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ABSTRACT. A mathematical model to investigate the transmission dynamics of Ebola
virus disease (EVD), which causes acute viral haemorrhagic fever, is established in this
paper. Based on the mechanism and characteristic of EVD transmission, we propose a
susceptible-exposed-infectious-recovered-susceptible (SEIRS) epidemic model with the un-
derstanding that the recovered individuals can become infected again. The equilibria of
the model and their stability are discussed in detail. Basic reproduction number (Rp) is
obtained by using the next generation approach and proved that the disease free equilib-
rium (DFE) of our system is locally asymptotically stable if Ry < 1, which means that
the disease can be eradicated under such condition in finite time and unstable if Ry > 1.
When the associated reproduction number, Ro > 1 then the endemic equilibrium is stable,
otherwise unstable. We contemplate our proposed model numerically and compare the
results with existing literature.
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1. INTRODUCTION

Ebola virus disease (EVD) also known as Ebola hemorrhagic fever (EHF) or
simply Ebola, is a disease of humans and other primates caused by Ebolavirus.
EVD is actually an important problem of public health, especially in West African
regions. The disease was first identified in 1976 in two simultaneous outbreaks,
one in Nzara, Sudan and the other in Yambuku, Democratic Republic of Congo
(formerly Zaire). The latter occurred in a village near the Ebola River, from which
the disease takes its name. The virus family Filoviridae includes three genera:
Cuevavirus, Marburvirus and Ebolavirus. According to Pringle [15], there are five
species that have been identified: Zaire, Bundibugyo, Sudan, Reston and Tai Forest.

* Corresponding author.
Email address : mhabiswas@yahoo.com.
Article history : Received 12 February 2016 Accepted 26 January 2018.



58 M. K. MONDAL ET AL/JNAO : VOL. 7, NO. 2, (2016), 57-66

The transmission of Ebola virus can spread from human to human by direct contact
with body fluids such as blood, saliva, mucus, vomit, sweat, tears, breast milk, urine
and semen of an infected human or other animal, which were described by Kuhn
et al. [9]. Pattyn et al. [14] stated that the spread of the disease through the air
between primates, including humans, has not been documented in either laboratory
or natural conditions. It is mentioned by Bowen et al. [6] semen or breast milk
of a person after recovery from EVD may still carry the virus for several weeks to
months. Fruit bats are believed to be the normal carrier in nature, able to spread
the virus without being affected by it. Other diseases such as meningitis, malaria,
typhoid fever and other viral hemorrhagic fevers may resemble EVD. By nature,
Ebola is highly contagious and deadly and there are no drugs or proven Ebola virus-
specific treatment at moment. Ebola can kill up to 90% of patients, although in
this outbreak, the death rate has dropped below 50%, which gives credence to the
fact that early detection and good medical care could be synonymous to possible
recovery, which is not permanent since with no immunity, the recovered become
susceptible again. Between 1976 and 2013, World Health Organization (WHO)
reports a total of 24 outbreaks involving 1,716 cases. Ndanusa et al. [11] reported
that the largest outbreak is the ongoing epidemic in West Africa, still affecting
Liberia, Guinea and Sierra Leone. As of 11 August 2015, this outbreak has 27,984
reported cases resulting in 11,298 deaths.

In the light of the foregoing, there is an urgent and serious need to have coordi-
nated responses from all angles in order to combat against the EVD effectively. As
part of this coordinated approach, we use the mathematical modeling for describ-
ing the EVD transmission, because mathematical modeling is an equation or set of
equations that successfully describes the physical problem or phenomenon. Already
many authors have developed mathematical models to improve our understanding
of the dynamics and spread of this gigantic infectious disease. An EVD transmis-
sion model to the reported daily numbers of incident cases and deaths during the
outbreak in Nigeria is fitted by Althaus et al. [1]. Osemwinyen et al. [13] intro-
duced a modified SIR model in which they included a quarantined group to refine
their proposed model and equally used it to simulate the transmission dynamics of
the EVD. Chowell et al. [7] modeled the course of the outbreaks of ebola disease
via an SEIR epidemic model by including a smooth transition in the transmission
rate after control interventions were put in place. A simple ebola virus transmission
model is developed by Deepa [8]. For more details on EVD transmission we refer
readers to the references within as well as for some recent developments of other
infectious diseases in [2, 3, 4, 5, 10, 12].

In this paper, we attempt to propose a SEIRS model that can be used to study
how to reduce the spread of ebola epidemics. We propose this model with the
understanding that the recovered individuals can become infected again. The first
section of this paper formulates a SEIRS model for transmission of EVD, the second
section analyzes the model and the last section simulates the model. The simula-
tion is compared to the theoretical calculation by using ODE45 solvers written in
MATLAB programming language.

2. MODEL FORMULATION

In this section, we formulate a SEIRS compartmental model to hit off the trans-
mission dynamics of EVD. In order to describe the model equations, we assume
that the total population (V) is divided into four different classes, which are the
susceptible, (S) are people that have never come into contact with ebola virus, the
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TABLE 1. Parameters used in the model with their description and values

Parameter Description Value (day ™)
A Recruitment rate 9863

B8 Effective contact rate with infectious individuals 0.90

w Natural death removal rate 0.0000548

ol Rate at which exposed individuals become infectious 0.083

é Recovery rate 0.15

o Death removal rate due to EVD 0.025

p Rejoin rate from recovered to susceptible class 0.023

exposed, (E) are people who have come into contact with the disease but are not yet
infective, the infectious, (T') are people who have become infected with ebola virus
and are able to transmit the virus, and recovered, (R) are people that have recovered
from EVD. The model parameters are defined in TABLE 1 and the transmission of
EVD are shown in FIGURE 1.

The susceptible class S is increased by birth or immigration at the rate A. It is
decreased by infection following contact with infected individuals at the rate %,
and diminished by natural death of people at the rate . To determine the rate
at which people become exposed in the population, the first term is considered in
the susceptible class which is the rate at which susceptible, by meeting infective,
become exposed is % This class is decreased by the rate v at which the exposed
individuals become infectious and diminished by natural death at the rate p.The
infectious class I is generated by breakthrough of exposed individuals at the rate
~. This class is decreased by recovery from infection at the rate § and diminished
by natural death and disease induced death at a rate p and o. The recovered class
R is increased by those that recover from the infection at the rate § and reduced
by the number of people that rejoin to the susceptible class at the rate p and by
natural death rate p.

The model is illustrated by the following schematic diagram

-

FI1GURE 1. Diagram showing the compartmental model for SEIRS

The corresponding mathematical equations can be described by the following
system of ordinary differential equations:
ds 1S
-
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1
%:'yE—(SI—UI—,uI (2.3)

% =0l — pR—uR (2.4)

with, N=S+ E+1+R.

3. MODEL ANALYSIS

In this section we find out the disease free equilibrium (DFE), endemic equilib-
rium (E'E), basic reproduction number and the stability of equilibrium points.

3.1. Disease free equilibrium. For equilibrium point, we set the equations (2.1)-
(2.4) equal to zero, that is

I
APPSR s —o (3.1)

N

BIS
— —yF —uk = 2
N ~E-nE=0 (3.2)
YE =0 —ol —pl =0 (3.3)
0 —pR—puR=0 (3.4)

To determine the disease free equilibrium, substitute £ = I = R = 0 then the
equation (3.1) stands,

A—pS=0

A
LS5==
I

Hence the disease free equilibrium is (%, 0,0,0).

3.2. Endemic equilibrium. From the equations (3.1)-(3.4) we obtain,

AN + pRN
= — 3.5
BI + uN (35)
BIS
EF= —/——— 3.6
NG+ ) (36)
vE
I=——— 3.7
d+o+pu (37)
oI
R=—— (3.8)
P+ p
Using equations (3.6) and (3.7) we have,
B8S vE

Ny+u)d+o+p
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Ny +p)(6+o+p)

S8 = 5 (3.9)
Substituting the value of S and R in (3.5) we obtain
_ ByAN — uN?*(y +p)(6 + 0 + ) (3.10)
- Bypd '
BN(y+ )0+ 0+ p) — 50
Hence from (3.6) and (3.8) we obtain,
g 0+0+u)ByAN — pN?*(y + p)(8 + 0 + p)° (3.11)
BN(y+ )0+ 0+ p) — 222 '

and
R~ PVOAN — pdN*(y + p)(d + 0 + p) (3.12)
BN(p+p)(y+ )0 + 0+ p) = Bypd
If the endemic equilibrium point is (S*, E*, I*, R*) then,
Niy+w(b+o+p)
By ’
(0 + 0 + p)BYAN — uN? (v + p)(6 + 0 + p)°

BN(y+p)(6 + 0+ p) — 2220 ’

. 2
o= BPAN —pN*(y+ )@ +o+p) o

BN(y+ )0 +0+p) = T8

ge = PAOAN — pdN?(y + ) (5 + 0 + p)
BN(p+p)(v+ )6+ 0+ p) = Bypd

S* =

E* =

3.3. Basic reproduction number. The basic reproduction number (Ry) is an
important part of epidemiological model. It is defined as the expected numbers
of secondary cases produced by an infected individual during its entire period of
infectiousness. If Ry < 1, then throughout the infectious period, each infective
will produce less than one new infective on the average. This in turn implies that
the disease will die out and ifRy > 1, then throughout the infectious period, each
infective will produce more than one new infective on the average. This in turn
implies that the disease will persist. It is obtained from the largest eigenvalue of
the next generation matrix, FV 1.

Here,
OF  OF s
o5 or| [0 % e
F= = ; where, =
OF; OF; 0 0 Fy 0
oE oI
and
oV, vy
9E oI vt 0 1%l (vy+pE
V= = : where, =
oV OVa -y y+i+u Vs ~YE+ 0+ o+l

oE 01
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Now,
1 d+o+p 0
Vvl = . (3.13)
)
(v + )0+ 0+ p) 5 Y
At disease free equilibrium,
0 B
F= . (3.14)
0 0
Therefore at disease free equilibrium,
1 0 Bl |0+0+u 0
Fv—!= 5
(v+u)(0+ o0+ p) 0 0 y !
1 By Bly+w)
= ) 3.15
CEATICET =N S (815)

By
Y+ +o+p)

The largest eigenvalue of FV ! is . Therefore, the basic re-

By
Y+ +o+u

production number, Ry =

3.4. Stability of the equilibrium points. To investigate the stability at the
equilibrium points, we present the following theorems.

Theorem 3.1. The disease free equilibrium (%,0707 0) of the system (2.1)-(2.4) is
locally asymptotically stable if Ry < 1 and unstable if Ry > 1.

Proof. The Jacobian matrix of (2.1)-(2.4) is

8L _ 0 _BS
N * N p
pl1 BS
— — — 0
JS,E,I,LR)=| N O +m) N . (3.16)
0 v —(04+0o+p) 0
L0 0 g —(p+ 1)}
at disease free equilibrium point the matrix becomes
[~ 0 - P
0 —(v+mn) B 0
JprE = (3.17)
0 vy —(0+o+p) 0
L 0 0 0 —(p+n)]

Now equating the characteristic equation to zero for the eigenvalue w we get,

(1 +w)(p+ p+ w)(aw? + arw + az) = 0 (3.18)
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1—- R
with, ag=1>0,a1 =7+ d+ 0+ 2 and ay = 7 0.

0
The first two eigenvalues have negative real parts and the other two eigenvalues
have negative real parts if and only if as > 0, i.e., Ry < 1. Hence completes the
proof. O

Theorem 3.2. The endemic equilibrium of the system (2.1)-(2.4) is locally asymp-
totically stable if Ry > 1, otherwise unstable.

Proof. We present the following Jacobian matrix of (2.1)-(2.4) for proving the the-

orem,

_BL 0 _BS
N * N P
Bl BS
— — — 0
JS,E,I,R)=| N O+ N (3.19)
0 v —(04+o0+np) 0
.0 0 y —(p+ 1)
at endemic equilibrium point the matrix becomes,
AX B o
N Ry
pX s
— — 0
JpE = N (r+n) Ro (3.20)
0 ~y —(0+o+p) 0
L 0 0 g —(p+p)]
_ RoA—uN
where, X = 0= Ropd
1
The characteristic polynomial of Jgg is,
P(w) = apw* + a1w® + agw? + azw + ay (3.21)

where, ag =1>0, a1 =X +p+v+0d+o+4u, az = (X +p)lp+p) + X+
X
p+2u)(y+ 0+ 0+ 2p), as=(X+u)(p+u)(7+5+0+2u)+ﬂ7

X(y+ )0 +o+p)(p+p+ Rod).

Note that all coefficients of P(w) are positive for Ry > 1. Thus by the Routh-
Hurwitz criteria, all roots of P(w) have negative real parts if ajas > ag and ajas >
az + a?a4. It is possible only when Ry > 1, thus the endemic equilibrium point is
stable if Ry > 1, otherwise unstable. [l

and a4 =

4. NUMERICAL RESULTS

For the purpose of model validation as well as in order to ensure that the proposed
model is agreement with reality, numerical simulations are carried out using the data
provided in TABLE 1. Varying the values of parameters, the graphs are plotted
to investigate the effect of some parameters on the transmission dynamics of EVD.
The results are displayed in FIGURE 2-4. The result for the value of parameters
(see TABLE 1) is displayed in FIGURE 2.
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FIGURE 2. Variation of the population with time (30 days) for
Ry =5.65>1.

According to FIGURE 2 we notice a gradual drop of susceptible group with
the increasing of time. The number of exposed begins to rise from its initial state
and after rising at highest point the group falls down gradually. The infected
also begins to increase from its initial position and the recovered people gradually
increasing over time. Again if we reduce the effective contact rate between infected
and susceptible as well as the rate at which exposed individuals become infectious,
as: f=0.75, v =10.063, § = 0.45, 0 = 0.15, p = 0.023 and p = 0.0000548. Then
we get the new result which is shown in FIGURE 3.
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FIGURE 3. Variation of the population with time (30 days) for
Ry =1.25>1.
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FIGURE 3 shows relatively similar curves but with little change over FIGURE 2.
Here we see a gradual dropping of susceptible group and gradual rising of recovered
group. The change of exposed group is not like as FIGURE 2. In FIGURE 2 the
exposed group reaches at a highest point then falls down but in FIGURE 3 the
exposed group is always increasing with the increase of time. Also for the values of
B = 0.55, v =0.043, 6 = 0.45, 0 = 0.15, p = 0.023 and p = 0.0000548, the new
result is shown in FIGURE 4.
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FIGURE 4. Variation of the population with time (30 days) for
Ry =0.91 < 1.

The results displayed in FIGURE 4, indicates a more interesting result than in
FIGURE 2 and 3. Here the susceptible group is reducing as like as FIGURE 2
and 3 but infected group is reducing from its initial state which is more changed
than FIGURE 2 and 3. The exposed group is increasing first and reach at a peak
then falls down gradually. The recovered always increasing over time. Therefore a
greater percentage of the population is alive, though still susceptible.

5. CONCLUSIONS

The world is currently having a difficult time fighting against Ebola virus. In
spite of that, this deadly virus must be dealt with. This is not merely fighting
against a disease; it is an event where different nations and companies cooperate for
the common cause. In this paper, we came up with a mathematical model that can
be applied to the fight against EVD. First, we fitted a compartmental SEIRS model
to describe the transmission dynamics of EVD, then analyzed the model briefly and
at last simulated shortly the model numerically with the help of known nonlinear
solver coded.
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