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ABSTRACT. We will apply a new method to generalize some fixed point theorems for
a special class of contractive type mappings in complete b-metric spaces. We also discuss
about the existence of a unique fixed point for a family of self mappings. Our results
enable us to generalize some known fixed point theorems in the literature. Finally, we
present some applications of our results.
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1. INTRODUCTION AND PRELIMINARIES

Let (X, d) be a metric space and T be a self mapping on X. The function T is
said to be a contraction on X if there is some 0 < r < 1 such that

d(T(2), T(y)) < rd(z,y) (2.y € X). (L1)

A celebrated result due to Banach [3] states that every contraction function on a
complete metric space has a unique fixed point. The Banach contraction mapping
principle is considered to be the core of many extended fixed point theorems (see.
e. g [6,8, 10, 14, 18, 20, 21, 22]).

Despite these important features, Banach fixed point theorem suffers from one
serious drawback - the contractive condition (1.1) forces T' to be continuous on the
entire space X. It was then naturally to ask if there exist contractive conditions
which do not imply the continuity of 7". This was answered in the affirmative by
R. Kannan [13] in 1968, who proved a fixed point theorem which extends Banach’s
theorem to mappings that need not be continuous, by considering instead of (1.1)
the next condition:

d(T(z),T(y)) <r{d(z,T(z)) +d(y,T(y))} for some 0<r < % and all z,y € X.
(1.2)
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Kannan’s theorem has been generalized by some authors [16, 17]. In particular, G.
Hardy and T. Rogers [12] proved the following results:

THEOREM 1.1. [12, Theorem 1] Let X be a complete metric space with metric
d, and let T : X — X be a function with the following property:

d(T(x),T(y)) < ad(z,T(x))+bd(y, T(y)) +cd(z,T(y) +e d(y, T(z)) + f d(@,y),
(1.3)
where 0 < a,b,c,e, f <1l anda+b+c+e+ f <1. ThenT has a unique fixed point.

THEOREM 1.2. [12, Theorem 2] Let (X, d) be a complete metric space, a,b, c, e, f
be monotonically decreasing functions from [0,00) to [0,1), and let the sum of these
five functions be less than 1. Suppose T : X — X satisfies condition (1.3) with
a=a(d(z,y)), -, f = fldx,y)) for all z,y € X. Then T has a unique fixed point.

The above results were extended for some metric-like spaces (see e.g. [, 15, 19]).
The following generalization of a metric is due to S. Czerwik [7]:

DEFINITION 1.3. Let X be a space and d : X x X — [0,00) be a function
such that for each x,y and z in X,

(i) d(z,y) =0 if and only if x =y,

(i) d(z,y) = d(y, ),
(iii) for each € > 0, if d(z,y) < € and d(y, z) < ¢, then d(z,z) < 2¢.

Then d is called a b-metric on X. It is easy to verify that the condition (iii) is

equivalent to the following (see e. g. [7, Lemma 1]).
(iv) For each € > 0 and z,y,z € X, if d(z,y) < € and d(y,z) < e, then
d(z,z) < 2e.

Clearly, every metric space is a b-metric space. However, the converse is not true
in general.

EXAMPLE 1.4. Let X = {1,2,3}. Define a symmetric function d : X x X —
[0,00) by

d(1,1) = d(2,2) = d(3,3) =0, d(1,2) =3, d(2,3) =2, d(1,3) = 6.

It is easy to verify that (iv) holds, hence (X, d) is a b-metric space but it is not a
metric space, since d(1,3) < d(1,2) + d(2, 3).

In order to prove some fixed point theorems of Banach type for b-metric spaces,
S. Czerwik [7] replaced (iv) by the following weaker condition:

d(x,y) < 2d(z,2) +2d(2,y) (z,y,2 € X). (1.4)
The following example shows that (1.4) is strictly weaker than (iv).
EXAMPLE 1.5. Let X =R and define d: X x X — [0,00) by
d(z,y) =z —y|> (v,y €R).

Then for e = 1, we have d(1,0) = ¢, d(0,—1) = ¢ but d(1,—1) = 4 £ 2¢ = 2. Hence
(iv) is not true. However, it is easy to verify that (1.4) holds.

Following [7], a few mathematicians investigated the existence of fixed points for
self-mappings on special kind of b-metrics X; i. e. the triangle inequality is replaced
by

d(@,y) < k(d(z,2) +d(z,9)) (2,92 € X),

for some k > 1 (see e. g. [2, 4, 5, 22]).
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In this paper, we will assume that our b-metric space satisfies (iv). We will show
that Frink’s lemma and the inequality (iv) enable us to improve some known fixed
point theorems. More precisely, we will establish Theorems 1.1 and 1.2 for b-metric
spaces, which improves some results in [7] and [16]. We also discuss about the
existence of a unique fixed point for a family of self mappings on b-metric spaces.

2. REsULTS
In order to state main results of this paper, we need to the following result.

LEMMA 2.1. ( see [9] or [11]). Suppose d : X x X — [0,00) satisfies the
following condition.:

Foranye >0 and x,y,z € X, if d(z,y) < e and d(y, z) < &, then d(z,z) < 2e.
Then the function p: X x X — [0,00), defined by

plx,y) = mf{ Zd(wi,l,xi); wheren € Nyzg =z and x,, = y}7 ((x,y) € XXX),
i=1
(2.1)
has the following properties:

(i) p(z,2) < p(z,y) + p(y, 2), for all z,y,z € X.
(ii) W < p(z,y) < d(z,y) for all z,y € X. Further, p is symmetric (i.e.

p(z,y) = p(y,)) if d is.
Now, we are ready to state one of the main results of this paper.

THEOREM 2.2. Let (X,d) be a b-metric space and T be a self-mapping on X
such that for all x,y € X

d(T(x),T(y)) < ad(z,T(x)+bd(y,T(y)) +cd(z,T(y)) +e d(y, T(z)) + f d(z,y),

(2.2)
where a,b,c,e, f are nonnegative, a + b+ 2(c+e) + f < 1. Then T has a unique
fized point.

Proof. We first show that T" has at most one fixed point. Let z*, y* be fixed points
of T. We have

dz*,y") = d(T(z"),T(y"))

ad(z*,T(z*) +bd(y*,T(y*)) + cdy*, T(z*)) + e d(a*,T(y*)) + f d(=*,y")
= (ct+e+f)d@",y).

Hence z* = y*. By symmetry, it follows from (2.2) that

d(T(z),T(y)) <ad(y,T(y))+bd(z,T(z))+cd(y,T(z))+ed(z,T(y))+f d

IN

,Y),
(2.3)
for all z,y € X. By (2.2) and (2.3), we have

d(T(x),T(y)) < = ;r b [d(z,T(x))+ d(y, T(y))]+ [d(2,T(y))+ d(y, T(x))]+f d(z,y)

for all z,y € X. Let a = “7“’, f = <€ and put y = T'(z), then we have
d(T(J:), Tz(x)) < a[d(m, T(x)) + d(T(JZ), TQ(.T))] + 6[d(m, T2(JZ)) + d(T($), T(J:))]

c+e

+ fd(z,T(x))
= (a+f)d(z,T(z)) +a d(T(z), T*(z)) + B8 d(z, T?(z))
< (a+28+f)d(z,T(2)) + (a+28) d(T(z), T*(z)) (z € X).
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Let r = % Then 0 < r < 1, since a + b+ 2(c+e) + f < 1. By the above

inequality
d(T(z), T*(z)) < rd(z,T(z)) (z € X).
By induction, it follows that for all n € N,
d(T"(z), T" " (2)) < r"d(z,T(z)) (z € X). (2.4)
Take some arbitrary point ¢y € X and define
21 = T(20), 22 = T(21), -, 20 = T(@n_1), ..
By (2.4), we have
d(xna mn—&-l) S Tnd(m(); xl)'

According to Lemma 2.1, there is a metric p on X such that d(w’y) < p(z,y) <
d(x,y) for all z,y € X. For each m > n, we have

d(xnaxm) S 40(337“ xm) S 4 Z p(l’i-s-lyxi)

m—1
< 4 Z d(xiz1,x;)

4r™d(xo, 1)
< 4d(w1,20) ZT #’

i=n
which tends to zero as n tends to infinity. Hence {z,} is a Cauchy sequence in
complete b-metric space (X, d). Therefore, {x,} is convergent to some z* € X. For
each n € N, we have

d(z*, T(z*)) < 2d(T" (o), T(x%)) + 2d(T" (o), 2*)
< 2a d(T™(zo), T" " (20)) + 2b d(2*, T(2*)) + 2¢ d(T™(z0), T(z*))
+(2e +2) d(T™" (o), 2*) +2f d(T"(x0),z*)
< 2a d(T™(zo), T (20)) +2b d(z*, T (")) + 4c d(T"(x0), z*)

+4c d(T(z*),z*) + (2e +2) d(T" (o), 2*) + 2f d(T"(x0),z*).
By taking limit as n tends to infinity, it follows that
d(z*, T(z*)) < (2b+ 4e) d(z*, T (z™)). (2.5)
By symmetry,
d(z*,T(z*)) < (2a + 4e) d(z*, T(x")). (2.6)
It follows from (2.5) and (2.6) that
d(z*,T(z*)) < %[(Qb +4c) d(z*,T(z*)) + (2a + 4e) d(z*,T(z*))] (2.7)
(a+b+2(c+e)) da*,T(z*)).

In view of (2.7) and the fact that a +b+2(c+e) < 1 — f, we have T(z*) = x*.
U

In the following result, we will show that under certain condition, if T': X — X
satisfies (2.2) on a complete subset, not necessarily on the entire space, then T" has
a unique fixed point.
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COROLLARY 2.3. Let T be a self mapping on a b-metric space (X,d). LetY
be a complete subset of X such that T(Y) CY and for each x,y €Y,

d(T(2), T(y)) < a d(z, T(2))+b d(y, T(y)) +c d(z, T(y)) +e d(y, T(x)) + f d(z,y
(2.
where a,b,c,e, f are nonnegative and a + b+ 2(c+e)+ f < 1. If for each z,w €
with z # w,

~—

~

d(T(z), T(w)) < d(T(2),2) + d(T(w),w) + d(z,w),
then T has a unique fized point on X.

Proof. By Theorem 2.2, T|y : Y — Y has a fixed point y* € Y. Let 2* € X be
another fixed point of 7" on X. Then we have

d(z*,y*) = d(T(ac*),T(y*)) < d(T(a:*),x*) + d(T(y*),y*) +d(z*,y*) = d(z*,y").

This contradiction shows that T': X — X has a unique fixed point. O

Reich’s theorem [16] for b-metric spaces follows immediately from Theorem 2.2:
COROLLARY 2.4. Let (X,d) be a complete b-metric space and T : X — X
satisfy

d(T(x),T(y)) < ad(z,T(x))+bd(y,T(y)+ f dlz,y) (z,y € X),

where a,b and f are nonnegative and a + b+ f < 1. Then T has a unique fixed
point.

In the following, we use our main result to show that under certain circumstances
a family of self-mappings has a unique common fixed point.

COROLLARY 2.5. Let (X,d) be a complete b-metric space and F be a family of
self mappings on X such that for each T, S € F and x,y € X,

d(T(x), S(y)) < ad(z, T(x))+bd(y,S(y)) +cd(z,S(y) +e d(y, T(x)) + f d(z,y),

(2.9)
where a, b, c, e, f are nonnegative and a+b+2(c+e)+ f < 1. Then F has a unique
common fized point.

Proof. Assume that T' € F. By putting S = T in (2.9) and applying Theorem 2.2,
we conclude T has a unique fixed point. So every element of F has a unique fixed
point. Now we show that all elements of F have a common unique fixed point. Let
S,T € F and let z* and y* be fixed points of T" and S respectively. Then

d(z*,y") = d(T(z"),S(y"))
< ad(@*,T(x*) +bd(y*,Sy")) +cd(a*,S(y")) +edy* T(z"))
+fdz",y") = (c+e+ f)dlz",y").
Since ¢+ e + f < 1, we have z* = y*. O

In 1995, S. Czerwick proved the following result which is a generalization one of
the main results in [13, 23]:

THEOREM 2.6. [7, Theorem 3] Let a : (0,00) —> (0, 1) be a decreasing function.
Let (X,d) be a complete b-metric space and let T : X — X satisfy

d(T(x),T(y)) < a(d(z,y))[d(z, T(2)) +d(y, T(y))] (= #y;2,y € X).
Then T has a unique fized point x* and lim,__, d(T”(;v), x*) =0 for each x € X.



44 J. NONLINEAR ANAL. OPTIM. VOL. 9(1) (2018)

Here we will prove Theorem 1.2 for b-metric spaces under some extra conditions.
This result also generalizes Theorem 2.6.

THEOREM 2.7. Let (X,d) be a complete b-metric space, a,b,c,e, f be mono-
tonically decreasing functions from (0,00) to [0,1) such that a(t) + b(t) + 2(c(t) +
e(t)) + f(t) < 1, 2(c(t) +e(t)) +4f(t) < 1 for each t € (0,00) and f(ty) > 0 for
some to € (0,00). Suppose that T : X — X satisfies
d(T(2), T(y)) < alt) d(z,T(x)) +b(t) d(y, T(y)) +c(t) d(z,T(y))  (2.10)
+e(t) d(y, T(x)) + f(t) d(z,y),

where t = d(z,y) and x,y € X with x #vy. Then T has a unique fized point.

Proof. The proof is divided into several steps:

Step 1. T has at most one fixed point.
Let z*, y* be fixed points of T'. If x* # y*, then

d(z”,y") d(T ("), T(y"))

ad(z*,T(z*) +bd(y", T(y*)) +cd(y*,T(z*)) +ed(z*,T(y*)) + f d(z*,y")
(c+e+ f)d",y") <dx",y"),

W*here a = a(d(x*,y*)),...j = f(d(z*,y*)). This is a contradiction. Hence

T =y*

IN

Step 2. There exists a monotone decreasing function r : (0,00) — [0,1) such
that for t = d(x,T(x)) #0,
d(T?(z), T(2)) < r(t)d(z,T(z)) (z € X). (2.11)
By symmetry, it follows from (2.10) that for a = a(d(z,y)), b = b(d(z,y)), ¢ =
c(d(z,y)), e =e(d(z,y)) and f = f(d(x,y)), we have
d(T(x),T(y)) <ad(y,T(y))+bd(z,T(z))+cd(y,T(z))+ed(z,T(y))+f d((:QC,lyQ)),

where z,y € X and z # y. By (2.10) and (2.3), for the same a,b,c,e and f, we

have
4(T(@), T(y) < 20

2

c+e

[d(z,T(x))+d(y,T(y))]+

[d(x, T(y))+ d(y, T'(2))]+f d(x,y)
(2.13)
for all z,y € X with x # y. Fix some z € X, then for ¢t = d(z,T(x)) # 0,

a(t) = 7‘1“);}’(”, B(t) = 7C(t)'ge(t), we have

d(T(x), T*(x)) a()[d(z, T(x)) +d(T(z), T*(x))] + B)[d(z, T*(x)) + d(T(x), T(x))]
(t)d(z, T(x))

= (a f@) d(z,T(x)) + a(t) d(T(a:),Tz(:c)) + B(t) d(x,Tz(:c))

+28() + f(1) d(z, T(x)) + (a(t) +25(1)) d(T(2), T*(z)) (2 € X).

. Then r is monotonically decreasing and (2.11) holds.

+ IA
~

(t
(aft
_a(®)+28()+f(t

Let r(t) = S-S0

)+
)

IN

Step 3. For each x € X, lim;,, 00 d(T"(z), T" " (z)) = 0.
Let z € X, n € Nand t = d(T" ' (z),T"(x)). If T"~*(z) = T"(x), then the claim
is proved. So we may assume that ¢ £ 0. By step 2, we have

d(T™(z), T" ™ (2)) < r(t)d(T" H(z), T™(z)) < d(T" (z), T"(z)).
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Therefore {d(T™**(z), T"(z))} is a decreasing sequence. Let lim,, o d(T" " (z),T"(z)) =
p. If p > 0, then for each n € N, we have d(T”“(m),T”(m)) > p. Since r is mono-
tone deceasing,

(T (2), T"(x)) < r(p)d(T"(2),T" " (2)) < --- < r"(p)d(z, T(2)).
Since the right hand side of the above inequality tends to zero as n — oo, we have
. n+1 mn _
ngnmd(T (z), T"(z)) = 0.
This contradiction shows that p = 0.

Step 4. For each x € X, {T"(x)} converges and x* = lim,,_, o, T™(x) is the
fixed point of T.

Let a(t) = a(tHb , B(t) = +e(t) , t € (0,00). By our assumption,
4p(t )+4f( ) = (C(t)+ e(t)) +4f(t) <1 (t€(0,00)).
Therefore we can define

_a(t)+28()+2f(t _a(t)+28()+4f(t
Vl(t) = W and ’YQ(t) = W for ¢ € (0700)

Suppose that ¢ > 0 and x € X. Choose ng € N so that for each n,m > nyg,

d(T"(z), T" () <m1n{g 275( )}

Let n,m > ng and z € X and t = d(T"'(z), T (2)). f T""}(z) = T™ (),

) =
then d(T"(z),T™(x)) = 0. So that we may assume that ¢ # 0. By (1.4) and (2.13),
we have

d(T"(x), T™(x))
O[d(T" (@), T () +d(T™ (), T™ (2))]

BT (@), T™ (2)) +d(T™ " (@), T" ()] + f(t) (T (), T ()

a(t)[d(T" (z), T (x)) + d(T™ (), T™(x))

+B(t) [2d(T"H (2), T™(2)) + 4d(T™ (z), T™( )

+F(t) [Qd(T” Y2), T"(x)) + 4 d(T"(2), T

It follows that

d(T"(2),T™ (x)) < v

If d(Tm Y (z), T™ () >

IN
=

IN
4

]
) +2d4(T7 " (), T™ ()]
(2)) +4d(T™ (@), T (@)

%, then
AT (@), T"(@) < n(SAT" @), 777 @) +2()d(T7 (@), T (@)
< §+%:5. (2.14)
Let d(T" !(z),T™ (z)) < £, then

d(T™(z), T™(z)) < 2d(T™(z),T" "(z)) +4d(T" " (2), T™ "(z)) + 2d(T™(z), T™ ' (z))
2d(T" (), T™ 1(x))+48+2d(Tm( z), T™ (z)) (2.15)
< Z + % + Z =e.

It follows from (2.14) and (2.15) that {T"(x)} is a Cauchy sequence in (X, d). Hence
z* = lim,, o T" () exists. So that for some ny € N, d(T" (), z*) < to provided
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that n > ny. If T 1(x) = 2* for infinity many n, then T"(z*) = Tx* for infinity
many n. It follows that T'(z*) = z*. Therefore, we can assume that 7" 1(x) # z*
for all n € N. Let t,, = d(T""!(z),z*) for all n € N. We have

d(z*,T(z")) 2d(z*, T"(x)) + 2d(T" (), T(z*))

2d(z*, T"(2)) + 2a(ty)[d(z*, T (")) + d(T"(z), T" " (2))]

+2B(tn)[2d(T" (), %) + 2d(2*, T(z*)) + d(2*, T"(z))]

+2f(tn)d(T" " (2),2*) (n€N).

For each n > ny, we have

20(tn) + 4B(tn) = alta) + bltn) + 2(c(t) + e(t)) < 1 — F(ta) < 1 f(t):

Therefore

d(z*,T(z"))

IN A

IN

(20(tn) + 4B(tn))d(z*, T (x*)) + 4d(z*, T" ()
+2d(T" (), T H(x)) + 6d(T" ' (z),2*)
[1— f(to)]d(2", T(z")) + 4d(2", T"(2))
+2d(T" (), T" () + 6d(T" " (2),2*).
By taking limit as n — oo, we see that
d(z*,T(z*)) < [1— f(to)]d(a*, T(*)).
Since 1 — f(tp) < 1, we have T'(z*) = z*. O

IN

The following result is a special case of Theorem 2.7, which is also a generalization
of Theorem 2.6.

COROLLARY 2.8. Let a,v : (0,00) — [0,1) be two decreasing function with
20(t) +v(t) <1 and y(t) < % for allt > 0. Let (X,d) be a complete b-metric space
and let T : X — X satisfy

d(T(x), T(y)) < a(d(z,y))[d(z, T(x))+d(y, T(y)) +y(d(@,y)d(z,y) (z #y;z,y € X),

where 7y is non-zero function. Then T has a unique fized point x* and lim,, d(T"(ac)7 x*) =
0 for each x € X.

Proof. Put a(t) = a(t) = b(t), ¢(t) = e(t) = 0 and v(¢t) = f(¢) for all t > 0 in
Theorem 2.7. U

The following example shows that the above result is a genuine extension of
Theorem 2.6.

EXAMPLE 2.9. Let X = {t1,2,%3} and d : X x X — [0,00) be a symmetric
function with d(z,z) = 0 for all z € X,

7
d(t17t2) = 1, d(t27t3) = ]. and d(tg,tl) = 3

It is easy to see that (X, d) is a complete b-metric space. Since d(t1,t3) £ d(t1,t2)+
d(ta,t3), d is not a metric. Define T': X — X by
T(t1) = ta, T(t2) =ts, T(ts) = t3.

Let o = £ and 7 = 5. Then 20 + v < 1,

d(t1,T(t1)) = d(t1,t2) = gv d(t2, T(t2)) = d(ta,t3) = 1 and d(t3, T(t3)) = 0.
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Therefore

d(T(x), T(y)) < ald(z, T(@)) +d(y, T(y)] +vd(z,y), (¢ #y;z,y € X).

It follows from Corollary 2.8 that T has a unique fixed point. However, Theorem
2.6 can’t be used, since

A(T(12), (1) > 5 [dltr, T()) + d(ts, T(05))].

Conclusion. In this article, we establish some generalizations of Hardy-
Rogers’s theorem in complete b-metric space. The above consequences improve
some known fixed point theorems in complete b-metric space and enable us to
obtain new outcome . By our results, we can also conclude the existence of unique
fixed point in some spaces which are not metric
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