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ABSTRACT. The main aim of this article is to present an inexact proximal point al-
gorithm for constrained multiobjective optimization problems under the locally Lipschitz
condition of the cost function. Convergence analysis of the considered method, Fritz-John
necessary optimality condition of ϵ-quasi weakly Pareto solution in terms of Clarke subd-
ifferential is derived. The suitable conditions to guarantee that the accumulation points
of the generated sequences are Pareto-Clarke critical points are provided.
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1. Introduction

With the development of optimization theory, multiobjective optimization prob-
lems have increasingly received much attentions, and have been greatly applied
to management, decision-making disciplines, resource planning, engineering, the
design of aircraft control systems and so on, see, for example, [30, 31]. In multiob-
jective optimization, one considers optimization problems with several conflicting
objective functions. It is usually hard to find an optimal solution that satisfies all
objectives from the mathematical point of view (i.e., there is no ideal minimizer),
but we obtain a set of alternatives with different trade-offs, called efficient solutions.

The multiobjective optimization problem is considering the following context:
For I = {1, 2, ...,m}, we put Rm

+ = {x ∈ Rm : xj ≥ 0, j ∈ I}, and Rm
++ = {x ∈ Rm :

xj > 0, j ∈ I}. For y, z ∈ Rm, (z ≽ y or y ≼ z) means that z − y ∈ Rm
+ , and (z ≻ y
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or y ≺ z) means that z−y ∈ Rm
++. By using these relations, we consider the efficient

solution concepts of the (constrained) multiobjective minimization problem
min
x∈C

F (x), (1.1)

where C ⊂ Rn is the constrained set and F : Rn → Rm is the objective mapping.
There are a number of works that pay attention to the methods for finding ef-

ficient solutions of multiobjective optimization problem (1.1). Such as, in 2007,
Ceng and Yao [9] developed both an absolute and a relative version of approximate
proximal point algorithm. They considered the approximate proximal method via
the subproblems of finding weakly efficient points for suitable regularizations of
the original mapping. Later, in 2015, Papa Quiroz et al. [29] proposed an inexact
proximal point method of constrained multiobjective problems involving locally Lip-
schitz quasiconvex objective functions. They used proximal distances and assumed
that the function is also bounded from below, lower semicontinuous for convergence
analysis of the method. They proved that the sequence generated by the proposed
method converges to a stationary point of the problem. After that, in 2018, João
Carlos de O. Souza [33] studied the convergence of exact and inexact versions of
the proximal point method with a generalized regularization function in Hadamard
manifolds for solving scalar and vectorial optimization problems involving Lipschitz
functions. In 2018, Bento et al. [5] considered the exact proximal point method of
the constrained nonsmooth multiobjective optimization problem. They used non-
scalarization approach for convergence analysis of the method, where the first order
optimality condition of the problem is replaced by a necessary condition for weak
Pareto points of a multiobjective problem. For more information on the related
works in this direction, ones may see [1, 4, 5, 6, 7, 16, 17, 33]) and the references
therein.

In this paper, our interest is to consider an inexact proximal point method for
solving the multiobjective optimization problem (1.1).

Using the same technique as in Bento et al. [5], we propose an inexact proximal
point algorithm for constrained nonsmooth multiobjective optimization problem. In
terms of Clarke subdifferential, we introduce Fritz-John optimality condition of an
ϵ-quasi weak Pareto solution, which we use for convergence analysis of our method.
We also show that our proposed algorithm is well defined and the sequence achieved
by the proposed algorithm converges to a Pareto-Clarke critical point. For a convex
objective function F , we obtain the convergence to a weak Pareto solution of the
problem.

2. Preliminaries

In this section, we present some basic concepts and results that are of fundamen-
tal importance for the development of our work.

The domain of f , denoted by dom f , is the subset of Rn on which f has a finite
valued. A function f is said to be proper when dom f ̸= ∅. We denote the closed
unit ball in Rn by BRn . We say that a scalar valued function f : Rn → R ∪ {+∞}
is locally Lipschitz at x ∈ Rn if there exist a neighborhood U of x and a positive
real number L such that

|f(z)− f(y)| ≤ L∥z − y∥, ∀z, y ∈ U.

A vector valued function F : Rn → Rm is locally Lipschitz if all components of F
are locally Lipschitz.

Next, we recall some concepts of Clarke directional derivative.
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The Clarke directional derivative of a proper locally Lipschitz function f : Rn →
R∪{+∞} at x ∈ Rn in the direction of d ∈ Rn is denoted by f⋄(x, d), and is defined
as

f⋄(x, d) = lim
t→0

sup
y→x

f(y + td)− f(y)

t
.

Now, we recall some concepts involving locally Lipschitz functions and noncon-
vex constrained sets.
Let C ⊂ Rn be a nonempty and closed set. We denote the distance function
d : Rn → R of a point x ∈ Rn to a set C ⊂ Rn as

dC(x) := inf{∥x− c∥ : c ∈ C}. (2.1)
We say that a point x ∈ C is a Pareto-Clarke critical point of F in C if, for any
element v ∈ TC(x), there exists i = 1, ...,m such that

f⋄
i (x, v) ≥ 0, (2.2)

where fi is the ith component of F and TC(x) := {v ∈ Rn : d⋄C(x, v) = 0} denotes
the set of all tangent vectors to C at x. As mentioned in [10], page 11, a vector v
belongs to TC(x) if and only if it satisfies the following property: for every sequence
{xk} in C converging to x and every sequence tk in (0,∞) converging to 0, there
is a sequence vk converging to v such that xk + tkv

k belongs to C for all k. The
normal cone is the one obtained from tangent cone TC(x) by polarity. Therefore,
the normal cone NC(x) to C at x is as follows:

NC(x) := {ς ∈ Rn : ⟨ς, v⟩ ≤ 0,∀v ∈ TC(x)},

see [5]. If C is convex, NC(x) coincides with normal cones in the sense of convex
analysis; (see [10], Proposition 2.4.4).

Now, we remind some basic concepts and properties of multiobjective optimiza-
tion, which can be found in [24].
A sequence {xk} ⊂ Rm is called a decreasing sequence if xp ≺ xk for k < p. A point
x̄ is said to be an infimum of {xk}, if there is no x such that x ≼ x̄ and x ≼ xk

satisfying x̄ ≼ xk, for all k ∈ N.
Next, we recall some definitions of optimal solutions and approximate optimal

solutions of multiobjective function F : Rn → Rm.
Consider a nonempty subset C ⊂ Rn and ϵ := (ϵ1, ..., ϵm) ∈ Rm

+ , a point x∗ ∈ C is
called

(i) a weak Pareto solution of problem (1.1) if there exists no x ∈ C such that
fi(x) < fi(x

∗), for all i ∈ {1, ...,m}.
(ii) an ϵ-weak Pareto solution of problem (1.1) if there exists no x ∈ C such

that fi(x) + ϵi < fi(x
∗), for all i ∈ {1, ...,m}.

(iii) an ϵ-quasi weak Pareto solution of problem (1.1) if there is no x ∈ C such
that fi(x) + ϵi∥x− x∗∥ < fi(x

∗), for all i ∈ {1, ...,m}.
We denote the set of weak Pareto, ϵ-weak Pareto and ϵ-quasi weak Pareto so-
lutions of problem (1.1) by argminw{F (x)|x ∈ C}, argminϵw{F (x)|x ∈ C} and
argminϵq−w{F (x)|x ∈ C}, respectively. For the detail, see [13] and [25].

Remark 2.1. It is apparent that, if ϵ = 0 , then the notions of an ϵ-weakly Pareto
solution and an ϵ-weakly quasi Pareto solution defined above coincide with the
usual one of a weak Pareto solution. Also, for the case, ϵ ̸= 0, it is easy to see
that, argminw{F (x)|x ∈ C} ⊂ argminϵw{F (x)|x ∈ C} and argminw{F (x)|x ∈
C} ⊂ argminϵq−w{F (x)|x ∈ C}. While, the sets argminϵw{F (x)|x ∈ C} and
argminϵq−w{F (x)|x ∈ C} might be two different sets. For detail, see [13].
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Now, we remind Clarke subdifferential concept of scalar and vector functions.
The Clarke subdifferential of scalar valued function f : Rn → R at x, denoted by
∂f(x), is defined as

∂f(x) := {w ∈ Rn : ⟨w, d⟩ ≤ f⋄(x, d), ∀d ∈ Rn},

see Clarke [11].
The Clarke subdifferential of F : Rn → Rm at x ∈ Rn, denoted by ∂F (x), is defined
as

∂F (x) := {U ∈ Rm×n : UT d ≼ F ⋄(x, d), ∀d ∈ Rn},
where F ⋄(x, d) := {f⋄

1 (x, d), ..., f
⋄
m(x, d)}.

Proposition 2.2. ([11], Proposition 1.4) f⋄(x; v) = max{ξ · v : ξ ∈ ∂f(x)}.

Remark 2.3. It is noted in [5] that, combining (2.2) with Proposition 2.2, we have
the following alternative definition: a point x ∈ Rn is a Pareto-Clarke critical point
of F in C if, for any v ∈ TC(x), there exist i ∈ {1, ...,m} and ξ ∈ ∂fi(x) such that
⟨ξ, v⟩ ≥ 0. Thus, if x is not a Pareto-Clarke critical point of F in C, there exists
v ∈ TC(x) such that Uv ≺ 0, ∀U ∈ ∂F (x).

The necessary condition for a point to be a Pareto-Clarke critical point of a
vector-valued function can be found in Bento et al. ([5] Lemma 1), and is given
below.

Proposition 2.4. [5] Let w ∈ Rm
+ \ {0} and assume that C is closed and nonempty

set. If −UTw ∈ NC(x) for some U ∈ ∂F (x), then x is a Pareto-Clarke critical
point of F .

For the nonconvex case, a formula for the Clarke sudifferential of the distance
function (2.1) defined in Burke, Ferris and Qian [3] is as follows:

Proposition 2.5. [3] Let C ⊂ Rm be a nonempty and closed set: If x ∈ C, then
∂dC(x) ⊂ B[0, 1] ∩NC(x), (2.3)

where B[0, 1] denotes the closed unit ball in Rm.

Now, we recall some basic definitions of multiobjective functions.
Consider a vector function F : Rn → Rm, we say that
i) F is called Rm

+ -convex if, for every x, y ∈ Rn, the following condition holds:
F ((1− t)x+ ty) ≼ (1− t)F (x) + tF (y), ∀t ∈ [0, 1].

ii) F is called Rm
+ -quasiconvex if, for every x, y ∈ Rn, the following condition holds:
F ((1− t)x+ ty) ≼ max{F (x), F (y)}, ∀t ∈ [0, 1],

where the maximum is considered coordinate by coordinate.

Remark 2.6. A vector function F : Rn → Rm is convex (resp. quasi-convex) iff F
is componentwise convex (resp. quasi-convex), see Definition 6.2 and Corollary 6.6
of [24], pages 29, 31, respectively.

Next propositions will be useful in the following section.

Proposition 2.7. ([34], Theorem 3.2.1) Let C ⊂ Rn be a nonempty set and f :
Rn → R be a Lipschitz function on Rn with constant L. If x̄ is a minimizer for the
constrained minimization problem,

min f(x), x ∈ C, (2.4)
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and τ ≥ L, then x̄ is also a minimizer for the unconstrained minimization problem

min{f(x) + τdC(x)}, x ∈ Rn. (2.5)

If τ > L and C is a closed set, then the converse assertion is also true: Any mini-
mizer x̄ for the unconstrained problem (2.5) is also a minimizer for the constrained
problem (2.4).

Proposition 2.8. ([1], Proposition 2.6.1) Let C = Rn and x̂ be a Pareto-Clarke
critical point of a locally Lipschitz function F : Rn → Rm. If F is Rm

+ -convex, then
x̂ is a weak Pareto solution of the problem (1.1).

Proposition 2.9. ([28], Proposition 5.3(ii)) For a function f : Rn → R locally
Lipschitz at x̄ ∈ Rn with modulus l > 0, it holds that

∥x∗∥ ≤ l, ∀x∗ ∈ ∂f(x̄). (2.6)

Proposition 2.10. ([28], Theorem 5.10) Let f1, f2 : Rn → R be locally Lipschitz
functions at x̄ ∈ Rn, then

∂(f1 + f2)(x̄) ⊂ ∂f1(x̄) + ∂f2(x̄). (2.7)

Proposition 2.11. [10] Let fi : Rn → R∪{+∞}, i = 1, 2, ...,m, be locally Lipschitz
function at x ∈ Rn for all i = {1, ...,m}. Then, the function f(x) := max{fi(x)|i ∈
{1, ...,m}} is also locally Lipschitz at x and

∂f(x) ⊂
∪{

∂(

m∑
i=1

λifi)(x)|λi ≥ 0,

m∑
i=1

λi = 1, λi[fi(x)− f(x)] = 0

}
.

Proposition 2.12. ([2], Theorem 2.1) Let f : Rn → R ∪ {+∞} be a proper
quasiconvex locally Lipschitz function on Rn. If x∗ ∈ ∂f(x) such that ⟨x∗, x̂−x⟩ > 0,
then f(x) ≤ f(x̂).

The next definition and result will be useful for the existence of the set of
minimizers of a vector function which can be found in [24].

Definition 2.13. [24] A subset A of Rm is said to be Rm
+ -complete, if any decreasing

sequence of A is bounded by an element of A, i.e., whenever {xk} ⊂ A is a decreasing
sequence, then there exists x ∈ A such that x ≼ xk, for all k ≥ 0.

Proposition 2.14. ([24], Lemma 3.5) If A ⊂ Rm is closed, has a lower bound (i.e.,
∃ some a ∈ A such that, for all x ∈ A, a ≼ x), then A is Rm

+ -complete.

Proposition 2.15. ([24], Theorem 3.3) Consider the multiobjective problem (1.1).
Then, argmin{F (x)|x ∈ C} is nonempty iff F (C) has a Rm

+ -complete section.

3. Necessary optimality condition

In this section, we consider multiobjective optimization problem (1.1) of finding
the quasi-weak Pareto point of a vector valued function F subject to the following
constrained set

C := {x ∈ D|gj(x) ≤ 0, j = 1, ..., p},
where D ⊂ Rn is a nonempty and closed set, and gj : Rn → R is a locally Lipschitz
function. We provide necessary conditions for a point x∗ ∈ C to be an ϵ-quasi weak
Pareto solution associated to the problem (1.1).
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Proposition 3.1. Let x∗ ∈ argminϵq−w{F (x)|x ∈ C}. Then, there exist ti ≥ 0
and µj ≥ 0 for i ∈ {1, ...,m} and j ∈ {1, ..., p} with

∑m
i=1 ti +

∑p
j=1 µj = 1 and

τ > 0 such that

0 ∈
m∑
i=1

ti∂fi(x
∗) +

p∑
j=1

µj∂gj(x
∗) +

m∑
i=1

tiϵiBx∗ + τ∂dD(x∗),

where fi : Rn → R, ϵi ∈ Rm
+ for i ∈ {1, ...,m} and Bx∗ denotes the closed unit ball

of x∗.

Proof. For each x ∈ C, put Ψ(x) = maxi∈{1,...,m}
j∈{1,...,p}

{fi(x)−fi(x
∗)+ϵi∥x−x∗∥, gj(x)}.

Observe that Ψ(x∗) = 0.
Next, since x∗ is an ϵ-quasi weak Pareto optimal point, then there is no x ∈ C such
that

fi(x) + ϵi∥x− x∗∥ < fi(x
∗), ∀i ∈ {1, ...,m}. (3.1)

It can be easily verified that 0 ≤ Ψ(x), which infers that for all x ∈ C, we have

Ψ(x∗) = inf
x∈C

Ψ(x).

It follows that x∗ is also a minimizer to the constrained optimization problem

min
x∈C

Ψ(x).

Proposition 2.11 and locally Lipschitz properties of functions fi and gj imply
that the function Ψ is also locally Lipschitz around x∗. Let L be a locally Lipschitz
constant of Ψ at x∗ and τ ≥ L, then applying the Proposition 2.7 to the last
problem, we obtain

0 ∈ ∂(Ψ(x∗) + τdD(x∗)). (3.2)

Also, the sum rule (2.7) implies that

0 ∈ ∂Ψ(x∗) + τ∂dD(x∗). (3.3)

Now, by Proposition 2.11 and invoking the sum rule (2.7) applied to the Ψ, there
exist non-negative real numbers ti ≥ 0 and µj ≥ 0 such that

∑m
i=1 ti+

∑p
j=1 µj = 1

and

∂Ψ(x∗) ⊂
{ m∑

i=1

ti∂fi(x
∗) +

m∑
i=1

tiϵiBx∗ +

p∑
j=1

µj∂gj(x
∗)

}
. (3.4)

and the desired result follows by combining (3.3) with (3.4). �

4. Inexact Proximal Point Algorithm

In this section, we consider C ⊂ Rn a nonempty and closed set and F : Rn → Rm

is locally Lipschitz function.
Next, we consider the inexact proximal point algorithm, for obtaining a Pareto-

Clarke critical point of F in C. Take a bounded sequence of positive real numbers
{λk}, and a sequence {ek} ⊂ Rm

++ such that ∥ek∥ = 1, for all k ∈ N. The method
generates the sequence {xk} ∈ C as follows.
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4.1. Algorithm.
INITIALIZATION: Choose an arbitrary initial point

x1 ∈ C. (4.1)
STOPPING CRITERION: Given xk, if xk is a Pareto-Clarke critical point, then
stop. Otherwise go to the iterative step.
ITERATIVE STEP: Take the next iterate xk+1 ∈ C as y such that there exists
ϵk ∈ Rm

+ satisfying

y ∈ argminϵkq−w{F (x) +
λk

2
∥x− xk∥2ek|x ∈ Ωk}, (4.2)

ϵk ≼ σk
λk

2
∥y − xk∥ek, (4.3)

where Ωk := {x ∈ C|F (x) ≼ F (xk)} and {σk} ⊂ [0, 1).
From now on, we will assume that 0 ≺ F .

4.2. Existence of iterates.

Proposition 4.1. Let F : Rn → Rm be a continuous function. Then, the sequence
{xk}, generated by Algorithm 4.1, is well defined.

Proof. We proceed by induction: It holds for k = 1, due to (4.1). Assume that xk

exists and define
Fk(x) := F (x) +

λk

2
∥x− xk∥2ek.

Since xk ∈ Ωk, we have, Fk(Ωk) ̸= ∅. By assumption on F , that is 0 ≺ F , we get,
0 ≺ Fk(x). Now, let {yp} ⊂ Fk(Ωk) such that yp → y. Since yp ∈ Fk(Ωk), there
exists zp ∈ Ωk satisfying yp = Fk(z

p), for any p. We claim that {zp} is bounded,
if not, then there is {pj} ⊂ {p} such that zpj → ∞ as j → ∞, then coercivity of
Fk infers that ∥Fk(z

pj )∥ → +∞ as j → ∞. On the other hand, ∥Fk(z
p)∥ → ∥y∥

because yp = Fk(z
p) and yp → y, which is a contradiction. Hence, we proved that

{zp} is a bounded sequence. Subsequently, there are {zpj} ⊂ {zp} and z ∈ Rn such
that zpj → z as j → ∞. Moreover, by the continuity of F , we know that Ωk is a
closed set. Hence, z ∈ Ωk. Applying continuity of Fk and using uniqueness of limit,
we can assert that y ∈ Fk(Ωk). This proves Fk(Ωk) is closed.
Subsequently, by Proposition 2.14 and property of Rm

+ that all decreasing sequences
having lower bound converges to its infimum, we know that Fk(Ωk) is Rm

+ -complete.
Thus, Proposition 2.15 infers that

argminw{Fk(x)|x ∈ Ωk}
is not empty. Therefore, by Remark 2.1, it follows that argminϵkq−w{Fk(x)|x ∈
Ωk} ̸= ∅. �

Remark 4.2. Note that if Algorithm 4.1 terminates after finite number of itera-
tions, then it terminates at a Pareto-Clarke critical point.

4.3. Convergence Analysis.
In this section, first we present some results which play an important role in

our subsequent considerations. Then, we show that the sequence generated by our
algorithm converges to a Pareto-Clarke critical point.

Proposition 4.3. For all k ∈ N, there exists Ak ∈ Rm×n, αk, βk ∈ Rm
+ , τk > 0

and wk ∈ Rn such that
AT

k (α
k + βk) + λk−1⟨ek−1, αk⟩(xk − xk−1) + ⟨ϵk−1, αk⟩vk + τkw

k = 0, (4.4)
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where vk ∈ Bxk , wk ∈ B[0, 1] ∩NC(x
k) and

∑m
i=1(α

k
i + βk

i ) = 1, ∀k ∈ N.

Proof. For every k, consider the functions

Wk(x) := F (x)− F (xk), and Fk(x) := F (x) +
λk

2
∥x− xk∥2ek.

As, F and ∥x − xk∥2 are locally Lipschitz, the coordinate functions (Wk)i(.) :=

F (.) − F (xk) and (Fk)i(.) := F (.) +
λk

2
∥. − xk∥2ek, i ∈ {1, ...,m}, of Wk(x) and

Fk(x), respectively, are also locally Lipschitz.
Since xk is an ϵ-quasi weak Pareto solution for

minFk−1(x) such that Wk−1(x) ≼ 0,

hence the desired result follows by applying Proposition 3.1, for each k ∈ N fixed
with fi and gj by Fk−1 and Wk−1, respectively, and taking into account that, from
Proposition 2.5, we have

∂dC(x
k) ⊂ B[0, 1] ∩NC(x

k), ∀k ∈ N.

In this case, AT
k = [uk

1 ....u
k
m], where uk

i ∈ ∂fi(x
k) with i ∈ {1, ...,m}, αk =

(αk
1 , ..., α

k
m)T and βk = (βk

1 , ..., β
k
m)T . �

Proposition 4.4. If there exists k ∈ N such that xk+1 = xk, then xk is a Pareto-
Clarke critical point of F .

Proof. Suppose that for any k ∈ N, xk+1 = xk, which implies that ϵk = 0. Then by
Proposition 4.3, we obtain

AT
k+1(α

k+1 + βk+1) + τkw
k+1 = 0, (4.5)

which infers that
−AT

k+1(α
k+1 + βk+1) ∈ NC(x

k+1). (4.6)
Since

∑m
i=1(α

k+1
i +βk+1

i ) = 1, we can say that (αk+1+βk+1) ∈ Rm
+ \{0}. Moreover,

Ak+1 ∈ ∂F (xk+1), then using Proposition 2.4, we obtain the desired result. �

Proposition 4.5. Let k0 ∈ N be such that αk0 = 0. Then xk0 is a Pareto-Clarke
critical point of F .

Proof. If there exists k0 ∈ N such that αk0
= 0 then, from (4.4), we have

AT
k0
βk0 + τk0

wk0 = 0, (4.7)

where τk0
> 0, wk0 ∈ NC(x

k0). Since Ak0
∈ ∂F (xk0) and βk0 ∈ Rm

+ \ {0}, the
desired result follows by using Proposition 2.4. �

From now on, we will assume the sequences {λk}, {ϵk} and {xk} are infinite
sequences generated by Algorithm 4.1, then αk ̸= 0 and xk+1 ̸= xk, in view of
Proposition 4.4 and 4.5, respectively.
Next we prove that every cluster point of xk, if any, is Pareto-Clarke critical point.

Theorem 4.1. Assume that there exist scalars a, b, c, d ∈ R++ such that a ≤ λk ≤ b,
c ≤ eki ≤ d, σk ≤ d < 1, for all k ∈ N and i ∈ {1, ...,m}. Then, every cluster point
of {xk}, if any, is a Pareto-Clarke critical point of F .

Proof. Since

xk+1 ∈ argminϵkq−w{F (x) +
λk

2
∥x− xk∥2ek|x ∈ Ωk},
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we have

max
1≤i≤m

{fi(xk)− fi(x
k+1) + ϵki ∥xk − xk+1∥ − λk

2
∥xk+1 − xk∥2eki } ≥ 0.

Hence for any k, there exists some index i0 := i0(k) ∈ {1, ...,m}, where the maxi-
mum in the last inequality is attained. Thus,

fi0(x
k)− fi0(x

k+1) + ϵki0∥x
k − xk+1∥ − λk

2
∥xk+1 − xk∥2eki0 ≥ 0,

which provides us
λk

2
∥xk+1 − xk∥2eki0 − ϵki0∥x

k − xk+1∥ ≤ fi0(x
k)− fi0(x

k+1).

By (4.3) and boundedness assumption of {λk} and {ek}, we obtain

fi0(x
k)− fi0(x

k+1) ≥ λk

2
∥xk+1 − xk∥2eki0 − ϵki0∥x

k+1 − xk∥

≥ λk

2
∥xk+1 − xk∥2eki0 − σk

λk

2
∥xk+1 − xk∥2eki0

≥ (1− σk)
λk

2
∥xk+1 − xk∥2eki0 .

Then, from the boundedness of {λk}, {ϵk} and {σk}, we obtain

(1− d)
ac

2
∥xk+1 − xk∥2 ≤ fi0(x

k)− fi0(x
k+1). (4.8)

Combining (4.2) with the definition of Ωk, it follows that {F (xk)} is nonincreasing
sequence, and by assumption on F , i.e, 0 ≺ F , we have that {F (xk)} is a convergent
sequence. Hence, by taking k → +∞ on (4.8), we get

lim
k→+∞

(xk+1 − xk) = 0. (4.9)

Take x̄ as a cluster point of {xk}, then there exists subsequence {xkj} of {xk}
converging to x̄. Therefore, by applying Proposition 4.3 for the sequence {xkj},
we have that there exist sequences Akj+1 ∈ ∂F (xkj+1), αkj+1, βkj+1 ∈ Rm

+ and
vkj+1 ∈ Bxkj+1 such that

AT
kj+1(α

kj+1+βkj+1)+λkj ⟨ekj , αkj+1⟩(xkj+1−xkj )+⟨ϵkj , αkj+1⟩vkj+1+τkj+1w
kj+1 = 0,

(4.10)
where

∑m
i=1(α

kj+1
i + β

kj+1
i ) = 1 and wkj+1 ∈ NC(x

kj+1).
From the convergence of {xkj}, we obtain that {xkj} is bounded. By locally

Lipschitz property of F , it follows by (2.6) that their subgradients are bounded. So
from the above conditions, the sequences Akj , vkj , αkj , βkj , wkj are bounded. Thus,
equality (4.10) implies that τkj

is also bounded. Now, without loss of generality, we
may assume that the sequences Akj , vkj , αkj , βkj , wkj and τkj converge to Ā, v̄,
ᾱ, β̄, w̄ and τ̄ respectively. Also, since λkj ⟨ekj , αkj+1⟩ is bounded, then by letting
kj goes to infinity in (4.10), we obtain

ĀT (ᾱ+ β̄) + τ̄ w̄ = 0. (4.11)
Since w̄ ∈ NC(x̄), (ᾱ+ β̄) ∈ Rm

+ \ {0}, Ā ∈ ∂F (x̄), it follows from (4.11) that

−ĀT (ᾱ+ β̄) ∈ NC(x̄),

and this together with Proposition 2.4, enables us to say that x̄ is a Pareto-Clarke
critical point of F . This completes the proof. �
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Next, we will present full covergence theorem of proposed Algorithm 4.1. The
following definition and lemma will be useful in our proof.

Definition 4.6. Let Ω ⊂ Rn be a nonempty set. A sequence {zk} ⊂ Ω is said to
be Fejér convergent to a nonempty set Ω iff, for all z ∈ Ω,

∥zk+1 − z∥2 ≤ ∥zk − z∥2 + ϑk, k = 0, 1, ...

where {ϑk} ⊂ (0,∞) satisfies
∑∞

k=1 ϑk < ∞.

The following result on Fejér convergence is well known.

Lemma 4.7. [15] Let Ω ⊂ Rn be a nonempty set and {zk} ⊂ Ω be a Fejér convergent
sequence to Ω, then:

• The sequence {zk} is bounded.
• If a cluster point z̄ of {zk} belongs to Ω, the whole sequence {zk} converges

to z̄ as k goes to +∞.

Now, we will consider that F : Rn → Rm is Rm
+ -quasiconvex, C is convex set,

and the following well-known assumption.
H1: The set (F (x0)− Rm

+ ) ∩ F (C) is Rm
+ -complete.

Theorem 4.2. Assume that H1 holds true and
∑+∞

k=0 σk < +∞. Then, the sequence
{xk} generated by the Algorithm 4.1, converges to a Pareto-Clarke critical point of
F .

Proof. Define

E :=

+∞∩
k=0

Ωk.

Assumption H1 implies that E is nonempty. Take x∗ ∈ E, which infers that x∗ ∈ Ωk

for k ∈ N. It is easy to see that:
∥xk−x∗∥2 = ∥xk+1−x∗∥2+∥xk−xk+1∥2+2⟨xk − xk+1, xk+1 − x∗⟩, ∀k ∈ N. (4.12)

Following the steps of the proof of Theorem 4.1,
λk⟨ek, αk+1⟩(xk−xk+1) = AT

k+1(α
k+1+βk+1)+⟨ϵk, αk+1⟩vk+1+τk+1w

k+1, ∀k ∈ N.
(4.13)

Now, combining (4.12) with (4.13), we get
λkbk
2

(
∥xk − x∗∥2 − ∥xk+1 − x∗∥2 − ∥xk − xk+1∥2

)
=

⟨
AT

k+1(α
k+1 + βk+1) + ⟨ϵk, αk+1⟩vk+1 + τk+1w

k+1, xk+1 − x∗
⟩

=

m∑
i=1

(αk+1
i + βk+1

i )⟨uk+1
i , xk+1 − x∗⟩+

m∑
i=1

αk+1
i ϵki ⟨vk+1, xk+1 − x∗⟩

+ τk+1⟨wk+1, xk+1 − x∗⟩,

(4.14)

where bk = ⟨ek, αk+1⟩, uk+1
i ∈ ∂fi(x

k+1),∀k ∈ N and i ∈ {1, ...,m}. Since F is
Rm

+ -quasiconvex function, in particular, fi is quasiconvex for each i ∈ {1, ...,m}. As
x∗ ∈ Ωk and uk+1

i ∈ ∂fi(x
k+1), it follows by Proposition 2.12 that

m∑
i=1

(αk+1
i + βk+1

i )⟨uk+1
i , xk+1 − x∗⟩ ≥ 0, ∀k ∈ N. (4.15)
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As C is a convex set, wk+1 ∈ NC(x
k+1) together with τk+1 > 0 and characterization

of convex normal cone imply that
τk+1⟨wk+1, xk+1 − x∗⟩ ≥ 0, ∀k ∈ N. (4.16)

By combining the inequalities (4.15), (4.16) with (4.14), we obtain

∥xk − x∗∥2 − ∥xk+1 − x∗∥2 − ∥xk − xk+1∥2 ≥ − 2

λkbk

m∑
i=1

αk+1
i ϵki ⟨vk+1, xk+1 − x∗⟩

≥ −σk∥xk+1 − xk∥∥x∗ − xk+1∥, ∀k ∈ N.
(4.17)

As, r+ s ≥ 2
√
rs holds for r, s ≥ 0, taking s := ∥xk+1 − xk∥ and r := ∥x∗ − xk+1∥,

we obtain
∥xk − x∗∥2−∥xk+1 − x∗∥2−∥xk − xk+1∥2 ≥ −σk

2

[
∥xk+1−xk∥2+∥x∗−xk+1∥2

]
, ∀k ∈ N.

Thus, we get

∥xk+1 − x∗∥2 ≤
(

1

1− σk

)
∥xk − x∗∥2 − ∥xk+1 − xk∥2

≤
(
1 +

σk

1− σk

)
∥xk − x∗∥2, ∀k ∈ N.

(4.18)

Since
∑∞

k=0 σ
2
k < +∞, it follows that

K0 :=

+∞∑
k=k0

2σ2
k

1− 2σ2
k

< +∞ and K1 :=

+∞∏
j=k0

(
1 +

2σ2
j

1− 2σ2
j

)
< +∞.

By (4.18), observe that for all k ≥ k0

∥xk+1 − x∗∥2 ≤
(
1 +

2σ2
k

1− 2σ2
k

)
∥xk − x∗∥2

≤
(
1 +

2σ2
k−1

1− 2σ2
k−1

)(
1 +

2σ2
k

1− 2σ2
k

)
∥xk−1 − x∗∥2

...

≤
k∏

j=k0

(
1 +

2σ2
j

1− 2σ2
j

)
∥xk0 − x∗∥2

≤
∞∏

j=k0

(
1 +

2σ2
j

1− 2σ2
j

)
∥xk0 − x∗∥2

= K1∥xk0 − x∗∥2.

This shows that {xk} is bounded. Then (4.18) becomes

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2 + 2σ2
k

1− 2σ2
k

K2, ∀k ∈ N. (4.19)

where K = supk ∥xk−x∗∥. Take ηk =
2σ2

k

1−2σ2
k
K2. Since ηk > 0 and

∑∞
k=1 ηk < +∞,

we obtain that {xk} is quasi-Fejér convergent to E and boundedness of {xk} implies
that the sequence {xk} has a cluster point x̄. Since Theorem 4.1 implies that x̄ ∈ E.
Therefore using Lemma 4.7 with U = E, we conclude that the whole sequence {xk}
converges to x̄ as k goes to +∞, where x̄ is a Pareto-Clarke critical point of F . �
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Corollary 4.8. If C = Rn, F : Rn → Rm is Rm
+ -convex and locally Lipschitz

function, then the sequence {xk} converges to a weak Pareto optimal point of F .

Proof. It is immediate from Proposition 2.8. �

5. Conclusion

Bento et al. [5] proposed an exact proximal point method for nonconvex and
non-differentiable constrained multiobjective optimization problems. Later, Bento
et al. [6] extended the above work in the Riemannian context. Furthermore, for
full convergence analysis, they assumed that the objective function is convex. After
that Lucas Vidal de [23] proposed and analyzed an inexact version of proximal point
method presented by Bento et al. [6]. They also derived the Fritz John necessary
optimality condition in terms of Mordukovich subdifferential for convergence anal-
ysis of the algorithm.
In this article, we developed an inexact version of proximal point method of Bento
et al. [5]. In terms of Clarke subdifferential, we introduced Fritz-John necessary
optimality condition of ϵ-quasi weakly Pareto solution, which we apply for con-
vergence analysis of our proposed method. We also presented that the proposed
method is well defined and under some suitable conditions the sequence attained by
our proposed method converges to a Pareto-Clarke critical point. The newly pro-
posed inexact proximal point algorithm is important because of its practical point
of view. Notice that, the proximal point method is a conceptual algorithm, and
its computational performance strongly depends on the method used to solve the
subproblems. Hence, in practice computations introduce numerical errors in order
to solve the auxiliary minimization problems and these methods usually provide
only approximate solutions of the subproblems. Clearly, it is very important, from
the view of practice, to study the asymptotic behavior of iterations of the algorithm
in the presence of computational errors.
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