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1. INTRODUCTION

Let (X, - ||) be a real normed linear space, and let E be a nonempty closed
convex subset of X. Let T : E — E be a self-mapping. Let F(T) denote the set of
fixed points of T, that is, F(T) = {x € E : Ta = z}. A self-mapping T: E — E is
said to be

(1). asymptotically nonexpansive [3] if there exists a sequence {a, }52; C [1,00)
with nh—n>100 an, = 1 and such that

Tz — Ty < ap|lx —yl||,Vz,y € E,n > 1. (1.1)

(2). asymptotically quasi-nonexpansive if F/(T) # () and there exists a sequence
{an}s>; C[1,00) with lim a, =1 and such that
n—oo

T2 — p|| < an|lz —p|,Vz,€ E,p € F(T)and n > 1. (1.2)
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(3). uniformly L-Lipschitzian if there exists constant L > 0 such that
|T"z — T"y|| < Lz — y||,Vz,y € E, n > 1. (1.3)

Note that an asymptotically nonexpansive mapping must be uniformly L-Lipschitzian
as well as asymptotically quasi-nonexpansive but the converse does not hold true
in general.

In 2003, Chidume et al.[7] introduced the notion of asymptotically nonexpansive
non-self mappings as a generalization of asymptotically nonexpansive self-mappings
as follows.

Definition 1.1. [7] Let E be a nonempty subset of real normed linear space X. Let
T : E — X be a nonself mapping and P : X — E be the nonexpansive retraction
of X into E. T is said to be

(1). asymptotically nonexpansive if there exists a sequence {a,}>2; C [1,00)

with lim a, = 1 and such that
n—oo

IT(PT)" 'z = T(PT)"'y|| < anllz - yll, Yo,y € E,;n > 1. (1.4)
(2). uniformly L-Lipschitzian if there exists constant L > 0 such that
IT(PT)" ' = T(PT)"'y|| < Lllz - yl, Yo,y € E,;n > 1. (1.5)

Chidume et al.[7] established a demiclosed principle, weak and strong convergence
results for such mappings in a uniformly convex Banach space via the following
algorithm:

21 €E, zpp1 =P((1 - an)zn + o T(PT)" 'zy,), n > 1.

After Chidume et al.[7], a number of authors have studied the weak and strong
convergence for such mappings (see [10, 11, 15, 12, 26, 29, 33] for examples).
Later, in 2007 Zhou et al.[34] introduced the following generalized definition.

Definition 1.2. [34] Let E be a nonempty subset of real normed linear space X.
Let P : X — E be the nonexpansive retraction of X into E. A nonself mapping
T:E — X is said to be

(1). asymptotically nonexpansive with respect to P if there exists a sequence
{an}s2; C [1,00) with lim a, =1 and such that
n—aoo

I(PT)"z — (PT)"y|| < anllz —yl,Vz,y €E, n > 1. (1.6)
(2). uniformly L-Lipschitzian with respect to P if there exists constant L > 0
such that
|(PT)"x — (PT)"y|| < L||z — y|,Vz,y € E, n > 1. (1.7)
Zhou et al. [34] introduced the following iterative process,
21 €EE, i1 = an@pn + Bu(PT)xy + v (PTo)xy,, n > 1, (1.8)

where {a, 1521, {8,102, and {v,}7%, are three sequences in [a,1 — a] for some
a € (0,1), satisfying v, + B, +vn = 1. And, they established some strong and weak
convergence theorems for common fixed points of nonself asymptotically nonexpan-
sive mappings with respect to P in uniformly convex Banach spaces.

In 2007, Agarwal et al.[2] introduced the iterative algorithm:

Tnyl1 = (1 - an)Tnxn + anTnyna

1.9
Yn = (1= Bn)xn + BT xp, n > 1. (1.9)
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Later, in 2011 Turkmen et al.[32] used the following iterative process to establish
common fixed point results of two asymptotically nonexpansive mappings.
r1 € E,
Tn+l = (]- - an)(PTl)yn + an(,PTQ)yn» (110)

Yn = (1 = Bn)xn + Bu(PT)zpm, n > 1,

where {a, 1521, {Bn 52, are sequences in [0, 1] satisfying certain conditions.
Inspired by the work mentioned above, Khan et al.[16] generalized the defini-
tion of nonself asymptotically nonexpansive mappings with respect to P to nonself
asymptotically quasi-nonexpansive mappings with respect to P. Thus, a nonself
mapping T : E — X is said to be an asymptotically quasi-nonexpansive with
respect to P if F(T) # 0 and there exists a sequence {a,}52,; C [1,00) with

lim a, = 1 such that
n—oo

|(PT)"x — p|| < an|lz —p|,Vz € E, n > 1. (1.11)

Khan et al.[16] introduced the following iterative process. Let E be a nonempty
closed convex subset of a real normed linear space X with retraction P. Let
Ty, Ty : E — X be two nonself asymptotically quasi-nonexpansive mappings with
respect to P. Their iterative scheme reads as follows:

z1 €E,
Tpy1 = (1 — an)(PT1)"zn + an(PT2)"yn, (1.12)
Yn = (]— - Bn)xn + 5n(PT?)xna n > 1;

where {a, 1521, {Bn}52, are sequences in [0,1).

Khan et al.[16] obtained strong convergence theorems for two asymptotically
quasi-nonexpansive mappings using a general and independent two-step iterative
process (1.12) assuming compactness of only one of the two mappings in smooth
Banach space. They also proved a weak convergence result under Opial’s condition.

Question: Can we can extend and improve those results in [16] from a uniformly
convex and smooth Banach space to a more general set up of a uniformly convex
hyperbolic space? The answer is affirmative.

We recall the following definition.

Definition 1.3. [6] Let (X,?) be a metric space and E be a nonempty subset of X

and T : E — E be a self-mapping. Then T is said to be

(i). asymptotically nonexpansive if there exists a sequence {a,} C [1,00) with

lim a, = 1 such that
n—-oo

(T 2z, T"y) < and(x,y), Va,y € Eand Vn > 1. (1.13)
(ii). asymptotically quasi-nonexpansive if F(T) # () and there exists a sequence
{an} C [1,00) with lim a, =1 such that
n—soo
o(T"x, p) < and(z,p),Vo,y € E,¥p € F(T)and ¥Yn > 1. (1.14)
(ii). uniformly L-Lipschitzian if there exists a constant L > 0 such that

o(T"x, T"y) < Ld(x,y), Vo,y € E and Vn > 1. (1.15)

Note that if F(T) is nonempty, then nonexpansive mapping, quasi-nonexpansive
mapping, asymptotically nonexpansive mapping all are the special cases of asymp-
totically quasi-nonexpansive type mappings.
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The purpose of this paper is to extend and improve the results of Khan et al.[16]
from the setting of a real uniformly convex and smooth Banach space to the setting
of a uniformly convex hyperbolic space, a more general setting.

2. PRELIMINARIES

In this section, we recall an important definition of hyperbolic space which will
be crucial for our main results.

Definition 2.1. [18] Let (X,0) is a metric space. A hyperbolic space is a triple
(X,0, W), where W : X x X x [0,1] — X is such that
(W1). d(W(z,y,a),2) < (1 —a)d(z,2) + ad(z,y),
(WZ) D(W(J?,y, Oé), W(xaya ﬁ)) = ‘Oé - 6|a(l‘,y),
(W3) W(IE, y,a) = W(y,x, (1 - O[)),
(W4). a(W(z,z, ), W(y,w, ) < (1 —a)o(z,y) + ad(z,w) for all z,y, z,w € X
where a, 8 € [0, 1].
It follows from (W1) that, for each z,y € X and « € [0, 1],
(W (z,y,a),2) < ad(z,y), AW (z,y,a),y) < (1 - a)(z,y).

A subset E of a hyperbolic space X is convex if W(xz,y,«) € E for all z,y € E
and « € [0,1]. For more detail of convex structure of a metric space, see [27].

We note that the class of hyperbolic spaces also contains Hadamard manifolds [5],
and Cartesian products of Hilbert balls, the Hilbert open unit ball equipped with
the hyperbolic metric[9], as special cases. It is wellknown that spaces like CAT(0)
spaces (in the sense of Gromov) and R-tree (in the sense of Tits) are special cases
of hyperbolic spaces. Some remarkable results in CAT(0) spaces and hyperbolic
spaces in [14, 19, 17, 20, 22, 23, 24, 25, 30, 31] are examples of nonlinear structures
which play a major role in recent research in metric fixed point theory.

A hyperbolic space (X, 0, W) is said to be uniformly convex [27] if for all z,y,u €
X,r >0 and € € (0, 2], there exists a § € (0, 1]such that

o(z,u) <r 1
o(y,u) <r = (W(a,y, 5),u) < (1-=9)r
o(z,y) > er

A map 7 : (0,00) x (0,2] — (0,1] which gives such a number § = n(r,€), for a
given r > 0 and € € (0, 2], is called modulus of uniform convexity. The modulus
of uniform convexity 7 is said to be monotone if it decreases with r (for a fixed ¢).
A uniformly convex hyperbolic space is strictly convex (see [20]).

For more interesting results on hyperbolic spaces, we refer readers to [13, 20, 21].
The following lemma is essential for our main results.

Lemma 2.2. [13] Let (X,0,W) be a uniformly convex hyperbolic space with mono-
tone modulus of uniform convezity n. Let u € X and {a,} be a sequence in [b, c]
for some b,c € (0,1). If {x,} and {y,} are sequences in X such that
limsup d(zp,u) <7, limsupd(y,,u) <r
n—oo n—oo
and
lim (W (xp, Yn,an),u) =7

n—oo
for some r > 0. Then
lim (2, y,) = 0.

n—ro0



ON COMMON FIXED POINT THEOREMS... 17

Recall that a subset E of X is said to be retract if there exists a mapping P : X —
E which is continuous and such that Pz = z for all z € E. A mapping P : X — X
is said to be a retraction if P2 = P. Let K and E be subsets of a hyperbolic space
X. A mapping P from K into E is called sunny if P(W(Pzx,z,«a)) = Pz for z € K
with W(Pz,z,a) € K and « € [0,1]. Note that, if P is a retraction, then Pz = 2z
for every z € R(P), the range of P. We note that every closed convex subset of a
uniformly convex hyperbolic space is a retract.

For each z € E, the inward set Ig(z) is defined by

Ig(z) ={yeX:y=W(z,z,\),z € E, X €[0,1]}.

A mapping T : E — X is said to satisfy the inward condition if Tz € Ig(x) for
all z € E. T is said to be weakly inward if, for each € E, Ta € cl[Ig(x)], where
cl[Ig(x)] is the closure of Ig(x).
A Hyperbolic space (X,0,W) is said to satisfy Opial’s condition if, for any se-
quence {z,} in X, x, = x (i.e. {,}52; converges weakly to z) implies that
lim sup ?(zy,, ) < limsup 0(z,,y),

n—-o0 n—>o0
for all y € X with y # =.

From now on, let T; and T9 be two maps on E, we denote F/(Ty) = {z : Ty = z},
F(Ty) = {z : Tox = z} the set of fixed point of T; and Ty respectively, and
F = (F(T1) N F(T2)) # 0.

Recall that a sequence {z,} in a metric space X is said to be Fejér monotone
with respect to E (a subset of X) if 0(zp41,2) < 0(xp,x) for all x € E and for all
n > 1.

A map T : E — E is said to be semi-compact if any bounded sequence {z,,}
satisfying 0(x,, Tx,) — 0 as n — o0, has a convergent subsequence.

Let f be a nondecreasing selfmap on [0,00) with f(0) = 0 and f(¢) > 0 for all
t € (0,00) and let 9(z, A) = inf{d(z,y) : y € A}.

Let T1 and Ts be two mappings on E with F # (). Then the two mappings are
said to satisfy:

(i). condition (A) on E if
f@(z,F)) <o(z,Tiz) or f(o(z,F)) <o(z, Tax)
for all x € E, holds for at least one T;,7 =1, 2.
(ii). condition (B) on E if
Sz, F)) <
holds for all z € E.

[D(m, Tiz) + 0 (z, ']I‘Qm)]

N |

Lemma 2.3. [3] Let (X,0) be a complete metric space and E be a nonempty closed
subset of X, and {x,} be Fejér monotone with respect to E. Then {x,} converges
to some p € E if and only if lim (z,,E)=0.

n—oo

The following lemma, is very useful.

Lemma 2.4. [28] Let {an}221,{bx 1521 and {0,152, be sequences of nonnegative
real numbers satisfying the inequality

Ap41 S (1 + 5n)an + bn7 n 2 1.
If > by < oo and 07 | 8, < oo, then

(i). lim a, exists.
n—oo
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(ii). In particular, if {a,}32, has a subsequence which converges strongly to
zero, then lim a, = 0.
n—oo

For more details of results obtained by Khan et al. in the context of uniformly
convex and smooth Banach spaces, we refer readers to [10].

Inspired and motivated by the works of Khan et al.[16] and some related results,
we establish common fixed point theorems for two uniformly L-Lipschitzian asymp-
totically quasi-nonexpansive mappings with respect to P in the setting of hyperbolic
space, a more general set up. Our results extend and improve the results obtained
by Khan et al.[10], as well as many related results in CAT(0) spaces and uniformly
Banach spaces.

3. MAIN RESULTS

Let {ag)}fj’zl C [1,00) and {an) S, C [1,00) be sequences satisfying the
asymptotically quasi-nonexpansive mappings T; and Ty with Zf;l(a,(f) -1) <
oo, (1 = 1,2). Let a,, = max{ag), ag)}, and throughout this section, we will take
only sequence {a,}5°; C [1,00) satisfying >~ (a, — 1) < 0.

Let (X,9, W) be a hyperbolic space and E be a nonempty closed convex subset
of X with retraction P. Let Ty, T : E — X be two non-self asymptotically quasi-
nonexpansive mappings with respect to P. We define the sequence {z,}>2, in a
hyperbolic space as follows:-

1 €E,
Tnt1 = W((PT1)" T, (PT2)"Yn, tn), (3.1)
Yn = W(:z:n, (PTl)"xn,ﬂn), Vn > 1.
We introduce the following definition.

Definition 3.1. Let (X,0) be a metric space and E be a nonempty subset of X and
T : E — X be a nonself mapping with respect to retraction P. Then T said to be:

(i). asymptotically nonexpansive with respect to P if there exists a sequence
{an} C [1,00) with lim a, =1 such that
n—=o0
o(PT)"z, (PT)"y) < and(x,y), Va,y € Eand ¥V n > 1. (3.2)

(ii). asymptotically quasi-nonexpansive with respect to P if F(T) # () and there
exists a sequence {a,} C [1,00) with lim a, =1 such that
n—oo

o((PT)"z,p) < and(x,p),Vz,y € E,Vp € F(T)and ¥n > 1. (3.3)

(ii). uniformly L-Lipschitzian with respect to P if there exists a constant L > 0
such that

o((PT)"z, (PT)"y) < Ld(x,y), Yo,y € E and ¥Yn € N, (3.4)

We first prove two technical lemmas.

Lemma 3.2. Let (X,0,W) be a hyperbolic space with monotone modulus of uni-
form convezity n and E be a nonempty closed convexr subset of X which is also
a nonexpansive retract of X. Let F # () and Ty, Ty : E — X be two uniformly
L-Lipschitzian asymptotically quasi-nonexpansive mappings with respect to P with
sequence {a,}>2; C [1,00), nli_r}noo an = 1 satisfying >, (a, — 1) < co. Suppose
that {x,}22, is defined by (3.1), where {a,}32, and {8,}22, are sequences in
[a,1 — a] for some a € (0,1). Then
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(i). lim o(z,,p) exists, Vp € F.
n—»oo

(ii). There exists a constant C > 0 such that 3(zp4m,p) < CO(n,p), Vm,n € N
and p € F.

Proof. (i). Let p € F. From (3.1), we have

3(Yn,p) = (W (2, (PT1)"2p, Bn), p)
< (1 = Bn)o(n,p) + Bud((PT1)"n, p)
< (1= Bn)o(zn,p) + Brnand(zy,p)
= (1 + Bulan — 1))o(zy,p)
< (14 (an —1))o(zn, p)
= a4, 0(zp,p)-
From (3.1) and (3.5), we have
¥(@n+1,p) = (W ((PT1)"@n, (PT2)"Yn, ), p)
< (1= an)o((PT1)"2n,p) + and((PT2)"yn, p)
(1 = 3)and(@n; p) + Anand(Yn, p)
(1 = ) and(2n, p) + na2d(x,, p) (3.6)
= (1 + anan(an —1))o(zn, p)
( (
<

(3.5)

IAIA

IN

1+ an(an — 1))0(zn, p)
+ (ai, = 1))0(xn, p).-

Note that Y-, (a, — 1) < oo. This implies Y -, (a?2 — 1) < oc. Thus, by Lemma
2.4, lim 9(zn,p) exists, Vp € F.
n——oo

(ii). From (3.6), we have
(zn41,0) < (1+ (aj, — 1)d(za, p). (3.7)

We know that 1+ 2 < e® for all z > 0. Using it for the above inequality (3.7), we
have

D(xn-l-ﬂup) S (1 + (a121+m—1 - 1))a(xn+m—17p)
< et g, p)
2
< [ean+7n—1 ](1 _|_( a2 s 1))3($n+m72,p)

[e(afwrm—l—1+ﬂn+m72_1)]a($n+m—27p) (38)

IN

< [ X3 @Dz, p)

= Cb(zn,p),
where C = eXitn' ' (@5=1) That is, (@ntm,p) < CO(zp,p) for all n,m € N and
peT. O

Lemma 3.3. Let (X,0,W) be a hyperbolic space with monotone modulus of uni-
form convexity n and E be a nonempty closed convex subset of X which is also
a nonexpansive retract of X. Let F # () and Ty, Ty : E — X be two uniformly
L-Lipschitzian asymptotically quasi-nonexpansive mappings with respect to P with
sequence {a,}o, C [1,00), nli_r)noo an = 1 satisfying > oo (a, — 1) < oo. Suppose
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that {x,}°2, is defined by (3.1), where {a,}°2, and {8,}32, are sequences in
[a,1 — a] for some a € (0,1). Then

nli_n)looo(mn, (PT1)"z,) =0= n@mb(xn, (PT2)"xy)

and also
lim d(zp, (PT1)z,) =0= lim 0(x,, (PT2)z,).

n—o0 n—-oQ

Proof. By Lemma 3.2, lim 0(x,,p) exists. Assume that lim ?(z,,p) = (. Tak-
n—oo — 00

n
ing lim sup on both sides in the inequality (3.5), we obtain

lim sup d(yy,, p) < limsupd(zy,,p) = ¢. (3.9)
n—oo

n—ro0o

Next, 0((PT1)"xpn,p) < and(zy,p) for all n € N implies that

limsup d((PT1)"zn,p) < (. (3.10)
n—o0
Also, by (3.9) we get
limsup 9((PT2)"yn,p) < limsupd(y,,p) < (. (3.11)
n—oo n—oo

Moreover, from (3.6) we have

n@)looa(xn-‘v-lap) = nh‘IPOOD(W((PTl)nxTM (PTQ)nyny Oén),p) = C (312)
From (3.10), (3.11), (3.12), and Lemma 2.2, we have
lim o((PT1)"xn, (PT2)"y,) = 0. (3.13)
n—moao0

Observe that
xpa1,p) = D(W((PTl T, (PT2) yn, ozn),p)
< (1= an)O((PT1)"n, p) + and((PT2)"Yn, p)
< (1= apn)o((PT1)"zp,p) + an[b((PTg)”yn, (P’]I‘l)”xn)
+((PT1)")xn, p)].

N

Taking the limit inf. as n — oo in the above inequality, and applying (3.13) we
get

¢ < liminfo((PTy)"zp, ). (3.14)

n—=o0

From (3.10) and (3.14), we get
lim o((PT1)"xn,p) = C.

n—aoo
Furthermore,
< D(’PTl)nq:n, (PT2)nyn) + @nd(Yn, p)- .
This implies
¢ <liminfo(yy, p)- (3.16)
By (3.9) and (3.16), we obtain
lim d(yn,p) = ¢ (3.17)

n—r-o0o
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Therefore,
(= nhl>nm d(ynvp) = nhi)nooa(w(‘rnv (PTl)nfEnv 5n)7p)

= lim_[1+ Ba(an — 1)o(zn,p) (3.18)
That is,

n—-o0

We know that limsup,,_ . 9(z,,p) < ¢, together with (3.10), (3.19) and Lemma
2.2, we obtain
lim o((PT1)"xn,z,) = 0. (%) (3.20)

n—aoo
In addition, we have

lim ?(yn,x,) = lim D(W(xn,(PTl)”xn,Bn),xn)

< T [B2((PT1) s ).

Hence, by (3.20) we get
lim ?(yn,xn) =0. (3.22)

n—o0

Also
V((PT2) " yp, ) < D((PTQ)"yn, (PTl)"xn) +o((PTy)"xp, xp)
which implies, by (3.13) and (3.20), that
nhl)nmb((PTg)"yn,xn) =0. (3.23)
And, from (3.22) and (3.23) we have
((PT2)" ", ) < O((PT2)" @, (PT2)"yn) + 3((PT2)" " Yn, )

3.24
< L3z, yn) + O0((PT2) ypn, xn) — 0, as n — 0. ( )

That is,
li_n)l o0((PTe)"xn, z,) = 0. (%) (3.25)

Using (3.20) and (3.23), we obtain that
(@n+1,2n) = 0((PT1)"zn, (PT2)"Yn, on), )
< (1= apn)o((PT1)"zpn, xn) + and((PT2)" Y, xx) (3.26)
— 0, as n — oo.
Therefore, by (3.22) and (3.26) we obtain
(Tnt1,Yn) <0 @nt1, o) + d(zn, yn)

— 0, as n — 0. (3.27)
Consider
a(xn-‘rl; (PTl)nyn) S D(xn-i-la xn) + 0(.137“ (PTl)nxn)
+0((PT) "y, (PT) "y,
((PTy) ( 1)"Yn) (3.28)

S (zpt1,x0) +0(@n, (PT1)")zn)

+ Lo(zy, yn)-

This implies, by (3.20), (3.22) and (3.26), that
li_r{loob(xnﬂ, (PT1)"yn) = 0. (3.29)

n
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Next, consider
¥(xp, (PT1)xy,) < 0(xp, (PT1)"z,) + 0((77'11‘1)"xn, (P’JTl)"yn_l)
+((PT1)"Yn-1, (PT1)zy)
< D(mn, (’P']I‘l)”xn) + Lo(xn,y Yn—1)
+ Lo((PT1)" 'yn—1, zn).
Using (3.20), (3.27) and (3.29), we obtain
nli_)nlooa(xn, (PTy)x,) = 0. (%)

(3.30)

Now,
V(na1, (PT2)"xn) < 0(@pnt1,Zn) + 0(xn, (PT2)"xy). (3.31)
This implies, by (3.25), (3.26) that

ILHQOOD(I"‘H’ (PTg)nIn) =0. (332)

n

Next, we consider

(PT2)n+1$n+l7 (PT2)7L+1$71)
(PTQ)n+1xn7 (PTQ)xn+1)) (333)

+ LD((PTQ)”JL,“Z'H_’_l))
Again, this implies, by (3.25), (3.26) and (3.32), that
nl&)nooa(xn, (PTy)xz,) = 0. ()

Our proof is finished. O

Theorem 3.4. Let (X,0,W) be a uniformly convex hyperbolic space. Let E be a
nonempty closed convex subset of of X with monotone modulus of uniform convexity
n and P as a sunny nonezpansive retraction. LetF # () and Ty, Ty : E — X be two
uniformly L-Lipschitzian asymptotically quasi-nonerpansive mappings with respect
to P with sequence {a,}52; C [1,00), nliﬁmoo an, =1 satisfying > o, (a, — 1) < cc.
Suppose that {x, }22, is defined by (3.1), where {a, }22, and {8,}22, are sequences
in [a,1 —a] for some a € (0,1). If Ty and Ty are weakly inward and one of Ty and
Ty is compact, then {x,}°; converges strongly to a common fized point of Ty and
T,.

Proof. By Lemma 3.2, lim 0(z,,p) exists for any p € F. It is sufficient to show
n—oo

that {z,}52; has a subsequence which converges strongly to a common fixed point
of Ty and Ty. By Lemma 3.3, lim d(x,, (PTi)z,) =0= lim d(x,, (PT2)x,).
n—-oQ n—o0

Suppose that T; is compact. Since P is nonexpansive, there exists a subsequence
{(PTy)zy,} of {(PTy)x,} such that (PT;)z,, — p. Thus

D(xnj;p) < D(znja (,PTl)zn,) + D((PTl)xnjap) — Oa as .7 — 0.
This means x,, — p as j — o0o. Again lim D(xnj, (PTl)xnj) = ( yields by
: et : :

continuity of P and Ty that p = (PT;)p. Similarly, p = (PTs)p. Noting that
F(PT) = F(T). Therefore p = F(T;) = F(Ts), and so p € F. Thus {z,}52,
converges strongly to a common fixed point p of Ty and Ts. O
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Corollary 3.5. Let X be a complete CAT(0) space and E be a nonempty closed
convez subset of of X with P as a sunny nonexpansive retraction. Let F # 0 and
Ty, Ty : E — X be two uniformly L-Lipschitzian asymptotically quasi-nonexpansive
mappings with respect to P with sequence {a,}$2, C [1,00), nfinm a, = 1 satisfying

Yoo (an — 1) < co. Suppose that {x,}5° is defined by (3.1), where {a,, }52; and
{Bn}22, are sequences in [a,1 — a] for some a € (0,1). If Ty and Ty are weakly
inward and one of Ty and Ty is compact, then {x,}32, converges strongly to a

common fixed point of T1 and Ts.

Theorem 3.6. Let (X,0,W) be a uniformly convex hyperbolic space. Let E be a
nonempty closed convex subset of of X with monotone modulus of uniform convexity
n and P as a sunny nonexpansive retraction. Let F #£ () and T1, Ty : E — X be two
uniformly L-Lipschitzian asymptotically quasi-nonexpansive mappings with respect
to P with sequence {an}; C [1,00), nlgloo an =1 satisfying > o> (a, — 1) < co.
Suppose that {1, }32 ;1 is defined by (3.1), where {a, }32; and {3,}>2, are sequences
in [a,1—a] for somea € (0,1). If Ty and Ty are weakly inward and satisfy condition
(B), then {x,}52, converges strongly to a common fized point of Ty and Ts..

Proof. By Lemma 3.2 l£>n o(zy,p) exists and so lim d(x,,F) exists for all p € F.
n o0 n——>0Q0
Again, by Lemma 3.3, lim d(z,, (PT1)z,) =0= lm 0(z,, (PT2)z,). It follows
n—>o0 n—-oQ
from condition (B) and Lemma 3.3 that
1
lim f(®(x,,F)) < lim (f[b(xn, (PT1)xy,)) + 0(zy, (PTg)xn)]) =0.
n—oo 2

n—ro0
That is,
lim f(z,,F)) =0.
Since f is nondecreasing with f(0) = 0, it follows that lim °(x,,F) =0.

n—aoo
Next, we show that z,, is a Cauchy sequence. Let € > 0. Since lim 9(z,,F) =0,
n—o0

there exists a positive number ng such that for all n > ng, we have

€

%7

where C > 0 is the constant in Lemma 3.2(ii). So we can find p’ € F such that

o(z,,F) <

(zp,p) < %
Using Lemma 3.2(ii), we have for all n > ng and m € N that
Ty, Tn) < D(anrm,p/) + 0(;0'733”)
< Co(2y,,p') + 0(2n, D)
< Co(2y,p") + CO(24,p")
=2C0(zn,p') < e

(3.34)

Hence, {x,} is a Cauchy sequence in a closed convex subset E of a hyperbolic
space X, therefore, it must converge to a point in E. Let lim =z, = ¢. Now,
—

lim ?(z,,F) = 0 yields that 9(¢q,F) = 0. Since the set of fixed points of asymp-

n—o0
totically quasi-nonexpansive mappings is closed, we have q € F. O

Corollary 3.7. Let X be a complete CAT(0) space and E be a nonempty closed
convex subset of of X with P as a sunny nonexpansive retraction. Let F # () and
Ty, Ty : E — X be two uniformly L-Lipschitzian asymptotically quasi-nonexpansive
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mappings with respect to P with sequence {a,}52 ;1 C [1,00), h_r}n a, = 1 satisfying
n oo
S (an — 1) < co. Suppose that {x,}5°, is defined by (3.1), where {a,}32; and

n=1
{Bn}S2, are sequences in [a,1 — a] for some a € (0,1). If Ty and Ts are weakly
inward and satisfy condition (B), then {x,}5, converges strongly to a common

fixed point of T and Ts.

We shall use condition (A) to prove strong convergence of the algorithm (3.1).
Before that, we prove the following technical lemma.

Lemma 3.8. Let (X,0,W) be a uniformly convex hyperbolic space. Let E be a
nonempty closed convex subset of of X with monotone modulus of uniform convexity
n and P as a sunny nonexpansive retraction. Let F # () and T1, Ty : E — X be two
uniformly L-Lipschitzian asymptotically quasi-nonexpansive mappings with respect
to P with sequence {a,}22, C [1,00), nli_r)noo an =1 satisfying > oo (a, — 1) < oco.
Suppose that {x, }22, is defined by (3.1), where {a, }°2; and {3,}22, are sequences
in [a,1 — a] for some a € (0,1). If Ty and Ts are weakly inward and satisfy
condition (A). Then the sequence {x,} converges strongly to p € F if and only if
lim o(x,,F)=0.
n—raoo
Proof. We know from Lemma 3.2 that d9(zp41,p) < 0(ay,p). It follows that {z,}

is Fejér monotone with respect to F and lim 9(z,,F) exists. Hence, the result
n—aoo

follows from Lemma 2.3. 0
Applying Lemma 3.8, we obtain following strong convergence theorem.

Theorem 3.9. Let (X,0,W) be a uniformly convex hyperbolic space. Let E be a
nonempty closed convex subset of of X with monotone modulus of uniform convexity
n and P as a sunny nonexpansive retraction. LetF # () and Ty, Ty : E — X be two
uniformly L-Lipschitzian asymptotically quasi-nonexpansive mappings with respect
to P with sequence {an}2, C [1,00), nliHmOO an =1 satisfying >, > (a, — 1) < oo.
Suppose that {x, }22, is defined by (3.1), where {a, }22, and {8,}22, are sequences
in [a,1—a] for somea € (0,1). If Ty and Ty are weakly inward and satisfy condition
(A), then {x,}22, converges strongly to a common fized point of T1 and Ts.

Proof. 1t follows from Lemma 3.2 that nh_r)noob(xn, F) exists. Moreover, by Lemma
3.3 we have that nli_r)noob(xn,(PTl)xn) = nli_r)noob(xn,(PTg)xn) = 0. Applying
condition (A), we obtain

lim f(d(x,,F))=0.

n—00

Since f is nondecreasing with f(0) = 0, it follows that lim d(x,,F) = 0. Therefore,
n——oo
Lemma 3.8 implies that {x,} converges strongly to a point p € F. O

Corollary 3.10. Let X be a complete CAT(0) space and E be a nonempty closed
convex subset of of X with P as a sunny nonexpansive retraction. Let F # 0 and
T, Ty : E — X be two uniformly L-Lipschitzian asymptotically quasi-nonexpansive
mappings with respect to P with sequence {a,}52 1 C [1,00), nlgloo a, = 1 satisfying

Yoo (an — 1) < co. Suppose that {x,}5° is defined by (3.1), where {a, }32; and
{Bn}22, are sequences in [a,1 — a] for some a € (0,1). If T; and Ty are weakly
inward and satisfy condition (A), then {x,}22, converges strongly to a common

fixed point of Ty and Ts.
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4. CONCLUSION

In this manuscript, we have established new common fixed point results for two
uniformly L-Lipschitzian asymptotically quasi-nonexpansive mappings with respect
to P and two weakly inward and asymptotically quasi-nonexpansive mappings with
respect to P satisfying condition (A) and condition (B), in a more general set up of
hyperbolic space. Our results signifigantly extend and improve the results obtained
by Khan et al.[16], as well as many related results in CAT(0) spaces and uniformly
Banach spaces. As consequences of our main results, we obtain the corresponding
corollaries which are valid in CAT(0) spaces.
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