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Stability of closedness of convex cones under linear mappings II

Jonathan M. Borwein1, Warren B. Moors2

ABSTRACT: In this paper we revisit the question of when the continuous linear image of a
fixed closed convex cone K is closed. Specifically, we improve the main result of [3] by showing
that for all, except for at most a σ-porous set, of the linear mappings T from Rn into Rm, not
only is T(K) closed, but there is also a neighbourhood around T whose members also preserve
the closedness of K.

KEYWORDS: closed convex cone; linear mapping; stability; linear programming.

1. Introduction

In [3] we investigated when then continuous linear image of a closed convex cone in Rn is
closed. This was motivated in part by the abstract versions of the Farkas lemma and the Krein-
Rutman theorem as given in [2]. The closure of such conical images is central to duality theory
in both semi-definite and conical linear programming [2, 3, 9, 10]. Recall that a nonempty
set K of a vector space V is a convex cone if K is convex and for each λ ∈ [0, ∞) and x ∈ K,
λx ∈ K. Although there are simple examples to show that the continuous linear image of a
given closed convex cone K in Rn need not be closed (see [3, Example 1]), it was shown in [3]
that in some sense, for almost all T ∈ L(X, Y) —the space of all linear mappings acting between
finite dimensional normed linear spaces X and Y, endowed with the operator norm—T(K) is
indeed closed in Y.

Specifically, in [3] we showed that for a given closed convex cone K in Rn, int{T ∈ L(Rn, Rm) :
T(K) is closed} is dense in L(Rn, Rm). We also showed that in general

{T ∈ L(Rn, Rm) : T(K) is closed}
is not an open set. However, we did not address the question of the size of the set

L(Rn, Rm) \ int{T ∈ L(Rn, Rm) : T(K) is closed}
in terms of measure which, as shown in [7], can be quite distinct from being small in terms of
category.

In this paper we remedy this situation by showing that

L(Rn, Rm) \ int{T ∈ L(Rn, Rm) : T(K) is closed}

Corresponding author: Warren B. Moors (moors@math.auckland.ac.nz).
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is σ-porous, a notion which is simultaneously small with regard to both measure and category.
We were sure this was so at the time of writing [3] but the details are somewhat subtle. Along
the way we shall show in Corollary 2.3 that{

T ∈ L(Rn, Rm) : rank(T) < min{m, n}
}

is σ-porous; a fact that is of independent interest since mappings with gradients of maximal
rank admit inverse function theorems [5] and can be used to guarantee metric regularity [1].

2. Preliminaries

We start with some notation. For any x in a normed linear space (X, ‖ · ‖) and r ≥ 0 we shall
denote by, B(x; r) the set {y ∈ X : ‖y− x‖ < r} and for any M ⊆ Rn, x ∈ Rn and R > 0 we
define γ(x, R, M) to be the supremum over all r ≥ 0 for which there exists z ∈ Rn such that
B(z, r) ⊆ B(x, R) \ M. Then we define the porosity of M at x as

p(M, x) := lim inf
R→0+

γ(x, R, M)
R

.

Further, we shall say that a set M is porous at x if p(M, x) > 0 and, moreover, if M is porous
at each x ∈ M then we shall say that M is porous. Finally, we shall say that M is σ-porous if it
is a union of countably many porous sets. Porosity is a very natural geometric notion as the
unfamiliar reader may discover by drawing some pictures in the plane.

It is easy to see that σ-porous sets enjoy some permanence properties. For example, if ‖ · ‖
and ||| · ||| are equivalent norms on a vector space X then a subset M is σ-porous in (X, ‖ · ‖) if,
and only if, it is σ-porous in (X, ||| · |||). In fact, an even stronger property is true.

Proposition 2.1. Suppose If (X, ‖ · ‖) and (Y, ||| · |||) are normed linear spaces are normed spaces and
T : X → Y is a continuous, open linear mapping. Then T−1(M) is σ-porous in (X, ‖ · ‖) whenever
M ⊆ Y is σ-porous in (Y, ||| · |||) , .

Since the notion of σ-porosity in finite dimensional normed linear spaces is insensitive to
the particular choice of norm we shall henceforth (unless otherwise stated) assume that Rn

is equipped with the Euclidean norm and that the space L(X, Y) is equipped with the corre-
sponding operator norm.

Our interest in σ-porosity stems from the fact that σ-porous sets are small in both a measure
theoretic sense and in a Baire categorical sense, [11]. More precisely, a Lebesgue measurable
set M in Rn that is σ-porous has Lebesgue measure zero and is at the same time a first category
set (i.e., a countable union of nowhere dense sets). For further information—old and new—on
Baire category the reader could consult [7] and [4].

In order to present our first theorem we need to introduce some matrix notation. For a m× n
matrix A we shall denote by, [A]ij the (ij)th entry of the matrix A i.e., the entry in the ith row
and jth column of the matrix A and by, Aij the sub-matrix of A obtained by deleting the ith row
and jth column of A. Finally, we shall denote by M(m,n) the set of all m× n matrices (over R).

Theorem 2.2. For each n ∈ N, the set

{A ∈ M(n,n) : rank(A) = n− 1}

is porous in M(n,n) with respect to any norm on M(n,n).

Proof: Let ‖ · ‖ be any norm on M(n,n), M := {A ∈ M(n,n) : rank(A) = n− 1} and let B ∈ M. It
will be sufficient, due to [11, page 517], to show that there is a neighbourhood U of B, subspaces
H and F of M(n,n) such that (i) Dim(F) = 1; (ii) H ⊕ F = M(n,n) and (iii) a Lipschitz function
f : W → F defined on a nonempty open subset W of H such that U ∩ M = {x + f (x) : x ∈ W}.
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Let 1 ≤ i, j ≤ n be chosen so that Det(Bij) 6= 0. Let H := {A ∈ M(n,n) : [A]ij = 0}. Then H is
a co-dimension 1 subspace M(n,n). Now define Eij ∈ M(n,n) by,

[Eij]i′ j′ :=
{

1 if (i, j) = (i′, j′)
0 if (i, j) 6= (i′, j′)

and let F := span{Eij}. Finally, let Pij : M(n,n) → H be defined by, Pij(A) := A− [A]ijEij. Next,
let W be any neighbourhood of Pij(B), with respect to the relative topology on H, such that
Det(Aij) 6= 0 for all A ∈ W and let U := (Pij)−1(W). Note that for each A ∈ U, rank(A) ≥
n− 1. If, on the other hand, A ∈ U and Det(A) = 0 (i.e., if rank(A) = n− 1) then

n

∑
k=1

(−1)i+k[A]ikDet(Aik) = 0

and so

[A]ij =
1

Det(Aij)

n

∑
k=1
k 6=j

(−1)k+1−j[A]ikDet(Aik).

Then we define f : W → F by,

f (A) :=

 1
Det(Aij)

n

∑
k=1
k 6=j

(−1)k+1−j[A]ikDet(Aik)

Eij

and g : W → M by, g(A) := A + f (A). Since f is C1 on W, by possibly making W smaller,
we can assume that f is Lipschitz on W with respect to ‖ · ‖. It is now routine to verify that
M ∩U = {g(A) : A ∈ W} since if A ∈ M ∩U then Pij(A) ∈ W and g(Pij(A)) = A. 2

In the following corollary we will repeatedly use the fact that if A′ is a sub-matrix of a matrix
A, obtained by deleting some rows and/or columns of A, then rank(A′) ≤ rank(A).

We may now prove the result alluded to in the introduction:

Corollary 2.3 (Maximal Rank). For each (m, n) ∈ N2, the set{
A ∈ M(m,n) : rank(A) < min{m, n}

}
is σ-porous in M(m,n) with respect to any norm on M(m,n).

Proof: Firstly, we may assume that m, n ≥ 2. To show that {A ∈ M(m,n) : rank(A) <
min{m, n}} is σ-porous in M(m,n) it is sufficient to show that for each 1 ≤ k < min{m, n},
{A ∈ M(m,n) : rank(A) = k} is σ-porous. Fix 1 ≤ k < min{m, n} and let Σk denote the
set of all strictly increasing functions from {1, 2, . . . , k + 1} into {1, 2, . . . , m} and let Σ∗k de-
note the set of all strictly increasing functions from {1, 2, . . . , k + 1} into {1, 2, . . . , n}. For each
(π, π∗) ∈ Σk × Σ∗k and A ∈ M(m,n) let, A(π,π∗) ∈ M(k+1,k+1) be the sub-matrix of A defined by,
[A(π,π∗)]ij := [A]π(i)π∗(j) for each 1 ≤ i, j ≤ k + 1. Furthermore, let Nk := {A ∈ M(k+1,k+1) :
rank(A) = k}.

From Theorem 1 we know that Nk is σ-porous in M(k+1,k+1). For each (π, π∗) ∈ Σk × Σ∗k let,

L(π,π∗)
k := {A ∈ M(m,n) : A(π,π∗) ∈ Nk} = {A ∈ M(m,n) : rank(A(π,π∗)) = k}.

Since L(π,π∗)
k is the inverse image of Nk under the linear surjection A 7→ A(π,π∗), L(π,π∗)

k is
σ-porous in M(m,n). Now, from linear algebra we can deduce that

{A ∈ M(m,n) : rank(A) = k} ⊆
⋃
{L(π,π∗)

k : (π, π∗) ∈ Σk × Σ∗k}
as required. 2

In order to expedite the proof of our main theorem we shall take this opportunity to record
the following prerequisite result. To avoid confusion between scalars and vectors we shall, in
the next lemma, denote vectors in bold; and the unit sphere in Rn by SRn .
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Lemma 2.4. For any a := (a1, a2, . . . , am) ∈ Rm and any x := (x1, x2, . . . , xn) ∈ SRn , there exists
an operator T ∈ L(Rn, Rm) such that T(x) = a and ‖T‖ = ‖a‖.

Proof: Define T : Rn → Rm by,

T(y) := (a1x · y, a2x · y, . . . , amx · y).

Then for any y ∈ Rn such that ‖y‖ ≤ 1,

‖T(y)‖ = ‖(a1x · y, a2x · y, . . . , amx · y)‖
≤ ‖(|a1|, |a2|, . . . , |am|)‖ since |x · y| ≤ 1
= ‖a‖.

Therefore ‖T‖ ≤ ‖a‖. On the other hand,

‖T‖ ≥ ‖T(x)‖ = ‖(a1x · x, a2x · x, . . . , amx · x)‖ = ‖a‖. 2

There are various known sufficient conditions concerning when the continuous linear image
of a closed convex cone K is closed. The best known is the classical result that it suffices that
K be polyhedral [2]. The following is effectively a specialization of a recession direction [2]
condition:

Proposition 2.5. [3, Proposition 3] Let T ∈ L(Rn, Rm) and let K be a closed cone (not necessarily
convex) in Rn. If

K ∩ ker(T) = {0}
then there exists a neighbourhoodN of T in L(Rn, Rm) such that S(K) is closed in Rm for each S ∈ N .

For a subset D of a vector space V, the core of D, denoted, cor(D), is the set of all points
d ∈ D where for each x ∈ V \ {d} there exists an 0 < r < 1 such that λx + (1− λ)d ∈ D for all
0 ≤ λ < r. Clearly if the affine span aff(D) 6= V then cor(D) = ∅. In this case the following
concept is useful.

Given a subset C of a vector space V, the intrinsic core of C, denoted icor(A), is the set of all
points c ∈ C where for each x ∈ aff(C) there exists an 0 < r < 1 such that λx + (1− λ)c ∈ C
for all 0 ≤ λ < r.

One of the most important properties of the intrinsic core is that if C is a convex subset
of a finite dimensional vector space V then icor(C) 6= ∅, [6, page 7]. In fact, if V is a finite
dimensional topological vector space then icor(C) is dense in C for each convex subset C of
the space V. Another important property of the core is that for a convex subset C of a finite
dimensional topological vector space, cor(C) = int(C), [2, Theorem 4.1.4].

The reason for our interest in the intrinsic core is that it provides the other sufficient condi-
tion that we shall need to apply:

Proposition 2.6 (Intrinsic core). [3, Proposition 5] Let Y be a normed linear space, T : Rn → Y be
a linear transformation and let K be a closed cone in Rn. If

ker(T) ∩ icor(K) 6= ∅

then T(K) is a finite dimensional linear subspace of Y and hence a closed convex cone.

Corollary 2.7. [3, Corollary 2] The only way T(K) can fail to be closed is if

ker(T) ∩ K ⊆ K \ icor(K)

and that at the same time ker(T) ∩ K is not a linear subspace. In particular, ker(T) ∩ K 6= {0}.
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3. Main Results

We require one more lemma:

Lemma 3.1. Let Y be an n-dimensional normed linear space and let K be a closed convex cone in
Y. Then L(Y, Rm) \ int{T ∈ L(Y, Rm) : T(K) is closed} is σ-porous in L(Y, Rm) if, and only if,
L(Rn, Rm) \ int{T ∈ L(Rn, Rm) : T(ϕ(K)) is closed} is σ-porous in L(Rn, Rm) where ϕ : Y → Rn

is any linear bijection from Y onto Rn.

Proof: Let ϕ : Y → Rn be a linear bijection from Y onto Rn and let ϕ# : L(Rn, Rm) → L(Y, Rm)
be defined by, ϕ#(T) := T ◦ ϕ. Then ϕ# is an isomorphism from L(Rn, Rm) onto L(Y, Rm) and

{T ∈ L(Y, Rm) : T(K) is closed} = ϕ#({T ∈ L(Rn, Rm) : T(ϕ(K)) is closed}). 2

The next result shows—as promised—that although it is not true that, if T(K) is closed for
some closed convex cone K then S(K) is closed for all S in some neighbourhood of T, it is
“almost” true, in the sense that for “almost all” T ∈ L(Rn, Rm) if T(K) is closed then there exists a
neighbourhood W of T such that S(K) is closed for all S ∈ W . More precisely:

Theorem 3.2. Suppose that K is a closed convex cone in Rn then

L(Rn, Rm) \ int{T ∈ L(Rn, Rm) : T(K) is closed}

is a σ-porous set in L(Rn, Rm).

Proof: Let Y := K − K. We shall consider first the case when Y = Rn. Let M be the family of
all linear mappings T ∈ L(Rn, Rm) with maximal rank (i.e., rank(T) = min{m, n}).

It is easy to verify that M is an open subset of L(Rn, Rm). Let ϕ : M(m,n) → L(Rn, Rm) be
defined by, ϕ(A)(x) := Ax. Then ϕ is an isomorphism from M(m,n) onto L(Rn, Rm). Moreover,
ϕ−1(M) = {A ∈ M(m,n) : A has maximal rank}. Therefore, from Corollary 1, L(Rn, Rm) \M
is σ-porous in L(Rn, Rm). Hence to show that L(Rn, Rm) \ int{T ∈ L(Rn, Rm) : T(K) is closed}
is σ-porous in L(Rn, Rm) it is sufficient to show that M\ int{T ∈ L(Rn, Rm) : T(K) is closed}
is σ-porous in L(Rn, Rm); which is what we shall do. There are two cases:

(i) If n ≤ m then each member of M is one-to-one and so ker(T) ∩ K = {0} for each T ∈ M
and thus we are done by Proposition 2.

(ii) Hence we shall assume that m < n. We now define P : M → L(Rn, Rn) by, P(S) :=
I − S∗(SS∗)−1S, where I is the identity mapping on Rn and S∗ is the conjugate of S, i.e., S∗ ∈
L(Rm, Rn) and S∗(y) · x = y · S(x) for all y ∈ Rm and all x ∈ Rn. It is routine to check that:

(i) for each S ∈ M, P(S) is well-defined, i.e., (SS∗)−1 exists;
(ii) P is C1 on M and hence locally Lipschitz on M;

(iii) for each S ∈ M, P(S) is the projection of Rn onto ker(S).
For each n ∈ N, let

Ln := {S ∈ M : there exists an open neighbourhood N of S such that P|N is n-Lipschitz}

Now each Ln is an open subset of M and M =
⋃∞

n=1 Ln. So to show that

M\ int{T ∈ L(Rn, Rm) : T(K) is closed}

is σ-porous it is sufficient to show that for each n ∈ N,

En := Ln \ int{T ∈ L(Rn, Rm) : T(K) is closed}

is porous.
To this end, let us fix n ∈ N and consider T ∈ En. Since

T 6∈ int{T ∈ L(Rn, Rm) : T(K) is closed},

it follows that
{0} 6= ker(T) ∩ K ⊆ K \ icor(K).
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Choose x ∈ ker(T) ∩ K such that ‖x‖ = 1. Note that this is possible since ker(T) ∩ K is a
nontrivial cone. Now select y ∈ int(K) = cor(K) = icor(K) 6= ∅ such that ‖y‖ = 1. Also
choose 0 < r < 1 such that B(y; r) ⊆ int(K). We claim that

p(En, T) ≥ α := r/(8n[‖T‖+ 1]) > 0.

Let 0 < R0 < 1 be chosen so that P is n-Lipschitz on B(T; R0) and for each 0 < R < R0 let,
λR := R/(8[‖T‖+ 1]) and zR := λRy + (1− λR)x. Now for each 0 < λ < 1,

B(x + λ(y− x); λr) = λB(y, r) + (1− λ)x ⊆ K

since K is convex and so B(x + λ(y− x); λr) ⊆ int(K). In particular, B(zR; λRr) ⊆ int(K). Now,

‖T(zR)‖ = ‖T(x + λR(y− x)‖ = λR‖T(y− x)‖ ≤ λR‖T‖‖y− x‖ ≤ 2λR‖T‖ < R/4

and 1 ≥ ‖zR‖ = ‖x + λR(y − x)‖ ≥ ‖x‖ − λR‖y − x‖ ≥ 1 − 2λR > 1 − 2(1/8) = 3/4. By
Lemma 1 there exists a S′R ∈ L(Rn, Rm) such that S′R(zR) = T(zR) and ‖S′R‖ < R/3. Let
SR := T− S′R. Then ‖T− SR‖ < R/3, B(SR; αR) ⊆ B(T; R) (since α ≤ 1/8) and SR(zR) = 0. To
complete the proof in this case we argue below that this holds for all 0 < R < R0, p(En, T) ≥
α > 0.

Claim: For each 0 < R < R0, B(SR; αR) ⊆ int{S ∈ L(Rn, Rm) : S(K) is closed}.

Proof of Claim: To see this, suppose that S′′ ∈ B(SR; αR), that is

‖SR − S′′‖ < rR/(8n[‖T‖+ 1]).

To show that
S′′ ∈ int{S ∈ L(Rn, Rm) : S(K) is closed}

it is sufficient to show that ker(S′′) ∩ int(K) 6= ∅. In fact, since P(S′′)(zR) ∈ ker(S′′) it is
enough to show that P(S′′)(zR) ∈ int(K). Now

‖P(S′′)(zR)− zR‖ = ‖P(S′′)(zR)− P(SR)(zR)‖ since zR ∈ ker(SR)
≤ ‖P(S′′)− P(SR)‖‖zR‖
≤ ‖P(S′′)− P(SR)‖ since ‖zR‖ ≤ 1
≤ n‖S′′ − SR‖ since P is n-Lipschitz on B(SR, αR)

<
nrR

8n(‖t‖+ 1)
=

rR
8(‖T‖+ 1)

= λRr.

Therefore, P(S′′)(zR) ∈ B(zR; λRr) ⊆ int(K). Thus,

S′′ ∈ int{S ∈ L(Rn, Rm) : S(K) is closed};

which concludes the proof of the claim. 2

In the case when Y is a proper subspace of Rn, it follows from Lemma 2 and the previous
case that L(Y, Rm) \ int{T ∈ L(Y, Rm) : T(K) is closed} is σ-porous in L(Y, Rm). To finish the
proof we consider the linear surjection R : L(Rn, Rm) → L(Y, Rm) defined by, R(T) := T|Y.
Then by setting E := L(Rn, Rm) \ int{T ∈ L(Rn, Rm) : T(K) is closed} we have that:

E = L(Rn, Rm) \ int{T ∈ L(Rn, Rm) : T|Y(K) is closed}
= R−1(L(Y, Rm)) \ int[R−1({S ∈ L(Y, Rm) : S(K) is closed})]
= R−1(L(Y, Rm)) \ R−1(int{S ∈ L(Y, Rm) : S(K) is closed}) (∗)
= R−1(L(Y, Rm) \ int{S ∈ L(Y, Rm) : S(K) is closed}).

The equality in line (∗) follows from the general fact that for any continuous and open map-
ping R : X → Y acting between topological spaces and any set A ⊆ Y, R−1(int(A)) =
int(R−1(A)). The proof is now completed by appealing to Proposition 1. 2

Further results on the images of closed convex cones under linear mappings may be found
in [8, 9].
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Asymptotic stability of stochastic pantograph differential equations
with Markovian switching

Feng Jiang1, Hua Yang2, Shenghua Wang3

ABSTRACT: In this paper, we investigate the almost surely asymptotic stability of the nonlin-
ear stochastic pantograph differential equations (SPDEs) with Markovian switching under the
weakened linear growth condition. Linear SPDEs with Markovian switching and nonlinear
examples with Markovian switching will be discussed to illustrate the theory.

KEYWORDS: Stochastic pantograph differential equations; Asymptotic stability; Generalized
Itô formula; Markov chain.

1. Introduction

Recently, the study of stochastic pantograph differential equations (SPDEs) has received a great
deal of attention. For example, Baker and Buckwar [1] gave the necessary analytical theory
for existence and uniqueness of a strong solution of the linear stochastic pantograph equation,
and of strong approximations to the solution obtained by a continuous extension of the θ-Euler
scheme. They also proved that the numerical solution produced by the continuous θ-method
converges to the true solution with order 1/2. Appleby and Buckwar [2] studied the asymp-
totic growth and delay properties of solutions of the linear stochastic pantograph equation.
They give sufficient conditions on the parameters for solutions to grow at a polynomial rate on
pth mean and in the almost sure sense. Fan et al. [3] investigated the existence and uniqueness
of the solutions and convergence of semi-implicit Euler methods for stochastic pantograph
equations under the local Lipschitz condition and the linear growth condition. Fan et al. [4]
investigated the αth moment asymptotical stability of the analytic solution and the numerical
methods for the stochastic pantograph equation by using the Razumikhin technique. Li et al.
[5] investigated the convergence of the Euler method of the stochastic pantograph differential
equations with Markovian switching under the weaker conditions.

The classical stochastic stability theory deals with not only moment stability but also almost
sure stability [6–10]. However, to the best of our knowledge, most of the existing results on
the linear stochastic pantograph differential equations[1,2,4,11] are about the moment stabil-
ity, while little is known on the almost surely asymptotic stability for SPDEs with Markovian
switching under the non-linear growth condition which is the main topic of the present paper.

Corresponding author: Hua Yang (huay20@163.com)
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The paper is organised as follows. In Section 2, we introduce the SPDEs with Markovian
switching. We investigate the almost surely asymptotic stability for the stochastic pantograph
differential equations with Markovian switching under the non-linear growth condition in
Section 3. In Section 4, Some examples are discussed to illustrate the theory.

2. SPDEs with Markovian switching

Throughout this paper,we let (Ω,F , {Ft}t≥0, P) be a complete probability space with a filtra-
tion {Ft}t≥0 satisfying the usual conditions (i.e. it is increasing and right-continuous while F0
contains all P-null sets). Moreover, | · | is the Euclidean norm inRn. Let x0 be anF0−measurable
Rn−valued random variable such that E|x0|2 < ∞. Let w(t) = (w1

t , · · · , wm
t )T, t ≥ 0, be a m-

dimensional Brownian motion defined on the probability space.
Let r(t), t ≥ 0, be a right-continuous Markov chain on the probability space taking values in

a finite state space S = {1, 2, . . . , N} with the generator Γ = (γij)N×N given by

P{r(t + δ) = j|r(t) = i} =
{

γijδ + o(δ) if i 6= j,
1 + γijδ + o(δ) if i = j,

where δ > 0. Here γij ≥ 0 is the transition rate from i to j if i 6= j while γii = −∑i 6=j γij.
We assume that the Markov chain r(·) is independent of the Brownian motion w(·). It is use-
ful to recall that a continuous-time Markov chain r(t) with generator Γ = {γij}N×N can be
represented as a stochastic integral with respect to a Poisson random measure ([12, 13]).

(1) dr(t) =
∫

R
h(r(t−), y)v(dt, dy), t ≥ 0

with initial value r(0) = i0 ∈ S, where v(dt, dy) is a Poisson random measure with intensity
dt×m(dy) in which m is the Lebesgue measure on R while the explicit definition of h : S×R →
R can be found in ([12, 13]) but we will not need it in this paper.

Consider an n-dimensional stochastic pantograph differential equations with Markovian
switching

(2) dx(t) = f (t, x(t), x(qt))dt + f (t, x(t), x(qt))dw(t).

on t ≥ 0 with initial data x(0) = x0, 0 < q < 1 and r(0) = i0 ∈ S, where f : R+ × Rn × Rn ×
S → Rn and g : R+ × Rn × Rn × S → Rn×m.

In this paper, the following hypothesis is imposed on the coefficients f and g.
Assumption H. Both f and g satisfy the local Lipschitz condition. For each integer h ≥ 1 and
i ∈ S, there exists a positive constant Lh such that

| f (t, x1, x2, i)− f (t, y1, y2, i)| ∨ |g(t, x1, x2, i)− g(t, y1, y2, i)| ≤ Lh(|x1 − y1|+ |x2 − y2|)
for x1, x2, y1, y2 ∈ Rn with |x1| ∨ |x2| ∨ |y1| ∨ |y2| ≤ h. Moreover,

sup{| f (t, 0, 0, i)| ∨ |g(t, 0, 0, i)| : t ≥ 0, i ∈ S} < ∞.

In general, this hypothesis will only guarantee a unique maximal local solution to Eq. (2)
for any given initial value x0 and i0. However, the additional conditions imposed in our main
result, Theorem 3.1, will guarantee that this maximal local solution is in fact a unique global
solution (see Lemma 3.2), which is denoted by x(t; x0; i0) in this paper. The main purpose of
this paper is to discuss the almost surely asymptotic stability of the solution([6, 14]).

To state our main result, we will need a few more notations. Let C(Rn; R+) and C(R+ ×
Rn; R+) denote the families of all continuous nonnegative functions defined on Rn and R+ ×
Rn, respectively. Moreover, let K denote the class of continuous increasing functions µ from
R+ to R+ with µ(0) = 0. Let K∞ denote the class of functions µ with µ(s) → ∞ as s → ∞.
Functions in K and K∞ are called class K and K∞ functions, respectively. If µ ∈ K, its iverse
function is denoted by µ−1 with domain [0, µ(∞)). We also denote by L1(R+; R+) the family
of all functions γ : R+ → R+ such that

∫ ∞
0 γ(t)dt < ∞. If E is a subset of Rn, denote by d(x, E)

the Haussdorff semi-distance between x ∈ Rn and the set E,namely d(x, E) = infy∈E |x − y|.
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If W is a real-valued function defined on Rn, then its kernel is denoted by Ker(W), namely
Ker(W) = {x ∈ Rn : W(x) = 0}. Let C1,2(R+ × Rn × S; R+) denote the family of all non-
negative functions V(t, x, i) on R+ × Rn × S which are continuously twice differentiable in
x and once differentiable in t. If V ∈ C1,2(R+ × Rn × S; R+), define an operator LV from
R+ × Rn × Rn × S to R by

LV(t, x, y, i) = Vt(t, x, i) + Vx(t, x, i) f (t, x, y, i) +
1
2

trace[gT(t, x, y, i)Vxx(t, x, i)g(t, x, y, i)]

+
N

∑
j=1

γijV(t, x, j),(3)

where
Vt(t, x, i) = ∂V(t,x,i)

∂t , Vx(t, x, i) = ( ∂V(t,x,i)
∂x1

, ..., ∂V(t,x,i)
∂xn

), Vxx(t, x, i) = ( ∂2V(t,x,i)
∂xi∂xj

)n×n.

For the convenience of the reader we cite the generalized Itô’s formula ([14]): If V ∈ C1,2(R+ ×
Rn × S), then for any t ≥ 0

V(t, x(t), r(t)) = V(0, x(0), r(0)) +
∫ t

0
LV(s, x(s), x(qs), r(s))ds +

∫ t

0
Vx(s, x(s), r(s))dw(s)

+
∫ t

0

∫
R
(V(s, x(s), i0 + h(r(s−), l))−V(s, x(s), r(s)))u(ds, dl),(4)

where u(ds, dl) = v(ds, dl)−m(dl)ds is a martingale measure.
To establish our main result for locating limit sets of the solutions of the stochastic pan-

tograph equations with Markovian switching, let us cite the useful convergence theorem of
nonnegative semi-martingale ([15])as a lemma.
Lemma 2.1 Let A(t) and U(t) be two continuous adapted increasing processes on t ≥ 0 with A(0) =
U(0) = 0 a.s. Let M(t) be a real-valued continuous local martingale with M(0) = 0 a.s. Let ξ be a
nonnegative F0−measurable random variable. Define

X(t) = ξ + A(t)−U(t) + M(t) for t ≥ 0.

If X(t) is nonnegative, then

{ lim
t→∞

A(t) < ∞} ⊂ { lim
t→∞

X(t) < ∞} ∩ { lim
t→∞

U(t) < ∞} a.s.,

where B ⊂ D a.s. means P(B∩Dc) = 0. In particular, if limt→∞ A(t) < ∞ a.s., then, with probability
one,

lim
t→∞

X(t) < ∞, lim
t→∞

U(t) < ∞ and −∞ < lim
t→∞

M(t) < ∞.

That is , all of the three processes X(t), U(t) and M(t) converge to finite random variable.

3. Asymptotic stability

With the above notations, we can now state our main result.
Theorem 3.1 Let (H) hold. Assume that there are functions V ∈ C1,2(R+ × Rn × S; R+), γ ∈
L1(R+; R+) and w1, w2 ∈ C(Rn; R+) such that

(5) LV(t, x, y, i) ≤ γ(t)− w1(x) + qw2(y)

for all (t, x, y, i) ∈ R+ × Rn × Rn × S and

(6) w1(0) = w2(0) = 0, w1(x) > w2(x) for all x 6= 0.

and

(7) lim
|x|→∞

[
inf

(t,i)∈R+×S
V(t, x, i)

]
= ∞.

Then for any initial value x0,

(8) lim
t→∞

x(t; x0, i0) = 0 a.s.
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That is, the solution of Eq. (2) is almost surely asymptotically stable.

To prove this theorem, we can also give the following lemma by the standard truncated
technique (see e.g. [14]).
Lemma 3.2 Under the conditions of Theorem 3.1, for any initial vulue x0 and r(0) = i0 ∈ S, Eq. (2)

has a unique global solution.
Let us now begin to prove our main result.

Proof of Theorem 3.1 We divide the proof into three steps.
Step 1. Fix any x0 and i0 and write x(t; x0, i0) = x(t) for simplicity. By the generalized Itô’s

formula, (5) and (6) we derive that

V(t, x(t), r(t)) ≤ V(0, x(0), r(0)) + M(t) +
∫ t

0
[γ(s)− w1(x(s)) + qw2(x(qs))]ds

≤ V(0, x(0), r(0)) +
∫ t

0
γ(s)ds−

∫ t

0
[w1(x(s))− w2(x(s))]ds + M(t)(9)

where

M(t) =
∫ t

0
Vx(s, x(s), r(s))dw(s) +

∫ t

0

∫
R
(V(s, x(s), i0 + h(r(s−), l))−V(s, x(s), r(s)))u(ds, dl),

which is a continuous local martingale with M(0) = 0 a.s. Applying Lemma 2.1 we immedi-
ately obtain

lim sup
t→∞

V(t, x(t), r(t)) < ∞ a.s.(10)

Moreover, taking the expectations on both sides of (9) and letting t → ∞, we obtain that

E
∫ ∞

0
[w1(x(s))− w2(x(s))]ds < ∞ a.s.(11)

This implies ∫ ∞

0
[w1(x(s))− w2(x(s))]ds < ∞ a.s.(12)

Step 2. Set ω = w1 − w2. Clearly, ω ∈ C(Rn; R+). It is straightforward to see from (12) that

lim inf
t→∞

ω(x(t)) = 0 a.s.(13)

We now claim that

lim
t→∞

ω(x(t)) = 0 a.s.(14)

If this is false, then

P{lim sup
t→∞

ω(x(t)) > 0} > 0.

Hence, there is a number ε > 0 such that

P(Ω1) ≥ 3ε,(15)

where

Ω1 = {lim sup
t→∞

ω(x(t)) > 2ε}.

It is easy to observe from (10) and continuity of both the solution x(t) and the function V(t, x, i)
that

sup
0≤t<∞

V(t, x(t), r(t)) < ∞ a.s.

Define ρ : R+ → R+ by

ρ(r) = inf
|x|≥r,0≤t<∞

V(t, x(t), i) for r ≥ 0.
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Obviously,

sup
0≤t<∞

ρ(|x(t)|) ≤ sup
0≤t<∞

V(t, x(t), r(t)) < ∞ a.s.

On the other hand, by (7) we have

lim
r→∞

ρ(r) = ∞.

Therefore

sup
0≤t<∞

|x(t) < ∞ a.s.(16)

Recalling the boundedness of the initial value we can then find a positive number h, which
depends on ε, sufficiently large for |x0| < h, while

P(Ω2) ≥ 1− ε,(17)

where

Ω2 = { sup
0≤t<∞

|x(t)| < h}.

It is easy to see from (15)and (17) that

P(Ω1 ∩Ω2) ≥ 2ε.(18)

We now define a sequence of stopping times,

τh = inf{t ≥ 0 : |x(t)| ≥ h},

σ1 = inf{t ≥ 0 : ω(x(t)) ≥ 2ε},
σ2k = inf{t ≥ σ2k−1 : ω(x(t)) ≤ ε}, k = 1, 2, ...,
σ2k+1 = inf{t ≥ σ2k : ω(x(t)) ≥ ε}, k = 1, 2, ...,

where throughout this paper e set inf φ = ∞. Note from (13) and the definition of Ω1 and Ω2
that if v ∈ Ω1 ∩Ω2, then

τh = ∞ andσk < ∞ ∀k ≥ 1.(19)

Let IA is denote the indicator function of set A, using the fact σ2k < ∞ whenever σ2k−1 < ∞
and (13), by (11) we can compute

∞ > E
∫ ∞

0
ω(x(t))dt

≥
∞

∑
k=1

E
[

I{σ2k−1 < ∞, σ2k < ∞, τh = ∞}
∫ σ2k

σ2k−1

ω(x(t))dt
]

≥ ε
∞

∑
k=1

E
[

I{σ2k−1 < ∞, τh = ∞}(σ2k − σ2k−1)
]
.(20)

On the other hand, by hypothesis (H),there exists a constant Kh > 0 such that | f (t, x, y, i)|2 ∨
|g(t, x, y, i)|2 ≤ Kh whenever |x| ∨ |y| ≤ h. By Hölder’s inequality and Doob’s martingale
inequality, we easily compute

E
[

I{σ2k−1 ∧ τh < ∞} sup
0≤t≤T

|x(τh ∧ (σ2k−1 + t))− x(τh ∧ σ2k−1)|2
]
≤ 2Kh(T + 4)T.(21)

Since ω(·) is continuous in Rn, it must be uniformly continuous in the closed ball Sh = {x ∈
Rn : |x| ≤ h}. We can therefore choose δ = δ(ε) > 0 so small such that

|ω(x)−ω(x)| < ε whenever x, y ∈ Sh, |x− y| < δ.(22)

We furthermore chose T = T(ε, δ, h) > 0 sufficiently small for 2Kh(T + 4)T/δ2 < ε. It then
follows from (21) that

P
(
{σ2k−1 ∧ τh < ∞} ∩

{
sup

0≤t≤T
|x(τh ∧ (σ2k−1 + t))− x(τh ∧ σ2k−1)| ≥ δ

})
≤ 2Kh(T + 4)T

δ2 < ε.



14 F. Jiang, H. Yang, S. Wang / Journal of Nonlinear Analysis and Optimization 1 (2010) 9-1614 F. Jiang, H. Yang, S. Wang / Journal of Nonlinear Analysis and Optimization 1 (2010) 9-1614 F. Jiang, H. Yang, S. Wang / Journal of Nonlinear Analysis and Optimization 1 (2010) 9-16

This together with (18) and (19) yields

P
(
{σ2k−1 < ∞, τh = ∞} ∩

{
sup

0≤t≤T
|x(σ2k−1 + t)− x(σ2k−1)| ≥ δ

})
≤ ε.

and

P
(
{σ2k−1 < ∞, τh = ∞} ∩

{
sup

0≤t≤T
|x(σ2k−1 + t)− x(σ2k−1)| < δ

})
≥ ε.

Using (22), we derive that

P
(
{σ2k−1 < ∞, τh = ∞} ∩

{
sup

0≤t≤T
|ω(x(σ2k−1 + t))−ω(x(σ2k−1))| < εBig}

)
≥ ε.(23)

Set
Ωk =

{
sup

1≤t≤T
|ω(x(σ2k−1 + t))−ω(x(σ2k−1))| < ε

}
.

Noting that
σ2k(v)− σ2k−1(v) ≥ T if v ∈ {σ2k−1 < ∞, τh = ∞} ∩Ωk,

we derive from (20) and (23) that

∞ > ε
∞

∑
k=1

E[I{σ2k−1 < ∞, τh = ∞}(σ2k − σ2k−1)]

≥ ε
∞

∑
k=1

E[I{σ2k−1<∞,τh=∞}∩Ωk
(σ2k − σ2k−1)]

≥ εT
∞

∑
k=1

P({σ2k−1 < ∞, τh = ∞} ∩Ωk)

≥ εT
∞

∑
k=1

ε = ∞,(24)

which is a contradiction. So (14) must hold.
Step 3. We observe from (14) and (16) there is an Ω0 ⊂ Ω with P(Ω0) = 1 such that

lim
t→∞

ω(x(t, v)) = 0 and sup
0≤t<∞

|x(t, v)| < ∞ for all v ∈ Ω0.(25)

We shall now show that

lim
t→∞

x(t, v) = 0 ∀v ∈ Ω0.(26)

If this is false, then there is some σ̂ ∈ Ω0 such that

lim sup
t→∞

|x(t, σ̂)| > 0,

whence there is a subsequence {x(tk, σ̂)}k≥1 of {x(t, σ̂)}t≥0 such that

|x(tk, σ̂)| ≥ α∀ k ≥ 1

for some α > 0. Since {x(tk, σ̂)}k≥1 is bounded so there must be an increasing subsequence
{tk}k≥1 such that {x(tk, v)}k≥1 converges to some z ∈ Rn with |z| ≥ α. Hence

ω(z) = lim
k→∞

ω(x(tk, v)) > 0.

However, by (25), ω(z) = 0. This is a contradiction and hence (26) must hold. This implies
that the solution of Eq. (2) is almost surely asymptotically stable and the proof is therefore
complete.

It is not difficult to observe from the proof of Theorem 3.1 that the following more general
result holds.
Theorem 3.3 Assume that all the conditions of Theorem 3.1 hold except Condition (6) is replaced by

w1(x) ≥ w2(x), x ∈ Rn.
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Then
Ker(w1 − w2) 6= φ and lim

t→∞
d(x(t; x0, i0), Ker(w1 − w2)) = 0 a.s.

4. Examples

In this section we discuss a linear example and a nonlinear example to illustrate our theory.
In the following examples we let w(t) be a scalar Brownian motion.
Example 4.1 Let r(t) be a right-continuous Markov chain. Assume that w(t) and r(t) are in-
dependent. Consider a one-dimensional linear autonomous stochastic pantograph differential
with Markovian switching of the form

(27) d(x(t)) = [A(r(t))x(t) + B(r(t))x(qt)]dt + [C(r(t))x(t) + D(r(t))x(qt)]dw(t)

on t ≥ 0. For i ∈ S, we will write A(r(t)) = Ai, B(r(t)) = Bi, C(r(t)) = Ci, D(r(t)) = Di, for
simplicity. Let V(t, x, i) = |x|2. Then

LV(t, x, y, i) = 2x(Aix + Biy) + (Cix + Diy)2

≤ (2Ai + |Bi|+ |CiDi|+ C2
i )x2 + (|Bi|+ |CiDi|+ D2

i )y2

By Theorem 4.1, if 1 + 2Ai + |Bi|+ |CiDi|+ C2
i = 0 and |Bi|+ |CiDi|+ D2

i < q, we can conclude
that the solution of Eq. (27) is almost surely asymptotically stable.
Example 4.2 Let r(t) be a right-continuous Markov chain taking values in S ∈ {1, 2} with
generator (

−1 1
2 −2

)
.

Assume that w(t) and r(t) are independent. Assume that B(t) and r(t) are independent. Con-
sider a one-dimensional stochastic differential pantograph equation with Markov switching of
the form

(28) d(x(t)) = f (t, x(t), r(t))dt + g(t, x(qt), r(t))dw(t)

on t ≥ 0 as 1/2 < q < 1, where

f (t, x, 1) =
1
4

x sin t, f (t, x, 2) = e−t − 4x− 3x3, g(t, x, 1) =
1
8

x cos t, g(t, x, 2) =
1√
2

x sin t,

Clearly

x f (t, x, 1) ≤ 1
4
|x|2, x f (t, x, 2) ≤ |x|e−t − 4x2, g2(t, x, 1) ≤ 1

64
|x|2, g2(t, x, 2) =

1
2
|x|2

for all (t, x) ∈ (R+, R). To examine the asymptotic stability, we construct a function V : R ×
S → R+ by V(x, i) = βi|x|2 with β2 = 1 and β1 = β a constant to be determined. It is easy to
show that the operator LV from R+ × R× R× S to R has the form

LV(t, x, y, i) = 2βix f (t, x, i) + βi|g(t, y, i)|2 + (γi1β + γi2)|x|2.

By the conditions, we then have

LV(t, x, y, 1) ≤ −(
β

2
− 1)x2 +

β

64
y2,

and

LV(t, x, y, 2) ≤ 2|x|e−t + (2β− 10)x2 +
1
2

y2

Setting β = 4, and noting that 2|x|e−t ≤ x2 + e−2t, we then have

LV(t, x, y, i) ≤ e−2t − x2 +
1
2

y2.

Although f does not satisfy the linear growth condition, by Theorem 3.1, we can also conclude
that the solution of Eq. (28) is almost surely asymptotically stable.
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A variant of the Nash equilibrium theorem in generalized
convex spaces

Sehie Park

ABSTRACT: The existence theorem of pure-strategy Nash equilibrium due to H. Lu [Econom-
ics Letters 94 (2007) 459–462] is extended to generalized convex spaces. Consequently, our
version can be applied to a broad class of abstract strategy spaces.
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1. Introduction

In 1928, J. von Neumann obtained his celebrated minimax theorem, which is one of the funda-
mental results in the theory of games developed by himself.

The first remarkable one of generalizations of von Neumann’s minimax theorem was Nash’s
theorem [1,2] on equilibrium points of non-cooperative games. The following formulation is
given by Fan [3, Theorem 4]:

Theorem 1.1. [3] Let X1, X2, · · · , Xn be n (≥ 2) nonempty compact convex sets each in a real
Hausdorff topological vector space. Let f1, f2, · · · , fn be n real-valued continuous functions defined
on ∏n

i=1 Xi. If for each i = 1, 2, · · · , n and for any given point (x1, · · · , xi−1, xi+1, · · · , xn) ∈
∏j 6=i Xj, fi(x1, · · · , xi−1, xi, xi+1, · · · , xn) is a quasi-concave function on Xi, then there exists a point
(x̂1, x̂2, · · · , x̂n) ∈ ∏n

i=1 Xi such that

fi(x̂1, x̂2, · · · , x̂n) = max
yi∈Xi

fi(x̂1, · · · , x̂i−1, yi, x̂i+1, · · · , x̂n) (1 ≤ i ≤ n).

The original form of this theorem in [1,2] was for Euclidean spaces and its proofs were based
on the Brouwer or Kakutani fixed point theorem. Since then there have appeared numerous
generalizations and applications; see [4] and the references therein. Recently, H. Lu [5] ob-
tained an existence theorem of pure-strategy Nash equilibrium where player’s pure strategy
spaces are topological vector spaces.

In the present paper, we show that such strategy spaces can be replaced by generalized
convex spaces or G-convex spaces which are quite well-known in the fixed point theory and
the KKM theory. Consequently, we obtained a very general version of Lu’s existence theorem
and our version can be applied to a broad class of abstract strategy spaces.

Corresponding author: Sehie Park (shpark@math.snu.ac.kr).
Manuscript received April 15, 2010. Accepted July 2, 2010.
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Sections 2 and 3 are preliminaries on generalized convex spaces and fixed points of compo-
sitions of acyclic maps due to the present author. In Section 4, we give our main result which
generalize Lu’s theorem to G-convex spaces. Finally, we introduce some related generaliza-
tions of the Nash theorem.

2. Generalized convex spaces

Multimaps are also called simply maps. Let 〈D〉 denote the set of all nonempty finite subsets
of a set D. Recall the following in [6-9]:

Definition 2.1. An abstract convex space (E, D; Γ) consists of a topological space E, a nonempty
set D, and a multimap Γ : 〈D〉 ( E with nonempty values ΓA := Γ(A) for A ∈ 〈D〉.

For any D′ ⊂ D, the Γ-convex hull of D′ is denoted and defined by

coΓD′ :=
⋃
{ΓA | A ∈ 〈D′〉} ⊂ E.

A subset X of E is called a Γ-convex subset of (E, D; Γ) relative to D′ if for any N ∈ 〈D′〉, we
have ΓN ⊂ X, that is, coΓD′ ⊂ X.

When D ⊂ E, the space is denoted by (E ⊃ D; Γ). In such case, a subset X of E is said to
be Γ-convex if coΓ(X ∩ D) ⊂ X; in other words, X is Γ-convex relative to D′ := X ∩ D. In case
E = D, let (E; Γ) := (E, E; Γ).

Definition 2.2. A generalized convex space or a G-convex space (X, D; Γ) is an abstract convex
space such that for each A ∈ 〈D〉 with the cardinality |A| = n + 1, there exists a continuous
function φA : ∆n → Γ(A) such that J ∈ 〈A〉 implies φA(∆J) ⊂ Γ(J).

Here, ∆n is the standard n-simplex with vertices {ei}n
i=0, and ∆J the face of ∆n correspond-

ing to J ∈ 〈A〉; that is, if A = {a0, a1, . . . , an} and J = {ai0 , ai1 , . . . , aik} ⊂ A, then ∆J =
co{ei0 , ei1 , . . . , eik}.

For details on G-convex spaces, see [10-15], where basic theory was extensively developed
and lots of examples of G-convex spaces were given.

Example 2.3. The original KKM theorem is for the triple (∆n ⊃ V; co), where V is the set of
vertices and co : 〈V〉 ( ∆n the convex hull operation. This triple can be regarded as (∆n, N; Γ),
where N := {0, 1, . . . , n} and ΓA := co{ei | i ∈ A} for each A ⊂ N.

Example 2.4. Fan’s celebrated KKM lemma is for (E ⊃ D; co), where D is a nonempty subset
of a topological vector space E.

Example 2.5. A convex space (X ⊃ D; Γ) is a triple where X is a subset of a vector space, D ⊂ X
such that co D ⊂ X, and each ΓA is the convex hull of A ∈ 〈D〉 equipped with the Euclidean
topology. This concept generalizes the one due to Lassonde for X = D. However he obtained
several KKM type theorems w.r.t. (X ⊃ D; Γ). Note that any convex subset of a topological
vector space is a convex space, but not conversely.

Example 2.6. If X = D and ΓA is assumed to be contractible or, more generally, infinitely
connected (that is, n-connected for all n ≥ 0) and if for each A, B ∈ 〈X〉, A ⊂ B implies
ΓA ⊂ ΓB, then (X, Γ) becomes a C-space (or an H-space) due to Horvath. The hyperconvex
metric spaces due to Aronszajn and Panitchpakti are examples of C-spaces.

Example 2.7. For other major examples of G-convex spaces are metric spaces with Michael’s
convex structure, Pasicki’s S-contractible spaces, Horvath’s pseudoconvex spaces, Komiya’s
convex spaces, Bielawski’s simplicial convexities, Joó’s pseudoconvex spaces, any continuous
image of a G-convex space, L-spaces and B′-simplicial convexity due to Ben-El-Mechaiekh et
al., Takahashi’s convexity in metric spaces, Kulpa’s simplicial structures, generalized H-spaces
of Verma or Stachó, P1,1-spaces of Forgo and Joó, mc-spaces of Llinares, FC-spaces of Ding,
GFC-spaces of Khahn et al., and others.
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Let {(Xi, Di; Γi)}i∈I be any family of G-convex spaces. Let X := ∏i∈I Xi be equipped with
the product topology and D := ∏i∈I Di. For each i ∈ I, let πi : D → Di be the projection. For
each A ∈ 〈D〉, define ΓA := ∏i∈I Γi(πi(A)). Then the following is known:

Lemma 2.8. (X, D; Γ) is a G-convex space.

Definition 2.9. Let E be a topological space and (X, D; Γ) a G-convex space. A multimap
T : E ( X is called a Φ-map provided that there exists a multimap S : E ( D satisfying

(a) for each z ∈ E, M ∈ 〈S(z)〉 implies ΓM ⊂ T(z); and
(b) E =

⋃{Int S−(y) | y ∈ D}.

A continuous selection f : E → X of a map T : E ( X is a continuous function such that
f (z) ∈ T(z) for all z ∈ E.

The following is given in [12]:

Lemma 2.10. Let E be a Hausdorff space, (X, D; Γ) a G-convex space, and T : E ( X a Φ-map.
Then for any nonempty compact subset K of E, T|K has a continuous selection f : K → X such that
f (K) ⊂ ΓA for some A ∈ 〈D〉. More precisely, there exist two continuous functions p : K → ∆n and
φA : ∆n → ΓA such that f = φA p for some A ∈ 〈D〉 with |A| = n + 1.

From now on, we consider only G-convex spaces (X, D; Γ) satisfying X ⊃ D.

3. Fixed points of compositions of acyclic maps

A topological space is said to be acyclic if all of its reduced Čech homology groups over ratio-
nals vanish. For nonempty subsets in a topological vector space, convex =⇒ star-shaped =⇒
contractible =⇒ ω-connected =⇒ acyclic =⇒ connected, and not conversely in each stage.

For topological spaces X and Y, a multimap F : X ( Y is called an acyclic map whenever F
is u.s.c. with compact acyclic values.

In the proof of the main result of this paper, as in [5], we can apply a fixed point theorem
due to Gorniewicz. But there are more general fixed point theorems on compositions of acyclic
maps.

Let V(X, Y) be the class of all acyclic maps F : X ( Y, and Vc(X, Y) all finite compositions
of acyclic maps, where the intermediate spaces are arbitrary topological spaces.

The following theorems are only few examples of our previous works; for more general
results, see [10,14,16].

Theorem 3.1. Let X be a nonempty convex subset of a locally convex Hausdorff topological vector
space E and T ∈ Vc(X, X). If T is compact, then T has a fixed point x0 ∈ X; that is, x0 ∈ T(x0).

A nonempty subset X of a topological vector space E is said to be admissible (in the sense of
Klee) provided that, for every compact subset K of X and every neighborhood V of the origin
0 of E, there exists a continuous map h : K → X such that x − h(x) ∈ V for all x ∈ K and h(K)
is contained in a finite dimensional subspace L of E.

It is well-known that every nonempty convex subset of a locally convex Hausdorff topolog-
ical vector space is admissible. Other examples of admissible topological vector spaces are `p,
Lp(0, 1), Hp for 0 < p < 1, and many others; see [10,14,16] and references therein.

Theorem 3.2. Let E be a Hausdorff topological vector space and X an admissible convex subset of E.
Then any compact map T ∈ Vc(X, X) has a fixed point.

4. Existence of pure-strategy Nash equilibrium

We follow [5]. Let I := {1, . . . , n} be a set of players. A non-cooperative n-person game of
normal form is an ordered 2n-tuple Λ := {X1, . . . , Xn; u1, . . . , un}, where the nonempty set Xi
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is the ith player’s pure strategy space and ui : X := ∏n
i=1 Xi → R is the ith player’s payoff

function. A point of Xi is called a strategy of the ith player. Let X−i := ∏j∈I\{i} Xj and denote
by x and x−i an element of X and X−i, resp. A strategy n-tuple (x∗1 , . . . , x∗n) is called a Nash
equilibrium for the game if the following inequality system holds:

ui(x∗i , x∗−i) ≥ ui(yi, x∗−i) for all yi ∈ Xi and i ∈ I.

As in [17], we define an aggregate payoff function U : X × X → R as follows:

U(x, y) :=
n

∑
i=1

[ui(yi, x−i)− ui(x)] for any x = (xi, x−i), y = (yi, y−i) ∈ X.

The following is given in [5, Proposition 1]:

Lemma 4.1. Let Λ be a non-cooperative game, K a nonempty subset of X, and x∗ = {x∗1 , . . . , x∗n} ∈ K.
Then the following are equivalent:

(a) x∗ is a Nash equilibrium;
(b) ∀i ∈ I, ∀yi ∈ Xi, ui(x∗i , x∗−i) ≥ ui(yi, x∗−i);
(c) ∀y ∈ X, U(x∗, y) ≤ 0.

Note that (c) implies U(x∗, y) ≤ 0 for all y ∈ D ⊂ X.

Recall that a real-valued function f : X → R on a topological space is lower [resp., upper]
semicontinuous (l.s.c.) [resp., u.s.c.] if {x ∈ X | f (x) > r} [resp., {x ∈ X | f (x) < r} is open for
each r ∈ R. If X is a convex set in a vector space, then f is quasiconcave [resp., quasiconvex] if
{x ∈ X | f (x) > r} [resp., {x ∈ X | f (x) < r}] is convex for each r ∈ R.

Now we have our main result:

Theorem 4.2. Let I = {1, . . . , n} be a set of players, (X, D; Γ) = ∏n
i=1(Xi, Di; Γi) a Hausdorff

product G-convex space, K a nonempty compact subset of X, and Λ a non-cooperative game. Suppose
that

(i) the function U : X × X → R satisfies that

{(x, y) ∈ X × X | U(x, y) > 0}
is open;

(ii) for each x ∈ K, {y ∈ X | U(x, y) > 0} is Γ-convex [that is, M ∈ 〈{y ∈ D | U(x, y) > 0}〉
implies ΓM ⊂ {y ∈ X | U(x, y) > 0}];

(iii) for each y ∈ X, the set {x ∈ K | U(x, y) ≤ 0} is acyclic.

Then there exists a point x∗ ∈ K such that x∗ is an equilibrium point for the non-cooperative game.

Proof. Suppose the conclusion does not hold. Then, by Lemma 4.1, for each x ∈ K, there
exists a point y ∈ D such that U(x, y) > 0. We define two multimaps S : K ( D and
T : K ( X as follows:

T(x) := {y ∈ X | U(x, y) > 0} and S(x) := {y ∈ D | U(x, y) > 0}
for each x ∈ K. Then each T(x) is nonempty and, for each x ∈ K, M ∈ 〈S(x)〉 implies
ΓM ⊂ T(x) by (ii). Moreover, for each x ∈ K, there exists y ∈ D such that x ∈ S−(y) = {x ∈
K | U(x, y) > 0}. Note that this S−(y) is open since S−(y) is homeomorphic to

{(x, y) ∈ K × {y} | U(x, y) > 0} = {(x, y) ∈ X ×Y | U(x, y) > 0} ∩ (K × {y}).

This is relatively open in K × {y} which is homeomorphic to K.
Therefore T : K ( X is a Φ-map on the compact subset K of X and, by Lemma 2.10, has a

continuous selection f : K → X such that f (K) ⊂ ΓA for some A ∈ 〈D〉. More precisely, there
exist two continuous functions p : K → ∆n and φA : ∆n → ΓA such that f = φA ◦ p for some
A ∈ 〈D〉 with |A| = n + 1.

Here we define a multimap F : X ( K by

F(y) := {x ∈ K | U(x, y) ≤ 0} for y ∈ X.
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Then, by (i), {(x, y) | U(x, y) ≤ 0} is closed in X × X and hence

Gr(F) := {(x, y) | U(x, y) ≤ 0} ∩ (X × K)

is closed in X × K as the intersection of two closed sets. Hence F is a closed compact map
with acyclic values by (iii) and hence an acyclic map. Then it is well-known that pFφA : ∆n (
∆n has a fixed point a0 = pFφA(a0); see Theorem 3.2. Let y0 := φA(a0) ∈ ΓA ⊂ X. Then
y0 = φA(a0) ∈ φA pF(y0) = f F(y0) and hence y0 = f (x0) for some x0 ∈ F(y0) ⊂ K, that is,
U(x0, y0) ≤ 0.

On the other hand, x0 = f (y0) ∈ T(y0) since f is a selection of T. Then, by the definition of
T, we have U(x0, y0) > 0, which is a contradiction.

Remark. Note that condition (i) can be replaced by one of the following:

(i)′ the function U(x, y) is lower semicontinuous on X × X.

(i)′′ ∀i ∈ I, the function ui : X → R is continuous.

For the case (i)′, when X = D is a topological vector space, Theorem 4.2 reduces to [5,
Theorem 1]. Note that Nash’s original theorem is a simple consequence of Theorem 4.1 under
the case (i)′′.

5. Other Nash type theorems

There are a large number of generalizations of the Nash theorem based on fixed point the-
orems. For example, based on a generalization of the Kakutani fixed point theorem due to
Fan [18] and Glicksberg [19], certain generalizations of the Nash theorems were obtained; see
[20,21].

Instead of the fixed point technique, we can apply the KKM theory. The first proof of the
Nash theorem by the KKM method was given by Fan [3]. Applying the KKM method, we
obtained some of the most general forms of the Nash theorem as follows:

Theorem 5.1. [22] Let {(Xi; Γi)}n
i=1 be a finite family of compact abstract convex spaces such that

(X; Γ) = (∏n
i=1 Xi; Γ) satisfies the partial KKM principle and, for each i, let fi, gi : X = Xi ×Xi → R

be real functions such that
(0) fi(x) ≤ gi(x) for each x ∈ X;
(1) for each xi ∈ Xi, xi 7→ gi[xi, xi] is quasiconcave on Xi;
(2) for each xi ∈ Xi, xi 7→ fi[xi, xi] is u.s.c. on Xi; and
(3) for each xi ∈ Xi, xi 7→ fi[xi, xi] is l.s.c. on Xi.

Then there exists a point x̂ ∈ X such that

gi(x̂) ≥ max
yi∈Xi

fi[x̂i, yi] f or all i = 1, 2, . . . , n.

Theorem 5.2. [23] Let {(Xi; Γi)}i∈I be a family of Hausdorff compact G-convex spaces and, for each
i ∈ I, let fi, gi : X = Xi × Xi → R be real functions satisfying (0)− (3). Then there exists a point
x̂ ∈ X such that

gi(x̂) ≥ max
yi∈Xi

fi[x̂i, yi] f or all i ∈ I.
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Existence and approximation of solution of the variational inequality
problem with a skew monotone operator defined on the dual spaces

of Banach spaces

Somyot Plubtieng1,2, Wanna Sriprad1

ABSTRACT: In this paper, we first study an existence theorem of the variational inequality
problem for a skew monotone operator defined on the dual space of a smooth Banach space.
Secondary, we prove a weak convergence theorem for finding a solution of the variational
inequality problem by using projection algorithm method with a new projection which was
introduce by Ibaraki and Takahashi [T. Ibaraki, W. Takahashi, A new projection and convence
theorems for the projections in Banach spaces, Journal of Approximation Theory 149 (2007),
1-14]. Further, we apply our convergence theorem to the convex minimization problem and
the problem of finding a zero point of maximal skew monotone operator.

KEYWORDS: Generalized nonexpansive retraction; Inverse-strongly-skew-monotone opera-
tor; Variational inequality; p-uniformly smooth.

1. Introduction

Let H be a real Hilbert space and let C be a nonempty closed and convex subset of H. Let A be
a monotone operator of C into H. The variational inequality problem [10, 16] is to find a point
u ∈ C such that

(1) 〈Au, v− u〉 ≥ 0, for all v ∈ C.

Such a point u ∈ C is called a solution of the problem and the set of solutions of the variational
inequality problem is denoted by VI(C, A).

Variational inequality theory has played a fundamental and powerful role in the study of a
wide range of problems arising in differential equations, mechanics, contact problems in elas-
ticity, optimization and control problems, management science, operations research, general
equilibrium problems in economics and transportation, etc. We now have a variety of tech-
niques to suggest and analyze various iterative algorithms for solving variational inequalities
and the related optimization problems. The projection operator technique, one usually estab-
lishes an equivalence between the variational inequalities and the fixed-point problem. This
alternative equivalent formulation was used by Lions and Stampacchia [16] to study the ex-
istence of solutions of the variational inequalities. Projection method and its variant forms
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represent important tools for finding the approximate solution of variational inequalities. This
method starts with any x1 = x ∈ C and updates iteratively xn+1 according to the formula

(2) xn+1 = PC(xn − λn Axn)

for every n = 1, 2, ..., where A is a monotone operator of C into H, PC, is the metric projection
of H onto C and {λn} is a sequence of positive numbers. An operator A of C into E∗ is said
to be inverse-strongly-monotone [2, 8, 12] if there exists a positive real number α such that 〈Ax−
Ay, x − y〉 ≥ α‖Ax − Ay‖2 for all x, y ∈ C. In such a case A is said to be α-inverse-strongly-
monotone. In the case where A is inverse-strongly-monotone, Iiduka, Takahashi and Toyoda [8]
proved that the sequence {xn} generated by (2) converges weakly to some element of VI(C, A).

Recently, Iiduka and Takahashi [7] introduced the following iterative scheme for finding a
solution of the variational inequality problem for an inverse-strongly-monotone operator A in
a Banach space: x1 = x ∈ C and

(3) xn+1 = ΠC J−1(Jxn − λn Axn)

for every n = 1, 2, ..., where where A is an inverse-strongly-monotone operator of C into E∗,
ΠC is the generalized metric projection from E onto C, J is the duality mapping from E into E∗
and {λn} is a sequence of positive numbers. They proved that the sequence {xn} generated by
(3) converges weakly to some element of VI(C, A). On the other hand, Ibaraki and Takahashi
[5] introduced a new resolvent of a maximal monotone operator in a Banach space and the
concept of a generalized nonexpansive mapping in a Banach space. Kohsaka and Takahashi
[11], and Ibaraki and Takahashi [6] also studied some properties for generalized nonexpansive
retractions in Banach spaces.

In this paper, motivated by Ibaraki and Takahashi [5] and Iiduka and Takahashi [7], we
consider the following variational inequality problem: Let E be a smooth Banach space, let E∗
be the dual space of E and let C be a nonempty and closed subset of E such that JC is closed
and convex subset of E∗, where J is the duality mapping on E. Let A be a skew monotone
operator of JC into E. Then, the variational inequality problem is to find

(4) u ∈ C such that 〈AJu, Jv− Ju〉 ≥ 0, ∀ v ∈ C.

We denoted the set of solution of the variational inequality problem (4) by VI(JC, A). If E = H
is Hilbert space and C is nonempty closed convex subset of H, then the variational inequal-
ity problem (4) is equivalent to the variational inequality problem (1). In this paper, we first
prove existence theorem of the variational inequality problem for skew monotone operators
defined on the dual space of E. Using the projection algorithm method with a new projec-
tion which was introduced by Ibaraki and Takahashi [5], we prove weak convergence theorem
for finding a solution of the variational inequality problem (4) for an inverse-strongly-skew-
monotone operator defined on the dual space of a uniformly convex and 2−uniformly smooth
Banach space. Further, using this result we consider the convex minimization problem and the
problem of finding a zero point of maximal skew monotone operator.

2. Preliminaries

Let E be a real Banach space. When {xn} is a sequence in E, we denote strong convergence
of {xn} to x ∈ E by xn → x and weak convergence by xn ⇀ x. An operator T ⊂ E × E∗ is
said to be monotone if 〈x − y, x∗ − y∗〉 ≥ 0 whenever (x, x∗), (y, y∗) ∈ T. We denote the set
{x ∈ E : 0 ∈ Tx} by T−10. A monotone T is said to be maximal if its graph G(T) = {(x, y) : y ∈
Tx} is not properly contained in the graph of any other monotone operator. It is known that a
monotone operator T is maximal if and only if for (x, x∗) ∈ E× E∗ , 〈x − y, x∗ − y∗〉 ≥ 0 for
every (y, y∗) ∈ G(T) implies x∗ ∈ T(x). If T is maximal monotone, then the solution set T−10
is closed and convex.

The normalized duality mapping J from E into E∗ is defined by

J(x) = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2}
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We recall (see [17]) that E is reflexive if and only if J is surjective; E is smooth if and only if
J is single-valued; E is strictly convex if and only if J is one-to-one; if E is uniformly smooth,
then J is uniformly norm-to-norm continuous on each bounded subset of E. We note that in
a Hilbert space, H, J is the identity operator. The definitions of the strict (uniform) convexity,
(uniformly) smoothness of Banach spaces and related properties can be found in [17].

The duality J from a smooth Banach space E into E∗ is said to be weakly sequentially continuous
[4] if xn ⇀ x implies Jxn ⇀∗ Jx, where ⇀∗ implies the weak∗ convergence.

Let E be a norm linear space with dimE ≥ 2. The modulus of smoothness of E is the function
ρE : [0, ∞) → [0, ∞) defined by

ρE(τ) = sup
{
‖x + y‖+ ‖x− y‖

2
− 1 : ‖x‖ = 1, ‖y‖ = τ

}
.

The space E is said to be smooth if ρE(τ) > 0, ∀τ > 0. E is called uniformly smooth if and only
if limt→0+

ρE(τ)
t = 0. Let p > 1. E is said to be p−uniformly smooth (or to have a modulus of

smoothness of power type p) if there exists a constant c > 0 such that ρE(t) ≤ ctp, t > 0. It is
well known (see, for example, [18]) that

Lp (lp) or (Wm)p is

{
2-uniformly smooth if p ≥ 2
p-uniformly smooth if 1 < p ≤ 2.

We observe that every p-uniformly smooth Banach space is uniformly smooth. Furthermore,
from the proof of [18, Remark 5, p.208], we have the following lemma

Lemma 2.1. [18] Let E be a 2-uniformly smooth Banach space. Then, for all x, y ∈ E, there exists a
constant c > 0 such that

(5) ‖Jx− Jy‖ ≤ c‖x− y‖,

where J is the normalized duality mapping of E.

Let E be a smooth Banach space. The function φ : E× E → R defined by

φ(x, y) = ‖x‖2 − 2〈x, Jy〉+ ‖y‖2 for all x, y ∈ E,

is studied by Alber [1], Kamimura and Takahashi [9] and Reich [13]. It is obvious from the
definition of φ that (‖x‖ − ‖y‖)2 ≤ φ(x, y) ≤ (‖x‖+ ‖y‖)2 for all x, y ∈ E.

Lemma 2.2. (see [9]) Let E be a uniformly convex, smooth Banach space, and let {xn} and {yn} be
sequences in E. If {xn} or {yn} is bounded and limn→∞ φ(xn, yn) = 0, then limn→∞ ‖xn − yn‖ = 0.

Let E be a reflexive, strictly convex, smooth Banach space and J the duality mapping from
E into E∗. Then J−1 is also single-valued, one-to-one, surjective, and it is the duality mapping
from E∗ into E. We make use of the following mapping V studied in Alber [1]:
(6) V(x, x∗) = ‖x‖2 − 2〈x, x∗〉+ ‖x∗‖2

for all x ∈ E and x∗ ∈ E∗. In other words, V(x, x∗) = φ(x, J−1(x)) for all x ∈ E and x∗ ∈ E∗.

Lemma 2.3. (see [6]) Let E be a reflexive, strictly convex, smooth Banach space and let V be as in (6).
Then V(x, x∗) + 2〈y, Jx− x∗〉 ≤ V(x + y, x∗)
for all x, y ∈ E and x∗ ∈ E∗.

Let E be a smooth Banach space and let D be a nonempty closed subset of E. A mapping
R : D → D is called generalized nonexpansive if F(R) 6= ∅ and φ(Rx, y) ≤ φ(x, y) for each
x ∈ D and y ∈ F(R), where F(R) is the set of fixed points of R. Let C be a nonempty closed
subset of E. A mapping R : E → C is said to be sunny if

R(Rx + t(x− Rx)) = Rx, ∀x ∈ E, ∀ t ≥ 0.

A mapping R : E → C is said to be a retraction if Rx = x, ∀x ∈ C. If E is smooth and strictly
convex, then a sunny generalized nonexpansive retraction of E onto C is uniquely determined
if it exists (see [5]). We also know that if E is reflexive, smooth, and strictly convex and C is a
nonempty closed subset of E, then there exists a sunny generalized nonexpansive retraction RC
of E onto C if and only if J(C) is closed and convex. In this case RC is given by RC = J−1ΠJ(C) J
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see [11]. Let C be a nonempty closed subset of a Banach space E. Then C is said to be a sunny
generalized nonexpansive retract (resp. a generalized nonexpansive retract) of E if there exists
a sunny generalized nonexpansive retraction (resp. a generalized nonexpansive retraction) of
E onto C (see [5] for more detials). The set of fixed points of such a generalized nonexpansive
retraction is C. The following Lemma was obtained in [5].

Lemma 2.4. ([5]) Let C be a nonempty and closed subset of a smooth and strictly convex Banach space
E such that there exists a sunny generalized nonexpansive retraction R from E onto C, let x ∈ E and
let z ∈ C. Then the following hold:

(a) z = RCx if and only if 〈x− z, Jy− Jz〉 ≤ 0 for all y ∈ C
(b) φ(x, RCx) + φ(RCx, z) ≤ φ(x, z).

3. Variational inequalities for skew monotone operators defined on the dual space
of a Banach space.

In this section, we consider the variational inequalities for skew monotone operators defined
on the dual space of a Banach space. Let E be a smooth Banach space and let C∗ be the closed
closed and convex subset of E∗. An operator A : C∗ → E is said to be skew monotone if 〈Ax∗ −
Ay∗, x∗− y∗〉 ≥ 0 for all x∗, y∗ ∈ C∗. Let E∗ be the dual space of E and let C be a nonempty and closed
subset of E such that JC is closed and convex subset of E∗, where J is the duality mapping on E. Let A
be a skew monotone operator of JC into E. Then, the variational inequality problem is to find

(7) u ∈ C such that 〈AJu, Jv− Ju〉 ≥ 0, ∀ v ∈ C.

Such a point u is called a solution of the problem. We denote the set of solution of the variational
inequality problem (7) by VI(JC, A). i.e.,

VI(JC, A) = {u ∈ C : 〈AJu, Jv− Ju〉 ≥ 0, ∀ v ∈ C}
.

Lemma 3.1. Let E be a Banach space with the dual space E∗. Let C∗ be a nonempty, compact and
convex subset of E∗ and A is a skew monotone operator of C∗ into E. Then there exists x∗0 ∈ C∗ such
that

〈Ax∗, x∗ − x∗0〉 ≥ 0, ∀x∗ ∈ C∗.

Proof. For any y∗ ∈ C∗, we assume that the set {x∗ ∈ C∗ : 〈Ax∗, x∗ − y∗〉 < 0} is nonempty.
We also define two multi-valued mappings T and B of C∗ into itself by

Tx∗ = {y∗ ∈ C∗ : 〈Ay∗, x∗ − y∗〉 < 0} and Bx∗ = {y∗ ∈ C∗ : 〈Ax∗, x∗ − y∗〉 < 0}.

Then, for any y∗ ∈ C∗, the set T−1y∗ = {x∗ ∈ C∗ : 〈Ay∗, x∗ − y∗〉 < 0} is convex. Also, for
any y∗ ∈ C∗, the set B−1y∗ = {x∗ ∈ C∗ : 〈Ax∗, x∗ − y∗〉 < 0} is nonempty. Since A is skew
monotone, we have that 〈Ax∗, x∗ − y∗〉 ≥ 〈Ay∗, x∗ − y∗〉, for all x∗, y∗ ∈ C∗. So, we have that
Bx∗ ⊂ Tx∗ for all x∗ ∈ C∗. Since Bx∗ is open for all x∗ ∈ C∗, it follows by [17, Theorem 6.1.5]
that there exists a point x∗0 ∈ C∗ such that x∗0 ∈ Tx∗0 . Thus, we have

0 = 〈Ax∗0 , x∗0 − x∗0〉 < 0

This is a contradiction. �

An operator A : D(A) ⊂ E∗ → E is said to be hemicontinuous if for all x∗, y∗ ∈ D(A), the
mapping f of [0, 1] into E defined by f (t) = A(tx∗ + (1− t)y∗) is continuous.

Lemma 3.2. Let E be a Banach space with the dual space E∗. Let C∗ be a nonempty and convex subset
of E∗ and let A be a skew monotone and hemicontinuous operator of C∗ into E. Let x∗0 ∈ C∗. Then

(8) 〈Ax∗0 , x∗ − x∗0〉 ≥ 0, ∀x∗ ∈ C∗

if and only if

(9) 〈Ax∗, x∗ − x∗0〉 ≥ 0, ∀x∗ ∈ C∗.
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Proof. Suppose that 〈Ax∗0 , x∗ − x∗0〉 ≥ 0, for all x∗ ∈ C∗. By the skew monotonicity of A, we
have

〈Ax∗, x∗ − x∗0〉 ≥ 〈Ax∗0 , x∗ − x∗0〉 ≥ 0, for all x∗ ∈ C∗.
Conversely, suppose that 〈Ax∗, x∗ − x∗0〉 ≥ 0, for all x∗ ∈ C∗. Let y∗ ∈ C∗ and 0 < t < 1. Since
C∗ is convex, we have y∗t = (1− t)x∗0 + ty∗ ∈ C∗. This implies that

0 ≤ 〈Ay∗t , y∗t − x∗0〉 = t〈Ay∗t , y∗ − x∗0〉.
Since t > 0, it follow that 0 ≤ 〈Ay∗t , y∗ − x∗0〉. Thus by the hemicontinuity of A , we have

0 ≤ 〈Ax∗0 , y∗ − x∗0〉 as t → 0.

This completes the proof. �

Using Lemma 3.1 and Lemma 3.2, we obtained the following Theorem

Theorem 3.3. Let E be a Banach space with the dual space E∗. Let C∗ be a nonempty, compact and
convex subset of E∗ and let A be a skew monotone and hemicontinuous operator of C∗ into E. Then
there exists x∗0 ∈ C∗ such that

〈Ax∗0 , x∗ − x∗0〉 ≥ 0, ∀x∗ ∈ C∗.

We note from Theorem 3.3 that if JC is compact and convex and A is a skew monotone and hemicon-
tinuous operator of JC into E, then VI(JC, A) is nonempty.

Lemma 3.4. Let C be a nonempty and closed subset of a smooth, strictly convex and reflexive Banach
space E such that JC is closed and convex set. Let A be a skew monotone operator of JC into E. Then

u ∈ VI(JC, A) if and only if u = RC(u− λAJu), ∀ λ > 0,

where RC is sunny generalized nonexpansive retraction of E onto C.

Proof. From the definition of VI(JC, A) and Lemma 2.4, we have

u ∈ VI(JC, A) ⇔ 〈AJu, Jy− Ju〉 ≥ 0 ∀ y ∈ C
⇔ 〈−λAJu, Jy− Ju〉 ≤ 0 ∀ y ∈ C, ∀ λ > 0
⇔ 〈u− λAJu− u, Jy− Ju〉 ≤ 0 ∀ y ∈ C, ∀ λ > 0
⇔ u = RC(u− λAJu), ∀ λ > 0.

�
Let E be a Banach space with the dual space E∗ and let C be a nonempty and closed subset of E such

that JC is closed and convex. Let iJC be indicator function of JC. Since iJC : E∗ → (−∞, ∞] is proper,
lower semicontonuous and convex, the subdifferential ∂iJC of iJC defined by

∂iJC(x∗) = {x ∈ E : iJC(y∗) ≥ iJC(x∗) + 〈x, y∗ − x∗〉 (∀ y∗ ∈ E∗) }, (∀ x∗ ∈ E∗)

is a maximal skew monotone operator by [14, 15]. Next, let C be a nonempty and closed subset of E
such that JC is closed and convex set and x∗ ∈ JC. Then we denote by NJC(x∗) the skew normal cone
of JC at a point x∗ ∈ JC, that is,

NJC(x∗) = {x ∈ E : 〈x, x∗ − y∗〉 ≥ 0 for all y∗ ∈ JC}.

We note from [14, 15] that

∂iJC(x∗) =

{
NJC(x∗), if x∗ ∈ JC,
∅, if x∗ /∈ JC.

Then we obtain the following theorem:

Theorem 3.5. Let C be a nonempty and closed subset of a smooth Banach space E such that JC is
closed and convex set and let A be a skew monotone and hemicontinuous operator of JC into E. Let
B ⊂ E∗ × E be an operator defined as follows:

Bv∗ =

{
Av∗ + NJC(v∗), v∗ ∈ JC,
∅, v∗ /∈ JC.
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Then B is maximal skew monotone and (BJ)−10 = VI(JC, A).

Proof. We first show that B is skew monotone. Let y1 ∈ Ax∗1 + NJC(x∗1) and y2 ∈ Ax∗2 +
NJC(x∗2). Then we can write them by y1 = Ax∗1 + z1 for some z1 ∈ NJC(x∗1) and y2 = Ax∗2 +
z2 for some z2 ∈ NJC(x∗2). Since A is skew monotone, z1 ∈ NJC(x∗1) and z2 ∈ NJC(x∗2) it follows
that

〈y1 − y2, x∗1 − x∗2〉 = 〈Ax∗1 + z1 − (Ax∗2 + z2), x∗1 − x∗2〉
= 〈Ax∗1 − Ax∗2 , x∗1 − x∗2〉+ 〈z1 − z2, x∗1 − x∗2〉
= 〈Ax∗1 − Ax∗2 , x∗1 − x∗2〉 − 〈z1, x∗2 − x∗1〉 − 〈z2, x∗1 − x∗2〉
≥ 0.

This implies that B is skew monotone. Next, we shall show that B is maximal. Let (x∗, x) ∈
E∗×E such that 〈y− x, y∗− x∗〉 ≥ 0 for every (y∗, y) ∈ G(B). Note that, for any (y∗, y) ∈ G(B),
we have y ∈ By∗ = Ay∗ + NJC(y∗). This implies that y = Ay∗ + z for some z ∈ NJC(y∗). So,
the above inequality means that

(10) 〈z, y∗ − x∗〉+ 〈Ay∗ − x, y∗ − x∗〉 ≥ 0.

for all y∗ ∈ JC and z ∈ NJC(y∗). It is clear from the definition of NJC(y∗) that if z ∈ NJC(y∗)
and λ ≥ 0, then λz ∈ NJC(y∗). So from (10), we note that

(11) 〈z, y∗ − x∗〉 ≥ 0 ∀ z ∈ NJC(y∗).

In fact, if not, there exists z ∈ NJC(y∗) such that 〈z, y∗ − x∗〉 < 0. So, we have λ〈z, y∗ − x∗〉 →
−∞ as λ → ∞. This is a contradiction. Then we got that (11) holds. Since z ∈ NJC(y∗) ⇔ z ∈
∂iJC(y∗), it follows from (11) that

〈z− 0, y∗ − x∗〉 ≥ 0 ∀ (y∗, z) ∈ G(∂iJC).

Since ∂iJC is maximal skew monotone, we have 0 ∈ ∂iJC(x∗) = NJC(x∗) and hence x∗ ∈ JC.
Define x∗t = tu∗ + (1− t)x∗, where u∗ ∈ JC and t ∈ (0, 1). From the convexity of JC , we get
x∗t ∈ JC. By (10), we have from 0 ∈ NJC(x∗t ) that

〈0, x∗t − x∗〉+ 〈Ax∗t − x, x∗t − x∗〉 ≥ 0,

and hence 〈Ax∗t − x, x∗t − x∗〉 ≥ 0. Since x∗t = tu∗ + (1− t)x∗, it follows that t〈Ax∗t − x, u∗ −
x∗〉 ≥ 0. Dividing this inequality by t > 0, we obtain

〈Ax∗t − x, u∗ − x∗〉 ≥ 0.

So, letting t → 0, we get
〈x− Ax∗, x∗ − u∗〉 ≥ 0 (∀ u∗ ∈ JC)

and hence x − Ax∗ ∈ NJC(x∗). This implies that x ∈ Ax∗ + NJC(x∗) = Bx∗. Therefore B is a
maximal skew monotone operator. Finally, we will show that (BJ)−10 = VI(JC, A).
We note that (BJ)−10 = {z ∈ C : 0 ∈ BJ(z)}. Thus, we have

z ∈ (BJ)−10 ⇔ 0 ∈ AJz + NJC(Jz)
⇔ −AJz ∈ NJC(Jz)
⇔ 〈−AJz, Jz− y∗〉 ≥ 0 ∀ y∗ ∈ JC
⇔ 〈AJz, y∗ − Jz〉 ≥ 0 ∀ y∗ ∈ JC
⇔ 〈AJz, Jy− Jz〉 ≥ 0 ∀ y ∈ C
⇔ z ∈ VI(JC, A).

�

Corollary 3.6. Let E be a reflexive, strictly convex and smooth Banach space with a Fréchet differen-
tiable norm and let C be a nonempty and closed subset of E such that JC is closed and convex and let
A be a skew monotone and hemicontinuous operator of JC into E such that VI(JC, A) 6= ∅. Then
VI(JC, A) is closed and JVI(JC, A) is closed and convex.
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Proof. Let B ⊂ E∗ × E be an operator defined as follows:

Bv∗ =

{
Av∗ + NJC(v∗), v∗ ∈ JC,
∅, v∗ /∈ JC.

By Theorem 3.5, we have that B is maximal skew monotone operator and (BJ)−10 = VI(JC, A).
Since E is reflexive and strictly convex, it follows that J is bijective. Thus, we have JVI(JC, A) =
J J−1B−10 = B−10. Since B is maximal skew monotone, it follows that B−10 is closed and con-
vex and hence JVI(JC, A) is closed and convex. Next, let {xn} ⊂ (BJ)−10 with xn → x. From
xn ∈ (BJ)−10, we have J(xn) ∈ B−10. Since J is norm to norm continuous and B−10 is closed,
we have J(xn) → J(x) ∈ B−10. This implies that x ∈ (BJ)−10. Hence (BJ)−10 is closed and
therefore VI(JC, A) is closed. �

4. Weak convergence theorem

In this section, using the projection algorithm method we prove weak convergence theorem for finding
a solution of the variational inequality for an inverse-strongly-skew-monotone operator defined on the
dual space of a uniformly convex and 2-uniformly smooth Banach space.

Let E be a real Banach space with the dual space E∗. An operator A : D(A) ⊂ E∗ :→ E is
said to be inverse-strongly-skew-monotone if there exists a positive real number α such that 〈Ax∗ −
Ay∗, x∗ − y∗〉 ≥ α‖Ax∗ − Ay∗‖2 for all x∗, y∗ ∈ D(A). In such a case A is said to be α-inverse-
strongly-skew-monotone. An operator A : D(A) ⊂ E∗ :→ E is said to be Lipscitz continuous if
there exists L ≥ 0 such that ‖Ax∗ − Ay∗‖ ≤ L‖x∗ − y∗‖, for all x∗, y∗ ∈ D(A). If A is α-inverse-
strongly-skew-monotone, then A is Lipscitz continuous, that is, ‖Ax∗ − Ay∗‖ ≤ ( 1

α )‖x∗ − y∗‖, for
all x∗, y∗ ∈ D(A).

Before proving our theorem we need the following Lemma.

Lemma 4.1. Let C be a nonempty and closed subset of a uniformly convex and smooth Banach space E
such that JC is closed and convex. Let {xn} be a sequence in E such that, for all u ∈ C,

(12) φ(xn+1, u) ≤ φ(xn, u)

for every n = 1, 2, .... Then {RC(xn)} is a Cauchy sequence, where RC is sunny generalized nonexpan-
sive retraction of E onto C.

Proof. Put un = RC(xn) for all n ∈ N. From (12), we note that

φ(xn+m, u) ≤ φ(xn+m−1, u)
≤ φ(xn+m−2, u) ≤ ... ≤ φ(xn, u)

for every n = 1, 2, .... Thus, we have

(13) φ(xn+m, un) ≤ φ(xn, un)

Since un+m = RC(xn+m), it follows from Lemma 2.4 (b) and (13) that

φ(un+m, un) = φ(RC(xn+m), un)
≤ φ(xn+m, un)− φ(xn+m, un+m)
≤ φ(xn, un)− φ(xn+m, un+m).(14)

Consequently, we have lim supl→∞ φ(xl , ul) ≤ φ(xn, un), which implies that {φ(xn, un)} con-
verges. By Lemma 2.2 and (14), we note that {un} is a Cauchy sequence. �

Now, we can prove the following weak convergence theorem.

Theorem 4.2. Let E be a uniformly convex and 2-uniformly smooth Banach space whose duality map-
ping J is weakly sequentially continuous. Let C be a nonempty and closed subset of E such that JC is
closed and convex and let A be an α-inverse-strongly-skew-monotone operator of JC into E such that
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VI(JC, A) 6= ∅ and ‖AJy‖ ≤ ‖AJy − AJu‖ for all y ∈ C and u ∈ VI(JC, A). Let {xn} be a
sequence defined by x1 = x ∈ C and

(15) xn+1 = RC(xn − λn AJxn),

for every n = 1, 2, ..., where RC is sunny generalized nonexpansive retraction of E onto C, {λn} ⊂ [a, b]
for some a, b with 0 < a < b < α

c , where c is a constant in (5). Then the sequence {xn} converges
weakly to some element z ∈ VI(JC, A). Further z = limn→∞ RVI(JC,A)(xn).

Proof. Put yn = xn − λn AJxn for all n = 1, 2, .... Let u ∈ VI(JC, A). We first prove that {xn} is
bounded. By Lemma 2.3 and Lemma 2.4, we have

φ(xn+1, u) = φ(RCyn, u) ≤ φ(yn, u)
= V(yn, Ju)
= V(xn − λn AJxn, Ju)
≤ V((xn − λn AJxn) + λn AJxn, Ju)− 2〈λn AJxn, J(xn − λn AJxn)− Ju〉
= V(xn, Ju)− 2λn〈AJxn, Jyn − Ju〉
= φ(xn, u)− 2λn〈AJxn, Jxn − Ju〉+ 2〈−λn AJxn, Jyn − Jxn〉(16)

for all n ∈ N. Since A is α-inverse-strongly-skew-monotone and u ∈ VI(JC, A), it follows that

−2λn〈AJxn, Jxn − Ju〉 = −2λn〈AJxn − AJu, Jxn − Ju〉 − 2λn〈AJu, Jxn − Ju〉
≤ −2αλn‖AJxn − AJu‖2(17)

for all n ∈ N. By Lemma 2.1 and our assumption, we obtain

2〈−λn AJxn, Jyn − Jxn〉 = 2〈−λn AJxn, J(xn − λn AJxn)− Jxn〉
≤ 2‖λn AJxn‖‖J(xn − λn AJxn)− Jxn‖
≤ 2c‖λn AJxn‖‖(xn − λn AJxn)− xn‖
= 2cλ2

n‖AJxn‖2 ≤ 2cλ2
n‖AJxn − Ju‖2(18)

for all n ∈ N. From (16), (17) and (18), we get

φ(xn+1, u) ≤ φ(xn, u) + 2λn(λnc− α)‖AJxn − AJu‖2

≤ φ(xn, u) + 2a(bc− α)‖AJxn − AJu‖2

≤ φ(xn, u)(19)

for all n ∈ N. Thus limn→∞ φ(xn, u) exists and hence, {φ(xn, u)} is bounded. It implies that
{xn} is bounded. By (19), we note that

(20) −2a(bc− α)‖AJxn − AJu‖2 ≤ φ(xn, u)− φ(xn+1, u)

for all n ∈ N and hence limn→∞ ‖AJxn − AJu‖2 = 0. From Lemma 2.3 , Lemma 2.4 and (18),
we have

φ(xn+1, xn) = φ(RCyn, xn)
≤ φ(yn, xn) = φ(xn − λn AJxn, xn)
= V(xn − λn AJxn, Jxn)
≤ V((xn − λn AJxn) + λn AJxn, Jxn)− 2〈λn AJxn, J(xn − λn AJxn)− Jxn〉
= φ(xn, xn) + 2〈−λn AJxn, Jyn − Jxn〉
≤ 2cλ2

n‖AJxn − Ju‖2 ≤ 2cb2‖AJxn − Ju‖2

for all n ∈ N. Since limn→∞ ‖AJxn − AJu‖2 = 0, we have limn→∞ φ(xn+1, xn) = 0. Applying
Lemma 2.2, we obtain

(21) lim
n→∞

‖xn+1 − xn‖ = 0.
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From the uniform smoothness of E, we have

(22) lim
n→∞

‖Jxn+1 − Jxn‖ = 0.

Since {xn} is bounded, there exists a subsequence {xni} of {xn} such that xni ⇀ z ∈ E. It
follows that xni+1 ⇀ z as i ⇀ ∞. We shall show that z ∈ VI(JC, A). Let B ⊂ E∗ × E be an
operator as follows:

Bv∗ =

{
Av∗ + NJC(v∗), v∗ ∈ JC,
∅, v∗ /∈ JC.

By Theorem 3.5, B is maximal skew monotone and (BJ)−10 = VI(JC, A). Let (v∗, w) ∈ G(B).
Since w ∈ Bv∗ = Av∗ + NJC(v∗), it follows that w− Av∗ ∈ NJC(v∗). From Jxn+1 ∈ JC, we have

(23) 〈w− Av∗, v∗ − Jxn+1〉 ≥ 0.

Since w ∈ Bv∗, we get v∗ ∈ JC. This implies that there is v ∈ C such that Jv = v∗. Thus it
follow from (23) that

(24) 〈w− AJv, Jv− Jxn+1〉 ≥ 0.

On the other hand, from xn+1 = RC(xn − λn AJxn) and Lemma 2.4, we have 〈(xn − λn AJxn)−
xn+1, Jxn+1 − Jv〉 ≥ 0 and hence

(25)
〈

xn − xn+1

λn
− AJxn, Jv− Jxn+1

〉
≤ 0.

From (24) and (25), we have

〈w, Jv− Jxn+1〉 ≥ 〈AJv, Jv− Jxn+1〉

≥ 〈AJv, Jv− Jxn+1〉+
〈

xn − xn+1

λn
− AJxn, Jv− Jxn+1

〉
= 〈AJv− AJxn, Jv− Jxn+1〉+

〈
xn − xn+1

λn
, Jv− Jxn+1

〉
= 〈AJv− AJxn+1, Jv− Jxn+1〉+ 〈AJxn+1 − AJxn, Jv− Jxn+1〉

+
〈

xn − xn+1

λn
, Jv− Jxn+1

〉
≥ −‖Jxn+1 − Jxn‖

α
‖Jv− Jxn+1‖ −

‖xn − xn+1‖
a

‖Jv− Jxn+1‖

≥ −M
(
‖Jxn+1 − Jxn‖

α
+
‖xn − xn+1‖

a

)
for all n ∈ N, where M = sup{‖Jv− Jxn+1‖ : n ∈ N}. Taking n = ni, from (21), (22) and the
weakly sequential continuity of J, we obtain 〈w, Jv − Jz〉 ≥ 0 as i → ∞. Hence, by the skew
maximality of B, we obtain Jz ∈ B−10. That is z ∈ (BJ)−10 = VI(JC, A).

From Corollary 3.6, we note that VI(JC, A) is closed and JVI(JC, A) is closed and convex.
Put un = RVI(JC,A)(xn) for all n ∈ N. It holds from (19) and Lemma 4.1 that {un} is Cauchy
sequence. Since VI(JC, A) is closed, {un} converges strongly to w ∈ VI(JC, A). By the uniform
smoothness of E, we also have limn→∞ ‖Jun − Jw‖ = 0. Finally, we prove that z = w. From
Lemma 2.4 and z ∈ VI(JC, A), we have

(26) 〈xn − un, Jz− Jun〉 ≤ 0

for all n ∈ N. So, we get

〈xn − un, Jz− Jw〉 = 〈xn − un, Jz− Jun〉+ 〈xn − un, Jun − Jw〉
≤ ‖xn − un‖‖Jun − Jw‖
≤ K‖Jun − Jw‖
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for all n ∈ N, where K = sup{‖xn − un‖ : n = 1, 2, ...}. Taking n = ni, from limn→∞ ‖un −
w‖ = 0 and limn→∞ ‖Jun − Jw‖ = 0, we obtain

〈z− w, Jz− Jw〉 ≤ 0 as i → ∞.

This implies that 〈z−w, Jz− Jw〉 = 0. Since E is strictly convex, it follows that z = w. Therefore
the sequence {xn} converges weakly to z = limn→∞ RVI(JC,A)(xn). This completes the proof.

�

5. Application

In this section, we study the problem of finding a zero point of a maximal skew monotone operator
of E∗ into E and a minimizer of a continuously Fréchet differentiable and convex functional in a Banach
space. To prove this, we need the following lemma:

Lemma 5.1. (see [3].) Let E be a Banach space, f a continuously Fréchet differentiable and convex
function on E∗ and ∇ f the gradient of f . If ∇ f is 1/α-Lipschitz continuous, then ∇ f is α-inverse-
strongly-skew-monotone.

Now, we consider the problem of finding a zero point of a maximal skew monotone operator of E∗
into E and a zero point of an inverse-strongly-skew-monotone operator of E∗ into E. In the case where
JC = E∗.

Theorem 5.2. Let E be a uniformly convex and 2−uniformly smooth Banach space whose duality
mapping J is weakly sequentially continuous. Let A be an α-inverse-strongly-skew-monotone of E∗

into E with A−10 6= ∅. Let x1 = x ∈ E and {xn} is given by

xn+1 = xn − λn AJxn,

for every n = 1, 2, ..., where {λn} ⊂ [a, b] for some a, b with 0 < a < b < α
c , where c is a constant

in (2.1). Then the sequence {xn} converges weakly to some element z in (AJ)−10. Further z =
limn→∞ R(AJ)−1(0)(xn).

Proof. From RE = I, VI(JE, A) = (AJ)−10 and ‖AJy‖ = ‖AJy − 0‖ = ‖AJy − AJu‖ for all
y ∈ E and u ∈ (AJ)−10, by using Theorem 4.2, {xn} converges weakly to some element z in
(AJ)−10. �

Corollary 5.3. Let E be a uniformly convex and 2−uniformly smooth Banach space whose duality
mapping J is weakly sequentially continuous. Assume that f is a function on E∗ such that f is a
continuously Fréchet differentiable and convex function on E∗, ∇ f is 1/α-Lipschitz continuous and
(∇ f )−10 = {z∗ ∈ E∗ : f (z∗) = miny∗∈E∗ f (y∗)} 6= ∅. Let {xn} be a sequence generated by
x1 = x ∈ E and

xn+1 = xn − λn(∇ f )Jxn,

for every n = 1, 2, ..., where {λn} ⊂ [a, b] for some a, b with 0 < a < b < α
c , where c is a constant

in (2.1). Then the sequence {xn} converges weakly to some element z in ((∇ f )J)−10. Further z =
limn→∞ R((∇) f J)−10(xn).

Proof. By Lemma 5.1, we have ∇ f is an α-inverse-strongly-skew-monotone operator of E∗ into
E. Hence, by Theorem 5.2, {xn} converges weakly to some element z in ((∇ f )J)−10. �
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3. J.B. Baillon, G. Haddad, Quelques propriétés des opérateurs angle-bornés et n-cycliquement monotones, Israel
J. Math. 115(1977), 137-150.

4. J. Diestel, Geometry of Banach Space-Selected Topics, Lecture Notes in Math., vol. 485, Springer-Verlag, Berlin,
1975.

5. T. Ibaraki, W. Takahashi, A new projection and convence theorems for the projections in Banach spaces, Journal
of Approximation Theory 149 (2007), 1-14.

6. T. Ibaraki, W. Takahashi, Generalized nonexpansive mappings and a proximal-type algorithm in Banach spaces,
to appear.

7. H. Iiduka, W. Takahashi, Weak convergence of a projection algorithm for variational inequalities in a Banach
space, J. Math. Anal. Appl. 339(2008), 668-679.

8. H. Iiduka, W. Takahashi, M. Toyoda, Approximation of solutions of variational inequalities for monotone map-
pings, Panamer. Math. J. 14 (2004), 49-61.

9. S. Kamimura, W. Takahashi, Strong convergence of a proximal-type algorithm in Banach a space, SIAM J.
Optim. 13 (2002), 938-945.

10. D. Kinderlehrer, G. Stampacchia, An Introduction to Variational Inequalities and Their Applications, Academic
Press, New York, 1980.

11. F. Kohsaka and W. Takahashi, Generalized nonexpansive retractions and a proximal-type algorithm in Banach
spaces, J. Nonlinear Convex Anal. 8 (2007), 197-209.

12. F. Liu, M.Z. Nashed, Regularization of nonlinear ill-posed variational inequalities and convergence rates, Set-
Valued Anal. 6 (1998) 313-344.

13. S. Reich, A weak convergence theorem for the alternating method with Bregman distances, in: A.G. Kartsatos
(Ed.), Theory and Applications of Nonlinear Operators of Accretive and Monotone Type, in: Lecture Notes
Pure Appl. Math., vol. 178, Dekker, New York, 1996, pp. 313-318.

14. R.T. Rockafellar, Maximal monotone operators and proximal point algorithm, SIAM J. Control Optim. 14 (1976),
887-898.

15. R.T. Rockafellar, On the maximal monotonicity of subdifferential mappings, Pacific J. Math. 33 (1970), 209-216.
16. J.L. Lions, G. Stampacchia, Variational inequalities, Comm. Pure Appl. Math. 20 (1967) 493-517.
17. W. Takahashi, Nonlinear Functional Analysis, Yokohama, 2000.
18. Z.B. Xu, G.F. Roach, Characteristic inequalities of uniformly convex and uniformly smooth Banach spaces, J.

Math. Anal. Appl. 157 (1991) 189-210.

1DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, NARESUAN UNIVERSITY, PHITSANULOK 65000,,
THAILAND.
Email address: somyotp@nu.ac.th(Somyot Plubtieng) and wanna sriprad@hotmail.com(Wanna Sriprad).

2 CENTRE OF EXCELLENCE IN MATHEMATICS, CHE, SI AYUTTHAYA ROAD, BANGKOK 10400, THAILAND.



Journal of Nonlinear Analysis and Optimization 
Vol. 1 No. 1 (2010), 35-43
ISSN : 1906-9685
http://www.sci.nu.ac.th/jnao

Remarks on the Gradient-Projection Algorithm

Meng Su1, Hong-Kun Xu2,∗

ABSTRACT: The gradient-projection algorithm (GPA) is a powerful method for solving con-
strained minimization problems in finite (and even infinite) dimensional Hilbert spaces. We
consider GPA with variable stepsizes and show that if GPA generates a bounded sequence,
then under certain assumptions, every accumulation point of the sequence is a solution of the
minimization problem. We also look into the issue where the sequence of stepsizes is allowed
to be the limiting case (e.g., approaching to zero).

KEYWORDS: Gradient-projection algorithm, constrained minimization, variational inequality,
optimality condition, convex function, Lipschitz continuous gradient, Féjer-monotone.

1. Introduction

Consider the constrained minimization problem

(1) min
x∈C

f (x)

where C is a nonempty closed convex set of Rn, and the objective function f : Rn → R is
continuously differentiable. Assume that (1) is consistent (i.e., it has a solution) and we use Γ
to denote its solution set.

It is well known that the (necessary) optimality condition for a point x∗ ∈ C to be a solution
of (1) is that

(2) −∇ f (x∗) ∈ NC(x∗)

where NC(x∗) is the normal cone to C at x∗, namely,

NC(x∗) = {v ∈ Rn : 〈v, x − x∗〉 ≤ 0, x ∈ C}.

Condition (2) is equivalent to the following variational inequality (VI):

(3) x∗ ∈ C, 〈∇ f (x∗), x − x∗〉 ≥ 0, x ∈ C.

Let PC be the nearest point projection from Rn onto C. We can then rewrite VI (3) equivalently
to a fixed point equation

(4) x∗ = PC(I − α∇ f )x∗,

where α > 0 is any (fixed) constant.
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The gradient-projection algorithm (GPA, for short) is usually applied to solve the minimiza-
tion problem (1). This algorithm generates a sequence {xk} through the recursion:

(5) xk+1 = PC(xk − αk∇ f (xk)), k = 0, 1, · · · ,

where the initial guess x0 ∈ C is chosen arbitrarily and {αk} is a sequence of stepsizes which
may be chosen in different ways.

GPA (5) has well been studied in the case of constant stepsizes αk = α for all k (see the books
[4, 5], and the papers [1, 2, 3, 6, 7, 8]). A recent averaged mapping approach to GPA (5) can be
found in [9].

A fundamental convergence result for GPA (5) is the following one which can be found in
literature (cf. [5, Theorem 6.1] or [4, Theorem 1, Section 7.2] with constant stepsize).

Theorem 1.1. Let {xk} be the sequence generated by GPA (5). Assume
(i) f is continuously differentiable and its gradient is Lipschitz continuous:

(6) ‖∇ f (x)−∇ f (y)‖ ≤ L‖x − y‖, x, y ∈ Rn,

where L ≥ 0 is a constant;
(ii) the set C0 := {x ∈ C : f (x) ≤ f (x0)} is bounded;

(iii) the sequence {αk} satisfies the condition:

(7) 0 < lim inf
k→∞

αk ≤ lim sup
k→∞

αk <
2
L

.

Then every accumulation point x∗ of {xk} satisfies the optimality condition (2). Moreover, if f is also
convex, then {xk} converges to a solution of the minimization (1).

In this paper we deal with the gradient-projection algorithm with variable stepsize. We
show that if GPA (5) generates a bounded sequence {xk} (which is guaranteed by the bound-
edness of the set C0), then under condition (7), every accumulation point of {xk} is a solution
to the minimization problem (1). If the objective f is, in addition, convex, then {xk} indeed
converges to a solution of (1). We also deal with the saturated situation where we can allow
the sequence {αk} to close zero (see the precise descriptions in Section 3).

2. Preliminaries

Let H be the real Euclidean n-space Rn and C be a nonempty closed convex subset of H.

Definition 2.1. The (metric or nearest-point or orthogonal) projection from H onto C is a map-
ping that assigns, to each point x ∈ H, a unique point in C, denoted PCx, with the property:

(8) ‖x − PCx‖ = min{‖x − y‖ : y ∈ C}.

The following characterizes the relation z = PCx.

Proposition 2.2. Given z ∈ C and x ∈ H. Then z = PCx if and only if there holds the relation:

〈x − z, y− z〉 ≤ 0, y ∈ C.

Consequently, PC is firmly nonexpansive, that is,

〈PCx − PCy, x − y, x − y〉 ≥ ‖PCx − PCy‖2, x, y ∈ H.

In particular, PC is nonexpansive:

‖PCx − PCy‖ ≤ ‖x − y‖, x, y ∈ H.

We next recall the optimality condition for the minimization problem (1).
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Lemma 2.3. (Optimality Condition.) A necessary condition of optimality for a point x∗ ∈ C to be a
solution of the minimization problem (1) is that x∗ solves the variational inequality:

(9) x∗ ∈ C, 〈∇ f (x∗), x − x∗〉 ≥ 0, x ∈ C.

Equivalently, x∗ ∈ C solves the fixed point equation

x∗ = PC(x∗ − α∇ f (x∗))

for every constant α > 0.
If, in addition, f is convex, then the optimality condition (9) is also sufficient.

Lemma 2.4. (cf. [4, Lemma 2, Section 1.4]) Suppose a continuously differentiable convex function
f : Rn → R has a Lipschitz continuous gradient:

(10) ‖∇ f (x)−∇ f (y)‖ ≤ L‖x − y‖, x, y ∈ Rn.

Then ∇ f satisfies the so-called inversely strong (also known as co-coercive) monotonicity:

(11) 〈∇ f (x)−∇ f (y), x − y〉 ≥ 1
L
‖∇ f (x)−∇ f (y)‖2, x, y ∈ Rn.

3. The Gradient-Projection Algorithm

Recall that the gradient-projection method (GPM) for solving the minimization problem (1)
generates a sequence {xk} according to the recursive process

(12) xk+1 = PC(xk − αk∇ f (xk)), k = 0, 1, 2, · · · ,

where {αk} is a sequence of stepsizes with αk ≥ 0 for each k ≥ 0. The convergence of GPM (12)
depends on the choice of the stepsize sequence {αk} (and also on the behavior of the gradient
∇ f ). The purpose of this section is to discuss the convergence of GPM (12) under different
choices of the stepsize sequence {αk}. (Note that in both books [5, 4], constant stepsize αk ≡ α
is considered; here we deal with variable stepsize.)

3.1. Variable Stepsize

Theorem 3.1. Let f : Rn → R be a continuously differentiable function such that the gradient ∇ f
satisfies the Lipschitz continuity condition (10). For a given initial guess x0 ∈ C, let {xk} be the
sequence generated by GPA (12). Assume

(A1) {αk} satisfies condition (7).
(A2) {xk} is bounded. (This is guaranteed by the boundedness assumption (ii) of the set C0 = {x ∈

C : f (x) ≤ f (x0)} in Theorem 1.1, as assumed in [5]).

Then we have

(i) Every accumulation point of {xk} is a solution of the minimization problem (1).
(ii) limk→∞ f (xk) = fmin := min{ f (x) : x ∈ C}.

(iii) If {xk} is Féjer-monotone with respect to the solution set Γ of the minimization problem (1),
that is,

(13) ‖xk+1 − x∗‖ ≤ ‖xk − x∗‖, k ≥ 0, x∗ ∈ Γ,

then the sequence {xk} converges to a solution of (1).
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Proof. We have, using (6),

f (xk+1)− f (xk) =
∫ 1

0
〈∇ f (xk + t(xk+1 − xk)), xk+1 − xk〉dt

=
∫

0

1
〈∇ f (xk + t(xk+1 − xk))−∇ f (xk), xk+1 − xk〉dt

+ 〈∇ f (xk), xk+1 − xk〉

≤ 〈∇ f (xk), xk+1 − xk〉+
L
2
‖xk+1 − xk‖2

.(14)

On the other hand, since xk+1 is the projection of xk − αk∇ f (xk) onto C, it follows from Propo-
sition 2.2 that

〈xk − αk∇ f (xk)− xk+1, xk − xk+1〉 ≤ 0.
This implies that

(15) 〈∇ f (xk), xk+1 − xk〉 ≤ − 1
αk
‖xk+1 − xk‖2.

Substituting (15) into (14), we get

(16) f (xk+1) ≤ f (xk)−
(

1
αk
− L

2

)
‖xk+1 − xk‖2.

Let α = lim infk→∞ αk and α = lim supk→∞ αk. Then, by assumption (7), we see that there is an
integer N ≥ 1 such that

(17) 0 < α ≤ αk ≤ α <
2
L

for all k ≥ N. With no loss of generality, we may assume that (17) holds true for all k ≥ 0. It
then turns out from (16) that

(18) f (xk+1) ≤ f (xk)− 2− αL
2α

‖xk+1 − xk‖2.

The sequence { f (xk)} is therefore decreasing and limk→∞ f (xk) exists. Moreover,

(19) lim
k→∞

‖xk+1 − xk‖ = 0.

We next prove that every accumulation point of {xk} is a solution of the minimization prob-
lem (1). Note that since {xk} is assumed to be bounded, the set of accumulation points of {xk}
is nonempty. Let x̂ be an accumulation point of {xk} and let {xk j} be a subsequence of {xk}
converging to x̂. Due to (19), we also have that {xk j+1} converges to x̂.

We may also assume that the subsequence {αk j} is convergent to some number α̂ (say).
According to (17), we get

0 < α ≤ α̂ ≤ α <
2
L

.

Taking the limit as j → ∞ in the relation

xk j+1 = PC(xk j − αk j∇ f (xk j))

yields x̂ = PC(x̂− α̂∇ f (x̂)) which exactly says that x̂ solves the minimization problem (1) and
hence, limk→∞ f (xk) = f (x̂) = fmin.

Finally we show that the entire sequence {xk} converges if the Féjer monotonicity condition
(13) holds. Let x∗ be an accumulation point of {xk}. Due to (13), the full limit as k → ∞ of the
sequence {‖xk − x∗‖}, limk→∞ ‖xk − x∗‖, exists. However, a subsequence of it converges to
zero. We therefore conclude that limk→∞ ‖xk − x∗‖ = 0 and the full sequence {xk} converges
to x∗. �

If f is also convex, then we can remove the boundedness assumption on {xk} in Theorem
3.1.
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Theorem 3.2. Let f : Rn → R be a continuously differentiable convex function such that the gradient
∇ f satisfies the Lipschitz continuity condition (10). Assume the minimization problem (1) is consistent.
For a given initial guess x0 ∈ C, let {xk} be the sequence generated by GPA (12) where we assume {αk}
satisfies condition (7). Then {xk} converges to a solution of (1).

Proof. We only need to prove the Féjer-monotonicity (13) holds when f is convex. To see this,
we take x∗ ∈ Γ. Observing x∗ = PC(I − α∇ f )x∗ for every α > 0, and using the nonexpansivity
of PC and Lemma 2.4, we derive that

‖xk+1 − x∗‖2 = ‖PC(I − αk∇ f )xk − PC(I − αk∇ f )x∗‖2

≤ ‖(I − αk∇ f )xk − (I − αk∇ f )x∗‖2

= ‖(xk − x∗)− αk(∇ f (xk)−∇ f (x∗))‖2

= ‖xk − x∗‖2 − 2αk〈xk − x∗,∇ f (xk)−∇ f (x∗)〉

+ αk
2‖∇ f (xk)−∇ f (x∗)‖2

≤ ‖xk − x∗‖2 − αk

(
2
L
− αk

)
‖∇ f (xk)−∇ f (x∗)‖2

≤ ‖xk − x∗‖2 − α(2− α)
L

‖∇ f (xk)−∇ f (x∗)‖2.

It is now immediately clear that ‖xk+1 − x∗‖ ≤ ‖xk − x∗‖, namely, {xk} satisfies the Féjer-
monotonicity condition (13). Consequently, {xk} is bounded, and moreover converges to a
point in Γ. �

3.2. Two-Slope Test

The two-slope test for the unconstrained minimization problem

(20) min{ f (x) : x ∈ Rn}
where f : Rn → R is continuously differentiable, determines the stepsize sequence {αk} in
such a way that

(21) f (xk)− bαk‖∇ f (xk)‖2 ≤ f (xk − αk∇ f (xk)) ≤ f (xk)− aαk‖∇ f (xk)‖2,

where 0 < a < b < 1 are two fixed constants.
The following theorem is known [5, Theorem 5.3].

Theorem 3.3. Let f : Rn → R be continuously differentiable and its gradient ∇ f is Lipschitz with
constant L. Let {xk} be the sequence generated by the steepest-descent method:

(22) xk+1 = xk − αk∇ f (xk), k = 0, 1, · · · ,

where the stepsize sequence {αk} is determined by the two-slope test (21). Assume the set

M0 := {x ∈ Rn : f (x) ≤ f (x0)}

is bounded. Then {xk} is bounded and every accumulation point x∗ of {xk} satisfies the optimality
condition ∇ f (x∗) = 0 for the unconstrained minimization (20).

Below we extend this two-slope test from unconstrained to constrained minimization.
The two-slope test for the constrained minimization problem (1) determines the stepsize for

the (k + 1)th iterate xk+1 in such a way that

(23) f (xk)− b〈∇ f (xk), xk − xk(αk)〉 ≤ f (xk(αk)) ≤ f (xk)− a〈∇ f (xk), xk − xk(αk)〉,
where 0 < a < b < 1 are two fixed constants, and where

xk(α) = PC(xk − α∇ f (xk)), α ≥ 0.
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It is easily found that if C is the entire space Rn (i.e., the constrained minimization (1) is
reduced to the unconstrained minimization (20)), then (23) is reduced to (21).

We have the following convergence result which extends Theorem 3.3 to the case of con-
strained minimization.

Theorem 3.4. Let f : Rn → R be a continuously differentiable function such that its gradient ∇ f
satisfies the Lipschitz continuity condition (10). Let {xk} be the sequence generated by GPM (12),
where the sequence of stepsizes, {αk}, satisfies the two-slope test (23) and lim infk→∞ αk > 0. Assume,
in addition, that the set

C0 := {x ∈ C : f (x) ≤ f (x0)}
is bounded. Then {xk} is bounded and every accumulation point x̄ of {xk} is a stationary point of the
constrained minimization problem (1); namely, x̄ satisfies the variational inequality

(24) x̄ ∈ C, 〈∇ f (x̄), x − x̄〉 ≥ 0, x ∈ C.

In particular, if f is also convex, then x̄ is a solution of (1).

Proof. Noticing xk+1 = xk(αk), we get immediately from (23) that f (xk+1) ≤ f (xk) for all k ≥ 0.
This implies that {xk} ⊂ C0; in particular, {xk} is bounded. Hence

lim
k→∞

f (xk) exists.

Also (23) implies that

(25) 〈∇ f (xk), xk − xk(αk)〉 ≥ 0.

Since there also holds (again from (23))

a〈∇ f (xk), xk − xk(αk)〉 ≤ f (xk)− f (xk+1),

we get that

(26) lim
k→∞

〈∇ f (xk), xk − xk+1〉 = 0.

Now since xk+1 is the projection of xk − αk∇ f (xk) onto C, we have by Proposition 2.2

〈(xk − αk∇ f (xk))− xk+1, y− xk+1〉 ≤ 0, y ∈ C.

It turns out that

〈xk − xk+1, y− xk+1〉 ≤ αk〈∇ f (xk)), y− xk+1〉, y ∈ C.

Setting y := xk ∈ C we get

(27) ‖xk − xk+1‖2 ≤ αk〈∇ f (xk)), xk − xk+1〉.
Combining (26) and (27), we obtain

(28) lim
k→∞

‖xk+1 − xk‖ = 0.

Now let x̄ be an accumulation point of {xk} and let {xk j} be a subsequence of {xk} converging
to x̄. With no loss of generality, we may assume that αk j → ᾱ > 0 (for lim infk→∞ αk > 0). Now
taking the limit as j → ∞ in the relation

xk j+1 = PC(xk j − αk j∇ f (xk j))

gives that
x̄ = PC(x̄ − ᾱ∇ f (x̄)).

This equivalently says that x̄ satisfies VI (24) and is a stationary point of the minimization
problem (1).

When f is convex, the optimality condition is also sufficient and x̄ is therefore a solution of
(1). �
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3.3. Strongly Monotone Gradient

Assume that the objective function f is continuously differentiable such that its gradient is
Lipschitzian and strongly monotone. Namely, there exist constants β > 0 and L ≥ 0 satisfying,
for all x, y ∈ C,

(29) 〈∇ f (x)−∇ f (x), x − y〉 ≥ β‖x − y‖2

and

(30) ‖∇ f (x)−∇ f (x)‖ ≤ L‖x − y‖.

We then have that the mapping

T ≡ Tγ := PC(I − γ∇ f )

is a contraction provided 0 < γ < 2β/L2. As a matter of fact, we have

‖Tx − Ty‖2 = ‖PC(I − γ∇ f )x − PC(I − γ∇ f )y‖2

≤ ‖(I − γ∇ f )x − (I − γ∇ f )y‖2

= ‖(x − y)− γ(∇ f (x)−∇ f (y))‖2

= ‖x − y‖2 − 2γ〈∇ f (x)−∇ f (y), x − y〉+ γ2‖∇ f (x)−∇ f (y)‖2

≤ ‖x − y‖2 − 2γβ‖x − y‖2 + γ2L2‖x − y‖2

= (1− γ(2β− γL2))‖x − y‖2.

This shows that T is a contraction with constant
√

1− γ(2β− γL2).
Therefore, for such a choice of γ, we can apply Banach’s contraction principle to get that

for each x0 ∈ C, the sequence {Tk
γx0} converges to the unique fixed point of Tγ (or the unique

solution of the minimization (1)).
We however look at the case where the stepsizes {γk} are variable such that

(31) 0 < lim inf
k→∞

γk < lim sup
k→∞

γk <
2β

L2 .

We have the following convergence result.

Theorem 3.5. Let x0 ∈ C and define a sequence {xk} by the iterative algorithm:

(32) xk+1 = PC(xk − γk∇ f (xk)),

where the sequence {γk} is selected according to the selection rule (31). Then {xk} converges to the
unique solution x∗ of the minimization (1).

Proof. By (31), there exist some natural number N and positive constants a and b such that

0 < a ≤ b < 2β/L2 and a ≤ γk ≤ b (k ≥ N).

Set

h = max
a≤γ≤b

√
1− γ(2β− γL2).

Then 0 ≤ h < 1 and it is easy to see that

0 ≤
√

1− γk(2η − γkL2) ≤ h

for all k ≥ N.
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Denote by x∗ the unique solution of the minimization (1). We now compute, for all k ≥ N,

‖xk+1 − x∗‖2 = ‖PC(I − γk∇ f )xk − PC(I − γk∇ f )x∗‖2

≤ ‖(I − γk∇ f )xk − (I − γk∇ f )x∗‖2

= ‖(xk − x∗)− γk(∇ f (xk)−∇ f (x∗))‖2

= ‖xk − x∗‖2 + γ2
k‖∇ f (xk)−∇ f (x∗)‖2

− 2γk〈xk − x∗,∇ f (xk)−∇ f (x∗)〉
≤ [1− γk(2η − γkL2)]‖xk − x∗‖2

≤ h2‖xk − x∗‖2.

Consequently

‖xk+1 − x∗‖ ≤ h‖xk − x∗‖ ≤ · · · ≤ hk−N+1‖xN − x∗‖.

Therefore, we get limk→∞ ‖xk − x∗‖ = 0. �

Theorem 3.5 asserts that if the parameter sequence {γk} is bounded away below from zero
and above from 2β/L2, then the sequence {xk} generated by GPA (32) converges to the unique
solution of the minimization (1). The result below shows that we can allow {γk} to close either
zero or 2β/L2 and still keep the convergence of the sequence {xk}.

Theorem 3.6. Assume that the sequence {γk} satisfies the condition

(33) 0 < γk <
2η

L2 for all k and
∞

∑
k=0

γk

(
2β

L2 − γk

)
= ∞.

Then the sequence {xk} generated by GPA (32) converges to the unique solution x∗ of the minimization
(1).

Proof. The first part of condition (33) assures that that the mapping PC(I − γk∇ f ) : C → C is
a contraction with the coefficient

√
1− γk(2β− γkL2) for all k ≥ 0. Observing x∗ = PC(I −

γk∇ f )x∗ for all k ≥ 0, we have

‖xk+1 − x∗‖ = ‖PC(I − γk∇ f )xn − PC(I − γk∇ f )x∗‖

≤
√

1− γk(2β− γkL2)‖xk − x∗‖

≤
(

1− 1
2

γk(2β− γkL2)
)
‖xk − x∗‖(34)

≤ ‖xk − x∗‖.

In particular, {xk} is bounded and limk→∞ ‖xk − x∗‖ exists. Also it follows from (34) that

(35)
L2

2
γk

(
2β

L2 − γk

)
‖xk − x∗‖ ≤ ‖xk − x∗‖ − ‖xk+1 − x∗‖.

Put r = limk→∞ ‖xk − x∗‖. If r > 0, then by (35), we get (noticing ‖xk − x∗‖ ≥ r for all k)

rL2

2
γk

(
2β

L2 − γk

)
≤ ‖xk − x∗‖ − ‖xk+1 − x∗‖.

Consequently,
∞

∑
k=0

γk

(
2β

L2 − γk

)
< ∞

which contradicts the assumption (33). So we must have r = 0 and xk → x∗ as k → ∞. �
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Fixed point theorems for nonexpansive mappings with applications
to generalized equilibrium and system of nonlinear variational

inequalities problems∗

Yeol Je Cho1, Narin Petrot2 and Suthep Suantai3

ABSTRACT: In this paper, a method for finding common element of two nonexpansive map-
pings are provided. Consequently, we provide some results for the fixed points of an infinite
family of nonexpansive mappings and of an infinite family of strict pseudo-contraction map-
pings. Furthermore, we apply our main result to the problems of finding solution of general-
ized equilibrium and system of nonlinear variational inequalities problems. Some interesting
remarks will be also pointed out and discussed.

KEYWORDS: Generalized equilibrium problem; system of nonlinear variational inequalities;
nonexpansive mapping; strict pseudo-contraction mappings.

1. Introduction and Preliminaries

Let H be a real Hilbert space whose inner product and norm are denoted by 〈·, ·〉 and ‖ · ‖,
respectively. Let K be a nonempty closed convex subset of H. A mapping D : K → K is said to
be nonexpansive mapping if

‖Dx − Dy‖ ≤ ‖x − y‖, ∀x, y ∈ K.

If D : K → K is a nonexpansive mapping, we denote the set of fixed points of D by F(D),
that is, F(D) = {x ∈ K : Dx = x}. By assuming that D is a nonexpansive mapping such
that its fixed points set is not empty, a classical iterative method to find the fixed point of
D of minimal norm was firstly studied by Halpern [7]. He introduced the following explicit
iteration scheme(u = 0): for fixed u, x0 ∈ K, an ∈ (0, 1)

(1) xn+1 = anu + (1− an)Dxn, n = 0, 1, 2, ...

and pointed out that the control conditions (C1) lim
n→∞

an = 0 and (C2) ∑∞
n=1 an = ∞ are neces-

sary for the convergence of the iteration scheme (1) to a fixed point of D. Since then, various
extensions of Halpern result have been proposed. For examples, Lions [8] and Wittmann [21]
established the strong convergence of the iteration scheme (1) under the control conditions
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(C1), (C2) together with some additional control conditions. In 2007, Y. Yao et al.[22] intro-
duced and studied the following implicit iterative scheme {xn}:

(2) x0 ∈ K, xn = anu + bnxn−1 + cnDxn, n ≥ 1,

where u is an anchor and {an}, {bn} and {cn} are three real sequences in (0, 1). They showed
that under some suitable control conditions, the sequence {xn} converges to a fixed point D.

Until now, the problem of finding the fixed points of the nonlinear mappings is the one
subject of current interest in functional analysis. Motivated by Y. Yao et al.[22], in this paper
we introduce the following an explicit iterative scheme {xn}:

The Algorithm: Let G, D : K → K be two mappings. For any u, x1 ∈ K, we define the sequence
{xn} in K as following:

(3) xn+1 = anu + bnxn + cn (γG(xn) + (1− γ)D(xn)) , ∀n ≥ 1,

where {an}, {bn}, {cn} are real sequences in [0, 1] such that an + bn + cn = 1 for all n ≥ 1 and
γ ∈ (0, 1). One main goal of us is to provide the suitable control conditions for the convergence
of {xn}.

Related to the fixed point problems, we also have the equilibrium problems which have
had a great impact and influence in the development of several branches of pure and applied
sciences. It is natural to construct a unified approach for these problems. In this direction,
several authors have introduced some iterative schemes for finding a common element of the
set of solutions of the equilibrium problems and the set of fixed points of nonlinear mappings
(for examples, see [3, 12, 13, 15, 16, 23] and the references therein).

On the other hand, system of nonlinear variational inequalities problems were introduced
by Verma [20]. Recently, Ceng et. al. [5] considered an iterative methods for a system of
variational inequalities and obtained a strong convergence theorem for the such problem and
a fixed point problem for a single nonexpansive mapping. For more examples, see [17, 18, 19]
and the references therein.

All of above motivate us to apply the fixed point theory, our main result, to the problems
of finding solution of generalized equilibrium and system of nonlinear variational inequalities
problems. Also, some interesting remarks are also discussed. We would like to notice that, the
results appeared in this paper can be viewed as an important improvement and extension of
the previously known results.

Now we recall some well-known concepts and results.

Let K be a nonempty closed convex subset of H. It is well known that, for any z ∈ H, there
exists a unique nearest point in K, denoted by PKz, such that

‖z− PKz‖ ≤ ‖z− y‖, ∀y ∈ K.

Such a mapping PK is called the metric projection of H on to K. We know that PK is nonexpan-
sive. Furthermore, for any z ∈ H and u ∈ K,

(4) u = PKz ⇐⇒ 〈u− z, w− u〉 ≥ 0, ∀w ∈ K.

Lemma 1.1. [2] Let K be a nonempty closed convex subset of a strictly convex Banach space E. If,
for each n ≥ 1, Sn : K → E is a nonexpansive mapping, then there exists a nonexpansive mapping
S : K → E such that

F(S) =
∞⋂

n=1

F(Sn).

In particular, if
⋂∞

n=1 F(Sn) 6= ∅, then the mapping S = ∑∞
n=1 µnSn satisfies the above requirement,

where {µn} is a sequence of positive real numbers such that ∑∞
n=1 µn = 1.

Lemma 1.2. [1] Let E be a uniformly convex Banach space, K be a nonempty closed convex subset of E
and S : K → K be a nonexpansive mapping. Then I − S is demi-closed at zero, i.e., if {xn} converges
weakly to a point x ∈ K and {xn − Sxn} converges to zero, then x = Sx.
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Lemma 1.3. [14] Let {xn} and {ln} be bounded sequences in a Banach space E and bn be a sequence
in [0, 1] with

0 < lim inf
n→∞

bn ≤ lim sup
n→∞

bn < 1.

Suppose that xn+1 = (1− bn)ln + bnxn for all n ≥ 1 and

lim sup
n→∞

(‖ln+1 − ln‖ − ‖xn+1 − xn‖) ≤ 0.

Then limn→∞ ‖ln − xn‖ = 0.

Lemma 1.4. [24] Assume that {θn} is a sequence of nonnegative real numbers such that

θn+1 ≤ (1− an)θn + δn, ∀n ≥ 1,

where {an} is a sequence in (0, 1) and {δn} is a sequence such that

(i) ∑∞
n=1 an = ∞;

(ii) lim sup
n→∞

δn
an
≤ 0 or ∑∞

n=1 |δn| < ∞.

Then limn→∞ θn = 0.

2. Main Results

Of course, we will use the sequence {xn}, generated by (3), to obtain our main results in this
paper. To do so, the behaviors of the sequences {an}, {bn} or {cn} should be controlled. Here,
we assume the following control condition:

Condition (C): Let {an} and {bn} be defined as in (3). We say that the condition (C) is
satisfied if

(i) limn→∞ an = 0 and ∑∞
n=1 an = ∞;

(ii) 0 < lim infn→∞ bn ≤ lim supn→∞ bn < 1,

are hold true.

Our main result is as following.

Theorem 2.1. Let K be a nonempty closed convex subset of a Hilbert space H. Let G, D : K → K
be two nonexpansive mappings such that Ω = F(G) ∩ F(D) 6= ∅. Let u ∈ K be fixed and {xn} be
a sequence in K generated by (3). If the condition (C) is satisfied then the sequence {xn} converges
strongly to a point x̃ = PΩu.

Proof. Firstly, we must assert that the mapping PΩ is well defined by showing that Ω is a closed
convex set. Indeed, since G, D are nonexpansive mappings, we have the set F(G) and F(D)
are closed convex subsets of H. Therefore, it follows that Ω = F(G) ∩ F(D) is a closed convex
subset of H.

Now the proof is divided into the five steps as following:

Step 1: The sequence {xn} is bounded.
Write en = γG(xn) + (1− γ)D(xn) for all n ≥ 1. Let x∗ ∈ Ω. Let us consider the following

computation:

‖en − x∗‖ =‖γG(xn) + (1− γ)D(xn)− x∗‖
≤γ‖G(xn)− x∗‖+ (1− γ)‖D(xn)− x∗‖
≤γ‖xn − x∗‖+ (1− γ)‖xn − x∗‖
=‖xn − x∗‖, ∀n ≥ 1.
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Consequently,

‖x2 − x∗‖ = ‖a1u + b1x1 + c1e1 − x∗‖
≤ a1‖u− x∗‖+ b1‖x1 − x∗‖+ c1‖e1 − x∗‖
≤ a1‖u− x∗‖+ b1‖x1 − x∗‖+ c1‖x1 − x∗‖
≤ a1‖u− x∗‖+ (1− a1)‖x1 − x∗‖
≤ max{‖u− x∗‖, ‖x1 − x∗‖}.(5)

From (5) and induction, we know that the sequence {xn} is bounded, as required.

Step 2: limn→∞ ‖xn+1 − xn‖ = 0.
To do this, let us put

(6) ln =
xn+1 − bnxn

1− bn
, ∀n ≥ 1,

which implies that

(7) xn+1 − xn = (1− bn)(ln − xn), ∀n ≥ 1.

Now, by (6), (7), Lemma 1.3 and the condition (ii), we show that

(8) lim sup
n→∞

(‖ln+1 − ln‖ − ‖xn+1 − xn‖) ≤ 0.

Consider the following computation:

ln+1 − ln =
an+1u + cn+1en+1

1− bn+1
− anu + cnen

1− bn

=
an+1

1− bn+1
u +

1− bn+1 − an+1

1− bn+1
en+1 −

an

1− bn
u− 1− bn − an

1− bn
en

=
an+1

1− bn+1
(u− en+1) +

an

1− bn
(en − u) + en+1 − en, ∀n ≥ 1,(9)

and,

‖en+1 − en‖ =‖γG(xn+1) + (1− γ)D(xn+1)− (γG(xn) + (1− γ)D(xn)‖
≤γ‖G(xn+1)− G(xn)‖+ (1− γ)‖D(xn+1)− D(xn)‖
≤γ‖xn+1 − xn‖+ (1− γ)‖xn+1 − xn‖
=‖xn+1 − xn‖, ∀n ≥ 1.(10)

Using (9) and (10), we have

‖ln+1 − ln‖ − ‖xn+1 − xn‖ ≤
an+1

1− bn+1
‖u− en+1‖+

an

1− bn
‖en − u‖, ∀n ≥ 1.

Thus it follows from the conditions (i) and (ii) that

lim sup
n→∞

(‖ln+1 − ln‖ − ‖xn+1 − xn‖) ≤ 0,

that is, (8) is satisfied.

Step 3: xn − en → 0 as n → ∞.
From (3), we have

cn(en − xn) = xn+1 − xn + an(xn − u),
which implies that

cn‖en − xn‖ ≤ ‖xn+1 − xn‖+ an‖(xn − u)‖
and so, from the conditions (i) and (ii), it follows that

(11) lim
n→∞

‖en − xn‖ = 0.
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Step 4: lim sup
n→∞

〈u− PΩu, xn − PΩu〉 ≤ 0.

Write x̃ = PΩu. Since {xn} is a bounded sequence, there exist a subsequence {xnj} of {xn}
and z ∈ K such that {xnj} converges weakly to a point z as j → ∞ and

(12) lim sup
n→∞

〈u− x̃, xn − x̃〉 = lim sup
j→∞

〈u− x̃, xnj − x̃〉.

Now, we show that z ∈ Ω = F(G) ∩ F(D). To show this, we define a mapping S : K → K by

Sx = γG(x) + (1− γ)D(x), ∀x ∈ K.

From Lemma 1.1, it follows that S is a nonexpansive mapping such that

F(S) = F(G) ∩ F(D).

Furthermore, from (11), we obtain

lim
j→∞

‖Sxnj − xnj‖ = 0.

Thus, by Lemma 1.2, we have z ∈ F(S) = Ω. Consequently, from (4) and (12), it follows that

lim sup
n→∞

〈u− x̃, xn − x̃〉 = lim sup
j→∞

〈u− x̃, xnj − x̃〉

= 〈u− x̃, p− x̃〉
≤ 0.

Step 5: xn → x̃ as n → ∞, where x̃ = PΩu.
Notice that

‖xn+1 − x̃‖2 = ‖anu + bnxn + cnen − x̃‖2

= 〈an(u− x̃) + bn(xn − x̃) + cn(en − x̃), xn+1 − x̃〉
≤ an〈u− x̃, xn+1 − x̃〉+ bn‖xn − x̃‖‖xn+1 − x̃‖+ cn‖en − x̃‖‖xn+1 − x̃‖
≤ an〈u− x̃, xn+1 − x̃〉+ bn‖xn − x̃‖‖xn+1 − x̃‖+ cn‖xn − x̃‖‖xn+1 − x̃‖
= an〈u− x̃, xn+1 − x̃〉+ (1− an)‖xn − x̃‖‖xn+1 − x̃‖

≤ an〈u− x̃, xn+1 − x̃〉+
(1− an)

2
(
‖xn − x̃‖2 + ‖xn+1 − x̃‖2) .

This implies that

(13) ‖xn+1 − x̃‖2 ≤ (1− an)‖xn − x̃‖+ 2an〈u− x̃, xn+1 − x̃〉.
Therefore, using (12) together with the conditions (i) and (ii), (13) and Lemma 1.4, it follows
that xn → x̃ as n → ∞. This completes the proof. �

From Theorem 2.1, obviously, we can obtain the following result.

Corollary 2.2. Let K be a nonempty closed convex subset of a Hilbert space H. Let D : K → K be a
nonexpansive mapping such that F(D) 6= ∅. Let u ∈ K be fixed and {xn} be a sequence in K generated
by

(14) xn+1 = anu + bnxn + cnD(xn), ∀n ≥ 1.

If the condition (C) is satisfied then the sequence {xn} converges strongly to a point x̃ = PF(D)u.

Using Lemma 1.1, as an application of Corollary 2.2, we also have the following results:

Corollary 2.3. Let K be a nonempty closed convex subset of a Hilbert space H. Let {Sn} be a family of
nonexpansive mappings from K into itself such that Θ =:

⋂∞
n=1 F(Sn) 6= ∅. Let u ∈ C be fixed and

{xn} be a sequence in K generated by (14) with D = ∑∞
n=1 µnSn, where {µn} is a sequence of positive

numbers with ∑∞
n=1 µn = 1. If the condition (C) is satisfied then the sequence {xn} converges strongly

to a point x̃ = PΘu.
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Remark 2.4. Recall that a mapping W : C → C is called a τ-strict pseudo-contraction with the
coefficient τ ∈ [0, 1) if

‖Wx −Wy‖2 ≤ ‖x − y‖2 + τ‖(I −W)x − (I −W)y‖2, ∀x, y ∈ C.

It is obvious that every nonexpansive mapping is a 0-strict pseudo-contraction. Furthermore,
if a mapping W(ζ) : C → C is defined by W(ζ)x = ζx + (1− ζ)Wx for all x ∈ C, where ζ ∈ [τ, 1)
is a fixed constant. Then W(ζ) is a nonexpansive mapping such that F(W(ζ)) = F(W), see [24].
Using this observation, in stead of the assumption that A and B are nonexpansive mappings,
which were proposed in Theorem 2.1, we can further assume that the mappings A and B are
strict pseudo-contractions.

Remark 2.5. If f : C → C is a contractive mapping and we replace u by f (xn) in the (3), then
we can obtain the so-called viscosity iteration method (see [15] for more details).

3. applications

In this section, we will apply the Theorem 2.1 to some interesting problems as following:

3.1. Generalized equilibrium problem

Let ϕ : K → R be a real-valued function, Q : K → H be a mapping and Φ : H× K × K → R

be an equilibrium-like function. Let r be a positive number. For any x ∈ K, we consider the
following problem:

(15)

{
Find y ∈ K such that
Φ(Qx, y, z) + ϕ(z)− ϕ(y) + 1

r 〈y− x, z− y〉 ≥ 0, ∀z ∈ K,

which is known as the auxiliary generalized equilibrium problem. We denote the set of solution
of problem (15) by GEP(K, Q, Φ, ϕ). In order to studying the problem (15), we related to the
following concept:

Let T(r) : K → K be the mapping such that, for each x ∈ K, T(r)(x) is the solution set of the
auxiliary problem (15), i.e.,

T(r)(x) = {y ∈ K : Φ(Qx, y, z) + ϕ(z)− ϕ(y) +
1
r
〈y− x, z− y〉 ≥ 0, ∀z ∈ K}, ∀x ∈ K.

We will assume the following Condition (∆):
(a) T(r) is single-valued;
(b) T(r) is nonexpansive;
(c) F(T(r)) = GEP(K, Q, Φ, ϕ);

Notice that the examples of showing the sufficient conditions for the existence of the Condition
(∆) can be found in [4].

Assuming that the Condition (∆) is satisfied, then we can introduce the following algorithm:
Let r be a fixed positive number and D : K → K be a mapping. For any u, x1 ∈ K, there exist
sequences {un}, and {xn} in K such that

(16)

{
Φ(Qxn, un, v) + ϕ(v)− ϕ(un) + 1

r 〈un − xn, v− un〉 ≥ 0, ∀v ∈ K,
xn+1 = anu + bnxn + cn [γun + (1− γ)D(xn)] , ∀n ≥ 1,

where {an}, {bn}, {cn} are real sequences in [0, 1] such that an + bn + cn = 1 for all n ≥ 1 and
γ ∈ (0, 1).

Theorem 3.1. Let K be a nonempty closed convex subset of a Hilbert space H. Let D : K → K be a
nonexpansive mapping. Assume that the Condition (∆) is satisfied and

Ω = GEP(K, Q, Φ, ϕ) ∩ F(D) 6= ∅.
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Let u ∈ K be fixed and {xn} is defined by (16). If the condition (C) is satisfied then the sequence {xn}
converges strongly to a point x̃ = PΩu.

Proof. Notice that, for each n ≥ 1, we have un = T(r)(xn). Hence, by setting T(r) =: G, we
see that (3) and (16) are the same. Therefore, thanks to the condition (∆), the result is followed
from Theorem 2.1.

�

Remark 3.2. It is worth to mention that for appropriate and suitable choice of the mapping
Q, the functions Φ, ϕ and the convex set K, one can obtain a number of the various classes of
equilibrium problems as special cases. This means, evidently, the Theorem 3.1 is very useful.
For further applications of the problem (15), interested readers may refer to [6, 10, 11], and the
references therein.

3.2. System of nonlinear variational inequalities problems

For two nonlinear mappings A, B : K → H, we consider the following system of nonlinear
variational inequalities problems: Find (x∗, y∗) ∈ K × K such that{

〈λAy∗ + x∗ − y∗, x − x∗〉 ≥ 0, ∀x ∈ K,
〈ρBx∗ + y∗ − x∗, x − y∗〉 ≥ 0, ∀x ∈ K,

(17)

where λ and ρ are fixed positive numbers. In recent years, the problem of type (17) and its
applications have been studied and investigated by many authors, see [5, 17, 18, 19, 20] for
examples.

Now we have the following result, as the technical lemma:

Lemma 3.3. Let K be a nonempty closed convex subset of a Hilbert space H. Let G : K → K be a
nonexpansive self-mapping and T, V : K → H be two nonexpansive non-self mappings. Assume that

Ω = F(G) ∩ F(D) 6= ∅,

where D : K → K is defined by

(18) D(x) = PK[T ◦ (PK ◦V)](x), ∀x ∈ K.

Let u ∈ K be fixed and {xn} be a sequences in K generated by (3). If the condition (C) is satisfied then
the sequence {xn} converges strongly to a point x̃ = PΩu.

Proof. Since T, V : K → H are nonexpansive non-self mappings, it is obvious that D := PK[T ◦
(PK ◦V)] is a nonexpansive mapping. Therefore, the conclusion is followed immediately from
Theorem 2.1.

�

We also need the following well-known lemma:

Lemma 3.4. [5] Let ρ and λ be positive numbers. For any x∗, y∗ ∈ C with y∗ = PC(x∗ − ρBx∗),
(x∗, y∗) is a solution of the problem (1.3) if and only if x∗ is a fixed point of the mapping D : C → C
defined by

D(x) = PK[PK(x − ρBx)− λAPK(x − ρBx)], ∀x ∈ K.

Now we give the purposed result.

Theorem 3.5. Let C be a nonempty closed convex subset of a Hilbert space H. Let A, B : K → H and
G : K → K be a nonexpansive mapping. Assume that

Ω := F(G) ∩ F(D) 6= ∅,

where the mapping D : K → K is defined by

(19) D(x) = [PK(I − λA) ◦ PK(I − ρB)] (x), ∀x ∈ K,

when ρ and λ are positive constants appeared in the problem (17). Assume that
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(i) (I − λA) and (I − ρB) are nonexpansive mappings;
(ii) the condition (C) is satisfied.

If {xn} is a sequence in K generated by (3) then {xn} converges strongly to a point x̃ = PΩu.
Moreover, if ỹ = PK(x̃ − ρBx̃), then (x̃, ỹ) is a solution to the problem (17).

Proof. Firstly, since I − λA and I − ρB are nonexpansive mappings, we know that D is a non-
expansive mapping. Thus, thanks to Lemma 3.3, we know that {xn} converges strongly to
x̃ := PΩu. Moreover, by the definition of the mapping D, we observe that

D = PK(I − λA) ◦ PK(I − ρB) = PK [PK(I − ρB)− λAPK(I − ρB)] .

Consequently, in view of Lemma 3.4, the second part of the required result is followed imme-
diately.

�

Remark 3.6. Recall that a nonlinear mapping A : K → H is said to be:
(1) α-cocoercive if there exists a constant α > 0 such that

〈Ax − Ay, x − y〉 ≥ α‖Ax − Ay‖2, ∀x, y ∈ K;

(2) β-strongly monotone if there exists a constant β > 0 such that

〈Ax − Ay, x − y〉 ≥ β‖x − y‖2, ∀x, y ∈ K.

Notice that if either
(A1) A is α-cocoercive mapping and λ ∈ (0, 2α] or,
(A2) A is β-strongly monotone and L-Lipschitz continuous mapping and λ ∈

(
0, 2β

L

]
;

is satisfied, then I − λA is a nonexpansive mapping. This means that the results obtained in
the Theorem 3.5 can be viewed as an important extension of the previously known results.

Remark 3.7. In view of Corollary 2.3, one can apply Theorems 3.1 and 3.5 from a nonexpansive
mapping to a family of nonexpansive mappings (or even a family of strict pseudo-contraction
mappings).
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ABSTRACT: In this paper, we introduce a new hybrid projection iterative scheme based on
the shrinking projection method for two asymptotically quasi-φ-nonexpansive mappings, for
finding a common element of the set of solutions of the generalized mixed equilibrium prob-
lems and the set of common fixed points of two asymptotically quasi-φ-nonexpansive map-
pings in Banach spaces. The results obtained in this paper improve and extend the recent
ones announced by Matsushita and Takahashi [ S. Matsushita, W. Takahashi, Weak and strong
convergence theorems for relatively nonexpansive mappings in Banach spaces, Fixed Point
Theory Appl. (2004), 2004, 37-47], Qin et al. [X. Qin, S.Y. Cho, S.M Kang, On hybrid projection
methods for asymptotically quasi-φ-nonexpansive mappings, Applied Mathematics and Com-
putation 215 (2010) 38743883], and Chang, Lee and Chan [S.-s. Chang, H.W. Joseph Lee, C.K.
Chan, A new hybrid method for solving generalized equilibrium problem variational inequal-
ity and common fixed point in banach spaces with applications, Nonlinear Analysis (2010),
doi:10.1016/j.na.2010.06.006] and many others.
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1. Introduction

Let E be a real Banach space, and E∗ the dual space of E. Let C be a nonempty closed convex
subset of E. Let f : C × C → R be a bifunction, ϕ : C → R be a real-valued function, and
A : C → E∗ be a nonlinear mapping. The generalized mixed equilibrium problem, is to find
x ∈ C such that

f (x, y) + 〈Ax, y− x〉+ ϕ(y)− ϕ(x) ≥ 0, ∀y ∈ C.(1)

The set of solutions to (1) is denoted by EP, i.e.,

f (x, y) + 〈Ax, y− x〉+ ϕ(y)− ϕ(x) ≥ 0, ∀y ∈ C.(2)
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If ϕ = 0, the problem (1) reduces to the generalized equilibrium problem for f , denoted by
GEP( f ), which is to find x ∈ C such that

f (x, y) + 〈Ax, y− x〉 ≥ 0, ∀y ∈ C.(3)

If A = 0, the problem (1) reduces to the mixed equilibrium problem for f , denoted by MEP( f , ϕ),
which is to find x ∈ C such that

f (x, y) + ϕ(y)− ϕ(x) ≥ 0, ∀y ∈ C.(4)

If f ≡ 0, the problem (1) reduces to the mixed variational inequality of Browder type, denoted
by VI(C, A, ϕ), which is to find x ∈ C such that

〈Ax, y− x〉+ ϕ(y)− ϕ(x) ≥ 0, ∀y ∈ C.(5)

If A = 0 and ϕ = 0, the problem (1) reduces to the equilibrium problem for f , denoted by
EP( f ), which is to find x ∈ C such that

f (x, y) ≥ 0, ∀y ∈ C.(6)

Let f (x, y) = 〈Ax, y − x〉 for all x, y ∈ C. Then p ∈ EP( f ) if and only if 〈Ap, y − p〉 ≥ 0 for
all y ∈ C, i.e., p is a solution of the variational inequality; there are several other problems,
for example, the complementarity problem, fixed point problem and optimization problem,
which can also be written in the form of an EP. In other words, the EP is a unifying model
for several problems arising in physical sciences. In the last two decades, many papers have
appeared in the literature on the existence of solutions of the EP; see, for example [5, 17, 19, 20]
and references therein. Some solution methods have been proposed to solve the EP; see, for
example [9, 10, 15, 16, 22, 24, 30, 32, 34] and references therein.

Recall that a mappings T : C → C is said to be nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖, for all x, y ∈ C.

T is said to be quasi-nonexpansive if F(T) 6= ∅ and

‖Tx− y‖ ≤ ‖x− y‖, for all x ∈ C, y ∈ F(T).

T is said to be asymptotically nonexpansive if there exists a sequence {kn} ⊂ [1, ∞) with
kn → 1 as n → ∞ such that

‖Tnx− Tny‖ ≤ kn‖x− y‖, for all x, y ∈ C.

T is said to be asymptotically quasi-nonexpansive if F(T) 6= ∅ and there exists a sequence
{kn} ⊂ [1, ∞) with kn → 1 as n → ∞ such that

‖Tnx− y‖ ≤ kn‖x− y‖, for all x ∈ C, y ∈ F(T).

T is called uniformly L-Lipschitzian continuous if there exists a L > 0 such that

‖Tnx− Tny‖ ≤ L‖x− y‖, for all x, y ∈ C.

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [18] in
1972. Since 1972, a host of authors have studied the weak and strong convergence of iterative
processes for such a class of mappings.

If C is a nonempty closed convex subset of a Hilbert space H and PC : H → C is the metric
projection of H onto C, then PC is a nonexpansive mapping. This fact actually characterizes
Hilbert spaces and, consequently, it is not available in more general Banach spaces. In this
connection, Alber [3] recently introduced a generalized projection operator C in a Banach space
E which is an analogue of the metric projection in Hilbert spaces.

Consider the functional φ : E× E → R defined by

(7) φ(y, x) = ‖y‖2 − 2〈y, Jx〉+ ‖x‖2

for all x, y ∈ E, where J is the normalized duality mapping from E to E∗. Observe that, in a
Hilbert space H, (7) reduces to φ(y, x) = ‖x − y‖2 for all x, y ∈ H. The generalized projection
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ΠC : E → C is a mapping that assigns to an arbitrary point x ∈ E the minimum point of the
functional φ(y, x), that is, ΠCx = x∗, where x∗ is the solution to the minimization problem:

(8) φ(x∗, x) = inf
y∈C

φ(y, x).

The existence and uniqueness of the operator ΠC follows from the properties of the functional
φ(y, x) and strict monotonicity of the mapping J (see, for example, [1, 2, 9, 28]). In Hilbert
spaces, ΠC = PC. It is obvious from the definition of the function φ that

(1) (‖y‖ − ‖x‖)2 6 φ(y, x) 6 (‖y‖+ ‖x‖)2 for all x, y ∈ E.
(2) φ(x, y) = φ(x, z) + φ(z, y) + 2〈x− z, Jz− Jy〉 for all x, y, z ∈ E.
(3) φ(x, y) = 〈x, Jx− Jy〉+ 〈y− x, Jy〉 6 ‖x‖‖Jx− Jy‖+ ‖y− x‖‖y‖ for all x, y ∈ E.
(4) If E is a reflexive, strictly convex and smooth Banach space, then, for all x, y ∈ E,

φ(x, y) = 0 if and only if x = y.

For more detail see [14, 31]. Let C be a closed convex subset of E, and let T be a mapping from
C into itself. We denote by F(T) the set of fixed point of T. A point p in C is said to be an
asymptotic fixed point of T [29] if C contains a sequence {xn} which converges weakly to p such
that limn→∞ ‖xn − Txn‖ = 0. The set of asymptotic fixed points of T will be denoted by F̂(T).
Recall that the following :

(i) A mapping T : C → C is called relatively nonexpansive [7, 8, 11] if F̂(T) = F(T) and
φ(p, Tx) 6 φ(p, x) for all x ∈ C and p ∈ F(T).

The asymptotic behavior of relatively nonexpansive mappings were studied in [7, 8].
(ii) T : C → C is said to be relatively asymptotically nonexpansive [1, 28] if F̂(T) = F(T) 6= ∅

and there exists a sequence {kn} ⊂ [0, ∞) with kn → 1 as n → ∞ such that φ(p, Tnx) 6
knφ(p, x) for all x ∈ C, p ∈ F(T) and n ≥ 1.

(iii) T : C → C is said to be φ-nonexpansive [26, 36] if φ(Tx, Ty) ≤ φ(x, y) for all x, y ∈ C.
(iv) T : C → C is said to be quasi-φ-nonexpansive [26, 36] if F(T) 6= ∅ and φ(p, Tx) ≤ φ(p, x)

for all x ∈ C and p ∈ F(T).
(v) T : C → C is said to be asymptotically φ-nonexpansive [36] if there exists a sequence

{kn} ⊂ [0, ∞) with kn → 1 as n → ∞ such that φ(Tnx, Tny) ≤ knφ(x, y) for all x, y ∈ C.
(vi) T : C → C is said to be asymptotically quasi-φ-nonexpansive [36] if F(T) 6= ∅ and there

exists a sequence {kn} ⊂ [0, ∞) with kn → 1 as n → ∞ such that φ(p, Tnx) ≤ knφ(p, x)
for all x ∈ C, p ∈ F(T) and n ≥ 1.

(vii) T : C → C is said to be asymptotically regular on C if, for any bounded subset D of C,
there holds the following equality :

lim
n→∞

sup
x∈D

‖Tn+1x− Tnx‖ = 0.

(viii) T : C → C is said to be closed if for any sequence {xn} ⊂ C such that limn→∞ xn = x0
and limn→∞ Txn = y0, then Tx0 = y0.

Remark 1.1. The class of (asymptotically) quasi-φ-nonexpansive mappings is more general
than the class of relatively (asymptotically) nonexpansive mappings which requires the strong
restriction F̂(T) = F(T).

Remark 1.2. In real Hilbert spaces, the class of (asymptotically) quasi-φ-nonexpansive map-
pings is reduced to the class of (asymptotically) quasi-nonexpansive mappings.

We give some examples which are closed and asymptotically quasi-φ-nonexpansive.

Example 1.3. (1). Let E be a uniformly smooth and strictly convex Banach space and A ⊂
E × E∗ be a maximal monotone mapping such that its zero set A−10 is nonempty. Then Jr =
(J + rA)−1 J is a closed and asymptotically quasi-φ-nonexpansive mapping from E onto D(A)
and F(Jr) = A−10.

(2). Let ΠC be the generalized projection from a smooth, strictly convex and reflexive Ba-
nach space E onto a nonempty closed and convex subset C of E. Then ΠC is a closed and
asymptotically quasi-φ-nonexpansive mapping from E onto C with F(ΠC) = C.
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Recently, Matsushita and Takahashi [25] obtained the following results in a Banach space.
Theorem MT. Let E be a uniformly convex and uniformly smooth Banach space, let C be a
nonempty closed convex subset of E, let T be a relatively nonexpansive mapping from C into
itself, and let {αn} be a sequence of real numbers such that 0 ≤ αn < 1 and lim supn→∞ < 1.
Suppose that {xn} is given by

(9)



x0 = x ∈ C chosen arbitrarily,
yn = J−1(αn Jxn + (1− αn)JTxn),
Hn = {z ∈ C : φ(z, yn) ≤ φ(z, xn)},
Wn = {z ∈ C : 〈xn − z, Jx− Jxn〉 ≥ 0},
xn+1 = PHn∩Wn x0, n = 0, 1, 2, . . . ,

where J is the duality mapping on E. If F(T) is nonempty, then {xn} converges strongly to
PF(T)x, where PF(T) is the generalized projection from C onto F(T).

Recently, Qin et al. [27] further extended Theorem MT by considering a pair of asymptoti-
cally quasi-φ-nonexpansive mappings. To be more precise, they proved the following results.

Theorem QCK. Let E be a uniformly smooth and uniformly convex Banach space and C
a nonempty closed and convex subset of E. Let T : C → C be a closed and asymptotically
quasi-φ-nonexpansive mapping with the sequence {k(t)

n } ⊂ [1, ∞) such that k(t)
n → 1 as n → ∞

and S : C → C a closed and asymptotically quasi-φ-nonexpansive mapping with the sequence
{k(t)

s } ⊂ [1, ∞) such that k(s)
n → 1 as n → ∞. Let {αn}, {βn}, {γn} and {δn} be real number

sequences in [0, 1]. Assume that T and S are uniformly asymptotically regular on C and Ω =
F(T) ∩ F(S) is nonempty and bounded. Let {xn} be a sequence generated in the following
manner:

(10)



x0 ∈ E chosen arbitrarily,
C1 = C,
x1 = ΠC1 x0,
zn = J−1(βn Jxn + γn J(Tnxn) + δn J(Snxn)),
yn = J−1(αn Jxn + (1− αn)Jzn),
Cn+1 = {w ∈ Cn : φ(w, yn) ≤ φ(w, xn) + (kn − 1)Mn},
xn+1 = ΠCn+1 x0,

where kn = max{k(t)
n , k(s)

n } for each n ≥ 1, J is the duality mapping on E, Mn = sup{φ(z, xn) :
z ∈ Ω} for each n ≥ 1. Assume that the control sequences {αn}, {βn}, {γn} and {δn} satisfy
the following restrictions :

(a) βn + γn + δn = 1, ∀n ≥ 1;
(b) lim infn→∞ γnδn, limn→∞ βn = 0;
(c) 0 ≤ αn < 1 and lim supn→∞ αn < 1.

On the other hand, very recently, Chang, Lee and Chan [12] proved a strong convergence
theorem for finding a common element of the set of solutions for a generalized equilibrium
problem (3) and the set of common fixed points for a pair of relatively nonexpansive map-
pings in Banach spaces. They proved the following results.

Theorem CLC. Let E be a uniformly smooth and uniformly convex Banach space, C be a
nonempty closed convex subset of E. Let A : C → E∗ be a α-inverse-strongly monotone
mapping and f : C × C → R be a bifunction satisfying the conditions (A1) − (A4). Let
S, T : C → C be two relatively nonexpansive mappings such that Ω := F(T) ∩ F(S) ∩ GEP( f ).
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Let {xn} be the sequence generated by

(11)



x0 ∈ C chosen arbitrarily,
zn = J−1(αn Jxn + (1− αn)JTxn),
yn = J−1(βn Jxn + (1− βn)JSxn),
un ∈ C such that

f (un, y) + 〈Aun, y− un〉+ 1
rn
〈y− un, Jun − Jyn〉 ≥ 0, ∀y ∈ C,

Hn = {v ∈ C : φ(v, un) ≤ βnφ(v, xn) + (1− βn)φ(v, xn)};
Wn = {z ∈ C : 〈xn − z, Jx0 − Jxn〉 ≥ 0};
xn+1 = ΠHn∩Wn x0, ∀n ≥ 0,

where J : E → E∗ is the normalized duality mapping, {αn} and {βn} are sequences in [0, 1]
and {rn} ⊂ [a, 1) for some a > 0. If the following conditions are satisfied:

(a) lim infn→∞ αn(1− αn) > 0;
(b) lim infn→∞ βn(1− βn) > 0;

Then {xn} converges strongly to ΠΩx0, where ΠΩ is the generalized projection of E onto Ω.

In this paper, motivated and inspired by the work of Matsushita and Takahashi [25], Qin et
al. [27], and Chang, Lee and Chan [12], we introduce a new hybrid projection iterative scheme
based on the shrinking projection method for two asymptotically quasi-φ-nonexpansive map-
pings, for finding a common element of the set of solutions of the generalized mixed equilib-
rium problems and the set of common fixed points of two asymptotically quasi-φ-nonexpansive
mappings in Banach spaces. The results obtained in this paper improve and extend the recent
ones announced by Matsushita and Takahashi [25], Qin et al. [27], and Chang, Lee and Chan
[12] and many others.

2. Preliminaries

For the sake of convenience, we first recall some definitions and conclusions which will be
needed in proving our main results. The mapping J : E → 2E∗ defined by

J(x) = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2}, x ∈ E.

is called the normalized duality mapping. By the Hahn-Banach theorem, J(x) 6= ∅ for each
x ∈ E.

In the sequel, we denote the strong convergence, weak convergence and weak∗ convergence
of a sequence {xn} by xn → x, xn ⇀ x and xn ⇀∗ x, respectively.

A Banach space E is said to be strictly convex, if ‖x+y‖
2 < 1 for all x, y ∈ U = {z ∈ E : ‖z‖ =

1} with x 6= y. It is said to be uniformly convex, if for each ε ∈ (0, 2], there exists δ > 0 such
that ‖x+y‖

2 ≤ 1− δ for all x, y ∈ U with ‖x− y‖ ≥ ε.
It is well-known that a uniformly convex Banach space has the Kadec-Klee property, i.e., if

xn ⇀ x and ‖xn‖ → ‖x‖, then xn → x.
The space E is said to be smooth, if the limit

lim
t→0

‖x + ty‖ − ‖x‖
t

(12)

exists for all x, y ∈ U. And E is said to be uniformly smooth, if the limit (12) exists uniformly
in x, y ∈ U.

Remark 2.1. It is wellknown that if E is a smooth, strictly convex and reflexive Banach space,
then the normalized duality mapping J : E → 2E∗ is single-valued, one-to-one and onto (see
[14]).
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Let E be a smooth, strictly convex and reflexive Banach space and C be a nonempty closed
convex subset of E. Throughout this paper the Lyapunov functional φ : E× E → R+ is defined
by

φ(x, y) = ‖x‖2 − 2〈x, Jy〉+ ‖y‖2, ∀x, y ∈ E.(13)

Following Alber [4], the generalized projection ΠC : E → C is defined by

ΠC(x) = argminy∈Cφ(y, x), ∀x ∈ E.(14)

If E is a real Hilbert space H, then φ(x, y) = ‖x − y‖2 and ΠC is the metric projection of H
onto C.

In order to our main results, we need the following concepts and lemmas.
Let E be a real Banach space, C a nonempty subset of E and T : C → C a nonlinear mapping.

The mapping T is said to be uniformly asymptotically regular on C if

lim
n→∞

(
sup
x∈C

‖Tn+1x− Tnx‖
)

= 0.

The mapping T is said to be closed if for any sequence {xn} ⊂ C such that limn→∞ xn = x0 and
limn→∞ Txn = y0, then Tx0 = y0.

Lemma 2.2. ([2, 4, 23]) Let E be a reflexive, strictly convex and smooth Banach space, C a nonempty
closed convex subset of E and x ∈ E. Then

φ(y, ΠCx) + φ(ΠCx, x) ≤ φ(y, x), ∀y ∈ C.

Lemma 2.3. ([4, 23]) Let E be a smooth, strictly convex and reflexive Banach space and C be a nonempty
closed convex subset. Then the following conclusion hold:

(1) φ(x, ΠCy) + φ(ΠCy, y) ≤ φ(x, y); ∀x ∈ C, y ∈ E;
(2) Let x ∈ E and z ∈ C, then

z = ΠCx ⇔ 〈z− y, Jx− Jz〉, ∀y ∈ C.

Lemma 2.4. ([13]) Let E be a uniformly convex Banach space and Br(0) a closed ball of E. Then there
exists a continuous strictly increasing convex function g : [0, ∞) → [0, ∞) with g(0) = 0 such that

‖αx + (1− α)y‖2 ≤ ‖αx‖2 + (1− α)‖y‖2 − α(1− α)g(‖x− y‖)
for all x, y ∈ Br(0) and α ∈ [0, 1].

Lemma 2.5. ([27]) Let E be a uniformly convex and smooth Banach space, C a nonempty closed convex
subset of E and T : C → C a closed asymptotically quasi-φ-nonexpansive mapping. Then F(T) is a
closed convex subset of C.

Lemma 2.6. ([23]) Let E be a smooth and uniformly convex Banach space. Let xn and yn be sequences
in E such that either {xn} or {yn} is bounded. If limn→∞φ(xn, yn) = 0, then limn→∞‖xn − yn‖ = 0.

For solving the generalized equilibrium problem, let us assume that the nonlinear mapping
A : C → E∗ is α-inverse strongly monotone and the bifunction f : C × C → R satisfies the
following conditions:

(A1) f (x, x) = 0 ∀x ∈ C;
(A2) f is monotone, i.e., f (x, y) + f (y, x) ≤ 0, ∀x, y ∈ C;
(A3) lim supt↓0 f (x + t(z− x), y) ≤ f (x, y), ∀x, y, z ∈ C;
(A4) the function y 7→ f (x, y) is convex and lower semicontinuous.

Lemma 2.7. ([5]) Let E be a smooth, strictly convex and reflexive Banach space and C be a nonempty
closed convex subset of E. Let f : C × C → R be a bifunction satisfying the conditions (A1)− (A4).
Let r > 0 and x ∈ E, then there exists z ∈ C such that

f (z, y) +
1
r
〈y− z, Jz− Jx〉 ≥ 0, ∀y ∈ C.(15)
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Lemma 2.8. ([33]) Let C be a closed convex subset of a uniform smooth, strictly convex and reflexive
Banach space E and let f be a bifunction from C × C to R satisfying (A1) − (A4). For r > 0 and
x ∈ E, define a mapping Tr : E → C as follows:

Tr(x) =
{

z ∈ C : f (z, y) +
1
r
〈y− z, Jz− Jx〉 ≥ 0, ∀y ∈ C

}
,

for all x ∈ C. Then, the following conclusions holds:
(1) Tr is single-valued ;
(2) Tr is a firmly nonexpansive-type mapping, i.e.;

〈Trx− Try, JTrx− JTry〉 ≤ 〈Trx− Try, Jx− Jy〉, ∀x, y ∈ E;

(A3) F(Tr) = EP( f );
(A4) EP( f ) is a closed convex.

Lemma 2.9. ([34]) Let C be a closed convex subset of a smooth, strictly convex and reflexive Banach
space E, let f be a bifunction from C× C to R satisfying (A1)− (A4) and let r > 0. Then, for x ∈ E
and q ∈ F(Tr),

φ(q, Trx) + φ(Tr(x), x) ≤ φ(q, x).

Lemma 2.10. ([35]) Let C be a closed convex subset of a smooth, strictly convex and reflexive Banach
space E. Let A : C → E∗ be a continuous and monotone mapping, ϕ : C → R be a lower semi-
continuous and convex function, and f be a bifunction from C × C to R satisfying (A1)− (A4). For
r > 0 and x ∈ E, then there exists u ∈ C such that

f (u, y) + 〈Au, y− u〉+ ϕ(y)− ϕ(u) +
1
r
〈y− u, Ju− Jx〉, ∀y ∈ C.

Define a mapping Kr : C → C as follows:

Kr(x) ={
u ∈ C : f (u, y) + 〈Au, y− u〉+ ϕ(y)− ϕ(u) +

1
r
〈y− u, Ju− Jx〉 ≥ 0, ∀y ∈ C

}
(16)

for all x ∈ C. Then, the following conclusions holds:
(a) Kr is single-valued ;
(b) Kr is a firmly nonexpansive-type mapping, i.e.;

〈Krx− Kry, JKrx− JKry〉 ≤ 〈Krx− Kry, Jx− Jy〉, ∀x, y ∈ E;

(c) F(Kr) = F̂(Kr) = EP;
(d) EP is a closed convex,
(e) φ(p, Krz) + φ(Krz, z) ≤ φ(p, x), ∀p ∈ F(Kr), z ∈ E.

Remark 2.11. ([35]) It follows from Lemma 2.10 that the mapping Kr : C → C defined by (16)
is a relatively nonexpansive mapping. Thus, it is quasi-φ-nonexpansive.

3. Main Results

In this section, we shall prove a strong convergence theorem for finding a common element
of the set of solutions for a generalized mixed equilibrium problem (1) and the set of common
fixed points for a pair of asymptotically quasi-φ-nonexpansive mapping mappings in Banach
spaces.

Theorem 3.1. Let E be a uniformly smooth and uniformly convex Banach space, C be a nonempty closed
convex subset of E. Let A : C → E∗ be a continuous and monotone mapping and f : C× C → R be a
bifunction satisfying the conditions (A1) - (A4), ϕ : C → R be a lower semi-continuous and convex
function. Let T : C → C be a closed and asymptotically quasi-φ-nonexpansive mapping with the
sequence {k(t)

n } ⊂ [1, ∞) such that k(t)
n → 1 as n → ∞ and S : C → C be a closed and asymptotically

quasi-φ-nonexpansive mapping with the sequence {k(s)
n } ⊂ [1, ∞) such that k(s)

n → 1 as n → ∞.
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Assume that T and S are uniformly asymptotically regular on C and Ω = F(T) ∩ F(S) ∩ EP 6= ∅.
Let {xn} be the sequence generated by

(17)



x1 ∈ C chosen arbitrarily,
C1 = C,
zn = J−1(αn Jxn + (1− αn)JTnxn),
yn = J−1(βn Jxn + (1− βn)JSnzn),
f (un, y) + 〈Aun, y− un〉+ ϕ(y)− ϕ(un) + 1

rn
〈y− un, Jun − Jyn〉 ≥ 0, ∀y ∈ C,

Cn+1 = {v ∈ Cn : φ(v, un) ≤ βnφ(v, xn) + (1− βn)knφ(v, zn) ≤ φ(v, xn) + θn},
xn+1 = ΠCn+1 x1, ∀n ≥ 1,

where θn = (1− βn)(k2
n − 1)Mn → 0 as n → ∞, kn = max{k(t)

n , k(s)
n } for each n ≥ 1, Mn =

sup{φ(v, xn) : v ∈ Ω} for each n ≥ 1, J : E → E∗ is the normalized duality mapping, {αn}
and {βn} are sequences in [0, 1] and {rn} ⊂ [a, ∞) for some a > 0. Suppose that the following
conditions are satisfied:

(i) lim infn→∞ αn(1− αn) > 0;
(ii) lim infn→∞ βn(1− βn) > 0.

Then the sequence {xn} converges strongly to ΠΩx1, where ΠΩ is generalized projection of E
onto Ω.

Proof. First, we define two bifunctions H : C× C → R and Kr : C → C by

(18) H(x, y) = f (x, y) + 〈Ax, y− x〉+ ϕ(y)− ϕ(x), ∀x, y ∈ C,

and

(19) Kr(x) = {u ∈ C : H(u, y) +
1
r
〈y− u, Ju− Jx〉 ≥ 0, ∀y ∈ C}.

By Lemma 2.10, we know that the function H satisfies conditions (A1) - (A4) and Kr has the
properties (a)-(e). Therefore, (17) is equivalent to

(20)



x1 ∈ C chosen arbitrarily,
C1 = C,
zn = J−1(αn Jxn + (1− αn)JTnxn),
yn = J−1(βn Jxn + (1− βn)JSnzn),
H(un, y) + 1

rn
〈y− un, Jun − Jyn〉 ≥ 0, ∀y ∈ C,

Cn+1 = {v ∈ Cn : φ(v, un) ≤ βnφ(v, xn) + (1− βn)knφ(v, zn) ≤ φ(v, xn) + θn},
xn+1 = ΠCn+1 x1, ∀n ≥ 1,

(I) We show first that the sequence {xn} is well defined. By the same argument as in the
proof of [36, Lemma 2.4], one can show that F(T) ∩ F(S) is closed and convex. Hence Ω :=
F(S) ∩ F(T) ∩ EP is a nonempty, closed and convex subset of C. Consequently, ΠΩ is well
defined. Next, we prove that Cn is closed and convex for each n ≥ 1. It is obvious that C1 = C
is closed and convex. Suppose that Ch is closed and convex for some positive integer h. Next,
we prove that Ch+1 is closed and convex. For w ∈ Ch+1, we see that

φ(w, uh) ≤ βhφ(w, xn) + (1− βh)khφ(w, zh)

is equivalent to

2〈w, (1− βh)Jzh + βh Jxh − Juh〉 ≤ (1− βh)kh‖zh‖2 − ‖uh‖2 + βh‖xh‖2

+ (βh + kh − βhkh − 1)‖w‖2,

and

βhφ(w, xh) + (1− βh)khφ(w, zh) ≤ φ(w, xh) + θn
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is equivalent to

φ(w, zh) ≤ φ(w, xh) + (k2
h − 1)Mh.

It is easy to see that Ch+1 is closed and convex. Then, for each n ≥ 1, we see Cn is closed and
convex.

(II) Next we prove that Ω ⊂ Cn for each n ≥ 1.
If n = 1, Ω ⊂ C1 = C is obvious. Suppose that Ω ⊂ Ch for some positive integer h. Next,

we claim that Ω ⊂ Ch+1 for the same h. For every w ∈ Ω, we obtain from the assumption that
w ∈ Ch: On the other hand, we have

φ(w, zh) = φ(w, J−1(αh Jxh + (1− αh)JThxh))

= ‖w‖2 − 2〈w, αh Jxh + (1− αh)JThxh〉+ ‖αh Jxh + (1− αh)JThxh‖2

≤ ‖w‖2 − 2αh〈w, Jxh〉 − 2(1− αh)〈w, JThxh〉
+ αh‖xh‖2 + (1− αh)‖Thxh‖2

= αhφ(w, xh) + (1− αh)φ(w, Thxh)

≤ αhφ(w, xh) + (1− αh)k(t)
h φ(w, xh)

≤ αnφ(w, xh) + (1− αh)khφ(w, xh)
≤ φ(w, xh) + (kh − 1)φ(w, xh).(21)

It follows that

φ(w, uh) = φ(w, Krh yh) ≤ φ(w, yh)

≤ φ(w, J−1(βh Jxh + (1− βh)JShzh))

= ‖w‖2 − 2〈w, βh Jxh + (1− βh)JShzh〉+ ‖βh Jxh + (1− βh)JShzh‖2

≤ ‖w‖2 − 2βh〈w, Jxh〉 − 2(1− βh)〈w, JShzh〉+ βh‖xh‖2 + (1− βh)‖Shzh‖2

= βhφ(w, xh) + (1− βh)φ(w, Shzh)

≤ βhφ(w, xh) + (1− βh)k(s)
h φ(w, zh)

≤ βhφ(w, xh) + (1− βh)khφ(w, zh)
= (1− (1− βn))φ(w, xh) + (1− βh)khφ(w, zh)
= φ(w, xh) + (1− βh)[khφ(w, zh)− φ(w, xh)]
≤ φ(w, xh) + (1− βh)[kh(φ(w, xh) + (kh − 1)φ(w, xh))− φ(w, xh)]
= φ(w, xh) + (1− βh)[khφ(w, xh) + (k2

h − kh)φ(w, xh)− φ(w, xh))]

= φ(w, xh) + (1− βh)(k2
h − 1)φ(w, xh)

≤ φ(w, xh) + (1− βh)(k2
h − 1)Mh

= φ(w, xh) + θn.(22)

This shows that w ∈ Ch+1. This implies that Ω ⊂ Cn for each n ≥ 1.
From xn = ΠCn x1, we see that

〈xn − w, Jx1 − Jxn〉 ≥ 0, ∀w ∈ Cn.

Since Ω ⊂ Cn for each n ≥ 1, we arrive at

〈xn − w, Jx1 − Jxn〉 ≥ 0, ∀w ∈ Ω.(23)

(III) Now we prove that {xn} is bounded.
In view of Lemma 2.2, we see that

φ(xn, x1) = φ(ΠCn x1, x1) ≤ φ(w, x1)− φ(w, xn) ≤ φ(w, x1),

for each w ∈ Cn. Therefore, we obtain that the sequence φ(xn, x1) is bounded, so are {xn},
{yn}, {Tnxn}, {Snxn} and {zn}.
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(IV) Now we prove that ‖xn − Tnxn‖ → 0 and ‖zn − Snzn‖ → 0.
Since xn = ΠCn x1 and xn+1 = ΠCn+1 x1 ∈ Cn+1 ⊂ Cn, we have

φ(xn, x1) ≤ φ(xn+1, x1), ∀n ≥ 1.

This implies that {φ(xn, x1)} is nondecreasing, and so the limit limn→∞ φ(xn, x1) exists. By the
construction of Cn, we have

φ(xm, xn) = φ(xm, ΠCn x1) ≤ φ(xm, x1)− φ(ΠCn x1, x1)
= φ(xm, x1)− φ(xn, x1).(24)

Letting m, n → ∞ in (24), we see that φ(xm, xn) → 0. It follows from Lemma 2.6 that xm − xn →
0 as m, n → ∞. Hence, {xn} is a Cauchy sequence. Since E a Banach space and C is closed and
convex, we can assume that

lim
n→∞

xn = p ∈ C.(25)

Now, we are in a position to state that p ∈ Ω = F(T)∩ F(S)∩ EP. By taking m = n + 1 in (24),
we obtain that

lim
n→∞

φ(xn+1, xn) = 0.(26)

Since xn+1 = ΠCn+1 x1 ∈ Cn+1, from definition of Cn+1 we have

φ(xn+1, un) ≤ φ(xn+1, xn) + θn, ∀n ≥ 1,(27)

and

knφ(xn+1, zn) ≤ φ(xn+1, xn) + (k2
n − 1)Mn, ∀n ≥ 1.(28)

Since E is uniformly smooth and uniformly convex, from (26)-(28), θn → 0 as n → ∞ and
Lemma 2.6, we have

lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

‖xn+1 − un‖ = lim
n→∞

‖xn+1 − zn‖,(29)

and so

lim
n→∞

‖xn − un‖ = lim
n→∞

‖xn − zn‖ = lim
n→∞

‖un − zn‖ = 0.(30)

Since un = Krn yn, from (22) we have

φ(u, yn) ≤ φ(u, xn) + θn, ∀u ∈ Ω.(31)

Since ‖xn − un‖ → 0 and J is uniformly continuous, we have

φ(un, yn) = φ(Krn yn, yn)
≤ φ(u, yn)− φ(u, Krn yn)
≤ φ(u, xn)− φ(u, Krn yn) + θn

= φ(u, xn)− φ(u, un) + θn

= ‖xn‖2 − ‖un‖2 − 2〈u, Jxn − Jun〉+ θn

≤ ‖xn − un‖ × (‖xn‖+ ‖un‖)− 2〈u, Jxn − Jun〉+ θn → 0.

This implies that φ(yn, un) → 0. Since E is smooth and uniformly convex, from Lemma 2.6, we
have

‖yn − un‖ → 0, and so ‖yn − xn‖ → 0.(32)

From (17), we have

‖Jyn − Jxn‖ = (1− βn)‖JSnzn − Jxn‖ → 0,(33)

and so ‖Snzn − xn‖ → 0. This together with ‖xn − zn‖ → 0 yields

‖zn − Snzn‖ → 0.(34)

Again from (30) and (17) we have

‖Jzn − Jxn‖ = (1− αn)‖JTnxn − Jxn‖ → 0.(35)
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This implies that ‖JTnxn − Jxn‖ → 0, and so

‖Tnxn − xn‖ → 0 as n → ∞.(36)

(V) Now we prove that p ∈ F(T) ∩ F(S) ∩ EP = Ω.
From (36) and (30), we have

lim
n→∞

‖Tnxn − zn‖ = 0.(37)

Note that

‖Tnxn − p‖ ≤ ‖Tnxn − zn‖+ ‖zn − xn‖+ ‖xn − p‖.(38)

It follows from (37), (30) and (25) that

lim
n→∞

‖Tnxn − p‖ = 0.(39)

On other hand, we have

‖Tnxn − p‖ ≤ ‖Tn+1xn − Tnxn‖+ ‖Tnxn − p‖.

Since T is uniformly asymptotically regular and (39), we obtain that

‖Tn+1xn − p‖ = 0.(40)

that is, TTnxn → p as n → ∞. From the closedness of T, we see that p ∈ F(T).
From (34) and (30), we have

lim
n→∞

‖Snxn − zn‖ = 0.(41)

Note that

‖Snxn − p‖ ≤ ‖Snxn − zn‖+ ‖zn − xn‖+ ‖xn − p‖.(42)

It follows from (41), (30) and (25) that

lim
n→∞

‖Snxn − p‖ = 0.(43)

On other hand, we have

‖Snxn − p‖ ≤ ‖Sn+1xn − Snxn‖+ ‖Snxn − p‖.

Since S is uniformly asymptotically regular and (43), we obtain that

‖Sn+1xn − p‖ = 0.(44)

that is, SSnxn → p as n → ∞. From the closedness of S, we see that p ∈ F(S).
Next we prove that p ∈ EP. Since limn→∞ ‖un − yn‖ = 0 and J is uniformly norm-to-norm

continuous on bounded sets, we have

lim
n→∞

‖Jun − Jyn‖ = 0.(45)

From the assumption rn > a, we obtain

lim
n→∞

‖Jun − Jyn‖
rn

= 0.(46)

Noticing that un = Krn yn, we have

H(un, y) +
1
rn
〈y− un, jun − Jyn〉 ≥ 0, ∀y ∈ C.(47)

From (A2), we note that

‖y− un‖
‖Jun − Jyn‖

rn
≥ 1

rn
〈y− un, Jun − Jyn〉 ≥ −H(un, y) ≥ H(y, un), ∀y ∈ C.(48)

Taking the limit as n → ∞ in the above inequality and from (A4) and un → p, we have
H(y, p) ≤ 0, ∀y ∈ C. For 0 < t < 1 and y ∈ C, define yt = ty + (1− t)p. Noticing that y, p ∈ C,
we obtain yt ∈ C, which yields that H(yt, p) ≤ 0. It follows from (A1) that

0 = H(yt, yt) ≤ tH(yt, y) + (1− t)H(yt, p) ≤ tH(yt, y),
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that is, H(yt, y) ≥ 0.
Let t ↓ 0; from (A3), we obtain H(p, y) ≥ 0, ∀y ∈ C. Therefore p ∈ EP, and so p ∈ Ω.
(VI) Finally, we prove that p = ΠΩx1. Taking the limit as n → ∞ in (23), we obtain that

〈p− z, Jx1 − Jp〉 ≥ 0, ∀z ∈ Ω

and hence p = ΠΩx1 by Lemma 2.3. This complete the proof. �

The following Theorems can be obtained from Theorem 3.1 immediately.

Corollary 3.2. Let E be a uniformly smooth and uniformly convex Banach space, C be a nonempty
closed convex subset of E. Let f : C × C → R be a bifunction satisfying the conditions (A1) - (A4),
ϕ : C → R be a lower semi-continuous and convex function. Let T : C → C be a closed and
asymptotically quasi-φ-nonexpansive mapping with the sequence {k(t)

n } ⊂ [1, ∞) such that k(t)
n →

1 as n → ∞ and S : C → C be a closed and asymptotically quasi-φ-nonexpansive mapping with
the sequence {k(s)

n } ⊂ [1, ∞) such that k(s)
n → 1 as n → ∞. Assume that T and S are uniformly

asymptotically regular on C and Ω = F(T)∩ F(S)∩ EP( f ) 6= ∅. Let {xn} be the sequence generated
by

(49)



x1 ∈ C chosen arbitrarily,
C1 = C,
zn = J−1(αn Jxn + (1− αn)JTnxn),
yn = J−1(βn Jxn + (1− βn)JSnzn),
f (un, y) + ϕ(y)− ϕ(un) + 1

r 〈y− un, Jun − Jx〉 ≥ 0, ∀y ∈ C,
Cn+1 = {v ∈ Cn : φ(v, un) ≤ βnφ(v, xn) + (1− βn)knφ(v, zn) ≤ φ(v, xn) + θn},
xn+1 = ΠCn+1 x1, ∀n ≥ 1,

where θn = (1− βn)(k2
n − 1)Mn → 0 as n → ∞, kn = max{k(t)

n , k(s)
n } for each n ≥ 1, Mn =

sup{φ(v, xn) : v ∈ Ω} for each n ≥ 1, J : E → E∗ is the normalized duality mapping, {αn} and
{βn} are sequences in [0, 1] and {rn} ⊂ [a, ∞) for some a > 0. If the following conditions are
satisfied:

(i) lim infn→∞ αn(1− αn) > 0;
(ii) lim infn→∞ βn(1− βn) > 0;

(iii) {rn} ⊂ [a, ∞) for some a > 0.
Then {xn} converges strongly to ΠΩx1, where ΠΩ is generalized projection of E onto Ω.

Proof. Putting A = 0 in Theorem 3.1, the conclusion of Theorem 3.2 can be obtained. �

Corollary 3.3. Let E be a uniformly smooth and uniformly convex Banach space, C be a nonempty
closed convex subset of E. Let A : C → E∗ be a continuous and monotone mapping and ϕ : C → R be
a lower semi-continuous and convex function. Let T : C → C be a closed and asymptotically quasi-φ-
nonexpansive mapping with the sequence {k(t)

n } ⊂ [1, ∞) such that k(t)
n → 1 as n → ∞ and S : C → C

be a closed and asymptotically quasi-φ-nonexpansive mapping with the sequence {k(s)
n } ⊂ [1, ∞) such

that k(s)
n → 1 as n → ∞. Assume that T and S are uniformly asymptotically regular on C and

Ω = F(T) ∩ F(S) ∩VI(C, A, ϕ) 6= ∅. Let {xn} be the sequence generated by

(50)



x1 ∈ C chosen arbitrarily,
C1 = C,
zn = J−1(αn Jxn + (1− αn)JTnxn),
yn = J−1(βn Jxn + (1− βn)JSnzn),
〈Aun, y− un〉+ ϕ(y)− ϕ(un) + 1

r 〈y− un, Jun − Jx〉 ≥ 0, ∀y ∈ C,
Cn+1 = {v ∈ Cn : φ(v, un) ≤ βnφ(v, xn) + (1− βn)knφ(v, zn) ≤ φ(v, xn) + θn},
xn+1 = ΠCn+1 x1, ∀n ≥ 1,
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where θn = (1− βn)(k2
n − 1)Mn → 0 as n → ∞, kn = max{k(t)

n , k(s)
n } for each n ≥ 1, Mn =

sup{φ(v, xn) : v ∈ Ω} for each n ≥ 1, J : E → E∗ is the normalized duality mapping, {αn} and
{βn} are sequences in [0, 1] and {rn} ⊂ [a, ∞) for some a > 0. If the following conditions are
satisfied:

(i) lim infn→∞ αn(1− αn) > 0;
(ii) lim infn→∞ βn(1− βn) > 0;

(iii) {rn} ⊂ [a, ∞) for some a > 0.
Then {xn} converges strongly to ΠΩx1, where ΠΩ is generalized projection of E onto Ω.

Proof. Putting f = 0 in Theorem 3.1, the conclusion of Theorem 3.3 can be obtained. �

Corollary 3.4. Let E be a uniformly smooth and uniformly convex Banach space, C be a nonempty
closed convex subset of E. Let A : C → E∗ be a continuous and monotone mapping and f : C×C → R

be a bifunction satisfying the conditions (A1) - (A4), ϕ : C → R be a lower semi-continuous and
convex function. Let S : C → C be a closed and asymptotically quasi-φ-nonexpansive mapping with
the sequence {k(s)

n } ⊂ [1, ∞) such that k(s)
n → 1 as n → ∞. Assume that S is uniformly asymptotically

regular on C and Ω = F(T) ∩ F(S) ∩ EP 6= ∅. Let {xn} be the sequence generated by

(51)



x1 ∈ C chosen arbitrarily,
C1 = C,
yn = J−1(βn Jxn + (1− βn)JSnzn),
f (un, y) + 〈Aun, y− un〉+ ϕ(y)− ϕ(un) + 1

r 〈y− un, Jun − Jx〉 ≥ 0, ∀y ∈ C,
Cn+1 = {v ∈ Cn : φ(v, un) ≤ βnφ(v, xn) + (1− βn)knφ(v, zn) ≤ φ(v, xn) + θn},
xn+1 = ΠCn+1 x1, ∀n ≥ 1,

where θn = (1 − βn)(k2
n − 1)Mn → 0 as n → ∞, kn = max{k(s)

n } for each n ≥ 1, Mn =
sup{φ(v, xn) : v ∈ Ω} for each n ≥ 1, J : E → E∗ is the normalized duality mapping, {αn} and
{βn} are sequences in [0, 1] and {rn} ⊂ [a, ∞) for some a > 0. If the following conditions are
satisfied:

(i) lim infn→∞ αn(1− αn) > 0;
(ii) lim infn→∞ βn(1− βn) > 0;

(iii) {rn} ⊂ [a, ∞) for some a > 0.
Then {xn} converges strongly to ΠΩx1, where ΠΩ is generalized projection of E onto Ω.

Proof. Taking T = I in Theorem 3.1, then we have zn = xn, ∀n ≥ 1. Hence the conclusion of
Theorem 3.4 is obtained. �

Corollary 3.5. Let E be a uniformly smooth and uniformly convex Banach space, C be a nonempty
closed convex subset of E. Let A : C → E∗ be a continuous and monotone mapping and f : C×C → R

be a bifunction satisfying the conditions (A1) - (A4), ϕ : C → R be a lower semi-continuous and
convex function. Let T : C → C be a closed and asymptotically quasi-φ-nonexpansive mapping with the
sequence {k(t)

n } ⊂ [1, ∞) such that k(t)
n → 1 as n → ∞ and S : C → C be a closed and asymptotically

quasi-φ-nonexpansive mapping with the sequence {k(s)
n } ⊂ [1, ∞) such that k(s)

n → 1 as n → ∞.
Assume that T and S are closed relatively nonexpansive mappings such that Ω = F(T)∩ F(S)∩ EP 6=
∅. Let {xn} be the sequence generated by

(52)



x1 ∈ C chosen arbitrarily,
C1 = C,
zn = J−1(αn Jxn + (1− αn)JTnxn),
yn = J−1(βn Jxn + (1− βn)JSnzn),
un = Krn yn,
Cn+1 = {v ∈ Cn : φ(v, un) ≤ βnφ(v, xn) + (1− βn)knφ(v, zn) ≤ φ(v, xn) + θn},
xn+1 = ΠCn+1 x1, ∀n ≥ 1,
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where θn = (1− βn)(k2
n − 1)Mn → 0 as n → ∞, kn = max{k(t)

n , k(s)
n } for each n ≥ 1, Mn =

sup{φ(v, xn) : v ∈ Ω} for each n ≥ 1, J : E → E∗ is the normalized duality mapping, {αn} and
{βn} are sequences in [0, 1] and {rn} ⊂ [a, ∞) for some a > 0. If the following conditions are
satisfied:

(i) lim infn→∞ αn(1− αn) > 0;
(ii) lim infn→∞ βn(1− βn) > 0;

(iii) {rn} ⊂ [a, ∞) for some a > 0.
Then {xn} converges strongly to ΠΩx1, where ΠΩ is generalized projection of E onto Ω.

Proof. Since every closed relatively nonexpansive mapping is quasi-φ-nonexpansive, the result
is implied by Theorem 3.1. �
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An extragradient type method for a system of equilibrium problems,
variational inequality problems and fixed points of finitely many

nonexpansive mappings
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ABSTRACT: The purpose of this paper is to investigate the problem of finding the common
element of the set of common fixed points of a finite family of nonexpansive mappings, the
set of solutions of a system of equilibrium problems and the set of solutions of the variational
inequality problem for a monotone and k-Lipschitz continuous mapping in Hilbert spaces.
Consequently, we obtain the strong convergence theorem of the proposed iterative algorithm
to the unique solutions of variational inequality, which is the optimality condition for a min-
imization problem. The results presented in this paper generalize, improve and extend some
well-known results in the literature.

KEYWORDS: Nonexpansive mapping; Monotone mapping, Variational inequality; Fixed points,
System of equilibrium problems, Extragradient approximation method.

1. Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Let F be
a bifunction of C × C into R, where R is the set of real numbers. The equilibrium problem for
F : C × C → R is to find x ∈ C such that

(1) F(x, y) ≥ 0, ∀y ∈ C.

The set of solutions of (1) is denoted by EP(F), that is,

(2) EP(F) =
{

x ∈ C : F(x, y) ≥ 0, ∀y ∈ C
}

.

Given a mapping B : C → H, let F(x, y) = 〈Bx, y − x〉 for all x, y ∈ C. Then z ∈ EP(F) if
and only if 〈Bz, y − z〉 ≥ 0 for all y ∈ C, i.e., z is a solution of the variational inequality prob-
lems. Numerous problems in physics, optimization, saddle point problems, complementarity
problems, mechanics and economics reduce to find a solution of (1). In 1997, Combettes and
Hirstoaga [4] introduced an iterative scheme of finding the best approximation to initial data
when EP(F) is nonempty and proved a strong convergence theorem. Some methods have
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been proposed to solve the problem (1); see, for instance, [10, 16, 21, 22, 23, 24, 29, 33, 38, 39]
and the references therein.

Let = = {Fk}k∈Λ be a family of bifunctions from C × C into R, where R is the set of real
numbers. The system of equilibrium problems for = = {Fk}k∈Λ is to determine common
equilibrium points for = = {Fk}k∈Λ such that

(3) Fk(x, y) ≥ 0, ∀k ∈ Λ, ∀y ∈ C.

where Λ is an arbitrary index set. The set of solutions of (3) is denoted by SEP(=), that is,

(4) SEP(=) =
{

x ∈ C : Fk(x, y) ≥ 0, ∀k ∈ Λ, ∀y ∈ C
}

.

If Λ is a singleton, then the problem (3) is reduced to the problem (1). The problem (3) is very
general in the sense that it includes, as special case, some optimization , variational inequali-
ties, minimax problems, the Nash equilibrium problem in noncooperative games, economics
and others (see, for instance, [2, 4, 5]). The classical variational inequality problem is to find
x ∈ C such that

(5) 〈Bx, y− x〉 ≥ 0, ∀y ∈ C.

The set of solutions of (5) is denoted by VI(C, B), that is,

(6) VI(C, B) =
{

x ∈ C : 〈Bx, y− x〉 ≥ 0, ∀y ∈ C
}

.

The variational inequality has been extensively studied in the literature; see, for instance [6, 7,
9, 12, 16, 29, 39]. This alternative equivalent formulation has played a significant role in the
studies of the variational inequalities and related optimization problems.

Recall the following definitions:
(1) A mapping B of C into H is called monotone if

〈Bx − By, x − y〉 ≥ 0, ∀x, y ∈ C.

(2) B is called β-strongly monotone (see [3, 18]) if there exists a constant β > 0 such that

〈Bx − By, x − y〉 ≥ β‖x − y‖2, ∀x, y ∈ C.

(3) B is called k-Lipschitz continuous if there exists a positive real number k such that

‖Bx − By‖ ≤ k‖x − y‖, ∀x, y ∈ C.

(4) B is called β-inverse-strongly monotone (see [3, 18]) if there exists a constant β > 0 such
that

〈Bx − By, x − y〉 ≥ β‖Bx − By‖2, ∀x, y ∈ C.

Remark 1.1. It is obvious that any β-inverse-strongly monotone mapping B is monotone
and 1

β -Lipschitz continuous.

(5) A mapping T of C into itself is called nonexpansive (see [30]) if

‖Tx − Ty‖ ≤ ‖x − y‖, ∀x, y ∈ C.

We denote F(T) = {x ∈ C : Tx = x} be the set of fixed points of T.
(6) Let f : C → C is said to be a α-contraction if there exists a coefficient α (0 < α < 1) such

that
‖ f (x)− f (y)‖ ≤ α‖x − y‖, ∀x, y ∈ C.

(7) An operator A is strongly positive linear bounded operator on H if there exists a constant
γ̄ > 0 with the property

〈Ax, x〉 ≥ γ̄‖x‖2, ∀x ∈ H.

(8) A set-valued mapping T : H → 2H is called monotone if for all x, y ∈ H, f ∈ Tx and
g ∈ Ty imply 〈x − y, f − g〉 ≥ 0.
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(9) A monotone mapping T : H → 2H is maximal if the graph of G(T) of T is not properly
contained in the graph of any other monotone mapping.

It is known that a monotone mapping T is maximal if and only if for (x, f ) ∈ H × H,
〈x − y, f − g〉 ≥ 0 for every (y, g) ∈ G(T) implies f ∈ Tx.

Let B be a monotone mapping of C into H and let NCv be the normal cone to C at
v ∈ C, that is,

NCv = {w ∈ H : 〈v− u, w〉 ≥ 0, ∀u ∈ C}
and define

Tv =
{

Bv + NCv, v ∈ C;
∅, v /∈ C.

Then T is the maximal monotone and 0 ∈ Tv if and only if v ∈ VI(C, B); see [27].

In 1976, Korpelevich [17] introduced the following so-called extragradient method:

(7)


x0 = x ∈ C,

yn = PC(xn − λBxn),

xn+1 = PC(xn − λByn),

for all n ≥ 0, where λ ∈ (0, 1
k ), C is a closed convex subset of Rn and B is a monotone and

k-Lipschitz continuous mapping of C into Rn. He proved that if VI(C, B) is nonempty, then
the sequences {xn} and {yn}, generated by (7), converge to the same point z ∈ VI(C, B). For
finding a common element of the set of fixed points of a nonexpansive mapping and the set of
solution of variational inequalities for an β-inverse-strongly monotone, Takahashi and Toyoda
[31] introduced the following iterative scheme:

(8)

{
x0 ∈ C chosen arbitrary,
xn+1 = αnxn + (1− αn)SPC(xn − λnBxn), ∀n ≥ 0,

where B is β-inverse-strongly monotone, {αn} is a sequence in (0,1) and {λn} is a sequence in
(0, 2β). They showed that if F(S) ∩ VI(C, B) is nonempty, then the sequence {xn} generated
by (8) converges weakly to some z ∈ F(S) ∩ VI(C, B). Recently, Iiduka and Takahashi [15]
proposed a new iterative scheme as following

(9)

{
x0 = x ∈ C chosen arbitrary,
xn+1 = αnx + (1− αn)SPC(xn − λnBxn), ∀n ≥ 0,

where B is β-inverse-strongly monotone, {αn} is a sequence in (0, 1), and {λn} is a sequence in
(0, 2β). They showed that if F(S) ∩ VI(C, B) is nonempty, then the sequence {xn} generated
by (9) converges strongly to some z ∈ F(S) ∩VI(C, B).

Iterative methods for nonexpansive mappings have recently been applied to solve convex
minimization problems; see e.g., [13, 35, 36, 37] and the references therein. Convex minimiza-
tion problems have a great impact and influence in the development of almost all branches of
pure and applied sciences. A typical problem is to minimize a quadratic function over the set
of the fixed points of a nonexpansive mapping on a real Hilbert space H:

(10) min
x∈C

1
2
〈Ax, x〉 − 〈x, b〉,

where A is a linear bounded operator, C is the fixed point set of a nonexpansive mapping S on
H and b is a given point in H. Moreover, it is shown in [19] that the sequence {xn} defined by
the scheme

(11) xn+1 = εnγ f (xn) + (1− εn A)Sxn

converges strongly to z = PF(S)(I − A + γ f )(z). Recently, Plubtieng and Punpaeng [24] pro-
posed the following iterative algorithm:



74 T. Jitpeera, P. Kumam / Journal of Nonlinear Analysis and Optimization 1 (2010), 71-9174 T. Jitpeera, P. Kumam / Journal of Nonlinear Analysis and Optimization 1 (2010), 71-9174 T. Jitpeera, P. Kumam / Journal of Nonlinear Analysis and Optimization 1 (2010), 71-91

(12)

{
F(un, y) + 1

rn
〈y− un, un − xn〉 ≥ 0, ∀y ∈ H,

xn+1 = εnγ f (xn) + (I − εn A)Sun.

They proved that if the sequence {εn} and {rn} of parameters satisfy appropriate condition,
then the sequences {xn} and {un} both converge to the unique solution z of the variational
inequality

(13)
〈
(A− γ f )z, x − z

〉
≥ 0, ∀x ∈ F(S) ∩ EP(F),

which is the optimality condition for the minimization problem

(14) min
x∈F(S)∩EP(F)

1
2
〈Ax, x〉 − h(x),

where h is a potential function for γ f (i.e., h′(x) = γ f (x) for x ∈ H).
In 2009, Peng and Yao [20] introduced an iterative scheme for finding a common element of

the set of solutions of the system equilibrium problems (3), the set of solutions to the variational
inequality for a monotone and Lipschitz continuous mapping and the set of common fixed
points of a countable family of nonexpansive mappings in a Hilbert spaces and proved a strong
convergence theorem.

Definition 1.2. [16]. For a finite family of nonexpansive mappings of T1, T2, ..., TN and sequence
{µn,i}N

i=1 in [0, 1], we define the mapping Wn of C into itself as follows:

Un,0 = I,
Un,1 = µn,1T1Un,0 + (1− µn,1)Un,0,
Un,2 = µn,2T2Un,1 + (1− µn,2)Un,1,

...(15)
Un,N−1 = µn,N−1TN−1Un,N−2 + (1− µn,N−1)Un,N−2,

Wn = Un,N = µn,NTNUn,N−1 + (1− µn,N)Un,N−1.

On the other hand, Colao et al. [10] introduced and considered an iterative scheme for
finding a common element of the set of solutions of the equilibrium problem (1) and the set
of common fixed points of a finite family of nonexpansive mappings on C. Starting with an
arbitrary initial x0 ∈ C and defining a sequence {xn} recursively by

(16)

{
F(un, y) + 1

rn
〈y− un, un − xn〉 ≥ 0, ∀y ∈ H,

xn+1 = εnγ f (xn) + βxn +
(
(1− β)I − εn A

)
Wnun,

where {εn} be a sequences in (0, 1). It is proved [10] that under certain appropriate condi-
tions imposed on {εn} and {rn}, the sequence {xn} generated by (16) converges strongly to
z ∈ ∩∞

n=1F(Tn) ∩ EP(F), where z is an equilibrium point for F and the unique solution of the
variational inequality (13), i.e., z = P∩∞

n=1F(Tn)∩EP(F)(I − (A− γ f ))z.
In 2009, Colao et al. [11] introduced and considered an implicit iterative scheme for finding

a common element of the set of solutions of the system equilibrium problems (3) and the set of
common fixed points of an infinite family of nonexpansive mappings on C. Starting with an
arbitrary initial x0 ∈ C and defining a sequence {zn} recursively by

(17) zn = εnγ f (zn) + (1− εn A)Wn JFM
rM,n

JFM−1
rM−1,n JFM−2

rM−2,n . . . JF2
r2,n

JF1
r1,n

zn,

where {εn} be a sequences in (0, 1). It is proved [11] that under certain appropriate condi-
tions imposed on {εn} and {rn}, the sequence {xn} generated by (17) converges strongly to
z ∈ ∩∞

n=1F(Tn) ∩
(
∩M

k=1SEP(Fk)
)
, where z is the unique solution of the variational inequality

(13) and which is the optimality condition for the minimization problem (14). In 2010, He et
al. [14] introduced an explicit iterative scheme for finding common solutions of variational
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inequalities and systems of equilibrium problems and fixed points of an infinite family of non-
expansive mappings.

In this paper, motivated by Colao et al. [10, 11], He et al. [14], and Peng and Yao [20, 21], we
introduce a new iterative scheme in a Hilbert space H which is mixed the iterative schemes of
(16) and (17). We prove that the sequence converges strongly to a common element of the set
of solutions of the system equilibrium problems (3), the set of common fixed points of a finite
family of nonexpansive mappings and the set of solutions of variational inequality (5) for be
a monotone and k-Lipschitz continuous mapping in Hilbert spaces by using the extragradient
approximation method. The results presented in this paper generalize, improve and extend
some well-known results in the literature.

2. Preliminaries

Let H be a real Hilbert space with norm ‖ · ‖ and inner product 〈·, ·〉 and let C be a closed
convex subset of H. When {xn} is a sequence in H, we denote strong convergence of {xn} to
x ∈ H by xn → x and weak convergence by xn ⇀ x. In a real Hilbert space H, it is well known
that

‖λx + (1− λ)y‖2 = λ‖x‖2 + (1− λ)‖y‖2 − λ(1− λ)‖x − y‖2,
for all x, y ∈ H and λ ∈ [0, 1].

Lemma 2.1. [26] Let (C, 〈., .〉) be an inner product space. Then for all x, y, z ∈ C and α, β, γ ∈ [0, 1]
with α + β + γ = 1, we have

‖αx + βy + γz‖2 = α‖x‖2 + β‖y‖2 + γ‖z‖2 − αβ‖x − y‖2 − αγ‖x − z‖2 − βγ‖y− z‖2.

Recall that the metric (nearest point) projection PC from H onto C assigns to each x ∈ H the
unique point in PCx ∈ C satisfying the property

‖x − PCx‖ = min
y∈C

‖x − y‖.

The following characterizes the projection PC.
In order to prove our main results, we need the following lemmas.

Lemma 2.2. For a given z ∈ H, u ∈ C,

u = PCz ⇔ 〈u− z, v− u〉 ≥ 0, ∀v ∈ C.

It is well known that PC is a firmly nonexpansive mapping of H onto C and satisfies

(18) ‖PCx − PCy‖2 ≤ 〈PCx − PCy, x − y〉, ∀x, y ∈ H.

Moreover, PCx is characterized by the following properties: PCx ∈ C and for all x ∈ H, y ∈ C,

(19) 〈x − PCx, y− PCx〉 ≤ 0.

It is easy to see that (19) is equivalent to the following inequality:

(20) ‖x − y‖2 ≥ ‖x − PCx‖2 + ‖y− PCx‖2.

Using Lemma 2.2, one can see that the variational inequality (5) is equivalent to a fixed point
problem.

It is easy to see that the following is true:

(21) u ∈ VI(C, B) ⇔ u = PC(u− λBu), λ > 0.

Lemma 2.3. [25]. Each Hilbert space H satisfies Opial’s condition, i.e., for any sequence {xn} ⊂ H
with xn ⇀ x, the inequality

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖,

hold for each y ∈ H with y 6= x.
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Lemma 2.4. [28] . Let {xn} and {zn} be bounded sequences in a Banach space X and let {βn}
be a sequence in [0, 1] with 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1. Suppose xn+1 = (1 −
βn)zn + βnxn for all integers n ≥ 0 and lim supn→∞(‖zn+1 − zn‖ − ‖xn+1 − xn‖) ≤ 0. Then,
limn→∞ ‖zn − xn‖ = 0.

Lemma 2.5. [32]. Assume {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1− ln)an + σn, n ≥ 0,

where {ln} is a sequence in (0, 1) and {σn} is a sequence in R such that
(1) ∑∞

n=1 ln = ∞,
(2) lim supn→∞

σn
ln ≤ 0 or ∑∞

n=1 |σn| < ∞.

Then limn→∞ an = 0.

Lemma 2.6. . Let H be a real Hilbert space. Then for all x, y ∈ H,
(1) ‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉,
(2) ‖x + y‖2 ≥ ‖x‖2 + 2〈y, x〉.

Lemma 2.7. [19]. Let C be a nonempty closed convex subset of H and let f be a contraction of H into
itself with α ∈ (0, 1), and A be a strongly positive linear bounded operator on H with coefficient γ̄ > 0.
Then , for 0 < γ < γ̄

α ,〈
x − y, (A− γ f )x − (A− γ f )y

〉
≥ (γ̄− αγ)‖x − y‖2, x, y ∈ H.

That is, A− γ f is strongly monotone with coefficient γ̄− γα.

Lemma 2.8. [19]. Assume A be a strongly positive linear bounded operator on H with coefficient
γ̄ > 0 and 0 < ρ ≤ ‖A‖−1. Then ‖I − ρA‖ ≤ 1− ργ̄.

For solving the equilibrium problem for a bifunction F : C × C → R, let us assume that F
satisfies the following conditions:

(A1) F(x, x) = 0 for all x ∈ C;
(A2) F is monotone, i.e., F(x, y) + F(y, x) ≤ 0 for all x, y ∈ C;
(A3) for each x, y, z ∈ C, limt↓0 F(tz + (1− t)x, y) ≤ F(x, y);
(A4) for each x ∈ C, y 7→ F(x, y) is convex and lower semicontinuous.

The following lemma appears implicitly in [2].

Lemma 2.9. [2]. Let C be a nonempty closed convex subset of H and let F be a bifunction of C × C
into R satisfying (A1)-(A4). Let r > 0 and x ∈ H. Then, there exists z ∈ C such that

F(z, y) +
1
r
〈y− z, z− x〉 ≥ 0, ∀y ∈ C.

The following lemma was also given in [5].

Lemma 2.10. [5]. Assume that F : C × C → R satisfies (A1)-(A4). For r > 0 and x ∈ H, define a
mapping JF

r : H → C as follows:

JF
r (x) =

{
z ∈ C : F(z, y) +

1
r
〈y− z, z− x〉 ≥ 0, ∀y ∈ C

}
for all z ∈ H. Then, the following hold:

(1) JF
r is single- valued;

(2) JF
r is firmly nonexpansive, i.e., for any x, y ∈ H,∥∥JF

r x − JF
r y

∥∥2 ≤
〈

JF
r x − JF

r y, x − y
〉

;

(3) F(JF
r ) = EP(F); and

(4) EP(F) is closed and convex.
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3. Main Results

In this section, we deal with the strong convergence of extragradient approximation method
(23) for finding a common element of the set of solutions of the system equilibrium problems
(3), the set of common fixed points of a finite family of nonexpansive mappings and the set of
solutions of variational inequality (5) for be a monotone and k-Lipschitz continuous mapping
in Hilbert spaces.

First, let Ti : C → C, where i = 1, 2, . . . , N, be a family of finitely nonexpansive mappings.
Let the mapping Wn be defined by

(22)



Un,0 = I,
Un,1 = λn,1T1Un,0 + (1− λn,1)Un,0,
Un,2 = λn,2T2Un,1 + (1− λn,2)Un,1,
...
Un,N−1 = λn,N−1TN−1Un,N−2 + (1− λn,N−1)UN−2,
Wn = Un,N = λn,NTNUn,N−1 + (1− λn,N)UN−1,

where {λn,1}, {λn,2}, . . . , {λn,N} ∈ (0, 1]. Such a mapping Wn is called the W-mapping gener-
ated by T1, T2, . . . , TN and λn,1, λn,2, . . . , λn,N . Nonexpansivity of each Ti ensures the nonexpan-
sivity of Wn. Moreover, in ([1], Lemma 3.1), it is shown that F(Wn) = ∩N

i=1F(Ti).

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H, let Fk, k ∈ {1, 2, 3, . . . , M}
be a bifunction from C × C to R satisfying (A1)-(A4). Let T1, T2, . . . , TN be a family of finitely non-
expansive mappings of C into itself and let Wn be the W-mapping generated by T1, T2, . . . , TN and
λn,1, λn,2, . . . , λn,N . Let B be a monotone and k-Lipschitz continuous mapping of C into H such that

Ω := ∩N
n=1F(Tn) ∩

(
∩M

k=1SEP(Fk)
)
∩VI(C, B) 6= ∅.

Let f be a contraction of H into itself with α ∈ (0, 1) and let A be a strongly positive linear bounded
operator on H with coefficient γ̄ > 0 and 0 < γ < γ̄

α . Let {xn}, {yn} and {un} be sequences generated
by

(23)


x1 = x ∈ C chosen arbitrary,
un = JFM

rM,n JFM−1
rM−1,n JFM−2

rM−2,n . . . JF2
r2,n JF1

r1,n xn,
yn = PC(un − λnBun),
xn+1 = αnγ f (xn) + βnxn + ((1− βn)I − αn A)WnPC(un − λnByn), ∀n ≥ 1,

where {αn}, {βn} are two sequences in (0, 1), {λn} ⊂ [a, b] ⊂ (0, 1
k ) and {rk,n}, k ∈ {1, 2, 3, . . . , M}

are a real sequence in (0, ∞) satisfy the following conditions:
(C1) limn→∞ αn = 0 and ∑∞

n=1 αn = ∞,
(C2) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1,
(C3) lim infn→∞ rk,n > 0 and limn→∞ |rk,n+1 − rk,n| = 0 for each k ∈ {1, 2, 3, . . . , M},
(C4) limn→∞ λn = 0,
(C5) limn→∞ |λn,i − λn−1,i| = 0 for all i = 1, 2, . . . , N.

Then, {xn} and {un} converge strongly to a point z ∈ Ω which is the unique solution of the variational
inequality

(24)
〈
(A− γ f )z, x − z

〉
≥ 0, ∀x ∈ Ω.

Equivalently, we have z = PΩ(I − A + γ f )(z), which is the optimality condition for the minimization
problem

(25) min
x∈Ω

1
2
〈Ax, x〉 − h(x),

where h is a potential function for γ f (i.e., h′(x) = γ f (x) for x ∈ H).
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Proof. Note that from the condition (C1), we may assume, without loss of generality, that αn ≤
(1 − βn)‖A‖−1 for all n ∈ N. From Lemma 2.8, we know that if 0 ≤ ρ ≤ ‖A‖−1, then
‖I − ρA‖ ≤ 1 − ργ̄. We will assume that ‖I − A‖ ≤ 1 − γ̄. Since A is a strongly positive
bounded linear operator on H, we have

‖A‖ = sup
{∣∣〈Ax, x〉

∣∣ : x ∈ H, ‖x‖ = 1
}

.

Observe that 〈(
(1− βn)I − αn A

)
x, x

〉
= 1− βn − αn〈Ax, x〉

≥ 1− βn − αn‖A‖
≥ 0,

this show that (1− βn)I − αn A is positive. It follows that

‖(1− βn)I − αn A‖ = sup

{∣∣∣∣〈(
(1− βn)I − αn A

)
x, x

〉∣∣∣∣ : x ∈ H, ‖x‖ = 1

}
= sup

{
1− βn − αn〈Ax, x〉 : x ∈ H, ‖x‖ = 1

}
≤ 1− βn − αnγ̄.

We will divide the proof of Theorem 3.1 into several steps.
Step 1. We claim that {xn} is bounded.

Indeed, pick any x∗ ∈ Ω. By taking =k
n = JFk

rk,n JFk−1
rk−1,n JFk−2

rk−2,n . . . JF2
r2,n JF1

r1,n for k ∈ {1, 2, 3, . . . , M}
and =0

n = I for all n. The nonexpansivity of JFk
rk,n for each k = 1, 2, 3, . . . , M implies that =k

n is
nonexpansive. Let x∗ = =k

nx∗, we note that un = =M
n xn, it follows that

‖un − x∗‖ = ‖=M
n xn −=M

n x∗‖ ≤ ‖xn − x∗‖.

Put vn = PC(un − λnByn). Then, from (20) and the monotonicity of B, we compute

‖vn − x∗‖2 ≤ ‖un − λnByn − x∗‖2 − ‖un − λnByn − vn‖2

= ‖un − x∗‖2 − ‖un − vn‖2 + 2λn〈Byn, x∗ − vn〉
= ‖un − x∗‖2 − ‖un − vn‖2

+2λn
(
〈Byn − Bx∗, x∗ − yn〉+ 〈Bx∗, x∗ − yn〉+ 〈Byn, yn − vn〉

)
≤ ‖un − x∗‖2 − ‖un − vn‖2 + 2λn〈Byn, yn − vn〉
= ‖un − x∗‖2 − ‖un − yn‖2 − 2〈un − yn, yn − vn〉 − ‖yn − vn‖2

+2λn〈Byn, yn − vn〉
= ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − vn‖2

+2〈un − λnByn − yn, vn − yn〉.

Moreover, since yn = PC(un − λnBun) and (19), we have

(26) 〈un − λnBun − yn, vn − yn〉 ≤ 0.

Since B is k-Lipschitz continuous and (26), we obtain

〈un − λnByn − yn, vn − yn〉
= 〈un − λnBun − yn, vn − yn〉+ 〈λnBun − λnByn, vn − yn〉
≤ 〈λnBun − λnByn, vn − yn〉
≤ λn‖Bun − Byn‖‖vn − yn‖
≤ λnk‖un − yn‖‖vn − yn‖.
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Since λn ∈ (0, 1
k ), we have

‖vn − x∗‖2 ≤ ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − vn‖2 + 2λnk‖un − yn‖‖vn − yn‖
≤ ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − vn‖2 + λ2

nk2‖un − yn‖2 + ‖vn − yn‖2

= ‖un − x∗‖2 + (λ2
nk2 − 1)‖un − yn‖2(27)

≤ ‖un − x∗‖2,

and hence

(28) ‖vn − x∗‖ ≤ ‖un − x∗‖ ≤ ‖xn − x∗‖.

Thus, we can note that

‖xn+1 − x∗‖ =
∥∥∥αn

(
γ f (xn)− Ax∗

)
+ βn(xn − x∗) +

(
(1− βn)I − αn A

)
(Wnvn − x∗)

∥∥∥
≤ (1− βn − αnγ̄)‖vn − x∗‖+ βn‖xn − x∗‖+ αn‖γ f (xn)− Ax∗‖
≤ (1− βn − αnγ̄)‖xn − x∗‖+ βn‖xn − x∗‖+ αn‖γ f (xn)− Ax∗‖
= (1− αnγ̄)‖xn − x∗‖+ αnγ‖ f (xn)− f (x∗)‖+ αn‖γ f (x∗)− Ax∗‖
≤ (1− αnγ̄)‖xn − x∗‖+ αnγα‖xn − x∗‖+ αn‖γ f (x∗)− Ax∗‖

= (1− (γ̄− γα)αn)‖xn − x∗‖+ (γ̄− γα)αn
‖γ f (x∗)− Ax∗‖

γ̄− γα
.(29)

By induction that

(30) ‖xn − x∗‖ ≤ max
{
‖x1 − x∗‖,

‖γ f (x∗)− Ax∗‖
γ̄− γα

}
, n ∈ N.

Hence, {xn} is bounded, so are {un}, {vn}, {Bun}, {Bvn}, {Wnvn} and
{

f (xn)
}

.
Step 2. We claim that

lim
n→∞

‖=k
nxn −=k

n+1xn‖ = 0(31)

for every k ∈ {1, 2, 3, . . . , M}. From Step 2 of the proof in [10, Theorem 3.1], we have for
k ∈ {1, 2, 3, . . . , M},

lim
n→∞

‖JFk
rk,n+1 xn − JFk

rk,n xn‖ = 0.(32)

Note that for every k ∈ {1, 2, 3, . . . , M}, we obtain

=k
n = JFk

rk,n JFk−1
rk−1,n JFk−2

rk−2,n . . . JF2
r2,n

JF1
r1,n

= JFk
rk,n=

k−1
n .

So, we have

‖=k
nxn −=k

n+1xn‖(33)

= ‖JFk
rk,n=

k−1
n xn − JFk

rk,n+1=
k−1
n+1xn‖

≤ ‖JFk
rk,n=

k−1
n xn − JFk

rk,n+1=
k−1
n xn‖+ ‖JFk

rk,n+1=
k−1
n xn − JFk

rk,n+1=
k−1
n+1xn‖

≤ ‖JFk
rk,n=

k−1
n xn − JFk

rk,n+1=
k−1
n xn‖+ ‖=k−1

n xn −=k−1
n+1xn‖

≤ ‖JFk
rk,n=

k−1
n xn − JFk

rk,n+1=
k−1
n xn‖+ ‖JFk−1

rk−1,n=
k−2
n xn − JFk−1

rk−1,n+1=
k−2
n xn‖

+‖=k−2
n xn −=k−2

n+1xn‖

≤ ‖JFk
rk,n=

k−1
n xn − JFk

rk,n+1=
k−1
n xn‖+ ‖JFk−1

rk−1,n=
k−2
n xn − JFk−1

rk−1,n+1=
k−2
n xn‖

+ . . . + ‖JF2
r2,n
=1

nxn − JF2
r2,n+1

=1
nxn‖+ ‖JF1

r1,n
xn − JF1

r1,n+1
xn‖.

Now, apply (32) to (33), we conclude (31).
Step 3. We claim that limn→∞ ‖xn+1 − xn‖ = 0.

On the other hand, from un = =M
n xn and un+1 = =M

n+1xn+1, by the triangular inequality, we
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have

‖un+1 − un‖ = ‖=M
n+1xn+1 −=M

n xn‖
= ‖=M

n+1xn+1 −=M
n+1xn‖+ ‖=M

n+1xn −=M
n xn‖

≤ ‖xn+1 − xn‖+ ‖=M
n+1xn −=M

n xn‖.(34)

We note that

‖vn+1 − vn‖ = ‖PC(un+1 − λn+1Byn+1)− PC(un − λnByn)‖
≤ ‖un+1 − λn+1Byn+1 − (un − λnByn)‖
= ‖(un+1 − λn+1Bun+1)− (un − λn+1Bun)

+ λn+1(Bun+1 − Byn+1 − Bun) + λnByn‖
≤ ‖(un+1 − λn+1Bun+1)− (un − λn+1Bun)‖

+ λn+1(‖Bun+1‖+ ‖Byn+1‖+ ‖Bun‖) + λn‖Byn‖
≤ (1 + λn+1k)‖un+1 − un‖+ λn+1

(
‖Bun+1‖+ ‖Byn+1‖+ ‖Bun‖

)
+λn‖Byn‖.(35)

Substituting (34) into (35), we have

‖vn+1 − vn‖ ≤ (1 + λn+1k)‖un+1 − un‖+ λn+1
(
‖Bun+1‖+ ‖Byn+1‖+ ‖Bun‖

)
+ λn‖Byn‖

≤ (1 + λn+1k)‖xn+1 − xn‖+ (1 + λn+1k)‖=M
n+1xn −=M

n xn‖
+ λn+1

(
‖Bun+1‖+ ‖Byn+1‖+ ‖Bun‖

)
+ λn‖Byn‖.(36)

Putting zn = xn+1−βnxn
1−βn

=
αnγ f (xn)+

(
(1−βn)I−αn A

)
Wnvn

1−βn
then, we get xn+1 = (1− βn)zn + βnxn, n ≥

1. It follows that

zn+1 − zn =
αn+1γ f (xn+1) +

(
(1− βn+1)I − αn+1 A

)
Wn+1vn+1

1− βn+1

−
αnγ f (xn) +

(
(1− βn)I − αn A

)
Wnvn

1− βn

=
αn+1

1− βn+1
γ f (xn+1)−

αn

1− βn
γ f (xn) + Wn+1vn+1 −Wnvn

− αn+1

1− βn+1
AWn+1vn+1 +

αn

1− βn
AWnvn

=
αn+1

1− βn+1

(
γ f (xn+1)− AWn+1vn+1

)
+

αn

1− βn

(
AWnvn − γ f (xn)

)
+ Wn+1vn+1 −Wn+1vn + Wn+1vn −Wnvn.(37)
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It follows from (36) and (37) that

‖zn+1 − zn‖ − ‖xn+1 − xn‖ ≤ αn+1

1− βn+1

(
‖γ f (xn+1)‖+ ‖AWn+1vn+1‖

)
+

αn

1− βn

(
‖AWnvn‖+ ‖γ f (xn)‖

)
+ ‖Wn+1vn+1 −Wn+1vn‖

+ ‖Wn+1vn −Wnvn‖ − ‖xn+1 − xn‖

≤ αn+1

1− βn+1

(
‖γ f (xn+1)‖+ ‖AWn+1vn+1‖

)
+

αn

1− βn

(
‖AWnvn‖+ ‖γ f (xn)‖

)
+ ‖vn+1 − vn‖

+ ‖Wn+1vn −Wnvn‖ − ‖xn+1 − xn‖

≤ αn+1

1− βn+1

(
‖γ f (xn+1)‖+ ‖AWn+1vn+1‖

)
+

αn

1− βn

(
‖AWnvn‖+ ‖γ f (xn)‖

)
+ λn+1k‖xn+1 − xn‖

+ (1 + λn+1k)‖=M
n+1xn −=M

n xn‖
+ λn+1

(
‖Bun+1‖+ ‖Byn+1‖+ ‖Bun‖

)
+ λn‖Byn‖+ ‖Wn+1vn −Wnvn‖.(38)

By the definition of Wn that

‖Wn+1vn −Wnvn‖ = ‖λn+1,NTNUn+1,N−1vn + (1− λn+1,N)vn − λn,NTNUn,N−1vn − (1− λn,N)vn‖
≤ |λn+1,N − λn,N |‖vn‖+ ‖λn+1,NTNUn+1,N−1vn − λn,NTNUn,N−1vn‖
≤ |λn+1,N − λn,N |‖vn‖+ ‖λn+1,N(TNUn+1,N−1vn − TNUn,N−1vn)‖

+|λn+1,N − λn,N |‖TNUn,N−1vn‖
≤ 2M|λn+1,N − λn,N |+ λn+1,N‖Un+1,N−1vn −Un,N−1vn‖,(39)

where M is an approximate constant such that M ≥ max{supn≥1{‖vn‖}, supn≥1{‖TmUn,m−1vn‖} | m =
1, 2, . . . , N}.

Since 0 < λni ≤ 1 for all n ≥ 1 and i = 1, 2, . . . , N, we compute

‖Un+1,N−1vn −Un,N−1vn‖
= ‖λn+1,N−1TN−1Un+1,N−2vn + (1− λn+1,N−1)vn − λn,N−1TN−1Un,N−2vn − (1− λn,N−1)vn‖
≤ |λn+1,N−1 − λn,N−1|‖vn‖+ ‖λn+1,N−1TN−1Un+1,N−2vn − λn,N−1TN−1Un,N−2vn‖
≤ |λn+1,N−1 − λn,N−1|‖vn‖+ ‖λn+1,N−1(TN−1Un+1,N−2vn − TN−1Un,N−2vn)‖

+|λn+1,N−1 − λn,N−1|‖TN−1Un,N−2vn‖
≤ 2M|λn+1,N−1 − λn,N−1|+ ‖Un+1,N−2vn −Un,N−2vn‖.

It follows that

‖Un+1,N−1vn −Un,N−1vn‖ ≤ 2M|λn+1,N−1 − λn,N−1|+ 2M|λn+1,N−2 − λn,N−2|
+‖Un+1,N−3vn −Un,N−3vn‖(40)

≤ 2M
N−1

∑
i=2

|λn+1,i − λn,i|+ ‖Un+1,1vn −Un,1vn‖

= 2M
N−1

∑
i=2

|λn+1,i − λn,i|

+‖λn+1,1T1vn + (1− λn+1,1)vn − λn,1T1vn − (1− λn,1)vn‖

≤ 2M
N−1

∑
i=1

|λn+1,i − λn,i|.
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Substituting (40) into (39) yields that

‖Wn+1vn −Wnvn‖ ≤ 2M|λn+1,N − λn,N |+ 2λn+1,N M
N−1

∑
i=1

|λn+1,i − λn,i|

≤ 2M
N

∑
i=1

|λn+1,i − λn,i|,(41)

Applying (41) in (38), we get

‖zn+1 − zn‖ − ‖xn+1 − xn‖ ≤ αn+1

1− βn+1

(
‖γ f (xn+1)‖+ ‖AWn+1vn+1‖

)
+

αn

1− βn

(
‖AWnvn‖+ ‖γ f (xn)‖

)
+ λn+1k‖xn+1 − xn‖

+ (1 + λn+1k)‖=M
n+1xn −=M

n xn‖
+ λn+1

(
‖Bun+1‖+ ‖Byn+1‖+ ‖Bun‖

)
+ λn‖Byn‖+ 2M

N

∑
i=1

|λn+1,i − λn,i|.

By (31) and (C1)-(C5), imply that

lim sup
n→∞

(‖zn+1 − zn‖ − ‖xn+1 − xn‖) ≤ 0.

Hence, by Lemma 2.4, we obtain
lim
n→∞

‖zn − xn‖ = 0.

It follows that

(42) lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

(1− βn)‖zn − xn‖ = 0.

Applying (31), (42) and (C4) to (34) and (35), we obtain that

(43) lim
n→∞

‖un+1 − un‖ = lim
n→∞

‖vn+1 − vn‖ = 0.

Step 4. We claim that limn→∞ ‖xn −Wnvn‖ = 0.
Since xn+1 = αnγ f (xn) + βnxn + ((1− βn)I − αn A)Wnvn, we have

‖xn −Wnvn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 −Wnvn‖

= ‖xn − xn+1‖+
∥∥∥αnγ f (xn) + βnxn +

(
(1− βn)I − αn A

)
Wnvn −Wnvn

∥∥∥
= ‖xn − xn+1‖+

∥∥∥αn
(
γ f (xn)− AWnvn

)
+ βn(xn −Wnvn)

∥∥∥
≤ ‖xn − xn+1‖+ αn

(
‖γ f (xn)‖+ ‖AWnvn‖

)
+ βn‖xn −Wnvn‖,

it follows that

‖xn −Wnvn‖ ≤ 1
1− βn

‖xn − xn+1‖+
αn

1− βn

(
‖γ f (xn)‖+ ‖AWnvn‖

)
.

By (C1), (C2) and (42), we obtain

(44) lim
n→∞

‖Wnvn − xn‖ = 0.

Step 5. We claim that the following statements hold:
(i) limn→∞ ‖un − yn‖ = 0;

(ii) limn→∞ ‖un − vn‖ = 0;
(iii) limn→∞ ‖Wnyn − yn‖ = 0.
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For any x∗ ∈ Ω and (23), we compute

‖xn+1 − x∗‖2 =
∥∥∥(

(1− βn)I − αn A
)
(Wnvn − x∗) + βn(xn − x∗) + αn

(
γ f (xn)− Ax∗

)∥∥∥2

= ‖
(
(1− βn)I − αn A

)
(Wnvn − x∗) + βn(xn − x∗)‖2 + α2

n‖γ f (xn)− Ax∗‖2

+ 2βnαn
〈

xn − x∗, γ f (xn)− Ax∗
〉

+ 2αn

〈(
(1− βn)I − αn A

)
(Wnvn − x∗), γ f (xn)− Ax∗

〉
≤

[
(1− βn − αnγ̄)‖Wnvn − x∗‖+ βn‖xn − x∗‖

]2 + α2
n‖γ f (xn)− Ax∗‖2

+ 2βnαn
〈

xn − x∗, γ f (xn)− Ax∗
〉

+ 2αn

〈(
(1− βn)I − αn A

)
(Wnvn − x∗), γ f (xn)− Ax∗

〉
≤

[
(1− βn − αnγ̄)‖vn − x∗‖+ βn‖xn − x∗‖

]2 + cn

≤ (1− βn − αnγ̄)2‖vn − x∗‖2 + β2
n‖xn − x∗‖2

+ 2(1− βn − αnγ̄)βn‖vn − x∗‖‖xn − x∗‖+ cn

≤ (1− βn − αnγ̄)2‖vn − x∗‖2 + β2
n‖xn − x∗‖2

+ (1− βn − αnγ̄)βn
(
‖vn − x∗‖2 + ‖xn − x∗‖2) + cn

=
[
(1− αnγ̄)2 − 2(1− αnγ̄)βn + β2

n
]
‖vn − x∗‖2 + β2

n‖xn − x∗‖2

+
(
(1− αnγ̄)βn − β2

n
)(
‖vn − x∗‖2 + ‖xn − x∗‖2) + cn

= (1− αnγ̄)2‖vn − x∗‖2 − (1− αnγ̄)βn‖vn − x∗‖2 + (1− αnγ̄)βn‖xn − x∗‖2 + cn

= (1− αnγ̄)(1− βn − αnγ̄)‖vn − x∗‖2 + (1− αnγ̄)βn‖xn − x∗‖2 + cn,(45)

where

cn = α2
n‖γ f (xn)− Ax∗‖2 + 2βnαn

〈
xn − x∗, γ f (xn)− Ax∗

〉
+ 2αn

〈(
(1− βn)I − αn A

)
(Wnvn − x∗), γ f (xn)− Ax∗

〉
.

It follows from the condition (C1) that

(46) lim
n→∞

cn = 0.

Substituting (27) into (45), and (C4), we get

‖xn+1 − x∗‖2 ≤ (1− αnγ̄)(1− βn − αnγ̄)‖vn − x∗‖2 + (1− αnγ̄)βn‖xn − x∗‖2 + cn

≤ (1− αnγ̄)(1− βn − αnγ̄)
{
‖un − x∗‖2 + (λ2

nk2 − 1)‖un − yn‖2
}

+ (1− αnγ̄)βn‖xn − x∗‖2 + cn

≤ (1− αnγ̄)(1− βn − αnγ̄)
{
‖xn − x∗‖2 + (λ2

nk2 − 1)‖un − yn‖2
}

+ (1− αnγ̄)βn‖xn − x∗‖2 + cn

= (1− αnγ̄)2‖xn − x∗‖2 + (1− αnγ̄)(1− βn − αnγ̄)(λ2
nk2 − 1)‖un − yn‖2 + cn

≤ ‖xn − x∗‖2 + (λ2
nk2 − 1)‖un − yn‖2 + cn.

Hence

(1− λ2
nk2)‖un − yn‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + cn

= (‖xn − x∗‖ − ‖xn+1 − x∗‖)(‖xn − x∗‖+ ‖xn+1 − x∗‖) + cn

≤ ‖xn − xn+1‖(‖xn − x∗‖+ ‖xn+1 − x∗‖) + cn.

Since (46) and (42), we obtain

(47) lim
n→∞

‖un − yn‖ = 0.
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By the same argument as in (27), we also have

‖vn − x∗‖2 ≤ ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − vn‖2 + 2λnk‖un − yn‖‖vn − yn‖
≤ ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − vn‖2 + ‖un − yn‖2 + λ2

nk2‖vn − yn‖2

= ‖un − x∗‖2 + (λ2
nk2 − 1)‖yn − vn‖2(48)

≤ ‖xn − x∗‖2 + (λ2
nk2 − 1)‖yn − vn‖2.

Substituting (48) into (45), and (C4), we get

‖xn+1 − x∗‖2 ≤ (1− αnγ̄)(1− βn − αnγ̄)
{
‖xn − x∗‖2 + (λ2

nk2 − 1)‖yn − vn‖2
}

+ (1− αnγ̄)βn‖xn − x∗‖2 + cn

= (1− αnγ̄)2‖xn − x∗‖2 + (1− αnγ̄)(1− βn − αnγ̄)(λ2
nk2 − 1)‖yn − vn‖2 + cn

≤ ‖xn − x∗‖2 + (λ2
nk2 − 1)‖yn − vn‖2 + cn.

It follows that

(1− λ2
nk2)‖yn − vn‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + cn

≤ ‖xn − xn+1‖(‖xn − x∗‖+ ‖xn+1 − x∗‖) + cn.

Again from (46) and (42), we have

(49) lim
n→∞

‖yn − vn‖ = 0.

On the other hand, we note that

‖un − vn‖ ≤ ‖un − yn‖+ ‖yn − vn‖.

Applying (47)and (49), we get

(50) lim
n→∞

‖un − vn‖ = 0.

For any x∗ ∈ Ω, note that JFk
rk,n is firmly nonexpansive (Lemma 2.10) for k ∈ {1, 2, 3, . . . , M},

then we get

‖=k
nxn − x∗‖2 = ‖JFk

rk,n=
k−1
n xn − JFk

rk,n x∗‖2

≤
〈

JFk
rk,n=

k−1
n xn − JFk

rk,n x∗,=k−1
n xn − x∗

〉
=

〈
=k

nxn − x∗,=k−1
n xn − x∗

〉
=

1
2

(
‖=k

nxn − x∗‖2 + ‖=k−1
n xn − x∗‖2 − ‖=k

nxn −=k−1
n xn‖2

)
and hence

‖=k
nxn − x∗‖2 ≤ ‖=k−1

n xn − x∗‖2 − ‖=k
nxn −=k−1

n xn‖2, k = 1, 2, 3, . . . , M

which implies that for each k ∈ {1, 2, 3, . . . , M},

‖=k
nxn − x∗‖2 ≤ ‖=0

nxn − x∗‖2 − ‖=k
nxn −=k−1

n xn‖2

−‖=k−1
n xn −=k−2

n xn‖2 − . . .− ‖=2
nxn −=1

nxn‖2 − ‖=1
nxn −=0

nxn‖2

≤ ‖xn − x∗‖2 − ‖=k
nxn −=k−1

n xn‖2.
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Together with (27) and (48), we compute

‖xn+1 − x∗‖2

≤ (1− αnγ̄)(1− βn − αnγ̄)‖vn − x∗‖2 + (1− αnγ̄)βn‖xn − x∗‖2 + cn

≤ (1− αnγ̄)(1− αnγ̄− βn)
{
‖un − x∗‖2 + (λ2

nk2 − 1)‖un − yn‖2
}

+ (1− αnγ̄)βn‖xn − x∗‖2 + cn

= (1− αnγ̄)(1− αnγ̄− βn)‖un − x∗‖2 + (1− αnγ̄)(1− αnγ̄− βn)(λ2
nk2 − 1)‖un − yn‖2

+(1− αnγ̄)βn‖xn − x∗‖2 + cn

= (1− αnγ̄)(1− αnγ̄− βn)‖=k
nxn − x∗‖2 + (1− αnγ̄)(1− αnγ̄− βn)(λ2

nk2 − 1)‖un − yn‖2

+(1− αnγ̄)βn‖xn − x∗‖2 + cn

≤ (1− αnγ̄)(1− αnγ̄− βn)
{
‖xn − x∗‖2 − ‖=k

nxn −=k−1
n xn‖2

}
+(1− αnγ̄)(1− αnγ̄− βn)(λ2

nk2 − 1)‖un − yn‖2 + (1− αnγ̄)βn‖xn − x∗‖2 + cn

= (1− αnγ̄)(1− αnγ̄− βn)‖xn − x∗‖2 − (1− αnγ̄)(1− αnγ̄− βn)‖=k
nxn −=k−1

n xn‖2

+(1− αnγ̄)(1− αnγ̄− βn)(λ2
nk2 − 1)‖un − yn‖2 + (1− αnγ̄)βn‖xn − x∗‖2 + cn

= (1− αnγ̄)2‖xn − x∗‖2 − (1− αnγ̄)(1− αnγ̄− βn)‖=k
nxn −=k−1

n xn‖2

+(1− αnγ̄)(1− αnγ̄− βn)(λ2
nk2 − 1)‖un − yn‖2 + cn

=
[
1− 2αnγ̄ + (αnγ̄)2]‖xn − x∗‖2 − (1− αnγ̄)(1− αnγ̄− βn)‖=k

nxn −=k−1
n xn‖2

+(1− αnγ̄)(1− αnγ̄− βn)(λ2
nk2 − 1)‖un − yn‖2 + cn

≤ ‖xn − x∗‖2 + (αnγ̄)2‖xn − x∗‖2 − (1− αnγ̄)(1− αnγ̄− βn)‖=k
nxn −=k−1

n xn‖2

+ (1− αnγ̄)(1− αnγ̄− βn)(λ2
nk2 − 1)‖un − yn‖2 + cn.

So, we obtain

(1− αnγ̄)(1− αnγ̄− βn)‖=k
nxn −=k−1

n xn‖2

≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + (αnγ̄)2‖xn − x∗‖2

+ (1− αnγ̄)(1− αnγ̄− βn)(λ2
nk2 − 1)‖un − yn‖2 + cn

≤ ‖xn − xn+1‖(‖xn − x∗‖+ ‖xn+1 − x∗‖) + (αnγ̄)2‖xn − x∗‖2

+ (1− αnγ̄)(1− αnγ̄− βn)(λ2
nk2 − 1)‖un − yn‖2 + cn.

Using (C1), (42) , (46) and (47), we get

(51) lim
n→∞

‖=k
nxn −=k−1

n xn‖ = 0, ∀k = 1, 2, ..., M.

Observe that

‖Wnyn − yn‖ ≤ ‖Wnyn −Wnvn‖+ ‖Wnvn − xn‖+ ‖xn − un‖+ ‖un − yn‖
≤ ‖yn − vn‖+ ‖Wnvn − xn‖+ ‖xn −=M

n xn‖+ ‖un − yn‖
≤ ‖yn − vn‖+ ‖Wnvn − xn‖+ ‖=0

nxn −=1
nxn‖+ ‖=1

nxn −=2
nxn‖

+ . . . + ‖=M−1
n xn −=M

n xn‖+ ‖un − yn‖.

Applying (44), (47), (49) and (51) to the last inequality, we have

(52) lim
n→∞

‖Wnyn − yn‖ = 0.

We also have

‖Wnun − un‖ ≤ ‖Wnun −Wnvn‖+ ‖Wnvn − xn‖+ ‖xn − un‖
≤ ‖Wnun −Wnvn‖+ ‖Wnvn − xn‖+ ‖xn −=M

n xn‖
≤ ‖un − vn‖+ ‖Wnvn − xn‖+ ‖=0

nxn −=1
nxn‖+ ‖=1

nxn −=2
nxn‖

+ . . . + ‖=M−1
n xn −=M

n xn‖.
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Applying (44), (50) and (51) to the last inequality, we have

(53) lim
n→∞

‖Wnun − un‖ = 0.

Step 6. We claim that lim supn→∞

〈
(A − γ f )z, z − xn

〉
≤ 0, which z is the unique solution of

the variational inequality
〈
(A− γ f )z, x − z

〉
≥ 0, ∀x ∈ Ω.

Observe that PΩ(I − A + γ f ) is a contraction of H into itself. Indeed, for all x, y ∈ H, we
have
‖PΩ(I − A + γ f )(x)− PΩ(I − A + γ f )(y)‖

≤ ‖(I − A + γ f )(x)− (I − A + γ f )(y)‖
≤ ‖I − A‖‖x − y‖+ γ‖ f (x)− f (y)‖
≤ (1− γ̄)‖x − y‖+ γα‖x − y‖
= (1− (γ̄− γα))‖x − y‖,

since H is complete, there exists a unique fixed point z ∈ H such that z = PΩ(I − A + γ f )(z).
Since z = PΩ(I − A + γ f )(z) is a unique solution of the variational inequality (24). To show

this inequality, we choose a subsequence {xni} of {xn} such that

lim
i→∞

〈
(A− γ f )z, z− xni

〉
= lim sup

n→∞

〈
(A− γ f )z, z− xn

〉
.

Since {uni} is bounded, there exists a subsequence {unij
} of {uni} which converges weakly

to w ∈ C. Without loss of generality, we can assume that uni ⇀ w. Since limn→∞ ‖=k
nxn −

=k−1
n xn‖ = 0 for each k = 1, 2, ..., M, we have =k

ni
xni ⇀ w for each k = 1, 2, ..., M. From

‖un − yn‖ → 0 and ‖un − vn‖ → 0, we also obtain yni ⇀ w and vni ⇀ w. Since {uni} ⊂ C and
C is closed and convex, we have w ∈ C.

Next, we show that w ∈ Ω, where Ω := ∩N
n=1F(Tn) ∩

(
∩M

k=1SEP(Fk)
)
∩VI(C, B).

First, we show that w ∈ ∩M
k=1SEP(Fk). Since un = =k

nxn for k = 1, 2, 3, . . . , M, we also have

Fk(=k
nxn, y) +

1
rn
〈y−=k

nxn,=k
nxn −=k−1

n xn〉 ≥ 0, ∀y ∈ C.

If follows from (A2) that,

1
rn
〈y−=k

nxn,=k
nxn −=k−1

n xn〉 ≥ −Fk(=k
nxn, y) ≥ Fk(y,=k

nxn)

and hence 〈
y−=k

ni
xni ,

=k
ni

xni −=k−1
ni

xni

rni

〉
≥ Fk(y,=k

ni
xni).

Since
=k

ni
xni−=

k−1
ni

xni
rni

→ 0 and uni = =k
ni

xni ⇀ w, it follows by (A4) that

Fk(y, w) ≤ 0 ∀y ∈ C,

for each k = 1, 2, 3, . . . , M.
For t with 0 < t ≤ 1 and y ∈ H, let yt = ty + (1 − t)w. Since y ∈ C and w ∈ C, we have

yt ∈ C and hence Fk(yt, w) ≤ 0. So, from (A1) and (A4) we have

0 = Fk(yt, yt) ≤ tFk(yt, y) + (1− t)Fk(yt, w) ≤ tFk(yt, y)

and hence Fk(yt, y) ≥ 0. From (A3), we have Fk(w, y) ≥ 0 for all y ∈ C and hence w ∈ EP(Fk)
for k = 1, 2, 3, . . . , M, that is, w ∈ ∩M

k=1SEP(Fk).
Next, we show that w ∈ ∩N

i=1F(Ti). By [1, Lemma 3.1], we have F(Wn) = ∩N
i=1F(Tn).

Assume w /∈ F(Wn). Since yni ⇀ w, ‖Wnyni − yni‖ → 0 and w 6= Wnw, it follows by the Opial’s
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condition that

lim inf
i→∞

‖yni − w‖ < lim inf
i→∞

‖yni −Wnw‖

≤ lim inf
i→∞

{
‖yni −Wnyni‖+ ‖Wnyni −Wnw‖

}
≤ lim inf

i→∞
‖yni − w‖

which derives a contradiction. Thus, we have w ∈ F(Wn) = ∩N
i=1F(Ti).

Finally, we show that w ∈ VI(C, B). Define

Tv =
{

Bv + NCv, v ∈ C,
∅, v /∈ C.

Then, T is maximal monotone. Let (v, w1) ∈ G(T). Since w1 − Bv ∈ NCv and vn ∈ C, we have
〈v− vn, w1 − Bv〉 ≥ 0. On the other hand, vn = PC(un − λnByn), we have

〈v− vn, vn − (un − λnByn)〉 ≥ 0,

and hence 〈
v− vn,

vn − un

λn
+ Byn

〉
≥ 0.

Therefore, we have

〈v− vni , w〉 ≥ 〈v− vni , Bv〉

≥ 〈v− vni , Bv〉 −
〈

v− vni ,
vni − uni

λni

+ Byni

〉
=

〈
v− vni , Bv− Byni −

vni − uni

λni

〉
= 〈v− vni , Bv− Bvni〉+ 〈v− vni , Bvni − Byni〉

−
〈

v− vni ,
vni − uni

λni

〉
≥ 〈v− vni , Bvni − Byni〉 −

〈
v− vni ,

vni − uni

λni

〉
.

Since limn→∞ ‖vn − un‖ = limn→∞ ‖vn − yn‖ = 0, uni ⇀ w and B is Lipschitz continuous, we
obtain that limn→∞ ‖Bvn − Byn‖ = 0 and vni ⇀ w. From lim infn→∞ λn > 0 and limn→∞ ‖vn −
un‖ = 0, we obtain

〈v− w, w1〉 ≥ 0.

Since T is maximal monotone, we have w ∈ T−10 and hence w ∈ VI(C, B).
Hence w ∈ Ω, where Ω := ∩N

i=1F(Ti) ∩
(
∩M

k=1SEP(Fk)
)
∩VI(C, B).

Since z = PΩ(I − A + γ f )(z), it follows that

lim sup
n→∞

〈
(A− γ f )z, z− xn

〉
= lim sup

n→∞

〈
(A− γ f )z, z− xn

〉
= lim

i→∞

〈
(A− γ f )z, z− xni

〉
=

〈
(A− γ f )z, z− w

〉
≤ 0.(54)

It follows from the last inequality and (44) that

(55) lim sup
n→∞

〈
γ f (z)− Az, Wnvn − z

〉
≤ 0.

Step 7. Finally, we claim that {xn} converges strongly to
z = PΩ(I − A + γ f )(z).
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Indeed, from (23) , we have

‖xn+1 − z‖2(56)

=
∥∥αnγ f (xn) + βnxn +

(
(1− βn)I − αn A

)
Wnvn − z

∥∥2

= ‖
(
(1− βn)I − αn A

)
(Wnvn − z) + βn(xn − z) + αn

(
γ f (xn)− Az

)
‖2

= ‖
(
(1− βn)I − αn A

)
(Wnvn − z) + βn(xn − z)‖2 + α2

n‖γ f (xn)− Az‖2

+ 2βnαn
〈

xn − z, γ f (xn)− Az
〉

+ 2αn

〈(
(1− βn)I − αn A

)
(Wnvn − z), γ f (xn)− Az

〉
≤

[
(1− βn − αnγ̄)‖Wnvn − z‖+ βn‖xn − z‖

]2
+ α2

n‖γ f (xn)− Az‖2

+ 2βnαnγ
〈

xn − z, f (xn)− f (z)
〉
+ 2βnαn

〈
xn − z, γ f (z)− Az

〉
+ 2(1− βn)γαn

〈
Wnvn − z, f (xn)− f (z)

〉
+ 2(1− βn)αn

〈
Wnvn − z, γ f (z)− Az

〉
− 2α2

n
〈

A(Wnvn − z), γ f (z)− Az
〉

≤
[
(1− βn − αnγ̄)‖Wnvn − z‖+ βn‖xn − z‖

]2
+ α2

n‖γ f (xn)− Az‖2

+ 2βnαnγ‖xn − z‖‖ f (xn)− f (z)‖+ 2βnαn
〈

xn − z, γ f (z)− Az
〉

+ 2(1− βn)γαn‖Wnvn − z‖‖ f (xn)− f (z)‖+ 2(1− βn)αn
〈
Wnvn − z, γ f (z)− Az

〉
− 2α2

n
〈

A(Wnvn − z), γ f (z)− Az
〉

≤
[
(1− βn − αnγ̄)‖xn − z‖+ βn‖xn − z‖

]2
+ α2

n‖γ f (xn)− Az‖2

+ 2βnαnγα‖xn − z‖2 + 2βnαn
〈

xn − z, γ f (z)− Az
〉

+ 2(1− βn)γαnα‖xn − z‖2 + 2(1− βn)αn
〈
Wnvn − z, γ f (z)− Az

〉
− 2α2

n
〈

A(Wnvn − z), γ f (z)− Az
〉

=
[
(1− αnγ̄)2 + 2βnαnγα + 2(1− βn)γαnα

]
‖xn − z‖2 + α2

n‖γ f (xn)− Az‖2

+ 2βnαn
〈

xn − z, γ f (z)− Az
〉
+ 2(1− βn)αn

〈
Wnvn − z, γ f (z)− Az

〉
− 2α2

n
〈

A(Wnvn − z), γ f (z)− Az
〉

≤
[
1− 2(γ̄− αγ)αn

]
‖xn − z‖2 + γ̄2α2

n‖xn − z‖2 + α2
n‖γ f (xn)− Az‖2

+ 2βnαn
〈

xn − z, γ f (z)− Az
〉
+ 2(1− βn)αn

〈
Wnvn − z, γ f (z)− Az

〉
+ 2α2

n‖A(Wnvn − z)‖‖γ f (z)− Az‖

=
[
1− 2(γ̄− αγ)αn

]
‖xn − z‖2 + αn

{
αn

[
γ̄2‖xn − z‖2 + ‖γ f (xn)− Az‖2

+ 2‖A(Wnvn − z)‖‖γ f (z)− Az‖
]
+ 2βn

〈
xn − z, γ f (z)− Az

〉
+ 2(1− βn)

〈
Wnvn − z, γ f (z)− Az

〉}
Since {xn}, { f (xn)} and {Wnvn} are bounded, we can take a constant K > 0 such that

γ̄2‖xn − z‖2 + ‖γ f (xn)− Az‖2 + 2‖A(Wnvn − z)‖‖γ f (z)− Az‖ ≤ K,

for all n ≥ 0. It then follows that

(57) ‖xn+1 − z‖2 ≤
[
1− 2(γ̄− αγ)αn

]
‖xn − z‖2 + αnσn,

where

σn = 2βn
〈

xn − z, γ f (z)− Az
〉
+ 2(1− βn)

〈
Wnvn − z, γ f (z)− Az

〉
+ αnK.
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Using (C1), (54) and (55), we get lim supn→∞ σn ≤ 0. Applying Lemma 2.5 to (57), we conclude
that xn → z in norm. This completes the proof. �

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H, let Fk, k ∈
{1, 2, 3, . . . , M} be a bifunction from C × C to R satisfying (A1)-(A4) and let B be a monotone and
k-Lipschitz continuous mapping of C into itself such that

Ω :=
(
∩M

k=1SEP(Fk)
)
∩VI(C, B) 6= ∅.

Let f be a contraction of H into itself with α ∈ (0, 1) and let A be a strongly positive linear bounded
operator on H with coefficient γ̄ > 0 and 0 < γ < γ̄

α . Let {xn}, {yn} and {un} be sequences generated
by 

x1 = x ∈ C chosen arbitrary,
un = JFM

rM,n JFM−1
rM−1,n JFM−2

rM−2,n . . . JF2
r2,n JF1

r1,n xn,
yn = PC(un − λnBun),
xn+1 = αnγ f (xn) + βnxn +

(
(1− βn)I − αn A

)
PC(un − λnByn), ∀n ≥ 1,

where {αn}, {βn} are two sequences in (0, 1), {λn} ⊂ [a, b] ⊂ (0, 1
k ) and {rk,n}, k ∈ {1, 2, 3, . . . , M}

are real sequence in (0, ∞) satisfy the following conditions:
(C1) limn→∞ αn = 0 and ∑∞

n=1 αn = ∞,
(C2) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1,
(C3) lim infn→∞ rk,n > 0 and limn→∞ |rk,n+1 − rk,n| = 0,
(C4) limn→∞ λn = 0.

Then, {xn} and {un} converge strongly to a point z ∈ Ω which is the unique solution of the variational
inequality 〈

(A− γ f )z, x − z
〉
≥ 0, ∀x ∈ Ω.

Equivalently, we have z = PΩ(I − A + γ f )(z).

Proof. Put Tn = I for all n ∈ N and for all x ∈ C. Then Wn = I for all x ∈ C. The conclusion
follows from Theorem 3.1. This completes the proof. �

If A = I, γ ≡ 1 and γn = 1− αn − βn in Theorem 3.1, then we can obtain the following result
immediately.

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H, let Fk, k ∈
{1, 2, 3, . . . , M} be a bifunction from C × C to R satisfying (A1)-(A4), let {Tn} be a family of finitely
nonexpansive mappings of C into itself and let B be a monotone and k-Lipschitz continuous mapping of
C into H such that

Ω := ∩N
n=1F(Tn) ∩

(
∩M

k=1SEP(Fk)
)
∩VI(C, B) 6= ∅.

Let f be a contraction of H into itself with α ∈ (0, 1). Let {xn}, {yn} and {un} be sequences generated
by 

x1 = x ∈ C chosen arbitrary,
un = JFM

rM,n JFM−1
rM−1,n JFM−2

rM−2,n . . . JF2
r2,n JF1

r1,n xn,
yn = PC(un − λnBun),
xn+1 = αn f (xn) + βnxn + γnWnPC(un − λnByn), ∀n ≥ 1,

where {Wn} is the sequence generated by (15)and {αn}, {βn}, {γn} are sequences in (0, 1), {λn} ⊂
[a, b] ⊂ (0, 1

k ) and {rk,n}, k ∈ {1, 2, 3, . . . , M} are a real sequence in (0, ∞) satisfy the following
conditions:

(C1) αn + βn + γn = 1,
(C2) limn→∞ αn = 0 and ∑∞

n=1 αn = ∞,
(C3) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1,
(C4) lim infn→∞ rk,n > 0 and limn→∞ |rk,n+1 − rk,n| = 0 for each k ∈ {1, 2, 3, . . . , M},
(C5) limn→∞ λn = 0.
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(C6) limn→∞ |λn,i − λn−1,i| = 0 for all i = 1, 2, . . . , N.

Then, {xn} and {un} converge strongly to a point z ∈ Ω which is the unique solution of the variational
inequality 〈

z− f (z), x − z
〉
≥ 0, ∀x ∈ Ω.

Equivalently, we have z = PΩ f (z).
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Mean nonexpansive mappings and Suzuki-generalized
nonexpansive mappings∗

Kittikorn Nakprasit

ABSTRACT: We give an example of a mapping that is mean nonexpansive but not Suzuki-
generalized nonexpansive, and vice versa. But in case of increasing mappings, we show that
mean nonexpansiveness implies Suzuki-generalized nonexpansiveness.

KEYWORDS: Mean nonexpansive mapping; Suzuki-generalized nonexpansive mapping.

1. Introduction

Let C be a subset of a Banach space X. For nonnegative real numbers a and b such that a + b ≤
1, a mapping T : C → C is said to be (a, b)-mean nonexpansive if

‖Tx− Ty‖ ≤ a‖x− y‖+ b‖x− Ty‖ for all x, y ∈ C.

We also say that T is mean nonexpansive if T is (a, b)-mean nonexpansive for some nonnegative
real numbers a and b such that a + b ≤ 1. This type of mappings is introduced in [4] and
extensively studied in [2] and [3].

In [1], T. Suzuki introduced a weaker condition of nonpansiveness which is now known
as Suzuki-generalized nonexpansive. We say that T is Suzuki-generalized nonexpansive if
1
2‖x− Tx‖ ≤ ‖x− y‖, then ‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ C.

Incidentally, examples of mean nonexpansive mappings and Suzuki-generalized nonexpan-
sive mappings in the known literature are essentially the same. So the question naturally arises
whether there exists a subset relation between the class of mean nonexpansive mappings and
the class of Suzuki-generalized nonexpansive mappings.

We find the answer negative by an example of a mapping that is mean nonexpansive but not
Suzuki-generalized nonexpansive, and vice versa. However we prove that in case of increasing
mappings, mean nonexpansiveness implies Suzuki-generalized nonexpansiveness.
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2. A mean nonexpansive mapping that is not Suzuki-generalized nonexpansive

Lemma 2.1. Suppose that T : [0, 5] → [0, 2] is a mapping defined by

Tx =

 2 if x ∈ [0, 4],
1 if x ∈ (4, 5),
0 if x = 5.

Then T is mean nonexpansive but not Suzuki-generalized nonexpansive.

Proof. Let x = 4 and y = 5. We have

1
2
‖x− Tx‖ = 1 = ‖x− y‖.

But ‖Tx− Ty‖ = 2 > ‖x− y‖. Thus T is not Suzuki-generalized nonexpansive.
Next we show that for each 0 ≤ x, y ≤ 5,

‖Tx− Ty‖ ≤ 1
2
‖x− y‖+

1
2
‖x− Ty‖.

Case 1: x ∈ [0, 5], y ∈ (4, 5). Then

‖Tx− Ty‖ < 3
2

< 1
2‖y− x + x− Ty‖

= 1
2‖x− y‖+ 1

2‖x− Ty‖.

Case 2: x ∈ [0, 5], y = 5. Then

‖Tx− Ty‖ < 5
2

= 1
2‖y− x + x− Ty‖

= 1
2‖x− y‖+ 1

2‖x− Ty‖.

Case 3: x ∈ (4, 5), y ∈ [0, 4]. Then

‖Tx− Ty‖ < 3
2

< 1
2‖x− y + x− Ty‖

≤ 1
2‖x− y‖+ 1

2‖x− Ty‖.

Case 4: x = 5, y ∈ [0, 4]. Then

‖Tx− Ty‖ < 5
2

≤ 1
2‖x− y + x− Ty‖

≤ 1
2‖x− y‖+ 1

2‖x− Ty‖.

We have ‖Tx− Ty‖ = 0 in a remaining case, so T is mean nonexpansive. �

3. A Suzuki-generalized nonexpansive mapping that is not mean nonexpansive

Lemma 3.1. Suppose that T : [0, 11] → [0, 1] is a mapping defined by

Tx =

 1− x if x ∈ [0, 1],
0 if x ∈ (1, 11)
1 if x = 11.

Then T is Suzuki-generalized nonexpansive but not mean nonexpansive.

Proof. Suppose T is mean nonexpansive. So there are nonnegative real numbers a and b such
that a + b ≤ 1 and

‖Tx− Ty‖ ≤ a‖x− y‖+ b‖x− Ty‖ for all x, y ∈ [0, 11].
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But if x = 0 and y = 1, then

‖Tx− Ty‖ = 1
≤ a‖x− y‖+ b‖x− Ty‖
= a.

So a = 1 and b = 0, i.e., T is nonexpansive. But this contradicts to the fact that T is not
continuous. So T is not mean nonexpansive.

Next we show that T is Suzuki-generalized nonexpansive by contradiction. Suppose there
are x and y such that

(1) ‖Tx− Ty‖ > ‖x− y‖
but

(2)
1
2
‖x− Tx‖ ≤ ‖x− y‖

or

(3)
1
2
‖y− Ty‖ ≤ ‖x− y‖.

We may assume that x = 11 because T is nonexpansive on [0, 11). Combining with ‖Tx −
Ty‖ ≤ 1 and (1), we have y > 10. But then

1
2‖x− Tx‖ = 5

> 1
≥ ‖x− y‖

and
1
2‖y− Ty‖ ≥ 9

2
> 1
≥ ‖x− y‖

which contradict to (2) and (3). Thus T is Suzuki-generalized nonexpansive �

4. Increasing mean nonexpansive mapping is Suzuki-generalized nonexpansive

Lemma 4.1. If T is an increasing mean nonexpansive mapping, then T is Suzuki-generalized nonex-
pansive.

Proof. Let T be an increasing mean nonexpansive mapping.
Let y < x. We show that ‖Tx− Ty‖ ≤ ‖x− y‖ if

(4)
1
2
‖x− Tx‖ ≤ ‖x− y‖

or

(5)
1
2
‖y− Ty‖ ≤ ‖x− y‖.

We may assume

(6) ‖Tx− Ty‖ < min{‖Tx− y‖, ‖x− Ty‖}.

Otherwise ‖Tx− Ty‖ ≤ ‖x− y‖ by mean nonexpansive condition of T.

Case 1: Ty ≤ Tx ≤ y ≤ x.

Suppose x, y satisfy (4), we have

‖x− y‖+ ‖y− Tx‖ = ‖x− Tx‖ ≤ 2‖x− y‖.

So
‖y− Tx‖ ≤ ‖x− y‖.
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From (6), we have
‖Tx− Ty‖ < ‖Tx− y‖.

Thus
‖Tx− Ty‖ < ‖x− y‖.

Suppose x, y satisfy (5). Then

‖y− Tx‖+ ‖Tx− Ty‖ = ‖y− Ty‖ ≤ 2‖x− y‖.

So
‖Tx− Ty‖ ≤ ‖x− y‖ or ‖y− Tx‖ ≤ ‖x− y‖.

Thus ‖Tx− Ty‖ ≤ ‖x− y‖ immediately or by (6).

Case 2: Ty ≤ y ≤ Tx ≤ x.
This case does not satisfy ‖Tx− Ty‖ < ‖Tx− y‖ in (6). Thus the case is impossible.

Case 3: y ≤ Ty ≤ Tx ≤ x.
We have ‖Tx− Ty‖ ≤ ‖x− y‖ immediately.

Case 4:y ≤ Ty ≤ x ≤ Tx.
This case does not satisfy ‖Tx− Ty‖ < ‖x− Ty‖ in (6). Thus the case is impossible.

Case 5:y ≤ x ≤ Ty ≤ Tx.

Suppose x, y satisfy (4). We have ‖Tx− Ty‖ < ‖x− Ty‖ by (6), then

‖x− y‖ ≥ 1
2‖Tx− x‖

= 1
2‖Tx− Ty‖+ 1

2‖Ty− x‖
> 1

2‖Tx− Ty‖+ 1
2‖Tx− Ty‖

= ‖Tx− Ty‖.

Suppose x, y satisfy (5). Then

‖Ty− x‖+ ‖x− y‖ = ‖Ty− y‖ ≤ 2‖x− y‖.

So
‖Ty− x‖ ≤ ‖x− y‖.

From (6), we have
‖Tx− Ty‖ < ‖Ty− x‖.

Thus ‖Tx− Ty‖ < ‖x− y‖. This completes the proof.
�
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Shrinking projection methods for a family of relatively
nonexpansive mappings, equilibrium problems and variational

inequality problems in Banach spaces
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ABSTRACT: In this paper, we prove a strong convergence theorem by the shrinking projection
method for finding a common element of the set of fixed points of a countable family of rel-
atively nonexpansive mappings and the set of solutions of equilibrium problems and the set
of solution of variational inequality problems in Banach spaces. Then, we apply our main the-
orem to the problem of finding a zero of a maximal monotone operator, the complementarity
problems, and the convex feasibility problems.

KEYWORDS: Relatively nonexpansive mapping; Equilibrium problem; Variational inequality
problem; Strong convergence.

1. Introduction

Let E be a real Banach space and let E∗ be the dual space of E. Let C be a closed convex subset
of E. Let A : C → E∗ be a mapping. The classical variational inequality, denoted by VI(A, C),
is to find x∗ ∈ C such that

(1) 〈Ax∗, v− x∗〉 ≥ 0 for allv ∈ C.

The variational inequality has emerged as a fascinating and interesting branch of mathematical
and engineering sciences with a wide range of applications in industry, finance, economics,
social, ecology, regional, pure and applied sciences; see, e.g. [9, 22, 33, 35, 37, 40] and the
references therein. An operator A is called α-inverse-strongly monotone [7, 19] if there exists a
positive real number α such that

〈Au− Av, u− v〉 ≥ α‖Au− Av‖2

for all u, v ∈ C.
In 2008, Iiduka and Takahashi [13] introduce the following algorithm for finding a solution

of the variational inequality for an α-inverse-strongly monotone A in a 2-uniformly convex
and uniformly smooth Banach space E. For an initial point x1 = x ∈ C, define a sequence {xn}
by

(2) xn+1 = ΠC J−1(Jxn − λn Axn),
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where J is the duality mapping on E and ΠC is the generalized projection from E onto C. Then
{xn} converges weakly to some element z ∈ VI(A, C) where z = limn→∞ ΠVI(A,C)xn.

Let f be a bifunction of C × C into R, where R is the set of real numbers. The equilibrium
problem is to find x ∈ C such that

(3) f (x, y) ≥ 0 for all y ∈ C.

The set of solutions of (3) is denoted by EP( f ). Numerous problems in physics, optimization,
and economics reduce to find a solution of (3). In 1997 Combettes and Hirstoaga [12] intro-
duced an iterative scheme of finding the best approximation to initial data when EP( f ) is
nonempty and proved a strong convergence theorem. This equilibrium problem contains the
fixed point problem, optimization problem, saddle point problem, variational inequality prob-
lem and Nash equilibrium problem as its special cases (see, e.g., Blum and Oettli [6], Combettes
and Hirstoaga [12]).

A popular method is the hybrid projection method developed in Nakajo and Takahashi
[22], Kamimura and Takahashi [14] and Martinez-Yanes and Xu [20]; see also Matsushita and
Takahashi [21], Plubtieng and Ungchittrakool [25] and references therein. Recently Takahashi,
et al. [34] introduced an alterative projection method, which is called the shrinking projection
method, and they showed several strong convergence theorems for a family of nonexpansive
mappings. In 2008, Takahashi and Zembayashi [36], introduced the following iterative scheme
which is called the shrinking projection method:

(4)



x0 = x ∈ C, C1 = C,
yn = J−1(αn Jxn + (1− αn)JTxn),
un ∈ C such that f (un, y) + 1

rn
〈y− un, Jun − Jyn〉 ≥ 0, ∀ y ∈ C,

Cn+1 = {z ∈ Cn : φ(z, un) ≤ φ(z, xn)},
xn+1 = ΠCn+1 x0, ∀n ≥ 1,

where J is the duality mapping on E and ΠC is the generalized projection from E onto C. They
proved that the sequence {xn} converges strongly to q ∈ ΠF(T)∩EP( f )x0. Recently, Cholamjiak
[10] introduced a new hybrid projection algorithm and proved a strong convergence theorem
for finding a common element of the set of solutions of the equilibrium problem and the set of
the variational inequality for an inverse-strongly monotone operator and the set of fixed points
of relatively quasinonexpansive mappings in a Banach space.

On the other hand, Aoyama, et al. [1] introduced a Halpern type iterative sequence for
finding a common fixed point of a countable family of nonexpansive mappings. Let x1 = x ∈ C
and

(5) xn+1 = αnx + (1− αn)Tnxn

for all n ∈ N, where C is a nonempty closed convex subset of a Banach space, {αn} is a
sequence in [0, 1] and {Tn} is a sequence of nonexpansive mappings with some condition. They
proved that {xn} defined by (5) converges strongly to a common fixed point of {Tn}. Recently,
Nakajo et al. [23] introduced the more general condition so-called the NST∗-condition. A
sequence {Tn} is said to satisfy the NST∗-condition if for every bounded sequence {zn} in C,

lim
n→∞

‖zn − Tnzn‖ = lim
n→∞

‖zn − zn+1‖ = 0 implies ωw(zn) ⊂ F.

where F is the set of common fixed point of {Tn} and ωw(zn) = {z : ∃znr ⇀ z} denotes
the weak ω-limit set of {zn}. They also prove strong convergence theorems by the hybrid
method for families of mappings in a uniformly convex Banach space E whose norm is Gâteaux
differentiable.

Motivated and inspired by Takahashi and Zembayashi [36] and Cholamjiak [10], this paper
is organized as follows. In section 2, we present some basic concepts and useful lemmas for
proving the convergence result of this paper. In section 3, we introduce an iterative processes
(15) below for finding a common element of the set of fixed points of a countable family of
relatively nonexpansive mappings and the set of solutions of equilibrium problems and the set
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of solution of variational inequality problem. Then, we prove a strong convergence theorem.
Moreover, we obtain corollary which extend the result of Takahashi and Zembayashi [36]. In
section 4, we apply our main theorems to the problem of finding a zero of a maximal monotone
operator, the complementarity problems, and the convex feasibility problems.

2. Preliminaries

Let E be a real Banach space and let S = {x ∈ E : ‖x‖ = 1} be the unit sphere of E. A Banach
space E is said to be strictly convex if for any x, y ∈ S,

(6) x 6= y implies ‖ x + y
2

‖ < 1.

It is also said to be uniformly convex if for each ε ∈ (0, 2], there exists δ > 0 such that for any
x, y ∈ S,

(7) ‖x − y‖ ≥ ε implies ‖ x + y
2

‖ < 1− δ.

It is known that a uniformly convex Banach space is reflexive and strictly convex. We define a
function δ : [0, 2] → [0, 1], is called the modulus of convexity of E, as follows:

(8) δ(ε) = inf{1− ‖ x + y
2

‖ : x, y ∈ E, ‖x‖ = ‖y‖ = 1, ‖x − y‖ ≥ ε}.

Then E is uniformly convex if and only if δ(ε) > 0 for all ε ∈ (0, 2]. Let p be a fixed real number
with p ≥ 2. A Banach space E is said to be p-uniformly convex if there exists a constant c > 0
such that δ(ε) ≥ cεp for all ε ∈ [0, 2]; see [4, 5, 32] for more details. A Banach space E is said to
be smooth if the limit

(9) lim
t→0

‖x + ty‖ − ‖x‖
t

exists for all x, y ∈ S. It is also said to be uniformly smooth if the limit (9) is attained uniformly
for x, y ∈ S. One should note that no Banach space is p-uniformly convex for 1 < p < 2; see
[32]. It is well known that a Hilbert space is 2-uniformly convex, uniformly smooth. For each
p > 1, the generalized duality mapping Jp : E → 2E∗ is defined by

(10) Jp(x) = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖p, ‖x∗‖ = ‖x‖p−1}
for all x ∈ E. In particular, J = J2 is called the normalized duality mapping. If E is a Hilbert space,
then J = I, where I is the identity mapping. It is also known that if E is uniformly smooth,
then J is uniformly norm-to-norm continuous on each bounded subset of E. See [30, 31] for
more details.

Lemma 2.1. [5] Let p be a given real number with p ≥ 2 and E a p-uniformly convex Banach space.
Then, for all x, y ∈ E, jx ∈ Jp(x) and jy ∈ Jp(y),

(11) 〈x − y, jx − jy〉 ≥
cp

2p−2 p
‖x − y‖p,

where Jp is the generalized duality mapping of E and 1
c is the p-uniformly convexity constant of E.

Let E be a smooth Banach space. The function φ : E× E → R is defined by

(12) φ(x, y) = ‖x‖2 − 2〈x, Jy〉+ ‖y‖2

for all x, y ∈ E. In a Hilbert space H, we have φ(x, y) = ‖x − y‖2 for all x, y ∈ H.
It is obvious from the definition of the function φ that

(1) (‖y‖ − ‖x‖)2 6 φ(y, x) 6 (‖y‖+ ‖x‖)2,
(2) φ(x, y) = φ(x, z) + φ(z, y) + 2〈x − z, Jz− Jy〉,
(3) φ(x, y) = 〈x, Jx − Jy〉+ 〈y− x, Jy〉 6 ‖x‖‖Jx − Jy‖+ ‖y− x‖‖y‖,
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for all x, y, z ∈ E. Let E be a strictly convex, smooth, and reflexive Banach space, and let J be
the duality mapping from E into E∗. Then J−1 is also single-valued, one-to-one, and surjective,
and it is the duality mapping from E∗ into E. We make use of the following mapping V studied
in Alber [2]:

(13) V(x, x∗) = ‖x‖2 − 2〈x, x∗〉+ ‖x∗‖2

for all x ∈ E and x∗ ∈ E∗. In other words, V(x, x∗) = φ(x, J−1(x∗)) for all x ∈ E and x∗ ∈ E∗.
For each x ∈ E, the mapping V(x, ·) : E∗ → R is a continuous and convex function from E∗
into R.

Lemma 2.2. [14] Let E be a uniformly convex and smooth Banach space and let {yn}, {zn} be two
sequences of E. If φ(yn, zn) → 0 and either {yn} or {zn} is bounded, then yn − zn → 0.

Lemma 2.3. [2, 14] Let E be a a smooth, strictly convex, and reflexive Banach space and let V be as in
(13). Then

V(x, x∗) + 2〈J−1(x∗)− x, y∗〉 ≤ V(x, x∗ + y∗)
for all x ∈ E and x∗, y∗ ∈ E∗.

Let C be a nonempty closed convex subset of a smooth, strictly convex, and reflexive Banach
space E, for any x ∈ E, there exists a point x0 ∈ C such that φ(x0, x) = miny∈C φ(y, x). The
mapping ΠC : E → C defined by ΠCx = x0 is called the generalized projection [2, 14]. The
following are well-known results. For example, see [2, 14].

Lemma 2.4. [2, 14] Let C be a nonempty closed convex subset of a smooth Banach space E, let x ∈ E,
and let x0 ∈ C. Then, x0 = ΠCx if and only if 〈x0 − y, Jx − Jx0〉 > 0 for all y ∈ C.

Lemma 2.5. [2, 14] Let E be a reflexive, strictly convex and smooth Banach space, let C be a nonempty
closed convex subset of E and let x ∈ E. Then φ(y, ΠCx) + φ(ΠCx, x) 6 φ(y, x) for all y ∈ C.

Let C be a nonempty closed convex subset of a smooth, strictly convex, and reflexive Banach
space E, let T be a mapping from C into itself, and let F(T) be the set of all fixed points of T.
Then a point p ∈ C is said to be an asymptotic fixed point of T (see Reich [27]) if there exists a
sequence {xn} in C converging weakly to p and limn→∞ ‖xn − Txn‖ = 0. We denote the set of
all asymptotic fixed points of T by F̂(T) and we say that T is a relatively nonexpansive mapping
if the following conditions are satisfied:

(R1) F(T) is nonempty;
(R2) φ(u, Tx) 6 φ(u, x) for all u ∈ F(T) and x ∈ C;
(R3) F̂(T) = F(T).

Lemma 2.6. [21] Let C be a nonempty closed convex subset of a smooth, strictly convex, and reflexive
Banach space E , and let T be a relatively nonexpansive mapping from C into itself. Then F(T) is closed
and convex.

Lemma 2.7. [39] Let E be a uniformly convex Banach space and Br(0) = {x ∈ E : ‖x‖ 6 r} be a
closed ball of E. Then there exists a continuous strictly increasing convex function g : [0, ∞) → [0, ∞)
with g(0) = 0 such that

(14) ‖tx + (1− t)y‖2 ≤ t‖x‖2 + ‖(1− t)y‖2 − t(1− t)g(‖x − y‖),

for all x, y ∈ Br(0) and t ∈ [0, 1].

Lemma 2.8. [26] Let C be a closed convex subset of a smooth Banach space E and let x, y ∈ E. Then
the set K := {v ∈ C : φ(v, y) 6 φ(v, x)} is closed and convex.

For solving the equilibrium problem for a bifunction f : C × C → R, let us assume that f
satisfies the following conditions:

(A1) f (x, x) = 0 for all x ∈ C;
(A2) f is monotone, i.e., f (x, y) + f (y, x) ≤ 0 for all x, y ∈ C;
(A3) for each x, y, z ∈ C, limt→0 f (tz + (1− t)x, y) ≤ f (x, y);
(A4) for each x ∈ C, y 7→ f (x, y) is convex and lower semicontinuous.
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Lemma 2.9. [6] Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive
Banach space E and let f be a bifunction of C × C into R satisfying (A1)-(A4). Let r > 0 and x ∈ E.
Then, there exists z ∈ C such that

f (z, y) +
1
r
〈y− z, Jz− Jx〉 ≥ 0 for all y ∈ C.

Lemma 2.10. [36] et C be a nonempty closed convex subset of a uniformly smooth, strictly convex and
reflexive Banach space E and let f be a bifunction of C × C into R satisfying (A1)-(A4). For r > 0 and
x ∈ E, define a mapping Tr : H → C as follows:

Tr(x) = {z ∈ C : f (z, y) +
1
r
〈y− z, Jz− Jx〉 ≥ 0, ∀y ∈ C}

for all z ∈ H. Then, the following hold:

(1) Tr is single- valued;
(2) Tr is firmly nonexpansive-type mapping, i.e., for any x, y ∈ E,

〈Trx − Try, JTrx − JTry〉 ≤ 〈Trx − Try, Jx − Jy〉

(3) F(Tr) = EP( f );
(4) EP( f ) is closed and convex.

Lemma 2.11. [36] Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive
Banach space E, let f be a bifunction of C × C into R satisfying (A1)-(A4) and let r > 0. Then, for all
x ∈ E and q ∈ F(Tr),

φ(q, Trx) + φ(Trx, x) ≤ φ(q, x)

An operator A of C into E∗ is said to be hemicontinuous if for all x, y ∈ C, the mapping F
of [0, 1] into E∗ defined by F(t) = A(tx + (1 − t)y) is continuous with respect to the weak∗

topology of E∗. We define the normal cone for C at a point v ∈ C, NC(v) by

NC(v) = {x∗ ∈ E∗ : 〈v− y, x∗〉 ≥ 0, ∀y ∈ C}.

Lemma 2.12. [28] Let C be a closed convex subset of a Banach space E, and let A be a monotone,
hemicontinuous operator of C into E∗. Let Te ⊂ E× E∗ be an operator defined as follows:

Tev =

{
Av + NCv, v ∈ C;
∅, otherwise.

Then Te is maximal monotone and T−1
e 0 = VI(A, C).

Throughout the paper, we will use the notations:

(1) → for strong convergence.
(2) ωw(xn) = {x : ∃xnr ⇀ x} denotes the weak ω-limit set of {xn}.

3. Main result

In this section, we prove the strong convergence theorems for finding a common element of
the set of solutions of equilibrium problem, the set of the solutions of the variational inequality
problem and the set of fixed point of a countable family of relatively nonexpansive mappings
in Banach spaces by using the hybrid method in mathematical programming.

Theorem 3.1. Let C be a closed convex subset of a 2-uniformly convex and uniformly smooth Banach
space E. Let f be a bifunction from C×C → R satisfying (A1)-(A4) and let A be an α-inverse strongly
monotone of E into E∗ such that ‖Ay‖ ≤ ‖Ay − Au‖ for all y ∈ C and u ∈ VI(A, C). Let {Tn}
be a family of relatively nonexpansive mappings of C into itself such that satisfies the NST∗-condition
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and F := ∩∞
n=1F(Tn) ∩ EP( f ) ∩ VI(A, C) 6= ∅. For an initial point x0 ∈ E with x1 = ΠC1 x0 and

C1 = C, define a sequence {xn} as follows:

(15)



zn = ΠC J−1(Jxn − λn Axn),
yn = J−1(αn Jxn + (1− αn)JTnzn),
un ∈ Csuch that f (un, y) + 1

rn
〈y− un, Jun − Jyn〉 ≥ 0, ∀ y ∈ C,

Cn+1 = {z ∈ Cn : φ(z, un) ≤ φ(z, xn)},
xn+1 = ΠCn+1 x0, ∀n ≥ 1

where J is the duality mapping on E. Assume that {αn} ⊂ [0, 1], {λn} ⊂ (0, ∞) and {rn} ⊂ (0, ∞)
satisfying the retrictions

(C1) lim infn→∞ αn(1− αn) > 0,
(C2) {rn} ⊂ [s, ∞) for some s > 0,
(C3) {λn} ⊂ [a, b] for some a, b with 0 < a < b < c2α

2 , where 1
c is the 2-uniformly convexity of E.

Then the sequence {xn} and {un} converge strongly to q = ΠFx0.

Proof. Step 1. Show that ΠFx0 and ΠCn+1 x0 are well-defined.
It is obvious that VI(A, C) is closed convex subset of C. Thus, it follows form Lemma 2.6 and

Lemma 2.10 that ∅ 6= F = ∩∞
n=1F(Tn) ∩ EP( f ) ∩ VI(A, C) is closed and convex. This implies

that ΠFx0 is well-defined. Now, we claim that F ⊂ Cn and Cn is closed convex for all n ∈ N

.Obvious that F ⊂ C = C1 is closed and convex. So x1 = ΠC1 x0 is well-defined. Next, suppose
that F ⊂ Ck and Ck is closed convex for some k ∈ N. Thus xk = ΠCk x0 is well-defined. We note
from Lemma 2.8 that Ck+1 is closed and convex. Consequently, Cn is closed and convex for all
n ∈ N. Set vn = J−1(Jxn − λn Axn) and un = Trn yn. For u ∈ F ⊂ Ck, we know from Lemma 2.3
and Lemma 2.5 that

φ(u, zk) = φ(u, ΠCvk)
≤ φ(u, vk)
= φ(u, J−1(Jxk − λk Axk))
= V(u, Jxk − λk Axk)
≤ V(u, (Jxk − λk Axk) + λk Axk)− 2〈J−1(Jxk − λk Axk)− u, λk Axk〉
= V(u, Jxk)− 2λk〈vk − u, Axk〉
= φ(u, xk)− 2λk〈xk − u, Axk〉+ 2〈vk − xk,−λk Axk〉.(16)

Since u ∈ VI(A, C) and A is an α-inverse strongly monotone, we have

−2λk〈xk − u, Axk〉 = −2λk〈xk − u, Axk − Au〉 − 2λk〈xk − u, Au〉
≤ −2αλk‖Axk − Au‖2.(17)

Using Lemma 2.1 and ‖Ay‖ ≤ ‖Ay− Au‖ for all y ∈ C and u ∈ VI(A, C), we obtain

2〈vk − xk,−λk Axk〉 = 2〈J−1(Jxk − λk Axk)− J−1(Jxk),−λk Axk〉
≤ 2‖J−1(Jxk − λk Axk)− J−1(Jxk)‖‖λk Axk‖

≤ 4
c2 ‖J J−1(Jxk − λk Axk)− J J−1(Jxk)‖‖λk Axk‖

≤ 4
c2 λ2

k‖Axk‖2

≤ 4
c2 λ2

k‖Axk − Au‖2.(18)

Replacing (17) and (18) into (16), we have

(19) φ(u, zk) ≤ φ(u, xk) + 2λk(
2
c2 λk − α)‖Axk − Au‖2 ≤ φ(u, xk).
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By convexity of ‖ · ‖2 and (19) , for each u ∈ F ⊂ Ck, we obtain

φ(u, uk) = φ(u, Trk yk)
≤ φ(u, yk)
= φ(u, J−1(αk Jxk + (1− αk)JTkzk))
= ‖u‖2 − 2αk〈u, Jxk〉 − 2(1− αk)〈u, JTkzk〉+ ‖αk Jxk + (1− αk)JTkzk‖2

≤ ‖u‖2 − 2αk〈u, Jxk〉 − 2(1− αk)〈u, JTkzk〉+ αk‖Jxk‖2 + (1− αk)‖JTkzk‖2

= αkφ(u, xk) + (1− αk)φ(u, Tkzk)
≤ αkφ(u, xk) + (1− αk)φ(u, zk)
≤ αkφ(u, xk) + (1− αk)φ(u, xk)
= φ(u, xk).(20)

This show that u ∈ Ck+1 and so F ⊂ Ck+1. Consequently, ∅ 6= F ⊂ Cnand Cn closed convex for
all n ≥ 1. This implies that ΠCn x0 for all n ≥ 1 is well-defined.

Step 2. Show that limn→∞ φ(xn, x0) exists and limn→∞ ‖xn+1 − xn‖ = limn→∞ ‖xn − un‖ = 0.
Since xn = ΠCn x0, it follows from Lemma 2.5 that

(21) φ(xn, x0) ≤ φ(u, x0)− φ(u, xn) ≤ φ(u, x0) for all u ∈ Cn.

From step 2 and (21), we get

(22) φ(xn, x0) ≤ φ(u, x0) for all u ∈ F and for all n ∈ N.

Therefore {φ(xn, x0)} is bounded and hence {xn} is bounded by (1). From xn = ΠCn x0 and
xn+1 ∈ Cn+1 ⊂ Cn, we have

(23) φ(xn, x0) = miny∈Cn φ(y, x0) ≤ φ(xn+1, x0) for all n ∈ N.

Hence {φ(xn, x0)} is bounded and nondecreasing. This implies that there exists the limit of
{φ(xn, x0)}. It follows form Lemma 2.5 that

(24) φ(xn+1, xn) = φ(xn+1, ΠCn x0) ≤ φ(xn+1, x0)− φ(ΠCn x0, x0) = φ(xn+1, x0)− φ(xn, x0),

for all n ∈ N. Thus, we have

(25) lim
n→∞

φ(xn+1, xn) = 0.

Since xn+1 = ΠCn+1 x0 ∈ Cn+1, it follows from the definition of Cn+1 that

(26) φ(xn+1, un) ≤ φ(xn+1, xn) → 0.

By Lemma 2.2, 25 and 26, we note that

(27) lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

‖xn+1 − un‖ = lim
n→∞

‖xn − un‖ = 0.

Since J is uniformly norm-to-norm continuous on bounded subset, we also obtain

(28) lim
n→∞

‖Jxn+1 − Jxn‖ = lim
n→∞

‖Jxn − Jun‖ = 0.

Step 3. Show that {xn} is a Cauchy sequence.
Since xm = ΠCm x0 ∈ Cm ⊂ Cn for m > n, it follows from Lemma 2.5 that

(29) φ(xm, xn) = φ(xm, ΠCn x0) ≤ φ(xm, x0)− φ(ΠCn x0, x0) = φ(xm, x0)− φ(xn, x0).

Taking m, n → ∞, we obtain that φ(xm, xn) → 0. From Lemma 2.2, implies that limm,n→∞ ‖xm −
xn‖ = 0. Hence {xn} is a Cauchy sequence and so by the completeness of E and the closedness
of C, we can assume that xn → q ∈ C as n → ∞.

Step 4. Show that q ∈ ∩∞
n=1F(Tn).

Since {xn} and {Tn} are bounded, there exists r > 0 such that r = supn≥1{‖xn‖, ‖Tn‖}. Then, it
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follows from (19), (20) and Lemma 2.7 that there exists a continuous strictly increasing convex
function g : [0, ∞) → [0, ∞) with g(0) = 0 such that

φ(u, un) ≤ ‖u‖2 − 2αn〈u, Jxn〉 − 2(1− αn)〈u, JTnzn〉+ ‖αn Jxn + (1− αn)JTnzn‖2

≤ ‖u‖2 − 2αn〈u, Jxn〉 − 2(1− αn)〈u, JTnzn〉+ αn‖Jxn‖2 + (1− αn)‖JTnzn‖2

−αn(1− αn)g(‖Jxn − JTnzn‖)
= αnφ(u, xn) + (1− αn)φ(u, Tnzn)− αn(1− αn)g(‖Jxn − JTnzn‖)
≤ αnφ(u, xn) + (1− αn)φ(u, zn)− αn(1− αn)g(‖Jxn − JTnzn‖)

≤ αnφ(u, xn) + (1− αn)[φ(u, xn) + 2λn(
2
c2 λn − α)‖Axk − Au‖2]

−αn(1− αn)g(‖Jxn − JTnzn‖)

= φ(u, xn) + 2(1− αn)λn(
2
c2 λn − α)‖Axk − Au‖2 − αn(1− αn)g(‖Jxn − JTnzn‖)

≤ φ(u, xn)− αn(1− αn)g(‖Jxn − JTnzn‖).(30)

This implies that

αn(1− αn)g(‖Jxn − JTnzn‖) ≤ φ(u, xn)− φ(u, un)
= ‖xn‖2 − ‖un‖2 − 2〈u, Jxn − Jun〉
≤ ‖xn − un‖(‖xn‖+ ‖un‖) + 2‖u‖‖Jxn − Jun‖.(31)

Using (27), (28), (31) and (C1), we get limn→∞ g(‖Jxn − JTnzn‖) = 0. By the property of g, we
have limn→∞ ‖Jxn − JTnzn‖ = 0. Since J and J−1 are uniformly norm-to-norm continuous on
bounded subset, it follows that

(32) lim
n→∞

‖xn − Tnzn‖ = lim
n→∞

‖J−1(Jxn)− J−1(JTnzn)‖ = 0

Again by 30, we have

2a(α− 2
c2 b)‖Axk − Au‖2 ≤ 1

1− αn
φ(u, xn)− φ(u, un)

≤ 1
1− αn

[‖xn − un‖(‖xn‖+ ‖un‖) + 2‖u‖‖Jxn − Jun‖].(33)

It follows from (27), (28), (33) and (C1), we get that

(34) lim
n→∞

‖Axk − Au‖ = 0.

From Lemma 2.3, Lemma 2.5 and (18), we have

φ(xn, zn) = φ(xn, ΠCvn)
≤ φ(xn, vn)
= φ(xn, J−1(Jxn − λn Axn))
= V(xn, Jxn − λn Axn)
≤ V(xn, (Jxn − λn Axn) + λn Axn)− 2〈J−1(Jxn − λn Axn)− xn, λn Axn〉
= V(xn, Jxn)− 2λn〈vn − xn, Axn〉
= φ(xn, xn) + 2〈vn − xn,−λn Axn〉

≤ 4
c2 λ2

n‖Axn − Au‖2.(35)

By Lemma 2.2, (35) and J is uniformly norm-to-norm continuous on bounded subset, we note
that

(36) lim
n→∞

‖xn − zn‖ = lim
n→∞

‖Jxn − Jzn‖ = 0.

Since xn → q as n → ∞, zn → q as n → ∞. Combining (27), (32) and (36), we also obtain

‖Tnzn − zn‖ ≤ ‖xn − zn‖+ ‖Tnzn − xn‖ → 0,
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and hence
‖zn+1 − zn‖ ≤ ‖zn+1 − xn+1‖+ ‖xn+1 − xn‖+ ‖xn − zn‖ → 0.

Since {Tn} satisfies the NST∗-condition, we have q ∈ ∩∞
n=1F(Tn).

Step 5. Show that q ∈ EP( f ).
From (20) and Lemma 2.11, we have

φ(un, yn) = φ(Trn yn, yn)
≤ φ(u, yn)− φ(u, Trn yn)
≤ φ(u, xn)− φ(u, Trn yn)
= φ(u, xn)− φ(u, un).(37)

It follows from (31) that limn→∞ φ(un, yn) = 0. Hence, by Lemma 2.2, we note that limn→∞ ‖un−
yn‖ = 0. Since J is uniformly norm-to-norm continuous on bounded subset and (C2), we get

(38) lim
n→∞

‖ Jun − Jyn

rn
‖ = 0.

Using (A2), we note that, for each y ∈ C,

‖y− un‖‖
Jun − Jyn

rn
‖ ≥ 1

rn
〈y− un, Jun − Jyn〉

≥ − f (un, y)
≥ f (y, un).(39)

It follows from (A4) and un → q that f (y, q) ≤ 0 for all y ∈ C. For each 0 < t < 1 and y ∈ C,
we define yt = ty + (1− t)q. Hence yt ∈ C and therefore f (yt, q) ≤ 0. From (A1), we obtain
0 = f (yt, yt) ≤ t f (yt, y) + (1− t) f (yt, q) ≤ t f (yt, y). Thus, f (yt, y) ≥ 0 and so from (A3) we
get f (q, y) ≥ 0. Since y is arbitrary element in C, we get q ∈ EP( f ).

Step 6. Show that q ∈ VI(A, C).
Define Te ⊂ E × E∗ be as in Lemma 2.12 and let (v, w) ∈ G(Te). Then w − Av ∈ NC(v). Since
zn ∈ C and by definition of NC(v), it follows that

(40) 〈v− zn, w− Av〉 ≥ 0.

On the other hand, by Lemma 2.5, we obtain

(41) 〈v− zn,
Jxn − Jzn

λn
− Axn〉 ≤ 0.

Combining (40) and (41), we have

〈v− zn, w〉 ≥ 〈v− zn, Av〉

≥ 〈v− zn, Av〉+ 〈v− zn,
Jxn − Jzn

λn
− Axn〉

= 〈v− zn, Av− Axn〉+ 〈v− zn,
Jxn − Jzn

λn
〉

= 〈v− zn, Av− Azn〉+ 〈v− zn, Azn − Axn〉

+〈v− zn,
Jxn − Jzn

λn
〉

≥ −‖v− zn‖
‖zn − xn‖

α
− ‖v− zn‖

‖Jxn − Jzn‖
a

≥ −M(
‖zn − xn‖

α
+
‖Jxn − Jzn‖

a
),(42)

where M = supn≥1{‖v − zn‖}. By taking the limit as n → ∞ and from (36), we note that
〈v− q, w〉 ≥ 0. Since Te is maximal monotone and T−1

e 0 = VI(A, C), we obtain q ∈ VI(A, C).
Step 7. Show that q = ΠFx0.

Since xn = ΠCn x0 and F ⊂ Cn for all n ∈ N, we obtain that

(43) 〈Jx0 − Jxn, xn − u〉 ≥ 0 ∀u ∈ F.
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Taking the limit as n → ∞ in (43), we get

(44) 〈Jx0 − Jq, q− u〉 ≥ 0 ∀u ∈ F.

By Lemma 2.4, we can conclude that q = ΠFx0. This completes the proof. �

Setting Tn = T for all n ∈ N and A ≡ 0 in Theorem 3.1, we have following result.

Corollary 3.2. [36] Let C be a closed convex subset of a 2-uniformly convex and uniformly smooth
Banach space E. Let f be a bifunction from C × C → R satisfying (A1)-(A4) and let T be a relatively
nonexpansive mappings of C into itself F := F(T) ∩ EP( f ) 6= ∅. Assume that {αn} ⊂ [0, 1] satisfy
lim infn→∞ αn(1− αn) > 0 and {rn} ⊂ [s, ∞) for some s > 0. Then the sequence {xn} generated by
(4) converge strongly to q = ΠFx0.

Proof. Since F̂(T) = F(T), it follows that T satisfies the NST∗-condition which is the desired
result. �

Remark 3.3. It would be interesting to investigate convergent sequence when the countable
family of relatively nonexpansive mappings of C into C is a semgroup, which is abelian or
amenable. See: [17, 18].

4. Applications

4.1. Complementarity problems

Let K be a nonempty, closed convex cone in E, A an operator of K into E∗. We define its polar
in E∗ to be the set

(45) K∗ = {y∗ ∈ E∗ : 〈x, y∗〉 ≥ 0, ∀x ∈ K}.

Then the element u ∈ K is called a solution of the complementarity problem if

(46) Au ∈ K∗, 〈u, Au〉 = 0.

The set of solutions of the complementarity problem is denoted by C(K, A).

Theorem 4.1. Let K be a closed convex subset of a 2-uniformly convex and uniformly smooth Banach
space E. Let f be a bifunction from K×K → R satisfying (A1)-(A4) and let A be an α-inverse strongly
monotone of E into E∗ such that ‖Ay‖ ≤ ‖Ay − Au‖ for all y ∈ K and u ∈ C(K, A). Let {Tn} be a
family of relatively nonexpansive mappings of K into itself such that satisfies the NST∗-condition and
F := ∩∞

n=1F(Tn)∩ EP( f )∩C(K, A) 6= ∅. For an initial point x0 ∈ E with x1 = ΠK1 x0 and K1 = K,
define a sequence {xn} as follows:

(47)



zn = ΠK J−1(Jxn − λn Axn),
yn = J−1(αn Jxn + (1− αn)JTnzn),
un ∈ Csuch that f (un, y) + 1

rn
〈y− un, Jun − Jyn〉 ≥ 0, ∀ y ∈ K,

Cn+1 = {z ∈ Cn : φ(z, un) ≤ φ(z, xn)},
xn+1 = ΠCn+1 x0, ∀n ≥ 1

where J is the duality mapping on E. Assume that {αn} ⊂ [0, 1], {λn} ⊂ (0, ∞) and {rn} ⊂ (0, ∞)
satisfying the condition (C1)-(C3) of Theorem 3.1. Then the sequence {xn} and {un} converge strongly
to q = ΠFx0.

Proof. As in the proof of Takahashi [Lemma 7.11, [30]], we note that VI(K, A) = C(K, A).
Hence, we obtain the desired result. �
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4.2. Approximation of a zero of a maximal monotone operator

Let B be a multivalued operator from E to E∗ with domain D(B) = {z ∈ E : Az 6= ∅} and
range R(B) = ∪{Bz : z ∈ D(B)}. An operator B is said to be monotone if 〈x1 − x2, y1 − y2〉 > 0
for each xi ∈ D(B) and yi ∈ Axi, i = 1, 2. A monotone operator B is said to be maximal if its
graph G(B) = {(x, y) : y ∈ Ax} is not properly contained in the graph of any other monotone
operator. We know that if B is a maximal monotone operator, then B−1(0) is closed and convex.
Let E be a reflexive, strictly convex and smooth Banach space, and let B be a monotone operator
from E to E∗, we known from Rockafellar [28] that B is maximal if and only if R(J + rB) = E∗

for all r > 0. Let Jr : E → D(B) defined by Jr = (J + rB)−1 J and such a Jr is called the resolvent
of B. We know that Jr is a relatively nonexpansive; see [21] and B−1(0) = F(Jr) for all r > 0;
see [30, 31] for more details.

Theorem 4.2. Let C be a closed convex subset of a 2-uniformly convex and uniformly smooth Banach
space E. Let f be a bifunction from C×C → R satisfying (A1)-(A4) and let A be an α-inverse strongly
monotone of E into E∗ such that ‖Ay‖ ≤ ‖Ay − Au‖ for all y ∈ C and u ∈ VI(A, C). Let B be a
maximal monotone operator of E into E∗ such that F := B−1(0) ∩ EP( f ) ∩ VI(A, C) 6= ∅. For an
initial point x0 ∈ E with x1 = ΠC1 x0 and C1 = C, define a sequence {xn} as follows:

(48)



zn = ΠC J−1(Jxn − λn Axn),
yn = J−1(αn Jxn + (1− αn)J Jtn zn),
un ∈ Csuch that f (un, y) + 1

rn
〈y− un, Jun − Jyn〉 ≥ 0, ∀ y ∈ C,

Cn+1 = {z ∈ Cn : φ(z, un) ≤ φ(z, xn)},
xn+1 = ΠCn+1 x0, ∀n ≥ 1

where J is the duality mapping on E and Jtn is the resolvent of B. Assume that {αn} ⊂ [0, 1], {λn} ⊂
(0, ∞) and {rn}, {tn} ⊂ (0, ∞) satisfying the retrictions

(C1) lim infn→∞ αn(1− αn) > 0,
(C2) {rn}, {tn} ⊂ [s, ∞) for some s > 0,
(C3) {λn} ⊂ [a, b] for some a, b with 0 < a < b < c2α

2 , where 1
c is the 2-uniformly convexity of E.

Then the sequence {xn} and {un} converge strongly to q = ΠFx0.

Proof. As in the proof of Nakajo et. al. [Theorem 4.2, [24]], we get that {Jtn} satisfies the NST∗-
condition. Hence, we obtain the desired result. �

4.3. Convex feasibility problems

Let I be a countable set and Ci be a nonempty closed convex subset of a Banach space E such
that C := ∩i∈ICi 6= ∅. Then we are concerned with the convex feasibility problem (CFP)

finding an x ∈ C.
This problem is a frequently appearing problem in diverse areas of mathematical and physical
sciences. There is a considerable investigation on (CFP) in the framework of Hilbert spaces
which captures applications in various disciplines such as image restoration [11, 15, 16, 38],
computer tomography [29], and radiation theraphy treatment planning [8]. In computer to-
mography with limited data, in which an unknown image has to be reconstructed from a priori
knowledge and from measured results, each piece of information gives a constraint which in
turn, gives rise to a convex set Ci to which the unknown image should belong (see [3]). It fol-
lows from Lemma 2.5 that the generalized projection ΠC is a relatively nonexpansive mapping.
Then we get the following result by Theorem 3.1.

Theorem 4.3. Let C be a closed convex subset of a 2-uniformly convex and uniformly smooth Banach
space E and let {Ωi}i∈I be a family of nonempty closed convex subset of C. Let f be a bifunction
from C × C → R satisfying (A1)-(A4) and let A be an α-inverse strongly monotone of E into E∗
such that ‖Ay‖ ≤ ‖Ay − Au‖ for all y ∈ C and u ∈ VI(A, C). Let Ω = ∩i∈IΩi 6= ∅ and
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F := Ω ∩ EP( f ) ∩VI(A, C) 6= ∅. For an initial point x0 ∈ E with x1 = ΠC1 x0 and C1 = C, define
a sequence {xn} as follows:

(49)



zn = ΠC J−1(Jxn − λn Axn),
yn = J−1(αn Jxn + (1− αn)JΠΩi(n)zn),
un ∈ Csuch that f (un, y) + 1

rn
〈y− un, Jun − Jyn〉 ≥ 0, ∀ y ∈ C,

Cn+1 = {z ∈ Cn : φ(z, un) ≤ φ(z, xn)},
xn+1 = ΠCn+1 x0, ∀n ≥ 1

where J is the duality mapping on E and ΠΩi(n) is the generalized projection from E into Ωi(n) and
the index mapping i : N ∪ {0} → I satisfies for each i ∈ I, there exists Mi > 0, for all n ∈ N ∪
{0}, i ∈ {i(n), ..., i(n + Mi − 1)}. Assume that {αn} ⊂ [0, 1], {λn} ⊂ (0, ∞) and {rn} ⊂ (0, ∞)
satisfying the condition (C1)-(C3) of Theorem 3.1. Then the sequence {xn} and {un} converge strongly
to q = ΠFx0.

Proof. We shall show that {ΠΩi(n)} satisfies the NST∗-condition. Let Tn = ΠΩi(n) and {zn} be
bounded sequence in E such that limn→∞ ‖zn+1 − zn‖ = limn→∞ ‖zn − Tnzn‖ = 0. Suppose
that znk ⇀ z. Fixed i ∈ I. There exists a strictly increasing sequence {pk} ⊂ N∪ {0} such that

nk ≤ pk ≤ nk + Mi + 1 and i(pk), (∀ k ∈ N∪ {0}).

Then we have,

‖zpk − znk‖ ≤
nk+Mi−1

∑
l=nk

‖zl+1 − zl‖.

for all k ∈ N ∪ {0} which implies that zpk ⇀ z. From ‖zpk − Tpk zpk‖ → 0, we get Tpk zpk =
ΠΩi zpk ⇀ z. So z ∈ Ωi, ∀i and hence z ∈ Ω. This implies that ωw(zn) ⊂ Ω. By Theorem 3.1,
we obtain the result. �
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ABSTRACT: The purpose of this paper is to introduce the iterative algorithms basing on the
shrinking projection method for finding a common element of the set of common fixed points
of two families of quasi-φ-nonexpansive mappings and the set of solutions of the generalized
mixed equilibrium problems in the framework of Banach spaces. Our results improve and
extend the corresponding results announced by many others.
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1. Introduction

Let E be a Banach space and let E∗ be the dual of E and let C be a closed convex subset of E.
Let J be the normalized duality mapping from E into 2E∗ given by

Jx = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖‖x∗‖, ‖x‖ = ‖x∗‖}, ∀x ∈ E,

where E∗ denoted the dual space of E and 〈·, ·〉 the generalized duality pairing between E and
E∗. It is well known that if E∗ is uniformly convex, then J is uniformly continuous on bounded
subsets of E. Some properties of the duality mapping have been given in [11, 32, 39].

Let Θ : C × C → R be a bifunction, ϕ : C → R be real-valued function, and Ψ : C → E∗ be a
nonlinear mapping. The generalized mixed equilibrium problem is to find u ∈ C such that

Θ(u, y) + 〈Ψu, y − u〉+ ϕ(y)− ϕ(u) ≥ 0, ∀y ∈ C.(1)

The set of solutions to (1) is denoted by GMEP(Θ, ϕ, Ψ), i.e.,

GMEP(Θ, ϕ, Ψ) = {u ∈ C : Θ(u, y) + 〈Ψu, y − u〉+ ϕ(y)− ϕ(u) ≥ 0, ∀y ∈ C}.(2)

Special examples are as follows:
(I) If Ψ = 0, the problem (1) is equivalent to finding u ∈ C such that

Θ(u, y) + ϕ(y)− ϕ(u) ≥ 0, ∀y ∈ C,(3)
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which is called the mixed equilibrium problem (see [6]). The set of solutions to (3) is denoted
by MEP.

(II) If Θ = 0, the problem (1) is equivalent to finding u ∈ C such that

〈Ψu, y − u〉+ ϕ(y)− ϕ(u) ≥ 0, ∀y ∈ C,(4)

which is called the mixed variational inequality of Browder type (see [3]). The set of solutions
to (4) is denoted by VI(C, A, ϕ).

If C is a nonempty closed convex subset of a Hilbert space H and PC : H → C is the metric
projection of H onto C, then PC is nonexpansive. This fact actually characterizes Hilbert spaces
and, consequently, it is not available in more general Banach spaces. In this connection, Alber
[1] recently introduced a generalized projection operator C in a Banach space E which is an
analogue of the metric projection in Hilbert spaces.

Consider the functional φ : E × E → R defined by

(5) φ(y, x) = ‖y‖2 − 2〈y, Jx〉+ ‖x‖2

for all x, y ∈ E, where J is the normalized duality mapping from E to E∗. Observe that, in a
Hilbert space H, (40) reduces to φ(y, x) = ‖x − y‖2 for all x, y ∈ H. The generalized projection
ΠC : E → C is a mapping that assigns to an arbitrary point x ∈ E the minimum point of the
functional φ(y, x), that is, ΠCx = x∗, where x∗ is the solution to the minimization problem:

(6) φ(x∗, x) = inf
y∈C

φ(y, x).

The existence and uniqueness of the operator ΠC follows from the properties of the functional
φ(y, x) and strict monotonicity of the mapping J (see, for example, [1, 2, 9, 28]). In Hilbert
spaces, ΠC = PC. It is obvious from the definition of the function φ that

(1) (‖y‖ − ‖x‖)2 6 φ(y, x) 6 (‖y‖+ ‖x‖)2 for all x, y ∈ E.
(2) φ(x, y) = φ(x, z) + φ(z, y) + 2〈x − z, Jz − Jy〉 for all x, y, z ∈ E.
(3) φ(x, y) = 〈x, Jx − Jy〉+ 〈y − x, Jy〉 6 ‖x‖‖Jx − Jy‖+ ‖y − x‖‖y‖ for all x, y ∈ E.
(4) If E is a reflexive, strictly convex and smooth Banach space, then, for all x, y ∈ E,

φ(x, y) = 0 if and only if x = y.

For more detail see [11, 32]. Let C be a closed convex subset of E, and let T be a mapping
from C into itself. We denote by F(T) the set of fixed point of T. A point p in C is said to be
an asymptotic fixed point of T [29] if C contains a sequence {xn} which converges weakly to
p such that limn→∞ ‖xn − Txn‖ = 0. The set of asymptotic fixed points of T will be denoted
by F̂(T). A mapping T from C into itself is called nonexpansive if ‖Tx − Ty‖ 6 ‖x − y‖ for
all x, y ∈ C and relatively nonexpansive [8, 10, 12] if F̂(T) = F(T) and φ(p, Tx) 6 φ(p, x)
for all x ∈ C and p ∈ F(T). The asymptotic behavior of relatively nonexpansive mappings
which was studied in [8, 10, 12] is of special interest in the convergence analysis of feasibility,
optimization and equilibrium methods for solving the problems of image processing, ratio-
nal resource allocation and optimal control. The most typical examples in this regard are the
Bregman projections and the Yosida type operators which are the cornerstones of the common
fixed point and optimization algorithms discussed in [9] (see also the references therein).

The mapping T is said to be φ-nonexpansive if φ(Tx, Ty) ≤ φ(x, y) for all x, y ∈ C. T is said
to be quasi-φ-nonexpansive if F(T) 6= ∅ and φ(p, Tx) ≤ φ(p, x) for all x ∈ C and p ∈ F(T).

Remark 1.1. The class of quasi-φ-nonexpansive is more general than the class of relatively
nonexpansive mappings [8, 10, 21, 24, 25] which requires the strong restriction F̂(T) = F(T).

Next, we give some examples which are closed quasi-φ-nonexpansive [27].

Example 1.2. (1). Let E be a uniformly smooth and strictly convex Banach space and A be a
maximal monotone mapping from E to E such that its zero set A−10 is nonempty. Then Jr =
(J + rA)−1 is a closed quasi-φ-nonexpansive mapping from E onto D(A) and F(Jr) = A−10.

(2). Let ΠC be the generalized projection from a smooth, strictly convex and reflexive Banach
space E onto a nonempty closed convex subset C of E. Then ΠC is a closed and quasi-φ-
nonexpansive mapping from E onto C with F(ΠC) = C.
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On the other hand, One classical way to study nonexpansive mappings is to use contractions
to approximate a nonexpansive mapping (see [4]). More precisely, let t ∈ (0, 1) and define a
contraction Gt : C → C by Gtx = tx0 + (1 − t)Tx for all x ∈ C, where x0 ∈ C is a fixed point
in C. Applying Banach’s Contraction Principle, there exists a unique fixed point xt of Gt in
C. It is unclear, in general, what is the behavior of xt as t → 0 even if T has a fixed point.
However, in the case of T having a fixed point, Browder [4] proved that the net {xt} defined
by xt = tx0 + (1 − t)Txt for all t ∈ (0, 1) converges strongly to an element of F(T) which is
nearest to x0 in a real Hilbert space. Motivated by Browder [4], Halpern [16] proposed the
following innovation iteration process:

(7) x0 ∈ C, xn+1 = αnx0 + (1− αn)Txn, n > 0

and proved the following theorem.

Theorem H. Let C be a bounded closed convex subset of a Hilbert space H and let T be a nonexpan-
sive mapping on C. Define a real sequence {αn} in [0, 1] by αn = n−θ , 0 < θ < 1. Define a sequence
{xn} by (7). Then {xn} converges strongly to the element of F(T) nearest to u.

Recently, Martinez-Yanes and Xu [20] has adapted Nakajo and Takahashi’s [23] idea to mod-
ify the process (7) for a single nonexpansive mapping T in a Hilbert space H:

(8)



x0 = x ∈ Cchosen arbitrary,
yn = αnx0 + (1− αn)Txn,
Cn = {v ∈ C : ‖yn − v‖2 6 ‖xn − v‖2 + αn(‖x0‖2 + 2〈xn − x0, v〉)},
Qn = {v ∈ C : 〈xn − v, x0 − xn〉 > 0},
xn+1 = PCn∩Qn x0,

where PC denotes the metric projection from H onto a closed convex subset C of H. They
proved that if {αn} ⊂ (0, 1) and limn→∞ αn = 0, then the sequence {xn} generated by (8)
converges strongly to PF(T)x.

In [25](see also [21]), Qin and Su improved the result of Martinez-Yanes and Xu [20] from
Hilbert spaces to Banach spaces. To be more precise, they proved the following theorem.

Theorem QS. Let E be a uniformly convex and uniformly smooth Banach space, C be a nonempty
closed convex subset of E and T : C → C be a relatively nonexpansive mapping. Assume that {αn} is a
sequence in (0, 1) such that limn→∞ αn = 0. Define a sequence {xn} in C by the following algorithm:

(9)



x0 = x ∈ Cchosen arbitrary,
yn = J−1(αn Jx0 + (1− αn)JTxn),
Cn = {v ∈ C : φ(v, yn) ≤ αnφ(v, yn) + (1− αn)φ(v, xn)},
Qn = {v ∈ C : 〈xn − v, Jx0 − Jxn〉 > 0},
xn+1 = ΠCn∩Qn x0.

where J is the single-valued duality mapping on E. If F(T) is nonempty, then {xn} converges to
ΠF(T)x0.

Recently, Plubtieng and Ungchittrakool [24], still in the framework of Banach spaces, intro-
duced the following hybrid projection algorithm for a pair of relatively nonexpansive map-
pings:

(10)



x0 = x ∈ Cchosen arbitrary,
yn = J−1(αn Jx0 + (1− αn)Jzn),

zn = J−1(β
(1)
n Jxn + β

(2)
n JTxn + β

(3)
n JSxn),

Hn = {z ∈ C : φ(z, yn) 6 φ(z, xn) + αn(‖x0‖2 + 2〈z, Jxn − Jx〉)},
Wn = {z ∈ C : 〈xn − z, Jx − Jxn〉 > 0},
xn+1 = PHn∩Wn x, n = 0, 1, 2, ...,
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where {αn}, {β
(1)
n }, {β

(2)
n } and {β

(3)
n } are sequences in [0, 1] with β

(1)
n + β

(2)
n + β

(3)
n = 1 for all

n ∈ N∪ {0} and T, S are relatively nonexpansive mappings and J is the single-valued duality
mapping on E. They proved that the sequence {xn} generated by (10) converges strongly to a
common fixed point of T and S.

Very recently, Qin, Cho, Kang and Zhou [26] introduced a new hybrid projection algorithm
for two families of quasi-φ-nonexpansive mappings which more general than relatively non-
expansive mappings to have strong convergence theorems in the framework of Banach spaces.
To be more precise, they proved the following theorem:

Theorem QCKZ. Let E be uniformly convex and uniformly smooth Banach space, and let
C be a nonempty closed convex subset of E. Let {Si}i∈I and {Ti}i∈I be two families of closed
quasi-φ-nonexpansive mappings of C into itself with F := ∩i∈I F(Ti) ∩ ∩i∈I F(Si) is nonempty,
where I is an index set. Let the sequence {xn} be generated by the following manner:

(11)



x0 = x ∈ Cchosen arbitrary,

zn,i = J−1(β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn),

yn,i = J−1(αn,i Jx0 + (1− αn,i)Jzn,i),
Cn,i = {u ∈ C : φ(u, yn,i) 6 φ(u, xn) + αn,i(‖x0‖2 + 2〈u, Jxn − Jxn〉)},
Cn = ∩i∈ICn,i,
Q0 = C,
Qn = {u ∈ Qn−1 : 〈xn − u, Jx0 − Jxn〉 ≥ 0},
xn+1 = ΠCn∩Qn x0, n = 0, 1, 2, . . . ,

where J is the duality mapping on E, {αn,i}, {β
(i)
n,i}(i = 1, 2, 3, . . . ) are sequences in (0, 1) such

that

(i) β
(1)
n,i + β

(2)
n,i + β

(3)
n,i = I for all i ∈ I

(ii) limn→∞ αn,i = 0 for all i ∈ I; and
(iii) lim infn→∞ β

(2)
n,i β

(3)
n,i > 0 and limn→∞ β

(1)
n,i = 0 for all i ∈ I.

Then the sequence {xn} converges strongly to ΠFx0.

On the other hand, let f : C × C → R be a bifunction. The equilibrium problem for f is to
find x̂ ∈ C such that

f (x̂, y) ≥ 0, ∀y ∈ C.(12)

The set of solutions of (12) is denoted by EP( f ).
Numerous problems in physics, optimization, and economics reduce to find a solution of

the equilibrium problem. Some methods have been proposed to solve the equilibrium prob-
lem in a Hilbert space; see, for instance, Blum and Oettli [5], Combettes and Hirstoaga [7], and
Moudafi [22]. On the other hand, there are some methods for approximation of fixed points of
Fixed Point Theory and Applications a nonexpansive mapping. Recently, Tada and Takahashi
[30, 31] and Takahashi and Takahashi [37] obtained weak and strong convergence theorems for
finding a common element of the set of solutions of an equilibrium problem and the set of fixed
points of a nonexpansive mapping in a Hilbert space. In particular, Tada and Takahashi [31]
established a strong convergence theorem for finding a common element of two sets by using
the hybrid method introduced in Nakajo and Takahashi [23]. They also proved such a strong
convergence theorem in a uniformly convex and uniformly smooth Banach space. Recently,
Takahashi et al. [38] introduced a hybrid method which is different from Nakajo and Taka-
hashis hybrid method. It is called the shrinking projection method. They obtained the strong
convergence theorem in the frame work of Hilbert spaces. Based on the so-called shrinking
projection method of Takahashi et al. [38], Takahashi and Zembayashi [36] introduced the
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following iterative scheme :

(13)



x0 = x ∈ C, C0 = C,
yn = J−1(αn Jxn + (1− αn)JTxn),
un ∈ C such that f (un, y) + 1

rn
〈y − un, Jun − Jyn〉 ≥ 0, ∀y ∈ C,

Cn+1 = {v ∈ Cn : φ(v, un) ≤ φ(v, xn)},
xn+1 = ΠCn+1 x0, ∀n ≥ 0,

where J is the single-valued duality mapping on E and ΠC is the generalized projection from
E onto C. They proved that the sequence {xn} defined by (13) converges strongly to q =
ΠF(T)∩EP( f )x0 under appropriate conditions imposed on the parameters.

Motivated and inspired by Iiduka and Takahashi [17], Martinez-Yanes and Xu [20], S. Mat-
sushita and W. Takahashi [21], Plubtieng and Ungchittrakool [24], Qin and Su [25], Qin, Cho,
Kang and Zhou[26], Takahashi et al. [38] and Takahashi and Zembayashi [36], we introduce a
new hybrid projection algorithm basing on the shrinking projection method for two families of
quasi-φ-nonexpansive mappings which more general than relatively nonexpansive mappings
to have strong convergence theorems for approximating the common element of the set of com-
mon fixed points of two families of quasi-φ-nonexpansive mappings and the set of solutions
of the equilibrium problem in the framework of Banach spaces.

2. Preliminaries

A Banach space E is said to be strictly convex if ‖ x+y
2 ‖ < 1 for all x, y ∈ E with ‖x‖ = ‖y‖ = 1

and x 6= y. It is also said to be uniformly convex if limn→∞ ‖xn − yn‖ = 0 for any two sequences
{xn}, {yn} in E such that ‖xn‖ = ‖yn‖ = 1 and limn→∞ ‖ xn+yn

2 ‖ = 1. Let U = {x ∈ E : ‖x‖ =
1} be the unit sphere of E. Then the Banach space E is said to be smooth provided

lim
t→0

‖x + ty‖ − ‖x‖
t

exists for each x, y ∈ U. It is also said to be uniformly smooth if the limit is attained uniformly
for x, y ∈ U. It is well know that if E is smooth, then the duality mapping J is single valued.
It is also known that if E is uniformly smooth, then J is uniformly norm-to-norm continuous
on each bounded subset of E. Some properties of the duality mapping have been given in
[14, 28, 32, 33]. A Banach space E is said to have Kadec-Klee property if a sequence {xn} of E
satisfying that xn ⇀ x ∈ E and ‖xn‖ → ‖x‖, then xn → x. It is known that if E is uniformly
convex, then E has the Kadec-Klee property; see [14, 32, 33] for more details. Let E be a smooth
Banach space.

Now we collect some definitions and lemmas which will be used in the proofs for the main
results in the next section. Some of them are known; others are not hard to derive.

Lemma 2.1 (Kamimura and Takahashi [18]). Let E be a uniformly convex and smooth Banach space
and let {yn}, {zn} be two sequences of E such that either {yn} or {zn} is bounded. If limn→∞ φ(yn, zn) =
0, then limn→∞ ‖yn − zn‖ = 0.

Lemma 2.2 (Alber [1], Alber and Reich [2], Kamimura and Takahashi [18]). Let C be a nonempty
closed convex subset of a smooth Banach space E and x ∈ E. Then, x0 = ΠCx if and only if 〈x0 −
y, Jx − Jx0〉 > 0 for y ∈ C.

Lemma 2.3 (Alber [1], Alber and Reich [2], Kamimura and Takahashi [18]). Let E be a reflexive,
strictly convex and smooth Banach space, let C be a nonempty closed convex subset of E and let x ∈ E.
Then

φ(y, ΠCx) + φ(ΠCx, x) 6 φ(y, x)

for all y ∈ C.



116 R. Wangkeeree, U. Kamraksa / Journal of Nonlinear Analysis and Optimization 1 (2010), 111-129116 R. Wangkeeree, U. Kamraksa / Journal of Nonlinear Analysis and Optimization 1 (2010), 111-129116 R. Wangkeeree, U. Kamraksa / Journal of Nonlinear Analysis and Optimization 1 (2010), 111-129

Lemma 2.4 (Qin et al. [26]). Let E be a uniformly convex and smooth Banach space, C be a closed
convex subset of E and T be a closed and quasi-φ-nonexpansive mapping from C into itself. Then F(T)
is a closed convex subset of C.

Let E be a reflexive strictly convex, smooth and uniformly Banach space and the duality
mapping from E to E∗. Then J−1 is also single-valued, one to one, surjective, and it is the
duality mapping from E∗ to E. We make use of the following mapping V studied in Alber [1],

(14) V(x, x∗) = ‖x2‖ − 2〈x, x∗〉+ ‖x‖2

for all x ∈ E and x∗ ∈ E∗. Obviously, V(x, x∗) = φ(x, J−1(x∗)). We know the following lemma:

Lemma 2.5 (Kamimura and Takahashi [18]). Let E be a reflexive, strictly convex and smooth Banach
space, and let V be as in (14). Then

V(x, x∗) + 2〈J−1(x∗)− x, y∗〉 ≤ V(x, x∗ + y∗)

for all x ∈ E and x∗, y∗ ∈ E∗.

Lemma 2.6 ([13, Lemma 1.4]). Let X be a uniformly convex Banach space and Br(0) = {x ∈ E :
‖x‖ 6 r} be a closed ball of X. Then there exists a continuous strictly increasing convex function
g : [0, ∞) → [0, ∞) with g(0) = 0 such that

(15) ‖λx + µy + γz‖2 6 λ‖x‖2 + µ‖y‖2 + γ‖z‖2 − λµg(‖x − y‖),

for all x, y, z ∈ Br(0) and λ, µ, γ ∈ [0, 1] with λ + µ + γ = 1.

For solving the equilibrium problem, let us assume that a bifunction f satisfies the following
conditions:

(A1) f (x, x) = 0 for all x ∈ C;
(A2) f is monotone, that is, f (x, y) + f (y, x) ≤ 0 for all x, y ∈ C;
(A3) for all x, y, z ∈ C,

lim sup
t↓0

f (tz + (1− t)x, y) ≤ f (x, y);(16)

(A4) for all x ∈ C, f (x, ·) is convex and lower semicontinuous.
For example, let A be a continuous and monotone operator of C into E∗ and define

f (x, y) = 〈Ax, y − x〉, ∀x, y ∈ C.

Then, f satisfies (A1)-(A4).

Lemma 2.7 (Blum and Oettli [5]). Let C be a closed convex subset of a smooth, strictly convex, and
reflexive Banach spaces E, let f be a bifunction from C×C → R satisfying (A1)− (A4), and let r > 0
and x ∈ E. Then, there exists u ∈ C such that

f (u, y) +
1
r
〈y − u, Ju − Jx〉 ≥ 0, ∀y ∈ C.(17)

Lemma 2.8 (Takahashi and Zembayashi [35]). Let C be a closed convex subset of a uniformly
smooth, strictly convex, and reflexive Banach space E, and let f be a bifunction from C × C to R

satisfying (A1)− (A4). For all r > 0 and x ∈ E, define a mapping

Trx =
{

u ∈ C : f (z, y) +
1
r
〈y − u, Ju − Jx〉 ≥ 0, ∀y ∈ C

}
.(18)

Then, the following hold:
(1) Tr is single-valued;
(2) Tr is a firmly nonexpansive-type mapping [19], that is, for all x, y ∈ E,

〈Trx − Try, JTrx − JTry〉 ≤ 〈Trx − Try, Jx − Jy〉;(19)

(3) F(Tr) = EP( f );
(4) EP( f ) is closed and convex.
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Lemma 2.9 (Takahashi and Zembayashi [35]). Let C be a closed convex subset of a smooth, strictly
convex, and reflexive Banach space E, let Θ be a bifunction from C × C to R satisfying (A1)− (A4),
and let r > 0. Then, for all x ∈ E and q ∈ F(Tr),

φ(q, Trx) + φ(Trx, x) ≤ φ(q, x).

Lemma 2.10. Let C be a closed convex subset of a smooth, strictly convex, and reflexive Banach spaces
E, let Θ be a bifunction from C × C → R satisfying (A1)− (A4). Let Ψ : C → E∗ be a continuous
and monotone operator and ϕ : C → R be a lower semi-continuous and convex function. Let r > 0 be
any given number and x ∈ E be any given point. Then, there exists u ∈ C such that

Θ(x, y) + ϕ(y)− ϕ(x) + 〈Ψx, y − x〉+
1
r
〈y − u, Ju − Jx〉 ≥ 0, ∀y ∈ C.(20)

Proof. We define a bifunction f : C × C → R by

(21) f (x, y) = Θ(x, y) + ϕ(y)− ϕ(x) + 〈Ψx, y − x〉, ∀x, y ∈ C.

Next, we prove that the bifunction f satisfies condition (A1)-(A4):
(A1) f (x, x) = 0 for all x ∈ C.
Since f (x, x) = Θ(x, x) + ϕ(x)− ϕ(x) + 〈Ψx, x − x〉 = 0, for all x ∈ C.
(A2) f is monotone, i.e., f (x, y) + f (y, x) ≤ 0 for all x, y ∈ C.
From the definition of f we have

f (x, y) + f (y, x) = Θ(x, y) + ϕ(y)− ϕ(x) + 〈Ψx, y − x〉+ Θ(y, x) + ϕ(x)− ϕ(y) + 〈Ψx, x − y〉
= Θ(x, y) + Θ(y, x) ≤ 0.

(A3) for each x, y, z ∈ C,
lim sup

t↓0
f (tz + (1− t)x, y) ≤ f (x, y).

Since

lim sup
t↓0

f (tz + (1− t)x, y)

= lim sup
t↓0

[Θ(tz + (1− t)x, y) + ϕ(y)− ϕ(tz + (1− t)x) + 〈Ψx, y − (tz + (1− t)x)〉]

≤ lim sup
t↓0

Θ(tz + (1− t)x, y) + ϕ(y)− lim inf
t↓0

ϕ(tz + (1− t)x) + 〈Ψx, y〉 − lim inf
t↓0

〈Ψx, tz + (1− t)x〉

≤ tΘ(x, y) + (1− t)Θ(x, y) + ϕ(y)− ϕ(x) + 〈Ψx, y〉 − 〈Ψx, x〉
= Θ(x, y) + ϕ(y)− ϕ(x) + 〈Ψx, y − x〉 = f (x, y).

(A4) for each x ∈ C, y 7→ Θ(x, y) is a convex and lower semicontinuous.
For each x ∈ C, ∀t ∈ (0, 1) and ∀y, z ∈ C, since G satisfies (A4), we have

f (x, ty + (1− t)z) = Θ(x, ty + (1− t)z) + ϕ(ty + (1− t)z)− ϕ(x) + 〈Ψx, (ty + (1− t)z)− x〉
≤ tΘ(x, y) + (1− t)Θ(x, z) + tϕ(y) + (1− t)ϕ(z)− ϕ(x) + 〈Ψx, (ty + (1− t)z)− x〉
= t[Θ(x, y) + ϕ(y)− ϕ(x) + 〈Ψx, y − x〉]

+ (1− t)[Θ(x, z) + ϕ(z)− ϕ(x) + 〈Ψx, z − x〉]
= t f (x, y) + (1− t) f (x, z).

So, y 7→ f (x, y) is convex.
Similarly, we can prove that y 7→ f (x, y) is lower semicontinuous. Hence f satisfies condition
(A1)-(A4). Applying Lemma 2.7, there exists u ∈ C such that

f (u, y) +
1
r
〈y − u, Ju − Jx〉 ≥ 0, ∀y ∈ C.

That is

Θ(x, y) + ϕ(y)− ϕ(x) + 〈Ψx, y − x〉+
1
r
〈y − u, Ju − Jx〉 ≥ 0, ∀y ∈ C.

This is completes the proof. �
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3. Main Results

In this section, we prove two strong convergence theorems for approximating the common
element of the set of common fixed points of two families of quasi-φ-nonexpansive mappings
and the set of solutions of the generalized mixed equilibrium problem in the framework of a
real Banach space.

Theorem 3.1. Let E be a uniformly convex and uniformly smooth Banach space and C be a nonempty
closed convex subset of E. Let Ψ : C → E∗ be a continuous and monotone operator and ϕ : C → R

be a a lower semi-continuous and convex function. Let Θ be a bifunction from C × C to R satisfying
(A1) − (A4), let {Ti}i∈I and {Si}i∈I be two families of closed quasi-φ-nonexpansive mappings Ti,
Si : C → C such that the common fixed point set F :=

⋂
i∈I F(Ti) ∩

⋂
i∈I F(Si) ∩ GMEP(Θ, ϕ, Ψ) is

nonempty , where I is an index set. Let {xn} be a sequence generated by the following manner:

(22)



x0 ∈ C chosen arbitrary and C0,i = C, ∀i ∈ I,

zn,i = J−1(β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn),

yn,i = J−1(αn,i Jx0 − (1− αn,i)Jzn,i),
un,i ∈ C such that Θ(uni , y) + ϕ(y)− ϕ(un,i)+
〈Ψun,i, y − un,i〉+ 1

rn,i
〈y − un,i, Jun,i − Jyn,i〉 ≥ 0, ∀y ∈ C,

Cn+1,i = {u ∈ Cn,i : φ(u, un,i) ≤ φ(u, xn) + αn,i(‖x‖2 + 2〈u, Jxn − Jx0〉)},
Cn+1 =

⋂
i∈I Cn+1,i,

xn+1 = ΠCn+1 x0, ∀n ≥ 0,

where J is a duality mapping on E, {αn,i}, {β
(i)
n,i} (i = 1, 2, 3) and {rn,i} are sequences in (0, 1)

satisfying
(a) limn→∞ αn,i = 0 for each i ∈ I;
(b) {rn,i} ⊂ [a, ∞) for some a > 0 and for all i ∈ I;
(c) β

(1)
n,i + β

(2)
n,i + β

(3)
n,i = 1 for each i ∈ I and if one of the following conditions is satisfied

(c-1) lim infn→∞ β
(1)
n,i β

(l)
n,i > 0 for all l = 2, 3 and for all i ∈ I and

(c-2) lim infn→∞ β
(2)
n,i β

(3)
n,i > 0 and lim infn→∞ β

(1)
n,i = 0 for each i ∈ I.

Then the sequence {xn} converges strongly to ΠFx0.

Proof. Let the bifunction f : C × C → R be defined by (21). Therefore, the mixed equilibrium
problem (1) is equivalent to the following equilibrium problem: find u ∈ C such that

f (u, y) ≥ 0, ∀y ∈ C,

and (66) can be written as:

(23)



x0 ∈ C chosen arbitrary and C0,i = C, ∀i ∈ I,

zn,i = J−1(β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn),

yn,i = J−1(αn,i Jx0 − (1− αn,i)Jzn,i),
un,i ∈ C such that f (uni , y) + 1

rn,i
〈y − un,i, Jun,i − Jyn,i〉 ≥ 0, ∀y ∈ C,

Cn+1,i = {u ∈ Cn,i : φ(u, un,i) ≤ φ(u, xn) + αn,i(‖x‖2 + 2〈u, Jxn − Jx0〉)},
Cn+1 =

⋂
i∈I Cn+1,i,

xn+1 = ΠCn+1 x0, ∀n ≥ 0.

Since the bifunction f satisfies conditions (A1) - (A4), from Lemma 2.10, for given r > 0 and
x ∈ C, we define Tr : C → 2C by

Tr(x) = {u ∈ C : f (u, y) +
1
r
〈y − u, Ju − Jx〉 ≥ 0, ∀y ∈ C}.

Moreover, Tr satisfies the conclusions in Lemma 2.8. We divide the proof of Theorem 3.1 into
seven steps:
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Step 1. Show that ΠFx0 and ΠCn+1 x0 are well defined.

By Lemma 2.4, we know that
⋂

i∈I F(Ti) ∩
⋂

i∈I F(Si) is closed and convex. From Lemma 2.8
(4), we also have EP( f ) is closed and convex. Hence F :=

⋂
i∈I F(Ti) ∩

⋂
i∈I F(Si) ∩ EP( f ) is a

nonempty, closed, and convex subset of C. Consequently, ΠFx0 is well defined.
From the definition of Cn, it is obvious that Cn is closed for each n ≥ 0. We show that Cn+1

is convex for each n ≥ 0. Notice that

Cn+1,i = {u ∈ Cn,i : φ(u, un,i) ≤ φ(u, xn) + αn,i(‖x0‖2 + 2〈u, Jxn − Jx0〉)}
is equivalent to

C′
n+1,i = {u ∈ Cn,i : 2〈u, Jxn − Jyn,i〉 − 2αn,i〈u, Jxn − Jx0〉 ≤ ‖xn‖2 − ‖yn,i‖2 + αn,i‖x0‖2}.

It is easy to see that C′
n+1,i is closed and convex for all n ≥ 0 and i ∈ I. Therefore, Cn+1 =⋂

i∈I Cn+1,i =
⋂

i∈I C′
n+1,i is closed and convex for every n ≥ 0. This shows that ΠCn+1 x0 is

well-defined.

Step 2. Show that F ⊂ Cn for all n ≥ 0.

First, we observe that un,i = Trn,i yn,i for all n ≥ 1 and F ⊂ C0 = C. For any w ∈ F and all
i ∈ I, one has

φ(w, zn,i) = φ(w, J−1(β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn))

= ‖w‖2 − 2〈w, β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn)〉

+ ‖β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn‖2

≤ ‖w‖2 − 2β
(1)
n,i 〈w, Jxn〉 − 2β

(2)
n,i 〈w, JTixn〉 − 2β

(3)
n,i 〈w, JSixn〉

+ β
(1)
n,i ‖xn‖2 + β

(2)
n,i ‖Tixn‖2 + β

(3)
n,i ‖JSixn‖2

= β
(1)
n,i φ(w, xn) + β

(2)
n,i φ(w, Tixn) + β

(3)
n,i φ(w, Sixn)

≤ β
(1)
n,i φ(w, xn) + β

(2)
n,i φ(w, xn) + β

(3)
n,i φ(w, xn)

= φ(w, xn)

and hence

φ(w, un,i) = φ(w, Trn,i yn,i)
≤ φ(w, yn,i)

= φ(w, J−1(αn,i Jx0 − (1− αn,i)Jzn,i)

= ‖w‖2 − 2〈w, αn,i Jx0 − (1− αn,i)Jzn,i〉+ ‖αn,i Jx0 − (1− αn,i)Jzn,i‖2

≤ ‖w‖2 − 2αn,i〈w, Jx0〉 − 2(1− αn,i)〈w, Jzn,i〉+ αn,i‖x0‖2 + (1− αn,i)‖zn,i‖2

= αn,iφ(w, x0) + (1− αn,i)φ(w, zn,i)
≤ αn,iφ(w, x0) + (1− αn,i)φ(w, xn)
= φ(w, xn) + αn,i[φ(w, x0)− φ(w, xn)]

≤ φ(w, xn) + αn,i(‖x0‖2 + 2〈w, Jxn − Jx0〉).(24)

This show that w ∈ Cn+1,i for each i ∈ I. That is, w ∈ Cn+1 =
⋂

i∈I Cn+1,i for all n ≥ 0.
Hence F ⊂ Cn for all n ≥ 0.

Step 3. Show that limn→∞ φ(xn, x0) exists.

We note that Cn+1,i ⊂ Cn,i for all n ≥ 0 and for all i ∈ I. Hence

Cn+1 = ∩i∈ICn+1,i ⊂ Cn = ∩i∈ICn,i.

From xn+1 = ΠCn+1 x0 ∈ Cn+1 ⊂ Cn and xn = ΠCn x0 ∈ Cn, we have

φ(xn, x0) ≤ φ(xn+1, x0), ∀n ≥ 1.(25)
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This is, {φ(xn, x0)} is nondecreasing. On the other hand, from Lemma 2.3, we have

φ(xn, x0) = φ(ΠCn x0, x0) ≤ φ(w, x0)− φ(w, xn) ≤ φ(w, x0).(26)

for each w ∈ F ⊂ Cn. Combining (25) and (26), we obtain that limit {φ(xn, x0)} exists.

Step 4. Show that {xn} is a convergent sequence in C.

Since xm = ΠCm x0 ∈ Cm ⊂ Cn for m ≥ n, by Lemma 2.3, We also have

φ(xm, xn) = φ(xm, ΠQn x0)
≤ φ(xm, x0)− φ(ΠQn x0, x0)
= φ(xm, x0)− φ(xn, x0).(27)

Letting m, n → ∞ in (27), one has φ(xm, xn) → 0. It follows from Lemma 2.1 that ‖xm − xn‖ → 0
as m, n → ∞. Hence {xn} is a Cauchy sequence. Since E is a Banach space and C is closed and
convex, one can assume that

xn → p ∈ C (n → ∞).(28)

Step 5. Show that p ∈ ⋂
i∈I F(Ti) ∩

⋂
i∈I F(Si) ∩ GMEP(Θ, ϕ, Ψ).

(a) We first will show that p ∈ ⋂
i∈I F(Ti) ∩

⋂
i∈I F(Si). Taking m = n + 1 in (27), we obtain.

lim
n→∞

φ(xn+1, xn) = 0.(29)

From Lemma 2.1, one has

lim
n→∞

‖xn+1 − xn‖ = 0.(30)

Noticing that xn+1 = ΠCn+1 x0 ∈ Cn+1, from the definition of Cn+1, for every i ∈ I, we obtain

φ(xn+1, un,i) ≤ φ(xn+1, xn) + αn,i(‖x0‖2 + 2〈xn+1, Jxn − Jx0〉).

It follows from (29) and limn→∞ αn,i = 0 that

lim
n→∞

φ(xn+1, un,i) = 0, ∀i ∈ I.(31)

From Lemma 2.1, we have limn→∞ ‖xn+1 − un,i‖ = 0. This together with (30) implies that

lim
n→∞

‖xn − un,i‖ = 0, ∀i ∈ I.(32)

Since J is uniformly norm-to-norm continuous on bounded sets, for every i ∈ I, one has

lim
n→∞

‖Jxn − Jun,i‖ = lim
n→∞

‖Jxn+1 − Jxn‖ = 0.(33)

It follows from xn → p as n → ∞ that

un,i → p as n → ∞, ∀i ∈ I.(34)

Let r = supn≥1{‖xn‖, ‖Tixn‖, ‖Sixn‖} for every i ∈ I. Therefore Lemma 2.6 implies that
there exists a continuous strictly increasing convex function g : [0, ∞) → [0, ∞) satisfying
g(0) = 0 and (15)
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Case I. Assume that (c-1) holds. We observe that

φ(w, un,i) = φ(w, Trn,i yn,i)
≤ φ(w, yn,i)

= φ(w, J−1(β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn))

= ‖w‖2 − 2〈w, β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn〉

+ ‖β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn‖2

≤ ‖w‖2 − 2β
(1)
n,i 〈w, Jxn〉 − 2β

(2)
n,i 〈w, JTixn〉 − 2β

(3)
n,i 〈w, JSixn〉

+ β
(1)
n,i ‖xn‖2 + β

(2)
n,i ‖Tixn‖2 + β

(3)
n,i ‖Sixn‖2

− β
(1)
n,i β

(2)
n,i g(‖Jxn − JTixn‖)

= β
(1)
n,i φ(w, xn) + β

(2)
n,i φ(w, Tixn) + β

(3)
n,i φ(w, Sixn)

− β
(1)
n,i β

(2)
n,i g(‖Jxn − JTixn‖)

≤ β
(1)
n,i φ(w, xn) + β

(2)
n,i φ(w, xn) + β

(3)
n,i φ(w, xn)− β

(1)
n,i β

(2)
n,i g(‖Jxn − JTixn‖)

= φ(w, xn)− β
(1)
n,i β

(2)
n,i g(‖Jxn − JTixn‖).

This implies that

β
(1)
n,i β

(2)
n,i g(‖Jxn − JTixn‖) ≤ φ(w, xn)− φ(w, un,i), ∀i ∈ I.(35)

On the other hand, for every i ∈ I, one has

φ(w, xn)− φ(w, un,i) = ‖xn‖2 − ‖un,i‖2 − 2〈w, Jxn − Jun,i〉
≤ ‖xn − un,i‖(‖xn‖+ ‖un,i‖) + 2‖w‖‖Jxn − Jun,i‖.

It follows that (32) and (33) that

φ(w, xn)− φ(w, un,i) → 0 (n → ∞), ∀i ∈ I.(36)

Observing that assumption lim infn→∞ β
(1)
n,i β

(2)
n,i > 0, (35) and (36), one has

g(‖Jxn − JTixn‖) → 0 (n → ∞), ∀i ∈ I.

It follows from the property of the function g that

‖Jxn − JTixn‖ → 0 (n → ∞), ∀i ∈ I.(37)

Since J−1 is also uniformly norm-to-norm continuous on bounded sets, for each i ∈ I, one has

lim
n→∞

‖xn − Tixn‖ = 0.(38)

In a similar way, one has

lim
n→∞

‖xn − Sixn‖ = 0.(39)

Noticing (28), (38), (39) and the closedness of Ti and Si that p ∈ ⋂
i∈I F(Ti) ∩

⋂
i∈I F(Si).
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Case II. Assume that (c-2) holds. We observe that

φ(w, un,i) = φ(w, Trn,i yn,i)
≤ φ(w, yn,i)

= φ(w, J−1(β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn))

= ‖w‖2 − 2〈w, β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn〉

+ ‖β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn‖2

≤ ‖w‖2 − 2β
(1)
n,i 〈w, Jxn〉 − 2β

(2)
n,i 〈w, JTixn〉 − 2β

(3)
n,i 〈w, JSixn〉

+ β
(1)
n,i ‖xn‖2 + β

(2)
n,i ‖Tixn‖2 + β

(3)
n,i ‖Sixn‖2

− β
(2)
n,i β

(3)
n,i g(‖JSixn − JTixn‖)

= β
(1)
n,i φ(w, xn) + β

(2)
n,i φ(w, Tixn) + β

(3)
n,i φ(w, Sixn)

− β
(2)
n,i β

(3)
n,i g(‖JTixn − JSixn‖)

≤ β
(1)
n,i φ(w, xn) + β

(2)
n,i φ(w, xn) + β

(3)
n,i φ(w, xn)− β

(2)
n,i β

(3)
n,i g(‖JTixn − JSixn‖)

= φ(w, xn)− β
(2)
n,i β

(3)
n,i g(‖JTixn − JSixn‖).

This implies that

β
(2)
n,i β

(3)
n,i g(‖JTixn − JSixn‖) ≤ φ(w, xn)− φ(w, un,i), ∀i ∈ I.(40)

On the other hand, for every i ∈ I, one has

φ(w, xn)− φ(w, un,i) = ‖xn‖2 − ‖un,i‖2 − 2〈w, Jxn − Jun,i〉
≤ ‖xn − un,i‖(‖xn‖+ ‖un,i‖) + 2‖w‖‖Jxn − Jun,i‖.

It follows that (32) and (33) that

φ(w, xn)− φ(w, un,i) → 0 (n → ∞), ∀i ∈ I.(41)

Observing that assumption lim infn→∞ β
(2)
n,i β

(3)
n,i > 0, (40) and (41), one has

g(‖JTixn − JSixn‖) → 0 (n → ∞), ∀i ∈ I.

It follows from the property of the function g that

‖JTixn − JSixn‖ → 0 (n → ∞), ∀i ∈ I.(42)

Since J−1 is also uniformly norm-to-norm continuous on bounded sets, for each i ∈ I, one has

lim
n→∞

‖Tixn − Sixn‖ = 0.(43)

On the other hand, for each i ∈ I, one has

φ(Tixn, un,i) = φ(Tixn, Trn,i yn,i)
≤ φ(Tixn, yn,i)

= φ(Tixn, J−1(β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn))

= ‖Tixn‖2 − 2〈Tixn, β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn〉

+ ‖β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn‖2

≤ ‖Tixn‖2 − 2β
(1)
n,i 〈Tixn, Jxn〉 − 2β

(2)
n,i 〈Tixn, JTixn〉

− 2β
(3)
n,i 〈Tixn, JSixn〉+ β

(1)
n,i ‖xn‖2 + β

(2)
n,i ‖Tixn‖2 + β

(3)
n,i ‖Sixn‖2

≤ β
(1)
n,i φ(Tixn, xn) + β

(3)
n,i φ(Tixn, Sixn).(44)
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Observe that

φ(Tixn, Sixn) = ‖Tixn‖2 − 2〈Tixn, JSixn〉+ ‖Sixn‖2

= ‖Tixn‖2 − 2〈Tixn, JTixn〉+ 2〈Tixn, JTixn − JSixn〉+ ‖Sixn‖2

≤ ‖Sixn‖2 − ‖Tixn‖2 + 2‖Sixn‖‖JTixn − JSixn‖
≤ ‖Sixn − Tixn‖(‖Sixn‖+ ‖Tixn‖) + 2‖Sixn‖‖JTixn − JSixn‖.

It follows from (42) and (43) that

lim
n→∞

φ(Tixn, Sixn) = 0, ∀i ∈ I.(45)

Noticing that β
(1)
n,i → 0 as n → ∞, (44) and (45), one arrives at

lim
n→∞

φ(Tixn, un,i) = 0, ∀i ∈ I.(46)

From Lemma 2.1, one obtains

lim
n→∞

‖Tixn − un,i‖ = 0, ∀i ∈ I.(47)

Hence

‖Tixn − xn‖ ≤ ‖Tixn − un,i‖+ ‖un,i − xn‖, ∀i ∈ I.(48)

It follows from (32) and (47) that

lim
n→∞

‖Tixn − xn‖ = 0, ∀i ∈ I.(49)

Moreover, we observe that

‖Sixn − xn‖ ≤ ‖Sixn − Tixn‖+ ‖Tixn − xn‖, ∀i ∈ I.(50)

Combining (43) with (49), one obtains limn→∞ ‖Sixn − xn‖ = 0 for each i ∈ I. Noticing (28), it
follows from the closedness of Ti and Si and xn → p that p ∈ ⋂

i∈I F(Ti) ∩
⋂

i∈I F(Si).

(b) We next show that p ∈ GMEP(Θ, ϕ, Ψ).

From (40), we see

φ(u, yn,i) ≤ φ(u, xn,i).(51)

From un,i = Trn,i yn,i and Lemma 2.8, one has

φ(un, yn,i) = φ(Trn,i yn,i, yn,i)
≤ φ(w, yn,i)− φ(w, Trn,i yn,i)
≤ φ(w, xn,i)− φ(w, Trn,i yn,i)
= φ(w, xn,i)− φ(w, un,i).(52)

It follows from (41) that

φ(un,i, yn,i) → 0 as n → ∞, ∀i ∈ I.(53)

Noticing Lemma 2.1, one sees

‖un,i − yn,i‖ → 0 as n → ∞, ∀i ∈ I.(54)

Since J is uniformly norm-to-norm continuous on bounded sets, one has

lim
n→∞

‖Jun,i − Jyn,i‖ = 0, ∀i ∈ I.(55)

From the assumption rn,i ≥ a, one sees

lim
n→∞

‖Jun,i − Jyn,i‖
rn,i

= 0.(56)

Noticing that un,i = Trn,i yn,i, one obtains

f (un,i, y) +
1

rn,i
〈y − un,i, Jun,i − Jy〉 ≥ 0, ∀y ∈ C.(57)
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From (A2), one arrives at

‖y − un,i‖
‖Jun,i − Jyn,i‖

rn,i
≥ 1

rn,i
〈y − un,i, Jun,i − Jyn,i〉 ≥ − f (un,i, y) ≥ f (y, un,i), ∀y ∈ C.(58)

By taking the limit as n → ∞ in the above inequality and from (A4) and (34), one has

f (y, p) ≤ 0, ∀y ∈ C.(59)

For all 0 < t < 1 and y ∈ C, define yt = ty + (1 − t)p. Noticing that y, p ∈ C, one obtains
yt ∈ C, which yields that f (yt, p) ≤ 0. It follows from (A1) that

0 = f (yt, yt) ≤ t f (yt, y) + (1− t) f (yt, p) ≤ t f (yt, y).(60)

That is,

f (yt, y) ≥ 0.(61)

Let t ↓ 0, from (A3), we obtain f (p, y) ≥ 0, for all y ∈ C. We have p ∈ EP( f ) that is p ∈
GMEP(Θ, ϕ, Ψ). From (a) and (b), we conclude that p ∈ F.

Step 6. Show that p = ΠFx0.

From xn = ΠCn x0, we have

〈Jx0 − Jxn, xn − z〉 ≥ 0, ∀z ∈ Cn.(62)

Since F ⊂ Cn, we also have

〈Jx0 − Jxn, xn − u〉 ≥ 0, ∀u ∈ F.(63)

By taking limit in (63), we obtain that

〈Jx0 − Jp, p − u〉 ≥ 0, ∀u ∈ F.(64)

By Lemma 2.2, we can conclude that p = ΠFx0. This completes the proof. �

If β
(1)
n,i = 0 for all n ≥ 0 and Ti = Si for all i ∈ I in Theorem 3.1, then we have the following.

Corollary 3.2. Let E be a uniformly convex and uniformly smooth Banach space and C be a nonempty
closed convex subset of E. Let Ψ : C → E∗ be a continuous and monotone operator and ϕ : C → R

be a real-valued function. Let Θ be a bifunction from C × C to R satisfying (A1)− (A4), let {Ti}i∈I
be a family of closed quasi-φ-nonexpansive mappings Ti : C → C such that the common fixed point
set F :=

⋂
i∈I F(Ti) ∩ GMEP(Θ, ϕ, Ψ) is nonempty, where I is an index set. Let {xn} be a sequence

generated by the following manner:

(65)



x0 ∈ C chosen arbitrary and C0,i = C, ∀i ∈ I,
yn,i = J−1(αn,i Jx0 − (1− αn,i)Tixn),
un,i ∈ C such that Θ(uni , y) + ϕ(y)− ϕ(un,i)+
〈Ψun,i, y − un,i〉+ 1

rn,i
〈y − un,i, Jun,i − Jyn,i〉 ≥ 0, ∀y ∈ C,

Cn+1,i = {u ∈ Cn,i : φ(u, un,i) ≤ φ(u, xn) + αn,i(‖x‖2 + 2〈u, Jxn − Jx0〉)},
Cn+1 =

⋂
i∈I Cn+1,i,

xn+1 = ΠCn+1 x0, ∀n ≥ 0,

where J is a duality mapping on E, {αn,i}, (i = 1, 2, 3) and {rn,i} are sequences in (0, 1) satisfying
(a) limn→∞ αn,i = 0 for each i ∈ I;
(b) {rn,i} ⊂ [a, ∞) for some a > 0 and for all i ∈ I;

Then the sequence {xn} converges strongly to ΠFx0.

Remark 3.3. Corollary 3.2 improves Theorem 3.1 of Takahashi and Zembayashi [36] in the
following senses:

(1) from the class of relatively nonexpansive mappings to the more general class of quasi-φ-
nonexpansive mappings.

(2) from one mapping to a family of mappings.
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(3) from the problem of finding the solutions of the equilibrium problem to the problem of
finding the solutions of the generalized mixed equilibrium problem.

Corollary 3.4. Let E be a uniformly convex and uniformly smooth Banach space and C be a nonempty
closed convex subset of E. Let {Ti}i∈I and {Si}i∈I be two families of closed quasi-φ-nonexpansive
mappings Ti, Si : C → C such that the common fixed point set F :=

⋂
i∈I F(Ti) ∩

⋂
i∈I F(Si) is

nonempty, where I is an index set. Let {xn} be a sequence generated by the following manner:

(66)



x0 ∈ C chosen arbitrary and C0,i = C, ∀i ∈ I,

zn,i = J−1(β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn),

yn,i = J−1(αn,i Jx0 − (1− αn,i)Jzn,i),
Cn+1,i = {u ∈ Cn,i : φ(u, yn,i) ≤ φ(u, xn) + αn,i(‖x‖2 + 2〈u, Jxn − Jx0〉)},
Cn+1 =

⋂
i∈I Cn+1,i,

xn+1 = ΠCn+1 x0, ∀n ≥ 0,

where J is a duality mapping on E, {αn,i} and {β
(i)
n,i} (i = 1, 2, 3) are sequences in (0, 1) satisfying

(a) limn→∞ αn,i = 0 for each i ∈ I;
(b) β

(1)
n,i + β

(2)
n,i + β

(3)
n,i = 1 for each i ∈ I and if one of the following is satisfied.

(b-1) lim infn→∞ β
(1)
n,i β

(l)
n,i > 0 for all l = 2, 3 and for all i ∈ I and

(b-2) lim infn→∞ β
(2)
n,i β

(3)
n,i > 0 and lim infn→∞ β

(1)
n,i = 0 for each i ∈ I.

Then the sequence {xn} converges strongly to ΠFx0.

Proof. Put f (x, y) = 0, for all x, y ∈ C, Ψ = ϕ = 0 and {rn,i} = {1}, ∀i ∈ I in Theorem
3.1. Thus, we have un,i = yn,i. Then the sequence {xn} generated in Corallary 3.4 converges
strongly to ΠFx0. �

Remark 3.5. (1) We note that the iterative method imposed in Corollary 3.4 bases on the shrink-
ing projection method which is different from the iterative method imposed in Theorem QCKZ
based on the hybrid method.

(2) We can obtain the Corollary 3.4 by using either the condition (b-1) or (b-2).

Theorem 3.6. Let E be a uniformly convex and uniformly smooth Banach space and C be a nonempty
closed convex subset of E. Let Ψ : C → E∗ be a continuous and monotone operator and ϕ : C → R be
a real-valued function. Let Θ be a bifunction from C × C to R satisfying (A1)− (A4), let {Ti}i∈I and
{Si}i∈I be two families of closed quasi-φ-nonexpansive mappings Ti, Si : C → C such that the common
fixed point set F :=

⋂
i∈I F(Ti) ∩

⋂
i∈I F(Si) ∩ GMEP(Θ, ϕ, Ψ) is nonempty , where I is an index set.

Let {xn} be a sequence generated by the following manner:

(67)



x0 ∈ C chosen arbitrary,

zn,i = J−1(β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn),

yn,i = J−1(αn,i Jx0 − (1− αn,i)Jzn,i),
un,i ∈ C such that Θ(uni , y) + ϕ(y)− ϕ(un,i)+
〈Ψun,i, y − un,i〉+ 1

rn,i
〈y − un,i, Jun,i − Jyn,i〉 ≥ 0, ∀y ∈ C,

Hn,i = {u ∈ C : φ(u, un,i) ≤ φ(u, xn) + αn,i(‖x‖2 + 2〈u, Jxn − Jx0〉)},
Hn =

⋂
i∈I Hn,i,

W0 = C,
Wn = {u ∈ Wn−1 : 〈xn − u, Jx0 − Jxn〉 ≥ 0},
xn+1 = ΠHn∩Wn x0, ∀n ≥ 0,

where J is a duality mapping on E, {αn,i}, {β
(i)
n,i} (i = 1, 2, 3) are sequences in (0, 1) such that

(a) limn→∞ αn,i = 0 for each i ∈ I;
(b) {rn,i} ⊂ [a, ∞) for some a > 0 and for all i ∈ I;
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(c) β
(1)
n,i + β

(2)
n,i + β

(3)
n,i = 1 for each i ∈ I and if either

(c-1) lim infn→∞ β
(1)
n,i β

(l)
n,i > 0 for all l = 2, 3 and for all i ∈ I or

(c-2) lim infn→∞ β
(2)
n,i β

(3)
n,i > 0 and lim infn→∞ β

(1)
n,i = 0 for each i ∈ I.

Then the sequence {xn} converges strongly to ΠFx0.

Proof. We define a bifunction f : C × C → R by

f (x, y) = Θ(x, y) + ϕ(y)− ϕ(x) + 〈Ψx, y − x〉, ∀x, y ∈ C.

From Lemma 2.10, we have the bifunction f satisfies condition (A1)-(A4). Therefore, the mixed
equilibrium problem (1) is equivalent to the following equilibrium problem: find u ∈ C such
that

f (u, y) ≥ 0, ∀y ∈ C,

and (67) can be written as:

(68)



x0 ∈ C chosen arbitrary,

zn,i = J−1(β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn),

yn,i = J−1(αn,i Jx0 − (1− αn,i)Jzn,i),
un,i ∈ C such that f (uni , y) + 1

rn,i
〈y − un,i, Jun,i − Jyn,i〉 ≥ 0, ∀y ∈ C,

Hn,i = {u ∈ C : φ(u, un,i) ≤ φ(u, xn) + αn,i(‖x‖2 + 2〈u, Jxn − Jx0〉)},
Hn =

⋂
i∈I Hn,i,

W0 = C,
Wn = {u ∈ Wn−1 : 〈xn − u, Jx0 − Jxn〉 ≥ 0},
xn+1 = ΠHn∩Wn x0, ∀n ≥ 0,

It is obvious that Hn ∩ Wn is closed and convex. Now we show that F ⊂ Hn ∩ Wn for all
n ≥ 0. First, we show that F ⊂ Hn for all n ≥ 0. For ∀w ∈ F and all i ∈ I, one has

φ(w, zn,i) = φ(w, J−1(β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn))

= ‖w‖2 − 2〈w, β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn)〉

+ ‖β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn‖2

≤ ‖w‖2 − 2β
(1)
n,i 〈w, Jxn〉 − 2β

(2)
n,i 〈w, JTixn〉 − 2β

(3)
n,i 〈w, JSixn〉

+ β
(1)
n,i ‖xn‖2 + β

(2)
n,i ‖Tixn‖2 + β

(3)
n,i ‖JSixn‖2

= β
(1)
n,i φ(w, xn) + β

(2)
n,i φ(w, Tixn) + β

(3)
n,i φ(w, Sixn)

≤ β
(1)
n,i φ(w, xn) + β

(2)
n,i φ(w, xn) + β

(3)
n,i φ(w, xn)

= φ(w, xn)
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and then

φ(w, un,i) = φ(w, Trn,i yn,i)
≤ φ(w, yn,i)

= φ(w, J−1(αn,i Jx0 − (1− αn,i)Jzn,i)

= ‖w‖2 − 2〈w, αn,i Jx0 − (1− αn,i)Jzn,i〉+ ‖αn,i Jx0 − (1− αn,i)Jzn,i‖2

≤ ‖w‖2 − 2αn,i〈w, Jx0〉 − 2(1− αn,i)〈w, Jzn,i〉+ αn,i‖x0‖2 + (1− αn,i)‖zn,i‖2

= αn,iφ(w, x0) + (1− αn,i)φ(w, zn,i)
≤ αn,iφ(w, x0) + (1− αn,i)φ(w, xn)
= φ(w, xn) + αn,i[φ(w, x0)− φ(w, xn)]

≤ φ(w, xn) + αn,i(‖x0‖2 + 2〈w, Jxn − Jx0〉).(69)

This show that w ∈ Hn,i for each i ∈ I. That is, w ∈ Hn =
⋂

i∈I Hn,i for all n ≥ 0.
Next, we show that F ⊂ Wn for all n ≥ 0. In fact, we prove this by induction. For n = 0, we

have F ⊂ C = W0. Assume that F ⊂ Hn−1 for some n ≥ 1, we will show that F ⊂ Wn for the
same n ≥ 1. Since xn is the projection of x0 onto Hn−1 ∩Wn−1, by Lemma 2.2, we have

〈xn − z, Jx0 − Jxn〉 ≥ 0, ∀z ∈ Cn−1 ∩ Qn−1.(70)

Since F ⊂ Hn−1 ∩Wn−1 by the induction assumptions, the last inequality holds, in particular,
for all w ∈ F. This together with the definition of Wn implies that F ⊂ Wn. Thus we proved
that F ⊂ Hn ∩Wn, ∀n ≥ 0. This means that {xn} is well define.

From the definition of Wn, we know that

〈xn − z, Jx − Jxn〉 ≥ 0, ∀z ∈ Wn.

So by Lemma 2.2 we have xn = ΠWn x. If we instead Cn by Wn and Cn+1 by Hn in the proof of
Theorem 3.1, and notice that xn+1 = ΠHn∩Wn x ∈ Hn ∩Wn ⊂ Wn, we have

lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

‖xn − un,i‖ = 0.(71)

Since J is uniformly norm-to-norm continuous on bounded set, we have

lim
n→∞

‖Jxn − Jun,i‖ = 0.(72)

Thus the proof that {xn} converges strongly to ΠFx follows on the lines of Theorem 3.1. �
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Strong convergence of a new two-step iterative scheme for two
quasi-nonexpansive multi-valued maps in Banach spaces
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ABSTRACT: In this paper, a new two-step iterative scheme is introduced for two quasi-nonexpansive
multi-valued maps in Banach spaces. Strong convergence theorem of the purposed iterative
scheme is established for quasi-nonexpansive multi-valued maps in Banach spaces. The result
obtained in this paper improve and extend the corresponding one announced by Shahzad and
Zegeye [N. Shahzad, H. Zegeye, On Mann and Ishikawa iteration schemes for multi-valued
maps in Banach spaces, Nonlinear Analysis 71 (2009) 838-844.].
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1. Introduction

Let D be a nonempty convex subset of a Banach spaces E. The set D is called proximinal if
for each x ∈ E, there exists an element y ∈ D such that ‖x − y‖ = d(x, D), where d(x, D) =
inf{‖x − z‖ : z ∈ D}. Let CB(D), K(D) and P(D) denote the families of nonempty closed
bounded subsets, nonempty compact subsets, and nonempty proximinal bounded subsets of
D, respectively. The Hausdorff metric on CB(D) is defined by

H(A, B) = max
{

sup
x∈A

d(x, B), sup
y∈B

d(y, A)
}

for A, B ∈ CB(D). A single-valued map T : D → D is called nonexpansive if ‖Tx − Ty‖ ≤
‖x − y‖ for all x, y ∈ D. A multi-valued map T : D → CB(D) is said to be nonexpansive if
H(Tx, Ty) ≤ ‖x − y‖ for all x, y ∈ D. An element p ∈ D is called a fixed point of T : D → D
(respectively, T : D → CB(D)) if p = Tp (respectively, p ∈ Tp). The set of fixed points of T is
denoted by F(T). The mapping T : D → CB(D) is called quasi-nonexpansive[13] if F(T) 6= ∅
and H(Tx, Tp) ≤ ‖x − p‖ for all x ∈ D and all p ∈ F(T). It is clear that every nonexpansive
multi-valued map T with F(T) 6= ∅ is quasi-nonexpansive. But there exist quasi-nonexpansive
mappings that are not nonexpansive, see [12].

The mapping T : D → CB(D) is called hemicompact if, for any sequence {xn} in D such that
d(xn, Txn) → 0 as n → ∞, there exists a subsequence {xnk} of {xn} such that xnk → p ∈ D. We
note that if D is compact, then every multi-valued mapping T : D → CB(D) is hemicompact.
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A mapping T : D → CB(D) is said to satisfy Condition (I) if there is a nondecreasing function
f : [0, ∞) → [0, ∞) with f (0) = 0, f (r) > 0 for r ∈ (0, ∞) such that

d(x, Tx) ≥ f (d(x, F(T)))

for all x ∈ D.
A family {Ti : D → CB(D), i = 1, 2, ..., N} is said to satisfy Condition (II) if there is a nonde-

creasing function f : [0, ∞) → [0, ∞) with f (0) = 0, f (r) > 0 for r ∈ (0, ∞) such that

d(x, Tix) ≥ f (d(x,
N⋂

i=1

F(Ti)))

for all i = 1, 2, ..., N and x ∈ D.
In 1953, Mann [6] introduced the following iterative procedure to approximate a fixed point

of a nonexpansive mapping T in a Hilbert space H:

(1) xn+1 = αnxn + (1− αn)Txn, ∀n ∈ N,

where the initial point x0 is taken in C arbitrarily and {αn} is a sequence in [0,1].
However, we note that Mann’s iteration process (1) has only weak convergence, in general;

for instance, see [1, 3, 9].
In 2005, Sastry and Babu [10] proved that the Mann and Ishikawa iteration schemes for

multi-valued map T with a fixed point p converge to a fixed point q of T under certain condi-
tions. They also claimed that the fixed point q may be different from p. More precisely, they
proved the following result for nonexpansive multi-valued map with compact domain.

In 2007, Panyanak [8] extended the above result of Sastry and Babu [10] to uniformly convex
Banach spaces but the domain of T remains compact.

Later, Song and Wang [14] noted that there was a gap in the proofs of Theorem 3.1(see [8])
and Theorem 5 (see [12]). They further solved/revised the gap and also gave the affirmative
answer to Panyanak [8] question using the following Ishikawa iteration scheme. In the main
results, domain of T is still compact, which is a strong condition (see [14], Theorem 1) and T
satisfies condition(I) (see [14], Theorem 1).

In 2009, Shahzad and Zegeye [10] extended and improved the results of Panyanak [8], Sas-
try and Babu [12] and Song and Wang [14] to quasi-nonexpansive multi-valued maps. They
also relaxed compactness of the domain of T. The results provided an affirmative answer to
Panyanak [8] question in a more general setting. They introduced a new iteration as follows:
Let D be a nonempty convex subset of a Banach space E and αn, α′n ∈ [0, 1]. Let T : D → P(D)
and PTx = {y ∈ Tx : ‖x − y‖ = d(x, Tx)}. The sequence of Ishikawa iterates is defined by
x0 ∈ D,

yn = α′nz′n + (1− α′n)xn, n ≥ 0,
xn+1 = αnzn + (1− αn)xn, n ≥ 0,(2)

where z′n ∈ PTxn and zn ∈ PTyn.
Since 2003, the iterative schemes with errors for a single-valued map in Banach spaces have

been studied by many authors, see [2, 4, 5, 7].
Question: How can we modify Mann and Ishikawa iterative schemes with errors to obtain

convergence theorems for finding a common fixed point of two multi-valued nonexpansive
maps ?

Motivated by Shahzad and Zegeye [12], we purpose a new two-step iterative scheme for
two multi-valued quasi-nonexpansive maps in Banach spaces and prove strong convergence
theorems of the purposed iteration.

2. Main Results

We use the following iteration scheme:
Let D be a nonempty convex subset of a Banach space E, αn, βn, α′n, β′n ∈ [0, 1] and {un}, {vn}
are bounded sequences in D.
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Let T1, T2 be two quasi-nonexpansive multi-valued maps from D into P(D) and PTi x = {y ∈
Tix : ‖x− y‖ = d(x, Tix)}, i = 1, 2. Let {xn} be the sequence defined by x0 ∈ D,

yn = α′nz′n + β′nxn + (1− α′n − β′n)un, n ≥ 0,
xn+1 = αnzn + βnxn + (1− αn − βn)vn, n ≥ 0,(3)

where z′n ∈ PT1 xn and zn ∈ PT2 yn.
We shall make use of the following results.

Lemma 2.1. [15] Let {sn}, {tn} be two nonnegative sequences satisfying

sn+1 ≤ sn + tn, ∀n ≥ 1.

If ∑∞
n=1 tn < ∞ then limn→∞ sn exists.

Lemma 2.2. [11] Suppose that E is a uniformly convex Banach space and 0 < p ≤ tn ≤ q <
1 for all positive integers n. Also suppose that {xn} and {yn} are two sequences of E such that
lim supn→∞ ‖xn‖ ≤ r, lim supn→∞ ‖yn‖ ≤ r and limn→∞ ‖tnxn + (1− tn)yn‖ = r hold for some
r ≥ 0. Then limn→∞ ‖xn − yn‖ = 0.

Theorem 2.3. Let E be a uniformly convex Banach space, D a nonempty, closed and convex subset of
E, and T1, T2 be two multi-valued maps from D into P(D) with F(T1) ∩ F(T2) 6= ∅ such that PT1 , PT2

are nonexpansive. Assume that
(i) {T1, T2} satisfies condition (II);
(ii) ∑∞

n=1(1− αn − βn) < ∞ and ∑∞
n=1(1− α′n − β′n) < ∞;

(iii) 0 < ` ≤ αn, α′n ≤ k < 1.
Then the sequence {xn} generated by (3) converges strongly to some elements in F(T1) ∩ F(T2).

Proof. We split the proof into three steps.
Step 1. Show that limn→∞ ‖xn − p‖ exists for all p ∈ F(T1) ∩ F(T2).
Let p ∈ F(T1)∩ F(T2). Then PT1 p = {p} and PT2 p = {p}. Since un, vn are bounded, therefore

exists M > 0 such that max{supn∈N ‖un − p‖, supn∈N ‖vn − p‖} ≤ M. Then

‖yn − p‖ ≤ α′n‖z′n − p‖+ β′n‖xn − p‖+ (1− α′n − β′n)‖un − p‖
≤ α′nd(z′n, PT1 p) + β′n‖xn − p‖+ (1− α′n − β′n)M
≤ α′nH(PT1 xn, PT1 p) + β′n‖xn − p‖+ (1− α′n − β′n)M
≤ (α′n + β′n)‖xn − p‖+ (1− α′n − β′n)M
≤ ‖xn − p‖+ (1− α′n − β′n)M.(4)

It follows that

‖xn+1 − p‖ ≤ αn‖zn − p‖+ βn‖xn − p‖+ (1− αn − βn)‖vn − p‖
= αnd(zn, PT2 p) + βn‖xn − p‖+ (1− αn − βn)M
≤ αnH(PT2 yn, PT2 p) + βn‖xn − p‖+ (1− αn − βn)M
≤ αn‖yn − p‖+ βn‖xn − p‖+ (1− αn − βn)M
≤ αn

(
‖xn − p‖+ (1− α′n − β′n)M

)
+ βn‖xn − p‖

+ (1− αn − βn)M
= (αn + βn)‖xn − p‖+

(
αn(1− α′n − β′n) + (1− αn − βn)

)
M

≤ ‖xn − p‖+
(
αn(1− α′n − β′n) + (1− αn − βn)

)
M

= ‖xn − p‖+ εn,(5)

where εn =
(
αn(1− α′n − β′n) + (1− αn − βn)

)
M. By (ii), we have εn → 0 as n → ∞. Thus by

Lemma 2.1, we have limn→∞ ‖xn − p‖ exists for all p ∈ F(T1) ∩ F(T2).
Step 2. Show that limn→∞ ‖zn − xn‖ = 0 = limn→∞ ‖z′n − xn‖.
Let p ∈ F(T1) ∩ F(T2). By Step 1, By Step 1, there is a real number c > 0 such that

limn→∞ ‖xn − p‖ = c. Let S = max{supn∈N ‖vn − yn‖, supn∈N ‖un − xn‖}. From 4, we get

lim sup
n→∞

‖yn − p‖ ≤ c.(6)
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Next, we consider

‖zn − p + (1− αn − βn)(vn − xn)‖ ≤ ‖zn − p‖+ (1− αn − βn)‖vn − xn‖
≤ d(zn, PT2 p) + (1− αn − βn)S
≤ H(PT2 yn, PT2 p) + (1− αn − βn)S
≤ ‖yn − p‖+ (1− αn − βn)S

It follows that

lim sup
n→∞

‖zn − p + (1− αn − βn)(vn − xn)‖ ≤ c.

Also

‖xn − p + (1− αn − βn)(vn − xn)‖ ≤ ‖xn − p‖+ (1− αn − βn)‖vn − xn‖
≤ ‖xn − p‖+ (1− αn − βn)S

which implies that

lim sup
n→∞

‖xn − p + (1− αn − βn)(vn − xn)‖ ≤ c.

Since

lim
n→∞

‖ αn
(
zn − p + (1− αn − βn)(vn − xn)

)
+ (1− αn)

(
xn − p + (1− αn − βn)(vn − xn)

)
‖ = lim

n→∞
‖xn+1 − p‖ = c,

by Lemma 2.2, we obtain that

lim
n→∞

‖zn − xn‖ = 0.(7)

By the nonexpansiveness of PT2 , we have

‖xn − p‖ ≤ ‖xn − zn‖+ ‖zn − p‖
= ‖xn − zn‖+ d(zn, PT2 p)
≤ ‖xn − zn‖+ H(PT2 yn, PT2 p)
≤ ‖xn − zn‖+ ‖yn − p‖

which implies

c ≤ lim inf
n→∞

‖yn − p‖ ≤ lim sup
n→∞

‖yn − p‖ ≤ c.

Hence limn→∞ ‖yn − p‖ = c. Since

yn − p = α′n
(
z′n − p + (1− α′n − β′n)(un − xn)

)
+ (1− α′n)

(
xn − p + (1− α′n − β′n)(un − xn)

)
,

we have

lim
n→∞

‖ α′n
(
z′n − p + (1− α′n − β′n)(un − xn)

)
+ (1− α′n)

(
xn − p + (1− α′n − β′n)(un − xn)

)
‖ = c.

Moreover, we get

‖z′n − p + (1− α′n − β′n)(un − xn)‖ ≤ ‖z′n − p‖+ (1− α′n − β′n)‖un − xn‖
≤ d(z′n, PT1 p) + (1− α′n − β′n)S
≤ H(PT1 xn, PT1 p) + (1− α′n − β′n)S
≤ ‖xn − p‖+ (1− α′n − β′n)S.

This yields that

lim sup
n→∞

‖z′n − p + (1− α′n − β′n)(un − xn)‖ ≤ c.
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Also

‖xn − p + (1− α′n − β′n)(un − xn)‖ ≤ ‖xn − p‖+ (1− α′n − β′n)‖un − xn‖
≤ ‖xn − p‖+ (1− α′n − β′n)S.

This implies that

lim sup
n→∞

‖xn − p + (1− α′n − β′n)(un − xn)‖ ≤ c.

Again by Lemma 2.2, we have

lim
n→∞

‖z′n − xn‖ = 0.(8)

Step 3. Show that {xn} converges strongly to q for some q ∈ F(T1) ∩ F(T2)
From Step 2, we know that limn→∞ ‖zn − xn‖ = 0 = limn→∞ ‖z′n − xn‖. Also d(xn, T1xn) ≤

d(xn, PT1 xn) ≤ ‖z′n − xn‖ → 0 as n → ∞. Since {xn}, {un} are bounded, so is {un − z′n}. Now,
let K = supn∈N ‖un − z′n‖. By assumption and (8), we get

‖yn − z′n‖ ≤ ‖α′nz′n + β′nxn + (1− α′n − β′n)un − z′n‖
≤ β′n‖xn − z′n‖+ (1− α′n − β′n)‖un − z′n‖
≤ β′n‖xn − z′n‖+ (1− α′n − β′n)K
→ 0(9)

as n → ∞. It follows from (8) and (9) that

‖yn − xn‖ ≤ ‖yn − z′n‖+ ‖z′n − xn‖
→ 0(10)

as n → ∞. It follows from (7) and (10) that

d(xn, T2xn) ≤ d(xn, PT2 xn)
≤ d(xn, PT2 yn) + H(PT2 yn, PT2 xn)
≤ ‖xn − zn‖+ ‖yn − xn‖
→ 0.

Since that {T1, T2} satisfies the condition (II), we have d(xn, F(T1) ∩ F(T2)) → 0. Thus there is
a subsequence {xnk} of {xn} and a sequence {pk} ⊂ F(T1) ∩ F(T2) such that

‖xnk − pk‖ <
1
2k(11)

for all k. From (5), we obtain

‖xnk+1 − p‖ ≤ ‖xnk+1−1 − p‖+ εnk+1−1

≤ ‖xnk+1−2 − p‖+ εnk+1−2 + εnk+1−1

...

≤ ‖xnk − p‖+
nk+1−nk−1

∑
i=0

εnk+i

for all p ∈ F(T1) ∩ F(T2). This implies that

‖xnk+1 − pk‖ ≤ ‖xnk − pk‖+
nk+1−nk−1

∑
i=0

εnk+i <
1
2k +

nk+1−nk−1

∑
i=0

εnk+i.
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Next, we shall show that {pk} is Cauchy sequence in D. Notice that

‖pk+1 − pk‖ ≤ ‖pk+1 − xnk+1‖+ ‖xnk+1 − pk‖

<
1

2k+1 +
1
2k +

nk+1−nk−1

∑
i=0

εnk+i

<
1

2k−1 +
nk+1−nk−1

∑
i=0

εnk+i.

This implies that {pk} is Cauchy sequence in D and thus converges to q ∈ D. Since

d(pk, Tiq) ≤ d(pk, PTi q) ≤ H(PTi q, PTi pk) ≤ ‖q− pk‖
for all i = 1, 2 and pk → q as n → ∞, it follows that d(q, Tiq) = 0 for all i = 1, 2 and thus
q ∈ F(T1) ∩ F(T2). It implies by (11) that {xnk} converges strongly to q. Since limn→∞ ‖xn − q‖
exists, it follows that {xn} converges strongly to q. This completes the proof. �

For T1 = T2 = T and αn + βn = 1 = α′n + β′n in Theorem 2.3, we obtain the following result.

Theorem 2.4. (See [12], Theorem 2.7) Let E be a uniformly convex Banach space, D a nonempty,
closed and convex subset of E, and T : D → P(D) a multi-valued map with F(T) 6= ∅ such that PT
is nonexpansive. Let {xn} be the Ishikawa iterates defined by (B). Assume that T satisfies condition (I)
and αn, α′n ∈ [a, b] ⊂ (0, 1). Then {xn} converges strongly to a fixed point of T.
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A general iterative algorithm for the solution of variational
inequalities for a nonexpansive semigroup in Banach spaces

Pitipong Sunthrayuth and Poom Kumam

ABSTRACT: Let X be a uniformly convex and smooth Banach space which admits a weakly
sequentially continuous duality mapping, C a nonempty bounded closed convex subset of X.
Let S = {T(s) : 0 ≤ 0 < ∞} be a nonexpansive semigroup on C such that F(S) 6= ∅ and
f : C → C is a contraction mapping with coefficient α ∈ (0, 1), A a strongly positive linear
bounded operator with coefficient γ̄ > 0. We prove that the sequences {xt} and {xn} are
generated by the following iterative algorithms, respectively

xt = tγ f (xt) + (I − tA)
1
λt

λt∫
0

T(s)xtds

and

xn+1 = αnγ f (xn) + βnxn + ((1− βn)I − αn A)
1
tn

tn∫
0

T(s)xnds

where {t}, {αn} and {βn} in (0, 1) and {λt}0<t<1, {tn} are positive real divergent sequences,
converging strongly to a common fixed point x∗ ∈ F(S), which solves variational inequality
〈(γ f − A)x∗, J(x − x∗)〉 ≤ 0 for x ∈ F(S). Our results presented in this paper extend and
improve the corresponding results announced by many others.

1. Introduction

Let X be a real Banach space, and let C a nonempty closed convex subset of X. Mapping T of C
into itself is said to be nonexpansive if ‖Tx − Ty‖ ≤ ‖x − y‖ for each x, y ∈ C. We denote F(T)
as the set of fixed points of T. We know that F(T) is nonempty if C is bounded; for more detail
see [3]. A one-parameter family S = {T(s) : 0 ≤ s < ∞} from C of X into itself is said to be a
nonexpansive semigroup on C if it satisfies the following conditions:

(i) T(0)x = x for all x ∈ C;
(ii) T(s + t) = T(s) ◦ T(t) for all s, t ≥ 0;

(iii) for each x ∈ C the mapping t 7→ T(t)x is continuous; and
(iv) ‖T(s)x − T(s)y‖ ≤ ‖x − y‖ for all x, y ∈ C and s ≥ 0.
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We denote by F(S) the set of all common fixed points of S , that is F(S) =
⋂

s≥0 F(T(s)). We
know that F(S) is nonempty if C is bounded, see [4]. Recall that a self mapping f : C → C is
a contraction if there exists a constant α ∈ (0, 1) such that ‖ f (x)− f (y)‖ ≤ α‖x − y‖ for each
x, y ∈ C.

Iterative methods for nonexpansive mappings have recently been applied to solve mini-
mization problems; see, e.g. [8, 20, 21, 23, 24]. A typical problem is to minimize a quadratic
function over the set of the fixed points of a nonexpansive mapping on a real Hilbert space H:

(1) min
x∈F

1
2
〈Ax, x〉 − 〈x, u〉,

where F is the fixed point set of a nonexpansive mapping T on H, and u is a given point in H.
Assume A is strongly positive; that is, there is a constant γ̄ with the property such that

(2) 〈Ax, x〉 ≥ γ̄‖x‖2

for all x ∈ H.
In 2003, Xu [20] proved that the sequence {xn} generated by

(3) xn+1 = αnu + (I − αn A)Txn, ∀n ≥ 0,

converges strongly to the unique solution of the minimization problem (1), provided the se-
quence {αn} satisfies certain conditions.

On the other hand, Moudafi [15] introduced the viscosity approximation method for non-
expansive mappings (see [22] for further developments in both Hilbert and Banach spaces).
Starting with an arbitrary initial x0 ∈ H, defined the sequence {xn} recursively by

(4) xn+1 = σn f (xn) + (1− σn)Txn, ∀n ≥ 0,

where {σn} is a sequence in (0, 1). It is proved in [15, 22] that under certain appropriate con-
ditions imposed on {σn}, the sequence {xn} generated by (4) strongly converges to the unique
solution x∗ of the variational inequality

(5) 〈( f − I)x∗, x − x∗〉 ≤ 0, ∀x ∈ F(T).

Recently, Marino and Xu [14] combined the iterative method (3) with the viscosity approxima-
tion method (4) considering the following general iterative process:

(6) xn+1 = αnγ f (xn) + (I − αn A)Txn, ∀n ≥ 0,

where 0 < γ < γ̄
α . They proved that the sequence {xn} generated by (6) converges strongly to

a unique solution x∗ of the variational inequality

(7) 〈(γ f − A)x∗, x − x∗〉 ≤ 0, ∀x ∈ F(T).

On the other hand, Browder [2] proved that if X is a Hilbert space for a nonexpansive mapping
from C into itself, then the net sequence {xt} with t ∈ (0, 1), generated by

(8) xt = tu + (1− t)Txt,

converges strongly to the element of F(T), which is nearest to x ∈ F(T) as t → 0. Moudafi [15]
and Xu [22] used the viscosity approximation method for a nonexpanive mapping T. It proved
that the net sequence {xt} with t ∈ (0, 1), generated by

(9) xt = t f (xt) + (1− t)Txt,

converges strongly to the element in F(T) which is the unique solution to the variational in-
equality (5). Later, Bailon and Brezis [1] proved that if S = {T(s) : 0 ≤ s < ∞} is a nonexpan-
sive semigroup on C, then the continuous scheme with t ∈ (0, 1)

(10) xt =
1
t

t∫
0

T(s)xtds,
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converges weakly to a common fixed point of S . Those results have been generalized by many
authors; see, for instance Takahashi [19]. Shioji and Takahashi [18] introduced the implicit
iteration

(11) xn = αnu + (1− αn)
1
tn

∫ tn

0
T(s)xnds, ∀n ∈ N.

In 2007, Chen and Song [6] proposed the explicit iterative process {xn} in a Banach space, as
follows:

(12) xn+1 = αn f (xn) + (1− αn)
1
tn

∫ tn

0
T(s)xnds,

where {tn} is a positive real divergent sequence. They proved, under certain appropriate
conditions {αn} be a real sequence in (0, 1), that {xn} converges strongly to a unique solution
x∗ of the variational inequality

(13) 〈( f − I)x∗, J(x − x∗)〉, ∀x ∈ F(T).

Recently, Li et al [12] and Plubtieng and Wangkeeree [16] considered the iterative process
{xn}, in a Hilbert space H, x0 ∈ H is arbitrary and

(14) xn+1 = αnγ f (xn) + (I − αn A)
1
tn

∫ tn

0
T(s)xnds, ∀n ≥ 0,

where A is a strongly positive bounded linear operator with coefficient γ̄ > 0, 0 < γ < γ̄
α and

{tn} is a positive real divergent sequence. They proved, under certain appropriate conditions
{αn} ⊂ (0, 1) and {tn} is a positive real divergent sequence, that {xn} converges strongly to a
unique solution x∗ of the variational inequality (7). Moreover, Plubtieng and Wangkeeree [16],
also considered and studied the continuous scheme {xt} with t ∈ (0, 1) defined as follows:

(15) xt = tγ f (xt) + (I − tA)
1
λt

λt∫
0

T(s)xtds,

where A is a strongly positive bounded linear operator with coefficient γ̄ > 0, 0 < γ < γ̄
α

and {λt} is a positive real divergent net. They proved, under certain appropriate conditions
{λt} ⊂ (0, 1), that {xt} converges strongly to a unique solution x∗ of the variational inequality
(7).

Very recently, Kang et al.[11] considered the iterative process {xn} in a Hilbert space as
follows:

(16) xn+1 = αnγ f (xn) + βnxn + ((1− βn)I − αn A)
1
tn

tn∫
0

T(s)xnds, ∀n ≥ 0,

They proved, under certain appropriate condition {αn} and {βn} are two real sequence in
(0, 1), that {xn} converges strongly to a unique solution of the variational inequality (7).

Question 1.1. Can Theorem of Kang et al. [11] and Plubtieng and Wangkeeree [16] be extend
from Hilbert spaces to a general Banach space? such as uniformly convex Banach space.

Question 1.2. Can we extend the iterative method of algorithm (14) to a general iterative
process?

The purpose of this paper is to give affirmative answer to these questions mentioned above.
In this paper, motivated and inspired by Chen and Song [6] and Kang et al.[11], we consider
the iterative schemes defined by (15) and (16) for a nonexpansive semigroup in a Banach space.
We proved that both schemes converge strongly to a common fixed point of S . The results in
this paper extend and improve the main results of Kang et al.[11], Li et al. [12] and Plubtieng
and Wangkeeree [16] and some others to Banach spaces.
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2. Preliminaries

Throughout this paper, let X be a real Banach space, C be a closed convex subset of X. Let
J : X → 2X∗

be a normalized duality mapping by J(x) = { f ∗ ∈ X∗ : 〈x, f ∗〉 = ‖x‖2 = ‖ f ∗‖2},
where X∗ denotes the dual space of X and 〈·, ·〉 denotes the generalized duality paring. In the
following, the notation ⇀ and → denote the weak and strong convergence, respectively. Also,
a mapping I : C → C denotes the identity mapping.

The norm of a Banach space X is said to be Gâteaux differentiable if the limt→0
‖x+ty‖−‖x‖

t exists
for each x, y ∈ C on the unit sphere S(X) of X. In this case X is smooth. Moreover, if for each y
in S(X) the limit above is uniformly attained for x ∈ S(X), we say that the norm X is uniformly
Gâteaux differentiable.

Recall that the Banach space X is said to be smooth if duality mapping J is single valued. In a
smooth Banach space, we always assume that A is strongly positive (see [5]), that is, a constant
γ̄ > 0 with the property

(17) 〈Ax, J(x)〉 ≥ γ̄‖x‖2, ‖aI − bA‖ = sup
‖x‖≤1

‖〈(aI − bA)x, J(x)〉‖ a ∈ [0, 1], b ∈ [−1, 1].

A Banach space X is said to be strictly convex if ‖x‖ = ‖y‖ = 1, x 6= y implies ‖x+y‖
2 < 1. A

Banach space X is said to be uniformly convex if δX(ε) > 0 for all ε > 0, where δX(ε) is modu-
lus of convexity of X defined by δX(ε) = inf

{
1− ‖x+y‖

2 : ‖x‖ ≤ 1, ‖y‖ ≤ 1, ‖x + y‖ ≥ ε
}

, ∀ε ∈
[0, 2]. A uniformly convex Banach space X is reflexive and strictly convex (see Theorem 4.1.6, The-
orem 4.1.2 of [19]).

In the sequel we will use the following lemmas, which will be used in the proofs for the
main results in the next section.

Lemma 2.1. (Cai and Hu [5]) Assume that A is a strongly positive linear bounded operator on a
smooth Banach space X with coefficient γ̄ > 0 and 0 < ρ ≤ ‖A‖−1. Then ‖I − ρA‖ ≤ 1− γ̄.

Lemma 2.2. (Chen and Song [6]) Let C be a closed convex subset of a uniformly convex Banach space
X and let Γ = {T(s) : 0 ≤ s < ∞} be a nonexpansive semigroup on C such that F(S) is nonempty.
Then for each r > 0 and h ≥ 0,

lim
t→∞

sup
x∈C∩Br

‖1
t

t∫
0

T(s)xds − T(h)(
1
t

t∫
0

T(s)xds)‖ = 0.

Lemma 2.3. (Liu [13]) Let X be a real Banach space and J : X → 2X∗
be the normalized duality

mapping. Then, for any x, y ∈ X, we have

‖x + y‖2 ≤ ‖x‖2 + 2〈y, j(x + y)〉
for all j(x + y) ∈ J(x + y) with x 6= y.

If a Banach space X admits a sequentially continuous duality mapping J from weak topology
to weak star topology, then by Lemma 1 of [9], we have that duality mapping J is a single
value. In this case, the duality mapping J is said to be a weakly sequentially continuous duality
mapping, i.e. for each {xn} ⊂ X with xn ⇀ x, we have J(xn) ⇀∗ J(x) (see [9, 10, 17] for more
detail).

A Banach space X is said to be satisfying Opial’s condition if for any sequence xn ⇀ x for
all x ∈ X implies

lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

‖xn − y‖ ∀y ∈ X, with x 6= y.

By Theorem 1 in [9], it is well known that if X admits a weakly sequentially continuous
duality mapping, then X satisfies Opial’s condition, and X is smooth.

Lemma 2.4. ([10] Demiclosed Principle) Let C be a nonempty closed convex subset of a reflexive
Banach space X which satisfies Opial’s condition, and suppose T : C → X is nonexpansive. Then the
mapping I − T is demiclosed at zero, i.e., xn ⇀ x and xn − Txn → 0 implies x = Tx.
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Lemma 2.5. (Xu [20]) Assume {an} is a sequence of nonnegative real numbers such that

an+1 = (1− γn)an + δn, n ≥ 0,

where {γn} is a sequence in (0, 1) and {δn} is a sequence in R such that:

(i) limn→∞ γn = 0;
(ii) ∑∞

n=0 γn = ∞;
(iii) lim supn→∞

δn
γn
≤ 0 or ∑∞

n=0 |δn| < ∞.

Then limn→∞ an = 0.

3. Main Results

In this section, we prove our main results.

Theorem 3.1. Let C be a nonempty bounded closed convex subset of a uniformly convex, smooth
Banach space X which admits a weakly sequentially continuous duality mapping J from X into X∗,
S = {T(s) : 0 ≤ s < ∞} be a nonexpansive semigroup such that F(S) 6= ∅, f : C → C is a
contraction mapping with coefficient α ∈ (0, 1), A a strongly positive bounded linear operator with
coefficient γ̄ > 0. Let t ∈ (0, 1) such that t ≤ ‖A‖−1 and 0 < γ < γ̄

α which satisfies t → 0. Then the
sequence {xt} defined by (15) converges strongly to the common fixed point x∗ as t → 0, where x∗ is a
unique solution in F(S) of the variational inequality

(18) 〈(γ f − A)x∗, J(x − x∗)〉 ≤ 0, ∀x ∈ F(S).

Proof. First, we show the uniqueness of a solution of the variational inequality. Supposing
x̃, x∗ ∈ F(S) satisfy the inequality, we have

(19) 〈(γ f − A)x̃, J(x∗ − x̃)〉 ≤ 0,

and

(20) 〈(γ f − A)x∗, J(x̃ − x∗)〉 ≤ 0.

Adding up (19) and (20), we get that

0 ≥ 〈(γ f − A)x̃ − (γ f − A)x∗, J(x∗ − x̃)〉
= 〈A(x∗ − x̃), J(x∗ − x̃)〉 − γ〈 f (x∗)− f (x̃), J(x∗ − x̃)〉
≥ γ̄‖x∗ − x̃‖2 − γ‖ f (x∗)− f (x̃)|‖J(x∗ − x̃)‖
≥ γ̄‖x∗ − x̃‖2 − γα‖x∗ − x̃‖2

= (γ̄ − γα)‖x∗ − x̃‖2.

Since 0 < γ < γ̄
α this implies that γ̄ − γα > 0, which is a contradiction. Hence x̃ = x∗ and the

uniqueness is proved.
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Next, we show that {xt} is bounded. Indeed, for any p ∈ F(S), we have

‖xt − p‖ = ‖tγ f (xt) + (I − tA)
1
λt

λt∫
0

T(s)xtds − p‖

= ‖t(γ f (xt)− Ap) + (I − tA)(
1
λt

λt∫
0

T(s)xtds − p)‖

≤ t‖γ f (xt)− Ap‖+ ‖I − tA‖ 1
λt
‖

λt∫
0

T(s)xt − p‖ds

≤ t‖γ f (xt)− Ap‖+ (1− tγ̄)‖xt − p‖
≤ t‖γ( f (xt)− f (p)) + γ f (p)− Ap‖+ (1− tγ̄)‖xt − p‖
≤ t(γα‖xt − p|+ ‖γ f (p)− Ap‖) + (1− tγ̄)‖xt − p‖
= (1− t(γ̄ − γα))‖xt − p‖+ t‖γ f (p)− Ap‖.

It follows that ‖xt − p‖ ≤ ‖γ f (p)−Ap‖
γ̄−γα . Hence {xt} is bounded.

Next, we show that ‖xt − T(h)xt‖ → 0 as t → 0. We observe that

(21)

‖xt − T(h)xt‖ = ‖xt − 1
λt

λt∫
0

T(s)xtds‖+ ‖ 1
λt

λt∫
0

T(s)xtds − T(h) 1
λt

λt∫
0

T(s)xtds‖

+‖T(h) 1
λt

λt∫
0

T(s)xtds − T(h)xt‖

≤ 2‖xt − 1
λt

λt∫
0

T(s)xtds‖+ ‖ 1
λt

λt∫
0

T(s)xtds − T(h) 1
λt

λt∫
0

T(s)xtds‖

for every 0 ≤ h ≤ ∞. On the other hand, we note that

(22) ‖ 1
λt

λt∫
0

T(s)xtds − xt‖ = t‖A(
1
λt

λt∫
0

T(s)xtds)− γ f (xt)‖

for every t > 0. Define the set K = {‖z − p‖ ≤ 1
γ̄−γα‖γ f (p) − Ap‖}, then K is a nonempty

bounded closed convex subset of C which is T(s)− invariant for each s ∈ [0, ∞]. Since {xt} ⊂ K
and K is bounded, there exists r > 0 such that K ⊂ Br, and it follows by Lemma 2.2 that

(23) lim
λt→∞

‖ 1
λt

λt∫
0

T(s)xtds − T(h)(
1
λt

λt∫
0

T(s)xtds)‖ = 0

for every 0 ≤ h < ∞. From (21)-(23) and let t → 0, then

(24) ‖xt − T(h)xt‖ → 0,

for every 0 ≤ h < ∞. Assume {tn}∞
n=1 ⊂ (0, 1) is such that tn → 0 as n → ∞. Put xn := xtn and

λn := λtn . We will show that {xn} contains a subsequence converging strongly to x∗, where
x∗ ∈ F(S). Since {xn} is bounded sequence and Banach space X is uniformly convex, hence
it is reflexive, there exists a subsequence {xnj} of {xn} which converges weakly to x∗ ∈ C as
n → ∞. Again since Banach space X has a weakly sequentially continuous duality mapping
satisfying Opial’s condition. It follows by Lemma 2.4 and noting 24, we have x∗ ∈ F(S). For
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each n ≥ 1, we note that

xn − x∗ = tnγ f (xn) + (I − tn A)
1

λn

λn∫
0

T(s)xnds − x∗

= tn(γ f (xn)− Ax∗) + (I − tn A)(
1

λn

λn∫
0

T(s)xnds − x∗).

Thus, we have

‖xn − x∗‖2 = tn〈γ f (xn)− Ax∗, J(xn − x̃)〉+ 〈(I − tn A)(
1

λn

λn∫
0

T(s)xnds), J(xn − x∗)〉

≤ tn〈γ f (xn)− Ax∗, J(xn − x∗)〉+ ‖I − tn A‖‖ 1
λn

λn∫
0

(T(s)xn − x̃)ds‖‖J(xn − x∗)‖

≤ tn〈γ f (xn)− Ax∗, J(xn − x∗)〉+ (1− tnγ̄)‖xn − z‖( 1
λn

λn∫
0

‖T(s)xn − x∗‖ds)

≤ tn〈γ f (xn)− Ax∗, J(xn − x∗)〉+ (1− tnγ̄)‖xn − x̃‖( 1
λn

λn∫
0

‖xn − x∗‖ds)

≤ tn〈γ f (xn)− Az, J(xn − x∗)〉+ (1− tnγ̄)‖xn − x∗‖2.

It follows that

‖xn − x∗‖2 ≤ 1
γ̄
〈γ f (xn)− Ax∗, J(xn − x∗)〉

=
1
γ̄

[〈γ f (xn)− γ f (x∗), J(xn − x∗)〉+ 〈γ f (x∗)− Ax∗, J(xn − x∗)〉]

≤ 1
γ̄

[γα‖xn − x∗‖2 + 〈γ f (x∗)− Ax∗, J(xn − x∗)〉].

This implies that

‖xn − x∗‖2 ≤ 1
γ̄ − γα

〈γ f (x∗)− Ax∗, J(xn − x̃)〉.

In particular, we have

(25) ‖xnj − x∗‖2 ≤ 1
γ̄−γα 〈γ f (x∗)− Ax∗, J(xnj − x∗)〉.

Since {xn} is bounded and the duality mapping J is single-valued and weakly sequentially
continuous from X into X∗, it follows (25), we have that xnj → x∗ as j → ∞. Next, we show

that x∗ solves the variational inequality (18). Since xt = tγ f (xt) + (I − tA) 1
λt

λt∫
0

T(s)xtds. Thus,

we have

(γ f − A)xt = −1
t
(I − tA)(

1
λt

λt∫
0

T(s)xtds − xt).
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We notice that

〈 1
λt

λt∫
0

(I − T(s))xds − 1
λt

λt∫
0

(I − T(s))xtds, J(x − xt)〉 ≥ ‖x − xt‖2

−‖ 1
λt

λt∫
0

(T(s)xt − T(s)x)ds‖‖J(x − xt)‖

≥ ‖x − xt‖2 − ‖x − xt‖‖x − xt‖
= ‖x − xt‖2 − ‖x − xt‖2

= 0,

for each x ∈ F(S) and for all t > 0,

(26)

〈(γ f − A)xt, J(x − xt)〉 = − 1
t 〈(I − tA)( 1

λt

λt∫
0

T(s)xtds − xt), J(x − xt)〉

= − 1
t 〈(I − tA)( 1

λt

λt∫
0

T(s)xtds − 1
λt

λt∫
0

xtds), J(x − xt)〉

= − 1
t 〈

1
λt

λt∫
0
(I − T(s))xds − 1

λt

λt∫
0
(I − T(s))xtds, J(x − xt)〉

+〈A( 1
λt

λt∫
0
(I − T(s))xtds), J(x − xt)〉

≤ 〈A( 1
λt

λt∫
0
(T(s)− I)xtds), J(x − xt)〉.

Now replacing t and λt with tnj and λnj , respectively in (26), and letting j → ∞, we notice
that (T(s)− I)xnj → (T(s)− I)x∗ = 0 for x∗ ∈ F(S), we obtain 〈(γ f − A)x∗, J(x − x∗)〉 ≤ 0.
That is, x∗ is a solution of variational inequality (18). By uniqueness, as x∗ = x̃, we have shown
that each cluster point of the net sequence {xt} is equal to x∗. Then, we conclude that xt → x∗
as t → 0. This proof is completes.

If X is a Hilbert space, we can get the following corollary easily.

Corollary 3.2. Let C be a nonempty bounded closed convex subset of a Hilbert space H and let S =
{T(s) : 0 ≤ s < ∞} be a nonexpansive semigroup such that F(S) 6= ∅. Let A be a strongly positive
bounded linear operator with coefficient γ̄ > 0 and let t ∈ (0, 1) such that t ≤ ‖A‖−1 and 0 < γ < γ̄

α ,
which satisfies t → 0. Then the sequence {xt} defined by (15) converges strongly to the common fixed
point x∗ as t → 0, where x∗ is a unique solution in F(S) of the variational inequality (7).

Remark 3.3. Theorem 3.1 improves and extends Theorem 3.1 of Plubtieng and Wangkeeree
[16] from a Hilbert space to a Banach space.

Theorem 3.4. Let C be a nonempty bounded closed convex subset of a uniformly convex, smooth
Banach space X which admits a weakly sequentially continuous duality mapping J from X into X∗,
S = {T(s) : 0 ≤ s < ∞} be a nonexpansive semigroup such that F(S) 6= ∅, f : C → C is a
contraction mapping with coefficient α ∈ (0, 1), A a strongly positive bounded linear operator with
coefficient γ̄ > 0 such that 0 < γ < γ̄

α and {αn}, {βn} be two sequences in (0, 1). Assume the
following control conditions are hold:

(C1) limn→∞ αn = limn→∞ βn = 0;
(C2) ∑∞

n=0 αn = ∞.
Then the sequence {xn} defined by (16) converges strongly to the common fixed point x∗ as n → ∞,

where x∗ is a unique solution in F(S) of the variational inequality (18).

Proof. First, we show {xn} is bounded. By the control condition (C1), we may assume, with
no loss of generality, that αn ≤ (1 − βn)‖A‖−1. Since A is a linear bounded operator on X, by
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(17), we have ‖A‖ = sup{|〈Au, J(u)〉| : u ∈ X, ‖u‖ = 1}. Observe that

〈((1− βn)I − αn A)u, J(u)〉 = 1− βn − αn〈Au, J(u)〉
≥ 1− βn − αn‖A‖
≥ 0.

It follows that

‖(1− βn)I − αn A‖ = sup {〈((1− βn)I − αn A)u, J(u)〉 : u ∈ X, ‖u‖ = 1}
= sup {1− βn − αn〈Au, J(u)〉 : u ∈ X, ‖u‖ = 1}
≤ 1− βn − αnγ̄.

Taking, p ∈ F(S) we have

‖xn+1 − p‖ = ‖αnγ f (xn) + βnxn + ((1− βn)I − αn A)
1
tn

tn∫
0

T(s)xnds − p‖

= ‖αn(γ f (xn)− Ap) + βn(xn − p) + ((1− βn)I − αn A)(
1
tn

tn∫
0

T(s)xnds − p)‖

≤ αn[γ‖ f (xn)− f (p)‖+ ‖γ f (p)− Ap‖] + βn‖xn − p‖+

‖(1− βn)I − αn A‖ 1
tn

tn∫
0

‖T(s)xn − p‖ds

≤ αn[γα‖xn − p‖+ ‖γ f (p)− Ap‖] + βn‖xn − p‖+ ((1− βn)− αnγ̄)‖xn − p‖
= αn‖γ f (p)− Ap‖+ [1− (γ̄ − γα)αn]‖xn − p‖

= (γ̄ − γα)αn
‖γ f (p)− Ap‖

γ̄ − γα
+ [1− (γ̄ − γα)αn]‖xn − p‖

By induction, we get

‖xn+1 − p‖ ≤ max
{
‖x0 − p‖,

‖γ f (p)− Ap‖
γ̄ − γα

}
,

for n ≥ 0. Hence {xn} is bounded, so are { f (xn)} and {T(tn)xn}. It follows from Theorem 3.1
that there is a unique solution x∗ ∈ F(S) of the variational inequality (18).

Next, we show ‖xn − T(h)xn‖ → 0 as n → ∞. We note that
(27)

‖xn+1 − T(h)xn+1‖ = ‖xn+1 − 1
tn

tn∫
0

T(s)xnds‖+ ‖ 1
tn

tn∫
0

T(s)xnds − T(h) 1
tn

tn∫
0

T(s)xnds‖

+‖T(h) 1
tn

tn∫
0

T(s)xnds − T(h)xn+1‖

≤ 2‖xn+1 − 1
tn

tn∫
0

T(s)xnds‖+ ‖ 1
tn

tn∫
0

T(s)xtds − T(h) 1
tn

tn∫
0

T(s)xnds‖

≤ 2αn‖γ f (xn)− A( 1
tn

∫ tn
0 T(s)xnds)‖+ βn‖xn − 1

tn

∫ tn
0 T(s)xnds‖

+‖ 1
tn

∫ tn
0 T(s)xnds − T(h) 1

tn

∫ tn
0 T(s)xnds‖.

Define the set K = {z ∈ C : ‖z − z0‖ ≤ ‖x − x0‖+ ‖γ f (x0)−Az0‖
γ̄−γα }. Then K is a nonempty closed

bounded convex subset of C which is T(s)−invariant for each s ∈ [0, ∞] and contains {xn}; it
follows by Lemma 2.2 that

(28) lim
n→∞

‖ 1
tn

tn∫
0

T(s)xnds − T(h)(
1
tn

tn∫
0

T(s)xnds)‖ = 0,
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for every 0 ≤ h < ∞. Since {xn}, { f (xn)} and {T(s)xn} are bounded, by control conditions
(C1) and (28), into (27), we get that ‖xn+1 − T(h)xn+1‖ → 0 as n → ∞, and hence

(29) ‖xn − T(h)xn‖ → 0 as n → ∞.

Let x∗ be the unique solution in F(S) of the variational inequality (18).
Now, we show that lim supn→∞〈γ f (x∗) − Ax∗, J(xn − x∗)〉 ≤ 0. We can take subsequence

{xnj} of {xn} such that

(30) lim
j→∞

〈γ f (x∗)− Ax∗, J(xnj − x∗)〉 = lim sup
n→∞

〈γ f (x∗)− Ax∗, J(xn − x∗)〉.

Since X is uniformly convex, hence it is reflexive, and {xn} is bounded then there exists a
subsequence {xnj} of {xn} which converges weakly to x ∈ C as j → ∞. Again, since Banach
space X has a weakly sequentially continuous duality mapping satisfying Opial’s condition.
By Lemma 2.4, and noting (29), we have x ∈ F(S). Hence by (18), we obtain

(31) lim sup
n→∞

〈γ f (x∗)− Ax∗, J(xn − x∗)〉 = 〈γ f (x∗)− Ax∗, J(x − x∗)〉 ≤ 0.

Finally, we show that xn → x∗ as n → ∞. For each n ≥ 0, by Lemma 2.3 we have

‖xn+1 − x∗‖2 = ‖αnγ f (xn) + βnxn + ((1− βn)I − αn A)
1
tn

tn∫
0

T(s)xnds − x∗‖2

= ‖αn(γ f (xn)− Ax∗) + βn(xn − x∗) + ((1− βn)I − αn A)(
1
tn

tn∫
0

T(s)xnds − x∗)‖2

≤ ‖((1− βn)I − αn A)(
1
tn

tn∫
0

T(s)xnds − x∗) + βn(xn − x∗)‖2

+2αn〈γ f (xn)− Ax∗, J(xn+1 − x∗)〉

≤ [(1− βn − αnγ̄)‖ 1
tn

tn∫
0

T(s)xnds − x∗‖+ βn‖xn − x∗‖]2

+2αn〈γ f (xn)− Ax∗, J(xn+1 − x∗)〉
≤ (1− αnγ̄)2‖xn − x∗‖2 + 2αn〈γ f (xn)− γ f (x∗), J(xn+1 − x∗)〉

+2αn〈γ f (x∗)− Ax∗, J(xn+1 − x∗)〉
≤ (1− αnγ̄)2‖xn − x∗‖2 + 2αn‖γ f (xn)− γ f (x∗)‖‖J(xn+1 − x∗)‖

+2αn〈γ f (x∗)− Ax∗, J(xn+1 − x∗)〉
= (1− αnγ̄)2‖xn − x∗‖2 + 2αnγα‖xn − x∗‖‖xn+1 − x∗‖

+2αn〈γ f (x∗)− Ax∗, J(xn+1 − x∗)〉
≤ (1− αnγ̄)2‖xn − x∗‖2 + αnγα(‖xn − x∗‖2 + ‖xn+1 − x∗‖2)

+2αn〈γ f (x∗)− Ax∗, J(xn+1 − x∗)〉,
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which implies that

‖xn+1 − x∗‖2 ≤
[
(1− αnγ̄)2 + αnγα

1− αnγα

]
‖xn − x∗‖2

+
2αn

1− αnγα
〈γ f (x∗)− Ax∗, J(xn+1 − x∗)〉

=
[

1− 2αnγ̄ + αnγα

1− αnγα

]
‖xn − x∗‖2 +

α2
nγ̄2

1− αnγα
‖xn − x∗‖2

+
2αn

1− αnγα
〈γ f (x∗)− Ax∗, J(xn+1 − x∗)〉

=
[

1− 2αn(γ̄ − γα)
1− αnγα

]
‖xn − x∗‖2 +

α2
nγ̄2

1− αnγα
‖xn − x∗‖2

+
2αn

1− αnγα
〈γ f (x∗)− Ax∗, J(xn+1 − x∗)〉.

Put γn = 2αn(γ̄−γα)
1−αnγα and δn = α2

nγ̄2

1−αnγα‖xn − x∗‖2 + 2αn
1−αnγα 〈γ f (x∗)− Ax∗, J(xn+1 − x∗)〉. Then the

above reduces to formula ‖xn+1 − x∗‖2 ≤ (1− γn)‖xn − x∗‖2 + δn. By control conditions (C1),
(C2) and (31) it is easily seen that limn→∞ γn = 0, ∑∞

n=0 γn = ∞ and

lim sup
n→∞

δn

γn
= lim sup

n→∞

[
αnγ̄2

2(γ̄ − γα)
‖xn − x∗‖2 +

1
γ̄ − γα

〈γ f (x∗)− Ax∗, J(xn+1 − x∗)〉
]
≤ 0.

By Lemma 2.5, we conclude that xn → x∗ as n → ∞. This completes the proof.
If X is a Hilbert space, we can get the following corollary easily.

Corollary 3.5. Let C be a nonempty bounded closed convex subset of a Hilbert space H, S = {T(s) :
0 ≤ s < ∞} be a nonexpansive semigroup such that F(S) 6= ∅, f : C → C is a contraction mapping
with coefficient α ∈ (0, 1), A a strongly positive bounded linear operator with coefficient γ̄ > 0 such
that 0 < γ < γ̄

α and {αn}, {βn} be two sequences in (0, 1). Assume the following control conditions
are hold:

(C1) limn→∞ αn = limn→∞ βn = 0;
(C2) ∑∞

n=0 αn = ∞.
Then the sequence {xn} defined by (16) converges strongly to the common fixed point x∗ as n → ∞,

where x∗ is a unique solution in F(S) of the variational inequality (7).

Remark 3.6. Theorem 3.4 improves and extends Theorem 3.1 of Kang et al.[11] from a Hilbert
space to a Banach space.

Corollary 3.7. Let C be a nonempty bounded closed convex subset of a Hilbert space H, S = {T(s) :
0 ≤ s < ∞} be a nonexpansive semigroup such that F(S) 6= ∅, f : C → C is a contraction mapping
α ∈ (0, 1), A a strongly positive bounded linear operator with coefficient γ̄ > 0 such that 0 < γ < γ̄

α
and {αn} be a sequence in (0, 1). Assume the following control conditions are hold:

(C1) limn→∞ αn = 0;
(C2) ∑∞

n=0 αn = ∞.
Then the sequence {xn} defined by (14) converges strongly to the common fixed point x∗ as n → ∞,

where x∗ is a unique solution in F(S) of the variational inequality (7).

Remark 3.8. Theorem 3.4 improves and extends Theorem 3.2 of Plubtieng and Wangkeeree
[16] and Li et al [12] from a Hilbert space to a Banach space for a nonexpansive semigroup.

If taking A = I and γ = 1 in Theorem 3.4, we get the following corollary easily.

Corollary 3.9. Let C be a nonempty bounded closed convex subset of a uniformly convex Banach space
X which admits a weakly sequentially continuous duality mapping J from X into X∗, S = {T(s) :
0 ≤ s < ∞} be a nonexpansive semigroup such that F(S) 6= ∅, f : C → C is a contraction mapping
with coefficient α ∈ (0, 1) and {αn} be a sequence in (0, 1). Assume the following control conditions
are hold:
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(C1) limn→∞ αn = 0;
(C2) ∑∞

n=0 αn = ∞.
Then the sequence {xn} defined by (12) converges strongly to the common fixed point x∗ as n → ∞,

where x∗ is a unique solution in F(S) of the variational inequality (13).
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An iterative method for finding common solutions of generalized
mixed equilibrium problems and fixed point problems

Benjawan Rodjanadid

ABSTRACT: In this paper, we introduce an iterative method for finding a common element of
the set of solutions of a generalized mixed equilibrium problem and the set of common fixed
points of a finite family of nonexpansive mappings in a real Hilbert space. Then, we prove that
the sequence converges strongly to a common element of the above two sets. Furthermore,
we apply our result to prove three new strong convergence theorems in fixed point problems,
mixed equilibrium problems, generalized equilibrium problems and equilibrium problems.

1. Introduction

Let H be a real Hilbert space, C a nonempty closed convex subset of H, ϕ : C → R a real
value function, A : C → H a nonlinear mapping and let Φ : C × C → R be a bifunction, i.e.,
Φ(x, x) = 0 for each x ∈ C. Then, we consider the following mixed equilibrium problem :

Find x∗ ∈ C such that

(1) (GMEP) : Φ(x∗, y) + ϕ(y)− ϕ(x∗) + 〈Ax∗, y− x∗〉 ≥ 0, ∀y ∈ C.

The set of solutions for problem (1) is denoted by Ω, i.e.,

(2) Ω = {x∗ ∈ C : Φ(x∗, y) + ϕ(y)− ϕ(x∗) + 〈Ax∗, y− x∗〉 ≥ 0, ∀y ∈ C}.

If A ≡ 0 in (1), then (GMEP) (1) reduces to the classical mixed equilibrum problem (for short,
MEP) and Ω is denoted by MEP(Φ, ϕ), that is,

(3) MEP(Φ, ϕ) = {x∗ ∈ C : Φ(x∗, y) + ϕ(y)− ϕ(x∗) ≥ 0, ∀y ∈ C}.

If ϕ ≡ 0 in (1), then (GMEP) (1) reduces to the generalized equilibrium problem (for short,
GEP) and Ω is denoted by EP, that is,

(4) EP = {x∗ ∈ C : Φ(x∗, y) + 〈Ax∗, y− x∗〉 ≥ 0, ∀y ∈ C}.

If ϕ ≡ 0 and A ≡ 0 in (1), then (GMEP) (1) reduces to the classical equilibrium problem (for
short, EP) and Ω is denoted by EP(Φ), that is,

(5) EP(Φ) = {x∗ ∈ C : Φ(x∗, y) ≥ 0, ∀y ∈ C}.

∗Corresponding author: benjawan@sut.ac.th (Benjawan Rodjanadid)
Manuscript received March 16, 2010. Accepted July 31, 2010.
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If Φ ≡ 0 and ϕ ≡ 0 in (1), then (GMEP) (1) reduces to the classical variational inequality and
Ω is denoted by VI(A, C), that is,

(6) VI(A, C) = {x∗ ∈ C : 〈Ax∗, y− x∗〉 ≥ 0, ∀y ∈ C}.

In 2005, Combettes and Hirstoaga [3] introduced an iterative scheme of finding the best
approximation to the initial data when EP(Φ) 6= ∅ and proved a strong convergence theorem.

In 2006, Takahashi and Takahashi [14] introduced an iterative scheme by the viscosity ap-
proximation method for finding a common element of the set of solutions of an equilibrium
problem and the set of fixed points of nonexpansive mapping in a Hilbert space and proved a
strong convergence theorem.

In 2007, Tada and Takahashi [12] introduced two iterative schemes for finding a common
element of the set of solutions of an equilibrium problem and the set of fixed points of a nonex-
pansive mapping in a Hilbert space and obtained both strong convergence theorem and weak
convergence theorem. In 2008, Takahashi and Takahashi [13] introduced an iterative method
for finding a common element of the set of solutions of a generalized equilibrium problem
and the set of fixed points of a nonexpansive mapping in a Hilbert space and then obtain that
the sequence converges strongly to a common element of two sets. Moreover they proved
three new strong convergence theorems in fixed point problems, variational inequalities and
equilibrium problems.

Recently, Ceng and Yao [2] introduced a hybrid iterative scheme for finding a common el-
ement of the set of solutions of mixed equilibrium problem (3) and the set of common fixed
points of finitely many nonexpansive mappings and they proved that the sequences generated
by the hybrid iterative scheme converge strongly to a common element of the set of solutions of
mixed equilibrium problem and the set of common fixed points of finitely many nonexpansive
mappings.

In 2008, Peng and Yao [9] obtained some strong convergence theorems for iterative schemes
based on the hybrid method and the extragradient method for finding a common element of
the set of solutions of a mixed equilibrium problem, the set of fixed points of a nonexpansive
mapping and the set of solutions of the variational inequality.

In this paper, we introduced another iterative method for finding an element of the set of
solutions of problem (1) and the set of common fixed points of finitely many nonexpansive
mappings in real Hilbert space, where A : C → H is also an α−inverse strongly monotone
mapping and then obtain a strong convergence theorem. Moreover we using this theorem to
the problem for finding a common elements of ∩N

i=1F(Ti) ∩ MEP(Φ, ϕ) , ∩N
i=1F(Ti) ∩ EP and

∩N
i=1F(Ti) ∩ EP(Φ), respectively.

2. Preliminaries

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖. Let symbols ⇀ and
→ denote weak and strong convergence, respectively. Let C be a nonempty closed convex
subset of H. Then, for any x ∈ H, there exists a unique nearest point in C, denoted by PC(x)
such that ‖x − PC(x)‖ ≤ ‖x − y‖, ∀y ∈ C. The mapping PC : x → PC(x) is called the metric
projection of H onto C. We know that PC is nonexpansive.

The following characterizes the projection PC.

Lemma 2.1. (See [11]) Given x ∈ H and y ∈ C. Then PC(x) = y if and only if there holds the
inequality

〈x − y, y− z〉 ≥ 0, ∀z ∈ C.

Recall that the following definitions.
(1) A mapping T : C → C is called nonexpansive if ‖Tx − Ty‖ ≤ ‖x − y‖ for all x, y ∈ C.

Next, we denote by F(T) the set of fixed points of T, i.e., F(T) = {x ∈ C : Tx = x}.
(2) A mapping f : H → H is said to be a contraction if there exists a constant ρ ∈ (0, 1) such

that ‖ f (x)− f (y)‖ ≤ ρ‖x − y‖ for all x, y ∈ H.
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(3) A mapping A : C → H is called monotone if 〈Ax − Ay, x − y〉 ≥ 0 for all x, y ∈ C
and it is called α−inverse strongly monotone if there exists a positive real number α such that
〈x − y, Ax − Ay〉 ≥ α‖Ax − Ay‖2, ∀x, y ∈ C. We can see that if A is α−inverse strongly
monotone, then A is monotone mapping.

The following lemmas will be useful for proving our main results.

Lemma 2.2. (See [11]) For all x, y ∈ H, there holds the inequality

‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉.

Lemma 2.3. (See [11]) In a strictly convex Banach space E, if

‖x‖ = ‖y‖ = ‖λx + (1− λ)y‖,

for all x, y ∈ E and λ ∈ (0, 1), then x = y.

Lemma 2.4. (See [16]) Let {an} be a sequence of nonnegative real numbers satisfying an+1 = (1 −
αn)an + αnβn, ∀n ≥ 0 where {αn}, {βn} satisfy the conditions

(i) {αn} ⊂ [0, 1],
∞
∑

n=1
αn = ∞;

(ii) lim sup
n→∞

βn ≤ 0.

Then lim
n→∞

an = 0.

Lemma 2.5. (See [10]) Let {xn} and {yn} be bounded sequences in a Banach space X and let {βn} be
a sequence in [0, 1] with 0 < lim inf

n→∞
βn ≤ lim sup

n→∞
βn < 1. Suppose

xn+1 = βnxn + (1− βn)yn,

for all integer n ≥ 0 and

lim sup
n→∞

(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0.

Then, lim
n→∞

‖yn − xn‖ = 0.

Lemma 2.6. (See [15]) Let C be a nonempty closed convex subset of H , ϕ : C → R ∪ {+∞} be a
proper lower semicontinuous and convex function and let Φ be a bifunction of C × C in to R satisfy

(A1) Φ(x, x) = 0 for all x ∈ C;
(A2) Φ is monotone, i.e., Φ(x, y) + Φ(y, x) ≤ 0, ∀x, y ∈ C;
(A3) for all x, y, z ∈ C, limt→0 Φ(tz + (1− t)x, y) ≤ Φ(x, y);
(A4) for all x ∈ C, y 7→ Φ(x, y) is convex and lower semicontinuous;
(B1) for each x ∈ H and r > 0, there exists a bounded subset Dx ⊂ C and yx ∈ C such that for any

z ∈ C\Dx,

Φ(z, yx) + ϕ(yx) +
1
r
〈yx − z, z− x〉 < ϕ(z).

(B2) C is bounded set.
Assume that either (B1) or (B2) holds. For x ∈ C and r > 0, define a mapping Tr : H → C as follows.

Tr(x) := {z ∈ C : Φ(z, y) + ϕ(y) +
1
r
〈y− z, z− x〉 ≥ ϕ(z), ∀y ∈ C}

for all x ∈ H. Then , the following conditions hold:
(i) For each x ∈ H, Tr(x) 6= ∅;

(ii) Tr is single-valued;
(iii) Tr is firmly nonexpansive, i.e.,

‖Trx − Try‖2 ≤ 〈Trx − Try, x − y〉, ∀x, y ∈ H;

(iv) F(Tr) = MEP(Φ, ϕ) ;
(v) MEP(Φ, ϕ) is closed and convex.
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Lemma 2.7. (see [1]) Let C be a nonempty closed convex subset of H, and let Φ be a bifunction from
C × C into R satisfying (A1)-(A4). Let r > 0 and x ∈ H. Then, there exists z ∈ C such that

Φ(z, y) +
1
r
〈y− z, z− x〉 ≥ 0, ∀y ∈ C.

Lemma 2.8. (see [3]) Assume that Φ : C × C → R satisfies (A1)-(A4). For r > 0, define a mapping
Sr : H → C as follows:

Sr(x) = {z ∈ C : Φ(z, y) +
1
r
〈y− z, z− x〉 ≥ 0, ∀y ∈ C}

for all x ∈ H. Then, the following hold:
(i) Sr is single-valued;

(ii) Sr is firmly nonexpansive;
(iii) F(Sr) = EP(Φ);
(iv) EP(Φ) is closed and convex.

Let X be a real Hilbert space and C a nonempty closed convex subset of X. For a finite family
of nonexpansive mappings T1, T2, . . . , TN and sequence {λn,i}N

i=1 in [0, 1], Kangtunyakarn and
Suantai [6] defined the mapping Kn : C → C as follows:

Un,1 = λn,1T1 + (1− λn,1)I,

Un,2 = λn,2T2Un,1 + (1− λn,2)Un,1,

Un,3 = λn,2T3Un,2 + (1− λn,3)Un,2,
...

Un,N−1 = λn,N−1TN−1Un,N−2 + (1− λn,N−1)Un,N−2,

Kn = Un,N = λn,NTNUn,N−1 + (1− λn,N)Un,N−1(7)

Such a mapping Kn is called the K−mapping generated by T1, T2, . . . , TN and λn,1, λn,2, . . . , λn,N .

Definition 2.9. (See [6]) Let C be a nonempty convex subset of a real Banach space. Let {Ti}N
i=1

be a finite family of nonexpansive mapping of C into itself, and let λ1, . . . , λN be real numbers
such that 0 ≤ λi ≤ 1 for every i = 1, . . . , N. They define a mapping K : C → C as follows:

U1 = λ1T1 + (1− λ1)I,

U2 = λ2T2U1 + (1− λ2)U1,

U3 = λ3T3U2 + (1− λ3)U2,
...

UN−1 = λN−1TN−1UN−2 + (1− λN−1)UN−2,

K = UN = λNTNUN−1 + (1− λN)UN−1.

Such a mapping K is called the K−mapping generated by T1, . . . , TN and λ1, . . . , λN .

Lemma 2.10. (See [6]) Let C be a nonempty closed convex subset of a strictly convex Banach space.
Let {Ti}N

i=1 be a finite family of nonexpansive mappings of C into itself with ∩N
i=1F(Ti) 6= ∅ and let

λ1, . . . , λN be real numbers such that 0 < λi < 1 for every i = 1, . . . , N − 1 and 0 < λN ≤ 1. Let K
be the K−mapping generated by T1, . . . , TN and λ1, . . . , λN . Then F(K) = ∩N

i=1F(Ti).

Lemma 2.11. (See [6]) Let C be a nonempty closed convex subset of a Banach space. Let {Ti}N
i=1 be

a finite family of nonexpansive mappings of C into itself and {λn,i}N
i=1 sequences in [0, 1] such that

λn,i → λi, as n → ∞ (i = 1, 2, . . . , N). Moreover, for every n ∈ N, let K and Kn be the K−mappings
generated by T1, T2, . . . , TN and λ1, λ2, . . . , λN and T1, T2, . . . , TN and λn,1, λn,2, . . . , λn,N , respec-
tively. Then, for every x ∈ C,

lim
n→∞

‖Knx − Kx‖ = 0.
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Lemma 2.12. Let {xn} be a bounded sequence in a Hilbert space H. Then there exits L > 0 such that

(8) ‖Kn+1xn+1 − Knxn‖ ≤ ‖xn+1 − xn‖+ L
N

∑
i=1

|λn+1,i − λn,i|, ∀n ≥ 0.

Proof. From (7) and the nonexpansivity of TN and Un,N , we obtain

‖Kn+1xn − Knxn‖ = ‖λn+1,NTNUn+1,N−1xn + (1− λn+1,N)Un+1,N−1xn

− λn,NTNUn,N−1xn − (1− λn,N)Un,N−1xn‖
= ‖λn+1,NTNUn+1,N−1xn + Un+1,N−1xn − λn+1,NUn+1,N−1xn

− λn,NTNUn,N−1xn −Un,N−1xn + λn,NUn,N−1xn‖
≤ ‖λn+1,NTNUn+1,N−1xn − λn,NTNUn,N−1xn‖+ ‖Un+1,N−1xn −Un,N−1xn‖

+ ‖λn+1,NUn+1,N−1xn − λn,NUn,N−1xn‖
= ‖λn+1,NTNUn+1,N−1xn − λn+1,NTNUn,N−1xn + λn+1,NTNUn,N−1xn

− λn,NTNUn,N−1xn‖+ ‖Un+1,N−1xn −Un,N−1xn‖+ ‖λn+1,NUn+1,N−1xn

− λn+1,NUn,N−1xn + λn+1,NUn,N−1xn − λn,NUn,N−1xn‖
≤ λn+1,N‖TNUn+1,N−1xn − TNUn,N−1xn‖+ |λn+1,N − λn,N |‖TNUn,N−1xn‖

+ ‖Un+1,N−1xn −Un,N−1xn‖+ λn+1,N‖Un+1,N−1xn −Un,N−1xn‖
+ |λn+1,N − λn,N |‖Un,N−1xn‖

≤ λn+1,N‖Un+1,N−1xn −Un,N−1xn‖+ ‖Un+1,N−1xn −Un,N−1xn‖
+ λn+1,N‖Un+1,N−1xn −Un,N−1xn‖+ |λn+1,N − λn,N |‖Un,N−1xn‖
+ |λn+1,N − λn,N |‖TNUn,N−1xn‖

≤ (2λn+1,N + 1)‖Un+1,N−1xn −Un,N−1xn‖+ 2L1|λn+1,N − λn,N |,(9)

where L1 = sup
n≥0

{‖Un,j−1xn‖, ‖TNUn,j−1xn‖}, j = 1, 2, . . . , N.

Again, from (7), we have

‖Un+1,N−1xn −Un,N−1xn‖ = ‖λn+1,N−1TN−1Un+1,N−2xn + (1− λn+1,N−1)Un+1,N−2xn

− λn,N−1TN−1Un,N−2xn − (1− λn,N−1)Un,N−2xn‖
≤ ‖λn+1,N−1TN−1Un+1,N−2xn − λn,N−1TN−1Un,N−2xn‖

+ ‖Un+1,N−2xn −Un,N−2xn‖+ ‖λn+1,N−1Un+1,N−2xn

− λn,N−1Un,N−2xn‖

≤ λn+1,N−1‖Un+1,N−2xn −Un,N−2xn‖+ |λn+1,N−1 − λn,N−1|
× ‖TN−1Un,N−2xn‖+ ‖Un+1,N−2xn −Un,N−2xn‖
+ λn+1,N−1‖Un+1,N−2xn −Un,N−2xn‖+ |λn+1,N−1 − λn,N−1|
× ‖Un,N−2xn‖

≤ (2λn+1,N−1 + 1)‖Un+1,N−2xn −Un,N−2xn‖+ 2L1|λn+1,N−1 − λn,N−1|.(10)
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Therefore, we have

‖Un+1,N−1xn −Un,N−1xn‖
≤ (2λn+1,N−1 + 1)(2λn+1,N−2 + 1)‖Un+1,N−3xn −Un,N−3‖

+ (2λn+1,N−1 + 1)2L1|λn+1,N−2 − λn,N−2|+ 2L1|λn+1,N−1 − λn,N−1|

≤
2

∏
i=N−1

(2λn+1,i + 1)‖Un+1,1xn −Un,1xn‖+
3

∏
i=N−1

(2λn+1,i + 1)2L1|λn+1,2 − λn,2|

+
4

∏
i=N−1

(2λn+1,i + 1)2L1|λn+1,3 − λn,3|+
5

∏
i=N−1

(2λn+1,i + 1)2L1|λn+1,4 − λn,4|

+ . . . +
N−1

∏
i=N−1

(2λn+1,i + 1)2L1|λn+1,N−2 − λn,N−2|+ 2L1|λn+1,N−1 − λn,N−1|

=
2

∏
i=N−1

(2λn+1,i + 1)‖λn+1,1T1xn + (1− λn+1,1)xn − λn,1T1xn − (1− λn,1)xn‖

+
3

∏
i=N−1

(2λn+1,i + 1)2L1|λn+1,2 − λn,2|+
4

∏
i=N−1

(2λn+1,i + 1)2L1|λn+1,3 − λn,3|

+
5

∏
i=N−1

(2λn+1,i + 1)2L1|λn+1,4 − λn,4|+ . . . +

+
N−1

∏
i=N−1

(2λn+1,i + 1)2L1|λn+1,N−2 − λn,N−2|+ 2L1|λn+1,N−1 − λn,N−1|,

then

‖Un+1,N−1xn −Un,N−1xn‖

≤
2

∏
i=N−1

(2λn+1,i + 1)(|λn+1,1 − λn,1|‖T1xn‖+ |λn+1,1 − λn,1|‖xn‖)

+
3

∏
i=N−1

(2λn+1,i + 1)2L1|λn+1,2 − λn,2|+
4

∏
i=N−1

(2λn+1,i + 1)2L1|λn+1,3 − λn,3|

+
5

∏
i=N−1

(2λn+1,i + 1)2L1|λn+1,4 − λn,4|+ . . . +

+
N−1

∏
i=N−1

(2λn+1,i + 1)2L1|λn+1,N−2 − λn,N−2|+ 2L1|λn+1,N−1 − λn,N−1|

≤
2

∏
i=N−1

(2λn+1,i + 1)2L1|λn+1,1 − λn,1|

+
3

∏
i=N−1

(2λn+1,i + 1)2L1|λn+1,2 − λn,2|+
4

∏
i=N−1

(2λn+1,i + 1)2L1|λn+1,3 − λn,3|

+
5

∏
i=N−1

(2λn+1,i + 1)2L1|λn+1,4 − λn,4|+ . . . +

+
N−1

∏
i=N−1

(2λn+1,i + 1)2L1|λn+1,N−2 − λn,N−2|+ 2L1|λn+1,N−1 − λn,N−1|(11)
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Substituting (11) in (9), we have

‖Kn+1xn − Knxn‖

≤
2

∏
i=N

(2λn+1,i + 1)2L1|λn+1,1 − λn,1|+
3

∏
i=N

(2λn+1,i + 1)2L1|λn+1,2 − λn,2|

+
4

∏
i=N

(2λn+1,i + 1)2L1|λn+1,3 − λn,3|+
5

∏
i=N

(2λn+1,i + 1)2L1|λn+1,4 − λn,4|

+ . . . +
N−1

∏
i=N

(2λn+1,i + 1)2L1|λn+1,N−2 − λn,N−2|

+
N

∏
i=N

(2λn+1,i + 1)2L1|λn+1,N−1 − λn,N−1|+ 2L1|λn+1,N − λn,N |

≤ L
N

∑
i=1

|λn+1,i − λn,i|,(12)

where L =
2

∏
i=N

(2λn+1,i + 1)2L1. It follows that

‖Kn+1xn+1 − Knxn‖ ≤ ‖Kn+1xn+1 − Kn+1xn‖+ ‖Kn+1xn − Knxn‖

≤ ‖xn+1 − xn‖+ L
N

∑
i=1

|λn+1,i − λn,i|.

�

3. Main Results

In this section, we deal with an iterative scheme by the approximation method for finding a
common element of the set of common fixed points of finite family of nonexpansive mappings
and the set of solutions of GMEP (1) in real Hilbert spaces.

Theorem 3.1. Let H be a Hilbert space, C a closed convex nonempty subset of H, ϕ : C → R a proper
lower semicontinuous and convex functional, A an α−inverse strongly monotone mapping of C into H,
Φ : C × C → R a bifunction satisfying (A1)-(A4), {Ti}N

i=1 a finite family of nonexpansive mappings
of C into itself such that ∩N

i=1F(Ti) ∩ Ω 6= 0 and f a ρ−contraction of C into itself. Moreover, let
{αn}, {βn} and {γn} are three sequences in (0, 1) with αn + βn + γn = 1, {λn,i}N

i=1 a sequence in
[a, b] with 0 < a ≤ b < 1 and {rn} a sequence in [0, 2α] for all n ∈ N. Assume that:

(i) either (B1) or (B2) holds;
(ii) the sequence {rn} satisfies

(C1) 0 < c ≤ rn ≤ d < 2α; and

(C2)
∞
∑

n=1
|rn+1 − rn| < ∞;

(iii) the sequence {αn} satisfies
(D1) lim

n→∞
αn = 0; and

(D2)
∞
∑

n=0
αn = ∞;

(iv) the sequence {βn} satisfies
(E1) 0 < lim inf

n→∞
βn ≤ lim sup

n→∞
βn < 1;

(v) the finite family of sequences {λn,i}N
i=1 satisfies

(F1) lim
n→∞

|λn+1,i − λn,i| = 0 for every i ∈ {1, 2, . . . , N}.
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For every n ∈ N, let Kn be a K−mapping generated by T1, T2, . . . , TN and λn,1, λn,2, . . . , λn,N and let
{xn} and {yn} be sequences generated by x0 ∈ C and

(13)

{
Φ(yn, x) + ϕ(x)− ϕ(yn) + 〈Axn, x − yn〉+ 1

rn
〈x − yn, yn − xn〉 ≥ 0, ∀x ∈ C

xn+1 = αn f (xn) + βnxn + γnKnyn.

Then both {xn} and {yn} converge strongly to x∗ = PΓ f (x∗) where Γ = ∩N
i=1F(Ti) ∩Ω

Proof. Let x, y ∈ C. Since A is α−strongly monotone and rn ∈ (0, 2α) ∀n ∈ N, we have

‖(I − rn A)x − (I − rn A)y‖2 = ‖x − y− rn(Ax − Ay)‖2

= ‖x − y‖2 − 2rn〈x − y, Ax − Ay〉+ r2
n‖Ax − Ay‖2

≤ ‖x − y‖2 − 2rnα‖Ax − Ay‖2 + r2
n‖Ax − Ay‖2

= ‖x − y‖2 + rn(rn − 2α)‖Ax − Ay‖2

≤ ‖x − y‖2,

which implies that I − rn A is nonexpansive.
Next we prove that the sequences {xn}, {yn}, {Axn}, { f (xn)} and {Knyn} are bounded.

Since

Φ(yn, x) + ϕ(x)− ϕ(yn) + 〈Axn, x − yn〉+
1
rn
〈x − yn, yn − xn〉 ≥ 0, ∀x ∈ C,

we have

Φ(yn, x) + ϕ(x)− ϕ(yn) +
1
rn
〈x − yn, yn − (xn − rn Axn)〉 ≥ 0, ∀x ∈ C.

It follows from Lemma 2.6 that yn = Trn(xn − rn Axn), ∀n ∈ N.
Let p ∈ ∩N

i=1F(Ti) ∩Ω. Then we have

Φ(p, y) + ϕ(y)− ϕ(p) + 〈Ap, y− p〉 ≥ 0, ∀y ∈ C,

so
Φ(p, y) + ϕ(y)− ϕ(p) +

1
rn
〈y− p, p− (p− rn Ap)〉 ≥ 0, ∀y ∈ C.

By Lemma 2.6, we have p = Trn(p− rn Ap).
Since Trn and (I − rn A) are nonexpansive, we have

‖yn − p‖ = ‖Trn(xn − rn Axn)− Trn(p− rn Ap)‖
≤ ‖(xn − rn Axn)− (p− rn Ap)‖
≤ ‖xn − p‖.(14)

From (13) and (14), we deduce that

‖xn+1 − p‖ = ‖αn f (xn) + βnxn + γnKnyn − p‖
= ‖αn f (xn) + βnxn + γnKnyn − (αn + βn + γn)p‖
≤ αn‖ f (xn)− p‖+ βn‖xn − p‖+ γn‖Knyn − p‖
≤ αn(‖ f (xn)− f (p)‖+ ‖ f (p)− p‖) + βn‖xn − p‖+ γn‖yn − p‖
≤ αn(ρ‖xn − p‖+ ‖ f (p)− p‖) + βn‖xn − p‖+ γn‖xn − p‖
= αnρ‖xn − p‖+ βn‖xn − p‖+ γn‖xn − p‖+ αn‖ f (p)− p‖
= αnρ‖xn − p‖+ (1− αn)‖xn − p‖+ αn‖ f (p)− p‖
= (1− αn(1− ρ))‖xn − p‖+ αn‖ f (p)− p‖

= (1− αn(1− ρ))‖xn − p‖+ αn(1− ρ) · 1
1− ρ

‖ f (p)− p‖(15)

It follows from (15) induction that

‖xn − p‖ ≤ M, ∀n ≥ 0
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where M = max{‖x0− p‖, 1
1−ρ‖ f (p)− p‖}. So {xn} is bounded. Therefore {yn}, {Axn}, { f (xn)}

and {Knyn} are also bounded.
Next we shall show that lim

n→∞
‖xn+1 − xn‖ = 0.

Define

(16) zn =
αn

1− βn
f (xn) +

γn

1− βn
Knyn,

we have

(17) xn+1 = βnxn + (1− βn)zn, ∀n ≥ 0.

Consider

‖zn+1 − zn‖ = ‖ αn+1

1− βn+1
f (xn+1) +

γn+1

1− βn+1
Kn+1yn+1 −

αn

1− βn
f (xn)−

γn

1− βn
Knyn‖

≤ αn+1

1− βn+1
‖ f (xn+1)− f (xn)‖+ | αn+1

1− βn+1
− αn

1− βn
|‖ f (xn)‖

+
γn+1

1− βn+1
‖Kn+1yn+1 − Knyn‖+ | γn+1

1− βn+1
− γn

1− βn
|‖Knyn‖

≤ αn+1

1− βn+1
ρ‖xn+1 − xn‖+ | αn+1

1− βn+1
− αn

1− βn
|(‖ f (xn)‖+ ‖Knyn‖)

+
γn+1

1− βn+1
‖Kn+1yn+1 − Knyn‖.(18)

Substituting (8) from Lemma 2.12 into (18), we have

‖zn+1 − zn‖ ≤
αn+1

1− βn+1
ρ‖xn+1 − xn‖+ | αn+1

1− βn+1
− αn

1− βn
|(‖ f (xn)‖+ ‖Knyn‖)

+
γn+1

1− βn+1
(‖yn+1 − yn‖+ L

N

∑
i=1

|λn+1,i − λn,i|).(19)

Putting un = xn − rn Axn. Then we have yn+1 = Trn+1 un+1, yn = Trn un. Hence from the
nonexpansivity of Trn+1 we have

‖yn+1 − yn‖ = ‖Trn+1 un+1 − Trn un‖
≤ ‖Trn+1 un+1 − Trn+1 un‖+ ‖Trn+1 un − Trn un‖
≤ ‖un+1 − un‖+ ‖Trn+1 un − Trn un‖.(20)

Since I − rn A is nonexpansive for all n ∈ N, we have

‖un+1 − un‖ = ‖xn+1 − rn+1 Axn+1 − xn + rn Axn‖
≤ ‖(I − rn+1 A)xn+1 − (I − rn+1 A)xn‖+ |rn − rn+1‖Axn‖
≤ ‖xn+1 − xn‖+ |rn+1 − rn|‖Axn‖.(21)

By Lemma 2.6, we obtain

(22) Φ(Trn un, y) + ϕ(y)− ϕ(Trn un) +
1
rn
〈y− Trn un, Trn un − un〉 ≥ 0, ∀y ∈ C,

and

(23) Φ(Trn+1 un, y) + ϕ(y)− ϕ(Trn+1 un) +
1

rn+1
〈y− Trn+1 un, Trn+1 un − un〉 ≥ 0, ∀y ∈ C.

Putting y = Trn+1 un in (22) and y = Trn un in (23), we have

(24) Φ(Trn un, Trn+1 un) + ϕ(Trn+1 un)− ϕ(Trn un) +
1
rn
〈Trn+1 un − Trn un, Trn un − un〉 ≥ 0,

and

(25) Φ(Trn+1 un, Trn un) + ϕ(Trn un)− ϕ(Trn+1 un) +
1

rn+1
〈Trn un − Trn+1 un, Trn+1 un − un〉 ≥ 0.
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Summing up (24) and (25) and using (A2), we have

1
rn+1

〈Trn un − Trn+1 un, Trn+1 un − un〉+
1
rn
〈Trn+1 un − Trn un, Trn un − un〉 ≥ 0,

and

〈Trn un − Trn+1 un,
Trn+1 un − un

rn+1
− Trn un − un

rn
〉 ≥ 0,

and hence

0 ≤ 〈Trn+1 un − Trn un, Trn un − un −
rn

rn+1
(Trn+1 un − un)〉

= 〈Trn+1 un − Trn un, Trn un − Trn+1 un + (1− rn

rn+1
)(Trn+1 un − un)〉

≤ ‖Trn+1 un − Trn un‖(‖Trn+1 un − Trn un‖+ |1− rn

rn+1
|‖Trn+1 un − un‖).

From (C1), we can find a real number a such that rn ≥ a > 0 for all n ∈ N.
Then, we have

‖Trn+1 un − Trn un‖2 ≤ |1− rn

rn+1
|‖Trn+1 un − Trn un‖(‖Trn+1 un‖+ ‖un‖),

and hence

‖Trn+1 un − Trn un‖ ≤ |1− rn

rn+1
|(‖Trn+1 un‖+ ‖un‖)

≤ 1
a
|rn+1 − rn|L̂,(26)

where L̂ = sup{‖Trn+1 un‖+ ‖un‖ : n ∈ N}.
By (20), (21) and (26), we have

(27) ‖yn+1 − yn‖ ≤ ‖xn+1 − xn‖+ |rn+1 − rn|‖Axn‖+
1
a
|rn+1 − rn|L̂.

Combining (19) and (27), we deduce

‖zn+1 − zn‖ ≤
αn+1

1− βn+1
ρ‖xn+1 − xn‖+ | αn+1

1− βn+1
− αn

1− βn
|(‖ f (xn)‖+ ‖Knyn‖)

+
γn+1

1− βn+1
(‖xn+1 − xn‖+ |rn+1 − rn|‖Axn‖+

1
a
|rn+1 − rn|L̂

+ L
N

∑
i=1

|λn+1,i − λn,i|)

≤ ‖xn+1 − xn‖+ | αn+1

1− βn+1
− αn

1− βn
|(‖ f (xn)‖+ ‖Knyn‖)

+
γn+1

1− βn+1
|rn+1 − rn|‖Axn‖+

γn+1

1− βn+1
· 1

a
|rn+1 − rn|L̂

+
γn+1

1− βn+1
L

N

∑
i=1

|λn+1,i − λn,i|.

Therefore

‖zn+1 − zn‖ − ‖xn+1 − xn‖ ≤ | αn+1

1− βn+1
− αn

1− βn
|(‖ f (xn)‖+ ‖Knyn‖)

+
γn+1

1− βn+1
|rn+1 − rn|‖Axn‖+

γn+1

1− βn+1
· 1

a
|rn+1 − rn|L̂

+
γn+1

1− βn+1
L

N

∑
i=1

|λn+1,i − λn,i|.(28)
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Applying the conditions (C2), (D1), (E1) and (F1) and taking the superior limit as n → ∞
to (28), we have

lim sup
n→∞

(‖zn+1 − zn‖ − ‖xn+1 − xn‖) = 0.

Hence, by Lemma 2.5, we have lim
n→∞

‖zn − xn‖ = 0. This implies that

(29) lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

(1− βn)‖zn − xn‖ = 0.

Using (C2), (27) and (29), we have

(30) lim
n→∞

‖yn+1 − yn‖ = 0.

Next we show that lim
n→∞

‖xn − yn‖ = 0 and lim
n→∞

‖Knyn − yn‖ = 0.

Since xn+1 = αn f (xn) + βnxn + γnKnyn, we obtain

‖xn − Knyn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − Knyn‖
= ‖xn − xn+1‖+ ‖αn f (xn) + βnxn + γnKnyn − Knyn‖
= ‖xn − xn+1‖+ ‖αn f (xn) + βnxn − (1− γn)Knyn‖
= ‖xn − xn+1‖+ ‖αn f (xn) + βnxn − (αn + βn)Knyn‖
≤ ‖xn − xn+1‖+ αn‖ f (xn)− Knyn‖+ βn‖xn − Knyn‖

and hence

(31) ‖xn − Knyn‖ ≤
1

1− βn
‖xn − xn+1‖+

αn

1− βn
‖ f (xn)− Knyn‖.

Since αn → 0 and ‖xn − xn+1‖ → 0 as n → ∞, (31) implies that

(32) lim
n→∞

‖xn − Knyn‖ = 0.

From (14) and monotonicity of A and nonexpansivity of Trn , we have

‖xn+1 − p‖2 = ‖αn f (xn) + βnxn + γnKnyn − p‖2

≤ αn‖ f (xn)− p‖2 + βn‖xn − p‖2 + γn‖Knyn − p‖2

≤ αn‖ f (xn)− p‖2 + βn‖xn − p‖2 + γn‖yn − p‖2

= αn‖ f (xn)− p‖2 + βn‖xn − p‖2 + γn‖Trn(xn − rn Axn)− Trn(p− rn Ap)‖2

≤ αn‖ f (xn)− p‖2 + βn‖xn − p‖2 + γn‖(xn − rn Axn)− (p− rn Ap)‖2

= αn‖ f (xn)− p‖2 + βn‖xn − p‖2 + γn‖(xn − p)− rn(Axn − Ap)‖2

= αn‖ f (xn)− p‖2 + βn‖xn − p‖2 + γn(‖xn − p‖2 − 2rn〈xn − p, Axn − Ap〉
+ r2

n‖Axn − Ap‖2)

≤ αn‖ f (xn)− p‖2 + βn‖xn − p‖2 + γn(‖xn − p‖2 − 2rnα‖Axn − Ap‖2

+ r2
n‖Axn − Ap‖2)

= αn‖ f (xn)− p‖2 + βn‖xn − p‖2 + γn‖xn − p‖2 − 2rnγnα‖Axn − Ap‖2

+ γnr2
n‖Axn − Ap‖2

= αn‖ f (xn)− p‖2 + (1− αn)‖xn − p‖2 + γnrn(rn − 2α)‖Axn − Ap‖2.(33)

By (33), we have

γnrn(2α− rn)‖Axn − Ap‖2 ≤ αn‖ f (xn)− p‖2 + (1− αn)‖xn − p‖2 − ‖xn+1 − p‖2

= αn‖ f (xn)− p‖2 − αn‖xn − p‖2 + ‖xn − p‖2 − ‖xn+1 − p‖2

≤ αn‖ f (xn)− p‖2 − αn‖xn − p‖2 + ‖xn − xn+1‖(‖xn − p‖+ ‖xn+1 − p‖).(34)
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Since, 0 < c ≤ rn ≤ d < 2α, we have
(35)
γnc(2α− d)‖Axn −Ap‖2 ≤ αn‖ f (xn)− p‖2− αn‖xn − p‖2 + ‖xn − xn+1‖(‖xn − p‖+ ‖xn+1− p‖).

From αn → 0 , ‖xn − xn+1‖ → 0 and the boundedness of {xn} and { f (xn)}, we have

(36) lim
n→∞

‖Axn − Ap‖ = 0.

Since Trn is a firmly nonexpansive, we have

‖yn − p‖2 = ‖Trn(xn − rn Axn)− Trn(p− rn Ap)‖2

≤ 〈Trn(xn − rn Axn)− Trn(p− rn Ap), (xn − rn Axn)− (p− rn Ap)〉
= 〈yn − p, (xn − rn Axn)− (p− rn Ap)〉

=
1
2
(‖yn − p‖2 + ‖(xn − rn Axn)− (p− rn Ap)‖2 − ‖(yn − p)

− ((xn − rn Axn)− (p− rn Ap))‖2)

≤ 1
2
(‖yn − p‖2 + ‖xn − p‖2 − ‖(xn − yn)− rn(Axn − Ap)‖2)

=
1
2
(‖yn − p‖2 + ‖xn − p‖2 − ‖xn − yn‖2 + 2rn〈xn − yn, Axn − Ap〉

− r2
n‖Axn − Ap‖2)(37)

and hence

(38) ‖yn − p‖2 ≤ ‖xn − p‖2 − ‖xn − yn‖2 + 2rn‖xn − yn‖‖Axn − Ap‖.

It follows that

‖xn+1 − p‖2 ≤ αn‖ f (xn)− p‖2 + βn‖xn − p‖2 + γn‖yn − p‖2

≤ αn‖ f (xn)− p‖2 + βn‖xn − p‖2 + γn(‖xn − p‖2 − ‖xn − yn‖2

+ 2rn‖xn − yn‖‖Axn − Ap‖)
= αn‖ f (xn)− p‖2 + βn‖xn − p‖2 + γn‖xn − p‖2 − γn‖xn − yn‖2

+ 2γnrn‖xn − yn‖‖Axn − Ap‖
= αn‖ f (xn)− p‖2 + (1− αn)‖xn − p‖2 − γn‖xn − yn‖2

+ 2γnrn‖xn − yn‖‖Axn − Ap‖.

This implies

γn‖xn − yn‖2 ≤ αn‖ f (xn)− p‖2 + ‖xn − p‖2 − ‖xn+1 − p‖2 − αn‖xn − p‖2

+ 2γnrn‖xn − yn‖‖Axn − Ap‖
≤ αn‖ f (xn)− p‖2 + ‖xn − xn+1‖(‖xn − p‖+ ‖xn+1 − p‖)

− αn‖xn − p‖2 + 2γnrn‖xn − yn‖‖Axn − Ap‖.(39)

Since αn → 0, ‖xn − xn+1‖ → 0, ‖Axn − Ap‖ → 0 and the sequences {xn}, {yn} and { f (xn)}
are bounded, it follows from (39) that

(40) lim
n→∞

‖xn − yn‖ = 0.

From ‖Knyn − yn‖ ≤ ‖Knyn − xn‖+ ‖xn − yn‖
by (32) and (40), we have

(41) lim
n→∞

‖Knyn − yn‖ = 0.

Next, we show that

(42) lim sup
n→∞

〈 f (x∗)− x∗, xn − x∗〉 ≤ 0,
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where x∗ = P∩N
i=1F(Ti)∩Ω f (x∗). To show this inequality, we can choose a subsequence {ynj} of

{yn} such that

(43) lim
i→∞

〈 f (x∗)− x∗, yni − x∗〉 = lim sup
n→∞

〈 f (x∗)− x∗, yn − x∗〉.

Since {yni} is bounded, there exists a subsequence {ynij} of {yni} which converges weakly to
ω. Without loss of generality, we can assume that yni ⇀ ω. From ‖Knyn − yn‖ → 0, so we have
Knyni ⇀ ω. Let us show ω ∈ ∩N

i=1F(Ti) ∩Ω.
First, we show ω ∈ Ω. Since yn = Trn(xn − rn Axn), for any z ∈ C we have

Φ(yn, z) + ϕ(z)− ϕ(yn) + 〈Axn, z− yn〉+
1
rn
〈z− yn, yn − xn〉 ≥ 0.

From (A2) we have

ϕ(z)− ϕ(yn) + 〈Axn, z− yn〉+
1
rn
〈z− yn, yn − xn〉 ≥ −Φ(yn, z) ≥ Φ(z, yn),

and hence

(44) ϕ(z)− ϕ(yni) + 〈Axni , z− yni〉+ 〈z− yni ,
yni − xni

rni

〉 ≥ Φ(z, yni),

Put yt = tz + (1− t)ω for all t ∈ (0, 1] and z ∈ C. Then we have yt ∈ C. From (44) we have

ϕ(yt)− ϕ(yni) + 〈yt − yni , Ayt〉

≥ 〈yt − yni , Ayt〉 − 〈yt − yni , Axni〉 − 〈yt − yni ,
yni − xni

rni

〉+ Φ(yt, yni)

= 〈yt − yni , Ayt − Ayni〉+ 〈yt − yni , Ayni − Axni〉 − 〈yt − yni ,
yni − xni

rni

〉+ Φ(yt, yni).

Since ‖yni − xni‖ → 0, we have ‖Ayni − Axni‖ → 0. Further, from monotonicity of A, we have
〈yt − yni , Ayt − Ayni〉 ≥ 0.
Thus from the weakly semicontinuity of ϕ and (A4), we have

(45) ϕ(yt)− ϕ(ω) + 〈yt −ω, Ayt〉 ≥ Φ(yt, ω) as i → ∞.

From (A1), (A4), (45) and the convexity of ϕ , we also have

0 = Φ(yt, yt) + ϕ(yt)− ϕ(yt)
= Φ(yt, (tz + (1− t)ω)) + ϕ(tz + (1− t)ω)− ϕ(yt)
≤ tΦ(yt, z) + (1− t)Φ(yt, ω) + tϕ(z) + (1− t)ϕ(ω)− ϕ(yt)
≤ tΦ(yt, z) + (1− t)(ϕ(yt)− ϕ(ω) + 〈yt −ω, Ayt〉) + tϕ(z) + (1− t)ϕ(ω)− ϕ(yt)
= tΦ(yt, z)− tϕ(yt) + (1− t)〈yt −ω, Ayt〉+ tϕ(z)
= t[Φ(yt, z)− ϕ(yt) + ϕ(z)] + (1− t)t〈z−ω, Ayt〉(46)

Dividing by t, we have

Φ(yt, z)− ϕ(yt) + ϕ(z) + (1− t)〈z−ω, Ayt〉 ≥ 0, ∀z ∈ C.

Letting t → 0, it follows from (A3) and the weakly semicontinuity of ϕ that

(47) Φ(ω, z)− ϕ(ω) + ϕ(z) + 〈z−ω, Aω〉 ≥ 0, ∀z ∈ C.

Therefore ω ∈ Ω. Next, we show that ω ∈ ∩N
i=1F(Ti). Assume that there exists j ∈ {1, 2, . . . , N}

such that ω 6= Tjω. By Lemma 2.10, we have ω 6= Kω.
Since yni ⇀ ω and ω 6= Kω, by Opial’s condition [8] and (41) and Lemma 2.11, we have

lim inf
i→∞

‖yni −ω‖ < lim inf
i→∞

‖yni − Kω‖

≤ lim inf
i→∞

(‖yni − Kni yni‖+ ‖Kni yni − Kni ω‖+ ‖Kni ω − Kω‖)

≤ lim inf
i→∞

‖yni −ω‖,
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which is a contradiction. Thus ω = Kω and ω ∈ F(K) = ∩N
i=1F(Ti). Hence ω ∈ ∩N

i=1F(Ti)∩Ω.
Since x∗ = P∩N

i=1F(Ti)∩Ω f (x∗), we have

lim sup
n→∞

〈 f (x∗)− x∗, xn − x∗〉 = lim
i→∞

〈 f (x∗)− x∗, xni − x∗〉

= lim
i→∞

〈 f (x∗)− x∗, yni − x∗〉

= 〈 f (x∗)− x∗, ω − x∗〉 ≤ 0.(48)

Finally, we prove that {xn} and {yn} converge strongly to x∗. From (13), we obtain

‖xn+1 − x∗‖2 = 〈αn f (xn) + βnxn + γnKnyn − x∗, xn+1 − x∗〉
= αn〈 f (xn)− x∗, xn+1 − x∗〉+ βn〈xn − x∗, xn+1 − x∗〉+ γn〈Knyn − x∗, xn+1 − x∗〉
≤ αn〈 f (xn)− f (x∗), xn+1 − x∗〉+ αn〈 f (x∗)− x∗, xn+1 − x∗〉

+
1
2

βn(‖xn − x∗‖2 + ‖xn+1 − x∗‖2) +
1
2

γn(‖Knyn − x∗‖2 + ‖xn+1 − x∗‖2)

≤ 1
2
(1− αn)(‖xn − x∗‖2 + ‖xn+1 − x∗‖2) + αn〈 f (x∗)− x∗, xn+1 − x∗〉

+
1
2

αn(‖ f (xn)− f (x∗)‖2 + ‖xn+1 − x∗‖2)

≤ 1
2
(1− αn)(‖xn − x∗‖2 + ‖xn+1 − x∗‖2) + αn〈 f (x∗)− x∗, xn+1 − x∗〉

+
1
2

αnρ2‖xn − x∗‖2 +
1
2

αn‖xn+1 − x∗‖2

=
1
2
(1− αn(1− ρ2))‖xn − x∗‖2 +

1
2
‖xn+1 − x∗‖2 + αn〈 f (x∗)− x∗, xn+1 − x∗〉,(49)

which implies that

‖xn+1 − x∗‖2 ≤ (1− αn(1− ρ2))‖xn − x∗‖2 + 2αn〈 f (x∗)− x∗, xn+1 − x∗〉

= (1− αn(1− ρ2))‖xn − x∗‖2 + αn(1− ρ2) · 2
(1− ρ2)

〈 f (x∗)− x∗, xn+1 − x∗〉

= (1− δn)‖xn − x∗‖2 + δnσn,(50)

where δn = αn(1 − ρ2) and σn = 2
(1−ρ2) 〈 f (x∗)− x∗, xn+1 − x∗〉. It is easy to see that

∞
∑

n=1
δn =

∞ and lim sup
n→∞

σn ≤ 0. Applying Lemma 2.4 to (50), we conclude that xn → x∗ as n → ∞.

Consequently, {yn} converge strongly to x∗. This completes the proof. �

Corollary 3.2. Let H be a Hilbert space, C a closed convex nonempty subset of H, ϕ : C → R a proper
lower semicontinuous and convex functional, Φ : C × C → R a bifunction satisfying (A1)-(A4),
{Ti}N

i=1 a finite family of nonexpansive mappings of C into itself such that ∩N
i=1F(Ti)∩ MEP(Φ, ϕ) 6=

0 and f a ρ−contraction of C into itself. Moreover, let {αn}, {βn} and {γn} are three sequences in
(0, 1) with αn + βn + γn = 1, {λn,i}N

i=1 a sequence in [a, b] with 0 < a ≤ b < 1 and {rn} a sequence
in [0, 2α] for all n ∈ N. Assume that:

(i) either (B1) or (B2) holds;
(ii) the sequence {rn} satisfies

(C1) 0 < c ≤ rn ≤ d < 2α; and

(C2)
∞
∑

n=1
|rn+1 − rn| < ∞;

(iii) the sequence {αn} satisfies
(D1) lim

n→∞
αn = 0; and

(D2)
∞
∑

n=0
αn = ∞;

(iv) the sequence {βn} satisfies
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(E1) 0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1;

(v) the finite family of sequences {λn,i}N
i=1 satisfies

(F1) lim
n→∞

|λn+1,i − λn,i| = 0 for every i ∈ {1, 2, . . . , N}.

For every n ∈ N, let Kn be a K−mapping generated by T1, T2, . . . , TN and λn,1, λn,2, . . . , λn,N and let
{xn} and {yn} be sequences generated by x0 ∈ C and{

Φ(yn, x) + ϕ(x)− ϕ(yn) + 1
rn
〈x − yn, yn − xn〉 ≥ 0, ∀x ∈ C

xn+1 = αn f (xn) + βnxn + γnKnyn.

Then both {xn} and {yn} converge strongly to x∗ = P∩N
i=1F(Ti)∩MEP(Φ,ϕ) f (x∗).

Proof. Put A ≡ 0. Then, for all α ∈ (0, ∞), we have that

〈x − y, Ax − Ay〉 ≥ α‖Ax − Ay‖2, ∀x, y ∈ C.

Hence all the conditions of Theorem 3.1 are satisfied. Therefore the corollary is obtained by
Theorem 3.1. �

Corollary 3.3. Let H be a Hilbert space, C a closed convex nonempty subset of H, A an α−inverse
strongly monotone mapping of C into H, Φ : C × C → R a bifunction satisfying (A1)-(A4), {Ti}N

i=1
a finite family of nonexpansive mappings of C into itself such that ∩N

i=1F(Ti) ∩ EP 6= 0 and f a
ρ−contraction of C into itself. Moreover, let {αn}, {βn} and {γn} are three sequences in (0, 1) with
αn + βn + γn = 1, {λn,i}N

i=1 a sequence in [a, b] with 0 < a ≤ b < 1 and {rn} a sequence in [0, 2α]
for all n ∈ N. Assume that:

(i) the sequence {rn} satisfies
(C1) 0 < c ≤ rn ≤ d < 2α; and

(C2)
∞
∑

n=1
|rn+1 − rn| < ∞;

(ii) the sequence {αn} satisfies
(D1) lim

n→∞
αn = 0; and

(D2)
∞
∑

n=0
αn = ∞;

(iii) the sequence {βn} satisfies
(E1) 0 < lim inf

n→∞
βn ≤ lim sup

n→∞
βn < 1;

(iv) the finite family of sequences {λn,i}N
i=1 satisfies

(F1) lim
n→∞

|λn+1,i − λn,i| = 0 for every i ∈ {1, 2, . . . , N}.

For every n ∈ N, let Kn be a K−mapping generated by T1, T2, . . . , TN and λn,1, λn,2, . . . , λn,N and let
{xn} and {yn} be sequences generated by x0 ∈ C and{

Φ(yn, x) + 〈Axn, x − yn〉+ 1
rn
〈x − yn, yn − xn〉 ≥ 0, ∀x ∈ C

xn+1 = αn f (xn) + βnxn + γnKnyn.

Then both {xn} and {yn} converge strongly to x∗ = P∩N
i=1F(Ti)∩EP f (x∗).

Proof. Put ϕ ≡ 0 in Theorem 3.1. Hence all the conditions of Theorem 3.1 are satisfied. There-
fore the corollary is obtained by Theorem 3.1. �

Corollary 3.4. Let H be a Hilbert space, C a closed convex nonempty subset of H, Φ : C × C → R

a bifunction satisfying (A1)-(A4), {Ti}N
i=1 a finite family of nonexpansive mappings of C into itself

such that ∩N
i=1F(Ti) ∩ EP(Φ) 6= 0 and f a ρ−contraction of C into itself. Moreover, let {αn}, {βn}

and {γn} are three sequences in (0, 1) with αn + βn + γn = 1, {λn,i}N
i=1 a sequence in [a, b] with

0 < a ≤ b < 1 and {rn} a sequence in [0, 2α] for all n ∈ N. Assume that:
(i) the sequence {rn} satisfies

(C1) 0 < c ≤ rn ≤ d < 2α; and
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(C2)
∞
∑

n=1
|rn+1 − rn| < ∞;

(ii) the sequence {αn} satisfies
(D1) lim

n→∞
αn = 0; and

(D2)
∞
∑

n=0
αn = ∞;

(iii) the sequence {βn} satisfies
(E1) 0 < lim inf

n→∞
βn ≤ lim sup

n→∞
βn < 1;

(iv) the finite family of sequences {λn,i}N
i=1 satisfies

(F1) lim
n→∞

|λn+1,i − λn,i| = 0 for every i ∈ {1, 2, . . . , N}.

For every n ∈ N, let Kn be a K−mapping generated by T1, T2, . . . , TN and λn,1, λn,2, . . . , λn,N and let
{xn} and {yn} be sequences generated by x0 ∈ C and{

Φ(yn, x) + 1
rn
〈x − yn, yn − xn〉 ≥ 0, ∀x ∈ C

xn+1 = αn f (xn) + βnxn + γnKnyn.

Then both {xn} and {yn} converge strongly to x∗ = P∩N
i=1F(Ti)∩EP(Φ) f (x∗).

Proof. Put ϕ ≡ 0 and A ≡ 0 in Theorem3.1. Hence the corollary is obtained by Theorem
3.1. �
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Common Fixed Points of a New Three-Step Iteration with Errors of
Asymptotically Quasi-Nonexpansive Nonself-Mappings in Banach

spaces

Utith Inprasit1,2 and Hathaikarn Wattanataweekul1,2

ABSTRACT: In this paper, we study a new three-step iterative scheme for approximating a
common fixed point of three asymptotically quasi-nonexpansive nonself-mappings with errors
and prove several strong and weak convergence results of the iterative sequences with errors
in a uniformly convex Banach space. We also extend and improve some recent corresponding
results in the literature.

1. Introduction

We assume that X is a normed space and C is a nonempty subset of X. A mapping T : C →
C is said to be asymptotically nonexpansive [3] if there exists a sequence {kn} of real numbers
with kn ≥ 1 and lim

n→∞
kn = 1 such that ‖Tnx − Tny‖ ≤ kn‖x − y‖ for all x, y ∈ C and each

n ≥ 1. The class of asymptotically nonexpansive mappings is a natural generalization of the
important class of nonexpansive mappings. Goebel and Kirk [3] proved that if C is a nonempty
closed and bounded subset of a uniformly convex Banach space, then every asymptotically
nonexpansive self-mapping has a fixed point. A mapping T : C → C is called asymptotically
quasi-nonexpansive if F(T) 6= ∅ and there exists a sequence {kn} of real numbers with kn ≥ 1
and lim

n→∞
kn = 1 such that ‖Tnx − q‖ ≤ kn‖x − q‖ for all x ∈ C, q ∈ F(T), n ≥ 1, where F(T)

is the set of fixed points of T. The mapping T is called uniformly L-Lipschitzian if there exists a
positive constant L such that ‖Tnx− Tny‖ ≤ L‖x− y‖ for all x, y ∈ C and each n ≥ 1. It is easy
to see that an asymptotically nonexpansive mapping must be uniformly L-Lipschitzian as well
as asymptotically quasi-nonexpansive but the converse does not hold.

In 2000, Noor [9] introduced a three-step iterative sequence and studied the approxi-
mate solutions of variational inclusions in Hilbert spaces. Glowinski and Le Tallec [4] applied
three-step iterative sequences for finding the approximate solutions of the elastoviscoplastic-
ity problem, eigenvalue problems and in the liquid crystal theory. It has been shown in [1],
that three-step method performs better than two-step and one-step methods for solving varia-
tional inequalities. The three-step schemes are natural generalization of the splitting methods
to solve partial differential equations; see, Noor [9, 10, 11]. This signifies that Noor three-step
methods are robust and more efficient than the Mann (one-step) and Ishikawa (two-step) type
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iterative methods to solve problems of pure and applied sciences.
In 2001, Khan and Takahashi [5] have approximated common fixed points of two asymp-

totically nonexpansive mappings by the modified Ishikawa iteration. Recently Shahzad and
Udomene [15] established convergence theorems for the modified Ishikawa iteration process
of two asymptotically quasi-non expansive mappings to a common fixed point of the map-
pings. For related results with error terms, we refer to [2, 6, 13] and [15].

The purpose of this paper is to establish strong and weak convergence theorems of a
new three-step iteration for three asymptotically quasi-nonexpan sive non-self mappings in a
uniformly convex Banach space. This scheme can be viewed as an extension of Xu and Noor
[18], Suantai [16] and Nilsrakoo and Saejung [8].

Let X be a normed space. A subset C of X is said to be a retract of X if there exists a con-
tinuous map P : X → C such that Px = x for all x ∈ C. Every closed convex set of a uniformly
convex Banach space is a retract. A map P : X → C is said to be a retraction if P2 = P. It follows
that if a map P is a retraction, then Py = y for all y in the range of P. A mapping T : C → X is
said to be asymptotically quasi-nonexpansive if F(T) 6= ∅ and there exists a sequence {kn} of real
numbers with kn ≥ 1 and lim

n→∞
kn = 1 such that

‖T(PT)n−1x − q‖ ≤ kn‖x − q‖
for all x ∈ C, q ∈ F(T), n ≥ 1, where F(T) is the set of fixed points of T and (PT)0 = I, the
identity operator on C.

The mapping T : C → X is called uniformly L-Lipschitzian if there exists a positive constant
L such that

‖T(PT)n−1x − T(PT)n−1y‖ ≤ L‖x − y‖

for all x, y ∈ C and n ∈ N.
Let C be a nonempty closed convex subset of X and P : X → C a nonexpansive retraction

of X onto C, and let T1, T2, T3 : C → X be asymptotically quasi-nonexpansive mappings and F

is the set of all common fixed points of Ti i.e., F =
3⋂

i=1
F(Ti), where F(Ti) = {x ∈ C : Tix = x}

for all i = 1, 2, 3. Then, for arbitrary x1 ∈ C, compute the sequences {xn}, {yn}, {zn} by the
iterative scheme

zn = P[anT1(PT1)n−1xn + (1− an − δn)xn + δnun],

yn = P[bnT2(PT2)n−1zn + cnT1(PT1)n−1xn + (1− bn − cn − σn)xn + σnvn],

xn+1 = P[αnT3(PT3)n−1yn + βnT2(PT2)n−1zn + γnT1(PT1)n−1xn

+ (1− αn − βn − γn − ρn)xn + ρnwn](1)

for all n ≥ 1, where {an}, {bn}, {cn}, {αn}, {βn}, {γn}, {δn}, {σn}, {ρn} are appropriate se-
quences in [0, 1] and {un}, {vn}, {wn} are bounded sequences in C.

Without errors (δn = σn = ρn ≡ 0), and T1, T2, T3 are self-maps of C, the iterative scheme
(1) reduces to the following iterative scheme:

zn = anTn
1 xn + (1− an)xn,

yn = bnTn
2 zn + cnTn

1 xn + (1− bn − cn)xn,

xn+1 = αnTn
3 yn + βnTn

2 zn + γnTn
1 xn + (1− αn − βn − γn)xn, n ≥ 1,(2)

where {an}, {bn}, {cn}, {αn}, {βn}, {γn} are appropriate sequences in [0, 1].
If T := T1 = T2 = T3, then (2) reduces to the iterative scheme defined by Nilsrakoo and

Saejung [8].
If γn ≡ 0 and T := T1 = T2 = T3, then (2) reduces to the iterative scheme defined by

Suantai [16].
If cn = βn = γn ≡ 0 and T := T1 = T2 = T3, then (2) reduces to the iterative scheme

defined by Xu and Noor [18].
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If an = bn = cn ≡ 0, then (2) reduces to the following iterative scheme:

xn+1 = αnTn
3 xn + βnTn

2 xn + γnTn
1 xn + (1− αn − βn − γn)xn(3)

for all n ≥ 1, where {αn}, {βn}, {γn} are appropriate sequences in [0, 1].
To study strong and weak convergence theorems of the iterative scheme 1, we recall

some useful well-known concepts and results.
Recall that a Banach space X is said to satisfy Opial’s condition [12] if for each sequence

{xn} and x, y ∈ X with xn → x weakly as n → ∞ and x 6= y imply that

lim
n→∞

sup ‖xn − x‖ < lim
n→∞

sup ‖xn − y‖.

In what follows, we shall make use of the following lemmas.

Lemma 1.1. [17, Lemma 1]. Let {an}, {bn}, {δn} be sequences of nonnegative real numbers satisfying
the inequality

an+1 ≤ (1 + δn)an + bn for all n = 1, 2, . . . .

If
∞
∑

n=1
δn < ∞ and

∞
∑

n=1
bn < ∞, then

(i) lim
n→∞

an exists, and

(ii) lim
n→∞

an = 0 whenever lim
n→∞

inf an = 0.

Lemma 1.2. [7, Lemma 1.4]. Let X be a uniformly convex Banach space and let Br = {x ∈ X :
‖x‖ ≤ r}, r > 0 be a closed ball of X. Then there exists a continuous, strictly increasing convex
function g : [0, ∞) → [0, ∞), g(0) = 0 such that

‖λx + µy + ξz + ϑw‖2 ≤ λ‖x‖2 + µ‖y‖2 + ξ‖z‖2 + ϑ‖w‖2 − λµg
(
‖x − y‖

)
for all x, y, z, w ∈ Br and all λ, µ, ξ, ϑ ∈ [0, 1] with λ + µ + ξ + ϑ = 1.

Similar to Lemma 1.2, we can prove the next lemma.

Lemma 1.3. Let X be a uniformly convex Banach space and let Br be a closed ball of X. Then there
exists a continuous, strictly increasing convex function g : [0, ∞) → [0, ∞), g(0) = 0 such that

‖λx + µy + ξz + ϑw + ζs‖2 ≤ λ‖x‖2 + µ‖y‖2 + ξ‖z‖2 + ϑ‖w‖2 + ζ‖s‖2 − λµg
(
‖x − y‖

)
for all x, y, z, w, s ∈ Br and all λ, µ, ξ, ϑ, ζ ∈ [0, 1] with λ + µ + ξ + ϑ + ζ = 1.

Lemma 1.4. [16, Lemma 2.7]. Let X be a Banach space which satisfies Opial’s condition and let {xn}
be a sequence in X. Let u, v ∈ X be so that lim

n→∞
‖xn − u‖ and lim

n→∞
‖xn − v‖ exist. If {xnk} and {xmk}

are subsequences of {xn} which converge weakly to u and v, respectively, then u = v.

2. Main Results

In this section, we prove strong and weak convergence theorems for the iterative scheme
(1) for asymptotically quasi-nonexpansive nonself-mappings in a Banach space. In order to
prove our main results, the following lemmas are needed.

Lemma 2.1. Let X be a uniformly convex Banach space and C a nonempty closed convex nonex-
pansive retract of X with P as a nonexpansive retraction. Let T1, T2, T3 : C → X be asymptoti-
cally quasi-nonexpansive mappings with respect to sequences {kn}, {ln}, {mn}, respectively, such that

F 6= ∅, kn ≥ 1, ln ≥ 1, mn ≥ 1,
∞
∑

n=1
(kn − 1) < ∞,

∞
∑

n=1
(ln − 1) < ∞

∞
∑

n=1
(mn − 1) < ∞. Let

{an}, {bn}, {cn}, {αn}, {βn}, {γn}, {δn}, {σn}, {ρn} be real sequences in [0, 1] such that an + δn,

bn + cn + σn and αn + βn + γn + ρn are in [0, 1] for all n ≥ 1,
∞
∑

n=1
δn < ∞,

∞
∑

n=1
σn < ∞,

∞
∑

n=1
ρn < ∞

and let {un}, {vn}, {wn} be bounded sequences in C. For a given x1 ∈ C, let {xn}, {yn}, {zn} be the
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sequences defined as in (1). Then
(i) lim

n→∞
‖xn − q‖ exists for all q ∈ F.

(ii) If one of the following conditions (a), (b), (c) and (d) holds, then
lim
n→∞

‖T1(PT1)n−1xn − xn‖ = 0.

(a) lim
n→∞

inf βn > 0 and 0 < lim
n→∞

inf an ≤ lim
n→∞

sup(an + δn) < 1.

(b) lim
n→∞

inf αn, lim
n→∞

inf bn > 0 and 0 < lim
n→∞

inf an ≤ lim
n→∞

sup(an + δn) < 1.

(c) 0 < lim
n→∞

inf γn ≤ lim
n→∞

sup(αn + βn + γn + ρn) < 1.

(d) 0 < lim
n→∞

inf αn and 0 < lim
n→∞

inf cn ≤ lim
n→∞

sup(bn + cn + σn) < 1.

(iii) If either (a) 0 < lim
n→∞

inf βn ≤ lim
n→∞

sup(αn + βn + γn + ρn) < 1

or (b) lim
n→∞

inf αn > 0 and 0 < lim
n→∞

inf bn ≤ lim
n→∞

sup(bn + cn + σn) < 1,

then lim
n→∞

‖T2(PT2)n−1zn − xn‖ = 0.

(iv) If 0 < lim
n→∞

inf αn ≤ lim
n→∞

sup(αn + βn + γn + ρn) < 1,

then lim
n→∞

‖T3(PT3)n−1yn − xn‖ = 0.

Proof. (i) Let q ∈ F. By (1), we obtain

‖zn − q‖ = ‖P[anT1(PT1)n−1xn + (1− an − δn)xn + δnun]− P(q)‖
≤ an‖T1(PT1)n−1xn − q‖+ (1− an − δn)‖xn − q‖+ δn‖un − q‖
≤ (1 + an(kn − 1)− δn)‖xn − q‖+ δn‖un − q‖(4)

and

‖yn − q‖ = ‖P[bnT2(PT2)n−1zn + cnT1(PT1)n−1xn + (1− bn − cn − σn)xn

+ σnvn]− P(q)‖
≤ bn‖T2(PT2)n−1zn − q‖+ cn‖T1(PT1)n−1xn − q‖

+ (1− bn − cn − σn)‖xn − q‖+ σn‖vn − q‖
≤ bnln‖zn − q‖+ cnkn‖xn − q‖+ (1− bn − cn − σn)‖xn − q‖

+ σn‖vn − q‖.(5)

By (4) and (5), we obtain

‖xn+1 − q‖ = ‖P[αnT3(PT3)n−1yn + βnT2(PT2)n−1zn + γnT1(PT1)n−1xn

+ (1− αn − βn − γn − ρn)xn + ρnwn]− P(q)‖
≤ αn‖T3(PT3)n−1yn − q‖+ βn‖T2(PT2)n−1zn − q‖

+ γn‖T1(PT1)n−1xn − q‖+ (1− αn − βn − γn − ρn)‖xn − q‖
+ ρn‖wn − q‖

≤ αnmn‖yn − q‖+ βnln‖zn − q‖+ γnkn‖xn − q‖
+ (1− αn − βn − γn − ρn)‖xn − q‖+ ρn‖wn − q‖

≤ (αnmnbnln + βnln)‖zn − q‖+ αnmncnkn‖xn − q‖
+ (αnmn − αnmnbn − αnmncn − αnmnσn)‖xn − q‖
+ αnmnσn‖vn − q‖+ γnkn‖xn − q‖
+ (1− αn − βn − γn − ρn)‖xn − q‖+ ρn‖wn − q‖

≤ ‖xn − q‖+ ((ln − 1)(αnmnbn + βn) + (kn − 1)(γn + αnmncn

+ (αnmnbnln + βnln)an) + αn(mn − 1))‖xn − q‖
+ (mnln + ln)δn‖un − q‖+ mnσn‖vn − q‖+ ρn‖wn − q‖.
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Since {ln}, {mn}, {un}, {vn}, {wn} are bounded, there exists a constant K > 0 such that αnmnbn +
βn ≤ K, γn + αnmncn + (αnmnbnln + βnln)an ≤ K, (mnln + ln)‖un − q‖ ≤ K, mn‖vn − q‖ ≤
K, ‖wn − q‖ ≤ K and αn ≤ K for all n ≥ 1. Then

‖xn+1 − q‖ ≤
(

1 + K
(
(kn − 1) + (ln − 1) + (mn − 1)

))
‖xn − q‖

+ K(δn + σn + ρn)(6)

By Lemma 1.1, we obtain lim
n→∞

‖xn − q‖ exists.

Next, we want to prove (ii), (iii) and (iv). It follows from (i) that {xn − q}, {T1(PT1)n−1xn −
q}, {yn − q}, {T3(PT3)n−1yn − q}, {zn − q} and {T2(PT2)n−1zn − q} are all bounded. Let

M = max
{

sup
n≥1

‖xn − q‖, sup
n≥1

‖T1(PT1)n−1xn − q‖, sup
n≥1

‖yn − q‖,

sup
n≥1

‖T3(PT3)n−1yn − q‖, sup
n≥1

‖zn − q‖, sup
n≥1

‖un − q‖,

sup
n≥1

‖T2(PT2)n−1zn − q‖, sup
n≥1

‖vn − q‖, sup
n≥1

‖wn − q‖
}

.

By Lemma 1.3, there exists a continuous, strictly increasing convex function g : [0, ∞) → [0, ∞)
with g(0) = 0 such that

‖λx + µy + ξz + ϑw + ζs‖2 ≤ λ‖x‖2 + µ‖y‖2 + ξ‖z‖2 + ϑ‖w‖2 + ζ‖s‖2

− λµg
(
‖x − y‖

)
(7)

for all x, y, z, w, s ∈ Br and all λ, µ, ξ, ϑ, ζ ∈ [0, 1] with λ + µ + ξ + ϑ + ζ = 1. By (7), we have

‖zn − q‖2 = ‖P[anT1(PT1)n−1xn + (1− an − δn)xn + δnun]− P(q)‖2

≤ ‖an(T1(PT1)n−1xn − q) + (1− an − δn)(xn − q) + δn(un − q)‖2

≤ an‖T1(PT1)n−1xn − q‖2 + (1− an − δn)‖xn − q‖2

+ δn‖un − q‖2 − an(1− an − δn)g
(
‖T1(PT1)n−1xn − xn‖

)
≤ ank2

n‖xn − q‖2 + (1− an − δn)‖xn − q‖2 + δn‖un − q‖2

− an(1− an − δn)g
(
‖T1(PT1)n−1xn − xn‖

)
≤ (1 + an(k2

n − 1)− δn)‖xn − q‖2 + δn‖un − q‖2(8)

and

‖yn − q‖2 = ‖P[bnT2(PT2)n−1zn + cnT1(PT1)n−1xn + (1− bn − cn − σn)

xn + σnvn]− P(q)‖2

≤ ‖bn(T2(PT2)n−1zn − q) + cn(T1(PT1)n−1xn − q)

+ (1− bn − cn − σn)(xn − q) + σn(xn − q)‖2

≤ bn‖T2(PT2)n−1zn − q‖2 + (1− bn − cn − σn)‖xn − q‖2

+ cn‖T1(PT1)n−1xn − q‖2 + σn‖vn − q‖2

− bn(1− bn − cn − σn)g
(
‖T2(PT2)n−1zn − xn‖

)
≤ bnl2

n‖zn − q‖2 + (1− bn − cn − σn)‖xn − q‖2 + cnk2
n‖xn − q‖2

+ σn‖vn − q‖2 − bn(1− bn − cn − σn)g
(
‖T2(PT2)n−1zn − xn‖

)
(9)
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By (7) , (8) and (9), we obtain

‖xn+1 − q‖2 = ‖P[αnT3(PT3)n−1yn + βnT2(PT2)n−1zn + γnT1(PT1)n−1xn

+ (1− αn − βn − γn − ρn)xn + ρnwn]− P(q)‖2

≤ αn‖T3(PT3)n−1yn − q‖2 + βn‖T2(PT2)n−1zn − q‖2

+ γn‖T1(PT1)n−1xn − q‖2 + (1− αn − βn − γn − ρn)‖xn − q‖2

− αn(1− αn − βn − γn − ρn)g
(
‖T3(PT3)n−1yn − xn‖

)
+ ρn‖wn − q‖2

≤ αnm2
n‖yn − q‖2 + βnl2

n‖zn − q‖2 + γnk2
n‖xn − q‖2 + ρn‖wn − q‖2

+ (1− αn − βn − γn − ρn)‖xn − q‖2

− αn(1− αn − βn − γn − ρn)g
(
‖T3(PT3)n−1yn − xn‖

)
≤ αnm2

ncnk2
n‖xn − q‖2 + αnm2

n(1− bn − cn − σn)‖xn − q‖2

+ γnk2
n‖xn − q‖2 + (1− αn − βn − γn − ρn)‖xn − q‖2

+ (αnm2
nbnl2

n + βnl2
n)‖zn − q‖2 + αnm2

nσn‖vn − q‖2 + ρn‖wn − q‖2

− αnm2
nbn(1− bn − cn − σn)g

(
‖T2(PT2)n−1zn − xn‖

)
− αn(1− αn − βn − γn − ρn)g

(
‖T3(PT3)n−1yn − xn‖

)
≤ αnm2

ncnk2
n‖xn − q‖2 + αnm2

n(1− bn − cn)‖xn − q‖2

+ γnk2
n‖xn − q‖2 + (1− αn − βn − γn)‖xn − q‖2 + (αnm2

nbnl2
n

+ βnl2
n)‖xn − q‖2 + (αnm2

nbnl2
n + βnl2

n)(an(k2
n − 1))‖xn − q‖2

− (αnm2
nbnl2

n + βnl2
n)an(1− an − δn)g

(
‖T1(PT1)n−1xn − xn‖

)
+ (m2

nl2
n + l2

n)δn‖un − q‖2 + m2
nσn‖vn − q‖2 + ρn‖wn − q‖2

− αnm2
nbn(1− bn − cn − σn)g

(
‖T2(PT2)n−1zn − xn‖

)
− αn(1− αn − βn − γn − ρn)g

(
‖T3(PT3)n−1yn − xn‖

)
= ‖xn − q‖2 +

(
(k2

n − 1)(αnm2
ncn + γn + (αnm2

nbnl2
n + βnl2

n)an)

+ (l2
n − 1)(αnm2

nbn + βn) + αn(m2
n − 1)

)
‖xn − q‖2

+ (m2
nl2

n + l2
n)δn‖un − q‖2 + m2

nσn‖vn − q‖2 + ρn‖wn − q‖2

− αnm2
nbnl2

nan(1− an − δn)g
(
‖T1(PT1)n−1xn − xn‖

)
− βnl2

nan(1− an − δn)g
(
‖T1(PT1)n−1xn − xn‖

)
− αnm2

nbn(1− bn − cn − σn)g
(
‖T2(PT2)n−1zn − xn‖

)
− αn(1− αn − βn − γn − ρn)g

(
‖T3(PT3)n−1yn − xn‖

)
Since {kn}, {ln}, {mn}, {un}, {vn}, {wn} are bounded and {xn} is bounded, there exist con-
stants K0 > 0 such that
(αnm2

ncn + γn + (αnm2
nbnl2

n + βnl2
n)an)‖xn − q‖2 ≤ K0,

(αnm2
nbn + βn)‖xn − q‖2 ≤ K0, αn‖xn − q‖2 ≤ K0, (m2

nl2
n + l2

n)‖un − q‖2 ≤ K0,
m2

n‖vn − q‖2 ≤ K0 and ‖wn − q‖2 ≤ K0 for all n ≥ 1. Thus

αnm2
nbnl2

nan(1− an − δn)g
(
||T1(PT1)n−1xn − xn||

)
≤ ||xn − q||2 − ||xn+1 − q||2

+ K0
(
(k2

n − 1) + (l2
n − 1) + (m2

n − 1)
)

+ K0(δn + σn + ρn).(10)

βnl2
nan(1− an − δn)g

(
||T1(PT1)n−1xn − xn||

)
≤ ||xn − q||2 − ||xn+1 − q||2

+ K0
(
(k2

n − 1) + (l2
n − 1) + (m2

n − 1)
)

+ K0(δn + σn + ρn).(11)
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αnm2
nbn(1− bn − cn − σn)g

(
‖T2(PT2)n−1zn − xn‖

)
≤ ‖xn − q‖2 − ‖xn+1 − q‖2

+ K0
(
(k2

n − 1) + (l2
n − 1) + (m2

n − 1)
)

+ K0(δn + σn + ρn).(12)

αn(1− αn − βn − γn − ρn)g
(
‖T3(PT3)n−1yn − xn‖

)
≤ ‖xn − q‖2 − ‖xn+1 − q‖2

+ K0
(
(k2

n − 1) + (l2
n − 1) + (m2

n − 1)
)

+ K0(δn + σn + ρn).(13)

Again (7), we obtain

‖yn − q‖2 = ‖P[bnT2(PT2)n−1zn + cnT1(PT1)n−1xn + (1− bn − cn − σn)xn

+ σnvn]− P(q)‖2

≤ cn‖T1(PT1)n−1xn − q‖2 + (1− bn − cn − σn)‖xn − q‖2

+ bn‖T2(PT2)n−1zn − q‖2 + σn‖vn − q‖2

− cn(1− bn − cn − σn)g
(
‖T1(PT1)n−1xn − xn‖

)
≤ cnk2

n‖xn − q‖2 + (1− bn − cn − σn)‖xn − q‖2 + bnl2
n‖zn − q‖2

+ σn‖vn − q‖2 − cn(1− bn − cn − σn)g
(
‖T1(PT1)n−1xn − xn‖

)
(14)

By (7), (8) and (14), we have

‖xn+1 − q‖2 = ‖P[αnT3(PT3)n−1yn + βnT2(PT2)n−1zn + γnT1(PT1)n−1xn

+ (1− αn − βn − γn − ρn)xn + ρnwn]− P(q)‖2

≤ αn‖T3(PT3)n−1yn − q‖2 + βn‖T2(PT2)n−1zn − q‖2 + ρn‖wn − q‖2

+ γn‖T1(PT1)n−1xn − q‖2 + (1− αn − βn − γn − ρn)‖xn − q‖2

− βn(1− αn − βn − γn − ρn)g
(
‖T2(PT2)n−1zn − xn‖

)
≤ αnm2

n‖yn − q‖2 + βnl2
n‖zn − q‖2 + γnk2

n‖xn − q‖2

+ ρn‖wn − q‖2 + (1− αn − βn − γn − ρn)‖xn − q‖2

+ βn(1− αn − βn − γn − ρn)g
(
‖T2(PT2)n−1zn − xn‖

)
≤ αnm2

ncnk2
n‖xn − q‖2 + αnm2

n(1− bn − cn − αn)‖xn − q‖2

+ γnk2
n‖xn − q‖2 + (1− αn − βn − γn − ρn)‖xn − q‖2

+ (αnm2
nbnl2

n + βnl2
n)‖zn − q‖2 + αnm2

nσn‖vn − q‖2 + ρn‖wn − q‖2

− αnm2
ncn(1− bn − cn − σn)g

(
‖T1(PT1)n−1xn − xn‖

)
− βn(1− αn − βn − γn − ρn)g

(
‖T2(PT2)n−1zn − xn‖

)
≤ αnm2

ncnk2
n‖xn − q‖2 + αnm2

n(1− bn − cn)‖xn − q‖2

+ γnk2
n‖xn − q‖2 + (1− αn − βn − γn)‖xn − q‖2 + (αnm2

nbnl2
n

+ βnl2
n)‖xn − q‖2 + (αnm2

nbnl2
n + βnl2

n)(an(k2
n − 1))‖xn − q‖2

+ (m2
nl2

n + l2
n)δn‖un − q‖2 + m2

nσn‖vn − q‖2 + ρn‖wn − q‖2

− αnm2
ncn(1− bn − cn − σn)g

(
‖T1(PT1)n−1xn − xn‖

)
− βn(1− αn − βn − γn − ρn)g

(
‖T2(PT2)n−1zn − xn‖

)
= ‖xn − q‖2 +

(
(k2

n − 1)(αnm2
ncn + γn + (αnm2

nbnl2
n + βnl2

n)an)

+ (l2
n − 1)(αnm2

nbn + βn) + αn(m2
n − 1)

)
‖xn − q‖2

+ (m2
nl2

n + l2
n)δn‖un − q‖2 + m2

nσn‖vn − q‖2 + ρn‖wn − q‖2

− αnm2
ncn(1− bn − cn − σn)g

(
‖T1(PT1)n−1xn − xn‖

)
− βn(1− αn − βn − γn − ρn)g

(
‖T2(PT2)n−1zn − xn‖

)
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Thus

αnm2
ncn(1− bn − cn − σn)g

(
‖T1(PT1)n−1xn − xn‖

)
≤ ‖xn − q‖2 − ‖xn+1 − q‖2

+ K0
(
(k2

n − 1) + (l2
n − 1) + (m2

n − 1)
)

+ K0(δn + σn + ρn).(15)

βn(1− αn − βn − γn − ρn)g
(
‖T2(PT2)n−1zn − xn‖

)
≤ ‖xn − q‖2 − ‖xn+1 − q‖2

+ K0
(
(k2

n − 1) + (l2
n − 1) + (m2

n − 1)
)

+ K0(δn + σn + ρn).(16)

By (7) , (8) and (9), we obtain

‖xn+1 − q‖2 = ‖P[αnT3(PT3)n−1yn + βnT2(PT2)n−1zn + γnT1(PT1)n−1xn

+ (1− αn − βn − γn − ρn)xn + ρnwn]− P(q)‖2

≤ γn‖T1(PT1)n−1xn − q‖2 + αn‖T3(PT3)n−1yn − q‖2 + ρn‖wn − q‖2

+ (1− αn − βn − γn − ρn)‖xn − q‖2 + βn‖T2(PT2)n−1zn − q‖2

− γn(1− αn − βn − γn − ρn)g
(
‖T1(PT1)n−1xn − xn‖

)
≤ γnk2

n‖xn − q‖2 + αnm2
n‖yn − q‖2 + βnl2

n‖zn − q‖2

+ ρn‖wn − q‖2 + (1− αn − βn − γn − ρn)‖xn − q‖2

− γn(1− αn − βn − γn − ρn)g
(
‖T1(PT1)n−1xn − xn‖

)
≤ γnk2

n‖xn − q‖2 + βnl2
n‖zn − q‖2 + αnm2

nσn‖vn − q‖2 + ρn‖wn − q‖2

+ αnm2
nbnl2

n‖zn − q‖2 + αnm2
n(1− bn − cn − σn)‖xn − q‖2

+ αnm2
ncnk2

n‖xn − q‖2 + (1− αn − βn − γn − ρn)‖xn − q‖2

− γn(1− αn − βn − γn − ρn)g
(
‖T1(PT1)n−1xn − xn‖

)
≤ γnk2

n‖xn − q‖2 + m2
nσn‖vn − q‖2 + ρn‖wn − q‖2

+ (αnm2
nbnl2

n + βnl2
n)‖xn − q‖2 + (m2

nl2
n + l2

n)δn‖un − q‖2

+
(
(αnm2

nbnl2
n + βnl2

n)an(k2
n − 1)

)
‖xn − q‖2 + αnm2

ncnk2
n‖xn − q‖2

+ (1− αn − βn − γn)‖xn − q‖2 + αnm2
n(1− bn − cn)‖xn − q‖2

− γn(1− αn − βn − γn − ρn)g
(
‖T1(PT1)n−1xn − xn‖

)
= ‖xn − q‖2 +

(
(k2

n − 1)(αnm2
ncn + γn + (αnm2

nbnl2
n + βnl2

n)an)

+ (l2
n − 1)(αnm2

nbn + βn) + αn(m2
n − 1)

)
‖xn − q‖2

+ (m2
nl2

n + l2
n)δn‖un − q‖2 + m2

nσn‖vn − q‖2 + ρn‖wn − q‖2

− γn(1− αn − βn − γn − ρn)g
(
‖T1(PT1)n−1xn − xn‖

)
.

Thus

γn(1− αn − βn − γn − ρn)g
(
‖T1(PT1)n−1xn − xn‖

)
≤ ‖xn − q‖2 − ‖xn+1 − q‖2

+ K0
(
(k2

n − 1) + (l2
n − 1) + (m2

n − 1)
)

+ K0(δn + σn + ρn).(17)

(ii) (a) Let lim
n→∞

inf βn > 0 and 0 < lim
n→∞

inf an ≤ lim
n→∞

sup(an + δn) < 1. Then there exists

a positive integer n0 and η, η
′ ∈ (0, 1) such that 0 < η < βn, 0 < η < an and an + δn < η

′
< 1
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for all n ≥ n0. This implies by (11) that

η2(1− η
′
)g

(
‖T1(PT1)n−1xn − xn‖

)
≤ ‖xn − q‖2 − ‖xn+1 − q‖2

+ K0
(
(k2

n − 1) + (l2
n − 1) + (m2

n − 1)
)

+ K0(δn + σn + ρn)(18)

for all n ≥ n0. It follows from (18) that for r ≥ n0,

r

∑
n=n0

g
(
‖T1(PT1)n−1xn − xn‖

)
≤ 1

η2(1− η ′)
( r

∑
n=n0

(‖xn − q‖2 − ‖xn+1 − q‖2)

+ K0

r

∑
n=n0

(
(k2

n − 1) + (l2
n − 1) + (m2

n − 1)

+ δn + σn + ρn
))

≤ 1
η2(1− η ′)

(
‖xn0 − q‖2 + K0

r

∑
n=n0

(
(k2

n − 1)

+ (l2
n − 1) + (m2

n − 1)
))

.(19)

Since 0 ≤ t2 − 1 ≤ 2t(t− 1) for all t ≥ 1 and
∞
∑

n=1
(kn − 1) < ∞,

∞
∑

n=1
(ln − 1) < ∞,

∞
∑

n=1
(mn − 1) <

∞, we get
∞
∑

n=1
(k2

n − 1) < ∞,
∞
∑

n=1
(l2

n − 1) < ∞,
∞
∑

n=1
(m2

n − 1) < ∞. By inequality (19), let r → ∞.

We get
∞
∑

n=n0

g
(
‖T1(PT1)n−1xn − xn‖

)
< ∞. Thus lim

n→∞
g
(
‖T1(PT1)n−1xn − xn‖

)
= 0. Since g is

strictly increasing and continuous at 0 with g(0) = 0, it follows that lim
n→∞

‖T1(PT1)n−1xn −
xn‖ = 0.

By using a similar method as in (ii) part (a) together with (10), (17), (15), (16), (12) and
(13), the results in (ii) (b,c,d), (iii) (a,b) and (iv), respectively, can be proved. �

Lemma 2.2. Let X be a uniformly convex Banach space and C a nonempty closed convex nonex-
pansive retract of X with P as a nonexpansive retraction. Let T1, T2, T3 : C → X be asymptoti-
cally quasi-nonexpansive mappings with respect to sequences {kn}, {ln}, {mn}, respectively, such that

F 6= ∅, kn ≥ 1, ln ≥ 1, mn ≥ 1,
∞
∑

n=1
(kn − 1) < ∞,

∞
∑

n=1
(ln − 1) < ∞,

∞
∑

n=1
(mn − 1) < ∞. Let

{an}, {bn}, {cn}, {αn}, {βn}, {γn}, {δn}, {σn}, {ρn} be real sequences in [0, 1] such that an + δn,

bn + cn + σn, αn + βn + γn + ρn are in [0, 1] for all n ≥ 1,
∞
∑

n=1
δn < ∞,

∞
∑

n=1
σn < ∞,

∞
∑

n=1
ρn < ∞

and let {un}, {vn}, {wn} be bounded sequences in C. For a given x1 ∈ C, let {xn}, {yn}, {zn} be the
sequences defined as in (1). Suppose T1, T2, T3 are uniformly L-Lipschitzian. If lim

n→∞
‖T1(PT1)n−1xn −

xn‖ = 0, lim
n→∞

‖T2(PT2)n−1zn − xn‖ = 0, lim
n→∞

‖T3(PT3)n−1yn − xn‖ = 0, then

(i) lim
n→∞

‖T1xn − xn‖ = 0,

(ii) lim
n→∞

‖T2xn − xn‖ = 0, and
(iii) lim

n→∞
‖T3xn − xn‖ = 0.

Proof. Since

‖xn+1 − xn‖ ≤ αn‖T3(PT3)n−1yn − xn‖+ βn‖T2(PT2)n−1zn − xn‖
+ γn‖T1(PT1)n−1xn − xn‖+ ρn‖wn − xn‖
−→ 0 as n → ∞,
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we obtain

‖T1(PT1)n−1xn+1 − xn+1‖ ≤ ‖T1(PT1)n−1xn+1 − T1(PT1)n−1xn‖
+ ‖T1(PT1)n−1xn − xn‖+ ‖xn+1 − xn‖

≤ L‖xn+1 − xn‖+ ‖T1(PT1)n−1xn − xn‖
+ ‖xn+1 − xn‖ −→ 0 as n → ∞.(20)

By (20), we get

‖T1xn − xn‖ ≤ ‖T1(PT1)n−1xn − xn‖+ ‖T1(PT1)n−1xn − T1xn‖
≤ ‖T1(PT1)n−1xn − xn‖+ L‖T1(PT1)n−2xn − xn‖

−→ 0 as n → ∞.

Thus lim
n→∞

‖T1xn − xn‖ = 0. Next, we want to prove (ii). Since

‖zn − xn‖ ≤ an‖T1(PT1)n−1xn − xn‖+ δn‖un − xn‖ −→ 0 as n → ∞,

we obtain

‖T2(PT2)n−1xn+1 − xn+1‖ ≤ ‖T2(PT2)n−1xn+1 − T2(PT2)n−1xn‖
+ ‖T2(PT2)n−1zn − T2(PT2)n−1xn‖
+ ‖T2(PT2)n−1zn − xn‖+ ‖xn+1 − xn‖

≤ L‖xn+1 − xn‖+ L‖zn − xn‖+ ‖T2(PT2)n−1zn − xn‖
+ ‖xn+1 − xn‖ −→ 0 as n → ∞.

Hence, we have

‖T2xn − xn‖ ≤ ‖T2(PT2)n−1xn − xn‖+ ‖T2(PT2)n−1xn − T2xn‖
≤ ‖T2(PT2)n−1zn − T2(PT2)n−1xn‖+ ‖T2(PT2)n−1zn − xn‖

+ L‖T2(PT2)n−2xn − xn‖ −→ 0 as n → ∞.

Thus lim
n→∞

‖T2xn − xn‖ = 0, so (ii) is obtained. Since

‖yn − xn‖ ≤ bn‖T2(PT2)n−1zn − xn‖+ cn‖T1(PT1)n−1xn − xn‖
+ σn‖vn − xn‖ −→ 0

and ‖T3(PT3)n−1yn − xn‖ −→ 0 as n → ∞, we obtain

‖T3(PT3)n−1xn − xn‖ ≤ ‖T3(PT3)n−1yn − T3(PT3)n−1xn‖
+ ‖T3(PT3)n−1yn − xn‖

≤ L‖yn − xn‖+ ‖T3(PT3)n−1yn − xn‖
−→ 0 as n → ∞.

Thus

‖T3(PT3)n−1xn+1 − xn+1‖ ≤ ‖T3(PT3)n−1xn+1 − T3(PT3)n−1xn‖
+ ‖T3(PT3)n−1yn − T3(PT3)n−1xn‖
+ ‖T3(PT3)n−1yn − xn‖+ ‖xn+1 − xn‖

≤ L‖xn+1 − xn‖+ L‖yn − xn‖+ ‖T3(PT3)n−1yn − xn‖
+ ‖xn+1 − xn‖ −→ 0 as n → ∞.
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It follows that,

‖T3xn − xn‖ ≤ ‖T3(PT3)n−1xn − xn‖+ ‖T3(PT3)n−1xn − T3xn‖
≤ ‖T3(PT3)n−1xn − xn‖+ L‖T3(PT3)n−2xn − xn‖

−→ 0 as n → ∞.

Hence (iii) is satisfied. �

Theorem 2.3. Let X be a uniformly convex Banach space and C a nonempty closed convex nonex-
pansive retract of X with P as a nonexpansive retraction. Let T1, T2, T3 : C → X be asymptoti-
cally quasi-nonexpansive mappings with respect to sequences {kn}, {ln}, {mn}, respectively, such that

F 6= ∅, kn ≥ 1, ln ≥ 1, mn ≥ 1,
∞
∑

n=1
(kn − 1) < ∞,

∞
∑

n=1
(ln − 1) < ∞ and

∞
∑

n=1
(mn − 1) < ∞.

Let {an}, {bn}, {cn}, {αn}, {βn}, {γn}, {δn}, {σn}, {ρn} be real sequences in [0, 1] such that an + δn,

bn + cn + σn and αn + βn + γn + ρn are in [0, 1] for all n ≥ 1, and
∞
∑

n=1
δn < ∞,

∞
∑

n=1
σn < ∞,

∞
∑

n=1
ρn < ∞ and let {un}, {vn}, {wn} be bounded sequences in C. Assume that T1, T2, T3 are uni-

formly L-Lipschitzian. If one of Ti(i = 1, 2, 3) is a completely continuous and one of the following
conditions (C1)-(C5) is satisfied:
(C1) 0 < lim

n→∞
inf an ≤ lim

n→∞
sup(an + δn) < 1,

0 < lim
n→∞

inf bn ≤ lim
n→∞

sup(bn + cn + σn) < 1, and
0 < lim

n→∞
inf αn ≤ lim

n→∞
sup(αn + βn + γn + ρn) < 1.

(C2) 0 < lim
n→∞

inf bn, lim
n→∞

inf cn ≤ lim
n→∞

sup(bn + cn + σn) < 1, and
0 < lim

n→∞
inf αn ≤ lim

n→∞
sup(αn + βn + γn + ρn) < 1.

(C3) 0 < lim
n→∞

inf bn ≤ lim
n→∞

sup(bn + cn + σn) < 1, and
0 < lim

n→∞
inf αn, lim

n→∞
inf γn ≤ lim

n→∞
sup(αn + βn + γn + ρn) < 1.

(C4) lim
n→∞

inf bn > 0, and 0 < lim
n→∞

inf an ≤ lim
n→∞

sup(an + δn) < 1, and
0 < lim

n→∞
inf αn, lim

n→∞
inf βn ≤ lim

n→∞
sup(αn + βn + γn + ρn) < 1.

(C5) 0 < lim
n→∞

inf αn, lim
n→∞

inf βn, lim
n→∞

inf γn ≤ lim
n→∞

sup(αn + βn + γn + ρn) < 1.

Then the sequences {xn}, {yn}, {zn} defined as in (1) converge strongly to a common fixed point of T1,
T2 and T3.

Proof. Suppose one of the conditions (C1)-(C5) is satisfied. By Lemma 2.2, we obtain lim
n→∞

‖Tixn −
xn‖ = 0 for i = 1, 2, 3. Assume one of T1, T2 and T3 says T1 is completely continuous. Since
{xn} is a bounded sequence in C, there exists a subsequence {xnk} of {xn} such that {T1xnk}
converges to q ∈ C. Since ‖xnk − q‖ ≤ ‖T1xnk − xnk‖+ ‖T1xnk − q‖, we get lim

k→∞
‖xnk − q‖ = 0.

Thus {xnk} converges to q ∈ C. By continuity of Ti, we have Tixnk → Tiq as k → ∞. Since
‖Tiq− q‖ ≤ ‖Tixnk − Tiq‖+ ‖Tixnk − xnk‖+ ‖xnk − q‖ → 0 as k → ∞,

we obtain Tiq = q (i = 1, 2, 3). Thus q ∈ F. By Lemma 2.1 (i), lim
n→∞

‖xn − q‖ exists. This implies

lim
n→∞

‖xn − q‖ = 0. By Lemma 2.1, we have

‖T1(PT1)n−1xn − xn‖ → 0 and ‖T2(PT2)n−1zn − xn‖ → 0 as n → ∞.
It follows that

‖yn − xn‖ ≤ bn‖T2(PT2)n−1zn − xn‖+ cn‖T1(PT1)n−1xn − xn‖+ σn‖vn − xn‖
−→ 0 and ‖zn − xn‖ ≤ an‖T1(PT1)n−1xn − xn‖ + δn‖un − xn‖ → 0 as n → ∞. These imply
lim
n→∞

yn = q and lim
n→∞

zn = q. �

Remark 2.4. In Theorem 2.3, assume that T1, T2 and T3 are asymptotically nonexpansive self-
mappings of C such that one of them is completely continuous and thus T1, T2, T3 are uniformly
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L-Lipschitzian and δn = σn = ρn ≡ 0. We obtain the following results.
(1) If one of the conditions (C1)− (C5) is satisfied, then the sequences {xn},

{yn}, {zn} defined as in (2) converge strongly to a common fixed
point of T1, T2 and T3.

(2) If T := T1 = T2 = T3 and one of the conditions (C1)− (C5) is satisfied,
then we obtain the results of Nilsrakoo and Saejung [8].

(3) If T := T1 = T2 = T3 and one of the conditions (C1), (C2), (C4) is
satisfied and γn ≡ 0, then we obtain the results of Suantai [16].

(4) If T := T1 = T2 = T3 with condition (C1) is satisfied and cn = βn = γn
≡ 0, then we obtain the results of Xu and Noor [18].

(5) If the condition (C5) is satisfied and an = bn = cn ≡ 0, then the sequence
{xn} defined as in (3) converges strongly to a common fixed point of
T1, T2 and T3.

The mapping T : C → X with F(T) 6= ∅ is said to satisfy Condition A [14] if there is a
nondecreasing function f : [0, ∞) → [0, ∞) with f (0) = 0, f (r) > 0 for all r ∈ (0, ∞) such that
‖x − Tx‖ ≥ f (d(x, F(T))) for all x ∈ C, where d(x, F(T)) = inf

{
‖x − q‖ : q ∈ F(T)

}
. As Tan

and Xu [17] pointed out, the Condition A is weaker than the compactness of C.
The following result gives a strong convergence theorem for asymptotically quasi-nonexpansive

nonself-mappings in a uniformly convex Banach space satisfying Condition A.

Theorem 2.5. Let X be a uniformly convex Banach space and C a nonempty closed convex nonex-
pansive retract of X with P as a nonexpansive retraction. Let T1, T2, T3 : C → X be asymptoti-
cally quasi-nonexpansive mappings with respect to sequences {kn}, {ln}, {mn}, respectively, such that

F 6= ∅, kn ≥ 1, ln ≥ 1, mn ≥ 1,
∞
∑

n=1
(kn − 1) < ∞,

∞
∑

n=1
(ln − 1) < ∞ and

∞
∑

n=1
(mn − 1) < ∞.

Let {an}, {bn}, {cn}, {αn}, {βn}, {γn}, {δn}, {σn}, {ρn} be real sequences in [0, 1] such that an + δn,

bn + cn + σn and αn + βn + γn + ρn are in [0, 1] for all n ≥ 1 and
∞
∑

n=1
δn < ∞,

∞
∑

n=1
σn < ∞,

∞
∑

n=1
ρn < ∞ and let {un}, {vn}, {wn} be bounded sequences in C. Suppose T1 satisfies Condition A

and T2, T3 are uniformly L-Lipschitzian and one of the conditions (C1)-(C5) in Theorem 2.3 is satisfied.
Then the sequence {xn} defined as in (1) converges strongly to a common fixed point of T1, T2 and T3.

Proof. Let q ∈ F. By Lemma 2.1, lim
n→∞

‖xn − q‖ exists. Thus {xn − q} is bounded. Then there

is a constant H such that ‖xn − q‖ ≤ H for all n ≥ 1. This together with (6), we have

‖xn+1 − q‖ ≤ ‖xn − q‖+ Dn,(21)

where Dn = KH
(
(kn − 1)+ (ln − 1) +(mn − 1)

)
+ K(δn + σn + ρn) < ∞ for all n ≥ 1. By

Lemma 2.2, we have lim
n→∞

‖xn − Tixn‖ = 0 (i = 1, 2, 3). Since T1 satisfies Condition A, we obtain

lim
n→∞

d(xn, F(T1)) = 0. Next, we want to show {xn} is a Cauchy sequence. Since lim
n→∞

d(xn, F(T1)) =

0 and
∞
∑

n=1
Dn < ∞, for any ε > 0, there exists a positive integer n0 such that d(xn, F(T1)) < ε/4

and
n
∑

k=n0

Dk < ε/2 for all n ≥ n0. Now, let n ∈ N be such that n ≥ n0. Then we can find q∗ ∈ F

such that ‖xn − q∗‖ < ε/4. This implies by (21) that for m ≥ 1,

‖xn+m − xn‖ ≤ ‖xn+m − q∗‖+ ‖xn − q∗‖

≤ 2‖xn − q∗‖+
n+m−1

∑
k=n

Dk

= 2‖xn − q∗‖+
n+m−1

∑
k=n0

Dk < 2
(ε

4
)
+

ε

2
= ε.
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This shows that {xn} is a Cauchy sequence and so it is convergent. Let lim
n→∞

xn = p. Since

d(xn, F(T1)) → 0 as n → ∞, it follows that d(p, F(T1)) = 0 and hence p ∈ F(T1). Next, we
want to show p ∈ F(T2) ∩ F(T3). Since T2, T3 are uniformly L-Lipschitzian and by Lemma 2.2,
we obtain
‖Ti p− p‖ ≤ ‖Tixn − Ti p‖+ ‖Tixn − xn‖+ ‖xn − p‖

≤ L‖xn − p‖+ ‖Tixn − xn‖+ ‖xn − p‖ → 0 as n → ∞.
Thus Ti p = p (i = 2, 3). Therefore p ∈ F. �

In the next result, we prove weak convergence for the iterative scheme (1) for asymp-
totically quasi-nonexpansive nonself-mappings in a uniformly convex Banach space satisfying
Opial’s condition.

Theorem 2.6. Let X be a uniformly convex Banach space which satisfies Opial’s condition and let C be a
nonempty closed convex nonexpansive retract of X with P as a nonexpansive retraction. Let T1, T2, T3 :
C → X be asymptotically quasi-nonexpansive mappings with respect to sequences {kn}, {ln}, {mn},

respectively, such that F 6= ∅, kn ≥ 1, ln ≥ 1, mn ≥ 1,
∞
∑

n=1
(kn − 1) < ∞,

∞
∑

n=1
(ln − 1) < ∞ and

∞
∑

n=1
(mn − 1) < ∞. Let {an}, {bn}, {cn}, {αn}, {βn}, {γn}, {δn}, {σn}, {ρn} be real sequences in

[0, 1] such that an + δn, bn + cn + σn and αn + βn + γn + ρn are in [0, 1] for all n ≥ 1 and
∞
∑

n=1
δn <

∞,
∞
∑

n=1
σn < ∞,

∞
∑

n=1
ρn < ∞ and let {un}, {vn}, {wn} be bounded sequences in C. Suppose T1, T2, T3

are uniformly L-Lipschitzian and I− Ti (i = 1, 2, 3) is demiclosed at 0. If one of the following conditions
(C1)-(C5) in Theorem 2.3 is satisfied, then the sequence {xn} defined as in (1) converges weakly to a
common fixed point of T1, T2 and T3.

Proof. Assume one of the conditions (C1)-(C5) is satisfied. By Lemma 2.1 and Lemma 2.2,
we have lim

n→∞
‖Tixn − xn‖ = 0 (i = 1, 2, 3). Since X is uniformly convex and {xn} is bounded,

without loss of generality, we may assume that xn → u weakly as n → ∞. Since I − Ti is
demiclosed at 0, we obtain u ∈ F. Suppose subsequences {xnk} and {xmk} of {xn} converge
weakly to u and v, respectively. Also, since I − Ti(i = 1, 2, 3) is demiclosed at 0, we have u and
v ∈ F. By Lemma 2.1, we obtain lim

n→∞
‖xn − u‖ and lim

n→∞
‖xn − v‖ exist. It follows from Lemma

1.4 that u = v. Therefore {xn} converges weakly to a common fixed point of T1, T2 and T3. �
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