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ABSTRACT. In this paper we have to find the solution of nonlinear partial differential
equation involving mixed partial derivatives by Elzaki Substitution method. Elzaki trans-
form is applied and then nonlinear term handled with the help of Adomian polynomial.
We get exact solution of nonlinear partial differential equations involving mixed partial
derivatives. It is believed that this work will make it easy to study the nonlinear partial
differential equations involving mixed partial derivatives arising different areas of research
and innovation. Therefore the current method can be extended for the solution of higher
order nonlinear problems. We give illustration through three problems.
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1. INTRODUCTION

The study of exact solutions of nonlinear partial differential equation is very im-
portant in the study of nonlinear physical systems. In the literature, some of nonlin-
ear partial differential equations solved by different integral transform like Laplace
transform, Fourier transform, Hankel transform, Sumudu transform, Elzaki trans-
form with Fundamental properties [13]. To solve partial differential equations very
effective method is Laplace transform. After Laplace transform, in 1993 Watugula
in [10] proposed a new integral transform named the Sumudu transform and used
in control engineering problem. Nonlinear Fractional Partial Differential Equations
Using the ElzakiTransform Method and the Homotopy Perturbation Method [11].
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R. I. Nuruddeen, et.al reviewed decomposition methods [12]. T. M. Elzaki and Salih
M. Elzaki [3] showed Connection between Laplace transform and Elzaki transform.
ADM coupled with Laplace transform method [0, 8, 7], Sumudu Decomposition
Method [9], homotopy perturbation & Elzaki transform method [1]. T. M. Elzaki
proposed fundamental properties of Elzaki transform [5]. Duality relations of Kamal
transform with Laplace , Laplace-Carson, Aboodh, Sumudu, Elzaki transform and
some useful integral transforms [1, 2]. The present study extends the idea of Laplace
Substitution Method [7] for the solution of nonlinear partial differential equations
involving mixed partial derivatives. This paper investigates the exact solution to
the nonlinear partial differential equation involving mixed partial derivatives by
Elzaki Substitution method. The paper is organized as follows. The basic defini-
tion and some relevant properties are noted in section 2. Methodology formation of
Elzaki Substitution Method is done in section 3. Finally applications are discussed
in section 4 and conclusion in section 5.

2. BASIC DEFINITION AND PROPERTIES OF ELZAKI TRANSFORM:

Definition 2.1. If f(t) is continuous function and for all ¢ > 0 in a region (—1)j X
[0, o0), then Elzaki transform for kernel having exponential function is defined as

E[f(t)=T(v) :v/ooof(t)evt dt and v € (=k1, ka); k1,k2 >0 (2.1)

Definition 2.2. If E[f (¢t)] = T (v) then F(¢) is called the inverse Elzaki trnasform
of T'(v) and it is defined as

F(t) = BT (v)) (2.2)
where E~! is the inverse Elzaki transform operator.
The Elzaki Transform and its Inverse [13, 1, 2] of fundamental functions are given
as follows
Sr. No. Elzaki Transform Inverse Elzaki Transform
1 E{(t")} = a0 =0,1,2,.n | ECDom = £2 0 n =234,
2
2 E{(e y)} (1— av) ( 2 {(1 a'u)} = e
av _ v3
3 E {(Sll’l ay)} = 1-‘,—(172)1;2) E( 2 (14a2v2) = asiimy
av — 2
4 E{(COS a’y)} = (1iLa2)v2) E( 2 (1+1()12v2) = acolsay
5 E inh _ (aw)? E(—l) w3 _ 1
{(Sln ay)} — (1—a?v?) (1—a?v?) [ 7 asinhay
(av)2 E(—l) v? _ 1
6 E {(coshay)} = (I—a2v?) (1—aZv2) [ ~ acoshay

TABLE 1. Some Elzaki and its Inverse Transform

2.1. Properties. The properties are illustrated using definition of Elzaki transform
[11]. We mention some in the following.

(i) If f(t) = ZZO oant™ then E[f ()] =T (v) = ZZO:O nlynt?

(ii) Iff(t)—tf( ) then E {tf (t )}_qﬂ‘g vT(v)

(i) Tf f (t) = ¢2f(t) then E {£2f (1)} = v* <L

(iv) Tf f (t) = f' () then E[f' (1)] = T" (v) = T2 — v £(0)
)

(v Iff(t) FO) (1) then E [f() (£)] = T™ (v) = T@ 50~ Fa2=n=k f(8) (0) ,n >
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2.2. Properties for Partial Differential Equation using Elzaki transform:
Let u (x, t) be a function of two independent variables x and ¢ then

(i) E[u(x,t)] = T(x,v)

(i) B [6‘”””} = 1T (e0) v (5,0)
111) E |:8u(x ,t) :| _ d[TC(lz,v)]
(iv) E [3 u(e.0) } = L7(z,v) — u(z, 0) — 220
(V) E |:8 u(z t)) :| dz[ﬁ(z )]
(0" u(z, u(x, Ou(zx, o(n=1)y, ,
Tnt = o ? - v(n—02) RG] ot 9) _ oo — T_l)o
(vi) E (@,t)) LT(z,v) (2,0) 1 (Ou(x,0)) vl ( ()))

2.3. Properties for Partial Differential Equation using Elzaki transform:
Let uw (z, t) be a function of two independent variables x and t then

3. ELZAKI SUBSTITUTION METHOD

In this section, we extend the proposed Elzaki Substitution method to solve
nonlinear partial differential equation involving mixed order partial derivative. To
illustrate the basic idea of [8], we consider a general nonlinear nonhomogeneous
partial differential equation with initial conditions as

Lu(z, t) + Ru(x, t) + Nu(z, t) = h(x, t) (3.1)
u(z, 0) = f(x), u (0, t) = g(t) (3-2)

Where L = 82—;, Ru(z, t) is the remaining term contains linear partial derivatives,
Nu(z, t) is nonlinear term and h(z, t) is the source term
We get equation (3.1) as
0%u (z, t)
Ox0t

% (gtu (z, t)) + Ru(z, t) + Nu(x, t) = h(z, t) (3.3)

Substituting %7; =U in (3.3), we get
oU

i Ru(z, t) + Nu(z, t) = h(z, t) (3.4)

Taking Elzaki transform on both sides w.r.t. x,

+ Ru(x, t)+ Nu(z, t) = h(z, t)

%E:,; [U(z, t)] —oU (0, t)+ Ey [Ru(z, t)+ Nu(z, t)] = Ey [h(x, t)]
E, [U(x, t)] = v*u; (0, t) + vE, [h(x, t)] — vE, [Ru(z, t) + Nu(z, t)]
Using initial conditions
E, [U(x, t)] = v?g(t) + vE, [h(z, t)] — vE, [Ru(x, t) + Nu(z, t)]
Taking Inverse Elzaki transform on the both sides w. r. t. x, we get
Uz, t) = B, " [vg(t)] + B, [vE, [h(z, )] — B, [vE, [Ru (2, t) + Nu(z, t)]]

Resubstituting the value of U (z, t) = % we get
0 t
% =g(t)+ B! [WE; [h(z, t)]] - B, [vE; [Ru(z, t) + Nu(z, t)]] (3.5)

Taking Elzaki transform of equation (3.5) & Using initial conditions, we get

Ey [u(z, t)] = v2f (2)+v [Et [g (t) + E,7! [WE, [h(z, t)]] — E, 7! [vE; [Ru(z, t) + Nu(z, t)]m
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Taking inverse Elzaki transform on both sides w. r. t. t, we get

u(z, t) = f(x)+E " [v[E: [g(t) + E, " [vE, [h(z, )] — B~ [vE, [Ru(z, t) + Nu(z, t)]]]]]
(3.6)

Here the solution of the nonlinear term obtained through Adomian Polynomial then

it is using in series as u (z, t) = >~ jun(x,t). We get the exact or approximate

solution through (3.6).

4. APPLICATIONS:

Example 4.1. Solve the nonlinear partial differential equation
0%u ou
—u— =0
0xdy Ox

having initial conditions u (z, 0) =z, u, (0, y) =0

Solution:
We can write the given p. d. e. as

9 (0w _ 0
ox\oy) ox "

ou

or
Taking Elzaki transform on both sides w. r. t. x and using initial conditions, we
get

Substitute g—;‘ =U(z, y)

Uy

E, (U(z, y)) = vEz|uuy)
Taking inverse Elzaki transform on both sides w. r. t. x & Re-substitute g—Z =
Uz, y), we get

= B, B, [uu,]]
Taking Elzaki transform on both sides w. r. t. y and using initial conditions, we
get
By (u(w, y)) = v*a +vE, [E;~ [vEs [uu,]]
Taking inverse Elzaki transform on both the sides w. r. t. y, we get
u(z,y) =2+ E,~" [vE, [Em_l[vEI [uuz]]] ]

We find solution which is in series form

o0
w(@, y) =Y un(x, y)
n=0
Here nonlinear terms appear in the equation. We can find by using Adomial poly-
nomial.
Now consider

ou = A
“%—Zn
n=0
Where A,, is Adomian polynomial and use to find wug, u1, ug, ..., Uy, 7 >0

Calculate terms as
Ao = ugUoy
A1 = Uiy + uitog

Ao = ugUog + U1U1L + UaUoy
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etc
Use in the above equation, we get

> 4,

n=0

Zun(xa y) =+ E‘yi1 Eﬂcil[vEm }

n=0

vE,

On comparing both the sides we get

Uo (1’, y) =T

up (z, y) = E?f1 [vEy [Emfl[sz [Ao]m

$2y

U1 (l‘, y) = 9

Similarly us (z, y) =

ete
Substituting the values in the series. We get the solution

U(I’7 y): Uo(fE, y)+u1(‘r7 y)+U2(:177 y)+U3(l‘, y)+

1‘2y I3y2 l’4y3

@°

=23 ()
n=0

This is geometric series and it is convergent if |xy| < 2 for all (z, y) belongs to the
domain of u (z, y)

2x
— |wy[ <2
— 2y

u(e, ) =

This is exact solution of the nonlinear partial differential equation. Following figure
4.1 in the intervals.
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Fig 4.1

Example 4.2. Solve the nonlinear non-homogeneous partial differential equation

ﬂ_ @ 2+ 2 _
yox ox w=e

with initial conditions u (0, y) =y, u, (x, 0) = 0.

Solution:
We can rewrite equation as

2 % — @ ’ + u2 = ex
Jdy \ Oz ox N
Substituting 2% = U(z, y)
8—U — U+ u?=e"
dy
Taking Elzaki transform of above equation on both sides w. r. t. y and Using
initial condition we get
E (U (z, y)) = v3e® +vE, [U2 — u2]
Taking inverse Elzaki transform on the both sides w. r. t. y & Re-substituting
G =U(z, y) )
u_ = -1 2 2
oz Ve + B, [vE, [U? —u*]]

Taking Elzaki transform on the both sides w. r. t. x and Using initial condition we

get,
’U2

B ute ) =y (755 ) = v (8,7 o8, (07 = )]

1—w
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Taking inverse Elzaki transform on the both sides w. r. t. x, and Using initial
condition we get
(@, y) =ye’ =B, [vE, [, [vBy (U —?)]]]

We find solution which is in series form

x y): Zun(xv y)
n=0

Here two nonlinear terms appear in the equation. We can find by using Adomial

polynomial.
. 2
Now consider (9%)" =3 | A, and u®> =37 | B,.
Where A,, and B,, are Adomian polynomials of components ug, 1, Ug, ..., Uy, 17 >

0
Calculate terms as
AO = u0a12
Al = 2u01u1:v

2
Az = ugguog + Uis

etc
Similarly
By = ug?
Bl = QUOU1
By = ugus + 'LL12
etc

Substituting the above equation, we get

Z un(, y) = ye* — B~} [vE, [Ey_l [vE, (U? —u*)]]]

Zun(x, y) =ye* — E,” (ZA ZB”>
n=0 n=0

On comparing both sides we get

vE,

|

ug (x, y) = ye*

ur (2, y) = =B, "' 0By [B, 7 VB, (uos” — uo®)]]]
= —Ey‘l [vE. (B, [vE ( - 0%)]]]
ui(z, y) =

u (z, y) = —E, ' [vE, [E,”" 0E, (2uopu1s — 2uous)]]]
=-E,” ' [vE, [E,” " [vE, (0-0)]]]
us(z, y) =0
And hence we get ui(x, y) =0, uz(x, y) =0, ... uy(x, y) = 0. Using the values we
get,
u (LC, y) = ye”
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This is exact solution of the nonlinear partial differential equation. Following figure
4.2 in the intervals is.

Fig 4.2

Example 4.3. Solve the nonhomogeneous partial differential equations
82u+82u+ ou 2_2+4
Oydx  Ox? or) —YTY

with initial conditions u (0, y) = ay, u, (z, 0) =0

Solutiog: , )
Consider 2t + 54 + (94)” = 2y + ¢*
Substituting % =U, we get
ou  oU 2
—+—+[U]"=2 4
oy on +[U =2y+y

Taking Elzaki transform w. r. t. y on the both sides and using initial conditions,
we get
E,[U(z, y)] +vE, [U?] = 20" + 47
Taking Inverse Elzaki transform on both sides w. r. t. y and Re-substituting
% =U, we get
ou _1 oUu 9 s 14
—+ FE E, | —+U"|| = -
or T [v y[8x+ ” vty

Taking Elzaki transform on both sides w.r.t. x and using initial conditions, we get

E, [u(z, y)] = ayv® + <y2 + éy5) v} —vE, [E,~" [vE, [U?]]]

Taking inverse Elzaki transform on both sides w. r. t. x, we get

()]

1
u(z, y)=ay+=x <y2 + —y5> -B,! B,

5 vE,
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We know in this substitution method, the solution obtained in the series form as
u(z, y) = 3,2 gun(, y)

A non linear term appear in the above equation can be decompose it by using
Adomian polynomial A,

) au 2
> 4= (3)

We get,
AO = u0x2
A1 = 2uop Ui
A _ 2
2 = Upg U2z + Uy
etc

Substituting the values in the equation

oo 5 oo
x
> un(x, y) = ay+ay® + % — B, vE, | B, (0B, | Y A, ]
n=0 n=0
On comparing on the both sides of above equation, we get
uo (z, y) = ay + ay?
x1° e
(1 ((E7 y) = ? - Ez_l UEa: Ey_l UEy ZA'” ‘|
n=0
U1 (.Z', y) =0
us (z, y) =
up (x, y) =0

On substituting values, we get the solution

u(z, y) = ay + zy?
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Surface Plotof u(x, y)=ay+ x y*2

ux ) OF

100

Fig 4.3

5. CONCLUSION

In this work we solved nonlinear partial differential equations with mixed partial
derivatives, we have successfully examined the Elzaki Substitution Method in this
study. Adomian polynomials are used to efficiently control the nonlinear compo-
nents, enabling a methodical and practical approach to obtaining accurate solutions.
A number of illustrative cases are used to demonstrate the method’s capacity to pro-
duce precise results. The Elzaki Substitution Method demonstrated accuracy and
dependability in each of the three nonlinear examples. The accuracy and relevance
of the findings produced are further supported by the MATHEMATICA program,
which has also been used to present graphical representations of the answers. The
Elzaki Substitution Method has a number of benefits over the conventional Laplace
Substitution Method, including easier application and simpler calculation, espe-
cially when dealing with complicated nonlinearities. Because such equations are
common in the domains of science and engineering, it is therefore a useful tool for
researchers.
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