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ABSTRACT. In this paper, we propose a viscosity nonlinear midpoint algorithm (VNMA)
for finding a solution of fixed point problem for a nonexpansive semigroup in real Hilbert
spaces. Under certain conditions control on parameters, the iteration sequences generated
by the proposed algorithm are proved to be strongly convergent to a solution of fixed point
problem for a nonexpansive semigroup. Some numerical examples are presented to illus-
trate the convergence result. Our results improve and extend the corresponding results in
the literature.
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1. INTRODUCTION

The explicit midpoint rule is one of the powerful numerical methods for solv-
ing ordinary differential equations and differential algebraic equations. For related
works, we refer to [2, 3, 4, 7, 8, 14, 17, 16] and the references cited therein. For in-
stance, consider the initial value problem for the differential equation y' () = f(y(t))
with the initial condition y(0) = yo, where f is a continuous function from R¢ to
R?. The explicit midpoint rule which generates a sequence {y,} by following the
recurrence relation )

= Gorr = yn) = S,
In 2015, Xu et al. [19] extended and generalized the results of Alghamdi et al. [1]
and applied the viscosity method on the midpoint rule for nonexpansive mappings
and they give the generalized viscosity explicit method:

Tn + Tnt1

2 )

Tp+1 = Oénf(xn) + /ann + (1 - an)T(
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In 2016, Rizvi [13] introduced the following iterative method for the explicit mid-
point rule of nonexpansive mappings:

Tn + Tnt1 )
—s )

Motivated and inspired by the results mentioned and related literature in [1, 13, 19],
we propose an iterative midpoint algorithm based on the viscosity method for finding
a common element of the set of solutions of nonexpansive semigroup in Hilbert
spaces. Then we prove strong convergence theorems that extend and improve the
corresponding results of Rizvi [13], Xu [19], and others. Finally, we give examples
and numerical result to illustrate our main result.

The rest of paper is organized as follows. The next section presents some pre-
liminary results. Section 3 is devoted to introduce midpoint algorithm for solving
it. The last section presents a numerical example to demonstrate the proposed
algorithms.

Tn41 = an'Yf(xn) + (1 - oan)T(

2. PRELIMINARIES

Let R denote the set of all real numbers, H be a real Hilbert space with inner
product (.,.) and norm ||.|| and C be a nonempty closed convex subset of H.
A mapping T : C' — C is said to be a contraction if there exists a constant o € (0,1)
such that [|T(z) — T'(y)|| < aflz —yl|, for all z,y € C. If & = 1 then T is called
nonexpansive on C.
The fixed point problem (FPP) for a nonexpansive mapping 7" is: To find x € C
such that z € Fix(T), where Fix(T) is the fixed point set of the nonexpansive
mapping T.
In 2006, Marino and Xu [11] considered the following iterative method:

Tn1 = an'}/f(xn) + (I - O‘nB)Tmn

with 0 <y < I and prove that the sequence {z,} converges strongly to the unique

solution of the variational inequality ((B — v f)z,z — z) > 0, Vo € Fix(T) which is
the optimality condition for minimization problem

. 1
min —

B —h
2EFix(T) 2< z,7) (@)

where h is the potential function for vf and B : H — H is a strongly positive linear
bounded operator, i.e., if there exists a constant 4 > 0 such that (Bx,z) > 7| z|?,
Va € Fix(T).

A family S := {T(s) : 0 < s < oo} of mappings from C into itself is called a
nonexpansive semigroup on C' if it satisfies the following conditions:

(i) TO)z =z forall z € C
(ii) T(s+t) =T(s)T(t) for all s,t >0
(iit) |T'(s)z — T(s)yl| < |l — yl| for all z,y € C and s > 0
(iv) For all z € C,s — T(s)x is continuous.
Chen and Song [6] introduced and studied the following iterative method to prove
a strong convergence theorem for FPP in a real Hilbert space:

Tn+l = O‘nf(xn) + (1 - an)é Osn T(S).’L‘nds

where f is a contraction mapping. For each point x € H, there exists a unique
nearest point of C', denote by Pox, such that ||z — Poz| < |z —y| forally € C. Po
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is called the metric projection of H onto C. It is well known that P¢ is nonexpansive
mapping and is characterized by the following property:

(x — Poz,y — Poy) <0 (2.1)

Further, it is well known that every nonexpansive operator T : H — H satisfies, for
all (z,y) € H x H, inequality

((z=T(x) = (y=T(y), T(y) - T(z)) < (%)II(T(JJ) —2) = (Ty) -yl*. (22

It is also known that H satisfies Opial’s condition [12], i.e., for any sequence {x,}
with z,, — x, the inequality

liminf ||z, — z| < liminf |2, — y|| (2.3)
n—oo n—oo

holds for every y € H with y # z.

Lemma 2.1. [5] The following inequality holds in real space H :

lz +yl? < ll2* + 20y, x +y),  Va,ye H
Definition 2.2. A mapping M : C' — H is said to be monotone, if
(Mz — My,x —y) >0, Va,y € C.

M is called a-inverse-strongly-monotone if there exists a positive real number «
such that
(Mz — My,z —vy) > o|| Mz — My||?, Vz,y € C.

Lemma 2.3. [11] Assume that B is a strong positive linear bounded self adjoint
operator on a Hilbert space H with coefficient ¥ > 0 and 0 < p < ||B||~!. Then
1= pB| <1- p3.

Lemma 2.4. [15] Let C be a nonempty bounded closed convex subset of a Hilbert
space H and let S := {T(s) : 0 < s < 0o} be a nonexpansive semigroup on C, for
each x € C and t > 0. Then, for any 0 < h < oo,

1t 1t
lim sup ||f/ T(s)xds fT(h)(f/ T(s)zds)|| = 0.
tooogec o t Jo
Lemma 2.5. [18] Let {an} be a sequence of nonnegative real numbers such that

ant1 < (1—ap)an +0,, n >0 where ay, is a sequence in (0,1) and &, is a sequence
in R such that

(1) 322 0 =00; (44) limsup,,_, i <0 or X526, <oo.
Then lim,,_yo an, = 0.

3. Viscosity Nonlinear Midpoint Algorithm

In this section, we prove a strong convergence theorem based on the explicit

iterative for fixed point of nonexpansive semigroup. We firstly present the following
unified algorithm.
Let C be a nonempty closed convex subset of real Hilbert space H. Let § =
{T(s) : s € [0,+00)} be a nonexpansive semigroup on C such that Fix(S) # 0.
Also f: C — H be a a-contraction mapping and A be a strongly positive bounded
linear self adjoint operator on H with coefficient 4 > 0 such that 0 < v < % < ’eré
and § < [|4] < 1.
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Algorithm 3.1. For given xy € C arbitrary, let the sequence {x,} be generated
by:

Tn + Tnt1 )

5 ds. (3.1)

xn+1::anwf<xn>4-<1—-anA>1jé&lzxsx

S
where {a, } is a sequence in (0,1) and {s,,} C [s,00) with s > 0 satisfying conditions:

(C1) limy,—y00 @, = 0, X2 vy, = 00

(C2)Y 0 oy —an—1| < oo or lim, a&’—:l =1;

(C3)limy 00 Sy = 00, SUP, ey |Snt1 — Sn| 15 bounded.

In the next remark, we observe that the iterative Algorithm 3.1 is well defined
for all n.

Remark 3.2. For all t € (0,]A]|7!) and u € C fixed, the mapping

z = Vi o= tyf(u) + (1 —tA)Si/s" T(s)(u;x)ds
n J0o

is a contraction with coefficient (1 — ¢y) € (0,1). This is immediately clear, due
to the nonexpansivity semigroup of S = {T'(s) : s € [0,400)} and the inequality
(2.3). In fact, we have, for all x,y € H,

[Viw = Vigl = [t (w) + (1= tA) L [ T(s) (442 )ds — t9f () — (1 — tA) L [ T(s)(“52)ds
< (L=t E fo IT()(242)ds — T(s) (“2)ds|
< 11—z -y,

Hence the Algorithm 3.1 is well defined. Moreover, V; has a unique fixed point,
denoted by x;, which uniquely solves the fixed point equation

=ty f(u) + (1 tA)Sln/OS" T(s)(%)ds. (3.2)

Lemma 3.3. Let p € Fix(S). Then the sequence {x,} generated by Algorithm 3.1
is bounded.

Proof. Let p € Fix(S), we obtain
lznir —pl - = lanyf (@) + (1= and) L [ T(s)(F2F55)ds —p|
< anllyf () = Apll + (1= el [5" T(s)(552) — T(s)pllds
< an(llvf (@n) =7 f ) + 17 (0) = Apl) + (1 = an )| =552 — |

1l—any
< apyallz, — pll + anllvf(p) — Ap|| + =D ||z, — pl| + 201 — pl)-
which implies that

B2y s1 — pl < (anya + 25820 J2y — pl| + anllyf(p) — Ap].



A VISCOSITY NONLINEAR MIDPOINT ALGORITHM FOR NONEXPANSIVE SEMIGROUP99

Then
2(y—ya)an 20, (y—ya —A
lnsr —pll < (1= 202800y, — p| 4 2020=00) /)20
—A
< max{ |z, — p|, L@l
. -A
< max{|o — p||, 2EE=AL)
(3.3)
Hence {z,} is bounded. O

Now, set t, :== L [ T(s)(£2 52+ )ds. Then {t,} and {f(z,)} are bounded.

Sn

Lemma 3.4. The following properties are satisfying for the Algorithm 3.1
Pl. lim,—o0 ||Tnt1 — zn]| = 0.
P2, lim, e ||2n — tn]|| = 0.

P3. lim,_ o0 | T(8)tn —tn] = 0.

Proof. P1: Let p € Fix(S), we have,

||tn+1 - tn”

=gk fo T (st — L [0 T(s)(“ )|

Sn+1 Sn

=k fyr e (T () (B ) - T(s) (Bt s + (A = L) [ T(s)(2gt)ds

n n+ n
ot o T (s) (Pt ds|

=l o (T (s) (s ) — () (2t ds

Sn4+1 J0 2 2
o = ) Jo (M) () = T(sp)ds + o [0 (T(s) (P5) = T(s)p)ds|

IN

||rn+1;ﬂﬂn+2 o In+21n+1 |+ ‘sn;j;i'r;‘sn ||In+§n+1 —pll+ ‘Sn;»nl;'snl ||In+2zn+1 — |l

A

< S(l@nt1 = zall + 12ng2 = 2nga ) + 2222220 (|2 = pl| + (2011 = pII)-

(3.4)

Next, we show that the sequence {z,} is asymptotically regular, i.e.,

lim,, 0 ||$n+2 - l'n+1|| = 0.
By (3.4) we estimate that
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|02 — Zng |

= ||[(an+17f (@nt1) + (1 — @p1A) L fsn+1 T(s W)ds)

—(anyf(2n) + (1= anA) - 57 T(s) (P52 )ds) |

St T(s) (Tesrgreez)ds — L fon (s)(Zetgen)d)

Sn

= /(1 = g1 A)(

Sn+1

oA — ap1A) L [ T(s) (2255240 ) ds + (g1 — an) v f ()
tan 1 (Vf(Tng) — Wf(ffn))”

< (1= anp 1Y) [tnsr — tall + Mlan — any1| + an1Y|[f (@nr1) — f(20)]]

IN

(1 = anp1¥)tnt1 — toll + Moy — anga| + anpryal|znss — @0l

1— a71+17( |5n+1 Sn‘(

Sn+41

[[n — pll

IN

lZnt1 — 2ol + [[Tnr2 — Togal]) + (1 — ang1¥)

Hwnr1 = pll) + Mlan — anp1] + anpryel|zne — ool

where M := sup{-- f I"Jr;"“ )ds + |1 f(zn) I}
Then
(L4 ans1V)[@nre = Tpga| < 1+ 2ay = F)ong1)[|n1 — 24|
+(1 = apgry) 22zl (2, — p)| + zns - pl)

Sn+41

+2M oy, — -

Therefore

2(y— n 1—ant19\(2|8nt1—5n
< (1 200y ig, Ly — | 4 () (el (g, — p

[Zn+2 — Tnyal Snt1

+||$n+1 _pll) 1+an+w‘an an+1|~

Hence, it follows by Lemma 2.5 that

nh_)n;o |€nt1 — zn] = 0. (3.5)
And similarly, we have
lm ||zp42 — Tpi] = 0. (3.6)
n—,oo

Also by (3.4), (3.5),(3.6) and (C3) we have lim;,, oo ||tnt1 — tn|| = 0.

P2: We can write
lzn —tall < Tny1 — znll + llanyf(2n) + (1 — anA)t, — L]

< |zn — Togrll + anllvf(2n) — Aty

By (C1) and (3.5), we obtain
nh_}rrgo lzn, — tn]l = 0. (3.7
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P3: Let K = {w € C: |w—p|| < |0 - pll, 5==517f(p) — Bpll}. Then K is
a nonempty bounded closed convex subset of C' which is T'(s)-invariant for each
s € [0,400) and contains {x,}. So, without loss of generality, we may assume that
S :={T(s) : s € [0,400)} is a nonexpansive semigroup on K.

IT(s)en =zl = IT(s)zn — T(s) 5 J5" T(s) (50 )ds + T(s) 5[5 T(s) (552 )ds

_1 foén T(s)(%)ds 4+ Lo T(s)(%)ds — 2|

Sn Sn J0O

< T(s)zn = Ts)3 fo™ T(s) (=5 )ds|

Sn J0

HIT ()5 fom T(s) (P2 )ds — o [o Ts) (P )ds|

s, JO
L fo T(s) (P52t )ds — |

< am — 5 fo" T(s) (Pt )ds|

Sn J0O

HIT(s) 3 Jo™ T(s)(Ftgmttyds — S [57 Ts) (P52t )ds||

L fo T(s) (Pt )ds — |
Sn ntTnt1
= 2|5 [i" T(s) (P52 )ds — @

HIT () Jy T(s) (P2 )ds — L g7 T(s) (P25 ds|

Sn J0
Since % € C, from (3.7) and Lemma 2.4, we obtain lim,,_, || T(s)xn —zy| =
0.
Therefore

1T(s)tn —toll <N T(s)tn — T(s)znll + 1T ()20 — | + [l2n — ta|
< tn = 2| + 1T (8)2n — 20| + [|20 — tal|-
Then we have lim, . [|T(8)t, — tn|| = 0. 0

4. Convergence Algorithm

Theorem 4.1. The Algorithm defined by (3.1) convergence strongly to z € Fiz(S),

which is a unique solution in of the variational inequality ((vf — A)z,y — z) <
0, Yye Fiz(S).

Proof. Let s = Peix(s). We get
Is(I = A+vf)(@) = s = A+7H) < —A+7f)(@) - - A+7) W)
<= Allllz =yl + 1 f (=) = £
<@ =lz =yl +ralz -yl
=1 =7 —ya)llz -yl

Then s(I — A + ~f) is a contraction mapping from H into itself. Therefore by
Banach contraction principle, there exists z € H such that z = s(/ — A+ ~vf)z =
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Prixs)(I — A+7f)z.
We show that ((vf — A)z,z, — z) < 0. To show this inequality, we choose a
subsequence {t,,} of {t,} such that
lim sup((7f — A)z, tn — 2) = lim (1] — A)z, bn, — 2) (41)
71— 00

n—oo

Since {t,,} is bounded, there exists a subsequence {tnij} of {t,,} € K which
converges weakly to some w € C. Without loss of generality, we can assume that
tn, — w. Now, we prove that w € Fix(5). Assume that w ¢ Fix(S). Since ¢,, = w
and T'(s)w # w, from Opial’s conditions (2.3) and Lemma 3.4 (P3), we have

lminf; ,o0 ||tn, —w| < liminf; o ||tn, — T(s)w]|

< liminf; oo (||tn, — T(8)tn,

+ 1T (s)tn; = T(s)wl))

< liminf; o0 [[tn, — w]l,
which is a contradiction. Thus, we obtain w € Fix(S). Now from (2.1), we have

< limsup, . (vf — A)z,tn, — 2)
=((vf —A)zw—2z)

<0.

(4.2)

Now we prove that x,, is strongly convergence to z.
[Zns1 — 212 = an(vf(zn) — Az, 2nt1 — 2) + (1 — anA)(tn — 2), T — 2)
< an(Y{f(@n) — £(2), Tps1 — 2) + (VF(2) — Az, 21 — 2))
FI1 = anAlllitn = 2ll|zn41 — 2]|

< anayl|zn — 2||[|Tng1 — 2| + an(vf(2) — Az, 2040 — 2)
+(1 = an )| 22552 — 2| ||zngs — 2|

< anayl|@n = 2ll[[#ne1 — 2 + an(vf(2) — Az, 2pq1 — 2)
+3752 2 ([lzn — 2]l + [|@nt1 — 2l | 2ns1 — 2|

L e A P
+an(vf(2) — Az, Tpp1 — 2)

< 1—an, (Y—2av) 2 .2 1—any —_ -2

< =2 llwn = 2)° + lensr — 2)°) + =2 lznga — 2]

+an(7f(2) — Az, 2pp1 — 2)

< 202200 10— 2)2 4 3l — 2%+ a7 f(2) — Az, g — 2).

This implies that
Azns1 =27 < (1=an(T=207)) 20 —2]243]@ns1— 22 +an (7 £ (2) = A2, 2ns1—2).



A VISCOSITY NONLINEAR MIDPOINT ALGORITHM FOR NONEXPANSIVE SEMIGROUR03

Then
s =212 < (1= an(5 = 209)l@n — 22 + dan (1/(2) = Az, @01 — 2)
= (1= lp)llzn — 2l + dan (vf(2) — Az, nt1 — 2),
(4.3)
where I,, = a, (¥ — 2ay).
Since limy, o0 @p, = 0 and 0L, = 00, it is easy to see that lim,_,o 1, = 0,
20 oln = 0. Hence, from (4.2) and (4.3) and Lemma 2.5, we deduce that x,, — z,
where z = Po(I — A+ ~f)z. O
5. NUMERICAL EXAMPLES

In this section, we give some examples and numerical results for supporting our
main theorem. All the numerical results have been produced in Matlab 2017 on a
Linux workstation with a 3.8 GHZ Intel annex processor and 8 Gb of memory

Example 5.1. Consider a Fredholm integral equation of the following form

¢
x(t) = g(¢) +/ F(t,k,z(k))dk,t € [0,1], (5.1)
0
where g is a continuous function on [0,1] and F : [0,1] x[0,1] xR — R is continuous
and satisfies the following condition
|F(t, k,z) — F(t,k,y)| < |z —yl, Vi, s €[0,1], =,y €R,
then equation (5.1) has at least one solution in L?[0,1] (see [J]).

Define a mapping T(s) : L?[0,1] — L?[0,1] by

(T(s)z)(t) = e 2%(g(2t) +/0 F(t k,z(k)) dk,  te€]0,1].

It is easy to observe that S = {T'(s) : s € [0,+00)} is nonexpansive semigroup. In
fact, we have, for x,y € L*[0,1],

IT(s)z = T(s)yll> = [y [(T(s)2)(t) = (T(s)y)(1)]* dt
= Jo le™% [y (Bt k,2(k) — F(t, k,y(k))) d|? dt
< fo Uy (k) = y(k)[? di) dt
= Jy le(k) = y(k)[> dk

= [lz - ylI*.
This means that to find the solution of integral equation (5.1) is reduced to find a
fized point of the nonexpansive semigroup S in L2[0,1].
For any given function xo € L*[0,1], define a sequence of functions x, in L?[0,1]
by

n

1 [ Tn + Tn
Bt = @y ) + (1= ) [T s
0

satisfying the conditions of Algorithm 3.1. Then the sequence {x,} converges
strongly in L?[0,1] to the solution of integral equation (5.1) which is also a so-
lution of the following variational inequality

(vf—A)z,y—2) <0, Vye Fiz(S).
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Example 5.2. Let H = R, the set of all real numbers, with the inner product
defined by (z,y) = zy, Yo,y € R, and induced usual norm | . |. Let C [-3,0];
Let f(z) = t(z +2), A(z) = 2 and let, for each v € C, T(s)x = 1+3 x. Then
there exist unique sequences {x,} C R generated by the iterative scheme

6 3 01 [ 1  x,+Tp

where a, = 2 and s, =n. Then {x,} converges to {0} € Fix(S). f is contraction
mapping with constant o = % and A is a strongly positive bounded linear operator
with constant 7 =1 on C. Therefore, we can choose v = 2 which satisfies 0 <

v < 1 <~y+ L. Furthermore, it is easy to observe that Fix(S) = {0} # 0. After
simplzﬁcatwn “scheme (5.2) reduce to

L4164 11-L)In(1+3n))z,

1— (1= 1)In(1+3n)

Following the proof of Theorem 4.1, we obtain that {x,} converges strongly to
w = {0} € Fiz(S).

Tn+1 =

4

Squence value
~

. .
0 5 10 15 2 2% 30 35
Iteration steps

Example 5.3. Let H = R, the set of all real numbers, with the inner product
defined by (x,y) = xy, Va,y € R, and induced usual norm | . |. Let C =[0,2]; Let
f(z) = 4z, A(z) = 2z and let, for each v € C, T(s)x = e~ *x. Then there exist
unique sequences {x,} C R generated by the iterative scheme

1 1 1 [ oy Tp + Ty

where o, = ﬁ and s, = 2n. Then {x,} converges to {0} € Fiz(S). f is
contraction mapping with constant o = % and A is a strongly positive bounded linear
operator with const(mt ¥ =1 on C. Therefore, we can choose v = 2 which satisfies

0 <y <1 <~+2L Furthermore, it is easy to observe that Fiz(S) = {0} # 0.
After simplzﬁcatwn scheme (53) reduce to

— (- %)(6_4" -1

- Ze o

Tn+1 =
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Following the proof of Theorem 4.1, we obtain that {x,} converges strongly to
w = {0} € Fiz(S).

Squence value
o
S

0 5 10 15 20 2
Iteration steps

6. CONCULSION

We have proposed a viscosity nonlinear midpoint algorithm (VNMA) in real
Hilbert spaces. The strong convergence of iteration sequence generated by the
algorithm to a solution of VNMA is obtained. Some numerical examples are also
provided to illustrate the convergence of proposed algorithm.
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