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ABSTRACT. In this paper, we first prove strong convergence theorems of a new itera-
tion method finding a common fixed point of three Berinde nonexpansive mappings and
introduce a new iteration method and study stability of the proposed method and Noor
iteration for a class of Berinde contraction mappings in complete metric space. We also
compare the rate of convergence between our iteration method and Noor iteration under
some suitable control conditions.
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1. INTRODUCTION AND PRELIMINARIES

Let C' be a nonempty convex subset of a Banach space X, and T : C — C
be a mapping. A point x € C is a fixed point of T if Tx = z. We denote
F(T) the set of all fixed points of T'. There are two important problems in fixed
point theory. The first one is the existence problem. Many mathematicians are
interested in finding sufficient conditions to guarantee the existence of fixed point
and common fixed point of mappings. The second problem is to study how to
approximate a fixed point and a common fixed point of mappings. Many iteration
methods were introduced and studied. Some conditions for convergence of those
methods were given, see for instance [11, 9, 13, 18, g].

In 2003, Berinde [3, 4] introduced and studied a weak contraction mapping. It
is very interesting to study this mapping because it generalizes many well-known
mappings such as contraction and Zamfirescu mappings.

In 2004, Berinde [5] provided the concept of how to compare the rate of conver-
gence of the iterative methods and proved that Picard iteration converges faster than
Mann iteration for a class of Zamfirescu operators and a class of quasi-contractive
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operator in arbitrary Banach spaces. After that there are many works concerning
comparision of the rate of convergence, see [2, 14, 19, 16, 13] for examples.
A mapping T : X — X is said to be
(1) a contraction if there exists k € [0, 1) such that for z,y € X,
[Tz =Tyl < kllz—yll, (1.1)
(2) nonexpansive if for x,y € X,

[Tz =Tyl < llz—yl, (1.2)

In 1968, Kannan extended a contraction mapping to mapping that need not be
continuous. A mapping T : X — X is called a Kannan mapping if for x,y € X,

there is a constant 0 < b < 5 such that

[Tz =Tyl < b |z =Tzl +lly — Tyl ] (1.3)
In 1972, Chatterjea introduced a mapping that is dual of Kannan mapping.
A mapping T : X — X is called a Chatterjea mapping if for z,y € X, there

exists 0 < ¢ < 3 such that

[Tz =Tyl < c[llz =Tyl + [ly = Tz| ]. (1.4)

In 1972, Zamfirescu obtained a very interesting nonlinear mapping by combining

(1.1), (1.3) and (1.4). A mapping T': X — X is said to be a Zamfirescu operator if
1

there exist a € [0,1),b, ¢ € (0, 5) such that for x,y € X, satisfy at least one of the
following :
(a) || Tz =Tyl < allz—yl;
(b) [Tz =Ty| < b |z —Tz| +lly — Tyl J;
(©) [Tz =Tyl < |z =Tyl +[ly = Tz| ].

In 1974, Ciric introduced a mapping that is one of the most general contraction

condition. A mapping T : X — X is called a quasi-contraction mapping if for
x,y € X, there exists 0 < h <1 such that

[Tz =Tyl < hmax{ ||z —yll, [« = Tz, [ly = Tyl [« = Tyl ly = T| }. (1.5)

It is obvious any mapping that satisfies (1.1), (1.3), (1.4) and Zamfirescu mapping
is a quasi-contraction mapping.

Definition 1.1. (condition (*)) Let X be a Banach space. A mapping T : X — X

is said to satisfy condition () if there exists a constant ¢’ € (0,1) and L’ > 0 such
that for all z,y € C

1Tz =Tyl < &'llz =yl + L'lly — Tyl (1.6)

Definition 1.2. Let X be a Banach space. A mapping T : X — X is called a F'-

contraction if F(T) # () and there exists 0 < k < 1 such that for z € X, p € F(T),

[Tz —p|| < kllz - pl|. (L.7)

We can show that a F-contraction mapping with F(T') # () has a unique fixed

point and it easy to see that any mapping which satisfies condition (%) (1.6) with
F(T) # 0 is F-contraction.

Definition 1.3. Let X be a Banach space. A mapping 7' : X — X with F(T) # ()
is called a quasi-nonexpansive if for x € X, p € F(T),

[Tz —pll < llz—pll. (1.8)
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It is clearly that any F-contraction mapping is quasi-nonexpansive.

Example 1.4. [7] Let X =[* and C ={{z,} : -1 <21 <3, -1<u23<1, 2, =
0, Vn > 3}. Define T': C — C by

T(J}l,IQ,O,...) = (l‘l,—.’lﬁg,o,...), V.T,’Q 75 O,

T( 0 ) ($17‘.’E1|,07...), if —1<ux <1,
1,0,...) =
' ($17‘Z‘1—2|,07,..), if1 < <3.

Then T is a quasi-nonexpansive mapping with F(T') = {(0,0,0,...),(2,0,0,...)}.

In 2003, Berinde [3] introduced a weak contraction mapping and proved the
following existence fixed point theorem in Banach spaces.

Definition 1.5. Let C' be a nonempty subset of a Banach space X. A mapping
T : C — C is called weak contraction or Berinde contraction if there exists a
constant § € (0,1) and L > 0 such that for all =,y € C,

[Tz =Tyl < dlz —yll + Ly — T|. (1.9)

The class of Berinde contraction mappings includes classes of contraction, Kannan,
Zamfirescu, Chatterjea and quasi-contraction mappings.

Proposition 1.6. [3] Let C be a nonempty closed subset of a Banach space X
and T : C — C be a weak contraction, Then F(T) # @. Moreover, the Picard
iteration {x,} defined by x; € C' and x,4; = Tz, for all n € N, converges to a
fixed point of T.

Let C be a nonempty convex subset of a Banach space X, and T': C' — C be a
mapping. The Mann iteration is defined by sg € C,

Snt+1 = (1 — ap)sy + anTsy, for all n >0, (1.10)
where {a,,} is a sequence in [0,1].
For «, = A (constant), the iteration (1.10) reduces to the so-called Krasnoselskij
iteration. For «, = 1, we obtain the Picard iteration.
The Ishikawa iteration is defined by so € C,
Wn, = (1 - Bn)Sn + BT sy,
Snt1 = (1 — ap)sy + e, Twy,, for all n > 0, (1.11)
where {a,,} and {B,} are sequencesin [0, 1].
The Noor iteration is defined by sy € C,
Snte1 = (1 — an)sn + apTw,, for all n >0, (1.12)
where {an}, {Bn} and {7y,} are sequencesin [0,1].
It is easy to see that Mann and Ishikawa iterations are special cases of Noor itera-
tions.
In this paper, we introduce an iterative method as follows.
Let {x,} be a sequence defined by zg € C,
“n = (1 - 'Yn)xn + Y TTn,
Yn = (1 - 6n)zn + BT 2y,
Tnt1 = (1 —an)Tz, + apTyy, for all n >0, (1.13)
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where {an},{8.} and {v,} are sequences in [0,1]. The main purpose of the
paper is to study stability of the proposed method and Noor iteration for a class of
Berinde contraction mappings in a complete metric space. We also compare rate of
convergence between our iteration method and Noor iteration under some suitable
control conditions.

2. CONVERGENCE THEOREM AND STABILITY

We first recall the definition of Berinde nonexpansive mappings introduced by
Kosol [10] as follow:

Definition 2.1. Let C' be a nonempty subset of a Banach space X. A mapping
T :C — C is called Berinde nonexpansive if there exists a constant L > 0 such
that for all x,y € C,

[Tz =Tyl < llz -yl + Llly — Tx||. (2.1)

It is easy to see that all nonexpansive mappings and weak contraction mappings
are Berinde nonexpansive.

Example 2.2. Let X =R and C = [0, 1]. Define T : C — C by

1
22, ifx e [0,2),
T(x) = 2
1, ifzxze [
ifxe | 5
Then T is a Berinde nonexpansive with L = 4, but is not a nonexpansive mapping.

1].

1
Proof.  (i). If z,y € [0, 5), we have

Tz —Ty| = |2° —y?| = |[(x+y)(z—y)
= |z +yllz -yl
< |z -yl

1 1
ii). fzel0,-),y €[z, 1],
(ii). If = [2)y b]
Tz —Ty| = |2 —1] = 1 —2?
1
< 4.-
= 7y

and |Tz—Ty| < |z —y|+ 4|z — Tyl
1
(iii). f z,y € [5,1],then |Tx —Ty| = 0 < |z —y|

So, we have [Tz —Ty| < |z—y|+4|z—Ty| and |[Tx—Tz| < |x—y|+4|ly—Tx|, for all
x,y € [0,1]. So T is a Berinde nonexpansive mapping, but it is not a nonexpansive

1 1
mapping because |T(§) -7 > |§ —1]. O
Let T; : C — C,i = 1,2,3 be mappings. In order to approximate a common

fixed point of Berinde nonexpansive mappings, we introduce the following iterative
method. Let {x,} be a sequence defined by z¢ € C,

Rn = (1 - ’Yn)-rn + T,
Yn = (1 - ﬂn)zn + ﬂnTQZna
Tnt1 = (1 — an)Ts52, + apT5yy, forall n >0, (2.2)
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where {an}, {B,} and {7,} are sequencesin [0,1].
The Noor iteration is defined by sg € C' and

hn = (1 - ’)/n)sn + ’YnTlsn;
Wwnp = (]- - Bn)sn + BnTtha
Snt1 = (1 —ap)sp + apTswy,, for all n €N, (2.3)
where {a,},{8.} and {v,} are sequencesin [0, 1].
First, we will prove a convergence theorem of the proposed iteration method (2.2)
for finding a common fixed point of Berinde nonexpansive mappings.

Let T; : C — C, i = 1,2,3, be Berinde nonexpansive mappings. Through out
this thesis, we let L;,i = 1,2, 3, be nonnegative real numbers such that for z,y € C,

ITix = Toyll < llz = yll + Lilly — Tiz[].

Lemma 2.3. [6] Let X be a uniformly convex Banach space and B, = {z € X :
llz]] < r}, » > 0. Then there exists a continuous, strictly increasing, and convex
function g : [0,00) — [0, 00), ¢g(0) = 0 such that

Az + By + 21> < Al=l* + Bllyll* +Allzl1> = A8 - g(ll= =yl
for all x,y,z € B, and all A\, 8,7 € [0,1] with A+ 8+~ =1.

Lemma 2.4. Let X be a Banach space and C be a nonempty closed convex

subset of X. For each i = 1,2,3., let T; : C' — C be a quasi-nonexpansive map-
3

ping. Assume that ﬂ F(T;) # 0 and {x,} is a sequence generated by (2.2) and

i=1
{an}, {Bn}, {7} are sequences in [0,1]. Then,
3
() l&nt1 —pll < ll#n —pl, VneNand Vpe () F(Ty).
i=1
(ii) nh_}rgo |z — p|| exists.

3
Proof. Let p € ﬂ F(T;). By using (2.2), we have
i=1
Iz =2l < (L =v)llen = pll + vl Tran = pl
< (1 =w)llen = pll + llzn — pll

lyn =l < (1= B)llzn — pll + BnlT22n — pll
< (1=Ba)llzn = pll + Ballzn — pll
< zn —pll.
From above inequalities, we get

(1 = ap) | T32n — p| + || T3yn — ||
(1 — an)llzn — pll + anllyn — 2l
|zn — pll,

[#nt1 — Pl

ININ IN o=

s0 ||znt1 — pll < ||#n — pl|. Since {||z, — p||} is a non-increasing sequence and
bounded below by 0, lim ||z, —p| exists. O
n— oo
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Theorem 2.5. Let X be a uniformly convex Banach space and C' be a nonempty

closed convex subset of X. For each ¢ = 1,2,3, let T; : C — C be a Berinde
3

nonexpansive and quasi-nonexpansive mapping. Assume that ﬂ F(T;) # 0 and T;
i=1

is demicompact, for some i € {1,2}. Let {x,} be a sequence generated by (2.2)

where {a, }, {Bn}, {7n} are sequences in [0, 1] which satisfy the following conditions

(i) 0 < liminfa, <limsupa, < 1;
n—00 n—oo
(ii) 0 < liminf g3, <limsup g, < 1;
n—00 n—oo
(iii) 0 < liminf~, <limsup~, < 1.
n— o0

n—oo
Then {z,,} converges strongly to a common fixed point of {T;}3_;.
3
Proof. Let p € m F(T;). From Lemma 2.4, lim |z, — p|| exists, then we have
n—oo

i=1
{l|zn — p||} is bounded, that is, 3IM > 0 such that for each n € N, |z, — p|| < M.
By quasi-nonexpansiveness of T;, {x,, —p}, {T1@n — 0}, {zn — 0}, {T22n — p}, {1320 —
p}, {T5yn — p} C Bas. By Lemma 2.3, there exists a continuous, strictly increasing,
and convex function g : [0,00) — [0,00), with g¢(0) = 0 such that

lzn = pl1? = [I(1 = ) (@0 — p) + A (Trzn — p)|®
< (T =)llzn _pH2 + Wl Tz, — pH2 = (I =v)mg(lzn — Trza|)
< T =mw)lzn *p||2 + Ynllzs *p”Z — (1 =) mg(llzn — Thzn|)

= |lzn — plI> = (1 = w)ymg(lzn — Trza|),

Hyn _p||2 = H(l - Bn)(zn _p) =+ ﬁn(TQZn _p)H2
< (1= Bn)llzn = 2l + BullTezn — plI* = (1 = Bn)Brg (|20 — Tozall)
< (1= Bu)llzn —PI* 4 Bullzn — plI> = (1 = B)Brg(l2n — Toznl|)

[E2 —p||2 — (1= Bn)Bng(lzn — Taznl]).

From above inequalities, we have

[#ni1 = plI* = (1 = an)(T32n — p) + an(Tsy, — p)|?
< (1= an)llzn = pl* + anllyn = plI* = (1 = an)ang (| Tszn — Tsyal))
(1 —an)llzn — p||2 + anllzn —p||2 = (1= Bn)Brang(|lzn — Taznll)
— (1= an)ang(|Ts2n — Tayn||)
|2 — p||2 — (1= Bn)Brang(llzn — Toznl|)
— (L= an)ang(|T52n — Tayn||)
< lzw = plI* = (1 =) mg(len — Trza|)
— (1= Bn)Brang(llzn — Toznl) — (1 — an)ang([|T52n — Tsynll)-

By assumptions on the control sequences, there exist ng € N and n,72 € (0,1)

such that 0 < n; < min{a,, Bn, yn}t and max{an, Bn, ¥n} < 12 < 1, for all n > ny.
Then,

IN N

IA

(1 - '7n)7ng(||xn - Tlan)

= ||1'n _p”2 - ||mn+1 —p||2,

m(1=mn2)g((|lzn — Tran))

A
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(1 =m)g(llzn —Tozull) < (1= Ba)Bncng(llzn — Tozal)
< lzn = plI? = |z — pll?,
< (1= an)ang(|T32n — T3ynl|)

< lwn = plI? = lznss — o>

m(1 —=n2)g(|Tszn — Tsynll)

Since lim ||z, — p|| exists, it implies that lim g(||z, — Tiz,|]) = lm g(||lz, —
n—oo n—oo n—oo
Tozn||) = lim g(||T52n — T5yn||) = 0. Since g is continuous and g(0) = 0, we have
n—oQ

lim ||z, — Thz,| = lim ||z, — Toz,|| = lim || T2, — T5y,| = 0. It follows that
n—oo n— oo n—0o0

7n|‘xn _Tlan
|z — Thzs| — 0,

|2n — @l

|z, — Tozn]| — 0,

Hanrl - T3Zn|| anHTSZn - T3ynH

<
<
[yn — znll < Bullzn — Toznl
<
<
< T3z, — Taynll — 0.
By Berinde nonexpansiveness of 75, we have
[#n = Toxn|| < flzn = 20l + ll2n — Toznll + | T22n — Tomn ||
< ln = zull + [l2n — Toznll + (|20 — 2all + Lall2n — Tozall )
< lzn — zall + [l2n — Toznll + |20 — 2al|
+ Lo( [|#zn — 2all + [|2n — T22nl| ) — 0.
It implies that nll)n;o |z, — Toxy,|| = 0. Now, suppose that T;, is demicompact,

for some ig € {1,2}. Then Iz, } C {z,} such that z,, — ¢, I¢. From above
inequalities, we have

[Thzp, —Tigll < llon, —all + Lillg — Ty, ||
< ||xnk - QH + Ll( ||q - mnk” + Hwﬂk - Tlxnk” ) -0,
T2z, — T2qll < llzn, — all + L2llg — T2z, ||
< zne = @l + |2, — 4l

+ L2( Hq - xnk” + ||x77/k - an:H + ”z’ﬂk - TQanH ) — 0,
and
[y = all + Lsllg — Tsyn, ||

||ynk - an” + ”an - xnk“ + H'Tnk - QH

+ L3( Hq - xnkJrlH + ||‘T7lk+1 - T3an|| + HTSan - T3y’ﬂk|| ) — 0.

1 T3Yn, — T3q]|

It follows that

lg —Tigll < llg — x|l + |20, — Trzn, | + [ T120, — T1ql| — 0,
lg —T2qll < llg —zn,ll + |20, — 20 || + 200 — T22n, ||
+ 11220, — T2q|| — 0O,

IN

”q - xnk“l‘l” + Hxnk“l‘l - T3an” + ||T3an - T3ynk ”
+ | T5yn,. — Tsqll — 0.

llg — Tsq||
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3
So g € ﬂ F(T;). By Theorem 2.4, lim ||z, — ¢|| exists. Since ||z, —q| — 0, it
implies that lim x, = q. O
n—oo

Theorem 2.6. [20] Let X be a uniformly convex Banach space and C be a

nonempty closed convex subset of X. For each i = 1,2,3., let T; : C' — C be a
3

Berinde nonexpansive and quasi-nonexpansive mapping. Assume that ﬂ F(T;) #
i=1

§ and T; is a demicompact, for some i € {1,2,3}. Suppose {s,} is a sequence

generated by Noor iteration (2.3) and {ay}, {Bn}, {7} are sequences in [0, 1] which

satisfy the following conditions :

(i) 0< 1innl>i£f ap, < limsup o, < 1;

n—oo
(ii) 0 < liminf B, <limsup B, < 1;
n—00 n—00
(iii) 0 < liminf~y, <limsup~y, < 1.
n—co n—00
Then lim ||s, — Tisn|| = 0, for all i = 1,2,3 and {s,} converges strongly to a
n—oo

common fixed point of {T;}?_;.

In concrete applications, when calculating {x, }, we usually follow the step :

(i) We choose the initail approximation zy € X.

(ii) We compute z1 = f(T,xo). Because of the various error, we do not get
the exact value of x1, but a different one, say y;, which is however closed
enough to x1, i.e., y1 = x1.

(iii) Consequently, when computing zo = f(7, 1) we will actually compute xo
as xo = f(T,y1), and error again from the computations, we will obtain
in fact another valued, say ys, closed enough to xo, i.e., yo &~ w2, and so
on.

In this way, instead of the theoretical sequence {z,, } defined by the given iterative
method, we will practically obtain an approzimate sequence {y, }. We shall consider
the given fixed point iteration method to be numerically stable if and only if for
{yn} closed enough to {x,} at each stage, the approximate sequence {y,} still
converges to the fixed point of T'.

Definition 2.7. Let {z,} be a sequence in above procedure and converge to a fixed
point p of T. Let {y,} be an arbitary sequence in X and set

en = Yns1 — F(T,un)l-

We shall say that the fixed point iteration procedure {z,} is T-stable or stable with
respect to T if

lim ¢, =0 if and only if lim y, =p.

n—oo n—oo
Theorem 2.8. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X and let T : C — C be a weak contraction and F-contraction
mapping. Suppose {x, } is a sequence generated by (1.13) and {c, }, {Bn}, {7} are
sequences in [0, 1] which satisfy the following conditions :

(i) 0 < liminf o, < limsup a,, < 15
n—roo

n—oo
(ii) 0 < liminf 3,, <limsup 3, < 1;
n—00 n—00
(iii) 0 < liminf~, <limsup~y, < 1.
n—oo

n—roo
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Let {y,} be an arbitary sequence in C' and define
sn = (1 =v)yn + 10 Tyn,
hen = (1= By)sn + BT sy,
€n = [[yn+1 — (1 — o) Tsn + @ Thy)|.
Then {z,} is T-stable.
Proof. By Proposition 1.6 and Theorem 2.5, {x,} converges strongly to a unique
fixed point of T', say x*. Since T is a weak contraction and F-contraction, we have
(1 —ap)Tsn + anThy — || < (1 —an)||Tsn — z*|| + an||Thn — 7|
(1 —an)dlsn — ™| + and|[hn — 27|
(1 —an)dfsn — 2"
+and [(1=Bn)llsn — 2" + Budllsn — 27| ]
= [0(1 =y + an(l = Bn) + @ B0) Il|sn — 27|
= 6(1 — anfn(l = 9))|lsn — =7
§(1 = onfBp(1=6)) [ (1 = vn)llyn — 2" + nbllyn — =*[| ]
= 0(1 = anfn(1 = 0))(1 = yn(1 = 6))[lyn — =7||
(= nfBn(1=0))(1 = (L = 6))llyn — 27|

Next, assume that lim e, = 0. By above inequality, we have
n—oo

IN A

IN

IN

lyn+1 — 2| < llynt1 — [(1 — an)Tsn + anThy]ll + I[(1 = an)T'sp + anThy,] — 7|
< et (1= anfn(l=6))(1 —vn(l —6))|lyn — 7.

Since lim &, = 0, by assumption of control sequences and Lemma 2.4, we conclude

n—oo
that lim y, = z*. Conversely, suppose that lim y, = 2", then
n—oo n—oo
en = [[Ynt1 = (1 — an)T'sp + anThy)||
< yntr =2+ llz" = [(1 — an)Tsn + anTha]||
< yntr =27+ (1 = anfBn(l = 6))(1 — (1 = 0))llyn — 27|
< lynar =27+ llyn — 2.
Since y, — x*, we obtain that lim e, = 0.
n—oo
Hence {z,} is T-stable. O
Theorem 2.9. [20] Let C be a nonempty closed convex subset of a uniformly

convex Banach space X and T : C — C be a weak contraction and F-contraction
mapping. Suppose that {s, } is a sequence generated by Noor iteration (1.12) where
{an}, {Bn}, {7} are sequences in [0, 1] which satisfy the following conditions :
(i) 0 < liminfa, <limsupa, < 1;
n—00 n—00
(ii) 0 < liminf g3, <limsup g, < 1;
n—00 n—00
(iii) 0 < liminf~, <limsup~, < 1.
n— oo

n—oo

Let {y,} be an arbitary sequence in C' and define
Un = (1 =Yn)Yn + VT Yn,
Zn = (1 - 6n)yn + BT uy,,
€n = |[ynt1 — [ (1 — an)yn + anTzn ||
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Then {s,} is T-stable.

3. THE RATE OF CONVERGENCE THEOREM

There are a few papers concerning comparison of the rate of convergence of
iteration methods. In 1976, Rhoades [15] introduced the concept to compare the
rate of convergence of iterative methods as follows :

Definition 3.1. Let {z,} and {z,} be two iteration methods which converge to
the same fixed point p, we shall say that {x,} converges faster than {z,} if

lzn —pl| < |lzn —pl|, forall n € N.

In 2004, Berinde [5] provided the following concept to compare the rate of con-
vergence of the iterative methods.

Definition 3.2. Let {a,} and {b,} be two sequences of real numbers that converge
to a and b, respectively, and assume that there exists
. lan — al
Il = lim ——.
n—o00 |bn — b|
(i) If I =0, then it can be said that {a,} converges faster to a than {b,} to
b.
(if) If 0 < < oo, then it can be said that {a,} and {b,} have the same rate
of convergence.

Remark 3.3. (i) In the case 1. we use the notation a, —a = o(b, —b).
(ii) If I = oo, then the sequence {b,} converges faster than {a,}, that is
b, —b=o(a, — a).

Suppose that for two fixed point iteration methods {z,} and {y,}, both converging
to the same fixed point p, the error estimates

Hl'n—p” S Qn, TL:O,I,Z,Z‘},...
||yn_p|| < bna n:0717233,"'

are available, where {a,} and {b,} are two sequences of positive numbers (converg-
ing to zero). Then, in view of Definition 3.2, the following concept appears to be
very natural.

Definition 3.4. Let {z,} and {y,} be two fixed point iteration procedures that
converge to the same fixed point p and satisfy above inequalities. If {a,} converges
faster than {b,}, then it can be said that {x,} converges faster than {y,} to p.

To comparision the rate of convergence in above definition depends on the error
estimate sequences. So, in 2013, Phuengrattana and Suantai [13] modified above
definition to compare the rate of convergence as follows :

Definition 3.5. Let {z,} and {y,} be two iterative methods converging to the
same fixed point z of a mapping 7. We say that {x,} converges faster than {y,}

to z if
[z — 2l _

lim = 0.

n=o0 ||yn — 2||
Theorem 3.6. Let C' be a nonempty closed convex subset of Banach space X
and let T : C — C be a weak contraction and F-contraction mapping. Suppose
{zn}, {pn} and {s, } are sequences generated by (1.13) and Noor iteration (1.12), re-
spectively, which converge to a fixed point of T where g = sg, and {a, }, {Bn}, {0},
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are sequences in [0, 1]. Then,

< 1 an(1+9)
1+6 (1-9)

then {z,} converges faster than {s,}.

if 0 < a,

< <1and Zanﬁn:oo,

n=0

Proof. By Proposition 1.6, F(T') is nonempty. Since T is a F-contraction mapping,
we obtain that a fixed point of map T is unique, say p. and by assumption, {z, }
and {s,} converge to p.

First, from iteration (1.13), we have

1= an)[Tzn = pll + n| Tyn — p

lznsr —pll < (
(1= an)dllzn = pll + andlyn — pll
(
[

ININ TN

1 —an)dllzn — pll + and [ (1 = Bu)llzn — pll + Brdll2n — pll ]
6(1 = an + an(l = By) + anfnd) Jllzn — pll
= (1 — anfn(l =9))]lzn — pl
6(1 — anfn(l = 0)) [ (1 = w)llzn — pll +¥ndllzn — pl ]
= 6(1 = oy Bn(1 = 6))(1 = yu(1 = 0))[|zn — p

IN

n+1

0" T = a1 = 8)( = (1 = 6))llzo — - (3.1)
k=1

IN

Next, by iteration (1.12), we have

[snr1 =2l = (|1 —an)(sn = p) + an(Twn — p)|
> (1—an)llsn —pll — anl|Tw, — p|
> (1= an)llsn — pll — andllw, —p|
> (I=ay)llsn —pll = nd( (1 = Bu)llsn — pll + BullTha — pll )
> (L—an)llsn —pll — and( (1 = Bn)llsn — pll + Brdllhn — pll )
> (1—an—and(l—By))llsn —pll
— @ fn6° (1 = (1 = 8))[sn — p
= (I=an(1+61—Ba(1=6(1=7(1-6))))lsn —pll
> (L—an(1+36))lsn —pll
n+1
> H(l —ag(1+9))[[so — pl|-
k=1
Then
1 1

< .
Fswer 2l =TI — a1+ )50 —
It follows by (3.1) and (3.2) that

s —pll [Tt (1wl = 8)(1 = (1~ 9))
lsnn—pll = i (1= an(1+90))
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n+1
< JJ—awBe(=06) —o.
k=1
Then {x,} converges faster than {s,}. O
Example 3.7. [13] Let T : [0,1] — [0, 1] be defined by
2
f, ifze [0,2),
Tx = g 5
Toifre [g 1]
5’ 5

Then T is a weak contraction and F-contraction mapping.

Proof. Let z,y € [0,1].

2
If z,y € [073)7
T Y 1
Tz —Tyl = |5 -4 = 5le—yl.
If T,y € [771]3
2z 2y 2
Te-Tyl = | = - 2| = 2|z
[Tz — Tyl - s |z =l
2
Ifxel0,-)and y € [5,1],
T 2y 1 y 2y
Te—Tyl = |2 - 2| < S|z g2
Te=Tyl = |5- 5| = 3l +‘3 5
<1|x— H—i
=3Py

1
< glx—y\+lTw—y|~

2
Choose § = 5 and L =1, so T is a weak contraction. With the same argument as

2 1
above, we can show that T satisfies condition (1.1) with §' = R L' = T So T is a

F-contraction. O

Let {z,,} and {s, } be sequences generated by iteration (1.13) and Noor iteration

(1.12), respectively. The comparison of the convergence, we assume that the initial

1
int = = 1 and th trol diti n=P0n =M = —0—5—— and
point zg = sg an e control conditions « B 302 1 1) an
1

BT Then these control conditions satisfy Theorem 3.6.

’7 =
n nO-

Proof. We know that {n%2 + 1} is a strictly increasing sequence in [2,00) and by

above example, we have 1 + § = 3 and 1—6 = E Then

1 oL 51
3(n%24+1) — n02+1 ~ 7 144
1
that is ap, + Bn + A\ < T35 It is clearly that nh—>Holo - = 0. So we obtain

that o, + 8, + A\, = 0. Next,

an(1496) = gan < %an = Y, (1 =9).
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Then

an(1+9)
-9

< v, < 1. Next, we will show that Z anfBn = 0.

n=1

Since 9(n%2 4+ 1)2 < 9(n%2 + n%2)2 = 9(2n°2)% = 3614, then we get

9(n02 4 1)2

Moreover, by the same argument as above we can show that Z Ay =

oo
. By the p-series (p < 1), implies that Z p B = o0.

n=1

n=1

36m0-4 =

Z’Yn_oo

It make all sequences, {z,} and {s,}, converge to unique fixed point of T that is

0. (]
Iteration (1.13) Noor iteration

1 0.2753333333333333 0.892

2 0.0622866840398323 0.8028618015300142
3 0.0143843416773601 0.7263593546244763
4 0.0033696365323228 0.6595078099795465
5 7.9797524777686E-4 0.6004531818917709
22 3.9117640537377E-14 0.1322059479152645
23 9.9227426469139E-15 0.1215354334180748
24 2.5215123540173E-15 0.1117829732321454
25 6.4183893837157E-16 0.1028630625344521
26 1.6364198777878E-16 0.0946989830319073
27 4.1786674254824E-17 0.0872217855864026
28 1.0686318847965E-17 0.0803694081047037
29 2.7367843754926E-18 0.0740859078126916
30 7.0186215448254E-19 0.0683207907741172

TABLE 1. Comparison of the rate of convergence of the iterative
methods (1.13) and Noor iterations for the mapping given in Ex-
ample 3.7
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