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ABSTRACT. In this paper, we introduce generalized co-cyclic weakly contractive maps
and prove the existence of common fixed points in complete metric spaces. We deduce
some corollaries from our main results and provide examples in support of our results.
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1. INTRODUCTION

In 1997, Alber and Guerre-Delabriere [2] introduced weakly contractive map-
pings as a generalization of contraction maps and proved some fixed point results
in Hilbert space setting. In 2001, Rhoades [7] extended this concept to Banach
spaces. In 2003, Kirk, Srinivasan and Veeramani [6] introduced cyclic contractions
and proved fixed point results for not necessarily continuous mappings. In 2013,
Harjani, Lopez and Sadarangani [4] proved existence of fixed points of continuous
cyclic weakly contractive selfmaps in compact metric spaces. Recently, Alemayehu
[1] introduced co-cyclic weakly contractive maps and proved common fixed points
results in compact metric spaces.

In this paper, we denote
T ={¢:]0,00) = [0,00)/¢ is non-decreasing, ¢(0) = 0, p(t) > 0 for ¢t > 0}, and
O = {p:[0,00) = [0,00)/¢ is continuous on [0, c0)and ¢(t) =0 < t = 0}.
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Definition 1.1. [8] Let X be a non-empty set, m a positive integer and f : X — X
aselfmap and X = U, A, is said to be a cyclic representation of X with respect to
the mapf if

(i) A;, i =1,2,...,m are non-empty subsets of X

(ii) f(A1) C Agyo, f(Am—1) T A, f(An) C A

Definition 1.2. [1] Let X be a non-empty set, m a positive integer and T, f: X —
X be two selfmaps. X = U], A; is said to be a co-cyclic representation of X w.r.t. T
and f if

(i) A;, i =1,2,...,m are non-empty subsets of X

(ii) T(A41) C f(A2),..... T(Apm-1) C f(Ay) and T(A,,) C f(A1).

Here we note that, by taking f as the identity map, we get a cyclic representation
of X with respect to the selfmap T introduced by Rus [3].

Definition 1.3. [1] Let (X, d) be a metric space, m a positive integer, Ay, Aa, ..., A
closed non-empty subsets of X and X = U>; A;. Let f,T : X — X be two selfmaps.
If

(i) X =U", A; is a co-cyclic representation of X w. r. t. T and f, and
(ii) there exists ¢ € 7 such that

for any z € A; and y € A;11, where A, 11 = A3

then we say that T is a co-cyclic weakly contractive map w.r.t. f with ¢ € 7.

Definition 1.4. [5] Two self mappings f and T of a metric space (X, d) are said to
be weakly compatible if they commute at their coincidence points, i.e., if fu =Tu
for u € X then fTu="T fu.

Remark 1.5. In [1], maps f, T satisfying (i) and (i) of Definition 2.3 are men-
tioned as ‘co-cyclic weak contractions’ But the terminology ‘T is a co-cyclic weakly
contractive map w. r. t. f’ is more appropriate as the inequality (1.1) is indicating
‘weakly contractive’ property. For more details on weakly contractive maps, we
refer [2] and [7].

Alemayehu [1] proved the following theorem in compact metric spaces.

Theorem 1.1. [I] Let (X,d) be a compact metric space and let T, f: X — X
be two selfmaps. Suppose that m a positive integer, Ay, As, ..., Ay are non-empty
subsets of X, X = U, A; and T is a co-cyclic weakly contractive map w. r. t. f
with ¢ € T.

If the pair of operators (f,T) is weakly compatible on X, then f and T have a
unique common fixed point in X .

Unfortunately, the proof of Theorem 2.1 contains many argumental errors. For
more details, we refer [3]. A rectified version of this theorem is the following.

Theorem 1.2. [3] Let (X,d) be a compact metric space and let T, f: X — X
be two selfmaps. Suppose that m a positive integer, A1, As, ..., Ay, are non-empty
closed subsets of X, X = U™ A; and T is a co-cyclic weakly contractive map w. 7.
t. fwithperT. If f is one-one and T and f are continuous, then f and T have
a coincidence point in X. Further, if the maps f and T are weakly compatible then
f and T have a unique common fized point in X.



COMMON FIXED POINTS OF GENERALIZED CO-CYCLIC WEAKLY 59

In Definition 1.3, if (¢) holds and (i7) holds with ¢ € ® then we say that T is a
co-cyclic weakly contractive map w. r. t. f with ¢ € ®.

In Section 2, we prove the existence of common fixed points of a pair of co-cyclic
weakly contractive maps with ¢ € ® in complete metric spaces. In Section 3, we
define generalized co-cyclic weakly contractive maps w. r. t. f and T by using
p € ® and prove the existence of common fixed points in complete metric spaces.
In Section 4, we deduce some corollaries from our main results and provide exam-
ples in support of our results.

In the following, we prove Theorem 2.2 for the case of complete metric spaces in
which the selfmaps f and T are such that T is a co-cyclic weakly contractive map
w. r. t. f with p € ®.

2. COMMON FIXED POINTS OF CO-CYCLIC WEAKLY CONTRACTIVE MAPS

Theorem 2.1. Let (X, d) be a complete metric space. Suppose that m is a positive
integer, Ay, Asg, ..., Ay, are non-empty closed subsets of X, X = U2 A;. Let T, f:
X — X be two selfmaps. Suppose that T is a co-cyclic weakly contractive map w.
r. t. f with ¢ € ®. If f is one-one and f(A;) is closed, then there exists z € NI™ | A;
such that z is a coincidence point of f and T.

Proof. Let zp € X = U™, A;. Then zg € A; for some i € {1,2,3,..,m}. Then
Txo € T(A;) C f(Ai41) and hence T'zp = fx1 € f(A;41) for some z1 € A;11.
Now, since Tay € T(A;4+1) C f(Air2), we have Tay = fao for some a9 € A;yo.
On continuing this process, we get a sequence {z,} C X such that

Tx, = frpy foralln=1,2,.... (2.1)

Hence, for each n, there exists a positive integer i,, € {1,2,...,m} such that x,, € A;,
and z,41 € A;_ 41 satisfying
T.I?n = f$n+1. (22)

If there exists ng € N with z,, = ©,,41, then we have Txp, 11 = Top, = fTno+1
so that f and T have a coincidence point 1.
Hence, w. 1. g., we assume that x,, # x,41 for alln =1,2,... . Then fx, # fr,11
for all n. Further, from the construction of {x,}, we have Tz, # Tx,,1 for all
n=12 ...

Now, by (2.2) and since T is a co-cyclic weakly contractive map w. r. t. f with
p € ®, we have
d(fxn, fxn—&-l) = d(Tmn—la Txn)

S d(f$n,1,fxn) _So(d(fxnflafxn)) (23)
for each n = 1,2, ... . Therefore
d(fan, fens1) < d(fxn—1, fz,) for all n > 1.
Hence {d(fzn, fxns+1)} is a decreasing sequence of non-negative reals and hence
converges to a limit r (say), r > 0.
Now, on letting n — oo in (2.3) and using the continuity of ¢ we have
r<r-— n@m w(d(frn-1, fxn)) =7 — ¢(r) and hence p(r) = 0 so that r = 0.

We now prove that {fz,} is a Cauchy sequence in X.
For this purpose, first we show that for every € > 0 there exists n € N such that if
p,q > n with p— g =1 (mod m), then d(fzp, fzg) <e.
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If it is false, then there exists an € > 0 such that for each n € N we can find
sequences {p,} and {g,} such that p, > ¢, > n with p, — ¢, = 1 (mod m) and
d(f2p,, fTq,) = €.

Now, let n be such that n > 2m. Then for g, > n we choose p,, such that p,, is
the smallest positive integer greater than g, satisfying p, — ¢, = 1 (mod m) and
d(fzq,, fz,,) > €, which implies that d(fxz,, , fzp, ) <e€.

By using the triangular inequality, we have
¢ < d(fzq,. f,,)

< d(fxq,, frp, )+ 5L1d(fop, i, frp, —iv1) < e+ BLid(fap, i, fop, —it1)-
On letting n — oo, by using nh—r>noo d(fzn, frnt1) = 0 we have

ngnoo d(fzq,, frp,) = €. (2.4)
Again, by the triangular inequality, we have
e <d(fxq,, frp,)
< d(fxq,, [Tg,+1) + d(f2g,+1, frp,+1) + d(fzp, 41, fp,)
<d(fzq,, frg,+1)+d(f2q, 41, [1q,)+d(fTe,, frp,)+d(frp,, frp,41)+d(fp, 41, fTp,)

< 2d(fxq,, frq,+1) + d(faq,, fxp,) + 2d(fap, 41, fp,)
On letting n — oo and by using (2.4), we have

lim d(fzq, 41, fp,+1) =€ (2.5)

n—-o0
In fact, x4, and x,, lie in different adjacently labelled sets A; and A;44, for
1 <4 < m. Now by using the inequality (1.1) with ¢ € & we have
d(fzg,+1, f2p,41) = d(T'zg,, Txyp,)

S d(fan ? fxpn) - (p(d(fon ) fxpn))' (26)
On letting n — oo, by using the continuity property of ¢ in (2.6) and using (2.4)
we have
€ < e— ¢(€) so that e =0,
a contradiction. So we conclude that our assumption is wrong. Therefore given
€ > 0 there exists ng € N such that if p, ¢ > ng with p — ¢ =1 (mod m) then

€
d(fxp, fzg) < bR (2.7)
Since lim d(fzy, fony1) =0, there exists ny € N such that
n—aoo
€

d(fxnafanrl) S (28)

2m
for each n > n;.

Suppose that r,s > max{ng,n1} and s > r. Then there exists k € {1,2,...,m}
such that s —r = k (mod m). We choose j = m — k + 1. Then, since m + 1 =
1 (mod m), we have s+j—r = s+(m—k+1)—r = (s—r)+(m+1)—k = 1 (mod m).
d(fzr, frs) < d(fzr, fstrj) + d(fxs+j7 f-Terj*l) +o +d(frsy1, frs)
d(fe,, frg) < s+ (+1).5§<§5+mss =e

Therefore, given € > 0 there exists n € N such that d(fx,, fzs) < € for all
r,s > n. Hence {fx,} is a Cauchy sequence. Since (X, d) is complete, we have

lim fz, = z for some z € X. Since zyp € X = U2, A; implies zy € A; for
n—oo

some ¢ and z; € A;yqy for all | € {1,2,...,m}. In particular, z,, € Airm = A;
and xo, € Ajy ey Tpm € A; for all k = 0,1,2,... . Since {xg,} C A;, we have
{f(xkm)} C f(A;). Since f(A;) is closed and {f(xgm)} is a subsequence of { f(z,)}
we have fzp, — x as k — oo and z € f(4;).
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We now show that z € NI, f(A;). We have zj1km € Aititkm = Aip for all
1=1,2,...,m which implies that f(z;1xm) € f(A4;4;) for all l. So i+1 =iy (mod m)
for some iy € {1,2,...,m}. Therefore f(zi1xm) € f(A;). Now I € {1,2,...,m}
implies f(zi1xm) — = as k — oo. Since f(4;,) is closed, we have x € f(A;,).
Note that, for any ¢ € {1,2,...,m} we have {i +1/l = 1,2,....m} = {1,2,...,m}
under congruent modulo m. Since this is true for any [ € {1,2,...,m} it follows that
x e N™, f(A;). Hence x € f(A;) for each ¢ = 1,2,...,m so that there exists z; € A;
such that z = fz; foreach 1 =1,2,....;m. i.e., x = fz1 = fzo0 = .... = fz,, for some
21 € A1,29 € Ao, ...,z € A,,. Since f is one-one, we have z1 = 20 = .... = 2,,, = 2
(say). Hence x = fz, z € NI, A;.

Now we prove that z is a coincidence point of f and T.

By using the inequality (1.1) with ¢ € ®, we have
d(fﬂs‘l_;,_km, TZ) = d(Ta:l+km_1, Tz)

< d(fTirkm—1, [2) — o(d(fiirm—1, [2)),
since Tjyxm—1 € Al+km—1 and z € Al+km~
On letting k — oo, we have
d(x,Tz) < d(z,Tz) — p(d(z,Tz)).

Hence d(fz,Tz) < d(fz,Tz)—(d(fz,Tz)) which implies that ¢(d(fz,Tz)) = 0.
Since p € ® we have fz = Tz and z is a coincidence point of f and T in X. O

Theorem 2.2. In addition to the hypotheses of Theorem 3.1, if the maps T and f
are weakly compatible then T and f have a unique common fized point.

Proof. By Theorem 3.1, we have
Tz = fz =wu (say). Since T and f are weakly compatible, we have
Tu=Tfz= fTz= fu implies Tu = fu.
Now, we prove that Tu = u.
Since Tz € X = U2 A; implies Tz € A; for some ¢ and z € N2, A;, we have z € 4;
for all i € {1,2,...,m}.
Now, by the inequality (1.1) with ¢ € ® we have
A(T2,TT2) < d(f2, [T2) — p(d(f=, /T2))
<d(Tz,TTz) — (d(Tz,TTz))
so that Tz = TTz and hence u = Tu = fu.
Therefore u is a common fixed point of f and T.
We now show that u € N2, A; since Tu = fu = u, we have u € A; for some i.
Now, u € A; = Tu € T(A;)
S Tu e T(A) C f(Aii)
= Tu= fv € f(A;j41) for some v € A;y;.
Therefore fu = fv for some v € A;11, since f is one-one we have u = v € A;11 so
that u € A;41. By repeating the same argument, we get u € N2, A;.

In the following, we prove the uniqueness of common fixed point of 7" and f.
Let y and z be two common fixed points of T" and f. Then we have Ty = fy =1y
and Tz = fz =z and y,z € N2, A;.

From the inequality (1.1) with ¢ € ® we have
d(y,z) = d(Ty,Tz)
<d(fy, fz) — e(d(fy, f2))
< d(y,z) — ¢(d(y, z)) so that ¢(d(y,z)) = 0.
Since ¢ € ® it follows that y = z. Therefore f and T have a unique common fixed
point in X. O
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3. COMMON FIXED POINTS OF GENERALIZED CO-CYCLIC WEAKLY CONTRACTIVE
MAPS

In the following, we introduce generalized co-cyclic weakly contractive maps by
using an element ¢ € .

Definition 3.1. Let (X,d) be a metric space, m a positive integer, A, As, ..., Ay,
closed non-empty subsets of X and X = U2 A;. Let f,T : X — X be two selfmaps.
It

(i) U™, A; is a co-cyclic representation of X w. r. t. f and T

(i) there exists ¢ € ® such that

d(T:E, Ty) < M($, y) - LP(M(.’E, y)) (31)

for any z € A; and y € A;11, Ay = Aq, where

M(z,y) = max{d(fz, fy),d(fz,Tx),d(fy, Ty), 3(d(fz, Ty) + d(Tz, fy))}
then we say that T'is a generalized co—cyclic weakly contractive map w. r.t f with
¢ e d.

Theorem 3.1. Let (X,d) be a complete metric space. Suppose that m a positive
integer, Ay, Ag, ..., Ay, are non-empty closed subsets of X, X = U2, A;. LetT, f:
X — X be two selfmaps. Suppose that T is a generalized co-cyclic weakly contractive
map w. . t. f. If f is one-one and f(A;) is closed, then there exist z € NI, A;
such that z is a coincidence point of f and T .

Proof. Let xg € X = U™, A;. Then proceeding as in the proof of Theorem 2.1, we
obtain a sequence {z,} C X satisfying (2.1) and (2.2). Without loss of generality
we assume that x,, # x,41 foralln =1,2,... . Then fx,, # fx,41 for all n. Further,
from the construction of {x,}, we have Tx,, # Tz, 41 foralln =1,2,... .
Now, by applying the inequality (3.1) to the sequence {fz,} we have
d(fxn, fene1) = d(Txp_1,Tx,)

< M(zp—1,20) — p(M(Tn-1,2n)) (3.2)

where
M(xp—1,2n) = max{d(fxn_1, fzn),d(frn-1,TTn-1),d(frn, Txy),
%(d(fa:n_l, Tz,) +d(frn, TTn_1))}
= max{d(fxn—h fxn)v d(fxn—la fxn)a d(fxna fxn—i-l)a
%(d(fxnfla fanrl) + d(fl'n, fxn))}
< max{d(fxnfh fmn)y d(fx'm fmn+1)a
%(d(fxn—h f-rn) + d(f.’L‘n, fxn—&-l))}
= max{d(frn_1, frn), d(fTn, frni1)} < M(zn—1,75)
so that
M(xn—1,7n) = max{d(frn_1, frn), d(fTn, frni1)}-
If max{d(frn_1, frn), d(frn, frni1)} = d(frn, fTni1)
then, from (3.2) we have

d(fn, frny1) < d(fzn, frng) — e(d(fon, frng1)) < d(fzn, frni),

a contradiction.
Hence M(xp—1,2pn) = d(fen—1, fzn,).
Now, from (3.2) we have
d(fxna fxn—i-l) < d(fmn—la fxn) - @(d(fxn—la fxn)) (33)
< d(fmn—ly fzn)

Therefore {d(fxy,, fr,+1)} is a decreasing sequence of non-negative reals and hence
converges to a limit r (say), r > 0.
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Now on letting n — oo in (3.3), we have

r <r —¢(r), and hence ¢(r) = 0 so that r = 0.

We now prove that {fz,} is a Cauchy sequence in X.

Here onwards proceeding as in the proof of Theorem 2.1 we get (2.4) and (2.5).

In fact, 4, and zp, lie in different adjacently labelled sets A; and A;;q, for
1 <4 < m. Now by using the inequality (3.1), we have

d(fan"l‘l’ fl‘pn"rl) = d(T’TQ7L ? Txpn)

< M(zq,,2p,) — p(M(zq,,2p,)) (3.4)
where
e <d(fap,, fre,) < M(zq,,xp,) = max{d(faq,, [Tp,), d(fzq,, Txq,), d(frp,, Ty, ),
%(d(fzqn3 Txp,) +d(fzp,, T2q,))}
= max{d(fzq,, frp,),d(f2q,, [T, +1),d(fTp,, [Tp,+1),
%(d(fana frp, 1) +d(fzp,, fre,+1))}
< max{d(fan’ fxpn)v d(fan’ fan-i-l)’ d(fxpm fxpn-H)? %(d(f'rqn ) fxpn)
+d(fxp,, frp,+1) +d(fzp,, [24,) + d(f2q,, [Tq,+1))} —> €asn — 00
so that nl'inm M(zq,,xp,) =€
Hence, on letting n — oo, using the continuity property of ¢ in (3.4) and using
(2.4) and (2.5) we get that

€= nhjlm d(f2q,+1, fTp,+1) = nE}noo M(zq,,2p,) = n@oo o(M(zq,,2p,))
=€ 410(6)7

a contradiction.
Therefore, given € > 0 there exists ng € N such that if p, ¢ > ng with

p—¢g=1 (mod m) then
d(fp, ) < 5. (3.5)

Since lim d(fx,, fene1) = 0, there exists ny € N such that
n——oo

d(fxn, frpe) < QL for each n > ny. (3.6)
m

Suppose that r,s > max{ng,n;} and s > r. Then there exists k € {1,2,...,m}
such that s —r = k (mod m). We choose j = m — k + 1. Then, since m +1 =
1 (mod m), we have s+j—r = s+(m—k+1)—r = (s—r)+(m+1)—k = 1 (mod m).
Now
d(fxr, frs) < d(foy, fose;) + d(fTsss, [Tspj—1) + o +d(fzst1, fzs)

<S5+ +HD)S<S+mgs =e

Therefore, given € > 0 there exists n € N such that d(fz,, fzs) < € for all

r,s > n. Hence {fx,} is a Cauchy sequence. Since (X, d) is complete

lim fz, = « for some x € X. From here onwards, again proceeding as in the
n—oo

proof of Theorem 3.1 we have x = fz, z € N2, A;.

Now we prove that z is a coincidence point of f and T.
By using the inequality (3.1), we have
d(flerkm, TZ) = d(T$l+km—17 Tz)

< M(lerkmth) - @(M(lerkm*l?Z)) (37>

where
M(x"lk ) Z) = max{d(fxl-‘rkm—la fZ), d(fxl+km—17 Txl—i—km—l)v d(fz7 TZ))
$(d(frirkm—1.T2) + d(f2, T km-1))}
- max{d(fxl+km—la fZ), d(fxl+km—la f$l+km)7 d(fza TZ),
$(d(friskm-1,T2) +d(fz, Txiirm))},
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since Ty km-1 € Ajpkm—1 and z € Ay gm.
On letting k — oo, we have

lim M(zy,,z) =d(fz,Tz).
k—> 00

On letting k — oo in (3.7), we have
d(z,Tz) < d(z,Tz) — p(d(z,Tz)).
Hence d(fz,Tz) < d(fz,Tz)— ¢(d(fz,Tz)) which implies that p(d(fz,Tz)) =0 so
that fz =Tz.
g

Theorem 3.2. In addition to the hypotheses of Theorem 3.1, if the maps T and f
are weakly compatible then T and f have a unique common fized point.

Proof. From the proof of Theorem 3.1 we have Tz = fz = u (say). Since T and f
are weakly compatible, we have

Tu=Tfz= fTz= fu.

Now we prove that Tu = u.

Since Tz € X = U, A; implies Tz € A; for some i and z € N*, A;, we have z € A;
for alli € {1,2,...,m}.

Now, by the inequality (3.1) we have

d(Tz,TTz) < M(2,Tz) — o(M(2,Tz)) (3.8)

where
M(z,Tz) = max{d(fz, fTz),d(fz Tz),d(fTzTTz), +(d(fz, TTz) + d(fTz Tz))}
=max{d(Tz,TTz),d(Tz,Tz),d(TTz,TTz),d(Tz,TTz)}
=d(Tz,TTz).
From (3.8), we have
d(Tz,TTz) <d(Tz,TTz) — (d(Tz,TTz)) so that Tz = TTz and hence u = Tu =
fu.
Therefore v is a common fixed point of f and T.
We now show that v € N2 A;. Since Tu = fu = u, we have u € A; for some <.
Now, u € A; = Tu € T(4;)
= Tu e T(4;) C f(Ait1)
= Tu= fv € f(Ai41) for some v € A; ;1.
Therefore fu = fv for some v € A;;1, since f is one-one we have u = v € A;;1 so
that u € A;;1. By repeating the same argument, we get u € N2, 4;.
Uniqueness of common fixed point of T and f follows from the inequality (3.1)
trivially. O

4. COROLLARIES AND EXAMPLES
By choosing f = Ix in Theorem 2.1, we have the following corollary.

Corollary 4.1. Let (X,d) be a complete metric space. Suppose that m a positive
integer, Ay, As, ..., Ay, are non-empty closed subsets of X and X = U, A;. If
T:X — X is a mapping such that
(i) U™, A; is a cyclic representation of X w. r. t. T
(ii) there exists ¢ € ® such that d(Tx, Ty) < d(z,y) —(d(z,y)) for any x € A;
and Yy € Ai+17Am+1 =A;
then there exists z € N2, A; such that Tz = z.

By choosing f = Ix in Theorem 3.1, we have the following corollary.
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Corollary 4.2. Let (X,d) be a complete metric space. Suppose that m a positive
integer, Ay, As, ..., Ay, are non-empty closed subsets of X and X =U*  A;. If
T:X — X is a mapping such that
(i) U, A; is a cyclic representation of X w. . t. T
(i) there exists ¢ € ® such that d(Tx,Ty) < M(x,y) — o(M(z,y)) for any
x € A; andy € Ajyq, Ay = Ay where
M (z,y) = max{d(z,y), d(z, Tx),d(y, Ty), 5(d(=, Ty) + d(y, Tz))}
then there exists z € N2, A; such that Tz = z.

Example 4.3. Let X = R with the usual metric. Let 47 = (—00,2] and As =
[2,00). We define T, f: X — X by Ta = “7’” and fr = 6 — 2z. We define
@ :[0,00) — [0,00) by ¢(t) = 5%5,t > 0. Then ¢ € ®. Clearly, X = A; U Ay is
co-cyclic representation of X w.r.t. T and f. Now we verify the inequality (1.1) in
the following:

For x € Ay and y € Ay, then d(Tz,Ty) = |5 — 4| and d(fz, fy) = |22 — 2y|
d(Tz,Ty) = |5 — §| <[22 — 2y| — (122 — 2y|) = d(fz, fy) — e(d(fz, fy)).
Clearly, T'and f are weakly compatible and satisfy all the hypotheses of Theorem 2.2
and 2 is the unique common fixed point of T"and f and 2 € A; N As.

In the following, we provide examples in support of the results obtained in Sec-
tion 4.

Example 4.4. Let X = {0,2,3,5} with the usual metric. Let 4; = {0,2} and
Ay ={2,3,5}. WedefineT, f: X — XbyT0=T2=2,T3=0,T5=2; f0=0,
f2=2, f3=>5and f5=3. We define ¢ : [0,00) — [0,00) by

_t if0<t<5
_ i1 1 >0 >
o(t) { 2e7(t=9)  if5 <t < o0

Here we observe that ¢ € ®. Now we verify the inequality (3.1) in the following:
Case (i): z=0and y =3
then d(70,73) =2 and M(0,3) =5
d(Tz,Ty) =d(T0,T3) =2
<5 —9(5) = M(0,3) = p(M(0,3)) = M(z,y) — o(M(z,y)).
Case (i1): x =2 and y = 3
then d(T2,7T3) =2 and M(2,3) =5
d(Tz, Ty) = d(T2,T3) = 2
<5 p(5) = M(2,3) — p(M(2,3)) = M(z,y) — ¢(M(z,y).
In the other cases the inequality (3.1) trivially holds.
Clearly, T and f are weakly compatible and satisfy all the hypotheses of Theorem 3.2
and 2 is the unique common fixed point of T" and f and 2 € A; N As.

If we relax the weakly compatibility property of f and T of Theorem 3.2 then T'
and f may not have a common fixed point.

Example 4.5. Let X = {1,2,3,4} with the usual metric. Let A; = {1,2,3} and
Ay ={2,3,4). Wedefine T, f: X — X by T1=2,T2 =T3 =3,T4 = 4;
fl=4,f2=3, f3=2and f4=1. We define ¢ : [0,00) — [0, 00) by

_t ifo<t<4
_ g 1 >~ >~
o(t) { 2e-(-Y) it 4 <t < oo

Then ¢ € ®. Now we verify the inequality (3.1) in the following:
Case (i): x =1and y =2
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then d(T1,72) =1 and M (1,2) =2
d(Tx,Ty) =d(T1,T2) =1
<2 p(2) = M(1,2) — p(M(1,2)) = M(z,) — o(M(z,1)).
Case (ii): x=1and y =3
then d(T1,73) =1 and M(1,3) =2
d(Tz,Ty) =d(T1,T3) =1
<2 p(2) = M(1,3) — p(M(1,3)) = M(z,) — o(M(,1)).
Case (iti): r=1and y =4
then d(T1,T4) =2 and M(1,4) = 3
d(Tz, Ty) = d(T1,T4) = 2
<3 (3) = M(1,4) - p(M(1,4)) = M(z,y) — p(M(,1)).
Case (iv): x=2and y =3
In this case, the inequality (3.1) trivially holds.
Case (v): z=2and y =4
then d(72,74) =1 and M(2,4) =3
d(Tz,Ty) =d(T2,T4) =1
<3 o(3) = M(2,4) — p(M(2,4) = M(z,9) — o(M(z,)).
Case (vi): x =3 and y =4
then d(T3,T4) =1 and M(3,4) = 3
d(Tz,Ty) = d(T3,T4) = 1
<3 p(3) = M(3,4) — ¢(M(3,4)) = M(z,y) — p(M(z,))
Hence 2 is the coincidence point of 7' and f and 2 € A; N A,. Here, we note that f
and T are not weakly compatible, since T2 = 3 and f2 = 3 then T'(f(2)) =T(3) =3
and f(T(2)) = f(3) = 2 so that T'(f(2)) # f(T(2)). Hence f and T satisfy all the
hypotheses of Theorem 3.2 except the weakly compatible property of f and T', and
we observe that f and T have no common fixed points in X.
Further, we observe that at x =1 and y = 2
d(T1,T2) =1 £ 1— (1) =d(f1, f2) — ¢d(f1, f2) for any ¢ € ® and any ¢ € 7.
Therefore T is not a co-cyclic weakly contractive map w. r. t. f with any ¢ € 7.
Hence Theorem 1.2 is not applicable.
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