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1. INTRODUCTION AND PRELIMINARIES

A metric space (X, d) is called an ultrametric space if the metric d satisfied the
strong triangle inequality; i.e., for all z,y, 2z € X:

d(z,y) < max{d(x, z),d(z,y)}

In this case, d is called ultrametric [2].
We denote by B(z, ), the closed ball

B(z,r)={y € X : d(z,y) <r}

where z € X and r > 0 with B(z,0) = {z}. Also, we have the characteristic
property of ultrametric spaces is the following:
fr,ye X, 0<r<sand B(z,r)B(r,s) #0, then B(z,r) C By, s).
An ultrametric space (X, d) is said to be spherically complete if every shrinking

collection of balls in X has a nonempty intersection. In 2001, Gajic [2] obtained a
fixed point theorem with uniqueness for the mapping having the property:

d(Tz,Ty) < max{d(x,y),d(z, Tx),d(y,Ty)}, v,y € X, #y.
Then, in [3], Gajic extended this result for multivalued mapping such as:
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Theorem 1.1. Let (X,d) spherically complete ultrametric space. If T : X — 2)0(
is a mapping such that for any x,y € X, x # vy,

H(Tx, Ty) < max{d(z,y),d(z, Tx),d(y, Ty)}.
Then T has a fized point [3].

After Gajic and Popa [10] presented a general fixed point theorem in ultramet-
ric spaces for mappings satisfying an implicit relation. Kirk and Shahzad [4] gave
several similarities between ultrametric space and hyperconvex metric space. Also,
they give some fixed point results. Furthermore, Mamghaderi and Masiha [6] intro-
duced some generalizations of several well-known fixed point theorems for mappings
defined on an ultrametric space and non-Archimedean normed space which are en-
dowed with a graph.

Then, in [1], Acar gave some fixed point results combined F'—contraction and
rational type contraction. For more, information see ([7], [9], [3]).

In this paper, we give some fixed point results using different types of contractions
with special functions.

2. MAIN RESULTS

In this section, we give some fixed point results for integral type mapping on
spherically complete ultrametric space. The functions of class ¢ that we use in the
following theorems are taken from the article [5].

Theorem 2.1. Let (X, d) be a spherically complete ultrametric space and T : X —
2g is a generalized multivalued integral type I mapping if, Vr,y € X,

o [ e ettat) <o | e ettar) ~o( | e e0at),  (21)

where (@, $,1) € Py X Pg X Pg

D1 ={p:¢: Rt = R*, is Lebesque integrable, summable on each compact subset

of Rtand [; o(t)dt > 0 for each e > 0},

Py = {p:p:RT = RY, satisfied that liminf ¢(a,) > 0 < liminfa, > 0 for each
n— oo n—oo

{an}nGN - R+}7

D3 ={p:¢:RT = RT is nondecreasing continuous and p(t) =0 <t =0}

and

M(z,y) = max {d(x, y), D(x, Ta), D(y, Ty), 2@ TDPW Ty) Dl T2)Dly, Ty) }

L+d(z,y) = 1+ H(Tz,Ty)
Then T has a fized point.
Proof. Let B, = B(a, D(a, Ta)) is the closed sphere with centered at o and radius

D(a,Ta) = infserq d(a, s) and let 2 be the collection of these spheres for all « € X.
The relation

%aj%ﬁ iﬂ‘ng%a

is a partial order on 2. Let 2, be a totally ordered subfamily of 2. Since X is
spherically complete,

U B, = B £ 0.
B,eAq
Let 8 € B and B, € ;. Clearly, 8 € 9B, thus

d(8,a) < D(a,Ta).
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Take u € T such that d(a,u) = D(a, Te). (since T is a nonempty compact set).
Now, if o = 3, it is obvious that B, = Bg. We can say o # 3, x € B and

d(e,0) < DS, TH) < inf d(5,0)
< max {d(ﬁ, a),d(a, u), ieanﬁ d(u, v)}
<max{D(a,Ta), HTa,TH)}.

Using (2.1) and (¢, ¢, 1) € $1 X Py x P3, we conclude that, all a, 5 € X

D(a,Ta)D(B,TB) D(a,Ta)D(B,TB
/max{d(a,ﬁ),D(a,Ta),D(B,Tm, («.T2)D(5.T5) D(a.Te)D(S.T)

@(t)dt)
<

So, we get

D(B,TB) H(To,TS) max{D(«,Ta),D(B,T83)}
d d dt ).
T e e R e(0ar)

If D(o,Tar) < D(B,Tp), then we obtain

o[ ) <ol [ o)

which is a contradiction. Hence, it must be

o [ B ettat) <o | e f(0at).

Also, using the ¢ € ®; and 9 € $3, we get
H(To,TB) < D(a, Te).
Now, for any = € Bg,
d(z,8) < HTa,TB) < D(a, Tav),
so x € B,, Bg C B, for any B, in A,. Thus By is the upper bound for the
collection 2, in A and we can say that, from Zorn’s lemma, 2 has a maximum

element say B, for some z € X. Now, show that z € Tz. Assume that z ¢ Tz,
2~ €Tz, z# 2z~ and d(z,2™) = d(z,T%). We must show that B,~ C B,. Using
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(2.1) and (@, ¢, 1) € P1 x Py x P3, we conclude that

(/D(z ,TzN)w(t)dt>
( H(Tz,Tz™) (p(t)dt>

ool

o[ o)
(

=1

<
max {d(z 27),D(2,T2),D(2~,Tz™), 2ETDRE =) DETODE T2
< / o(t)dt
0
max{D(z,Tz),D(z™~,Tz")}
<1/)(/ <p(t)dt>.
0

So, we have

D(z~,Tz7) H(Tz,Tz") max{D(z,Tz),D(z~,Tz")}
o [ star) <u( [ ettar) <o | o(0ar).

If D(2,Tz) < D(z~,Tz"™), then

o [ e ear) <o [ e o(0at).

which is a contradiction. Hence, it must be

w(/OH(Tz,TZN) go(t)dt) < w</0D(z,Tz) @(t)dt)

Since, using the p € ®; and ¥ € ®3, we have

D(z~,T2~) < D(2,Tz).
Now if y € B ,~, then

d(y,z~) < D(z7,Tz~) < D(2,T%)
and, for z € X,
d(y,z) < max{d(y,z"),d(z~,2)} < D(z,T=z),

which implies y € %5,. Hence B,~ C B,. Since

D(z~,Tz~) < D(z,Tz)

implies z ¢ B,~. Therefore B, & B,~. This is a contradiction to the maximality
of B,~. Then z € Tz and z is the fixed point of T. This completes the proof. [

Corollary 2.1. Let (X,d) be a spherically complete ultrametric space and T : X —
Zé( is a generalized multivalued integral type I mapping if

(Tz,Ty) d(z,y) d(z,y)
w(/OH ’ go(t)dt) sw(/o ’ w(t)dt) —¢>(/O ’ ga(t)dt), Va,y € X,

where (p, ¢, 1) € 1 x Po X P3. Then T has a fized point.
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Theorem 2.2. Let (X,d) be a spherically complete ultrametric space and T : X —
2X is a generalized multivalued integral type 11 mapping if, Vo,y € X,

¢( / e w(t)dt) < a~<M<z,y>>w( / e w(t)dt), (2.2)

where (p, 1, a™) € P1 X P3 X Py

&1 ={p:p:RT = RY, is Lebesque integrable, summable on each compact subset

of Rtand [; o(t)dt > 0 for each e > 0},

&3 ={p:¢@:RT = RT is nondecreasing continuous and p(t) =0 < t =0}

D5 ={a~ :a~ : Rt —[0,1) satisfies that limsup a™(s) < 1 for each t > 0} and
s—t

M(x,y) = max {d(x, y), D(z, Tx), D(y, Ty), D(z,Tz)D(y, Ty) D(z,Tz)D(y,Ty) }

1+d(z,y) = 14+ H(Tz,Ty)
Then T has a fized point.

Proof. Let B, = B(a, D(a, T)) is the closed sphere with centered at o and radius
D(a,Ta) = infserq d(a, s) and let A be the collection of these spheres for all « € X.
The relation

B, = By iff%ﬁg%a

is a partial order on 2A. Let 2; be a totally ordered subfamily of 2. Since X is
spherically complete,

U Ba=B#0.
Bo€Ay
Let 8 € B and B, € 2;. Clearly, 8 € 9B, and

d(B,a) < D(a, Tw).

Take u € T such that d(a,u) = D(a, Te). (since T is a nonempty compact set).
Now, if is a = 3, it is obvious that B, = Bz. We can say a # 5, x € Bg and

d(z,8) < D(B.TH) < int d(B.v)

< inf

< max (3, 0). o). inf dlu)
< max{D(a,Tea), HTa,TH)}.

Using (2.2) and (¢, ¢, ™) € $1 x P35 x Ps, if follows that

o [ B (et

gaN(M(a,mw( / e w(t)dt>

/max{d(a,ﬁ),D(a,Ta>,D(ﬂ,Tﬂ>D(”'T“”“'T‘” Dl o)

T+d(a,B) T I+ H(Ta,TB)

Sa”(M(a,ﬂ))w( 0

max{D(«,Te),D(B8,TB)}
<o | (0t

0

<p(t)dt>

for all o, 8 € X. So, we get

D(B,TB) H(To,TB) max{D(«,Te),D(B8,TB)}
d d dt).
zb(/ o) t) gw(/o o) t) <w(/0 o) t)
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If D(o,Tar) < D(B3,Tp), then

w( / e o0t < w( / e 0at).

which is a contradiction. Hence, we have

o [ B ettar) <o | Ve o(0at).

Since p € & and ¢ € D3,
H(T«a,TB) < D(o, Ta).
Now, for any x € Bg,
d(z,B) < HTa,TB) < D(a, Tax).

This follows that € B, and Bz C B, for any B, in A,. Thus Bg is the upper
bound for the collection 2, in 2 and we can say that, from Zorn’s lemma, 2l has a
maximum element say 95, for some z € X. Now, let’s show that z € T'z. Assume
that z ¢ Tz, 2~ € Tz, z # 2~ and d(z,2~) = d(z,Tz). We must show that
B.~ CB,. Using (2.2) and (¢, v, a”™) € &1 x 3 X P5, we conclude that

w(\/()\D(Z/V’TZN)(p(t)dt)
:¢(/OH(T27TZN)¢(t)dt>

<a™(M(z, z~>>w( / e w(t)dt)

D(2,Tz)D(z~,Tz~) D(z,Tz)D(z~,Tz™)

max{d(z,zN),D(z,Tz),D(zN,TzN), THaz2~) TR T T
< /

go(t)dt)

0

max{D(z,Tz),D(z~,Tz")}
<¢(/ @(t)dt).

0
So, we obtain

D(z™,Tz"7) H(T=z,Tz") max{D(z,Tz),D(z~,Tz~)}
o [ etar) <u( [ etar) <u( [ o).
0 0 0

If D(2,Tz) < D(2~,Tz"), then

w( / e w(t)dt) < w( / e w(t)dt>,

which is a contradiction. Hence, it must be

¢(/OH(TZ,TZ~) ¢(t)dt) ) w(/OD(z,Tz) (p(t)dt)

Since p € ®; and ¥ € P53, we have
D(z~,Tz") < D(2,T%).
Now if y € B,~, then
d(y,z™~) < D(z~,Tz~) < D(z,Tz)
and, for z € X,
d(y,z) < max{d(y,z~),d(z"~,2)} < D(z,T%)
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which implies y € %,. Hence B,~ C 9%,. Since
D(z~,Tz") < D(z,Tz),

then z ¢ B ,~. Therefore B, & B,~. This is a contradiction to the maximality of
B.~. Then z € Tz and z is the fixed point of T. This completes the proof.
O

Corollary 2.2. Let (X,d) be a spherically complete ultrametric space and T : X —
2X is a generalized multivalued integral type 11 mapping if

o [ e et0a) < e [ o PO, Yoy € X

where (p, 1, a™) € @1 X 3 X P5. Then T has a fized point.

Theorem 2.3. Let (X, d) be a spherically complete ultrametric space and T : X —
2é{ is a generalized multivalued integral type 111 mapping if, Vx,y € X,

o [ e p(tat) < (o | e (0t

T8 (M(z, )0 ( / e @(t)dt>,

where (p, 1, p) € D1 X O3 X Py and (a™,87) € Dy,

&1 ={p:p:RT = RY, is Lebesque integrable, summable on each compact subset
of Rtand [; o(t)dt > 0 for each e > 0},

@3 ={p:¢:RT = RT is nondecreasing continuous and p(t) =0 <t =0}

Dy ={p:¢:RT = RT satisfies that ¢(0) = 0},

b6 = {(a™,8~) ™, 5~ : RT — [0,1) satisfy that

(2.3)

limsup 87~(s) < 1, limsup 13‘;9()5) <1
s—0t s—tt

and o™ (t) + 5~ (t) < 1 for each t > 0} and

Mz, y) = max {d(m,w,D(x,Tx), D(y, Ty), 2@ T0)Dw Ty) D@, T2)Dly. Ty) }

l+d(z,y) '~ 1+ H(Tz,Ty)

o(t) < (1), (2.4)
for allt > 0. Then T has a fixed point.
Proof. Let B, = B(a, D(o, Ter)) is the closed sphere with centered at o and radius

D(o, Ta) = infserq d(ev, s) and let A be the collection of these spheres for all o« € X.
The relation

B, X By iff Bg C B,

is a partial order on 2. Let 2(; be a totally ordered subfamily of 2. Since X is
spherically complete,

U B.=B#0.

B,eUAL
Let 8 € B and B, € ;. Clearly, 8 € 9B, thus

d(8,a) < D(a,Tav).
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Take u € Ta such that d(a,u) = D(a, Tar). (since T is a nonempty compact set).
Now, if is a = 3, it is obvious that B, = Bz. We can say o # 3 and x € Bz which
implies that

d(x.8) < D(B.TH) < inf d(B.v)

< max { (5. a).d(o ), inf d(uo) |
< max{D(a,Ta), HTa,TH)}.

Using features of multivalued, (2.3), (2.4) and (p, 1, @) € 1 xP3x P4 and (o™, 8™) €
®g, we conclude that,

v ( / e et

<o~ (arta, o | e otyat) + 5~ (orta 5y | e o)t
<o~ ( / e ottt + =0t o [ e )i
< f‘ ( OD(Q e dt)

<1_N w(ODaTa do

(e Ta)
<¢< dt)

Since p € ¢ and ¢ € Pg,

%

H(Ta,TP) < D(a, Te).
Now, for any x € Bg,
d(z,8) < HTa,TB) < D(a, Tax).

So z € B, and Bg C B, for any B, in A,. Thus By is the upper bound for
the collection 2, in 2 and we can say that, from Zorn’s lemma, 2 has a maximum
element say %, for some z € X. Now, show that z € Tz. Assume that z ¢ Tz,
~eTz z# 2~ and d(z,2~) = d(z,Tz). We must show that B,~ C B,. Using
(2.3), (2.4) and (¢,v, ¢) € P1 X P35 x &4 and (a™, 5~) € $g, we conclude that

o [ e e(tat)
_w</OH(Tz,Tz~) gp(t)dt)

sw(M(z,m)as( / e e(0at) + ﬁ~<M(z,z~>>w( / e )gou)dt)

<a™(M(z, z~>>¢( / e @(t)dt) + B (M(z, ) ( / e <p(t)dt>
o~ (M(>

<t 5areay( /OD(ZVTZ) olot)
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Since is p € ®; and ¢ € P3, we have

D(z~,Tz™) < D(z,Tz).
Now if y € B ,~, then

d(y,z~) < D(z~,Tz~) < D(2,Tz)
and, for z € X,
d(y,z) <max{d(y,z"),d(z"~,2)} < D(z,Tz)

which implies y € %,. Hence B,~ C %3,. Since

D(z~,Tz~) < D(z,Tz)

implies z ¢ B,~. Therefore B, & B,~. This is a contradiction to the maximality
of B,~. Then z € Tz and z is the fixed point of T'. This completes the proof. [J

Corollary 2.3. Let (X,d) be a spherically complete ultrametric space and T : X —
2)0( s a generalized multivalued integral type 111 mapping if

w( / e go(t)dt) < a~<d<x,y>>¢( / e w(t)dt>
D(y,Ty)
+ﬁ~<d<x,y>>¢( / so(t)dt), Va,y € X,

where (p, 1, p) € 1 x B3 X Py and (o™, 5~) € Dg. Then T has a fized point.

Example 2.4. Let X =[0,(1/2)] U {1} U {3} be endowed with the ultrametric

d(z,y) = max{z,y}, = #y,

( ) =0eo= Y,

d(z,0) ==z
Assume that 7 : X — 28 and ¢, ¢, : R — R are defined by
{0,2} , vzelo,3],
T(x) = {0} , x = 1, )
{1} , r=3.

1/2 ., Vtelo,1],
“D(t){ /1 , Vte([l,og). ’

N

o vtelo,1],

t)=< 4% )
¢ (t) { % , Vte(1,00).
t , Vtelo,1]

Wt):{ £41 vt e (1,00).

Clearly, d is an ultrametric on X and (p, ¢, 9) € @1 X Py X P3. Let z,y € X
with < y. In order to verify (2.1), we have to consider following four cases.
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Case I: Let 2,y € [0, %] Then we have

H(Tz,Ty) %
w( / @(t)dt) _ w( / w(t)dt>
3

-+(3)
13
=3
P S
- 2 8
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Case IV: Let x =1 and y = 3. Then we have

w([f“%I”¢@m0::¢(AI¢@m§

1
”(4)
_1
!
2 2
<y +1_y7
= 2 8

=w<AMmmwww)—¢<AM@ww@ﬁ)

As aresult, (2.1) holds. So, T is a generalized multivalued integral type I mapping
and also T has a fixed point such that z = 0 € T{0}.

Example 2.5. Let X = [§,1]U[2,2] be endowed with the ultrametric

d(a@y):maux{glj y}’ T # Yy,

273

d(z,y) =0&x =y,
X
d(z,0) = =.
(,0) 5

Assume that T : X — 2% and ¢, ¢, : Rt — R* and o™, 5~ : RT — [0,1) are
defined by

1
731a
i3]

2

)

_f A{o,1} , Vvze
T(””‘{ (£} | vre

go(t):{Zt, Vi e RT | ¢(t)={16t2, VteRT ¢(t):{4t2, Vvt € R+

2
o~ ()= {ge VIERT | B0 ={ghm VERY

Clearly, d is an ultrametric on X and (¢, ¢, 1) € &1 X P3 X Dy, (o™, 5~) € 4. Let
z,y € X with < y. In order to verify (2.3), we have to consider following three
cases.

Case I: Let z,y € [3,1]. Then we have

1

¢< /O e ap(t)dt) - ¢< /0 ’ 2tdt)

Il
7 N
e~ =
~__

IA

+
&=

Ol NP &
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)2
Sa~maay»¢<AD@j@w@wQ

+ﬁ~@ﬂzw»w<AD@Iw¢@mﬁ.

Case II: Let 2,y € [2,2]. Then we have

w( /0 H(Tm’Ty)w(t)dQ - ¢( /O : 2tdt>
i

y4

T 64
4x4y n Y
T (y+1)? 0 2y +1)8

ML) (L

D(a: Tx)

Sawmﬂ%y»¢< f)dt

+B”Mﬂwwbw< v dQ

Case III: z € [3,1] and y € [2

v ( /0 e so(t)dt) — ( /0

6

2]. Then we have

2tdt>

N

SWrDE 2t

(e[ ) (0[]

<a~@ﬂ%y»¢(AD@jﬂ@@mQ
+ B (M (2, ) ( /O e <p(t)dt> .

As aresult, (2.3) holds. So, T is a generalized multivalued integral type I1] mapping
and also T has a fixed point such that x =1 € T{1}.

3. CONCLUSION

In this paper, we obtain some fixed point theorems using different type contrac-
tions with special functions and give an example to illustrate our results. Moreover,
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we also showed that the obtained results are a generalization of the results existing
in the literature.

10.
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