem 5.1, we obtain the following result.

Theorem 5.2. Let F be a uniformly convex Banach space which satisfies Opial’s
condition and let C' be a nonempty closed convex subset of E. LetT be a generalized
hybrid mapping of C into itself with F(T) # () and let v be a real number with
0 < v < 1. Define amapping S : C — C by

S=~I+1-~)T.
Then, for any x € C, S™x converges weakly to an element z € F(T).

Proof. Putting v, = v foralln € Nand S = v 4+ (1 — 7)T, we have that for any
zedl,

Ty = Sz = Sz, x5 = S%x = Sz, . ..
in Theorem 5.1. So, we have from Theorem 5.1 that S™x converges weakly to an
element z € F(T'). This completes the proof. O
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ABSTRACT. In this paper, three classes of systems of generalized vector quasi-
equilibrium problems are introduced and studied in product FC-spaces without
convexity structure. We prove some new equilibrium existence theorems for three
classes of systems of generalized vector quasi-equilibrium problems in noncompact
product FC-spaces. These results improve and generalize some recent results in
literature to product FC-spaces without any convexity structure.

KEYWORDS : Systems of generalized vector quasi-equilibrium problem; C;(x) —
FC— diagonal quasi-convex; C;(xr) — FFC'— quasi-convex; C;(z) — FC— quasi-
convex-like; FC-spaces.

1. INTRODUCTION

Let X be a convex subset of a real topological vector space F (in short t.v.s.) and
F: X x X — R be a given function with F'(x,z) > 0 for all z € X. By equilibrium
problem, Blum and Oettli [1] considered the problem of finding v € X such that
F(u,y) > 0 for all y € X. This problem contains optimization problems, Nash type
equilibria problems, variational inequality problems, complementary problems and
fixed point problems as special case. In 1980, Giannessi [2] introduced the vector
variational inequality problem in finite dimensional Euclidean spaces. From the
above applications, generalized vector quasi-equilibrium problems, and system of
generalized vector quasi-equilibrium problems have become important developed
directions of vector variational inequality theory, for example, see [4-26].
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In 2000, Ansari et al. [4] introduced the system of vector equilibrium problems
(for short, SVEP), that is, a family of equilibrium problems for vector-valued bifunc-
tions defined on a product set, with applications in vector optimization problems
and Nash equilibrium problem [5] for vector valued functions. Recently, Ansari
et al. [6] introduced the following concept of system of vector quasi-equilibrium
problems (in short, SVQEP) as follows (see also in [7-13]; Let I be any index set
and for each ¢ € I, let X; be a topological vector space. Consider a family of
nonempty convex subsets {K;};c; with K; C X;. We denote by K = [[,; K;
and X = [[,.; Xi. For each i € I, let Y; be a topological vector space and let
Ci: K —2Y,8;: K — 2Kiand F; : K x K; — 2 be multi-valued mappings.
The system of vector quasi-equilibrium problems (in short, SVQEP), that is, to find
x € K such that for each ¢ € I,

x; € Si(x) : Fi(x,y;) ¢ —intCi(x) Vy; € Si(x). (1.1)

If S;(x) = K, for all x € K, then (SVQEP) reduces to (SVEP) (see [4]) and if the
index set [ is singleton, then (SVQEP) becomes the vector quasi-equilibrium prob-
lem which contains vector quasi-optimization problem and vector quasi-variational
inequality problem as special cases (see [3]).

In 2010, Li and Li [14] considered three following problems. Let let X, Y and
Z be three real topological spaces, let X and Y be Hausdorff spaces, £ C X and
D C Z be two nonempty subsets. Let C : X — 2Y be set-valued mapping such
that C(x) be a proper, closed and convex cone of Y with nonempty interior. Let
S:E—2FT:E —2Pand F: ExDxE — 2Y be three set-valued maps. Three
classes of generalized vector quasi-equlilbrium problems: Find Z € F and z € T(Z)
such that

() (GVQEPD) z € S(z) and F(z,z) € —intC(z),Vy € S(z).
(i) (GVQEPI) z € S(z) and F(z,z) N —intC(Z) = 0,Vy € S(T).

(iii) (GVQEPII) 7 € (%) and F(z,2) C —C(z),Vy € S(%).
Moreover, they obtained some existence results by using the well know Fan-KKM
theorem without the compact assumption and unless otherwise specified.

On the other hand, it is well known that many existence theorems of maximal el-
ements for set-valued mappings have been established in topological vector spaces,
H-spaces and G-convex spaces by many authors. The notion of generalized convex
(in short, G-convex) spaces was introduced by Park and Kim in [15, 16] . In 2005,
Ding [17] was introduced the notion of a finitely continuous topological space (in
short, FC-space). It is clear that the class of G-convex spaces is a subclass of FC-
spaces. We emphasis that FC-space is a topological space without any convexity
structure.

Motivated and inspired by research works mentioned above, in this paper, we in-
troduce three classes of systems of generalized vector quasi-equilibrium problems
in product FC-spaces. Let X and Y be two nonempty sets. We denote by 2Y and
(X)) the family of all subsets of Y and the family of all nonempty finite subsets of
X, respectively. Let I be any index set. For each 7 € I, let X; and Y; be topological
spaces and Z; be a topological vector space. Let X = [[,.; X;,Y = [[,.;Yi and
fori € I and z € X, z; = m;(2) be the projection of z onto X;. For each i € I, let
A Y x X = 2% T, .Y x X — 2% 0; : X — 2% such that for each z € X, C;(z)
be a closed convex cone with nonempty interior, and ¥; : X; x Y x X — 2Zi pe
set-valued mappings.
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We consider the following three classes of systems of generalized vector quasi-
equilibrium problems:

() (SGVQEP 1) Find (§, %) € Y x X such that for each i € I,
Ui € T3(3, 2), 2 € Ai(§,2) and V;(x;,9, 2) € —intCy(2),Ya,; € Ai(7, 2).
(i) (SGVQEP 2) Find (3, %) € Y x X such that for each i € I,
yAi € T’Z(ga 2)7 ZAl € Al(ga 2) and \I/i(xiaga 72) N 7Zntcz(2) = @,VI'Z S Al(ga ’2)
(iii) (SGVQEP 3) Find (7, %) € Y x X such that for each i € I,
yAi c Tl(]),é), Z; € Al(:lj,é) and \I/z({L'Z, z}, ,2) C —Cl(ZA),V.’ﬁZ S Az(ﬁ, ,2)
Let Vj be a topological vector space ordered by a proper closed convex cone D in
Vopandlet h:Y x X — 2% is a set-valued mapping. ~ Moreover, we introduce the
notations of C;(z) — F'C—diagonal quasi-convex, C;(x) — F'C'—quasi-convex and
C;(z) — FC'—quasiconvex-like for set-valued mappings in FC-space. By using these
notions and an existence theorem of maximal elements for a family of set-valued
mappings, we prove some new existence theorems of solutions for the SGVQEP (1),
SGVQEP (2) and SGVQEP (3) in noncompact product FC-spaces without convexity

structure. These results improve and generalize some recent known results in
literature to noncompact FC-spaces.

2. PRELIMINARIES

Let A, be the standard n-dimensional simplex with vertices {eg, €1,...,e,}. If
J is a nonempty subset of {0,1,...,n}, we denote by A; the convex hull of the
vertices {e; : j € J}. The following notion was introduced by Ben-El-Mechaiekh et
al. [18].

Definition 2.1. (X,I') is said to be a L-convex space if X is a topological space
andI' : (X) — 2% is a mapping such that for each N € (X) with |N| = n+1, there
exists a continuous mapping ¢y : A, — I'(N) satisfying A € (N) with [A] =J+1
implies pn(A;) C I'(A), where A is the face of Ay corresponding to A.

The following notion of a finitely continuous topological space (in short, FC-
space) was introduced by Ding [17].

Definition 2.2. (X, py) is said to be a FC-space if X is a topological space and
for each N = {xq,...,2,} € (X) where some elements in N may be same, there
exists a continuous mapping ¢y : A, — X. A subset D of (X, ¢y) is said to be a
FC-subspace of X if for each N = {zg,...,x,} € (X) and for each {z;,,...,2;, } C
NN D,pn(Ar) C D, where A = co({e;; : j =0,...,k}).

It is clear that any convex subset of a topological vector space, any H-space

introduced by Horvath [19], any G-convex space introduced by Park and Kim [15,
], and any L-convex spaces introduced by Ben-El-Mechaiekh et al. [18] are all
FC-space.

By the definition of FC-subspaces of a FC-space, it is easy to see that if {B;} € T
is a family of FC-subspaces of a FC-space (Y, ¢py) and N;c;B; # 0, then N B; is
also a FC-subspace of (Y, ¢n) where I is any index set. For a subset A of (Y, pn),
we can define the FC-hull of A as follows:

FC(A) :ﬂ{B CY:AC BandBis FC — subspace of Y}.

Clearly, FC(A) is the smallest FC-subspace of Y containing A and each FC-
subspace of a FC-space is also a FC-space.
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Lemma 2.3. [20] Let (Y, pn) be a FC-space and A be a nonempty subset of Y .
Then

FC(A) = J{FC(N): N € (A)}.

Lemma 2.4. [20] Let X be a topological space, (Y, pn) be a FC-space and G : X —
2Y be such that G~}(y) = {x € X : y € G(z)} is compactly open in X for each
y € Y. Then the mapping FC(G) : X — 2Y defined by FC(G)(x) = FC(G(z)) for
eachz € X satisfies that (FC(G))™!(y) is also compactly open in X for eachy € Y.

Lemma 2.5. [17] Let I be any index set. For eachi € I, let (Y;, ¢n,) be a FC-space.
LetY = [[,c;Yi and o = [[;c; ¢n,- Then (Y, ¢on) is also a FC-space.

Lemma 2.6. [20] Let I be any index set. For eachi € I, let (X;, ¢n,) be a FC-space,
X = Hie[ X; and K be a compact subset of X. Foreachi € I, let G; : X — 2% be
such that
(i) foreachi € I andx € X, G;(x) is a FC-subspace of X;,
(i) foreachz € X, m;(z) ¢ G;(x) foralli € I,
(iii) for eachy; € X;, G ! (yi) is compactly open in X
(iv) for each N; € (X;), there exists a nonempty compact FC-subspace Ly, of
X, containing N; and for each x € X \ K, there exists i € I satisfying
Ly, NGi(z) #£ 0.
Then there exists # € K such that G;(£) = 0, foreach i € I.

Lemma 2.7. [21] Let X and Y be topological spaces and G : X — 2Y be a set-
valued mapping. Then G is lower semicontinuous in x € X if and only if for any
y € G(z) and any net {z,} C X satisfying o — x, there exists a net {y,} such
that y,, € G(z,) and y, — y.

Lemma 2.8. [22] Let X,Y and Z be topological spaces. Let F : X x Y — 2% and
C : X — 2% pe set-valued mappings such that
(i) C has closed (resp., open) graph,
(i) for eachy € Y, F(-,y) is lower semicontinuous on each compact subset of
X.
Then the mapping F* : Y — 2% defined by F*(y) = {x € X : F(x,y) C C(z)}
(resp., F*(y) = {x € X : F(x,y) N C(x) = 0}) has compactly closed values.

Lemma 2.9. [22] Let X,Y and Z be topological spaces. Let F : X x Y — 2% and
C : X — 2% pe set-valued mappings such that
(i) C has closed (resp., open) graph in X x Z,
(i) for eachy € Y, F(-,y) is upper semicontinuous on each compact subset of
X with nonempty compactly closed values.
Then the mapping F* : Y — 2% defined by F*(y) = {x € X : F(z,y) € C(z)}
(resp., F*(y) = {z € X : F(z,y) N C(x) # 0}) has compactly closed values.

3. THE EXISTENCE OF THE SYSTEM OF GENERALIZED VARIATIONAL
INEQUALITY

Throughout this section, unless otherwise specified, we assume the following
notations and assumptions. Let I be any index set. For each ¢ € I, let (X;, on,)
and (Yz,golN) be F'C'—spaces, and Z; be a nonempty set. Let X = [[,.; X; and
Y = [l;c; Y. Foreachi € I,let A; : Y x X — 2% T, : Y x X — 2%and
C; : Y x X — 2% such that for each z € X, C;(z) be a closed convex cone with
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nonempty interior, ¥; : X; x Y x X — 2% be set valued mappings. From Li and Li
[14] and Ding [22], we first propose the following generalized convexity definitions.

Definition 3.1. Let I be any index set. For each i € I, let (X;, pn,) and (Y5, cp/Ni)
be F'C—spaces, and Z; be a nonempty set. Let X = [[,.; X; and Y = [[,.; V.
Foreachi € I,let 4, : Y x X =25 T, : Y x X - 2¥and C; : ¥ x X — 2%
such that for each z € X, C;(z) be a closed convex cone with nonempty interior,
U, : X; xY x X — 2% be set valued mappings. For eachi € [ and y € Y, U, :
X; XY x X — 2% is said to be

(i) ¥, is said to be C’,»(z) — FC— diagonal quasi-convex of weak type 1 in first
argument if each N; = {z;0,...,2;n} € (X;) and for each z € X with
z; € FC(N;), there exists j € {0,...,k} such that

(i) ¥, is said to be C;(z) — FC'— diagonal quasi-convex of weak type 2 in first
argument if each N; = {x;0,...,2;n} € (X;) and for each z € X with
z; € FC(N;), there exists j € {0, ..., k} such that

Ui(2i,,y,2) N —intCi(z) = 0,

(iii) ¥; is said to be C;(z) — FC— diagonal quasi-convex of strong type 1 in
first argument if each N; = {z;0,...,%;n} € (X;) and for each z € X
with z; € FC(N;), there exists j € {0, ..., k} such that

Vi(zi;,y,2) C Ci(2).

(iii) ¥; is said to be C;(z) — FC— diagonal quasi-convex of strong type 2 in
first argument if each N; = {z;0,...,%;»} € (X;) and for each z € X
with z; € FC(N;), there exists j € {0, ..., k} such that

Now, we establish an existence result for a solution of systems of generalized
vector quasi-equilibrium problems (SGVQEP) as follows :

Theorem 3.2. Let K and H be nonempty compact subsets of X and Y, respectively,
and for eachi € I,C;(z) be closed convex cone with nonempty interior. Suppose that
Joreachi € I, the following condition are satisfied;

() foreach(y,z) € Y x X, T;(y, z) and A;(y, z) are nonempty FC—subspaces
of Y; and X;, respectively;

(ii) for each (u;,v;) € Y; x X;, T, (u;) and A (v;) are compactly open in
Y x X;

(iii) the mapping z — intC;(z) has an open graph and for each x; € X;, the
mapping (y,z) — U;(z;,y,2) is upper semicontinuous on each compact
subsets of Y x X with nonempty compactly closed values;

(iv) foreachz € X, ¥, : X;xY x X — 2% is C;(z)— F C—diagonal quasi-convex
of wealk type 1 in first argument;

() the set W; = {(y,2) € Y x X 1 y; € Ti(y,2),2 € Ai(y,2)} is compactly
closedinY x X;

(vi) there exists nonempty compact subset H x K of Y x X, and for each M; x
N; € (Y; x X;), there exists compact FC-subspace Ly, X Ly, containing
M; x N; such that for each (y,z) € Y x X \ H x K, there existi € I,u; €
Ti(y,z) N Ly, and v; € A;(y, z) N Ly, satisfying ¥, (0;,y, z) C —intC;(2).
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Then the solution set My of SGVQEP(1) is nonempty and compact in H X K, where
My ={(y,2) € HxK :y; € T;(y,2), zi € Ai(y, 2) and ¥;(x;,y,z) € —intCy(z),Va; €
Az(ya Z)7Z € I}

Proof. Step I. Show that M is nonempty.
For each i € I, we define a set-valued mapping P; : Y x X — 2%i by

Pi(y,z) ={x; € X; : (25,9, 2) C —intCi(2)},V(y,2) €Y x X.
We now, show that for each i € I and (y,2) € Y x X
zi =mi(2) ¢ FC(P;(y, 2)). (3.1
If it is false, then there exist i € I and (3,Z) € Y x X such that z; = m;(2) €

FC(P;(y,Z)). Hence by Lemma 2.3, there exists N; = {@;0,...,Tin} € (Pi(7, 2))
such that Z; = m;(2) € FC(N;). Thus, we have

Vi(xi;,9,2) C —intCy(2),¥j = 0,...,n.
By (iv) and Definition 3.1.(i), there exists j € {O7 ... ,n} such that

\Ifl($l7 5 g, 2) ,¢_ fth’l(Z),Vj == 0, ey Ny
which is a contradiction. Then, for each ¢ € I and (y,2) € Y x X,z = m(z) ¢
FC(P;(y, z)). Hence by condition (iii) and Lemma 2.9, for each i € I and z; € X,
the set

P w) ={(y,2) €Y x X : Wi(3,y,2) C —intCi(2)}
is compactly open in € Y x X. From Lemma 2.4 that (FC(FP;))"!(z;) is also
compactly open in € Y X X for each z; € X;. By Lemma 2.5, it follows ¢ € I,Y; X X;
is a FC-space and Y x X is also a FC-space for all ¢ € I.
Next, for each i € I, we define a set-valued mapping G; : Y x X — 2Yi*¥Xi py

Ti(y, z) x [Ai(y, ) N FC(P(y, 2))], if (y,2) € Wi,
Ti<yﬂz) X Ai(yvz)v zf(y7z) ¢ Wi.

By condition (i), for each i € I and (y,2) € Y x X, G,(y, ) is an FC-subspace of
Y; x X;. From the definition of W; and (3.2), (y;,2;) ¢ Gi(y, z), for each i € I and
(y,2) €Y x X.

Then, for each ¢ € I and (u;,v;) € Y; x X;, we have

Gy Muiv) = [T (w) () A7 (o) (YFC(P)) ™ (v3)]
UL < X\W) ()T (wa) () A7 (00)].

Since (FC(P;))~1(v;) is compactly open in Y x X for each v; € X;, it follows by
the condition (ii) that G;l (ui, vi) is also compactly open in Y x X. By (vi), for each
H; = M; x N; € (Y; x X;) there exists compact FC-subspace Ly, = Ly, X Ly, of
Y, x X, containing H; such that

Thus all conditions of Lemma 2.6 are satisfied. Hence by Lemma 2.6, there exists
(9,2) € H x K such that G;(y,2) = 0 for each i € I. If (y,2) ¢ W, for some
J € I, then either T;(y, 2) = 0 or A;(3,%) = 0, which contradicts the condition (i).
Therefore, (§, 2) € W; for all ¢ € I. This implies that for each i € I,4; € T;(§,2), 4; €
Ai(9,2) and A; (g, 2)NFC(P;(9, 2)) = @ and hence A;(7, 2)NP;(g, 2) = 0. Therefore,
foreachi € I,y; € Ti(9,2), 2; € Ai(9, 2) and
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Hence, (¢, 2) € My,and M, is nonempty.
Step II. Show that M; is compact.
By condition (iii) and Lemma 2.9, we note that, for each ¢ € I and v; € X;, the set

{(y,2) €Y x X : U;(vy,y, 2) € —intCi(2)}
is compactly closed in Y x X. This implies that the set
{(y,2) € HX K : V;(z;,y,2) € —intC;(2),Va; € Ai(y, 2)}
is closed in H x K, for all 7 € I. By condition (v), the set
W, ={(y,z) e Hx K :y; € T;(y,2),2; € A;(y,2)}

is also closed in H x K for each i € I. It follows that M, is closed in H x K. Hence
H x K is compact in Y x X and therefore M; is nonempty and compact . This
completes the proof. (I

Theorem 3.3. Let K and H be nonempty compact subsets of X and Y, respectively,
and for eachi € I,C;(z) be closed convex cone with nonempty interior. Suppose that
Soreachi € I, the following condition are satisfied;

() foreach(y,z) € Y x X, T;(y, z) and A;(y, z) are nonempty FC—subspaces
of Y; and X;, respectively;

(ii) for each (u;,v;) € Y; x X;, T,  (u;) and A; ' (v;) are compactly open in
Y x X;

(iii) the mapping z — intC;(z) has an open graph and for each x; € X;, the
mapping (y,z) — Y,;(x;,y,2) is lower semicontinuous on each compact
subsets of Y x X with nonempty compactly closed values;

(iv) foreachz € X, ¥, : X;xY x X — 2% is C;(z)— F C—diagonal quasi-convex
of wealk type 2 in first argument;

() the set W; = {(y,2) € Y x X 1 y; € Ti(y,2),2 € Ai(y,2)} is compactly
closedinY x X;

(vi) there exists nonempty compact subset H x K of Y x X, and for each M; X
N; € (Y; x X;), there exists compact FC-subspace Ly, X Ly, containing
M; x N; such that for each (y,z) € Y x X \ H x K, there existi € I,u; €
Ti(y,2)N Ly, and v; € A;(y, 2)N Ly, satisfying ¥, (v;,y, 2) N (—intCi(2)) #
0

Then the solution set M> of SGVQEP(2) is nonempty and compact in H X K, where
M2 = {(yvz) EHXK: Yi € Tl(yaz)wzz € Al(yaz) and \Ijz(xzvyvz) N (—thZ(z)) =
0,Vz; € Ai(y, 2),1 € T}.

Proof. For each i € I, we define a set-valued mapping P, : Y x X — 2% by
Pi(y,z) ={z; € X; : Vi(zs,y,2) N (—intCi(2)) # 0},Y(y,2) €Y x X.
We now show that, for each i € [ and (y,z) € Y x X,
zi =mi(2) ¢ FC(P;(y,2)). (3.2)

If it is false, then there exist ¢ € I and (3,%) € Y X X such that z; = m;(2) €
FC(P;(y,z)). Hence by Lemma 2.3, there exists N; = {2;0,...,2Zin} € (P;(7,2)).
such that z; = m;(2) € FC(N;). Thus, we note that

\I’i(l'ij,ﬂ, Z) - —thZ(Z),Vj =0,...,n.
It follows by (iv) and Definition 3.1.(ii) that there exists j € {0,...,n} such that
\Ifi(l'i].,:lj, 2) g —thZ(Z),V] = 0, ey
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which is a contradiction. Hence, for each i € [ and (y,2) € Y x X, z; = m;(2) ¢
FC(P;(y, z)). By condition (iii) and Lemma 2.8, we note that, the set

P x) = {(y,2) €Y x X : U(z4,y,2) N (—intCy(z)) # 0}

7
is compactly openin € Y x X for all ¢ € I and z; € X;. It follows from Lemma 2.4
that (FC(P;))~!(x;) is also compactly open in € Y x X for each x; € X;. Hence,
by Lemma 2.5, for each 7 € I,Y; X X; is a FC-space and Y X X is also an FC-space.
By the similar argument as in the proof of Theorem 3.2, we obtain the desired
result. O

Theorem 3.4. Let K and H be nonempty compact subsets of X and Y, respectively,
and for eachi € I, C;(z) be closed convex cone with nonempty interior. Suppose that
foreachi e I,

(i) foreach(y,z) € Y x X,T;(y, z) and A;(y, z) are nonempty F'C—subspaces
of Y; and X;, respectively;

(i) for each (u;,v;) € Y; X Xi,Tfl(ui) and A;l(vi) are compactly open in
Y x X;

(iii) the mapping z — intC;(z) has an open graph and for each x; € X;, the
mapping (y,z) — Y;(x;,y,2) is lower semicontinuous on each compact
subsets of Y x X with nonempty compactly closed values;

(iv) foreachz € X, U, : X;xY x X — 2%i is C;(z)— FC—diagonal quasi-convex
of strong type 1 in first argument;

W) theset W; = {(y,2) € Y x X 1 y; € Ti(y,2),2z € Ai(y,2)} is compactly
closedinY x X;

(vi) there exists nonempty compact subset H x K of Y x X, and for each M; x
N; € (Y; x X;), there exists compact FC-subspace Ly, x Ly, containing
M; x N; such that for each (y,z) € Y x X \ H x K, there existi el, 121 €
Ti(y,z) N Ly, and o; € Ai(y, z) N Ly, satisfying ¥;(0;,y,2z) € —C;(z

Then the solution set M3 of SGVQEP(3) is nonempty and compact in H x K, where
Ms={(y,2) €e Hx K :y; € T;(y,2),z € Ai(y,2) and V;(2;,y,2) C —C;(2),Vz; €
Ai(y,z),i €I}

Proof. For each i € I, we define a set-valued mapping P; : Y x X — 2% by
Pi(y,z) ={z; € X; : ¥i(w;,y,2) € —Ci(2)},V(y,2) € Y x X.
We now show that, for each i € I and (y,2) € Y x X
zi =m(2) ¢ FC(P;(y, 2)). (3.3)

If it is false, then there exist ¢ € I and (7,Z) € Y x X such that z; = m;(2) €
FC(P;(y,z)). Hence by Lemma 2.3, there exists N; = {%;0,...,2Zin} € (P;(7, 2)).
such that z; = m;(2) € FC ( ;). Thus, we note that
(i, 9,2) € —Ci(2),¥j =0,...,n

It follows (iv) and Definition 3.1.(iii) that there exists j € {0,...,n} such that

Vi(zi,,9,2) C —Ci(2),¥j =0,...,n
which is a contradiction. Hence, for each ¢ € [ and (y,2) € Y x X,z = mi(2) ¢
FC(P;(y, z)). Then by condition (iii) and Lemma 2.8, for each i € [ and z; € X,
the set

Pl (wi) ={(y.2) €Y x X : Wi(wi,y,2) € —Cilz

is compactly open in € Y x X. It follows from Lemma 2.4 that (FO(P;) ™ (xy)
is also compactly open in € Y x X for each z; € X;. Hence, by Lemma 2.5, for
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eacht € I,Y; x X; is a FC-space and Y x X is also an FC-space. By the similar
argument as in the proof of Theorem 3.2, we obtain the desired result. U

Definition 3.5. For eachi € [ and (y,2) € Y x X, ¥; : X; x Y x X — 2% is said
to be
() C;(z) — FC— quasi-convex in first argument if each (y,z) € Y x X, N; =
{SC@(), e ,xi,n} S <X1>, {Iiﬂ;u, e 7Ii,ik} C Nz and QZ,T S (,0/N1 (Ak), there
exists j € {0, ..., k} such that

\Iji(‘ri,ijayvz) C Wi(z},y,2) + Ci(2),

(i) C;(z) — FC— quasi-convex-like in first argument if each (y,2) € ¥ x X,
Ni = {xi@, . ,xi,n} S <Xi>, {xmo, . ,xi,ik} C NL' and l‘:( S (pNi (Ak),
there exists j € {0,...,k} such that

Wiz, y,2) C Vi(2ii;,y,2) — Ci(2).
Form Ding [23], we give the following lemma;

Lemma 3.6. [23] For eachi € I, let Z; be a topological vector space and C; : X —
2%: be a set-valued mapping, such that for each z € X, C;(z) is closed convex cone
in Z; with nonempty interior. If foreachi € I,(y,z) € Y x X, ¥; : X; xY x X — 2%
is C;(z) — FC—quasiconvex-like in first argument, then, the set

{w; € X; : Ui (wy,y,2) € —intCy(2)}
is FC-subspace of X;.

Lemma 3.7. [23] For eachi € I, let Z; be a topological vector space and C; : X —
2%: be a set-valued mapping, such that for each z € X, Ci(z) is closed convex cone
in Z; with nonempty interior. If foreachi € I,(y,z) € Y x X, ¥; : X; xY x X — 2%
is C;(z) — FC'—quasiconvex in first argument, then, the set

{z; € Xi : Uy(xy,y,2) N —intCy(z) = 0}
is FC-subspace of X;.

Lemma 3.8. [23] For eachi € I, let Z; be a topological vector space and C; : X —
2%: pe a set-valued mapping, such that for each z € X, Ci(2) is closed convex cone
in Z; with nonempty interior. If foreachi € I,(y,z) € Y x X, ¥; : X; xY x X — 2%
is C;(z) — FC'—quasiconvex-like in first argument, then, the set

{z; € X5 W(w4,y,2) C —Ci(2)}
is FC-subspace of X;.

Theorem 3.9. Let K and H be nonempty compact subsets of X and Y, respectively,
and for eachi € I,C;(z) be closed convex cone with nonempty interior. Suppose that
Joreachi € I, the following condition are satisfied;

(i) foreach(y,z2) € Y x X, T;(y, z) and A;(y, z) are nonempty F'C'—subspaces
of Y; and X;, respectively;

(ii) for each (u;,v;) € Y; x X;, T, (u;) and A; ' (v;) are compactly open in
Y x X;

(iii) the mapping z — intC;(z) has an open graph and for each x; € X;, the
mapping (y,z) — Y;(x;,y,2) is upper semicontinuous on each compact
subsets of Y x X with nonempty compactly closed values;

(iv) foreachz € X, V¥, : X; x Y x X — 2% is C;(z) — FC— quasi-convex-like
in first argument and for each (y,z) € Y x X, ¥;(x;,y,2) € —intCy(2);
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) theset W; = {(y,2) € Y x X : y; € Ti(y,2),2 € Ai(y,2)} is compactly
closedinY x X;
(vi) there exists nonempty compact subset H X K of Y x X, and for each M; x
N; € (Y; x X;), there exists compact FC-subspace Ly, X Ly, containing
M; x N; such that for each (y,z) € Y x X \ H x K, there existi € I,u; €
T;(y,z) N Ly, and 0; € A;(y, 2) N Ly, satisfying ;(v;,y, z) C —intC;i(z).
Then the solution set My of SGVQEP(1) is nonempty and compact in H x K, where
My ={(y,2) € HxK :y; € T;(y,2), zi € Ai(y, z) and ¥;(x;,y,z) € —intC;(z),Va; €
Ay, 2),i € I}.

Proof. We first show that, ¥, is C;(z) — F'C'—diagonal quasi-convex of SK-type 1
in first argument for all © € I and z € X. If it is false, then there exist ¢ € I,
N; = {zio,...,zin} € (X;) and for each z € X with z; € FC(N;), such that
Vi(zi,,y,2) C —intCi(z), for all j € {0,...,k}. Hence, we obtain N; C P;(y, z). It
follows from (iv) and Lemma 3.6 that for each i € [ and (y,2) € Y x X, P;(y, Z) is an
FC-subspace of X;. Then we have z; € FC(N;) C P;(y,z), which contradicts the
fact that for each (y,2) € Y x X, z; ¢ P;(y, z). Therefore, for each i € ] and z € X,
U, is C;(z) — FC—diagonal quasi-convex of SK-type 1 in first argument. Thus all
conditions of Theorem 3.2 for the SGVQEP(1) are satisfied. Hence the conclusion
of Theorem 3.9 hold from Theorem 3.2. This completes the proof. g

Theorem 3.10. Let K and H be nonempty compact subsets of X and Y, respec-
tively, and for each i € I,C;(z) be closed convex cone with nonempty interior. Sup-
pose that for each i € I, the following condition are satisfied;

(i) foreach(y,z) € Y x X, T;(y, z) and A;(y, z) are nonempty FC'—subspaces
of Y; and X, respectively;

(i) for each (u;,v;) € Vi x Xy, T, (u;) and A;*(v;) are compactly open in
Y x X;

(iii) the mapping z — intC;(z) has an open graph and for each x; € X;, the
mapping (y,z) — P;(x;,y,2) is lower semicontinuous on each compact
subsets of Y x X with nonempty compactly closed values;

(iv) foreachz € X,¥; : X; x Y x X — 2% is Cy(z) — FC— quasi-convex in
first argument and for each (y,z) € Y x X, V,;(z;,y,2) N (—intC;(2)) = 0;

) the set W; = {(y,2) € Y x X :y; € T;(y,2),2; € Ai(y,2)} is compactly
closedinY x X;

(vi) there exists nonempty compact subset H X K of Y x X, and for each M; x
N; € (Y; x X;), there exists compact FC-subspace Ly, x Ly, containing
M; x N; such that for each (y,z) € Y x X \ H x K, there existi € I,u; €
%}(y, 2)N Ly, and o; € A;(y, z)N Ly, satisfying ¥, (v;,y, 2) N (—intCi(2)) #

Then the solution set Ms of SGVQEP(2) is nonempty and compact in H X K, where
My ={(y,2) € Hx K :y; € T;(y,2), 2 € Ai(y,2) and ¥;(x;,y,z) N (—intC;(z)) =
0,Vz; € Ai(y,2),i € I}.

Proof. We first show that ,¥U; is C;(z) — FC'—diagonal quasi-convex of SK-type 2
in first argument, for each ¢+ € I and z € X. If it is false, then, there exist i € I,
N; = {zio,...,zin}t € (X;) and for each z € X with z; € FC(N,), such that
Ui(xi;,y,2z) N —intCi(z) # @ for all j € {0,...,k}. Hence, we obtain N; C P;(y, ).
It follows from (iv) and Lemma 3.7 that for each ¢ € I and (y,2) € Y x X, P;(y, 2)
is an FC-subspace of X;. Then we have z; € FC(N;) C P;(y, Z), which contradicts
the fact that for each (y,z) € Y x X, z; ¢ Pi(y, z). Therefore, for each i € I and
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z € X, ¥, is C;(z) — FC—diagonal quasi-convex of SK-type 2 in first argument.
Thus all conditions of Theorem 3.3 for the SGVQEP(2) are satisfied. Hence the
conclusion of Theorem 3.10 hold from Theorem 3.3. This completes the proof. [

By applying Lemma 2.6, Lemma 3.8 and the similar argument as in the proof of
Theorem 3.9-3.10, we can easily prove the following results.

Theorem 3.11. Let K and H be nonempty compact subsets of X and Y, respec-
tively, and for each i € I, C;(z) be closed convex cone with nonempty interior. Sup-
pose that for eachi € I,
() foreach(y,z) € Y x X, T;(y, z) and A;(y, z) are nonempty FC—subspaces
of Y; and X;, respectively;

(i) for each (u;,v;) € Y; x X,;,Ti_l(ui) and Ai_l(v,;) are compactly open in
Y x X;

(iii) the mapping z — intC;(z) has an open graph and for each x; € X;, the
mapping (y,z) — P,;(x;,y,2) is lower semicontinuous on each compact
subsets of Y x X with nonempty compactly closed values;

(iv) foreachz € X,V; : X; x Y x X — 2% is C;(z) — FC—quasi-convex-like
in first argument and for each (y,z) € Y x X, V;(z;,y,2) C —C;(2);

() the set W; = {(y,2) € Y x X 1 y; € Ti(y,2),2 € Ai(y,2)} is compactly
closedinY x X;

(vi) there exists nonempty compact subset H x K of Y x X, and for each M; x
N; € (Y; x X;), there exists compact FC-subspace Ly, X Ly, containing
M; x N; such that for each (y,z) € Y x X \ H x K, there existi € I,u; €
Ti(y,z) N Ly, and v; € A;(y, z) N Ly, satisfying ¥;(0;,y, z) € —Ci(2).

Then the solution set M3 of SGVQEP(3) is nonempty and compact in H X K, where
Ms={(y,2) e Hx K :y; € T;(y, 2), z € Ai(y,2) and ¥;(z;,y,2) C —Cy(2),Vz; €
Ai(y,z),i eI}
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ABSTRACT. In this paper, we introduce and consider a new class of vector mixed
quasi variational inequality and vector complementarity problem in a topological
vector space. We show that under certain conditions the solution set of the vector
mixed quasi complementarity problem equals to the solution set of the vector mixed
quasi variational inequalities. Using the Ky Fan’s lemma, we study the existence of
a solution of the vector mixed quasi variational inequalities and vector mixed quasi
complementarity problems. Moreover we discuss on some of our assumptions. Our
results extend those of Farajzadeh et al [Mixed quasi complementarity problems in
topological vector spaces, J. Global. Optim.,45 (2009) 229 - 235] to the vector case.

KEYWORDS : Complementarity problems; Mixed quasi-variational inequality; Ex-
istence results.

1. INTRODUCTION

Complementarity problems theory, which was introduced and studied by Lemke
[14]and Cottle and Dantzig [5] in early 1960’s, has enjoyed a vigorous and dynamics
growth. Complementarity problems have been extended and generalized in various
directions to study a large class of problems arising in industry, finance, optimiza-
tion, regional, physical, mathematical and engineering sciences, see [1-19]. Equally
important is the mathematical subject known as variational inequalities which was
introduced in early 1960’s. For the applications, physical formulation, numerical
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methods, dynamical system and sensitivity analysis of the mixed quasi variational
inequalities, see [1,5,15] and the references therein. It has been shown that if the
set involved in complementarity problems and variational inequalities is a convex
cone together with suitable assumptions then both the complementarity problems
and variational inequalities are equivalent, see Karamardian [13]. This equivalence
has played a central and crucial role in suggesting new and unified algorithms for
solving complementarity problem and its various generalizations and extensions,
see [1-19] and the references therein for more details.

Inspired and motivated by the reference [9], we introduce and analyze a new
class of vector mixed quasi variational inequality and vector mixed complemen-
tarity problem in topological vector spaces. These classes are quite general and
unifies several classes of complementarity problems in a general framework. Un-
der suitable conditions, we establish the equivalence between the vector mixed
quasi complementarity problem and vector mixed quasi variational inequalities
problem. This alternative equivalence is used to discuss several existence results
for the solution of the these problems by using Fan’s lemma in topological vector
spaces. The vector mixed quasi variational inequalities include vector mixed quasi
complementarity problems, f-complementarity problems, general complementar-
ity problems, various classes of vector variational inequalities and related vector
optimization problems as special cases.

2. PRELIMINARIES

Let X and Y be two real Hausdorff topological vector spaces and K be a non-
empty subset of X. Denote by L(X,Y) the space of all continuous linear mappings
from X into Y, and (¢, ) be the value of the linear continuous mapping ¢t € L(X,Y)
at z. Suppose that C : K — 2V is a set valued map with nonempty pointed ( that
is, C(u) N —=C(u) = {0} for all u € K) convex cone values, F' : K x K — Y, and
T:K — L(X,Y).

We consider the problem of finding v € K such that
(Tu,u) + F(u,u) =0, (Twu,v)+ F(v,u) € C(u), YveK, 2.1
which we call it the vector mixed quasi complementarity problem (VMQCP).

We note that if Y = R (real numbers) and C(u) = [0, 00), F'(v,u) = f(v),Yu,v €
K, then problem (1) is equivalent to finding u € K such that

(Tu,u) + f(u) =0, (Tu,v)+ f(v) >0, Yu,v€K, 2.2)

which is known as the f-complementarity problem, introduced and studied by
Itoh et al [12]. Moreover if F(v,u) = f(v), Vv € K, problem (1) reduces to the
vector version of Itoh et al’s problem introduced in [12]. For the applications and
numerical methods of problem (2), see [16, 2, 10].

If Flu,v) =0, for all u,v € K, and K* = {u € X* : (u,v) >0, Vv € K} is
a polar (dual) cone of the convex cone K, then the mixed quasi complementarity
problem (VMQCP) is equivalent to finding © € K such that

Tue K* and (Tu,u) =0, 2.3

which is called the general complementarity problem. For the recent applica-
tions, numerical results and formulation of the complementarity problems, see
[2,3,4,7,9,16] and the references therein.
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Related to the vector mixed quasi complementarity problem (1), we consider the
problem of finding u € K, where K is a nonempty subset of X, such that

(Tu,v —u) + F(v,u) — F(u,u) € C(u), Wve€K, (2.4

which we call it the vector mixed quasi variational inequality (VMQVIP). For the
formulation, numerical results, existence results, sensitivity analysis and dynam-
ical aspects of the scalar mixed quasi variational inequalities (that is Y = R), see
[1,8,10,13-19] and the references therein.

It is obvious that any solution of (VMQCP) is a solution of (VMQVIP). The following
example shows that the converse does not hold in general.

Example 2.1. Let X =Y =R, K = [0,400), F(z,y) =1,forallz,y € K, C(z) =
[0,400) for all € K and define T : K — R* = R by

T(:c){o if =0,

—1 otherwise.

Then u = 0 is a solution of (VMQVIP), whereas (VMQCP) hasn’t any solution. We
now show that the problems (1) and (4),under some conditions, are equivalent, that
is their solution sets are equal and this is the main motivation of our next result.

Theorem 2.2. Let K be a nonempty subset of a topological vector space X with
2K CK,and 0 € K. If F(2v,u) = 2F (v, u), for allu,v € K, then the solution sets
of (VMQCP) and (VMVIP) are equal.

Proof. It suffices to show that any solution of (VMQVIP) is a solution of (VMQCP).
Let © € K be a solution of the vector mixed quasi variational inequality (4). Then
by taking v = 0 and v = 2u in (4), we have

(Tu,—u) + F(0,u) — F(u,u) € C(u),
(Tu,u) + F(2u,u) — F(u,u) € C(u),
which implies, using F'(0,u) = 0, F(2u,u) = 2F(u,u), and C(u) N —C(u) = {0},
that
(Tu,u) + F(u,u) = 0. (2.5)
Also, from (5) and (4), we have , for all v € K,
(Tu,v) + F(v,u) =
(Tu,v) + F(v,u) — ((Tu,u) + F(u,u)) =
(Tu,v —u) + F(v,u) — F(u,u) € C(u)
that is,
(Tu,v) + F(v,u) € C(u), YveK. (2.6)
This shows that u € K is a solution of (VMQCP). O
Remark 2.3. (a) If K is a closed convex cone, then 0 € K, and 2K C K, but every
convex set with 0 € K, does not so. For instance, K = N U {0}, the set N denotes

the natural numbers, is not a convex cone while is a nonempty set with 2K C K|
and 0 € K.

(b) If F is positively homogeneous in the first variable then F'(2u, v) = 2F(u,v), Yu,v €
K. However the converse is not true, for instance, F'(u,v) = 0, for u rational and
F(u,v) = u, for u irrational, which is not positively homogeneous but satisfies
F(2u,v) = 2F (u,v) for u,v € K.
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In the rest of this section, we recall some definitions and Ky Fan’s lemma, which
will be used in the next section.
We shall denote by 24 the family of all subsets of A and by F (A) the family of all
nonempty finite subsets of A. Let X be a nonempty set, Y a topological space, and

I' : X — 2Y a multi-valued map. Then, I is called transfer closed-valued if, for
every y ¢ I'(z), there exists 2’ € X such that y ¢ cI['(z’), where ¢l denotes the
closure of a set. It is well-known that, I' : X — 2Y is transfer closed-valued if and
only if

() T(@) = ) dl(x).

zeX zeX
fBCYand AC X, thenT : A — 2B is called transfer closed-valued if the
set valued mapping *+ — I'(z) N B is transfer closed-valued. In this case where
X =Y and A = B, I is called transfer closed-valued on A.
Let X and Y are two topological vector space, K be a nonempty subset of Y, and
C C Y be nonempty and convex. The map f : K — Y is said to be C-convex if
for each 0 < A\ <1 and z1, 22 € K we have

)\f(l‘l) + (1 — )\)f(l'g) — f()\CL‘1 + (1 — )\)wg) eC.

Let K be a nonempty convex subset of a topological vector space X and let K, be
a subset of K. A set valued map I' : Ky — 2¥ is said to be a KKM map when

coA C U I'(z), VA € F(Ky),
z€A

where co denotes the convex hull.

Lemma 2.4. (Ky Fan|[7]). Let K be a nonempty subset of a topological vector space
X and F : K — 2% be a KKM mapping with closed values. Assume that there exist
a nonempty compact convex subset B of K such that D = (. F() is compact.
Then

M Flx)#0.

3. MAIN RESULTS

In this section, we provide some existence theorems in order to guarantee the
solution set of (VMQVIP) and (VMQCP) be nonempty and relatively compact.
Throughout this section ,unless otherwise specified, let X and Y be two real Haus-
dorff topological vector spaces and K be a nonempty convex subset of X. De-
note by L(X,Y’) the space of all continuous linear mappings from X into Y, and
(t,x) be the value of the linear continuous mapping ¢ € L(X,Y) at z. Suppose
that C' : K — 2Y is a set valued map with nonempty convex cone values and
F:KxK—Y,T: K— L(X,Y) are two mappings.

We need the following lemma for the next result.

Lemma 3.1. Let X be a topological vector space and E C X be compact and convex.
Let A = {ay,...,a,} be a finite subset of X. Then co(A U E) is compact.
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Proof. Let A, = {XI" ;\ie; : A\; >0, B, \; = 1}, where (e;) is the standard base
of R™. Define A : A1 X {a1} x ... x {an} Xx E — co(AU E) by

A()\l, ceey )\n+17 Ay .eey Apy 6) = E?:l)\iai + )\n+16.
It is clear that A is an onto continuous mapping and A, 11 X {a1} x ... X {a,} X E
is compact. Then co(AU E) = A(Ap41 X {a1} X ... x {a,} x E) is compact. The
proof is complete. O
Theorem 3.2. Assume that

(@) there exist a nonempty compact subset B and a nonempty convex compact
subset D of K such that

() for each x € K\B, there exists y € D such that (T'(x),y —x) + F(y,x) —
F(z,z) ¢ C(x);
(i) for each fixed y € K, the set valued mapping G : K — 2V defined by
Gly) ={z e K:(Tz,y —x) + F(y,z) - F(z,z) € C(x)}
is transfer closed on each compact convex subset K containing D
(b) there exists a mapping h : K x K — Y such that
@ h(z,z) € C(z), Vo € K;
(i) (T(x),y —z) + F(y,z) — F(x,x) — h(z,y) € C(z), Yo,y € K,;
(i) the set {y € K : h(z,y) & C(x)} is convex, ¥V x € K.

Then (VMQ@VI) has a solution. Moreover, the solution set of (VMQV]) is relatively
compact.

Proof. For each fixed A € F(K), define the multi-valued maps I'4, IV co(A U
D) — 200(AUD) a5 follows:

Ta(y) ={x € co(AUD) : (T(x),y — z) + F(y,z) — F(z,z) € C(z)},
I::;(y) ={x €co(AUD): h(z,y) € C(x)}.

We show that T is a KKM mapping. On the contrary, suppose there exists M =
{z1,22,....;2,} € co(AU D), and z € coM, such that z & Uje(1,2,..., n}f(a:,) Then
h(z,z;) & C(z) fori = 1,2,3,...,n. It follows by (b)(iii) that, h(z,z) ¢ C(z) contra-
dicting (b)(i). Hence 1'/‘;; is a KKM map and so I" 4 is a KKM map ( since f(y) CI'(y),
for all y € K). By Lemma 2.1 the set co(A U D) is compact and convex and
hence by Lemma 1.4 the intersection ﬂxew( aup) Al A(z) is nonempty and so by
the assumption (ii) of (a) we have

ﬂ cl g(x) = ﬂ Ta(z).

z€co(AUD) z€co(AUD)

Hence M4 = (,cqo(aup) ['a(2) is nonempty. We consider the family

> ={Ma:Ac F(K)}.
It is clear that ) has finite intersection property ( note if Ay, ..., A, € F(K) then
N Mg, 2 MU;LzlAi)' Hence ﬂAef(K) M 4 is nonempty ( note (a)(i) implies M4 C B
for each A € F(K) and the family ) has finite intersection property) and so there
exists T € (), clM 4. Now if z is an arbitrary element of K then we claim that

<T(f)71‘ - j> + F(‘T7E) - F(fvf) € O(f)7
that is = is a solution of (VMQVI).
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To see this let S = {z,7}. Then

T e ( ﬂ clgMa)Neco(DUS) C ﬂ cleo(pus)I's(y) Nco(D U S) =
AeF(K) yeS

() Ts(y) Neo(DUS) CTg(x),

yeS
and so this proves the assertion. It is obvious from (a)(i) that the solution set of
(VMQVI) is a subset of B. O

Remark 3.3. Condition (a)(ii) of Theorem 2.2 holds when T, F' are continuous
mappings and the graph of the mapping C' is closed. The following simple example
shows that the continuity of the maps isn’t necessary condition to hold (a)(ii).
Let X =Y = R, and K be a non-singleton convex subset of X and let T'(z) =
0, F(z,z) = 0,F(xz,y) = 1 for x # y,. Then F is not continuous but the condition
(a)(ii) is satisfied. can fail.

Corollary 3.4. Assume that:

(@) there exist a nonempty compact subset B and a nonempty convex compact
subset D of K such that

(i) for each x € K\B, there exists y € D such that (T'(z),y — x) + F(y,z) —
Fz,x) ¢ C(x);

(i) for each fixed y € K, the set valued mapping G : K — 2Y defined by
Gy)={ze K:(Tx,y—z)+ F(y,z) — F(z,z) € C(z)}

is transfer closed on each compact convex subset K containing D

() the set {y € K : (Tz,y —z) + F(y,x) — F(z,z) ¢ C(x)} is convex,

VzekK.

Then, (VMQVI) has a solution. Moreover, the solution set of (VMQVI) is relatively
compact.

Proof. The result follows from Theorem 2.2 by defining h(z,y) = (Tx,y — x) +
F(y,z) — F(x,z), for each z,y € K.

Remark 3.5. The condition (b) of Corollary 2.4 holds if the function y — F(x,y)
is C(x)— convex for each x € K. To see this let A € [0, 1], and
(Tx,y; —x) + Fyi,x) — F(z,z) € Y\C(x), fori=1,2.

Since Y'\C(z) is an open set then there exists a balanced neighborhood V' of zero
such that we have

V4 ({(Te,yp —2) + Fly, x) — F(z,z)) € Y\C().

Moreover, note Y\C(z) is a cone, for each positive integer n we get

%(V b (T — a) + Flyn,2) — F(z,2)) € Y\C(@).  (2.1)

For sufficiently large positive integer n we have
1-A

7(@%2/2*@+F(y27$)*F(ﬂfax)) ev (2.2)
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From (2.1) and (2.2) we get
A(Tz, g1 — x) + Fyr, ) — F(a,2)) + (1= N((Tz,y2 — )+
F(ya,z) — F(z,2)) € Y\C(z) (2.3).
From the C'(z)— convexity we have

AF(y1,2) + (1L = N F(y2, ) — F(Ay1 + (1 — Nyz,z) € C(x) (2.4).

Finally (2.3), (2.4) and (Y\C(x)) — C(z) C Y\C(z) imply the result.
By combining Corollary 2.4 and Remark 2.5 we obtain the following result.

Theorem 3.6. Assume that:

(@) there exist a nonempty compact subset B and a nonempty convex compact
subset D of K such that

(i) for each x € K\B, there exists y € D such that (T'(x),y —z) + F(y,x) —
Fz,x) ¢ C(x);

(ii) for each fixed y € K, the set valued mapping G : K — 2V defined by
Gly) ={z e K:(Tz,y —x) + Fy,z) - F(z,z) € C(x)}
is transfer closed on each compact convex subset K containing D
(b) the functiony — F(z,y) is C(x)— convex, Vx € K;
Then, (VMQVI) has a solution. Moreover, the solution set of (VMQVI) is compact.

Theorem 3.7. Suppose that:

(@) there exist a nonempty compact subset B and a nonempty convex compact
subset D of K such that

(i) for each x € K\ B, there existy € D and an open neighborhood U, of x
in K such that

(T'(2),y = 2) + F(y,2) = F(2,2) € C(2),Vz € Uy;

(ii) for each fixed y € K, the set valued mapping G : K — 2" defined by
Gly)={ze K:(Tx,y —z)+ F(y,x) — F(z,z) € C(x)}
is transfer closed on each compact convex subset K containing D
(b) the functiony — F(x,y) is C(x)— convex, Vx € K;

Then, (VMQVI) has a solution. Moreover, the solution set of (VMQVI) is nonempty and
relative compact in K.

Proof. We define I' : K — 2K by
IN(y)={ze K:(T(x),y—z)+ Fy,z) — F(x,x) € C(z)}.

One can see, by using (b) and Remark 2.5, I' is a KKM map and so clI' is a KKM
mapping (Note I'(x) C ¢lI'(z) for all z € K). From (a)(i) we conclude [, ., clT'(z) C
B and hence Lemma 1.4 implies (., c/l'(z) # (). Then for each nonempty finite
subset A of K, by Lemmas 2.1, 1.4, we get ﬂa:Eco(DUA) cdl(z) # 0. Now we can
conclude the proof as the same manner of the proof of Theorem 2.2. t
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Theorem 3.8. Suppose that all assumptions of one of the Theorems 2.2, 2.6 or 2.7
or Corollary 2.4 are satisfied. If, 0 € K and F(2u,v) = 2F(u,v),Yu,v € K, then,
(VMQCP) has a solution. Moreover, the solution set of (VMQCP) is relative compact.

Proof. The result follows from Theorems 2.2 and 2.3. U

Acknowledgements. The author is very grateful to an anonymous referee for the
valuable suggestions and comments .

REFERENCES

1. C. Baiochhi and A. Capelo, Variational and Quasivariational Inequalities, Wiley
and Sons, New York, 1984.

2. A. Bnouhachem and M. Aslam Noor, A new predictor-corrector method for
pseudomonotone nonlinear complementarity problem, Inter. J. Comput. Math.
(2007), In Press.

3. R. W. Cottle, Complementarity and variational problems, Sympos. Math.
19(1976) 177-208.

4. Y. d. Cho, J. Li and N. J. Huang, Solvability of implicit complementarity prob-
lems, Math. Comput. Modelling, 45(2007) 1001-1009.

5. R. W. Cottle and G. B. Dantzig, Complementarity pivot theory of mathematical
programming, Linear Algeb. Appl. 1 (1968) 163-185.

6. M. Fakhar, J. Zafarani, On generalized variational inequalities, J. Glob. Optim.
43 (2009) 503-511.

7. K. Fan, Some properties of convex sets related to fixed point theorems, Math.
Ann. 266 (1984) 519-537.

8. A. P. Farajzadeh, A. Amini-Harandi and M. Aslam Noor, On the generalized
vector F-implicit complementarity problems and vector F-implicit variational
inequality problems, Math. Comm. 12(2007) 203-211.

9. A.P. Farajzadeh, M.A. Noor, S. Zainab, Mixed quasi complementarity problems
in topological vector spaces, J. Global. Optim., 45 (2009) 229 - 235.

10. R. Glowinski, J. L. Lions and R. Tremolieres, Numerical Analysis of Variational
Inequalities, North-Holland, Amsterdam, Holland, 1981.

11. N. J. Hunag, J. Li and D. O’Regan, Generalized f-complementarity problems
in Banch Spaces, Nonlinear Anal. (2007), doi.10.1016/j.na.2007.04.022.

12. S. Itoh, W. Takahashi and K. Yanagi, Variational inequalities and complemen-
tarity problems, J. Math. Soc. Japan, 30(1978) 23-28.

13. S. Karamardian, Generalized complementarity problems, J. Optim. Theory
Appl. 8(1971) 223-239.

14. C. E. Lemke, Bimatrix equilibrium point and mathematical programming,
Manag. Sci., 11 (1965) 681-689.

15. U. Mosco, Implicit variational problems and quasi variational inequalities, in:
Nonlinear Operators and the Calculus of Variations, Lecture Notes in Mathe-
matics, Vol 543, Springer, Berlin, (1976) 83-156.

16. M. Aslam Noor, Fundamentals of mixed quasi variational inequalities, Inter. J.
Pure Appl. Math. 15(2004) 138-257.

17. M. Aslam Noor, Mixed quasi variational inequalities, Appl. Math. Computation,
146(2003) 553-578.

18. M. Aslam Noor, Some developments in general variational inequalities, Appl.
Math. Computation, 152(2004) 199-277.



ON THE VECTOR MIXED QUASI-VARIATIONAL INEQUALITY PROBLEMS 189

19. M. Aslam Noor, K. Inayat Noor and Th. M. Rassias, Some aspects of variational
inequalities, J. Comput. Appl. Math. 47(1993) 285-312.



Analysis and.
Journal of Nonlinear Analysis and Optimization S
Vol. 2, No. 1, (2011), 191-196 —
ISSN : 1906-9685 Sy

http://www.sci.nu.ac.th/jnao

A STRUCTURE THEOREM ON NON-HOMOGENEOUS LINEAR
EQUATIONS IN HILBERT SPACES

BIAGIO RICCERT*

Department of Mathematics, University of Catania, Viale A. Doria 6, 95125
Catania, Italy

ABSTRACT. A very particular by-product of the result announced in the title reads
as follows: Let (X, (-,-)) be a real Hilbert space, T : X — X a compact and
symmetric linear operator, and z € X such that the equation T'(z) — ||T||lz = 2
has no solution in X. For each r > 0, set ¥(r) = sup,cg J(x), where J(z) =
(T'(x) —2z,2) and S, = {x € X : ||x||?> = r}. Then, the function v is C*, increasing
and strictly concave in 0, 4+o0o[, with 7/(]0, +o00[) =]||T||, +oc[; moreover, for each
r > 0, the problem of maximizing J over S, is well-posed, and one has

T(2y) — 7/(74)3?7“ =z

where 7, is the only global maximum of Jg, .

KEYWORDS : Linear equation; Hilbert space; Eigenvalue; Well-posedness.

1. INTRODUCTION AND PRELIMINARIES

Here and in the sequel, (X, (-, -)) is real Hilbert space. For each r > 0, set
S, ={reX |z|*=r}.
In [1], we established the following result (with the usual conventions sup 0= —o0,
inf ) = +o00):

Theorem A ([1], Theorem 1). Let J : X — R be a sequentially weakly continuous
C! functional, with J(0) = 0. Set

J
p = limsup ﬁg
[ ——— ]
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and
J(x)
o= sup ——.
zex\{0} [|]|?
Let a, b satisfy
max{0,p} <a<b<o.
Assume that, for each \ €]a, b|, the functionalx — \||z||* — J(z) has a unique global
minimum, say . Let M, (resp. My if b < +oo or M = () if b = +00) be the set of
all global minima of the functional v — a||z||*> — J(z) (resp. + — b||z||*> — J(x) if
b < 4o00). Set
o= max{(), sup 9:||2} ,
zEMy
; 2
p= nf |z
and, for eachr > 0,
v(r) = sup J(z).
€S,
Finally, assume that J has no local maximum with norm less than .
Then, the following assertions hold:
(a1) the function \ — g()\) := ||§x||? is decreasing in ]a, b[ and its range is |, ([ ;
(az) for eachr €]a, B[, the point &, := ,-1(, is the unique global maximum of J|g,.
and every maximizing sequence for .J, |s, converges to Ty ;
(ag) the functionr — &, is continuous in |a, 0] ;
(a4) the function v is C!, increasing and strictly concave in ], 3] ;
(a5) one has

Jorallr €la, (] ;
(ag) one has

Jorallr €]a, (.

We want to remark that, in the original statement of [1], one assumes that X is
infinite-dimensional and that JJ has no local maxima in X \ {0}. These assumptions
come from [2] whose results are applied to get (a3), (a4) and (as). The validity of
the current formulation just comes from the proofs themselves given in [2] (see also

[3D.

The aim of this very short paper is to show the impact of Theorem A in the theory
of non-homogeneous linear equations in X.

2. MAIN RESULTS
Throughout the sequel, z is a non-zero point of X and 7' : X — X is a
continuous linear operator.

We are interested in the study of the equation
T(x)— ==z

for A > ||T||. In this case, by the contraction mapping theorem, the equation
has a unique non-zero solution, say ©). Our structure result just concerns such
solutions.

As usual, we say that:
- T is compact if, for each bounded set A C X, the set m is compact ;
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- T is symmetric if

forallz,u e X .
We also denote by V' the set (possibly empty) of all solutions of the equation

T(z) = |T|lz ==
and set
6 = inf ||z|*.
zeV
Of course, 6 > 0. Our result reads as follows:

Theorem 1. - Assume that T’ is compact and symmetric .
Foreach A > ||T|| and r > 0, set

g(\) = [a?
and
v(r) = sup J(z)
xS,
where

J(x) = (T(x) —2z,z) .
Then, the following assertions hold:
(by) the function g is decreasing in ||| T||, +oc[ and
g(lITIl, +oo]) =]0,0[;

(b2) for eachr €]0,0], the point &, := 041, is the unique global maximum of J s,
and every maximizing sequence for J |s, converges to Ty s

(bs) the functionr — &, is continuous in |0, 6] ;

(by) the function v is C*, increasing and strictly concave in )0, 0 ;

(bs) one has

Jorallr €]0,6] ;
(bg) one has

Sorallr €]0,0] .
Before giving the proof of Theorem 1, we establish the following

Proposition 1. - Let T' be symmetric and let J be defined as in Theorem 1. Then,
Jorxz € X, the following are equivalent:

(i) 7 is alocal maximum of J .

(#4) Z is a global maximum of J .

(173) T(Z) = z and sup,ex (T'(x),z) < 0.

Proof. First, observe that, since 7' is symmetric, the functional J is Gateaux
differentiable and its derivative, J', is given by

J'(z) =2(T(z) — 2)
for all z € X ([4], p. 235). By the symmetry of 7" again, it is easy to check that, for
each x € X, the inequality
J(@+x) < J(2) (1)
is equivalent to
2(T(2) = 2) + T(x),z) < (2)
Now, if (¢) holds, then J'(Z) = 0 (that is T'(Z) = 2) and there is p > 0 such that (1)
holds for all x € X with ||z|| < p. So, from (2), we have (T'(z),z) < 0 for the same
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x and then, by linearity, for all € X, getting (4i). Vice versa, if (i7i) holds, then
(2) is satisfied for all x € X and so, by (1), Z is a global maximum of .J, and the
proof is complete. A
Proof of Theorem 1. For each x € X, we clearly have
J(z) <||IT(x) = 2z[||=]| < 1T + 2]l =] [l]
and so J
x

limsup ) < |7 3)

||| —+o0 [l
Moreover, if v € X \ {0} and p € R\ {0}, we have

Jw) - {z)
) 220y
[l ]| pllll
and so ;
lim sup J(@) =400 . (4)

z—o0 [
Moreover, the compactness of 7' implies that J is sequentially weakly continuous
(141, Corollary 41.9). Now, let A > ||T'||. For each = € X, set

®(z) = ||l=]* .

Then, for each z,v € X, we have
N (2) — J' () — (A (1) = I (0)),2 —v) = (2A(@ — v) = 2(T(2) = T(v)), 2 —v) >

2Mlz — v]|* = 2|T(2) = T()lllz - vll = 22 = [ T|)l|l= — v]* - (5)
From (5) we infer that the derivative of the functional A® — J is monotone, and
so the functional is convex. As a consequence, the critical points of A& — J are
exactly its global minima. So, @ is the only global minimum of A® — J if A > ||T|
and V is the set of all global minima of |T]|® — J. Now, assume that J has a
local maximum, say w. Then, by Proposition 1, w is a global minimum of —J and
sup,cx (T'(z),x) < 0. Since T is symmetric, this implies, in particular, that ||| is
not in the spectrum of T'. So, V is a singleton. By Proposition 1 of [1], we have

] >0

In other words, J has no local maximum with norm less than #. At this point,
taking (3) and (4) into account, we see that the assumptions of Theorem A are
satisfied (with @ = ||T|| and b = 400, and so a = 0 and = 6), and the conclusion
follows directly from that result. A

Some remarks on Theorem 1 are now in order.

Remark 1. - Each of the two properties assumed on 7' cannot be dropped. Indeed,
consider the following two counter-examples.
Take X = R?, 2z = (1,0) and T'(t,s) = (t + s,s — t) for all (¢,s) € R?%. So, T is

compact but not symmetric. In this case, we have

i’r = <_\/’F7 0) )

V() =r+2Vr
for all » > 0. Hence, in particular, we have

T(2r) =~ (12, = (1,Vr) # 2.

That is, (bs) is not satisfied.

Now, take X = I, z = {w,}, where wy = 1 and w,, = 0 for all n # 2, and
T({zyn}) = {v,} for all {z,,} € I3, where v; = 0 and v,, = z,, for all n > 2.
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So, T is symmetric but not compact. In this case, we have § = 400 and

y(r)=r—2vr
for all » > 4. Hence, 7 is not strictly concave in |0, +00].
Remark 2. - Note that the compactness of T" serves only to guarantee that the

functional © — (T'(z), x) is sequentially weakly continuous. So, Theorem 1 actu-
ally holds under such a weaker condition.

Remark 3. - A natural question is: if assertions (b;) — (bg) hold, must the operator

T be symmetric and the functional  — (T'(z), z) sequentially weakly continuous
?

Remark 4. - Note that if T, besides to be compact and symmetric, is also positive
(i.e. inf,ex(T(x),z) > 0), then, by classical results, the operator &z — T'(z)—||T ||«
is not surjective, and so there are z € X for which the conclusion of Theorem 1
holds with 6 = +oco0.
We conclude with an application of Theorem 1 to a classical Dirichlet problem.
So, let 2 C R™ be a bounded domain with smooth boundary. Let A; be the first
eigenvalue of the problem
—Au=Au in{
u=0 on 0f.
Fix a non-zero continuous function ¢ : Q — R.

For each 1 €]0, A\1[, let u,, be the unique classical solution of the problem

{—Au:,u(u—&—cp(:c)) in

u=0 on Jf).
Also, set
v) = [ [Vu(o)Pda

and

n(r) = sup ®(u)

ueU,
where
D(u) :/ |u(x)\2dz+2/ p(z)u(x)dx

and : N

U, = {u € Hi(Q): / |Vu(z)|*dr = r} .
Q
Finally, denote by A the set of all classical solutions of the problem

—Au=X(u+¢(x)) in
u=20 on 0%

and set
0 = inf / |Vu(z)|*dz .
u€eA Q

Then, by using standard variational methods, we can directly draw the following
result from Theorem 1 :

Theorem 2. - The following assertions hold:
(c1) the function v is increasing in |0, A\1| and one has

(10, A1) =0, 6[ ;



196 B. RICCERI/JNAO : VOL. 2, NO. 1, (2011), 191-196

(c2) for each r €]0,4[, the function w, := uy-1(,y is the unique global maximum of
@y and each maximizing sequence for @y, converges to w, with respect to the
topology of H}(Q) ;

(c3) the functionr — w, is continuous in |0, §| with respect to the topology of H} ()
(c4) the functionn is C1, increasing and strictly concave in |0, §[ ;

(c5) foreachr €]0,4d[, the function w, is the unique classical solution of the problem

—Au = ﬁ(u—!—gp(x)) in )
u=0 on 0€);

(cg) one has

1
/
)=
T =
SJorallr €]0,4].
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1. INTRODUCTION

1.1. Cell formation problem. With increasing market pressure for shorter prod-
uct life cycle and need of responding to environmental issues, the dynamic aspects
of manufacturing play a key role in designing and optimizing of a manufacturing
system. Cellular manufacturing system (CMS) is a production approach aimed at
increasing production efficiency and flexibility by utilizing the process similarities
of the parts in order to minimize the intracellular cost of parts. It involves group-
ing similar parts into part families and the corresponding machines into machine
cells. The success of CMS is rooted in their ability to reduce set-up times, reduced
work-in-process inventories, reduced material handling costs, simplified schedul-
ing, shorter lead-times, faster response to internal and external changes, better
production control and etc. [1]. Also, some disadvantages have point out in prior
research for the CMS, such as: reduced flexibility in compare of a job shop, reduced
machine utilization due to dedication of machines to cells and impact of machine
breakdown on due date [2]. There are three important steps in CMS design: 1)
cell formation (CF), 2) machine layout and 3) cell layout, that Cell formation is the
first major step in designing a CMS, which involves identification of machine cells
and part families. Most of the CF studies have focused on independence of cells,
and a few number of them point out the inter-cell movements [3]. In the last three
decades of research in CF, researchers have mainly used zero-one machine com-
ponent incidence matrix as the input data for the problem [4]. In addition, many
procedures have been proposed for CF problem such as: data array reordering,
hierarchical clustering, non-hierarchical clustering, heuristic and meta-heuristic
algorithms, mathematical programming, graph theory, artificial neural networks
and fuzzy sets [5].

1.2. Differential evolution (DE) algorithm. Evolutionary algorithms are popu-
lation based stochastic optimization techniques that search for solution using a
simplified model of natural genetics in non-continuous, non-convex, nonlinear,
time-dependent or solution spaces. The DE is one of the most frequently used
evolutionary algorithms, which was first successfully applied by Storn and Price
in optimization of some well known nonlinear, non-differentiable and non-convex
functions [6]. In recent years, DE has gradually become more popular and has
been applied successfully to solve analytically non-solvable problems with non-
continuous, nonlinear, noisy, flat, and multi-dimensional objective functions [7].
Due to its simplicity, effectiveness and robustness, DE has successfully applied in
different practical applications [8], image processing [9], data clustering [10], op-
timal design [11] and scheduling [12] problems. The DE algorithm begins from a
primary population which generated randomly and consists of four stages process
named: initialization, mutation, crossover and selection. In mutation process of a
DE algorithm, the weighted difference between two randomly selected population
members is added to a third member to generate a mutated solution. Then, a
crossover operator follows to combine the mutated solution with the target solu-
tion so as to generate a trial solution. Thereafter, a selection operator is applied to
compare the fitness function value of both competing solutions, namely, target and
trial solutions to determine who can survive for the next generation. This process is
repeated over several generations resulting in an evolution of the population to op-
timal values. The convergence properties of DE are strongly related to its stochastic
nature and DE uses random sequence for its parameters. Most of DE studies are
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related with the mutation operator and just two variants being currently used, so
called binomial and exponential crossover.

This paper presents the MSDE algorithm, which is improved of DE algorithm.
MSDE in compare of DE algorithm rectifies the mutation rules, thus it select ran-
domly three chromosomes from solution area and uses the environs of the best
selected chromosome for any mutant chromosome. In this paper, the performance
of MSDE is compared as a meta-heuristic optimizing method with the classical one.
Therefore, a dynamic integer model of CF with nonlinear objective function is first
presented and then, it solved by Lingo software and MSDE algorithm to achieve
the optimum solution. The results have compared from two aspects: the time to
get optimum solution (CPU time) and the optimum objective function.

The remainder of this paper is organized as follows: In Section 2 we review on
previous work on related areas. The dynamic integer CF model is presented in
Section 3. Section 4 describes the MSDE algorithm for CF problem. In section 5
we show the computational results on test problems with various sizes, and Section
6 concludes the paper.

2. LITERATURE REVIEW

In this section, we review the previous research on CF problem. Therefore, we can
classify these studies by date of research. Before 1995, integer programming for-
mulations of CFP solved by non-traditional methods such as simulated annealing
(SA) [13], genetic algorithm (GA) [14], tabu search (TS) [15] and Neural network
[16]. Since 1996 until 2000, researches have dedicated the use of multi-criteria
CF problem on special areas of science. For instance, evaluate and compare the
performance of CMS [17], CM scheduling problems [18] and fuzzy evolutionary al-
gorithms in CF problem [19]. Most studies after year 2000, have been on designing
of a CMS [20] and evaluate the performance of a CMS using machine reliability
[21]. Also, the GA and TS algorithm and utilize of sequence data have considered
for inter cellular movements [22]. In order to evaluate the goodness of the cell
formation, a good number of performance measures have been proposed in the
literature [23]. In 2006, Geonwook & Herman formed part families and designed
machine cells by using of GA under demand changes [24]. Also, Wu et al., de-
signed a CMS Concurrently using GA [25]. In 2007, Mahdavi et al., designed a new
mathematical model for CMS based on cell utilization [26], Tavakkoli-Moghaddam
et al., designed a facility layout problem in CMS with stochastic demands [27], and,
Das et al., worked on machine reliability and preventive maintenance planning in
a CMS[28]. Recently, Wu et al., used SA algorithm in a CMS [29] and Safaei et al.,
proposed a hybrid SA for solving an extended model of dynamic CMS [30].

The related previous work on DE algorithm was started by Wang & Chou in 1997.
They used the DE algorithm in control problems and the time of distinguish alge-
braic equations problems [31]. Afterwards, DE utilized extensively for scientific ap-
proach, fuzzy logic and neural networks in 1998 [32]. In 2000, DE algorithms have
been used in several areas such as electrical energy distribution [33], pharmacy
[34], science of aviation and magnetic [35], chemical engineering [36] and environ-
mental science [37]. Also, it applied in group technology and linear-programming
models in 2001 [38], medical science in 2003, optimizing non-linear process in
2006 and in 2007 for optimizing functions with unknown parameters. It has been
shown to perform better than GA [39] or particle swarm optimization (PSO) [40] over
several numerical benchmarks [41]. Recently, some researchers succeeded to use
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this algorithm for optimizing of traveling salesman problem (TSP) [42], machines
layout [43] and Flow Shop Scheduling [44] problems.

3. Dynamic CF MODEL

In this section, we present a dynamic integer CF model including three sub-
objective functions as cost parameters.

3.1.

Assumptions. The following assumptions are considered in the proposed dy-

namic cell formation problem:

(i) The operating times for all part type operations on different machine types

are known.

(ii) Each machine type can perform several operations (machine flexibility).

(iii) Operating cost of each machine type per hour is known.

(iv) Machines are available at the start of each period (no installation time).

(v) Investment or purchase cost of each type of machine in each period is
known.

(vi) Bounds and quantity of machines in each cell are constant.

(vii) Inter-cell relocation costs are constant for all moves regardless of the dis-

tance traveled.

(viii) Machine relocation from one cell to another is performed between periods

with no time.

(ix) Parts are moved between any two cells in batches and the inter-cell cost
per batch between cells is known and constant.

(x) Batch size is constant for all productions in all periods.

(xi) The demand for each part type in different period is dynamic.

(xii) Setup times are not considered.

3.2. Indexing sets. j: index for operations j = 1,...,0,
p: index for parts p=1,...,P

m: index for machinesm=1,...,M

c: index forcellsc=1,. . .,C

h: index for periods h=1,. . .. H

3.3. Input parameters. C,, : purchase cost of machine type m
IC : inter-cell material handling cost per batch

D, : demand for product p in period h

B;n: : batch size for inter-cell material handling

MC,, : relocation cost of machine type m

Lp

UBZ
Ty, ¢

tj

lower bound of cell size

upper bound of cell size

available time for each machine type m

time required to perform operation j on product p

3.4. Decision variables.

B . 1 if part type p remains in cell ¢ after operation j in period h
apeh 0 other wise

X 1 if operation j of part type p is done in cell ¢ in period h
gpeh =)0 other wise

N.ncn © number of machines of type m devoted in cell ¢ during period h
Kt eh : number of machines of type m added in cell ¢ during period h
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K™ ,.cn : number of machines of type m removed from cell ¢ during period h

3.5. Mathematical formulation.

M C H Op P C H D
; h
Mln Z ZZ(Cmchh) + ZZZ Z(IO X ijch X 731) )
m=1c=1 h=1 J=1p=1c=1h=1 int

M C H
+ Z Z Mcm(k;‘r—zch + k;wh) (3.1

m=1c=1 h=1

s.t:
C
Zl‘y‘pch =1 Vp,j, h, (3.2)
c=1
P Oy
Z Z Dphtjpxjpch < Tmchh7 Vm, c, h7 (3.3)
p=1j=1
M
Ilp < Z Npen < up, Ve, h, (3.4)
m=1

Nimeh = Nne(h—1) + Ko, = ks Ymic, b, (3.5)
Tjpch + L(j+1)pch — ijch < ]-7 vjapa &) ha (3.6)

Bjpehs Tjpen € {0, 1},

Nonchs k‘;wh, k.., = 0 and integer.

3.6. Sub-objective functions. According to the proposed dynamic CF problem,
multiple costs are considered in design of objective function. Meanuwhile, it is not
possible to consider all costs in the model due to the complexity and computational
time required. Here, objective function consists of three cost parameters. The objec-
tive is to minimize the sum of the following costs:

() Machine annual cost: This cost includes investment and amortization cost
per period and calculates based on the number of machines of each type
used for specific period. Increasing of this cost could lead to the high total
cost of companies.

M
min f; =
m

C H
Z Z(Cmchh); (37)

=1lc=1h=1

(ii) Inter-cell handling costs: One of the major problems in design of a CF, is
Inter-cell moves. The cost of transferring parts between cells incurred when
parts cannot be produced completely by a machine type or in a single cell.
Inter-cell moves decrease the efficiency of cellular manufacturing by com-
plicating production control and increasing material handling requirements
and flow time.

Dy,

c
minfy =Y YY" (IC X Bjpen X B

j=1p=1c=1h=1

Op P H
)s (3.8)
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(iii) Machine relocation cost during different period: The cost of relocating ma-
chines from one cell to another between periods. In dynamic and stochastic
production systems, the best CF design for one period may not be an ef-
ficient design for subsequent periods. By rearranging the manufacturing
cells, the CF can continue operating efficiently as the product mix and de-
mand change. Moving machines from cell to cell requires effort and can lead
to the disruption of production.

M C

H
minfs =Y Y > MCp(k;, + kppep)- (3.9)

m=1 c=1 h=1

3.7. Model constraints. Primary constraints of model include size of cells and
binary decision variables. Constraint (3.2) ensures that each part operation is
assigned to one machine and one cell. Constraint (3.3) ensures that machines
capacities have not exceeded and can satisfy the demand. Constraints (3.4) specify
the lower and upper bounds of cells. Constraint (3.5) ensures that the number
of machines in current period is equal to the aggregated number of machines in
the previous plus the number of machines being moved in and subtracted by the
number of machines being moved out. In other words, they ensure conservation of
machines over the horizon. In constraint (3.6), if at least one of the operations of
part p is proceed in cell c in period h, then the value of Bj,.; will be equal to one;
otherwise it is equal to zero.

4. DIFFERENTIAL EVOLUTION ALGORITHM

4.1. MSDE optimization process. MSDE algorithm rectifies the mutation rules,
which has done by random selection of three chromosomes within solution space
and using the environment of the best selected chromosome for any mutant chro-
mosome. This algorithm also improves the scale factor of F; by computing the
mutation probability of P, from normal distribution. This algorithm consists of
four steps of initialization, mutation, crossovers and selection, which are repeated
until receiving of near-optimal solution. One of the important characteristics of
proposed MSDE algorithm in this paper is that refreshes itself in each generation
number for k=1,...,Pg by vacating of useless information, which can accelerate
the process of algorithm. These steps are explained as follows:

A. Initialization:

The first step in MSDE algorithm is to create an initial population of candidate
solutions by assigning random values to each decision variable of each chromosome
for the population. In this step also the parameters of N (number of chromosomes)
which i=1,2,... ,N¢, Ps and CR have adjusted and the scale factor of F; initializes
for the first population with normal distribution, N(0.5,0.15), where 0.5 is the mean
and 0.15 is the standard deviation and will going to generate random number
between (0,1].

B. Mutation:

The principal idea of MSDE is a new scheme for generating trial parameter vectors
by adding the weighted difference vector between two population members to a
third member. The mutation operator is in charge of introducing new parameters
into the population. Therefore, it creates mutant vectors according to Eq. (4.1) by
computing the scale factor of F; according to Eq. (4.2), where (X,1, X2, X,3) are
three chromosomes which selected randomly from S={X;*, XoF,..., Xy Fland X, is
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the best of them. Also, (F,4, F,5, F,.¢) are three factor scale vectors which selected
randomly from current population that are not similar for any two chromosomes.

VI = X, + FEO X T - x5y, (4.1)

,
FX = F 4 N©0.05)(FE —FE, vt rs £, (4.2)
C. Crossover:
The crossover operator creates the trial vectors, which are used in selection process.
A trail vector (U; ;) is a combination of a mutant vector and a parent vector that
compared against the crossover constant called CR for each gene of population
chromosomes. If the value of the random number is less or equal than CR, the
parameter will select from the mutant vector (V; ;). otherwise from the parent vector
(X;,;) as given in Eq. (4.3). The crossover operator maintains diversity in the
population, preventing from local minimum convergence.

{ Vi; if rand(0,1) < Pc
’U,i’j =

X otherwise j=L.n, 4.3)

D. Selection:

The selection operator chooses the vectors that are going to compose the population
in the next generation. This operator compares the fitness of the trial vector {f(U; ;)}
corresponding to target vector {f(X; ;)} and selects the one that has better target
function for k=1,. .. ,Pg according to Eq. (4.4).

f(Ui;) < f(Xi; ). (4.4

Chromosome structure for CF problem
A chromosome or feasible solution proportional to the described CF model consists
of the following genes in each period.

(i) (@) The gene related to the number of available machines in each cell in
each period, is called [N;,.;] matrix. The gene is limited to O up to
Up and has three dimensions of m, ¢ and h.

(b) The gene related to the number of moved machines inside or outside
of cell in each cell in each period, is called [K,,.;] matrix. The gene
is limited to L up to Ug. This gene could take positive or negative
integer values and has three dimensions of m, c and h.

(c) The gene for distinguishing inter-cell transportation, is called [B;cx]
matrix. This gene is binary and has four dimensions of j, p, c and h,
that by remaining of part P after operation j in cell, get the number
1 and lead to the inter-cell transportation cost, otherwise get the
number zero and has no cost.

5. COMPUTATIONAL RESULTS

In this section, in order to make the similar comparative condition of study for
two computational optimizing methods, we utilized a 20 set of test problem, which
generated randomly with various dimensions and then the proposed CF model
would solved once by Lingo software as a classical method and another, by MSDE
algorithm as a meta-heuristic optimizing method. It should be mentioned that due
to increase of the reliability of assess process, we procure the crossover constant
called P, by several experiment. Therefore, we have selected the two experimental
test problem first, and then have solved by different size of P, in order to get the
best quantity of P..
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5.1. Comparative result of optimizing methods. Considering to the input pa-
rameters of proposed CF model, we have selected 20 test problems with different
sizes up to the maximum number of defined. The proposed CF model have solved
by optimizing methods in similar conditions and limitations in order to compare
optimization methods exactly in two factors named, the time to get result and value
of objective function. The coding language of MSDE algorithm has been C** and
utilized by the processor of 3.00 GB with 2.00 GB of RAM to compute the CF model.
Table 1 dedicates the comparative result of test problems with Lingo 8 and MSDE
algorithm separately.
The CF input parameters used in all problems are as follows:

(i) Purchase cost of machine type m (C,,) = [500,1000]

(ii) Inter-cell material handling cost per batch (IC) = 50

(iif) Demand for product p in period h (D,;) = [100,200]

(iv) Batch size for inter-cell material handling (B;,:) = 50

(v) Relocation cost of machine type m (MC,,) = [100,150]

(vi) The min/max capacity of cell: LB =1, UB = M/2, where M = number of

machines
(vii) Available time for each machine type m (T,,) = [120,600] s
(viii) Time required to perform operation j on product p (t;,) = [5,30] s

(ix) CR=0.2, Nc =1000, Ps =100
According to the table, the decline percent by using of MSDE has grown with large
scale of input parameters. Decline percent is on range of 70% for small tests that
has been received up to 97% for larger than 500000 dimensions tests.
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Table 1. Comparative result of optimizing methods

No| Problem Dimen- | Lingo result MSDE result Decline per-
sions runtime (s) runtime (s) func- cent
Jj-p-m-c-h Jfunction tion in MSDE
1|44322 3 1730 4 1800 -0.33%
2 | 54432 28 3900 8 4300 71%
3 | 6-5-4-3-3 50 10600 14 10600 72%
4| 9-884-2 490 25100 26 25100 94.7%
5| 10-10-8-4-3 2400 | 54700 49 54700 98%
6 | 12-10-10-3-3 2250 | 56300 44 48700 98%
7 | 14-12-10-4-3 2900 | 92500 75 93700 97.4%
8 | 15-15-12-4-4 5040 170500 | 126 170500 | 97.5%
9| 1818-17-3-3 10700 | 128200 | 99 129500 | 99%
10| 20-20-18-4-3 >10h | - 164 229100 | -
11| 24-20-20-4-4 >I10h | - 251 373100 | -
12| 25-25-22-5-3 >I10h | - 320 458000 | -
13| 30-25-25-4-5 >I10h | - 458 736000 | -
14| 30-30-30-5-5 >10h | - 678 1108400| -
15| 35-32-30-5-5 >I10h | - 803 1383000 -
16| 35-35-32-6-5 >10h | - 1058 1818800| -
17| 40-38-38-5-6 >I10h | - 1308 2257100 -
18| 42-42-40-6-6 >10h | - 1784 3148200 -
19| 50-45-42-6-5 >I10h | - 1830 3347200/ -
20| 50-50-48-6-5 >10h | - 2095 3724300 -
2 cove 7
¥ 0 /
-E 4000 & ~F~Lingo
E 2”; @@@Jjﬂﬁ e e st MAEE

Test Nunber

Diagram 1. Compare the runtime of CFP for two methods

As the diagram shows, the trend of runtime for CF problem has increased rapidly
by Lingo software with large dimension parameters. These trends dedicate that
although using of classical optimizing method cannot be able to solve nonlinear
and non-differentiable functions efficiently, but evolutionary algorithm such as DE
can be utilized effectively, specially for large scale problems.

5.2. The convergence of MSDE algorithm. Due to distinguish the behavior of
MSDE algorithm at finding the optimum solution, we have proceeded to depict
the diagrams which can construe the algorithm reliability for different positions
of input parameters. Therefore, we selected the two test problems with different
dimensions, as the problem with 6 operations, 5 parts, 4 machines, 3 cells and
3 periods and 1080 dimensions as a small test problem and the problem with 35
operations, 35 parts, 32 machines, 6 cells and 5 periods and 1176000 dimensions
as a large dimension one. The convergence of MSDE algorithm has considered for
two test problems by different quantity of generation number and calculated for
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N,= 100, 200, 400, 600, 800, 1000 according to the objective function. The results
have shown in diagrams 2 and 3 for two problems separately.

10760
10500 -

10560 :a_r:
lo40a
LEIOD -

igzo0 B~ Ol e otive Fusiction
19100

Ohjective Function

Tod oo 400 S00 590 1900

Number of Generations

Diagram 2. Convergence diagram for test problem with (6,5,4,3,3) as

& 18400131:‘1
§ i e
= 1720000 Vm\
- 1360000 R‘w
-E i;;gggg i A< ... = 'E5§-__ o
E W ~egOhjective
£ 1700800 Function

1683000

100 200 400 G0G SO0 1900
Number of Generations
(j,p.m,c,h)
Diagram 3. Convergence diagram for test problem with (35,35,32,6,5) as

(j,p,m,c,h)

6. CONCLUSION

The differential evolution algorithm is one the newest and important evolutionary
algorithm, which can used property for optimizing of variety functions. According
to the result, MSDE decreases highly the computational time. Whereas the cell for-
mation problem is a hard-problem, so using classical optimizing method increases
the computational time and cannot be reliable. Furthermore, due to the diver-
sity of products and application of cellular manufacturing systems, evolutionary
algorithms such as DE can be lucrative. Therefore, it is recommended that utilize
evolutionary algorithm for solving non-linear and multi-criteria functions such as
cell formation problem.
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ABSTRACT. In this paper, we propose an algorithm to calculate an improvement
target for each inefficient DMU in the CCR model by calculating all equations form-
ing the facets of the efficient frontier. By introducing a parameter into the al-
gorithm, we calculate a minimal distance point or a Pareto-efficient point on the
efficient frontier as an improvement target. All improvement targets are obtained
by solving quadratic mathematical problems.
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1. INTRODUCTION

DEA(Data Envelopment Analysis) is a non-parametric analytical
methodology used for efficiency analysis of a DMU(Decision Making
Unit) that consumes inputs to produce outputs. Each DMU is clas-
sified as either inefficient or efficient unit according to the optimal
value of the CCR model defined in [3]. Moreover, the efficient DMUs
are split between Pareto-efficient and Pareto-inefficient units depend-
ing on the positive optimal slackness of the CCR model. In the radial
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measure models, an improvement target can be obtained simply by
using the optimal value. However, it is often diffcult to improve the
values of inputs and outputs according to the improvement, because
the improvements obtained by the radial measure models improve
the only input (or output) values at the same rate. Therefore, Frei
and Harker have proposed the minimal distance projection to the
efficient frontier by using the Euclidean norm in [5]. Takeda and
Nishino have proposed minimal norm problem to the efficient frontier
from an inefficient DMU in [8]. Recently, improvement of efficiency for
each inefficient DMU is one of the important subjects in DEA. Apari-
cio, Ruiz and Sirvent have formulated several mixed integer linear
programs for typical norms to obtain a closest target on the efficient
frontier in [1]. Further, Lozano and Villa have proposed a gradual
efficiency improvement strategy in [7].

In this paper, we propose three kinds of improvement targets for
each inefficient DMU in the CCR model. In order to calculate the
targets, we use all equations forming the facets of the efficient frontier.
The first and second targets are obtained by an algorithm with a
parameter. By considering the convex combination of their targets
and its projection to the efficient frontier, we suggest the third target
as more flexible improvement.

The constitution of this paper is as follows. In Section 2, we in-
troduce the CCR model and some definitions. In Section 3, we pro-
pose an algorithm to calculate a improvement target by introducing
a parameter and a symmetric positive semidefinite matrix. In order
to obtain improvements of DMUs, we use all equations forming the
facets of the efficient frontiers. In Section 4, we show a numerical
experiment.

Throughout this paper, we use the following notation: Let R" be
an n-dimensional Euclidean space. For a nutural number m, R’} :=
{reR":2;, >20,i=1,....om}and R™ := {zx € R : x; < 0,1 =
1,...,m}. For a vector a € R", a' denotes the transposed vector of a.
Let I,, be the unit matrix on R". For a subset S C R"”, dim S denotes
the dimension of S. For a subset S C R”, int .S and bd S denote the
interior and boundary of S, respectively. For subsets S; and S; C R”,
SI+SQ = {CL—i—bICLE Sl,bESQ}.

2. CCR MODEL

In this section, we introduce the basic DEA model proposed by
Charns, Cooper and Rhodes [3]. Through this paper, n denotes
the number of DMUs. Each DMU consumes m different inputs to
produce s different outputs. For each j € {1,...,n}, DMU(j) has
an input vector x(j) = (2(j)1,...,2(j)m)’ and an output vector
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y(j) == (y(G)1,---,y(j)s)". Moreover, we assume the following condi-
tions.

(A1): x(j )> 0, y(])

>0 oreachje{l ,n}.
(A2): (x(j) " y() ")’

# (x(j2) " y(G2) " )T for each
j17j2 S {1, s

1 # J2).-
(A3): n > m + s.
(A4): dim({z(1),...,z(n)} x {y(1),...,y(n)}) =m+s.

) >
nh

Almost DEA models have Assumption (Al). Assumptions (A2), (A3)
and (A4) are necessary to execute an algorithm to calculate all facets
forming the efficient frontier. However, they are satisfied for almost
practical problems. Assumption (A4) means that the convex hull of
all DMUs has an interior point.

The CCR model formulated by Charnes, Cooper and Rhodes [3]
evaluates the ratio between weighted sums of inputs and outputs.
The CCR model provides for constant returns to scale(CRS). There-
fore, some researchers call the CCR model the CRS model. In order
to calculate an efficiency of DMU(k)(1 < k < n), the CCR model is
formulated as follows:

( maximize uTy(k)
vix(k)
(CCR(K)) { subject to “Ty(j.) <1,j=1,..n,
vla(j)
UT > 07 r= 9 787
\ v, >20,1=1,....m

Since Problem (CCR(k)) is a fractional programming problem, we
can not solve it easily. Therefore, we transform Problem (CCR(k))
into the linear programming problem by setting the denominator of
the objective function equals to 1:

maximize u'y(k)
subject to v'z(k) =1,
(CCRLP(k)) uTy(j) —v'z(j) <0,5=1,...,n,
u->0,r=1,..,s,
v; >0,1=1,....m
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Then, the dual problem of Problem (CCR(k)) is defined as a linear
programming problem as follows:

minimize 6
n

subject to Ox(k); — Z)\ja:(j)i >0,i=1,...,m, (1)

J=1

(CCRD(k)) - .
ZAjy(j)r —yk), >0, r=1,...,s, (2)
j=1
)\jzo,jzl,...,n, (3)
0 cR.

Let 05cr(k) denote the optimal value of (CCRD(k)). By condi-
tions (2) and (3), we have that (Ay,...,\,) # (0,...,0) and hence
A; > 0 for some j € {1,...,n}. Then, it follows from (2) that
that 0% (k) > 0. Moreover, we note that ()\',6') is a feasible solution
of (CCRD(k)) if ' = 1, A, = 1 and A, = 0 for each j € {1,...,n}\{k}.
Therefore, 0 < 0¢cr(k) < 1. By using the optimal value 6y (k) of
(CCRD(k)), the efficiency of DMU(k) for the CCR model is defined as
follows:

Definition 2.1. If 6{y(k) = 1 then DMU(k) is said to be CCR-
efficient. Otherwise, DMU(k) is said to be CCR-inefficient.

Sometimes, there exists ¢ (or ) such that v; = 0 (or u, = 0).
This means the 7 (or 7)th input(output) is not completely used to
evaluate DMU(k). In order to resolve this shortage, Charns, Cooper
and Rhodes have modified the CCR model by introducing a positive
lower limit (¢ > 0) in [4]. Then the constraint conditions of Prob-
lems (CCR(k)) and (CCRLP(k)) are replaced as follows:

v; >20,e=1,....m, v, 2>e t=1,...,m,
=
u. >0, r=1,...,s. U >, r=1,...,8.
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Then, Problem (CCRD(%)) can be reformulated as follows:

(

(CCRDe(k))

\

minimize 6 —¢ (i Siz + i Sry>

subject to Ox(k ZA x(7 =0,1=1,...

Z)\jy(j>7“_y<k)7’_$ry:0, r = 1,
=1

)\ij,jzl,...,n

Siz > 0,0=1,...,m,
Spy 20, m=1,...,5,
0 € R.
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By using an optimal solution (0¢,cg (k), s, s,;) of Problem (CCRDe(k)),
the efficiency of DMU(k) for the CCR model is more strictly evaluated.

Definition 2.2. If 0’y (k) = 1 and (s}

S y)

= (0,0) then DMU(k) is

said to be CCR-Pareto-efficient. If 0i,qg(k) = 1 and (s, s;) # (0,0)
then DMU(k) is said to be CCR-Pareto-inefficient. Otherwise, DMU (k)
is said to be CCR-inefficient.

Let Tocr be the production possibility set(PPS) of the CCR model
defined in [3] as follows:

TCCR::{xy x>z>\x 0<y<ZAJy forsome/\>0}

7j=1

Definition 2.3. (Comcal hull) Let £ be a nonempty subset in R".
Then, conic F is called the conical hull of F if it is defined as follows.

conic I/ := {:c eR":z = Z)\jﬂf(j),

j=1

2(j) € E, Aj>o,j:1,...,n}.

By the definitions of 7Tcr and conical hull, T¢cg is represented as

follows:

Teer = (conic {(z(1),y(1)), ..., (z(n),y(n)) }+ (R xR2))NR™ xR?).
Hence, Tocr is a closed convex set. We define the efficient frontier of
the CCR model as follows:

FCCR = bd(TCCR + (RT X Rs_)) N (Rm X Ri)

We explain the efficiency of the CCR model by using Figure 1.
There are six DMUs and each DMU have two inputs (z1,22) and
By Definition 2.1, B,C,D and F are evaluated as
CCR-efficient DMUs. Next, we consider a cone (R% x R!)+DMU(k)

one output (y).

for each CCR-efficient DMU(%).

For example, for C, we consider
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FIGURE 1. CCR-Pareto-efficiency

Co = (R xRL)+(2(C),y(C)). Then, (CcNTcer)\C = ¢, hence C is
CCR-Pareto-efficient DMU. Similarly, D and F are evaluated as CCR-
Pareto-efficient DMUs. In contrast, let Cp := (R2 xR )+ (z(B), y(B))
then (Cg N Tccr)\B # ¢, hence B is CCR-Pareto-inefficient DMU.

3. IMPROVEMENTS FOR INEFFICIENT DMUSs

In this section, we propose three types of improvements for making
inefficient DMUSs efficient in the CCR model with the minimal change
of input and output values. The first improvement is unrestricted,
that is, we consider only the minimal change of input and output val-
ues. The inefficient DMUs can become efficient units by the smallest
change under the condition which the improvement target is feasi-
ble. However, the improvement is sometimes Pareto-inefficient in the
CCR model. Therefore, we propose the second improvement by forc-
ing the Pareto-efficiency of the CCR model. Moreover, we calculate
the third improvement intermediate between the first and second im-
provements by considering the convex combination and a projection.

First, we define the norm depending on a symmetric positive semi-
definite matrix A € R(™+9)x(m+9) a5 follows.

1Z||a = VZTAZ, Z € R,

Under this norm, we consider the minimal change of input and output
values for each inefficient DMUs.
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Example 3.1. In the case of A = [,
Euclidean norm. If A is defined by

(P(l/f)l)2

A:Mk:: )

o ()

then || - ||4 means the norm which considered the ratio of input and
output values.

| - ||4 corresponds to the

o

Let N, be the number of facets forming the efficient frontier of the
CCR model and let S, be the index set of all facets. Then, we note that
N. < oo and we can calculate the coefficients of equations forming
the facets(see [9]). Let W; := (—pjT, qu)T for each j € S., where,
pj.q; = 0, p; € R™ and ¢; € R®. By using I¥/;, we represent Tccr and
Focr as follows.

Theorem 3.2. Tccr = ﬂ {Z: VVjTZ < 0}.
JESe
Proof. Firstly, we shall show that Tccr C ﬂjGSC{Z : W]-TZ < 0}.
For each Z := (z,y")" € Tccr. there exists ' > 0 such that = >
S Nali), g < 30, Ny(i). Since W = (—p],q)T. then W] Z —
—pJx+q]y < —p] S Na(i) +q) Do, Ay(i). By the definition of
Feer, —p; (i) + ¢/ y(i) < 0 for each i € {1,...,n}. Hence, W Z <0
and (z",y")" € ;e {Z : W/ Z < 0}. Therefore, Tocr C (;es. {7 :
W, Z < 0}. Secondly, we shall show that Tecr O (,eq {2 : W' Z <
0}. For each Z € (1,5 {7 : W Z < 0}, the following two cases
occur.
(i): There exists j € S. such that I/VJTZ =0.
(ii): There exist no j € S, such that I/VjTZ =0.

In Case (i), by the definition of IV}, there exists A > 0 such that
x = > Ne(d), y =, \y(i). Hence, Z € Toer. In Case (ii),
there exist 0 > 0 and j € S, such that W, (Z+6W;) = 0 and W, (Z +
OWx) < 0 for each k € S.. Let 7 =7+ OW;. Then, x > 2 and
y < y. By definition of W;, there exists A > 0 such that r =
St ohz(d), vo= > Ny(i). Hence, Z' € Teer and Z € Tocr.
Therefore, Tccr D ﬂjesc{Z : W]TZ < 0}. Consequently, Tccr =
Nyes A2 : W) Z <0} O

Theorem 3.3. [ccr = ( U {Z: W'jTZ = 0}) N Tocr.
jES.
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Proof. Firstly, we shall show that Foer C (UjGSC{Z W[l Z = 0}) N

Tccr. For each Z' = (27,5’ ")T € Feer. (7,4 7)" € Teer. Let
(0&cr(Z'), AL, ..., A%) be an optimal solution of the CCR model for 7,
that is 0,5 (Z') solves the following problem.

( minimize ¢
subject to fz; — Z/\x ;i >00i=1,....,m,

CCR(Z
( ) Z)\Jy yr>07":1,...7s,

/\20]—1 n,
0 €R.

\

Since 0¢x(Z') = 1, there exists i such that z; = > i=1 Ajz(j);. Hence,
(QZIT,le)T € bd(Tccr). By Theorem 3.2, there exists j € S. such

that W]-TZ/ = 0. Hence, Z ¢ Ujes. {2 : W'Z = 0}. Therefore,
Fecor C (U]ESC{Z : VVjTZ = O}) NTccr. Secondly, we shall show that

Focr D (UjGSC{Z W[ Z = O}) N Tecr. For each Z' € (UjeSC{Z :
VVJTZ = 0}) N Tocr, by Theorem 3.2, Z' € bd(Tccr). By definition of
Fecr, Z' € Foor. Therefore, Foor O (UjeSc{Z WTZ = o}) N Toor.
Consequently, Focr = <UJESC{Z : W]TZ = 0}> N Tccr. O

We propose the following algorithm for obtaining the improvements
d*(k), where a € {0, 1}. Improvements for DMU(k) are obtained by
the following algorithm:

Algorithm GIT:

Step 0: @
Select a € {0,1} (Choose the type of the improvment). Set
7 =1 and go to Step 1.

Step 1: @
If « = 1, then set

S ={leS,:W;#0ie{l,...,m+s}}and S:=5..
If « = 0, then set
S:=S..

Let N be the number of elements of S. Go to Step 2.
Step 2: @
Let d (k) be an optimal solution of Problem (MIT$(k)) defined
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as follows:
minimize ||Z||4
(MIT(k)) § subject to (Z+ P(k))"W; =0,
a(Z + P(k))"W, <0 for each 0 € S,
where, j denote the jth element of S. If j = N, then go to
Step 3. Otherwise, set j < j 4+ 1 and go to Step 2.
Step 3: @
Select j € arg min{||d$ (k)[|a : j € S} and set d*(k) := dj‘,(k:)
This algorithm terminates.
We can execute Algorithm GIT using the existing nonlinear opti-
mization techniques (e.g. [2]). The existence and properties of an
optimal solution are proved by the following theorems.

Theorem 3.4. For eacha € {0,1}, Problem (MIT{ (k)) has an optimal
solution.

Proof. Let Bf (k) be the feasible sets of Problem (MIT} (k)) (a € {0,1}).
We show the case of & = (0. For the case of @ = 1, we can complete
the proof in a way similar to the case of « = (. By the definition
of Tocr, 0 € Tecer. Since Tocr is closed, by Theorem 3.3, Fregr
is closed and 0 € Fccr. Hence, Z = —P(k) is a feasible solution
and {Z : (Z + P(k))"W; = 0} is closed. Therefore, BY(k) is non-
empty and closed. Since BY(k) is nonempty, for each (z',y) € BY(k),
B)(k) == BY(k)n{(=z",y")" [l(@T,y ") lla < [[(@"",y" ") "]} is com-
pact. Therefore, we note that Problem (MIT?(/@)) is equivalent to the
following problem.
minimize || Z||a

0
(MITj(k)){ subject to  Z € BY (k).
Since B;-)(k) is compact, by the continuity of the objective function,

Problem (MIT?(!@)) has an optimal solution. By the definition of

BY(k), an optimal solution of Problem (MIT?(k:)) is also an optimal
solution of Problem (MIT?(k)). Therefore, Problem (MIT?(/{)) has an
optimal solution. U

Theorem 3.5. For each CCR-inefficient DMU(k), let d*(k) (o € {0, 1})
be an optimal solution calculated by Algorithm GIT. Then, P(k) +
da(k) € Focr.-

Proof. We prove the case of & = 0. In order to obtain a contradiction,
we suppose that P(k)+d°(k) € Focr. By Theorem 3.3, P(k)+d°(k) &
Tocr, and by Theorem 3.2, there exists j € S. such that (P(k)
d°(k))TW; > 0. Since DMU(k) is a CCR-inefficient DMU, P(k)

(k)

_'_
S
int Tccr. Hence, from Theorem 3.2, P(k)'W, < 0 and (y(P(k) +
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d°(k)) + (1 — v)P(k))"W,; = (P(k) + vd°(k))"W; = 0, where vy :=
—%. Since (P(k) + d°(k))"W; > 0, we obtain 0 < v < 1.
Therefore, yd°(k) is a feasible solution of Problem (MIT)(k)). By
the definition of d)(k), we have the following inequality: ||d;(k)||4 <
[[vd®(K)||a < ||d°(k)||4. This contradicts the optimality of d°(k) for
Algorithm GIT. Consequently, P(k) + d°(k) € Focr. For the case
of & = 1, we replace S, by S, and can complete the proof in a way
similar to the case of a = 0. 0J

By Theorem 3.5, we note that P(k) + d°(k) is a CCR-efficient point
for each CCR-inefficient DMU(k). Moreover, we obtain a Pareto-
efficient point based on parameter o = 1 as indicated by the following
theorem.

Theorem 3.6. For each CCR-inefficient DMU(k), let d*(k) be an op-
timal solution calculated by modified Algorithm GIT(« = 1). Then,
P(k) + d'(k) € Fcer is a CCR-Pareto-efficient point.

Proof. By Theorems 3.4 and 3.5, the existence of an optimal solution
and P(k) + d'(k) € Fccr are proved. In order to obtain a contra-
diction, we suppose that P(k) + d'(k) has positive slack, that is,
there exist slack vectors s* > 0 € R™ and s¥ > 0 € R® satis-
fying (s*7,s¥T) # (0,0), and P(k) + d'(k) + (=s°7,s¥")" € Focr.
Since d'(k) is an optimal solution of Problem (MIT;(k:)) for some
j € {1,..., N}, there exists j € S such that (d'(k) + P(k))"W, = 0.
Then (d'(k)+P(k)+(—s"T,sv")")TW; = (—s*T,s¥T)W, > 0. By Theo-
rems 3.2 and 3.3, this contradicts P(k)+d'(k)+(—s*T,s")T € Fcor.
Therefore, P(k) + d'(k) is a CCR-Pareto-efficient point. O

By Theorems 3.3 and 3.5, P(k) + d°(k) and P(k) + d'(k) are con-
tained in Tocr. Since Toer is a closed convex set, d* (k) := A(P(k) +
d°(k)) + (1 — N (P(k) + d'(k)) € Tocr for each A € (0,1), where
d’(k) and d'(k) are optimal solutions calculated by modified Algo-
rithm GIT(a = 0) and (o = 1), respectively. However, we note
that d*(k) is not always contained in Fccg, since Fccr is not convex
set. In order to calculate a point on Fcr based on d)‘(k), we con-
sider a projection. Let 3 := min{3 : (P(k) + B3(d*(k) — P(k)))"W; =
0 for some j € S.}. Then, by Theorems 3.2 and 3.3, P(k) + 3(d*(k) —
P(k)) € Fccr. We propose this point P(k) + 3(d*(k) — P(k)) as
improvement intermediate between the two improvements which are
obtained based on d°(k) and d' (k).

We explain the improvements proposed in this paper by using Fig-
ure 2. Now, we consider the improvements for E which is CCR-
inefficient DMU. By using the optimal value of Problem (CCRD(k)),
we obtain a traditional improvement target dccr. This improvement
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improves the only input values at the same rate, that is the output
value is fixed. In contrast, we calculate three kinds of improvements
which improve the input and output values. If the decision makers
of E want to calculate a minimal distance target, then they select
a = 0 and obtain d°(E). If they want to calculate a Pareto-efficien
target, then they select « = 1 and obtain d'(E). In order to calculate
a intermediate target, we consider a convex combination and project
the point on Fcr as shown in Figure 2.

PARETO-EFFICIENT TARGET BY OBTAINING THE FACETS OF THE EFFICIENT FRONTIER IN DEA

c
2 b
*d CCR
L S &
e N E ' ®)
PargtoEfficient L & 4°®

st | " target D

Minimal distance }
target )

FIGURE 2. Improvement targets

4. EXAMPLE

In this section, we perform a numerical analysis for 10 Japanese
banks by utilizing algorithms provided in this paper. As shown in
Table 1, each bank has the ordinary profit as the single output. The
number of employees and total assets are the two inputs used to
generate the output.

In this example, we obtain four hyperplanes forming Fcr by using
Algorithm FFC as follows.

Hy = {(x1,29,y) : =71.921 — x5 + 121.4y = 0},
Hy = {(z1,29,y) : —13.821 — x5 + 53.3y = 0},
H3 = {(‘rbx%y) P—r 129 = 0}7

Hy = {(z1,29,y) : —x2+ 32.8y = 0}.

By using the coefficients of the equations forming the hyperplanes,
we can calculate CCR-efficiency scores without solving linear pro-
gramming problem for each DMU(see [6, 9]). The CCR-efficiency
scores are shown in the Table 2. Three banks (B1, B6 and B7) are
evaluated as CCR-efficient DMUs and they do not have positive slack,
hence, they do not have to think the improvement. The other bank’s
improvements are given by Tables 3 and 4. The minimal distance
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TaBLE 1. Inputs and Output values for 10 Japanese

banks, 2008

Bank Inputl Input2 Output
(persons) (one hundred million (one hundred million

Japanese yen) Japanese yen)

B1 3701 119895 3179
B2 3675 98359 2688
B3 3659 80955 2180
B4 3004 59600 1563
B5 2887 66373 1477
B6 2872 90984 2450
B7 2752 60770 1852
B8 2506 49008 1137
B9 2268 41151 1148
B10 2148 41158 1124

improvement target of each CCR-inefficient DMU is given in Table 3.
The improvement shown in Table 4 is CCR-Pareto improvement. The
two improvements for B2 coincide and the other DMUs have different
two improvements. The improvements over the efficient frontier of
the CCR model think decreasing inputs values and increasing output
value.

TaBLE 2. DEA analysis for 10 Japanese banks, 2008

Bank CCR

B1 1.000000
B2 0.961359
B3 0.884268
B4 0.860520
B5 0.741447
B6 1.000000
B7 1.000000
B8 0.761275
B9 0.915398
B10 0.896108

5. CONCLUSIONS

In this paper, we have proposed Algorithm GIT for calculating three
kinds of improvements for CCR-inefficient DMUs. In order to calcu-
late the improvements, all equations forming Fcr have been used.
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TABLE 3. Minimal distance improvement (A = M)

Bank Inputl Input2 Output
B1 - - -
B2 -32 -900 83
B3 0.00 -5290 126
B4 0.00 -4770 108
B5 0.00 -11665 190
B6 - - -
B7 - - -
B8 0.00 -7415 131
B9 0.00 -1896 48
B10 0.00 -2368 58

TABLE 4. Pareto-efficient improvement (A = M)

Bank Inputl Input2 Output
B1 - - -
B2 -32 -900 83
B3 -215 -1529 201
B4 -324 -412 241
B5 -208 -7193 326
B6 - - -
B7 - B -
B8 -521 -3567 229
B9 -466 -1119 69
B10 -346 -1136 93

By using a property of the coefficients of them, we have calculated
three kinds of improvements.

The first improvement turns to the closest point over Focr. Some-
times, the improvement have a positive slack, that is, it may be
a CCR-Pareto-inefficient point. In order to calculate CCR-Pareto-
efficient point on Fcr, we have proposed the second improvement.
The decision makers can select either a minimal distance improve-
ment or Pareto-efficient improvement by choosing a parameter in Al-
gorithm GIT. Moreover, to calculate more flexible improvements, we
have suggested a method using the convex combination and a pro-
jection. In the convex combination, the decision makers can adjust
which they emphasize, feasibility or efficiency.
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ABSTRACT. In this paper, we first study some properties of Mosco convergence
for a sequence of nonempty sunny generalized nonexpansive retracts in Banach
spaces. Next, motivated by the result of Kimura and Takahashi and that of Plub-
tieng and Ungchittrakool, we prove a strong convergence theorem for finding a
common fixed point of generalized nonexpansive mappings in Banach spaces by
using the shrinking projection method.

KEYWORDS : Shrinking projection method; Sunny generalized nonexpansive re-
traction; Generalized nonexpansive; Mosco convergence; Fixed point.

1. INTRODUCTION

Let E be a real Banach space and C' a nonempty closed convex subset of F.
A mapping T : C — C is said to be nonexpansive if | Tz — Ty|| < ||z — y| for
all z,y € C. Iterative methods for approximation of fixed points of nonexpansive
mappings have been studied by many researchers; see [5, 21, 25, 28, 29, 31, 34, 36]
and others. In particular, Takahashi, Takeuchi and Kubota [34] established strong
convergence of an iterative scheme with new type of hybrid method as follows:

Theorem 1.1 (Takahashi-Takeuchi-Kubota [34]). Let H be a real Hilbert space and
C' a nonempty closed convex subset of H. Let T be a nonexpansive mapping of C
into itself such that the set F(T) of fixed points of T is nonempty. Let {a,} be a
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sequence [0, a], where 0 < a < 1. For a point x € H chosen arbitrarily, generate a
sequence {z,,} by the following iterative scheme: x; € C, C; = C, and

Yn = QpnTy + (1 - O‘n)Tx’ru
Cny1 ={2 € Cn: |lyn — 2|l < [lzn — 2[},
I PCn+1aj

Jor every n € N. Then, {z,} converges strongly to Ppryr € C, where Pk is the
metric projection of H onto a nonempty closed convex subset K of H.

This iterative method is also known as the shrinking projection method. We
note that the original result is a convergence theorem to a common fixed point of a
family of nonexpansive mappings with certain conditions.

On the other hand, relatively nonexpansive mappings and generalized nonex-
pansive mappings, which are generalizations of a nonexpansive mappings in Hilbert
spaces, have been considered recently. Their properties and iterative schemes have
been studied in [3, 8, 9, s s s s s s s s s s , 27] and others.
Recently, Kimura and Takahashi [18] obtain a strong convergence theorem for find-
ing a common fixed point of relatively nonexpansive mappings in a Banach space
by using the shrinking projection method. The method for its proof is different
from the original one; they use the concept of Mosco convergence of sequences of
nonempty closed convex subsets of a Banach space. They also succeed in making
conditions of the coefficients and the underlying space weaker.

In this paper, we study the shrinking projection method for generalized nonex-
pansive mappings in a Banach space. We first prove convergence theorems for a
sequence of sunny generalized nonexpansive retractions, which is a generalization
of the metric projections in Hilbert spaces. Next, using the technique developed
by Kimura and Takahashi [18], we prove a strong convergence theorem for finding
a common fixed point of a finite family of generalized nonexpansive mappings in
Banach space by using the iterative scheme of [27]; see also [1, 11, 13, 16, 20] and
others.

2. PRELIMINARIES

Let E be a real Banach space with its dual £*. We denote strong convergence
and weak convergence of a sequence {z,} to z in E by z, — z and z,, — =,
respectively. A Banach space E is said to be strictly convex if ||z + y|/2 < 1
whenever z,y € F satisfies ||z|| = ||y|| = 1 and = # y. F is said to be uniformly
convex if for each ¢ € (0,2], there exists 6 > 0 such that ||z|| = ||y]| = 1 and
lx — y|| > € implies ||z + y||/2 < 1 — 4. The following lemma holds.

Lemma 2.1 (Plubtieng-Ungchittrakool [27]). Let E be a uniformly convex Banach
space and p > 0. Then, there exists a continuous, strictly increasing, and convex
Junction g : [0,00) — [0, 00) with g(0) = 0 such that

r
g 0i;
i=1

Jor each j, k € {1,2,...,r}, where {z1,22,...,x.} C E satisfy ||z;|| < p for each
i=1,2,....,rand {61,02,...,6,.} C [0,1] satisfy >..,_, 6; = 1.

2 T
< Z&H%Hz —0;0rg([|xj — 2k l]) (2.1)
i=1

A Banach space F is said to be smooth if

t —
N

2.2
t—0 t ( )
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exists for each x,y € B ={z € F : ||z|| = 1}. In this case, the norm of F is said to
be Gateaux differentiable. The norm of E is said to be Fréchet differentiable if for
each z € B, the limit (2.2) is attained uniformly for y € B. See [32] for more details.
A Banach space E is said to have the Kadec-Klee property if a sequence {z, } of £
converges strongly to x( whenever it satisfies x,, — x¢ and ||z, || — ||zo]|-

The normalized duality mapping J from F into E* is defined by

Jo={z" € B* : (w,2") = ||z]* = ||]"|]*}

for each z € E. We also know the following properties; see [4, , ] for more
details.

(i) Jx # (0 for each x € E;
(ii) if F is reflexive, then J is surjective;
(iii) if E is strictly convex, then J is one-to-one and satisfies that (x — y,z* —
y*) > 0 for each z,y € E with x # y, 2* € Jx and y* € Jy;
(iv) if £ is smooth, then J is single-valued and norm-to-weak* continuous;
(v) if E is reflexive, smooth and strictly convex, then the duality mapping
J. : E* — F is the inverse of J, that is, J, = J!;
(vi) if £ has a Fréchet differentiable norm, then J is norm-to-norm continuous;
(vii) FE is reflexive, strictly convex and has the Kadec-Klee property if and only
if E* has a Fréchet differentiable norm.

Let E be a reflexive Banach space and {C,} a sequence of nonempty closed
convex subsets of E. We denote by s-Li,, C,, the set of limit points of {C),}, that
is, € s-Li, C, if and only if there exists {x,} C E such that z, € C, for each
n € Nand x,, — = as n — oo. Similarly, we denote by w-Ls,, C), the set of weak
cluster points of {C,}; y € w-Ls,, C, if and only if there exists {y,,} C E such
that y,, € C,, for each i € N and y,,, — y as i — o0. Using these definitions, we
define Mosco convergence[24] of {C,, }. If C satisfies

s-Li Cn = CO = w-Ls Cnv

then we say that {C,} is a Mosco convergent sequence to C. In this case, we
denote it by
Co = M-lim C,,.
n

Notice that the inclusion s-Li, C,, C w-Ls, C,, is always true. Thus, to prove
Cy = M-lim,, C,, we only need to show w-Ls,, C,, C Cy C s-Li,, C,,.
Let E be a smooth Banach space and consider the following function V' : E X
E — R defined by
Vi(z,y) = llzl* = 2(z, Jy) + [lyl?
for each z,y € IZ. We know the following properties; see [2, 7, 9, 15, 23] for more
details:
@ (2l = llyl)? < V(z,y) < (2]l + llyl)* for each z,y € E:
(i) V(z,y) +V(y,z) = 2{x —y,Jx — Jy) for each z,y € E;
(iii) V(z,y) =V(x,z) +V(z,y) +2(x — 2, Jz — Jy) for each z,y, z € E;
(iv) if F is additionally assumed to be strictly convex, then V(z,y) = 0 if and
only if x = .
The following lemma is due to [15].
Lemma 2.2 (Kamimura-Takahashi [15]). Let E be a smooth and uniformly convex

Banach space and let {x,} and {y,} be sequences in E such that either {x,} or
{yn} is bounded. Iflim, o V(2,,yn) =0, thenlim,, . ||z, — yn|| = 0.



228 T.IBARAKI, Y. KIMURA : VOL. 2, NO. 1, (2011), 225-238

Let C be a nonempty closed subset of a smooth Banach space E. A mapping
T : C — (' is said to be generalized nonexpansive [3, 9] if F(T) # () and

V(Tz,p) < V(z,p)

for each z € C and p € F(T). Let D be a nonempty subset of a Banach space F.
A mapping R : E — D is said to be sunny if

R(Rx +t(xr — Rx)) = Rx

forallz € Fandt > 0. Amapping R : E — D is said to be a retraction if Rz =z
for each z € D. If E is smooth and strictly convex, then a sunny generalized
nonexpansive retraction of F onto D is uniquely determined if it exists; see [9].
Then, such a sunny generalized nonexpansive retraction of £ onto D is denoted
by Rp. A nonempty subset D of E is called a sunny generalized nonexpansive
retract of E if there exists a sunny generalized nonexpansive retraction of E onto
D. Obviously, the set of fixed points of a sunny generalized nonexpansive retraction
of F onto D is D; see [3, 9] for more details. We recall the following results for
sunny generalized nonexpansive retractions and sunny generalized nonexpansive
retracts.

Lemma 2.3 (Ibaraki-Takahashi [8, 9]). Let D be a nonempty subset of a smooth
and strictly convex Banach space E. Let Rp be a retraction of E onto D. Then Rp
is sunny and generalized nonexpansive if and only if

(x — Rpz,JRpx — Jy) > 0.
foreachy € D.

Theorem 2.4 (Ibaraki-Takahashi [12], Inthakon-Dhompongsa-Takahashi [14]). Let
FE be a reflexive, smooth and strictly convex Banach space and C' a nonempty closed
subset of E such that JC' is closed and convex. LetT be a generalized nonexpansive

mapping of C into itself. Then F (T) is a sunny generalized nonexpansive retract of
E.

Lemma 2.5 (Kohsaka-Takahashi [19]). Let E be a smooth, reflexive, and strictly
convex Banach space and D a nonempty sunny generalized nonexpansive retract of
E. Let R be the sunny generalized nonexpansive retraction of E onto D, x € E, and
z € D. Then, the following conditions are equivalent:

() z = Rx;

(i) V(z,z) = mingep V(z,y).

Theorem 2.6 (Kohsaka-Takahashi [19]). Let E be a smooth, reflexive, and strictly
convex Banach space and D a nonempty subset of E. Then, the following conditions
are equivalent:
(i) D is a sunny generalized nonexpansive retract of E;
(i) D is a generalized nonexpansive retract of E';
(iii) JD is closed and convex.

In this case, D is closed.

3. CONVERGENCE THEOREM FOR SUNNY GENERALIZED NONEXPANSIVE RETRACTIONS

In this section, we prove weak and strong convergence theorems for a sequence
of sunny generalized nonexpansive retractions. The sequence of ranges of these
nonlinear projections is assumed to converge in the sense of Mosco; see [7, 13, 17,

] for related results.
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We remark that, using the relation between generalized nonexpansive retractions
and generalized projections shown in [19] and the methods used in [7], we can
prove the essential parts of the theorems in this section; see also [9]. For the sake
of completeness, we will give a proof for all results.

Theorem 3.1. Let E be a reflexive, smooth and strictly convex Banach space and let
{D,} be a sequence of nonempty sunny generalized nonexpansive retracts of E. Let
u € FE and {u,} be a sequence of E converging strongly to u. If D} = M-lim,, JD,,
exists and is nonempty, then {JRp, u,} converges weakly to JRp,u, where Dy =
JLIDg.

Proof. 1t is easy to prove that Dy is closed and convex if JD,, is a closed convex
subset of E for each n € N. Let =, = Rp, u, for each n € N. Since Dj =
M-lim,, JD,,, we have, for each y € Dy, there exists {y}} C E* such thaty) — Jy
as n — oo and that y;; € JD,, for each n € N. From Lemma 2.3, we have

(Up, — Ty JTn — Yy > 0.
Hence, we obtain that

0 < (up — zp, Jy — Jup) + (U — Ty, Jun — yr)

< —(llunll = lzal)? + (lunll + lzal) [ Jun — y2 |

and thus )

(lunll = llznll)™ < (lunll + lznl) 17w — y3 - (3.1)
Assume that {z,} is unbounded. Then there exists a subsequence {z,,} of {z,}
such that lim;_, ||y, ]| = co. Since y; — Jy and u,, — wu, by (3.1) we get con-

tradiction. Hence {z,,} is bounded and so is {Jx,}. Let {Jz,,} be a subsequence
of {Jx,} converging weakly to some z{ € E*. From the definition of D, we get
x4 € M-lim,, JD,, = D§.
Now we let g = J _1336 and prove that Rp,u = z¢. From lower semicontinuity
of the norm, we have
lin inf V(. ,) = i inf ([, |? — 2, T} + [T, ?)

i—00
> [|ul* = 2(u, 25) + [l5]|?
= [[ull* — 2(u, Jzo) + |||
=V (u,zp).
On the other hand, we get from Lemma 2.5 that
i inf V (up, @) < Timinf V(un, J=7yn) = lm ([fuall® = 2(un, ) + [195]1%)
= l[ull® = 2(u, Jy) + [ 7y]I* = V(u,y),

that is,

V(U’azo) = ynelg%) (U7y)'

Hence we get Rp,u = xo.

According to our consideration above, each subsequence {.Jz,, } of {Jx, } which
converges weakly has the unique limit J Rp,u. Therefore, the sequence {Jz,, } itself
converges weakly to JRp,u. (]

Theorem 3.2. Let F be a reflexive and strictly convex Banach space having a
Freéchet differentiable norm. Let {D,,} be a sequence of nonempty sunny generalized
nonexpansive retracts of E. Let u € E and let {u,} be a sequence of E converg-
ing strongly to u. If D§ = M-lim,, JD,, exists and is nonempty, then {JRp, un}
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converges strongly to JRp,u, where Dy = J~'D{. Moreover, {Rp, u,} converges
weakly to Rp,u.

Proof. We write z,, = Rp,u, and zo = Rp,u. By Theorem 3.1, we obtain Jz,, —
Jxg as n — oo. We first prove that Jx, — Jxg as n — o0. Since F has a
Fréchet differential norm, £* has the Kadec-Klee property. Therefore, it is sufficient
to prove that ||Jz,| — ||Jzo| as n — oo. Since Jzg € D{, there exists a
sequence {y:} C E* such that y — Jxg as n — oo and y;; € JD,, for each
n € N. It follows that
V(u, o) < Uminf V (uy,, z,)
n——o0o

< limsup V(uy,, z,)

n—-~oo
< lim V(un, J 'yl)
< V(u, ).

Hence we obtain V (u, zg) = lim,, oo V(un, ). Since lim, oo (tn, J2,) = (u, Jxo),
we get

lim {|Jz, || = [ Jao]|-
n—-00

Therefore we obtain that {Jz,,} converges strongly to Jx.
Since FE is reflexive and strictly convex, E* is smooth and thus the duality
mapping J ! of E* is norm-to-weak continuous. Hence, we obtain that

Tp = J71J£En — J71JI0 = XZo,
which completes the proof. O

Theorem 3.3. Let F be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let {D, } be a sequence
of nonempty sunny generalized nonexpansive retracts of E. Letu € E and let {uy}
be a sequence of E converging strongly to u. If Dj = M-lim,, JD,, exists and is
nonempty, then { Rp, u, } converges strongly to Rp,u, where Dy = J~1Dj.

Proof. By Theorem 3.2, we obtain that {JRp_ u,} converges strongly to JRp,u.
Since E is reflexive, strictly convex and has the Kadec-Klee property, E* has a
Fréchet differentiable norm. Therefore the duality mapping J ' of E* is norm-to-
norm continuous. Hence, we have that

Rp, un =J '*JRp, u, — J *JRp,u = Rp,u,
which completes the proof. O

On the other hand, the following theorem shows that the strong convergence of
sequences {Rp, u} implies the Mosco convergence of {JD,,} under certain condi-
tions.

Theorem 3.4. Let F be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm. Let Dy, D1, Dy, D3, ... be nonempty sunny generalized
nonexpansive retracts of E. Suppose that {Rp, u} converges strongly to Rp,u for
eachu € I, where Rp, is the sunny generalized nonexpansive retractions of EX onto
D,, for eachn € NU {0}. Then

JDy = M-lim JD,,.
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Proof. For an arbitrary u* € JDg, put u = J~'u* € Dy. Since E has a Fréchet
differentiable norm, we have

JRp, u— JRp,u=Ju=u"

and that JRp,u € JD, for all n € N. This means that v* € s-Li, JD, and
hence we have JDy C s-Li, JD,. Next we show that w-Ls, JD, C JDy. For
any z* € w-Ls, JD,, there exists {z}} such that {z}} converges weakly to z* as
¢ — 00 and that 2] € JD,, for each ¢ € N. Using Lemma 2.3, we have that

(z—Rp,,2,JBRp, z—2]) > 0.

12*. Tending i — o0, we get
<Z — RDOZ, JRDOZ — JZ> > 0.
By the strict convexity of I/, we have that .J is strictly monotone. Hence we have

z* = JRp,z € JDy. This means that w-Ls,, JD,, C JD,, and consequently we
obtain JDy = M-lim,,__. JD,,. [l

where z = J

Using Theorem 3.3 and 3.4, we obtain the following theorem.

Theorem 3.5. Let F be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let Dy, D1, D2, D3, ... be
nonempty sunny generalized nonexpansive retracts of . If each Rp, is the sunny
generalized nonexpansive retractions of E onto D,, for eachn € NU {0}, then

JDy = M-lim JD,,.

if and only if {Rp,u,} converges strongly to Rp,u for every strongly convergent
sequence {u, } C FE having a limitu € E.

4. STRONG CONVERGENCE THEOREM FOR GENERALIZED NONEXPANSIVE MAPPINGS

In this section, using the technique developed by Kimura and Takahashi [18],
we prove a strong convergence theorem for finding a common fixed point of finite
family of generalized nonexpansive mappings in Banach space. In this result, we
adopt the iterative scheme used in [27].

Theorem 4.1. Let ¥ be a uniformly convex Banach space having a Fréchet dif
ferentiable norm, C' a nonempty closed subset of E such that JC' is closed and
convex, and Ty, Ts, . . ., T;. generalized nonexpansive mappings of C into itself such
that (,_, F(T;) is nonempty. Suppose that z € (,_, F(T;) whenever both {z, } and
{T;z,} converge strongly to z for each i = 1,2,...,r. For a point x € FE chosen
arbitrarily, generate a sequence {x,} by the following iterative scheme: x; € C,

C1=C,and
i=1
Crnir ={2€ Cn: V(yn, 2) < V(xn,2)},
Tn+1 = RCn_HI
Sforalln € N, where {v,}, {69} C [0, 1] satisfy the following conditions:
() liminf, . Yn < 1,
(i) liminf,_ . 67(3) >0 foreachi=1,2,...,r,
(i) >, oW — 1 for eachn € N.
Then {z,,} converges strongly to Rnr_ p(1,)-
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Proof. We first show that {z,,} is well defined. Let p € (),_, F(T;). Then for each
n € N, we obtain that

V(ynap) =V <7nxn + (1 - ’Yn) Zéél)sznap>
i1
<YV (@n,p) + (1= 1)V <Z 655)1}%,19)
i=1

§ ’an(xnap) + (1 - Vn) Z&”V(Tmn,p)

i=1

-
<V (@, p) + (1 —7n) Z(ST(Li)V(J?n,p)

=1
< 'an(xmp) + (1 - 'Yn)v(xmp) = V(:cn,p).

Therefore p € C,, for all n € N and hence (,_, F(T;) C C, for all n € N. This
implies that C,, is nonempty for all n € N. Next, we show that JC,, is closed and
convex for all n € N. From the definition of V', we may show that

Cn-{—l = {Z €Cp: V(yn,Z) < V(:En,Z)}
= {2 € C: 2(zn — Yn, J2) + |ynll* = llzal* < 0} N Cn.
for all n € N. The injectivity of J implies that

JCpi1 = I ({2 € C: 2(wn = yn, J2) + lgal® = 2al® <0} N C,)
= J{z € C:2(xy — yn, J2) + |lynll® — |zal®> <0} N JC,
={z* € JC: 2xp — Yn, 2*) + |yull® — |znl* <0} N JC,

for all n € N. From the assumption for C, JC] is closed and convex. Suppose that
JC is closed and convex for some k € N. Then, letting

Dj ={z* € JC : 2(mp — yr, 2*) + llywll® — llze]® < 03,

we have that D} is obviously closed and convex and thus JCj11 = D, N JC}, is
also closed and convex. By Theorem 2.6, there exists a unique sunny generalized
nonexpansive retraction of E onto C,, for each n € N and hence {z,} is well defined.

Since {JC,} is a decreasing sequence of closed convex subsets of E* such that

oo

Cs =, JCn is nonempty, it follows that

M-lim JC,, = Cg = (1) JCy # 0.

n=1

By Theorem 3.3, {z,,} converges strongly to Rc,z € Cy, where Cop = J1C. The
injectivity of J implies

o0 oo
JCo=Ci=()JCn=1J[) Cn
n=1 n=1
Therefore, we obtain that xg = Rco,x € Cy = J1Cf = ﬂff:l C,. From the
definition of C),, we have that

0 < limsup V (y, o) <

n——oo

m V(r,,x9)=0

li
n—-ao0
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and hence lim,,—, V(yn, o) = 0. From the property of the mapping V', we have
that

0 < limsup (yn|| — [zol)* < lim_V(yn,20) =0,
n—-o0 n—-aoo
and hence
im [y, = [|lzol|- 4.1)
n—-aoo

Therefore, we also have that

. . 1
tim_ (g, Joo) = Tim = {llgall® + ol = V (g, 0) b = 1ol

n

Since {y,, } is bounded, there exists a subsequence {y,,, } converging weakly to some
Yo € F. Using weak lower semicontinuity of the norm, we get from (4.1) that

lzoll* = i£n<><><y”“ Jxo) = (yo, Jxo)

< lyollllTzoll = llyolllloll

< [Jzo || imuinf [|ys, |
1—>00

= [loll®.

= llzoll, im._{[yn,
1—>00

Therefore, we have that |yol|* = (yo, Jzo) = [|z0]|* = [|Jz0[|* and hence Jy, =
Jxo. This implies that yo = x¢. Thus we have that {y, } converges weakly to xg.
Since (4.1) holds and E has the Kadec-Klee property, we have that {y, } converges
strongly to xg.

Put S, =Y., s7,. From the assumption that liminf,, .. 7, < 1, we may
take a subsequence {7y, } of {7,} such that lim; . 7,, = 70 with 0 < 7 < 1.
Then we have that

[Yn; = zoll = [17m;2n; + (1 = Yn, ) Sn;2n,; — 2ol
>(1- 'an)HSnj'rnj — xol| - Tn; Hxnj — x|
>(1- ’Ynj)”Sndnj — xo|
for each 5 € N and hence

jEHOO(]- - ’ynj)”Snjwnj - {E()H = ]Enm(l - 'V())Hsnjxnj - {Eo” =0.

Since vy < 1, we have that

lim S, x5, — o = 0.
—00

J

Since {Tjz,,} are bounded for each i = 1,2,...,r, there exists p > 0 such that
{Tixnj} C B, foreach ¢ =1,2,...,r. Therefore, Lemma 2.1 is applicable. Then we
obtain that, for each k,l =1,2,...,7,

V(Snjxnj I CUO)

r

S50 T,

i=1

2 T
- —2<Z<5,(;?Tixnj,on>+|$02

i=1

< 3 ST, P = 68060 g(|Tin, — Tizn, )
i=1

T
-2 <Z %) Tin, on> + ol

i=1
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= 3768 (I T s, |2 = 2(Tien, . Tao) + o) — 686D g(| T, — Tiw, )
=1
= 3 8V (T, w0) — 55D g(| T, — Tia, )
=1

< Zasj)v(xnjaxo) - 5%)5539(”Tk17nj = Tz, )

i=1
— V(@ny,30) — 085OI Thn, — Tiam, )
and hence
SIS0 g(| Thtn, — Ty, ||) < V(@ 20) — V(S @, 20)- 4.2)
for each k,l = 1,2,...,r. From the assumption that liminf,, 5,(,k) > 0 for

k = 1,2,...,r, we may take subsequences, again denoted by {57(5)} such that
(k)

lim;_, 5n’§ >0 forevery k =1,2,...,r. Since

Aim ||z, —xol| = lim ||Sy, 2z, — 20l =0,
J—00 J—00
we obtain from (4.2) that
jE}noog(HTkmnj - Tl‘r’ﬂj ||) =0
for k,l =1,2,...,r. Then the properties of g yield that

lim [|Thzn, — Tz, || =0
—00

J
for each k,l = 1,2,...,r. Therefore we obtain that

V(Sng Tny, Tkxnj) =V (Z 57(;])711'7” R TkZEnj)

=1

,
<Y 6OV (Tiwn,, Tean,)

=1
< 8D V(Tiwn,, Tean,) + V(Thn,, Tity,))
=1
=2 oW Tiwn, — Tewn,, JTiwn, — JTpty,)
i=1

<2 09| Tiwn, — Tiwn, || Ttn, — J Tk, |
=1

for each k = 1,2,...,r and hence we have lim; ... V(Sy;2n;, Tx,,;) = 0. From
Lemma 2.2, we have lim; . [|Sy,;Zn, — Tpon,|| = 0 for each k = 1,2,...,r and
hence
dim | Than, — @p, || £ lm [|Then; — Sp, 2, || + lim |[[Sp, 20, — 24, ]| = 0.
j—00 j—o0 j—o0

for all k = 1,2,...,r. By the assumption of T, it follows that zo € (\,_; F(T).
Therefore we have

xTo € ﬁF(TZ) C ﬁ Ch
i=1 n=1

and hence g = Rﬂle F(T,), which completes the proof. O
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In the end of this section, we will discuss the assumptions for the coefficients
used in Theorem 4.1. Plubtieng and Ungchittrakool [27] proved the following the-
orem:

Theorem 4.2 (Plubtieng-Ungchittrakool [27]). Let E be a uniformly convex and
uniformly smooth Banach space, C' a nonempty closed convex subset of F, and
T1,Ts,. .., T, relatively nonexpansive mappings of C' into itself such that (;_, F(T;)
is nonempty. For a point x € E chosen arbitrarily, generate a sequence {x,} by the
following iterative scheme: x, € C, C; = C, and

= J 1 (aann +(1—an) Zﬂff)JTixn> ,

i=0
Cni1={2€Ch:V(z,yn) <V(z,2,)},

Tn+1 = HCn+1

for alln € N, where T is the identity mapping on C, and {ay, }, {ﬁg)} C [0,1] are
real sequences fori = 0,1,2,...,r satisfying the following conditions:

(i) sup,enyan <1,

is r (i) _ 5

(i) D> ;_oBn’ =1foraln 6 N and either

(@) lim mfnﬁoo ©) > Oforallt =1,2,...,r, or
(b) lim, e 67, =0 andhmlnfnﬁOO (k)ﬂ > 0forallk,l =1,2,...,r
with k # 1.
Then {x,,} converges strongly to II, Nr_, F(1;)%. where Ik is a generalized projection

of E onto a nonempty closed convex subset K of E.

In order to compare our main result with the theorem above, we consider an
analogous scheme to that in Theorem 4.2. For a given sequence {z,} in E, let
{y»} be such that

T
Yn = QnTpn + (1 — ap) Zﬂ,(f)Tan
i=0
for n € N, where 11,75, ...,7T, are mappings of C into itself, Tj is the identity
mapping on C, and {«,} and {@(li)} are sequences in [0,1] for ¢ = 0,1,2,...,r
Suppose that
(@) liminf, ., a, <1,
(i) lim infnéOO /By(f) >0foreachi=1,2,...7,
(i) Y i 0 n =1 for each n € N.

Then, letting vy, = a,, + (1 — an)ﬁn and

) 0 0) _ 1
o = {ﬂ()/( ) E@(P) ;

fori =1,2,...,r and n € N, we have that

<

Yn = QpTp + (1 - an) ﬂr(f)Tzwn

=0

= YnTpn + 1 - ’Yn Tzl'n

Ms

i=1

for every n € N. Then we can prove that the coefficients {~, } and {5,(;”} satisfy the
conditions assumed in Theorem 4.1 such as
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(@) liminf, v, <1,
(i) lim mfn_,oo 5( Y > 0 for each i = 1,2,.

(i) Y.;_, 0n’ =1 foreachn € N.
Indeed, since lim 1nfn4,00 ﬁn > 0 for eachi =1,2,...,7and > |_, Bfli) =1, we
have that

lim inf(1 — ﬁ(o)) = hmlanﬁ(Z) > th 1nfﬁ(’) > 0,

n—>- 00 n—-00
i=1 =1

and thus limsup,, (O) < 1. It follows that ﬂn < 1 for sufficiently large n and
hence

7

liminf 69 = lim inf g )( 57 = liminf B9 >0

n—-aoo n—-uoo 1 n—-ao0
for each 7 = 1,2,...,r. It is obvious that Z 10 ) = 1 for each n € N from the
definition of { 5 }

On the other hand, since liminf, . o, < 1 and limsup,,__, < 1, there

exist subsequences {a,, } C {a,} and {ﬂn(j)} C {/BT(L )} converging o < land 5 < 1,
respectively. Then we obtain that

lim 7, = lim a,, + (1 _O‘nj)ﬁr(g) —a+(1-a)s<1
j—o0

Jj—00

(0)

and hence liminf,, v, < 1.
From the argument above, we obtain the following result.

Theorem 4.3. Let E, C', and mappings 11,15, . .., T, be the same as in Theorem 4. 1.
Let T, be the identity mapping on C. For a point x € E chosen arbitrarily, generate
a sequence {x,} by the following iterative scheme: x; € C, C; = C, and

Yn = QpTy + (1 — Oén) Zﬂf«f)TziEm

i=0
Cny1=9{2€Ch :V(yn,2) <V(xpn,2)}
Tny1 = Re, @

Joralln € N, where {a,, }, {ﬁf,,i)} C [0,1] are sequences fori = 0,1,2, ..., r satisfying
the following conditions:
@) liminf, o a, <1,
(i) liminf, .. 57@ > 0 foreachi=1,2,...,r,
@) >0 ﬂr(f) =1 foreachn € N.
Then {z,,} converges strongly to Rnr_ p(1,)T.

Using the relations between generalized nonexpansive mappings and relatively
nonexpansive mappings, and between sunny generalized nonexpansive retractions
and generalized projections, we can see that the setting and the assumptions in
Theorem 4.3 are more general than that of Theorem 4.2; see [19, 6, ] for more
details.

In particular, in the case where the underlying space E is a Hilbert space, the
iterative schemes in Theorems 4.3 and 4.2 coincide with each other, except for the
assumptions of mappings and the control coefficients. It is easy to see that the
assumptions in Theorem 4.3 are milder than that of Theorem 4.2.
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ABSTRACT. We deal with self-organizing map models referred to as Kohonen type
algorithm. In self-organizing maps, it is easy to observe some practical and inter-
esting properties in the relation between the arrangement of the nodes and their
values. We shall be concerned with behavior of ordering, state preserving prop-
erties and tendencies to be absorbed to a particular state in self-organizing maps
with inputs taking values in an inner product space. We give a numerical example
as its application and estimate ordering by simulation approach.
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1. FORMULATION OF SELF-ORGANIZING MAPS

We consider self-organizing map models referred to as Kohonen [5]
type algorithm. Self-organizing map algorithm is very practical and
has many useful applications, semantic map, diagnosis of speech
voicing, solving traveling-salesman problem, and so on. There are
some interesting phenomena between the array of nodes and the
values of nodes in these models. Indeed practical properties in self-
organizing map models are easy to observe, but they still remain
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without mathematical proof in general cases. Concerning the math-
ematical analysis of self-organizing maps, a proof of the convergence
of the learning process in the one-dimensional case was first given
by Cottrell and Fort [1] and convergence properties are more gener-
ally studied, e.g., in Erwin, Obermayer, and Schulten [2][3][4]. The
purpose of this paper is to make a study of behavior of ordering
and tendencies to be absorbed to a particular state in self-organizing
maps with inputs taking values in an inner product space.

We consider to characterize a model (I, V, X, {my(-)}?2,) with four
elements which consist of the nodes, the values of nodes, inputs and
model functions with some learning processes, in this paper. There
are several types of models with various spaces of nodes, spaces of
their values and ways of learning for nodes. We suppose the follow-
ings.

(i) We suppose an array of nodes. Let I denote the set of all
nodes, which is called the node set. We assume that [ is a
countable set metrized by a metric d. In many applications,
usually, we use the following ones, a finite subset of the set N
of all natural numbers, or a finite subset of N,

(ii) We suppose that each node has its value. V is the space of
values of nodes. We assume that V' is a normed linear space
with || - ||. A mapping m : I — V transforming each node i
to its value m(i) is called a model function. Let M be the set
of all model functions.

(iii) X is the input set. Let X be a subset of V. z € X is called an
input.

(iv) The learning process is defined by the following. If an input is
given, then the value of each node is renewed to a new value
according to the input. If an input z is given, node i learns
x and its value m(7) changes to a new value m’(i) determined
by

m' (1) = (1 — Q2 (1))m(i) + (i) (1.1)
according to the rate a,,,(7) € [0,1]. If an initial model func-
tion m( and a sequence zg, Ty, T2, ... € X of inputs are given,

then the model functions mq,me, ms,... are generated se-
quentially according to the following equation.

M () = (1= Qo (D)0 (0) + o, (0 (1.2)

There are several types of models with various spaces of nodes,
spaces of their values and ways of learning for nodes. In this paper,
we use two types of learning processes defined by the following.

Learning process Ly:
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(i) Areas of learning: for each m; € M and z;, € X,
I(my, ) = {i* € I | [[mp (i) — x|l = inf {|my(2) — x|l },
N.(iy={je1|d(ji)<e} (¢>0is the learning radius, i € ).

(ii) Learning-rate factor: 0 < a < 1.
(iii) Learning:

(1 —a)mg(i) + azy ifi € U N1,

. i*€l(mg,rr)
m 1) = k=0,1,2,....
10 (i) ifig U N3,

We note that, if [(my, z;) = ¢f then mg = my.

Learning process L,,: This learning process is the same as Learning
process L, except that a node J(my, xx) is selected from I (my, zx) by
a given rule. Let J : M x X — [ be a mapping which satisfies
J(my, x) € I(my,xr). For example, if I is a totally ordered finite
set, J(my, ;) may be defined by J(my,zr) = minI(myg,x). If i €
N (J(my, xx)) then my4q(7) = (1 —a)my (i) + axy, otherwise my,1(i) =
my(i). We assume that my,; = my, if I(my, zx) = .

2. A FUNDAMENTAL SELF-ORGANIZING MAP AND ABSORBING STATES

In Section 2, we restrict our considerations to basic self-organizing
maps with real-valued nodes and one dimensional array of nodes.
Now, we suppose that set V' of values of nodes is identified with R
which is the set of all real numbers.

(I=1{1,2,...,n}, V=R, X C R, {m()},)

(i) Let / = {1,2,...,n} be the node set with metric d(i, j) = |i — j|. (ii)
Assume V' = R, that is, each node is R-valued. A model function m
is written as m = [m(1),m(2),...,m(n)|. (i) zg,z1,22,... € X CRis
an input sequence. (iv) Learning process L, (1-dimensional array, R-
valued nodes and ¢ = 1): (a) areas of learning: [ (my, zx) = {i* € I |
|my(i*) — x| = infier | my (i) — x|} and Ny (i) = {7 € I | [j—i] < 1}; (D)
learning-rate factor: 0 < a < 1; (c) learning: for each £ = 0,1,2,.. .,
if 1 € Upcr(my,zp) N1(7%) then my(7) = (1 — a)my (i) + oy, otherwise

If an input 7y € X is given, then we choose node ¢* which has the
most similar value to xy within mg(1),m0(2), ..., me(n). Node i* and
the nodes which are in the neighborhood of :* learn xy and their val-
ues change to new values m; (i) = (1—a)mq(i)+axy. The nodes which
are not in the neighborhood of :* do not learn and their values do not
change. Repeating these updating for the inputs z,zs,z3,..., the
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value of each node is renewed sequentially. Simultaneously, model
functions mq, msy, mgs, ... are also generated sequentially.

The following properties are well-known results and can be verified
easily.

Theorem 2.1. We consider a self-organizing map model (I = {1,2,...,n},
V=R, X CR,{m(-)}2,) with Learning process Ls(c = 1). For model
functions my, msy, ms, ..., the following statements hold:

(i) if my is increasing on I, then my,, is increasing on [;
(ii) if my is decreasing on I, then my., is decreasing on I;
(iii) if my is strictly increasing on I, then my, is strictly increasing
onl;
(iv) if my is strictly decreasing on I, thenmy is strictly decreasing
onl.

Such properties as monotonicity are called absorbing states of self-
organizing map models in the sense that once model function leads to
increasing state, it never leads to other states for the learning by any
input. Quasi-convexity or quasi-concavity is also an absorbing state
of the previous self-organizing maps. Their details and definitions of
quasi-convexity and quasi-concavity for model functions are in [6].

3. STATES WITH ABSORBING TENDENCIES IN 2-DIMENSIONAL ARRAY MODEL

In this section, we suppose the case of nodes with values in a
normed linear space and 2-dimensional array.

({1,2,...,m x {1,2,... om0}, Vo X, {mu(c, ) 152)
(i) The node set. Let I = {1,2,...,n1} x{1,2,...,ny} with metric

di((i,4), (k, 1)) = /(i = k)2 + (j — k)2, (i,4), (k1) € L.
(i) The values of nodes. Let m : I — V, where V is a normed
linear space with an inner product (-, -).
(iii) xo,z1,x2,... € X C V is an input sequence.
(iv) Assume Larning process L, (2-dimensional array and € = \/5)
(@) areas of learning:

I(m,x) ={(",j%) € I'| [[m (", %) — 2| = (iijli;f;IHm(i’j) — |},

m e M,z € X,let J: M x X — I be a mapping which
satisfies J(m,x) € I(m,x), and
Nyslin ) = {0s0) € T | di((i,9), (1)) < V3};

(b) learning-rate factor: 0 < o < 1;

(c) learning: if (i,j) € N 5(J(m,x)) then m'(i,j) = (1 —
a)m(i, j) + ax, otherwise m/(i, j) = m(i, j).
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The following property can be use as measures of ordering and
analysis of pre-ordered state in the learning processes.

Theorem 3.1. We consider a self-organizing map model
({1,2,. .. na} x {1,2, ... o}, Vo X, {me(-, ) 1020)

with Learning process L, = V'2). Let m be an arbitrary model func-
tion and x an arbitrary input. Let m’ be the renewed model function of

m by x. For every node (i, j) with d;((4,7), J(m,z)) # v/2,2,v/5, if

<m(z—1,])—m(z,]),m(z—i—l,])—m(z,]))§0 (3.1)
and
<m(27] - 1) o m<27j)7m(27] + 1) o m(273>> <0 (3.2)
hold, then
(m'(i = 1,5) — m'(i, ), m/ (i +1,5) —m/(1.) <O (3.3)
and
(i = 1) =5, ), (i, + 1) = () <O (3.4)
hold.

Proof. We note that d;((4,7), J(m,z)) = 0,1,v2,2,v5,2V2, .. ..

(A) For d;((i,7), J(m,z)) > 2\/_ we have
ml(kal):m(k>l>7 ( ) (Z-l,j),(l,j),(l+1,j),(Z,]-l),(l,j—i-l)
Therefore, (3.1) implies (3.3) and (3.2) implies (3.4).

(B) For d;((¢,7), J(m,z)) = 0, we have

m' (k1) = (1 — a)m(k,l) + az,
(k1) = (i=1,5), (i, 5), (i +1,5), (.5 — 1), (4,5 + 1).
Therefore, if (3.1) holds, then
m'(i—1,7) = m'(i,j),m (i + 1,7) — m'(i, j))
(I—a)m(i—1,j)+ax— (1 —a)m(i,j) — az
l1—a)m(i+1,j) +ax— (1 —a)m(i,j) — az)
1—a)*(m(i —1,5) = m(i, ), m(i +1,7) — m(i, j))

IN

Similarly, (3.2) implies (3.4).
(C10) For (i,7) = J(m,z) + (1,0), we have

m' (k1) =
(1 —a)ym(k,l) + ax, if (k)= (G—1,7),(0,79),0,75—1),06,7+1),
m(k,l) + ax, if (k,1) = (i+1,).

Therefore

<m/(Z - 17]) - m/(ivj)7m,(i + 17]) - m,(l,j»
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= (1=a)m(i—1,j) + oz — (1 — a)m(i, j)
m(i+1,7) — (1 —a)m(i, j) — ax)
= (I—a){m(i—1,7) —m(i,j),m(i +1,j) —m(i, j) + a(m(i,j) — x))
= (1 =a)(m(i—1,5) —=m(i,j),m(i+1,5) — m(i,j))
—a(l —a)(m(i—1,7) —m(i,j),r —m(i,j))
= (1 - a)(m(i —1,7) —m(i, 3),m(i +1,5) —m(i, j))

—5oll = a)fllm(i = 1,5) =m(i, ))* + [m(i, ) — =]

—[m(i —1,j) — z|*}.

Since (i — 1,j) = J(m,z), we have ||m(i — 1,j) — x| < ||m(i,7) — z||.
It follows that

(m'(i — 1,5) —m/(,5),m' (i + 1,7) — m/(4, 7))
< (m(i—1,7) —m(i,5),m@i + 1,5) — m(3, 7))
Hence, if (3.1) holds, then (3.3) holds. Since
<m/(7:7j - 1) - ml(i7j)7m/<i7j + 1) - m/<27])>
< (m(i,j —1) —=m(i,j),m(i,j + 1) —m(i, 7)),

(3.2) implies (3.4).
(Co.1) For (i,7) = J(m,z) + (0,1), we have

m' (k1) =
(1—a)ym(k,l)+azx, if (k1) =0G—-1,7),0,7),@E+1,75),G75—1),
m(k,l) + ax, if (k,1) = (i, + 1).

By the same argument used in (C, ),
<m/(i>j - 1) - ml(i7j)7m/<i7j + 1) - m/<27])>
- (1 - Oé)<m(7,,j - 1) - m(l,j),m(l,j + 1) - m@?j))
1 o o o
—ga(l— a){llm(i,j — 1) = m(i, )| + [lm(i, j) — x|

—[lm(i,j — 1) — z[*}.
Since (i,j — 1) = J(m, z), we have ||m(i,j — 1) — x| < ||m(i,7) — z|.
Hence, if (3.2) holds, then (3.4) holds. Since the left hand side of
(3.1) equals the left hand side of (3.3) for (i, j) = J(m,z)+(0,1), (3.1)
implies (3.3).
(C_10) For (i,5) = J(m,x) + (—1,0),
m! (k1) =

(1—a)ym(k,l) + azx, if (k1) =(i,7),(+1,7),,7—1),(,5+1),
m(k,l) + ax, if (k,1) = (i —1,).
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Then, we have
(m'(i —1,5) =m'(4,5),m' (i + 1, 5) — m'(4, 5))
= (I—a)(m(i—1,7)—m(i,j),m@+1,7) —m(,j))
1 . . . .
—zall = a){llx —m(i, )|* + [Im(@i +1,5) — m(i, j)|I
—|l = m(i + 1,5)]?}.
Since (i + 1,7) = J(m, x), we have ||[x — m(i + 1, )| < ||z — m(3,7)].
Hence, if (3.1) holds, then (3.3) holds. Similarly, (3.2) implies (3.4) for
(Co.—1) For (i,7) = J(m,x)+(0,—1), similarly, (3.3) and (3.4) hold.
O

4. 1-DIMENSIONAL ARRAY CASE AND A NUMERICAL EXAMPLE

In this section, we suppose the case of nodes with values in a
normed linear space and 1-dimensional array.

({17 2,... 7n}7 Vvv X: {mk‘()}zo:O)
(i) The node set. Let [ = {1,2,...,n} with metric d;(i,j) = [i—j
1,7 € 1.
(i) The values of nodes. Let m : I — V, where V is a normed
linear space with an inner product (-, -).
(iii) xo,z1,x2,... € X C V is an input sequence.
(iv) Assume Larning process L., (1-dimensional array and ¢ = 1)
(@) areas of learning:

[}

J(m, ) = min{i" € '] [|m(i") —f| = inf [|m(i) — ([}, m € M,z e X

and Ny(i) ={j €I |d(i,j) <1};
(b) learning-rate factor: 0 < o < 1;
(c) learning: if i € Ny(J(m,x)) then m/(i) = (1 —a)m(i) + ax,
otherwise m/(i) = m(7).
For 1-dimensional array case, we have the following property and
it is proved by the similar argument in the proof of Theorem 3.1.

Theorem 4.1. We consider a self-organizing map model
({17 27 cee 7n}7 ‘/7 X7 {mk()};O:O)

with Learning process L, (e = 1). Let m be an arbitrary model function
and x an arbitrary input. Let m’ be the renewed model function of m
by z. For every node i with d;(i, J(m,z)) # 2, if
(m(i —1) —=m(i),m(i+1) —m((i)) <0 (4.1)
hold, then
(m'(i — 1) —m/(i),m (i +1) —m/(i)) <0
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hold. Particularly, incase(0 < « < 1, for every nodei withd; (i, J(m, z)) #
2,if
(m(i —1) —m(i),m(i+ 1) —m(i)) <0
hold, then
(m/(i —1) —m/(4),m' (i +1) —m/(7)) <0
hold.

We give a numerical example of 1-dimensional array model with
2-dimensional inputs. We assume the following.
(i) Let [ = {1,2,3,...,35} be the node set with metric d;(i,j) =
i = jl.

(i) Initial model function is given by mg(1) = (3,1),mo(2) =
(9,8),...,mp(35) = (0,7) (see Figure 2). For x = (x1,x2),y =
(1. 92). llz = yll = /(@1 — 91)* + (22 — 2)°.

(iii) Suppose 19000 inputs as follows, randomly, generated by the
distribution described in Figure 1. For example, the distrib-
ution in Figure 1 means a distribution map of a certain pop-
ulation, as demand. A densely distributed area has a large
population.

FIGURE 1. Distribution of inputs as demands

(iv) Assume Learning process L,,(¢ = 1) with learning-rate factor

_1
06—3.

Figure 2 illustrates nodes and their values in each iteration steps.
The position of every node means its value. The length of a path
is defined by "' |m(i) — m(i + 1)||. By repeating learning, we
can observe that the values of the nodes in each iteration step are
ordered and that their values yield a well-balanced solution with a
shorter path and satisfying demands. The path constructed by model
function m;g000 has more nodes in densely distributed areas on Figure
1.

Figure 3 shows relative frequencies of nodes satisfy condition (4.1)
defined by
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w

The length of path  182.92
29.01

FIGURE 2. Initial values of nodes (mg), 500 renewals
(ms00) and 16000 renewals (1216000)

Tinn =

the number of elements in {i | (m(i — 1) — m(i),m(i + 1) — m(i)) < 0}
n—2 ’

where 7 is the number of nodes. This rate can be use as measures of

ordering and estimations of convergence in the learning processes.

[ —

FIGURE 3. Transition of relative frequencies ry,,
Figures 4 and 5 show transitions of the length of path and the
mean distance between a model function m and inputs defined by

> wex Minier [[m(i) — x|
N(X) ’

where N(X) is the number of elements in input set X.

MD =
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MAPPINGS IN BANACH SPACES WITH GAUGE FUNCTIONS
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Mai 50200, Thailand

ABSTRACT. We investigate the convergence of Mann-type iteration for a sequence
of nonexpansive mappings in the framework of a uniformly convex Banach space
having the duality mapping j,,. where ¢ is a gauge function on [0, c0). Our results
improve and extend some well-known results in the literature.

KEYWORDS : Banach space; Common fixed point; Gauge function; Mann-type
iteration.

1. INTRODUCTION AND PRELIMINARIES

Let K be a nonempty, closed and convex subset of a Banach space F. Let
T : K — K be a mapping. Then T is said to be nonexpansive if || Tz —Ty| < ||lx—y||
for all z,y € K. We denote F(T) = {x € K : x = Tz} by the fixed points set of T'.

One classical way to approximate a fixed point of a nonexpansive mapping was
introduced, in 1953, by Mann [1] as follows: a sequence {xn} defined by z; € K
and

Tpnt1 = apZn+ (1—an)Tz,, n>1, (1.1

where «,, € (0,1). Such a process is known as Mann’s iteration process. Reich [2]
showed that the sequence {xz,, } generated by (1.1) converges weakly to a fixed point
of T if a real sequence {«,} satisfies the condition > > | a, (1 — a,) = oo. This
is valid in a uniformly convex Banach space with a Fréchet differentiable norm.
Since 1953, the convergence of nonlinear mappings by Mann iteration process has
been extensively studied by many authors (see also [3, 4]). However, we note that

* Corresponding author.
Email address : prasitch2008@yahoo.com (P. Cholamjiak) and scmtiOO5@chiangmai.ac.th (S. Suan-
tai).
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the convergence results of the process (1.1) have been widely established in spaces
having the normalized duality mappings. By the way, Browder [5] initiated the
study of certain classes of nonlinear operators by means of the duality mapping
associated to a gauge function which includes the generalized and the normalized
duality mappings as special cases.

Motivated by Browder [5] and Reich [2], we continue the work to study the
convergence of Mann-type iteration in a much more general setting, a uniformly
convex Banach space having the duality mapping associated to a gauge function.

Let IY be a Banach space which admits the duality mapping associated to a
gauge function and K a nonempty, closed and convex subset of E. Let {T,,}52
be a sequence of nonexpansive self-mappings of K. We consider the following
Mann-type iteration: x; € K and

Tntl = QpZp+ (]- - an)anna n>1, (1.2)

where {«, } is a real sequence in (0, 1).

We recall that a Banach space F is said to be strictly convex if w < 1 for
all z,y € F with ||z]] = |ly|l| = 1 and z # y. FE is called uniformly convex if
for each € > 0 there is a 6 > 0 such that for z,y € E with ||z|,|y| < 1 and
le =yl > ¢, [lz+y| <2(1—0)holds. The modulus of convexity of E is defined by

() = inf {1 ||5 @+ Tl loll < 1, o — ol > ¢},

for all € € [0,2]. E is uniformly convex if jz(0) = 0, and dg(e) > 0 for all 0 <
e < 2. It is known that every uniformly convex Banach space is strictly convex and
reflexive. Let S(E) = {z € E : ||z|| = 1}. E is said to be smooth if lim;_¢ Ww
exists for each x,y € S(E). The norm of E is said to be Fréchet differentiable if for
each z € S(F), the limit is attained uniformly for y € S(E). See [6, 7, 8].

We need the following definitions and results which can be found in [5, 6, 7].

Definition 1.1. A continuous strictly increasing function ¢ : [0, 00) — [0, 00) is said
to be gauge function if p(0) = 0 and lim;_, o, (t) = 0.
Definition 1.2. Let E be a normed space and ¢ a gauge function. Then the mapping
Jo B — 2" defined by
Jo(@) ={f" € E": (&, f") = ll=lle(l), I/ = e(l=l)}, z€E

is called the duality mapping with gauge function .

In the case ¢(t) = t7', ¢ > 1, the duality mapping J, = J, is called the
generalized duality mapping.
Remark 1.3. For the gauge function p, the function ® : [0,00) — [0, 00) defined by
O(t) = fg w(s)ds is a continuous convex and strictly increasing function on [0, ).

Therefore, ® has a continuous inverse_function ® 1.

Remark 1.4. For each x in a Banach space E, J,(x) = 0®(||z||), where 0 denotes
the sub-differential.

Remark 1.5. Foreachz,y € F, the following inequality holds:

Oz +yl) < @(lzll) + (v, Jo(x + ), jolz+y) € Jo(z+y).  (1.3)

Remark 1.6. A Banach space E is smooth if and only if each duality mapping J,,
with gauge function ¢ is single-valued; in this case

d (e + ) — (2]
Z0(lz+tyl)| = lim 7

=(y,Jy(z)), Vz,y € E.
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Lemma 1.7. [9] Assume that a Banach space E has a weakly continuous duality
mapping with gauge ¢. Then for any sequence {x.,,} that converges weakly to x, we
have foranyy € E, limsup,, . ®(||z,—yl|) = limsup,, . ®(||zn—2z|)+2(||z—y])-

Let K be a subset of a real Banach space E and let {7}, } be a family of mappings
of K such that (", F(T},) # 0. Then {T,,} is said to satisfy the AKTT-condition
[10] if for each bounded subset B of K, > ° | sup{||T412 — Tp2|| : z € B} < c0.

Lemma 1.8. [10] Let K be a nonempty and closed subset of a Banach space F and
let {T,} be a family of mappings of K into itself which satisfies the AKTT-condition,
then the mapping T : K — K defined by Tx = lim,,_,, T,z for allz € K satisfies

limsup{||Tz — Tnz|| : z€ B} =0
for each bounded subset B of K.

In the sequel, we will write ({7}, }, T') satisfies the AKTT-condition if {7}, } satisfies
the AKTT-condition and 7 is defined by Lemma 1.8 with F(T) = (", F(T,,).

n=1

2. MAIN RESULTS

Proposition 2.1. Let E be a reflexive Banach space having a weakly continu-
ous duality mapping j,. Let {x,} be a sequence in E and p,q € wy,({z,}). If
lim,— oo ||Zn — p|| and lim,, o ||z, — ¢q|| exist. Thenp = q.

Proof. Suppose p,q € wy,({zn}) and p # ¢. Then there exist subsequences {z,, }
and {z,;} of {z,} such that z,, — pand z,, — ¢. By Lemma 1.7 and the
continuity of ®, we have

lim ®(|lzy, —pll) = lim O([lzn, —pl]) < lim (([zn, —ql)

n— 00 k—o0 k—oo

= lim ®(||lzn, —ql]) < lim O(||lzn, —pl) = lim &([|lz, —pl),
j—o0o j—o0 n—oo
which is a contradiction. Thus p = q. U

Proposition 2.2. Let F be a Banach space having a Fréchet differentiable norm and
a duality mapping j,. Then there exists an increasing function b : [0,00) — [0,00)
with lim;_,¢ @ =0 and

([|z]l) + (A, jo(x)) < ([l + hll) < (l|z]]) + (h, jo () + 0(|[R]]) Vo, h e E. (2.1)
Proof. Let « € E and define b : [0, 00) — [0, 00) by b(0) = 0 and

b(t) = ESlsl(PE)\@(llirtyll)—‘P(HJCH)—t<y7j<p($)>7 t>0.

Then b is an increasing function. Since E has a Fréchet differentiable norm,

O(llz + tyl)) — @l ,
t—0 t—0 t B <y7]@(‘r)> - O
’ yeS(E)

and

@ (|| + tyll) — 2(llzll) - t{y, jo ()] < b(t) Vy € S(E)
which implies

([l + tyll) < @(llzll) + £y, jo(x)) + b(t) Vy € S(E). 2.2)
Suppose h # 0. Put y = ﬁ and ¢ = ||h||. By (2.2), we have

O(||lz + nll) < @(l[z]]) + (b, jo (2)) + bIA])- 2.3)
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On the other hand, by (1.3), we have

®([[z]) = @z + h = &) < ([lz + Al]) = (h, jo(2)) (2.4)
for each h € F. Combining (2.3) and (2.4), we get the desired result. O
Following [2, 11], we can prove Proposition 2.3.

Proposition 2.3. Let I/ be a uniformly convex Banach space having a Fréchet dif-
Jerentiable norm and a duality mapping j, and K a nonempty, closed and convex
subset of E. Let {S,,}22, be a sequence of L,-Lipschitzian self-mappings of K with
L,>1,n>1and ) ) (L, —1) < co. Assume that F = ()., F(S,) # 0. If
z1 € Eand xpi1 = Spn, n > 1, thenVfi, fo € F, limy, 00 (@n, jo(fi — f2)) exists.

Proof. For each f € F, we see that

|21 — fll = [|Snzn — fII < (1 + (Ln — 1))”55n -1l
Hence lim,,_,, ||z, — f|| exists for all f € F. Now, taking x = f; — fo, h = t(z, — f1)
in (2.1) and setting a,,(t) = ||tx, + (1 — ) f1 — f2||, we obtain
O(Ifr = foll) + Han— fr,d0(f1 = f2)) < P(an(?))
(|l fr = foll) + tzn = f1,50(f1 = f2)) + bt]lzn — f1l])
([ f1 = fol) + tan — f1, 56 (f1 = f2)) + b(tM)

for some M > 0. Since F is uniformly convex, by Lemma 2.2 of [1 1], we know that
lim,, 0 an(t) exists. Hence lim, o, ®(a,(t)) also exists since ¥ is continuous.
Thus

INIA

limsup(xn - flvjtp(fl - f2)> < hnnilcgf@jﬂ - fl?jﬂp(fl - f2)> + b(tM)/t

n—oo

Since b(tM)/t — 0as t — 0, lim,, o (Tn, — f1,Jo(f1 — f2)) exists. O

Theorem 2.4. Let E be a Banach space having a duality mapping j, and K a non-
empty, closed and convex subset of E. Let {T,,}52; be a sequence of nonexpansive
self-mappings of K such that (.., F(T,) # 0. Suppose that ({T,,},T) satisfies the
AKTT-condition and let {z,,} be defined by (1.2). Then,

(i) Foreach f € (\,—, F(T},,), lim, . ||z, — f]| exists.

(i) If E is uniformly convex and Y-, min{a,,1 — a,, } = oo, then
lim |x, — Tz,| =0.
n—o0
Proof. (i) For any f € (., F(T,), we have
[€nt1 = fIl < anllen = fIl + (1 = an)[[Town = fI| < llzn = f]-

Hence {||z,, — f||} is nonincreasing; consequently, lim,,_, ||z, — f]| exists.
(i) Let f € N, F(T},) and assume ||z,, — f|| > 0. Since || Tz, — f|| < ||z, — f||

and F is uniformly convex, it follows (see, for example, [12]) that
. T, — Thax
Jewsn = 11 < llow = 1{1 = 2min{a.1 - an)op (1 =Tel ) |

Therefore

. x, —Thx

2min {0, 1 - ol — o (LT <y s - 1
lzn — f]

Since lim,,_. ||z, — f|| exists and ) -, min{a,,1 — a,,} = oo, by the continuity
of 0, we conclude that lim inf,,_ « ||z, — Trz,|| = 0. Observe that

lZn+1 = Tor1Znall < anllzn — Thv1@nsa || + (1 — o) [Thwxn — Toprznia ||
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< anllen = Tpgal + anllTngr — Top1@nsa |l
+ (1= ap)[[Thzn — Tnpron| + (1 — an) | Tug 170 — Tor1Zn1]|
S an(l"an)”zn‘*jhxn”4’anH$n+1"I%+1xn+1H

+ (1 —ay) sup ||Thz—Thyrz|| + (1 — an)2||xn — x|
z€{zn
= (I —an)llzn — Toxn|l + anllznsr — Tng 1Tl
+ (1 —ay) sup ||Thz— Thy1zl],
z€{zy}

which implies

[#n+1 = Tnrzngall < [lon — Thanll + sup [[Thz — Thpaz|.
Ze{wn}
Since {T,,} satisfies the AKTT-condition, lim,,_,, ||z, —T,,z,|| exists; consequently,
lim,, 0 |2, — Thxyn|| = 0. On the other hand, we see that
|z = Ton|| < |20 — Tnwn| + (| Tazn — Ton|| < |20 — Tuwnl| + sup [[Thz — Tz
z€{xn}
Since ({7, },T) satisfies the AKTT-condition, we have lim, . ||z, — Tz,| = 0 by
Lemma 1.8. This completes the proof. O

Theorem 2.5. Let E be a uniformly convex Banach space having a duality mapping
Je and K a nonempty. closed and convex subset of E. Let {T,,}32, be a sequence of
nonexpansive self-mappings of K suchthat(\,-_, F(T,) # 0. Suppose that ({T,},T)
satisfies the AKTT-condition and let {z,, } be defined by (1.2) with >~ ; min{a,,1—
ay, } = 00. If one of the following statements holds:

(i) £ has a weakly continuous duality mapping j;

(i) E has a Fréchet differentiable norm.
Then {z,} converges weakly to a common fixed point of {T), }°°_;.

Proof. Set S,, = o, + (1 — a,)T,, n > 1. Then x,,41 = Spz, and F(T,) = F(S,)
for all n > 1. By Theorem 2.4 (i) and (i), we get that w,,({z,}) C F(T) by the
demiclosedness principle. Next, we show that w,,({z,}) is singleton. To this end,
let p,q € wy({zn}). If E has a weakly continuous duality mapping j,. then p = ¢
by Proposition 2.1. Suppose that F has a Fréchet differentiable norm, and {x,, }
and {x,, } are subsequences of {z,} such that z,,, — p and z,,, — ¢. Then

lp = dlle(llp = al) = {p = a4, 5o (p = @)) = Hm (Zn, = Ty, Jio (P = @))-

By Proposition 2.3, we conclude that ||p — ¢||¢(|lp — ¢||) = 0 and p = ¢. Therefore
{zn} converges weakly to a common fixed point of {7,,}52 ;. O
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