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ABSTRACT. In this paper, We prove some common fixed point results for two a-
dominated mappings satisfying Hardy-Rogers Type on a closed ball of left (right) K-
sequentially complete dislocated quasi-metric space and give some example for support
our result.
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1. INTRODUCTION

The partial metric spaces have applications in theoretical computer science (see
[141]). The notion of dislocated topologies has useful applications in the context of
logic programming semantics (see [15]). Dislocated metric (metric-like) spaces (see
[4, 16, 17, 18]) are generalizations of partial metric spaces. Furthermore, dislocated
quasi metric spaces (quasi-metric-like spaces) generalize the idea of dislocated metric
spaces and quasi-partial metric spaces.

Samet et al. [19] introduced the notion of a-admissible mappings. They weak-
ened and generalized the contractive condition and several other known results.

In this paper, we proof common fixed point results for two a-dominated mappings
in a closed ball in complete dislocated quasi metric space, under Hardy-Rogers Type.

2. PRELIMINARIES

Definition 2.1. [10] Let X be a nonempty set. A quasi-partial metric on X is a
function ¢ : X x X — R* satisfying, for all z,y,z € X,
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(a) 0 <q(z,z) = q(z,y) = q(y,y) implies = = y (equality),
(b) q(z,z) < q(y,z) (small self-distances),
(¢) q(z,x) < g(x,y) (small self-distances),
(d) g(,9) + (2 2) < gz, 2) + q(z,y) (triangleinequality).

The pair (X, q) is called a quasi-partial metric space.

Definition 2.2. [13] Let X be a nonempty set. A function d, : X x X — [0, 00)
is called a dislocated quasi metric (or simply d,-metric) if the following conditions
hold for any x,y,z € X :

(a) If dy(z,y) = dg(y,x) =0, then z =y,
(b) dq($, y) S dq(l’, Z) + dq(Z,y)'
In this case, the pair (X,d,) is called a dislocated quasi metric space.

It is clear that, if dy(z,y) = dy(y,x) = 0, then from (a) we have z = y. But, if

x =y, then d,(z,y) may not be 0. It can be observed that, if d,(z,y) = dy(y, z) for

all z,y € X, then (X,d,) becomes a dislocated metric space (metric-like space)[l,

, 5, 6, 9]. We will denote by (X,d;) a dislocated metric space. For z € X and

€ > 0,Bq,(z,e) = {y € X : dy(x,y) < €} is a closed ball in (X,d,). Every quasi-

partial metric space is a dislocated quasi metric space, but the converse is not true
in general.

Example 2.3. If X = RT U{0}, then d,(z,y) = x + max{z, y} defines a dislocated
quasi metric d, on X. But, it is not a quasi-partial metric space. Indeed,

dy(3,3) =6 > dg(2,3) = 5.

Reilly et al. [11] introduced the notion of left (right) K-Cauchy sequence and
left (right) K-sequentially complete spaces.

Definition 2.4. Let (X, d,) be a dislocated quasi metric space.

(a) A sequence {z,}in (X,d,) is called left(right) K-Cauchy if Ve > 0,3ng € N
such that Vn > m < ng, dg(@m, T,) < € (respectively dy(zn, zm) < €).

(b) A sequence {x,} in (X, d,) dislocated quasi-converges (for short d,-converges)
to x
if limy,_yo0 dg(@n, ) = limy o0 dg(z, z,) = 0. In this case, the point x is
called a dg-limit of {z,}.

(c) (X,dy) is called left (right) K-sequentially complete if every left (right)
K-Cauchy sequence in (X, d,),d, -converges to a point z € X such that
dq(z,z) = 0.

One can easily observe that every complete dislocated quasi metric space is also
left K-sequentially complete dislocated quasi metric space, but the converse is not
true in general.

Remark 2.5. [3] It is easy to see that, if ,, € By, (zo,7) for all n € N and for
some xg € X, r > 0, and the sequence {z,}, ds-converges to a point z € X, then
z € Bg,(wo,7).

Definition 2.6. [12] Let (X, ¢) be a quasi-partial metric space.

(a) A sequence {z,} in (X, q) is called 0-Cauchy if lim,, ,,—y00 ¢(Zp, Tm) = 0 or
lim limy, - 00 ¢(@m, ) = 0.

(b) The space (X,q) is called O-complete if every 0-Cauchy sequence in X
converges to a point € X such that ¢(z,x) = 0.
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Remark 2.7. [3] By definitions, one can easily observe that if X is a 0-complete
quasi-partial metric space then it is also a K-sequentially complete dislocated quasi
metric space. But a K-sequentially complete dislocated quasi metric space may
not be a 0-complete quasi-partial metric space. Therefore, the results in a K-
sequentially complete dislocated quasi metric space are more general than those in
a 0-complete quasi-partial metric space.

Let X be a non-empty set and T, f : X — X be two mappings. A point y € X
is called a point of coincidence of T' and f if there exists a point * € X such that
y = Tx = fx, here z is called a coincidence point of T" and f. The mappings T, f
are said to be weakly compatible if they commute at their coincidence points i.e.,
Tfxr = fTx whenever Tz = fzx.

Let ¥ denote the family of all nondecreasing functions ¢ : [0,4+00) — [0, +00)
such that 377 9" () < +oo for all t > 0, where ¢" is the n'" iterate of 4. The
following lemma is a consequence of definition of W.

Lemma 2.8. If ¢ € U, then ¢(t) <t for allt > 0.

Definition 2.9. [3] Let (X,d,) be a dislocated quasi metric space, A C X, T :
X — X be a selfmapping and o : X x X — [0, +00). Then:

(a) The mapping T is said to be a-dominated on A, if a(x,Tz) > 1 for all
x € A

(b) The function « is said to be a triangular function on A, if a(z,y) > 1 and
a(y, z) > 1 implies that a(z,2) > 1 for all z,y,z € A.

(b) (X,dq) isa-regularon A if for any sequence {z, } in A such that a(zp, Zp41) >
1foralln>0and z, - 2 € A as n — oo we have a(x,,z) > 1 for all
n > 0.

It is clear that if T is an a-dominated mapping on X then T is a-dominated
on each subset of X, but T can be a-dominated on some A C X, without being
a-dominated mapping on X.

3. MAIN RESULTS

Theorem 3.1. Let (X, dy) be a left K-sequentially complete dislocated quasi metric
space and T, S : X — X be two mappings. Let xo € X, r > 0 and there ezists a
function a : X x X — [0,400) such that S and T are a-dominated mappings on
Bay, (x0,7). Suppose that xq € Ba, (xo,7) and there exist nonnegative real numbers
B,7,0 such that S+ 2v+26 € (0,1) and the following condition holds: if a(x,y) > 1
or a(y,z) > 1 and x,y € Bq,(xo,7), then

dg(Sz, Ty) < Bdg(2,y) + vldg(x, S2) + dg(y, Ty)] + 6[dg(y, Sx) + dg(2, Ty)] (3.1)
dq(T'ra Sy) S qu(ﬂi, y) + ’Y[dq(xv TJC) + dq(y7 Sy)} + 5[dq(y7 TJ?) + dq(l‘, Sy)} (32)

and
dq(x0,Sz0) < (1 — N7, (3.3)

A = BEE0 Suppose that (X, d,) is a-regular on Ba,(xo,7). Then there exists

1—y—6"
a common fized point z € Bg,(xo,7) of S and T. Moreover, dy(z,z) = 0.

where

Proof. Let ¢y € X, define 1 = Sxg and zo = T'z;. Continuing this process, we
construct a sequence {z,} of points in X, such that

L2k4+1 = Sl’gk and T2k42 = Tx2k+1, Vk = 0, ]., 2, e
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By mathematical induction, we can show that

Tn+1 S qu(.’EmT), a(xrnanrl) Z 17
dg(xn, Tnt1) < A"dy(z0,21), ¥n e N.

By using (3.3) and 0 < A = ’f_%”_"’g < 1, we obtain
dq(xo, 1) = dy(x0,S20) < (1 =N <71
Hence, z; € W. Since S is an a-dominated mapping on W, we have
a(zg, Szg) = a(xg, x1) > 1. Therefore, using (3.1), we get that
dg(x1,22) = dg(Szo, Tx1)
< Bdq(wo, 21) + v[dg(20, Sz0) + dg(1, T21)]
+ 6[dg(x1, Szo) + dg(zo, T1)]
= Bdg(z0, 1) + Y[dg (0, 21) + dg(1, 72)]
+ 6[dg (21, 21) + dy (0, 22)]
< Bdg(x0, 1) + v[dg (20, 21) + dg(21, 22)]
+ 6[dg(x0, z1) + dg(z1, 22)]
Thus,
dg(x1,22) < Adg(20,21). (3.4)
By using (3.4), we get that
dq(zo, 22) < dg(zo, 1) + dg(1, 22) < dg(z0, 1) + Adg (20, 21)
=1+ Ndy(zo,21) (T + N1 =A)r=(1-A)r<r
Hence, x5 € W. Since S is an a-dominated mapping on W, we have

a(xg, Szo) = a(x1,Tx1) > 1. Therefore, from (P;) holds and using (3.2), we get

that
dq(l‘g, xg) = dq(Txl, S$2)

< Bdg(21, 22) + y[dg (21, Tw1) + dg (2, Sz2)]
+0[dg (22, Tx1) + dg(21, Sx2)]
= Bdy(x1,22) + y[dg(z1, x2) + dg(22, 3)]
+ 6[dg(w2, @2) + dg(21, 3)]
< Bdg(21,22) + y[dg (1, 22) + dg (2, 73)]
+ 8ldg (w1, 72) + dg(w2, 73)]
By using (3.4), we get that
dy(29,3) < Ady(w1,22) < Ndy(20,21). (3.5)
It follows from (3.4) and (3.5) that
dg(0,23) < dg(w0, 1) + dg(21, 22) + dg(22,23)
<=dy(z0, 1) + Mdy(z0, 71) + N2d,y (70, 71)

1—X3
= (1 + )\+ )\Q)dq(l'o,xl) = ﬁdq(l'o,xl)
1-X3
< 1— =(1=X)r<r
_1_>\( A)r = ( A <r

Hence, 23 € By, (2o, 7). Since S is an a-dominated mapping on Bg, (9, 7), we have
a(xo, Sto) = ax1,Txy) > 1. Therefore, from (P3) holds. Suppose, (P1), (P), ..., (FP;)
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be the inductive hypothesis. We shall show that (P;11) holds. For this, we consider
two possible cases. First, suppose that ¢ is even. Then, since a(z;, z;+1) > 1 and
using (3.1), we get that
dg(Tig1, Tiyo) = dg(Swi, T2iq1)
< Bdg(zi zit1) + y[dg (i, S2i) + dg(wig1, Txi41)]
+ 0[dg(wiv1, Swi) + dg(wi, Twiy1)]
= Bdy(vi, Tit1) + V[dg (T, Tit1) + dg(Ti, Tiy2)]
+ 6[dg(Tiv1, Tiv1) + dg(i, Tit2)]
< Bdg(wi, xigr) +v[dg(xi, Tig1) + dg(Tig1, Tig2)]
+ 0[dg(i; wig1) + dg(@it1, Tit2)]
Since (P;) holds, we get that
dq(Tig1, Tita) < Mdg(@iip1) < N dg (20, 21).
Thus,
dq(x0, it2) < dg(xo, 1) + dg(x1,22) + - - - + dg(Tig1, Tiga)
<(T+HA+ A+ XD (20, 21)
1— X+
1-A

IN

(1=Nr < (1 =X <.

Hence, 212 € Bg,(wo,7). Since S is an a-dominated mapping on By, (zo,r)., we
have a(x;y1,S%i41) = a(xiy1,Tir2) > 1. Therefore, (P;41) holds. Similarly, one
can see that if ¢ is odd, then (P;;1) holds, which completes the inductive proof.
Thus, we can write

dg(Xn, Tnt1) < Adg(x0,21), Yn € N. (3.6)

Next, we will show that the sequence {x,} is a left K-Cauchy sequence. Indeed,
for n,m € N with m > n using (3.7) we have

dq(xna mm) < dq(xnvxn—l-l) + dq($n+1,$n+2) +-- dq(xm—hxm)
< N'dy(zo, 1) + A", (20, 21) + - + Ny (w0, 7).

Thus,
ATL
dg(Tn, Tm) < 17)\(1,1(360,331), Vn,meN, m>n. (3.7)
Since 0 < A = % < 1, for every € > 0, we can choose ng € N such tha
"< o (11—021)6 for all n > ng. Therefore, it follows from (3.7) that

dg(xn, Tm) < €, Ym >n > ng.

Therefore, the sequence {x,,} is a left K-Cauchy sequence in X. By left K-sequential
completeness of X, there exists x € X such that

lim dy(zpn,2) = lim dy(z,2,) =0. (3.8)

n—oo n—oo

We will show that z is a common fixed point of the mappings S and 7. By Remark
2.5, we have z € By, (xo,r). Now, by the assumption we have for all n € N, therefore
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for any n € N, we have

dq(z,82) < dg(2, xont2) + dg(z2n42, 5%)

< dg(2z,2on+y2) + dg(Txon41, S2)

< dg(2, Tant2) + Bdg(Tont1, )
+ldg(z2n+1, STpt1) + dg(2, S2)]
+6[dg (2, Txont1) + dg(@2ny1, S2)]

< dg(2, Ton+2) + Bdg(z2n+41, 2)
+[dg (2011, STns1) + dg(z, S2)]
+ 6[dq (2, Tan+2) + dg(@ant1, 2) + dg(z, S2)].

By using (3.7) and (3.8), we obtain
(1=~ +08)dy(z,52) <0 (3.9)

which implies that d,(z, Sz) = 0. Similarly, one can show that d,(Sz, z) = 0. Thus,
dqy(z,82) = dq(Sz,2) =0, ie., z = Sz Similarly, one can show that z = T'z.

Hence, S and T have a common fixed point z € By, (xo,7). As is an dominated
mapping on By, (2o,7), we have a(z, Sz) = a(z,z) > 1. Therefore,

dq(z,2) < dg(S2,T%)
< Bdy(z, 2) + vy[dg(2,5%) + dy(2,T2)]
+6[dy(z,82) + dg(z,T%)]

< (B 427 +20)dy(2,2),

and this implies that
dy(z,2) = 0.
O

Example 3.2. Let X = QT U {0} and let d, : X* x X? — X be defined by
dg((x1,11), (22,y2)) = T1+4y1+Z2 +ys. Then it is easy to show that (X2, d,) is a left

K-sequentially complete dislocated quasi metric space. If (zg,y0) = (4,1),7 = 28,
then

Ba,((4,1),28) = {(z,y) € X : x + 4y < 42}.
In particular, (4,1) € By, ((4,1),28).

Let S,T : X2 — X? be defined by

(%%) if o 4 dy < 42
S(z,y) =
(222 — 2,42 +5), if o+ 4y > 42
and
(g%) if o+ dy < 42
T(z,y) =

(322 —3,y), ifx+4y > 42.
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Also, define o : X2 x X? — [0,00) by

X
1, iff+y1 + g + o < 42
a((xlayl)v(x%yZ)) =
X
0, 1le+y1 + xg +yp > 42.

Clearly, S and T are a-dominated mappings on By, ((4,1),28). Let 3 = %, v =

§ = {5, then A = 2252 = 3 ¢ (0,1) and (1 — A\)r = 16, dy((x0, o), S(w0, y0) =

dq((4,1),5(4,1)) = 184 < 16 = (1 — A)r. Observe that, for (43,0) ¢ By, ((4,1),28),
we have d,(5(43,0), (43 0)) = d4((3696, 5), (5544,0)) = 5104, d,((43,0),T (43 0))
d,((43,0),5(43,0)) = 2401, and dq((43, 0),(43,0)) = 245, Hence, there are no 3,7, §
such that S+2y+4d € (0,1) and (3.1) is satisfied. So the contractive condition does
not hold on X?2. On the other hand, if (z1,v1), (x2,y2) € Ba,((4,1),28), then
x x
dy(Ser.). Tlazw)) = o (5 2). (5 5))
1 Ay

B

dQ((xlayl)’ ($2,y2))

[dy((z1,91), S(21,91)) + dg((w2,y2), T (2, y2))]

[dy((w2,92), S(x1,91)) + dg((w1,91), T (22, 92))]-
Also,

dq(T(CChyl),S(:Eg,yz)) d ((% %)7 (-%27%2))

+ E[dq((x%yQ)’ S(x1,y1)) + dg((w1,91), T (22, 92))]-

Therefore, all the conditions of Theorem 3.1 are satisfied. Moreover, (0,0) is the
common fixed point of S and T.

Corollary 3.3. Let (X,d,) be a left K -sequentially complete dislocated quasi metric
space and S : X — X be a mapping. Let xo € X, r > 0 and there ezists a function
a: X x X — [0,+00) such that S be an a-dominated mappings on Bg,(xo,7).
Suppose that xo € Bg,(xo,7) and there exist nonnegative real numbers B3,7,d such
that B+2v+6 € (0,1) and the following condition holds: if a(z,y) > 1 ora(y,z) > 1
and x,y € By, (x0,7), then

dy(Sw, Sy) < Bdy(w,y) +[dg(x, Sx) + do(y, Sy)] + gy, Sx) + dy (2, Sy)]
and
d (1’0, S%O) (1 - )\)
where A = ﬂ+7+5 . Suppose that (X, d,) is a-regular on Bq,(xo,7). Then there evists

a point z € qu (:ro, r) such that z = Sz and dy(z,z) = 0.
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Proof. Letting T'= S in Theorem 3.1, we obtain the following result. O

Corollary 3.4. Let (X,d) be a complete dislocated metric space and S, T : X — X
be two mappings. Let xg € X, r > 0 and there exists a function o : X x X — [0, +00)
such that S and T are a-dominated mappings on Bg(xo,r). Suppose that xg €
Bi(zg,r) and there exist nonnegative real numbers (3,7, such that B+2v+4§ € (0,1)
and the following condition holds: if a(z,y) > 1 or a(y,x) > 1 and x,y € By(zo,7),
then

d(Sz,Ty) < Bd(z,y) +~[d(z, Sz) + d(y, Ty)] + 0[d(y, Sz) + d(z, Ty)]
and
d(xo, Sxo) < (1= N)r,

BEYES - Suppose that (X, d) is a-regular on By(zo,r). Then there exists

1—~—0
a point z € By(xo,r) such that z = Sz and d(z,z) = 0.

where A =

Proof. By Theorem 3.1, we obtain the following result. g

Theorem 3.5. Suppose that all the conditions of Theorem 5.1 are satisfied. In
addition suppose that:

(a) The function « is a triangular function on Bg,(xo,T).

(b) For x,y € Ba,(xo,7) there exists ug € Bg,(xo,7) such that o(x,ug) >
1, ay,ug) > 1.

(c) Forallu € Bg,(xo,7) such that a(Swo,u) > 1 the following condition holds

dg(zo, Szo) + dg(u, Tw) + dg(u, Sxo) + dg(zo, Tu) < dg(zo,u) + dg(Szo, Tw).
Then S and T have a unique common fized point z € By, (xo,7) and dy(z,z) = 0.

Proof. Define the sequence fxng as in the proof Theorem 3.1. Then, {z,},d,-
converges to a common fixed point z € By, (o, r) of the mappings S and 7" such that
a(xy, z) > 1 for allm > 0, (P,) holds and dy(z, z) = 0. In order to prove uniqueness
of z, suppose that z* is another point in By, (o, r) such that z* = Sz* = T'2*. Since
S is an a-dominated mapping on By, (zo,7), we have a(z*, S2*) = a(z*,2*) > 1.
Therefore,

dg(2",2") < dg(Sz*,Tz")
< Bdy(2%,27) + ldg (2", 82%) + dg (2%, Tz")]
+6[dg (2", 82%) + dg (2", T=")]
< (B4 2y +20)dy(z", "),
and this implies that
dqe(z*,2") = 0.

By assumption, there exists a point ug € Bg,(xo,7) such that a(z,u0) > 1 and
a(z*,ug) > 1. Define a sequence {u,} in X such that,

Ugk+1 = Sugr and ugki2 = Tugryr, Ve =0,1,2,....
By mathematical induction, we can show that

a(Up, Unt1) > 1, ez, uy) > 1, Vn eN;
dg(Un, Unt1) < Adg(ug,u1), ¥n €N; (P))
dg(2n, 2n) < A7, Uy € By, (w0,7), ¥n € N.
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Since T' is a-dominated mapping on By, (20,7), we have a(ug, Tug) = a(ug,u1) > 1.
Since « is triangular function on Bg, (z0,7), and a(z,,2) > 1,a(z,ug) > 1, we have
a(Zn,ug) > 1 for all n > 0. Therefore, using (c), we get that

dg(x1,u1) = dy(Szo, Tuo)

< Bdg(xo, uo) + y[dg(z0, Szo) + dg(wo, Tug)]
+ d[dg(uo, Sxo) + dg(xo, T'uo)]

< Bdg(zo,uo) +Y[dg(20,u0) + dg (S0, T'uo)]
+ d[dg(x0, uo) + dg(Szo, Tup)]

< Bdy(zo,u0) + Y[dg(T0, u0) + dg(1,u1)]
+ d[dg(uo, xo) + dg(z1,u1)].

Thus,

dy(1,u1) < %dq(m,uo) — A, (20, u0) < Ar. (3.10)

Since ug € By, (w0, 1), using (3.10), we get
dg(zo,u1) < dg(xo, 1) + dg(x1,ur)
< (1= X)r + Adg(xo,uo)
<(A=XNr+xx<r

Hence, uy € By, (xo,7). Since a(ug,u1) > 1, by using (3.2), we get that

dq(ul, ’U,Q) § qu(umul) = )\dq(UO,ul).

—7 =3
Since S is an a-dominated mapping on By, (xo,7), we have a(u1, Su1) = a(ui,u) >
1. As, a is a triangular function on By, (wo,r), and a(z1,ug) > 1, a(ug,u1) > 1,
we have a(z1,u1) > 1. Therefore, from (P]) holds. Since a(uj,us) > 1 and using
(3.1), we get that

dg(ug, uz) < Ady(ur,uz) < N2dy(ug,uy).
Since a(z1,u1) > 1, using (3.2) that
dy(z2,u2) = dg(Tx1, Sur)
< Bdg(z1,u1) + y[dg(x1, Twr) + dg(ur, Suy)]
+6[dg(ur, Tx1) + dg(z1, Su)]
< Bdg(x1, 22) + yA[dg (0, Sx0) + dg (U0, Tu)]
+ dA[dg(uo, Szo) + dg(zo, Tup)]
which gives wiyh (c)
dy(z2,us) < Bdy(z1,22) + YA[dg(20, wo) + dg(Szo, Tup)]
+ dA[dg(ug, zo) + dg(Szo, Tuo)]
< (B+ M+ Ad)dg(x1,u1) + (YA + SA)r.

By using (3.10) and fact that ug € Bg,(zo,7), in above inequality we obtain

dg(x2,u2) < (B4 Ay + M)A + (YA + dN\)r
=(B+XM+ A +7+0)Ar = N°r.
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Thus,

q(‘TOaxl) +dq(l’1,$2) +dq(l'2,u2)
q(anxl) + )\dq(.’L'o, 371) + )\2 <r.

Hence, up € By, (2o, 7). Since T is an a-dominated mapping on By, (zo,7), we have
a(xg, Szo) = a(ug,us) > 1. Therefore, from (P4) holds. Suppose, (P}), (P3),...,(P!)
be the inductive hypothesis. We shall show that (P}, ;) holds. For this, we consider
two possible cases. First, suppose that ¢ is even. Then, since a(u;,u;41) > 1 and
using (3.2), we get that

B+7+5d (ui,uiﬂ) = >\i+1dq(uO,U1).

dq(ui+17ui+2) < m q

Since a(x;,u;) > 1, using (3.1) that

dg(@ig1, Uig1) = dg(Szi, Tu;)
< Bdg (i, ui) + y[dg (@i, Sx3) + dg(ui, Tus )]
+ 6[dg(us, Szi) + dg (25, Tw;)]
< Bdg(xi, xig1) + YA[dg(zo, Szo) + dg(wo, Tup)]
+ 0A[dq(uo, Szo) + dg(z0, Tuo)]

which gives wiyh (¢) and P/

dg(Tiy1,uir1) < Bdg(s,u;) + A [dg (o, u0) + dg(Szo, Tup)]
+ 0N [dy (ug, 20) + dg(Swo, Tug)]
< BA'r A+ AN e 4+ Ar] + N [r + Ar]
= (B+ M+ A0+ 7+ )N =X

Thus,

dg(20,uir1) < dg(wo, 1) + dg(21,22) + - - + dg(Ti, Ti1) + dg(@i41,Uig1)
ST+ A+ A2+ + Xy (2o, 1) + A
SAHFAFN XA =N+ Xy =1,
Hence, u;y1 € Ba,(20,7). Since S is an a-dominated mapping on By, (xo,7)., we
have a(uit1, Suit1) = a(tit1, uiye) > 1. Also, since (41, u0) > 1, oy, tUnq1) >

1,n = 0,1,2,...,4 + 1, by triangular nature of «, we have a(z;y1,uit+1) > 1.
Therefore, (P/, ;) holds. Similarly, one can see that if i is odd, then (P} ;) holds,
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which completes the inductive proof. Thus, for all n € N, we have
dq(z,u2n) = dg(T'z, Suan—1)
< Bdq(z,u2n—1) +[dq(2, T'2) + dg(u2n—1, Suzn—1)]
+ 6[dg(uzn—1,T%2) + dy(z, Suzn_1)]
< Bdy(z,uan—1) + vdg(Uan—1,U2n)
+ 0[dg(uan—1, 2) + dq(2, uzn)]
= (B+ 0)dq(z, uzn—1) + vdq(u2n—1,u2n) + 6dg(2, uays)
(B +20)dy(2,uzn—1) + (v + 0)dg(uzn—1,u2n)
(B +26)dg(Tz, Suzp—2) + (v + 0)dq(uzn—1, u2s)
(B +20)2dy (2, u2n—2) + (B +20) (v + 6)dg(uzn—2, uzn—1)]
+ (v + 6)dg(uzn—1, u2n)
< (B+20)%dy (T2, Suan—3) + (B + 28) (v + 0)dy(usn—2, Uzn—1)
+ (v + 0)dg(ugn—1, u2y)
< (B +26)°dy (2, uan—3) + (B 4 20)*(v + 6)dy (uan—3, uzn—2)
+ (B +26)(7 + 0)dg(uon—2, uzn—1) + (v + 6)dg(uzn—1, t2n)

INIA A

<(B+ 25)2”dq(z7u0) +(B+20)2" " (y + 8)dg(ug,u1) + ...
+ (B +20)(y + 0)dg(uon—2,u2n—1) + (7 + 0)dg(u2n—1, u2n)

B428 _ (B+25)(1—y—9)
= =

Since i < 1, using (P/) in the above inequality we obtain

dy(z,u2,) < (B + 2(5)2"dq(z, ug) + (B + 25)2"_1(7 + 6)dg(uo,u1) + ...
+ (B +20) (v + )N 2dy (ug, ur) + (v + )N dg (ug, uy)
=(B+ 25)2"dq(z, ug)

+(r+ 5)>\2n71dq(’u0, uy) [1 + p+2 et (ﬁ + 25)2"_1}

A A
n 'Y‘f’(s )\2n71d Uug, U
< (B+20) dq(Z,uo)Jr( )1fﬂ+72q<5( 0, U1)
A

Since 8+ 26, A € [0,1), it follows from the above inequality that

nh_gr;() dy(z,u2,) = 0. (3.11)
Similarly, we can show that
nh_)n;o dq(uon, 2) = nh_)rr;o dq(ugm, 2°) = nh_}rrgo dq (2", u2p) = 0. (3.12)

By using (3.11) and (3.12), we obtain
dq(z,2%) < dg(z,u2m) + dg(uon, 2") = 0, as n — oo.

dg(2",2) < dg(z",u2n) + dg(uzn,z) = 0, as n — oo.

Hence, dy(z,2*) = dy(2*,2) =0, i.e, 2 = 2* O

Corollary 3.6. Let (X,d,) be a left K -sequentially complete dislocated quasi metric
space and T, S : X — X be two mappings. Let xg € X,r > 0,29 € Bg,(xo,7) and
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there exist nonnegative real numbers 3,7,0 such that 8+ 2y + 2§ € (0,1) and the
following conditions hold:

d(S.Ty) < By () +1[dy (. S2) + dyly, Ty)] + 81dy(y, So) + dy (2, Ty)],

dq(T{E, Sy) S ﬁdq($7 y) + ’Y[dq(ill, T.’E) + dq(yv Sy)] + 5[dq(yv T.’t) + dl](xv Sy)]v
and

dy(zo, Sz0) < (1 — N,
%. Then there exists a unique point z € Bq,(xo,7) such that z =
Sz = Tz and dy(z,2) = 0. Moreover, S and T have no fized point in Bg, (xo,r)

other than z.

where A\ =

Proof. The proof follows by the previous results, taking « : X x X — [0,00) with
alz,y) =1for all z,y € X. O

Theorem 3.7. Let (X, d,) be a left K-sequentially complete dislocated quasi metric
space. Suppose, there exist a function o : X x X — [0,400) and nonnegative
constants B,7,0 such that 5+ 2y + 25 € (0,1) and the following conditions hold:

dq (S, Ty) < Bdg(x,y) +ldg(x, Sx) 4 dg(y, Ty)] + 6ldg(y, Sx) + dy(z, Ty)],
dg(Tz, Sy) < Bdy(x,y) +[dg(z, Tx) + dg(y, Sy)] + ddq(y, Tx) + dg(x, Sy)],
for all z,y € X such that a(z,y) > 1 or a(y,z) > 1. If (X,d,) is a-reqular,then
there exists a point z in X such that z = Sz =Tz and dy(z,z) = 0.
Proof. By Theorem 3.1, the condition (3.3) is imposed in order to restrict the
contractive conditions (3.1) and (3.2) to By, (zo,r). However, the condition (3.3)

can be relaxed by imposing the conditions (3.1) and (3.2) to all elements z,y € X
such that a(z,y) > 1 or a(y,x) > 1, we obtain the following result. O

Recall that, if (X, <) is a pre-ordered set and T : X — X is such that Tz = z
for all x € A C X, then the mapping T is said to be dominated on A. Define the
set V by

V={(z,y) e X x X :x Syory < x}.

Theorem 3.8. Let (X, =,d,) be a pre-ordered left K-sequentially complete dislo-
cated quasi metric space, rg € X, r > 0 and S, T : X — X be two dominated
mappings on Bg, (xo,7). Suppose that there exist nonnegative real numbers (3,7,
such that 8+ 2v+§ € (0,1) and the following conditions hold:

dq(Sz,Ty) < Bdg(x,y) + Yldg(z, Sx) + dg(y, Ty)] + 6ldg(y, Sx) + dy(x, Ty)],
dg(Tx, Sy) < Bdg(2,y) +7[dg(x, Tx) + dy(y, Sy)] + 6[dg(y, Tx) + dy(x, Sy)],
for all (x,y) € Ba,(x0,7) x Bg,(x0,7) N Vand
dg(z0, Sx0) < (1= N,

fﬂjg If for any sequence {,} € By, (z0,7) such that (xn,zn41) €

V, &, = w as n — oo implies that (w,xz,) € V for all n > 0, then there exists a
point z € By, (wo,7) such that z = Sz = Tz and dy(z,z) = 0. In addition, suppose
that:
(a) (x,y), (y,2) € V implies (x,z) € V.
(b) Forx, y € By, (xo,r) there exists ug € Bg, (xo0,7) such that (z,uo), (y,uo) €
V.
(c) For allu € Bg,(x0,7) such that (u,Sxo) € V the following condition holds

dq(xo0, Szo) + dg(u, Tu) + dg(u, Sxo) + dg(zo, Tu) < dg(zo,u) + dg(Sxo, Tw).

where X =
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Then, z is the unique common fized point of S and T in By, (xo,).

Proof. This follows from Theorem 3.6 taking @ : X x X — [0, 400) defined as

1, If(z,y) eV,

a(z,y) =
() 0, otherwise.

4. CONCLUSIONS

We prov some common fixed point theorems for mappings under Hardy Rogers

contractive conditions on a left K-sequentially complete dislocated quasi metric
space.
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