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1. INTRODUCTION

In various practical problems arising in decision theory, economics theory, game
theory portfolio selection, etc. it is required to optimize the ratio of several linear
or nonlinear functions to achieve the goal efficiently. The optimization problems
are called mathematical functional programming problems or optimal control prob-
lems. The study of mathematical functional programming problem has been of
great interest in the recent past due to its diversified applications. The variational
inequality theory is well known and well developed because of its applications in
the diversified area of science, social science, engineering, and commercial manage-
ment. The variational inequality problems provide a convenient framework for the
unified study of the optimal solution in many optimization related fields. Several
numerical methods has been developed for solving variational inequality and related
optimization problems. Hierarchical optimization was first defined by Bracken and
McGill [2, 3] as a generalization of mathematical programming. In this context,
the constraint region is implicitly determined by a series of optimization problems
which must be solved in a predetermined sequence.

Inspired and motivated by the recent works [1, 4, 5, 6, 9, 14, 16, 17], we intro-
duced the system of generalized hierarchical variational inequality problems and
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investigate a more general form of the schemes to solve the system of generalized
hierarchical variational inequality problems.
2. PRELIMINARIES

Let H be a real Hilbert space with an inner product (-,-) and a norm || - ||. Let
C be a nonempty closed convex subsets of H. F(T') denotes the set of fixed points
of T':C — C, that is, F(T) = {x € C : Tz = z} and a variational inequality
problems [8] is the problem of finding a point « € C such that

<Ql',y - £L'> > Ovv:l/ € Ca (21)

where @Q : C — C' is a nonlinear mapping and solution set of (2.1) is denoted by

T(Q,0).
The hierarchical fixed point problems [11, 12, 13, 18, 19] is the problem of finding
a point «* € F(T') such that

(Qx*yx —z*) >0, Vo € F(T). (2.2)

When the set F(T) is replaced by the solution set of variational inequality (2.1),
then (2.2) is known as hierarchical variational inequality problems.

In this paper, we define the system of generalized hierarchical variational inequal-
ity problems for finding =} € Y(Q;, C) such that for given positive real number
7, (1 =1,2,---,N) the following inequalities are hold:

(mF(xy) + o] — a5, 1 —x7) >0, Vo, € T(Q1,0),
(maF(x3) + a5 — s, xo —x3) >0, Vagy € T(Q2,C),

(v F(zy) + 2oy — 2, onv-1—2N_1) 20, Van_1 € T(Qn-1,0),
nF(x]) + 2y — 2], av —2§) >0, Vay € T(Qn,C), (2.3)
where F,Q; : H— H (i=1,2,--- , N) are mappings.

Definition 2.1. Let T, F : H — H be the single valued mappings. Then
(i) T is said to be nonexpansive if

[Tz —Ty| < llv —yll, Yo,y € H;
(ii) T is said to be quasi nonexpansive if F(T) # () and
1Tz —pll < ||z = pll, Vo€ H,pe F(T);
(iii) T is quasi nonexpansive if and only if for all € H,p € F(T)
1
(@ =Ta, z=p) > glo— Tzl
(iv) T is said to be strongly quasi nonexpansive if T' is quasi nonexpansive and
Ty —Tx, — 0
whenever {z,} is a bounded sequence in H and
n — pll — T2 — pll — 0, for some p & F(T);
(v) F is said to be p-Lipschitzian if there exists p > 0 such that
|1F(z) = Fy)ll < pllz —yll, Yo,y € H;
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(vi) F is said to be r-strongly monotone if there exists r > 0 such that
<F(.13) - F(y)vx - y> > 74”'r - y||27 any € Ha
(vii) If F is a p-Lipschitzian and r-strongly monotone mapping and p € (0, %),
then
I —pF

is a contraction mapping;
(viii) F is said to be a-inverse strongly monotone if there exists o > 0 such that

(F(z) = F(y),x —y) > a||[F(z) = F(y)||*, Yo,y € H.

Lemma 2.2. [20] Let Q : H — H be an a-inverse strongly monotone mapping.
Then

(i) Q is an é-Lipschitz continuous and monotone mapping;

(i) (L= AQ)z — (I - AQ)|® < [l — yl> + A(A — 20) |Qz — Qy|1%, for A > 0;
(iii) of X € (0,2, then I —AQ is a nonexpansive mapping where I is an identity
mapping on H.
Lemma 2.3. Let x € H and z € C be any points. Then the following statements
are hold:
(i) z=Pe(z) <= (x—=z, y—2) >0, YyeC.
(i) == Po(e) = flo— 2|2 > lo — yll? — lly — 2|2, ¥y € C.
(it}) (Po(z) — Po(y), @ — ) > |Po(2) - Po()|?, Yo,y € .
(iv) u e Y(Q,C) & uec F(Pc(I—2Q)), VA >0.
Lemma 2.4. [15] For z,y € H and w € (0,1) the following statements are hold:
() llz+yll* < 2] + 2(y, 2 + y);
(ii) (1 —w)z+wyl® = (1 -w)llz]® +wlly]* - w(l - w)|z —y|I*.

Lemma 2.5. [10] Let {a,} be a sequence of real numbers and there exists a sub-
sequence {am;} of {an} such that apy,; < am;+1 for all j € N where N is the set of
all positive integers. Then there exists a non decreasing sequence {ny} of N such
that limg__, o, ng = 0o and the following properties are satisfied by all (sufficiently
large) number k € N

Qp, < Upy 41, Ak < QAnj+1-
In fact, ny, is the largest number n in the set {1,2,--- |k} such that a, < ap41 hold.
Lemma 2.6. [7] Let {a,} C [0,00), {an} C[0,1),{b,} C (—o0,+0) and & € [0, 1]
be such that

(i) {an} s a bounded sequence;

(ii) Gnt1 < (1 - an)Qan&\/ Un/Uny1 + Cpbn, Y0 > 1;
(iii) whenever {an,} is a subsequence of {an} satisfying

lim inf(a,, ., —an,) >0
k—o0

it follows that

lim supb,, <O0;
k—> 00

(iv) lim,—eo 0 =0 and >0 | @, = 0.

Then lim,,__,o a, = 0.
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3. MAIN RESULTS
First, we prove the following lemma.

Lemma 3.1. Let Q : H — H be an a-inverse strongly monotone mapping. Let
T(Q,C) # 0 be the solution set of (2.1). Then the following are hold:

1. the mapping Q1 : H — C s defined by
Q= Pc(I - )AQ), for X € (0,20q],

s quasi nonexpansive, where I is an identity mapping;

2. the mapping [—Q) : H — H is demiclosed at zero, that is, for any sequence
{zp} C H ifxp, = x and (I — Q)z,, — 0, then x = Qu;

3. the mapping Qg defined by

Qp = (I = B)+pQ, for 5 e (0,1) (3.1)

is strongly quasi nonexpansive mapping and F(Qg) = F(Q).
4. I —Qg, B(0,1) is demiclosed at zero.

Proof. (i) From Lemma 2.2(iii) and Lemma 2.3(iv), the mapping €2 is nonex-
pansive and Y(Q,C) = F(Q2) # . then this show that Q is quasi nonex-
pansive.

(ii) Since € is a nonexpansive mapping on C, I — ) is demiclosed at zero.
(iii) It is obvious that F'(Qg) = F(Q).
Next, we prove that Qg, 5 € (0,1) is a strongly quasi nonexpansive map-
ping.
Let {x,} be any bounded sequence in H and p € Qg be a given point such
that
[2n = pll = 12820 — pll — 0. (3.2)
First, we prove that Qg, 8 € (0,1) is a quasi nonexpansive mapping.
From (3.1) and the fact that  is quasi nonexpansive, we have

Qs —p| = [|(1 = B)[z — p] + B(Qz — p)|
< (L=B)llz —pll + Bl — pl|
<z —pl, Vo € C.

Therefore, {25 is a quasi nonexpansive mapping.
Next, we prove that

1252, — x| — 0.
In fact, it follows from (3.1) that
1620 = plI* = ll2n = p = Bz — Qzn)|?
= |l = pl* = 2B(zn — pwn — Qan) + B2||2n — Q|
< llon = plI? = B = B)llzn — Qaal.
From (3.2), we have
B = B)llzn — Qaal® < |2 — pl|* — Q20 — plI* — 0.
Since B(1 — ) > 0, then
|z, — Qx| — 0.

Hence
|zn — Qsznll = Bllzn — Qun|| — 0.
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(iv) Since I — Qg = (I — Q) and I — Q is demiclosed at zero, hence I — Qg is
demiclosed at zero. This completes the proof.
O

Throughout this section, we always assume that the following conditions are
satisfied:

(Cl) Q;: H— H is an ay-inverse strongly monotone mapping and Y(Q;,C) #
() is the solution set of (2.1) with Q = Q; (i =1,2,--- ,N).
(C2) Q; and Q; 3,8 € (0,1) are the mappings defined by
Qi = Po,(I = AQi), A€ (0,2a;];

Dipg=0-0)I1+p5Q;, €(0,1),(i=1,2,---,N) respectively. (3.3)
Theorem 3.1. Let Q; and Y(Q;,C) satisfying the conditions (C1) and f; : H —
H be contraction with a contractive constant 9; € (0,1), (i = 1,2,--- ,N). Then
there exists a unique elements x¥ € Y(Q;, C) such that the following are hold:

(x] — fi(z3), 1 —27) >0, Vz; € T(Q1,C),
<$§ - fQ(CL';), L2 — $§> >0, Vag € T(Q%C)ﬂ

(@y_1 — fn-i(zy), anvo1 —2y_q) =20, Ven_1 € T(Qn-1,C),
(xy — fn(@)), ey —2x) >0, Yoy € T(Qn,C)(i =1,2,--- ,N). (3.4)

Proof. The proof is a consequence of Banach’s contraction principle but it is given
here for the sake of completeness. From Lemma 2.2(iii) and Lemma 2.3(iv), T(Q;, C)
(i = 1,2,---,N) are nonempty closed convex. Therefore the metric projection
Py(q,,cy is well defined for each i = 1,2,--- ,N. Since fi(i = 1,2,---,N) is a
contraction mapping. Then

Pyq,,c0)fi
and
PrguoyfioPrye)f2o 0 Prgn,o)fN (3.5)
are contraction mappings. Hence there exists a unique element «* € H such that
z* = (Pr(q,c)f1°o Pr@,c)f20 o Prqy.o)fn)z”. (3.6)
Putting 23 = Pr(qy.c) /N (21), -+, 25 = Pr(gs.0)f2(23), 2] = Pr(q,.c)f1(23) and

x}‘\f € T<QN70)7 Tty x»{ S T(th)
Suppose that (Z1, - ,Znx) € T(Q1,C) x T(Q2,C) x -+ x T(Qn,C) such that the
following are satisfied:

(1 — f1(Z2), 1 — 1) >0, Vo, € T(Q1,0),
(To — fo(®3), T2 — T2) >0, Yoz € T(Q2,0),

(@n-1— fn-1(ZN), oNo1 —Zn—1) >0, Vay_1 € T(Qn-1,0),
(Tn — fn(Z1), o8 — ZTN) >0, Vzy € Y(Qn,C). (3.7)
Then
1= Pr,c)fi(Z2),
Ty = Py, f2(T3),
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IN = PT(QN,C)fN(j1)~ (38)

Therefore
T1 = (Pr(q,,c)f1 0 Pr,c)f20 " ° Prqu,0)fN)T1. (3.9)
This implies that z; = 27,Z2 = 23, -+ , Ty = }, the proof is completed. O

Theorem 3.2. Let Q;, Y(Q;,C),Q; and §; g satisfying the conditions (C1 — C2
and f; : H — H be the contraction with a contractive constant ¥; € (0,1)(i
1,2,--- ,N). Let {z'} be the sequences defined by

~

7

W e H, i=12: N
2 = (1= ) g} 4 an f1(Qa 528),
it = (1= ) Q2528 + ay f2(Q3 p28),
x%—‘rl — (]_ — an)QNﬁxrj{[ + aan(QLﬁx?)v (310)

where {a,} is a sequence in (0,1) satisfying o, — 0 and > - o, = oo. Then
the sequences {zI'} (i = 1,2,---,N) defined by (3.10) converge to x}, where
(xf, -+ ,2) s the unique elements in T(Q1,C) x T(Q2,C) x -+ x T(Qn,C),
verifying (3.4).

Proof. (i) We first prove that the sequence {z7},---,{z%} are bounded. From
Lemma 3.1, it follows that €, g is strongly quasi nonexpansive and F(£;3) =
F(Q) = Y(Qi,C) (¢ = 1,---,N). Since f; is contraction with constant 9; (i =
1,---,N)and 27 € F(Q8),25 € F(Q2), - ,2x € F(Qn,), we have
lzy+ — a7 (1= an)[|Qup27 — 27| + an] f1(Q2,523) — 27]|

(1 —an)|lzy = 21l + anll f1(Q2,p27) = fr(@2)ll + anl f1(23) — i
(1 —an)|zy = 21 + andi[|Qe, 25 — 23] + anl| fi(ez) — 1]
(1 = an)lfat — 21| + anthllzy — 23]l + anll fi(23) — 1]

(1 —an)lla? — a1l + andrfleg — 23]l + an [ fi(23) —27]. (3.11)

(VAN VAN VAN VAN VAN

Similarly, we can also compute that

lz5 = @3l < (1= an)llaf — 23]| + andallaf — 3]l + anl fo(25) — 23],
loy™ = ol < (@ = an)llaly — anll + andn et — 1] + anll fy (@) — ax -

(3.12)
This implies that
27t = 2l + o™ = gl 4+ ey = ai ]l < (1= an)[fl2] — a7

+oo A el —anll] + enldnllay — zpll + dullzy — 23l + - + In-allaR — 2y ]
Fon [l fi(z3) — 2Tl + - + [ fv(2]) — 2]

< (I —an)[llz? =27l + -+ + [l2x — ¥ (] + endll2] — 27l + - + [l2% — 2} |]
Fonll[fi(z3) — 21l + - + | fn (1) — 2z§]l]

<A —an(@ =) [lef — 21l + -+ [la} — 2 ll]

f1(23) = =il + [ fa(23) — 23/ + - - + [ (2]) — 2l

+a, (1 —9) T
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*\ * . *) *
< max{[let—at ||+ -+ |2y —ak ], I[f1(x3) 1?1H+1 ;;HfN(ﬂﬁ) $N||}, (3.13)
where ¥ = max{¥1,02, -+ ,9In}.
By induction, we have
27 = 2l + ™ = 23]+l - 2y
* . * e * . *
< max {4+~ LA AU E) 22 g,y
(3.14)
Hence {z7}, -+ ,{z}} are bounded, consequently {4 gzi}, - ,{Qn gz} are

bounded.

(i) Next, we prove that for each n > 1 the following inequalities are hold:
27t = i) + 2yt = 23] el -y )P < (1= an)? (a7
Hag = 23?4+l — 2 )1?) + 20 0([laf T - a7 [laf — 3|
Hlzp ™ = aslllaf — a5l + o+ i - a2t - 2i)
+2an((fu(23) — 27, 27F — o) + (fa2(a5) — 23, 257" — )
+o (v (@) — 2y, 2T - a). (3.15)
From (3.10) and Lemma 2.4, we have
27" = 21[* = (1 = an)(Qup(a}) — 21) + an(f1(Q2,5(23)) — 1)
<1 = an)(Qu,5(27) = 2D + 20m (f1(Q2,5(23)) — 27, 27F" —a7)
< (1= )| p(a]) — 7)* + 200 (f1(Q2,6(23)) — fr(23), 277" —af)
200 (fi(23) — 2, 27 F —a7)
< (1= an)?[laf — 7)1 + 200l f1(Q2,6(23)) — fr(@3)|ll|l27F" — a7
20, (fi(23) — 2, a7 * —a7)
< (1= an)?lla} — 7] + 20m01 Q2,6 (23) — 23|27 — 27|
+2an(f1(x3) — a7, 277! —a7)
< (1= an)?flaf — a7 + 20001 |2y — 23|l — 2]
+ 20, (f1(23) — 2, 27 F! —a7). (3.16)
Similarly, we can also prove that
o™ =23l < (1 - an)?llay — 23] + 20n 02|25 — a3|[25*" — 23

+2an(fa(ws) — @3, @3 — a3),

lzi =2yl < (1= an)’llak — ax ] + 2009w |} — @il - 2y
2 (fn(]) — oy, 2 — ). (3.17)
Adding (3.16) and (3.17), and assume that ¥ = max{¥y,--- , ¥y}, inequalities (3.15)
is proved.
(iii) Next, we prove that if there exists a subsequence {ny} C {n} such that
i inf (e = 2P e R =yl = (et - )

ol —ay?)} > 0.
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Then
Jim sup{(fi(a3) —of, 2 —a) 4 (fa(e3) - a3, a3t af)
oo () -k, 2T - ai)) <0, (3.19)
Since the norm || - ||? is convex and lim,, ., a,, = 0, by (3.10) we have

0 < T (e = a4 el e IP) - (e — o)

+eo i =2y}

< T inf{(L = an,)[Q550 — 1P + o 1(Q2,5(254) — 21
(1= an 90,525 — 2312 + an, 11295 (05)) — 231
o (U a9, 523 — 2P+ e, i (90,5(210)) — 2]
(e = P+ s - 2]}

<t {0 — ) — [ = 2 2) + (19,5(50) 3]
gt — 3l2) + e (I — oI — i — v )}

<

)
im sup{(I90 a7t — a2 = [l = ) + (19, 0(05) — a2
—lleg* = @3]*) + - + (I pa — oy l® = ol — 2 ]*)} <0.(3.20)
This implies that
Jim (90 52— a — gt — 21 )?)

= lim (|Q2p25" —23|® — [lag* — 23
k— 00
= lim (|9 pal — 2kl — e - ok ]?) = 0. (3.21)
Since the sequences {[[1 pzy* — 2|l + |27 — @7[l}, {[Q2,p75" — @3]l + [25" —
3|} {lIQN g — 2y || + |2’y — 2% ]|} are bounded. Therefore, we have
Jim (90 g2 = o - o — a])
= lim ([[Q2p05" — 23] —[la3" —3]))
—>00
==l (| — okl = ek - ail) =0. (3:22)
By Lemma 3.1, €5 g,- -+ ,{n, 3 are strongly quasi nonexpansive, then

O gaf* —zi* — 0, Qo gxy* —ap* — 0, -+, Qn gy —zhF — 0. (3.23)
Consequently, we obtain that

a0 g — e 0 T — et 0, (3.24)
It follows from the boundedness of {z"*} that there exists a subsequence {z|**} of
{7*} such that 7™ — p and
Jim (fu(s3) — af, 2%~ of) = lm sup(fi(a3) - af, 2} o)
= kli_}moo sup(fi(zs) —at, 2T — ). (3.25)

By Lemma 3.1, I —§; g is demiclosed at zero and p € Fiz(Q,3) = T(Q1,C). Hence
from (3.4) we have

Jim (fa(3) = af, o™ —a]) = (fu(3) i, p - o) <O, (3.26)
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Therefore

lim sup(fi(z3) —af, 27** —a]) = lim (fi(e3) -2}, @™ —2}) <0. (3.27)
k—s o0 {— 00

Similarly, we can also prove that

lim sup(fa(z3) — a3, 25+ —a3) <0,
k— o0

lim sup(fn(z}) — xk, ™ —ay) <0. (3.28)
k—>00

Hence, we have the desired inequalities.

(iv) Finally, we prove that the sequences {«7},--- ,{a%} generated by (3.10) con-
verge to x7,- - , &}y, respectively. It is clear that
27! = aillllas — a3l + llay™ — a3|lll2f — 23] + -
oy —anlllet — 21l < V2t —af 2+ + Taf — 2y [? x
I = a2+ e — oy P (3.20)

Substituting (3.29) into (3.15) we have

7 = @I+ flog ™ = a3+ ey = 2RI < (- an)* (- 271

o e = 2 l?) + 200{y/llaf — a2 4+ o — 2y 12X

Iz = g2 4 o — ag 2} + 200 () — o7, @+ — o)

+(fola3) — @3, ay™ —ag) o+ () — 2k, oy - ah) (3.30)
Set
an = |27 — 21| + [laf — 23|* + - + lla} — 2 )%,
bo = 2((fie3) —af, af* —af) + -+ (fn(a]) — o, 2T —aR)). (3.31)
Then, we have the following statements:

(i) From (i), {ay,} is bounded sequence.
(i) From (3.30) ani1 < (1 — ap)2an9/An/Anr1 + Qnbn, Y > 1.
(iii) From (iii) whenever {a,, } is a subsequence of {a,} satisfying

lim inf(ap,+1 — an,) >0, (3.32)

k—> 00
it follows that

lim supb,, <O0.
k—> 00
By Lemma 2.6, we have
tim (o} — 2P+ ek — 2] = 0. (3.33)
Hence, we obtain that
nﬁnoo =} — 21| = nh_)moo oy — a3 =--- = nlﬂ)noo =% — 2yl = 0. (3.34)

The proof is completed. O
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Theorem 3.3. Let Q;, T(Q;,C),Q; and ;5 (i =1,2,---,N) satisfying the con-
ditions (C1) — (C2) and F : H — H be u-Lipschitz continuous and r-strongly

monotone mapping. Let {7}, - ,{z’} be the sequences defined by
a:(f, e ,x?\, € H

2t = (1= an)Qu gt + an fi(Qa,5(27)),

2yt = (1= an) Qs + an fo(Q 5(27)),

2t = (11— a,)Qn gy + anfn(Qip(2])), forn=0,1,2,--(3.35)
where f; = I —n; F withn; € (0, 2f)(z =1,2,--+,N) and {ay, } is a sequence in (0,1)
satisfying a, — 0 and Y.~ a, = co. Then the sequences {7}, {z8} - {a}
converges to x5, x5, - - - , T, where (x5, -+, x) is an unique elements in T (Q1,C) X

T(Q2,C) x - x T(Qn,C) such that (2.3) is satisfied.

Proof. It is easy to see that f;(i = 1,2,---,N) are contraction mappings and all
the conditions in Theorem 3.2 are satisfied. By Theorem 3.2, we have the sequences
{z}},---,{z%} which converges to (z},---,z%) € T(Q1,C) X T(Q2,C) x --- X
T(Qn,C) such that the following are satisfied.

(x] — fi(x3), 1 —27) >0, Vo1 € T(Q1,C),
<I§ - fQ(xi”k))ﬂ T2 — $§> >0, Vag € T(Q27C)ﬂ

(@y_1 — fy-i(zy), en—1 —2y_q) >0, Vony_1 € T(Qn-1,0),
(zy — fn(2]), oy —x)) >0, Yoy € T(Qn, O). (3.36)

Substituting fy = I—mF, fo = I—noF, -+, fy = I—nyF in (3.36), we obtain that
the sequences {z7}, -, {z%} converges to (z7, - ,z%) € T(Q1,C) x T(Q2,C) x
-+ X T(Qn,C) such that (2.3) are hold and proof is completed. O

If setting QQ; = I —T;, where T; : H — H is a nonexpansive mapping in Theorem
3.2 and Theorem 3.3, Then, Q; is %—inverse strongly monotone and Y(Q;,C) =
F(T;) (i=1,2,---,N). Hence, we obtain the following corollary.

Corollary 3.2. Let T; : H — H be a nonexpansive mapping and Q; = I —
T;,Y(Qi,C),Q; and Q; g satisfying the conditions (C1) — (C2) (1 = 1,2,--- ,N).
Let f; : H — H be contraction with a contractive constant ¥; € (0,1) for i =
1,2,--- ,N. Let {z'} be the sequences defined by

2 € H, i=1,2,---,N
2P = (1= an) gt + an f1(Q2,28),
oy = (1= ) g8 + anfo(Qs,67%),
2t = (1= an)Qn gl + anfn (Qpah), (3.37)
where {ay,} is a sequence in (0, 1) satisfying o, — 0 and Y, a, = co. Then, the
sequences {z}'} converge to x} (i =1,2,---,N), where (z3,--- ,x%) is an unique

elements in F(T1) X F(Ty) x -+ x F(Tn) such that following are satisfied:
(1 = fi(23), 21 —a7) =0, Vo, € F(Th),
(x5 — falxy), ®a —x5) > 0, Vg € F(T3),
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(y_1 — fvaa(@y), avo1 —ay 1) 20, Vay1 € F(Tv-1),
(xy — In(xY), ay — ) >0, Yoy € F(Tw). (3.38)
Corollary 3.3. Let T; : H — H be a nonexpansive mapping and Q; = I — T;,
T(Q;,C), Q and Q; g satisfying the conditions (C1) — (C2) (i =1,2,--- ,N). Let
F : H — H be a p-Lipschitzian and r-strongly monotone mapping. Let {xI'} be
the sequences defined by

x) € H, i=1,2,---,N
it = (1= an)Qpaf + anfi(Q2,523),
w3t = (1 - an)Q,523 + anfo(Qs,52%),
it = (1= ) QN gl + an fn (Q pt), (3.39)
where f; = I—n; F withn; € (0, %) and {ay,} is a sequence in (0, 1) satisfying o, —
0 and Y ," ,an = 0o0. Then, the sequences {z}'} converge to x} (i =1,2,--- ,N),
where (x7,--- ,x%) is an unique elements in F(T1) x F(Ty) x --- x F(Ty) such that

the following are satisfied:

(mF(x5) + 2] —a5, v1—27) >0, Vo, € F(T1),
(moF(x5) + x5 — x5, xo —x5) >0, V 2g € F(T2),

(N—1F(xN) + 21 — 2N, *N-1—TN_1) 20, Voy_1 € F(Tn-1),
MnF(x))+ay — ], any — ) >0, Vay € F(Tn). (3.40)

Corollary 3.4. Let C; be a nonempty closed convex subset of H and QQ; = I — Pg,,
T(Qi,C), Qi and Q; g satisfying the conditions (C1) — (C2) (i =1,2,--- ,N). Let

fi : H — H be contraction with a contractive constant ¥; € (0,1) (i =1,2,--- ,N).
Let {27} be the sequences defined by
2f € H, i=12,N
B = (1= ) gt + an fr(Q2,53),
af T = (1= an)Qo pah + o f2(Qs p2Y),
ot = (1= an)Qn gy + an fn (Q gz), (3.41)

where {a, } is a sequence in (0,1) satisfying o, — 0 and Y .-, = 0o. Then the
sequences {x'} converge to xf (i = 1,2,--- | N), where (x7,--- ,2%) is an unique
elements in C1 x Cy X --- x C'y such that the following are satisfied:

<‘TT - fl(x;)a O ‘TT> > 07 vxl € 017

(25 — fa(z3), w2 —23) >0, Vaz € Oy,

(@y_1 — fy-i(zy), a1 —ay_q) >0, Yoy € Cn_1,
(xy — fn(z]), oy —ay) 20, Yoy € Oy. (3.42)
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Corollary 3.5. Let C; be a nonempty closed convex subset of H and Q; = I — Pc,,
T(Q:,C), Q and Q,; g satisfying the conditions (C1) — (C2) (i = 1,2,---,N).
Let F; : H— H (i =1,2,--- ,N) be a p-Lipschitzian and r-strongly monotone
mapping. Let {x'} be the sequences defined by

2 € H, i=1,2,---,N

2y = (1) pat + anfi(Q2p0%),

oy = (1 )68 + an fo(Qs,p0%),

2 = (1= )N gl + an fn (Q pat), (3.43)
where f; = I —n F with n; € (0, %) and {a,} is a sequence in (0,1) satisfying
an — 0 and >0 ja, = co. Then, the sequences {x!'} converge to z} (i =
1,2,--- ,N), where (x3,--- ,2%) is an unique elements in Cy x Cy X -+ x Cn such

that the following are satisfied:

(mF(z3) + 2] — a3, 21— 27) 20, V21 € C1,
(2 F'(23) + a5 — a3, w2 —x3) 20, V 23 € Oy,
(N—1F(zy) + 2y — 2y, Tv-1—Tx_1) >0, Van_1 € On-_1,
nF(x]) +ay — ), en —xy) >0, Von € Cn. (3.44)

4. APPLICATIONS

Let Q1 =Q2=--=Qp, fi == fy and 2§ = --- = 2%, in Theorem 3.2,
then we have the following:

Theorem 4.1. Let Q, Y(Q,C), Q and Qg satisfy the conditions (C1) — (C2) and
f+ H — H be a contraction with a contractive constant 9 € (0,1). Let {x,} be a
sequence suggested by

{ zo € H, (4.1)

Tniy1 = (1 - an)Qﬁxn + Olnf(Qﬁxn)a n=0,1,2---,

where {ay,} is a sequence in (0,1) satisfying a,, — 0 and > oo, = oo. Then
a sequence {x,} converges to z* € Y(Q,C) such that the following inequality is
satisfied:

(" = f(z™),z —2*) >0, Vz € T(Q,C).
Theorem 4.2. Let Q, Y(Q,C),  and Qg satisfy the conditions (C1) — (C2) and

F: H — H be a p-Lipschitzian and r-strongly monotone mapping. Let {x,} be a
sequence suggested by

Tg € H, (4 2)
Tnt1 = (1 — an)Qxy, + an (I — nF)(Qpzy,), n=0,1,2,---, '

where n € (O,%) and {an} is a sequence in (0,1) satisfying o, — 0 and
S gan = 00. Then a sequence {x,} converges to z* € Y(Q,C) such that the
following are satisfied:

(F(z*),x—2") >0, Vo € T(Q,C).



SYSTEM OF GENERALIZED HIERARCHICAL VARIATIONAL INEQUALITY PROBLEMS 81

Corollary 4.1. Let T : H — H be a nonexpansive mapping and Q = I —
T, T(Q,C), Q and Qp satisfy the conditions (C1) — (C2) and f : H — H be
contraction with a contractive constant ¥ € (0,1). Let {x,} be a sequence suggested
by

xg € H,

4.3
Tp41 = (1 - O‘n)Qﬂxn + an.f(Qan)v n=0,1,2---, ( )

where {a, } is a sequence in (0,1) satisfying o, — 0 and Y~ e, = 00. Then, the
sequence {x,} converges to x* € F(T) such that the following inequality is satisfied:

(" = f(x*),xz — 2™y >0, Vo € F(T).

Corollary 4.2. Let T : H — H be a nonexpansive mapping and @Q = I — T,
T(Q,C), Q and Qg satisfy the conditions (C1) — (C2) and F : H — H be a
w-Lipschitzian and r-strongly monotone mapping. Let {x,} be a sequence suggested

by
xg € H,

4.4
Tnt1 = (1 — an)Qpzy + an(I —nF)(Qgzy), n=0,1,2,---, (44)

where n € (0,%) and {an} is a sequence in (0,1) satisfying o, — 0 and
oo oo = 00. Then a sequence {x,} converges to * € F(T) such that the follow-
ing inequality is satisfied:

(F(z*),z — %) >0, Yo € F(T).
5. CONCLUSION

We propose a new class of system of generalized hierarchical variational inequal-
ity problems in Hilbert spaces, that seems to be a useful extension of the class
of hierarchical variational inequality. Further, we established some fundamental
properties belonging to this class. Based on these properties and well-known result
due to concepts of Mainge’s, we obtained some existence of the solutions of system
of generalized hierarchical variational inequality problems. Also, we established a
result, that may be viewed as an applications for system of generalized hierarchical
variational inequality problems.
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