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ABSTRACT. In this paper, we illustrate the best proximity point theorems in com-
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1. INTRODUCTION

In 1922, Banach proved that if (X,d) is a complete metric space and the
mapping T satisfies Banach contraction mapping principle, then T has a unique
fixed point, that is T'(u) = u for some u € X. Since the results of Banach, many
authors have been studying fixed point and best proximity points of mappings in
metric spaces. Their reseach are still being studied in many directions. In 1999,
Suzuki [15] introduced the concept of 7-distance on a metric space, which is a gen-
eralized concept of w-distance. They also improve the generalizations of the Banach
contraction principle, Caristi’s fixed point theorem, Ekeland’s variational principle,
including they discuss the relation between w-distance. In 2015, Khojasteh et al.
[10] introduced the simulation function. Recently, simulation function have been
used to study the best proximity points in metric spaces (see [12, 14, 2]).

In 2018, Kosti¢ et al.[2] introduced a special type of w-distance, the wy-distance,
to extend best proximity results of Tchier et al. [14] involving simulation functions.
In this paper, we generalize some best proximity points results in metric spaces
involving simulation functions with 7-distance.

In this paper we prove the best proximity point results involving simulation
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functions with 7-distance, given by 7-distance is lower semicontinuous in its first
variable.

2. PRELIMINARIES

Here we recall some definition and some example of the simulation function

([1, 9, 10, 11, 12, 14]).

Definition 2.1. [1] Let ¢ : [0,00) x [0,00) — R be a mapping. Then ¢ is called a
simulation function if it satisfies the following conditions:

(¢1) C(t,s) <s—tforallt,s >0

(Co) if {t, }, {sn} are sequences in (0, o) such that lim, o t;, = lim, o0 S5, > 0 then

lim sup {(ty,, sn) < 0.
n—oo
In 2015, Khojasteh et al.[10] introduced the simulation function as a mapping
¢ :[0,00) x [0,00) — R satisfying ((0,0) = 0 alongside the conditions (¢;) and
(¢2) of Definition 2.1. On the other hand, Argoubi et al. [1] slightly modified the
definition of Khojasteh et al. [10] by removing the condition ¢(0,0) = 0. In this
paper, we use a modified definition of Argoubi et al. [1].

The set of all simulation functions will be denoted by 2.
The following, we recall some examples of simulation functions.

Ezample 1.1 [9] Let ¢; : [0,00) % [0,00) = R,i =1,...,6 be defined by

1. Gt x) =(s) — ¢(t) for all t, s € [0,00), where ¢, : [0,00) — [0,00) are
two continuous functions such that ¢(t) = ¢ (t) = 0 if and only if ¢ = 0 and
P(t) <t < @(t) for all t > 0.

2. (aoft,s) =s— gg:;t for all ¢, s € [0,00), where f,g: [0,00)* = (0,00) are
two continuous functions with respect to each variable such that f(¢,s) >
g(t,s) forallt,s >0

3. (3(t,s) = s—p(s) —t for all t,s € [0,00), where ¢ : [0,00) — [0,00) a
continuous function such that ¢(t) = 0 if and only if ¢ = 0.

4. If ¢ : [0,00) — [0,1) is a function such that limsup,_,,, ¢(t) < 1 for all
r > 0 we define

Ca(t, s) = sp(s) —t for all t, s € [0, 00).
5. If p : [0,00) — [0,00) is an upper semi-continuous mapping such that
n(t) <t for all ¢ > 0 and n(0) = 0, we define
Cs5(t, s) =n(s) —t for all t,s € [0, 00).
6. If ¢ : [0,00) — [0,00) is a function such that [; ¢(u)du exists and
fOE ¢(u)du > ¢ for each € > 0, we define
Co(t,s) =s— fot ¢(u)du for all t,s € [0,00).

It is easily verified that each function (;(i = 1, ...,6) is the simulation function.
Definition 2.2. [2] A nonself mapping T : A — B is said to be a Z-p-proximal
contraction of the first kind if there exists ( € 2 such that

d(u,Tz) = d(A, B) -
=
d(u, Ty) = d(A, B) [ = S 0),p(z.9) =

for all u,v,z,y € A.
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Definition 2.3. [2] A non-self-mapping T : A — B is said to be a Z-p-proximal
contraction of the second kind if there exists ( € £ such that
d(u,Tx) = d(A, B)

d(u, Ty) = d(4, B)} = ((u(Tu, Tv), p(T,Ty)) > 0

for all u,v,x,y € A.

In the case p = d, the notaion of Z-p-proximal contraction are reduced to Z-
proximal contraction of Tchier et al. [14].

In Definition 2.2, if the simulation function ¢ is given by ((¢,s) = as — t for
some « € [0,1), then the mapping T is called a p-prozimal contraction of the first
kind. Moreover if p = d, then T is a proximal contraction of the first kind.

We recall the following notation:
94, ={9: g is a continuous functions from (A4, d) to (4,d) and p(x,y) < p(gz, gy) for all z,y € A}
Typ =T : T is a function from A to B and p(Tz, Ty) < p(Tgzx,Tgy) for all z,y € A}.
In the case p = d,94 , is denoted by ¥4 and J, , by 7, (see [14]).

In 1999, Suzuki [15] introduced the concept of T-distance on a metric space,
which is a generalized concept of w-distance. They gave example of the 7-distance.
Further They discuss the relation between w-distance. Kosti¢ et al.[2] introduced
the concept of wq-distance, which is slightly different to the original w-distance

of [8], in regard that the lower semicontinuity with respect to both variables is
supposed.
Definition 2.4. [15] Let X be a metric space with metric d. Then a function p

: X x X — [0,00) is called the 7-distance on X if there exists a function 7 from
X % [0,00) — [0,00) and the following are satisfied:
(11) p(z,2) < pla,y) +ply, 2) for all z,y,z € X;
(12) n(x,0) =0 and n(x,t) >t for all z € X and ¢ € [0,00), and 7 is concave
and continuous in its second variable;
(13) lim, x, = x and lim sup{n(zn, p(zn, Tm)) : m > n} = 0 imply
p(w,z) < liminf p(w, x,,) for all w € X;
n
(12) limsup{p(xn, ym) : m > n} = 0 and lim,, n(x,, t,) = 0 imply lim,, 9(y,, t,) =
0; !
(15) limy, n(2n, p(2n, £,)) = 0 and lim, (2, P(2n, yn)) = 0 imply lim,, d(z,, yn) =
0
We may replace (75) by the following (75)’

(r2)" inf{n(z,t) : t > 0} = 0 for all z € X, and 7 is nondecreasing in its second
variable.

We recall some properties of 7-distance. Let X be a metric space with metric
d and let p be a 7-distance on X. Then a sequence {z,} of X is called p-Cauchy
if there exists a function 7 from X x [0,00) — [0, 00) satisfying (72) — (75) and a
sequence {z,} of X such that limsup{n(z,, p(zn,Zm)) : m > n} = 0.
n

We recall the following lemma, which can be found in [15].

Lemma 2.5. [15] Let X be a metric space with metric d and let p be a T-distance
on X. If {x,} is a p-Cauchy sequence, then {x,} is a Cauchy sequence. Moreover,
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if {yn} is a sequence satisfying Um sup{p(zn,ym): m > n} =0, then {y,} is also a
n

p-Cauchy sequence and lim,, d(z,,y,) = 0.

Lemma 2.6. [15] Let X be a metric space with metric d and p be a T-distance

on X. If a sequence {x,} of X satisfies lim, p(z,x,) = 0 for some z € X, then

{z,} is a p-Cauchy sequence. Moreover, if a sequence {y,} of X also satisfies

lim,, p(z,yn) = 0, then lim, d(x,,yn). In particular for x,y,z € X, p(z,2) =0 and

p(z,y) =0 imply z = y.

Lemma 2.7. [15] Let X be metric space with metric d and let p be a T-distance on

X. If a sequence {x,} of X satisfies limsup{p(xn,xm): m >n} =0, then {x,} is
n

a p-Cauchy sequence. Moreover if a sequence {yn} of X satisfies lim,, p(xn,yn) =0,
then {yn} is also a p-Cauchy sequence and lim,, d(x,,y,) = 0.

Let (X, d) be a metric space, A and B two nonempty subsets of X and T : A — B
a non-self-mapping. The following notations will be used throughout the paper.
d(A, B) =inf{d(z,y) : z € A,y € B};
d(y, A) = inf{d(z,y) : v € A} = d({y}, A);
Ag ={x € A:d(z,y) = d(A, B) for some y € B};
By ={y € B:d(z,y) = d(A, B) for some = € A}.
Throughout this paper, the set of all best proximity points of a non-self mapping
T : A — B will be denoted by
Best(T) ={xz € A:d(z,Tz) = d(A, B)}.
If g: A— A, then we have
BY,(T)={zx € A:d(gz,Tz) = d(A, B)}.

est
3. MAIN RESULTS

Let (X,d) be a metric space, p : X x X — [0,00) a 7-distance on X, and
let A and B be two nonempty subsets of X (which need not be equal). For every
z,y € X,

w(x,y) := max{p(z,y), p(y, )}
It is easily checked that the function p : X x X — [0, 00) has the following properties,
for all z,y, 2z € X;
(1) plz,y) =0=z=y;
(2) p(z,y) = py, ), i.e. pis symmetic;
(3) w(z,y) < p(z,z) + p(z,y), i.e. p satisfies the triangle inequality.

Lemma 3.1. Suppose that {x,} is sequence such that lim, u(x,,Tp41) = 0. If

limy, (0, ) # 0, then there are € > 0 and two subsequence {z,,} and {z,, }
of {xn} such that limg p(zn,, Tm,) = img p(Tn,41, Tmyet1) = €.

Next, we prove our main results.

Theorem 3.2. Let A and B be two nonempty subsets of a complete metric space
(X,d) with a T-distance p, such that Ay is nonempty and closed. Let p(-,x) :
X — [0,00) be lower semicontinuous for any x € X. Suppose that the mappings
g:A— Aand T : A — B satisfy the folowing conditions:

(a) T is a Z-p-proximal contraction of the first kind;
(b) g €Gap;
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(c) Ag C g(Ao);

(d) T(Ap) C By.
Then there exists a unique element © € Ay such that d(gx,Tx) = d(A,B) and
p(z,x) = 0. Moreover, for any initial xg € Ag there exists a sequence {x,} C Ay
converging to xz, such that d(gx,+1,Tx,) = d(A, B) for alln € NU{0}.

Proof. Let xg € Ag. Since T(Ap) C By and Ay C g(Ap), there exists x; € Ag such
that

d(gx1,Txo) = d(A, B).
Again, since Tz is an element of T'(Ag) which is contained in By, and Ay is con-
tained in g(Ayp), it follows that there exists o € Ag such that

d(gzo,Tz1) = d(A, B).
This process can be continued, for any z, € Ag it is possible to find z,11 € Ay
such that
d(gxpy1, Tx,) = d(A, B).

If there exists ng € N such that p(zp,,Tn,—1) = 0, then ,,—1 = x,,, which
implies that d(gxn,—1,TTn,—1) = d(A, B). That is, 2,,,—1 is a best proximity point
of T" under mapping g.

Assume that p(z,, 2,—1) > 0foralln € N. Since g € 94 p,, we have p(gz,, grn—1) >
0 for all » € N. Since T is a Z-p-proximal contraction of the first kind and g € ¥4 ,
we obtain

0 S C(M(gmn+1agxn)a M($n7$n71)> < M(xnyxnfl) - :u(ganrl,gxn)
S /J,(J?n, xn—l) - ,u(xn-‘rla -rn)~ (31)
Thus
(@1, Tn) < (T, Tn-1),¥n € N. (3.2)
This implies that the sequence {p(zn,xn—1)} is decreasing and so there exists
lim p(zn, p_1)=12>0. (3.3)
n—oo
Suppose that r > 0. From (3.1),

/L(ganrlv gxn) S ,u(xm xnfl)
for every n € N. On the other hand, g € ¥4, and hence

N(mn+17xn) < N(gxn+lvgxn) < N(xmxn—l)
for all n € N. Let n — oo,

lim pu(gxni1, gen) =1 (3.4)
n—oo
Now, using the simulation function property (¢2) we obtain
0 < limsup C(M(ganrla gmn)7 ,u(ajn7 xnfl)) <0
n—oo

which is a contradiction. Hence we have r = 0 which imples that

nl;ngo (@, Tn_1) = 0. (3.5)
Now, let us prove that
m}%ri)loou(xn,xm) = 0. (3.6)
If (3.6) is not true, then
lim p(zy,xm) #0. (3.7

m,n— oo
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From Lemma 3.1, then there exists € > 0 and two subsequence {z,, } and {z,,, } of
{zn} such that

lim p(zn,,zm,) =¢. (3.8)
k—oo
and
Wm (@41, Ty 41) = €. (3.9)
k—o0

We can assume that (2, 41, Tm,+1) > 0 for all £ € N. Again, T is a Z-p-proximal
contraction of the first kind and d(gzn,+1,T%n,) = d(A, B) = d(gTmy+1, T Tm,,)-
By the property ({1), we obtain

0< C(:u(gxnleagka+1)7M(xnk7xmk))
< M(xnk7xmk) - :U’(gmnk-i-lagxmk-i-l)
< p’(xmwxmk) - M(xnk-‘rlaxmk-&-l)

for all k£ € N. Thus the previous inequality with (3.8) and (3.9) imply that
im (g2, +1, 9Tm,+1) = €. (3.10)
k—o00

From (3.8) and (3.10) we see that the sequance tx = pu(9@n, +1, §Tm,+1) and si ==
(T, T, ) have the same positive limit. By the property ((2), we conclude that
0 < limsup ((tg, i) <0
k—o0

which is a contradiction and hence (3.6) holds.
Since

lim  p(z,,zm) =0,
m,n— oo

we have
lim sup{p(zn, Tm) : m > n} = 0.
m,n— oo

By Lemma 2.7, we have {z,} is a p-Cauchy sequance in Ay. And by Lemma
2.5 we have {x,} is a Cauchy sequance in Ay. Since (X, d) is complete metric space
and Ay is a closed subset of X, there exists lim,,_,o, x, = & € Ag. Moreover, by the
continulity of g we have lim,, . gx,, = gx. Since gx,, € Ag for all n € N and Ay is
closed, we also have gz € Ap. On the other hand, since z € Ay and T'(4y) C By,
there exists z € Ag such that d(z,Tz) = d(A, B).

Let us prove that z = gz. If z = gx,, for infinetely many n € N, then z = gx.
Assume that z # gz, in which case there exists ng € N such that z # gz, for all
n > ng. If u(gxy,,z) = 0 for some n > ng, then gx,, = z. That is u(gz,, z) > 0 for
all n > ng. Also there exists a subsequance {z,,} of {z,} such that z,, # z for
every k € N (if that is not true, then x,, = z for all n € N and so p(z,,z,—1) =0
for all n € N, which is contrary to (3.2)). Similary, we have u(z,,,z) > 0 for every
k € N. Since T is a Z-p-proximal contraction of the first kind and g € ¥4 ,, we
obtain

0 < C(u(gzny+1,2), 1(Tn,, )
< @y, @) = (9041, 2)
< (gTny s 9) — p1(gTny 41, 2).-
This imples that
1(9Zn,+1,2) < pi(gTn,, 92) (3.11)
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for every k € N such that ni > ng.
Similarly argument as before we can show that

lim  pu(gzn, gom) = 0.

m,n— oo
This means that for any € > 0 there exists a N, € N such that p(gz,, gzm,) < € for
all m >n > N.. For a fixed n € N with n > max{ng, N} and

lim  p(gan, gzm) =0,
m,n—00

we have
lim sup{p(gz,, gxm;m) : m >n} = 0.

m,n— oo
By Lemma 2.7, we have {gz,} is a p-Cauchy sequance in A.
Since g, is a p-Cauchy sequance in Ag, there exists a function n from Ay x [0, c0) —
[0, 00) satisfying (72) — (75) and a sequence {z,} of Ag such that

lim sup{n(zn, p(2n, gzm)) : m > n} = 0.

n—o0

By (73) and p(-,z) : X — [0, 00) is lower semicontinuous imply that
p(gxn, gx) <liminf p(gz,, gr.,) < €.
and
plgz, grn) < lim inf p(gm, gz,) < €.
Therefore
lim p(gzy,,gz) =0. (3.12)
k— o0
Similarly, limg_,o p(9, g2n, ) = 0 which combind with (3.12) yields
lim M(gznk,gx) =0.
k—o0
Then from (3.11) we have
lim p(gzn,+1,2) =0. (3.13)
k— o0
Letting k — oo in the following inequality and by (3.5), (3.13)
19205 2) < (g GTny 1) + 19T, 41, 2),
we get limy_, o0 p(gn,,, 2) = 0. This implies

lim p(gzn,,z) =0. (3.14)

k— o0

Since limy_, 00 gZp, = gz, we obtain
p(gz, gx) = 0 and p(gz,z) = 0.
By Lemma 2.6, imply that z = gz. Finally, from d(z,Tz) = d(A, B), we get
d(gz,Tx) = d(A, B).
To prove the uniqueness, let y be in Ag such that

d(gy, Ty) = d(A, B).
Assume that p(gz,gy) > p(z,y) > 0. Since g € 94, and T is a Z-p-proximal
contraction of the first kind, we obtain

0 < ((pulgw, gy), u(x,y))
<z, y) — plgr, gy)
< pl(z,y) — plz,y) =0
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which leads to a contradiction. Hence p(z,y) = 0, which implies z = y.
By a similar argument we prove p(z,x) = 0. Suppose to the contrary, that
w(z,z) = p(x,x2) > 0. Then p(gz, gx) > 0. Again, we have

0 < ¢(u(gz, gz), p(z, x))
<z, x) — plge, gv)
< @, @) — p(z,z) =0
which is a contradiction. O

If g is the identity mapping on A, then the preceding theorem yields the following
corollary.

Corollary 3.3. Let A and B be two nonempty subset of a complete metric space
(X,d) with a T-distance p, such that Ay is nonempty and closed. Let p(-,x) :
X — [0,00) is lower semicontinuous for any x € X. Suppose that the mappings
T : A — B satisfies the folowing conditions:

(a) T is a Z-p-proximal contraction of the first kind;

(b) T'(Ao) C Bo.
Then there exists a unique best prozimity point x € Ay of the mapping T, such
that p(z,z) = 0. Moreover, for every xo € Ay there exists a sequence {z,} C Aoy
converging to x, such that d(gx,y1, Txy,) = d(A, B) for allm € NU {0}.

From Theorem 3.2 we can also obtain an interesting g-best proximity point result
for a p-proximal contraction of the first kind.

Corollary 3.4. Let A and B be two nonempty subset of a complete metric space
(X,d) with a T-distance p, such that Ay is nonempty and closed. Let p(-,x) : X —
[0, 00) is lower semicontinuous for any z € X . Suppose that the mappingsg: A — A
and T : A — B satisfies the folowing conditions:

(a) T is a p-prozimal contraction of the first kind with respect a € [0,1);
(b) g €Gup;

(c) Ao C g(Ao);

(d) T(Ao) € Bo.
Then there exists a unique element x € Ao such that d(gz,Tx) = d(A,B) and
p(xz,x) = 0. Moreover, for every xg € Ao there exists a sequence {x,} C Ag
converging to x, such that d(gx,+1,T2,) = d(A, B) for all n € NU {0}.

Proof. Note that a p-proximal contraction of the first kind with respect to a €
[0,1) is a Z-p-proximal contraction of the first kind with respect to the simulation
function ¢ : [0,00) x [0,00) = R defined by ((t,s) = as —t for all ¢,s > 0. O

By taking p = d in Theorem 3.2 the main result of [14] is obtained.

Corollary 3.5. Let A and B be two nonempty subset of a complete metric space
(X,d), such that Ay is nonempty and closed. Suppose that the mappings g: A — A
and T : A — B satisfies the folowing conditions:

(a) T is a Z-proximal contraction of the first kind;
(b) g € Ya;

(c) Ao C g(Ao);

(d) T(Ap) C By.
Then there exists a unique element x € Ag such that d(gz, Tx) = d(A, B). Moreover,
for every xg € Ay there exists a sequence {x,} C Aoy such that d(gxps1,Txy,) =
d(A, B) for alln € NU{0}, and {x,,} converging to x.
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Theorem 3.6. Let A and B be two nonempty subsets of a complete metric space
(X,d) with a T-distance p, such that T(Ap) is nonempty and closed. Let p(-,x) :
X — [0,00) is lower semicontinuous for any x € X. Suppose that the mappings
g:A— Aand T : A — B satisfies the folowing conditions:

a) T is a Z-p-proxzimal contraction of the second kind;
b) T is injective on Ag
c) T € Tyyp;
d) Ao C g(Ao);
(e) T(Ao) Q B().
Then there exists a unique element x € Ay such that d(gz,Tx) = d(A,B) and
p(Tz,Tx) = 0. Moreover, for every xo € Ag there exists a sequence {z,} C Ao
converging to x, such that d(gx,+1,Tx,) = d(A, B) for alln € NU{0}.

(
(
(

Proof. Proceeding as in Theorem 3.2 we can construct a sequance {x,} such that
d(gxnt1,Txy) = d(A, B) for all n € NU {0}. In the constructive process of {x,},
if we have T'xz,, = Tx,, for some m > n, then we choose x,,11 = Tp+1-

Since T is a Z-p-proximal constraction of the second kind, we have

C(u(Tgxn, Tgxn-i—l)a N(Tzn—ly Txn)) >0

for every n € N. Since T is injective on Ay and T € .7, using the property (¢1)
of a simulation function, we obtain that

0< C(N(Tgxm Tg$n+1)a ;U(Txnflv Txn))
< w(Txp—1,Tay) — wW(Tgxn, TgTni1) (3.15)
< pu(Txp-1,Tzn) — (T2, TTn41)

for every n € N. Then we have

Ty, Tepy1) < p(Taxp_1,Txy,), Yn € N (3.16)

which implies that the sequence {u(Tx,_1,T2,)} is decreasing,.

If there exists ng € N such that u(Tan,—1,T%n,) =0, then Ta,,—1 = Txy,. By
the injective of T on Ay follows z,,—1 = Zn,. Then d(gxny—1,TTn,) = d(9Tng, TTn,) =
d(A,B) and x,, is the best proximity point of T under mapping g. That is,
‘:U"O € Bgst(T)'

Now, let u(Txy—1,Tx,) > 0 for all n € N. Then there exists

lim p(Txp_1,Tx,) =1r>0.
n—oo
Suppose 7 > 0. From (16) we can also deduce that
(T 9T, Tgxni1) < p(Txp—1,Txy).
On the other hand, T' € 7, ,, and hence
(Txn, Tani1) < p(T92n, Tgrni1) < p(Tan—1,Txn)
for all n € N. Passing to the limit as n — oo, we obtain
lim w(Tgx,, Tgr,i1) =T
n—oo
Using the property ((2) of a simulation function, we get

0 <limsup ((u(Tg2ni1, Tgzn), (Tn—1,T,)) <0

n—roo
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which is a contradiction, and hence r = 0.

Therefore
lim pu(Txyn—1,Tx,) =0. (3.17)
n—oo
Next, we claim that
mlTillglOO w(T2p, Tay) = 0. (3.18)

Assume that (3.18) is not true, that is
lim w(Tz,, Tzy) # 0.

m,n—00
From Lemma 3.1, then there exists € > 0 and two subsequence {Tx,, } and {T'z,, }
of {Tz,} such that
lim p(Twp,, T2m,) = Im w(Trp, Ty, ,) = € (3.19)
k—o0 k—o0

Then there exists a subsequence of {z,, }, which we assume it is the whole sequence
{zn,}, such that pu(Tz,,,TTy,,) > 0 for all k& € N. Since T is a Z’-p-proximal
contraction of the second kind and d(g9xn, +1,T2n,) = d(A, B) = d(9Zmy+1,TTm,, ),
we have

0< C(M(Tgmnk-i-l) Tgxmk-l‘l)v M(T‘xnk s Txmk ))
(T xp,, Tam,,) = (T 9T, 41, TGT 0, +1)
N“(Txnk ’ Txmk) - :U'(Txmﬁ-la Txmm-l)
for all k£ € N. From the above ineqauality and (3.19),

<
<

lim p(T9xn,+1,TGTm,+1) = €.
k—o0

Using the property (2) of a simulation function with tg := p(T9Zn, +1, T9Tm,+1)
and sg = u(Txy, , Tm, ), we get
0 < limsup ((tx,sk) <0
k—o0
which is a contradiction and hence (3.18) holds.
Since
lim w(Tz,, Tem) =0

m,n—00
we have
lim sup{p(Tzn, TTm) : m >n} =0.

m,n— o0

It follows from Lemma 2.7 that {T'z,} is a p-Cauchy sequance in By, And from
Lemma 2.5, we have {T'z,,} is a Cauchy sequance in By.

Since (X, d) is a complete metric space and T'(Ap) is a closed subset of X, there
exists lim, oo Txn, = Tu € T(Ap) C By. Moreover, there exists z € Ay such that

d(z,Tu) = d(A, B).
Since Ay C g(Ap), we obtain that z = gz for some z € Ay. Hence
d(gx,Tu) = d(A, B). (3.20)

If 2,, = x holds for infinite values of n € N, then Tx = T'u. Assume that there exists
ng € N such that x,, # x for all n > ng. Then there exists a sunsequence {x,, } of
{zn} such that Tx,, # Tu for all k € N. Since T is a Z-p-proximal contraction of
the second kind, we get

0< C(;L(TgxnkHTgx),u(Txnk,Tu)) < M(Txnvau) - /,L(Tg:vnk+1,Tgx).
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Hence
w(Txp, +1,T2) < w(T9tn,+1, Tgx) < p(Txy, , Tu) (3.21)
for all k € N such that ny > ng, because T' € .
It follows from (3.18) we obtain that for any € > 0 there exists a N. € N such
that u(Txy,, Txy) < € for every m > n > N..
Since {Tz,} is a p-Cauchy sequance in By, there exists a function 1 from
By x [0,00) — [0, 00) satisfying (12) — (75) and a sequence {z,} of By such that

lim sup{n(zn, p(2n, Txm)) : m > n} = 0.

n—oo
By (73) and p(,z) : X — [0, 00) is lower semicontinuous, imply that
p(Txy, Tu) < liminf p(Tz,, Tey) < €
m

and
p(Tu, Txy,) < lminf p(Tey,, Tz,) < €

for any fixed n > max{ng, N}, which implies that
lim p(Txy,,Tu) = 0. (3.22)
k—o0

Similarly limy_,co p(Tu, Ty, ) = 0, and hence limy_, o0 p(Txp,, Tu) = 0. Combine
this and (3.21) to get limy o0 (T%n, +1,Tx) = 0. By triangle inequality of p,
wW(Txp, , Tx) < w(Txp,, TTnyt1) + p(T2n, 41, Tx).
From (3.17) and passing to limit as k — oo, we obtain limg_,oo p(T2p,, Tz) = 0.
This implies that
lim p(Tx,,,Tx) =0 (3.23)

k—o00
Since limy_y o0 Ty, = T'u, we obtain

p(Tu, Tu) =0 and p(Tu, Tx) = 0.

Using (3.22), (3.23) and Lemma 2.6 imply that Tz = Tu. By substituting this in
(3.20), we get d(gx, Tx) = d(A, B).
We will show the uniqueness, let y be in Ay such that
d(gy, Ty) = d(A, B),
ie, y € BY,(T). Suppose that p(Tgx,Tgy) > p(Tz,Ty) > 0. Since T € ., is a

est
% -p-proximal contraction of the second kind, we have

0 < ((u(Tgz,Tgy), n(Tz,Ty))
< Tz, Ty) — p(Tgx, Tgy)
which is a contraction. Hence pu(Tz, Ty) = 0, which means that Ta = T'y. From T
is injective on Ay, imply that z = y.
Finally, suppose that p(Tz,Tx) = p(Tx,Txz) > 0. Then pu(Tgzx,Tgx) > 0.
Using a similar argument as above, we have
0 <{(u(Tgx,Tgx), u(Tx,Tx))
<p(Tz,Tx) — W(Tygz, Tgx)
<p(Tz,Tz) — W(Tz,Tx) =0
which is a contraction. Therefore p(Tz,Tz) = 0. O
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The following best proximity point result is a special case of Theorem 3.6 when
g is an identity map on A.

Corollary 3.7. Let A and B be two nonempty subsets of a complete metric space
(X,d) with a T-distance p, such that T(Ap) is nonempty and closed. Let p(-,z) :
X — [0,00) is lower semi continuous for any v € X, Suppose that the mappings
T : A — B satisfies the folowing conditions:

(a) T is a Z-p-proximal contraction of the second kind;

(b) T is injective on Ag;

(C) T(Ao) - Bo.
Then there exists a unique best prozimity point x € Ay of T with p(Tx,Tx) = 0,
and for every xg € Ay there exists a sequence {x,} C Ay converging to z, such that
d(gzn+1,Txn) = d(A, B) for all n € NU {0}.

By setting p = d in Theorem 3.6 the main result of [14] is obtained.

Corollary 3.8. Let A and B be two nonempty subsets of a complete metric space
(X,d), such that T(Ag) is nonempty and closed. Suppose that the mappings g :
A— Aand T : A — B satisfies the folowing conditions:

(a) T is a Z-proximal contraction of the second kind;
(b) T is injective on Ay
(c) T € Ty;
(d) Ao C g(Ao);
(e) T(Ao) Q Bo.
Then there exists a unique point x € A such that d(gz, Txz) = d(A, B). Moreover, for
every xg € Ao there exists a sequence {x,} C A such that d(9xn41,Tx,) = d(A, B)
for alln € NU{0} and lim, 00 x,, = T.

REFERENCES

1. Argoubi, H., Samet, B., Vetro, C.: Nonlinear contractions involving simulation functions in
metric space with a partial order. J. Nonlinear Sci. Appl. 8, 1082-1094 (2015)

2. A. Kostié, V. Rakocevié, S. Radenovié, Best proximity points involving simulation functions
with * wo-distance, RACSAM /doi.org/10.1007/s13398- 018-0512-1. (2018).

3. Ciri¢, L., Lakzian, H., Rako cevi’c, V.: Fixed point theorems for w-cone distance contraction
mappings in TVS- cone metric spaces. Fixed Point Theory Appl. 2012, 3 (2012)

4. Graily, E., Vaezpour, S.M.: Generalized distance and fixed point theorems for weakly contrac-
tive mappings. J. Basic. Appl. Sci. Res. 3(4), 161-164 (2013)

5. Ili'c, D., Rako“cevi’c, V.: Contractive Maps on Metric Spaces and Generalizations. University
of Nig, Ni§ (2014)

6. Ili"c, D., Rako“cevi’c, V.: Common fixed points for maps on metric space with w-distance.
Appl. Math. Comput. 199, 599-610 (2008)

7. Immad, M., Rouzkard, F.: Fixed point theorems in ordered metric spaces via w-distances.
Fixed Point Theory Appl. 2012, 222 (2012)

8. Kada, O., Suzuki, T., Takahashi, W.: Nonconvex minimization theorems and fixed point
theorems in complete metric spaces. Math. Jpn. 44, 381-391 (1996)

9. Karapinar, E.: Fixed point results via simulation functions. Filomat 30, 2343-2350 (2016)

10. Khojasteh,F.,Shukla,S.,Radenovi’c,S.: A new approach to study of fixed point theorem via
simulation function. Filomat 29, 1189-1194 (2015)

11. Mongkolkeha, C., Cho, Y.J., Kumam, P.: Fixed point theorems for simulation functions in
b-metric spaces via the wt-distance. Appl. Gen. Topol 1, 91-105 (2017)

12. Samet, B.: Best proximity point results in partially ordered metric spaces via simulation
functions. Fixed Point Theory Appl. 2015, 232 (2015)

13. S. S. Basha, “Best proximity point theorems,” Journal of Approximation Theory, vol. 163, no.
11, pp. 1772-1781 (2011)

14. Tchier, F., Vetro, C., Vetro, F.: Best approximation and variational inequality problems
involving a simulation function. Fixed Point Theory Appl. 2016, 26 (2016)



BEST PROXIMITY POINTS INVOLVING SIMULATION FUNCTIONS 127

15. T. Suzuki, Generalized distance and existence theorems in complete metric spaces, J. Math.
Anal, Appl. 253, 440-458 (2001)



	1.  Introduction
	2. Preliminaries
	3. Main Results
	References

