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ABSTRACT. In this paper, a new class of generalized preinvex set-valued maps is
introduced and its characterization in terms of their contingent epi-derivatives is obtained.
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programming problem using generalized cone invexity. Wolfe and Mond Weir type duals
are formulated and various duality results are established.
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1. INTRODUCTION

In the last decade, there has been increasing interest in the extension of vector
optimization to set-valued optimization. The theory of set-valued optimization
problems has wide applications in differential inclusion, variational inequality,
optimal control, game theory, economic equilibrium problem, viability theory etc.
Realizing the importance of the application of the set-valued maps, it becomes
essential to study the notion of derivative for a set-valued map as it is most
important for the formulation of optimality conditions. Aubin [1] introduced
the notion of contingent derivative of a set-valued map. Later it was observed
by Corley [4] that in case of contingent derivative, necessary and sufficient
optimality conditions do not coincide under standard assumptions. Therefore, while
characterizing optimality conditions, derivatives involving epigraph of set-valued
maps were considered rather than their graph [7, 9]. These derivatives were termed
as epiderivatives of different types. These epiderivatives differed either on the basis
of their tangent cones or on the nature of the minimizers. Working in this direction,
Jahn and Rauh [7] introduced contingent epiderivative in set-valued analysis.
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Luc and Malivert [8] extended the study of invexity to set-valued maps and
vector optimization problems with set-valued data. Sach and Craven [9] proved
Wolfe type (WD) and Mond Weir type (MWD) duality theorems for set-valued
optimization problems under invexity assumptions. Later on Bhatia and Mehra
[3] introduced preinvex set-valued map as an extension of the notion of convex
set-valued map. Bao-huai and San-Yang [2] investigated the KKT optimality
conditions for preinvex set-valued optimization problems with the help of the
generalized contingent epiderivative. Recently Das and Nahak [5, 6] and Yu and
Kong [10] studied various types of generalized convexity notions for studying set-
valued optimization problem via contingent epiderivatives.

In this paper, we study set-valued fractional programming problem (FP) and
its associated parametric problem (FP)y«. It is structured as follows: In Section
2 we recall some well known definitions and results. We also introduce a new
class of generalized setvalued cone preinvex maps. Then we give characterization
of these maps in terms of contingent epiderivatives. In section 3 necessary and
sufficient optimality conditions are obtained for a weak minimizer of the problems
(FP) and (FP)y~. In section 4, we formulate Parametric type dual, Wolfe type dual
and Mond Weir type dual of (FP) and establish weak duality, strong duality and
converse duality results for the same.

2. DEFINITIONS AND PRELIMINARIES

Throughout this paper, let X and Y be real normed spaces. Let K C Y be a
closed, pointed convex cone with non-empty interior. Then its positive dual cone
K™ is defined as follows:

Kt={y*eY:{y",y)>0forallye K}

Several kinds of tangent cones have been studied in literature. We now give the
definition of tangent cone namely, the contingent (or Bouligand tangent) cone.

Definition 2.1. Let B be a non-empty subset of Y. Then the contingent (or
Bouligand tangent) cone to B at y* € B is denoted by T(B,y*) and is defined as

T(B,y")={y€Y :3y, — y",yn € B,t, > 0,n — ocosuch that ¢, (y,—y*) — y}
or
T(B,y*)={yeY:3y, — y",yn € B,t, | 0 such that y* + t,y, € B}

Let F : X — 2Y be a set-valued map where X and Y are real normed spaces.
Let the space Y be partially ordered by a closed convex pointed cone K C Y with
nonempty interior. The domain, graph and epigraph of F' are defined as

domF ={zx e X :F(z) # ¢};
gr F={(z,y):x € X,y € F(a)};
epiF ={(z,y):x € X,y € F(z)+ K}.

Jahn and Rauh [7] gave the following notion of contingent epiderivative relating
epigraph of the derivative with the contingent cone.

Definition 2.2. A single valued map DF(z*,y*) : X — Y whose epigraph is the
contingent cone to epi ' at (z*,y*) € gr F, that is,

epi DF (2%, y") = T(epi F' (2", 7))
is called the contingent epiderivative of F' at (x*,y*).

In the present paper we assume condition C on 7 defined as follows:
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Condition C ([2]). Let n: X x X — X be a map. Then 7 is said to be satisfy
Condition C if for any z,y € X.
(C1) n(z,z) =0;

(€2) U n(z,y) =X, VyeX;
€X

(C3) n(Az, \y) = An(z,y), n(x — x0,y — x0) = n(z,y), for all z,xg,y € X
Consider the following set-valued fractional programming problem
... F(x) Fi(x) Fy(x) F ()
FP - = o
(FP) K-minimize Gl) ( Gl G G
subject to H(z) N (—Q) # ¢,

where X is a real normed space and S is a non-empty subset of X, F: § — 28"
G:S— 28" and H: S — 28" are set-valued maps.
K and Q are closed convex pointed cones in R™ and R* respectively with non-
empty interiors. The feasible set of the problem (FP) is
X0 —{zeS: H)N(-Q) # 6}
Throughout the paper, we denote
ORm == (0,07 ceey O) S R”L

Definition 2.3. A point (mﬂ%) € X x R™, with z* € X%, y* € F(2*) and
z* € G(z*) is called a minimizer of the problem (FP) if there exist no z € X0,
y € F(z) and z € G(x) such that

y_v

z oz
Definition 2.4. A point (m*,g—*) € X x R™, with z* € X", y* € F(2*) and
2* € G(z*) is called a weak minimizer of the problem (FP) if there exist no z € X°,
y € F(z) and z € G(x) such that

g—y—*e—intK.
z oz

€ —K\{Ogm}.

Consider the parametric problem (FP) - associated with the set-valued fractional
programming problem (FP):

(FP),. K- miniGHSﬂze F(z) = N*G(x)
subject to H(z) N (—Q) # ¢.

Definition 2.5. A point (z*,y* — \*2*) € X x R™, with \* = Z—:, z* € X0,
y* € F(z*) and z* € G(z*) is called a minimizer of the problem (FP)j« if there
exist no z € X, y € F(z) and 2z € G(x) such that

(y—A2)—(y* = A"2*) e =K\ {Ogm}.

Definition 2.6. A point (z*,y* — A\*z*) € X x R™, with \* = ‘Z—:, r* e XO,
y* € F(z*) and z* € G(z*) is called a weak minimizer of the problem (FP)y. if

there exist no xz € X%, y € F(x) and z € G(z) such that

(y—A2)—(y" = A2 e —int K.
Lemma 2.1 (3). A point (x*, g—) € X x R™ is a weak minimizer of the problem
(FP) if and only if (x*,0rm) is a weak minimizer of the problem (FP)x~, where
A=
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Let X, Y be real normed spaces. Let 1 : S xS — X be a vector valued function.
Let S C X be a non-empty set.

Definition 2.7. A subset S C X is said to be an #n-invex set if for every z,z* € S
there exists a map 7 : S x .S — X such that
x* + Anp(z,z*) € S, for all X € [0,1].
Now, we introduce the notion of p-cone preinvexity of set-valued maps.

Definition 2.8. Let S C X be an n-invex set. Let e € int K and F : S — 2Y be
a set-valued map. Then F is called p — K — n-preinvex at * € S with respect to e
on S if there exists p € R such that

(1= NF(") + AF(z) € F(@* + Az, 2%)) + (1 = Nplln(z, 2|2 + K,
for all z € S and X € [0, 1].
F is p — K — n-preinvex with respect to e on S if F' is p — K — n-preinvex with
respect to e for all z* € S.

Remark 2.1. (i) If p = 0, then the definition of p — K — 7 preinvex reduces
to the usual notion of cone K — 7 preinvexity of set-valued maps defined by
Bhatia and Mehra [3].

(i) If n(z,2*) = z —a*, then p— K — 1 preinvex functions reduce to p — K-convex
functions defined by Das and Nahak in [6].

Now we give a characterization of p-cone preinvexity of set-valued maps in terms
of their contingent epiderivatives.

Theorem 2.1. Let S C X be an n-invex set, e € int K and F : S — 2Y be
p — K — n-preinvex with respect to e on S. Let x* € S and y* € F(z*). Suppose
that F is contingent epiderivable at (x*,y*). Then

F(z) —y* C DF(z*,y*)n(z,2*) + plln(z, z*)|?e + K, for all z € S.

Proof. Let x € S and y € F(x). As F is p — K — n preinvex with respect to e on S,
therefore

(1= NF(*) + \F(2) € F(z* + An(a,2)) + pA1 = Nlln(e, %)% + K,
for all z € S and A € [0,1].

Define a sequence {(Zn, yn)}neny Wwith

1
Tp ="+ —n(z,x*)
n

and
1 1 1 1
Yn =—y+ <1 - ) Yy —p— <1 — ) ln(z, z*)||%e, for all n € N.
n n n n
Therefore )
Yn € F (az* + nn(m,x*)) + K, forallzelb.
Thus

yn € F(x,) + K, forallz e S.
It is clear that

Tp — 2%, Yy — y*, n(x, — ) — n(x, "), when n — oo and

* * 1 *
i =) === p (1= 1) o)
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—y —y* — pln(z,xz*)|%e, when n — occ.
Therefore
(n(z,2*),y —y* — plin(z,2*)|1e) € T(epi(F), (z,2*)) = epi(DF (¢*,y%)).
Consequently
y—y* —pln(z,z")||’e € DF(z*, y")n(z,2*) + K,
which is true for all y € F(x).
Therefore
F(x) —y* C DF(a*,y*)n(z,2*) + plln(z,z*)||%e + K, for all x € S.
O

Remark 2.2. If F satisfies the above condition then it is said to be p— K — 7 invex
function.

3. OPTIMALITY CONDITIONS

We shall use the following Slater type constraint qualification to prove the
necessary optimality Kuhn Tucker conditions for (FP)y«.

Definition 3.1. A set-valued map H : S — 27" is said to satisfy the generalized
Slater’s constraint qualification if there exists an element & € S such that

H(Z)N—intQ # ¢.

Bao-Huai and San Yang [2] investigated KKT necessary optimality conditions
for a set-valued vector optimization problem in terms of alpha order contingent
epiderivatives by assuming the objective and the constraint function to be alpha
order preinvex.

If we take o = 1, then we can get the following necessary optimality conditions
for (FP)y«.

Theorem 3.1 (Karush-Kuhn-Tucker Necessary Optimality Conditions). Let S C
X be a n-invex set satisfying Condition C. Let (z*,y* — X\*2*) be a weak minimizer
of (FP)x«. Let F : S — 2" be K —n preinvex set-valued map, —\*G : S — oR*
be K —n preinvex set-valued map and H : S — 2R" pe Q — n preinvex set-valued
map. If H satisfies generalized Slater’s constraint qualification and F' is contingent
epiderivable at (z*,y*), —A\*G is contingent epiderivable at (x*,—\*z*) and H s
contingent epiderivable at (z*,w*), where w* € H(z*) N (—Q), then there exists
(t*,u*) € Kt x QF, with 7* # Orm such that
(7%, DF (=", y")n(z,2%) + D(=A"G)(z", =A"z")n(z, 27))
(", DH(z*,w*)n(z,z*)) > 0, for all x € S. (3.1)
(B, w) =0 (32)
In the light of Lemma 2.1, we have the following necessary optimality theorem
for (FP).

Theorem 3.2 (Karush-Kuhn-Tucker Necessary Optimality Conditions). Let

S C X be an n-invex set satisfying Condition C. Let | z*, y—* be a weak minimizer
z

of (FP). Let 2*F : S — 28" be K —n preinvex set-valued map, —y*G : S — oR"

be K —n preinvex set-valued map and H : S — 28" e Q — n preinvex set-valued
map. If H satisfies generalized Slater’s constraint qualification and z* F' is contingent
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epiderivable at (x*,y*z*), —y*G is contingent epiderivable at (z*,—y*z*) and H
is contingent epiderivable at (z*,w*), where w* € H(x*) N (—Q), then there exists
(7%, 1*) € K+ x QF, with 7* # Ogm such that
(%, D(z"F)(a",y") + D(—y*G) (", —y"2")n(x, 27))
+ (@, DH (", w*)n(xz,x™)) >0, for allz € S (3.3)
and condition (3.2) hold.

Now we establish sufficient optimality conditions for the problems (FP) and
(FP)x« by assuming that the objective and constraint set-valued maps are p-cone
invex as well as contingent epiderivable.

Theorem 3.3 (Sufficiency). Let S C X be an n-invex set, z* € X°, y* € F(x*),
z* € G(z*), \* = Z—* and w* € H(z*) N (—Q). Assume that F is p1 — K — n invex
with respect to e, —\*G is po — K — n invex with respect to e and H is p3 — Q —n
invex with respect to e on S. Let F' be contingent epiderivable at (z*,y*), —A*G be
contingent epiderivable at (z*,—A*z*) and H be contingent epiderivable at (z*,w™*).
Suppose there exist 0 # 7% € KT and p* € Q% satisfying the conditions (3.1)
and (3.2), then (x*,y* — A\*2*) is a weak minimizer of the problem (FP)x~ provided
(p1+p2)(T7,€) + ps(u™,e) 2 0 (34)

Proof. Let if possible (z*, y* —\*2*) be not a weak minimizer of the problem (FP)-.
Then there exist € X°, y € F(z) and z € G(x) such that
(y—A2z)—(y" —A"2") € —int K.
As y* — X*z* =0, so we have
y—ANz€e—int K.
Hence (7*,y — A\*z) < 0.
Therefore we have (7*,y — A*z — (y* — A*z*)) < 0.
Since xg € X , there exists an element w € H(z) N (—Q).
Therefore {(p*,w) < 0.
So, (u*,w —w*) < 0.
Hence
(T y—ANz—(y = N2") + (W, w—w") <0. (3.5)
As F'is py — K — n invex with respect to e, —A*G is ps — K — 7 invex with respect
to e and H is p3 — @ — 7 invex with respect to e on S. We have
F(z) —y* C DF(a",y")n(z,z") + pr|n(z, z)|*e + K,
= NG(x) + X2" C D(=NG) (", =A\"2")n(x,2%) + pol|n(a, z*) | *e + K

and
H(z) —w* C DH(z*, w*)n(x,z*) + ps||n(z, z*)||%e + Q.

Hence

y—y* € DF(z", y )z, a*) + pr[n(z, 2*)|*e + K,

=Nz +N2" € D(=NG)(*, =N 2")n(z, ") + palln(z,2")|*e + K
and

w—w* € DH(a*,w*)n(z,2*) + pslln(z,z”)|*e + Q.

This gives

y—y* — DF(z*,y")n(z,z*) — p1|n(z,2*)|%e € K,
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— N2+ N2 = D(=NG)(x*, =N 2*)n(x, %) — pa|n(z, z*)|*e € K
and
w—w" = DH("w)n(z,2") — paln(z, %)% € Q.
This further gives
<T*7y - y* - A"z + )‘*Z*> - <T*7 DF(m*7y*)n(xax*) + D(—A*G)(.’E*7 —)\*Z*)T](Q?,QE*»
- (pl + p2)<7—*7 6>||?’](I, ‘T*)”z + <.u*a w — w*> - <,[L*, DH(I*v W*)ﬁ(l’» :E*)>
= pa{u”, e)ln(z,z*)|* = 0
By condition (3.4), this implies
(T —y" = A2+ X°2") = (77, DF (2", y")n(x, 2") + D(=A"G) (2", —=A"2")n(z, 2"))
+ (" w —w") = (W — DH(z",w*)n(z,2%)) 2 0
By condition (3.1), this implies
Ty =y = A2+ A2 + (s w —w™) 20
which contradicts (3.5).

Therefore (x*, y* — A\*z*) is a weak minimizers of (FP)j-. O
Theorem 3.4 (Sufficiency). Let S C X be an n-invez set, z* € X°, y* € F(z*),
z* € G(z*) and w* € H(z*) N (—Q). Assume that z*F 1is p1 — K —n invex with
respect to e, —y*G is py — K — n invex with respect to e and H is ps — Q — n invex
with respect to e on S. Assume that z*F is a contingent epiderivable at (z*,y*z*),
—y*G s contingent epiderivable at (x*, —y*z*) and H is contingent epiderivable at
(z*,w*). Further suppose that there exist (7%, u*) x KT x QT with 7* # Ogm such
that condition

(7%, D(Z"F) (™, y" 2" )n(z,
+ (W, DH (2", w*)n(x, 7))

D(=y*G)(z", —y*z")n(z, 27))
, forallz € S

")+

>0
and condition (3.2) are satisfied. Then ( —*) is a weak minimizer of the problem
(FP) provided condition (3.4) holds.

4. DUALITY

We now formulate parametric, Mond-Weir and Wolfe type duals for the problem
(FP) and study duality theorems for the same.

Parametric type dual. We associate the following parametric type dual (PD)
with the primal problem (FP).
(PD) maximize A
subject to
(1, DF (u,v)n(x,u) + D(=AG)(u, —N)n(x, u))
+ {u, DH (u, q)n(z,u)) >0, for all zg € X,
(n,q) >0,

uesS, veF(u), l € Gu), )\:%7 q € H(u).

0£7€ K", pe@t and (r,e) = 1.

A point (u*,v*,1*, \*, ¢*, 7", p*) satisfying all the constraints of the problem (PD)
is called a feasible point of (PD).
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Definition 4.1. A feasible point (u*,v*,1*, \*,¢*,7*, u*) of the problem (PD) is
called a weak maximizer of (PD) if there exists no feasible point (u,v,l, A, q, 7, 1)
of (PD) such that
A=A €int K.

Theorem 4.1 (Weak Duality). Let S C X be an n-inver set, T € X and
(u*, v*, I* ) \*, ¢*, 7%, 1u*) be a feasible point of the problem (PD). Suppose that F is
p1 — K —n invexr with respect to e, —A\*G is pa — K — n invex with respect to e and
H is p3 — Q — n invex with respect to e on S. Further assume that F is contingent
epiderivable at (u*,v*), —A\*G is contingent epiderivable at (u*,—A\*1) and H is
contingent epiderivable at (u*,q*). Then

F(z)

G(z)
provided condition (3.4) holds.

— A CR™\ —int K,

Proof. Let if possible for some © € F(z) and | € G(z),
% — A\ eintK.

Thus o — A\*[ € —int K.
Hence (7,0 — X\*I) < 0.
Therefore, (7*,0 — X[ — (v* — A*I*)) < 0.
Now as z € X°, we have
H(z)N(-Q) # ¢
Let § € H(z) N (—Q). Then

(0", q) <0.
Again, from the constraints of (PD), we have
(W q") > 0.
Hence (4", — ¢*) < 0.
Therefore
(T, — XN — (v* = XN I*) + (1", — ¢*) < 0. (4.1)

As F is py — K — 7 invex with respect to e, —A*G is po — K — n with respect to e
and H is p3 — Q — n invex with respect to e on S, we have

F(z) —v* C DF(u",v*)n(z,u") + pr[[n(z,u*)|e + K,
(=X*G)(Z) + A1 C D(=X*G)(u*, = \I*) +n(Z,u*) + pa||n(z, u*)||*e + K
and
H(z) - ¢" C DH(u",¢")n(z,u*) + p3|n(z,u*)|%e € Q.
Hence
0 —v* € DF(u*,v*)n(z,u*) + p1||n(Z,u")|%e + K,
— N4 N1 € D(=XG)(u*, =N )n(z,u*) + po||n(z, u*)|?e + K
and
q—q" € DH(u",q")n(z, u") + p3|n(z, u")|*e + Q.
Hence, from the constraints of (PD) and condition (3.4), we have
(75,0 — N1 — (v = N1%)) + (u*, g — ¢*) >0,

which contradicts equation (4.1).
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Thus )
% “A\ ¢ it K.
Since © € F(&) and [ € G(&) are arbitrary, therefore
F(z)
—A*CR™\ —int K.
G(z) - \—in
By the Theorems 3.1 and 4.1, we get the following result. O

Theorem 4.2 (Strong Duality). Let S C X be an n-invez set satisfying Condition
C. Let (z*,y* — \*2*) be a weak minimizer of (FP)y-. Let F : S — 28" bpe
K — n preinvex set-valued map, —\*G : S — 2R e K — 7 preinvex set-valued
map and H : S — 2F" pe Q — n preinvez set-valued map. Further assume that H
satisfies generalized Slater’s constraint qualification and F is contingent epiderivable
at (z*,y*), —A*G is contingent epiderivable at (x*,—A*2*) and H is contingent
epiderivable at (z*,w*), w* € H(xz*) N —(Q). Then there exist 0 # 7" € KT,
pt € QF such (x*,y*, 2%, N\, w*, 7, 1u*) is feasible for (PD). Moreover, if for
each feasible point of (PD), hypothesis of Weak Duality Theorem 4.1 holds, then
(z*, y*, 2%, X5, w*, 7%, u*) is a weak mazimizer of (PD).

Theorem 4.3 (Converse Duality). Let S C X be an n-invex set and (u*,v*,1*, \*,

q*, 7, 1) be a feasible point of the problem (PD), where \* = 7—* Suppose that
F is py — K — n invex with respect to e, —\*G is po — K — n invex with respect
to e and H is p3 — Q — n invex with respect to e on S. Also let F be contingent
epiderivable at (u*,v*), —X\*G be contingent epiderivable at (u*, —\*1*) and H be
contingent epiderivable at (u*,q*). If u* is a feasible point of the problem (FP)x«,
then (u*,v* — A*1*) is a weak minimizer of the problem (FP)x« provided condition

(3.4) holds.

Proof. Let if possible (u*, v* —A*I*) be not a weak minimizer of the problem (FP)y-.
Then there exist € X, v € F(z) and | € G(x) such that
(v=A1) — (v* = A"") € —int K.

This gives

v—ANl€e—int K
Since Opm # 7% € KT, so this further gives

(T, o= X"1) <0
Therefore

(",0 = A"l — (v* = \*1")) < 0.

Proceeding on the same lines as in the proof of Theorem 4.1, we will get the

result. O

Mond-Weir type dual. We now associate the following Mond-Weir type dual
with the primal problem (FP).

(MWD) maximize %

subject to

(1, D(LF) (u, vl)n(z,u) + D(—vG)(u, —vl)n(x, u))
+ {u, DH (u, q)n(z,u)) >0, for all z € X°,

(. q) >0,
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ueS, veF(u),l€Gu), gec Hu), 0#7€ K", peQ”"

and (1,e) = 1.
A point (u*,v*,l* ¢*, 7%, n*) which satisfies all the constraints of the dual
problem (MWD) is a feasible point of (MWD).

Definition 4.2. A feasible point (u*,v*,l*,¢*, 7%, u*) of the problem (MWD) is
called a weak maximizer of (MWD) if there exists no feasible point (u,v,l,q, T, 1)
of (MWD) such that

% - 1;—* € int K
Theorem 4.4 (Weak Duality). Let S C X be an n-invez set, z € X° and (u*,v*,1*,
q*, 7%, 1*) be a feasible point of the problem (MWD). Suppose that I*F is p1 — K —n
invex with respect to e, —v*G is po — K —n invex with respect to e and H is p3—Q—n
invex with respect to e on S. Also let I*F be contingent epiderivable at (u*,v*1*),
—v*G be contingent epiderivable at (u*, —v*l*) and H be contingent epiderivable at
(u*,q*), then
F(z) v

— — CR™\ —int K
Gz) 1= \—int K,
provided condition (3.4) holds.

Proof. Let if possible for some © € F(z) and | € G(Z),

As [I* € R*, so this implies
o —vle —int K.

Thus (7%, 00" —v*l) < 0.
Now Z € X©, so there exists an element g € H(Z) N (—Q).

Therefore
(n",q) <0
Again, from the constraints of (MWD), we have
(w,q%) = 0.
So
(W,q—q") <0
Hence,

(0 — ')+ (0 G —q7) < 0. (4.2)

Since [*F is p; — K — n invex with respect to e, —v*G is po — K — 7 invex with
respect to e and H is p3 — @ — i invex with respect to e on S, we have

("F)(@) = v"1" € DU F)(u", 0" )n(,u”) + pi]n(z, u”)|%e + K,
(—v"G) (@) —v"I* € D(v*G)(uw", v* (T, u”) + pal|n(z, w”)|*e + K
and
H(z)—q" € DH(u",q")n(@,u") + ps|n(@,u”)[Ie + Q.
This gives
I —v*l* € D(I*F)(u*, v* 1" )n(Z, u*) + p1||n(z, u*)|%e + K,
— 0"l + 01 € D(—v*G)(u*, —v* T)n(T,u*) + po|n(T,u*)|?e + K
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and
G—q" € DH(",¢")n(z,u") + pslln(@, u’)|*e + Q.
Thus, from the constraints of (MWD) and condition (3.4), we have
(70l =o'l + (W, g~ q") 2 0

which contradicts equation (4.2).

Hence
S ¢ —mtK.
[
v _ F(Z) .
Since — € is arbitrary, so
[ G() Y
F(z) o* .
——~ - — CR"™\ —int K. O
G SR\

By the Theorems 3.2 and 4.4, we will get the following result.

Theorem 4.5 (Strong Duality). Let S C X be an n-invez set satisfying Condition

*

C. Let (1:*, y*> be an weak minimizer of (FP). Let z*F : S — 28" be K — 1
z

preinver set-valued map —y*G : S — 2R pe K — n preinvex set-valued map and
H:S —2F" pe Q — n preinvez set-valued map. If H satisfies generalized Slater’s
constraint qualification and z*F is contingent epiderivable at (x*,y*z*), —y*G is
contingent epiderivable at (x*, —y*z*) and H is contingent epiderivable at (z*,w*),
where w* € H(xz*) N (—=Q). Then there exists Opm # 7 € KT, p* € QF, such that
(z*,y*, 2%, w*, 7%, u*) is feasible for (MWD). Moreover, if for each feasible point of
(MWD), hypothesis of Weak Duality Theorem 4.4 holds, then (x*,y*, z*, w*, 7%, u*)
is a weak maximizer of (MWD).

Theorem 4.6 (Converse Duality). Let S C X be an n-invex set and (u*,v* 1*,
q*,n*, 1) be a feasible point of the problem (MWD). Suppose that I*F is py — K —1)
invex with respect to e, —v*G is pa— K —n invex with respect to e and H is p3—Q—n
invex with respect to e on S. Also let I*F' be contingent epiderivable at (u*,v*[*),

—v*G be contingent epiderivable at (u*, —v*l*) and H be contingent epiderivable
*

at (u*,q*). If u* is a feasible point of the problem (FP), then (U*, ;) is a weak
minimizer of the problem (FP) provided condition (3.4) holds.
1

Proof. Let if possible <v*, Y ) be not a weak minimizer of the problem (FP). Then

there exist z € X°, v € F(x) and [ € G(x) such that

v vF .
7 — F € —int K
This gives

vl* —v*l e —int K.

Thus (7%, vl* —v*l) < 0.
Proceeding on the same lines as in the proof of Theorem 4.4, we will get a

U*
contradiction which proves that (u*, l*) must be a weak minimizer of (FP). O
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Wolfe Type Dual. We now associate the following Wolfe-type dual with the
primal problem (FP).

(WD) maximize M
subject to
(1, D(IF) (u, vl)n(z,u) + D(—vG)(u, —vl)n(x,u) > 0, for all z € X°.
(4.3)
{1, DH (u, @)n(x,u)) >0, for all x € X°, (4.4)
ueS, veF(u), l€Gu), Opm #T€ KT, ne@t
and (1,e) = 1.

Definition 4.3. A feasible point (u*,v*,*, ¢*, 7", u*) of the problem (WD) is called
a weak maximizer of (WD) if there exists no feasible point (u,v,lq, 7, u) of (WD)
such that
vt (g v+t q)
l I*

The following results can easily be established for the Wolfe type dual.

€ int K.

Theorem 4.7 (Weak Duality). Let S C X be an n-invex set, & € X° and (u*,v*,1*,
q*, 7", 1) be a feasible point of the problem (WD). Suppose I*F is p1 — K —n invex
with respect to e, —v*G is pa — K — n invex with respect to e and H is ps — Q —n
invex with respect to e, on S. Also I*F is contingent epiderivable at (u*,v*l*),
—v*G is contingent epiderivable at (u*, —v*1*) and H is contingent epiderivable at
(u*,q*). Then

F(z v* 4 (u*, q%)e .

GE@;_ <éi a) CR"™\ —intK,

provided
(p1+ p2){(7*,€) 2 0 and p3(u*,e) >0 (4.5)

Theorem 4.8 (Strong Duality). Let (x*, Z—*) be a weak minimizer of the problem
(FP) and w* € H(z*) N (—Q). Suppose that there exists 7" € KT, u* € Q1 with
(t*,e) > 1 such that conditions (4.3) and (4.4) are satisfied at (x*,y*, z*,w*, 7%, u*).
Then (z*,y*, z*,w*, 7%, u*) is a feasible solution of the problem (WD). Furthermore,
if for each feasible point of (WD) the conditions of Weak Duality Theorem 4.7 hold,
then (x*,y*, z*, w*, 7%, u*) is a weak mazimizer of (WD).

Theorem 4.9 (Converse Duality). Let S C X be an n-invexr set and
(u*,v*,I*,¢*, 7", u*) be a feasible point of the problem (WD) and {u*,q*) = 0.
Suppose that I*F is p1 — K — n invex with respect to e, —v*G is po — K — n invex
with respect to e and H is ps — Q — n invex with respect to e, on S. Also let [*F' be
contingent epiderivable at (u*,v*I*), —v*G be contingent epiderivable at (u*, —v*1*)
and H be contingent epiderivable at (u*,q*). If u* is a feasible point of the problem

*

(F'P), then (u*, % is a weak minimizer of the problem (FP) provided condition
(4.5) hold.
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