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ABSTRACT. In this paper, we study the shrinking projection method with allowable
ranges introduced by Takeuchi [29] for the zero point problem. We obtain strong con-
vergence theorems for finding a zero point of a maximal monotone operator in a Banach
space. Using our results, we discuss the convex minimization problem.
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1. INTRODUCTION

In 2008, Takahashi, Takeuchi, and Kubota [31] introduced the shrinking pro-
jection method, which is an iterative method for finding a common fixed point
of some families of nonlinear mappings in a Hilbert space. In 2009, Kimura and
Takahashi [17] improved this method in a Banach space. The shrinking projection
method is a very useful method in the fixed point approximation theory and has
been studied extensively; see [3,10,12,14-16] and others.

In the shrinking projection method, we need to obtain the exact value of the
metric projection to generate a sequence in every step, and it is a task of difficulty.
To solve this problem, in 2012, Kimura [14] presented the shrinking projection
method with nonsummable errors in a geodesic space; see also [15, 16]. Motivated
by Kimura [14], in 2019, Takeuchi [29] proposed another method called the shrinking
projection method with allowable ranges and obtained a strong convergence theorem
for finding a fixed point of a nonlinear mapping in a Banach space.
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Theorem 1.1 ([29]). Let E be a reflexive, smooth, and strictly convex Banach space
which has the Kadec—Klee property. Let C' be a nonempty closed convexr subset of
E. Let B:C — E be a mapping of type (P) such that F(B) :={p € C : Bp = p}
is nonempty. Consider an iterative procedure as below: Let xg € E, wy € C, D1 =
{y € C: (Bwy —y,J(w1 — Bwy)) >0} and ©1 = Pp,xg. Let A; = C\ (D1 U{w1})
and let y1 € A1. For each n € N, generate Dy 1, Tn11, Ant1 and Yni1 by

Dn+1 = {y S Dn : <Byn - Y, J(yn - Byn)> > 0}; Tnt1 = PD,H_lev
App1 ={y €Dy |lwo —yll < llvo — Tpsrls Y # Unts  Ynt1 € Ani

where Pk is the metric projection of E onto a nonempty closed convex subset K of
E. Then, either of following holds:

(i) A, # 0 for each n € N; the procedure is not stopped. In this case, {x,}
and {yn} converge strongly to Pr(p)To

(ii) Ay = 0 for some k € N; the procedure is stopped. In this case, yy_1 € F(B)
or wy € F(B) holds.

Note that the original result of the theorem above deals with nonlinear mappings
related to mappings of type (P).

On the other hand, we consider the zero point problem: Let H be a real Hilbert
space and let A C H x H be a maximal monotone operator. Then, the zero point
problem is to find u € H such that

0 € Au. (1.1)

Such a u € H is called a zero point of A. This problem is connected with many
problems in Nonlinear Analysis and Optimization, such as convex minimization
problems, variational inequality problems, equilibrium problems, and so on. A
well-known method for solving (1.1) is the proximal point algorithm: x; € H and

Tl = Jr, Tn, n=12..., (1.2)
where {r,} C]0,00[ and J,,, = (I +r,A)~!. This algorithm was first introduced
by Martinet [20]. In 1976, Rockafellar [27] proved that if liminf, . 7, > 0 and

A710 # (), then the sequence {x,} defined by (1.2) converges weakly to a solution
of the zero point problem. Later, many researchers have studied the convergence
of the proximal point algorithm; see [6,8, 10,12, 17-19,28] and others. In particu-
lar, in 2009, Inoue, Takahashi and Zembayashi [12] studied another proximal-type
algorithm in a Banach space by using the original shrinking projection method and
obtained a strong convergence theorem for finding a zero point of a maximal mono-
tone operator. In 2016, Ibaraki [8] studied the shrinking projection method with
nonsummable error, introduced by Kimura [14], for the zero point problem in a
Banach space; see also [9, 10].

Motivated by the aforementioned works, we study the shrinking projection method
with allowable ranges, introduced by Takeuchi [29], for the zero point problem. We
obtain strong convergence theorems for finding a zero point of a maximal monotone
operator in a Banach space. As an application of our results, we discuss a convex
minimization problem. Finally, we provide some examples to support our results.

2. PRELIMINARIES

Let E be a real Banach space with its dual £*. The normalized duality mapping
J from F into E* is defined by

Jo={z" € B*: (w,a") = ||z]* = ||="|*}
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for each z € FE. A Banach space E is said to have the Kadec—Klee property if
a sequence {z,} of E converges strongly to xy whenever {z,} converges weakly
to z¢ and {||x,||} converges to ||zo||. We know the following properties; see, for
instance, [4,30].

e if F is smooth and strictly convex, then (x —y, Jx — Jy) = 0 if and only
if x =y,

e if F is reflexive, smooth and strictly convex, then J is surjective and the
duality mapping on E* is J 1,

e F* has a Fréchet differential norm if and only if E is reflexive, strictly
convex, and has the Kadec—Klee property.

An operator A C E x E* with domain D(A) = {z € E : Az # 0} and range
R(A) = U{Az : x € D(A)} is said to be monotone if (z — y,z* — y*) > 0 for
each (z,z%), (y,y*) € A. A monotone operator A is said to be maximal if A = A’
whenever A’ C E x E* is a monotone operator such that A C A’. We denote by
A710 the set {z € D(A) : 0 € Az}. We know that J is monotone.

Let E be a smooth Banach space and consider the following function V : E x
E — R defined by

V(z,y) = 2] = 2(z, Jy) + lyl® (2.1)
for each z,y € E. We know the following properties; see [1,11,13].
(Il = llyl)? < V(z,y) < (l=[l + [ly[)? for each z,y € E,
V(z,y)+ V(y,z) =2(x —y,Jx — Jy) for each z,y € E,
V(z,y) =V(x,2) +V(z,y) + 2{x — 2, Jz — Jy) for each z,y,z € E,

if E is additionally assumed to be strictly convex, then V(z,y) = 0 if and
only if x = y.

Let F be a reflexive and strictly convex Banach space, and let C' be a nonempty
closed convex subset of E. It is known that for each z € E, there exists a unique
point z € C such that ||z — z|| = min{|z — y|| : y € C'}. Such a point z is denoted
by Pcox, and Pg is called the metric projection of E onto C. The following result
is well known; see, for instance, [30].

Lemma 2.1. Let E be a reflexive, smooth, and strictly conver Banach space, let C
be a nonempty closed convex subset of E, let Pc be the metric projection of E onto
C, let x € E and let xg € C. Then xog = Pox if and only if

(ko —y,J(x —20)) >0

forally e C.
The following result was obtained in [29]; see also [21].
Lemma 2.2 ( [29]). Let E be a reflexive and strictly convexr Banach space. Let

xog € E and let {C,,} be a sequence of nonempty closed convex subsets of E satisfying
Cny1 C Cp for each n € N and Cy := NpenCp # 0. Let xy = Poyxg. For each
n € N, define 41, K, and u,, by

Tn1 = Po, . w0, Kn={2€Cy:|xo— 2| <||zo — Zng1ll}, un € Ky.

Then {zn} and {u,} converge weakly to Pc,xo. Furthermore, when E has the
Kadec—Klee property, {x,} and {u,} converge strongly to Pc,xq.
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3. APPROXIMATION THEOREM FOR THE RESOLVENTS OF TYPE (P)

Let r > 0 and let A C E x E* be a maximal monotone operator. Then it is
known that R(I +rJ~tA) = E for all r > 0; see [5,20]. We can define the following
single-valued mapping

Poi=I+rJ'A)™: E— D(A)
for each > 0. It is called the resolvent of type (P) of A for r > 0; see [1]. It is

known that
J(x — Prx)

€ AP.x (3.1)
”

for each x € FE and
A 0=F(P.):={pc E:Pp=p}. (3.2)

To obtain our main result in this section, we need the following two lemmas.
Compare these lemmas with the results in Takeuchi [29].

Lemma 3.1. Let E be a reflexive, smooth, and strictly convex Banach space. Let
A C E x E* be a mazrimal monotone operator such that A=10 # 0 and let C be a
nonempty closed convex subset of E such that A='0 C C. Letr > 0 and let u € E.
Let M be a subset of E defined by

M:={zeC:(Pu—zJu- Pu) >0}
Then, M is closed and convex, and A~10 C M.

Proof. Tt is clear that M is closed and convex. Let » > 0 and let u € E. Set
Mg :={z€ E:(Pu—zJ(u— Pu)) > 0}. We show A=10 C M. Let v € A710.
From the monotonicity of A and (3.1), we have

J(u— Pou)

0< <Pruv,
r

1
- O> = —(Pu—v,J(u— P.u)).

r
Since r > 0, we get (P,u — v, J(u — Pyu)) > 0 and hence v € Mp. This implies
A0 C Mg. Since A~10 C C, we have A'0 Cc MgNC = M. O

Lemma 3.2. Let E be a reflexive, smooth, and strictly convex Banach space. Let
A C E x E* be a mazrimal monotone operator such that A=*0 # (). Let {r,} be
a sequence in |0, 00[ satisfying liminf,, ., r, > 0. Let {u,} be a sequence in E.
Define {Cy,} as a sequence of subsets of E by C; = E and

Yn = Prnuna
Cry1 = {Z €Cp: <yn -z, J(Un - yn)> > O}
for each n € N. Let Cy = NypenCr. Then the following hold:

(i) C, is closed and convez, and A=10 C C,, for each n € NU{0}.
(i) Suppose that {u,} converges strongly to some ug € Cy, then ug € A~10.

Proof. We first show (1) by induction. It is clear that Cy is closed and convex, and
A~0 C C;. Suppose that C}, is closed and convex, and A~10 C C}, for some k € N.
Using Lemma 3.1 with v = ug, r = rg, C = Cx, M = Ci41, we see that Ci4q is
closed and convex, and A0 C Cy41. This implies that C,, is closed and convex,
and A~'0 C C,, for each n € N. Hence, it follows that Cj is closed and convex, and
A710 C NypenCyp = Cp. Thus, we conclude that (1) holds.

Next, we show (2). Suppose that {u,} converges strongly to some ug € Cy. Since
Cy C C,, for each n € N, we see that

0< <yn — U, J(un - yn)> = <yn — Un, J(un - yn)> + <un — Uo, J(un - yn)>
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for each n € N and thus
[un = ynll* < (un — o, J (un — yn))
< [ = wollll T (un = yn) |
= llun — uolll[lun — ynll

for each n € N. Therefore we have |[u, — yn|| < [Jun — ugl|. Since {u,} converges
strongly to ug, we obtain that

tim |, — gl = 0 (3.3)

and hence {y,} also converges strongly to ug. Furthermore, since E is smooth, J
is norm-to-weak continuous. So, we see that {J(u, — yn)} converges weakly to 0.
For each (z,2z*) € A, we obtain from (3.1) that

J n ~— Yn
<Z_ymz*_<uy)>20

Tn

for each n € N. Letting n — oo, from liminf,,_, . r, > 0, we get (z—wug, 2" —0) >
0. From the maximality of A, we obtain ug € A~10. O

Theorem 3.3. Let E be a reflexive, smooth, and strictly convexr Banach space which
has the Kadec—Klee property. Let A C E x E* be a mazimal monotone operator
such that A=*0 # 0. Let {r,} be a sequence in ]0, co[ satisfying iminf, .7, > 0.
Consider an iteration procedure as below: Let xg € E, Cy = Dy = E, x1 = Pe, %o
and uy € D1. For each n € N, define y,,, Cpt1, Tni1, Dnt1 and upiq1 by

Yn = Pr, Un,
Crnr1=1{2€Cpn: (yn — 2, J(Un — yn)) > 0},
Tnt1 = Po, 1 To,
Dy = {y €Cy: on —yll < lwo — xn-i-lHay # un}a
Upt1 € Dyt

Then, either of the following holds:

(i) Dy, # 0 for each n € N; the procedure is not stopped. In this case, {x,}
and {un,} converge strongly to Pq-19xg.

(ii) Dy = 0 for some k € N\ {1}; the procedure is stopped. In this case,
ug—1 € A710 holds.

Proof. From C; = D, = E, C; and D; are nonempty. Let u; € Dy = E. Then
we generate y; and Cs. From Lemma 3.1, C5 is nonempty, closed, and convex, and
also generates x2 and Dy. D, may be empty. In the case of Dy # ), we can find
ug € Do and generate yo and C3. From Lemma 3.1, C3 is nonempty, closed, and
convex, and also generates w3 and D3. D3 may be empty. In the case of D3 # (),
we can find uz € D3 and continue this process. So, the procedure is stopped when
we meet k € N\ {1} satisfying Dy, = 0.

In the case of (1), we can generate the sequences {y,}, {Cn}, {zn}, {Dn}, and
{un} inductively. By our generating method, from Lemma 3.2 (1), {C,} is a se-
quence of closed convex subsets of E satisfying C,,+1 C C, for each n € N and
0 # A710 C Cy = NpenCy. For each n € N, let K, be as in Lemma 2.2, that is,

Ky ={z€Cn:lzo— 2l <[lwo — znpall}-

Then, up4+1 € Dypy1 C K, for each n € N. By Lemma 2.2, {z,,} and {u,,} converge
strongly to Pc,xo. Since {u,} converges strongly to Po,zo € Cp, by Lemma 3.2
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(2), we see Po,o9 € A710. From A~10 C Cy, we get Po,x0 = Ps-1970, which
completes the proof of (1).

We show (2). Suppose that we generated ug_1, yg—1, Ck, Tk, and Dy = ) for
some k € N\ {1}. Then, Cy and Cy_; are nonempty, closed, and convex. Since
Ki_1 ={2€ Cx_1: ||lzo— 2| < ||lmo — x|}, we see zp_1, 21 € Ki—1 and Kj_1 # (.
By Kip—1\{ug—1} = Dy = 0, we see that up_; € Kp_1 and Kj_; is a singleton.
From these, up_1 = zx_1 = z holds. So, by ux_1 = x € Ci, we see that

0< <yk—1 — Uk—-1, J(uk—l - yk—1)> = _Hyk—l - uk—1||2-

This implies ux—1 = yr—1 = Pr,_,up—1. By (3.2), we get up_1 € A~*0. This
completes the proof. O

4. APPROXIMATION THEOREM FOR THE RESOLVENTS OF TYPE (Q)

Let » > 0 and let A C E x E* be a maximal monotone operator. Then it is
known that R(J + rA) = E* for all » > 0; see [5,26]. We can define the following
single-valued mapping

Qr:=(J+rA)'J: E — D(A)
for each » > 0. It is called the resolvent of type (Q) of A for r > 0; see [5]. It is
known that

‘]I%‘]Qrm € AQ,x (4.1)

for each x € E and
A0 = F(Q,). (4.2)
To obtain our main result in this section, we need the following two lemmas,
which can be proved in the same way of proofs as the Lemmas 3.1 and 3.2.

Lemma 4.1. Let E be a reflexive, smooth, and strictly convex Banach space. Let
A C E x E* be a mazrimal monotone operator such that A=10 # 0 and let C be a
nonempty closed convex subset of E such that A='0 C C. Letr > 0 and let u € E.
Let N be a subset of E defined by

N:={z€C:(Qru—2zJu— JQ,u) > 0}.
Then, N is closed and convex, and A~10 C N.

Proof. 1t is clear that N is closed and convex. Let » > 0 and let uw € E. Set
Np={z€ E: {(Qmu—zJu—JQ,u) > 0}. We show A710 C Ng. Let v € A~10.
From the monotonicity of A and (4.1), we have

0<<QTU_U’JU_‘]Q’”U_0>:1<
r r

Since r > 0, we get (Q,u — v, Ju — JQ,u) > 0 and hence v € Ng. This implies
A7'0 C Ng. Since A710 C C, we have A~'10 Cc NyNC = N. O

Qru — v, Ju— JQ,u).

Lemma 4.2. Let E be a reflexive and strictly convex Banach space having a Fréchet
differentiable norm and the Kadec—Klee property. Let A C E x E* be a mazrimal
monotone operator such that A=10 # 0. Let {r,} be a sequence in ]0, 00| satisfying
liminf, o7, > 0. Let {u,} be a sequence in E. Define {C,} as a sequence of

subsets of E by C1 = F and
Yn = anuna
Cnt1 = {Z € Cn: (Yn — 2, JUup — Jyn> > O}
for each n € N. Let Cy = NypenChr. Then the following hold:
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(i) C, is closed and convex, and A=10 C C,, for each n € NU {0}.
(i) Suppose that {u,} converges strongly to some ug € Co, then ug € A~10.

Proof. We first show (1) by induction. It is clear that C is closed and convex, and
A~10 C Cy. Suppose that C}, is closed and convex, and A~'0 C C}, for some k € N.
Using Lemma 4.1 with u = ug, 7 = rg, C = Ck, N = Cgy1, we see that Ciyq is
closed and convex, and A~10 C Cy,1. This implies that C,, is closed and convex,
and A~10 C C, for each n € N. Hence, it follows that Cj is closed and convex, and
A710 € NpenC,, = Cy. Thus, we see that (1) holds.

Next, we show (2). Suppose that {u,} converges strongly to some ug € Cp. Since
Cy C C, for each n € N and the property of V| we see that

0 < 2(yn, — ug, Jun — Jyn)
= 2(uo = Yn, Jyn — Jun) = V(uo,un) = V(uo, yn) = V(Yn, tn)
for each n € N. Therefore, we obtain that
V(Yn,un) < V(uo,un) (4.3)
and
0 < (Iynll = lluolh? < V (uo, yn) <V (uo, un) (4.4)

for each n € N. Since {u,} converges strongly to ug and (4.4), {||yn||} converges
to |lug|| and hence {y,} is bounded. Since E has a Fréchet differentiable norm, J
is norm-to-norm continuous. Thus, we see that {Ju,} converges strongly to Juy.
From the boundedness of {y,, }, there is a subsequence {y,, } of {y,} which converges
weakly to some yo € E. Since || - || is weakly lower semicontinuous and (4.3), we see
that

V(yo,u0) = llyoll> = 2(yo, Juo) + [Juol|®

2 - 2<yni’ Ju’ﬂz> + ||uﬂl 2}

< lim nf (s,
11— 00

= liminf V(yn,, tn,)
11— 00

< liminf V (ug, un,) = lim V(ug,ty,) = 0.
11— 00 11— 00

From the property of V, we obtain yo = wug. This implies that {y,} converges
weakly to ug. By the argument as above, since E has the Kadec—Klee property,
we immediately see that {y,} converges strongly to ug. Furthermore, since J is
norm-to-norm continuous, we also see that {Ju, — Jy,} converges strongly to 0.
For each (z,z*) € A, we obtain from (4.1) that

T'n

for each n € N. Letting n — oo, from liminf,,_, . r, > 0, we get (z—wug, 2*—0) >
0. From the maximality of A, we obtain ug € A~10. (]

Theorem 4.3. Let E be a reflexive and strictly convexr Banach space having a
Fréchet differentiable norm and the Kadec—Klee property. Let A C E x E* be
a mazimal monotone operator such that A=10 # 0. Let {r,} be a sequence in
10, oo[ satisfying iminf, ., r, > 0. Consider an iteration procedure as below: Let
xo€ E,Ci =Dy =FE, 21 =Pc,xg anduy € D1. For eachn € N, define y,, Cni1,
Tn+1,; Dpt1 and upqq by

Yn :anuna
Cn-i—l = {Z € Cn : <yn - ZvJun - Jyn> Z 0}7
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xn+1 = PC”Jrl:L‘O)
Dny1={y € Cu : [lzo =yl < [lzo — znall,y # unt,
Un+1 € -DnJrl-

Then, either of the following holds:

(i) Dy, # 0 for each n € N; the procedure is not stopped. In this case, {x,}
and {u,} converge strongly to Pa-10xq.

(ii) D = 0 for some k € N\ {1}; the procedure is stopped. In this case,
ug—1 € A710 holds.

Proof. From C; = Dy = E, C; and D, are nonempty. Let u; € Dy = E. Then
we generate y; and Cs. From Lemma 4.1, Cs is nonempty, closed, and convex, and
also generates x3 and Dy. D, may be empty. In the case of Dy # (), we can find
ug € Dy and generate yo and C3. From Lemma 4.1, C3 is nonempty, closed, and
convex, and also generates x3 and D3. D3 may be empty. In the case of D3 # 0,
we can find ug € D3 and continue this process. So, the procedure is stopped when
we meet k € N\ {1} satisfying Dy, = 0.

In the case of (1), we can generate the sequences {y,}, {Cn}, {zn}, {Dn}, and
{u,} inductively. By our generating method, from Lemma 4.2 (1), {C,} is a se-
quence of closed convex subsets of E satisfying C,,+1 C C,, for each n € N and
0 # A0 C Cy = NpenChr. For each n € N, let K, be as in Lemma 2.2, that is,

Kn={z€Cn:|zo— 2l < llwo — onall}
Then, up41 € Dpy1 C K, for each n € N. By Lemma 2.2, {x,} and {u,} converge
strongly to Po,zo. Since {u,} converges strongly to Po,zo € Cp, by Lemma 4.2
(2), we see Po,o9 € A710. From A710 C Cy, we get Po,z0 = Py-1970, which
completes the proof of (1).

We show (2). Suppose that we generated ux_1, yx—1, Ck, T and Dy = ( for
some k € N\ {1}. Then, Cy and Cy_; are nonempty, closed, and convex. Since
Ki_1 ={2€ Cx_1: ||lxo— 2| < ||mo — x|}, we see xp_1, 2 € Ki—1 and Kj_1 # (.
By Ki—1\{urx—1} = Dr = 0, we see that uy_; € Kr_1 and Kj_1 is a singleton.
From these, up_1 = 1 = z holds. Thus, by ug_1 = zp € C, we see

0 < (yx—1 —up—1,Jug—1 — Jyrp_1)-
Since J is monotone, we also see
0> (yp—1 — up—1, Jug—1 — Jyrp—1).

Hence, we have (ux—1 — yg—1, Jug—1 — Jyg—1) = 0. From the property of .J, we see
that ug_1 = yp—1 = Qp,_, Ur—1. By (4.2), we get up_; € A710. This completes the
proof. O

5. APPROXIMATION THEOREM FOR THE RESOLVENTS OF TYPE (R)

Let »r > 0 and B C E* x E be a maximal monotone operator. Then it is known
that R(I +rBJ) = E for all r > 0; see [5,11,26]. We can define the following
single-valued mapping

R.:= (I +rBJ)"': E — D(BJ)

for each r > 0. It is called the resolvent of type (R) of B for r > 0; see [11]. Tt is
known that the following: Let Q) be a mapping from E* to E* defined by
Q= JR.J L.

Then @7 is the resolvent of type (Q) of B for r > 0 on E*; see [3,7].
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Note that the metric projection of E* onto a nonempty closed convex subset K*
of E* is denoted by Pj-..

Theorem 5.1. Let E be a reflexive and strictly convexr Banach space having a
Fréchet differentiable norm and the Kadec—Klee property. Let B C E* x E be
a mazimal monotone operator such that B=10 # 0. Let {r,} be a sequence in
10, oo[ satisfying iminf, . r, > 0. Consider an iteration procedure as below: Let
o€ FE, Ci=D1=FE, z1 = J_leclJmo and uy € Dy. For each n € N, define y,,
Crnyts Tng1, Dpg1 and upyq by
Yn = Ry, Un,

Cn+1 = {Z eCy: <un —meyn - JZ> > O}a

Tni1 = J ' Pje, ., Jxo,

D1 ={y € Cn: [|[Jxo = Jy|| < [[Jzo = Joniall,y # un},

Upt1 € Dypqr.
Then, either of the following holds:

(i) Dy, # 0 for each n € N; the procedure is not stopped. In this case, {x,}
and {u,} converge strongly to J’ng_loJxo.

(ii) Dx, = 0 for some k € N\ {1}; the procedure is stopped. In this case,
up—1 € (BJ)~10 holds.

Proof. Put u}) := Jun, v = Jyn, x), := Jx,, C} := JC), and D}, = JD,, for each
n € N. Then, we have
Yn = Qruy,
=1 e Cr (T g = Ty — ) 2 0,

xZH = Pé;,HJan

Dir =" € G+ o ="l < 1m0 — il # w3

Upiq € Dpyy
for each n € N. Then {u!}, {y}}, {z}}, {C;}, and {D}} satisty the conditions of
Theorem 4.3 on E*.

In the case of (1), if D,, # 0 for each n € N, then D} # (. From Theorem

4.3 (1), we obtain that {x},} and {u},} converge strongly to P}_,,Jx¢. Since E is
reflexive, strictly convex, and has the Kadec—Klee property, E* has Fréchet differen-

tiable norm and hence the duality mapping J~! on E* is norm-to-norm continuous.
Therefore, we see that

C*

n

up =J ' — TP Jrg and  x, = J ok — JTIPL 0.
Next, in the case of (2), if Dy, = 0 for some k € N\ {1}, then D; = (. From Theorem
4.3 (2), we have Juy_1 = uj_, € B~10. This implies uj_1 € (BJ)~10. O

6. APPLICATIONS

In this section, we consider the convex minimization problem: Let E be a re-
flexive, smooth, and strictly convex Banach space and its dual E*. Let f: E —
| — 00,00] and f* : E* —] — 00, 00| be proper lower semicontinuous convex func-
tions. Then, the subdifferentials of f and f* are defined as follows:

Of(x) = {a* € B*: f(a) + (y — 2,2") < f(y), Yy € B} (¥z € E),
Of*(¢*) = {z € E: f*(a") + (a,y" —a™) < f*(y"), Vy" € B} (Va' € ).
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By Rockafellar’s theorem [23,24], the subdifferentials 0f C ExE* and 0f* C E*XE
are maximal monotone. It is easy to see that

(0f)710 = argmin{ f(z) : z € E} and (0f*)~10 = argmin{f*(z*) : 2* € E*}.
Fix r > 0 and z € E. Let P. and @, be the resolvent of df, and let R, be the
resolvent of 9f*. Then we know that

1
P’I’Z = (I + TJ?laf)ilz = argmin {f(y) + 7Hy - 2”2} )
yeE 2r

@z = (74 0f) 7z = argmin 1) + ool = 0720}
yeR r r

Ryz=(I+rof ) tz=J"" argmln{f ) + o=yl = = (=zy >} :
Yy EE* 2r T
See, for instance, [3,10,25]. As a direct consequence of theorems 3.3, 4.3, and 5.1,
we can show the following applications.

Corollary 6.1. Let E be a reflexive, smooth, and strictly conver Banach space
which has the Kadec—Klee property. Let f : E —] — co,00] be a proper lower
semicontinuous convez function such that (0f)~*0 # (. Let {r,} be a sequence in
10, oo satisfying liminf,, ., r, > 0. Consider an iteration procedure as below: Let
xo€E,Ci =D1=F, 21 =Po,xo and uy € Dy. For each n € N, define yn, Cni1,
Tnt1; Dnt1 and up4q by

. 1
Yp = argmin {f(y)+2 ||y—un||2},
yeE Tn

Cny1 =12 € Cp: (Yn — 2, J(un — yn)) > 0},
Tn+1 = Pe, ., %o,
D1 ={y € Cp:llzo —yll < [[w0 — Tniall y # un},
Up+1 € Dyt
Then, either of the following holds:

(i) Dy # 0 for each n € N; the procedure is not stopped. In this case, {x,}
and {u,} converge strongly to Py s)-10%0-

(ii) D = 0 for some k € N\ {1}; the procedure is stopped. In this case,
ur—1 € (0f)710 holds.

Corollary 6.2. Let E be a reflexive and strictly conver Banach space having a
Fréchet differentiable norm and the Kadec—Klee property. Let f : E —] — 00, 00] be
a proper lower semicontinuous convex function such that (0f)~10 # 0. Let {r,} be
a sequence in 10, 00| satisfying liminf, ., r, > 0. Consider an iteration procedure
as below: Let vy € E, C1y = D1 = E, x1 = Po,xo and uy € D1. For each n € N,
define yn, Cni1, Tna1, Dni1 and uny1 by
. 1 5 1
yn = argmin § f(y) + o=yl = —{y, Jua) ¢,
yekE Tn Tn
Cni1=1{2€ Cp : {yn — 2z, Juy, — Jyn) > 0},
Tn+1 = PC'n_Han
Dy ={y € Cp: |lzo —yll < [[wo — znsall,y # un},
Un+1 € Dn+1~

Then, either of the following holds:
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(i) D # 0 for each n € N; the procedure is not stopped. In this case, {xn}
and {u,} converge strongly to Pyp)-100.

(ii) Dx, = 0 for some k € N\ {1}; the procedure is stopped. In this case,
uk—1 € (0f)710 holds.

Corollary 6.3. Let E be a reflexive and strictly conver Banach space having a
Fréchet differentiable norm and the Kadec—Klee property. Let f* : E* —] — 00, 0]
be a proper lower semicontinuous convex function such that (Of*)~0 # 0. Let
{rn} be a sequence in |0, 0] satisfying liminf, ., r, > 0. Consider an iteration
procedure as below: Let vg € E, Cy = D1 = FE, 1 = J71PJ*C1 Jxrg and w1 € Dyq.
For each n € N, define y,,, Cnt1, Tni1, Dnt1 and upy1 by

— . * [k 1 * 1 *
= b anguin { 177) + 517 = )}
y*eE* Tn Tn
Cny1={2€Cp: (un — yn, Jyn — Jz) > 0},

-1
Tn1=J P, ., Jxo,

n+1

Dypy1={y € Cpn:||Jxo = Jy| < |Jxo — JTns1ll,y # un},
Up+41 E-DnJr1~

Then, either of the following holds:
(i) Dy, # 0 for each n € N; the procedure is not stopped. In this case, {x,}
and {u,} converge strongly to J’lP(*af*)_long.
(ii) Dy = 0 for some k € N\ {1}; the procedure is stopped. In this case,
ug—1 € (0f*J)~10 holds.

7. EXAMPLES

In this section, we present some examples to support the main issue. In advance,
recall that weak and strong topologies on a Euclidean space coincide. We first
provide a numerical example for the case where the procedure is not stopped.

Example 7.1. In Theorem 3.3let £ = R and let A : R — R be an operator
defined by Ax = x for each x € R. It is easy to see that A is maximal monotone
with A710 = {0}(# 0) and the resolvent of type (P) for r > 0 is

1
Px=—=x
T+
for each x € R. For the sequence {r,}, we consider the following three cases:
1 1
1) r,:=1, 2)r, =14 —, 3)rni=1—
(1) r @ ra=1+- () —
for each n € N. It is also easy to see that lim,_,, 7, = 1 in all cases. Let

xo €]0,00[, C1 = D1 = R, x1(= Pg,x0) = g, and uy €]0,z0]. Then, in the case
where {r,} is (§) (j = 1,2, 3), we see that for each n € N,

Yo = 0 tp,  Cpar =] =00, apun], g1 = i u, < ol ju,_,
[agj)ul, Uy [ U]ul, 2z — ozgj)ul] (n=1),
Doy = @, @
[ty 0 1 | (n=2,3,4,...),
Upt1 = c(j)un €Dnt1, 0<uptr <u, <z
2 1 9 1 n n+1
here ¢ = 2 @ =2 B = = W2 @& _ _ % 19 =
WHERe © 3 97 € 13" ¢ 90 @ mt1 e m+1

for each n € N.
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Now, we present the following algorithm for finding a zero point of A as demon-
strated in Example 7.1.
Algorithm for the case where {r,} is (j) ( =1,2,3)
Step 1: Choose xg €]0,00[ and w1 € ]0,z0]. Put 1 := zo.
Step 2: Update x,,41 := aglj)un and uy4q = Dy,
Step 3: Put n:=n+ 1 and return to Step 2.
We first test for differences in the behavior of x,, and u,, for each case (j) of the
sequence {ry, }, where j = 1,2, 3. The initial point is chosen to be (zg,u;) = (10, 10),
and the results of this algorithm are shown in Figures 1 to 3.

10 T T T T T T T T T
59 —e— The behavior of x,, |
g ? —m— The behavior of u, | |
2

= 6
8 5
T 4
- )
?
2 4 6 8 1012 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42
Step n
FIGURE 1. In the case where r,, =1 and (z¢,u1) = (10, 10)

10

S 9 —e— The behavior of z,, | |
g g i —m— The behavior of u, | |
3
c 6
B 5
T 4
g 3
% 2
GO
0
2 4 6 § 10 12 14 16 18 20 22 24 26
Step n
FIGURE 2. In the case where r, = 1 + % and (z¢,u1) = (10, 10)

10 T T I I I I I I I T T
59 —e— The behavior of z,, | |
= ? —a— The behavior of w,, | |
2

c 6
8 5
T 4
g 3
= 2
S

0

2 4 6 810121416 1820 22 24 26 28 30 32 34 36 38 40 42 44 46

Step n

FIGURE 3. In the case where r,, =1 — n%_l and (zg,u1) = (10, 10)
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Furthermore, the respective behaviors of x,, and w, are compared in three cases
of the sequence {r,}, and the results of this algorithm comparison are shown in
Figures 4 and 5.

10
9
8
g 7
w0

2 4
s 3
> 2
1

0 2 4 6 8 10121416 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46

Step n
FIGURE 4. The behavior of z,, in the case (xo,u1) = (10, 10)

10
9
8
S 7
5 6
w5
£ 4
s 3
> 2
1
0

2 4 6 8 10121416 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46
Step n
FIGURE 5. The behavior of u,, in the case (xg,u;) = (10, 10)

Table 1 shows the calculation results for sequences {z,} and {u,} in the case
where {r,} is (j) (j = 1,2,3), where the initial point is (zg,u;) = (10,10). The
numbers in Table 1 are rounded to the seventh decimal place.
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TABLE 1. The values of sequences {z,} and {u,}

Ln Un

Step case (1) case (2) case (3) case (1) case (2) case (3)
1 10.000000 10.000000 10.000000 | 10.000000 10.000000 10.000000
2 5.000000  3.333333  6.666667 | 6.666667  5.000000  6.923077
3 | 3.333333  2.000000 4.153846 | 4.444444  2.500000  4.792899
4 2.222222  1.071429  2.738800 | 2.962963  1.250000  3.318161
) 1.481481  0.555556  1.843423 | 1.975309  0.625000  2.297188

25 | 0.000446  0.000001 0.001083 | 0.000594  0.000001  0.001470
26 | 0.000297  0.000000  0.000749 | 0.000396  0.000000 0.001017

41 | 0.000001  0.000000  0.000003 | 0.000001  0.000000  0.000004
42 | 0.000000  0.000000  0.000002 | 0.000001  0.000000  0.000003
43 | 0.000000  0.000000  0.000001 | 0.000000  0.000000  0.000002
44 | 0.000000  0.000000  0.000001 | 0.000000  0.000000  0.000001
45 | 0.000000  0.000000  0.000001 | 0.000000  0.000000  0.000001
46 | 0.000000  0.000000  0.000000 | 0.000000  0.000000  0.000001
47 | 0.000000  0.000000  0.000000 | 0.000000  0.000000  0.000000

From these comparisons, both z,, and u,, converge in the fewest number of steps
in case (2). Next, for case (2) of the sequence {r,}, we choose the initial points
(xo,u1) = (10,10), (5,5), (1, 1) to test the effect of the initial points on the solution.
The behavior of x, and w, for this algorithm is shown in Figures 6 and 7.

Table 2 shows the calculation results for sequences {z,} and {u,} in the case
where {r,} is (2) with initial points (zg,u1) = (10,10), (5,1),(1,1). The numbers
in Table 2 are rounded to the seventh decimal place.

—

ORNWHE IO O

Values of z,,

2 4 6 8 10 12 14 16 18 20 22 24 26
Step n
FIGURE 6. The behavior of x,, in the case r,, =1+ %
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—_

OCHENWETIOOJ0O O

Values of u,,

2 4 6 8 10 12 14 16 18 20 22 24 26
Step n
FIGURE 7. The behavior of x,, in the case r,, = 1+ %

TABLE 2. The values of sequences {z,} and {u,} in case (2)
T, Un,

(10,10)  (5.5) (LD | (10,100 (5,5 (LD
10.000000 5.000000 1.000000 | 10.000000 5.000000 1.000000
3.333333  1.666667 0.333333 | 5.000000 2.500000 0.500000
2.000000 1.000000 0.200000 | 2.500000 1.250000 0.250000
1.071429 0.535714 0.107143 | 1.250000 0.625000 0.125000
0.555556  0.277778 0.055556 | 0.625000 0.312500 0.062500

Step

Tk W N =

21 | 0.000009 0.000005 0.000001 | 0.000010 0.000005 0.000001
22 | 0.000005 0.000002 0.000000 | 0.000005 0.000002 0.000000
23 | 0.000002 0.000001 0.000000 | 0.000002 0.000001 0.000000
24 | 0.000001 0.000001 0.000000 | 0.000001 0.000001 0.000000
25 | 0.000001 0.000000 0.000000 | 0.000001 0.000000 0.000000
26 | 0.000000 0.000000 0.000000 | 0.000000 0.000000 0.000000

Finally, we provide an example for the case where the procedure is stopped.

Example 7.2. In Theorem 3.3let £ = R, let A C R x R be an operator defined
by

1 x>0
Az =< [-1,1] z=0 (7.1)
-1 z <0

and let {r,} be a sequence defined by r, =1 for each n € N. It is to see that A is
maximal monotone with A=10 = {0}( () and the resolvent of type (P) for 1 is

r—1 z>1
Pz = 0 —1<x<1 . (7.2)
r+1 r < —1

Let g €]1,00[, C1 = D1 = R, x1(= Pc,x0) = o and uy € |3,1]. From (7.2), we
see that
y1 =0, Co :]—0070}, o =0, Dy = [O,U1[U}U1,2(E0].
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We can find uy € }0, Up [ C Ds. Similarly, we see that
Y2 = 0, 03 ::I—O0,0:I, x3 =0, D3 = {O}
We can only find ug = 0 € D3. Finally, we see that
Y3 :07 C’4 :]70070]7 Ty = 03 D4 :Q]

So, the procedure is stopped. In fact, we see that uz = 0 € A~'0. Furthermore, as
in the proof of Theorem 3.3, we find that ug_; = xp_1 = z, when Dy, # () for some
k € N. We also see that uz = x3 = x4 =0.

Remark 7.3. We note that Examples 7.1 and 7.2 are instances of Theorems 4.3
and 5.1. In Example 7.1, the resolvents of types (P) and (Q) are identical, which
means that Example 7.1 is an instance of Theorem 4.3. Furthermore, the duality
mapping J is the identity mapping on R. If B := A, then the resolvents of types
(P) and (R) coincide, which means that Example 7.1 is an instance of Theorem 5.1.
Example 7.2 can be shown in the same way.

We also note that Examples 7.1 and 7.2 are instances of Corollaries 6.1, 6.2 and
6.3. In fact, let £ = R and define a function f : R — R by f(x) = 3?2 for each
x € R. We see that df = A, where the operator A is the one that appears in
Example 7.1, which means that Example 7.1 is an instance of Corollaries 6.1, 6.2
and 6.3. Furthermore, let £ = R and define a function f: R — R by f(z) = |z|
for each z € R. We also see that df = A, where the operator A is the one that
appears in Example 7.2, which means that Example 7.1 is an instance of Corollaries
6.1, 6.2 and 6.3.

8. CONCLUSIONS

In this paper, we considered proximal-type algorithms for finding a zero point
of maximal monotone operators defined on a Banach space. We deal with three
different types of resolvent operators, which are called the resolvents of types (P),
(Q), and (R). We obtained strong convergences for each iterative scheme generated
by the shrinking projection method with allowable ranges [29] in a Banach space.
Using our results, we discussed our results for finding a minimizer of a convex
function defined on a Banach space. Finally, we provide some examples to support
the main theorems.

In the original result [29] of the shrinking projection method with allowable
ranges, a strong convergence theorem was obtained for finding a fixed point of
mappings of type (P) in a Banach space. The resolvents of type (P), (Q), and (R)
are mappings of type (P), (Q), and (R), respectively. It would be interesting to use
our work for fixed point approximations for mappings of types (Q) and (R), which
are generalizations of firmly nonexpansive mappings defined on a Hilbert space.
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