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ABSTRACT. We present a local convergence analysis for an one-step iterative method with
memory of efficiency index 1.8392 to solve nonlinear equations. If the function is twice
differentiable, then it was shown that the R—order of convergence is 1.8392. In this paper
we use hypotheses up to the first derivative. This way we extend the applicability of this
method. Moreover, the radius of convergence and computable error bounds on the distances
involved are also given in this study. Numerical examples are also presented to illustrate
the theoretical results.
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1. INTRODUCTION

Let f: D C S — S be a nonlinear function, D is a convex subset of S where S
is R or C. Consider the problem of approximating a locally unique solution z* of
equation

flx)=0. (1.1)
Newton-like methods are famous for finding solution of (1.1), these methods are
usually studied based on: semi-local and local convergence. The semi-local conver-
gence matter is, based on the information around an initial point, to give conditions
ensuring the convergence of the iterative procedure; while the local one is, based
on the information around a solution, to find estimates of the radii of convergence
balls [3, 4, 19, 20, 23].

Third order methods such as Euler’s, Halley’s, super Halley’s, Chebyshev’s [1]-
[23] require the evaluation of the second derivative f” at each step, which in general
is very expensive. That is why many authors have used higher order multipoint
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methods [1]-[23]. In this paper, we study the local convergence of the one-step
method with memory defined for each n = 0,1,2,--- by

x _ (mn + mnfl)fnfnflf[wmxnfl]
m 2fnfn1fltn, tna] = (fa i flan, na] + f2flEn-1,20-2])
_ (fi—lznf[xmxn—l] + fgxn—lf[l’n—lyzn—ﬂ)
2fnfn71f[xn7xn*1} - ( 3—1f[$n7$n71] + f,%f[ﬂfnfhl‘nfz])

where z_o, x_1, 2o are initial points, f,, = f(z,), f[z, y] denotes a divided difference
of order one for function f at the point x,y [3, 4, 23] defined by

fl@) — fy)
r—y

and f[z,z] = f’(x). Method (1.2) uses only one function evaluation per step, f,

and it was shown using the Herberger’s matrix method in [17] that the R—order of

convergence is %(1 + \3/19 —3v33+ \3/19 + 3v33 = 1.8392. Moreover, the efficiency
index is

,(1.2)

flz,y] = if v#£y (1.3)

I =(1.8392)7 = 1.8392.

These results are obtained provided that the function f is twice differentiable.
This hypotheses limits the applicability of method (1.2) although only function
evaluations are needed to carry out the computation of each step. As a motivational
example, let us define function f on D = [—1,2] by

?Inx+a -3, 2#0
f(l‘) - { O, xr=0
Then, we have that
f'(z) = 2zInx + 42 — 32% + x,
and
f’(z) =2Inz + 122% — 6z + 3.

Hence, function f” is unbounded on D. In the present paper, we study the local
convergence of method (1.2) using hypotheses only on the first derivative. Moreover,
we provide: the radius of convergence, computable error bounds on the distances
|z, — z*| and a uniqueness result.

The rest of the paper is organized as follows: Section 2 contains the local con-
vergence analysis of methods (1.2). The numerical examples are given in the con-
cluding Section 3.

2. LOCAL CONVERGENCE FOR METHOD (1.2)

We present the local convergence analysis of method (1.2) in this section. We
first simplify method (1.2) by using formula (1.3) to obtain that

x g 2.1)
n+l — T = 37117 .
where
An = fn—l(fn - fn—l)Q(xn—l - -/En—2)(xn - Z‘*)

+fn[_(fn - .fn—l)Q(-rn—l - xn—Q)
+fn((fn - fnfl)(xnfl - $n72)
_(fnfl - fn72)(‘rn - $n,1)]($n,1 - QC*) (22)
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and
By = 2fnfoa(fo— fa1)(@n1— @0 2) = fi 1 (fo = fa1)(@n-1 — Tn_2)
_frzz(fn_fn—l)(xn — Tp_1). (2.3)
Let us also define function g by
g(t) = 40M3t* 4 4M3t% — 1 for some M > 0. (2.4)

Notice that

1 2M 2.5)
r=_— :
2M\ M? + VM*+ 10M
is the only positive root of equation g(t) = 0. We also have that

0< 24Nt <1 f h t €[0,7) (2.6)
or eac ). .
T 1 —AM32(1 + 412) ’

Let U(v, p),U(v, p) stand for the open and closed balls in S, respectively, with
center v € S and of radius p > 0.

Using the preceding notation we present the local convergence analysis of method
(1.2).

THEOREM 2.1. Let f : D C S — S be a differentiable _function. Suppose that there
exist x* € D, M > 0 such that for each x € D

f(z*) =0, 2.7)
|f'(x)] < M, 2.8)

and
U(z*,r) C D, 2.9)

wherer is defined by (2.5). Then, the sequence {z,, } generated by method (1.2) for for
x_9,x_1,x9 € U(x*,r) is well defined, remains in U(z*,r) for eachn = 0,1,2,---
and converges to x*. Moreover, the following estimates hold for eachn =0,1,2,--- |

|Tpy1 — x| < Z—Z|azn_1 —z|xy, — 2| < |zp — ¥ <7y (2.10)
where
an = 2M°(|wn =" |+ |on—1 = 2"[) (Jon-1 = 2" +]@n-2 = 27]) (2|20 — 27|+ |2n-1 —27])
and
by = 1=M? |z —2* ||z =) (|2n—1—2* [ |22 =) I+ (J2p—1—2" [+ |zn—2"])?).

Proof. By hypothesis ©_s,2_1,z¢ € U(z*,r). We can write using (2.7) that
Fa=fa- @)= [ PG 0o @
Then, by (2.11) and (2.8) we get that
|foo| = |/01 Fl@*+0(x_g —2"))(v_2 — 2%)dl] < M|z_o9 — z7|. (2.12)

Similarly, we have that
|[fo1] < M|x_q — 2% (2.13)
and
|fol < M|zo— z*|. (2.14)
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We shall show that By given by (2.3) is invertible. We have in turn by (2.3), (2.6),
(2.12)- (2.14) and the triangle inequality that
|Bo—1| = |2fof-1(fo— f-1)(@—1 —2_2) — f21(fo — f-1)(w_1 — 2_2)
—f5(f-1 = f2)(wo —x_1) = (w0 — 2—1) (w1 — o)
= |fo1(fo— fo1)2(@-1 = z—2) + folf-1(fo — fo1)(z—1 — 2—2)
—fo(f-1 = f=2)(xo —2-1)) — (w0 — z—1) (21 — 7_2)|

< Mooy — 2| M (2o — | + Jz_1 — 2*)*(jo—1 — a*| + o — 2")
+Mlzo — 2" |(Mz_1 — 2 |M(|ao — @*| + |z_1 — ")
X(lo—y = a®| + w2 — 27|)
+Mlzo — " |M(Je_y —a*| + |z_s — 2 [) (|20 — @] + [z_1 — 2]))
(o — 2*| + |o—y — " |)(|z—1 — | + z_2 — 2*])
= 1—by <4M3r*(1+4r?) < 1. (2.15)
It follows from (2.15) and the Banach lemma on invertible functions [3, 4] that By

is invertible and
1

1 —4M3r2(1 + 42)°
Next, we need an estimate on Ag. It follows from (2.2), (2.12)-(2.14) and triangle
inequality that

Aol < Moy — o |M2(jay — | + g — 2*)?

(2.16)

1
Byt < — <
bo

x(o1 — 2|+ fo_s — " )lwo — o]
Mo — " llvy — 2 [[M2(Jeo — 2| + oy — 2])?
%(Jo1 — 2| + |o_s — 27])
+Mlzo — " [(M(Jzo — 2| + 1 — @) (21 — *] + o—s — a°])
FM(jx_y — 2" + |z—2 — 2" |)(|z0 — 27| + |21 — 27|)]
< aplr_1 — o¥||wg — 2¥| < 24M3rt |z — 2. (2.17)
Then, using (2.1), (2.6), (2.16) and (2.17), we get that
aplr—_1 — x*||xg — x|
bo
24034
1—4M3r2(1 4 4r2)

|zt — 2| <

|xg — ™| = |z — 2| < 1,

which shows (2.10) for n = 0 and z; € U(z*,r). By simply replacing x_o,z_1, zg
by Ti_2,Zr—1,Zk in the preceding estimates, we arrive at (2.10). Then from the
estimate |xp41 — 2*| < |z — 2*| < 7, we deduce that limy_, o, 2 = z* and zj41 €
U(z*,r).

Next, we present a uniqueness result for method (1.2).

THEOREM 2.2. Suppose that the hypotheses of Theorem 2.1 hold and there exists
Lo > 0 such that for each z € D, f'(z*) # 0,

|F (@) (f () — f'(2%))] < Lolz — *| 2.18)

and
Lor < 2. (2.19)

Then, the limit point x* is the only solution of equation f(z) = 0 in U(z*,r).
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Proof. The existence of the solution z* in U(z*, ) has been established in Theorem
2.1. To show the uniqueness part, let y* € U(z*,T) with f(y*) = 0. Define
T= fol f'(y* + 6(x* — y*)db. Using (2.18) and (2.19) we get that

@) T - @) < / Loly* +0(z* — y*) — *|d6

0
! o x Ly
< / (L= 0" —y'ldd < FPr <1 (2.20
0

It follows from (2.20) that T is invertible. Finally, from the identity 0 = f(z*) —
fy*) =T(z* — y*), we deduce that 2* = y*.
O

REMARK 2.3. The computation of the order of convergence involves estimates of
higher order derivative of operator f. So one may use the computational order of
convergence (COC) defined by

[ [#n—1 — =]

or the approximate computational order of convergence
&= <|f”n+1‘f”n> /In (”xn—xnl> '
[0 = Zn1]| [#n—1 = Zn—2]|
3. NUMERICAL EXAMPLES
We present a numerical example in this section.
EXAMPLE 3.1. Let D = [—1, 1]. Define function f of D by
flx)=¢€"—1. 8.1

Using (3.1) and z* = 0, we get that M = e, Lo = e — 1,7 = 0.1058 and §& = 1.5586.
Notice that (2.19) is satisfied, so the solution * = 0 is unique in U (0, 1).
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