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Stability of closedness of convex cones under linear mappings II

Jonathan M. Borwein!, Warren B. Moors?

ABSTRACT: In this paper we revisit the question of when the continuous linear image of a
tixed closed convex cone K is closed. Specifically, we improve the main result of [3] by showing
that for all, except for at most a o-porous set, of the linear mappings T from R" into IR", not
only is T(K) closed, but there is also a neighbourhood around T whose members also preserve
the closedness of K.

KEYWORDS: closed convex cone; linear mapping; stability; linear programming.

1. Introduction

In [3] we investigated when then continuous linear image of a closed convex cone in R" is
closed. This was motivated in part by the abstract versions of the Farkas lemma and the Krein-
Rutman theorem as given in [2]. The closure of such conical images is central to duality theory
in both semi-definite and conical linear programming [2, 3, 9, 10]. Recall that a nonempty
set K of a vector space V is a convex cone if K is convex and for each A € [0,0) and x € K,
Ax € K. Although there are simple examples to show that the continuous linear image of a
given closed convex cone K in IR” need not be closed (see [3, Example 1]), it was shown in [3]
that in some sense, for almost all T € L(X,Y) —the space of all linear mappings acting between
finite dimensional normed linear spaces X and Y, endowed with the operator norm—T(K) is
indeed closed in Y.
Specifically, in [3] we showed that for a given closed convex cone Kin R”, int{T € L(R",R") :

T(K) is closed} is dense in L(R",R™). We also showed that in general

{T € L(R",R™) : T(K) is closed }

is not an open set. However, we did not address the question of the size of the set

L(R",R™) \int{T € L(R",R™) : T(K) is closed }
in terms of measure which, as shown in [7], can be quite distinct from being small in terms of
category.

In this paper we remedy this situation by showing that

L(R",R™) \int{T € L(R",R™) : T(K) is closed }
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is o-porous, a notion which is simultaneously small with regard to both measure and category.
We were sure this was so at the time of writing [3] but the details are somewhat subtle. Along
the way we shall show in Corollary 2.3 that

{T € L(R",R™) : rank(T) < min{m,n}}

is o-porous; a fact that is of independent interest since mappings with gradients of maximal
rank admit inverse function theorems [5] and can be used to guarantee metric regularity [1].

2. Preliminaries

We start with some notation. For any x in a normed linear space (X, | - ||) and r > 0 we shall
denote by, B(x;r) theset {y € X : ||y — x|| < r} and for any M C R", x € R” and R > 0 we
define y(x, R, M) to be the supremum over all r > 0 for which there exists z € R” such that
B(z,r) € B(x,R) \ M. Then we define the porosity of M at x as
v, R M)
=1 f——F"T—.
PV =Rt R

Further, we shall say that a set M is porous at x if p(M, x) > 0 and, moreover, if M is porous
at each x € M then we shall say that M is porous. Finally, we shall say that M is o-porous if it
is a union of countably many porous sets. Porosity is a very natural geometric notion as the
unfamiliar reader may discover by drawing some pictures in the plane.

It is easy to see that o-porous sets enjoy some permanence properties. For example, if || - ||

and || - || are equivalent norms on a vector space X then a subset M is o-porous in (X, || - ||) if,
and only if, it is o-porous in (X, || - ||). In fact, an even stronger property is true.
Proposition 2.1. Suppose If (X, || - ||) and (Y, || - ||) are normed linear spaces are normed spaces and

T : X — Y is a continuous, open linear mapping. Then T~1(M) is o-porous in (X, || - ||) whenever
M C Y is o-porous in (Y, || - ||) , -

Since the notion of o-porosity in finite dimensional normed linear spaces is insensitive to
the particular choice of norm we shall henceforth (unless otherwise stated) assume that R"
is equipped with the Euclidean norm and that the space L(X,Y) is equipped with the corre-
sponding operator norm.

Our interest in o-porosity stems from the fact that c-porous sets are small in both a measure
theoretic sense and in a Baire categorical sense, [11]. More precisely, a Lebesgue measurable
set M in IR" that is o-porous has Lebesgue measure zero and is at the same time a first category
set (i.e., a countable union of nowhere dense sets). For further information—old and new—on
Baire category the reader could consult [7] and [4].

In order to present our first theorem we need to introduce some matrix notation. Fora m x n
matrix A we shall denote by, [A];; the (ij)" entry of the matrix A i.e., the entry in the i row
and j column of the matrix A and by, Ajj the sub-matrix of A obtained by deleting the ith row
and j column of A. Finally, we shall denote by My, ) the set of all m x n matrices (over R).

Theorem 2.2. For each n € IN, the set
{A € My, : rank(A) =n — 1}
is porous in My, .,y with respect to any norm on M, ).

Proof: Let || - || be any norm on M, ,), M := {A € M,y : rank(A) =n—1} and let B € M. It
will be sufficient, due to [11, page 517], to show that there is a neighbourhood U of B, subspaces
H and F of M, , such that (i) Dim(F) = 1; (ii) H ® F = M, , and (iii) a Lipschitz function
f : W — F defined on a nonempty open subset W of H such thatUNM = {x+ f(x) : x € W}.
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Let 1 <1i,j < nbe chosen so that Det(B;;) # 0. Let H := {A € M, : [A];; = 0}. Then H is
a co-dimension 1 subspace M, ,). Now define E;; € M, , by,

(Bl = { 1 if (i,j) = (i,])
P0G ) # (7))
and let F := span{E;;}. Finally, let P;; : M, ,) — H be defined by, P;;(A) := A — [A];;E;;. Next,
let W be any neighbourhood of P;;(B), with respect to the relative topology on H, such that
Det(A;j) # 0forall A € W and let U := (P;)'(W). Note that for each A € U, rank(A) >
n — 1. If, on the other hand, A € U and Det(A) = 0 (i.e., if rank(A) = n — 1) then

n

Z (_1)i+k [A]ixDet(Ax) =0

k=1
and so
n
— 1)k+1-
[Aljj Det Z; [ AlxDet(Ay).
]
Then we define f : W — F by,
FA) = | ot LD ATuDet(4) |
Det(Az-]-) 1 ! ! /
k#j
and ¢ : W — Mby, ¢(A) := A+ f(A). Since f is C! on W, by possibly making W smaller,
we can assume that f is Lipschitz on W with respect to || - ||. It is now routine to verify that

MNnU = {g(A): Ac W}sinceif A€ MNU then P;;(A) € Wand g(P;;(A)) = A. O

In the following corollary we will repeatedly use the fact that if A’ is a sub-matrix of a matrix
A, obtained by deleting some rows and/or columns of A, then rank(A’) < rank(A).

We may now prove the result alluded to in the introduction:
Corollary 2.3 (Maximal Rank). For each (m,n) € IN?, the set

{A e M, : rank(A) < min{m,n}}

is o-porous in M, ,y with respect to any norm on M, ).
Proof: Firstly, we may assume that m,n > 2. To show that {A € M, : rank(A4) <
min{m,n}} is o-porous in M, it is sufficient to show that for each 1 < k < min{m,n},
{A € My, : rank(A) = k} is o-porous. Fix 1 < k < min{m,n} and let X; denote the
set of all strictly increasing functions from {1,2,...,k+ 1} into {1,2,...,m} and let X} de-
note the set of all strictly increasing functions from {1,2,...,k+ 1} into {1,2,...,n}. For each
(rr, ") € Zx x i and A € My, ) let, AT ¢ Mk 41,k41) be the sub-matrix of A defined by,
[ATT)] = [Al(i)r+(j) for each 1 < i,j < k + 1. Furthermore, let Ny := {A € M1 p41) °
rank(A) = k}.

From Theorem 1 we know that Nj is o-porous in My x41)- For each (7, %) € Iy x X let,

L) i= {A € My : AT) € Ni} = {A € My, : rank(AT7)) = £},

Since L,((”’”*) is the inverse image of Ny under the linear surjection A — A(™7™), L](cn’”*)
o-porous in M, ,. Now, from linear algebra we can deduce that

is

{A € M, ) : rank(A) =k} C U{L,((”’n*) s(mt) € X x X}
as required. O

In order to expedite the proof of our main theorem we shall take this opportunity to record
the following prerequisite result. To avoid confusion between scalars and vectors we shall, in
the next lemma, denote vectors in bold; and the unit sphere in R" by Sg».
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Lemma 2.4. For any a := (ay,az,...,a,) € R™ and any x := (x1,x2,...,%,) € Sgrn, there exists
an operator T € L(R",R™) such that T(x) = aand ||T|| = ||a|.

Proof: Define T : R" — IR by,

T(y) == (mx-y,a0x-y,...,anx - Y).
Then for any y € R" such that [|y|| <1,
T = l(mx-y,ax-y,... ,anx-y)|
< |l(laal, lazl, - lam ][ since [x-y| <1
= |lall

Therefore ||T|| < ||a|. On the other hand,

ITI = T = l[(a1x - x,a0% - %, amx - x)|| = |[a]|. O

There are various known sufficient conditions concerning when the continuous linear image
of a closed convex cone K is closed. The best known is the classical result that it suffices that
K be polyhedral [2]. The following is effectively a specialization of a recession direction [2]
condition:

Proposition 2.5. [3, Proposition 3] Let T € L(IR",IR™) and let K be a closed cone (not necessarily
convex) in R". If
Knker(T) = {0}

then there exists a neighbourhood N of T in L(R", R™) such that S(K) is closed in R™ for each S € N.

For a subset D of a vector space V, the core of D, denoted, cor(D), is the set of all points
d € D where for each x € V'\ {d} there exists an 0 < r < 1 such that Ax + (1 — A)d € D for all
0 < A < r. Clearly if the affine span aff(D) # V then cor(D) = @. In this case the following
concept is useful.

Given a subset C of a vector space V, the intrinsic core of C, denoted icor(A), is the set of all
points ¢ € C where for each x € aff(C) there existsan 0 < r < 1 such that Ax + (1 —A)c € C
forall0 < A < 7.

One of the most important properties of the intrinsic core is that if C is a convex subset
of a finite dimensional vector space V then icor(C) # @, [6, page 7]. In fact, if V is a finite
dimensional topological vector space then icor(C) is dense in C for each convex subset C of
the space V. Another important property of the core is that for a convex subset C of a finite
dimensional topological vector space, cor(C) = int(C), [2, Theorem 4.1.4].

The reason for our interest in the intrinsic core is that it provides the other sufficient condi-
tion that we shall need to apply:

Proposition 2.6 (Intrinsic core). [3, Proposition 5] Let Y be a normed linear space, T : R" — Y be
a linear transformation and let K be a closed cone in R". If

ker(T) Nicor(K) # &
then T(K) is a finite dimensional linear subspace of Y and hence a closed convex cone.
Corollary 2.7. [3, Corollary 2] The only way T (K) can fail to be closed is if
ker(T) NK C K\ icor(K)
and that at the same time ker(T) N K is not a linear subspace. In particular, ker(T) N K # {0}.
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3. Main Results

We require one more lemma:

Lemma 3.1. Let Y be an n-dimensional normed linear space and let K be a closed convex cone in
Y. Then L(Y,R™) \int{T € L(Y,R™) : T(K) is closed} is o-porous in L(Y,R™) if, and only if,
L(R",R™) \int{T € L(R",R™) : T(¢(K)) is closed} is o-porous in L(R",R™) where ¢ : Y — R"
is any linear bijection from Y onto R™.

Proof: Let ¢ : Y — R” be a linear bijection from Y onto R” and let ¢* : L(R", R™) — L(Y,R™)
be defined by, ¢*(T) := T o ¢. Then ¢" is an isomorphism from L(IR", R™) onto L(Y,R™) and

{T € L(Y,R™) : T(K) is closed} = ¢"({T € L(R",R™) : T(¢(K)) is closed}). O

The next result shows—as promised—that although it is not true that, if T(K) is closed for
some closed convex cone K then S(K) is closed for all S in some neighbourhood of T, it is
“almost” true, in the sense that for “almost all” T € L(R",R™) if T(K) is closed then there exists a
neighbourhood W of T such that S(K) is closed for all S € WW. More precisely:

Theorem 3.2. Suppose that K is a closed convex cone in R" then
L(R",R™)\int{T € L(R",R™) : T(K) is closed}
is a o-porous set in L(R", R™).
Proof: Let Y := K — K. We shall consider first the case when Y = R". Let M be the family of
all linear mappings T € L(R",R™) with maximal rank (i.e., rank(T) = min{m, n}).

It is easy to verify that M is an open subset of L(R",R™). Let ¢ : M,y — L(R",R™) be
defined by, ¢(A)(x) := Ax. Then ¢ is an isomorphism from M, ,,y onto L(IR",IR™). Moreover,
¢ 1 (M) = {A € My, : Ahas maximal rank}. Therefore, from Corollary 1, L(R", R™) \ M
is o-porous in L(R",R™). Hence to show that L(R”, R™) \ int{T € L(R",IR™) : T(K) is closed }
is o-porous in L(IR"”,R™) it is sufficient to show that M \ int{T € L(R",R™) : T(K) is closed}
is o-porous in L(RR", R™); which is what we shall do. There are two cases:

(i) If n < m then each member of M is one-to-one and so ker(T) N K = {0} for each T € M
and thus we are done by Proposition 2.

(ii) Hence we shall assume that m < n. We now define P : M — L(R",R") by, P(S) :=
I — S*(SS*)~1S, where I is the identity mapping on R” and S* is the conjugate of S, i.e., S* €
L(R™,R") and S*(y) -x = y - S(x) for all y € R™ and all x € R". It is routine to check that:

(i) for each S € M, P(S) is well-defined, i.e., (SS*) ! exists;
(ii) Pis C! on M and hence locally Lipschitz on M;
(iii) for each S € M, P(S) is the projection of R" onto ker(S).

For each n € IN, let
L, :={S € M : there exists an open neighbourhood N of S such that P|y is n-Lipschitz}
Now each L, is an open subset of M and M = (J;_; L,. So to show that
M\ int{T € L(R",R™) : T(K) is closed }
is o-porous it is sufficient to show that for each n € IN,
E,:=L, \int{T € L(R",R™) : T(K) is closed }

is porous.
To this end, let us fix n € IN and consider T € E,,. Since

T ¢ int{T € L(R",R™) : T(K) is closed},

it follows that
{0} # ker(T)NK C K\ icor(K).
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Choose x € ker(T) N K such that ||x|| = 1. Note that this is possible since ker(T) N K is a
nontrivial cone. Now select y € int(K) = cor(K) = icor(K) # & such that ||y|| = 1. Also
choose 0 < r < 1 such that B(y;r) C int(K). We claim that

p(Ey, T) > a:=7r/(8n[||T|| +1]) > 0.

Let 0 < Ry < 1 be chosen so that P is n-Lipschitz on B(T; Ry) and for each 0 < R < Ry let,
Ar :=R/(8]||T|| +1]) and zg := Ary + (1 — Ag)x. Now foreach 0 < A < 1,

B(x+A(y —x);Ar) = AB(y,r) + (1 —=A)x CK
since K is convex and so B(x + A(y — x); Ar) C int(K). In particular, B(zg; Arr) C int(K). Now,
ITzr)| = [IT(x+Ar(y = 2)[| = AN T(y = x)|| < ArlITlly — x[| < 2A[|T|| < R/4

and 1 [lzx ]| = x4+ Ar(y — 1) = [l = Axlly — 2| = 1—2ig > 1—2(1/8) = 3/4. By
Lemma 1 there exists a S € L(R",R™) such that Si(zr) = T(zr) and ||S|| < R/3. Let
Sg :=T — Si. Then ||T — Sg|| < R/3, B(Sg;a«R) C B(T;R) (since & < 1/8) and Sg(zr) = 0. To
complete the proof in this case we argue below that this holds for all 0 < R < Ry, p(E,, T) >
a > 0.

Claim: For each 0 < R < Ry, B(Sg;aR) C int{S € L(R",R™) : S(K) is closed }.
Proof of Claim: To see this, suppose that S” € B(Sg; aR), that is
ISk = S"|| < rR/(8n[||T|| +1]).

To show that
S"” € int{S € L(R",R™) : S(K) is closed }

it is sufficient to show that ker(S”) Nint(K) # @. In fact, since P(S")(zr) € ker(S”) it is
enough to show that P(S”)(zgr) € int(K). Now

IP(S")(zr) — z&l| IP(S")(zr) — P(Sk)(zr)|| ~ since zg € ker(Sg)

< [|P(8") = P(Sr)lll|zrll

< IP(S") ~ P(S®)] since zx] < 1

< n||S” —Sg|| since P is n-Lipschitz on B(Sg, «R)
nrR rR

< = = ARr.

Sn(lltfl+1)  8(ITI+1)
Therefore, P(S")(zr) € B(zg; Arr) C int(K). Thus,
S" € int{S € L(R",R™) : S(K) is closed };
which concludes the proof of the claim. O

In the case when Y is a proper subspace of R", it follows from Lemma 2 and the previous
case that L(Y,R™) \ int{T € L(Y,R™) : T(K) is closed} is o-porous in L(Y,R™). To finish the
proof we consider the linear surjection R : L(R",R™) — L(Y,R™) defined by, R(T) := T|y.
Then by setting E := L(R",R™) \ int{T € L(R",R™) : T(K) is closed } we have that:

E = LR",R")\int{T € L(R",R") : T|y(K) is closed }
= R YL(Y,R™)\int[R71({S € L(Y,R™) : S(K) is closed })]
= RYL(Y,R™)\ R (int{S € L(Y,R™) : S(K) is closed}) (%)
= RYL(Y,R™)\int{S € L(Y,R™) : S(K) is closed}).
The equality in line (*) follows from the general fact that for any continuous and open map-
ping R : X — Y acting between topological spaces and any set A C Y, R™!(int(A)) =
int(R~1(A)). The proof is now completed by appealing to Proposition 1. O

Further results on the images of closed convex cones under linear mappings may be found
in [8, 9].
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Asymptotic stability of stochastic pantograph differential equations
with Markovian switching
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ABSTRACT: In this paper, we investigate the almost surely asymptotic stability of the nonlin-
ear stochastic pantograph differential equations (SPDEs) with Markovian switching under the
weakened linear growth condition. Linear SPDEs with Markovian switching and nonlinear
examples with Markovian switching will be discussed to illustrate the theory.

KEYWORDS: Stochastic pantograph differential equations; Asymptotic stability; Generalized
Itd formula; Markov chain.

1. Introduction

Recently, the study of stochastic pantograph differential equations (SPDEs) has received a great
deal of attention. For example, Baker and Buckwar [1] gave the necessary analytical theory
for existence and uniqueness of a strong solution of the linear stochastic pantograph equation,
and of strong approximations to the solution obtained by a continuous extension of the 8-Euler
scheme. They also proved that the numerical solution produced by the continuous §-method
converges to the true solution with order 1/2. Appleby and Buckwar [2] studied the asymp-
totic growth and delay properties of solutions of the linear stochastic pantograph equation.
They give sufficient conditions on the parameters for solutions to grow at a polynomial rate on
pth mean and in the almost sure sense. Fan et al. [3] investigated the existence and uniqueness
of the solutions and convergence of semi-implicit Euler methods for stochastic pantograph
equations under the local Lipschitz condition and the linear growth condition. Fan et al. [4]
investigated the ath moment asymptotical stability of the analytic solution and the numerical
methods for the stochastic pantograph equation by using the Razumikhin technique. Li et al.
[5] investigated the convergence of the Euler method of the stochastic pantograph differential
equations with Markovian switching under the weaker conditions.

The classical stochastic stability theory deals with not only moment stability but also almost
sure stability [6-10]. However, to the best of our knowledge, most of the existing results on
the linear stochastic pantograph differential equations[1,2,4,11] are about the moment stabil-
ity, while little is known on the almost surely asymptotic stability for SPDEs with Markovian
switching under the non-linear growth condition which is the main topic of the present paper.

Corresponding author: Hua Yang (huay20@163.com)
Manuscript received March 16, 2010. Accepted July 2, 2010.
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The paper is organised as follows. In Section 2, we introduce the SPDEs with Markovian
switching. We investigate the almost surely asymptotic stability for the stochastic pantograph
differential equations with Markovian switching under the non-linear growth condition in
Section 3. In Section 4, Some examples are discussed to illustrate the theory.

2. SPDEs with Markovian switching

Throughout this paper,we let (Q), F, {F: }+>0, P) be a complete probability space with a filtra-
tion { F; }+>0 satisfying the usual conditions (i.e. it is increasing and right-continuous while Fj
contains all P-null sets). Moreover, | - | is the Euclidean norm in R". Let xo be an Fy—measurable

R"—valued random variable such that E|x|> < oo. Let w(t) = (w},- - ,w’t”)T,t > 0, be a m-
dimensional Brownian motion defined on the probability space.

Letr(t),t > 0, be a right-continuous Markov chain on the probability space taking values in
a finite state space S = {1,2,..., N} with the generator I' = (7;;)nxn given by

. . Yij6 +0(9) ifi #7j,
P = =i} = / e
40 =) =i = { TS 2T
where § > 0. Here ;; > 0 is the transition rate from i to j if i # j while yi; = —Y2; 7ij.
We assume that the Markov chain 7(+) is independent of the Brownian motion w(-). It is use-
ful to recall that a continuous-time Markov chain r(t) with generator I' = {7;;}nxn can be
represented as a stochastic integral with respect to a Poisson random measure ([12, 13]).

(1) dr(t) = /R H(r(t—),y)o(dt,dy), t > 0

with initial value r(0) = ip € S, where v(dt,dy) is a Poisson random measure with intensity
dt x m(dy) in which m is the Lebesgue measure on R while the explicit definition of 1 : S x R —
R can be found in ([12, 13]) but we will not need it in this paper.

Consider an n-dimensional stochastic pantograph differential equations with Markovian
switching

2) dx(t) = f(t, x(t), x(qt))dt + f(t,x(t), x(qt))dw(t).
on t > 0 with initial data x(0) = x9,0 < g < 1and r(0) = ip € S, where f : R; X R" X R" x
S— R"and g: Ry x R" x R" x § — R™™,

In this paper, the following hypothesis is imposed on the coefficients f and g.
Assumption H. Both f and g satisfy the local Lipschitz condition. For each integer & > 1 and
i € S, there exists a positive constant L such that

|f(t x1,x0,1) — f(Ey1,y2,0) |V [g(t x1, x2,1) — §(£,y1,y2,1)| < Lip(|x1 — ya| + [x2 — y2])
for x1, X2, y1,y2 € R" with |x1| V |x2| V |y1| V |y2| < h. Moreover,
sup{|f(t,0,0,i)| vV |g(t,0,0,i)| : t > 0,i € S} < oo.

In general, this hypothesis will only guarantee a unique maximal local solution to Eq. (2)
for any given initial value xy and ip. However, the additional conditions imposed in our main
result, Theorem 3.1, will guarantee that this maximal local solution is in fact a unique global
solution (see Lemma 3.2), which is denoted by x(t; xo; ip) in this paper. The main purpose of
this paper is to discuss the almost surely asymptotic stability of the solution([6, 14]).

To state our main result, we will need a few more notations. Let C(R";Ry) and C(R; x
R™; R, ) denote the families of all continuous nonnegative functions defined on R" and R} X
R", respectively. Moreover, let K denote the class of continuous increasing functions y from
Ry to R4 with #(0) = 0. Let K« denote the class of functions y with p(s) — o0 ass — oo.
Functions in K and K are called class K and Ko functions, respectively. If 4 € K, its iverse
function is denoted by u~! with domain [0, #(c0)). We also denote by L!'(R; R ) the family
of all functions 7y : Ry — Ry such that [~ y(t)dt < co.If E is a subset of R", denote by d(x, E)
the Haussdorff semi-distance between x € R" and the set E,namely d(x, E) = inf,cf [x — y|.
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If W is a real-valued function defined on R", then its kernel is denoted by Ker(W), namely
Ker(W) = {x € R" : W(x) = 0}. Let C"?(R; x R" x S;R;) denote the family of all non-
negative functions V(t,x,7) on Ry x R" x S which are continuously twice differentiable in
x and once differentiable in t. If V € CY?(R; x R" x S;R;), define an operator LV from
R4 x R" x R" x S to R by

1
LV(t,x,y,i) = Vi(t,x, i)+ Vi(t,x,0)f(t, x,y,i) + Etmce[gT(t, X, Y, 1) Vix (t,x,0)g(F, x,y,1)]
N
3) +Y iVt x,j),
j=1
where ‘ ‘ _ , ‘
Vit x, ) = G Valt ) = (S5 S, Vit ) = (S

For the convenience of the reader we cite the generalized Itd’s formula ([14]): If V € C2(R x
R"™ x S), then for any t > 0

V(tx(t),r(t)) = V(0,x(0),r(0)) + /Ot LV (s,x(s),x(gs),r(s))ds + /Ot Vie(s, x(s), 7(s))dw(s)
(4) +/Of/R(v(s,x(s),io+h(r<s_),z))—V(s,x(s),r(s)))u(ds,dZ),

where u(ds,dl) = v(ds,dl) — m(dl)ds is a martingale measure.

To establish our main result for locating limit sets of the solutions of the stochastic pan-
tograph equations with Markovian switching, let us cite the useful convergence theorem of
nonnegative semi-martingale ([15])as a lemma.

Lemma 2.1 Let A(t) and U(t) be two continuous adapted increasing processes on t > 0 with A(0) =
U(0) = 0a.s. Let M(t) be a real-valued continuous local martingale with M(0) = 0 a.s. Let ¢ be a
nonnegative Fo—measurable random variable. Define

X(t) =g+ A(t) — U(t) + M(t) for t > 0.
If X(t) is nonnegative, then
{tlim A(t) < oo} C {thrn X(t) <oo}nN {thm U(t) < oo} as.,
where B C D a.s. means P(BN D) = 0. In particular, if lim; .. A(t) < oo a.s., then, with probability

one,
tlim X(t) < oo, tlim U(t) < coand —oo < tlim M(t) < oo.

That is , all of the three processes X (t), U(t) and M(t) converge to finite random variable.
3. Asymptotic stability
With the above notations, we can now state our main result.

Theorem 3.1 Let (H) hold. Assume that there are functions V. € CY?(Ry x R" x S;R;),y €
LY(R4; Ry) and wy, wy € C(R"; Ry such that

(5) LV(t,x,y,i) < y(t) —wi(x) + qua(y)
forall (t,x,y,i) € Ry X R" x R" x S and

(6) w1(0) = wp(0) =0, wy(x) > wo(x) forall x # 0.
and

7 li inf V(t,x,i)| = oo.

@) Xt [(t,i)lerllhxs (,x,z)] *

Then for any initial value x,

(8) lim x(#; xo,i9) = 0 a.s.

t—o0
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That is, the solution of Eq. (2) is almost surely asymptotically stable.

To prove this theorem, we can also give the following lemma by the standard truncated
technique (see e.g. [14]).
Lemma 3.2 Under the conditions of Theorem 3.1, for any initial vulue xo and r(0) = iy € S, Eq. (2)
has a unique global solution.

Let us now begin to prove our main result.
Proof of Theorem 3.1 We divide the proof into three steps.

Step 1. Fix any xo and iy and write x(; xo,ip) = x(t) for simplicity. By the generalized Itd’s
formula, (5) and (6) we derive that

V(tx(0,(0) < V(O0,x(0),10)) +M() + [ [(s) — w1 (x(5)) +guax(as) Jds

©) < V(0,x )+ / s)ds - / [w1(x(5)) — wa(x(5))}ds + M(t)

where

M) = [ Vlsx(s) o)) + [ [ (Visx(), i+ Trs=),1) = V(s,x(5),1(5))u(ds, i),
which is a continuous local martingale with M(0) = 0 a.s. Applying Lemma 2.1 we immedi-

ately obtain
(10) limsup V(t,x(t),r(t)) < oo as.

t—o0

Moreover, taking the expectations on both sides of (9) and letting t — oo, we obtain that

(11) E/Ooo[wl(x(s)) —wy(x(s))]ds < o0 a.s.
This implies
(12) /Ooo[w1(x(s)) w2 (x(s))]ds < o as.
Step 2. Set w = wy — wy. Clearly, w € C(R"; R4). It is straightforward to see from (12) that
(13) hrggnfw( (t)) =0as.
We now claim that
(14) }Lr?ow(x(t)) =0as.

If this is false, then
P{limsup w(x(t)) > 0} > 0.

t—o0

Hence, there is a number ¢ > 0 such that
(15) P(Q)) > 3,
where

Oy = {limsupw(x(t)) > 2¢}.
t—o00
It is easy to observe from (10) and continuity of both the solution x(¢) and the function V (¢, x, i)
that
sup V(tx(t),r(t)) < oo a.s.
0<t<oo

Define p : R+ — R4 by
p(r) = inf V(t,x(t),i) forr > 0.

|x|>r,0<t<oco
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Obviously,
sup p(|x(t)|) < sup V(t x(t),r(t)) < ooas.

0<t<o0 0<t<o0

On the other hand, by (7) we have

lim p(r) = oo.
r—00
Therefore
(16) sup |x(t) < coas.
0<t<oo

Recalling the boundedness of the initial value we can then find a positive number h, which
depends on ¢, sufficiently large for |xo| < h, while

(17) P(() >1—¢
where
Oy ={ sup |x(t)| < h}.

0<t<oo
It is easy to see from (15)and (17) that
(18) P(Oy NQy) > 2e.
We now define a sequence of stopping times,
T, = inf{t > 0: |x(t)| > h},
oy =inf{t > 0: w(x(t)) > 2¢},
oo = Inf{t > 091t w(x(t)) <e}, k=1,2,..,
o1 = Inf{t > oot w(x(t)) > ¢}, k=1,2,...,

where throughout this paper e set inf ¢ = oo. Note from (13) and the definition of {); and ),
that if @ € ()1 N )y, then

(19) T, = oo andoy < oo Vk > 1.

Let 14 is denote the indicator function of set A, using the fact oy < co whenever oy <
and (13), by (11) we can compute

o > E/Ooocu(x(t))dt

ad Ok
> Z E |:I{0'2k,1 < 00,0y < 00, T, = 00}/ w(x(t))dt]
k=1 021
(20) > €Y [I{Uqu < 00, Ty = 0o} (oo — U2k71)}-

k=1
On the other hand, by hypothesis (H),there exists a constant K;, > 0 such that |f(t, x,y,1)|> V
|g(t,x,y,i)]> < Kj, whenever |x| V |y| < h. By Holder’s inequality and Doob’s martingale
inequality, we easily compute

(21) E [I{UQk,l AT, < oo} sup |x(ty A (0ok1 +1)) — x(Tu A 02](,1)’2} < 2K, (T+4)T.
0<t<T

Since w(-) is continuous in R", it must be uniformly continuous in the closed ball S;, = {x €
R™ : |x| < h}. We can therefore choose § = é(¢) > 0 so small such that
(22) |w(x) — w(x)| < e whenever x,y € Sp,, |[x —y| < 6.
We furthermore chose T = T(g,6,h) > 0 sufficiently small for 2K, (T +4)T/é* < e. It then
follows from (21) that

2K, (T +4)T

p({@k,1 AT, < o0} N { sup |x(y A (0op_1 + 1)) — x(Ty A oge1)| = 5}) < <
0<t<T
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This together with (18) and (19) yields
P({@k_1 < 00,7, = 00} N { sup |x(om1 +t) — x(om_1)| > 5}) <e.
0<t<T

and

P({Uqu < 09,7y = 00} N { sup |x(o—1 +1t) — x(o%1)| < 5}) > &

0<t<T

Using (22), we derive that

(23) p({@k_l < 00,7, = 00} N { sup |w(x(0a_1 + 1)) — w(x(o_1))| < sBig}) > .

0<t<T
Set
Q = { sup |w(x(op_1+1)) —w(x(o%-1))| < 3}-
1<t<T
Noting that

U'Zk((D) - U'Qk_l((,o) >Tifw e {UZk—l < 00, T, = OO} ﬂﬁk,
we derive from (20) and (23) that

o > s;E[I{UZk_l < 00, T, = 0o} (0 — 0_1)]
> sl:il El1g,, | <corm—co}riy (02k — O2k—1)]
> €T i P({op_1 < 00,7 = 00} N )
k=1
(24) > €T i £ = 00,
k=1

which is a contradiction. So (14) must hold.
Step 3. We observe from (14) and (16) there is an Qg C Q with P(Q)g) = 1 such that

(25) tlim w(x(t,w)) =0and sup |x(t,@)| < coforall @ € Q.
- 0<t<co

We shall now show that
(26) lim x(t,@) = 0 Vo € Q.

t—o0
If this is false, then there is some & € () such that
limsup |x(t,8)| > 0,

t—o0
whence there is a subsequence {x(t, &) }x>1 of {x(t,0)}+>0 such that
|x(ty, 0) > aVk>1

for some & > 0. Since {x(tx, &) }x>1 is bounded so there must be an increasing subsequence
{tk }x>1 such that {x(#, @) }s>1 converges to some z € R" with |z| > a. Hence

w(z) = klgzlow(x(tk,co)) > 0.

However, by (25), w(z) = 0. This is a contradiction and hence (26) must hold. This implies
that the solution of Eq. (2) is almost surely asymptotically stable and the proof is therefore
complete.

It is not difficult to observe from the proof of Theorem 3.1 that the following more general
result holds.
Theorem 3.3 Assume that all the conditions of Theorem 3.1 hold except Condition (6) is replaced by

wi(x) > wa(x), x € R™.
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Then
Ker(wy —wy) # ¢ and tlim d(x(t; xo,1p), Ker(wy —wy)) = 0 a.s.

4. Examples

In this section we discuss a linear example and a nonlinear example to illustrate our theory.
In the following examples we let w(t) be a scalar Brownian motion.
Example 4.1 Let r(t) be a right-continuous Markov chain. Assume that w(t) and r(t) are in-
dependent. Consider a one-dimensional linear autonomous stochastic pantograph differential
with Markovian switching of the form
27)  d(x(t)) = [A(r(B)x(8) + B(r(£))x(qt)ldt + [C(r(£))x(t) + D(r(t))x(gt)]dw(t)
ont > 0.Fori € S, we will write A(r(t)) = A;, B(r(t)) = B;, C(r(t)) = C;, D(r(t)) = D;, for
simplicity. Let V(t,x,i) = |x|>. Then

LV(t,x,y,i) = 2x(Aix+ By)+ (Cix+ Diy)?
< (24 + [Bi| +|CDi| + CP)x* + (|Bi| + |C:Di| + D)y?

By Theorem 4.1, if 1 +2A; + |B;| 4+ |C;D;| + C? = 0 and |B;| + |C;D;| + D? < g, we can conclude
that the solution of Eq. (27) is almost surely asymptotically stable.
Example 4.2 Let r(t) be a right-continuous Markov chain taking values in S € {1,2} with

generator
-1 1
2 =2

Assume that w(t) and r(t) are independent. Assume that B(t) and r(t) are independent. Con-
sider a one-dimensional stochastic differential pantograph equation with Markov switching of
the form

(28) d(x(t)) = f(t,x(t),r(t))dt + g(t, x(qt),r(t))dw(t)
ont>0asl/2 < g <1, where
_ 1 ot e a3 1 1
f(t,x,1) = 4xsmt,f(t,x,2) =e 4x —3x7,g(t,x,1) = 8xcost,g(t,x,2) = ﬁxsmt,
Clearly

1 1 1
xf(tx,1) < E|x|2,xf(t,x,2) < |x]e_t —4x2,g2(t,x,1) < 6—4]x|2,g2(t,x,2) = §|x]2

for all (t,x) € (R4, R). To examine the asymptotic stability, we construct a function V : R x
S — Ry by V(x,i) = Bi|x|?> with B, = 1 and B; = B a constant to be determined. It is easy to
show that the operator LV from R, x R X R x S to R has the form

LV(t,x,y,i) = 2Bxf(t,x,1) + Bilg(t, v, 1) P + (v B+ 7i2) |x[*.
By the conditions, we then have
B 2, B2
< _(E _ =
LV(t,x,y,1) < (2 1)x” + el
and

1
LV(t,x,y,2) < 2|xle”' + (2B — 10)x* + Eyz

Setting B = 4, and noting that 2|x|e~" < x? 4 ¢~2, we then have

1
LV(t,x,y,i) <e 2 — x>+ Eyz.

Although f does not satisfy the linear growth condition, by Theorem 3.1, we can also conclude
that the solution of Eq. (28) is almost surely asymptotically stable.
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A variant of the Nash equilibrium theorem in generalized
convex spaces

Sehie Park

ABSTRACT: The existence theorem of pure-strategy Nash equilibrium due to H. Lu [Econom-
ics Letters 94 (2007) 459-462] is extended to generalized convex spaces. Consequently, our
version can be applied to a broad class of abstract strategy spaces.
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1. Introduction

In 1928, J. von Neumann obtained his celebrated minimax theorem, which is one of the funda-
mental results in the theory of games developed by himself.

The first remarkable one of generalizations of von Neumann’s minimax theorem was Nash’s
theorem [1,2] on equilibrium points of non-cooperative games. The following formulation is
given by Fan [3, Theorem 4]:

Theorem 1.1. [3] Let Xy, Xy, -+, X, be n (> 2) nonempty compact convex sets each in a real
Hausdorff topological vector space. Let f1, fa,- -+, fu be n real-valued continuous functions defined
on [Ty X;. If for each i = 1,2,---,n and for any given point (x1,--- ,Xi_1,Xi41, "+ ,Xn) €
Hj# X, filx1, -+, Xi—1, X, Xiy1,- -+ , Xn) 1S a quasi-concave function on X;, then there exists a point
(X1,X2, -+, Xy) € [T X such that

ﬁ(fll&\Z/ et 15(:\71) = ;nea% fi('/x\ll te /@fl/yi/file/ e /551’1) (1 S i S 1’1).

The original form of this theorem in [1,2] was for Euclidean spaces and its proofs were based
on the Brouwer or Kakutani fixed point theorem. Since then there have appeared numerous
generalizations and applications; see [4] and the references therein. Recently, H. Lu [5] ob-
tained an existence theorem of pure-strategy Nash equilibrium where player’s pure strategy
spaces are topological vector spaces.

In the present paper, we show that such strategy spaces can be replaced by generalized
convex spaces or G-convex spaces which are quite well-known in the fixed point theory and
the KKM theory. Consequently, we obtained a very general version of Lu’s existence theorem
and our version can be applied to a broad class of abstract strategy spaces.
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Sections 2 and 3 are preliminaries on generalized convex spaces and fixed points of compo-
sitions of acyclic maps due to the present author. In Section 4, we give our main result which
generalize Lu’s theorem to G-convex spaces. Finally, we introduce some related generaliza-
tions of the Nash theorem.

2. Generalized convex spaces

Multimaps are also called simply maps. Let (D) denote the set of all nonempty finite subsets
of a set D. Recall the following in [6-9]:

Definition 2.1. An abstract convex space (E, D;T') consists of a topological space E, a nonempty
set D, and a multimap I : (D) — E with nonempty values 'y :=I'(A) for A € (D).
For any D’ C D, the T-convex hull of D’ is denoted and defined by

corD":= | J{Ta| A€ (D)} CE.

A subset X of E is called a I'-convex subset of (E, D;T') relative to D' if for any N € (D'), we
have I'y C X, thatis, corD’ C X.

When D C E, the space is denoted by (E D D;T’). In such case, a subset X of E is said to
be I'-convex if cor(X N D) C X; in other words, X is I'-convex relative to D’ := X N D. In case
E=D,let (E;T):= (E ET).

Definition 2.2. A generalized convex space or a G-convex space (X, D;T’) is an abstract convex
space such that for each A € (D) with the cardinality |A| = n + 1, there exists a continuous
function ¢4 : A, — T'(A) such that ] € (A) implies ¢4(Aj) C T(]).

Here, A, is the standard n-simplex with vertices {ei}?zo, and Aj the face of A, correspond-
ing to ] € (A); thatis, if A = {ag,a1,...,a,} and | = {a;,,a;,...,a;,} C A, then A; =
co{ej,, ei,, -, € }-

For details on G-convex spaces, see [10-15], where basic theory was extensively developed
and lots of examples of G-convex spaces were given.

Example 2.3. The original KKM theorem is for the triple (A, D V;co), where V is the set of
vertices and co: (V) —o A, the convex hull operation. This triple can be regarded as (A, N;T),
where N :={0,1,...,n} and T4 := co{e; | i € A} foreach A C N.

Example 2.4. Fan's celebrated KKM lemma is for (E D D;co), where D is a nonempty subset
of a topological vector space E.

Example 2.5. A convex space (X D D;T) is a triple where X is a subset of a vector space, D C X
such that coD C X, and each I', is the convex hull of A € (D) equipped with the Euclidean
topology. This concept generalizes the one due to Lassonde for X = D. However he obtained
several KKM type theorems w.rt. (X D D;T). Note that any convex subset of a topological
vector space is a convex space, but not conversely.

Example 2.6. If X = D and I'y is assumed to be contractible or, more generally, infinitely
connected (that is, n-connected for all n > 0) and if for each A,B € (X), A C B implies
I'a C T'p, then (X,I') becomes a C-space (or an H-space) due to Horvath. The hyperconvex
metric spaces due to Aronszajn and Panitchpakti are examples of C-spaces.

Example 2.7. For other major examples of G-convex spaces are metric spaces with Michael’s
convex structure, Pasicki’s S-contractible spaces, Horvath’s pseudoconvex spaces, Komiya’s
convex spaces, Bielawski’s simplicial convexities, Jod’s pseudoconvex spaces, any continuous
image of a G-convex space, L-spaces and B’-simplicial convexity due to Ben-El-Mechaiekh et
al., Takahashi’s convexity in metric spaces, Kulpa’s simplicial structures, generalized H-spaces
of Verma or Stachd, P; j-spaces of Forgo and Jo6, mc-spaces of Llinares, FC-spaces of Ding,
GFC-spaces of Khahn et al., and others.
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Let {(X;, D;;T;) }ier be any family of G-convex spaces. Let X := [];c; X; be equipped with
the product topology and D := [];c; D;. For eachi € I, let r; : D — D; be the projection. For
each A € (D), define 'y :=[T;c; Ti(7;(A)). Then the following is known:

Lemma 2.8. (X, D;T) is a G-convex space.

Definition 2.9. Let E be a topological space and (X, D;T') a G-convex space. A multimap
T : E — X is called a ®-map provided that there exists a multimap S : E — D satisfying

(a) foreachz € E, M € (5(z)) implies I'ys C T(z); and

(b) E = U{IntS~ () | y € D}.

A continuous selection f : E — X of amap T : E — X is a continuous function such that
f(z) € T(z) forallz € E.

The following is given in [12]:

Lemma 2.10. Let E be a Hausdorff space, (X, D;T) a G-convex space, and T : E — X a ®-map.
Then for any nonempty compact subset K of E, T|g has a continuous selection f : K — X such that
f(K) C T4 for some A € (D). More precisely, there exist two continuous functions p : K — A, and
¢a: Ay — Ty suchthat f = pap for some A € (D) with |A| =n+ 1.

From now on, we consider only G-convex spaces (X, D;T') satisfying X D D.

3. Fixed points of compositions of acyclic maps

A topological space is said to be acyclic if all of its reduced Cech homology groups over ratio-
nals vanish. For nonempty subsets in a topological vector space, convex = star-shaped —-
contractible = w-connected = acyclic = connected, and not conversely in each stage.

For topological spaces X and Y, a multimap F : X — Y is called an acyclic map whenever F
is u.s.c. with compact acyclic values.

In the proof of the main result of this paper, as in [5], we can apply a fixed point theorem
due to Gorniewicz. But there are more general fixed point theorems on compositions of acyclic
maps.

Let V(X,Y) be the class of all acyclic maps F : X — Y, and V.(X,Y) all finite compositions
of acyclic maps, where the intermediate spaces are arbitrary topological spaces.

The following theorems are only few examples of our previous works; for more general
results, see [10,14,16].

Theorem 3.1. Let X be a nonempty convex subset of a locally convex Hausdorff topological vector
space E and T € V (X, X). If T is compact, then T has a fixed point xo € X; that is, xo € T(xo).

A nonempty subset X of a topological vector space E is said to be admissible (in the sense of
Klee) provided that, for every compact subset K of X and every neighborhood V of the origin
0 of E, there exists a continuous map h : K — X such that x — h(x) € V for all x € K and h(K)
is contained in a finite dimensional subspace L of E.

It is well-known that every nonempty convex subset of a locally convex Hausdorff topolog-
ical vector space is admissible. Other examples of admissible topological vector spaces are ¢7,
LP(0,1), H? for 0 < p < 1, and many others; see [10,14,16] and references therein.

Theorem 3.2. Let E be a Hausdorff topological vector space and X an admissible convex subset of E.
Then any compact map T € V (X, X) has a fixed point.

4. Existence of pure-strategy Nash equilibrium

We follow [5]. Let I := {1,...,n} be a set of players. A non-cooperative n-person game of
normal form is an ordered 2n-tuple A := {Xy,..., X; u1, ..., u,}, where the nonempty set X;
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is the ith player’s pure strategy space and u; : X := []i.; X; — R is the ith player’s payoff
function. A point of X; is called a strategy of the ith player. Let X_; := [[;cp (i X; and denote
by x and x_; an element of X and X_;, resp. A strategy n-tuple (x7,...,x;) is called a Nash
equilibrium for the game if the following inequality system holds:

ui(xj, x*;) > ui(y;,x*;) forally; € X; and i € I.
As in [17], we define an aggregate payoff function U : X x X — R as follows:

n

U(x,y) = ;[ui(yi,x_i) —ui(x)] forany x = (x;,x_;),y = (yi,y—i) € X.

The following is given in [5, Proposition 1]:

Lemma 4.1. Let A be a non-cooperative game, K a nonempty subset of X, and x* = {x§,...,x;} € K.
Then the following are equivalent:

(a) x* is a Nash equilibrium;

(b)Vie I, Vy; € X, ui(xf,x*;) > ui(yi, x*;);

(cVy € X, U(x*,y) <0.

Note that (c) implies U(x*,y) < Oforally € D C X.

Recall that a real-valued function f : X — R on a topological space is lower [resp., upper]
semicontinuous (l.s.c.) [resp., u.s.c.] if {x € X | f(x) > r} [resp., {x € X | f(x) < r} is open for
each r € R. If X is a convex set in a vector space, then f is quasiconcave [resp., quasiconvex] if
{x € X| f(x) > r} [resp., {x € X | f(x) < r}] is convex for each r € R.

Now we have our main result:

Theorem 4.2. Let I = {1,...,n} be a set of players, (X,D;T) = T’ 1(X;, D;;T;) a Hausdorff
product G-convex space, K a nonempty compact subset of X, and A a non-cooperative game. Suppose
that

(i) the function U : X x X — IR satisfies that
{(x,y) e Xx X |U(x,y) >0}

is open;

(ii) for each x € K, {y € X | U(x,y) > 0} is I-convex [that is, M € ({y € D | U(x,y) > 0})
implies Tpy C {y € X | U(x,y) > 0}];

(iii) for each y € X, the set {x € K| U(x,y) < 0} is acyclic.
Then there exists a point x* € K such that x* is an equilibrium point for the non-cooperative game.

Proof. Suppose the conclusion does not hold. Then, by Lemma 4.1, for each x € K, there

exists a point y € D such that U(x,y) > 0. We define two multimaps S : K — D and
T : K — X as follows:

T(x):={yeX|U(x,y) >0} and S(x):={ye D |U(x,y) >0}
for each x € K. Then each T(x) is nonempty and, for each x € K, M € (S(x)) implies

I'nm C T(x) by (ii). Moreover, for each x € K, there exists y € D such thatx € S~ (y) = {x €
K| U(x,y) > 0}. Note that this S~ (y) is open since S~ (y) is homeomorphic to

{(xvy) € Kx{y} [U(x,y) >0} = {(xy) € X xY[U(x,y) >0} N (KX {y}).
This is relatively open in K x {y} which is homeomorphic to K.

Therefore T : K — X is a ®-map on the compact subset K of X and, by Lemma 2.10, has a
continuous selection f : K — X such that f(K) C I'4 for some A € (D). More precisely, there
exist two continuous functions p : K — A, and ¢4 : A, — I'4 such that f = ¢4 o p for some
A € (D) with [A| =n+1.

Here we define a multimap F : X — Kby

F(y):=={xeK|U(x,y) <0} fory € X.
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Then, by (i), {(x,y) | U(x,y) < 0} is closed in X x X and hence
Gr(F) = {(xy) | U(x,y) <0} N (X xK)

is closed in X x K as the intersection of two closed sets. Hence F is a closed compact map
with acyclic values by (iii) and hence an acyclic map. Then it is well-known that pF¢4 : A, —
Ay has a fixed point ag = pF¢da(ap); see Theorem 3.2. Let yy := ¢pa(ap) € Ta C X. Then
Yo = ¢palao) € papF(yo) = fF(yo) and hence yp = f(xo) for some xg € F(yp) C K, that is,
U(XO, yo) < 0.

On the other hand, xo = f(yo) € T(yo) since f is a selection of T. Then, by the definition of
T, we have U(xo,yo) > 0, which is a contradiction. O

Remark. Note that condition (i) can be replaced by one of the following:

(i) the function U(x, y) is lower semicontinuous on X x X.
(i)" Vi € I, the function #; : X — R is continuous.

For the case (i), when X = D is a topological vector space, Theorem 4.2 reduces to [5,
Theorem 1]. Note that Nash’s original theorem is a simple consequence of Theorem 4.1 under
the case (i)".

5. Other Nash type theorems

There are a large number of generalizations of the Nash theorem based on fixed point the-
orems. For example, based on a generalization of the Kakutani fixed point theorem due to
Fan [18] and Glicksberg [19], certain generalizations of the Nash theorems were obtained; see
[20,21].

Instead of the fixed point technique, we can apply the KKM theory. The first proof of the
Nash theorem by the KKM method was given by Fan [3]. Applying the KKM method, we
obtained some of the most general forms of the Nash theorem as follows:

Theorem 5.1. [22] Let {(X;;T;)}!", be a finite family of compact abstract convex spaces such that
(X;T) = ([T, X;;T) satisfies the partial KKM principle and, for each i, let f;,g; : X = X' x X; — R
be real functions such that

(0) fi(x) < gi(x) for each x € X;

(1) for each x' € X', x; — g;[x, x;] is quasiconcave on X;;

(2) for each x' € X', x; — fi[x!, x;] is w.s.c. on X;; and

(3) for each x; € X;, x' + fi[x!, x;] is Ls.c. on X
Then there exists a point X € X such that

Qi(x) > ma%ﬁ[?,yi] foralli=1,2,...,n.

1

Theorem 5.2. [23] Let {(X;;T;) }ies be a family of Hausdorff compact G-convex spaces and, for each
ielletfi,g: X=X xX;— Rbereal functions satisfying (0) — (3). Then there exists a point
X € X such that

gi(X) > max f;[x,y;] forall i€l
Vi€X;
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Existence and approximation of solution of the variational inequality
problem with a skew monotone operator defined on the dual spaces
of Banach spaces

Somyot Plubtieng!?, Wanna Sriprad!

ABSTRACT: In this paper, we first study an existence theorem of the variational inequality
problem for a skew monotone operator defined on the dual space of a smooth Banach space.
Secondary, we prove a weak convergence theorem for finding a solution of the variational
inequality problem by using projection algorithm method with a new projection which was
introduce by Ibaraki and Takahashi [T. Ibaraki, W. Takahashi, A new projection and convence
theorems for the projections in Banach spaces, Journal of Approximation Theory 149 (2007),
1-14]. Further, we apply our convergence theorem to the convex minimization problem and
the problem of finding a zero point of maximal skew monotone operator.

KEYWORDS: Generalized nonexpansive retraction; Inverse-strongly-skew-monotone opera-
tor; Variational inequality; p-uniformly smooth.

1. Introduction

Let H be a real Hilbert space and let C be a nonempty closed and convex subset of H. Let A be
a monotone operator of C into H. The variational inequality problem [10, 16] is to find a point
u € C such that

(1) (Au,v —u) >0, forall veC.

Such a point u € C is called a solution of the problem and the set of solutions of the variational
inequality problem is denoted by VI(C, A).

Variational inequality theory has played a fundamental and powerful role in the study of a
wide range of problems arising in differential equations, mechanics, contact problems in elas-
ticity, optimization and control problems, management science, operations research, general
equilibrium problems in economics and transportation, etc. We now have a variety of tech-
niques to suggest and analyze various iterative algorithms for solving variational inequalities
and the related optimization problems. The projection operator technique, one usually estab-
lishes an equivalence between the variational inequalities and the fixed-point problem. This
alternative equivalent formulation was used by Lions and Stampacchia [16] to study the ex-
istence of solutions of the variational inequalities. Projection method and its variant forms
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represent important tools for finding the approximate solution of variational inequalities. This
method starts with any x; = x € C and updates iteratively x,1 according to the formula

(2) Xp+1 = Po(xy — AyAxy)

for every n = 1,2, ..., where A is a monotone operator of C into H, Pc, is the metric projection
of H onto C and {A,} is a sequence of positive numbers. An operator A of C into E* is said
to be inverse-strongly-monotone [2, 8, 12] if there exists a positive real number « such that (Ax —
Ay,x —y) > al|Ax — Ay||? forall x,y € C. In such a case A is said to be a-inverse-strongly-
monotone. In the case where A is inverse-strongly-monotone, liduka, Takahashi and Toyoda [8]
proved that the sequence {x, } generated by (2) converges weakly to some element of VI(C, A).

Recently, liduka and Takahashi [7] introduced the following iterative scheme for finding a
solution of the variational inequality problem for an inverse-strongly-monotone operator A in
a Banach space: x; = x € Cand

(3) Xup1 = ] H(Jxn — ApAxy)

for every n = 1,2,..., where where A is an inverse-strongly-monotone operator of C into E*,
Il is the generalized metric projection from E onto C, | is the duality mapping from E into E*
and {A, } is a sequence of positive numbers. They proved that the sequence {x, } generated by
(3) converges weakly to some element of VI(C, A). On the other hand, Ibaraki and Takahashi
[5] introduced a new resolvent of a maximal monotone operator in a Banach space and the
concept of a generalized nonexpansive mapping in a Banach space. Kohsaka and Takahashi
[11], and Ibaraki and Takahashi [6] also studied some properties for generalized nonexpansive
retractions in Banach spaces.

In this paper, motivated by Ibaraki and Takahashi [5] and liduka and Takahashi [7], we
consider the following variational inequality problem: Let E be a smooth Banach space, let E*
be the dual space of E and let C be a nonempty and closed subset of E such that JC is closed
and convex subset of E*, where | is the duality mapping on E. Let A be a skew monotone
operator of JC into E. Then, the variational inequality problem is to find

4) u € Csuch that (AJu,Jv—Ju) >0, Vv € C.

We denoted the set of solution of the variational inequality problem (4) by VI(JC, A). IfE = H
is Hilbert space and C is nonempty closed convex subset of H, then the variational inequal-
ity problem (4) is equivalent to the variational inequality problem (1). In this paper, we first
prove existence theorem of the variational inequality problem for skew monotone operators
defined on the dual space of E. Using the projection algorithm method with a new projec-
tion which was introduced by Ibaraki and Takahashi [5], we prove weak convergence theorem
for finding a solution of the variational inequality problem (4) for an inverse-strongly-skew-
monotone operator defined on the dual space of a uniformly convex and 2—uniformly smooth
Banach space. Further, using this result we consider the convex minimization problem and the
problem of finding a zero point of maximal skew monotone operator.

2. Preliminaries

Let E be a real Banach space. When {x,} is a sequence in E, we denote strong convergence
of {x,} to x € E by x, — x and weak convergence by x, — x. An operator T C E x E* is
said to be monotone if (x —y,x* —y*) > 0 whenever (x,x*), (y,y*) € T. We denote the set
{x € E:0 € Tx} by T~!0. A monotone T is said to be maximal if its graph G(T) = {(x,y) : y €
Tx} is not properly contained in the graph of any other monotone operator. It is known that a
monotone operator T is maximal if and only if for (x,x*) € E x E*, (x —y,x* —y*) > 0 for
every (y,y*) € G(T) implies x* € T(x). If T is maximal monotone, then the solution set T~10
is closed and convex.
The normalized duality mapping | from E into E* is defined by

J(x) = {x" € E": (x,x") = ||x|* = ||x"[|*}
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We recall (see [17]) that E is reflexive if and only if | is surjective; E is smooth if and only if
] is single-valued; E is strictly convex if and only if | is one-to-one; if E is uniformly smooth,
then | is uniformly norm-to-norm continuous on each bounded subset of E. We note that in
a Hilbert space, H, | is the identity operator. The definitions of the strict (uniform) convexity,
(uniformly) smoothness of Banach spaces and related properties can be found in [17].

The duality | from a smooth Banach space E into E* is said to be weakly sequentially continuous
[4] if x, — x implies [x, —* Jx, where —* implies the weak™ convergence.

Let E be a norm linear space with dimE > 2. The modulus of smoothness of E is the function
Pk : [0,00) — [0, 00) defined by

x+y|+1x—
pe(r) = sup { EFIE I g =,y =<},
The space E is said to be smooth if pg(7t) > 0, VT > 0. E is called uniformly smooth if and only
if lim;_,o+ © EgT) = 0. Let p > 1. E is said to be p—uniformly smooth (or to have a modulus of

smoothness of power type p) if there exists a constant ¢ > 0 such that pg(t) < ct?, t > 0. Itis
well known (see, for example, [18]) that
o s
L, (lp) or (WP is 2 uru'formly smooth 1.f p=>2
p-uniformly smoothif 1 < p < 2.

We observe that every p-uniformly smooth Banach space is uniformly smooth. Furthermore,
from the proof of [18, Remark 5, p.208], we have the following lemma

Lemma 2.1. [18] Let E be a 2-uniformly smooth Banach space. Then, for all x,y € E, there exists a
constant ¢ > 0 such that

5) 1T = Jyll < cllx = yll,
where | is the normalized duality mapping of E.

Let E be a smooth Banach space. The function ¢ : E X E — R defined by

¢(x,y) = [Ix]> —2(x, Jy) + ly|*> forall x,y € E,
is studied by Alber [1], Kamimura and Takahashi [9] and Reich [13]. It is obvious from the
definition of ¢ that (||x|| — [ly|)?* < ¢(x,y) < (||x|| + ||ly||)? for all x,y € E.

Lemma 2.2. (see [9]) Let E be a uniformly convex, smooth Banach space, and let {x,} and {y,} be
sequences in E. If {x, } or {yn} is bounded and lim,, oo (x4, yn) = 0, then lim, e ||Xn — yu|| = 0.

Let E be a reﬂexive, strictly convex, smooth Banach space and | the duality mapping from
E into E*. Then ]! is also single-valued, one-to-one, surjective, and it is the duality mapping

from E* into E. We make use of the followm% mappmg %4 studled in Alber [1]:
(6) V(x,x*) = [|x]|* — 202, x7) + ||x* |2
forall x € E and x* € E*. In other words Vi(x,x*) = 4)(x J71(x)) forall x € E and x* € E*.

Lemma 2.3. (see [6]) Let E be a reflexive, strictly convex, smooth Banach space and let V be as in (6).

Then Vix,x*)+2(y, Jx —x*) < V(x+y,x%)
forall x,y € E and x* € E*.

Let E be a smooth Banach space and let D be a nonempty closed subset of E. A mapping
R : D — D is called generalized nonexpansive if F(R) # @ and ¢(Rx,y) < ¢(x,y) for each
x € Dand y € F(R), where F(R) is the set of fixed points of R. Let C be a nonempty closed
subset of E. A mapping R : E — C is said to be sunny if

R(Rx+t(x—Rx))=Rx, Vx€E, Vt>0.

A mapping R : E — C is said to be a retraction if Rx = x, Vx € C. If E is smooth and strictly
convex, then a sunny generalized nonexpansive retraction of E onto C is uniquely determined
if it exists (see [5]). We also know that if E is reflexive, smooth, and strictly convex and C is a
nonempty closed subset of E, then there exists a sunny generalized nonexpansive retraction Rc
of E onto C if and only if J(C) is closed and convex. In this case Rc is given by R¢c = J~'T1 10
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see [11]. Let C be a nonempty closed subset of a Banach space E. Then C is said to be a sunny
generalized nonexpansive retract (resp. a generalized nonexpansive retract) of E if there exists
a sunny generalized nonexpansive retraction (resp. a generalized nonexpansive retraction) of
E onto C (see [5] for more detials). The set of fixed points of such a generalized nonexpansive
retraction is C. The following Lemma was obtained in [5].

Lemma 2.4. ([5]) Let C be a nonempty and closed subset of a smooth and strictly convex Banach space
E such that there exists a sunny generalized nonexpansive retraction R from E onto C, let x € E and
let z € C. Then the following hold:

(a) z = Rex ifand only if (x — z, Jy — Jz) < 0 forally € C

() ¢(x, Rex) + ¢(Rex, z) < ¢p(x,z).

3. Variational inequalities for skew monotone operators defined on the dual space
of a Banach space.

In this section, we consider the variational inequalities for skew monotone operators defined
on the dual space of a Banach space. Let E be a smooth Banach space and let C* be the closed
closed and convex subset of E*. An operator A : C* — E is said to be skew monotone if (Ax* —
Ay*, x* —y*) > 0forall x*,y* € C*. Let E* be the dual space of E and let C be a nonempty and closed
subset of E such that JC is closed and convex subset of E*, where | is the duality mapping on E. Let A
be a skew monotone operator of JC into E. Then, the variational inequality problem is to find

(7) u € C such that (AJu, Jv— Ju) >0, Vv € C.

Such a point u is called a solution of the problem. We denote the set of solution of the variational
inequality problem (7) by VI(JC, A). i.e.,

VI(JC,A)={ueC:(AJu,Jv—Ju) >0, VoveC}

Lemma 3.1. Let E be a Banach space with the dual space E*. Let C* be a nonempty, compact and
convex subset of E* and A is a skew monotone operator of C* into E. Then there exists x; € C* such
that

(Ax*,x* —x5) >0, Vx* € C".

Proof. For any y* € C*, we assume that the set {x* € C* : (Ax*,x* —y*) < 0} is nonempty.
We also define two multi-valued mappings T and B of C* into itself by

Tx* ={y* € C": (Ay",x* —y*) <0} and Bx* = {y* € C* : (Ax",x* —y*) < 0}.
Then, for any y* € C*, the set T"1y* = {x* € C* : (Ay*,x* —y*) < 0} is convex. Also, for
any y* € C*, theset B~ly* = {x* € C* : (Ax*,x* —y*) < 0} is nonempty. Since A is skew
monotone, we have that (Ax*, x* — y*) > (Ay*, x* —y*), for all x*,y* € C*. So, we have that

Bx* C Tx* for all x* € C*. Since Bx™* is open for all x* € C¥, it follows by [17, Theorem 6.1.5]
that there exists a point x; € C* such that x; € Tx;. Thus, we have

0= (Ax}, x5 —x5) <0
This is a contradiction. O

An operator A : D(A) C E* — E is said to be hemicontinuous if for all x*,y* € D(A), the
mapping f of [0,1] into E defined by f(t) = A(tx* + (1 — t)y*) is continuous.

Lemma 3.2. Let E be a Banach space with the dual space E*. Let C* be a nonempty and convex subset
of E* and let A be a skew monotone and hemicontinuous operator of C* into E. Let x; € C*. Then

(8) (Axg, x* —x3) >0, Vx* € C*
if and only if
) (Ax*,x* —x5) >0, Vx* € C".
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Proof. Suppose that (Ax§, x* — x;5) > 0, forall x* € C*. By the skew monotonicity of A, we
have
(Ax™, x* —x5) > (Axj,x* —x5) >0, forall x* € C*.
Conversely, suppose that (Ax*, x* — x}) > 0, forall x* € C*. Lety* € C*and 0 < t < 1. Since
C* is convex, we have y; = (1 — t)x} + ty* € C*. This implies that
0 < (Ayi i —x0) = HAYL Y™ = xg)-
Since t > 0, it follow that 0 < (Ay;,y* — x§). Thus by the hemicontinuity of A , we have
0 < (Axg,y" —xg) ast — 0.

This completes the proof. U

Using Lemma 3.1 and Lemma 3.2, we obtained the following Theorem

Theorem 3.3. Let E be a Banach space with the dual space E*. Let C* be a nonempty, compact and
convex subset of E* and let A be a skew monotone and hemicontinuous operator of C* into E. Then
there exists x5 € C* such that

(Axg, x* —x3) >0, Vx* € C*.
We note from Theorem 3.3 that if JC is compact and convex and A is a skew monotone and hemicon-
tinuous operator of JC into E, then VI(JC, A) is nonempty.
Lemma 3.4. Let C be a nonempty and closed subset of a smooth, strictly convex and reflexive Banach
space E such that |C is closed and convex set. Let A be a skew monotone operator of JC into E. Then
ue VI(JC,A) ifand only if u = Rc(u — AAJu), VA >0,
where R is sunny generalized nonexpansive retraction of E onto C.

Proof. From the definition of VI(JC, A) and Lemma 2.4, we have
ueVI(JC,A) < (AJu,Jy—Ju)>0VyeC
& (—AAJu, Jy—Ju) <0VyeC,VA>0
& (u—AAJu—u,Jy—Ju) <0VyeC,VA>0
< u=Rc(u—AAJu), VA >0.
O
Let E be a Banach space with the dual space E* and let C be a nonempty and closed subset of E such

that JC is closed and convex. Let ijc be indicator function of JC. Since ijc : E* — (—o0,00] is proper,
lower semicontonuous and convex, the subdifferential dijc of ijc defined by

dijc(x*) ={x € E:ijc(y*) > ijc(x*)+ (x,y* —x*) Vy" € E*) }, (Vx* € EY)

is a maximal skew monotone operator by [14, 15]. Next, let C be a nonempty and closed subset of E
such that JC is closed and convex set and x* € JC. Then we denote by Njc(x*) the skew normal cone
of JC at a point x* € JC, that is,

Nic(x*) ={x € E: (x,x" —y*) >0 forall y* € JC}.
We note from [14, 15] that

’ . N ), if x* C,
dijc(x*) = { @’Cf;xf ;}2 <

Then we obtain the following theorem:

Theorem 3.5. Let C be a nonempty and closed subset of a smooth Banach space E such that JC is
closed and convex set and let A be a skew monotone and hemicontinuous operator of JC into E. Let
B C E* x E be an operator defined as follows:

Bo* — Av* + Njc(v*), v* € ]C,
N ) v* ¢ JC.
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Then B is maximal skew monotone and (B])~10 = VI(JC, A).

Proof. We first show that B is skew monotone. Let y1 € Axf + Njc(x]) and y, € Axj +
Njc(x3). Then we can write them by y; = Ax] + z; for some z; € Njc(x7) and y» = Ax; +
z5 for some z; € Njc(x3). Since A is skew monotone, z; € Njc(x]) and zp € Njc(x3) it follows
that

AX} + 21 — (A% +22), %] - x3)

(y1 —y2, %] — x3) (
(Ax} — Axs, x5 —x3) + (21 — 20, X — x3)
(

Axi = Ax, 3 = x3) — (21,35 — ¥}) — (22,31 — x3)

> 0.
This implies that B is skew monotone. Next, we shall show that B is maximal. Let (x*,x) €
E* x E such that (y — x,y* —x*) > 0for every (y*,y) € G(B). Note that, forany (y*,y) € G(B),
we have y € By* = Ay* + Njc(y*). This implies that y = Ay* + z for some z € Njc(y*). So,
the above inequality means that
(10) (Zy" =) +{Ay" —x,y" —2") > 0.
forall y* € JC and z € Njc(y*). It is clear from the definition of Njc(y*) that if z € Njc(y*)
and A > 0, then Az € Njc(y*). So from (10), we note that
(11) (z,y" —x") >0V z € Njc(y").

In fact, if not, there exists z € Njc(y*) such that (z,y* — x*) < 0. So, we have A(z,y* — x*) —
—o0 as A — co. This is a contradiction. Then we got that (11) holds. Since z € Njc(y*) < z €
dijc(y*), it follows from (11) that

(z=0,y" —x") >0V (y*,z) € G(dijc).

Since dijc is maximal skew monotone, we have 0 € dijc(x*) = Njc(x*) and hence x* € JC.
Define x; = tu* 4 (1 — t)x*, where u* € JC and t € (0,1). From the convexity of JC , we get
x{ € JC. By (10), we have from 0 € Njc(x;) that
(0,7 — ) + (Ax] — x5 — ') > 0,
and hence (Ax} — x,x; —x*) > 0. Since x; = tu* + (1 — t)x*, it follows that t(Ax} — x, u* —
x*) > 0. Dividing this inequality by t > 0, we obtain
(Ax; —x,u™ —x*) > 0.
So, letting t — 0, we get
(x — Ax*,x* —u*) >0 (Vu* €JC)

and hence x — Ax* € Njc(x*). This implies that x € Ax* + Njc(x*) = Bx*. Therefore B is a
maximal skew monotone operator. Finally, we will show that (BJ)~10 = VI(JC, A).
We note that (BJ) 10 = {z € C: 0 € BJ(z)}. Thus, we have

z€ (B]))7'0 & 0€ AJz+ Njic(Jz)
—AJz € Nic(Jz)
(=AJz,Jz—y*) >0Vy* € ]JC
(AJz,y" —Jz) 20V y" € ]C
(AJz,Jy—Jz) >0VyeC
z € VI(JC, A).

tte e

O

Corollary 3.6. Let E be a reflexive, strictly convex and smooth Banach space with a Fréchet differen-
tiable norm and let C be a nonempty and closed subset of E such that JC is closed and convex and let
A be a skew monotone and hemicontinuous operator of JC into E such that VI(JC, A) # @. Then
VI(JC, A) is closed and JVI(JC, A) is closed and convex.
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Proof. Let B C E* x E be an operator defined as follows:

Bt — Av* + Njc(v*), v* € ]C,
) o v* ¢ JC.

By Theorem 3.5, we have that B is maximal skew monotone operator and (BJ) 10 = VI(JC, A).
Since E is reflexive and strictly convex, it follows that | is bijective. Thus, we have JVI(]JC, A) =
JJ7'B~10 = B~10. Since B is maximal skew monotone, it follows that B~'0 is closed and con-
vex and hence JVI(JC, A) is closed and convex. Next, let {x,,} C (BJ)~'0 with x, — x. From
x, € (BJ)~'0, we have J(x,) € B~!0. Since | is norm to norm continuous and B0 is closed,
we have J(x,) — J(x) € B~10. This implies that x € (BJ)~!0. Hence (BJ)~!0 is closed and
therefore VI(JC, A) is closed. O

4. Weak convergence theorem

In this section, using the projection algorithm method we prove weak convergence theorem for finding
a solution of the variational inequality for an inverse-strongly-skew-monotone operator defined on the
dual space of a uniformly convex and 2-uniformly smooth Banach space.

Let E be a real Banach space with the dual space E*. An operator A : D(A) C E* :— E is
said to be inverse-strongly-skew-monotone if there exists a positive real number « such that (Ax* —
Ay*, x* —y*) > af|Ax* — Ay*||? forall x*,y* € D(A). In such a case A is said to be a-inverse-
strongly-skew-monotone. An operator A : D(A) C E* :— E is said to be Lipscitz continuous if
there exists L > 0 such that || Ax* — Ay*|| < L||x* —y*||, for all x*,y* € D(A). If A is a-inverse-
strongly-skew-monotone, then A is Lipscitz continuous, that is, || Ax* — Ay*|| < (L)||x* — y*||, for
all x*,y* € D(A).

Before proving our theorem we need the following Lemma.

Lemma 4.1. Let C be a nonempty and closed subset of a uniformly convex and smooth Banach space E
such that JC is closed and convex. Let {x, } be a sequence in E such that, for allu € C,

(12) P(xXnir,u) < P(xn, 1)

foreveryn =1,2,.... Then {Rc(xy)} is a Cauchy sequence, where R is sunny generalized nonexpan-
sive retraction of E onto C.

Proof. Put u, = R¢(xy) for all n € IN. From (12), we note that
¢(xntmu) < P(Xnim—1,4)
< P(xnpmo,u) < < P(xn,u)
for every n = 1,2, .... Thus, we have
(13) P(Xnsem, tn) < (X, tin)
Since Uy, = Re(Xp+m), it follows from Lemma 2.4 (b) and (13) that
¢(unim un) = P(Re(Xnim), un)

< P (Xngms ttn) — P(Xngm, Unym)
(14) < ‘P(xn/ un) - 47(xn+mr un—l—m)'

Consequently, we have limsup, . ¢(x;,1;) < ¢(xy, u,), which implies that {¢(x,, 1)} con-
verges. By Lemma 2.2 and (14), we note that {u, } is a Cauchy sequence.

Now, we can prove the following weak convergence theorem.

Theorem 4.2. Let E be a uniformly convex and 2-uniformly smooth Banach space whose duality map-
ping ] is weakly sequentially continuous. Let C be a nonempty and closed subset of E such that JC is
closed and convex and let A be an w-inverse-strongly-skew-monotone operator of JC into E such that
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VI(JC,A) # @and ||AJy| < ||AJy — AJu|| forally € Cand u € VI(JC,A). Let {x,} bea
sequence defined by x; = x € C and

(15) Xni1 = Re(xy — ApAJxy),

foreveryn = 1,2, ..., where R is sunny generalized nonexpansive retraction of E onto C, {A,,} C [a, b]
for some a,b with 0 < a < b < %, where c is a constant in (5). Then the sequence {x,} converges
weakly to some element z € VI(JC, A). Further z = lim, .o Ry (jc,a)(Xn)-

Proof. Puty, = x, — AyAJx, foralln =1,2,.... Letu € VI(JC, A). We first prove that {x,} is
bounded. By Lemma 2.3 and Lemma 2.4, we have

¢(xnr1,u) = P(Reyn, ) < ¢(yn,u)

= V(yﬂ/ ]u)

V(xy — AyAJxy, Ju)

V((xn — AnAJxn) + AnAlxn, Ju) — 2(An Al xn, [ (xn — AnAJxn) — Ju)
V(xn/]u) - 2/\n<A]xn/]yn - ]u>

IN

(16) — (P(xn,u) _2)\n<A]x”,]xn —]M> +2<_)\nA]xn,]yn _]xn>

for all n € IN. Since A is a-inverse-strongly-skew-monotone and u € VI(JC, A), it follows that
—2Au(AJxp, Jxn — Ju) = —=2A(AJxy — AJu, Jx, — Ju) — 20, (AJu, Jxn, — Ju)

(17) < —2aA,||AJx, — AJul?

for all n € IN. By Lemma 2.1 and our assumption, we obtain

2(=AnAJxn, Jyn — Jxu) = 2(=AnAJxn, J(Xn — AuAJxn) — JXu)
2[|AnATxu|[[|](xn — AnAJxn) — Jxa||
2c||AnAJxnlll| (0 — AnAJxn) — X
(18) 2| AT |1* < 20| Aty — Jul®
for all n € IN. From (16), (17) and (18), we get

O(xpi,u) < ¢(xn,u) + 20, (Aue — o) ||ATx, — AJul|?
¢(xn, 1) +2a(bc — a)|| AJxy — AJulf?
(19) ¢(xn, 1)
for all n € IN. Thus lim,_.c ¢(x,, 1) exists and hence, {¢(x,, 1)} is bounded. It implies that
{xn} is bounded. By (19), we note that
(20) —2a(bc — a)||AJx, — AJu* < ¢p(xn, 1) — P(xp1, 1)
for all n € N and hence lim, o ||AJx;, — AJu||?> = 0. From Lemma 2.3 , Lemma 2.4 and (18),
we have

P(Xni1,xn) = ¢(RcYn, Xn)

(P(]/n; xn) = 47(xn - AnA]xn/ xn)

= V(xp — AAJxy, Jxn)
< V((xn — MAJxn) + AnAJxn, Jxn) — 20AnAJxn, J (X0 — AuAJxn) — Jxn)
= (P(xn/xn) +2<_/\nA]xn/]yn - ]xn>
< 20A%||AJxy — Ju|* < 2cb?||AJxy — Jul?

IA A

<
<

for all n € IN. Since lim, .« ||AJx, — AJu||?> = 0, we have lim, . ¢(x,+1,x,) = 0. Applying
Lemma 2.2, we obtain

@ Jim [0 = x| = 0.
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From the uniform smoothness of E, we have
2) lim ([]x,1 — Ja | = 0.

Since {x,} is bounded, there exists a subsequence {x,,} of {x,} such that x,, — z € E. It
follows that x,, 11 — z asi — oo. We shall show that z € VI(JC,A). Let B C E* x E be an
operator as follows:

Bo* — Av* —}—Njc(U*), v* € JC,
1l 2 v* ¢ JC.

By Theorem 3.5, B is maximal skew monotone and (BJ) ™10 = VI(JC, A). Let (v*,w) € G(B).
Since w € Bv* = Av* 4 Njc(v*), it follows that w — Av* € Njc(v*). From Jx, 1 € JC, we have

(23) (w— Av*, 0" — Jx,11) > 0.

Since w € Bv*, we get v* € JC. This implies that there is v € C such that Jv = v*. Thus it
follow from (23) that

(24) (w—AJv, Ju—Jx,41) > 0.

On the other hand, from x,, .1 = Rc(x;, — A, AJx,) and Lemma 2.4, we have ((x, — A,AJx,) —
Xun+1, JXn+1 — Jv) > 0 and hence

(25) <x”;x’““ — AJxp, Jo— ]xn+1> <o.

n

From (24) and (25), we have
(w, Jo—Jxnt1) = (AJo,Jo— Jxnt1)

Xy — X
> <A]Ur]U_]xn+l>+<AnH_A]xn/]U_]anr1>
xn_x”
= <A]v_A]xn/Iv_]xﬂ+l>+</\HI]U_IXH+1>
= <A]U_A]xn+1z]z)—]xn+1>+<A]xn+1_A]xn/]U_]xn+1>
xh_xn
+</\n+1zfv—]xn+1>
Xpt1 — JXn Xy — X
> Wt =Tl g = el g
> _M(H]xn+1—fxn|1+ ||xn—xn+1!|>
o a

for all n € N, where M = sup{||Jv — Jx,+1|| : n € N}. Taking n = n;, from (21), (22) and the
weakly sequential continuity of ], we obtain (w, Jv — Jz) > 0 as i — oo. Hence, by the skew
maximality of B, we obtain Jz € B~10. Thatis z € (B]) 710 = VI(JC, A).

From Corollary 3.6, we note that VI(JC, A) is closed and JVI(JC, A) is closed and convex.
Put uy = Ryj(jc,a)(xy) for all n € IN. It holds from (19) and Lemma 4.1 that {u,} is Cauchy
sequence. Since VI(JC, A) is closed, {u, } converges strongly tow € VI(JC, A). By the uniform

smoothness of E, we also have lim, .« ||Ju, — Jw|| = 0. Finally, we prove that z = w. From
Lemma 2.4 and z € VI(JC, A), we have
(26) (Xn — tty, Jz — Juy) <0

for all n € IN. So, we get

(Xp — tn, Jz — Jin) + (Xn — iy, Jup — Jw)
260 — un ||| Jun — Jow||
KH]“n _]wH

(Xn — U, Jz — Jw)

IN A
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for all n € IN, where K = sup{||xy, — un|| : n =1,2,..}. Taking n = n;, from lim,_,c ||u, —
w|| = 0 and lim, .« ||[Juy — Jw| = 0, we obtain

(z—w,Jz—Jw) <0asi— oo.

This implies that (z — w, Jz — Jw) = 0. Since E is strictly convex, it follows that z = w. Therefore
the sequence {x,} converges weakly to z = limy—c Ryj(jc,4)(xx). This completes the proof.
U

5. Application

In this section, we study the problem of finding a zero point of a maximal skew monotone operator
of E* into E and a minimizer of a continuously Fréchet differentiable and convex functional in a Banach
space. To prove this, we need the following lemma:

Lemma 5.1. (see [3].) Let E be a Banach space, f a continuously Fréchet differentiable and convex
function on E* and V f the gradient of f. If V f is 1/wa-Lipschitz continuous, then V f is a-inverse-
strongly-skew-monotone.

Now, we consider the problem of finding a zero point of a maximal skew monotone operator of E*
into E and a zero point of an inverse-strongly-skew-monotone operator of E* into E. In the case where
JC = E*.

Theorem 5.2. Let E be a uniformly convex and 2—uniformly smooth Banach space whose duality
mapping | is weakly sequentially continuous. Let A be an a-inverse-strongly-skew-monotone of E*
into E with A=10 # @. Let x; = x € E and {x,} is given by

Xp4+1 = Xn — /\nA]xn/

for every n = 1,2,..., where {A,} C [a,b] for some a,b with0 < a < b < &, where c is a constant
in (2.1). Then the sequence {x,} converges weakly to some element z in (A])~10. Further z =
limn_>oo R(Al')—l(o) (xn).

Proof. From Rg = I, VI(JE,A) = (AJ)" 10 and ||AJy| = ||AJy — 0| = ||AJy — AJu|| for all
y € Eand u € (A])!0, by using Theorem 4.2, {x,} converges weakly to some element z in
(A])~1o. O

Corollary 5.3. Let E be a uniformly convex and 2—uniformly smooth Banach space whose duality
mapping | is weakly sequentially continuous. Assume that f is a function on E* such that f is a
continuously Fréchet differentiable and convex function on E*, V f is 1/a-Lipschitz continuous and
(VA0 = {z* € E* : f(z*) = mingep- f(y*)} # . Let {x,} be a sequence generated by
x1 =x € Eand

Xn41 = X — An(vf)]xn/

for every n = 1,2,..., where {A,} C [a,b] for some a,b with0 < a < b < &, where c is a constant
in (2.1). Then the sequence {x,} converges weakly to some element z in ((Vf)])~10. Further z =
limn_,oo R((v)ﬁ)qo(xn).

Proof. By Lemma 5.1, we have V f is an a-inverse-strongly-skew-monotone operator of E* into
E. Hence, by Theorem 5.2, {x, } converges weakly to some element z in ((Vf)])~10. O
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Remarks on the Gradient-Projection Algorithm

Meng Su!, Hong-Kun Xu?**

ABSTRACT: The gradient-projection algorithm (GPA) is a powerful method for solving con-
strained minimization problems in finite (and even infinite) dimensional Hilbert spaces. We
consider GPA with variable stepsizes and show that if GPA generates a bounded sequence,
then under certain assumptions, every accumulation point of the sequence is a solution of the
minimization problem. We also look into the issue where the sequence of stepsizes is allowed
to be the limiting case (e.g., approaching to zero).

KEYWORDS: Gradient-projection algorithm, constrained minimization, variational inequality,
optimality condition, convex function, Lipschitz continuous gradient, Féjer-monotone.

1. Introduction

Consider the constrained minimization problem

(1) minf (x)

xeC

where C is a nonempty closed convex set of R”, and the objective function f : R" — R is
continuously differentiable. Assume that (1) is consistent (i.e., it has a solution) and we use I
to denote its solution set.

It is well known that the (necessary) optimality condition for a point x* € C to be a solution
of (1) is that
(2) —Vf(x*) € Ne(x¥)
where N¢(x*) is the normal cone to C at x*, namely,

Ne(x*)={veR": (v,x —x") <0, xeC}.

Condition (2) is equivalent to the following variational inequality (VI):
(3) x*eC, (Vf(x*),x—x")>0, xeC.
Let Pc be the nearest point projection from IR” onto C. We can then rewrite VI (3) equivalently
to a fixed point equation
(4) x* =Pe(I —aVf)x*,
where « > 0 is any (fixed) constant.
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The gradient-projection algorithm (GPA, for short) is usually applied to solve the minimiza-
tion problem (1). This algorithm generates a sequence {x*} through the recursion:

(5) = Pe(xf — a VF(xK)), k=01, -,

where the initial guess x € C is chosen arbitrarily and {a;} is a sequence of stepsizes which
may be chosen in different ways.

GPA (5) has well been studied in the case of constant stepsizes ay = « for all k (see the books
[4, 5], and the papers [1, 2, 3, 6, 7, 8]). A recent averaged mapping approach to GPA (5) can be
found in [9].

A fundamental convergence result for GPA (5) is the following one which can be found in
literature (cf. [5, Theorem 6.1] or [4, Theorem 1, Section 7.2] with constant stepsize).

Theorem 1.1. Let {x*} be the sequence generated by GPA (5). Assume

(i) f is continuously differentiable and its gradient is Lipschitz continuous:

(6) IVF(x) =Vl <Llx=yll, xyeR",

where L > 0 is a constant;
(i) the set Co:= {x € C: f(x) < f(x)} is bounded;
(iil) the sequence {wy} satisfies the condition:

2
(7) 0< liininfuck < limsup a; < i

k—o0

Then every accumulation point x* of {x*} satisfies the optimality condition (2). Moreover, if f is also
convex, then {x*} converges to a solution of the minimization (1).

In this paper we deal with the gradient-projection algorithm with variable stepsize. We
show that if GPA (5) generates a bounded sequence {x*} (which is guaranteed by the bound-
edness of the set Cp), then under condition (7), every accumulation point of {x*} is a solution
to the minimization problem (1). If the objective f is, in addition, convex, then {xk} indeed
converges to a solution of (1). We also deal with the saturated situation where we can allow
the sequence {ay} to close zero (see the precise descriptions in Section 3).

2. Preliminaries

Let H be the real Euclidean n-space R” and C be a nonempty closed convex subset of H.

Definition 2.1. The (metric or nearest-point or orthogonal) projection from H onto C is a map-
ping that assigns, to each point x € H, a unique point in C, denoted Pcx, with the property:

®) | — Pexl| = ming]|x — y| v € C}.
The following characterizes the relation z = Pcx.
Proposition 2.2. Given z € C and x € H. Then z = Pcx if and only if there holds the relation:
(x—z,y—z) <0, yeC.
Consequently, Pc is firmly nonexpansive, that is,
(Pcx — Py, x —y,x —y) > ||Pcx — Py, x,y € H.

In particular, Pc is nonexpansive:

IPex = Pyl < [lx —yl, xyeH.

We next recall the optimality condition for the minimization problem (1).
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Lemma 2.3. (Optimality Condition.) A necessary condition of optimality for a point x* € C to be a
solution of the minimization problem (1) is that x* solves the variational inequality:

9) x*eC, (Vf(x"),x—x*)>0, xeC.
Equivalently, x* € C solves the fixed point equation
x* = Pc(x* —aVf(x"))

for every constant o > 0.
If, in addition, f is convex, then the optimality condition (9) is also sufficient.

Lemma 2.4. (¢f. [4, Lemma 2, Section 1.4]) Suppose a continuously differentiable convex function
f :R" — R has a Lipschitz continuous gradient:

(10) IVF(x) =V <Llx—yll, xyeR"

Then V f satisfies the so-called inversely strong (also known as co-coercive) monotonicity:

(11) (Vf(x) =Vfy),x—y) > %!IVf(X) -ViWI®, xyeR"

3. The Gradient-Projection Algorithm

Recall that the gradient-projection method (GPM) for solving the minimization problem (1)
generates a sequence {x*} according to the recursive process

(12) = Po(xF — a VF(xF), k=0,1,2,---,

where {ay } is a sequence of stepsizes with ay > 0 for each k > 0. The convergence of GPM (12)
depends on the choice of the stepsize sequence {«;} (and also on the behavior of the gradient
Vf). The purpose of this section is to discuss the convergence of GPM (12) under different
choices of the stepsize sequence {a;}. (Note that in both books [5, 4], constant stepsize oy = «
is considered; here we deal with variable stepsize.)

3.1. Variable Stepsize

Theorem 3.1. Let f : R" — R be a continuously differentiable function such that the gradient V f
satisfies the Lipschitz continuity condition (10). For a given initial guess x° € C, let {x*} be the
sequence generated by GPA (12). Assume
(A1) {ay} satisfies condition (7).
(A2) {x*} is bounded. (This is guaranteed by the boundedness assumption (ii) of the set Co = {x €
C: f(x) < f(x%)} in Theorem 1.1, as assumed in [5]).
Then we have

(i) Every accumulation point of {x*} is a solution of the minimization problem (1).
(ii) limy_e f(x¥) = finin := min{f(x) : x € C}.
(iii) If {x*} is Féjer-monotone with respect to the solution set T of the minimization problem (1),
that is,

(13) [ — x| < ||xF —x*||, k>0, x* €T,

then the sequence {x*} converges to a solution of (1).
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Proof. We have, using (6),
FOET) — F00) = [ (T8 1T ), 240 by
= /Ol(Vf(xk + (kT — xKY) — W F(aF), K — K ar
4 <Vf(xk),xk+1 o Xk>
(14) < (V) 2471 — o) 4 2kt 2

*+1 is the projection of x* — a; V f(x¥) onto C, it follows from Propo-

On the other hand, since x
sition 2.2 that
(K = Vf(xF) — 21k — k1) <o

This implies that

(15) (V) 241 =) < = T R
Substituting (15) into (14), we get

6 FE < 5 = (- g ) I -

Let « = liminf;_,, &y and @ = limsup,_, , ;. Then, by assumption (7), we see that there is an
integer N > 1 such that

2
(17) O<g§(xkgﬁ<z

for all k > N. With no loss of generality, we may assume that (17) holds true for all k > 0. It
then turns out from (16) that

(18) FOE) < ) = 2 — 2

The sequence { f(x*)} is therefore decreasing and limy_,, f(x*) exists. Moreover,

(19) lim [l — x| = 0.

We next prove that every accumulation point of {x*} is a solution of the minimization prob-
lem (1). Note that since {x¥} is assumed to be bounded, the set of accumulation points of {x*}
is nonempty. Let £ be an accumulation point of {x*} and let {x"i} be a subsequence of {x*}
converging to £. Due to (19), we also have that {x’*1} converges to £.

We may also assume that the subsequence {zxk],} is convergent to some number & (say).
According to (17), we get

O<a<a<ua<

=N

Taking the limit as j — oo in the relation
X = Pe(x — ag V f(x1))

yields £ = Pc(% — &V f(£)) which exactly says that £ solves the minimization problem (1) and
hence, limk_,oof(xk) = f(®) = fmin-

Finally we show that the entire sequence {x*} converges if the Féjer monotonicity condition
(13) holds. Let x* be an accumulation point of {x*}. Due to (13), the full limit as k — oo of the
sequence {||x* — x*||}, limy_o, || x¥ — x*||, exists. However, a subsequence of it converges to
zero. We therefore conclude that limy_,, |x¥ — x*|| = 0 and the full sequence {x*} converges
to x*.

If f is also convex, then we can remove the boundedness assumption on {x*} in Theorem
3.1.
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Theorem 3.2. Let f : R" — IR be a continuously differentiable convex function such that the gradient
V f satisfies the Lipschitz continuity condition (10). Assume the minimization problem (1) is consistent.
For a given initial guess x° € C, let {x*} be the sequence generated by GPA (12) where we assume {ay }
satisfies condition (7). Then {x*} converges to a solution of (1).

Proof. We only need to prove the Féjer-monotonicity (13) holds when f is convex. To see this,
we take x* € T'. Observing x* = Pc(I —aV f)x* for every & > 0, and using the nonexpansivity
of P- and Lemma 2.4, we derive that

11— 22 = [[Pe(] — V)t — Pe(l — V)" |
< (= 0V P = (- a1
= [|(xF = x") = ax(Vf(xF) = VF(x))]
= Il = 2" — 2 — ", V() = V()

+ 2| V() - V()

<=1 o (F — ) IV = VAP

x(2 —a)
S e e AZACO RV ACO]
It is now immediately clear that ||x**1 — x*|| < ||x¥ — x*||, namely, {x*} satisfies the Féjer-
monotonicity condition (13). Consequently, {x*} is bounded, and moreover converges to a
pointinI'. 0

2
|

3.2. Two-Slope Test

The two-slope test for the unconstrained minimization problem
(20) min{f(x):x € R"}

where f : R” — R is continuously differentiable, determines the stepsize sequence {a;} in
such a way that

(21) F) = bag [ V()P < f(e* =V F(3F)) < f(35) = aae [ V£ ()17,

where 0 < a < b < 1 are two fixed constants.
The following theorem is known [5, Theorem 5.3].

Theorem 3.3. Let f : R" — R be continuously differentiable and its gradient V f is Lipschitz with
constant L. Let {x*} be the sequence generated by the steepest-descent method:

(22) K =5k g V(K k=0,1,---,
where the stepsize sequence {ay } is determined by the two-slope test (21). Assume the set
My :={x € R": f(x) < f(x°)}

is bounded. Then {x*} is bounded and every accumulation point x* of {x*} satisfies the optimality
condition V f (x*) = 0 for the unconstrained minimization (20).

Below we extend this two-slope test from unconstrained to constrained minimization.
The two-slope test for the constrained minimization problem (1) determines the stepsize for
the (k + 1)th iterate x**1 in such a way that

(23) () =BV (), = () < F(ar)) < F(F) = a(V (), = (ar)),
where 0 < a < b < 1 are two fixed constants, and where
(o) = Pe(xF —aVF(x5), a>0.
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It is easily found that if C is the entire space IR" (i.e., the constrained minimization (1) is
reduced to the unconstrained minimization (20)), then (23) is reduced to (21).

We have the following convergence result which extends Theorem 3.3 to the case of con-
strained minimization.

Theorem 3.4. Let f : R" — IR be a continuously differentiable function such that its gradient V f
satisfies the Lipschitz continuity condition (10). Let {x*} be the sequence generated by GPM (12),
where the sequence of stepsizes, {ay }, satisfies the two-slope test (23) and iminfy_,«, ax > 0. Assume,
in addition, that the set

Co:={xeC:f(x) < f(x)}
is bounded. Then {x*} is bounded and every accumulation point ¥ of {x*} is a stationary point of the
constrained minimization problem (1); namely, X satisfies the variational inequality

(24) xeC, (Vf(x),x—x)>0, xeC.
In particular, if f is also convex, then X is a solution of (1).

Proof. Noticing x**1 = x¥(a;), we get immediately from (23) that f(x**1) < f(x) for all k > 0.
This implies that {x*} C Cp; in particular, {x*} is bounded. Hence

l}l—{rolo () exists.
Also (23) implies that
(25) (VF(x5), 2K — xF(ay)) > 0.
Since there also holds (again from (23))
a(Vf(xF), o = 2K () < f(F) = f(H),
we get that
(26) lim (Vf(x5), xF — 21y =0,
Now since x**1 is the projection of x* — a; V f(x*) onto C, we have by Proposition 2.2
((F = Vf(xF)) =2y =) <0, yec
It turns out that
(= y =) < (V (), y =), yec
Setting y := xF € C we get

(27) ka _ xk+1||2 < zxk<Vf(xk)),xk _ xk+1>.
Combining (26) and (27), we obtain
(28) klim x5 — %5 || = 0.

Now let % be an accumulation point of {x¥} and let {x"/} be a subsequence of {x*} converging
to X. With no loss of generality, we may assume that (o, — & > 0 (for liminf;_,, a; > 0). Now
taking the limit as j — co in the relation

Xt = pe(xbi — txijf(xk/))
gives that
¥ =Pc(x—aVf(x)).
This equivalently says that x satisfies VI (24) and is a stationary point of the minimization
problem (1).

When f is convex, the optimality condition is also sufficient and # is therefore a solution of
(1). O
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3.3. Strongly Monotone Gradient

Assume that the objective function f is continuously differentiable such that its gradient is
Lipschitzian and strongly monotone. Namely, there exist constants > 0 and L > 0 satisfying,
forallx,y € C,

(29) (VF(x) = Vf(x),x—y) > Bllx -yl
and
(30) IVf(x) = Vf(x)| < Llx -yl

We then have that the mapping
T=T,:=Pc(I-vVf)
is a contraction provided 0 < ¢ < 2/ L2. As a matter of fact, we have

ITx = Ty|*> = [|Pc(I =¥V f)x = Pc(I—= 2V f)yl?

< NI=9VHx =T =Vl

= |l =y) =1 (Vf(x) = VW)

= |lx =yl = 29(Vf(x) = V (), x —y) +IIVf(x) = Vf(y)I?
< =yl = 29Bllx = yl* + 22L2x — yI?

= (1—7(2B—L?)|lx—y|*

This shows that T is a contraction with constant /1 — (28 — yL2).

Therefore, for such a choice of 7y, we can apply Banach’s contraction principle to get that
for each x* € C, the sequence {Tf;xo} converges to the unique fixed point of T, (or the unique
solution of the minimization (1)).

We however look at the case where the stepsizes {7} are variable such that

2p

(31) 0< lillcminf’yk < limsup 7, < 12

k—o0

We have the following convergence result.
Theorem 3.5. Let x° € C and define a sequence {x*} by the iterative algorithm:
(32) = Pe(x* — 9 VF(x9)),

where the sequence {7y} is selected according to the selection rule (31). Then {x¥} converges to the
unique solution x* of the minimization (1).

Proof. By (31), there exist some natural number N and positive constants a and b such that
0<a§b<2,B/L2 and a<y <b(k>N).

Set

h = max \/1 —v(28 — yL?).

a<y<b

Then 0 < h < 1 and it is easy to see that

0< \/1_'Yk<2’7_'7kL2) <h

forallk > N.
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Denote by x* the unique solution of the minimization (1). We now compute, for all k > N,

[ = a2 = [ Pe(l = V)2 = Pe(l = V)"
< (I =V = (I =nV)x|?
= 165 = o) = (V) = V()2
= [lx* = "2+ RN VF () = V)P
— 2 — 2", V() = VF(x))
< [1 = (27 = L2 |x* — |2
< 12||xF — 2|2
Consequently
K — xt || < Bk — x| < e < HENHL N
Therefore, we get limy_,, || x* — x*|| = 0. O
Theorem 3.5 asserts that if the parameter sequence {-y;} is bounded away below from zero
and above from 28/ L?, then the sequence {x"} generated by GPA (32) converges to the unique

solution of the minimization (1). The result below shows that we can allow {} to close either
zero or 2B/ L? and still keep the convergence of the sequence {x*}.

Theorem 3.6. Assume that the sequence {7y} satisfies the condition
21 i 2B
(33) 0< Y < ﬁ fOT" all k and I;)’)/k <LZ — ")/k) = 00.

Then the sequence {x*} generated by GPA (32) converges to the unique solution x* of the minimization

(1).

Proof. The first part of condition (33) assures that that the mapping Pc(I — 7V f) : C — Cis
a contraction with the coefficient \/1 — 74(28 — 7xL2) for all k > 0. Observing x* = Pc(I —
7V f)x* for all k > 0, we have

[ =2 = |1Pe(l = %V f)an = Pe(l = %V x|
< 1-m@s-nl)le -
1 *
34) < (1‘27’<<2ﬁ‘”kL2)> I =l

< k-]

In particular, {x*} is bounded and limy_, ||x* — x*|| exists. Also it follows from (34) that

2 213 k * k * k+1 *
(35) 27k T L I B Bl E e

Put r = limy_, || x¥ — x*||. If 7 > 0, then by (35), we get (noticing ||x* — x*| > r for all k)

rL? 2 N N
(B - m) Sl -

Consequently,

which contradicts the assumption (33). So we must have r = 0 and x* — x* as k — co. i
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Fixed point theorems for nonexpansive mappings with applications
to generalized equilibrium and system of nonlinear variational
inequalities problems*

Yeol Je Cho!, Narin Petrot’ and Suthep Suantai®

ABSTRACT: In this paper, a method for finding common element of two nonexpansive map-
pings are provided. Consequently, we provide some results for the fixed points of an infinite
family of nonexpansive mappings and of an infinite family of strict pseudo-contraction map-
pings. Furthermore, we apply our main result to the problems of finding solution of general-
ized equilibrium and system of nonlinear variational inequalities problems. Some interesting
remarks will be also pointed out and discussed.

KEYWORDS: Generalized equilibrium problem; system of nonlinear variational inequalities;
nonexpansive mapping; strict pseudo-contraction mappings.

1. Introduction and Preliminaries

Let H be a real Hilbert space whose inner product and norm are denoted by (-,-) and || - ||,
respectively. Let K be a nonempty closed convex subset of H. A mapping D : K — K is said to
be nonexpansive mapping if

|Dx—Dy|| < [x—yl, VxyeK.

If D : K — K is a nonexpansive mapping, we denote the set of fixed points of D by F(D),
that is, F(D) = {x € K : Dx = x}. By assuming that D is a nonexpansive mapping such
that its fixed points set is not empty, a classical iterative method to find the fixed point of
D of minimal norm was firstly studied by Halpern [7]. He introduced the following explicit
iteration scheme(u = 0): for fixed u, xy € K,a, € (0,1)

(1) Xp+1 = apu + (1 —a,)Dx,, n=0,1,2,..

and pointed out that the control conditions (C;) lima, = 0 and (C) }_;~; a, = oo are neces-
n—oo

sary for the convergence of the iteration scheme (1) to a fixed point of D. Since then, various
extensions of Halpern result have been proposed. For examples, Lions [8] and Wittmann [21]
established the strong convergence of the iteration scheme (1) under the control conditions
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(C1), (Cp) together with some additional control conditions. In 2007, Y. Yao et al.[22] intro-
duced and studied the following implicit iterative scheme {x;, }:

(2) x0o €K, x, =a,u+by,x,_1+c,Dx,, n>1,

where u is an anchor and {a, }, {b,} and {c,} are three real sequences in (0,1). They showed
that under some suitable control conditions, the sequence {x, } converges to a fixed point D.

Until now, the problem of finding the fixed points of the nonlinear mappings is the one
subject of current interest in functional analysis. Motivated by Y. Yao et al.[22], in this paper
we introduce the following an explicit iterative scheme {x, }:

The Algorithm: Let G, D : K — K be two mappings. For any u, x; € K, we define the sequence
{x,} in K as following:

3) Xpi1 = Anth + bpXy + ¢ (YG(xy) + (1 —9)D(xy)), Vn2>1,

where {a,}, {b,}, {c,} are real sequences in [0, 1] such thata, + b, + ¢, = 1 foralln > 1 and
v € (0,1). One main goal of us is to provide the suitable control conditions for the convergence
of {x,}.

Related to the fixed point problems, we also have the equilibrium problems which have
had a great impact and influence in the development of several branches of pure and applied
sciences. It is natural to construct a unified approach for these problems. In this direction,
several authors have introduced some iterative schemes for finding a common element of the
set of solutions of the equilibrium problems and the set of fixed points of nonlinear mappings
(for examples, see [3, 12, 13, 15, 16, 23] and the references therein).

On the other hand, system of nonlinear variational inequalities problems were introduced
by Verma [20]. Recently, Ceng et. al. [5] considered an iterative methods for a system of
variational inequalities and obtained a strong convergence theorem for the such problem and
a fixed point problem for a single nonexpansive mapping. For more examples, see [17, 18, 19]
and the references therein.

All of above motivate us to apply the fixed point theory, our main result, to the problems
of finding solution of generalized equilibrium and system of nonlinear variational inequalities
problems. Also, some interesting remarks are also discussed. We would like to notice that, the
results appeared in this paper can be viewed as an important improvement and extension of
the previously known results.

Now we recall some well-known concepts and results.

Let K be a nonempty closed convex subset of H. It is well known that, for any z € H, there
exists a unique nearest point in K, denoted by Pxz, such that

Iz = Pezl| < lz—yl, YyeKk
Such a mapping P is called the metric projection of H on to K. We know that Px is nonexpan-
sive. Furthermore, forany z € Hand u € K,
4) u="Pez< (u—z,w—u) >0, YwekK

Lemma 1.1. [2] Let K be a nonempty closed convex subset of a strictly convex Banach space E. If,
foreachn > 1,S, : K — E is a nonexpansive mapping, then there exists a nonexpansive mapping
S : K — E such that

F(S) = ﬁ F(S,).
n=1

In particular, if (51 F(Sn) # @, then the mapping S = Y_;>_1 inSn satisfies the above requirement,
where { i, } is a sequence of positive real numbers such that y ;1 u, = 1.

Lemma 1.2. [1] Let E be a uniformly convex Banach space, K be a nonempty closed convex subset of E
and S : K — K be a nonexpansive mapping. Then I — S is demi-closed at zero, i.e., if {x, } converges
weakly to a point x € K and {x, — Sx, } converges to zero, then x = Sx.
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Lemma 1.3. [14] Let {x, } and {l,,} be bounded sequences in a Banach space E and b, be a sequence
in [0, 1] with
0 <liminf b, <limsup b, < 1.

n—oo n—o0

Suppose that x,, 11 = (1 — by)ly + byxy foralln > 1 and

timsup ([t — Il — %01 = xa])) < 0.

n—oo
Then limy e ||y — x4|| = 0.
Lemma 1.4. [24] Assume that {6, } is a sequence of nonnegative real numbers such that
9n+1 S (1 - an)gn +5n/ Vn 2 1/

where {ay } is a sequence in (0,1) and {6, } is a sequence such that

(i) Lh=1an = oo
(ii) limsupg—;’Z <0 or Y, ql|on] < oo

n—o00

Then lim,,—,« 6, = 0.

2. Main Results

Of course, we will use the sequence {x,}, generated by (3), to obtain our main results in this
paper. To do so, the behaviors of the sequences {a, },{b,} or {c,} should be controlled. Here,
we assume the following control condition:

Condition (C): Let {a,} and {b,} be defined as in (3). We say that the condition (C) is
satisfied if
(i) limy,~ea, =0 and Y ;> ;a, = oo;
(i) 0 < liminf, . b, <limsup, b, <1,

are hold true.

Our main result is as following.

Theorem 2.1. Let K be a nonempty closed convex subset of a Hilbert space H. Let G,D : K — K
be two nonexpansive mappings such that QO = F(G) N F(D) # @. Let u € K be fixed and {x,} be
a sequence in K generated by (3). If the condition (C) is satisfied then the sequence {x,} converges
strongly to a point X = Pqu.

Proof. Firstly, we must assert that the mapping Pq, is well defined by showing that 2 is a closed
convex set. Indeed, since G, D are nonexpansive mappings, we have the set F(G) and F(D)
are closed convex subsets of H. Therefore, it follows that ) = F(G) N F(D) is a closed convex
subset of H.

Now the proof is divided into the five steps as following:

Step 1: The sequence {x,} is bounded.
Write e, = YG(x,) + (1 — v)D(x,) forall n > 1. Let x* € Q). Let us consider the following
computation:

llen — x7[| =[G (xn) + (1 = 7)D(xn) — x7||
<YNG(xn) = 2" + (1 =) [D(xn) — 27
<yllxn — 2+ (1 =) Jen = 27|
=|x, —x*||, Vn>1.
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Consequently,
2 = x| = [layu + brxy + crer — &7
< ayflu =7+ brflxr = 27 +erfler — 27
< apflu — x| + b l|lxg — X7 4 calfxr — X7
< ayflu =7+ (1 —ar)|lx — 7]
(5) < max{||u — x*||, [|]x1 — x*|| }.

From (5) and induction, we know that the sequence {x,} is bounded, as required.

Step 2: limy o || X141 — Xu|| = 0.
To do this, let us put
Xn+1 — bnxn
— ondl T Tntn >

(6) ln 1 - bn 7 v;’l - 1/
which implies that
(7) Xpi1—Xn = (1 =by)(ly — xy), Vn>1.

Now, by (6), (7), Lemma 1.3 and the condition (ii), we show that
®) timsup (1 = Ll = [ %1 — xa]}) < 0.

n—oo

Consider the following computation:

_ App1U + Cpt1€n41 _ apl + cneén

Zn+1 - ln - 1— bn+1 1—0b,
_ An41 1—=bpy1 —ann _n . 1—by —ay
T T W SUR R T
a a
(9) —niﬂ(u_en+l)—|— I (en—u)+€n+1—€n, Vn>1,

T1— by 1—b,

and,

len+1 —enll =G (xn41) + (1 = 7)D(xns1) — (YG(xn) + (1 = 1) D ()|
<G (xnt1) = Glxn) | + (1 = 7) [ D(xn11) — D (xn) ||
<vllxnar = xnll + (1= 7) X041 — 20|
(10) =|lxpt1 — x|, Vn>1.
Using (9) and (10), we have

a a
= Lall = 1 = xull < =0 (lu = epa|| + 7= llew —uf, ¥n>1.
1- bn+1 1— by
Thus it follows from the conditions (i) and (ii) that
limsup ([[Li1 = Inll = [xn41 — xul]) <0,

n—oo

that is, (8) is satisfied.

Step 3: x, — e, — 0asn — oo.
From (3), we have

Ccn(en — Xn) = Xpp1 — Xn + An(Xn — u),
which implies that
cnllen — xnll < |lxn1 — x| + an | (xn —u)||
and so, from the conditions (i) and (ii), it follows that

(11) lim |le, — x| = 0.
n—oo
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Step 4: lim sup (u — Pou, x, — Pau) < 0.
n—oo

Write X = Pqu. Since {x,} is a bounded sequence, there exist a subsequence {x, } of {x,}
and z € K such that {x,, } converges weakly to a point z as j — co and

(12) limsup(u — X, x, — X) = limsup(u — X, xn; — X).

n—00 j—oo
Now, we show that z € 3 = F(G) N F(D). To show this, we define a mapping S : K — K by
Sx =9G(x)+ (1—v)D(x), VxeK
From Lemma 1.1, it follows that S is a nonexpansive mapping such that
F(S) = F(G) N F(D).
Furthermore, from (11), we obtain

lim [|Sxy; — x| = 0.
j—oo

Thus, by Lemma 1.2, we have z € F(S) = Q. Consequently, from (4) and (12), it follows that

limsup(u — X, x, — X) = limsup(u — X, xn; — X)
n—oo j—)OO
=U—%p=X)
0.

IN

Step 5: x, — X as n — oo, where X = Pqu.
Notice that

%041 = Z||* = [|antt + byxn + cnen — X[
= (ap(u—X) +by(xy, — X) + cnlen — X), xp41 — X)
< an(u = X, Xp1 — X) + ba | X0 — X 12041 = X[ + cnllen — X |01 — X
< ap(u = X, Xp41 — X) + ba|xn — X[ || 2041 — X[ + cnl|xn — X[||| Xn11 — X]]
— u(t— % X1 — ) + (1= @) [0 — %01 — 7]

(1—ay)

5 (llen = X + ow i — 2[%) -

< ap(u— X, Xpp1 — X) +
This implies that
(13) st = XI* < (1= an) [lan — %[ + 200 (u — %, x40 — %)
Therefore, using (12) together with the conditions (i) and (ii), (13) and Lemma 1.4, it follows
that x, — X as n — oo. This completes the proof. O
From Theorem 2.1, obviously, we can obtain the following result.

Corollary 2.2. Let K be a nonempty closed convex subset of a Hilbert space H. Let D : K — K be a
nonexpansive mapping such that F(D) # @. Let u € K be fixed and {x,, } be a sequence in K generated
by

(14) Xpi1 = apth + bpxy + cyD(xy), Vn >1.

If the condition (C) is satisfied then the sequence {x, } converges strongly to a point X = Pp(p)u.

Using Lemma 1.1, as an application of Corollary 2.2, we also have the following results:

Corollary 2.3. Let K be a nonempty closed convex subset of a Hilbert space H. Let {S,, } be a family of
nonexpansive mappings from K into itself such that © =: (\,—_; F(S,) # @. Let u € C be fixed and
{xn} be a sequence in K generated by (14) with D = Y ;1 #nSn, where {,} is a sequence of positive
numbers with Y ;> un = 1. If the condition (C) is satisfied then the sequence {x, } converges strongly
to a point X = Pgu.
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Remark 2.4. Recall that a mapping W : C — C is called a t-strict pseudo-contraction with the
coefficient T € [0,1) if

IWx = Wy||* < [lx = ylI* + 7l (1= W)x — (I - W)y|?, VxyeC.
It is obvious that every nonexpansive mapping is a 0-strict pseudo-contraction. Furthermore,
if a mapping W©) : C — Cis defined by W& x = x + (1 —{)Wx forall x € C,where{ € [,1)
is a fixed constant. Then W(¢) is a nonexpansive mapping such that F(W(©)) = F(W), see [24].
Using this observation, in stead of the assumption that A and B are nonexpansive mappings,

which were proposed in Theorem 2.1, we can further assume that the mappings A and B are
strict pseudo-contractions.

Remark 2.5. If f : C — C is a contractive mapping and we replace u by f(x,) in the (3), then
we can obtain the so-called viscosity iteration method (see [15] for more details).

3. applications

In this section, we will apply the Theorem 2.1 to some interesting problems as following:

3.1. Generalized equilibrium problem

Let ¢ : K — R be a real-valued function, Q : K — H be a mappingand ® : H x K x K — R
be an equilibrium-like function. Let r be a positive number. For any x € K, we consider the
following problem:

Find y € K such that
Q(Qx,y,z) +¢(z) —9(y) + Hy—x,z2—y) >0, VzeK,

which is known as the auxiliary generalized equilibrium problem. We denote the set of solution
of problem (15) by GEP(K, Q, ®, ¢). In order to studying the problem (15), we related to the
following concept:

(15)

Let T(") : K — K be the mapping such that, for each x € K, T(")(x) is the solution set of the
auxiliary problem (15), i.e.,

T (x) = {y € K: ®(Qx,y,2) + ¢(2) — ¢(y) + %(y—x,z—y) >0, Vze K}, VxeKk.

We will assume the following Condition (A):
(a) T\ is single-valued;
(b) T is nonexpansive;
(c) F(T")) = GEP(K,Q, ®, ¢);

Notice that the examples of showing the sufficient conditions for the existence of the Condition
(A) can be found in [4].

Assuming that the Condition (A) is satisfied, then we can introduce the following algorithm:
Let r be a fixed positive number and D : K — K be a mapping. For any u, x; € K, there exist
sequences {u,}, and {x,} in K such that

(16) D(Qxp, tun, v) + @(v) — @(un) + L(uy — x4y, v —uy) >0, VoeK,

Xpt1 = Apth + byxy + ¢y [yun + (1 —v)D(x,)], Yn>1,
where {a,}, {bn}, {cu} are real sequences in [0, 1] such that a, + b, + ¢, = 1foralln > 1 and
7€ (0,1).

Theorem 3.1. Let K be a nonempty closed convex subset of a Hilbert space H. Let D : K — K be a
nonexpansive mapping. Assume that the Condition (A) is satisfied and

Q = GEP(K,Q,®, ¢) N F(D) # @.
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Let u € K be fixed and {x,} is defined by (16). If the condition (C) is satisfied then the sequence {x, }
converges strongly to a point X = Pqu.

Proof. Notice that, for each n > 1, we have u, = T(r)(xn). Hence, by setting T =: G, we
see that (3) and (16) are the same. Therefore, thanks to the condition (A), the result is followed
from Theorem 2.1.

O

Remark 3.2. It is worth to mention that for appropriate and suitable choice of the mapping
Q, the functions ®, ¢ and the convex set K, one can obtain a number of the various classes of
equilibrium problems as special cases. This means, evidently, the Theorem 3.1 is very useful.
For further applications of the problem (15), interested readers may refer to [6, 10, 11], and the
references therein.

3.2. System of nonlinear variational inequalities problems

For two nonlinear mappings A,B : K — 'H, we consider the following system of nonlinear
variational inequalities problems: Find (x*,y*) € K x K such that

17) (AMy* +x* —y*,x —x*) >0, VxeKk,
(oBx* +y* —x*,x —y*) >0, VxeKk,

where A and p are fixed positive numbers. In recent years, the problem of type (17) and its
applications have been studied and investigated by many authors, see [5, 17, 18, 19, 20] for
examples.

Now we have the following result, as the technical lemma:

Lemma 3.3. Let K be a nonempty closed convex subset of a Hilbert space H. Let G : K — Kbea
nonexpansive self-mapping and T,V : K — H be two nonexpansive non-self mappings. Assume that

Q=F(G)NF(DD) #®,
where D : K — K is defined by
(18) D(x) = Px[T o (PxoV)](x), Vx e K.

Let u € K be fixed and {x,} be a sequences in K generated by (3). If the condition (C) is satisfied then
the sequence {x, } converges strongly to a point X = Pqu.

Proof. Since T,V : K — 'H are nonexpansive non-self mappings, it is obvious that D := Px[T o
(Px o V)] is a nonexpansive mapping. Therefore, the conclusion is followed immediately from
Theorem 2.1.

O

We also need the following well-known lemma:

Lemma 3.4. [5] Let p and A be positive numbers. For any x*,y* € C with y* = Pc(x* — pBx*),
(x*,y*) is a solution of the problem (1.3) if and only if x* is a fixed point of the mapping D : C — C
defined by

D(x) = Px[Px(x — pBx) — AAPx(x — pBx)], Vx € K.

Now we give the purposed result.

Theorem 3.5. Let C be a nonempty closed convex subset of a Hilbert space H. Let A,B : K — H and
G : K — K be a nonexpansive mapping. Assume that

Q:=F(G)NF(D) #Q,
where the mapping D : K — K is defined by
(19) D(x) = [Px(I = AA) o Px(I — pB)] (x), Vx €K,

when p and A are positive constants appeared in the problem (17). Assume that
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(i) (I —AA)and (I — pB) are nonexpansive mappings;
(ii) the condition (C) is satisfied.
If {x,,} is a sequence in K generated by (3) then {x,} converges strongly to a point X = Pqu.
Moreover, if j = Px(X — pBX), then (X,Y) is a solution to the problem (17).

Proof. Firstly, since I — AA and I — pB are nonexpansive mappings, we know that D is a non-
expansive mapping. Thus, thanks to Lemma 3.3, we know that {x,} converges strongly to
X := Pqu. Moreover, by the definition of the mapping D, we observe that

D= PK(I — )\A) o PK(I — pB) = PK [PK(I —pB) — )\APK(I —pB)] .

Consequently, in view of Lemma 3.4, the second part of the required result is followed imme-
diately.
O

Remark 3.6. Recall that a nonlinear mapping A : K — H is said to be:
(1) a-cocoercive if there exists a constant « > 0 such that

(Ax — Ay, x —y) > a||Ax — Ay|?>, Vx,y€K;
(2) B-strongly monotone if there exists a constant f > 0 such that
(Ax — Ay, x —y) > Blx —yl>, VryeKk
Notice that if either
(A1) A is a-cocoercive mapping and A € (0,2«] or,
(A2) A is B-strongly monotone and L-Lipschitz continuous mapping and A € (0, %} ;

is satisfied, then I — AA is a nonexpansive mapping. This means that the results obtained in
the Theorem 3.5 can be viewed as an important extension of the previously known results.

Remark 3.7. In view of Corollary 2.3, one can apply Theorems 3.1 and 3.5 from a nonexpansive
mapping to a family of nonexpansive mappings (or even a family of strict pseudo-contraction

mappings).
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ABSTRACT: In this paper, we introduce a new hybrid projection iterative scheme based on
the shrinking projection method for two asymptotically quasi-¢-nonexpansive mappings, for
finding a common element of the set of solutions of the generalized mixed equilibrium prob-
lems and the set of common fixed points of two asymptotically quasi-¢-nonexpansive map-
pings in Banach spaces. The results obtained in this paper improve and extend the recent
ones announced by Matsushita and Takahashi [ S. Matsushita, W. Takahashi, Weak and strong
convergence theorems for relatively nonexpansive mappings in Banach spaces, Fixed Point
Theory Appl. (2004), 2004, 37-47], Qin et al. [X. Qin, S.Y. Cho, S.M Kang, On hybrid projection
methods for asymptotically quasi-¢-nonexpansive mappings, Applied Mathematics and Com-
putation 215 (2010) 38743883], and Chang, Lee and Chan [S.-s. Chang, H.W. Joseph Lee, C.K.
Chan, A new hybrid method for solving generalized equilibrium problem variational inequal-
ity and common fixed point in banach spaces with applications, Nonlinear Analysis (2010),
doi:10.1016/j.na.2010.06.006] and many others.

KEYWORDS: Generalized mixed equilibrium problem, Asymptotically quasi-¢-nonexpansive
mapping, Strong convergence theorem, and Banach space.

1. Introduction

Let E be a real Banach space, and E* the dual space of E. Let C be a nonempty closed convex
subset of E. Let f : C x C — R be a bifunction, ¢ : C — R be a real-valued function, and
A : C — E* be a nonlinear mapping. The generalized mixed equilibrium problem, is to find
x € C such that

1) foy) + (Ax,y —x) + 9(y) — @(x) 20, Vy € C.
The set of solutions to (1) is denoted by EP, i.e.,
(2) fx,y) +{Ax,y —x) + ¢(y) —¢(x) >0, ¥y € C.
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If ¢ = 0O, the problem (1) reduces to the generalized equilibrium problem for f, denoted by
GEP(f), which is to find x € C such that

(3) f(x,y)+ (Ax,y—x) >0, Yy € C.

If A = 0, the problem (1) reduces to the mixed equilibrium problem for f, denoted by MEP(f, ¢),
which is to find x € C such that

4) fx,y)+oly) —¢e(x) >0, Vy € C.

If f = 0, the problem (1) reduces to the mixed variational inequality of Browder type, denoted
by VI(C, A, ¢), which is to find x € C such that

(5) (Ax,y —x) + ¢(y) —9(x) >0, ¥y € C.

If A =0and ¢ = 0, the problem (1) reduces to the equilibrium problem for f, denoted by
EP(f), which is to find x € C such that

(6) f(x,y) >0, Vy € C.

Let f(x,y) = (Ax,y —x) for all x,y € C. Then p € EP(f) if and only if (Ap,y — p) > 0 for
ally € C, ie., pis a solution of the variational inequality; there are several other problems,
for example, the complementarity problem, fixed point problem and optimization problem,
which can also be written in the form of an EP. In other words, the EP is a unifying model
for several problems arising in physical sciences. In the last two decades, many papers have
appeared in the literature on the existence of solutions of the EP; see, for example [5, 17, 19, 20]
and references therein. Some solution methods have been proposed to solve the EP; see, for
example [9, 10, 15, 16, 22, 24, 30, 32, 34] and references therein.
Recall that a mappings T : C — C is said to be nonexpansive if

|ITx — Ty|| < ||x —yl|, forall x,y € C.
T is said to be quasi-nonexpansive if F(T) # @ and
|ITx —y|| < ||lx —yl, forallx € C,y € F(T).

T is said to be asymptotically nonexpansive if there exists a sequence {k,} C [1,00) with
k, — 1 as n — oo such that

|IT"x — T"y|| < ku||x —y||, forallx,y € C.

T is said to be asymptotically quasi-nonexpansive if F(T) # @ and there exists a sequence
{kn} C [1,00) with k, — 1 as n — oo such that

|IT"x —y|| < kullx —y||, forallx € C,y € F(T).
T is called uniformly L-Lipschitzian continuous if there exists a L > 0 such that
|IT"x — T"y|| < L||x —y||, forall x,y € C.

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [18] in
1972. Since 1972, a host of authors have studied the weak and strong convergence of iterative
processes for such a class of mappings.

If C is a nonempty closed convex subset of a Hilbert space H and Pc : H — C is the metric
projection of H onto C, then P¢ is a nonexpansive mapping. This fact actually characterizes
Hilbert spaces and, consequently, it is not available in more general Banach spaces. In this
connection, Alber [3] recently introduced a generalized projection operator C in a Banach space
E which is an analogue of the metric projection in Hilbert spaces.

Consider the functional ¢ : E x E — R defined by

(7) $(y,x) = llyl* = 2(y, Jx) + x|

for all x,y € E, where ] is the normalized duality mapping from E to E*. Observe that, in a
Hilbert space H, (7) reduces to ¢(y, x) = ||x — y||? for all x,y € H. The generalized projection
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Ilc : E — Cis a mapping that assigns to an arbitrary point x € E the minimum point of the
functional ¢(y, x), that is, [Icx = x*, where x* is the solution to the minimization problem:

(8) ¢(x, x) = inf ¢(y, x).
yeC

The existence and uniqueness of the operator I'l¢ follows from the properties of the functional
¢(y, x) and strict monotonicity of the mapping | (see, for example, [1, 2, 9, 28]). In Hilbert
spaces, IIc = Pc. It is obvious from the definition of the function ¢ that

@) (lyll = lIxID* < ¢y, x) < (llyll + [1x[))* for all x, y € E.
() ¢(x,y) =¢(x,2) + ¢(z,y) +2(x — z,Jz — Jy) forall x,y,z € E.
©®) ¢(x,y) = (x, Jx = Jy) + (v — x, Jy) < |[x[[[Jx = Jyll + [ly — x|/ ly| for all x,y € E.

(4) If E is a reflexive, strictly convex and smooth Banach space, then, for all x,y € E,
¢$(x,y) = 0if and only if x = y.

For more detail see [14, 31]. Let C be a closed convex subset of E, and let T be a mapping from
C into itself. We denote by F(T) the set of fixed point of T. A point p in C is said to be an
asymptotic fixed point of T [29] if C contains a sequence {x, } which converges weakly to p such
that lim,, e ||x; — Tx,|| = 0. The set of asymptotic fixed points of T will be denoted by F(T).
Recall that the following :
(i) A mapping T : C — C is called relatively nonexpansive [7, 8, 11] if F(T) = F(T) and
$(p, Tx) < ¢(p,x) forallx € Cand p € F(T).
The asymptotic behavior of relatively nonexpansive mappings were studied in [7, 8].
(ii) T: C — Cis said to be relatively asymptotically nonexpansive [1,28]if F(T) = F(T) # @
and there exists a sequence {k,} C [0,00) with k, — 1 as n — oo such that ¢(p, T"x) <
knp(p,x) forallx € C,p € F(T) and n > 1.
(iii) T : C — Cis said to be ¢-nonexpansive [26, 36]if p(Tx, Ty) < ¢(x,y) forall x,y € C.
(iv) T : C — Cis said to be quasi-¢-nonexpansive [26,36] if F(T) # @ and ¢(p, Tx) < ¢(p, x)
forallx € Cand p € F(T).
(v) T : C — C is said to be asymptotically ¢-nonexpansive [36] if there exists a sequence
{kn} C [0,00) with k, — 1 as n — oo such that ¢(T"x, T"y) < k,¢(x,y) forall x,y € C.
(vi) T : C — C is said to be asymptotically quasi-¢-nonexpansive [36] if F(T) # @ and there
exists a sequence {k,} C [0,00) with k, — 1 as n — oo such that ¢(p, T"x) < kp(p, x)
forallx e C,p € F(T)and n > 1.
(vii) T : C — C is said to be asymptotically reqular on C if, for any bounded subset D of C,
there holds the following equality :
lim sup | T"'x — T"x|| = 0.
"= yeD
(viii) T : C — C is said to be closed if for any sequence {x,} C C such that lim, .. x, = xg
and lim,, ... Tx,; = Yo, then Txp = yo.

Remark 1.1. The class of (asymptotically) quasi-¢-nonexpansive mappings is more general
than the class of relatively (asymptotically) nonexpansive mappings which requires the strong
restriction F(T) = F(T).

Remark 1.2. In real Hilbert spaces, the class of (asymptotically) quasi-¢-nonexpansive map-
pings is reduced to the class of (asymptotically) quasi-nonexpansive mappings.

We give some examples which are closed and asymptotically quasi-¢-nonexpansive.

Example 1.3. (1). Let E be a uniformly smooth and strictly convex Banach space and A C
E x E* be a maximal monotone mapping such that its zero set A~!0 is nonempty. Then |, =
(J +rA)~] is a closed and asymptotically quasi-¢-nonexpansive mapping from E onto D(A)
and F(J,) = A~10.

(2). Let Ilc be the generalized projection from a smooth, strictly convex and reflexive Ba-
nach space E onto a nonempty closed and convex subset C of E. Then Il¢ is a closed and
asymptotically quasi-¢-nonexpansive mapping from E onto C with F(Il¢) = C.
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Recently, Matsushita and Takahashi [25] obtained the following results in a Banach space.
Theorem MT. Let E be a uniformly convex and uniformly smooth Banach space, let C be a
nonempty closed convex subset of E, let T be a relatively nonexpansive mapping from C into
itself, and let {a, } be a sequence of real numbers such that 0 < &, < 1 and limsup,_ . < 1.
Suppose that {x, } is given by

xo = x € C chosen arbitrarily,

Yn = ]_1(“11]3‘:71 + (1 - lxn)]Txn)/

9) H,={z€ C:¢(z,yn) < P(z,x,)},
W,={z€C:(x,—zJx—Jx,) >0},
Xp+1 = Pg,rw,x0, 1 =0,1,2,...,

where | is the duality mapping on E. If F(T) is nonempty, then {x,} converges strongly to
Pr(1)x, where Pp(r) is the generalized projection from C onto F(T).

Recently, Qin et al. [27] further extended Theorem MT by considering a pair of asymptoti-
cally quasi-¢-nonexpansive mappings. To be more precise, they proved the following results.

Theorem QCK. Let E be a uniformly smooth and uniformly convex Banach space and C
a nonempty closed and convex subset of E. Let T : C — C be a closed and asymptotically
quasi-¢-nonexpansive mapping with the sequence {k,(f)} C [1,00) such that kgf) — lasn — oo

and S : C — C a closed and asymptotically quasi-¢-nonexpansive mapping with the sequence
{kgt)} C [1,00) such that k) — 1asn — oo. Let {an}, {Bn}, {7vn} and {6,} be real number
sequences in [0, 1]. Assume that T and S are uniformly asymptotically regular on C and Q =
F(T) N F(S) is nonempty and bounded. Let {x,} be a sequence generated in the following
manner:

xo € E chosen arbitrarily,

C1=(,
x1 = Ilc, xo,
(10) Zy = _1(,3n]xn + 'Yn](Tnxn) + 5n](snxn));

Yn = fil(an]xn + (1 —an)Jzn),
Cot1 ={we Cp:p(w,yn) < p(w,x,) + (ky — 1) My},
X0,

( X1 =1lg,

where k, = max{k,(f),k,gs)} for each n > 1, | is the duality mapping on E, M,, = sup{¢(z, x,) :
z € O} for each n > 1. Assume that the control sequences {«,}, {Bx}, {7} and {9, } satisfy
the following restrictions :

(@) ﬁn+7n+5n =1,Vn>1;
(b) liminf, e ¥ndy, limy—eo B = 0;
(c) 0<a, <land limsup, a, <1.

On the other hand, very recently, Chang, Lee and Chan [12] proved a strong convergence
theorem for finding a common element of the set of solutions for a generalized equilibrium
problem (3) and the set of common fixed points for a pair of relatively nonexpansive map-
pings in Banach spaces. They proved the following results.

Theorem CLC. Let E be a uniformly smooth and uniformly convex Banach space, C be a
nonempty closed convex subset of E. Let A : C — E* be a a-inverse-strongly monotone
mapping and f : C x C — R be a bifunction satisfying the conditions (A1) — (A4). Let
S, T : C — C be two relatively nonexpansive mappings such that Q) := F(T) N F(S) N GEP(f).
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Let {x, } be the sequence generated by

( xo € C chosen arbitrarily,

zn = ] YanJxn, + (1 — )] Txy),
Yn =T 1 (BuJxn + (1= Bu)JSxn),
u, € C such that

f(n ) + (A, y — i) + 5y — s, Jun = Jyn) >0, Vy € C,
Hy ={v € C: ¢(v,un) < Bup(v,xn) + (1 = Bu)P(v, x4) };
W,={z¢e€C:(x,—zJxo— Jx,) >0},
Xp+1 = Iy,Aw,x0, V1 >0,

(11)

where | : E — E* is the normalized duality mapping, {«,} and {B,} are sequences in [0, 1]
and {r,} C [a,1) for some a > 0. If the following conditions are satisfied:

(@) liminf, e a0y (1 —a,) > 0;
(b) Hminfy_.co Bu(1 — Bu) > 0;

Then {x,} converges strongly to I1nxo, where Il is the generalized projection of E onto Q).

In this paper, motivated and inspired by the work of Matsushita and Takahashi [25], Qin et
al. [27], and Chang, Lee and Chan [12], we introduce a new hybrid projection iterative scheme
based on the shrinking projection method for two asymptotically quasi-¢-nonexpansive map-
pings, for finding a common element of the set of solutions of the generalized mixed equilib-
rium problems and the set of common fixed points of two asymptotically quasi-¢-nonexpansive
mappings in Banach spaces. The results obtained in this paper improve and extend the recent
ones announced by Matsushita and Takahashi [25], Qin et al. [27], and Chang, Lee and Chan
[12] and many others.

2. Preliminaries

For the sake of convenience, we first recall some definitions and conclusions which will be
needed in proving our main results. The mapping | : E — 2F defined by

J(x) = {x" € E": (x,x") = ||x|* = [|x*||*}, x € E.

is called the normalized duality mapping. By the Hahn-Banach theorem, J(x) # @ for each
x € E.

In the sequel, we denote the strong convergence, weak convergence and weak™* convergence
of a sequence {x,} by x, — x, x, — x and x, —* x, respectively.

A Banach space E is said to be strictly convex, if M <lforallx,ycU={z€E:|z| =
1} with x # y. It is said to be uniformly convex, if for each € € (0,2], there exists 6 > 0 such
that szLyH <1-Jforallx,y € Uwith |[[x —y| >e.

It is well-known that a uniformly convex Banach space has the Kadec-Klee property, i.e., if
x, — x and ||x,| — ||x||, then x, — x.

The space E is said to be smooth, if the limit

P ety

12
(12) lim ;

exists for all x,y € U. And E is said to be uniformly smooth, if the limit (12) exists uniformly
inx,y € U.

Remark 2.1. It is wellknown that if E is a smooth, strictly convex and reflexive Banach space,
then the normalized duality mapping J : E — 2F is single-valued, one-to-one and onto (see

[14]).
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Let E be a smooth, strictly convex and reflexive Banach space and C be a nonempty closed
convex subset of E. Throughout this paper the Lyapunov functional ¢ : E x E — R is defined

by

(13) ¢(x,y) = [lx[* = 2(x, Jy) + Iyl ¥x,y € E.
Following Alber [4], the generalized projection Il : E — C is defined by
(14) ¢ (x) = argmingccp(y, x), Vx € E.

If E is a real Hilbert space H, then ¢(x,y) = ||x — y||* and Ic is the metric projection of H
onto C.

In order to our main results, we need the following concepts and lemmas.

Let E be a real Banach space, C a nonempty subset of E and T : C — C a nonlinear mapping.
The mapping T is said to be uniformly asymptotically regular on C if

lim (sup | T x — T”xH> =0.

=\ yeC

The mapping T is said to be closed if for any sequence {x,} C C such that lim, .. x, = xo and
limy e Tx, = Yo, then Txg = yo.

Lemma 2.2. ([2, 4, 23]) Let E be a reflexive, strictly convex and smooth Banach space, C a nonempty
closed convex subset of E and x € E. Then

¢(y, Iex) + ¢(Ilex, x) < ¢(y,x), Yy € C.

Lemma 2.3. ([4, 23]) Let E be a smooth, strictly convex and reflexive Banach space and C be a nonempty
closed convex subset. Then the following conclusion hold:

(1) ¢(x,cy) + ¢(lcy, y) < ¢(x,y); Vx € C, y € E;
(2) Let x € Eand z € C, then

z=Iex & (z—y, Jx—Jz), Vy € C.

Lemma 2.4. ([13]) Let E be a uniformly convex Banach space and B,(0) a closed ball of E. Then there
exists a continuous strictly increasing convex function g : [0,00) — [0, c0) with g(0) = 0 such that

lex + (1 = a)y||* < flax]|* + (1 = @) |yl* — a(1 — a)g(|lx — ylI)
forall x,y € B,(0) and « € [0,1].

Lemma 2.5. ([27]) Let E be a uniformly convex and smooth Banach space, C a nonempty closed convex
subset of E and T : C — C a closed asymptotically quasi-¢-nonexpansive mapping. Then F(T) is a
closed convex subset of C.

Lemma 2.6. ([23]) Let E be a smooth and uniformly convex Banach space. Let x,, and y, be sequences
in E such that either {x, } or {yn} is bounded. If lim, e (Xn, yn) = 0, then limy_.o||Xn — yu|| = 0.

For solving the generalized equilibrium problem, let us assume that the nonlinear mapping
A : C — E* is a-inverse strongly monotone and the bifunction f : C x C — R satisfies the
following conditions:

(A1) f(x,x) =0Vx € C;

(A2) fis monotone,ie., f(x,y)+ f(y,x) <0, Vx,y € C;

(A3) limsup, , f(x+t(z—x),y) < f(x,y), Vx,y,z€C;

(A4) the function y — f(x,y) is convex and lower semicontinuous.

Lemma 2.7. ([5]) Let E be a smooth, strictly convex and reflexive Banach space and C be a nonempty
closed convex subset of E. Let f : C x C — R be a bifunction satisfying the conditions (A1) — (A4).
Let r > 0and x € E, then there exists z € C such that

(15) f(z,y)+%<y—z,]z—]x>20, Vy € C.
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Lemma 2.8. ([33]) Let C be a closed convex subset of a uniform smooth, strictly convex and reflexive
Banach space E and let f be a bifunction from C x C to R satisfying (Al) — (A4). Forr > 0 and
x € E, define a mapping T, : E — C as follows:

T (x) = {z € C:f(z,y)—k%(y—z,]z—]x) >0, Vy € C},

forall x € C. Then, the following conclusions holds:
(1) T; is single-valued ;
(2) T is a firmly nonexpansive-type mapping, i.e.;
(Trx — Ty, JTyx — JTyy) < (Thx — Ty, Jx — Jy), Vx,y € E;
(A3) F(T,) = EP(f);
(A4) EP(f) is a closed convex.

Lemma 2.9. ([34]) Let C be a closed convex subset of a smooth, strictly convex and reflexive Banach
space E, let f be a bifunction from C x C to R satisfying (A1) — (A4) and let r > 0. Then, for x € E
and g € F(T,),

¢, Trx) + ¢(Tr(x), x) < ¢(q, x).
Lemma 2.10. ([35]) Let C be a closed convex subset of a smooth, strictly convex and reflexive Banach
space E. Let A : C — E* be a continuous and monotone mapping, ¢ : C — R be a lower semi-

continuous and convex function, and f be a bifunction from C x C to R satisfying (A1) — (A4). For
r > 0and x € E, then there exists u € C such that

fluy) + (Auy —u) + oy) — ¢(u) + %<y —u,Ju—]Jx), Vy € C.

Define a mapping K, : C — C as follows:
K (x) =

16) { € C: flu,y) + (A y —u) + ply) — plu) + Hly—u,Ju—Jx) >0, Vy € c}

for all x € C. Then, the following conclusions holds:
(@) Ky is single-valued ;
(b) K is a firmly nonexpansive-type mapping, i.e.;
(Kyx — Kvy, JKyx — JKyy) < (Kyx — Kvy, Jx — Jy), Vx,y € E;
() F(Ky) = F(Ky) = EP;
(d) EPis a closed convex,
() ¢(p,Krz) + ¢(Kz,2) < ¢p(p,x), Vp € F(K;), z € E.

Remark 2.11. ([35]) It follows from Lemma 2.10 that the mapping K, : C — C defined by (16)
is a relatively nonexpansive mapping. Thus, it is quasi-¢-nonexpansive.

3. Main Results

In this section, we shall prove a strong convergence theorem for finding a common element
of the set of solutions for a generalized mixed equilibrium problem (1) and the set of common
fixed points for a pair of asymptotically quasi-¢-nonexpansive mapping mappings in Banach
spaces.

Theorem 3.1. Let E be a uniformly smooth and uniformly convex Banach space, C be a nonempty closed
convex subset of E. Let A : C — E* be a continuous and monotone mapping and f : C x C — Rbea
bifunction satisfying the conditions (Al) - (A4), ¢ : C — R be a lower semi-continuous and convex
function. Let T : C — C be a closed and asymptotically quasi-¢p-nonexpansive mapping with the

sequernce {k,(f)} C [1, 00) such that k,(f) — lasn — ocoand S : C — C be a closed and asymptotically
quasi-¢-nonexpansive mapping with the sequence {k,(f)} C [1,00) such that k,(f) — lasn — oo.
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Assume that T and S are uniformly asymptotically regular on C and Q) = F(T) N F(S) NEP # @.
Let {x,} be the sequence generated by

x1 € C chosen arbitrarily,

C1=¢C,

zn = ] N (an]xn + (1 — a0) JT"xp),

(17) Yn = ]_1 (5n]xn + (1 - ﬁn)]S”Zn),

funy) + (A, y — un) + @(y) = @(un) + 3=y — ttn, Jun — Jyn) >0, ¥y € C,
Cut1 = {0 € Cu: (0, un) < Bup(v, xn) + (1 = Br)knp(v,20) < (0, %) + 0},
x1, Vn > 1,

( X1 =1,

where 0, = (1 —B,)(k3 —1)M, — O0asn — o, k, = max{k,g),k,gs)} foreachn > 1, M, =
sup{¢(v,x,) : v € Q} foreachn > 1, ] : E — E* is the normalized duality mapping, {«,}
and {B,} are sequences in [0,1] and {r,} C [a,0) for some a > 0. Suppose that the following
conditions are satisfied:

(i) liminf, e Bn(1 — Bn) > 0.
Then the sequence {x,} converges strongly to I1nx;, where Il is generalized projection of E
onto ().

Proof. First, we define two bifunctions H: C x C — Rand K, : C — C by

(18) H(xy) = fxy) +{Axy —x) +¢(y) —¢(x), VxyeC,
and
(19) Ki(x) ={ueC:H(uy)+ %(y—u,]u —Jx) >0, Vy € C}.

By Lemma 2.10, we know that the function H satisfies conditions (A1) - (A4) and K, has the
properties (a)-(e). Therefore, (17) is equivalent to

x1 € C chosen arbitrarily,

C1 =¢C,

zn = ] NeanJxn + (1 — ay)JT"xy),

(20) Yn = ]_1 (,Bn]xn + (1 - ,Bn)]SnZn)/

H(ttn, y) + 3=y — thn, Jun = Jyn) >0, Yy € C,

Cur1 =A{v € Cu: Pp(v,un) < Pup(v,xn) + (1 = Bu)knp(v,20) < ¢(0,xn) + 6},
x1, Vn>1,

xn+1 = HCn+1

(I) We show first that the sequence {x,} is well defined. By the same argument as in the
proof of [36, Lemma 2.4], one can show that F(T) N F(S) is closed and convex. Hence Q) :=
F(S)NFE(T) N EP is a nonempty, closed and convex subset of C. Consequently, I1q is well
defined. Next, we prove that C, is closed and convex for each n > 1. It is obvious that C; = C
is closed and convex. Suppose that Cj, is closed and convex for some positive integer h. Next,
we prove that Cj, 1 is closed and convex. For w € Cj, 1, we see that

¢(w, up) < Bup(w, xu) + (1 — Bu)knp(w, zp,)
is equivalent to
2(w, (1= Bp)Jzn + BuJaxw — Jup) < (1= Bu)knllzull® = lunll® + Bullxnl|®
+ (Bu + ki — Bk, — 1) [[w]?,
and

Brp(w, xp) + (1 — Bu)knp(w, zi,) < ¢p(w, x4) + 0y
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is equivalent to
$(w,21) < p(w, 1) + (k — 1) My,

It is easy to see that Cj, ;1 is closed and convex. Then, for each n > 1, we see C, is closed and
convex.

(IT) Next we prove that ) C C,, for eachn > 1.

If n =1,Q C C; = Cis obvious. Suppose that () C C; for some positive integer /. Next,
we claim that () C Cj,1; for the same h. For every w € (), we obtain from the assumption that
w € Cj: On the other hand, we have

o(w,zy) = @(w, ] (anxy+ (1 - ap)JT"x))

[wl|* = 2{w, a2, + (1 — a) JT"x4) + [l o + (1 — ) JT" x5 >
el — 20, (w, Jxn) —2(1 — a) (w0, JT"x1,)

+ a2 1>+ (1 = ) | T3>

anp(w, xy) + (1= a)p(w, T"xy,)

wp(w, xy) + (1 — )k p(w, xy)

anp(w, xp) + (1 — o) kpp(w, xy)

p(w, xp,) + (k, — )p(w, xp,).

IN

VANVANRVAN

(21)
It follows that
¢(w, uy,)

¢(w, Kryn) < ¢(w,yn)

¢(w, ]~ (BuJxn + (1 Br)]S"z4))

[w]|> = 2(w, BuJxn + (1 — Bu)JS"z4) + [|Bu]xn + (1 — Br) ]Sz |2

[w]|* — 284 (w, Jxp) — 2(1 — Bp)(w, JS"z) + Bullxnll* + (1 — Bp) 15" 2|

= Bup(w, xn) + (1 — Br)¢(

Bup(aw, xu) + (1= Bu)ky) p(w, 21)

Bugp(w, xp) + (1 — Bu)kngp(w, zn)

(1= (1= Bn))p(w, xn) + (1 — Br)knp(w, z,)

¢(w, xp,) + (1= Bp) [knp(w, z1) — P(w, xp,)]

1= Bn)[kn(p(w, xp) + (kn — D)p(w, x1)) — p(w, x3,)]

1— Bi) ko (w, xi) + (ki — ki) P(w, x3) — p(w, x4))]
/3h)(k2 )CP(w Xp)

1—By)(ky —1)M

IN

IN

w, S"z),)

VANVAN

IN
<

|
<
S
=
=

IN
<
S
=
=

(
(
(1
(
0

|
/\Aﬁ/\/\
S
S
+ 4+ + + +

(22) = ¢(w,xy

This shows that w € Cj,11. This implies that O C C,, for eachn > 1.
From x, = Ilc,x1, we see that

(xp —w,Jx1 — Jx,) >0, Yw € C,,.

ne

Since ) C C, for each n > 1, we arrive at
(23) (xp —w,Jx1 — Jxy,) >0, Vw € Q.

(IIT) Now we prove that {x, } is bounded.
In view of Lemma 2.2, we see that

¢(xn,x1) = $(Ic,x1,%1) < P(w, x1) — p(w, x) < p(w, x1),

for each w € C,. Therefore, we obtain that the sequence ¢(x;,x1) is bounded, so are {x,},

{Yn}t, {T"x}, {S"xn} and {z, }.
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(IV) Now we prove that ||x, — T"x,|| — 0 and ||z, — $"z,|| — O.

Since x,, = Ilc,x1 and x,,41 = Il¢, ., x1 € Cy41 C Cy, we have

¢(xn,x1) < P(xpy1,x1), YV > 1.
This implies that {¢(x,, x1) } is nondecreasing, and so the limit lim,_.« ¢(x,,, x1) exists. By the
construction of C,,, we have
¢(xXm, xn) = ¢(xm, e, x1) < P(xm, x1) — ¢(Ilc,x1,x1)
(24) = ¢(xm, x1) — ¢(xn, x1).
Letting m, n — oo in (24), we see that ¢(x,,, x,) — 0. It follows from Lemma 2.6 that x,, — x,, —

0asm,n — oo. Hence, {x,} isa Cauchy sequence. Since E a Banach space and C is closed and
convex, we can assume that

(25) lim x, =p € C.

n—oo
Now, we are in a position to state that p € Q3 = F(T) N F(S) N EP. By taking m = n + 1 in (24),
we obtain that
(26) nlglgo (P(anrl/ xn) =0.

Since x,.1 = Il¢c  x1 € Cyy1, from definition of C,, 11 we have

n+1

(27) (P(xn+1/un) S 4)(xn+1/x1’l) + 971/ vn Z 1/
and
(28) k”¢(xn+1l Zn) < (P(anrlz xn) + (k121 - 1)Mn/ Vn > 1.

Since E is uniformly smooth and uniformly convex, from (26)-(28), 6, — 0 as n — oo and
Lemma 2.6, we have

(29) lim [[x;11 — x| = Hm [[x,401 — un|| = Hm [[x,401 — 24|,
n—00 n—oo n—o00
and so
(30) lim ||x, — u,|| = lim ||x, — z,|| = lim [ju, — z4|| = 0.
n—oo n—oo n—oo

Since u, = K;,y,, from (22) we have
(31) d(u,yn) < P(u,x,) +60,, Yu € Q.

Since ||x, — uy|| — 0 and J is uniformly continuous, we have

o(un,yn) = (K, Yn, Yn)

< ¢(u,yn) — ¢(u, Kr,yn)

< ¢(u,xn) — ¢(u, Krnyn) + 6n

= ¢(u,xn) — P(u,un) +

= oull® = [fun]* -2 <M/Ixﬂ_]un>+9n

< loew = w5 (lloen || + [J2enll) — 2(u, Jxn = Jun) + 65 — .

This implies that ¢(y,, ) — 0. Since E is smooth and uniformly convex, from Lemma 2.6, we
have

(32) lyn — un|| — 0, and so ||y, — x,|| — 0.
From (17), we have

(33) 1Jyn = Jxull = (1 = Bu)[JS"2n — Jxu|| — 0,
and so [|S"z, — x,|| — 0. This together with ||x,, — z,|| — 0 yields
(34) HZn - SnZnH — O‘

Again from (30) and (17) we have
(35) 1Jzn = Jxull = (1 = ) [[JT"xp — Jxu|| — 0.
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This implies that ||JT"x, — Jx,|| — 0, and so
(36) IT"x, — x,|| — 0asn — oo.

(V) Now we prove that p € F(T) N F(S) NEP = Q.
From (36) and (30), we have

@) Jim [T, — 2] = 0.

Note that

(38) [T"xn — pll < ([ T"xn — znll + [|zn — x| + [|xn — pl|-
It follows from (37), (30) and (25) that

@) Jim [, — pl| = 0.

On other hand, we have

1T = pll < 17" 200 — T"xul| + || T2 — pl-
Since T is uniformly asymptotically regular and (39), we obtain that
(40) 17" 2 — pll = 0.

thatis, TT"x, — p as n — oo. From the closedness of T, we see that p € F(T).
From (34) and (30), we have

(41) nlggo |S"xn — zn|| = 0.

Note that

(42) 15" xn = pll < [15"xn — zull + [lzn — xu [l + [lxn — pl|.
It follows from (41), (30) and (25) that

(43) lim [[§"x, — p|| =0.

On other hand, we have
18" %0 = pll < 15" xn = S"xu| + 18" 20 — pll-

Since S is uniformly asymptotically regular and (43), we obtain that

(44) 1S"x, — p|| = 0.
thatis, SS"x,, — p as n — co. From the closedness of S, we see that p € F(S).

Next we prove that p € EP. Since limy, .« |4y — yx|| = 0 and ] is uniformly norm-to-norm
continuous on bounded sets, we have
(45) Tim [y — Jyal| = 0.
From the assumption r,, > a, we obtain
(46) lim M =0.

n—oo r}’l

Noticing that u, = K;,y,, we have

47) H(un,y)ﬁ—iq(y—un,jun—]yn) >0, Vy e C.

From (A2), we note that

49) Nyl I8 Lty i ) 2 ) 2 ), Wy € C

Taking the limit as n — oo in the above inequality and from (A4) and u, — p, we have
H(y,p) <0,Vy € C.For0 <t <landy € C, define y; = ty + (1 — t)p. Noticing thaty,p € C,
we obtain y; € C, which yields that H(y;, p) < 0. It follows from (A1) that

0= H(yty:) < tH(yt,y) + (1= t)H(ys, p) < tH(ys,y),
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thatis, H(y:,y) > 0.
Lett | 0; from (A3), we obtain H(p,y) > 0, Vy € C. Therefore p € EP,and so p € Q.
(VI) Finally, we prove that p = Ilnx;. Taking the limit as n — co in (23), we obtain that

(p—zJx1—]Jp) >0, Vz€Q
and hence p = Ilnx; by Lemma 2.3. This complete the proof. O
The following Theorems can be obtained from Theorem 3.1 immediately.

Corollary 3.2. Let E be a uniformly smooth and uniformly convex Banach space, C be a nonempty
closed convex subset of E. Let f : C x C — R be a bifunction satisfying the conditions (A1) - (A4),
¢ : C — R be a lower semi-continuous and convex function. Let T : C — C be a closed and

asymptotically quasi-¢-nonexpansive mapping with the sequence {k,(f) } C [1,00) such that kEf) —
lasn — ocoand S : C — C be a closed and asymptotically quasi-p-nonexpansive mapping with

the sequence {ka)} C [1,00) such that k) — 1asn — oo. Assume that T and S are uniformly
asymptotically reqular on C and Q) = F(T) N F(S) NEP(f) # @. Let {x,,} be the sequence generated

by

x1 € C chosen arbitrarily,

C=¢,

Zn = ]71(“;1]3571 + (1 - lxn)]Tnxn)/

(49) Yn =] 1 BuJxn + (1= Bn)]S"zn),

fun,y) + @(y) — @(un) + 3y — un, Jun — Jx) >0, ¥y € C,

Cut1 = {0 € Cu: (0, un) < Bud(v, xn) + (1 = Br)knp(v,20) < (0, %) + 0},
Xpn+1 = HC X1, Vn Z 1,

n+1

where 0, = (1 —B,)(k3 —1)M, — O0asn — o, k, = max{k,(f),k,gs)} foreachn > 1, M, =
sup{¢(v,x,) : v € Q} foreachn > 1, ] : E — E* is the normalized duality mapping, {«,} and
{Bn} are sequences in [0,1] and {r,} C [a,o0) for some a > 0. If the following conditions are
satisfied:

(i) liminf, e, (1 —ay,) > 0;
(ii) liminf, o Bn(1 — Bn) > 0;
(iii) {rn} C [a,00) for some a > 0.

Then {x,} converges strongly to ITnx;, where Il is generalized projection of E onto Q.
Proof. Putting A = 0 in Theorem 3.1, the conclusion of Theorem 3.2 can be obtained. O

Corollary 3.3. Let E be a uniformly smooth and uniformly convex Banach space, C be a nonempty
closed convex subset of E. Let A : C — E* be a continuous and monotone mapping and ¢ : C — R be
a lower semi-continuous and convex function. Let T : C — C be a closed and asymptotically quasi-¢-

nonexpansive mapping with the sequence {k,(f)} C [1, 00) such that kgf) —lasn — occandS:C — C
be a closed and asymptotically quasi-¢-nonexpansive mapping with the sequence {k,(f)} C [1,00) such
that k,(f) — lasn — oo. Assume that T and S are uniformly asymptotically reqular on C and
Q=F(T)NF(S)NVI(C, A, ¢) # . Let {x,} be the sequence generated by

x1 € C chosen arbitrarily,

C=¢C,

zn = ] NanJxn + (1 — an) JT"xy),

(50) Yu =] (BuJxn + (1 — Bu)]S"zn),

(At y = un) + @(y) — @(un) + 3 {y — ttn, Jun = Jx) 2 0, ¥y € C,

Cop1={v € Cp: ¢(v,un) < Bugp(v,x4) + (1 = Bu)knp(v,z0) < P(v,x4) + 00},
x1, Vn > 1,

xn+1 = HCn+1



67 U. Kamraksa, R. Wangkeeree / Journal of Nonlinear Analysis and Optimization 1 (2010), 55-69

where 0, = (1 —B,)(k3 —1)M, — O0asn — o, k, = max{k,(f),k,(f)} foreachn > 1, M, =
sup{¢(v,x,) : v € Q} foreachn > 1, ] : E — E* is the normalized duality mapping, {«,} and
{Bn} are sequences in [0,1] and {r,} C [a,o0) for some a > 0. If the following conditions are
satisfied:
(1) lim ].nfn—>oo lxn(]. - an) > 0;

(ii) liminf, o Bu(1— Bn) > 0;

(iii) {ry} C [a,c0) for some a > 0.
Then {x,} converges strongly to ITnx1, where I, is generalized projection of E onto Q).

Proof. Putting f = 0 in Theorem 3.1, the conclusion of Theorem 3.3 can be obtained. O

Corollary 3.4. Let E be a uniformly smooth and uniformly convex Banach space, C be a nonempty
closed convex subset of E. Let A : C — E* be a continuous and monotone mappingand f : C x C — R
be a bifunction satisfying the conditions (A1) - (A4), ¢ : C — R be a lower semi-continuous and
convex function. Let S : C — C be a closed and asymptotically quasi-¢-nonexpansive mapping with

the sequence {k\)} C [1,00) such that k) — 1asn — oco. Assume that S is uniformly asymptotically
regular on C and Q) = F(T) NF(S) NEP # @. Let {x,} be the sequence generated by

x1 € C chosen arbitrarily,

C1 =¢C,

Yn = ]_1(ﬁn]xn + (1 - ,Bn)]snzn)/

Fn,y) + (A, y — i) + @(y) — @(utn) + 1y — ttu, Jun — Jx) 2 0, Vy € C,
Cop1=1{v € Cp: ¢(v,un) < Budp(v,x4) + (1 = Bn)kup(v,z0) < (v, x4) + 01},
Xpi1 =1l x1, Vn > 1,

(51)

\ n+1

where 0, = (1 —B,)(k3 —1)M,, — Oasn — oo, k, = max{kﬁls)} foreachn > 1, M, =
sup{¢(v,x,) : v € Q} foreachn > 1, ] : E — E* is the normalized duality mapping, {«,} and
{Bn} are sequences in [0,1] and {r,} C [a, o) for some a > 0. If the following conditions are
satisfied:

(1) lim ].nfn—>oo lxn(]. - (x;l) > 0;
(ii) liminf, o Bu(1—Bn) > 0;
(iii) {ry} C [a,00) for some a > 0.
Then {x,} converges strongly to ITnx1, where I, is generalized projection of E onto Q).

Proof. Taking T = I in Theorem 3.1, then we have z, = x,,, Vn > 1. Hence the conclusion of
Theorem 3.4 is obtained. O

Corollary 3.5. Let E be a uniformly smooth and uniformly convex Banach space, C be a nonempty
closed convex subset of E. Let A : C — E* be a continuous and monotone mappingand f : C x C — R
be a bifunction satisfying the conditions (A1) - (A4), ¢ : C — R be a lower semi-continuous and
convex function. Let T : C — C be a closed and asymptotically quasi-¢-nonexpansive mapping with the

sequernce {k,(f)} C [1,00) such that k,(f) — lasn — ocoand S : C — C be a closed and asymptotically
quasi-¢-nonexpansive mapping with the sequence {k,(f)} C [1,00) such that k,(f) — lasn — oo.
Assume that T and S are closed relatively nonexpansive mappings such that Q) = F(T) N F(S) NEP #
@. Let {x,} be the sequence generated by

x1 € C chosen arbitrarily,

G =¢

Zn = [ NanJxn + (1 — ) JT"xy),

(52) Yn = J! (BuJxn + (1= Bn)]S"zu),

Uy = Kr,,yn/

Cop1={v € Cy: ¢(v,un) < Bugp(v,x4) + (1 = Bu)knp(v,z4) < P(v,x1) + 00},

Xpt1 =1, x1, Vn >1,

n+1
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where 0, = (1 —B,)(k3 —1)M, — O0asn — o, k, = max{k,(f),k,gs)} foreachn > 1, M, =
sup{¢(v,x,) : v € Q} foreachn > 1, ] : E — E* is the normalized duality mapping, {«,} and
{Bn} are sequences in [0,1] and {r,} C [a,o0) for some a > 0. If the following conditions are
satisfied:
(i) liminf, e, (1 —a,) > 0;

(ii) liminf, e Bn(1 — By) > 0;

(iii) {rn} C [a,00) for some a > 0.
Then {x,} converges strongly to Ilnx;, where I, is generalized projection of E onto Q).

Proof. Since every closed relatively nonexpansive mapping is quasi-¢-nonexpansive, the result
is implied by Theorem 3.1. U
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An extragradient type method for a system of equilibrium problems,
variational inequality problems and fixed points of finitely many
nonexpansive mappings

Thanyarat Jitpeera', Poom Kumam!?

ABSTRACT: The purpose of this paper is to investigate the problem of finding the common
element of the set of common fixed points of a finite family of nonexpansive mappings, the
set of solutions of a system of equilibrium problems and the set of solutions of the variational
inequality problem for a monotone and k-Lipschitz continuous mapping in Hilbert spaces.
Consequently, we obtain the strong convergence theorem of the proposed iterative algorithm
to the unique solutions of variational inequality, which is the optimality condition for a min-
imization problem. The results presented in this paper generalize, improve and extend some
well-known results in the literature.

KEYWORDS: Nonexpansive mapping; Monotone mapping, Variational inequality; Fixed points,
System of equilibrium problems, Extragradient approximation method.

1. Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Let F be
a bifunction of C x C into R, where RR is the set of real numbers. The equilibrium problem for
F:CxC— Ristofind x € C such that

(1) F(x,y) >0, VyeC.
The set of solutions of (1) is denoted by EP(F), that is,
() EP(F)={xeC:F(x,y) >0, VyeC}.

Given a mapping B : C — H, let F(x,y) = (Bx,y —x) for all x,y € C. Then z € EP(F) if
and only if (Bz,y —z) > O forally € C, i.e., z is a solution of the variational inequality prob-
lems. Numerous problems in physics, optimization, saddle point problems, complementarity
problems, mechanics and economics reduce to find a solution of (1). In 1997, Combettes and
Hirstoaga [4] introduced an iterative scheme of finding the best approximation to initial data
when EP(F) is nonempty and proved a strong convergence theorem. Some methods have
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been proposed to solve the problem (1); see, for instance, [10, 16, 21, 22, 23, 24, 29, 33, 38, 39]
and the references therein.

Let & = {Fi}kea be a family of bifunctions from C x C into R, where R is the set of real
numbers. The system of equilibrium problems for & = {Fy}ren is to determine common
equilibrium points for & = {F;}xea such that

(3) F(x,y) >0, VkeA, VYyeC.
where A is an arbitrary index set. The set of solutions of (3) is denoted by SE P(S), that is,
4) SEP(%):{xEC:Fk(x,y) >0, VkeA, VyEC}.

If A is a singleton, then the problem (3) is reduced to the problem (1). The problem (3) is very
general in the sense that it includes, as special case, some optimization , variational inequali-
ties, minimax problems, the Nash equilibrium problem in noncooperative games, economics
and others (see, for instance, [2, 4, 5]). The classical variational inequality problem is to find
x € C such that

(5) (Bx,y—x) >0, VyeC.
The set of solutions of (5) is denoted by VI(C, B), that is,
(6) VI(C,B)={xeC:(Bx,y—x) >0, VyeC}.

The variational inequality has been extensively studied in the literature; see, for instance [6, 7,
9,12, 16, 29, 39]. This alternative equivalent formulation has played a significant role in the
studies of the variational inequalities and related optimization problems.

Recall the following definitions:

(1) A mapping B of C into H is called monotone if
(Bx —By,x —y) >0, Vx,y€C.
(2) Bis called B-strongly monotone (see [3, 18]) if there exists a constant § > 0 such that
(Bx —By,x —y) > Bllx —yl’>, VxyeC
(3) Bis called k-Lipschitz continuous if there exists a positive real number k such that
IBx — By|| < kllx—yl, VxyeC

(4) B is called B-inverse-strongly monotone (see [3, 18]) if there exists a constant B > 0 such
that
(Bx — By, x —y) > B||Bx — By||>, Vx,yeC.

Remark 1.1. Itis obvious that any p-inverse-strongly monotone mapping B is monotone

and %—Lipschitz continuous.

(5) A mapping T of C into itself is called nonexpansive (see [30]) if
ITx = Ty[| < [lx =yl, VYxyeC

We denote F(T) = {x € C: Tx = x} be the set of fixed points of T.
(6) Let f : C — C is said to be a a-contraction if there exists a coefficient a (0 < & < 1) such
that

1f(x) = fFWIl < aflx —yll, VxyeC.

(7) An operator A is strongly positive linear bounded operator on H if there exists a constant
¥ > 0 with the property

(Ax,x) > 4||x||>, Vx € H.

(8) A set-valued mapping T : H — 2H is called monotone if for all x,y € H, f € Tx and
g € Tyimply (x —y, f —g) = 0.
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(9) A monotone mapping T : H — 2! is maximal if the graph of G(T) of T is not properly
contained in the graph of any other monotone mapping.
It is known that a monotone mapping T is maximal if and only if for (x, f) € H x H,
(x—y,f —g) > 0forevery (y,g) € G(T) implies f € Tx.
Let B be a monotone mapping of C into H and let Ncv be the normal cone to C at
v € C, that is,

Nev={we H: (v—u,w)>0,Yu € C}

and define

0, v ¢ C.
Then T is the maximal monotone and 0 € Tv if and only if v € VI(C, B); see [27].

Tv:{ Bv+ Ncv, v €EC;

In 1976, Korpelevich [17] introduced the following so-called extragradient method:
xo=x€C,
() Yn = Pc(xn — ABxy),
X1 = Pe(x, — )\B]/n)r

for all n > 0, where A € (0, %), C is a closed convex subset of R"” and B is a monotone and
k-Lipschitz continuous mapping of C into R”. He proved that if VI(C, B) is nonempty, then
the sequences {x, } and {y,}, generated by (7), converge to the same point z € VI(C, B). For
finding a common element of the set of fixed points of a nonexpansive mapping and the set of
solution of variational inequalities for an B-inverse-strongly monotone, Takahashi and Toyoda
[31] introduced the following iterative scheme:

®) { xo € C chosen arbitrary,

Xpi1 = anXy + (1 — ay)SPc(xy, — AyBxy), Yn >0,

where B is B-inverse-strongly monotone, {a, } is a sequence in (0,1) and {A, } is a sequence in
(0,2B). They showed that if F(S) N VI(C, B) is nonempty, then the sequence {x,} generated
by (8) converges weakly to some z € F(S) N VI(C,B). Recently, liduka and Takahashi [15]
proposed a new iterative scheme as following

©) { xp = x € C chosen arbitrary,

Xp1 = &nX + (1 — ay)SPc(xn — AyBxy), Vn >0,

where B is B-inverse-strongly monotone, {«, } is a sequence in (0, 1), and {A, } is a sequence in
(0,2B). They showed that if F(S) N VI(C, B) is nonempty, then the sequence {x,} generated
by (9) converges strongly to some z € F(S) N VI(C, B).

Iterative methods for nonexpansive mappings have recently been applied to solve convex
minimization problems; see e.g., [13, 35, 36, 37] and the references therein. Convex minimiza-
tion problems have a great impact and influence in the development of almost all branches of
pure and applied sciences. A typical problem is to minimize a quadratic function over the set
of the fixed points of a nonexpansive mapping on a real Hilbert space H:

!
(10) min 5 (Ax,x) — (x,b),

where A is a linear bounded operator, C is the fixed point set of a nonexpansive mapping S on
H and b is a given point in H. Moreover, it is shown in [19] that the sequence {x, } defined by
the scheme

(11) Xp+1 = €nYf (%) + (1 —€,A)Sxy

converges strongly to z = Pp(s)(I — A + 7f)(z). Recently, Plubtieng and Punpaeng [24] pro-
posed the following iterative algorithm:
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Ly — — >
(12) { F(un,y)+ - (y — up,uy —x,) >0, Yy € H,

Xpt1 = €xYf(xn) + (I — €,A)Suy.
They proved that if the sequence {e,} and {r,} of parameters satisfy appropriate condition,

then the sequences {x,} and {u,} both converge to the unique solution z of the variational
inequality

(13) <(A — 7 f)z,x — z> >0, Vx € F(S)NEP(F),

which is the optimality condition for the minimization problem

LA, x) — (),

14 i
(19 xEF(rSr)I:wrl}P(F) 2

where } is a potential function for yf (i.e., i/ (x) = ¢ f(x) for x € H).

In 2009, Peng and Yao [20] introduced an iterative scheme for finding a common element of
the set of solutions of the system equilibrium problems (3), the set of solutions to the variational
inequality for a monotone and Lipschitz continuous mapping and the set of common fixed
points of a countable family of nonexpansive mappings in a Hilbert spaces and proved a strong
convergence theorem.

Definition 1.2. [16]. For a finite family of nonexpansive mappings of Ty, Ty, ..., Ty and sequence
{uni 3N, in [0,1], we define the mapping W, of C into itself as follows:

Uo = 1,

U1 a1 Tilno + (1 — pn,1) Uno,

Uz = pin2Tolpy + (1= pn2)Uy g,

(15) :
Ugn-1 = pnN-1IN-1UnNn—2+ (1 = pun—1)UsN-2,
Wy =UyN = pnNINUpN-1+ (1 — pun)UyN-1-

On the other hand, Colao et al. [10] introduced and considered an iterative scheme for
finding a common element of the set of solutions of the equilibrium problem (1) and the set
of common fixed points of a finite family of nonexpansive mappings on C. Starting with an
arbitrary initial xo € C and defining a sequence {x, } recursively by

F(un,y)+ l<y — Uy, Uy —Xxy) >0, Yy € H,
(16) Tn
Xn1 = €xYf(xn) + Bxn + (1 — B)] — €, A) Wiy,

where {€,} be a sequences in (0,1). It is proved [10] that under certain appropriate condi-
tions imposed on {e,} and {r,}, the sequence {x,} generated by (16) converges strongly to
z € N F(T,) N EP(F), where z is an equilibrium point for F and the unique solution of the
variational inequality (13),i.e., z = Pr~ r(1,)nep(r) (I — (A —7f))z.

In 2009, Colao et al. [11] introduced and considered an implicit iterative scheme for finding
a common element of the set of solutions of the system equilibrium problems (3) and the set of
common fixed points of an infinite family of nonexpansive mappings on C. Starting with an
arbitrary initial xo € C and defining a sequence {z, } recursively by
(17) 2w = €nyf (zn) + (L= en )W F T T2, - I I 2,

YM,n M-2,n *Jrondri,

where {€,} be a sequences in (0,1). It is proved [11] that under certain appropriate condi-
tions imposed on {e,} and {r,}, the sequence {x,} generated by (17) converges strongly to
z € NY_F(T,) N ("M SEP(F)), where z is the unique solution of the variational inequality
(13) and which is the optimality condition for the minimization problem (14). In 2010, He et
al. [14] introduced an explicit iterative scheme for finding common solutions of variational
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inequalities and systems of equilibrium problems and fixed points of an infinite family of non-
expansive mappings.

In this paper, motivated by Colao et al. [10, 11], He et al. [14], and Peng and Yao [20, 21], we
introduce a new iterative scheme in a Hilbert space H which is mixed the iterative schemes of
(16) and (17). We prove that the sequence converges strongly to a common element of the set
of solutions of the system equilibrium problems (3), the set of common fixed points of a finite
family of nonexpansive mappings and the set of solutions of variational inequality (5) for be
a monotone and k-Lipschitz continuous mapping in Hilbert spaces by using the extragradient
approximation method. The results presented in this paper generalize, improve and extend
some well-known results in the literature.

2. Preliminaries

Let H be a real Hilbert space with norm || - || and inner product (-, -) and let C be a closed
convex subset of H. When {x,} is a sequence in H, we denote strong convergence of {x,} to
x € Hby x, — x and weak convergence by x, — x. In a real Hilbert space H, it is well known
that

1A+ (1= A)yll* = Al + (1= A)llylI* = A1 = A)llx = yl%,
forallx,y € Hand A € [0,1].

Lemma 2.1. [26] Let (C, (., .)) be an inner product space. Then for all x,y,z € C and a, B,y € [0,1]
with x + B+ v = 1, we have

leex + By +vz)|* = allxl* + Bllyl* + vllzl* — apllx — ylI* — ayllx —z[* = Bylly — =]

Recall that the metric (nearest point) projection Pc from H onto C assigns to each x € H the
unique point in Pcx € C satisfying the property

e = Pex]| = min [[x =y}l

The following characterizes the projection Pc.
In order to prove our main results, we need the following lemmas.
Lemma 2.2. Foragivenz € H,u € C,

u=Pez< (u—z,v—u)>0, VveC.
It is well known that Pc is a firmly nonexpansive mapping of H onto C and satisfies
(18) |Pcx — Pyl < (Pex — Py, x —y), Vx,y € H.
Moreover, Pcx is characterized by the following properties: Pcx € C and forall x € H,y € C,
(19) (x — Pcx,y — Pcx) < 0.
It is easy to see that (19) is equivalent to the following inequality:
(20) =117 > Ilx — Pex|]® + lly — Pex||>

Using Lemma 2.2, one can see that the variational inequality (5) is equivalent to a fixed point
problem.
It is easy to see that the following is true:

(21) ueVI(C,B) < u=Pc(u—ABu), A>0.

Lemma 2.3. [25]. Each Hilbert space H satisfies Opial’s condition, i.e., for any sequence {x,} C H
with x, — x, the inequality

liminf ||x, — x|| < liminf ||x, — y||,
n—oo n—oo

hold for each y € H withy # x.



76 T. Jitpeera, P. Kumam / Journal of Nonlinear Analysis and Optimization 1 (2010), 71-91

Lemma 2.4. [28] . Let {x,} and {z,} be bounded sequences in a Banach space X and let {B,}

be a sequence in [0,1] with 0 < liminf, .. By < limsup, Bn < 1. Suppose x,41 = (1 —
Bn)zn + Buxy for all integers n > 0 and limsup,,_ (||znt1 — zal|| — [|Xn41 — xnl]) < 0. Then,
limy, e |20 — X || = 0.

Lemma 2.5. [32]. Assume {a,} is a sequence of nonnegative real numbers such that
An+1 S (1 - ln)an +0u, n 2 0/

where {1,} is a sequence in (0,1) and {0, } is a sequence in R such that

(1) Yolqln = o0,
(2) limsup, ., 7 < 0o0r Y32 [0n]| < 0.

Then lim;,_,o a, = 0.

Lemma 2.6. . Let H be a real Hilbert space. Then forall x,y € H,
1) [x-+ylP < 2] + 20,3 +y),
@) [l +yl* = llx]1* +2{y, x).

Lemma 2.7. [19]. Let C be a nonempty closed convex subset of H and let f be a contraction of H into
itself with a € (0,1), and A be a strongly positive linear bounded operator on H with coefficient > 0.
Then , for0 <y < 1,

(x=y(A=1)x—(A=1fly) = (F—an)lx—y|% xyeH.
That is, A — v f is strongly monotone with coefficient y — ya.

Lemma 2.8. [19]. Assume A be a strongly positive linear bounded operator on H with coefficient
¥ >0and 0 < p < ||A]|7L. Then ||I — pAl| <1—p%.

For solving the equilibrium problem for a bifunction F : C x C — IR, let us assume that F
satisfies the following conditions:

(Al) F(x,x) =0forallx € C;

(A2) Fis monotone,ie., F(x,y)+F(y,x) <0 forallx,y € C;

(A3) foreach x,y,z € C,limy g F(tz+ (1 — t)x,y) < F(x,y);

(A4) for each x € C,y — F(x,y) is convex and lower semicontinuous.

The following lemma appears implicitly in [2].

Lemma 2.9. [2]. Let C be a nonempty closed convex subset of H and let F be a bifunction of C x C
into R satisfying (A1)-(A4). Let v > 0 and x € H. Then, there exists z € C such that

F(z,y) + %(y—z,z—x> >0, VyeC

The following lemma was also given in [5].

Lemma 2.10. [5]. Assume that F : C x C — R satisfies (A1)-(A4). Forr > 0 and x € H, define a
mapping JF : H — C as follows:

1
JE(x) = {ze C:F(z,y)—l—;(y—z,z—x) >0, VyeC}
or all z € H. Then, the following hold:
f 8
(1) JE is single- valued;
(2) JE is firmly nonexpansive, i.e., for any x,y € H,
7Ex — JEy|* < <Ifx — iy, x —y>;

(3) F(JF) = EP(F); and
(4) EP(F) is closed and convex.



77 T. Jitpeera, P. Kumam / Journal of Nonlinear Analysis and Optimization 1 (2010), 71-91

3. Main Results

In this section, we deal with the strong convergence of extragradient approximation method
(23) for finding a common element of the set of solutions of the system equilibrium problems
(3), the set of common fixed points of a finite family of nonexpansive mappings and the set of
solutions of variational inequality (5) for be a monotone and k-Lipschitz continuous mapping
in Hilbert spaces.
First,let T; : C — C, wherei = 1,2,...,N, be a family of finitely nonexpansive mappings.
Let the mapping W,, be defined by

un,o = I/
U1 = ApaTilno + (1 — App)Unp,

Upp = Ao Tolpg + (1 — Ayp) Uy 1,
(22) )

UnN-1 = Ag,N-1TN-1UnNn—2 + (1 = Ay n-1)Un—2,
Wi = Up,Nn = AgNTNUn -1+ (1 — Ayn)UN-1,
where {A,1}, {Au2}, ..., {Aun} € (0,1]. Such a mapping W, is called the W-mapping gener-

atedby Ty, Ty, ..., Ty and Ay, Ao, . .., Ay n. Nonexpansivity of each T; ensures the nonexpan-
sivity of W,,. Moreover, in ([1], Lemma 3.1), it is shown that F(W,) = NY,F(T;).

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H, let Fy, k € {1,2,3,..., M}
be a bifunction from C x C to R satisfying (A1)-(A4). Let Ty, Ty, ..., Tn be a family of finitely non-
expansive mappings of C into itself and let W,, be the W-mapping generated by Ty, Ty, ..., Ty and
Aui,Ang, ..., An,N. Let B be a monotone and k-Lipschitz continuous mapping of C into H such that

Q=N F(T,) N (N, SEP(F,)) NVI(C, B) # @.

Let f be a contraction of H into itself with a € (0,1) and let A be a strongly positive linear bounded
operator on H with coefficient ¥ > 0and 0 < v < L. Let {x,}, {yn} and {u,} be sequences generated

by

x1 = x € C chosen arbitrary,

u, — [t ]FM—l ]mez k1R
n — JrmnttM-1nt"M-2n ** 120t 10

Yn = PC(”n - /\nBun)/
X1 = &nYf(Xn) + Buxn + (1 — Bn)I — ay A)WyPc(uy — AyByy), Vn>1,

where {ay }, {Bn} are two sequences in (0,1), {An} C [a,b] C (0, 1) and {ry,},k € {1,2,3,..., M}
are a real sequence in (0, 00) satisfy the following conditions:

(C2) 0 < liminf, . By < limsup, . Bn <1,

(C3) iminf, e 7k, > 0and limy_.co |1k 11 — tkn| = 0 foreach k € {1,2,3,..., M},

(C4) limy e Ay = 0,

(C5) limy oo |[Api — Ap—1i| =0foralli=1,2,...,N.
Then, {x,} and {u,} converge strongly to a point z € Q) which is the unique solution of the variational
inequality

23) Xn,

(24) <(A—’yf)z,x—z>20, Vx € Q.

Equivalently, we have z = Pq(I — A+ v f)(z), which is the optimality condition for the minimization
problem

(25) rxréig%(Ax, x) — h(x),

where h is a potential function for «yf (i.e., W (x) = v f(x) for x € H).
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Proof. Note that from the condition (C1), we may assume, without loss of generality, that a;, <
(1 —B,)||A]|7! for all n € IN. From Lemma 2.8, we know that if 0 < p < ||A|~!, then
I — pA|l < 1—p7y. We will assume that || — A|| < 1— 4. Since A is a strongly positive
bounded linear operator on H, we have

IA| = sup{y<Ax,x>} x € H, x| = 1}.
Observe that

<((1—ﬁn) nA)x, x> = 1— By —an(Ax,x)
1— B —anl|A
0,

(\VARAYS

this show that (1 — 8,)I — «, A is positive. It follows that

(1= Bu)] —anAl| = sup{‘<((1—,3n)l—tan)x,x> :er,Htzl}

- sup{l — Bn —an{Ax,x) :x € H,||x|]| = 1}
< 1-Bu—any.

We will divide the proof of Theorem 3.1 into several steps.
Step 1. We claim that {x, } is bounded

Indeed, pick any x* € . By taking 3j = rkn]rk o i";n rz”]flln fork € {1,2,3,. M}
and SY = I for all n. The nonexpanswlty of ]rk foreach k = 1,2,3,..., M implies that K is
nonexpansive. Let x* = C‘kx we note that u,, = (‘Mxn, it follows that

ot = x| = (13 20 — S| < [laew — 27|

Put v, = Pc(uy — AyByy). Then, from (20) and the monotonicity of B, we compute
[[on — X*Hz < |lun — AuByn — X*HZ — |[un — AuByn — UnHz

= |lun — X*HZ — flun — UHHZ + 25 (Byn, X" — 0p)

= it — 2|2 = [|un — 0u]]?
+22u ((Byn — Bx*, X" —yu) + (Bx",x" — yn) + (BYn, Yu — Un))
[ = x> = lltw — 0|1 + 27 (By, Y — vn)
[[n — X*Hz — [Jun — ]/n||2 = 2(Un = Yn, Yn — On) — ||yn — vn|?
+2A1(BYn, Yn — Vn)

= |lun — X*Hz — |Jun — ]/nHZ — |lym — UnHz

+2(uy — AuBYy — Yn, Un — Yn)-

Moreover, since y, = Pc(u, — AyBuy) and (19), we have

(26) <un - AnBun - ]/n/ On — ]/n> S 0

Since B is k-Lipschitz continuous and (26), we obtain

<un - )\nByn —Yn,On — ]/n>

(Un — AnBty — Y, On — Yu) + (AnBity — AyBYn, 0y — Yn)
(AnBuy — AyBYn, 05 — Yn)

Anl|Butw — Byn||[[on — yul|

Auklltin = Y| [[on — yal|-

VANVANRVAN
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Since A, € (0, %), we have

|on — X*Hz < lun — X*H2 — [Juy — yn”z - ||yn - UHHZ + 2A k|| uy — ynHHUn _ynH
< lun — X*Hz — [Juy — ynHz — [lyn — WHZ +A%k2””n - ynHZ + [|on — ynHZ
(27) = un — x> + (A2 — 1)l — yu|1?
< Jun — x*|%,
and hence
(28) [on — x| < flun — x| < 2w — x7].

Thus, we can note that

|xnr —x*|| = ‘zxn Yf (xn —Ax*)—i—ﬁn(xn—x*)—i—((1—[%,1)1—04,1A)(ann—x*)’
< (1= Bun—anw¥)llon — x| 4 Bullen — x*|| + an |y f (xn) — Ax7||
< (1= Ba—an¥)llxn — 7| + Bullxn — 7| + anllvf(xn) — Ax7|]
= (L= an¥)llxn — x| + anyllf(xn) — f(x )||+0¢n||7f( ") — AxY||
< (U= aw¥) e — 27| + anyallxn — x| 4 anllvf(x7) — Ax"|
) v f(x )—AX*H

29 = (1- &)y )||xn — x| + x)u — .

(29) (1= (7 —ya)an) || |+ (7 — ya)an —

By induction that

A *
(30) Hxn—x*Hgmax{Hxl— oy, If ) = x”} neN.
Y-

Hence, {x,} is bounded, so are {u, }, {vs}, {Buu}, {Bun}, {Wyv,} and {f(xn)}.
Step 2. We claim that

(31) lim [|[Sfx, — S qx] =0

n—oo

for every k € {1,2,3,...,M}. From Step 2 of the proof in [10, Theorem 3.1], we have for
ke{1,23,...,M},

(32) hm H]kn+1 — rknan = 0.
Note that for every k € {1 2,3,...,M}, we obtain
- rkn]rk 1,n 5{]{ ZZH" r2n f]‘ln = ”Flzcngk !
So, we have
(33) 1 — S x|
= ||]€Z(710k ! ]kmN;Jrllan
< H]fkknC\k ! ]ranOk x| + H]ranOk ! ]kmﬁﬁﬁxn\!
< T S e = T SN ] 1S — “ﬁﬁxnll
< | f;,f‘“ S R R VA e PR I
S5 22 — S |
< I f:ﬁk = Tt Sl I, 95 —13*11,1+1%’<*2xn|\
+...4 I\If;ﬁl = 12 Suall + 5 — I

Now, apply (32) to (33), we conclude (31).
Step 3. We claim that lim,, .« ||xy4+1 — x| = 0.
On the other hand, from u, = SMx, and u,,1 = %%19(”“, by the triangular inequality, we
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have

luns1 —unl| = H%%Axnﬂ - gﬁdan
IS X1 — S x|+ (1S 20 — S|

(34) < latn — 2l + 1901500 — St

A

We note that

[vnt1 —onll = [[Pc(unt1 — Ans1Byns1) — Pe(un — AnByn) ||
< g1 — A1 BYng1 — (un — AuBya) ||
= |[(tny1 — Anpg1Bupy1) — (uy — Ay Buy)
+ Ang1(Bitpy1 — Byni1 — Buy) + Ay Byy||
[ (nt1 — Apr1Bitny1) — (n — Apsa Bun) ||
+ A1 (1Bnga | + 11Bynsa || + [|Bunll) + Anl|Byall
(Ut Akt 1 — it + At (Bt | + | Bos | + | B )
(35) +Aul Bynl-

IN

IN

Substituting (34) into (35), we have

lonir —oull < (14 Appak) 1 = stall + Angr (1 Bunsa | + [1Byara [l + [[Buall) + Al Bynll
< (U Atk = xull + (14 Angak) S350 — 33|
(36) + Awa (1Bunga | + 1Byl + [1Bunl) + Anl[Byall-

Puttlng Zn — XnJrl]:‘B‘ilnxn — an’)/f(xn)‘i‘((ll_iﬁ‘[;i)I—DénA) WnUYI then, we get xn+1 _ (1 —ﬁn)zn —I—ﬁnxn, n 2

1. It follows that

“n+17f(xn+l) + ((1 - ﬁnJrl)I - “n+1A) Wii10n11

A = 1- ﬁnJrl
B Y f(xn) + (1= Bu)I — 0p A)Wyoy,
1—- B,
Kp41 Ky
= T a f(xﬂ+1) - ’)’f(xn) + Wn+1vn+1 — W,oy
1- ,BnJrl 1-—- ,3
Xp41

—— AW, — AW,

Ty AVt + g A

«
— L (f (xns1) — AWpg1Ong) + (AW,0, — 1f (x1))
1-— ,Bn-l-l ‘Bn

(37) + Wn+1vn+l - Wn+1vn + Wn—i—lvn - anrr
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It follows from (36) and (37) that

&ni1
|zn1 = zall = [xng1 — 2l < —— (17 f (1) | + [ AWz100 1))
1 :Bn+1
o
+ 1 _nﬁ (HAWﬂvnH + H’)’f(xn)H) + ||Wn+1vn+1 - Wn+1vn||
n
+ ||Wn+1vn - ann“ - ||xn+1 - xn”
a
< ([ f Gens) |+ [ AW, s10041)
1- :Brl+1
o
t1 _"ﬁn (1AW o || 4 |7 f (xa)[]) + [|ons1 — 0ull
+ ||Wn+1vn - WnUnH - ||xn+1 - xn”
&nt1
< L (I f )l + | AW 10041 )
1—PBut1
o
+ ———([[AWon || + 7 f (X)) + Augakllxnsn — x|

1—Ba
+ (L4 A1 B[99 1200 — S5 |
+ A1 ([1Bunga | + | Byuiall + [[Bunl])
(38) + Aul Byal| + [War10n — Waon].

By the definition of W, that

[Wis10n = Woonl| = [ A, NINUngi,n-190 + (1 = Apg,n) 00 — Ag NINUn N-100 — (1 — Ap,N) 04|
< AN = AuNlloall + A, N TNUnra,N 100 — Ag NTNUn,N—104]|
< AN = Aanloall + [ Ans N (T U 11,8190 — TnUy,N—104) ||
FAnr1,N = AuNI [ TN Ui, N-104]|
(39) < 2M|Apgan — AuN| A Augp N | Unp1,N—190 — Un n—100],
where M is an approximate constant such that M > max{sup, -1 {[[vn ||}, sup,~ 1 { | Tl m-10x[} | m =

1,2,...,N}.
Since0 < Ay, <1foralln >1andi=1,2,...,N, we compute

| Upt1,N—10n — U, N—104]|
= A N1 TN-1UnriN—20n + (1 = Aypin—1)0n — ApN—1TN-1UnN—20n — (1 — Ay n—1) x|

< JAsn—1 = AuNaal[oal] + [[Avs, N1 TN-1Ung1,N—200 — Ay N—1TN—1Un,N—204 ]|

< JAugN—1 = AaN—tl|onll + AN -1 (Tn-1Unga,N—20n — TN—1Un,N—200) ||
HA N1 = AuN-t| [ Tn-1 U N—20x |

< 2]\/I‘)\n+l,N—1 - /\n,N—l‘ + Hun—i-l,N—Zvn - n,NfzvnH-

It follows that

| Ups1,n-10n — Upn—17n|| < 2M|Ayi1n-1 — Aun—1] + 2M|A 11 N—2 — ApuN—2]

(40) +||un+1,N—30n - un,Nf3vnH

N—1

< 2M Y |Auga,i — Ani| 4 | Uns1100 — Up1oa]|
i—
N—1

= 2M Z ’/\n+l,i - )\n,i’
i—

HA 1,110 + (1 = Aug11)00 — Apa Tion — (1 — App)vn||

N—1

< 2M 2 |/\n+1,i _An,i|-

i=1
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Substituting (40) into (39) yields that

N-1
[Wis10n — Waon|| < 2M[ApaN — AN | + 240,80 M Z [ Ans1i — An,il
i=1

N
(41) < 2MY A — Angl,
i=1

Applying (41) in (38), we get

Xp41
1Zns1 = zall = |xp1 — xnl| < ﬁ(llvf(xm)ll+||AWn+wn+1||)
n+1
14
+ o= ([AWou || 4 (|7 f () ) + Augakll a1 — x|

1—Bx
+ (L4 AR |91 — S5

+ Ang1 (IBunsa || + 1 Byusa || + || Bull)

N
+/\nHB]/nH + 2M Z |/\n+1,i — An,i|-

i=1
By (31) and (C1)-(C5), imply that
timsup([|z041 — 2al| = %041 — %)) < 0.
n—oo
Hence, by Lemma 2.4, we obtain
lim ||z, — x,|| = 0.
n—oo
It follows that
(42) nlgrolo lXn41 — xul| = ;}E’)l;lo(]. — Bu)llzn — xul| = 0.

Applying (31), (42) and (C4) to (34) and (35), we obtain that

@ Yt~ | = i o1 2] = 0.
Step 4. We claim that lim,, .« ||x;, — Wy,v,|| = 0.

Since x,41 = anYf(xn) + Bnxn + ((1 — Bn)I — 2y A)Wyv,, we have

[xn = Waonll < lxn — 2]l + (X041 — Waon||

wn Y f(xn) + Buxn + (1 — Bn) I — 0y A) Wyvy — Wyoy,
&n ('Yf(xn) - Awnvn) + ,Bn(xn - ann) ‘
< xw = x|l an (v f () | + [ AW [) + Bullxn — Wavall,

%0 — sl + |

60 — sl + |

it follows that

1 x
120 = Waou | ——llxn = xuga |+ = (I f Gea) | + AW, ]).
1—pan 1= Bn
By (C1), (C2) and (42), we obtain
(44) 7}im |Wpv, — x| = 0.
Step 5. We claim that the following statements hold:
(i) limy—co [|1tn — yn|| = 0;

(iil) limy—eo ||[Wnyn — yul| = 0.
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For any x* € () and (23), we compute

=32 = || (= BT = @A) Wy — 2°) + Bilta — 1) + (1) — Ax°)|
= (1= Bu)I = anA) (Wyvn — x*) + Bu(xn — )+ aglr f () — Ax*|?
+ 2Bty (X — x*, v f(x) — Ax™)
+2an<((1 — Bn) ] — ayA) (Wyvy — x*), 7 f (x4) — Ax*>
< [0 = Bu— P Watn — x|+ Bulls — ) 2l () — A2
+ 2Bntun (X — X,y f () — Ax™)
+2¢xn<((1 — Bn) I — ayA) (Wyon — x*), 7 f (xn) — Ax*>

< [0 =B = D) on = 2|+ Ballxw = 27[1]" + s
< (1= Bu—an¥)?[lon — x| + By lln — 27|
+2(1 = Bu — an¥)Bullon — x*[[[l2n — x*|| + cu
< (1-Bu— wn¥)?|Jon — x| + ,B%Hxn — x|
+ (1= B — n¥) B ([lon — 212 + [0 — x*[1%) +cn
= [(1—an?)® = 2(1 = an?)Bu + B o0 — 27|17 + B l| s — x*||?
+ ((1 — 0nY)Bn — ,B%) (an — [P+ [lxn — x*Hz) + Cn
= (1= an?)?llon — x> = (1 = aw?)Bullon — x> + (1 — @ ¥) Bullxn — x> +cn
(45) = (1= an?)(1 = Bu — aw?)llon — x"* + (1 = aw¥)Bullxn — x> +cn,
where
cn = aqlyf(xa) — Ax*|? + 2Bnttn(xn — X", f(xn) — AX™)

It follows from the condition (C1) that
(46) lim ¢, = 0.
n—o00

Substituting (27) into (45), and (C4), we get
a1 =22 < (1= aw?) (1= Bu — an¥) o0 — 2|2 + (1 — an ) Bl 0 — 2|1+ ca

< <1—zxnf7><1—ﬁn—an7>{||un—x*||2+mik2—1>||un—ynr|2}
+ (1 - “n7)5n"xn - X*Hz + ¢
< <1—m><1—ﬁn—anfw{nxn—x*||2+<Aik2—1>Hun—ynnZ}
+ (1= a0 ¥) Bullxn — x*(1* + ca
= (L= an7)?flxn = 2+ (1= a7 (1 = B — a7 (AZK? = 1) |ty — yul|* + ca
< Hxn - X*Hz + (/\%kz - 1)||”n _ynHz + Cn-
Hence
(1= A2R)tn = yal? < Ml =212 = tuss — <12 +

(e = x| = llxnr = X[ (llxn = [ 4 [[xns1 = 27|]) 4 ca
< = X [l = 27| + [Jn41 — 27[) + cn.

Since (46) and (42), we obtain

(47) nlill;}onun—yn” =0.
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By the same argument as in (27), we also have

[on — x*HZ < lun— x*HZ — [Jun — ]/n”2 — [Jym — vnH2 + 2Auk|[ttn — yul[llon — yall

< lun— X*HZ — flun — ynHz — lyn — UnHz + [|un _ynHz + Aikzllvn -
(48) = un =2+ (A2 = 1) lyn —0al?
<l = 2|2+ (ARKE = 1) lyw — oa %

Substituting (48) into (45), and (C4), we get

I = 2% < (1= an¥) (1= Bu— lxn?){l\xn =22+ (ALK = 1) [lyn — UnHZ}

+ (1 — an¥)Bullxn — x*Hz +Cn

ynHZ

= (1= an¥)?[xn = 2+ (1= a7 (1 = B — 0 7) (AZK? = 1) ||y — 0al|* + cn

< lxn — 212+ (AR = 1) lyn — 0ul> + ca-
It follows that

(1 =A%) lyn — vul? v = 2|2 = Jlmn = 27| + e

1260 = 2y l[(lxn = 27 + 22 = 2¥[) + e

IN A

Again from (46) and (42), we have
(49) nlgrolo [yn —onll = 0.
On the other hand, we note that

[un —oull < g = yull + llyn — vall-

Applying (47)and (49), we get

(50) r}Ln.}o |ty — v,|| = 0.
For any x* € (), note that ]rFk’f” is firmly nonexpansive (Lemma 2.10) for k € {1,2,3,..., M},
then we get
F
18w — 712 = (17, S5 o — Ji x|

< < I/P]‘(k,n%];l_lxn - %nX*/%ﬁ_lxn _x*>

= <%kxn —x*, Sk, — x*>

= 2 (I — 2+ 185 — 22— 9K — S5 )
and hence

1952, — |12 < IS5 o — )% — |90 w, — S5, )12, k=1,2,3,...,M
which implies that for each k € {1,2,3,..., M},
H\S Xn — *Hz < H\f Xn — x*HZ H\f Xn _\9 anZ
I e =9 Bl 9 Sl o Sl

IN

e — x| — H»v Xn —
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Together with (27) and (48), we compute

IN

IN

IN

<

Hxn+1 —x*Hz

(1= ap¥)(1 = Bn — an¥)||vn — x*Hz + (1= anY)Bullxn — X*Hz +Cn

(1= ) (1= = Bu) {l1tn — 2|2+ (AZE2 = 1)t — e 2}

+ (1 = any)Bullxn — X*Hz +Cn

(1= any)(1 —apy — ,Bn)H”n - x*Hz + (1= ap¥) (1 — ny — ,Bn)(/\%kZ - 1)””71 - ynHZ
+(1 — an¥)Bullxn _X*||2+Cn

(1= an¥) (1= an¥ — Bu) S — ¥ + (1 — 20 ¥) (1 — an¥ — Bu) (Ank® = 1) ||, — yu?
+(1 — anY)Bullxn _X*H2+Cn

(1= aw?) (1= — Bu){ lva — 5|2 = | Shxw — S50,

+(1 = an ) (1 — ¥ — Bu) (ARK* = D|tt — ¥ > + (1 = @) Bull 200 — x*[|* + cn

(1= an¥) (1 = an = Bu) l|xn — 2*[|? — 3

(1—%7)(1—%7 Bu) S5n — S5
(1= an¥) (1= an¥ = Bu) Ak = D)ltn = yul* + (1 = ) Bullxn — x*||* + ¢
(1= ?)?[latn = 2|2 = (1= P (1 — ¥ — Bu) |50 — S5 x|

+(1 = an7) (1= ¥ = Bn) (AGK = Dty — yull* + ca

[1—2a,7 + (“n'7)2] 20 = 21 = (1 — an7) (1 = a0} = B) [ Sxn — S 212
+(1 = an ) (1 — ¥ = Ba) (ARK* = 1)|ttr — yu||* + cn

e — 21 (a7l — 21 = (1= @a¥) (1= ¥ — Bu) [ S0 —
+ (1= an?) (1= an¥ — Bu) (AGK* = 1)t — yu|* + ci

*HZ

So, we obtain

(1—ayy)(1—ayy— ﬁn)H\f Xn — Sﬁ_lanz

<l = 217 = flxngn — X7 4 (@n¥)?[|xn — x|
+ (1= any)(1 —any — ,Bn)()‘%zkz — D)l[un — yn Hz +Cn
< 1t = Sl — 0 1 — €711 + ()2 — 22

+ (1= any)(1 —any — ,311)()‘121]C2 —1)||un — ]/nHz + Cn-

Using (C1), (42) , (46) and (47), we get

(51)

lim [|S*x, — S5, =0,¥k =1,2,..., M.

n—oo

Observe that

< [ Walyn — Waon|| + (|Wavn — x|l + |20 — || + [[ttn — |

< Nlyn = oall + [[Wnon — xu|] + [0 — C\Man + [[ttn — Y|

< lyn — vl + [[Waon — an + (1S5 — Sl + [[S0xn — S5l
o IS nan“‘””n_ynH-

[Wayn — yall

Applying (44), (47), (49) and (51) to the last inequality, we have

(52)

r}gr.}o [Wayn — yull = 0.

We also have

[Whttn — | [Wattn — Waon || + [[Waon — x| + || X0 — 1|
Wity — Wionl| + [Wnon — xu] + |20 — %Man
[tn — vl + [[Wnon — xa]| + H\f Xn — 01an + ||\9 Xn — %‘ixnll

+.o HC\M Ty — S nan-

VAN VANIRVAN
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Applying (44), (50) and (51) to the last inequality, we have
(53) r}im Wyt — uy|| = 0.

Step 6. We claim that lim supn_)oo<(A —vf)z,z — xn> < 0, which z is the unique solution of
the variational inequality ((A —yf)z,x —z) >0, Vx € Q.

Observe that Po(I — A + f) is a contraction of H into itself. Indeed, for all x,y € H, we
have

[Pa(l = A+7f)(x) = Pa(I = A+7f) ()l
< T=A+7/)x) —(T-A+v/) W)
< T =Aflllx =yl + 7 f(x) = fFW)
< (=Dlx =yl +ralx -yl

(1= (7 —va)llx =yl

since H is complete, there exists a unique fixed point z € H such thatz = Po(I — A + v f)(z).
Since z = Po(I — A+ 7vf)(z) is a unique solution of the variational inequality (24). To show
this inequality, we choose a subsequence {x,, } of {x,} such that

i ((A —7f)z,z = x,) = limsup((A = 7f)z,z = xu).

n—00

Since {uy,,} is bounded, there exists a subsequence {”nij} of {u,,} which converges weakly

to w € C. Without loss of generality, we can assume that u,, — w. Since lim,_.« H%ﬁxn —
Sk=1x,|| = 0 for each k = 1,2,.., M, we have %ﬁixni — w for each k = 1,2,..., M. From
|lttn — yn|| — 0 and ||u, — v,|| — 0, we also obtain y,, — w and v,, — w. Since {u,,} C C and
C is closed and convex, we have w € C.

Next, we show that w € (), where Q) := NN_, F(T;,) N ("M, SEP(F)) N VI(C, B).

First, we show that w € ﬂ]](\ilsEP(Fk). Since u, = SXx, fork =1,2,3,..., M, we also have

1
Fk(%ﬁxn,y) + r—(y — %’,ﬁxn,Sﬁxn — %ﬁ’lx,ﬁ >0, VyeC.
n

If follows from (A2) that,

rln<y - %ﬁx”’%ﬁx” - %ﬁilxvﬁ > _Fk(%ﬁxnﬂ/) > F(y, %ﬁxn)
and hence
k k—1
<y B %ﬁixni, %nixni ; %n,- xni> > Fk(y/ %ﬁixn,')-
”
Sk, —SF 1y, |
Since " — 0 and uy,, = S% x,, — w, it follows by (A4) that

F(y,w) <0 VyeC,

foreachk=1,2,3,..., M.
For t with0 <t <landy € H,lety; = ty+ (1 — f)w. Since y € C and w € C, we have
yt € C and hence F(y:, w) < 0. So, from (A1) and (A4) we have

0 = F(yryt) < th(yny) + (1 —t)F(yr,w) < th(ys,y)

and hence Fy(y;,y) > 0. From (A3), we have F,(w,y) > 0 for all y € C and hence w € EP(F)
fork=1,2,3,..., M, thatis, w € NM  SEP(F).

Next, we show that w € NY,F(T;). By [1, Lemma 3.1], we have F(W,) = NN F(T,).
Assume w ¢ F(W,). Since y,, — w, [|[Wyyn, — yn,|| — 0and w # W,w, it follows by the Opial’s
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condition that
limin [y, — ]| < liminf ly, — Wy
i—00 1—00
< timinf{ s, — Wagi | + Wy, — W}
< Timinf |y, — o]
1—00
which derives a contradiction. Thus, we have w € F(W,) = NN F(T;).

Finally, we show that w € VI(C, B). Define

| Bu+Ncv, veC,
T”—{@, v C.

Then, T is maximal monotone. Let (v, w;) € G(T). Since wy; — Bv € Ncv and v, € C, we have
(v — vy, w; — Bv) > 0. On the other hand, v, = Pc(u, — A,By,), we have

(0 — 0,0y — (Un — AnByn)) >0,

and hence

vn_un

<U_Un;A+B]/n> > 0.
n

Therefore, we have

(v —vp,w) > (v—ovy, Bo)

Vv
S
S
=
os]
=
|
/\
S
S
=
=
>

Il
Q
Q
=
w]
Q
os]
<
=
S
=
>
=
(S
=
\/

i
> (v — vy, Boy, — Byy,) — <v — Op,, nl/\nl> )
n;

Since limy,c0 ||Un — || = limy—c0 [|[Un — Yu|| = 0, uy, = w and B is Lipschitz continuous, we
obtain that lim, .« ||Bv, — By,|| = 0 and v,, = w. From liminf, . A, > 0 and lim, .« ||, —
uy|| = 0, we obtain

(v—w,wq) > 0.

Since T is maximal monotone, we have w € T~'0 and hence w € VI(C, B).
Hence w € O, where Q) := N F(T;) N ("M SEP(F,)) N VI(C, B).
Since z = Pq(I — A+ vf)(z), it follows that

limsup((A —vf)z,z—x,) = limsup((A—vf)z,z—xy)

n—oo n—oo
= Hm{((A—7f)z,z—xp,)
1—00
(54) = ((A=9f)z,z—w) <0.
It follows from the last inequality and (44) that
(55) limsup(yf(z) — Az, Wyv, —z) <0.
n—o0

Step 7. Finally, we claim that {x, } converges strongly to
2= Pa(l— A+f)(2).
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Indeed, from (23) , we have
(56)  [lxuer —z[?
= [Janyf( xn)+ﬁnxn ((1—ﬁn)l—(an)ann—zH2
= (1= Bu)I — & A) (Wyvn — 2) + B (xu — 2) + a0 (7 (xu) — Az) |1?
= [[((1 = Bu)I — anA) (Wyvy — 2) + Bu(xn — 2) 1P+ azllvf (xa) — Az|?
+2Bntn(xn — 2z, 7f (xn) — Az)
+2an<((l = Bu)I — 0y A) (Wyvn — 2), v f (xn) — Az>

< [0 Bo— )W — 2+ Bullza — 21l]” -+ a2l () — Az
+ 2Bnttny(Xn — z, f (xn) — f(2)) + 2Bun{xn —z,7f(2) — Az)
21— B (Wit — 2, f () — F(2)) +2(1 = B W0y — 2,7f(2) — Az)
— 205 { A(Wyv, — 2),7f(z) — Az)

< [0 Bu— Bl Wawn — 2l + Bullu — 2]+ a2l fl) - Az

+ 2By — 2 F () — FI + 2Batin(n — 2,7 (2) — Az)

+2(1 = Bu)yan[Wavn — z[[l| f(xn) = f(2) | +2(1 = Bun)an{Waon — z,7f(2) — Az)
— 203 { A(Wyv, — 2),7f(z) — Az)

[0 B — ) — 2l + Bulla — 2]+ el f () — Az

+ 2Bnttnye]|xn — z||* + 2Bnttn{xn — z,7f(z) — Az)

+2(1 = Bu)yana||xy — z||* +2(1 = Bu)an(Wyoy — z,7f(z) — Az)

— 202 ( A(Wyv, — 2),vf(2z) — Az)

= (= D)+ 2Buya + 201 = B yana] 00 — 2 + 0y f () — Az
+2Bntn(xn — 2,7f(2) — Az) +2(1 — Bu)an(Wyvy — z,7f (z) — Az)

— 203 { A(Wyv, — 2),7f(z) — Az)

11— 207 — ap)ae] [oon — 2l + P2 — 2l + &3]0 (o) — Azl
+2Bntn(xn — 2,7f(2) — Az) +2(1 — Bu)an(Wyvn — z,7f (z) — Az)
+2a; | A(Woon — 2)[|17£(2) — Az]

IN

IN

= (1207 = ] =21+ s [P = 2P + £ C5) — A2l
+ 2| A(Wnon = 2) |l 7f(2) — AZH} +2Bu(xn —z,7f(2) — Az)
+2(1= )Mo~ 2,7f(2) - 42) |
Since {x,}, {f(xn)} and {W,v, } are bounded, we can take a constant K > 0 such that
Vollan = 2 + 17f (xn) — Az||* + 2| A(Wavn — 2) [l 7/ (2) — Az| <K,
for all n > 0. It then follows that
(57) 201 = 212 < [1=2(7 — ay)an] |xn — z]|* + anow,

where

On = 2Bn{xn —2,7f(2) — Az) +2(1 — Bu) Wy, — 2, 7f (2) — Az) + a, K.
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Using (C1), (54) and (55), we get limsup,,_, 0, < 0. Applying Lemma 2.5 to (57), we conclude
that x, — z in norm. This completes the proof. O

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H, let Fi, k €
{1,2,3,..., M} be a bifunction from C x C to R satisfying (A1)-(A4) and let B be a monotone and
k-Lipschitz continuous mapping of C into itself such that

Q:= (NL,SEP(F,)) NVI(C,B) # @.

Let f be a contraction of H into itself with a € (0,1) and let A be a strongly positive linear bounded
operator on H with coefficient y > 0and 0 < v < L. Let {x,,}, {yn} and {u,} be sequences generated
by

x1 = x € C chosen arbitrary,

3% ]FM—l ]FM—Z 5 1R
"Ml TM-1ntVYM—2n * * " JT2,n) 10

Yn = PC(”H - /\nBun),
Xnt+l = ‘Xn')/f(xn) + ,ann + ((1 - ,Bn)I - “nA)PC(un - /\nByn)/ Vn > 1/

where {ay}, {Bu} are two sequences in (0,1), {A,} C [a,b] C (0,3) and {ry,,},k € {1,2,3,..., M}
are real sequence in (0, co) satisfy the following conditions:

(C1) limy oty = 0and Y ;7 4 ay = 0,

(C2) 0 <liminf, . By < limsup, . Bn <1,

(C3) iminf, e 7y > 0and limy—.co |7k i1 — Tin| =0,

(C4) limy oo Ay = 0.
Then, {x,} and {u, } converge strongly to a point z € Q) which is the unique solution of the variational
inequality

Uy = Xn,

<(A —'yf)z,x—z> >0, Vx e Q.
Equivalently, we have z = Po(I — A + v f)(z).

Proof. Put T, = I for alln € IN and for all x € C. Then W,, = I for all x € C. The conclusion
follows from Theorem 3.1. This completes the proof. O

IfA=1+vy=1and vy, =1—a, — B, in Theorem 3.1, then we can obtain the following result
immedjiately.

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H, let F, k €
{1,2,3,..., M} be a bifunction from C x C to R satisfying (A1)-(A4), let {T,} be a family of finitely
nonexpansive mappings of C into itself and let B be a monotone and k-Lipschitz continuous mapping of
C into H such that

Q=N F(T,) N (N, SEP(F,)) NVI(C, B) # @.
Let f be a contraction of H into itself with a € (0,1). Let {x,,}, {yn } and {u, } be sequences generated
by
x1 = x € C chosen arbitrary,

Y Fyv1 Fv—2 E 1R
n—= Jrmnt'M-1ntT"M-2,n * * = IT2n) V10

Yn = PC(”n - /\nBun)/
Xn1 = Qnf (Xn) + BuXn + ¥uWinPc(uy — AyByy), Vn>1,
where {W,, } is the sequence generated by (15)and {ay}, {Bn}, {vn} are sequences in (0,1), {A,} C
[a,b] C (0,%) and {ri,}, k € {1,2,3,..., M} are a real sequence in (0,00) satisfy the following
conditions:
C) an+Pun+rn=1
(C2) limy oty = 0and Y ;7 { ay = o,
(C3) 0 <liminf, . By < limsup, . Bn <1,
(C4) iminf, e 7, > 0and limy_.co |7k 41 — tkn| = 0 foreach k € {1,2,3,..., M},
(C5) limy_co Ay = 0.

xi’l/
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(C6) limy oo |Apj — Ap—1i| =0foralli=1,2,...,N.

Then, {x,} and {u, } converge strongly to a point z € Q) which is the unique solution of the variational
inequality

<z—f(z),x—z> >0, Vx € Q.

Equivalently, we have z = Pq f(z).
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Mean nonexpansive mappings and Suzuki-generalized
nonexpansive mappings*

Kittikorn Nakprasit

ABSTRACT: We give an example of a mapping that is mean nonexpansive but not Suzuki-
generalized nonexpansive, and vice versa. But in case of increasing mappings, we show that
mean nonexpansiveness implies Suzuki-generalized nonexpansiveness.

KEYWORDS: Mean nonexpansive mapping; Suzuki-generalized nonexpansive mapping.

1. Introduction

Let C be a subset of a Banach space X. For nonnegative real numbers a and b such thata + b <
1, amapping T : C — C is said to be (a, b)-mean nonexpansive if

|ITx — Ty|| < allx —y| +b||x — Ty|| forallx,y € C.

We also say that T is mean nonexpansive if T is (a, b)-mean nonexpansive for some nonnegative
real numbers a and b such that a + b < 1. This type of mappings is introduced in [4] and
extensively studied in [2] and [3].

In [1], T. Suzuki introduced a weaker condition of nonpansiveness which is now known
as Suzuki-generalized nonexpansive. We say that T is Suzuki-generalized nonexpansive if
Hlx—Tx| < ||x—y|, then | Tx — Ty|| < ||x —y| forallx,y € C.

Incidentally, examples of mean nonexpansive mappings and Suzuki-generalized nonexpan-
sive mappings in the known literature are essentially the same. So the question naturally arises
whether there exists a subset relation between the class of mean nonexpansive mappings and
the class of Suzuki-generalized nonexpansive mappings.

We find the answer negative by an example of a mapping that is mean nonexpansive but not
Suzuki-generalized nonexpansive, and vice versa. However we prove that in case of increasing
mappings, mean nonexpansiveness implies Suzuki-generalized nonexpansiveness.
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2. A mean nonexpansive mapping that is not Suzuki-generalized nonexpansive

Lemma 2.1. Suppose that T : [0,5] — [0,2] is a mapping defined by

2 if x €[0,4],
Tx={ 1 if x€ (4,5),
0 if x=>5.

Then T is mean nonexpansive but not Suzuki-generalized nonexpansive.

Proof. Let x = 4 and y = 5. We have

1
Sl —Tal =1=jx—y].

But | Tx — Ty|| = 2 > ||x — y||- Thus T is not Suzuki-generalized nonexpansive.
Next we show that for each 0 < x,y <5,

1 1
ITx = Tyll < 5 llx = yll + 5 1x = Tyl

Case1: x € [0,5],y € (4,5). Then

ITx =Tyl <3
<ally —x+x—Tyl|
= zllx =yl + 3llx - Ty|
Case 2: x € [0,5],y = 5. Then
ITx—Tyll <3
—ly-x4x-y
=2 llx =yl +zllx = Tyl
Case 3: x € (4,5),y € [0,4]. Then
ITx =Tyl <3
<gllx—y+x =Ty
< zllx =yl + 3llx = Ty|
Case 4: x =5,y € [0,4]. Then
ITx =Tyl <3
< zlx—y+x-—Ty
<l =yl + 3 llx = Tyl
We have || Tx — Ty|| = 0 in a remaining case, so T is mean nonexpansive. O

3. A Suzuki-generalized nonexpansive mapping that is not mean nonexpansive

Lemma 3.1. Suppose that T : [0,11] — [0, 1] is a mapping defined by
1—x if x€[0,1],
Tx=14 0 if x e (1,11)
1 if x=11.
Then T is Suzuki-generalized nonexpansive but not mean nonexpansive.

Proof. Suppose T is mean nonexpansive. So there are nonnegative real numbers a and b such
thata+b <1and

ITx — Ty|| < allx —y| +b||x—Ty| forallx,y e [0,11].
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Butif x = 0and y = 1, then

[Tx—Ty|| =1
allx =yl + bllx — Tyl|

a.

A I

Soa = 1and b = 0, ie, T is nonexpansive. But this contradicts to the fact that T is not
continuous. So T is not mean nonexpansive.

Next we show that T is Suzuki-generalized nonexpansive by contradiction. Suppose there
are x and y such that

(1) | Tx = Ty|| > |lx =yl
but

1
@ Sl = Tx| < lx -yl
or

1
3) Sy =Tyl < llx = yll.

We may assume that x = 11 because T is nonexpansive on [0,11). Combining with || Tx —
Ty|| <1and (1), we have y > 10. But then

%Hx —Tx|| =5
>1
> [lx =yl
and . .
Ay =Tyl =3
>1
> |lx =yl
which contradict to (2) and (3). Thus T is Suzuki-generalized nonexpansive O

4. Increasing mean nonexpansive mapping is Suzuki-generalized nonexpansive

Lemma 4.1. If T is an increasing mean nonexpansive mapping, then T is Suzuki-generalized nonex-
pansive.

Proof. Let T be an increasing mean nonexpansive mapping.
Lety < x. We show that ||Tx — Ty|| < ||x —y|| if

1
(4) S llx =Tl < lx —yll
or
1
5) Sy =Tyl < llx —yll
We may assume
(6) ITx = Ty|} < min{|[Tx -y, |lx — Ty[[}-

Otherwise || Tx — Ty|| < ||x — y|| by mean nonexpansive condition of T.
Casel: Ty < Tx <y <x.
Suppose x, y satisfy (4), we have

[l =yl +lly = Tl = Jlx = Tx|| < 2[x = yl.

So
ly — Tx|| < |lx —yl.
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From (6), we have
ITx = Tyl| < |Tx =yl
Thus
ITx = Ty[| < [lx = yl-
Suppose x, y satisfy (5). Then
[y = Tx|| +[|Tx = Tyl| = lly — Ty[| < 2[lx —y].
So
ITx = Tyl| < lx =yl or |ly—Tx| <lx—yl.
Thus || Tx — Ty|| < ||x — y|| immediately or by (6).

Case2: Ty <y < Tx <ux.
This case does not satisfy ||Tx — Ty|| < ||[Tx — y|| in (6). Thus the case is impossible.

Case3:y < Ty < Tx <x.
We have || Tx — Ty|| < ||x — y|| immediately.

Cased:y < Ty < x < Tx.
This case does not satisfy ||Tx — Ty|| < ||x — Ty|| in (6). Thus the case is impossible.

Case5:y < x < Ty < Tx.

Suppose x, y satisfy (4). We have || Tx — Ty|| < ||x — Ty|| by (6), then

lx—yll >3] Tx—x||
= 5| Tx = Ty|| + 3| Ty — x||
> 5| Tx — Tyl + 51| Tx — Ty||
= ||Tx — Ty||.

Suppose x, y satisfy (5). Then
1Ty = x[[ + llx =yl = Ty =yl <2]x =yl
So
1Ty — x| < llx—yll.
From (6), we have
ITx — Ty|| < [|Ty — x||
Thus || Tx — Ty|| < ||x — y||. This completes the proof.
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Shrinking projection methods for a family of relatively
nonexpansive mappings, equilibrium problems and variational
inequality problems in Banach spaces

Somyot Plubtieng, Tipphawan Thammathiwat

ABSTRACT: In this paper, we prove a strong convergence theorem by the shrinking projection
method for finding a common element of the set of fixed points of a countable family of rel-
atively nonexpansive mappings and the set of solutions of equilibrium problems and the set
of solution of variational inequality problems in Banach spaces. Then, we apply our main the-
orem to the problem of finding a zero of a maximal monotone operator, the complementarity
problems, and the convex feasibility problems.

KEYWORDS: Relatively nonexpansive mapping; Equilibrium problem; Variational inequality
problem; Strong convergence.

1. Introduction

Let E be a real Banach space and let E* be the dual space of E. Let C be a closed convex subset
of E. Let A : C — E* be a mapping. The classical variational inequality, denoted by VI (A,C),
is to find x* € C such that

(1) (Ax*,v—x*) >0 forallv € C.

The variational inequality has emerged as a fascinating and interesting branch of mathematical
and engineering sciences with a wide range of applications in industry, finance, economics,
social, ecology, regional, pure and applied sciences; see, e.g. [9, 22, 33, 35, 37, 40] and the
references therein. An operator A is called a-inverse-strongly monotone [7, 19] if there exists a
positive real number « such that

(Au — Av,u —v) > a||Au — Av|?

forall u,v € C.

In 2008, Iiduka and Takahashi [13] introduce the following algorithm for finding a solution
of the variational inequality for an a-inverse-strongly monotone A in a 2-uniformly convex
and uniformly smooth Banach space E. For an initial point x; = x € C, define a sequence {x, }

by
(2) Xpi1 = ]V (Jxy — AnAxy),
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where | is the duality mapping on E and Ilc is the generalized projection from E onto C. Then
{xn} converges weakly to some element z € VI(A, C) where z = limy, .o [Ty 1(4,¢)Xn-

Let f be a bifunction of C x C into IR, where R is the set of real numbers. The equilibrium
problem is to find x € C such that

3) f(x,y) >0forally € C.

The set of solutions of (3) is denoted by EP(f). Numerous problems in physics, optimization,
and economics reduce to find a solution of (3). In 1997 Combettes and Hirstoaga [12] intro-
duced an iterative scheme of finding the best approximation to initial data when EP(f) is
nonempty and proved a strong convergence theorem. This equilibrium problem contains the
fixed point problem, optimization problem, saddle point problem, variational inequality prob-
lem and Nash equilibrium problem as its special cases (see, e.g., Blum and Oettli [6], Combettes
and Hirstoaga [12]).

A popular method is the hybrid projection method developed in Nakajo and Takahashi
[22], Kamimura and Takahashi [14] and Martinez-Yanes and Xu [20]; see also Matsushita and
Takahashi [21], Plubtieng and Ungchittrakool [25] and references therein. Recently Takahashi,
et al. [34] introduced an alterative projection method, which is called the shrinking projection
method, and they showed several strong convergence theorems for a family of nonexpansive
mappings. In 2008, Takahashi and Zembayashi [36], introduced the following iterative scheme
which is called the shrinking projection method:

xo=x€C, CG=¢C,
Yn =] (an]xn + (1 — ay)JTxy),
4) u, € C such that f(u,,y) + %(y — Uy, Jun — Jyn) >0, Vy € C,

Cn+1 = {Z €Cy: (P(Z/ un) < (P(Z/ xn)}/
xn1 = Ilg,,,x0, Vn > 1,

\

where | is the duality mapping on E and Il is the generalized projection from E onto C. They
proved that the sequence {x;, } converges strongly to g € I1r()ngp(f)X0- Recently, Cholamjiak
[10] introduced a new hybrid projection algorithm and proved a strong convergence theorem
for finding a common element of the set of solutions of the equilibrium problem and the set of
the variational inequality for an inverse-strongly monotone operator and the set of fixed points
of relatively quasinonexpansive mappings in a Banach space.

On the other hand, Aoyama, et al. [1] introduced a Halpern type iterative sequence for
finding a common fixed point of a countable family of nonexpansive mappings. Letx; = x € C
and

5) Xpi1 = X + (1 — ay) Tuxy

for all n € IN, where C is a nonempty closed convex subset of a Banach space, {«,} is a
sequence in [0, 1] and { T}, } is a sequence of nonexpansive mappings with some condition. They
proved that {x, } defined by (5) converges strongly to a common fixed point of {T, }. Recently,
Nakajo et al. [23] introduced the more general condition so-called the NST*-condition. A
sequence { T, } is said to satisfy the NST*-condition if for every bounded sequence {z,} in C,

lim ||z, — Tyzyn|| = lim ||z, — zy41|| = 0 implies wy(z,) C F.
n—oo n—oo
where F is the set of common fixed point of {T,,} and wy(z,) = {z : 3z,, — z} denotes

the weak w-limit set of {z,}. They also prove strong convergence theorems by the hybrid
method for families of mappings in a uniformly convex Banach space E whose norm is Gateaux
differentiable.

Motivated and inspired by Takahashi and Zembayashi [36] and Cholamjiak [10], this paper
is organized as follows. In section 2, we present some basic concepts and useful lemmas for
proving the convergence result of this paper. In section 3, we introduce an iterative processes
(15) below for finding a common element of the set of fixed points of a countable family of
relatively nonexpansive mappings and the set of solutions of equilibrium problems and the set
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of solution of variational inequality problem. Then, we prove a strong convergence theorem.
Moreover, we obtain corollary which extend the result of Takahashi and Zembayashi [36]. In
section 4, we apply our main theorems to the problem of finding a zero of a maximal monotone
operator, the complementarity problems, and the convex feasibility problems.

2. Preliminaries

Let E be a real Banach space and let S = {x € E : ||x|| = 1} be the unit sphere of E. A Banach
space E is said to be strictly convex if for any x,y € S,

6) x # y implies HXTWII <1

It is also said to be uniformly convex if for each ¢ € (0,2], there exists 6 > 0 such that for any

X,y €S,

X+y
2

It is known that a uniformly convex Banach space is reflexive and strictly convex. We define a
function § : [0,2] — [0,1], is called the modulus of convexity of E, as follows:

(7) |x —y|| > ¢ implies || | <1-29.

X+y
2
Then E is uniformly convex if and only if 6(¢) > 0 for all e € (0, 2]. Let p be a fixed real number
with p > 2. A Banach space E is said to be p-uniformly convex if there exists a constant ¢ > 0
such that é(e) > ce? for all € € [0,2]; see [4, 5, 32] for more details. A Banach space E is said to

be smooth if the limit
o L ety
t—0 t

(8) 6(e) = inf{1 — | I:xy € E x| =yl =1, [lx = yll = ¢}

exists for all x,y € S. It is also said to be uniformly smooth if the limit (9) is attained uniformly
for x,y € S. One should note that no Banach space is p-uniformly convex for 1 < p < 2; see
[32]. It is well known that a Hilbert space is 2-uniformly convex, uniformly smooth. For each
p > 1, the generalized duality mapping J, : E — 2E is defined by

(10) Jp(x) = {x" € E*: {x,x") = ||x[|P, [|x*[| = |x[["~"}

forall x € E. In particular, | = |5 is called the normalized duality mapping. If E is a Hilbert space,
then | = I, where I is the identity mapping. It is also known that if E is uniformly smooth,
then | is uniformly norm-to-norm continuous on each bounded subset of E. See [30, 31] for
more details.

Lemma 2.1. [5] Let p be a given real number with p > 2 and E a p-uniformly convex Banach space.
Then, for all x,y € E, jx € J,(x) and j, € J,(y),

. cP
(11) = vijx = o) 2 gy ¥ = vl
where ], is the generalized duality mapping of E and L is the p-uniformly convexity constant of E.
Let E be a smooth Banach space. The function ¢ : E x E — R is defined by

(12) ¢(x,y) = llxlI* = 2(x, Jy) + [ly|I*

for all x,y € E. In a Hilbert space H, we have ¢(x,y) = ||x — y||? forall x,y € H.
It is obvious from the definition of the function ¢ that

@ (yll = l1xID* < oy, x) < (lyll + l1x1)%,
(2) ¢(x,y) = ¢(x,2) + ¢(z,y) +2{x —2, ]z — Jy),
@) ¢(x,y) = (x, Jx = Jy) + (v = x Jy) < |[x[l[lJx = Jyll + lly — x[[lly],
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forall x,y,z € E. Let E be a strictly convex, smooth, and reflexive Banach space, and let | be
the duality mapping from E into E*. Then | —1isalso single-valued, one-to-one, and surjective,
and it is the duality mapping from E* into E. We make use of the following mapping V studied
in Alber [2]:

(13) V(e xt) = [l = 20x, x%) + |22

for all x € E and x* € E*. In other words, V(x,x*) = ¢(x,J 1 (x*)) for all x € E and x* € E*.
For each x € E, the mapping V(x,-) : E* — R is a continuous and convex function from E*
into R.

Lemma 2.2. [14] Let E be a uniformly convex and smooth Banach space and let {y,}, {z,} be two
sequences of E. If ¢(yu, zn) — 0 and either {y,} or {z,} is bounded, then y, — z,, — 0.

Lemma 2.3. [2, 14] Let E be a a smooth, strictly convex, and reflexive Banach space and let V be as in
(13). Then

V(xx*) +2(7 () — x,y) < V(xat )
forall x € Eand x*,y* € E*.

Let C be a nonempty closed convex subset of a smooth, strictly convex, and reflexive Banach
space E, for any x € E, there exists a point xg € C such that ¢(xo, x) = min,cc ¢(y, x). The
mapping IIc : E — C defined by Ilcx = xp is called the generalized projection [2, 14]. The
following are well-known results. For example, see [2, 14].

Lemma 2.4. [2, 14] Let C be a nonempty closed convex subset of a smooth Banach space E, let x € E,
and let xg € C. Then, xo = Icx if and only if (xo —y, Jx — Jxo) = 0 forally € C.

Lemma 2.5. [2, 14] Let E be a reflexive, strictly convex and smooth Banach space, let C be a nonempty
closed convex subset of E and let x € E. Then ¢(y,I1cx) + ¢(Tlcx, x) < ¢p(y, x) forally € C.

Let C be a nonempty closed convex subset of a smooth, strictly convex, and reflexive Banach
space E, let T be a mapping from C into itself, and let F(T) be the set of all fixed points of T.
Then a point p € C is said to be an asymptotic fixed point of T (see Reich [27]) if there exists a
sequence {x,} in C converging weakly to p and lim,,_,« ||x, — Tx,|| = 0. We denote the set of
all asymptotic fixed points of T by F(T) and we say that T is a relatively nonexpansive mapping
if the following conditions are satisfied:

(R1) F(T) is nonempty;

(R2) ¢(u, Tx) < ¢p(u,x) forallu € F(T) and x € C;

(R3) F(T) = F(T).

Lemma 2.6. [21] Let C be a nonempty closed convex subset of a smooth, strictly convex, and reflexive
Banach space E , and let T be a relatively nonexpansive mapping from C into itself. Then F(T) is closed
and convex.

Lemma 2.7. [39] Let E be a uniformly convex Banach space and B,(0) = {x € E : ||x|| < r} bea
closed ball of E. Then there exists a continuous strictly increasing convex function g : [0,00) — [0, o)
with g(0) = 0 such that

(14) It + (1= B)y[I* < tllx]> + 11 = By [I* — 1 = D)g(llx — y]),
forall x,y € B,(0) and t € [0,1].

Lemma 2.8. [26] Let C be a closed convex subset of a smooth Banach space E and let x,y € E. Then
the set K :=={v € C: ¢(v,y) < ¢(v,x)} is closed and convex.

For solving the equilibrium problem for a bifunction f : C x C — R, let us assume that f
satisfies the following conditions:

(Al) f(x,x) =0forallx € C;

(A2) fis monotone, i.e., f(x,y)+ f(y,x) <0 forallx,y € C;

(A3) foreach x,y,z € C, limyo f(tz+ (1 —t)x,y) < f(x,y);

(A4) foreach x € C,y — f(x,y) is convex and lower semicontinuous.
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Lemma 2.9. [6] Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive
Banach space E and let f be a bifunction of C x C into R satisfying (A1)-(A4). Let r > 0 and x € E.
Then, there exists z € C such that

f(z,y)—l—%(y—z,]z—]x} > 0forally € C.

Lemma 2.10. [36] et C be a nonempty closed convex subset of a uniformly smooth, strictly convex and
reflexive Banach space E and let f be a bifunction of C x C into R satisfying (A1)-(A4). For r > 0 and
x € E, define a mapping T, : H — C as follows:

1
T,(x) ={zeC: f(z,y)+ ;(y—z,]z — Jx) > 0,Vy € C}
orall z € H. Then, the following hold:
for all hen, the following hold
(1) T; is single- valued;
(2) T, is firmly nonexpansive-type mapping, i.e., for any x,y € E,
(Trx =Ty, JTyx — JToy) < (Tox — Ty, Jx — Jy)

(3) F(Ty) = EP(f);
(4) EP(f) is closed and convex.

Lemma 2.11. [36] Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive
Banach space E, let f be a bifunction of C x C into R satisfying (A1)-(A4) and let r > 0. Then, for all
x € Eand q € F(Ty),

¢, Trx) + ¢(Trx, x) < ¢(q, %)
An operator A of C into E* is said to be hemicontinuous if for all x,y € C, the mapping F

of [0,1] into E* defined by F(t) = A(tx + (1 — t)y) is continuous with respect to the weak*
topology of E*. We define the normal cone for C at a point v € C, Nc(v) by

Nc(v) ={x* € E*: (v—y,x*) >0, Vy € C}.

Lemma 2.12. [28] Let C be a closed convex subset of a Banach space E, and let A be a monotone,
hemicontinuous operator of C into E*. Let T, C E X E* be an operator defined as follows:

Av+ Ncov, veC;
Tev — .
Q, otherwise.

Then T, is maximal monotone and T, 0 = VI(A,C).

Throughout the paper, we will use the notations:

(1) — for strong convergence.
(2) ww(xy) = {x: 3x,, — x} denotes the weak w-limit set of {x, }.

3. Main result

In this section, we prove the strong convergence theorems for finding a common element of
the set of solutions of equilibrium problem, the set of the solutions of the variational inequality
problem and the set of fixed point of a countable family of relatively nonexpansive mappings
in Banach spaces by using the hybrid method in mathematical programming.

Theorem 3.1. Let C be a closed convex subset of a 2-uniformly convex and uniformly smooth Banach
space E. Let f be a bifunction from C x C — R satisfying (A1)-(A4) and let A be an a-inverse strongly
monotone of E into E* such that ||Ay|| < ||Ay — Aul| forally € Cand u € VI(A,C). Let {T,}
be a family of relatively nonexpansive mappings of C into itself such that satisfies the NST*-condition
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and F := N F(T,) NEP(f) NVI(A,C) # @. For an initial point xo € E with x; = Tlc,xo and
Cy = C, define a sequence {x, } as follows:

p

Zy = HC]il(]xn - /\nAxn)/

Yn = ]_1(0‘11]3511 + (1 - “n)]Tnzn)/

(15) u, € Csuch that f(u,y) + %(y — Uy, Juy — Jyn) >0, Vy € C,
Cor1 ={z€Cp:¢(z,un) < P(z,x4)},

xn1 = Ilg,,,x0, Vn >'1

where | is the duality mapping on E. Assume that {a,} C [0,1],{A,} C (0,00) and {r,} C (0,0)
satisfying the retrictions

(C1) liminf, e ay(1 —ay,) >0,

(C2) {rn} C [s,0) for some s > 0,

(C3) {An} C [a,b] for some a, b with 0 < a < b < S~ where L is the 2-uniformly convexity of E.

Then the sequence {x, } and {u,} converge strongly to q = pro.

Proof. Step 1. Show that ITrxg and Ilc,,, xo are well-defined.

It is obvious that VI(A, C) is closed convex subset of C. Thus, it follows form Lemma 2.6 and
Lemma 2.10 that @ # F = N F(T,) NEP(f) N VI(A,C) is closed and convex. This implies
that I'Trxg is well-defined. Now we claim that F C C, and C,, is closed convex for all n € IN
.Obvious that F C C = C; is closed and convex. So x1 = Il¢, xq is well-defined. Next, suppose
that F C Cy and C; is closed convex for some k € IN. Thus x; = Ilc, xg is well-defined. We note
from Lemma 2.8 that Cy, is closed and convex. Consequently, C, is closed and convex for all
n € N. Setv, = ] *(Jx, — AyAx,) and u, = T,,y,. For u € F C Cy, we know from Lemma 2.3
and Lemma 2.5 that

¢o(u,ze) = ¢(u,Tcvy)

< ¢, Uk)
¢(u, ] (Jxe — ArAxy))
V(u, ]xk — ArAx)
< V(uw, (Jxe — AeAxi) + MeAxie) — 271 (T — AeAxi) — t, AeAxy)
= V(u, Jxp) — 2A{vx — u, Axg)
(16) = ¢(u,xx) — 20 (xx — u, Axg) + 2(vp — X, —AAxg).
Since u € VI(A,C) and A is an a-inverse strongly monotone, we have
20 {xp —u, Axg) = —2A(xp — u, Axp — Auy — 2A(x; — u, Au)
(17) < —2aA||Axg — Aul?.

Using Lemma 2.1 and ||Ay|| < ||Ay — Aul| forally € Cand u € VI(A,C), we obtain
2(vg — xp, —MAxe) = 2(] (e — AkAx) — ] H(Jxx), —AeAx)

< 20]J (T — AkAxi) = T () || | Ak Axe|
4 _ _
< ST U = AeAxe) = JT7H (x| [ Ak A
4
< 6—2}\%”Axku2
(18) < é)&%HAxk—AuHZ.

Replacing (17) and (18) into (16), we have

(19) Pt26) < plot 1) + 20 Ak — )| Axi — Aul® < pla, )
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By convexity of || - ||> and (19) , for each u € F C Ci, we obtain
¢lu,u) = ¢(u, Try)

< ¢(uyx)

= ¢, ] (o] xi+ (1 — ) Tize))

= Jull® = 204 (u, Jx) — 2(1 — ) (u, J Tezie) + oo + (1 — ) J Teze ||

< ull* = 20w, Jxi) — 2(1 = ae) (u, J Tiezie) + ol x| + (1 — o) |1 Tz
= oxp(u, xr) + (1 — ap)p(u, Trzx)

< o, x) + (1 — o) p(u, zi)

< o, xi) + (1 — o) p(u, xi)

(20) = 4’(“/ xk)'

This show that u € Cy;1 and so F C Cy1. Consequently, @ # F C C,and C, closed convex for
all n > 1. This implies that Ilc, xo for all n > 1 is well-defined.

Step 2. Show that limy, .« ¢(x;, Xo) exists and limy,—co || X41 — Xn|| = limy—eo ||Xn — uy|| = 0.
Since x, = Ilc,xo, it follows from Lemma 2.5 that
(21) G (xn,x0) < p(u,x0) — (U, x,) < (1, x0) forall u € Cy.

From step 2 and (21), we get
(22) $(xn,x0) < ¢p(u,x0) forall u € F and for all n € IN.

Therefore {¢(x,, x)} is bounded and hence {x,} is bounded by (1). From x, = Il¢, xo and
Xp+1 € Cyy1 C Cy, we have

(23) ¢(xu, x0) = minyec,d(y, x0) < ¢(xn41,x0) forall n € IN.

Hence {¢(x,, x0)} is bounded and nondecreasing. This implies that there exists the limit of
{¢(xn, x0)}. It follows form Lemma 2.5 that

(24) cP(an,xn) = ‘P(anrHCnxO) < 4’(xn+1,x0) - ‘P(l—ICnxOr xO) = 4’(xn+1/x0) — ¢(xn, x0),
for all n € IN. Thus, we have

(25) lim ¢(xy41,xn) = 0.

n—oo

Since x,41 = Il x0 € Cy41, it follows from the definition of C,, 1 that

n+1
(26) (P(anrl/ un) < 47(xn+1/ xn) — 0.
By Lemma 2.2, 25 and 26, we note that

(27) lim ||x,11 — x| = lim ||x,41 — uy|| = lim [|x, — u,|| = 0.
n—oo n—oo n—oo

Since | is uniformly norm-to-norm continuous on bounded subset, we also obtain

(28) Bim [|Jtg 11— [ = Jim || = Jua]| = 0.

Step 3. Show that {x,} is a Cauchy sequence.
Since x,,, = Ilc,xo € Cy, C C,, for m > n, it follows from Lemma 2.5 that

29)  ¢(xm, xn) = ¢(xm, e, x0) < ¢(xm, x0) — ¢(Ilc,x0, x0) = ¢(xm, X0) — P(xn, X0).

Taking m, n — oo, we obtain that ¢(x,,, x,) — 0. From Lemma 2.2, implies that lim, ,, —co || X —
xn|| = 0. Hence {x, } is a Cauchy sequence and so by the completeness of E and the closedness
of C, we can assume that x, — g € Casn — oo.

Step 4. Show that g € N F(Ty).
Since {x, } and {T}} are bounded, there exists r > 0 such thatr = sup,,,{||xx||, || Tx||}. Then, it
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follows from (19), (20) and Lemma 2.7 that there exists a continuous strictly increasing convex
function g : [0, 0) — [0 c0) with ¢(0) = 0 such that
fn

P(u,uy) < H”H2 Wt Jxn) — 2(1 — o) (u, JTyzn) + |lanJxn + (1 — “n)]TnanZ
< H“”z n<” Jxn) = 2(1 — ay)(u, JTuzn) + “nHIanZ +(1— “n)H]TnZnHZ
—an (1 — an)g([|Jxn — JTuznl|)
= wnp(u, xn) + (1 — wn)p(u, Tuzn) — an(1 — an)g(|Jxn — JTuzull)
< wnp(u, xn) + (1 —an)p(u,z0) — (1 — an)g([|Jxn — JTuzul|)
< anp(u,xn) + (1 —an) g (u,xn)+2/\n(§2)\n — ) || Axi — Aul]
—an (1= an)g([|Jxn — JTuznl|)
2
= ¢(u,xn) +2(1 - “n)An(CﬁAn — ) [ Axy — Aul* — a0 (1 — an)g([|Jxn — JTuzal|)
(30) < ¢(u,xn) — an(1— an)g([|Jxn — JTuznl|)-
This implies that

wn (1= an)g(lJxn — JTuznl) < (1, xn) — p(u, un)

enl| = anl® = 24, Jotn = Juun)

(31) <l = wnl[ (el + ) 4 2] 120 — Jun .

Using (27), (28), (31) and (C1), we get limy, o §(||Jxn — JTuzn||) = 0. By the property of g, we
have lim, e ||Jxy — JTyzx|| = 0. Since J and ]! are uniformly norm-to-norm continuous on
bounded subset, it follows that

(32) nlgr(}o [ — Tuzn|| = nlgr(}o ||]_1(]xn) - ]_1(]Tnzn)|| =0

Again by 30, we have

2a(a — 5b)|| A~ AulP < o1, %) — (11, 1)

1_(Xn

1
(33) < 7o Wl = [l [ [l [) 21 f[ 1[0 = T 1)
n
It follows from (27), (28), (33) and (C1), we get that
(34) r}molo |Axy — Aul| = 0.

From Lemma 2.3, Lemma 2.5 and (18), we have
47(xn1 Zn) = (P(xnz HCUn)

< ¢(xn,0n)
¢(xn, ] (Jxn — AuAxn))
V(xp, Jxn — AnAxy)
< V(o (Jxn — AnAxy) + ApAxy) — 2(] H(Jxy — AyAxy) — X, AnAxy,)
V(xpn, Jxn) — 2A0 {0y — Xn, Axy)
$(xn, x0) +2(Vy — Xp, —AnAxy)
35) < SA0Ax — AulP.

By Lemma 2.2, (35) and ] is uniformly norm-to-norm continuous on bounded subset, we note
that

36 Jim [, = 2,] = lim [[Jx, = J2u| = 0.
Since x, — gasn — oo, z, — g as n — co. Combining (27), (32) and (36), we also obtain

| Tuzn — zall < ||xn — zull + | Tuzn — xal| — 0,
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and hence
1Zn1 = 2l < [lzns1 = Xngall + 121 = xal + [lxn — 2zal| — 0.
Since {T),} satisfies the NST*-condition, we have g € N%°_F(T;).
Step 5. Show that g € EP(f).
From (20) and Lemma 2.11, we have

¢un,yn) = ¢(Tr,Yn Yn)

< ¢, yn) — ¢(u, Ty, yn)

< ¢(u,xn) — ¢, Ty, yn)
(37) = ¢o(u,xn) — ¢(u,up).
It follows from (31) that limy,—.c ¢ (s, y») = 0. Hence, by Lemma 2.2, we note that lim,, . ||ty —
Yu|| = 0. Since ] is uniformly norm-to-norm continuous on bounded subset and (C2), we get
8) e R
Using (A2), we note that, foreachy € C,

Iy =l PP > 2y )
> —f(uny)

(39) > f(y, un).

It follows from (A4) and u, — q that f(y,q) < Oforally € C. Foreach0 <t <landy € C,
we define y; = ty + (1 — t)g. Hence y; € C and therefore f(y,q) < 0. From (A1), we obtain
0= flyny) < tf(yny) + A=) f(yr,q) < tf(yry). Thus, f(y,y) > 0 and so from (A3) we
get f(q,y) > 0. Since y is arbitrary element in C, we get g € EP(f).

Step 6. Show that g € VI(A,C).
Define T, C E x E* be as in Lemma 2.12 and let (v, w) € G(T,). Then w — Av € N¢(v). Since
zn € C and by definition of N¢(v), it follows that

(40) (v —2zy,w— Av) > 0.

On the other hand, by Lemma 2.5, we obtain

(41) (v —zy, L”A_ Jzn Ax,) <0,
n

Combining (40) and (41), we have
(v—zy,w) > (v—2z, Av)
Jxn — Jzn

> (v—2zy, Av) + (v —zn,T ~ Axy)
= <U—Zn,AU—Axn>+<v—zn,]x”A¢>
= (v—2zy, Av— Azy) + (v — 24, Az, _n Axy)
+<v—zn,]x”/\_n]‘2”>
> —Hv—an”Z"_"””—||v_zn||”]’“{;fz"H
(42) S 7 k) W 3 1
a a

where M = sup,.,{||v — z.||}. By taking the limit as n — oo and from (36), we note that

(v —g,w) > 0. Since T, is maximal monotone and T, 10 = VI(A, C), we obtain g € VI(A,C).
Step 7. Show that g = ITrxo.

Since x, = Il¢,xp and F C C, for all n € IN, we obtain that

(43) (Jxo — Jxu,xy —uy >0 Yu € F.
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Taking the limit as n — oo in (43), we get
(44) (Jxo —Jq,9 —u) >0 Yu € F.

By Lemma 2.4, we can conclude that g = I'Irxg. This completes the proof. U

Setting T, = T for allm € IN and A = 0 in Theorem 3.1, we have following result.

Corollary 3.2. [36] Let C be a closed convex subset of a 2-uniformly convex and uniformly smooth
Banach space E. Let f be a bifunction from C x C — R satisfying (A1)-(A4) and let T be a relatively
nonexpansive mappings of C into itself F := F(T) N EP(f) # @. Assume that {a,} C [0,1] satisfy
liminf, ey (1 — ay) > 0and {r,} C [s,00) for some s > 0. Then the sequence {x, } generated by
(4) converge strongly to q = Ilpxo.

Proof. Since F(T) = F(T), it follows that T satisfies the NST*-condition which is the desired
result. O

Remark 3.3. It would be interesting to investigate convergent sequence when the countable
family of relatively nonexpansive mappings of C into C is a semgroup, which is abelian or
amenable. See: [17, 18].

4. Applications

4.1. Complementarity problems

Let K be a nonempty, closed convex cone in E, A an operator of K into E*. We define its polar
in E* to be the set

(45) K*={y* € E*: (x,y*) > 0,Vx € K}.

Then the element u € K is called a solution of the complementarity problem if
(46) Au € K*, (u, Au) = 0.

The set of solutions of the complementarity problem is denoted by C(K, A).

Theorem 4.1. Let K be a closed convex subset of a 2-uniformly convex and uniformly smooth Banach
space E. Let f be a bifunction from K x K — R satisfying (A1)-(A4) and let A be an a-inverse strongly
monotone of E into E* such that || Ay|| < ||Ay — Aul| forally € Kand u € C(K, A). Let {T,} bea
family of relatively nonexpansive mappings of K into itself such that satisfies the NST*-condition and
F:=nNY F(T,) NEP(f) NC(K, A) # @. For an initial point xo € E with x; = Ik, xo and K; = K,
define a sequence {x, } as follows:

Zy = HK]il(]xn - AnAxn),

Yn = ]_1(“71]3511 + (1 - “n)]Tnzn)l

(47) un € Csuch that f(un,y) + 3=y — tn, Jun = Jyn) >0, Vy €K,
Cor1 ={z€Cp:¢(z,un) < P(z,x4)},

xn1 = Ilg,,,x0, Vn >1

where | is the duality mapping on E. Assume that {«,} C [0,1],{A,} C (0,00) and {r,} C (0,00)
satisfying the condition (C1)-(C3) of Theorem 3.1. Then the sequence {x, } and {u,} converge strongly
to g = Ilrx.

Proof. As in the proof of Takahashi [Lemma 7.11, [30]], we note that VI(K,A) = C(K, A).
Hence, we obtain the desired result. O
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4.2. Approximation of a zero of a maximal monotone operator

Let B be a multivalued operator from E to E* with domain D(B) = {z € E : Az # @} and
range R(B) = U{Bz : z € D(B)}. An operator B is said to be monotone if (x; — x2,y1 —y2) > 0
for each x; € D(B) and y; € Ax;, i = 1,2. A monotone operator B is said to be maximal if its
graph G(B) = {(x,y) : y € Ax} is not properly contained in the graph of any other monotone
operator. We know that if B is a maximal monotone operator, then B~1(0) is closed and convex.
Let E be a reflexive, strictly convex and smooth Banach space, and let B be a monotone operator
from E to E*, we known from Rockafellar [28] that B is maximal if and only if R(] +rB) = E*
forallr > 0. Let J, : E — D(B) defined by J, = (J +rB) '] and such a J, is called the resolvent
of B. We know that J, is a relatively nonexpansive; see [21] and B~1(0) = F(J,) for all r > 0;
see [30, 31] for more detalils.

Theorem 4.2. Let C be a closed convex subset of a 2-uniformly convex and uniformly smooth Banach
space E. Let f be a bifunction from C x C — R satisfying (A1)-(A4) and let A be an a-inverse strongly
monotone of E into E* such that ||Ay|| < ||Ay — Au|| forally € Cand u € VI(A,C). Let Bbea
maximal monotone operator of E into E* such that F :== B~1(0) N EP(f) N VI(A,C) # @. For an
initial point xo € E with x1 = Ilc,xo and C; = C, define a sequence {x, } as follows:

Zp = HC]_l(]xn - AnAxn)/
Yn = I_l(an]xn + (1 - “n)]]ty,zn)/

(48) u, € Csuch that f(u,,y) + %(y — Uy, Juy — Jyn) >0, Vy € C,
Co1 =1{z€Cp:P(z,un) < P(z,%0)},
Xn+1 = HConOr Vn > 1

where [ is the duality mapping on E and ], is the resolvent of B. Assume that {a,} C [0,1], {A4} C
(0,00) and {rn},{ta} C (0, 00) satisfying the retrictions

(C1) liminf, e ay (1 —ay,) >0,

(C2) {ru}, {tn} C [s,00) for somes >0,

(C3) {Au} C [a,b] for some a,bwith0 < a <b < CZT”‘ where L is the 2-uniformly convexity of E.
Then the sequence {x, } and {u,} converge strongly to g = ITxy.

Proof. As in the proof of Nakajo et. al. [Theorem 4.2, [24]], we get that {];, } satisfies the NST*-
condition. Hence, we obtain the desired result. Il

4.3. Convex feasibility problems

Let I be a countable set and C; be a nonempty closed convex subset of a Banach space E such
that C := N;¢;C; # @. Then we are concerned with the convex feasibility problem (CEP)

finding an x € C.

This problem is a frequently appearing problem in diverse areas of mathematical and physical
sciences. There is a considerable investigation on (CFP) in the framework of Hilbert spaces
which captures applications in various disciplines such as image restoration [11, 15, 16, 38],
computer tomography [29], and radiation theraphy treatment planning [8]. In computer to-
mography with limited data, in which an unknown image has to be reconstructed from a priori
knowledge and from measured results, each piece of information gives a constraint which in
turn, gives rise to a convex set C; to which the unknown image should belong (see [3]). It fol-
lows from Lemma 2.5 that the generalized projection Ilc is a relatively nonexpansive mapping.
Then we get the following result by Theorem 3.1.

Theorem 4.3. Let C be a closed convex subset of a 2-uniformly convex and uniformly smooth Banach
space E and let {Q;}icr be a family of nonempty closed convex subset of C. Let f be a bifunction
from C x C — R satisfying (A1)-(A4) and let A be an w-inverse strongly monotone of E into E*
such that ||Ay|| < ||Ay — Au|| forally € Cand u € VI(A,C). Let Q = Ny # @ and
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F:=QNEP(f)NVI(A,C) # @. For an initial point xo € E with x; = Ilc,xog and C; = C, define
a sequence {x, } as follows:

zn = ]V (Jx, — AnAxy),
Yn = ]71(“?1]3(71 +(1—ay ]HQi(n)Z”)’

(49) u, € Csuch that f(u,,y) + %(y — Uy, Jun — Jyn) >0, Vy € C,
Cor1={z€Cp:9(z,un) < P(z,x4)},
Xne1 = Ilg,,,x0, Vn >1

where ] is the duality mapping on E and Ilo,  is the generalized projection from E into () and

the index mapping i : N U {0} — I satisfies for each i € I, there exists M; > 0, foralln € N U
{0},i € {i(n),...,i(n + M; —1)}. Assume that {a,} C [0,1],{An} C (0,00) and {r,} C (0, 00)
satisfying the condition (C1)-(C3) of Theorem 3.1. Then the sequence {x, } and {u,} converge strongly
to g = Ilrxo.

Proof. We shall show that {Ilo, , } satisfies the NST*-condition. Let T, = Ilo,, and {z,} be

bounded sequence in E such that lim, .« ||zy+1 — zu|| = limy—e ||zn — Tuzn|| = 0. Suppose
that z,, — z. Fixed i € I. There exists a strictly increasing sequence {px} C IN U {0} such that

n < Pk <n+M;+1and i(pk),(Vk c ]NU{O}).

Then we have,
n+M;—1
||Zpk =z || < Z 2141 =z
l:nk
for all k € IN U {0} which implies that z,, — z. From ||z, — Ty, zp,|| — 0, we get Ty, z,, =
In,zp, — z. Soz € ), Viand hence z € ). This implies that wy(zn) C Q. By Theorem 3.1,
we obtain the result. O
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ABSTRACT: The purpose of this paper is to introduce the iterative algorithms basing on the
shrinking projection method for finding a common element of the set of common fixed points
of two families of quasi-¢-nonexpansive mappings and the set of solutions of the generalized
mixed equilibrium problems in the framework of Banach spaces. Our results improve and
extend the corresponding results announced by many others.
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1. Introduction

Let E be a Banach space and let E* be the dual of E and let C be a closed convex subset of E.
Let ] be the normalized duality mapping from E into 2E" given by

Jo={x" € E": (x,x") = [Jx[[lx*[|, [|x]| = l[x"[[}, Vx € E,

where E* denoted the dual space of E and (-, -) the generalized duality pairing between E and
E*. Itis well known that if E* is uniformly convex, then | is uniformly continuous on bounded
subsets of E. Some properties of the duality mapping have been given in [11, 32, 39].

Let ® : C x C — R be abifunction, ¢ : C — R be real-valued function,and ¥ : C — E* be a
nonlinear mapping. The generalized mixed equilibrium problem is to find u € C such that
(1) O(u,y) + (Yu,y —u) + ¢(y) —¢(u) 20, Vy € C.
The set of solutions to (1) is denoted by GMEP(O©, ¢, ¥), i.e.,
(2) GMEP(©,¢,¥)={ucC:0(u,y)+ (Yu,y—u)+ ¢(y) — ¢(u) >0, Vy € C}.

Special examples are as follows:
(I) If ¥ = 0, the problem (1) is equivalent to finding u € C such that

3) O(u,y) +oy) —@(u) 20, Vy € C,
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which is called the mixed equilibrium problem (see [6]). The set of solutions to (3) is denoted
by MEP.

(II) If ® = 0, the problem (1) is equivalent to finding u € C such that
@) (Yu,y—u) +¢(y) —¢(u) 20, vy € C,
which is called the mixed variational inequality of Browder type (see [3]). The set of solutions
to (4) is denoted by VI(C, A, ¢).

If C is a nonempty closed convex subset of a Hilbert space H and Pc : H — C is the metric
projection of H onto C, then Pc is nonexpansive. This fact actually characterizes Hilbert spaces
and, consequently, it is not available in more general Banach spaces. In this connection, Alber
[1] recently introduced a generalized projection operator C in a Banach space E which is an

analogue of the metric projection in Hilbert spaces.
Consider the functional ¢ : E x E — R defined by

®) oy, x) = llyl* = 2(y, Jx) + |||

for all x,y € E, where ] is the normalized duality mapping from E to E*. Observe that, in a
Hilbert space H, (40) reduces to ¢(y, x) = ||x — y||? for all x,y € H. The generalized projection
Ilc : E — Cis a mapping that assigns to an arbitrary point x € E the minimum point of the
functional ¢(y, x), that is, [Tcx = x*, where x* is the solution to the minimization problem:

© $(x' %) = Inf gy, ).

The existence and uniqueness of the operator I'l¢c follows from the properties of the functional
¢(y,x) and strict monotonicity of the mapping ] (see, for example, [1, 2, 9, 28]). In Hilbert
spaces, II¢c = Pc. It is obvious from the definition of the function ¢ that

@ (lyll = 1x1)* < ¢y, x) < (lyll + [|x]|)* for all x,y € E.

() ¢(x,y) = ¢p(x,2) + ¢(z,y) +2(x —z,]Jz— Jy) forall x,y,z € E.

@) ¢(x,y) = (x, Jx — Jy) + (v — x, Jy) < [|x[[[lJx = Jyll + [ly — x| [ly[| for all x,y € E.
(4) If E is a reflexive, strictly convex and smooth Banach space, then, for all x,y € E,

¢$(x,y) = 0if and only if x = y.

For more detail see [11, 32]. Let C be a closed convex subset of E, and let T be a mapping
from C into itself. We denote by F(T) the set of fixed point of T. A point p in C is said to be
an asymptotic fixed point of T [29] if C contains a sequence {x,} which converges weakly to
p such that lim, .« ||x, — Tx,|| = 0. The set of asymptotic fixed points of T will be denoted
by F(T). A mapping T from C into itself is called nonexpansive if || Tx — Ty|| < [lx — y|| for
all x,y € C and relatively nonexpansive [8, 10, 12] if F(T) = F(T) and ¢(p, Tx) < ¢(p,x)
forall x € Cand p € F(T). The asymptotic behavior of relatively nonexpansive mappings
which was studied in [8, 10, 12] is of special interest in the convergence analysis of feasibility,
optimization and equilibrium methods for solving the problems of image processing, ratio-
nal resource allocation and optimal control. The most typical examples in this regard are the
Bregman projections and the Yosida type operators which are the cornerstones of the common
tixed point and optimization algorithms discussed in [9] (see also the references therein).

The mapping T is said to be ¢-nonexpansive if ¢(Tx, Ty) < ¢(x,y) for all x,y € C. T is said
to be quasi-¢-nonexpansive if F(T) # @ and ¢(p, Tx) < ¢(p, x) forallx € Cand p € F(T).

Remark 1.1. The class of quasi-¢-nonexpansive is more general than the class of relatively
nonexpansive mappings [8, 10, 21, 24, 25] which requires the strong restriction F(T) = F(T).

Next, we give some examples which are closed quasi-¢-nonexpansive [27].

Example 1.2. (1). Let E be a uniformly smooth and strictly convex Banach space and A be a
maximal monotone mapping from E to E such that its zero set A0 is nonempty. Then J, =
(J +rA)~!isa closed quasi-¢-nonexpansive mapping from E onto D(A) and F(J,) = A~10.

(2). Let Il be the generalized projection from a smooth, strictly convex and reflexive Banach
space E onto a nonempty closed convex subset C of E. Then Il¢ is a closed and quasi-¢-
nonexpansive mapping from E onto C with F(I1¢) = C.
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On the other hand, One classical way to study nonexpansive mappings is to use contractions
to approximate a nonexpansive mapping (see [4]). More precisely, let t € (0,1) and define a
contraction G; : C — C by Gix = txg+ (1 — t)Tx for all x € C, where x¢ € C is a fixed point
in C. Applying Banach’s Contraction Principle, there exists a unique fixed point x; of G; in
C. It is unclear, in general, what is the behavior of x; as t — 0 even if T has a fixed point.
However, in the case of T having a fixed point, Browder [4] proved that the net {x;} defined
by x; = txo+ (1 —t)Tx; for all t € (0,1) converges strongly to an element of F(T) which is
nearest to xg in a real Hilbert space. Motivated by Browder [4], Halpern [16] proposed the
following innovation iteration process:

(7) x0 €C, xpp1=anxo+ (1—ay)Tx,, n=0
and proved the following theorem.
Theorem H. Let C be a bounded closed convex subset of a Hilbert space H and let T be a nonexpan-

sive mapping on C. Define a real sequence {a,} in [0,1] by a, = n=%,0 < 8 < 1. Define a sequence
{xn} by (7). Then {x,} converges strongly to the element of F(T) nearest to u.

Recently, Martinez-Yanes and Xu [20] has adapted Nakajo and Takahashi’s [23] idea to mod-
ify the process (7) for a single nonexpansive mapping T in a Hilbert space H:

X0 = x € Cchosen arbitrary,
Yn = ayxo+ (1 —a,)Txy,,
(8) Co = {veC:llyn—ol? <llxn —o)* + an(lxo0]|* + 2(xn — x0,v))},
Q, = {veC:{(x,—0v,x0—2x,) >0},
Xny1 = Pc,ng,Xo,

\

where P denotes the metric projection from H onto a closed convex subset C of H. They
proved that if {a,} C (0,1) and lim, .o, = O, then the sequence {x,} generated by (8)
converges strongly to Prm)x.

In [25](see also [21]), Qin and Su improved the result of Martinez-Yanes and Xu [20] from
Hilbert spaces to Banach spaces. To be more precise, they proved the following theorem.

Theorem QS. Let E be a uniformly convex and uniformly smooth Banach space, C be a nonempty
closed convex subset of E and T : C — C be a relatively nonexpansive mapping. Assume that {a,} is a
sequence in (0,1) such that lim, .. &y, = 0. Define a sequence {x, } in C by the following algorithm:

Xo = x € Cchosen arbitrary,
Yn = J ManJxo+ (1 — an)JTxn),
©) Cr = {0€C:0(0yn) < tup(o,yn) + (1 - 0)9(0, %)},
Qu = {veC:{x—vJx—]Jx,) =0},
Xpy1 = Ilg,ng,%o-

where | is the single-valued duality mapping on E. If F(T) is nonempty, then {x,} converges to
HF(T)X().

Recently, Plubtieng and Ungchittrakool [24], still in the framework of Banach spaces, intro-
duced the following hybrid projection algorithm for a pair of relatively nonexpansive map-

pings:

X0 = x € Cchosen arbitrary,
yo = J HanJxo+ (1—an)]za),
. 2o = T T+ B T+ B S%),
Hy = {z€C:¢(zyn) <Pz, xn) + an(||xol]* +2(z, Jxn — Jx))},
W, = {ze€C:{(x,—2z]Jx—]x,) >0},
Xn+1 — PHan"x, n = O, 1, 2, cery
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where {a,}, {,B,(})}, {,B,(f)} and {,B,(f')} are sequences in [0, 1] with ,85,1) + [8512) + ﬁ,(f) =1 for all
n € NU{0} and T, S are relatively nonexpansive mappings and ] is the single-valued duality
mapping on E. They proved that the sequence {x,} generated by (10) converges strongly to a
common fixed point of T and S.

Very recently, Qin, Cho, Kang and Zhou [26] introduced a new hybrid projection algorithm
for two families of quasi-¢-nonexpansive mappings which more general than relatively non-
expansive mappings to have strong convergence theorems in the framework of Banach spaces.
To be more precise, they proved the following theorem:

Theorem QCKZ. Let E be uniformly convex and uniformly smooth Banach space, and let
C be a nonempty closed convex subset of E. Let {S;}ic; and {T;}ic; be two families of closed
quasi-¢p-nonexpansive mappings of C into itself with F := Njc;F(T;) N N;eF(S;) is nonempty,
where [ is an index set. Let the sequence {x, } be generated by the following manner:

2

X0 = x € Cchosen arbitrary,
zoi = T UBN T + B T + B TS ixn),
Yn,i = ]_1(0‘11,1']350 + (1 - “n,i)]zn,i>/
(1) Coi = {u€Crp(uyni) < Plu,xn) + ani([[x0l|* +2(u, Jxn — Jxu))},
Cn = mz'GICn,i/
Q = C
Qn = {ME Qn_1: <xn_ur]x0_]xn> 20}/
Xp+1 = chanXO, n = 0,1,2,...,

where ] is the duality mapping on E, {a,,;}, { ,Bgll)l}(z =1,2,3,...) are sequences in (0,1) such
that

@) B) + B + B = Iforalli e 1
(ii) lim,—~ea,; = O0foralli € I; and
(iii) Lim infy e ) i) > 0 and limy e B} = 0 forall i € I.

Then the sequence {x,} converges strongly to ITrxy.

On the other hand, let f : C x C — R be a bifunction. The equilibrium problem for f is to
find £ € C such that

(12) f(z,y) > 0, VyecC.

The set of solutions of (12) is denoted by EP(f).

Numerous problems in physics, optimization, and economics reduce to find a solution of
the equilibrium problem. Some methods have been proposed to solve the equilibrium prob-
lem in a Hilbert space; see, for instance, Blum and Oettli [5], Combettes and Hirstoaga [7], and
Moudafi [22]. On the other hand, there are some methods for approximation of fixed points of
Fixed Point Theory and Applications a nonexpansive mapping. Recently, Tada and Takahashi
[30, 31] and Takahashi and Takahashi [37] obtained weak and strong convergence theorems for
finding a common element of the set of solutions of an equilibrium problem and the set of fixed
points of a nonexpansive mapping in a Hilbert space. In particular, Tada and Takahashi [31]
established a strong convergence theorem for finding a common element of two sets by using
the hybrid method introduced in Nakajo and Takahashi [23]. They also proved such a strong
convergence theorem in a uniformly convex and uniformly smooth Banach space. Recently,
Takahashi et al. [38] introduced a hybrid method which is different from Nakajo and Taka-
hashis hybrid method. It is called the shrinking projection method. They obtained the strong
convergence theorem in the frame work of Hilbert spaces. Based on the so-called shrinking
projection method of Takahashi et al. [38], Takahashi and Zembayashi [36] introduced the
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following iterative scheme :

X0 = x€C, Cy=¢C,
Yn = J YanJxn + (1 —ay)]Txn),
(13) Uy, € Csuchthat f(u,,y) + %(y — Uy, Jun — Jyn) >0, Yy € C,
Cir1 = {veCu:o(v,un) <P(v,x0)},
Xup1 = I, x0, Vn >0,

where ] is the single-valued duality mapping on E and Il¢ is the generalized projection from
E onto C. They proved that the sequence {x,} defined by (13) converges strongly to g =
I (1)nEP(£) X0 under appropriate conditions imposed on the parameters.

Motivated and inspired by liduka and Takahashi [17], Martinez-Yanes and Xu [20], S. Mat-
sushita and W. Takahashi [21], Plubtieng and Ungchittrakool [24], Qin and Su [25], Qin, Cho,
Kang and Zhou[26], Takahashi et al. [38] and Takahashi and Zembayashi [36], we introduce a
new hybrid projection algorithm basing on the shrinking projection method for two families of
quasi-¢-nonexpansive mappings which more general than relatively nonexpansive mappings
to have strong convergence theorems for approximating the common element of the set of com-
mon fixed points of two families of quasi-¢-nonexpansive mappings and the set of solutions
of the equilibrium problem in the framework of Banach spaces.

2. Preliminaries

A Banach space E is said to be strictly convex if ||XT+yH < 1forall x,y € Ewith ||x|| = |ly]| =1
and x # y. Itis also said to be uniformly convex if lim, .« ||x, — ¥»|| = 0 for any two sequences

{xn},{yn} in E such that ||x,|| = |lyx|| = 1 and lim, . ||x”2ﬂ|| =1lLLetU={x€cE:|x||=
1} be the unit sphere of E. Then the Banach space E is said to be smooth provided

Lty =
t—0 t

exists for each x,y € U. It is also said to be uniformly smooth if the limit is attained uniformly
for x,y € U. It is well know that if E is smooth, then the duality mapping | is single valued.
It is also known that if E is uniformly smooth, then | is uniformly norm-to-norm continuous
on each bounded subset of E. Some properties of the duality mapping have been given in
[14, 28, 32, 33]. A Banach space E is said to have Kadec-Klee property if a sequence {x,} of E
satisfying that x, — x € E and ||x,|| — ||x||, then x,, — x. It is known that if E is uniformly
convex, then E has the Kadec-Klee property; see [14, 32, 33] for more details. Let E be a smooth
Banach space.

Now we collect some definitions and lemmas which will be used in the proofs for the main
results in the next section. Some of them are known; others are not hard to derive.

Lemma 2.1 (Kamimura and Takahashi [18]). Let E be a uniformly convex and smooth Banach space
and let {y, }, {zn } be two sequences of E such that either {y, } or {z, } is bounded. Iflimy,_.co ¢(Yn, zn) =
0, then limy,—co ||y — za|| = 0.

Lemma 2.2 (Alber [1], Alber and Reich [2], Kamimura and Takahashi [18]). Let C be a nonempty
closed convex subset of a smooth Banach space E and x € E. Then, xo = Ilcx if and only if (xo —
y,Jx —Jxo) = 0fory € C.

Lemma 2.3 (Alber [1], Alber and Reich [2], Kamimura and Takahashi [18]). Let E be a reflexive,
strictly convex and smooth Banach space, let C be a nonempty closed convex subset of E and let x € E.
Then

¢y, Hcx) + ¢(Ilex, x) < ¢y, x)
forally € C.



116 R. Wangkeeree, U. Kamraksa / Journal of Nonlinear Analysis and Optimization 1 (2010), 111-129

Lemma 2.4 (Qin et al. [26]). Let E be a uniformly convex and smooth Banach space, C be a closed
convex subset of E and T be a closed and quasi-p-nonexpansive mapping from C into itself. Then F(T)
is a closed convex subset of C.

Let E be a reflexive strictly convex, smooth and uniformly Banach space and the duality
mapping from E to E*. Then J~1 is also single-valued, one to one, surjective, and it is the
duality mapping from E* to E. We make use of the following mapping V studied in Alber [1],

(14) V(x,x*) = [l = 2(x,x*) + || x>
forall x € Eand x* € E*. Obviously, V(x,x*) = ¢(x, ] "}(x*)). We know the following lemma:

Lemma 2.5 (Kamimura and Takahashi [18]). Let E be a reflexive, strictly convex and smooth Banach
space, and let V be as in (14). Then

V(x,x) +2(71(x") —x,y") < V(xx" +y")
forall x € Eand x*,y* € E*.

Lemma 2.6 ([13, Lemma 1.4]). Let X be a uniformly convex Banach space and B,(0) = {x € E :
|x|| < 7} be a closed ball of X. Then there exists a continuous strictly increasing convex function
g :10,00) — [0, 00) with g(0) = 0 such that

(15) 1A% + py + vzl* < Allxl|? + plly 1 + v llz]* = Apg (llx = ylD),

forall x,y,z € B,(0) and A, u,y € [0, withA+pu+vy=1

For solving the equilibrium problem, let us assume that a bifunction f satisfies the following
conditions:

(A1) f(x,x) =0forallx € C;
(A2) fis monotone, thatis, f(x,y) + f(y,x) <O0forallx,y € C;
(A3) forallx,y,z € C,

(16) limsup f(tz+ (1 —t)x,y) < f(xy);
£10

(A4) forall x € C, f(x, ) is convex and lower semicontinuous.
For example, let A be a continuous and monotone operator of C into E* and define

f(x,y) = (Ax,y —x),Vx,y € C.
Then, f satisfies (A1)-(A4).

Lemma 2.7 (Blum and Oettli [5]). Let C be a closed convex subset of a smooth, strictly convex, and
reflexive Banach spaces E, let f be a bifunction from C x C — R satisfying (A1) — (A4), and letr > 0
and x € E. Then, there exists u € C such that

(17) Fluy) 3ty —uJu—Jx) >0, VyeC

Lemma 2.8 (Takahashi and Zembayashi [35]). Let C be a closed convex subset of a uniformly
smooth, strictly convex, and reflexive Banach space E, and let f be a bifunction from C x C to R
satisfying (A1) — (A4). Forall r > 0 and x € E, define a mapping

(18) Trx:{ueC:f(z,y)+%<y—u,]u—]x>20, VyEC}.

Then, the following hold:

(1) T, is single-valued;

(2) T is a firmly nonexpansive-type mapping [19], that is, for all x,y € E,
(19) (Tx — Ty, JT,x — JTy) < (Tx =Ty, Jx—]Jy);

(3) F(T;) = EP(f);
(4) EP(f) is closed and convex.



117 R. Wangkeeree, U. Kamraksa / Journal of Nonlinear Analysis and Optimization 1 (2010), 111-129

Lemma 2.9 (Takahashi and Zembayashi [35]). Let C be a closed convex subset of a smooth, strictly
convex, and reflexive Banach space E, let © be a bifunction from C x C to R satisfying (A1) — (A4),
and let r > 0. Then, forall x € E and q € F(T,),

¢(q, Trx) +¢(Trx,x) < ¢(q,%).

Lemma 2.10. Let C be a closed convex subset of a smooth, strictly convex, and reflexive Banach spaces
E, let © be a bifunction from C x C — R satisfying (A1) — (A4). Let ¥ : C — E* be a continuous
and monotone operator and ¢ : C — R be a lower semi-continuous and convex function. Let r > 0 be
any given number and x € E be any given point. Then, there exists u € C such that

1
(20) O(x,y) +oy) —e(x) + (¥x,y —x) + ;<y —u,Ju—Jx) >0, VyecC.
Proof. We define a bifunction f : C x C — R by

(21) floy) =0 y) +oy) —elx) + (Txy —x), YxyeC
Next, we prove that the bifunction f satisfies condition (A1)-(A4):

(Al) f(x,x) =0forallx € C.

Since f(x,x) = O(x,x) + ¢(x) — ¢(x) + (¥Yx,x —x) =0, forall x € C.

(A2) f is monotone, i.e., f(x,y) + f(y,x) <Oforall x,y € C.

From the definition of f we have

floy)+fy,x) = Oy)+e(y) —e(x)+ (Yx,y —x) + Oy, x) + ¢(x) — ¢(y) + (¥x, x —y)
= 0O(x,y) +0(y,x) <0.
(A3) for each x,y,z € C,

limsup f(tz+ (1 —t)x,y) < f(x,y).
£10

Since

limsup f(tz+ (1 —t)x,y)

£10

— limsup[@(tz + (1 - 1)x,y) + 9(y) — g(tz+ (1 — )x) + (¥x,y — (tz+ (1 - £)x))]
£10

< limsup©O(tz+ (1 —t)x,y) + ¢(y) — lirﬂénf(p(tz +(1—-t)x)+ (¥x,y) — lirﬂ(i)nfﬁ’x, tz+ (1 —t)x)
£10

< 1O y)+ (1 -1H0(x,y) +¢y) — ¢(x) + (Yx,y) — (Yx,x)

= O(ny) +9y) —¢(x) +{(Yx,y —x) = f(x,y).
(A4) for each x € C, y — O(x,y) is a convex and lower semicontinuous.
For each x € C, Vt € (0,1) and Vy, z € C, since G satisfies (A4), we have

flx,ty+(1—1t)z) = Ox,ty+(1—1t)z)+ety+ (1 —1t)z) —@(x) + (¥x, (ty + (1 — t)z) — x)
< 10(xy) + (1-1H0O(x,2) +to(y) + (1 - t)e(z) — (x) + (Y, (ty + (1 - 1)z) — x)
= tO(xy) +o(y) — ¢(x) + (Yx,y —x)]
+ (1 =1[0(x,2) + ¢(z) — ¢(x) + (Yx,z — x)]
= tf(xy) + (1 —-t)f(x,2).
So, y — f(x,y) is convex.

Similarly, we can prove that y — f(x,y) is lower semicontinuous. Hence f satisfies condition
(A1)-(A4). Applying Lemma 2.7, there exists u € C such that

Fluy) + oy —uJu—Jx) 20, VyecC
That is
O(x,y) + 9(y) — p(x) + (Fxy )+ ly—u,Ju—Jx) 20, VyeC,
This is completes the proof. U
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3. Main Results

In this section, we prove two strong convergence theorems for approximating the common
element of the set of common fixed points of two families of quasi-¢-nonexpansive mappings
and the set of solutions of the generalized mixed equilibrium problem in the framework of a
real Banach space.

Theorem 3.1. Let E be a uniformly convex and uniformly smooth Banach space and C be a nonempty
closed convex subset of E. Let ¥ : C — E* be a continuous and monotone operator and ¢ : C — R
be a a lower semi-continuous and convex function. Let © be a bifunction from C x C to R satisfying
(A1) — (A4), let {T;}ic; and {S;}ier be two families of closed quasi-¢-nonexpansive mappings T;,
S; : C — C such that the common fixed point set F := (;c; F(T;) N Nie; F(Si) N GMEP(®, ¢, ¥) is
nonempty , where I is an index set. Let {x, } be a sequence generated by the following manner:

xg € C chosen arbitrary and Cy; = C, Vi€ l,

zn = 1B T + B T + B TS i),

Yni =] aniJxo — (1 — ani)Jzni),

uy; € Csuch that ©(un,y) + @(y) — ¢(uyi)+

(Fitisy — 1) + 7=y — i, Juni — Jyni) 20, ¥y € C,

Cn+1,i = {M S Cn,i : (,b(u/ un,i) < ‘P(u/ xn) + an,i(HxHZ + 2<u/ Jxn — ]x0>)}/
Cn+1 = ﬂiel Cn+1,ir

xo, Vn2>0,

(22)

Xn+1 = ch+1

where | is a duality mapping on E, {ay;}, {:3;(11)1} (i = 1,2,3) and {r,;} are sequences in (0,1)
satisfying

(@) limycotty; = 0 foreachi € I;

(b) {rni} C [a, o) for some a > 0and foralli € I;

(c) 5,(}2 + ﬁ,(fz) + ,87(131) =1 for each i € I and if one of the following conditions is satisfied
(c-1) liminfy—.co BB} > 0 forall I = 2,3 and forall i € I and
(c-2) liminfy .o /YY) > 0 and liminf, .o B} = 0 for each i € L.
Then the sequence {x, } converges strongly to ITpxy.

Proof. Let the bifunction f : C x C — R be defined by (21). Therefore, the mixed equilibrium
problem (1) is equivalent to the following equilibrium problem: find u € C such that

flu,y) >0, VYyeC,
and (66) can be written as:
xo € C chosen arbitrary and Cp; = C, Vi€,
Zni = B T + B T + B Si),

Yni= ]_1(0‘n,i]x0 - (1 - “n,i)]zn,i)r
(23) uy; € Csuch that f(u,,y) + %(y — Ui, Juni — Jyni) >0, Yy € C,
Cpiri = {1 € Cuj: p(ut, ;) < (1, 20) + i (||x|1> + 2w, Jxu — Jx0))},

Cnt1 = Nier Cut1,is
Xnt+1 = ]'—IC,/H_]'XOI Vn > 0.

\
Since the bifunction f satisfies conditions (A1) - (A4), from Lemma 2.10, for given r > 0 and
x € C,we define T, : C — 2€ by

T,(x)={uecC :f(u,y)—k%(y—u,]u—]x) >0, VyecC}.

Moreover, T, satisfies the conclusions in Lemma 2.8. We divide the proof of Theorem 3.1 into
seven steps:
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Step 1. Show that I'Irxp and Il

By Lemma 2.4, we know that N;c; F(T;) N N;er F(S;) is closed and convex. From Lemma 2.8
(4), we also have EP(f) is closed and convex. Hence F := (;c; F(T;) N N;er F(Si) NEP(f) isa
nonempty, closed, and convex subset of C. Consequently, ITrx is well defined.

From the definition of C,, it is obvious that C,, is closed for each n > 0. We show that C,,11
is convex for each n > 0. Notice that

Curri = {1 € Coi : p(ut, i) < p(ut, ) + i (|| %01 + 2{ut, Jxtn — Jx0))}

is equivalent to

.1 %0 are well defined.

i = 1€ Couin 20w, Joxw — Jyni) — 200 (1, Jxn — Jx0) < ||xnl* = lymill* + anillx0]1*}-
It is easy to see that C,’1 4118 closed and convex for all n > 0 and i € I. Therefore, C,11 =
Nic1 Cuv1i = Nier G, 41, is closed and convex for every n > 0. This shows that Ilc,,, xo is

well-defined.
Step 2. Show that F C C,, foralln > 0.

First, we observe that u,; = Ty, .y, foralln > 1and F C Cy = C. For any w € F and all
i € I, one has

p(w zni) = Plw, ] (B T+ Bt Tixn + B ISi)
= Jwl® —2(w, B Jxn + B Tixs + B ISix))
18D s + B T + B ISiea 2

< Jwl? —28%) (w, Jxn) — 28 (w, [ Tixu) — 2B (w, ]St
+ B a2+ BN T2 + B 1S |2
= Bg(w,xy) + Bl p(w, Tixu) + B p(w, Sixn)
< BUg(w,xa) + B2 p(w, x0) + B p(w, x)
= ‘P(wr xn)
and hence
P(w, “n,i) = ¢(w, Trn,iyn,i)
S (P(ZU, yn,i)
— 47(7/01 ]71(“71,1‘]350 - (1 - an,i)]Zn,i)
= |Jw||® = 2(w, aniJx0 — (1 — &y ;)20 i) + llaniJx0 — (1 — )]z
< lwl* = 20,4 (w, Jxo) — 2(1 — i) (w, Jzu,) + anillxol|* + (1 = ani)||zn,i]I*
= wpip(w,x0) + (1 —ayi)p(w,z,)
<y ip(w, x0) + (1 — i) p(w, x,)

P(w, x) + &y i[Pp(w, x0) — P(w, x,)]
(24) < p(w, xn) + i (||x0]|* + 2(w, Jxn — Jx0)).

This show that w € C,,;1; for each i € I. Thatis, w € Cy11 = ;e Cpt1,i foralln > 0.
Hence F C C,, foralln > 0.

Step 3. Show that lim,, . ¢(xy, Xo) exists.
We note that C,,1; C C,,; foralln > 0 and for all i € I. Hence
Cnt1 = Nie1Cur1,i C Cu = NierCa,i-

From x,,41 =Il¢, ,x0 € Cy41 C Cy and x,, = I, x9 € Cy, we have

n+1

(25) P (xn,%0) < Pp(xp41,x0), Vn>1.
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This is, {¢(xn, x0) } is nondecreasing. On the other hand, from Lemma 2.3, we have

(26) ¢ (xn, x0) = (e, x0, x0) < P(w, x0) — p(w, xn) < P(w, x0)-

for each w € F C C,,. Combining (25) and (26), we obtain that limit {¢(x,, xo) } exists.
Step 4. Show that {x,} is a convergent sequence in C.

Since x;,, = Ilc,xo € C;y C C,, for m > n, by Lemma 2.3, We also have

¢(xm, xn) = ¢(xm g,xo)
< ¢(xm, x0) — ¢(Ilg,x0, x0)
(27) = (p(xm, XQ) — gb(xn, xO)-

Letting m,n — oo in (27), one has ¢(xy,, x,) — 0. It follows from Lemma 2.1 that || x,, — x,|| — 0
as m,n — co. Hence {x,} is a Cauchy sequence. Since E is a Banach space and C is closed and
convex, one can assume that

(28) xy = p€C (n— o0).
Step 5. Show that p € N;c; F(T;) NNjer F(S;) NGMEP(©, ¢, F).
(a) We first will show that p € N;c; F(T;) N N;er F(S;). Taking m = n + 1 in (27), we obtain.

(29) lim ¢(x,51,x,) = 0.

n—oo

From Lemma 2.1, one has
(30) r}gr(}o | Xn+1 — x| = 0.

Noticing that x,, 11 = Ilc, ,x0 € C,41, from the definition of C,,11, for every i € I, we obtain

n+1

O (xXn1, i) < P(xnr1, %n) + (|| %0]12 + 2(xn41, Jxn — Jx0)).

It follows from (29) and lim;, . &, ; = 0 that

(31) lim ¢(xy41,u,;) =0, Viel

n—oo
From Lemma 2.1, we have lim,,_.« ||x,1+1 — 1| = 0. This together with (30) implies that
(32) y}im |xn —unill =0, Viel

Since | is uniformly norm-to-norm continuous on bounded sets, for every i € I, one has
@) Y (3 = Tt | = Jim [T = x| = 0.
It follows from x, — p as n — oo that
(34) Up; — pasn —oo, Viel
Let r = sup, > {[|xnll, | Tixn||, [|Sixn|} for every i € I. Therefore Lemma 2.6 implies that

there exists a continuous strictly increasing convex function g : [0,00) — [0, 0c0) satisfying
2(0) = 0and (15)
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Case I. Assume that (c-1) holds. We observe that

P(w,uy;) =

IN

IN

This implies that

(35) Bl

(P<w’ Trn,iyn/i)

47(w, yn,i)

(w0, T (B Txn + B2 T Tin + L) IS i)

][> —2(w, B Jxu + B T Ty + B i)

1B o + B T + BE) TS i |

w2 — 288 (w, Jxn) — 2% (w, I Tix) — 2B (w0, JSixtu)
+ B Il + B Tl + B i

— Bt B3 (110 = Tixall)
ﬁi(ql’l)q)(w’ xn) T 'Bi(f,l)cp(wf Tixn) + :B;(jz)cp(w, Sixn)
_ﬁ1(11,1)'61(51)g(‘”xn _]Tian)

B (w,xn) + B D(w, xn) + B p(w, 1) — BB g (1 12n — JTiull)
¢(w, xn) — B BE g (1] — T Tixul))-

B e(Txn — JTixall) < p(w,xu) — p(w, ), Vi€ L

On the other hand, for every i € I, one has

P(w, xn) = p(w, i) = [|xull* = lfoail|* — 220, Jatn — Juay,1)

< floen = il [ Cllxen |+ Nl ill) + 2[[l[ [ Toen = Jun,ill-

It follows that (32) and (33) that

(36)

Observing that assumption liminf, .« ﬁﬁfl) B

p(w, x,) — P(w,uy;) =0 (n—o00), Viel
@) 0, (35) and (36), one has

n,i

gU[Jxp — JTixul|) =0 (n—o0), Vi€l

It follows from the property of the function g that

(37)

[Jxp —JTixy|| =0 (n—o00), Viel

Since ]! is also uniformly norm-to-norm continuous on bounded sets, for each i € I, one has

(38)

In a similar way, one has

(39)

lim ||x, — Tjx,|| = 0.
n—oo
n—oo

Noticing (28), (38), (39) and the closedness of T; and S; that p € N;c; F(T;) N Nier F(Si)-
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Case II. Assume that (c-2) holds. We observe that
p(w,uni) = ¢(w, Ty, Yni)
P(w, Yn,i)
P(w, ] (B Jon + B Tiew + B ISiu))
)] = 2(w, B T + B2 T i + BE) TS i)
+ 180 10 + B2 Ty + B 1Si, |2
lw]]? — 285 (w, Jxn) — 2B (w, I Tix) — 2B (w0, JSixtu)
+ B a2 + BN Tl + B S
— BB (118w — T Tiul)
= BUp(w,x) + Bl p(w, Toxn) + B (w, Sixn)
— BB g (|1 Tixn — ISiul))
< B, xn) + B p(w,xa) + Bl (w, x) — B BLIS (1 Tixs — JSixal])
= ¢(w,x:) — BBt (TTiv — JSia]).

A

IN

This implies that
(40) BB — ISixall) < plaw,20) — Pplw, uy), Vi€ L
On the other hand, for every i € I, one has

P(w, xn) — p(w, i) = |xull* = [[ttnill* — 2(w, Jxn — Jity,z)

<l = ill (e | =+ [2en,il]) + 2/l [ Toxn — Joum,ill-
It follows that (32) and (33) that
(41) p(w, x) = Pp(w, ;) =0 (n— ), Viel

) 0, (40) and (41), one has

n,i
8V Tixn = JSiza|) =0 (n—00), Viel

It follows from the property of the function g that

(42) |JTixy — JSixu|| = 0 (n—o0), Viel

Observing that assumption lim infy,_.c ﬁf} B

Since ]! is also uniformly norm-to-norm continuous on bounded sets, for each i € I, one has
(43) nh_{%o | Tixy, — Sixy|| = 0.
On the other hand, for each i € I, one has
¢(Tixp, tni) = ¢(Tixn, Ty, Yn,i)
¢(Tixn, Yn,i)
¢(Tixn, 72 (B Tt + B T Tivn + B 1S 1))
I Ttal12 = 2(Tia, B} T + B I Tt + B 1S )
118N T + B2 T + B 1S 2
| Tial | = 2B} (Tita, Jn) — 282 (Tien, T Tin)
2B} (T, JSix) + B 112+ B2 | Tieal P 4 B S
Bt 9 (Tin, %) + B} p (T, Sin)-

I IA

IN

(44)

IN



123 R. Wangkeeree, U. Kamraksa / Journal of Nonlinear Analysis and Optimization 1 (2010), 111-129

Observe that
¢(Tixn, Sixn) = || Tixull® = 2(Tixn, JSixn) + || Sixu)?
= || Toxull* = 2(Tixw, JTixn) + 2(Tixn, J Tixn — JSixu) + || Sixa®
< 1Sixull® = 1T 1> + 21| Sixull[| T Tixn — JSixall
< 1Sixn = Tixu [ ([[Sixall + [ Tixnl) + 2[|Sixnl[ |/ Tixn — JSixull-
It follows from (42) and (43) that
(45) lim ¢(Tix,, Six,) =0, Viel

n—o00

Noticing that ,qull) — 0 asn — o0, (44) and (45), one arrives at

(46) 3%¢(Tixn,un,i) =0, Viel

From Lemma 2.1, one obtains

(47) 7}1_{20 | Tixp —uyil| =0, Viel

Hence

(48) | Tixn — xnll < |Tixn — tpill + [|un; — xall, Viel
It follows from (32) and (47) that

(49) lim [[Tix, —xuf| = 0, Viel

Moreover, we observe that
(50) |Sixn — xall < ||Sixn — Tixn|| + || Tixy — xu||, Vi€ L

Combining (43) with (49), one obtains lim,_.« ||Six, — x| = 0 for each i € I. Noticing (28), it
follows from the closedness of T; and S; and x,, — p that p € N;c; F(T;) N Nier F(Si)-

(b) We next show that p € GMEP(O, ¢, ¥).

From (40), we see

(51) P, yni) < P(u, xn0).
From u,, ; = T}, ,y»,; and Lemma 2.8, one has
P Yni) = (T, Yn,isYn,i)

< ¢(w,yni) — ¢(w, Trnz]/nz>

< ¢(w,xni) — p(w, Ty, Yn,i)
(52) = ¢(w,x;) — p(w, uy;).
It follows from (41) that
(53) ¢(Upi,yni) — 0asn — oo, Viel
Noticing Lemma 2.1, one sees
(54) i — ynill > 0asn — oo, Viel
Since | is uniformly norm-to-norm continuous on bounded sets, one has
(55) Tim [y~ Jyni =0, Vi€l
From the assumption r,,; > a, one sees
(56) lim HIMn,ir;i]yn,iH _o.
Noticing that u,,; = T}, ¥, one obtains

1
(57) f(unzzy)+7<y_un,i/]un,i_]y> Z O/ VyGC

}’ll
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From (A2), one arrives at
Un,i — JYn,i 1
(58) — un,in 2 Ay = i, Juni = Jyni) 2 —f (i y) 2 f(y, tini), Vy € C.

By taking the limit as n — o0 in the above inequality and from (A4) and (34), one has

(59) fly,p) <0, VyeC.

Forall0 < t < 1and y € C, define y; = ty + (1 — t)p. Noticing that y, p € C, one obtains
¥t € C, which yields that f(y;, p) < 0. It follows from (A1) that

(60) 0 = flyeyt) <tflyry)+ A=t f(yr,p) <tf(yry).
That is,
(61) flyvy) > 0.

Let t | O, from (A3), we obtain f(p,y) > 0, for all y € C. We have p € EP(f) thatis p €
GMEP(®, ¢, ¥). From (a) and (b), we conclude that p € F.

Step 6. Show that p = ITrxo.

From x, = Ilc, xo, we have

(62) (Jxo = JxXn,xp —2) >0, VzeC,.

Since F C C,, we also have

(63) (Jxo — Jxp,xy —u) >0, Vu€F.

By taking limit in (63), we obtain that

(64) (Jxo—Jp,p—u) >0, Vu€cF.

By Lemma 2.2, we can conclude that p = Ilrxg. This completes the proof. U

If ,31(111) =0foralln > 0and T; = S; for all i € I in Theorem 3.1, then we have the following.

Corollary 3.2. Let E be a uniformly convex and uniformly smooth Banach space and C be a nonempty
closed convex subset of E. Let ¥ : C — E* be a continuous and monotone operator and ¢ : C — R
be a real-valued function. Let © be a bifunction from C x C to R satisfying (A1) — (A4), let {T;}icr
be a family of closed quasi-¢p-nonexpansive mappings T; : C — C such that the common fixed point
set F:= (Nier F(Ti) N GMEP(©, ¢, Y) is nonempty, where I is an index set. Let {x,} be a sequence
generated by the following manner:

;

xo € C chosen arbitraryand Cp; = C, Viel,

Yni = Han,iJxo — (1 — o) Tixn),

uy; € Csuch that O(uy,y) + ¢(y) — @(uyi)+

(65) (Yupiy — tpi) + %(y — Upi, JUni — JYni) >0, Vy € C,

Coy1,i = {1t € Ci s Pt 1) < P, ) + i i([|x]|* + 2(u, Jxw — Jx0)) },
Cn+1 = Nier Cut1,ir

Xpat1 = ch+1x0/ Vn > O,

where | is a duality mapping on E, {a,,;}, (i = 1,2,3) and {r, ;} are sequences in (0,1) satisfying
(@) limycotty; = 0 foreachi € I;
(b) {rni} C [a,00) for some a > 0and forall i € I;

Then the sequence {x, } converges strongly to ITpxy.

Remark 3.3. Corollary 3.2 improves Theorem 3.1 of Takahashi and Zembayashi [36] in the
following senses:

(1) from the class of relatively nonexpansive mappings to the more general class of quasi-¢-
nonexpansive mappings.

(2) from one mapping to a family of mappings.
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(3) from the problem of finding the solutions of the equilibrium problem to the problem of
finding the solutions of the generalized mixed equilibrium problem.

Corollary 3.4. Let E be a uniformly convex and uniformly smooth Banach space and C be a nonempty
closed convex subset of E. Let {T;}ic; and {S;}icr be two families of closed quasi-¢-nonexpansive
mappings T;, S; : C — C such that the common fixed point set F := (\;ic; F(T;) N Nier F(S;) is
nonempty, where I is an index set. Let {x, } be a sequence generated by the following manner:

xg € C chosen arbitrary and Cy; = C, Vi€,

zni = B Jon + B T + B IS i),

(66) Yni = ]_1(%,1']960 - (1 - “n,i)]zn,i)/

Curri = {1 € Cui : @1, Yni) < P, xn) + ani(||x]|* +2{u, Jxu — Jx0)) },

Cit1 = Nier Cuyis
X0, Vn >0,

Xp1 = e,

where | is a duality mapping on E, {a,, ;} and { 5511)1} (i = 1,2,3) are sequences in (0,1) satisfying
(@) limy,—coay; = 0foreachi € I;
(b) ﬁ,(:l) + ,B,(qzl) + ,81(131) = 1foreachi € I and if one of the following is satisfied.
(b-1) liminf, .o BB > 0 forall 1 = 2,3 and for all i € I and
(b-2) Liminf, .o B > 0 and liminf, oo B} = 0 for each i € I.
Then the sequence {x, } converges strongly to ITpxy.
Proof. Put f(x,y) = 0, forall x,y € C,¥ = ¢ = 0and {r,;} = {1},Vi € I in Theorem

3.1. Thus, we have u,; = y, ;. Then the sequence {x,} generated in Corallary 3.4 converges
strongly to I'lrxy.

Remark 3.5. (1) We note that the iterative method imposed in Corollary 3.4 bases on the shrink-
ing projection method which is different from the iterative method imposed in Theorem QCKZ

based on the hybrid method.
(2) We can obtain the Corollary 3.4 by using either the condition (b-1) or (b-2).

Theorem 3.6. Let E be a uniformly convex and uniformly smooth Banach space and C be a nonempty
closed convex subset of E. Let ¥ : C — E* be a continuous and monotone operator and ¢ : C — R be
a real-valued function. Let ®© be a bifunction from C x C to R satisfying (A1) — (A4), let {T;};c; and
{Si}ie1 be two families of closed quasi-¢-nonexpansive mappings T;, S; : C — C such that the common
fixed point set F := (N;c; F(T;) N Nie; F(Si) N GMEP(®, ¢,Y) is nonempty , where I is an index set.
Let {x,,} be a sequence generated by the following manner:

xo € C chosen arbitrary,

Zui = T U B Jon + B2 T + BE)Sitn),

Yni = ] H(aniJxo — (1 — i) ]2,

uy; € Csuch that ©(uy,y) + @(y) — ¢(uyi)+

(¥, y — i) + 5y — Ui, Jiti — Jyni) >0, Yy € C,

(67) :
Hyi={ue C:¢(u,un;) < dp(u,xn) + ani(l|x]* + 2(u, Jx, — x0))},
Hy = Nier Hujis
Wo = C,

W, ={u € Wy_1:(x, —u,Jxo— Jx,) >0},
Xpi1 = Hpg,nw,x0, Vi >0,

where | is a duality mapping on E, {a,;}, {ﬁg)l} (i = 1,2,3) are sequences in (0,1) such that

(@) limycotty,; = 0foreachi € I;
(b) {r,i} C [a,00) for some a > 0 and foralli € I;



126 R. Wangkeeree, U. Kamraksa / Journal of Nonlinear Analysis and Optimization 1 (2010), 111-129

(c) ,Bl(qll) + ,Bizl) + ,Bffl) = 1for each i € I and if either
(c-1) liminf, . /3,(113,5,(112 > 0foralll =2,3and foralli € I or
(c-2) liminfy.co BB > 0 and limin, .o B.) = 0 for each i € 1.

Then the sequence {x, } converges strongly to ITpxy.

Proof. We define a bifunction f : C x C — R by

flxy) =0(xy) +e(y) —ox) + (Yx,y —x), VxyeC.

From Lemma 2.10, we have the bifunction f satisfies condition (A1)-(A4). Therefore, the mixed
equilibrium problem (1) is equivalent to the following equilibrium problem: find u € C such
that

f(u,y) >0, VyeC,

and (67) can be written as:

xg € C chosen arbitrary,

Zni = ] B T + B T + B Si),

Yni =] NaniJxo — (1 — ani)Jzui),

uy; € Csuch that f(u,,y) + i(y — U, Juni — Jyni) >0, Yy € C,

T'n,i

(68) Hyi={u€C:p(u,uy;) < d(u,xn) + ani(||x]|?+2(u, Jxn — Jx0))},
Hy = Nier Hyiv
Wo =C,

W, = {u € W,_1: (xy —u,Jxg — Jxn) >0},
xn+1 - HHannxO’ vn Z 0’

It is obvious that H,, N W, is closed and convex. Now we show that F C H, N W, for all
n > 0. First, we show that F C H,, forall n > 0. For Vw € F and all i € I, one has

Ow,z0i) = (w0, ] (B T + BT Tixn + BU IS ix)
= [l = 2(w, B + B T Tixa + L) S i)
+ 118N T + B TTin + B 1S 2
]| — 2B (w, Jxu) — 288 (w, JTix) — 2B (1w, JSixtu)
B vl + B Tixa > + B TS P
B p(aw, xn) + B2 (w, Tix) + B p(ww, Six2)

B (w, xu) + B p(w, x) + B p(w, x,)
P(w, x,)

IN

IN
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and then

P(w,uni) = ¢(w, Tp, Yn,)

< ¢(w,Yn,i)
= ¢(w, ] N(aniJxo — (1 — an;i)]zn,)
= Jlwl* = 2(w, aiJx0 — (1= i) Jzu) + [lon,iJx0 — (1 = &) 2z i
< ||w||2 —2ay (W, Jx0) — 2(1 — i ) (W, Jzni) + tn,i XOH2 + (1= an,i)||zn,i
= wnip(w,x0) + (1 —ayi)p(w,z,)
< anip(w, x0) + (1 — i) p(w, Xn)
= ¢(w,xn) + ani[p(w, x0) — p(w, xn)]

(69) < p(w, x4) + i (|| x0]12 4+ 2(w, Jx, — Jxo)).

This show that w € H, ; for eachi € I. Thatis, w € H, = (;c; Hy,; for alln > 0.

Next, we show that F C W, for all n > 0. In fact, we prove this by induction. For n = 0, we
have F C C = W,. Assume that F C H,_4 for some n > 1, we will show that F C W, for the
same n > 1. Since x;, is the projection of xo onto H,_1 N W,,_1, by Lemma 2.2, we have

(70) (xp—2z,Jxo—Jxy) > 0, Vze€C,1NQy_1.

Since F C H,—1 N W,_1 by the induction assumptions, the last inequality holds, in particular,
for all w € F. This together with the definition of W,, implies that F C W,. Thus we proved
that F C H, N W,, Vn > 0. This means that {x, } is well define.

From the definition of W,,, we know that

(xp—z,Jx—Jx,) > 0, VzeW,.

So by Lemma 2.2 we have x,, = Iy, x. If we instead C, by W,, and C,,41 by H,, in the proof of
Theorem 3.1, and notice that x,,.1 = Il ~w,x € H, " W,, C W,,, we have

2

2

(71) lim |[|x,11 — x| = lm ||x, —u,;|| = 0.
n—oo n—oo

Since | is uniformly norm-to-norm continuous on bounded set, we have
(72) lim ||Jx, — Juy,|| = 0.
n—oo

Thus the proof that {x, } converges strongly to ITrx follows on the lines of Theorem 3.1. [

Acknowledgements. The authors would like to thank the referees for comments which im-
prove the manuscript.
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Strong convergence of a new two-step iterative scheme for two
quasi-nonexpansive multi-valued maps in Banach spaces

W. Cholamjiak' and S. Suantai'

ABSTRACT: In this paper, a new two-step iterative scheme is introduced for two quasi-nonexpansive
multi-valued maps in Banach spaces. Strong convergence theorem of the purposed iterative
scheme is established for quasi-nonexpansive multi-valued maps in Banach spaces. The result
obtained in this paper improve and extend the corresponding one announced by Shahzad and
Zegeye [N. Shahzad, H. Zegeye, On Mann and Ishikawa iteration schemes for multi-valued
maps in Banach spaces, Nonlinear Analysis 71 (2009) 838-844.].

KEYWORDS: Quasi-nonexpansive multi-valued map; Nonexpansive multi-valued map; Com-
mon fixed point; Strong convergence; Banach space.

1. Introduction

Let D be a nonempty convex subset of a Banach spaces E. The set D is called proximinal if
for each x € E, there exists an element y € D such that ||x — y|| = d(x, D), where d(x, D) =
inf{||lx —z|| : z € D}. Let CB(D),K(D) and P(D) denote the families of nonempty closed
bounded subsets, nonempty compact subsets, and nonempty proximinal bounded subsets of
D, respectively. The Hausdorff metric on CB(D) is defined by

H(A,B) = max { supd(x,B), supd(y, A) }
xX€A yEB

for A,B € CB(D). A single-valued map T : D — D is called nonexpansive if |Tx — Ty|| <
|x —y|| for all x,y € D. A multi-valued map T : D — CB(D) is said to be nonexpansive if
H(Tx,Ty) < ||x —y|| forall x,y € D. An element p € D is called a fixed pointof T : D — D
(respectively, T : D — CB(D)) if p = Tp (respectively, p € Tp). The set of fixed points of T is
denoted by F(T). The mapping T : D — CB(D) is called quasi-nonexpansive[13] if F(T) # @
and H(Tx,Tp) < |[x — p| forall x € D and all p € F(T). It is clear that every nonexpansive
multi-valued map T with F(T) # @ is quasi-nonexpansive. But there exist quasi-nonexpansive
mappings that are not nonexpansive, see [12].

The mapping T : D — CB(D) is called hemicompact if, for any sequence {x,} in D such that
d(x,, Tx,) — 0asn — oo, there exists a subsequence {x,, } of {x,} such thatx,, — p € D. We
note that if D is compact, then every multi-valued mapping T : D — CB(D) is hemicompact.
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A mapping T : D — CB(D) is said to satisfy Condition (I) if there is a nondecreasing function
f:]0,00) — [0,00) with f(0) =0, f(r) > 0 forr € (0,00) such that

d(x,Tx) > f(d(x, F(T)))

forall x € D.
A family {T; : D — CB(D),i = 1,2,...,N} is said to satisfy Condition (II) if there is a nonde-
creasing function f : [0,00) — [0, 00) with f(0) =0, f(r) > 0 for r € (0, ) such that

N
d(x, Tix) = f(d(x, () F(T3)))
i=1

foralli=1,2,..,Nand x € D.
In 1953, Mann [6] introduced the following iterative procedure to approximate a fixed point
of a nonexpansive mapping T in a Hilbert space H:

(1) Xp+1 = &pXy + (1 —ay)Tx,, Vn €N,

where the initial point xg is taken in C arbitrarily and {«, } is a sequence in [0,1].

However, we note that Mann'’s iteration process (1) has only weak convergence, in general;
for instance, see [1, 3, 9].

In 2005, Sastry and Babu [10] proved that the Mann and Ishikawa iteration schemes for
multi-valued map T with a fixed point p converge to a fixed point g4 of T under certain condi-
tions. They also claimed that the fixed point 4 may be different from p. More precisely, they
proved the following result for nonexpansive multi-valued map with compact domain.

In 2007, Panyanak [8] extended the above result of Sastry and Babu [10] to uniformly convex
Banach spaces but the domain of T remains compact.

Later, Song and Wang [14] noted that there was a gap in the proofs of Theorem 3.1(see [8])
and Theorem 5 (see [12]). They further solved/revised the gap and also gave the affirmative
answer to Panyanak [8] question using the following Ishikawa iteration scheme. In the main
results, domain of T is still compact, which is a strong condition (see [14], Theorem 1) and T
satisfies condition(I) (see [14], Theorem 1).

In 2009, Shahzad and Zegeye [10] extended and improved the results of Panyanak [8], Sas-
try and Babu [12] and Song and Wang [14] to quasi-nonexpansive multi-valued maps. They
also relaxed compactness of the domain of T. The results provided an affirmative answer to
Panyanak [8] question in a more general setting. They introduced a new iteration as follows:
Let D be a nonempty convex subset of a Banach space E and w,,, «, € [0,1]. Let T : D — P(D)
and Prx = {y € Tx : |[x —y|| = d(x,Tx)}. The sequence of Ishikawa iterates is defined by
X0 €D,

Yn = 0z, + (1 —a)x,, 1 >0,

(2) Xp+1 = &nZp + (1 - “n)xn/ n=>0,

where z;, € Prx, and z,, € Pry,.

Since 2003, the iterative schemes with errors for a single-valued map in Banach spaces have
been studied by many authors, see [2, 4, 5, 7].

Question: How can we modify Mann and Ishikawa iterative schemes with errors to obtain
convergence theorems for finding a common fixed point of two multi-valued nonexpansive
maps ?

Motivated by Shahzad and Zegeye [12], we purpose a new two-step iterative scheme for
two multi-valued quasi-nonexpansive maps in Banach spaces and prove strong convergence
theorems of the purposed iteration.

2. Main Results

We use the following iteration scheme:
Let D be a nonempty convex subset of a Banach space E, ay, By, &), B, € [0,1] and {u,}, {v,}
are bounded sequences in D.
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Let Ty, T, be two quasi-nonexpansive multi-valued maps from D into P(D) and Pr.x = {y €

Tix:|lx —y|| =d(x, T;x)},i =1,2. Let {x, } be the sequence defined by x¢ € D,
Yn = 0,z + Bxn + (1 — oy — By )un, 120,

3) Xn4+1 = &nZy + BuXn + (1 — &y — ,Bn)vn/ n >0,
where z, € Pr,x, and z, € Pr,yy.

We shall make use of the following results.
Lemma 2.1. [15] Let {s,,}, {t.} be two nonnegative sequences satisfying

Spt1 < Sy +ty, Vn > 1.

If Y 00 1ty < oo then limy, oo Sy exists.

Lemma 2.2. [11] Suppose that E is a uniformly convex Banach space and 0 < p < t, < g <
1 for all positive integers n. Also suppose that {x,} and {y,} are two sequences of E such that
limsup, . ||| < 7 limsup, . |yal] < rand imy, e ||taxn + (1 — t,)ya|| = 7 hold for some
r > 0. Then limy,_c || Xy — yu|| = 0.

Theorem 2.3. Let E be a uniformly convex Banach space, D a nonempty, closed and convex subset of
E, and Ty, T, be two multi-valued maps from D into P(D) with F(T1) N F(T,) # @ such that Pr,, Pr,
are nonexpansive. Assume that
() {Ty, T»} satisfies condition (II);
(i) 15 (1 =y — ) < coand Y574 (1— o, — By) < oo
(i) 0 < £ < ap,af, <k <1
Then the sequence {x, } generated by (3) converges strongly to some elements in F(T;) N F(T>).
Proof. We split the proof into three steps.

Step 1. Show that lim,, .« ||x, — p|| exists for all p € F(T1) N F(Ty).

Letp € F(T1) NF(T). Then Pr,p = {p} and Pr,p = {p}. Since u,, v, are bounded, therefore
exists M > 0 such that max{sup, . [|ttx — p||,sup,cn lon — pl|} < M. Then

1y = pll ayllzy = pll+ Bullxn = pll + (1 — &g = B)l[un — p
a,d(Z, Prop) + Brllxn = pll + (1 — &y — Br) M

o, H(Pr,xu, Pr,p) + Bullxn — pll + (1 — o, — B;)M
( + B)llxn = pll + (1 — &, = Br)M

1 = pll + (1 =, = B) M.

(VAN VAN VAN VAN VAN

4)
It follows that

%1 — P

IN

tnl|zn = pll + Bullxn — pll + (1 = an = Bu)llon — pll
0nd(zn, Pryp) + Bullxn — pll + (1 — an — Bn) M
anH(Pryn, Pr,p) + Bullxn — pll + (1 — an — Bu)M
wnllyn = pll + Bullxn = pll + (1 = an = pn) M
 ([lxn = pll + (1= &y = B)M) + Bullxa — pl|
+(1—a,—Bu)M
= (an+ Bu)llxn — pll + (an (1 — 2, = Br) + (1 = aw = Bu) ) M
ln =PIl + (e (1 — & = B) + (1 = oy — Pu) ) M
(5) = [lxn —pll +en,
where ¢, = (a,(1 —a), — B},) + (1 — & — Bn)) M. By (ii), we have &, — 0 as n — oco. Thus by
Lemma 2.1, we have lim,,_.« ||x, — p|| exists for all p € F(Ty) N F(T3).
Step 2. Show that limy, .« ||zn — X, || = 0 = limy, e ||2], — x|
Let p € F(T;) N F(Tz). By Step 1, By Step 1, there is a real number ¢ > 0 such that
limy; e0 || X1 — p|| = ¢. Let S = max{sup, . [|[vn — Yull, sup,cp [[#n — X1 || }. From 4, we get

VAN VANVAN

IN

(6) limsup ||y, — p|| < c.

n—o0o
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Next, we consider

lzo = p+ (1 —an—Bu)(On —xa)| < lza—pll+ @ —an—Bn)llon — xall
< d(zu, Prp) + (1 —an — Bu)S
< H(Pryn, Prp) + (1 —ay — Bu)S
< H]/n_pH +<1_D‘n_,3n)s
It follows that
limsup ||z — p+ (1 —an — Bn) (vn — x0)|| < c.
Also

2 — pll + (1 — an — Bu)[[on — x|
[0 = pll + (1 — &y — Bn)S

[xn —p+ (1 —an—Bn)(vn —x)|| <
<

which implies that
limsup ||x, — p+ (1 — an — Bn) (00 — xa)|| < c.

n—oo

Since

lim || ay(zo — p+ (1 —an — Bu) (0 — Xn))

n—oo
+ (1- “n)(xn —p+ (1 —an—Bn)(vn — xn))” = y}g{}o X1 —pll =¢,
by Lemma 2.2, we obtain that
By the nonexpansiveness of Pr,, we have
[xn —pll < X0 —zall + [|za — Pl
= |lxn — zal| +4d(zn, Pr,p)
< Hxﬂ - ZHH + H(Psz”/ PTZP)
< lxn — za|l + ||]/n - PH
which implies

¢ <liminf{|y, — p|| < limsup [ly, — p| <ec.

Hence lim, .« ||y» — p|| = c. Since
yn—p = (2, —p+ (1 —ay,—B)(un — xn))
+ (1= ) (xn — p+ (1 — g = Bp,) (n — xn)),
we have
lim || (z, = p+ (1=, — ) (1 — x2))
+ (=) (o —p+ A —a, = ) (un —xa) || = c.
Moreover, we get
Iz = p+ (1= o = Br) (n — x) | Izn = pll 4+ (1 =y = o) llun — x|
d(z,, Prp) + (1 —a; = B,)S
H(Pr,xy, Prp) + (1 — &y, — B,,)S
[l = pll + (1 — &, — B,)S.

IA A IAIA

This yields that
limsup ||z, — p + (1 — & — B) (1 — x,)] < c.

n—oo
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Also

120w = pll + (1= oy, = By e — x|
10 = pll + (1 — &, — B,)S.

2 = p + (1= o, — B) (. — x|

This implies that

limsup [[x, — p + (1 — &y, — By) (un — xa) || < c.

n—o0

Again by Lemma 2.2, we have

(8) lim |z, — x| = 0.

Step 3. Show that {x, } converges strongly to g for some q € F(T;) N F(Ty)

From Step 2, we know that limy, e [|zx — X, || = 0 = limy e ||2), — Xx||. Also d(x,, T1x,) <
d(xy, Pr,xn) < ||z, — x|| — 0as n — oo. Since {x,}, {u,} are bounded, so is {u, — z},}. Now,
let K = sup,,. ||n — 2,||. By assumption and (8), we get

lyn = Zall < llanzy + Buxn + (1= a5, — B un — 2,
< Bullxn =zl + (1= e, = By) lun — 2,
< Bullxn =zl + (1 -, = B)K
©) — 0

as n — oo. It follows from (8) and (9) that

lyn —xull < Myn =zl + 25 — xall
(10) 0

as n — oo. It follows from (7) and (10) that

d(xn, Tox,) < d(xpn, Pr,x,)
< d(xanszn) +H(PT2y”/PT2x”)
< lxw = zall + [[yn — xal|
— 0.

Since that { Ty, T, } satisfies the condition (II), we have d(x,, F(T;) N F(T;)) — 0. Thus there is
a subsequence {x,, } of {x,} and a sequence {px} C F(T1) N F(T>) such that

1
(11) ||x”k - PkH < ?

for all k. From (5), we obtain

[t =Pl < lxn,-1 — Pl + €y
< Hxnk+1*2 - p” + 'g”kJrl*2 + £”k+]_1
g1 —ng—1
<

= Hx"k - pH + Z Enpti
i=0

for all p € F(T1) N F(T3). This implies that

M1 —Hg—1 M1 —Hg—1

||xnk+1 —pell <l — pill + Z Empti <

? + Z Snk+i'
i=0

i=0
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Next, we shall show that {py} is Cauchy sequence in D. Notice that

[Pk —pell < ksr — X ||+ %00 — prll

1 1 Mgy —ng—1
< st oot € ti
k+1 k Mt
2 2 i=0
1 M1 —Hg—1
< 2](7_1 + Enk+1’.
i=0

This implies that { p; } is Cauchy sequence in D and thus converges to g € D. Since

d(pr, Tiq) < d(px, Pr.q) < H(Prq, Pr,px) < [19 — prll

foralli = 1,2 and py — g asn — oo, it follows that d(gq, T;q) = 0 for all i = 1,2 and thus
q € F(Ty) N F(Ty). It implies by (11) that {x,, } converges strongly to 4. Since lim, . ||x, — 4|
exists, it follows that {x, } converges strongly to 4. This completes the proof. U

ForT) = T, = Tand &, + B = 1 = aj, + B}, in Theorem 2.3, we obtain the following result.

Theorem 2.4. (See [12], Theorem 2.7) Let E be a uniformly convex Banach space, D a nonempty,
closed and convex subset of E, and T : D — P(D) a multi-valued map with F(T) # @ such that Pr
is nonexpansive. Let {x, } be the Ishikawa iterates defined by (B). Assume that T satisfies condition (I)
and oy, ), € [a,b] C (0,1). Then {x,} converges strongly to a fixed point of T.
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A general iterative algorithm for the solution of variational
inequalities for a nonexpansive semigroup in Banach spaces

Pitipong Sunthrayuth and Poom Kumam

ABSTRACT: Let X be a uniformly convex and smooth Banach space which admits a weakly
sequentially continuous duality mapping, C a nonempty bounded closed convex subset of X.
Let S = {T(s) : 0 < 0 < oo} be a nonexpansive semigroup on C such that F(S) # @ and
f : C — Cis a contraction mapping with coefficient « € (0,1), A a strongly positive linear
bounded operator with coefficient ¥ > 0. We prove that the sequences {x;} and {x,} are
generated by the following iterative algorithms, respectively

At
xp = tyf(xe) + (I — tA))t / T(s)xds
0
and t
%11 = 07 (50) + Bu + (1= o)l = ,A) - [ T(mds
0

where {t}, {a,} and {B,} in (0,1) and {A;}o<t<1, {t.} are positive real divergent sequences,
converging strongly to a common fixed point x* € F(S), which solves variational inequality
((vf—A)x*, J(x —x*)) < 0for x € F(S). Our results presented in this paper extend and
improve the corresponding results announced by many others.

1. Introduction

Let X be a real Banach space, and let C a nonempty closed convex subset of X. Mapping T of C
into itself is said to be nonexpansive if ||Tx — Ty|| < ||x — y|| for each x, y € C. We denote F(T)
as the set of fixed points of T. We know that F(T) is nonempty if C is bounded; for more detail
see [3]. A one-parameter family S = {T(s) : 0 < s < co} from C of X into itself is said to be a
nonexpansive semigroup on C if it satisfies the following conditions:
(i) T(0)x = x forallx € C;

(i) T(s+t)=T(s)oT(t) foralls,t > 0;

(iii) for each x € C the mapping t — T(t)x is continuous; and

(iv) IT(s)x — T(s)y|| < ||x —y|| forall x,y € Cand s > 0.

Corresponding author: poom.kum@kmutt.ac.th (Poom Kumam)
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We denote by F(S) the set of all common fixed points of S, that is F(S) = N> F(T(s)). We
know that F(S) is nonempty if C is bounded, see [4]. Recall that a self mapping f : C — Cis
a contraction if there exists a constant « € (0,1) such that ||f(x) — f(y)|| < «||x — y|| for each
x, y€C.

Iterative methods for nonexpansive mappings have recently been applied to solve mini-
mization problems; see, e.g. [8, 20, 21, 23, 24]. A typical problem is to minimize a quadratic
function over the set of the fixed points of a nonexpansive mapping on a real Hilbert space H:

M min 2 (Ax, ) — (x,u),

where F is the fixed point set of a nonexpansive mapping T on H, and u is a given point in H.
Assume A is strongly positive; that is, there is a constant iy with the property such that

2) (Ax,x) = x|
forall x € H.

In 2003, Xu [20] proved that the sequence {x,} generated by
(3) Xpi1 = g + (I — 0y A)Txy,, YV >0,

converges strongly to the unique solution of the minimization problem (1), provided the se-
quence {wa, } satisfies certain conditions.

On the other hand, Moudafi [15] introduced the viscosity approximation method for non-
expansive mappings (see [22] for further developments in both Hilbert and Banach spaces).
Starting with an arbitrary initial xo € H, defined the sequence {x,} recursively by

(4) x”+1 — Unf(xn) + (1 - Un)T.Xn, vn 2 0,

where {0, } is a sequence in (0,1). It is proved in [15, 22] that under certain appropriate con-
ditions imposed on {0, }, the sequence {x, } generated by (4) strongly converges to the unique
solution x* of the variational inequality

(5) ((f = Dx*,x —x*) <0, Vx € F(T).

Recently, Marino and Xu [14] combined the iterative method (3) with the viscosity approxima-
tion method (4) considering the following general iterative process:

(6) Xp+1 = &nyf(xn) + (I — ayA)Txy, YV >0,

where 0 < ¢y < g They proved that the sequence {x,} generated by (6) converges strongly to
a unique solution x* of the variational inequality

(7) ((vf— A", x—x") <0, Vx € F(T).

On the other hand, Browder [2] proved that if X is a Hilbert space for a nonexpansive mapping
from C into itself, then the net sequence {x;} with t € (0,1), generated by

(8) xe=tu+ (1—1)Txy,

converges strongly to the element of F(T), which is nearest to x € F(T) as t — 0. Moudafi [15]
and Xu [22] used the viscosity approximation method for a nonexpanive mapping T. It proved
that the net sequence {x;} with t € (0,1), generated by

9) xe =tf(x) + (1 —1)Txy,

converges strongly to the element in F(T) which is the unique solution to the variational in-
equality (5). Later, Bailon and Brezis [1] proved thatif S = {T(s) : 0 < s < oo} is a nonexpan-
sive semigroup on C, then the continuous scheme with t € (0,1)

t
(10) Xp = /T(s)xtds,
0
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converges weakly to a common fixed point of S. Those results have been generalized by many
authors; see, for instance Takahashi [19]. Shioji and Takahashi [18] introduced the implicit
iteration

1 i
(11) Xy = apu+ (1— ucn)t—/ T(s)xnds, Vn € IN.
0

n
In 2007, Chen and Song [6] proposed the explicit iterative process {x,} in a Banach space, as
follows:

1 b

n -
where {t,} is a positive real divergent sequence. They proved, under certain appropriate
conditions {«, } be a real sequence in (0,1), that {x, } converges strongly to a unique solution
x* of the variational inequality

(13) ((f = Dx%, J(x = x7)), Vx € F(T).
Recently, Li et al [12] and Plubtieng and Wangkeeree [16] considered the iterative process
{x,}, in a Hilbert space H, x¢ € H is arbitrary and

ty
(14) Xp+1 = @nYf(xn) + (I — oan)tl/ T(s)xuds, ¥Yn >0,
n J0

R |~

where A is a strongly positive bounded linear operator with coefficient ¥ > 0,0 < ¢ < - and
{tu} is a positive real divergent sequence. They proved, under certain appropriate conditions
{an} C (0,1) and {t,} is a positive real divergent sequence, that {x,} converges strongly to a
unique solution x* of the variational inequality (7). Moreover, Plubtieng and Wangkeeree [16],
also considered and studied the continuous scheme {x;} with t € (0,1) defined as follows:

At
(15) xp = tyf(xe) + (I — tA))t / T(s)xds,
0

where A is a strongly positive bounded linear operator with coefficient ¥ > 0,0 < ¢ < %
and {A;} is a positive real divergent net. They proved, under certain appropriate conditions
{A+} € (0,1), that {x;} converges strongly to a unique solution x* of the variational inequality
(7).

Very recently, Kang et al.[11] considered the iterative process {x,} in a Hilbert space as
follows:

£y
(16) Xnt1 = &nYf(Xn) + Bnxn + (1 — Bu) — tan)tln / T(s)x,ds, Vn >0,
0

They proved, under certain appropriate condition {a,} and {B,} are two real sequence in
(0,1), that {x, } converges strongly to a unique solution of the variational inequality (7).

Question 1.1. Can Theorem of Kang et al. [11] and Plubtieng and Wangkeeree [16] be extend
from Hilbert spaces to a general Banach space? such as uniformly convex Banach space.

Question 1.2. Can we extend the iterative method of algorithm (14) to a general iterative
process?

The purpose of this paper is to give affirmative answer to these questions mentioned above.
In this paper, motivated and inspired by Chen and Song [6] and Kang et al.[11], we consider
the iterative schemes defined by (15) and (16) for a nonexpansive semigroup in a Banach space.
We proved that both schemes converge strongly to a common fixed point of S. The results in
this paper extend and improve the main results of Kang et al.[11], Li et al. [12] and Plubtieng
and Wangkeeree [16] and some others to Banach spaces.
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2. Preliminaries

Throughout this paper, let X be a real Banach space, C be a closed convex subset of X. Let
J : X — 2% be a normalized duality mapping by J(x) = { f* € X* : (x, f*) = ||x||*> = | f*|I*},
where X* denotes the dual space of X and (-, -) denotes the generalized duality paring. In the
following, the notation — and — denote the weak and strong convergence, respectively. Also,
a mapping I : C — C denotes the identity mapping.

The norm of a Banach space X is said to be Gateaux differentiable if the lim;_ w exists
for each x, y € C on the unit sphere S(X) of X. In this case X is smooth. Moreover, if for each y
in S(X) the limit above is uniformly attained for x € S(X), we say that the norm X is uniformly
Gateaux differentiable.

Recall that the Banach space X is said to be smooth if duality mapping ] is single valued. In a
smooth Banach space, we always assume that A is strongly positive (see [5]), that is, a constant
¥ > 0 with the property
(17)  (Ax,J(x)) = 7l|x]1% [lal = bA| = sup [|((al —bA)x,](x))lla € [0,1], b € [-1,1].

l[xl<1

A Banach space X is said to be strictly convex if ||x|| = ||y|| = 1, x # y implies ”Zi/“ <1.A
Banach space X is said to be uniformly convex if 6x(e) > 0 for all € > 0, where dx(€) is modu-

lus of convexity of X defined by dx(€) = inf{l - HXZLyH x <1, vl <1, |lx 4y > S}, Ve €

[0,2]. A uniformly convex Banach space X is reflexive and strictly convex (see Theorem 4.1.6, The-
orem 4.1.2 of [19]).

In the sequel we will use the following lemmas, which will be used in the proofs for the
main results in the next section.

Lemma 2.1. (Cai and Hu [5]) Assume that A is a strongly positive linear bounded operator on a
smooth Banach space X with coefficient 7y > 0and 0 < p < || A||~L. Then || — pAl| <1— 7.

Lemma 2.2. (Chen and Song [6]) Let C be a closed convex subset of a uniformly convex Banach space
XandletT = {T(s) : 0 < s < oo} be a nonexpansive semigroup on C such that F(S) is nonempty.
Then for eachr > 0and h > 0,

lim sup Hi/T(s)xds—T(h)(i/T(s)xds)” ~0.
0 0

t=00 vecnB,

Lemma 2.3. (Liu [13]) Let X be a real Banach space and | : X — 2% be the normalized duality
mapping. Then, for any x,y € X, we have

I+ yl? < lxl? + 20y, j(x +v)
forall j(x +y) € J(x +y) withx # y.

If a Banach space X admits a sequentially continuous duality mapping | from weak topology
to weak star topology, then by Lemma 1 of [9], we have that duality mapping ] is a single
value. In this case, the duality mapping | is said to be a weakly sequentially continuous duality
mapping, i.e. for each {x,} C X with x, — x, we have J(x,) —=* J(x) (see [9, 10, 17] for more
detail).

A Banach space X is said to be satisfying Opial’s condition if for any sequence x, — x for
all x € X implies

limsup ||x, — x|| < limsup ||x, —y|| Vy € X, withx # y.
n—oo n—o00

By Theorem 1 in [9], it is well known that if X admits a weakly sequentially continuous

duality mapping, then X satisfies Opial’s condition, and X is smooth.

Lemma 2.4. ([10] Demiclosed Principle) Let C be a nonempty closed convex subset of a reflexive
Banach space X which satisfies Opial’s condition, and suppose T : C — X is nonexpansive. Then the
mapping I — T is demiclosed at zero, i.e., x, — x and x, — Tx, — 0 implies x = Tx.
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Lemma 2.5. (Xu [20]) Assume {a,} is a sequence of nonnegative real numbers such that
Ap41 = (1 - ’)/n)an +5n/ n> 0/

where {7y, } is a sequence in (0,1) and {6, } is a sequence in R such that:

(1) limy, 0o 7 = 0;
(i) Xnlovn = o9;
(iii) limsup, % <0orY;_o|on] < oo.

Then lim;,_,00 a,, = 0.

3. Main Results
In this section, we prove our main results.

Theorem 3.1. Let C be a nonempty bounded closed convex subset of a uniformly convex, smooth
Banach space X which admits a weakly sequentially continuous duality mapping | from X into X*,
S ={T(s) : 0 < s < oo} be a nonexpansive semigroup such that F(S) # @, f : C — Cisa
contraction mapping with coefficient « € (0,1), A a strongly positive bounded linear operator with
coefficient 4 > 0. Let t € (0,1) such that t < ||A|| =Y and 0 < v < X which satisfies t — 0. Then the
sequence {x;} defined by (15) converges strongly to the common fixed point x* as t — 0, where x* is a
unique solution in F(S) of the variational inequality

(18) ((7f = A)x", J(x —x7)) <0, Vx € F(S).

Proof. First, we show the uniqueness of a solution of the variational inequality. Supposing
%, x* € F(S) satisfy the inequality, we have

(19) (vf—A)% J(x" —x)) <0,
and
(20) ((vf —A)x" J(x—x7)) <0.

Adding up (19) and (20), we get that

0 = ((vf-A)x—(vf— A" J(x" %))
(A(x" = %), J(x* = %)) = (f(x") = f(),](x" — X))

Pl =22 = Allf () = FOIT (" = D)|

' = 2[? = yallx* — x|

(7 =) [lx* — %[|*.

(AVARLY,

Since 0 < v < % this implies that 4 — ya > 0, which is a contradiction. Hence ¥ = x* and the
uniqueness is proved.
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Next, we show that {x;} is bounded. Indeed, for any p € F(S), we have

At
1
lve=pll = llerf(x) + (1—t4)5- [ T)mds - pl
0
At

= [t(rf () = Ap) + (1= tA) (- / T(s)xids = )|

1
< tH“rf(Xt)—APH+HI—tAH/TtH/T(S)Xt—PHdS
0

Hlvf(xe) = Apll + (1 = t7) lxe — pl|

Hiy(f(xe) = f(p)) +1f(p) — Apll + (L = t7)[|lxe — p|
tyallxe —pl+ v f(p) — Apll) + (1 =) [|lx: — p|
(1 =ty —ya))llx: — pll + v f(p) — Apl.

IAIN A

It follows that ||x; — p|| W()i,YAPH. Hence {x;} is bounded.
Next, we show that ||x; — T(h)x;|| — 0 as t — 0. We observe that

| A

)\t /\t /\t
lxt = T(h)xi|| = |lxe—+ fT(s)xtdSH + |15 [ T(s)xeds — T(h) 5= [ T(s)xeds|
0 0

At
(1) +||T(h) %f (s)xids — T () x|

/\ A At
2| — 5 fT(s)xtdsH + 15 [ T(s)xeds — T(h) 5 [ T(s)xeds|
0 0 0

IN

for every 0 < h < oo. On the other hand, we note that

A

At
2) I [ Ts)ids = xll = HAG [ T(s)xids) —f (x|
0

0

for every t > 0. Define the set K = {||z — p|| < ,y_lw llvf(p) — Ap||}, then K is a nonempty

bounded closed convex subset of C which is T(s)— invariant for each s € [0, co]. Since {x;} C K
and K is bounded, there exists r > 0 such that K C B, and it follows by Lemma 2.2 that

At
(23) lim |- /T S)xds — T )@E/T@ngguzo

Ap—00

for every 0 < h < oo. From (21)-(23) and let t — 0, then
(24) e = T(h)x:|| — 0,

for every 0 < hh < co. Assume {t,}5 ; C (0,1) is such that t, — 0as n — co. Put x,, := x4, and
Ap = Ay, We will show that {xn} contains a subsequence converging strongly to x*, where
x* € F(S). Since {x,} is bounded sequence and Banach space X is uniformly convex, hence
it is reflexive, there exists a subsequence {x,;} of {x,} which converges weakly to x* € C as
n — oo. Again since Banach space X has a weakly sequentially continuous duality mapping
satisfying Opial’s condition. It follows by Lemma 2.4 and noting 24, we have x* € F(S). For
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each n > 1, we note that

)LTl

Xy —x° = tyyf(xn)+ (I — tnA)Ai / T(s)x,ds — x*
n
0

1

= tu(yf(xn) — Ax") + (I — 1, A)( T(s)xuds — x™).

=
St~z

Thus, we have

low = 2P = tuff () — A%, TG = D)) + (T~ ) (-

3
\3

T(s)xnds), J(x, — x*))

IN

ba (7 f () — AXT, (20 = x7)) + [T = tnAHH)\i (T(s)xn — 2)ds|[||](xn — x7)]|

= o
0\3

IN

ta (v f (xn) — AX", (200 = x7)) + (1= taY) |2 — 2| (= /llT Xy — x"[|ds)

< alf () = Ax' ] (o — ) + (1= b e — 21 (- / I = * | ds)

< t(f(xn) = Az, J (o — 7)) + (1= ta7) [0 — 7%

It follows that
=7 < Z(0f() = A%, (3 = )
= o) =0, T = %)) + (0 (5°) = A¥', ] = )
< Sl =¥+ (0 () = A (x = x)
This implies that

1
[l — "2 < 7 ) =AY (2 = ).

In particular, we have

(25) ey, — 2 < () = Ax, T, — x).

Since {x,} is bounded and the duality mapping ] is single-valued and weakly sequentially
continuous from X into X*, it follows (25), we have that Xn; — x* as j — oo. Next, we show

that x* solves the variational inequality (18). Since x; = ty f (xt)+ (I —tA)+ f T(s)x:ds. Thus,

we have

At
(vf—A)x = —1(I—tA)()t/T(s)xtds—xt).

0
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We notice that
17 17
= /<I—T<s>>xds—;t JU=T)ds J(x=x)) =[x —xl?

0
A

=I5 /( (8)xr = T(s)x)ds||[|](x = x:)

Il — th!2 = [l = xel[llx = x|
=12 = [l — x|
0,

for each x € F(S) and forall t > 0,

w—.\»—x

((vf = A)x, J(x —x1)) =

H—\»—k

At
s)xds — A% f xids), J(x — xt))

At

I—tA f XtdS—Xt),](x_xt)>
((I—tA)( f
‘0

At At
(26) = %(— bf( T(s))xds — + Of(I —T(s))xsds, J(x — x¢))
A

+HA(3; Of(l —T(s))xids), J(x — x¢))

At
< {AGE J(T(6) = xds), ] (x = ).

Now replacing t and A; with tn; and /\n]., respectively in (26), and letting j — oo, we notice
that (T(s) — I)xn; — (T(s) — I)x* = 0 for x* € F(S), we obtain ((yf — A)x*, J(x — x*)) < 0.
That s, x* is a solution of variational inequality (18). By uniqueness, as x* = X, we have shown
that each cluster point of the net sequence {x;} is equal to x*. Then, we conclude that x; — x*
as t — 0. This proof is completes.

If X is a Hilbert space, we can get the following corollary easily.

Corollary 3.2. Let C be a nonempty bounded closed convex subset of a Hilbert space H and let S =
{T(s) : 0 < s < oo} be a nonexpansive semigroup such that F(S) # @. Let A be a strongly positive
bounded linear operator with coefficient y > 0 and let t € (0,1) such that t < ||A||"Land 0 <y < 7,
which satisfies t — 0. Then the sequence {x;} defined by (15) converges strongly to the common fixed
point x* as t — 0, where x* is a unique solution in F(S) of the variational inequality (7).

Remark 3.3. Theorem 3.1 improves and extends Theorem 3.1 of Plubtieng and Wangkeeree
[16] from a Hilbert space to a Banach space.

Theorem 3.4. Let C be a nonempty bounded closed convex subset of a uniformly convex, smooth
Banach space X which admits a weakly sequentially continuous duality mapping | from X into X*,
S ={T(s) : 0 < s < oo} be a nonexpansive semigroup such that F(S) # @, f : C — Cisa
contraction mapping with coefficient « € (0,1), A a strongly positive bounded linear operator with
coefficient ¥ > 0 such that 0 < v < I and {ay}, {Ba} be two sequences in (0,1). Assume the
following control conditions are hold:

(C1) limy, oo a0y = limy 00 B = 0;

(C2) Loloan = oo

Then the sequence {x, } defined by (16) converges strongly to the common fixed point x* as n — oo,
where x* is a unique solution in F(S) of the variational inequality (18).

Proof. First, we show {x,} is bounded. By the control condition (C1), we may assume, with
no loss of generality, that &, < (1 — B,,)||A||~!. Since A is a linear bounded operator on X, by
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(17), we have ||A|| = sup{|(Au, J(u))| : u € X, ||u|| = 1}. Observe that
(L= Bl —anA)u, J(u)) = 1= Bn—an(Au,J(u))

> 1= Bu—an|A]
> 0.
It follows that
(1= Bu)l —enAll = sup{{((1 = Bu)] —anA)u,J(u)) :u € X, [lul| =1}
= sup{l—Bu—an(Au,J(u)):ue€X, |ul| =1}
< 1—Bu—any.
Taking, p € F(S) we have
tTl
1
a1 =l = oy ) + B+ (1= BT = wa )y [ T(s)ads = pl

0

=l (v (x) = Ap) Bl = p) + (1= Bu)] — s /T s — )|

IN

a7 5n) = £+ 0 (p) = Al + Bl — pl +
(L= Bl — anally- [ 1T(s), = pllds
0

< anlyallxn = pl + 1vf(p) = Aplll + Bullxn — pll + (1 = Bu) — an¥)|lxn — pll
wnllvf(p) = Apll + 1 = (7 = ya)an] |l xa — p

A
= (7—ra)an —|W() d + 1= (7 = y&)an] 20 — p|
— Y
By induction, we get
||7f() Ap|
_ < _ niJA\F/ 2P
[xn+1 —pll < maX{llXo pll, —— ,

for n > 0. Hence {x,} is bounded, so are {f(x,)} and {T(tn)xn}. It follows from Theorem 3.1
that there is a unique solution x* € F(S) of the variational inequality (18).
Next, we show ||x,, — T(h)x,| — 0as n — oco. We note that
(27)
tn

ty £y
a1 = T(M)xnsall = lxns1 — fT(S)xndSII + 15 J T(s)xnds — T(h)g. [ T(s)xnds||
0 0

+||T(h) f T(s)xnds — T(h)x,11]|

ty tn
< 2lxpa1 —%fT(s)xndsH + H%fT (s)xids — T(h) %fT(s)xndsH
0
< 2 xn) = A [ T(5) )|+ Bl — & [ T(s) ]

L [y T(s)xuds — T(R)L [)" T(s)xuds|.

. A
Define the set K = {z € C : ||z — zo|| < ||x — xo|| + W

bounded convex subset of C which is T(s)—invariant for each s € [0, 00| and contains {x,}; it
follows by Lemma 2.2 that

}. Then K is a nonempty closed

ty

(28) lim ||—/T s)xpds — T /T s)xnds)|| =0,

n—oo
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for every 0 < h < oo. Since {x,}, {f(x,)} and {T(s)x,} are bounded, by control conditions
(C1) and (28), into (27), we get that ||x,+1 — T(h)x,41]| — 0 as n — oo, and hence

(29) |x, — T(h)x,|| — 0asn — oo.

Let x* be the unique solution in F(S) of the variational inequality (18).
Now, we show that limsup, . (7f(x*) — Ax*, J(x, — x*)) < 0. We can take subsequence
{xn, } of {x4} such that

(30) lim (£ (x") — Ax', (3 — x')) = limsup(yf(x') ~ Ax", ], — x°)).

n—o00

Since X is uniformly convex, hence it is reflexive, and {x,} is bounded then there exists a
subsequence {x,, } of {x,} which converges weakly to x € C as j — oo. Again, since Banach
space X has a weakly sequentially continuous duality mapping satisfying Opial’s condition.
By Lemma 2.4, and noting (29), we have x € F(S). Hence by (18), we obtain

(31) limsup(yf(x*) = Ax", J(xn — x7)) = (vf(x7) = Ax", J(x = 7)) <0

n—oo
Finally, we show that x, — x* as n — co. For each n > 0, by Lemma 2.3 we have

ty

= Jlanyf (on) + Pt + (1 — Bu)T — zan)tln / T(s)xuds — x* |2
0

1 — x|

ty

= an(rf(xn) = Ax") + B (20 — x7) +((1—ﬁn)l—f’énz‘\)(tln/T(S)xnds—x*)l\2
0

ty

1
< (T =Bu)I - “”A)(a / T(s)xuds — x*) + B (xn — x*)||?
0
+2ay <'Yf(xn) — Ax", J(xpq1 — x*)>
tn
1
< [A=Bn— “n”?)Ha / T(s)xuds — x*|| + Bullxn — x*|]?
0
+20, (v f(xn) — AX", J (41 — X7))
< (U= wn¥)? [l — X2 + 200 (v f (00) = Vf(2%), J (041 — x7))
+2up <'Yf(X*) — AX", J(xpq1 — X))
< (U= ¥)?llxn = 2|12+ 200l v f () = v f ()T (g1 = x|
+20, (7 (x*) — AX", (X1 — X7))
= (1 PPl — 2P + 2yl — s - )
+20, (7 f (x*) — Ax", J(xp11 — x7))
< (1wl — 2P+ el — 21+ s — 2*1P)

20 (7f(x%) — Ax", (X1 — 7)),
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which implies that
(1 — ayy)? + apya
4k 2 < ( n n R 2
Rl B e | L2
42 F () — Ax, J(Xmse — 1))
1—apya v Aot
(1 — 20,7 + apya . w22 .
= N P L P
i 1—a,ya 1 —a,ya
2Ry f(x) = AX J (X1 — 3)
1_0(”,)/“ Y ’ n+1
200, (7 — ya . a2 52 .
1_1”(77)} [y — x H2+”77Hxn—x 2
— AN 1—a,yu
+ﬂ< F(x*) — Ax™, J(xpe1 — X))
1_“11,)/“ Y ’ n+1 .
- 2.2
Put g = 210 and 5, = 52, —xt |24 28 (y£(x*) — A%, [(¥as1 — ). Then the

above reduces to formula ||x,+1 — x*||> < (1 — 7)||xy — x*||? + 4. By control conditions (C1),
(C2) and (31) it is easily seen that lim,—,co ¥ = 0, Y 5 ¥n = o0 and
lim su on _ lim su LI?ZHx — x>+ ! (vf(x") — Ax", J(xp41 —x¥)) | <0
nﬂoop Tn nﬂoop 2(7 - ’)/“) ! Y-« ' i -
By Lemma 2.5, we conclude that x, — x* as n — co. This completes the proof.
If X is a Hilbert space, we can get the following corollary easily.

Corollary 3.5. Let C be a nonempty bounded closed convex subset of a Hilbert space H, S = {T(s) :
0 <'s < oo} be a nonexpansive semigroup such that F(S) # @, f : C — C is a contraction mapping
with coefficient & € (0,1), A a strongly positive bounded linear operator with coefficient v > 0 such
that 0 < v < T and {ay}, {Bn} be two sequences in (0,1). Assume the following control conditions
are hold:

(C1) limy, oo &y = limy 00 B = 0;

(C2) Yooy = oo.

Then the sequence {x, } defined by (16) converges strongly to the common fixed point x* as n — oo,
where x* is a unique solution in F(S) of the variational inequality (7).

Remark 3.6. Theorem 3.4 improves and extends Theorem 3.1 of Kang et al.[11] from a Hilbert
space to a Banach space.

Corollary 3.7. Let C be a nonempty bounded closed convex subset of a Hilbert space H, S = {T(s) :
0 <'s < oo} be a nonexpansive semigroup such that F(S) # @, f : C — C is a contraction mapping
« € (0,1), A a strongly positive bounded linear operator with coefficient ¢ > 0 such that 0 < ¢ <
and {w, } be a sequence in (0,1). Assume the following control conditions are hold:

(C1) limy oty = 0;

(C2) Yolgay = .

Then the sequence {x, } defined by (14) converges strongly to the common fixed point x* as n — oo,
where x* is a unique solution in F(S) of the variational inequality (7).

R |~

Remark 3.8. Theorem 3.4 improves and extends Theorem 3.2 of Plubtieng and Wangkeeree
[16] and Li et al [12] from a Hilbert space to a Banach space for a nonexpansive semigroup.

If taking A = I and 7y = 1 in Theorem 3.4, we get the following corollary easily.

Corollary 3.9. Let C be a nonempty bounded closed convex subset of a uniformly convex Banach space
X which admits a weakly sequentially continuous duality mapping ] from X into X*, S = {T(s) :
0 <'s < oo} be a nonexpansive semigroup such that F(S) # @, f : C — C is a contraction mapping
with coefficient w € (0,1) and {w, } be a sequence in (0,1). Assume the following control conditions
are hold:
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(C1) limy»eoy =0;

(CZ) ZZO:O &y = 00.

Then the sequence {x, } defined by (12) converges strongly to the common fixed point x* as n — oo,
where x* is a unique solution in F(S) of the variational inequality (13).
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An iterative method for finding common solutions of generalized
mixed equilibrium problems and fixed point problems

Benjawan Rodjanadid

ABSTRACT: In this paper, we introduce an iterative method for finding a common element of
the set of solutions of a generalized mixed equilibrium problem and the set of common fixed
points of a finite family of nonexpansive mappings in a real Hilbert space. Then, we prove that
the sequence converges strongly to a common element of the above two sets. Furthermore,
we apply our result to prove three new strong convergence theorems in fixed point problems,
mixed equilibrium problems, generalized equilibrium problems and equilibrium problems.

1. Introduction

Let H be a real Hilbert space, C a nonempty closed convex subset of H, ¢ : C — IR a real
value function, A : C — H a nonlinear mapping and let ® : C x C — R be a bifunction, i.e.,
®(x,x) = 0 for each x € C. Then, we consider the following mixed equilibrium problem :

Find x* € C such that

(1) (GMEP) : P, y) +oy) —o(x") +{Ax",y—x") 20, VyeC
The set of solutions for problem (1) is denoted by (), i.e.,
(2) O={x"eC:2(x"y) +¢y) —x") +(Ax",y—x") 20, VyeC}.

If A = 0in (1), then (GMEP) (1) reduces to the classical mixed equilibrum problem (for short,
MEP) and Q) is denoted by MEP(®, ¢), that is,

3) MEP(®,¢) = {x* € C: D(x*,y) + ¢(y) — ¢(x*) >0, VyeC}.

If = 0in (1), then (GMEP) (1) reduces to the generalized equilibrium problem (for short,
GEP) and () is denoted by EP, that is,

4) EP={x* € C:®(x*,y)+ (Ax*,y—x") >0, VyeC}.

If p =0and A = 01in (1), then (GMEP) (1) reduces to the classical equilibrium problem (for
short, EP) and Q) is denoted by EP(®), that is,

(5) EP(®) ={x" € C:®(x",y) >0, VyeC}l

*Corresponding author: benjawan@sut.ac.th (Benjawan Rodjanadid)
Manuscript received March 16, 2010. Accepted July 31, 2010.
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If ® = 0and ¢ = 01in (1), then (GMEP) (1) reduces to the classical variational inequality and
Q) is denoted by VI(A, C), that is,

(6) VI(A,C)={x*e€C: (Ax*,y—x*) >0, VYyeC}.

In 2005, Combettes and Hirstoaga [3] introduced an iterative scheme of finding the best
approximation to the initial data when EP(®) # @ and proved a strong convergence theorem.

In 2006, Takahashi and Takahashi [14] introduced an iterative scheme by the viscosity ap-
proximation method for finding a common element of the set of solutions of an equilibrium
problem and the set of fixed points of nonexpansive mapping in a Hilbert space and proved a
strong convergence theorem.

In 2007, Tada and Takahashi [12] introduced two iterative schemes for finding a common
element of the set of solutions of an equilibrium problem and the set of fixed points of a nonex-
pansive mapping in a Hilbert space and obtained both strong convergence theorem and weak
convergence theorem. In 2008, Takahashi and Takahashi [13] introduced an iterative method
for finding a common element of the set of solutions of a generalized equilibrium problem
and the set of fixed points of a nonexpansive mapping in a Hilbert space and then obtain that
the sequence converges strongly to a common element of two sets. Moreover they proved
three new strong convergence theorems in fixed point problems, variational inequalities and
equilibrium problems.

Recently, Ceng and Yao [2] introduced a hybrid iterative scheme for finding a common el-
ement of the set of solutions of mixed equilibrium problem (3) and the set of common fixed
points of finitely many nonexpansive mappings and they proved that the sequences generated
by the hybrid iterative scheme converge strongly to a common element of the set of solutions of
mixed equilibrium problem and the set of common fixed points of finitely many nonexpansive
mappings.

In 2008, Peng and Yao [9] obtained some strong convergence theorems for iterative schemes
based on the hybrid method and the extragradient method for finding a common element of
the set of solutions of a mixed equilibrium problem, the set of fixed points of a nonexpansive
mapping and the set of solutions of the variational inequality.

In this paper, we introduced another iterative method for finding an element of the set of
solutions of problem (1) and the set of common fixed points of finitely many nonexpansive
mappings in real Hilbert space, where A : C — H is also an a—inverse strongly monotone
mapping and then obtain a strong convergence theorem. Moreover we using this theorem to
the problem for finding a common elements of "X, F(T;) N MEP(®, ¢) , "X, F(T;) N EP and
NN, F(T;) N EP(®P), respectively.

2. Preliminaries

Let H be a real Hilbert space with inner product (-, -) and norm || - ||. Let symbols — and
— denote weak and strong convergence, respectively. Let C be a nonempty closed convex
subset of H. Then, for any x € H, there exists a unique nearest point in C, denoted by Pc(x)
such that ||x — Pc(x)|| < ||lx —y||, Yy € C. The mapping Pc : x — Pc(x) is called the metric
projection of H onto C. We know that P¢ is nonexpansive.
The following characterizes the projection Pc.

Lemma 2.1. (See [11]) Given x € H and y € C. Then Pc(x) = y if and only if there holds the
inequality
(x—y,y—z)>0, VzeC.

Recall that the following definitions.

(1) A mapping T : C — C is called nonexpansive if ||[Tx — Ty|| < ||x —y|| for all x,y € C.
Next, we denote by F(T) the set of fixed points of T, i.e., F(T) = {x € C: Tx = x}.

(2) A mapping f : H — H is said to be a contraction if there exists a constant p € (0,1) such
that || f(x) — f(y)|| < pllx -y forallx,y € H.
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(3) A mapping A : C — H is called monotone if (Ax — Ay,x —y) > O forall x,y € C
and it is called « —inverse strongly monotone if there exists a positive real number a such that
(x —y, Ax — Ay) > a||Ax — Ay|]>, Vx,y € C. We can see that if A is a—inverse strongly
monotone, then A is monotone mapping.

The following lemmas will be useful for proving our main results.

Lemma 2.2. (See [11]) For all x,y € H, there holds the inequality
e+ yl1* < llxl” + 20y, x + y).
Lemma 2.3. (See [11]) In a strictly convex Banach space E, if
€l = llyll = [[Ax + (1 = A)yl],
forall x,y € Eand A € (0,1), then x = y.

Lemma 2.4. (See [16]) Let {a,} be a sequence of nonnegative real numbers satisfying a,1 = (1 —
Xy )y + 0&nBn, V1 > 0 where {ay},{Pn} satisfy the conditions

(i) {an} C[0,1], Of: K, = o0;

n=1
(ii) limsup B, < 0.

n—oo

Then lim a, = 0.

n—o0

Lemma 2.5. (See [10]) Let {x, } and {y, } be bounded sequences in a Banach space X and let {p,} be
a sequence in [0,1] with 0 < liminf B, < limsup B, < 1. Suppose
n—oo

n—oo

Xn+1 = ,ann + (1 - ,Bn)ynz
for all integer n > 0 and

limsup(|lyn1 — Yull = |xns1 — xal]) <0.

n—o00

Then, lim ||y, — x,|| = 0.
n—oo

Lemma 2.6. (See [15]) Let C be a nonempty closed convex subset of H, ¢ : C — R U {+o0} bea
proper lower semicontinuous and convex function and let ® be a bifunction of C x C in to R satisfy
(A1) ®(x,x) =0forall x € C;
(A2) @ is monotone, i.e., ®(x,y) +P(y,x) <0, Vx,yeC;
(A3) forall x,y,z € C, lim;_o®(tz+ (1 —t)x,y) < D(x,y);
(A4) forallx € C, yw— D(x,y) is convex and lower semicontinuous;
(B1) for each x € H and r > 0, there exists a bounded subset D, C C and y, € C such that for any
z € C\Dy,

(z,) + plye) + (e~ 22— 7) < 9(2).

(B2) C is bounded set.
Assume that either (B1) or (B2) holds. For x € C and r > 0, define a mapping T, : H — C as follows.

T(x):={z€C:P(z,y) + ¢(y) + %(y—z,z —x) > ¢(z), Vy € C}

forall x € H. Then , the following conditions hold:
(i) Foreachx € H,T,(x) # @;
(ii) T, is single-valued;
(iii) T, is firmly nonexpansive, i.e.,
| T,x — Ty||* < (T,x — Ty, x —y), Vx,y € H;

(iv) F(T,) = MEP(®, ¢) ;
(v) MEP(®, ¢) is closed and convex.
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Lemma 2.7. (see [1]) Let C be a nonempty closed convex subset of H, and let ® be a bifunction from
C x Cinto R satisfying (A1)-(A4). Let r > 0 and x € H. Then, there exists z € C such that

D(z,y) + %(y—z,z—x> >0, VYyecC.

Lemma 2.8. (see [3]) Assume that ® : C x C — R satisfies (A1)-(A4). For r > 0, define a mapping
S, : H — Cas follows:

1
Si(x) ={z€C:P(z,y) + ;(y—z,z —x) >0, YyecC}

forall x € H. Then, the following hold:
(i) Sy is single-valued;
(ii) S, is firmly nonexpansive;

(iii) F(Sy) = EP(®);

(iv) EP(®) is closed and convex.

Let X be a real Hilbert space and C a nonempty closed convex subset of X. For a finite family
of nonexpansive mappings Ty, T», . .., Ty and sequence {A,;}Y | in [0, 1], Kangtunyakarn and
Suantai [6] defined the mapping K,, : C — C as follows:

un,l = /\n,lTl + <1 - /\n,l)lz
Unp = A2 Tolny + (1= Aup)Unp,
Unz = An2TaUnp + (1 = Ana)Un,

Uyn-1 = AnN-1TN-1Unn—2+ (1 — Ayn_1)UsN-2,
(7) Ky = Upn = A NTNUpn—1+ (1 — Ayn)UnN-1

Such a mapping K, is called the K—mapping generated by T1, T», ..., Inand Ay, 1, Ap2, ..., AunN.

Definition 2.9. (See [6]) Let C be a nonempty convex subset of a real Banach space. Let {T;} ¥,
be a finite family of nonexpansive mapping of C into itself, and let A4, ..., Ay be real numbers
such that0 < A; < 1foreveryi=1,...,N. They define a mapping K : C — C as follows:

U, =M1+ (1 — /\1)1,
U, = A LU + (1 — /\z)ul,
U; = A3T3U, + (1 — )\3)112,

Un—1 = An-1Tn-1Un—2 + (1 = An-1)Un—2,
K=Uy= /\NTNUN,l + (1 — /\N)UN,l.
Such a mapping K is called the K—mapping generated by T1,..., Ty and Ay, ..., An.

Lemma 2.10. (See [6]) Let C be a nonempty closed convex subset of a strictly convex Banach space.
Let {T;}N, be a finite family of nonexpansive mappings of C into itself with NN | F(T;) # @ and let
A, ..., AN be real numbers such that 0 < A; < 1 foreveryi =1,..., N—1and 0 < Ay < 1.Let K
be the K—mapping generated by Ty, ..., Ty and Ay, ..., An. Then F(K) = NN, F(T;).

Lemma 2.11. (See [6]) Let C be a nonempty closed convex subset of a Banach space. Let {T;}N | be
a finite family of nonexpansive mappings of C into itself and {A,;}N | sequences in [0,1] such that
Api— Ajasn — oo (i=1,2,...,N). Moreover, for every n € IN, let K and K,, be the K—mappings
generated by T1,To,..., Tn and A, Aa, ..., Ay and Ty, Ty, ..., T and A1, Aup, ..., AnN, respec-
tively. Then, for every x € C,

7}1_1)%0 | Knx — Kx|| = 0.
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Lemma 2.12. Let {x,} be a bounded sequence in a Hilbert space H. Then there exits L > 0 such that

N
8) [Kn+12n41 — KnXn|| < |xn41 — x|l + L Z [Ant1,i — Anil, ¥n > 0.
~

1

Proof. From (7) and the nonexpansivity of Ty and U, n, we obtain

[ Kns1xn — KnXn || = [[Anpt NTNUn1,N—1%0 + (1 = Appi,N)Un 1N 1%
— A NTNUpN—1%0 — (1 = A N) U N—120 ||
= (A NTNUnra,N-1%0 + U g N 1% — A, nUn,N—1%0
— A NTNUp N 1% — Uy, n—1X0 + A, NUp N 1% |
<At NTNUn g1, N-1X0 — Ag NINUp N 1% || + [[Un1,n—1%0 — Up N—1Xa]|
F A, NUnr1,N-1%0 — A N Uy N1 X4 |
= [[ A, NINUn1,N—1%0 — Apst NTNU N1 X0 + Apg, NTN Uy N— 120
— A NTNUp N1 4 [[Un1,N—1%0 — Un N1 X || + | A, v U 1,n—1%0
— A, NUn N—1X0 + A, NUn N— 160 — A NUp N — 1% |
S AN TNUnei,N—1%0 — TNUy n—120 || + [ A8 — AN || T U N1 ]|
| U1, n-1%0 — U, N—1%n || + Anpr, Nl Ung1,n—1%0 — Up,n—1X0]|
+ | Ang,n = AN Un,N—12%0 |
< M N[ Ungi,N—1X0 — Uy n—1Xn || 4 (| Unp1,n—1%0 — U N1 X0 |
+ AN U, N—1%0 — U N—1Xa | 4 [Ang,n — AN [ U N—120 |
+ | Auri,N = AN TN U N1 ]|
) < AngN + D[[Upga,n-1%0 — Uy Nn—1Xn|| + 2L1[Aui1,n — AnnN],

where Ly = sup{||Uy;—1xu|, | TNUyj-1x4}, j=1,2,...,N.
n>0

Again, from (f), we have

[ Uny1,8-1%0 — Unn—1%n|| = [[Angs,n-1 TN 1Unp1,n—2X0 + (1 = Aygi,n—1) Ung1,n—2%n
— A N-1TN— U N—2Xy — (1 = Ay n—1) U, N—2Xn |
< AN TN 1Unp 1N 2% — Agn—1Tn-1Up N—2X4 ]|
+ | U 1,8—2%0 — U, N—2%n || + | A1, N—1Ung1,N—2Xn
— Ap,N—1Up,N—2X4||

S ANt Ungi,n—2%n — U n—2Xn || + [Appin—1 — Ann-1]
X | TN—1 U, N—2%n || + |[Ung1,N—2Xn — U, N—2Xx]|
+ A, N1 | Ungp1,N—2Xn — U N—2Xn || + [Anpi,n—1 — Aun—1]
X || U, N—2Xx]|
(10) < Agn-1 F D[ Ung1,n—2%n — Uy, n—2Xn || +2L1 | Apy1,n-1 — AgN-1]-
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Therefore, we have

| Uns1,N-1%n — U, N—1%n |
< Agn-1 1) A N2 + D) [[Ung1,n 3% — U, n-3]|

+ (2Au41,8-1 + 1)2L1 [ Apsa,n—2 — AuN—2| + 2L1[Aur1N—1 — AnN-1]
2

< H (ZAVH-ll +1)Hun+1,1xn - nlan +

(2A 41, +1)2L1 [ Aus12 — Aol
“N—
(24

1

4
+ H (A g1, +1)2L1 [ Ay 13 — Aug| +
i 1 i

-1

+...+ H (2Any1,i +1)2L1 AN -2 — Apn—2| +2L1 | Apg1,n—1 — AuN-1]
i=N-1

nt+1i +1)201|Ang14 — Apal

3
11
i=N—-1
5
IT (

i=N—

1

Z |

2
= JI @Aosri+DlAnsraTixn + (1= Aps11) X — Aua Tixn — (1= Ayp) x|

4
Ans,i + 1201 Ans12 = Aual + [T (2Ang1i +1)2L1[An 113 — Angl

I

i=N—-1 i=N—-1
5
TT @Augai +1)2L1 [ Apyrs — Aual + ...+

+ (2An41,i +1)2L1 | Ay 1,Nn—2 — AuN—2| +2L1 [ Apr1N—1 — AuN-1],

then

| Upt1,N-1%n — Up,N—1%n]]

2
< JT @i + D) Ausns = Al Taixall + (A1 — Aualllall)
i=N-1
3 4
+ JT @Aus1i + 1201 g1 — Aul + T 2Aws1i +1)2L1[Ans13 — Ans]
i=N-1 i=N-1
5
+ H (2)\,14_1,1‘ -+ 1)2L1 ‘An+1,4 — )Ln,4‘ +...+
i=N-1

z

-1
+ H (A1, + 1201 Ay n—2 — ApN—2| + 2L1 | Apga,n—1 — AnN1]
“N-1
2
< H (A1, +1)2L1 Ay 11 — Aual

i=N-1
3 4
+ T @Ausai + 121 Aws12 — Aul + [ (2Ans1,i +1)2L1|Apsa3 — Anj|
i=N—-1 i=N-1
5
+ H (ZAn+1,i + 1>2L1 ‘An+l,4 — )\71,4‘ +...+
i=N-1
1
(11) + (2Ans1,i +1)2L1 | Apgi,n—2 — ApN—2| + 2L1 | Ay, N1 — Ap,N—1]
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Substituting (11) in (9), we have

1 Kinr1tn — Ky |

2 3
< [T@Aws1i +1)2L1 | Auga1 — Ana| + [ [@Ans1i + 1)2L1 [ A2 — Ang]
=N =N

+

-

1

5
(211 + D20 | Ans13 — Ansl + [ T (2Aur1,i + 1)2L1 [ Ang1a — Anal
=N

Il
Z

Z

oA QAug1i +1)201 A N—2 — AnN—2]

+
1
z

y

n
z

+ | | @Ans1,i +1)2L1 |Apg1,N—1 — AgN—1] + 2L1|Apg1,N — AnN]|

5=

Il
—

(12) <L) | Augri— Auil,

1

2
where L = [T (2A,41,; + 1)2L;. It follows that
i=N
| Kns1%n41 — Knx || < [[Kpg1%n41 — Kpg1xa|| + (| Knp1xn — K ||

N

< [xngr = Xl + LY [Angri — Anil-
iz

3. Main Results

In this section, we deal with an iterative scheme by the approximation method for finding a
common element of the set of common fixed points of finite family of nonexpansive mappings
and the set of solutions of GMEP (1) in real Hilbert spaces.

Theorem 3.1. Let H be a Hilbert space, C a closed convex nonempty subset of H, ¢ : C — R a proper
lower semicontinuous and convex functional, A an a—inverse strongly monotone mapping of C into H,
® : C x C — R a bifunction satisfying (A1)-(A4), {T;}X.| a finite family of nonexpansive mappings
of C into itself such that "N F(T;) N Q # 0 and f a p—contraction of C into itself. Moreover, let
{an}, {Bn} and {y,} are three sequences in (0,1) with ay + Bn + vn = 1, {Ay;}, a sequence in
[a,b] with0 < a < b < 1and {r,} a sequence in [0,2a] for all n € IN. Assume that:

(i) either (B1) or (B2) holds;

(ii) the sequence {r,} satisfies

CHOo<c<r,<d<2aand

(€2) Zl [Pt — 1| < oo
n=

(iii) the sequence {a,} satisfies
(D1) lim a,, = 0; and
n—oo

(D2) ) ay = o0;
n=0

(iv) the setﬁtence {Bn} satisfies
(E1) 0 < liminf B, < limsup B, < 1;
n—oo

n—oo
(v) the finite family of sequences {A,; } N | satisfies
(F1) lim |Ayq1;— Ayi| =0 foreveryi € {1,2,...,N}.
n—oo
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For every n € IN, let K, be a K—mapping generated by T1,To, ..., Tn and Ay1, Aup, ..., AN and let
{xn} and {y,} be sequences generated by xo € C and

(13) {CD(yn,x) + @(x) — @(yn) + (Axn, x —yn) + %(x —YnYn —Xn) 20, Vx €C
Xni1 = &nf (Xn) + BuXn + YnKuyn.
Then both {x,} and {y,} converge strongly to x* = Prf(x*) where T = NN F(T;) N Q
Proof. Let x,y € C. Since A is a—strongly monotone and r, € (0,2a) Vn € IN, we have
10 = 1)z — (1= 1w A)yIP = | — y — rul Ax — Ay)|
= [lx =yl = 2 (x —y, Ax — Ay) + ;]| Ax — Ay|)?
< llx = yl? = 2ma| Ax — Ay|]® + ]| Ax — Ay|?
— =yl + (1 — 20)|| Ax — Ay
< llx—yl?

which implies that I — r, A is nonexpansive.
Next we prove that the sequences {x,}, {yn}, {Axn}, {f(xx)} and {K,y,} are bounded.
Since

1
D (yn, x) + @(x) — @(yn) + (Axn, x — yn) + E<x —YnYn —Xn) 20, Vx €C,
we have

1
Py X) + ¢(x) = @(yn) + = {x =Y, Yu — (xn —1nAxn)) 20, Vx € C.

n
It follows from Lemma 2.6 that y, = T;, (x, — rnAx,), ¥n € N.
Let p € NN, F(T;) N Q. Then we have

@(p,y) +o(y) —@(p) + (Ap,y—p) >0, Vy €C,
SO

@(p,y) +oy) —o(p) + rln<y —pp—(p—rdAp)) >0, VyeC.

By Lemma 2.6, we have p = T, (p — rn Ap).
Since T}, and (I — r,A) are nonexpansive, we have

lyn = pll = Ty, (xn — ruAxn) — To,,(p — raAp) ||
< |[(xn — rnAxn) — (p — ra Ap)||
(14) < lxn = pl-
From (13) and (14), we deduce that
[xn+1 = pll = llanf (xn) + Buxn + vuKayn — pl|

= [lanf (xn) + Buxn + YnKnyn — (@n + Bn + vn)p|l
< aul f(xn) = pll + Bullxn — pll + vall Kuyn — pl
< an([|f(xn) = fF()I 4+ f(p) = pI) + Bullxn = pll + ¥ullyn — pl
< an(pllxn = pll + 1f(p) = pl) + Bullxa = pll + vallxn — pll
= anp|[xn = pll + Bullxn — pll + vullxn — pll + anllf(p) — pll
= anp|[xn — pll + (1 — an)|lxn = pll + an f(p) — Pl
= (1—an(1—p))llxn — pll +anll f(p) — Pl

(15) = (1= au(1 =)l = pll 0l =) - T 1£(1) —

It follows from (15) induction that
X —pll <M, Yn>0
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where M = max{||xo — p|, ﬁ | f(p) —pll}-So {x,} isbounded. Therefore {y,}, { Axn}, {f(xn)}
and {K,y,} are also bounded.

Next we shall show that lim |[|x,11 — x| = 0.
n—oo
Define
&p TYn
16 = Kayy,
( ) Zn 1_,an(xn)+1_,31’l ”y”
we have
(17) Xp+1 = BnXn + (1 — Bn)zn, Vn > 0.
Consider
Apt1 Yn+1 Xn Tn
— = ||—— ——K - - ——XK
Zns1 = zull = || 1— ﬁn+1f(xn+1) + 1 Bt n+1Yn+1 1_ ‘an(xn) 1- B, Yl
K1 Xpy1 Xn
< —|f(x — fxn)| + — b
L F o) = Flsn) |+ | = )]
Yn+1 TYn+1 TYn
———||K — K — K
+ 1— Bori 1 Kin+1Yn+1 Yl + |1 —Bpr1  1-— ,Bn|H Y
Opt1 Xpt+1 Xn
< ———0|| X1 — Xn|| + - xn)|| + [|K
s ]+ 1 - )+ K
(18) + Ky s1ns — Kl
1- :Bn+1
Substituting (8) from Lemma 2.12 into (18), we have
X1 Kp41 Xn
S e e - - K
21 =2l € T2 pls =l + 17250 — (I + Kyl
Yn+1 N
(19) + Iy = yull + LY [Ansri = Anil)-
1- ‘Bn+l i—1
Putting u, = x, — r,Ax,. Then we have y,1 = T, ups1, Yn = Tp,uy. Hence from the
nonexpansivity of T, ,, we have
[Yns1 = yull = [ Trii i — T, t|
< ”Trn+1”n+l — Ty, tin|| + HTrnH“n — Ty, tn|
(20) < uns1 — uall + HTrnﬂ”n — Ty, ttn |-
Since I — r, A is nonexpansive for all n € IN, we have
|tns1 — tnll = [[Xn1 — T 1AX041 — X + 10 AXy ||
< (I = rup1A)xnr — (I = rag1 A)xul| 4 |rn — ruga || Axa|
(21) < Hxn—i-l - an + |t — rn’HAan'
By Lemma 2.6, we obtain
1
(22) (T, un, y) + ¢(y) — @(Ty,un) + 7<]/ — Ty, tin, Ty, iy — un) >0, Yy € C,
n
and
1
@3 O(Tryytny) + @) = @(Trvstin) + =y = Tty Tyt — ttn) 20, Wy € C.
n+

Puttingy = T, ,,u, in (22) and y = T;,u, in (23), we have

n+1
1

(24) ®<Trnun’ Trn+1un) + go(TrnJrlun) - @(Tfnun) + 7<Trn+1 Uy — T”nun’ Trnun - un> 2 O’
n

and

1
(25)  @(Ty,, tn, Tr,tin) + (T, utn) — @(Tp,, i) + ﬁ<Trn un — Tr,ytin, Ty thn — i) 2> 0.
n+



160 B. Rodjanadid / Journal of Nonlinear Analysis and Optimization 1 (2010), 151-167

Summing up (24) and (25) and using (A2), we have

1 1
<Trnun - Trnﬂunr Trﬂﬂun - un> + 7<Trn+1”n - Trnun/ Tr,,un - un> >0,
n

41
and
T, u,—u T, —
<Trnun - Trn+1un/ Tl 7 g 7’111’[” ”n> Z O/
Yn+1 n
and hence
v
0 < (Trpttn — Tyt Tyt — Uty — i(TrnHun — Uy))
n
= <Trn+1 - Trn Un, Trn Up — T7’n+1 + (1 - rn+1 )(TrnJrlun - u”)>
< || Trn+1 Trn Uy H ( || T7n+1 n 7n+1 — Uy || ) .

From (C1), we can find a real number a such thatr, > a > 0 for all n € N.
Then, we have

I Tsy st = Togtenl < 11 = 22l Tyt = Toytt |1 Tt ),
and hence
1 Toattn = Trttnl] < J1 = 2 (1T ]+ )
20 < - nll,

where L = sup{||T, ,un| + |lun|| :n € N}.
By (20), (21) and (26), we have

1 A
(27) Y1 = yull < Nwser = 2l + [ = rul [ A% ]| + = Jrngs = 1ulL.
Combining (19) and (27), we deduce
Kp+1 Mn+t1 X
— < T — - K
2041 — zn|l < 1= ﬁnHPHan Xn|l + ’1 —Bur1 1— Ba [(Lf Cen) [ + [1Knynll)
1 A
+ I ((laygr — Xl st — Pl A%l + = [rasr — ral L
1- ,Bn+1 a

N
+L Z ‘/\n—&-l,i - An,i‘)
i=1

Kyl 0
< low = 2l + 15 ng o1 _"5 [ Gen) ]+ ([ Knyal])
n n
Tn+1 Tn+1 1 A
D — A _ = —rulL
+ 1— ﬁn |ri’l+l }’n|H an + _ ,Bn+1 a |ri’l+] Tn|
Yn+1
— L A —A
+1_ﬁn+1 §| n+1,i nz|
Therefore
Kp+1 14
21 = 2u | = X1 =2l < 15 ng o1 _nﬁn\(Hf(xn)H + (| Knynll)
n
TYn+1 Yn+1 1 o
—_— - A _ . — —1ry|L
+ 1—Bunt [Pni1 — 1|l xn||+1—ﬁn+1 a"’n+1 Tnl
(28) b S Al

1_ﬁ”+1 i=1
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Applying the conditions (C2), (D1), (E1) and (F1) and taking the superior limit as n — oo
to (28), we have

limsup({|z,11 = zall = | Xn41 = 2[]) = 0.
n—oo
Hence, by Lemma 2.5, we have lim ||z, — x,|| = 0. This implies that
n—oo
(29) nlgrolo X011 = xu = nlgrolo(l = Bn)llzn — xul| = 0.

Using (C2), (27) and (29), we have

(30) Jim{|yns1 = yall = 0.
Next we show that lim ||x, — y,|| = 0and lim ||K,y, — y.| = 0.
n—oo n—o0

Since xy41 = anf(xn) + PnXn + YuKuyn, we obtain

|30 — Kyl < 20 — xnsa || + [|xn41 — Kaya|
= [|xn — Xpp1 || + llwnf (xn) + Buxn + YuKnyn — Kuya||
= [lxn = x| + [Jan f (xn) + Buxn — (1 = ) K|
= |lxn — xnsall + [|anf (xn) + Buxn — (an + Bn) Kunyn||
< lxn = xnsal| + anll £ (xn) = Kuynll + Bullxn — Knyn|

and hence
1 %
(31) |20 — Kyl < 1- Bn [0 — X1 + 1 —nﬁn 1f (xn) — Knyn]-
Since a;, — 0 and ||x, — x,,41]| — 0as n — oo, (31) implies that
(32) nlgr(}o [[xn — Knyn|| = 0.

From (14) and monotonicity of A and nonexpansivity of T;,, we have

[ Xn41 — PHZ = ||D‘nf(xn) + Bnxn + YuKuyn — PH2

< || f(xn) — plI* + Bullxn — plI* + Yol Knyn — plI?

< aullf (xn) =PI+ Bullxn — pII* + vallyn — plI?

= tnll f(xn) = PP + Bullxn — PP + 1ull Ty, (20 — 10 Axn) = Tr,, (p — ra Ap) |I?
< f(xn) — plI* + Bullxn — PHZ + 7l (X0 — 0 Axa) — (p — 12 Ap)|?

= tullf(xn) = P> + Bullxn — plI> + vall (%0 = p) — ru(Axy — Ap)|?

| f () = PIIP + Bullxn = plI® + vulll2n — plI* = 2 (xn — p, Axy — Ap)
+ 1yl Axy — Ap|)?)
< f(xn) — sz + Bull2cn — PH2 + Yu(|[xn — PHZ — 2rpa || Axy — APHZ
+ 1yl Axy — Ap|)?)
= tnl| f(xn) = PIIP + Bullxn — pI* + vullxn — plI* = 2rwyne]| Ax, — Ap||?
+ Yury | Axn = Ap|)®
(33) = || f (xn) = pIIP + (1 = @) |20 — plI* + yurn(ra — 20)|| Axy — Ap|*.
By (33), we have

Yuln (20 — 1) || Axy — AP”2 < aullf(xn) — PHZ + (1 —ay)[|xn — PHZ — [[xn41 — PHZ
= | f(xn) = plI* = anllen = plI* + 120 — plI> = X001 — pI?
(34) <l f(xn) = plI* — anllxn — plI> + %0 — xpsa | (120 = pll + X001 — pII)-
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Since, 0 < ¢ <r, <d < 2«, we have
(35)
Tue(2a —d)|| Axy — Apl® < anl| f(xn) = pIIP = anllxn = P>+ 100 — X [ (120 = pIl 4 %031 = pI])-

From a, — 0, ||x, — x,41|| — 0 and the boundedness of {x,} and {f(x,)}, we have
(36) r}m.}o |Ax, — Ap|| = 0.

Since T;, is a firmly nonexpansive, we have

lyn — PHZ = ||Ty, (xn — 10 Axy) — Ty, (p — VHAP)HZ
< (T, (xn = 1 Axn) — Ty, (p — 1 Ap), (xn — 10 Axy) = (p — ruAp))
= (Yn — p, (xn — 10 Axn) — (p — 12 Ap))
1
= 5 Ilyn — pl> + [ (xn — raAxn) — (p = ra AP)I> = | (yn — p)

— ((xn —1rnAxn) — (p — ”nAP))HZ)

1
5 Ulyn = plI* + [l = pl1* = [ (xn = ya) = ra(Axu — Ap) )

(VAN

1
= E(Hyn - PHz + {20 — PHz — [|xn _ynHz + 2rp(xXn — Yn, Axy — Ap)

(37) — 13| Ax, — Ap|?)

and hence

(38) lyn — PHZ < lxn — PHZ — [|xn — ynHZ + 27| %0 — yulll|Axn — Ap||.
It follows that

xn41 — plI> < anllf () = pIIP + Bullxn — plI> + yullyn — plI?
< an | f(xn) — PHz + Bullxn — PHZ + Yn (|20 — PHZ — |lxn — ]/nHz
+ 27| xn — yulll|Axn — Apl|)
= | f(xn) = P> + Bullxn — pIIP + Yallxn — plI> — yullxn — yal®
+ 29utnl| X0 — yull | Axy — Ap||
= anl| f(xn) — PHZ + (1 —an)lxn — PHZ — Ynllxn — ynHZ
+ 29utn|xn — yull[|Axn — Apl].
This implies
YallXn = yull® < anll f(xn) = plI* + [0 — pIIP = 2031 — P> — anllxn — pl|?
+ 29| X0 — Yull[|Axy — Ap|
< aul £ (xn) = plI* + 10 — xusa | (10 = pll + 2041 — p1I)
(39) —“onn_PHz+2'Yn”onn_ynHHAxn_APH~

Since a, — 0, ||xy — xp11|| — 0, ||Ax, — Ap|| — 0and the sequences {x,},{y.} and {f(x,)}
are bounded, it follows from (39) that

(40) r}ijr;ollxn—ynll =0.
From [[Knyn — yull < [Knyn — xull + |20 — vl

by (32) and (40), we have

(41) y}l_r};‘o 1Ky = ynll = 0.

Next, we show that
(42) limsup(f(x*) —x*, x, —x*) <0,

n—00
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where x* = Poy Feryna f(x*). To show this inequality, we can choose a subsequence {yy, } of
{yn} such that

43) lim (F(x) = 2%,y — 2"} = limsup(f(x") — 2",y — x°).

1—0c0 n—00

Since {yy, } is bounded, there exists a subsequence {yy, } of {yx,} which converges weakly to
w. Without loss of generality, we can assume that y,, — w. From ||K,y, — yx|| — 0, so we have
Kuyn, — w. Let us show w € NN F(T;) N Q.

First, we show w € Q. Since y, = T}, (x, — r,Axy), for any z € C we have

1
D(yn,z) + 9(2) — ¢(yn) + (Axn, z — yn) + <Z — Yn,Yn — Xn) > 0.
From (A2) we have

@(z) = @(yn) + (Axn,z — yn) + ! —(Z = Yn, Yn — Xn) = —DP(yn,z) > D(z,yn),

n
and hence

n; xnl-
(44) 4)(2) - q)(yni) + (Axnl.,z - yni> + <Z — Ynjs y]r7> > @(Z,yni),

n;
Puty; =tz+ (1 —t)wforallt € (0,1] and z € C. Then we have y; € C. From (44) we have
P(ye) = @(Yu) + (Yt = Y, Ayt)

> Yt = Ynir Ayt) — (Yt — Yny AxXns) — Yt — Yy,

Yni —
r

ni

) 4 Dy, )

Y + D (Y, Yn,)-

- <yt - y”i’Ayt o Ay”z‘> + <yf - yni,Ayn,v - Axni> - <yf — Yny ynii’_

n;
Since ||yn, — xn,|| — 0, we have ||Ay,, — Ax,,|| — 0. Further, from monotonicity of A, we have

Yt = Yniy Ayt — Ayn;) >0

Thus from the weakly semicontinuity of ¢ and (A4), we have

(45) ¢(yt) — (W) + (1 — w, Ayr) = P(yr,w) as i — oo.
From (A1), (A4), (45) and the convexity of ¢ , we also have
= Dy ye) + @(ye) — ¢(vr)
= @(ys, (tz+ (1 - Hw)) + qv(tz + (1 =Hw) =yt
< 1Oy, 2) + (1= )P (yr, ) + t9(2) + (1 = H)p(w) = ¢(y:)
<ty z) + (1= D) (@) — ¢(w) + (Y — w, Ayr)) + t(2) + (1 = H)o(w) — @(yi)
= t®(ys,2) = t(ye) + (1 = 1)y — w, Ays) + t9(2)
46) =Py z) = ¢(yr) + ¢(2)] + (1 = HH(z — w, Ayy)
Dividing by t, we have
D(yr,z) — () +9(z) + (1 —t)(z —w, Ay) 20, VzeC.
Letting t — 0, it follows from (A3) and the weakly semicontinuity of ¢ that
(47) P(w,z) —p(w)+¢(z)+ (z—w,Aw) >0, VzeC.

Therefore w € ). Next, we show that w € NN F(T;). Assume that there exists j € {1,2,...,N}
such that w # Tjw. By Lemma 2.10, we have w # Kw.
Since y,,, — w and w # Kw, by Opial’s condition [8] and (41) and Lemma 2.11, we have

liminf [y, — | < Hmin [ly,, — K|
1— 00 1—00
< timinf(|lyn, — K | + K, — Knol] + | Ko — Keo])

< liminf |y, - w||
1—00
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which is a contradiction. Thus w = Kw and w € F(K) = NN, F(T;). Hence w € NY F(T;) N Q).
Since x* = P p(1)naf(x"), we have

limsup(f(x*) — x*, x, —x") = Im (f(x*) — x*, x,p, — x¥)

) = lim (f(x*) — x*, ¥, — x7)
(43) = (f(x*) — x*,w —x*) <0.

Finally, we prove that {x, } and {y,} converge strongly to x*. From (13), we obtain

||x”+1 - x*||2 = <“nf(xn) + ,ann + ’)’nKnyn —x7, Xn4+1 — x*)
= D‘”(f(x") - X*/ Xn+1 — x*> + :BH <xﬂ - X*/ Xn41 — X*> + ')’n<Kn]/n - X*, Xn+1 — x*>
< () = F(6), X1 — X7+ i (F(&") = 5, 20 — x°)

1 * * 1 * *
5 Bnllln = 217+ llawsr = 27112 + Syn (1K = %7 |2 + [l 2 = 2[1%)

1 * * * * *
< S = an)(flon = 2|2+ [enr = 27[%) + n(f () = 2%, 2000 — x7)
1 *\ |12 * (|12
+ 5t ([Lf (n) = FO + [l —x7%)
1 * * * * *
< S = an) (oo = 2|2+ [enr = 27[1%) + an(f () = 2%, 200 — 27)
1 2 4 L .
+ ol — 2 + S — 2P
_ 1 o 2 k(2 1 % ]|2 *) ¥ ok
(49) = 2(1 (1= p%))|xn — 7 +2Hxn+1 X7+ an(f(x7) = %%, Xppq — x7),
which implies that
i1 = %12 < (1= (1 = p2)) [ — 5[ + 2000 (F(x") = X, g1 — )
* 2 * * *
= (1= ay(1 = %) [Jx0 — x*[> + an(1 - %) - (1_7{)2)<f(x ) =X, Xpp1 — x7)
(50) = (1= 6n)l|xn — x*||> + 8u0,
where 6, = a,(1 — p?) and 0,, = u%fﬂ)(f(x*) — X*, X417 — x*). It is easy to see that ) 6, =
n=1
o0 and limsup o, < 0. Applying Lemma 2.4 to (50), we conclude that x, — x* asn — co.
n—oo
Consequently, {y, } converge strongly to x*. This completes the proof. U

Corollary 3.2. Let H be a Hilbert space, C a closed convex nonempty subset of H, ¢ : C — IR a proper
lower semicontinuous and convex functional, ® : C x C — R a bifunction satisfying (A1)-(A4),
{T;}N, a finite family of nonexpansive mappings of C into itself such that N\ F(T;) " MEP(®, ¢) #
0 and f a p—contraction of C into itself. Moreover, let {a,},{Bn} and {yn} are three sequences in
(0,1) with ay + Bu + vn = 1, {An; 1N, a sequence in [a,b] with 0 < a < b < 1and {r,} a sequence
in [0,2«] for all n € IN. Assume that:

(i) either (B1) or (B2) holds;

(ii) the sequence {r,} satisfies

CHO<c<r,<d<2a and

[ee]
(C2) Zl |rn+1 - rn’ < 00;
o

(iii) the secﬁtence {a,} satisfies
(D1) lim «;, = 0; and
n—oo

D2) ¥ ay = o

n=0
(iv) the sequence {B,} satisfies
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(E1) 0 < liminf B, <limsup B, < 1;
n—oo

n—oo
(v) the finite family of sequences {A,; } | satisfies
(F1) lim |A,q1; — Api| =0 foreveryi € {1,2,...,N}.
n—oo
For every n € IN, let K,, be a K—mapping generated by T1, To, ..., T and A1, Aup, ..., AN and let
{xn} and {y,} be sequences generated by xo € C and

@ (yn, x) + @(x) — @(yn) + %(x —YnYn —Xn) 20, Vx€C
Xn+1 = ‘an(xn) + ,ann + 'YnKnyn-

Then both {x,,} and {yn} converge strongly to x* = Poy p(1ynmep(a,9)f (X7)-
Proof. Put A = 0. Then, for all « € (0, c0), we have that
(x —y, Ax — Ay) > «a||Ax — Ay|*>, Vx,y€C.

Hence all the conditions of Theorem 3.1 are satisfied. Therefore the corollary is obtained by
Theorem 3.1. U

Corollary 3.3. Let H be a Hilbert space, C a closed convex nonempty subset of H, A an a—inverse
strongly monotone mapping of C into H, ® : C x C — R a bifunction satisfying (A1)-(A4), {T;}Y,
a finite family of nonexpansive mappings of C into itself such that NN F(T;) NEP # 0 and f a
p—contraction of C into itself. Moreover, let {a,},{Bn} and {yn} are three sequences in (0,1) with
an + Bn+ vn = 1, {Ani} N a sequence in [a,b] with 0 < a < b < 1and {r,} a sequence in [0,2a]
forall n € IN. Assume that:
(i) the sequence {ry} satisfies
CHO<c<r,<d<2aand

(CZ) El |rn+1 - Tn’ < 00,
e

(ii) the secﬁtence {a, } satisfies
(D1) lim «, = 0; and
n—oo

D2) ¥ ay = o;

n=0
(iii) the sequence {Bn} satisfies
(E1) 0 < liminfB, <limsup B, < 1;

n—oo
(iv) the finite family of sequences {A,,;} I | satisfies
(F1) lim |Ayq1;— Ayi| =0 foreveryi € {1,2,...,N}.
n—o0o
For every n € IN, let K,, be a K—mapping generated by Ty, T»,..., Ty and Ay1,Anp, ..., Ay N and let
{xn} and {y, } be sequences generated by xo € C and

D(yu, x) + (Axp, X — yn) + %(x —Yn,Yn —Xxn) >0, Vx €C
Xn+1 = “nf(xn) + ,ann + ’)’nKnyn'

Then both {x, } and {y,} converge strongly to x* = PﬂfilF(Ti)ﬁEPf(x*)'

Proof. Put ¢ = 0 in Theorem 3.1. Hence all the conditions of Theorem 3.1 are satisfied. There-
fore the corollary is obtained by Theorem 3.1. O

Corollary 3.4. Let H be a Hilbert space, C a closed convex nonempty subset of H, ® : C x C — R
a bifunction satisfying (A1)-(A4), {T;}X., a finite family of nonexpansive mappings of C into itself
such that NN F(T;) N EP(®) # 0and f a p—contraction of C into itself. Moreover, let {a,}, {Bn}
and {7y} are three sequences in (0,1) with an + Bn + vn = 1, {Ay; Y, a sequence in [a, b] with
0<a<b<land{r,} asequencein [0,2«] forall n € N. Assume that:
(i) the sequence {ry} satisfies
CHOo<c<r,<d<2aand
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(€2) % lrua =1l < o0

n=1
(ii) the sequence {ay} satisfies
(D1) lim ay, = 0; and
n—oo

D2) ¥ ay = o
=0

n—=
(iii) the sequence { By} satisfies
(E1) 0 < liminf B, <limsup B, < 1;
n—oo 0

n—
(iv) the finite family of sequences {A,; } N | satisfies
(F1) lim |Ayq1; —Ayi| =0 foreveryi € {1,2,...,N}.
n—oo

For every n € IN, let K,, be a K—mapping generated by T1, To, ..., T and Ay1,Anp, ..., AN and let
{xn} and {y,} be sequences generated by xo € C and

D (Y, X) + (X = Yn,Yn — xu) 20, Vx€C
Xn+1 = “nf(xn) + ,ann + ’)’nKnyn~

Then both {x,,} and {yn} converge strongly to x* = Poy p(r)nep(e)f(X7)-

Proof. Put ¢ = 0 and A = 0 in Theorem3.1. Hence the corollary is obtained by Theorem
3.1. |
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Common Fixed Points of a New Three-Step Iteration with Errors of
Asymptotically Quasi-Nonexpansive Nonself-Mappings in Banach
spaces

Utith Inprasit!?> and Hathaikarn Wattanataweekul'~?

ABSTRACT: In this paper, we study a new three-step iterative scheme for approximating a
common fixed point of three asymptotically quasi-nonexpansive nonself-mappings with errors
and prove several strong and weak convergence results of the iterative sequences with errors
in a uniformly convex Banach space. We also extend and improve some recent corresponding
results in the literature.

1. Introduction

We assume that X is a normed space and C is a nonempty subset of X. A mapping T : C —
C is said to be asymptotically nonexpansive [3] if there exists a sequence {k,} of real numbers
with k, > 1 and lim k, = 1 such that ||T"x — T"y|| < ku||x —y|| for all x,y € C and each

n—o00o

n > 1. The class of asymptotically nonexpansive mappings is a natural generalization of the
important class of nonexpansive mappings. Goebel and Kirk [3] proved that if C is a nonempty
closed and bounded subset of a uniformly convex Banach space, then every asymptotically
nonexpansive self-mapping has a fixed point. A mapping T : C — C is called asymptotically
quasi-nonexpansive if F(T) # @ and there exists a sequence {k, } of real numbers with k, > 1
and lim k, = 1 such that ||T"x — q|| < ky||[x —g|| forallx € C,q € F(T),n > 1, where F(T)

n—o00

is the set of fixed points of T. The mapping T is called uniformly L-Lipschitzian if there exists a
positive constant L such that || T"x — T"y|| < L||x —y|| forall x,y € C and each n > 1. Itis easy
to see that an asymptotically nonexpansive mapping must be uniformly L-Lipschitzian as well
as asymptotically quasi-nonexpansive but the converse does not hold.

In 2000, Noor [9] introduced a three-step iterative sequence and studied the approxi-
mate solutions of variational inclusions in Hilbert spaces. Glowinski and Le Tallec [4] applied
three-step iterative sequences for finding the approximate solutions of the elastoviscoplastic-
ity problem, eigenvalue problems and in the liquid crystal theory. It has been shown in [1],
that three-step method performs better than two-step and one-step methods for solving varia-
tional inequalities. The three-step schemes are natural generalization of the splitting methods
to solve partial differential equations; see, Noor [9, 10, 11]. This signifies that Noor three-step
methods are robust and more efficient than the Mann (one-step) and Ishikawa (two-step) type
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iterative methods to solve problems of pure and applied sciences.

In 2001, Khan and Takahashi [5] have approximated common fixed points of two asymp-
totically nonexpansive mappings by the modified Ishikawa iteration. Recently Shahzad and
Udomene [15] established convergence theorems for the modified Ishikawa iteration process
of two asymptotically quasi-non expansive mappings to a common fixed point of the map-
pings. For related results with error terms, we refer to [2, 6, 13] and [15].

The purpose of this paper is to establish strong and weak convergence theorems of a
new three-step iteration for three asymptotically quasi-nonexpan sive non-self mappings in a
uniformly convex Banach space. This scheme can be viewed as an extension of Xu and Noor
[18], Suantai [16] and Nilsrakoo and Saejung [8].

Let X be a normed space. A subset C of X is said to be a retract of X if there exists a con-
tinuous map P : X — C such that Px = x for all x € C. Every closed convex set of a uniformly
convex Banach space is a retract. A map P : X — C is said to be a retraction if P> = P. It follows
that if a map P is a retraction, then Py = y for all y in the range of P. A mapping T : C — Xis
said to be asymptotically quasi-nonexpansive if F(T) # @ and there exists a sequence {k, } of real
numbers with k,;, > 1 and lim k,, = 1 such that

n—oo
IT(PT)"'x — gl| < kullx — ]|
forallx € C,q € F(T),n > 1, where F(T) is the set of fixed points of T and (PT)? = I, the
identity operator on C.
The mapping T : C — X is called uniformly L-Lipschitzian if there exists a positive constant
L such that

IT(PT)"""x = T(PT)"'y|| < L||x —y]

forall x,y € Cand n € IN.

Let C be a nonempty closed convex subset of X and P : X — C a nonexpansive retraction
of X onto C, and let Ty, Tz, T3 : C — X be asymptotically quasi-nonexpansive mappings and F

3
is the set of all common fixed points of T; i.e., F = (| F(T;), where F(T;) = {x € C: Tjx = x}
i=1

for all i = 1,2,3. Then, for arbitrary x; € C, compute the sequences {x,}, {y.}, {z.} by the
iterative scheme

zy = Pla,T1(PTy)" Yxy + (1 — ay — 8,)xn + Suttn],
Yn = PbyTo(PT2)" 'z + ¢y Ty (PTY)" 'ty 4 (1 — by — ¢ — 0)Xn + 0u0n),
X1 = PlanT3(PT3)" 'yu + BuTo(PTo)"'zy + 1 T1 (PT1)" %y
(1) + (L —an — Bu — Tn — Pn)Xn + Pntn]

for all n > 1, where {a,},{bn},{cn}, {an}, {Bn}, {Vn}, {60}, {on}, {pn} are appropriate se-
quences in [0,1] and {u, }, {v,}, {w,} are bounded sequences in C.

Without errors (6, = 0, = p, = 0), and Ty, T, T3 are self-maps of C, the iterative scheme
(1) reduces to the following iterative scheme:

zn = ayT{'xy + (1 — a,)xy,
Yn = by Thzy + ey Ti' %y + (1 — by — cn) X,
(2) Xn4+1 :“nTgyn+,Bnngn+7nT{1xn+(l_“n_,Bn_')/n)xn/ n Z 1/

where {a,},{bn},{cn}, {an},{Bn}, {yn} are appropriate sequences in [0, 1].

If T :=T1 = T, = T3, then (2) reduces to the iterative scheme defined by Nilsrakoo and
Saejung [8].

Ify, =0and T := T; = T, = T3, then (2) reduces to the iterative scheme defined by
Suantai [16].

Ifch =Bn =7 =0and T := T} = T, = T3, then (2) reduces to the iterative scheme
defined by Xu and Noor [18].
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If a, = by, = ¢, =0, then (2) reduces to the following iterative scheme:
3) X1 = &n T3 X0 + BT xn + Y Tixn + (1 — &y — B — V) Xn

foralln > 1, where {a,}, {Bn}, {77n} are appropriate sequences in [0, 1].

To study strong and weak convergence theorems of the iterative scheme 1, we recall
some useful well-known concepts and results.

Recall that a Banach space X is said to satisfy Opial’s condition [12] if for each sequence
{xn} and x,y € X with x, — x weakly as n — o0 and x # y imply that

lim sup [|x, — x[| < lim sup [[x, —y|.
In what follows, we shall make use of the following lemmas.

Lemma 1.1. [17, Lemma 1]. Let {a, }, {b, }, {Jx } be sequences of nonnegative real numbers satisfying
the inequality
apy1 < (14 6p)a, + by foralln =1,2,....

If ¥ 0, <ocand Y b, < oo, then
n=1 n=1
(i)  lim a, exists, and
n—oo

(ii) lim a, = 0 whenever lim infa, = 0.

n—oo n—oo

Lemma 1.2. [7, Lemma 1.4]. Let X be a uniformly convex Banach space and let B, = {x € X :
|x|| < r}, r > 0 be a closed ball of X. Then there exists a continuous, strictly increasing convex
function g : [0,00) — [0,00),g(0) = 0 such that

1A% + py + &z + dw|* < Allx|® + wllyl® + ¢ llz)* + Ollw]* — Aug (Ilx — )
forall x,y,z,w € Brand all A, u, &, 0 € [0, 1] with A +u+¢+ 09 =1.
Similar to Lemma 1.2, we can prove the next lemma.

Lemma 1.3. Let X be a uniformly convex Banach space and let B, be a closed ball of X. Then there
exists a continuous, strictly increasing convex function g : [0,00) — [0,00), g(0) = 0 such that

IAx + py + Gz + 8w + s[> < Alx > + pllyll + Ellz17 + Ollw]l* + ¢llsl* — Apg (Ilx = yll)
forall x,y,z,w,s € Byand all A, u, &, 0,0 € [0, 1] withA+u+¢+9+7=1.

Lemma 1.4. [16, Lemma 2.7]. Let X be a Banach space which satisfies Opial’s condition and let {x,, }
be a sequence in X. Let u,v € X be so that lim ||x, — u|| and lim ||x, — v|| exist. If {xp, } and {xp, }
n—oo n—0o0

are subsequences of {x,, } which converge weakly to u and v, respectively, then u = v.

2. Main Results

In this section, we prove strong and weak convergence theorems for the iterative scheme
(1) for asymptotically quasi-nonexpansive nonself-mappings in a Banach space. In order to
prove our main results, the following lemmas are needed.

Lemma 2.1. Let X be a uniformly convex Banach space and C a nonempty closed convex nonex-
pansive retract of X with P as a nonexpansive retraction. Let Ty, To, T3 : C — X be asymptoti-
cally quasi-nonexpansive mappings with respect to sequences {kn},{ln},{mn}, respectively, such that

FA@ke>1 1y > 1my > 1, z(k “1) < oo, 2(1 1) < oof(mn—m < co. Let
{an}, {bn}, {cn}, {an}, {Bn}, {Vn}, {5 bAon}, {on} be real sequences in [0 1] such that ay + On,
by + cn + 0y and ay + By + Yn + pn arein [0,1] forall n > 1, Z Oy < 00, Z oy < 00, Z Pn < 00
and let {uy,}, {v,}, {wn} be bounded sequences in C. Foragzven x1 e€C, let {xn} {yn}, {zn} be the
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sequences defined as in (1). Then

(i)
(i)

lim ||x, — q|| exists forall g € F.
;ﬁ)orje of the following conditions (a), (b), (c) and (d) holds, then
lim || T;(PT;)" 'x, — x| = 0.
zjwlim infB, >0and0 < lim infa, < lim sup(an +6,) < 1.
() 11m infa,, l1m infb, > 0 and 0< 11m 1nfan < 11m sup(an +6n) < 1.
(c) 0 < 11m 1nf'yn < hm sup(ocn —i—ﬁn —i—'yn +on) < 1
(d)0 < ,}Ef}omf“” and 0 < nh_r&mfcn < ]}ggosup(b +entoy) <1
If either (a) 0 < lim infﬁn < lim sup(ocn +Bn+rntpon) <1
or (b) lim mfoan =~ 0and 0 < ’}Lra}olnfb < lim sup(b +oeopt+on) <1,
then lgr(}oHTz(PTz)” L2y — xu]| = 0.
If0 < lim infa, < &ggosup(an +Bn+vn+pn) <1,
then lim | T5(PT3)" ty, — x| = 0.

Proof. (i) Let g € F. By (1), we obtain

lzo —qll = [IPlaxTu(PT0)" "y + (1 = @y — ) xu + Suttn] — P(q)]|
< ag|Ti(PTh)" xew — gl + (1 — an — 64) || X0 — ql| + Sullttn — q|
4) < (Ttan(kn —1) = 6n)|lxn — gl + 6nlun — g
and
lys —qll = ||P[baT2(PT2)" ‘z, 4+ ¢ Ty(PTy)" Yoy 4+ (1 — by — ¢ — 00) X
+0won] — P(q) ||
< bul|T2(PT2)" 20 — qll + cul| T (PT1)" s — g
+ (1= bn — cn — on)[|xn — ql| + oullon — 1|
< bulnllzn — gl + cnknl[xn — gl + (1 = by — cn — o) || X0 — 4|
(5) +oullon — 4.
By (4) and (5), we obtain

|2%n+1 = gl = | PlanT3(PT3)" " yu + BuTa(PT2)" 'z + 9 T (PT1)" s

+ (L= aw = Bu = Tu = Pn)Xn + pnwn] — P(q)]]

< an| T3(PT3)" "y — q|| + Bl T2(PT2)" 24 — 4
+ Y| TL(PT)™ Yy — gl + (1 = — B — Y — o) |0 — 4|
+ pnllwn — 4|

< ‘Xnmn“yn - ”]H + ,BnlnHZn - 5]” + Yuknl|xn — 5]”
+ (L= aw = B = vn — o) 10 — qll + pullwn —q]|

< (anmubply + Buln)llzn — gl + anmucuknl|xn — q|
+ (antmy — anmyby — 6pMycy — 0y 0y) || X0 — 4|
+ &t Onl[on — q|| + Yukn |20 — 4[|
+ (L= aw = Bn = vn — o) 1Xn — qll + pullwn —q]|

< lwn — qll + (I = 1) (@nttnby + Bu) + (kn — 1) (vn + antttncy
+ (lxnmnbnln + ﬁnln>ﬂn) + ‘xn(mn - 1))Hxn - ‘7||
+ (muln + 1n)onllun — ql| + muonl|on — gl + pul[wn — q]l.
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Since {I, }, {mn}, {un}, {vn}, {wn} are bounded, there exists a constant K > 0 such that a,,m,,b,, +
Bn < K, vu + apmycy + (aumpbply + Bulp)ay < K, (muly + 1) ||un — q|| < K,myllv, —q| <

K, ||lw, —q|| < Kand a, < K forall n > 1. Then

w1 =gl < (14K (k= 1) + (b = 1) + (ma = 1)) ) 00 — 4
(6) + K(6n + 00 + pn)

By Lemma 1.1, we obtain lim ||x, — g|| exists.
n—oo

Next, we want to prove (ii), (iii) and (iv). It follows from (i) that {x, — g}, {T1 (PT; )" 'x,
g}, {yn — q}, {T3(PT3)" 'y, — q},{zs — q} and {T(PT»)" 'z, — q} are all bounded. Let

M = max { sup ||, — qll, sup | T, (PT2)" " — qll, sup 1y —qll,
n>1 n>1 n>1

sup || T3(PT3)""yu — qll, sup [|zn — gl sup [|u — ],
n>1 n>1

n>1

sup || T2(PT2)" 'z, — 7l sup o = qll, sup e, = ql!}-

n>1 n>1

By Lemma 1.3, there exists a continuous, strictly increasing convex function g : [0,00) — [0, 0)
with ¢(0) = 0 such that

[Ax + py + &z + dw + s||* < Al|x||* + plly||* + €l1z)1* + Ol|wl||* + ¢|[s]|?
(7) —Aug(llx—yll)

forall x,y,z,w,s € Byand all A, i1, {, 9, € [0,1] with A+ u+ ¢ + 0+ ¢ = 1. By (7), we have

|20 — EIHZ = ||P[anT1(PT1)"_1xn + (1= an — 0n)Xn + Ontin] — P(CI)HZ
< Han(Tl(PTl)n_lxn —q)+ (1 —an—84)(xn — q) + 6 (un — EI)HZ
< || T (PT)" oy — gl 4 (1 = an — &) [ x0 — g1
+ Onllun — ‘7”2 —an(1—a, — ‘Sn)g(HTl(PTl)nilxn — xnl|)
< ankl|2n = ql1* + (1 = an — 6) 1x0 — ql1* + 6 || un — g1
—ay(1—a, —38n)g(| Ti(PT1)" 'y — x4 ])
8) < (14 an(ky = 1) = 8n) 20 — g1 + Su | — g2

and

lyn — ql1* = ||P[bx T2(PT2)" 'z + co Ty (PT1)" 2y + (1 — by — ¢y — 03)

X+ 040q) = P(q) |12

< an<T2(PT2)nilzn —q)+ Cn(Tl(PT1>n71xn —q)
+ (1 =bu —cn — o) (xn — ) + 0 (xn — ‘7)”2

< anTZ(PTZ)nilzn - ‘1”2 + (L =bu —cn—0n)xn — ‘7”2
+anT1(PT1)”*1xn - ‘JHZ + Oullon — q||2
— by(1 = by — ¢ — 00)g (| TR(PT2)" 12y — x4 ])

< bulyllzn — ‘7”2 + (L =bu —cn—0u)|xn — QHZ + k|0 — ‘7”2

) + Onllon — ‘JHZ —bp(1—bp—cpn— Un)g(HTZ(PTZ)nilzn - an)
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By (7), (8) and (9), we obtain

B QHZ =

IN

IN

IN

(VAN

IP[an T3(PT3)" "y + BuTa(PT2)" 20 + 1 T (PT1)" 1y

+ (1 —an — Bu— Y — Pn)Xn + Pnt0p] — P(Q)HZ

|| T3(PT3)" tyn — q||* + Bl T2(PT2)" 'z — g

+ Yl TL(PT)" 2 = q)* + (1= & = B — Y — o) [0 — g1
—an(l—an = Bu—n _Pn)g(HTS(PB)nilyn — xa )

+pullwn —q|*

ity ||yn = 411> + Buli |20 — gl + viki X0 — q11* + pallwn —
+ (1 —ay —Bn—Tn _Pn)Hxn _”]HZ

— a0 (1= &y — B — v — )8 (I T3(PT3)" 'y — x|
aptigenky || xn = ql1* + anmi (1= by — ¢ — o) |l xa — g7
""Ynk%szn - 5I||2 + (1T —an — Bu—vu— pn) || xn — QHZ

+ (anm2bul% + Bul2)|1zn — q|1* + anmoul|on — q||* + oullwn — gl
— aymiby (1 — by — ¢y — 00)g (| T2(PT2)" 'z, — x4
—an(l—an = Bu—n _Pn)g(HTS(PTC%)nilyn — xal)
itk |0 — q||? + anmiy (1= by — ¢) |20 — g

+ vk ||lxn = ql12 + (1 = an — Ba — 1) |xn — 1> + (@umibyl;
+ﬁnl%)||xn - ‘7H2 + (“nm%bnl% + ﬁnl%)(an(k;% = 1)) lxn — QHZ
— (anmbuly + ,Bnl;%)an(l —fn — 5n)g("Tl(PTl)nilxn - an)
+ (mals + 1)0u || un — g1 + mycul|on — q)1> + pnl|wn — g

— aym2by (1= by — cp — )8 (|| T2(PT2)" 2, — x4 )

—an(1 =y — Bn — vn — )8 (I T3(PT3)" Ly — x|

26w — qlI* + (k2 — 1) (anmBen + Yu + (anm2bul? + Bul?)an)

+ (I = 1) (antmiby + Bu) + an (mi; — 1)) [l2en — ql1?

+ (myly + 1) 8nllun — 11> + mionllon — q)1> + pallw, — q]1?

— aymibulaa, (1 —ay — 6,)g (|| T1 (PT1)" *xu — x|

- ﬁnl%”n(l —an —6:)g(IITh (PT)" 'xy — Xul|)

— aymaby (1= by — cn — 0)8 (|| T2(PT2)" 'z, — x4 )

— (1 —an — Bu— Tn _Pn)g(HTB(PTB)n_lyn - xn”)

Since {ku},{ln}, {mn},{un}, {vn}, {w,} are bounded and {x,} is bounded, there exist con-

stants Ky > 0 such that

(anm2en + yn + (@umZbyl2 + Bul2)an)||xn — q||*> < Ko,
(“nm%bn + Bu) lxn — ‘7“2 < Ko, o || xn — ‘7”2 < Ko, (m%l,% + Z%)Hun - ‘7“2 < Ko,
m?2||v, — g||*> < Ko and ||w,, — q||* < Ko for all n > 1. Thus

D‘nm%bnl%“n(l —an — ‘5n)g("T1(PT1)nilxn - an) <l — q,|2 — [|xny1 — ‘7“2

(10)

,Bnl,%an(l —ay —0n)g

(11)

+Ko((k2 —1)+ (13— 1) + (m3 — 1))
‘f’KO((sn +o0n + pn)

(T (PT)" oxw — xull) < 2w — ql1* = [|x041 — gl
+Ko((k = 1) + (I; = 1) + (m; — 1))
+ Ko(én + 00 + pn)-
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D‘nm%bn(l — by —cn— Un)g(HTZ(PTZ)n_lZn - xn”) < lxn — ”IHZ — |[xny1 — 5IH2
+Ko((ky = 1) + (I = 1) + (m5; — 1))

an(1—an —Pn—n — Pn)g(HTS(an%)nilyn - an) < lxn— ‘JHZ = llxns1 — ‘1”2

+Ko((ky = 1) + (17 = 1) + (m, = 1))
(13) + Ko (65 + 04 + pn)-
Again (7), we obtain

lyn —ql> = |IP[bnT2(PT2)" 'z, + cy Ty (PTY)™ xy + (1 — by — cn — ) xn
+ 0] — P(‘?)Hz

anT1(PT1)”_1xn - CIHZ + (1= by —cn — 0n) | xn — CIHZ

+ anTZ(PTZ)nilzn - QHZ + Onlvn — qH2

—cn(1=by—cn — 0n)g(ITa (PT1)" 2ty — x4 ])

anﬁllxn - qHz + (1= by —cn—0n)[|xn — ‘1”2 + bnliuzn - qHZ
(14) + Oullon — ‘7”2 —cn(1—bn—cn — ‘Tn)g(HTl(PTl)n_lxn - xn”)
By (7), (8) and (14), we have

Ixne1 —qll> = [IPlanT3(PT3)" "y + BuT2(PT2)" 'zu + 7Ty (PTh)" 'y
+ (1= ttn = B — Yu — Pu)Xu + putwn] — P(q)]||?
|| T3(PT3)" Yy — q1I? + Bul T2(PT2)" 'z — q | + pul| w0 — q]I?
+ Yl TL(PT)" 2 — q)* + (1= & = B — Y — o) [0 — g1
—Bn(1—an — B — v — Pn)g(HTZ(PTZ)nilzn - an)
wuttiy ||yn = 411> + Bulill 20 — gl + vaks | X0 — qI?
+ pnllwn — q|I* + (1 = an — B — Yn — pu) |20 — g
+ Bn(L—an — Bu— 10 — Pn)g(HTZ(PTZ)nilzn - an)
it ki |0 — ql|* + @iy (1 = by — ¢p — ) || 20 — g1
+ ki e = q))* + (1= — B —n — pn)llxn — q)1?
+ (‘xnmﬁbnl% + ,Bnl;%) lzn — ‘7”2 + wn?ﬂi%llvn - ’7“2 + pnllwn — EIHZ
—aymincy(1— by — cn — o) g (| TL(PT1)" Pty — x4 |)
—Bu(1 —an = Bn—vn — Pn)g(HTZ(PTZ)n_lZn - xn”)
wnmﬁcnkﬁllxn - QHZ + “nm%(l — by —cn)|lxn — QHZ
+ ke = ql> + (1= an = Bu — 1) X0 — 1> + (wumibul;
+ Buli) |xn — g% + (awmybal} + ;B”lfl)(a"(k% — ) llxn —4ql?
+ (m%l% + l%)énH”n - QH2 + m%UnHUn - ‘1”2 + pnllwn — ’7”2
—aymincy(1— by —cn — o) g (| Te(PT1)" Pty — x4 ])
—Bn(1—ay — By — Y0 — Pn)g(HTZ(PTZ)n_lZn — xn”)
= |lxu —qll* + (K2 — 1) (anmicn + v + (anmibals + Bul2)ay)
+ (I = 1) (wamzby + Bu) + (11, — 1)) 262 — qI?
+ (Ml + 13)6n || — qHZ + mioy||on — ql* + Onllwn — q)1?
— aymicy (1 — by —cn — 0)g (|| T1(PT1)" 2w — %))
—Bn(l—an — Bn— 1 — Pn)g(HT2<PT2)n71Zn — xa )

IN

IN

IN

(VAN

(VAN

IN
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Thus

‘Xnmicn(l_bn_Cn_‘Tn)g(HTl(PTl)nilxn_an) < Hxn—qHz— Hanrl_’JHZ
+Ko((ki = 1) + (I = 1) + (m; — 1))
(15) +KO((511 +ou +pn)

,Bn(l_“n_ﬁn_’Yn_Pn)g(HTZ(PTZ)n_lZn_an) < ||xn_‘J||2_ Hxn+1_4|’2
+Ko((ky = 1) + (I = 1) + (m; — 1))
(16) +KO((Sn +ou +pn>

By (7), (8) and (9), we obtain

%041 =4l = | PlanT3(PT3)"yu + BuTa(PT2)" 'z + 7 T (PT1)" s
+ (1 —an — Bn = Yn — Pn)Xn + Pntn] — P(q)|?
< 7l T (PT)" o — g1 + @ | T3(PT3)" "y — 411 + pullw0n — qI?
+ (1 —an—Bn— 70— pn)llxn — ‘7“2 + ﬁnHT2<PT2)nilZn - QHZ
— (1= — Bn— Yn — p)S (I T1 (PT1)" "2 — x|
< yakpllxn = qlI* + anmillyn — q)* + Balillzn — 4l
+ pullwn = qlI* + (1 = an = Bu — Yn — o) |20 — g1
= Yn(L—an = Bu—Tn _Pn)g(HTl(PTl)n_lxn — Xnl|)
< ’Ynk%Hxn - QHZ +,Bnl;%||zn - 5]||2 + “nm%UnHUn - 5]||2 + pnllwn — ‘JHZ
+ i bal |20 — ql|* + aum (1= by — ¢ — o) 0 — g1
+agmgeakylxn = ql1> + (1=t — Bo = 1 — pu) 120 — 4|1
= (L —an = Bu—Tn _Pn)g(HTl(PTl)nilxn — xn||)
< Yk l|xn — ql* + myoullon — ql* + pullwn — ql|>
+ (ntbuly + Bull) 1xn — q|1 + (m305 + )8 | un — q1?
+ ((nm2bal? + Bul?)an (kK2 — 1)) || xn — q||* + anmieak? || xa — g
+ (L —an— B — 1) ||lxn — ‘7”2 + “nm;%(l — by —cn)||lxn — ‘7”2
— (1=t — Bn — Yn — p)S (I T1 (PT1)" x5 — x|
= |lxn — qlI* + ((2 = 1) (aumien + v + (anmZbal2 + Bal2)ay)
+ (I = 1) (anmyby + Bn) + (115, — 1)) [l2cn — qHZ
+ (m%l,% + l%)énH”n - EIHZ + m%‘TnHUH - QHZ + pnlwn — EIHZ
— (L —an —Bn—1n — Pn)g(HTl(PTl)n_lxn — xal])-

Thus
(1 —an = Bu — 1 — Pn)g(HTl(PTl)n_lxn —xall) <l - ql1> = llxeir — gl
+Ko((k = 1) + (17 = 1) + (m; — 1))
(17) + KO(én + oy + Pn)
(i) (a) Let lim inf B, > 0and 0 < lim infa, < lim sup(a, + J,) < 1. Then there exists
a positive integer np and 77,51 € (0,1) such that0 < 7 < B,,0 <7 <ayanda, +4, <7 <1
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for all n > ng. This implies by (11) that

(1 —1)g(ITi(PT)" Txy — xall) < 2w — ql1> = || %01 — g2
+Ko((kp —1) + (I = 1) + (m5 — 1))
(18) + Ko(6y + 04 + pn)

for all n > ny. It follows from (18) that for » > ny,

r 1 ;
E n—1 — < - - o 2 o 2
nn0g<”Tl(PT1) Xn xn”) = 172(1 _17/) (n;no(Hxn q” ||xn+1 q” )
T

+Ko Y (K —1)+ (I3 —1)+ (m3—1)

n=ny
+ 3y +on + pn))
< (I — g Ko Y (2 1)
N 772<1 -7 ) ’ n=ng "
(19) +(z§—1)+(m§—1))).
Since 0 <t —1 < 2t(t—1) forall t > 1 and E(kn—l) < oo, Of;(ln—l) < o0, ozol(mn—l) <
n=1 n=1 n=1
0o, we get E (K2 —1) < oo, OZO: (I2-1) < oo, OZo} (m? — 1) < oo. By inequality (19), let r — co.
n=1 n=1 n=1
We get % (T (PTh)" 'xy — x4]|) < 0. Thus lim (T (PTh)" x,y — xu|) = 0. Since g is
n=no —00
strictly increasing and continuous at 0 with ¢(0) = 0, it follows that lim ||Ty(PT;)" 'x,
n—oo
Xn|| — 0.
By using a similar method as in (ii) part (a) together with (10), (17), (15), (16), (12) and
(13), the results in (ii) (b,c,d), (iii) (a,b) and (iv), respectively, can be proved. O

Lemma 2.2. Let X be a uniformly convex Banach space and C a nonempty closed convex nonex-
pansive retract of X with P as a nonexpansive retraction. Let Ty, T,, T3 : C — X be asymptoti-
cally quasi-nonexpansive mappings with respect to sequences {kn}, {1}, {mn}, respectively, such that

F# Qky >1, 1, > Lmy > 1, E(k —1) < oo, z(z —1) < oo, Z(mn—1)<ooLet
{an}, {bu}, {cn}t, {an}, {Bn}, {Vn}, {(5 } {on}, {pon} be real sequences in [0 1] such that Ay + On,
by + ¢cn + On, 00 + Bn + Yn + pn are in [0,1] foralln > 1, 2(5 < 00, Zan<oo an<oo

and let {uy,}, {v,}, {wn} be bounded sequences in C. For a gwen x; €C, let {x,,,} {yn} {zn} be the
sequences defined as in (1). Suppose Ty, To, T3 are uniformly L-Lipschitzian. If lim ||T;(PTy)" x, —

Xu|| =0, y}im | To(PT2)" zy — xu|| = O,nlim | T5(PT3)" Yy, — x| = O, then
() lim [T, — . = 0,
(ii)  lim ||Tox, — x4|| = 0, and
n—oo

(iii)  lim || T3x, — x,|| = 0.
n—oo
Proof. Since

| %n41 — xu]| < "‘n||T3(PT3)n71]/n — Xl + ﬁnHTZ(PTZ)nilZn — x|
+ Yl T (PTY)" oty — x| + pnllwn — x|

—0as n — oo,
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we obtain
1T (PTy)" g1 — Xpa || < 1T (PT)" xgq — Ty (PTh)" x|
T (PT)" o — 2| + (2041 — x|
< Ll|xper = 2]l + [ T1(PT1)" ™ o — x|

(20) + [[Xp+1 — x|l — 0 as n — oo.
By (20), we get

I Ta2 = xall < [ TL(PT1)™ "y — x| + | T2 (PT2)" ™y — T

< Ta(PT0)" Yoy — xal| + LI T (PT2)" 220 — x|
— 0 as n — oo.
Thus r}im | Tyxn, — xn|| = 0. Next, we want to prove (ii). Since
llzw — xnl| < an||To(PTY)" txy — x4]| + Oul|tn — xn|| — 0 as n — oo,

we obtain

I T2(PT2)" " xys1 — Xpsa || < | T2(PT2)" ' xugq — To(PT)" 'y
+ || To(PT2)" Yz, — To(PTo)" o, |
+ | T2 (PT2)" 2 — xu || + |20zt — x|
< Ll[xpg1 = xull + Lllzn — xu ]l + | T2(PT2)" 21 — x|
+ ||xp41 — xn|| — 0 as n — oo.
Hence, we have
ITexs = all < T (PT2)" s = x| + | Ta(PTe)" s — Tos |
< | T2(PT)" 'z, — To(PT)" x,|| + | T2(PT2)" 1z, — x|

+ L| To(PTy)" 2x, — xp|| — 0 as n — co.

Thus lim || Tox, — x,|| = 0, so (ii) is obtained. Since
n—oo

lyn — xull < anTZ(PTZ)nilzn — Xu| + CnHTl(PTl)nilxn — x|

+0‘n“’0n - XnH — 0
and || T5(PT3)" 'y, — x,|| — 0 as n — oo, we obtain

IT3(PT3)" "%y — x| < | T3(PT3)" "y — T3(PT3)" '
+ I T5(PT3)" 'y — x|
< Lllyn — xull + [ T3(PT3)" 'y — x|
— 0 as n — oo.
Thus
IT5(PT3)" w1 — Xy || < | T3(PT3)"  atsn — T5(PT3)" x|
+ | T(PT3)" yu — T3(PT3)" x|
+ HT3(PT3)”71%1 — Xl + |01 — x|
< Lflxng1 = Xl + Lllyn = xull + | T3(PT3)" Ty — x4

+ ||xp41 — xn|| — 0 as n — oo.
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It follows that,
T3 = xall < | T3(PT3)" "2y — x| + | T3(PT5)" " — T
< | T3(PT3)" " ot — xul| + L|| T3(PT3)" 22 — x|
— 0 as n — co.
Hence (iii) is satisfied. O

Theorem 2.3. Let X be a uniformly convex Banach space and C a nonempty closed convex nonex-
pansive retract of X with P as a nonexpansive retraction. Let Ty, To, T3 : C — X be asymptoti-
cally quasi-nonexpansive mappings with respect to sequences {kn}, {1}, {mn}, respectwely, such that

F#Qk, >11, >1m, >1, Z(k —1)<ooZ(l—1)<ooand2(mn—1)<oo

Let {an},{bn},{cn}, {an}, {Bn}, {’yn} {6n},{on}, {pn} be real sequences ¢ in [0, 1] such thut ap + Oy,
by + ¢y + 0y and wy + By + yn + pn are in [0,1] for all n > 1, and Z oy < 00, Z oy < 00,

n=1
Z pn < oo and let {u,},{vn},{wn} be bounded sequences in C. Assume that Ty, T, T3 are uni-
formly L-Lipschitzian. If one of T;(i = 1,2,3) is a completely continuous and one of the following
conditions (C1)-(Cb) is satisfied:
(C1) 0< lim infa, < lim sup(a, +6,) <1,
n—oo n—oo
0< lim infb, < lim sup(b +cn+0,) <1,and
0< hm infa, < 11rn sup(zxn +Bn+vn+pn) <Ll
n—oo

(C2) 0< hm infb,, hm infc, < hm sup(b +cn+oy) <1,and
0< 11m infa, S hm sup(ucn +,Bn + 9+ pn) <1

n—oo
(C3) 0< liminfb, < 11m sup(b +cnto0y) <1,and
n—oo
0< nhm infx,, 11m mf’yn < hm sup(zxn + B+ n+pn) <1
(C4) lim infb, >0, andO < lim 1nfan < lim sup(a, + 0,) < 1, and

n—o0 n—oo n—o00

0 < lim infay,, lim inf B, < lim sup(ay, + Bn + vn +pn) < 1.
(C5) 0 < lim infay,, lim inf B, lim infy, < lim sup(ay, + Bn + vn +pn) < 1.
1n—00 n—oo n—o0 n—oo
Then the sequences {x, }, {yn}, {zn} defined as in (1) converge strongly to a common fixed point of T,
Tz and Tg.
Proof. Suppose one of the conditions (C1)-(C5) is satisfied. By Lemma 2.2, we obtain lim || Tjx, —
n—oo

Xn|| = 0 for i = 1,2,3. Assume one of T;, T and T3 says T; is completely continuous. Since
{xn} is a bounded sequence in C, there exists a subsequence {x,, } of {x,} such that {Tyx,, }
converges to g € C. Since ||x,, — q|| < || Tixy, — Xn, || + || T1xn, — q||, we get klim |20, —ql| = 0.
Thus {x,, } converges to g € C. By continuity of T;, we have T;x,, — T;q as k — oo. Since
ITiq — qll < I Tixne — Tig| + [ Tixn, — [ + [0 —ql| — Oask — oo,
we obtain Tjqg = q (i = 1,2,3). Thus g € F. By Lemma 2.1 (i), lim ||x, — g|| exists. This implies
n—oo

lim ||x, — g|| = 0. By Lemma 2.1, we have
n—oo

| T (PTy)" 'x, — x4]| — 0 and ||T2(PT>)" 'z, — x,|| — 0as n — co.
It follows that
[Yn = xull < bul T2(PT2)" 'z — x| + cul[ T (PT1)"  otw — x| + Ouflon — x|

— 0and ||z, — x| < || TL(PTy)" 'x — x4 + Oulln — xu|| — 0 as n — oo. These imply
lim y, = g and 11m 0 Zy = . U

n—oo

Remark 2.4. In Theorem 2.3, assume that T7, T, and T3 are asymptotically nonexpansive self-
mappings of C such that one of them is completely continuous and thus T, T>, T3 are uniformly
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L-Lipschitzian and J,, = 0;, = p, = 0. We obtain the following results.
(1) If one of the conditions (C1) — (C5) is satisfied, then the sequences {x,},
{yn},{zn} defined as in (2) converge strongly to a common fixed
point of T1, T, and T5.
(2) IfT:= Ty = T, = T3 and one of the conditions (C1) — (C5) is satisfied,
then we obtain the results of Nilsrakoo and Saejung [8].
(3) If T:= Ty = T, = T3 and one of the conditions (C1), (C2), (C4) is
satisfied and 7y, = 0, then we obtain the results of Suantai [16].
(4) I T:= Ty = T, = T3 with condition (C1) is satisfied and ¢, = B, = Va
= 0, then we obtain the results of Xu and Noor [18].
(5) If the condition (C5) is satisfied and a,, = b, = ¢, = 0, then the sequence
{x,} defined as in (3) converges strongly to a common fixed point of
Thlbandlb

The mapping T : C — X with F(T) # @ is said to satisfy Condition A [14] if there is a
nondecreasing function f : [0,c0) — [0, 00) with £(0) =0, f(r) > 0 for all r € (0,00) such that
|x — Tx|| > f(d(x,F(T))) forall x € C, where d(x,F(T)) = inf{||[x —g|| : ¢ € F(T)}. As Tan
and Xu [17] pointed out, the Condition A is weaker than the compactness of C.

The following result gives a strong convergence theorem for asymptotically quasi-nonexpansive
nonself-mappings in a uniformly convex Banach space satisfying Condition A.

Theorem 2.5. Let X be a uniformly convex Banach space and C a nonempty closed convex nonex-
pansive retract of X with P as a nonexpansive retraction. Let T1, T, T3 : C — X be asymptoti-
cally quasi-nonexpansive mappings with respect to sequences {kn},{ln}, {mn}, respectzvely, such that

F # Qky, > 1,1, >1mn>12(k —l)<ooZ(l—l)<ooand Z(mn—l)<oo

Let {an}, {bn},{cn}, {an}, {Bn}, {’yn} {6n}, {on}, {pn} be real sequences | in [0, 1] such that ap + Oy,
by + ¢y + 0y and ay + By + Yn + pn are in [0,1] for all n > 1 and Z o < o0, Zan < 00,

n=1 n=1

Z pn < oo and let {u,},{v,},{w,} be bounded sequences in C. Suppose Ty satisfies Condition A

and Ty, Tz are uniformly L- szschztzzan and one of the conditions (C1)-(C5) in Theorem 2.3 is satisfied.
Then the sequence {x,} defined as in (1) converges strongly to a common fixed point of Ty, T and Ts.

Proof. Let q € F. By Lemma 2.1, lim ||x, — g|| exists. Thus {x, — g} is bounded. Then there
n—oo
is a constant H such that ||x, — ¢q|| < H for all n > 1. This together with (6), we have

(21) %01 = qll < llxn —qll + Dy,

where D, = KH((ky — 1)+ (I, —1) +(my — 1)) + K(6y + 04 + pn) < oo for alln > 1. By
Lemma 2.2, we have lim ||x, — Tjx,|| = 0 (i = 1,2, 3). Since T; satisfies Condition A, we obtain
n—oo

lim d(x,, F(T1)) = 0. Next, we want to show {x, } is a Cauchy sequence. Since lim d(x,, F(Ty)) =
n—o00 n—00

Oand Y D, < oo, for any € > 0, there exists a positive integer 1y such that d(x,, F(T1)) < €/4

n=1

n
and ), Dy < e/2foralln > ng. Now, let n € N be such that n > ny. Then we can find q* € F
kZTlo

such that ||x, — g%|| < €/4. This implies by (21) that for m > 1,

[xntm — Xall < [[Xnem — " + [|xn — 7|
n+m-—1
<olv g+ Y Dy
k=n
n+m-—1 €
=2lxu —q* |+ ), Dk<2( )—l—zze.

kl’lg
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This shows that {x,} is a Cauchy sequence and so it is convergent. Let lim x, = p. Since
n—oo

d(xn, F(T1)) — 0as n — oo, it follows that d(p, F(T;)) = 0 and hence p € F(T;). Next, we
want to show p € F(T,) N F(T3). Since Ty, T3 are uniformly L-Lipschitzian and by Lemma 2.2,
we obtain
ITip = pll < NI Tixn = Tip[| + [ Tixn — 2| + [0 — pl|
< Lfjxn = pll + I Tixn = xal + |20 = pll — 0 as n — co.

Thus T;p = p (i = 2,3). Therefore p € F. O

In the next result, we prove weak convergence for the iterative scheme (1) for asymp-
totically quasi-nonexpansive nonself-mappings in a uniformly convex Banach space satisfying
Opial’s condition.

Theorem 2.6. Let X be a uniformly convex Banach space which satisfies Opial’s condition and let C be a
nonempty closed convex nonexpansive retract of X with P as a nonexpansive retraction. Let Ty, Tp, T3 :
C — X be asymptotically quasi-nonexpansive mappings with respect to sequences {k, },{l,},{mn},

respectively, such that F # @,k, > 1,1, > 1,m, > 1, ¥ (k, —1) < 0o, ¥ (I, —1) < o0 and
n=1 n=1

l(mn —1) < oo. Let {an}, {bu}, {cn}, {an}, {Bn}, {1n}, {60}, {0n},{pn} be real sequences in

[0, 1] such that a, + 6n, by + ¢ + 0 and &y + By + Yn + pn are in [0,1] foralln > 1and Y. 5, <
n=1

8

o, Z 0y < 0, E pn < oo and let {uy,}, {vn}, {wn} be bounded sequences in C. Suppose Ty, T, T3

are umformly L- szschltzzan and I —T; (i = 1,2,3) is demiclosed at 0. If one of the following conditions
(C1)-(C5) in Theorem 2.3 is satisfied, then the sequence {x,} defined as in (1) converges weakly to a
common fixed point of Ty, T and T3.

Proof. Assume one of the conditions (C1)-(C5) is satisfied. By Lemma 2.1 and Lemma 2.2,
we have lim ||Tix, — x,|| = 0 (i = 1,2,3). Since X is uniformly convex and {x,} is bounded,
n—oo

without loss of generality, we may assume that x, — u weakly as n — oo. Since [ — T; is
demiclosed at 0, we obtain u € F. Suppose subsequences {x,, } and {x,, } of {x,} converge
weakly to u and v, respectively. Also, since I — T;(i = 1,2,3) is demiclosed at 0, we have u and
v € F. By Lemma 2.1, we obtain r}grolo ||x — u|| and 7151010 ||x, — v|| exist. It follows from Lemma

1.4 that u = v. Therefore {x, } converges weakly to a common fixed point of Ty, T, and T3. [
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