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ABSTRACT. The current paper is concerned with the controllability of impulsive neutral
stochastic delay partial functional integro-differential equations with Poisson jumps in
Hilbert spaces. Sufficient conditions are established using the theory of resolvent operators
developed by Grimmer [Resolvent operators for integral equations in Banach spaces, Trans.
Amer. Math. Soc., 273(1982):333-349] combined with a fixed point approach for achieving
the required result. An example is presented to illustrate the application of the obtained
results.
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1. INTRODUCTION

The theory of semigroups of bounded linear operators is closely related to solv-
ing differential and integrodifferential equations in Banach spaces. In recent years,
this theory has been applied to a large class of nonlinear differential equations in
Banach spaces. Using the method of semigroups, various types of solutions to semi-
linear evolution equations have been discussed by Pazy [22]. Various evolutionary
processes from fields as diverse as physics, population dynamics, aeronautics, eco-
nomics and engineering are characterized by the fact that they undergo abrupt
changes of state at certain moments of time between intervals of continuous evolu-
tion. Because the duration of these changes are often negligible compared to the
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total duration of the process, such changes can be reasonably well approximated as
being instantaneous changes of state, or in the form of impulses. These processes
can be more suitably modeled by impulsive differential equations, which allow for
discontinuities in the evolution of the state.

The development of the theory of functional differential equations with infinite de-
lay heavily depends on a choice of a phase space. In fact, various phase spaces have
been considered and each different phase space requires a separate development of
the theory [13]. The common space is the phase space B proposed by Hale and Kato
in [12], which is widely applied in functional differential equations with infinite de-
lay. However, this phase space is not correct for the impulsive case. Generally, the
theory of impulsive functional differential equations or inclusions is based on the
phase space defined later (see [15]).

In many cases, deterministic models often fluctuate due to noise, which is random
or at least appears to be so. Therefore, we must move from deterministic problems
to stochastic ones. Taking the disturbances into account, the theory of differential
inclusions has been generalized to stochastic functional differential inclusions (see
[7, 6] and the references therein). The existence, uniqueness, stability, controlla-
bility and other quantitative and qualitative properties of solutions of stochastic
evolution equations or inclusions have recently received a lot of attention (see [14]
and the references therein). As one of the fundamental concepts in mathematical
control theory, controllability plays an important role both in deterministic and
stochastic control theory. Roughly speaking, controllability generally means that
it is possible to steer a dynamical control system from an arbitrary initial state
to an arbitrary final state using the set of admissible controls. The controllability
of nonlinear stochastic systems in infinite dimensional spaces has been extensively
studied by several authors, see [21] and the references therein. Recently, Park,
Balachandran, and Arthi [19] investigated the controllability of impulsive neutral
integro-differential systems with infinite delay in Banach spaces using Schauder-type
fixed point theorem. Arthi and Balachandran [2] established the controllability of
damped second-order impulsive neutral functional differential systems with infinite
delay by means of the Sadovskii fixed point theorem combined with a noncompact
condition on the cosine family of operators. Very recently, also using Sadovski’s
fixed point theorem, Muthukumar and Rajivganthi [18] proved sufficient conditions
for the approximate controllability of fractional order neutral stochastic integro-
differential systems with nonlocal conditions and infinite delay.

Motivated by the previously mentioned works, in this paper, we will extend some
such results of mild solution for the following neutral stochastic partial functional
integrodifferential equations with infinite delay and Poisson jumps.
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d {x(t) —g (t,xt,/ot al(t,s,xs)d8>] = {A {x(t) —g (t,xt,/ot al(t,s,xs)dsﬂ

s

+f (t,mt,fg Jg(t,s,ms)ds)] dt + {/OtB(tfs)[x(s) _g (sm/o 01(5,T,m7)d7)]ds] dt

+Cu(t)dt + /t o(t,s,xs)dw(s) + / y(t, z(t=),v)dN(dt,dv), tx #t € J:=[0,T],
—oo p1¢

Ax(ty) = Ix(ze,,), k={1,---,m}=:1,m,

z(8) — @@y, Ty, + e, )(8) = p(s) € L2(, B), for a.e s € Jy := (—00,0],

(1.1)
where 0 < t] < to < -+ < t, < T,n € N;z(-) is a stochastic process taking
values in a real separable Hilbert space H, A : D(A) C H — H is the infinitesimal
generator of a strongly continuous semigroup on H, (B(t)):>0is a family of closed
linear operator on Hhaving the same domain D(B) which contains the domain of
A. The history x; : Jo — H, 2+(0) = z(t+0) for t > 0, belongs to the phase space B,
which will be described in Section 2. Assume that the mappings f,g: J x Bx H —
H,o:JxJxB—LY0;: IxJxB—MH,i=1,2,I;:B—Hk=1,m,q: B" = B,
and v : J x H x 44 — H are appropriate functions to be specified later. The control
function u(-) takes values in L?(J,U) of admissible control functions for a separable
Hilbert space U and C is a bounded linear operator from U into H. Furthermore, let
0=ty <ty < <tm <tmse1 =T be prefixed points, and Ax(t;) = x(tg) —a(ty,)
represents the jump of the function z at time ¢ with I, determining the size of the
jump, where z(t;7) and x(¢;,) represent the right and left limits of z(t) at t =
respectively. The initial data ¢(t) = {¢(t) : —oo <t < 0} is an Fp-measurable B-
valued random variables independent of the Wiener process {w(t)} and the Poisson
point process p(-) with a finite second moment.

The aim of our paper is to study the controllability of nonlocal impulsive neutral
stochastic functional integrodifferential equations with infinite delay and Poisson
jumps in Hilbert spaces. The main techniques used here include the Banach con-
traction principle and techniques based on the use of a strongly continuous family
of operators R(t);t > 0 defined on the Hilbert space H and called their resolvent
(the precise definition will be given below). The resolvent operator is similar to
semigroup operator for abstract diferential equations in Banach spaces.

The structure of this paper is as follows: in Section 2, we briefly present some
basic notations, preliminaries, and assumptions. The main results in Section 3 are
devoted to study the controllability for the system (1.1) with their proofs. An
example is given in Section 4 to illustrate the theory.

2. PRELIMINARIES

In this section, we briefly recall some basic definitions and results for stochastic
equations in infinite dimensions. For more details on this section, we refer the reader
to Da Prato and Zabcezyk (1992)[24] and Protter (2004)[25]. Let (H, || - ||m, (-, - )m)
and (K, || - ||k, (-, -)x) denote two real separable Hilbert spaces, with their vectors,
norms, and their inner products, respectively. We denote by L£(K;H) the set of all
linear bounded operators from K into H, which is equipped with the usual operator
norm || - ||. In this paper, we use the symbol || - || to denote norms of operators
regardless of the spaces potentially involved when no confusion possibly arises.
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2.1. Basic preliminaries on the stochastic integration and the abstract
phase space. Let (Q,F,F = {F;};>0, P) be a complete filtered probability space
satisfying the usual condition (i.e. it is right continuous and Fy contains all P-null
sets). Let w = (w(t))i>0 be a Q-Wiener process defined on the probability space
(Q, F,F, P) with the covariance operator Q such that Tr(Q) < co. We assume that
there exists a complete orthonormal system {ej}r>1 in K, a bounded sequence of
nonnegative real numbers \; such that Qe = Ager, K = 1,2,---, and a sequence
of independent Brownian motions {f}x>1 such that

(w(t),e)x = Y VArler, e)xBr(t), e€K,t>0.
k=1

Let £J = £5(Q'/?K;H) be the space of all Hilbert-Schmidt operators from Q/2K
into H with the inner product (W,qﬁ)cg = Tr[PQo¢*]|, where ¢* is the adjoint of
the operator ¢. Let p = p(t),t € D, (the domain of p(t)) be a stationary F-
Poisson point process taking its value in a measurable space (4, B(4l)) with a o-finite
intensity measure A(dv) by N(dt, dv) the Poisson counting measure associated with
p, that is,

Nt = > Tu(p(s));
seDy,s<t
for any measurable set 4l € B(K—{0}), which denotes the Borel o-field of (K—{0}).
Let
N(dt,dv) = N(dt,dv) — \(dv)dt,
be the compensated Poisson measure that is independent of w(t). Denote by P?(J x
i1 H) the space of all predictable mappings v : J x &t — H for which

t
/ / Elly(t,0) A (dv)dt < oo.
0 )1

We may then define the H-valued stochastic integral fot Ju y(t,v)N(dt,dv), which
is a centered square integrable martingale. For the construction of this kind of
integral, we can refer to Protter [25].

The collection of all strongly measurable, square-integrable H-valued random
variables, denoted by L2(€,H), is a Banach space equipped with norm ||z||z, =
(E||z]|?)Y/2. Let C(J, L2(€2,H)) be the Banach space of all continuous maps from .J
to L2(Q, H), satisfying the condition sup,¢ ; E||z(¢)||* < co. An important subspace
is given by £9(Q,H) = {f € L2(Q,H) : fis Fo — measurable}. Further, let

L5(0,T;H) ={g:J xQ— H: gis F — progressively measurable and

B ( [ latoar) < oo

Since the system (1.1) has impulsive effects, the phase space used in Balasubrama-
niam and Ntouyas [5] and Park et al. [21] cannot be applied to these systems. So,
we need to introduce an abstract phase space B, as follows:

Assume that [ : Jy — (0,+00) is a continuous function with [y = fJo I(t)dt < 0.
For any a > 0, we define

B:= {w s Jo — H : (E[4(8)]|*)/?is a bounded and measurable function on [—a, 0]

an S su 21/25 0 .
d/Jozm b (El|%(0)]2)"2ds < }

0€([s,0]
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If B is endowed with the norm

[wls= [ sup (Elo6)]) ds, voe B
Jo 96[5,0]
then, it is clear that (B, || - ||g) is a Banach space (Hino, Murakami, & Naito, 1991).
Let Jr = (—o0,T]. We consider the space
Br = {x: Jp — H such that x; € C(Jy,H)and there exist z(; ) and z(t;) with

x(tl;) 293(%)795(0) _(I(«Tt17-Tt27"' ' x,) = €B, k= 17m}7

)
where 1z, is the restriction of x to Jy = (¢x, tk+1], & = 1, m. Set ||- ||z be a seminorm
in Br defined by

[zl = llells + S}élJ)(EIIﬂU(S)||2)1/2> € Br.

Now, recall the following useful lemma that appeared in Chang [9]
Lemma 2.1. (Chang, [9]) Assume that x € Br, then for t € J,x, € B. Moreover,
L(E|z(t)*)? < llzells < llzolls + 1o sup (Ela(s)|*)"/>.

s€[0,t]

2.2. Partial integrodifferential equation in Banach space. In the present
section we recall some definitions, notations and properties needed in what fol-
lows. Let Z;and Zy be Banach spaces. We denote by L£(Z1,Z3) the Banch space
of bounded linear operators from Z; into Zs endowed with the operator norm
and we abbreviate this notation to £(Z;) when Z; = Zs.

In what follows, H will denote a Banach space, A and B(t) are closed linear
operators on H. Y represents the Banach space D(A), the domain of operator A,
equiped with the graph norm

lylly = [lAy[ + [ly[| for yeY.

The notation C([0,+00);Y") stands for the space of all continuous function from
[0,4+00) into Y. We then consider the following Cauchy problem

{ v (t) = Av(t) + fg B(t — s)v(s)ds for t >0,
o

O):Uo € H. (21)

Definition 2.2. ([11]) A resolvent operator of Eq.(2.1) is a bounded linear operator
valued function R(t) € L(H) for ¢ > 0, satisfying the following propreties:
(i) R(0)=I and || R(t)|| < NeP! for some constant N and 3.
(ii) For each x € H, R(t)x is strongly continuous for ¢ > 0.
(iii) For z € Y, R(.)x € C*([0,+00); H) N C([0,+00);Y) and

’

R (t)r = AR(t)x + /t B(t — s)xds
0

¢
= R(t)Ax —|—/ R(t — s)xzds for ¢>0.
0

For additional details on resolvent operators, we refer the reader to [11, 10]. The
resolvent operator plays an important role to study the existence of solutions and to
establish a variation of constants for non-linear systems. For this reason, we need
to know when the linear system(2.1) possesses a resolvent operator. Theorem 2.1
below provides a satisfactory answer to this problem.

In what follows we suppose the following assumptions:
(H1) A is the infinitesimal generator of a Cy— semigroup (7'(¢))>0 on H
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(H2) For all t > 0, B(t) is a closed linear operator fromD(A) to H, and B(t) €
L(Y,H).For any y € Y,the mapt — B(¢)yis bounded, differentiable and the de-
rivative ¢t — B (t)y is bounded uniformly continuous on R*.

Theorem 2.1. ([11]) Assume that hypotheses (H1) and (H2) hold. Then the Eq.
(2.1) admits a resolvent operator (R(t))¢>o.

In the sequel, we recall some results on the existence of solutions for the following
integro-differentiel equation

{ v (t)= +f0 (t —s)v(s)ds + q(t) for t >0,

U(O)—vo € H. 22)

whereq : [0, +oo[— H is continuous function.
Definition 2.3. A continuous function v : [0,+00) — H is said to be a strict
solution of the Eq.(2.2) if

(i) v e C([0,+00); H) N C([0, +00); ),

(ii) v satisfies Eq.(2.2) for ¢ > 0.
Remark 2.4. From this definition we deduce that v(t) € D(A), and the function
B(t — s)v(s) is integrable, for all t > 0 and s € [0, +00).

Theorem 2.2. ([11]) Assume that hypotheses (H1) and (H2) hold. If v is a strict
solution of the Eq.(2.2), then the following variation of constant formula holds

o(t) = R(t)vo + /O Rt — 8)g(s)ds for > 0. (2.3)

Accordingly, we can establish the following definiton.

Definition 2.5. A function v : [0, +00) — H is called mild solution of the Eq.(2.2),
for vg € H, if v satisfies the variation of constants formula (2.3).

The next theorem provides sufficient conditions ensuring the regularity of solu-
tions of the Eq.(2.2).

Theorem 2.3. Let ¢ € C([0,+00); H) and v be defined by (2.3). If vy € D(A),
then v is a strict solution of the Eq.(2.2).

Now, we give the definition of mild solution for (1.1).

Definition 2.6. An F;-adapted cadlag stochastic process = : Jp — H is called a
mild solution of (1.1) on Jp if (0) —g(xt,, Tey, - -+, 24, )(0) = 29 = ¢ € B, satisfying
©,q € L3(Q, H); is such that the following conditions hold:

(i) {z¢:t € J} is a B-valued stochastic process;

(ii) For arbitrary ¢ € J, z(t) satisfies the following integral equation:

w(t) = R@)xo+q(@e,, @50 21,)(0) = 9(0,20,0)] + g (t,wu /Ot ou(t, 8>$s)d8>
+ /t R(t — s)Cu(s)ds + /ot R(t—s)f (&m& /Os 02(5,£7m7)d7> ds
+ / R(t—s / o(s, T,z )dw(r)ds + /075 R(t — S)/u'y(t x(t—),v)N(dt, dv)

+ R(t — $)I(x¢,), and (2.4)

O<tp<t
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(iii) Am(tk) = Ik(xtk),k: = l,m.

Definition 2.7. The system (1.1) is said to be controllable on the interval Jp, if
for every initial stochastic process ¢ € B defined on Jy and y; € H; there exists a
stochastic control u € L?(J,U) which is adapted to the filtration {F;}cs such that
the solution z(-) of the system (1.1) satisfies (T) = y;, where y; and T are the
preassigned terminal state and time, respectively.

To prove our main results, we shall impose the following assumptions.

(H3) There exists positive constants Mg and M, such that for allt,s € J,z,y €
B

IR < Mas

t 2

Ey/wmnww—mWawus < My le -yl
0

(H4) The function g : J x B x H — H is continuous and there exists a positive
constant M, such that for all t € J, x1, 22 € B,y1,y2 € L2(Q2, H)

Ellg(t,z1,51) — g(t, 22, y2)|1* < My(l|lz1 — z2|5 + Ellyr — v2l?).

(H5) For each (t,s) € J x J, the function o9 : J x J x B — H is continuous and
there exists a positive constant M,, such that for all t,s € J,z,y € B

t 2
lﬂ/ww@w—@m&mw < M, e - I
0

(H6) The function f : J x B x H — H is continuous and there exists a positive
constant My such that for all ¢ € J,z1, 22 € B,y1,y2 € L2(2, H)

E|lf(t21,91) = f(t 22,1 < My(lor — 22E + Ellyr — gel*).

(H7) The functions Iy, k € C(B,H),k = 1,m and there exist positive constants
My, and M, such that for all x,y € B

k
E|Ix(2)]* < Mp,;
E||Zx(z) = In(y)|I* < M, ||z — yl5.
(H8) For each ¢ € B, h(t) = lim. o fEc o(t,s,p)dw(s) exists and continuous.
Further, there exists a positive constant M}, such that

E[lh(t)]* < M.

(H9) The function o : J x J x B — L(K,H) is continuous and there exists
positive constants M, M, such that for all s,t € J and z,y € B

E||0(t,s,x)||ig < My;
Ello(t,5,2) — o(t, 5,0)|2 < Mollz -yl

(H10) The function ¢ : B — B is continuous and there exist positive constants
Mg, M, such that for all z,y € B,t € Jy

Ellg(@t,, @y, 22, )OI < My;
E||Q(xt1)xt2; ey Z‘tn)(t) - q(ytl,ytz, "'7ytn)(t)”2 < ﬁq||$ _ y||%
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(H11) The linear operator W : L2(J,U) — L?(Q, H) defined by

Wu = /JR(T — 5)Cu(s)ds

has an induced inverse W ~! which takes values in L2(J,U)/Ker W (see
Carimichel & Quinn, 1984) and there exist two positive constants M¢ and
My such that

|C> < Mc and  |[WH> < M.

(H12) The function v : J x Hx 4l — H is a Borel measurable function and satisfies
the Lipschitz continuity condition, the linear growth condition, and there
exists positive constants M., M, such that for any =,y € L£5(0,T;H), t € J

(] fresroeress) (] [t npuan)

t
< M,E / (1 + [l2()|12)ds;

B ([ [ Intt.ats-)0) =265 )@
e[ w(t,w(s—),w—7<t,y<s—>,v>||ﬁA<dv>d) T8 [ o) - u(o)ls

3. MAIN RESULTS

In this section, we shall investigate the controllability of nonlocal impulsive neu-
tral stochastic functional integro-differential equations with infinite delay and Pois-
son jumps in Hilbert spaces.

The main result of this section is the following theorem.

Theorem 3.1. Assume that the assumptions (H1)-(H12) hold. If 2 < 1 and
© < 1, then the system (1.1) is controllable on Jr, where

= .= 28(1 + 7T My M) [2l0 (My(1 4 2M,,) + T>MpM;(1 + 2M,,)) + TQMW(:*] +7M,
© := {84I3T* McMw ME M, + 1215(1 + TT* Mc MMy ) [My(1 + M,,)

_ TM,C N
+ T*MgrM;(1+ M,,) + T*MrM,Tr(Q) + 2l§ mMpg Z Mlk_] } .
k=1

Proof. Using the assumption (H9), for an arbitrary function z(-), we define the
control process

T
Uz(t) = Wil {xl - R(T)[’JZO + Q(xtla e 7xtn) - g(Oax()aO)} - g(T7 :L‘T’/() Ul(Ta S,l’s)dS)
R(T — s)f(s,zs, /03 o9(s, 7,2, )dT)ds — /0 R(T — s)[h(s) + /OS o(s, 7,2 )dw(T)]ds
_/O R(T — s)/uv(t,:c(t—)7 v)N(dt, dv) Z R(T —t1) Ik(xtk)} (t) (3.1)

0<tr<T

Let’s put (1.1) into a fixed point problem. Consider the operator II : By — Br
defined by

Mx(t) = xo + x4y, -+ e,) (), t € Jo;
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Mz(t) = R(t)[xo + q(zey, -+ -, 24, )(0) — g(0,20,0)] + ¢ (t,xt,/o o1 (t, s,a:s)ds>

R
/ R(t — s)Cul (s)ds + R t—s)f (s xé,/ oo (s, T, xT)d7'> ds
0

/Rt—s { o) + /OSU(S,T,xT)dw(T)} ds—f—/OtR(t—s)/ufy(tx(t—),v)lv(dt,dv)

R(t — tk)Ik(xtk) for a.et € J.
0<tp<t

In what follows, we shall show that using the control ul(-), the operator II has
a fixed point, which is then a mild solution for system (1.1).

Clearly, Iz(T) = y1.
For ¢ € B, we define ¢ by

5(t) = 20 + ey, Tayo o2, ) (1) AL E o,
v R(B)[xo + q(xt,, 2eyy -+ 01, )(0)] ift € .

then @(t) € Br. Set z(t) = z(t) + ¢(¢), t € Jr.
It is easy to see that z satisfies (2.4) if and only if z satisfies zyp = 0 and

t t
Z(t) = _R(t)g<0’ Zo, O) =+ g(ta 2t + ¢t7 / o1 (t’ S, %2s + @b)ds) + / R(t - S)OUZ+¢(3)d5
0 0
R t—s)f(s,zs+ gos,/ o2(8, T, zr + @ )dT)ds
0

/Rt—s /U(STZT—H,DT Ydw(T)]ds + Z (t = ti) Ik (2t, + Pr,.)

O<tp<t
+/0 R(ts)/u’y(t,z( )+¢(t—),v)N(dt,dv), teJ,

where uZTJr@(t) is obtained from (3.1) by replacing x; = 2z + ¢;
Let BY = {y € Br : yo = 0 € B}. For any y € BJ., we have

1yl = llyolls + 816113(E\|y(8)ll2)1/2 = Slelg(Elly(S)llz)l/Q,

and thus (B}, || - ||7) is a Banach space. Set B, = {y € B} : ||y||3 < r} for some
r >0, then B, C BY. is uniformly bounded, and for u € B,., by Lemma 2.1, we have

lze + @ells - < 2(ll2ll5 + |2 l)

< 4(3 sup (Ellz(s)l* + ll2oll + 15 sup (E[S(s)I* + lIoll5)
s€[0,t] s€[0,t]

AL5 (r + 2MR[Ell0(0)]|* + My) + 4ll2l5 (3-2)

r*.

Consider the map II: B} — BY defined by Ilz(t) = 0, for ¢ € Jy and

IN

t t
HZ(t) = _R(t)g(O’ Zo, 0) + g(t7 ze + ¢t,/0 a1 (ta S, 2s + Qbé)ds) + 0 R(t - S)CUZT+¢(3)CZ5
R 5) S5+ B [ ol 72+ B
0

/Rt—s /O’(STZ-,—-i—gOwa )]ds + Z (t = ti) k(2 + Pr)

0<trp<t
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t
4 R(t—s)/y(t,z(t—)+¢(t—),v)N(dt,dv), ted.

0 o«

Obviously, the operator IT has a fixed point which is equivalent to prove that II
has a fixed point. Note that, by our assumptions, we infer that all the functions
involved in the operator are continuous, therefore II is continuous.

Let z,z € B%. From (3.1), by our assumptions, Hélder’s inequality, the Doob
martingale inequality, and the Burkholder-Davis-Gundy inequality for pure jump
stochastic integral in Hilbert space (see Luo & Liu, 2008, [17]), Lemma 2.1, and in
view of (3.2), for t € J, we obtain the following estimates.

Efuzyql?

< TMw {E||z1||* + 3Mg|[||lzo||* + My + Cs] + 2My([2 + 2M,, Jr* +2C1) + Co

AT Mp(M([1 + 2M,,|r* + 2C5) + C4) + 2Mp(Mj, + tTr(Q)M,) + T2M, C(1 + =)

13
+mMRZMIk} =L,
k=1

Elluly (1) = uZys (0
< 12 Myw {2MpMy + My(1 + M,,) + T*MpM(1+ M,y,) + T° MpM,Tr(Q)
TM,C

- 203

+mMp Z My, } SuBIEHz(t) —zZ(t)|?
h—1 se

where C > 0 is a positive constant and

Cy:=T sup O'%(T,S,O), Cy = sup Hg(t7570)”27
(r,s)eJxJ (t,s)eJxB

C3:=T sup o3(r,s,0), Cy:=sup|f(t0,0)|>
(r,s)eJxJ teJ

Lemma 3.2. Under the assumptions of Theorem 3.1, there exists r > 0 such that

(B,) C B,.

Proof. If this property is false, then for each 7 > 0, there exists a function 2"(+) € By,
but II(2") ¢ B, i.e. |II(2")(¢)||> > r for some t € J. However, by our assumptions,
Holder’s inequality and the Burkholder—Davis—Gundy inequality, we have

r < E|IL(=") (1)
< T[2My([1+2My,]Jr* +2C1) 4+ Co + MrCy + 2T° Mp[(M{[1 + 2M,,]r* + 2C3) + C4]

+ T2MRMoS + 2T2Ma(My + TTr(Q)My) + TM,C(1+ ) + mM My,
0

k=1
*% 2 2 TQM’YC’ *
<M+ 7(1+ T2 My Mc) |2 (My(1 + 2M,,) + T*MrM;(1 + 2M,,)) + 7|
0
+ TMyr* (3.3)

where

M** =7 (201 + Co(1 + Mpg) + 2T2Mg[2C3 + C4] + mMpg Z M1k>
k=1
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+ 49T My MrMc (||21]]* + 3M..[||zo||* + My + Co] + 2M,Cy + Cy + 2T Mg[2C5 + C4]
+2Mp (M), + TM,Tr(Q)) + T*M,C +mMp Y M1k> (3.4)
k=1
Dividing both sides of (3.3) by r and noting that

= 45 (r + 2MRE[0(0)]” + M,) + 4|15
—> 00, T — X

and taking the limit as r — 0o, we obtain 1 < = which contradicts our assumption.
Thus, for some positive number r,II(B,.) C B,.. This completes the proof of Lemma
3.2. (]

Lemma 3.3. Under the assumptions of Theorem 3.1, 11 : B% — BY. is a contraction
mapping.

Proof. Let z,z € B%. Then, by our assumptions, Holder’s inequality, Burkholder-
Davis-Gundy’s inequality, Lemma 2.1, and since ||z]|% = 0 and ||Z||% = 0, for each
t € J, we see that

E||(I1z)(t) — (T12) (1)
TM,C
202

<14 {Mg(l + M,,) +T*MpMi(1+ M,,) + T MrM,Tr(Q) +

m
+mMp Y M;, } supE|[=(t) = Z()|1* + TT* MrMoEl|uZ (1) — ul (1)
b1 sE
< {BAFT* Mc My M7 M, + 1413 (1 + TT* Mc Mg My)
TM,C

212

X lMg(l + My,) + T*MpM; (14 M,,)T*MpM,Tr(Q) +

mMg Mfk] } ilelgEIIZ(t) -z

k=1
Taking the supremum over t, we obtain
I(TL2)(t) - (L2)(t)l[F < Ol|= — 27

By our assumption, we conclude that II is a contraction on B%. Thus, we have
completed the proof of Lemma 3.3. O

On the other hand, by Banach fixed point theorem, there exists a unique fixed
point z(-) € BY such that (IIz)(¢) = x(t). This fixed point is then the mild solution
of the system (1.1). Clearly, 2(T) = (Ilz)(T) = y;. Thus, the system (1.1) is
controllable on Jp. The proof for Theorem 3.1 is thus complete. (]

Now, let us consider a special case for the system (1.1).
If y(t,z(t—),v) = 0, the system (1.1) becomes the following nonlocal impulsive
neutral stochastic functional integrodifferential equations with infinite delay without
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Poisson jumps

d [w(t) g <m / t alu,s,ms)ds)} - {A [w(t) g <m / t alu,s,xs)ds)]
ny (t,xt, Jioat,s, xs)ds)] dt + [/Ot Bt —s)z(s) — g (s, s, /0 o1(s, T, mm)m] dt

+Cu(t)dt + /t o(t,s,xs)dw(s) ty #t € J :=[0,T],

Ax(ty) = Ix(ze,,), k={1,---,m}=:1,m,

,Tt,) =xo =@ € B, for a.e s € Jy:=(—00,0],

x(O) - q(xtl s Ligy "
(3.5)

Corollary 3.4. Assume that all assumptions of Theorem 3.1 hold except that (H12)
and 2,0 replaced by 2,0 such that

i= 2413 (1 + 6T* Mp Mg My )[My(1 + 2M,,) + T2 MM (1 + M,,)] + 6 M,

[1]>

and
© := {72057 Mc My Mp M, + 1215 (1 + 67 Mo Mg Myy)

X Mg(]. + Mgl) + T2MRMf(]. + Mo‘g) +T3MRMUT7”(Q) + mMRZM[k] }
k=1

IfZ <1 and © < 1, then the system (3.5) is controllable on Jr.

4. APPLICATION

In this section, the established previous results are applied to study the control-
lability of the stochastic nonlinear wave equation with infinite delay and Poisson
jumps. Specifically, we consider the following controllability of nonlocal impulsive
neutral stochastic functional integrodifferential equations with infinite delay and

Poisson jumps of the form:
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82

— 5 0 =61 (tate-re. [ ot s u(s - )is) | a

w[ [ re=9[us.0 - 61 (bt =0 [ attsuts = 0as) | +oteruto) ar
" {gl <t,y<t -re). | gt s y(s T,f))dsﬂ dt

—|—/ 0(s — t)y(t,&)ds(s) —|—/ y(t — E)uN(dt,dv) for t, #t e J €0,

— 00 1t

ty

Ay(tk)(f):/ et — $)y(s,E)ds, k= {1l .m}=T.m, €c[0,7],

—00

(0,8) =y(t,m) =0, te

e /0 i€, O(t, ¢ = o(t,6), tedo, €€ 0],
=1

(4.1)
where,y : RT — Ris a continuous function and 3(¢) is a standard one-
dimensional Wiener process in H, defined on a stochastic basis (Q,F, P); i =
{fvelR:0< r <aa>0h0<t <ty < - <t, <T,n el
0 =t < t1 < - <ty < tymy1 < T are prefixed numbers, and ¢ € B.
Let p = p(t),t € D, be a K-valued o-finite stationary Poisson point process
(independent of S(t)) on a complete probability space with the usual condition
(Q, F, (Ft)is0, P). Let N(ds,dv) := N(ds,dv) — \(dv)ds, with the characteristic
measure A(dv) on 4 € B(K — {0}). Assume that

/HUQ)\(dv) < 00.

To rewrite (4.1) into the abstract from of (1.1), we consider the space H = L2([0, 7])
with the norm || - ||. Let e, () := \/gsin né,n=1,2,3,... denote the completed or-

thogonal basics in H and B(t) = > 0" | vV AuBn(t)en,t > 0, > 0, where {53,,(¢)}n>0
are one-dimensional standard Brownian motions mutuallyi ndependent on a usual
complete probability space (Q, F, (Fi)i>o0, P).

Defined A : H — H by A = 2, with domain D(A) = H([0,]) N H([0, 7]),
where
HE([0,7]) = {w € L3([0,7]),w(0) = w(mw) = 0} and H2([0, 7]) = {w € L*([0,7]) :
Ge., G2 € L2(0, 7).
Then,

Az = in2<x,en>en, x € D(A), (4.2)

n=1
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It is well known that A is the infinitesimal generator of a strongly continuous semi-
group on H; thus, (H1) is true.
Let T : D(A) C H — H be the operator defined by I'(t)(z) = B(t)Az for t > 0 and
z € D(A).

Now, we give a special B-space. Let [(s) = €2%,s < 0, then [y = fJo l(s)ds = 3
and define

[vla= [ e sup EuE)|)ds, Ve s
Jo 0€e[s,0]

It follows from Hino et al. [13] that (B, || - ||g) is a Banach space. Additionally, we
assume that the following conditions hold:

(1) Let C € L(R,H) be defined as
Cu(§) =b(&u, 0<&<m, weR, b¢)e L(0,7])
(2) The linear operator W : L?(J,U) — H defined by

Wu = /JR(T — $5)b(&)u(s)ds

is a bounded linear operator but not necessarily one-to-one. Let KerW =
{u € L2(J,U) : Wu = 0} be null space of W and [KerW]* be its orthog-
onal complement in L2(J,U). Let W* : [KerW]+ — Range(W) be the
restriction of W to [KerW]+, W* is necessarily one-to-one operator. The
inverse mapping theorem says that (WW*)~! is bounded since [KerW]* and
Range(W)are Banach spaces. Since the inverse operator W~! is bounded
and takes values in L?(J,U)/KerW, the assumption (H11) is satisfied.
(3) The functions p; : [0, 7] x [0, 7] — H are C2-functions, for each i = 1, n.

(4) The function 14(#) > 0 is continuous in | — oo, 0] satisfying
0 0 2\ 2
/ v3(0)do < oo, </ (U}((S))) ds) < 00.
—o00 —c0 S

(5) ba,bs : R — R are continuous, and

1
0 2 3
(/ (bs(s)) ds) < oo.
—oo U5
(6) The functions by : R — Ris continuous and b; : R — R, i = 1, 3are con-

tinuous and there exist continuous functions r; : R = R,j = 1,2, 3,4 such
that

Tl(t)r2(5)|y|; (t? 571‘73/) € R4’
r3(t)ra(s)lyl;  (t,s,2,y) € RY,

|61(ta S, xay)|

<
|B3(ta S,I,y)| <

1 1
. 7 0 r2(s))? 2 7 0 ra(s))? 2
with L% = (f_oo ( 7((3))) ds) <o, Li= (f_oo ( ?((S))) ds) < 0.

1

(7) The functions d; € C(R,R),and L;, = (f_ooo cl?(s)cls)§ < 0o, where i =

1,---,m are finite.
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Let  ¢(0)(§) = ¢(0,6),(0,£) € J x B, with ¢(0)z = ¢(6,2), (0,z) € Jo x [0,7].
Let y(t)(§) = y(t,€).9, f : IXxBxH—=H,0:JxJxB— LY, vy:JxHxU— H,
and Iy : B — H, k = 1, m be the operators defined by

Ul(tasa¢)(7—) = g(t’$7¢(0,7—))a
olt, o, / or(t,s,0)ds)(r) = Gt é(6.7), / o(t, 5, 6(0.€))ds),

_ /_O (6 de+// $(1, €)dlds,

02(t,3a¢>(7) = gl(tvsv¢(0>£))a
f<t7¢a/0 UQ(taS7¢)ds>(T) = gl(tv(b(evg)a/o gg(t,S,d)((g,f))dS),

0
:/ byt 5, €, 6(s,€))ds

/ / ()b3(s,1, €, ¢(1,€))dlds,

J(tvsa¢)(T) = S_t ) )a
Yt ¢(7),v) = o(T)v,

0

HEo© = [ die-s)s0)es
Moreover, if I' is bounded and C* function such that I’ " is bounded and uniformly

continuous, then (H2) is satisfied and hence, by Theorem 2.1, Eq. (1.1) has a

resolvent operator (R(t))¢>o on H.

Thus it is easy to show that conditions (4) and (5) implies that g satisfies conditions

in (H4), in fact for any ¢y, g2 € B,y1,y2 € L2(Q, L([0,7])), we have

Ellg(t, ¢1,91) — g(t. b2, y2)[I* < My(l|lw1 — 225 + Ellyn — 2|,
where
My = [yg + Tllballoc7]*-
Similary we can verify that other assumptions are satisfied and therefore, by The-
orem 3.1, we can conclude that the system (4.1) is controllable on Jr.

5. CONCLUSION

This paper has studied the controllability of a new class of impulsive nonlocal
delayed stochastic functional integrodifferential equations of neutral type, driven by
a Wiener process and Poisson jumps. Clearly, using the stocastic analysis theory,
the resolvent operator theory in the sense of Grimmer, combinated with the Ba-
nach fixed point theory, we established the conditions for the controllability of the
aforementioned system. Finally, we give an application to illustrate the obtained
results.

There are two direct issues which require further study. We will study the con-
ditions for the approximate controllability of the system (1.1). Also, we will inves-
tigate the optimal controls problems for the nonlocal integro-differential system.
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