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1. Introduction

In various practical problems arising in decision theory, economics theory, game
theory portfolio selection, etc. it is required to optimize the ratio of several linear
or nonlinear functions to achieve the goal efficiently. The optimization problems
are called mathematical functional programming problems or optimal control prob-
lems. The study of mathematical functional programming problem has been of
great interest in the recent past due to its diversified applications. The variational
inequality theory is well known and well developed because of its applications in
the diversified area of science, social science, engineering, and commercial manage-
ment. The variational inequality problems provide a convenient framework for the
unified study of the optimal solution in many optimization related fields. Several
numerical methods has been developed for solving variational inequality and related
optimization problems. Hierarchical optimization was first defined by Bracken and
McGill [2, 3] as a generalization of mathematical programming. In this context,
the constraint region is implicitly determined by a series of optimization problems
which must be solved in a predetermined sequence.
Inspired and motivated by the recent works [1, 4, 5, 6, 9, 14, 16, 17], we intro-
duced the system of generalized hierarchical variational inequality problems and
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investigate a more general form of the schemes to solve the system of generalized
hierarchical variational inequality problems.

2. Preliminaries

Let H be a real Hilbert space with an inner product ⟨·, ·⟩ and a norm ∥ · ∥. Let
C be a nonempty closed convex subsets of H. F (T ) denotes the set of fixed points
of T : C −→ C, that is, F (T ) = {x ∈ C : Tx = x} and a variational inequality
problems [8] is the problem of finding a point x ∈ C such that

⟨Qx, y − x⟩ ≥ 0,∀y ∈ C, (2.1)
where Q : C −→ C is a nonlinear mapping and solution set of (2.1) is denoted by
Υ(Q,C).
The hierarchical fixed point problems [11, 12, 13, 18, 19] is the problem of finding
a point x∗ ∈ F (T ) such that

⟨Qx∗, x− x∗⟩ ≥ 0, ∀x ∈ F (T ). (2.2)
When the set F (T ) is replaced by the solution set of variational inequality (2.1),
then (2.2) is known as hierarchical variational inequality problems.

In this paper, we define the system of generalized hierarchical variational inequal-
ity problems for finding x∗

i ∈ Υ(Qi, C) such that for given positive real number
ηi, (i = 1, 2, · · · , N) the following inequalities are hold:

⟨η1F (x∗
2) + x∗

1 − x∗
2, x1 − x∗

1⟩ ≥ 0, ∀ x1 ∈ Υ(Q1, C),

⟨η2F (x∗
3) + x∗

2 − x∗
3, x2 − x∗

2⟩ ≥ 0, ∀ x2 ∈ Υ(Q2, C),

...
⟨ηN−1F (x∗

N ) + x∗
N−1 − x∗

N , xN−1 − x∗
N−1⟩ ≥ 0, ∀ xN−1 ∈ Υ(QN−1, C),

⟨ηNF (x∗
1) + x∗

N − x∗
1, xN − x∗

N ⟩ ≥ 0, ∀ xN ∈ Υ(QN , C), (2.3)
where F,Qi : H −→ H (i = 1, 2, · · · , N) are mappings.

Definition 2.1. Let T, F : H −→ H be the single valued mappings. Then
(i) T is said to be nonexpansive if

∥Tx− Ty∥ ≤ ∥x− y∥, ∀x, y ∈ H;

(ii) T is said to be quasi nonexpansive if F (T ) ̸= ∅ and
∥Tx− p∥ ≤ ∥x− p∥, ∀x ∈ H, p ∈ F (T );

(iii) T is quasi nonexpansive if and only if for all x ∈ H, p ∈ F (T )

⟨x− Tx, x− p⟩ ≥ 1

2
∥x− Tx∥2;

(iv) T is said to be strongly quasi nonexpansive if T is quasi nonexpansive and
xn − Txn −→ 0

whenever {xn} is a bounded sequence in H and
∥xn − p∥ − ∥Txn − p∥ −→ 0, for some p ∈ F (T );

(v) F is said to be µ-Lipschitzian if there exists µ > 0 such that
∥F (x)− F (y)∥ ≤ µ∥x− y∥, ∀x, y ∈ H;
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(vi) F is said to be r-strongly monotone if there exists r > 0 such that

⟨F (x)− F (y), x− y⟩ ≥ r∥x− y∥2, ∀x, y ∈ H;

(vii) If F is a µ-Lipschitzian and r-strongly monotone mapping and ρ ∈ (0, 2r
µ2 ),

then
I − ρF

is a contraction mapping;
(viii) F is said to be α-inverse strongly monotone if there exists α > 0 such that

⟨F (x)− F (y), x− y⟩ ≥ α∥F (x)− F (y)∥2, ∀x, y ∈ H.

Lemma 2.2. [20] Let Q : H −→ H be an α-inverse strongly monotone mapping.
Then

(i) Q is an 1
α -Lipschitz continuous and monotone mapping;

(ii) ∥(I − λQ)x− (I − λQ)y∥2 ≤ ∥x− y∥2 + λ(λ− 2α)∥Qx−Qy∥2, for λ > 0;
(iii) if λ ∈ (0, 2α], then I−λQ is a nonexpansive mapping where I is an identity

mapping on H.

Lemma 2.3. Let x ∈ H and z ∈ C be any points. Then the following statements
are hold:

(i) z = PC(x) ⇐⇒ ⟨x− z, y − z⟩ ≥ 0, ∀y ∈ C.
(ii) z = PC(x) ⇒ ∥x− z∥2 ≥ ∥x− y∥2 − ∥y − z∥2, ∀y ∈ C.
(iii) ⟨PC(x)− PC(y), x− y⟩ ≥ ∥PC(x)− PC(y)∥2, ∀x, y ∈ H.
(iv) u ∈ Υ(Q,C) ⇔ u ∈ F (PC(I − λQ)), ∀λ > 0.

Lemma 2.4. [15] For x, y ∈ H and ω ∈ (0, 1) the following statements are hold:
(i) ∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, x+ y⟩;
(ii) ∥(1− ω)x+ ωy∥2 = (1− ω)∥x∥2 + ω∥y∥2 − ω(1− ω)∥x− y∥2.

Lemma 2.5. [10] Let {an} be a sequence of real numbers and there exists a sub-
sequence {amj

} of {an} such that amj
< amj+1 for all j ∈ N where N is the set of

all positive integers. Then there exists a non decreasing sequence {nk} of N such
that limk−→∞ nk = ∞ and the following properties are satisfied by all (sufficiently
large) number k ∈ N

ank
≤ ank+1, ak ≤ ank+1.

In fact, nk is the largest number n in the set {1, 2, · · · , k} such that an < an+1 hold.

Lemma 2.6. [7] Let {an} ⊂ [0,∞), {αn} ⊂ [0, 1), {bn} ⊂ (−∞,+∞) and α̂ ∈ [0, 1]
be such that

(i) {an} is a bounded sequence;
(ii) an+1 ≤ (1− αn)

2anα̂
√
an

√
an+1 + αnbn, ∀n ≥ 1;

(iii) whenever {ank
} is a subsequence of {an} satisfying

lim
k−→∞

inf(ank+1
− ank

) ≥ 0

it follows that
lim

k−→∞
sup bnk

≤ 0;

(iv) limn−→∞ αn = 0 and
∑∞

n=1 αn = ∞.

Then limn−→∞ an = 0.
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3. Main Results

First, we prove the following lemma.

Lemma 3.1. Let Q : H −→ H be an α-inverse strongly monotone mapping. Let
Υ(Q,C) ̸= ∅ be the solution set of (2.1). Then the following are hold:

1. the mapping Ω : H −→ C is defined by
Ω = PC(I − λQ), for λ ∈ (0, 2α],

is quasi nonexpansive, where I is an identity mapping;
2. the mapping I−Ω : H −→ H is demiclosed at zero, that is, for any sequence

{xn} ⊂ H if xn ⇀ x and (I − Ω)xn −→ 0, then x = Ωx;
3. the mapping Ωβ defined by

Ωβ = (I − β)I + βΩ, for β ∈ (0, 1) (3.1)
is strongly quasi nonexpansive mapping and F (Ωβ) = F (Ω).

4. I − Ωβ , β(0, 1) is demiclosed at zero.

Proof. (i) From Lemma 2.2(iii) and Lemma 2.3(iv), the mapping Ω is nonex-
pansive and Υ(Q,C) = F (Ω) ̸= ∅. then this show that Ω is quasi nonex-
pansive.

(ii) Since Ω is a nonexpansive mapping on C, I − Ω is demiclosed at zero.
(iii) It is obvious that F (Ωβ) = F (Ω).

Next, we prove that Ωβ , β ∈ (0, 1) is a strongly quasi nonexpansive map-
ping.
Let {xn} be any bounded sequence in H and p ∈ Ωβ be a given point such
that

∥xn − p∥ − ∥Ωβxn − p∥ −→ 0. (3.2)
First, we prove that Ωβ , β ∈ (0, 1) is a quasi nonexpansive mapping.
From (3.1) and the fact that Ω is quasi nonexpansive, we have

∥Ωβx− p∥ = ∥(1− β)[x− p] + β(Ωx− p)∥
≤ (1− β)∥x− p∥+ β∥Ωx− p∥
≤ ∥x− p∥, ∀x ∈ C.

Therefore, Ωβ is a quasi nonexpansive mapping.
Next, we prove that

∥Ωβxn − xn∥ −→ 0.

In fact, it follows from (3.1) that
∥Ωβxn − p∥2 = ∥xn − p− β(xn − Ωxn)∥2

= ∥xn − p∥2 − 2β⟨xn − p, xn − Ωxn⟩+ β2∥xn − Ωxn∥2

≤ ∥xn − p∥2 − β(1− β)∥xn − Ωxn∥2.

From (3.2), we have
β(1− β)∥xn − Ωxn∥2 ≤ ∥xn − p∥2 − ∥Ωβxn − p∥2 −→ 0.

Since β(1− β) > 0, then
∥xn − Ωxn∥ −→ 0.

Hence
∥xn − Ωβxn∥ = β∥xn − Ωxn∥ −→ 0.
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(iv) Since I − Ωβ = β(I − Ω) and I − Ω is demiclosed at zero, hence I − Ωβ is
demiclosed at zero. This completes the proof.

�

Throughout this section, we always assume that the following conditions are
satisfied:

(C1) Qi : H −→ H is an αi-inverse strongly monotone mapping and Υ(Qi, C) ̸=
∅ is the solution set of (2.1) with Q = Qi (i = 1, 2, · · · , N).

(C2) Ωi and Ωi,β , β ∈ (0, 1) are the mappings defined by
Ωi = PCi

(I − λQi), λ ∈ (0, 2αi];

Ωi,β = (1− β)I + βΩi, β ∈ (0, 1), (i = 1, 2, · · · , N) respectively. (3.3)

Theorem 3.1. Let Qi and Υ(Qi, C) satisfying the conditions (C1) and fi : H −→
H be contraction with a contractive constant ϑi ∈ (0, 1), (i = 1, 2, · · · , N). Then
there exists a unique elements x∗

i ∈ Υ(Qi, C) such that the following are hold:
⟨x∗

1 − f1(x
∗
2), x1 − x∗

1⟩ ≥ 0, ∀x1 ∈ Υ(Q1, C),

⟨x∗
2 − f2(x

∗
3), x2 − x∗

2⟩ ≥ 0, ∀x2 ∈ Υ(Q2, C),

...
⟨x∗

N−1 − fN−1(x
∗
N ), xN−1 − x∗

N−1⟩ ≥ 0, ∀xN−1 ∈ Υ(QN−1, C),

⟨x∗
N − fN (x∗

1), xN − x∗
N ⟩ ≥ 0, ∀xN ∈ Υ(QN , C)(i = 1, 2, · · · , N). (3.4)

Proof. The proof is a consequence of Banach’s contraction principle but it is given
here for the sake of completeness. From Lemma 2.2(iii) and Lemma 2.3(iv), Υ(Qi, C)
(i = 1, 2, · · · , N) are nonempty closed convex. Therefore the metric projection
PΥ(Qi,C) is well defined for each i = 1, 2, · · · , N . Since fi(i = 1, 2, · · · , N) is a
contraction mapping. Then

PΥ(Qi,C)fi

and
PΥ(Q1,C)f1 ◦ PΥ(Q2,C)f2 ◦ · · · ◦ PΥ(QN ,C)fN (3.5)

are contraction mappings. Hence there exists a unique element x∗ ∈ H such that
x∗ = (PΥ(Q1,C)f1 ◦ PΥ(Q2,C)f2 ◦ · · · ◦ PΥ(QN ,C)fN )x∗. (3.6)

Putting x∗
N = PΥ(QN ,C)fN (x∗

1), · · · , x∗
2 = PΥ(Q2,C)f2(x

∗
3), x∗

1 = PΥ(Q1,C)f1(x
∗
2) and

x∗
N ∈ Υ(QN , C), · · · , x∗

1 ∈ Υ(Q1, C).
Suppose that (x̄1, · · · , x̄N ) ∈ Υ(Q1, C)×Υ(Q2, C)× · · · ×Υ(QN , C) such that the
following are satisfied:

⟨x̄1 − f1(x̄2), x1 − x̄1⟩ ≥ 0, ∀x1 ∈ Υ(Q1, C),

⟨x̄2 − f2(x̄3), x2 − x̄2⟩ ≥ 0, ∀x2 ∈ Υ(Q2, C),

...
⟨x̄N−1 − fN−1(x̄N ), xN−1 − x̄N−1⟩ ≥ 0, ∀xN−1 ∈ Υ(QN−1, C),

⟨x̄N − fN (x̄1), xN − x̄N ⟩ ≥ 0, ∀xN ∈ Υ(QN , C). (3.7)
Then

x̄1 = PΥ(Q1,C)f1(x̄2),

x̄2 = PΥ(Q2,C)f2(x̄3),
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...
x̄N = PΥ(QN ,C)fN (x̄1). (3.8)

Therefore
x̄1 = (PΥ(Q1,C)f1 ◦ PΥ(Q2,C)f2 ◦ · · · ◦ PΥ(QN ,C)fN )x̄1. (3.9)

This implies that x̄1 = x∗
1, x̄2 = x∗

2, · · · , x̄N = x∗
N , the proof is completed. �

Theorem 3.2. Let Qi,Υ(Qi, C),Ωi and Ωi,β satisfying the conditions (C1− C2),
and fi : H −→ H be the contraction with a contractive constant ϑi ∈ (0, 1)(i =
1, 2, · · · , N). Let {xn

i } be the sequences defined by
x0
i ∈ H, i = 1, 2, · · · , N
xn+1
1 = (1− αn)Ω1,βx

n
1 + αnf1(Ω2,βx

n
2 ),

xn+1
2 = (1− αn)Ω2,βx

n
2 + αnf2(Ω3,βx

n
3 ),

...
xn+1
N = (1− αn)ΩN,βx

n
N + αnfN (Ω1,βx

n
1 ), (3.10)

where {αn} is a sequence in (0, 1) satisfying αn −→ 0 and
∑∞

n=0 αn = ∞. Then
the sequences {xn

i } (i = 1, 2, · · · , N) defined by (3.10) converge to x∗
i , where

(x∗
1, · · · , x∗

N ) is the unique elements in Υ(Q1, C) × Υ(Q2, C) × · · · × Υ(QN , C),
verifying (3.4).

Proof. (i) We first prove that the sequence {xn
1}, · · · , {xn

N} are bounded. From
Lemma 3.1, it follows that Ωi,β is strongly quasi nonexpansive and F (Ωi,β) =
F (Ωi) = Υ(Qi, C) (i = 1, · · · , N). Since fi is contraction with constant ϑi (i =
1, · · · , N) and x∗

1 ∈ F (Ω1,β), x
∗
2 ∈ F (Ω2,β), · · · , x∗

N ∈ F (ΩN,β), we have
∥xn+1

1 − x∗
1∥ ≤ (1− αn)∥Ω1,βx

n
1 − x∗

1∥+ αn∥f1(Ω2,βx
n
2 )− x∗

1∥
≤ (1− αn)∥xn

1 − x∗
1∥+ αn∥f1(Ω2,βx

n
2 )− f1(x

∗
2)∥+ αn∥f1(x∗

2)− x∗
1∥

≤ (1− αn)∥xn
1 − x∗

1∥+ αnϑ1∥Ω2,βx
n
2 − x∗

2∥+ αn∥f1(x∗
2)− x∗

1∥
≤ (1− αn)∥xn

1 − x∗
1∥+ αnϑ1∥xn

2 − x∗
2∥+ αn∥f1(x∗

2)− x∗
1∥

≤ (1− αn)∥xn
1 − x∗

1∥+ αnϑ1∥xn
2 − x∗

2∥+ αn∥f1(x∗
2)− x∗

1∥. (3.11)
Similarly, we can also compute that

∥xn+1
2 − x∗

2∥ ≤ (1− αn)∥xn
2 − x∗

2∥+ αnϑ2∥xn
3 − x∗

3∥+ αn∥f2(x∗
3)− x∗

2∥,
...

∥xn+1
N − x∗

N∥ ≤ (1− αn)∥xn
N − x∗

N∥+ αnϑN∥xn
1 − x∗

1∥+ αn∥fN (x∗
1)− x∗

N∥.
(3.12)

This implies that
∥xn+1

1 − x∗
1∥+ ∥xn+1

2 − x∗
2∥+ · · ·+ ∥xn+1

N − x∗
N∥ ≤ (1− αn)[∥xn

1 − x∗
1∥

+ · · ·+ ∥xn
N − x∗

N∥] + αn[ϑN∥xn
1 − x∗

1∥+ ϑ1∥xn
2 − x∗

2∥+ · · ·+ ϑN−1∥xn
N − x∗

N∥]
+αn[∥f1(x∗

2)− x∗
1∥+ · · ·+ ∥fN (x∗

1)− x∗
N∥]

≤ (1− αn)[∥xn
1 − x∗

1∥+ · · ·+ ∥xn
N − x∗

N∥] + αnϑ[∥xn
1 − x∗

1∥+ · · ·+ ∥xn
N − x∗

N∥]
+αn[∥f1(x∗

2)− x∗
1∥+ · · ·+ ∥fN (x∗

1)− x∗
N∥]

≤ (1− αn(1− ϑ))[∥xn
1 − x∗

1∥+ · · ·+ ∥xn
N − x∗

N∥]

+αn(1− ϑ)
∥f1(x∗

2)− x∗
1∥+ ∥f2(x∗

3)− x∗
2∥+ · · ·+ ∥fN (x∗

1)− x∗
N∥

1− ϑ
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≤ max{∥xn
1−x∗

1∥+· · ·+∥xn
N−x∗

N∥, ∥f1(x
∗
2)− x∗

1∥+ · · ·+ ∥fN (x∗
1)− x∗

N∥
1− ϑ

}, (3.13)

where ϑ = max{ϑ1, ϑ2, · · · , ϑN}.
By induction, we have
∥xn+1

1 − x∗
1∥+ ∥xn+1

2 − x∗
2∥+ · · ·+ ∥xn+1

N − x∗
N∥

≤ max{∥x0
1−x∗

1∥+· · ·+∥x0
N−x∗

N∥, ∥f1(x
∗
2)− x∗

1∥+ · · ·+ ∥fN (x∗
1)− x∗

N∥
1− ϑ

},∀n ≥ 1.

(3.14)
Hence {xn

1}, · · · , {xn
N} are bounded, consequently {Ω1,βx

∗
1}, · · · , {ΩN,βx

∗
N} are

bounded.

(ii) Next, we prove that for each n ≥ 1 the following inequalities are hold:
∥xn+1

1 − x∗
1∥2 + ∥xn+1

2 − x∗
2∥2 + · · ·+ ∥xn+1

N − x∗
N∥2 ≤ (1− αn)

2(∥xn
1 − x∗

1∥2

+∥xn
2 − x∗

2∥2 + · · ·+ ∥xn
N − x∗

N∥2) + 2αnϑ(∥xn+1
1 − x∗

1∥∥xn
2 − x∗

2∥
+∥xn+1

2 − x∗
2∥∥xn

3 − x∗
3∥+ · · ·+ ∥xn+1

N − x∗
N∥∥xn

1 − x∗
1∥)

+2αn(⟨f1(x∗
2)− x∗

1, xn+1
1 − x∗

1⟩+ ⟨f2(x∗
3)− x∗

2, xn+1
2 − x∗

2⟩
+ · · ·+ ⟨fN (x∗

1)− x∗
N , xn+1

N − x∗
N ⟩). (3.15)

From (3.10) and Lemma 2.4, we have
∥xn+1

1 − x∗
1∥2 = ∥(1− αn)(Ω1,β(x

n
1 )− x∗

1) + αn(f1(Ω2,β(x
n
2 ))− x∗

1)∥2

≤ ∥(1− αn)(Ω1,β(x
n
1 )− x∗

1)∥2 + 2αn⟨f1(Ω2,β(x
n
2 ))− x∗

1, xn+1
1 − x∗

1⟩
≤ (1− αn)

2∥Ω1,β(x
n
1 )− x∗

1∥2 + 2αn⟨f1(Ω2,β(x
n
2 ))− f1(x

∗
2), xn+1

1 − x∗
1⟩

+2αn⟨f1(xn
2 )− x∗

1, xn+1
1 − x∗

1⟩
≤ (1− αn)

2∥xn
1 − x∗

1∥2 + 2αn∥f1(Ω2,β(x
n
2 ))− f1(x

∗
2)∥∥xn+1

1 − x∗
1∥

+2αn⟨f1(xn
2 )− x∗

1, xn+1
1 − x∗

1⟩
≤ (1− αn)

2∥xn
1 − x∗

1∥2 + 2αnϑ1∥Ω2,β(x
n
2 )− x∗

2∥∥xn+1
1 − x∗

1∥
+2αn⟨f1(x∗

2)− x∗
1, xn+1

1 − x∗
1⟩

≤ (1− αn)
2∥xn

1 − x∗
1∥2 + 2αnϑ1∥xn

2 − x∗
2∥∥xn+1

1 − x∗
1∥

+ 2αn⟨f1(x∗
2)− x∗

1, xn+1
1 − x∗

1⟩. (3.16)
Similarly, we can also prove that

∥xn+1
2 − x∗

2∥2 ≤ (1− αn)
2∥xn

2 − x∗
2∥2 + 2αnϑ2∥xn

3 − x∗
3∥∥xn+1

2 − x∗
2∥

+2αn⟨f2(x∗
3)− x∗

2, xn+1
2 − x∗

2⟩,
...

∥xn+1
N − x∗

N∥2 ≤ (1− αn)
2∥xn

N − x∗
N∥2 + 2αnϑN∥xn

1 − x∗
1∥∥xn+1

N − x∗
N∥

+2αn⟨fN (x∗
1)− x∗

N , xn+1
N − x∗

N ⟩. (3.17)
Adding (3.16) and (3.17), and assume that ϑ = max{ϑ1, · · · , ϑN}, inequalities (3.15)
is proved.

(iii) Next, we prove that if there exists a subsequence {nk} ⊂ {n} such that
lim

k−→∞
inf{(∥xnk+1

1 − x∗
1∥2 + · · ·+ ∥xnk+1

N − x∗
N∥2)− (∥xnk

1 − x∗
1∥2

+ · · ·+ ∥xnk

N − x∗
N∥2)} ≥ 0.

(3.18)
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Then
lim

k−→∞
sup{⟨f1(x∗

2)− x∗
1, xnk+1

1 − x∗
1⟩+ ⟨f2(x∗

3)− x∗
2, xnk+1

2 − x∗
2⟩

+ · · ·+ ⟨fN (x∗
1)− x∗

N , xnk+1
N − x∗

N ⟩} ≤ 0. (3.19)

Since the norm ∥ · ∥2 is convex and limn−→∞ αn = 0, by (3.10) we have

0 ≤ lim
k−→∞

inf{(∥xnk+1
1 − x∗

1∥2 + · · ·+ ∥xnk+1
N − x∗

N∥2)− (∥xnk
1 − x∗

1∥2

+ · · ·+ ∥xnk

N − x∗
N∥2)}

≤ lim
k−→∞

inf{(1− αnk
)∥Ω1,βx

nk
1 − x∗

1∥2 + αnk
∥f1(Ω2,β(x

nk
2 ))− x∗

1∥2

+(1− αnk
)∥Ω2,βx

nk
2 − x∗

2∥2 + αnk
∥f2(Ω3,β(x

nk
3 ))− x∗

2∥2

+ · · ·+ (1− αnk
)∥ΩN,βx

nk

N − x∗
N∥2 + αnk

∥fN (Ω1,β(x
nk
1 ))− x∗

N∥2

−(∥xnk
1 − x∗

1∥2 + · · ·+ ∥xnk

N − x∗
N∥2)}

≤ lim
k−→∞

inf{(∥Ω1,βx
nk
1 − x∗

1∥2 − ∥xnk
1 − x∗

1∥2) + (∥Ω2,β(x
nk
2 )− x∗

2∥2

−∥xnk
2 − x∗

2∥2) + · · ·+ (∥ΩN,βx
nk

N − x∗
N∥2 − ∥xnk

N − x∗
N∥2)}

≤ lim
k−→∞

sup{(∥Ω1,βx
nk
1 − x∗

1∥2 − ∥xnk
1 − x∗

1∥2) + (∥Ω2,β(x
nk
2 )− x∗

2∥2

−∥xnk
2 − x∗

2∥2) + · · ·+ (∥ΩN,βx
nk

N − x∗
N∥2 − ∥xnk

N − x∗
N∥2)} ≤ 0. (3.20)

This implies that
lim

k−→∞
(∥Ω1,βx

nk
1 − x∗

1∥2 − ∥xnk
1 − x∗

1∥2)

= lim
k−→∞

(∥Ω2,βx
nk
2 − x∗

2∥2 − ∥xnk
2 − x∗

2∥2)

= · · · = lim
k−→∞

(∥ΩN,βx
nk

N − x∗
N∥2 − ∥xnk

N − x∗
N∥2) = 0. (3.21)

Since the sequences {∥Ω1,βx
nk
1 − x∗

1∥ + ∥xnk
1 − x∗

1∥}, {∥Ω2,βx
nk
2 − x∗

2∥ + ∥xnk
2 −

x∗
2∥}, · · · , {∥ΩN,βx

nk

N − x∗
N∥+ ∥xnk

N − x∗
N∥} are bounded. Therefore, we have

lim
k−→∞

(∥Ω1,βx
nk
1 − x∗

1∥ − ∥xnk
1 − x∗

1∥)

= lim
k−→∞

(∥Ω2,βx
nk
2 − x∗

2∥ − ∥xnk
2 − x∗

2∥)

= · · · = lim
k−→∞

(∥ΩN,βx
nk

N − x∗
N∥ − ∥xnk

N − x∗
N∥) = 0. (3.22)

By Lemma 3.1, Ω1,β , · · · ,ΩN,β are strongly quasi nonexpansive, then
Ω1,βx

nk
1 − xnk

1 −→ 0, Ω2,βx
nk
2 − xnk

2 −→ 0, · · · , ΩN,βx
nk

N − xnk

N −→ 0. (3.23)
Consequently, we obtain that

xnk
1 − xnk+1

1 −→ 0, xnk
2 − xnk+1

2 −→ 0, · · · , xnk

N − xnk+1
N −→ 0. (3.24)

It follows from the boundedness of {xnk
1 } that there exists a subsequence {xnkℓ

1 } of
{xnk

1 } such that x
nkℓ
1 ⇀ p and

lim
ℓ−→∞

⟨f1(x∗
2)− x∗

1, x
nkℓ
1 − x∗

1⟩ = lim
k−→∞

sup⟨f1(x∗
2)− x∗

1, x
nkℓ
1 − x∗

1⟩

= lim
k−→∞

sup⟨f1(x∗
2)− x∗

1, xnk+1
1 − x∗

1⟩. (3.25)

By Lemma 3.1, I−Ω1,β is demiclosed at zero and p ∈ Fix(Ω1,β) = Υ(Q1, C). Hence
from (3.4) we have

lim
ℓ−→∞

⟨f1(x∗
2)− x∗

1, x
nkℓ
1 − x∗

1⟩ = ⟨f1(x∗
2)− x∗

1, p− x∗
1⟩ ≤ 0. (3.26)
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Therefore

lim
k−→∞

sup⟨f1(x∗
2)− x∗

1, xnk+1
1 − x∗

1⟩ = lim
ℓ−→∞

⟨f1(x∗
2)− x∗

1, x
nkℓ
1 − x∗

1⟩ ≤ 0. (3.27)

Similarly, we can also prove that

lim
k−→∞

sup⟨f2(x∗
3)− x∗

2, xnk+1
2 − x∗

2⟩ ≤ 0,

...
lim

k−→∞
sup⟨fN (x∗

1)− x∗
N , xnk+1

N − x∗
N ⟩ ≤ 0. (3.28)

Hence, we have the desired inequalities.

(iv) Finally, we prove that the sequences {xn
1}, · · · , {xn

N} generated by (3.10) con-
verge to x∗

1, · · · , x∗
N , respectively. It is clear that

∥xn+1
1 − x∗

1∥∥xn
2 − x∗

2∥+ ∥xn+1
2 − x∗

2∥∥xn
3 − x∗

3∥+ · · ·
+∥xn+1

N − x∗
N∥∥xn

1 − x∗
1∥ ≤

√
∥xn

1 − x∗
1∥2 + · · ·+ ∥xn

N − x∗
N∥2 ×√

∥xn+1
1 − x∗

1∥2 + · · ·+ ∥xn+1
N − x∗

N∥2. (3.29)

Substituting (3.29) into (3.15) we have

∥xn+1
1 − x∗

1∥2 + ∥xn+1
2 − x∗

2∥2 + · · ·+ ∥xn+1
N − x∗

N∥2 ≤ (1− αn)
2(∥xn

1 − x∗
1∥2

+ · · ·+ ∥xn
N − x∗

N∥2) + 2αnϑ{
√

∥xn
1 − x∗

1∥2 + · · ·+ ∥xn
N − x∗

N∥2×√
∥xn+1

1 − x∗
1∥2 + · · ·+ ∥xn+1

N − x∗
N∥2}+ 2αn(⟨f1(x∗

2)− x∗
1, xn+1

1 − x∗
1⟩

+ ⟨f2(x∗
3)− x∗

2, xn+1
2 − x∗

2⟩+ · · ·+ ⟨fN (x∗
1)− x∗

N , xn+1
N − x∗

N ⟩). (3.30)
Set

an = ∥xn
1 − x∗

1∥2 + ∥xn
2 − x∗

2∥2 + · · ·+ ∥xn
N − x∗

N∥2,
bn = 2(⟨f1(x∗

2)− x∗
1, xn+1

1 − x∗
1⟩+ · · ·+ ⟨fN (x∗

1)− x∗
N , xn+1

N − x∗
N ⟩). (3.31)

Then, we have the following statements:
(i) From (i), {an} is bounded sequence.
(ii) From (3.30) an+1 ≤ (1− αn)

2anϑ
√
an

√
an+1 + αnbn, ∀n ≥ 1.

(iii) From (iii) whenever {ank
} is a subsequence of {an} satisfying

lim
k−→∞

inf(ank+1 − ank
) ≥ 0, (3.32)

it follows that
lim

k−→∞
sup bnk

≤ 0.

By Lemma 2.6, we have

lim
n−→∞

(∥xn
1 − x∗

1∥2 + · · ·+ ∥xn
N − x∗

N∥2) = 0. (3.33)

Hence, we obtain that

lim
n−→∞

∥xn
1 − x∗

1∥ = lim
n−→∞

∥xn
2 − x∗

2∥ = · · · = lim
n−→∞

∥xn
N − x∗

N∥ = 0. (3.34)

The proof is completed. �
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Theorem 3.3. Let Qi,Υ(Qi, C),Ωi and Ωi,β (i = 1, 2, · · · , N) satisfying the con-
ditions (C1) − (C2) and F : H −→ H be µ-Lipschitz continuous and r-strongly
monotone mapping. Let {xn

1}, · · · , {xn
N} be the sequences defined by

x0
1, · · · , x0

N ∈ H

xn+1
1 = (1− αn)Ω1,βx

n
1 + αnf1(Ω2,β(x

n
2 )),

xn+1
2 = (1− αn)Ω2,βx

n
2 + αnf2(Ω3,β(x

n
3 )),

...
xn+1
N = (1− αn)ΩN,βx

n
N + αnfN (Ω1,β(x

n
1 )), for n = 0, 1, 2, · · · .(3.35)

where fi = I−ηiF with ηi ∈ (0, 2r
µ )(i = 1, 2, · · · , N) and {αn} is a sequence in (0, 1)

satisfying αn −→ 0 and
∑∞

n=0 αn = ∞. Then the sequences {xn
1}, {xn

2} · · · , {xn
N}

converges to x∗
1, x

∗
2, · · · , x∗

N , where (x∗
1, · · · , x∗

N ) is an unique elements in Υ(Q1, C)×
Υ(Q2, C)× · · · ×Υ(QN , C) such that (2.3) is satisfied.

Proof. It is easy to see that fi(i = 1, 2, · · · , N) are contraction mappings and all
the conditions in Theorem 3.2 are satisfied. By Theorem 3.2, we have the sequences
{xn

1}, · · · , {xn
N} which converges to (x∗

1, · · · , x∗
N ) ∈ Υ(Q1, C) × Υ(Q2, C) × · · · ×

Υ(QN , C) such that the following are satisfied.
⟨x∗

1 − f1(x
∗
2), x1 − x∗

1⟩ ≥ 0, ∀x1 ∈ Υ(Q1, C),

⟨x∗
2 − f2(x

∗
3), x2 − x∗

2⟩ ≥ 0, ∀x2 ∈ Υ(Q2, C),

...
⟨x∗

N−1 − fN−1(x
∗
N ), xN−1 − x∗

N−1⟩ ≥ 0, ∀xN−1 ∈ Υ(QN−1, C),

⟨x∗
N − fN (x∗

1), xN − x∗
N ⟩ ≥ 0, ∀xN ∈ Υ(QN , C). (3.36)

Substituting f1 = I−η1F, f2 = I−η2F, · · · , fN = I−ηNF in (3.36), we obtain that
the sequences {xn

1}, · · · , {xn
N} converges to (x∗

1, · · · , x∗
N ) ∈ Υ(Q1, C)×Υ(Q2, C)×

· · · ×Υ(QN , C) such that (2.3) are hold and proof is completed. �
If setting Qi = I−Ti, where Ti : H −→ H is a nonexpansive mapping in Theorem

3.2 and Theorem 3.3, Then, Qi is 1
2 -inverse strongly monotone and Υ(Qi, C) =

F (Ti) (i = 1, 2, · · · , N). Hence, we obtain the following corollary.

Corollary 3.2. Let Ti : H −→ H be a nonexpansive mapping and Qi = I −
Ti,Υ(Qi, C),Ωi and Ωi,β satisfying the conditions (C1) − (C2) (i = 1, 2, · · · , N).
Let fi : H −→ H be contraction with a contractive constant ϑi ∈ (0, 1) for i =
1, 2, · · · , N . Let {xn

i } be the sequences defined by
x0
i ∈ H, i = 1, 2, · · · , N
xn+1
1 = (1− αn)Ω1,βx

n
1 + αnf1(Ω2,βx

n
2 ),

xn+1
2 = (1− αn)Ω2,βx

n
2 + αnf2(Ω3,βx

n
3 ),

...
xn+1
N = (1− αn)ΩN,βx

n
N + αnfN (Ω1,βx

n
1 ), (3.37)

where {αn} is a sequence in (0, 1) satisfying αn −→ 0 and
∑∞

n=0 αn = ∞. Then, the
sequences {xn

i } converge to x∗
i (i = 1, 2, · · · , N), where (x∗

1, · · · , x∗
N ) is an unique

elements in F (T1)× F (T2)× · · · × F (TN ) such that following are satisfied:
⟨x∗

1 − f1(x
∗
2), x1 − x∗

1⟩ ≥ 0, ∀x1 ∈ F (T1),

⟨x∗
2 − f2(x

∗
3), x2 − x∗

2⟩ ≥ 0, ∀x2 ∈ F (T2),
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...
⟨x∗

N−1 − fN−1(x
∗
N ), xN−1 − x∗

N−1⟩ ≥ 0, ∀xN−1 ∈ F (TN−1),

⟨x∗
N − fN (x∗

1), xN − x∗
N ⟩ ≥ 0, ∀xN ∈ F (TN ). (3.38)

Corollary 3.3. Let Ti : H −→ H be a nonexpansive mapping and Qi = I − Ti,
Υ(Qi, C), Ωi and Ωi,β satisfying the conditions (C1)− (C2) (i = 1, 2, · · · , N). Let
F : H −→ H be a µ-Lipschitzian and r-strongly monotone mapping. Let {xn

i } be
the sequences defined by

x0
i ∈ H, i = 1, 2, · · · , N
xn+1
1 = (1− αn)Ω1,βx

n
1 + αnf1(Ω2,βx

n
2 ),

xn+1
2 = (1− αn)Ω2,βx

n
2 + αnf2(Ω3,βx

n
3 ),

...
xn+1
N = (1− αn)ΩN,βx

n
N + αnfN (Ω1,βx

n
1 ), (3.39)

where fi = I−ηiF with ηi ∈ (0, 2r
µ2 ) and {αn} is a sequence in (0, 1) satisfying αn −→

0 and
∑∞

n=0 αn = ∞. Then, the sequences {xn
i } converge to x∗

i (i = 1, 2, · · · , N),
where (x∗

1, · · · , x∗
N ) is an unique elements in F (T1)×F (T2)×· · ·×F (TN ) such that

the following are satisfied:

⟨η1F (x∗
2) + x∗

1 − x∗
2, x1 − x∗

1⟩ ≥ 0, ∀ x1 ∈ F (T1),

⟨η2F (x∗
3) + x∗

2 − x∗
3, x2 − x∗

2⟩ ≥ 0, ∀ x2 ∈ F (T2),

...
⟨ηN−1F (x∗

N ) + x∗
N−1 − x∗

N , xN−1 − x∗
N−1⟩ ≥ 0, ∀ xN−1 ∈ F (TN−1),

⟨ηNF (x∗
1) + x∗

N − x∗
1, xN − x∗

N ⟩ ≥ 0, ∀ xN ∈ F (TN ). (3.40)

Corollary 3.4. Let Ci be a nonempty closed convex subset of H and Qi = I−PCi
,

Υ(Qi, C), Ωi and Ωi,β satisfying the conditions (C1)− (C2) (i = 1, 2, · · · , N). Let
fi : H −→ H be contraction with a contractive constant ϑi ∈ (0, 1) (i = 1, 2, · · · , N).
Let {xn

i } be the sequences defined by

x0
i ∈ H, i = 1, 2, · · · , N
xn+1
1 = (1− αn)Ω1,βx

n
1 + αnf1(Ω2,βx

n
2 ),

xn+1
2 = (1− αn)Ω2,βx

n
2 + αnf2(Ω3,βx

n
3 ),

...
xn+1
N = (1− αn)ΩN,βx

n
N + αnfN (Ω1,βx

n
1 ), (3.41)

where {αn} is a sequence in (0, 1) satisfying αn −→ 0 and
∑∞

n=0 αn = ∞. Then the
sequences {xn

i } converge to x∗
i (i = 1, 2, · · · , N), where (x∗

1, · · · , x∗
N ) is an unique

elements in C1 × C2 × · · · × CN such that the following are satisfied:

⟨x∗
1 − f1(x

∗
2), x1 − x∗

1⟩ ≥ 0, ∀x1 ∈ C1,

⟨x∗
2 − f2(x

∗
3), x2 − x∗

2⟩ ≥ 0, ∀x2 ∈ C2,

...
⟨x∗

N−1 − fN−1(x
∗
N ), xN−1 − x∗

N−1⟩ ≥ 0, ∀xN−1 ∈ CN−1,

⟨x∗
N − fN (x∗

1), xN − x∗
N ⟩ ≥ 0, ∀xN ∈ CN . (3.42)
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Corollary 3.5. Let Ci be a nonempty closed convex subset of H and Qi = I−PCi
,

Υ(Qi, C), Ωi and Ωi,β satisfying the conditions (C1) − (C2) (i = 1, 2, · · · , N).
Let Fi : H −→ H (i = 1, 2, · · · , N) be a µ-Lipschitzian and r-strongly monotone
mapping. Let {xn

i } be the sequences defined by

x0
i ∈ H, i = 1, 2, · · · , N
xn+1
1 = (1− αn)Ω1,βx

n
1 + αnf1(Ω2,βx

n
2 ),

xn+1
2 = (1− αn)Ω2,βx

n
2 + αnf2(Ω3,βx

n
3 ),

...
xn+1
N = (1− αn)ΩN,βx

n
N + αnfN (Ω1,βx

n
1 ), (3.43)

where fi = I − ηiF with ηi ∈ (0, 2r
µ2 ) and {αn} is a sequence in (0, 1) satisfying

αn −→ 0 and
∑∞

n=0 αn = ∞. Then, the sequences {xn
i } converge to x∗

i (i =
1, 2, · · · , N), where (x∗

1, · · · , x∗
N ) is an unique elements in C1 ×C2 × · · · ×CN such

that the following are satisfied:

⟨η1F (x∗
2) + x∗

1 − x∗
2, x1 − x∗

1⟩ ≥ 0, ∀ x1 ∈ C1,

⟨η2F (x∗
3) + x∗

2 − x∗
3, x2 − x∗

2⟩ ≥ 0, ∀ x2 ∈ C2,

...
⟨ηN−1F (x∗

N ) + x∗
N−1 − x∗

N , xN−1 − x∗
N−1⟩ ≥ 0, ∀ xN−1 ∈ CN−1,

⟨ηNF (x∗
1) + x∗

N − x∗
1, xN − x∗

N ⟩ ≥ 0, ∀ xN ∈ CN . (3.44)

4. Applications

Let Q1 = Q2 = · · · = QN , f1 = · · · = fN and x0
1 = · · · = x0

N in Theorem 3.2,
then we have the following:

Theorem 4.1. Let Q, Υ(Q,C), Ω and Ωβ satisfy the conditions (C1)− (C2) and
f : H −→ H be a contraction with a contractive constant ϑ ∈ (0, 1). Let {xn} be a
sequence suggested by{

x0 ∈ H,

xn+1 = (1− αn)Ωβxn + αnf(Ωβxn), n = 0, 1, 2, · · · ,
(4.1)

where {αn} is a sequence in (0, 1) satisfying αn −→ 0 and
∑∞

n=0 αn = ∞. Then
a sequence {xn} converges to x∗ ∈ Υ(Q,C) such that the following inequality is
satisfied:

⟨x∗ − f(x∗), x− x∗⟩ ≥ 0, ∀x ∈ Υ(Q,C).

Theorem 4.2. Let Q, Υ(Q,C), Ω and Ωβ satisfy the conditions (C1)− (C2) and
F : H −→ H be a µ-Lipschitzian and r-strongly monotone mapping. Let {xn} be a
sequence suggested by{

x0 ∈ H,

xn+1 = (1− αn)Ωβxn + αn(I − ηF )(Ωβxn), n = 0, 1, 2, · · · ,
(4.2)

where η ∈ (0, 2r
µ2 ) and {αn} is a sequence in (0, 1) satisfying αn −→ 0 and∑∞

n=0 αn = ∞. Then a sequence {xn} converges to x∗ ∈ Υ(Q,C) such that the
following are satisfied:

⟨F (x∗), x− x∗⟩ ≥ 0, ∀x ∈ Υ(Q,C).
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Corollary 4.1. Let T : H −→ H be a nonexpansive mapping and Q = I −
T , Υ(Q,C), Ω and Ωβ satisfy the conditions (C1) − (C2) and f : H −→ H be
contraction with a contractive constant ϑ ∈ (0, 1). Let {xn} be a sequence suggested
by {

x0 ∈ H,

xn+1 = (1− αn)Ωβxn + αnf(Ωβxn), n = 0, 1, 2, · · · ,
(4.3)

where {αn} is a sequence in (0, 1) satisfying αn −→ 0 and
∑∞

n=0 αn = ∞. Then, the
sequence {xn} converges to x∗ ∈ F (T ) such that the following inequality is satisfied:

⟨x∗ − f(x∗), x− x∗⟩ ≥ 0, ∀x ∈ F (T ).

Corollary 4.2. Let T : H −→ H be a nonexpansive mapping and Q = I − T ,
Υ(Q,C), Ω and Ωβ satisfy the conditions (C1) − (C2) and F : H −→ H be a
µ-Lipschitzian and r-strongly monotone mapping. Let {xn} be a sequence suggested
by {

x0 ∈ H,

xn+1 = (1− αn)Ωβxn + αn(I − ηF )(Ωβxn), n = 0, 1, 2, · · · ,
(4.4)

where η ∈ (0, 2r
µ2 ) and {αn} is a sequence in (0, 1) satisfying αn −→ 0 and∑∞

n=0 αn = ∞. Then a sequence {xn} converges to x∗ ∈ F (T ) such that the follow-
ing inequality is satisfied:

⟨F (x∗), x− x∗⟩ ≥ 0, ∀x ∈ F (T ).

5. Conclusion

We propose a new class of system of generalized hierarchical variational inequal-
ity problems in Hilbert spaces, that seems to be a useful extension of the class
of hierarchical variational inequality. Further, we established some fundamental
properties belonging to this class. Based on these properties and well-known result
due to concepts of Mainge′s, we obtained some existence of the solutions of system
of generalized hierarchical variational inequality problems. Also, we established a
result, that may be viewed as an applications for system of generalized hierarchical
variational inequality problems.
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