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1. Introduction

R, where R is the set of real numbers. The equilibrium problem for F : C×C −→
R is to find x ∈ C such that

F (x, y) ≥ 0, ∀y ∈ C. (1.1)

The set of solutions of (1.1) is denoted by EP.
The split equilibrium problem was introduced by Moudafi [12], he considers the

following pair of equilibrium problems in different spaces. Let H1 and H2 be two
real Hilbert spaces, let F1 : C×C → R and F2 : Q×Q → R be nonlinear bifunctions
and let A : H1 → H2 be a bounded linear operator which C and Q are closed convex
subsets of H1 and H2, respectively. Then the split equilibrium problem (SEP) is to
find x∗ ∈ C such that

F1(x
∗, x) ≥ 0, ∀x ∈ C. (1.2)
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and such that
y∗ ∈ Ax∗ ∈ Q, F2(y

∗, y) ≥ 0, ∀y ∈ Q. (1.3)
The solution set of SEP (1.2)-(1.3) is denote by Ω = {p ∈ EP(F1) : Ap ∈ EP(F2)}.

Recall that, a mapping T : C → C and a self mapping f of C is a contraction
if ∥f(x) − f(y)∥ ≤ α∥x − y∥ for some α ∈ (0, 1) and T is a nonexpansive if ∥Tx −
Ty∥ ≤ ∥x − y∥ for all x, y ∈ C, and T is asymptotically nonexpansive [5] if there
exists a sequence {kn} with kn ≥ 1 for all n and limn→∞ kn = 1 and such that
∥Tnx − Tny∥ ≤ kn∥x − y∥ for all n ≥ 1 and x, y ∈ C. A point x ∈ C is a
fixed point of T provided Tx = x. Denote by Fix(T ) the set of fixed points of
T ; that is, Fix(T ) = {x ∈ C : Tx = x}. Recall also that a one-parameter family
T = {T (t)|0 ≤ t < ∞} of self-mappings of a nonempty closed convex subset C of
a Hilbert space H is said to be a (continuous) Lipschitian semigroup on C (see, e.
g., [15]) if the following conditions are satisfied:

(i) T (0)x = x, x ∈ C
(ii) T (s+ t)(x) = T (s)T (t), s, t ≥ 0, x ∈ C
(iii) for each x ∈ C, the maps t 7→ T (t)x is continuous on [0,∞)
(iv) there exists a bounded measurable function L : [0,∞) → [0,∞) such that,

for each t > 0

∥T (t)x− T (t)y∥ ≤ Lt∥x− y∥, x, y ∈ C.

A Lipschitzian semigroup T is called nonexpansive (or a contraction semigroup) if
Lt = 1 for all t > 0, and asymptotically nonexpansive semigroup if lim supt→∞ Lt ≤
1, respectively. We use Fix(T ) to denote the common fixed point set of the semi-
group; that is Fix(T ) = {x ∈ C : T (t)x = x, t > 0}.

In 2010, Tian [16] introduced the following general iterative scheme for finding an
element of set of solutions to the fixed point of nonexpansive mapping in a Hilbert
space. Define the sequence {xn} by

xn+1 = αnγf(xn) + (I − µαnB)Txn, (1.4)
where B is k−Lipscitzian and η−strongly monotone operator. Then he prove that
if the sequence {αn} satisfies appropriate conditions, the sequence {xn} gererate by
(1.4) converges strongly to the unique solution x∗ ∈ Fix(T ) of variational inequality

⟨(γf − µB)x∗, x− x∗⟩ ≤ 0,∀x ∈ Fix(T ). (1.5)
In 2011, Ceng et al. [4] added the metric project to the method of Tian (1.4)

and studied the following explicit iterative scheme to find fixed points:
xn+1 = PC [αnγf(xn) + (I − µαnB)Txn] . (1.6)

They prove the strong converge of {xn} to a fixed point x∗ ∈ Fix(T ) of the same
variational in equality (1.5).

In 2008, Plubtieng and Punpaeng [13] introduced the following implicit itera-
tive algorithm to prove a strong convergence theorem for fixed point problem with
nonexpansive semigroup:

xn = αnf(xn) + (I − αn)
1

sn

∫ sn

0

T (s)xnds, (1.7)

where xn is a continuous net and sn is a positive real divergent net.
In 2014, Kazmi and Rizvi [8] studied the following implcit iterative algorithm.

Under some asummptions, they obtain some strong convergence theorem for EP(1.1)
and the fixed point problem:

un = TF1
rn (xn + δA∗(TF2

rn − I)Axn),
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xn = αnγf(xn) + (I − αnB)
1

sn

∫ sn

0

T (s)unds, (1.8)

where sn and rn are the continuous nets in (0, 1).
In the same year, Zhou and Zhao [17] introduce an explicit iterative scheme

for finding a common element of the set of solutions SEP and fixed point for a
nonexpansive semigroup in real Hilbert spaces. Starting with an arbitrary x1 ∈ H,
define sequences {xn} and {un} by

un = TF1
rn (xn + δA∗(TF2

rn − I)Axn),

xn+1 = PC

[
αnγf(xn) + (I − µαnB)

1

sn

∫ sn

0

T (s)unds

]
. (1.9)

Under suitable conditions, some strong convergence theorems for approximating
to these common elements are proved.

Next, we studies some examples for relationship between a nonexpansive semi-
group and an asymptotically nonexpansive semigroup for motivation of this work.

Example 1.1. Let H1 = H2 = R and let T := {T (s) : 0 ≤ s < ∞}, where
T (s)x = 1

1+2sx, ∀x ∈ R. We see that for any x, y ∈ R

∥T (s)x− T (s)y∥ = ∥( 1

1 + 2s
)x− (

1

1 + 2s
)y∥ = (

1

1 + 2s
)∥x− y∥,

then we have T is nonexpansive semigroup. If Ls = 1 we have lim sups→∞ Ls = 1
then T is asymptotically nonexpansive semigroup.

Example 1.2. Let H1 = H2 = R and let T := {T (s) : 0 ≤ s < ∞}, where
T (s)x = 2+2s

1+2sx, ∀x ∈ R. We see that for any x, y ∈ R

∥T (s)x− T (s)y∥ = ∥(2 + 2s

1 + 2s
)x− (

2 + 2s

1 + 2s
)y∥ = (

2 + 2s

1 + 2s
)∥x− y∥,

put Ls = ( 2+2s
1+2s ) we have lim sups→∞ Ls = lim sups→∞( 2+2s

1+2s ) = 1 then T is asymp-
totically nonexpansive semigroup. If we let s = 1 we have 2+2s

1+2s = 4
3 ̸< 1, then T is

not necessary nonexpansive semigroup.

From above example we see that a mapping T is a nonexpansive semigroup
then T is asymptotically nonexpansive semigroup. But T is an asymptotically
nonexpansive semigroup is not necessary nonexpansive semigroup.

Inspired and motivate by above and [17], the purpose of this paper to introduce
an explicit iterative scheme for finding a common element of the set of solutions
SEP and fixed point for an asymptotically nonexpansive semigroup in real Hilbert
spaces.

2. Preliminaries

In this section, we collect and give some useful lemmas that will be used for
our main result in the next section.

Lemma 2.1. Let H be a real Hilbert space, then the following hold:
(i) ∥x+ y∥2 ≤ ∥x∥2 + 2⟨x, y⟩+ ∥y∥2,∀x, y ∈ H;
(ii) ∥tx+(1− t)y∥2 = t∥x∥2 +(1− t)∥y∥2 − t(1− t)∥x− y∥2, t ∈ [0, 1],∀x, y ∈ H.

(iii) ∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, x+ y⟩,∀x, y ∈ H.

Let C be a nonempty closed convex subset of H. Then for any x ∈ H, there
exists a unique nearest point of C, denoted by PCx, such that ∥x−PCx∥ ≤ ∥x− y∥
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foe all y ∈ C, such PC is called the metric projection from H into C. We know that
PC is nonexpansive. It is also known that PCx ∈ C and

⟨x− PCx, PCx− z⟩ ≥ 0, ∀x ∈ H, z ∈ C. (2.1)
It is easy to see that (2.1) is equivalent to

∥x− z∥2 ≥ ∥x− PCx∥2 + ∥PCx− z∥2, ∀x ∈ H, z ∈ C. (2.2)
Let B : C → H be a nonlinear mapping. Recall the following definitions.

Definition 2.2. B is said to be
(i) monotone if

⟨Bx−By, x− y⟩ ≥ 0, ∀x, y ∈ C, (2.3)
(ii) strongly monotone if there exists a constant α > 0 such that

⟨Bx−By, x− y⟩ ≥ α∥x− y∥2, ∀x, y ∈ C, (2.4)
for such a case, B is said to be α−strongly monotone,

(iii) α−inverse strongly monotone(α−ism) if there exists a constant α > 0 such
that

⟨Bx−By, x− y⟩ ≥ α∥Bx−By∥2, ∀x, y ∈ C, (2.5)
(iv) k−Lipschitz continuous if exists a constant k ≥ 0 such that

∥Bx−By∥ ≤ k∥x− y∥, ∀x, y ∈ C. (2.6)

Remark 2.3. Let F = µB − γf , where B is a k−Lipschitz and η−strongly mono-
tone operator on H with k > 0 and f is a Lipschitz mapping on H with coeffi-
cient L > 0, 0 < γ ≤ µη/L. It is a simple matter to see that the operator F is
(µη − γL)−strongly monotone over H; that is

⟨Fx−Fy, x− y⟩ ≥ (µη − γL)∥x− y∥2, ∀x, y ∈ H, (2.7)

Lemma 2.4. [6] Let T be a nonexpansive mapping of a closed convex subset C of a
Hilbert space H. If T has a fixed point, then I − T is demiclosed; that is, whenever
the sequence of xn is weakly convergent to x and (I − T )xn is strongly convergent
to y, then (I − T )x = y.

Lemma 2.5. [10] Assume that A is a strongly positive linear bounded operator on
Hilbert space H with coefficient τ > 0 and 0 < ρ ≤ ∥A∥−1. Then ∥I−ρA∥ ≤ 1−ρτ.

Lemma 2.6. [7] Let C be a nonempty bounded closed convex subset of real Hilbert
space H and let T := {T (s) : 0 ≤ s < ∞} an asymptotically nonexpansive semigroup
on C, If {xn} is a sequence in C satisfying the properties:

(i) xn ⇀ z; and
(ii) lim supt→∞ lim supn→∞ ∥T (t)xn − xn∥ = 0,

then z ∈ Fix(T ).

Lemma 2.7. [7] Let C be a nonempty bounded closed convex subset of real Hilbert
space H and let T := {T (s) : 0 ≤ s < ∞} an asymptotically nonexpansive semigroup
on C, then for any u ≥ 0,

lim sup
u→∞

lim sup
t→∞

sup
x∈C

∥1
t

∫ t

0

T (s)xds− T (u)(
1

t

∫ t

0

T (s)xds)∥ = 0.

Lemma 2.8. [9] Let T be an asymptotically nonexpansive mapping defined on a
bounded convex subset C of a Hilbert space H. If {xn} is a sequence in C such that
xn ⇀ x and Txn − xn → 0, then x ∈ F (T ).
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Lemma 2.9. [11] Let C be a nonempty closed convex subset of H. Let {xn} be a
sequence in H and u ∈ H. Let q = PCu. If {xn} is such that ωw(xn) ⊂ C and
satisfies the condition

∥xn − u∥ ≤ ∥u− q∥
for all n ≥ 1, then xn → q.

Definition 2.10. [12] A mapping T : H → H is said to be averaged if it can be
written as the average of the identity mapping and a nonexpansive mapping; that
is,

T = (1− ϵ)I + ϵS, (2.8)
where ϵ ∈ (0, 1), S : H → H is nonexpansive, and I is the identity operator on H.

Proposition 2.11. [12]
(i) If T = (1 − ϵ)S + ϵV , where S : H → H is averaged, V : H → H is

nonexpansive, and ϵ ∈ (0, 1), then T is averaged.
(ii) The composite of finite many averaged mappings is averaged.
(iii) If T is ν − ism, then for γ > 0, γT is (ν/γ)− ism.
(iv) T is averaged if and only if its complement I − T is ν − ism for some

ν > 1
2 .

Assumption 2.12. [1] For solving the equilibrium problem for a bifunction F :
C × C → R, let us assume that F satisfies the following conditions:

(A1) F (x, x) = 0 for all x ∈ C;
(A2) F is monotone, that is F (x, y) + F (y, x) ≤ 0 for all x, y ∈ C;
(A3) for each x, y ∈ C,

lim
t→0

F (tz + (1− t)x, y) ≤ F (x, y); (2.9)

(A4) for each x ∈ C, y 7→ F (x, y) is convex and lower semicontinuous.

Lemma 2.13. [2] Let C be a nonempty closed convex subset of H, and let F be a
bifunction of C × C into R satisfying (A1)(A4). Let r > 0 and x ∈ H. Then there
exists z ∈ C such that

F (x, y) +
1

r
⟨y − z, z − x⟩ ≥ 0, ∀y ∈ C. (2.10)

Define a mapping Tr : H → C as follows:

TF
r (x) =

{
z ∈ C : F (x, y) +

1

r
⟨y − z, z − x⟩ ≥ 0, ∀y ∈ C

}
, (2.11)

for all x ∈ H. Then the following hold:
(i) TF

r is single valued;
(ii) TF

r is firmly nonexpansive; that is, for any x, y ∈ H

∥TF
r x− TF

r y∥2 ≤ ⟨Trx− Try, x− y⟩; (2.12)

(iii) F (TF
r ) = EP(F );

(iv) EP(F ) is closed and convex.

Lemma 2.14. [3] Let C be a nonempty closed convex subset of a Hilbert space H,
and let F : C × C → R be a bifunction. Let x ∈ C and r1, r2 ∈ (0,∞). Then∥∥TF

r1x− TF
r2x
∥∥ ≤

∣∣∣∣1− r2
r1

∣∣∣∣ (∥∥TF
r1x
∥∥+ ∥x∥). (2.13)
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Lemma 2.15. [14] Assume that {an}, {bn}, {cn} are sequence of nonnegative real
numbers such that

an+1 ≤ (1− cn)an + bn, n ≥ 0

where {an} is asequence in (0, 1) and {bn} is a sequence in R such that
(i) Σ∞

n=0cn = ∞,
(ii) lim supn→∞

bn
cn

≤ 0 or Σ∞
n=0|bn| < ∞.

Then limn→∞ an = 0.

3. Main Results

Let f : H1 → H1 be a contractive mapping with constant β ∈ (0, 1) and
let A : H1 → H2, B : H1 → H1 be a η−strongly monotone and θ−Lipschitzian
with θ > 0, η > 0. In this work, we may assume that 0 < µ < 2η

θ2 and 0 <

γ < µ(η − µθ2

2 )/β = τ
β . Let ℑ = {T (s) : 0 ≤ s < ∞} be an aymptotically

nonexpansive semigroup on C such that Γ = F (ℑ)∩Ω ̸= ∅. Assume {rn} and {sn}
are the continuous nets of positive real numbers such that limn→0 rn = r > 0 and
limn→0 sn = +∞.

In this section, we introduce the following explicit iterative scheme that the nets
{un} and {xn} are generated by

un = TF1
rn (xn + δA∗(TF2

rn − I)Axn),

xn+1 = PC

[
αnγf(xn) + (I − µαnB)

1

sn

∫ sn

0

T (s)unds

]
, (3.1)

where PC : H1 → C, δ ∈ (0, 1/L), L is the spectral radius of the operator A∗A and
A∗ is the adjoint of A.

We prove the strong convergence of {un} and {xn} to a fixed point x∗ ∈ F (ℑ)
which solve the following variational inequality:

⟨(µF − γg)x∗, x∗ − x⟩ ≤ 0,∀x ∈ Γ = F (ℑ) ∩ Ω. (3.2)
In the sequel, we denote by {yn} the sequence defined by

yn =
1

sn

∫ sn

0

T (s)unds. (3.3)

Theorem 3.1. Let H1 and H2 be two real Hilbert spaces and let C ⊆ H1 and
Q ⊆ H2 be nonempty closed subsets. Let A : H1 → H2 be a bounded linear operator.
Assume that F1 : C × C → R and F2 : Q × Q → R are the bifunctions satisfying
Assumption 2.12 and F2 is upper semicontinuous in the first argument. Let the
sequence {un} and {xn} be generated by (3.1), and suppose that the sequence {αn}
satisfies the following conditions:

(i) αn ∈ (0, 1) and limn→∞ αn = 0;
(ii) Σ∞

n=0αn = 0;
(iii) either Σ∞

n=0|αn+1 − αn| < ∞ or limn→∞
αn

αn+1
= 1.

where s̃n = 1
sn

∫ sn
0

LT
s ds → 1 as n → ∞. Then the sequence {un} and {xn}

converge strongly to x∗ ∈ Γ = F (ℑ) ∩ Ω, where x∗ = PΓ(I − µB + γf)x∗, which is
the unique solution of the variational inequality (3.2).

Proof. For αn ∈ (0, 1) and ∀x ∈ H1, define a mapping G : H1 → H2 by

Gx = PC

[
αnγf(x) + (I − µαnB)

1

sn

∫ sn

0

T (s)TF1
rn (x+ δA∗(TF2

rn − I)Ax)ds

]
.

(3.4)
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From Lemma 2.13 we easily know that TF1
rn and TF2

rn both are firmly nonexpansive
mappings and are averaged operators. From Proposition 2.11, we can obtain that
the operator (I + δA∗(TF2

rn − I)A) is averaged and hence nonexpansive. Following
Lemma 2.14 and ∀x, y ∈ H1, we get

∥Gx−Gy∥ = ∥PC

[
αnγf(x) + (I − µαnB)

1

sn

∫ sn

0

T (s)TF1
rn (x+ δA∗(TF2

rn − I)Ax)ds

]
− PC

[
αnγf(y) + (I − µαnB)

1

sn

∫ sn

0

T (s)TF1
rn (y + δA∗(TF2

rn − I)Ay)ds

]
∥

≤ ∥
[
αnγf(x) + (I − µαnB)

1

sn

∫ sn

0

T (s)TF1
rn (x+ δA∗(TF2

rn − I)Ax)ds

]
−

[
αnγf(y) + (I − µαnB)

1

sn

∫ sn

0

T (s)TF1
rn (y + δA∗(TF2

rn − I)Ay)ds

]
∥

≤ αnγ∥f(x)− f(y)∥

+(1− αnτ)∥
1

sn

∫ sn

0

[T (s)(TF1
rn (x+ δA∗(TF2

rn − I)Ax))

−T (s)(TF1
rn (y + δA∗(TF2

rn − I)Ay))ds]∥
≤ αnγ∥f(x)− f(y)∥

+(1− αnτ)
1

sn

∫ sn

0

∥T (s)(TF1
rn (x+ δA∗(TF2

rn − I)Ax)

−T (s)(TF1
rn (y + δA∗(TF2

rn − I)Ay))∥ds
≤ αnγ∥f(x)− f(y)∥

+(1− αnτ)
1

sn

∫ sn

0

LT
s ∥TF1

rn (x+ δA∗(TF2
rn − I)Ax)

−TF1
rn (y + δA∗(TF2

rn − I)Ay))∥ds

≤ αnγ∥f(x)− f(y)∥+ (1− αnτ)
1

sn

∫ sn

0

LT
s ∥x− y∥ ds

≤ αnγ∥f(x)− f(y)∥+ (1− αnτ)
1

sn

∫ sn

0

LT
s ds ∥x− y∥

≤ αnγβ∥x− y∥+ (1− αnτ)s̃n∥x− y∥
= (1− αn(τ s̃n − γβ))∥x− y∥. (3.5)

Since γ < τ
β and αn ∈ (0, 1) then (1 − αn(τ s̃n − γβ)) < 1, it follows that G is

contraction, by Banach contraction principle, there exists a unique a fixed point x∗.
Next, we proved that {un}, {xn} are bounded. Let p ∈ Γ = F (S) ∩ Ω, we obtain
that p = TF1

rn p and p = TF2
rn Ap and p = T (s)p. From (3.1), we have
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∥un − p∥2 = ∥TF1
rn (I + δA∗(TF2

rn − I)A)xn − p∥2

= ∥TF1
rn (I + δA∗(TF2

rn − I)A)xn − TF1
rn p∥2

≤ ∥xn + δA∗(TF2
rn − I)Axn − p∥2

≤ ∥xn − p∥2 + ∥δA∗(TF2
rn − I)Axn∥2 + 2δ⟨xn − p,A∗(TF2

rn − I)Axn⟩
≤ ∥xn − p∥2 + δ2⟨(TF2

rn − I)Axn, AA∗(TF2
rn − I)Axn⟩

+2δ⟨A(xn − p), (TF2
rn − I)Axn⟩

≤ ∥xn − p∥2 + Lδ2⟨(TF2
rn − I)Axn, (T

F2
rn − I)Axn⟩

+2δ⟨A(xn − p) + (TF2
rn − I)Axn − (TF2

rn − I)Axn, A
∗(TF2

rn − I)Axn⟩
≤ ∥xn − p∥2 + Lδ2∥(TF2

rn − I)Axn∥2

+2δ
{
⟨TF2

rn Axn −Ap, (TF2
rn − I)Axn⟩ − ∥(TF2

rn − I)Axn∥2
}

≤ ∥xn − p∥2 + Lδ2∥(TF2
rn − I)Axn∥2

+2δ

{
1

2
∥(TF2

rn − I)Axn∥2 − ∥(TF2
rn − I)Axn∥2

}
≤ ∥xn − p∥2 + Lδ2∥(TF2

rn − I)Axn∥2 − δ∥(TF2
rn − I)Axn∥2

= ∥xn − p∥2 + δ(Lδ − 1)∥(TF2
rn − I)Axn∥2. (3.6)

Since δ ∈ (0, 1/L), we have

∥un − p∥ ≤ ∥xn − p∥. (3.7)

Put yn = 1
sn

∫ sn
0

T (s)unds, it follows that

∥yn − p∥ =

∥∥∥∥ 1

sn

∫ sn

0

T (s)unds− p

∥∥∥∥
≤ 1

sn

∥∥∥∥∫ sn

0

(T (s)un − T (s)p)ds

∥∥∥∥
≤ ∥un − p∥ ≤ ∥xn − p∥. (3.8)

And we obtain that

∥xn+1 − p∥ =

∥∥∥∥PC

[
αnγf(xn) + (I − µαnB)

1

sn

∫ sn

0

T (s)unds

]
− p

∥∥∥∥
≤

∥∥∥∥αnγf(xn) + (I − µαnB)
1

sn

∫ sn

0

T (s)unds− p

∥∥∥∥
=

∥∥∥∥αn(γf(xn)− µBp) + (I − µαnB)
1

sn

∫ sn

0

T (s)unds− (I − µαnB)p

∥∥∥∥(3.9)

≤ αn∥γf(xn)− µBp∥+ (1− αnτ)

∥∥∥∥ 1

sn

∫ sn

0

T (s)unds− p

∥∥∥∥
≤ αn∥γf(xn)− µBp∥+ (1− αnτ)

1

sn

∫ sn

0

∥T (s)un − T (s)p∥ ds

≤ αn∥γf(xn)− µBp∥+ (1− αnτ)
1

sn

∫ sn

0

LT
s ∥un − p∥ ds

≤ αn∥γf(xn)− µBp∥+ (1− αnτ)
1

sn

∫ sn

0

LT
s ds ∥un − p∥

≤ αn∥γf(xn)− µBp∥+ (1− αnτ)s̃n ∥un − p∥



ITERATIVE SCHEME FOR FIXED POINT PROBLEM AND SPLIT EQUILIBRIUM 49

≤ αnγ∥f(xn)− f(p)∥+ αn∥γf(p)− µBp∥+ (1− αnτ)s̃n ∥un − p∥
≤ αnγβ∥xn − p∥+ αn∥γf(p)− µBp∥+ (1− αnτ)s̃n ∥xn − p∥
≤ [s̃n − αn(τ s̃n − γβ)]∥xn − p∥+ αn∥γf(p)− µBp∥ (3.10)

Since {s̃n − αn(τ s̃n − γβ)} is convergence sequence of real number then it is a
bounded dequence, we have K ∈ R such that

∥xn+1 − p∥ ≤ K∥xn − p∥+ αn∥γf(p)− µBp∥, (3.11)

we have {xn} is bounded and therefore {un}, {yn} and {f(xn)} are bounded. From
(3.10), {∥xn − p∥} is bounded and decreasing sequence, hence limn→∞ ∥xn − p∥
exists.

Next, we claim that limn→∞ ∥xn − un∥ = 0. From (3.9), we have

∥xn+1 − p∥2 ≤
∥∥∥∥αn(γf(xn)− µBp) + (I − µαnB)

1

sn

∫ sn

0

T (s)unds− (I − µαnB)p

∥∥∥∥2
≤ (1− αnτ)

2

∥∥∥∥ 1

sn

∫ sn

0

T (s)unds− p

∥∥∥∥2
+2αn⟨γf(xn)− γf(p) + γf(p)− µBp, xn − p⟩

≤ (1− αnτ)
2∥un − p∥2 + 2αnγβ∥xn − p∥

+2αn⟨γf(p)− µBp, xn − p⟩
≤ ∥un − p∥2 + αnτ

2∥xn − p∥2 + 2αnγβ∥xn − p∥
+2αn∥γf(p)− µBp∥∥xn − p∥

≤ ∥xn − p∥2 + δ(Lδ − 1)∥(TF2
rn − I)Axn∥2 + αnτ

2∥xn − p∥2

+2αnγβ∥xn − p∥+ 2αn∥γf(p)− µBp∥∥xn − p∥. (3.12)

From (3.12), we obtain

δ(1− Lδ)∥(TF2
rn − I)Axn∥2 ≤ ∥xn − p∥2 − ∥xn+1 − p∥2

+αn(τ
2∥xn − p∥2 + 2γβ∥xn − p∥

+ 2∥γf(p)− µBp∥∥xn − p∥). (3.13)

Since {xn} is bounded, limn→∞ ∥xn − p∥ exists, limn→∞ αn = 0 and δ(1−Lδ) > 0,
we obtain that

lim
n→∞

∥(TF2
rn − I)Axn∥ = 0. (3.14)

From (3.1), we have

∥un − p∥2 =
∥∥TF1

rn (I + δA∗(TF2
rn − I)A)xn − p

∥∥2
=

∥∥TF1
rn (I + δA∗(TF2

rn − I)A)xn − TF1
rn p

∥∥2
≤ ⟨un − p, xn + δA∗(TF2

rn − I)Axn − p⟩

=
1

2
{∥un − p∥2 + ∥xn + δA∗(TF2

rn − I)Axn − p∥2

−∥un − p− [xn + δA∗(TF2
rn − I)Axn − p]∥2} (3.15)

≤ 1

2

{
∥un − p∥2 + ∥xn − p∥2 − ∥un − xn − δA∗(TF2

rn − I)Axn∥2
}

≤ 1

2
{∥un − p∥2 + ∥xn − p∥2 − ∥un − xn∥2 − δ∥A∗(TF2

rn − I)Axn∥2

+2δ∥A(un − xn)∥∥(TF2
rn − I)Axn∥}.
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Hence, we obtain

∥un − p∥2 = ∥xn − p∥2 − ∥un − xn∥2 − δ∥A∗(TF2
rn − I)Axn∥2

+2δ∥A(un − xn)∥∥(TF2
rn − I)Axn∥

≤ ∥xn − p∥2 − ∥un − xn∥2 + 2δ∥A(un − xn)∥∥(TF2
rn − I)Axn∥.

(3.16)

It follows from (3.12) and (3.16) that

∥xn+1 − p∥2 ≤ ∥un − p∥2 + αnτ
2∥xn − p∥2 + 2αnγβ∥xn − p∥

+2αn∥γf(p)− µBp∥∥xn − p∥
≤ ∥xn − p∥2 − ∥un − xn∥2 + 2δ∥A(un − xn)∥∥(TF2

rn − I)Axn∥
+αnτ

2∥xn − p∥2

+2αnγβ∥xn − p∥+ 2αn∥γf(p)− µBp∥∥xn − p∥ (3.17)
= ∥xn − p∥2 − ∥un − xn∥2 + 2δ∥A(un − xn)∥∥(TF2

rn − I)Axn∥
+αnτ

2M1,

where M1 = τ2∥xn − p∥2 + 2γβ∥xn − p∥+ 2∥γf(p)− µBp∥∥xn − p∥. From (3.17),
we obtain

∥un−xn∥2 ≤ ∥xn−p∥2−∥xn+1−p∥2++2δ∥A(un−xn)∥∥(TF2
rn −I)Axn∥+αnτ

2M1

(3.18)
From (3.18), (3.14), {xn} is bounded, limn→∞ ∥xn − p∥ exists limn→∞ αn = 0 and
δ > 0, we obtain

lim
n→∞

∥un − xn∥ = 0. (3.19)

Next, we prove that limn→∞ ∥xn+1−xn∥ = 0. From (1.4) and Lemma 2.14, we have

∥un − un+1∥ = ∥TF1
rn (I + δA∗(TF2

rn − I)A)xn − TF1
rn (I + δA∗(TF2

rn−1
− I)A)xn−1∥

≤ ∥(xn + δA∗(TF2
rn − I)Axn)− (xn−1 + δA∗(TF2

rn−1
− I)Axn−1)∥

+

∣∣∣∣1− rn−1

rn

∣∣∣∣ ∥TF1
rn (xn + δA∗(TF2

rn − I)Axn)

− (xn−1 + δA∗(TF2
rn−1

− I)Axn−1)∥
≤ ∥xn − xn−1 − δA∗A(xn − xn−1)∥

+δ∥A∥∥TF2
rn−1

Axn − TF2
rn−1

Axn−1∥

+

∣∣∣∣1− rn−1

rn

∣∣∣∣ ∥TF1
rn (xn + δA∗(TF2

rn − I)Axn)

− (xn−1 + δA∗(TF2
rn−1

− I)Axn−1)∥

≤
(
∥xn − xn−1∥2 − 2δ∥A(xn − xn−1)∥2 + δ2∥A∥4∥xn − xn−1∥2

) 1
2

+δ∥A∥
(
∥Axn(xn − xn−1)∥+

∣∣∣∣1− rn−1

rn

∣∣∣∣ ∥TF2
rn Axn −Axn−1∥

)
+

∣∣∣∣1− rn−1

rn

∣∣∣∣ ∥TF1
rn (xn + δA∗(TF2

rn − I)Axn)

− (xn + δA∗(TF2
rn − I)Axn)∥

≤
(
1− 2δ∥A∥2 + δ2∥A∥4

) 1
2 ∥xn − xn−1∥

+δ∥A∥2
(
∥xn − xn−1∥+ ∥TF2

rn Axn −Axn−1∥
)
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+

∣∣∣∣1− rn−1

rn

∣∣∣∣ ∥TF1
rn (xn + δA∗(TF2

rn − I)Axn)

− (xn + δA∗(TF2
rn − I)Axn)∥

≤ (1− δ∥A∥2)∥xn − xn−1∥+ δ∥A∥2(∥xn − xn−1∥

+ |1− δ∥A∥rn−1

rn
|∥TF2

rn Axn −Axn−1∥)

+

∣∣∣∣1− rn−1

rn

∣∣∣∣ ∥TF1
rn (xn + δA∗(TF2

rn − I)Axn)

− (xn + δA∗(TF2
rn − I)Axn)∥

= ∥xn − xn−1∥+ δ∥A∥|1− rn−1

rn
|∥TF2

rn Axn −Axn−1∥

+

∣∣∣∣1− rn−1

rn

∣∣∣∣ ∥TF1
rn (xn + δA∗(TF2

rn − I)Axn)

− (xn + δA∗(TF2
rn − I)Axn)∥

= ∥xn − xn−1∥+ δ∥A∥|1− rn−1

rn
|(δ∥A∥εn + ξn), (3.20)

where
εn = ∥TF2

rn Axn −Axn−1∥
ξn = ∥TF1

rn (xn + δA∗(TF2
rn − I)Axn)− (xn + δA∗(TF2

rn − I)Axn)∥. (3.21)
From (3.3), we obtain

∥yn − yn−1∥ = ∥ 1

sn

∫ sn

0

T (s)unds−
1

sn−1

∫ sn−1

0

T (s)un−1ds∥

≤ ∥ 1

sn

∫ sn

0

T (s)unds−
1

sn

∫ sn

0

T (s)un−1ds∥

+∥ 1

sn

∫ sn

0

T (s)un−1ds−
1

sn−1

∫ sn−1

0

T (s)un−1ds∥

≤ 1

sn

∫ sn

0

∥T (s)(un − un−1)∥ds

+∥ 1

sn

∫ sn

0

T (s)un−1ds−
s1

sn−1

∫ sn−1

0

T (s)un−1ds∥

≤ s̃n∥un − un−1∥+
∣∣∣∣ 1sn − 1

sn−1

∣∣∣∣ ∥∥∥∥∫ sn−1

0

T (s)un−1ds

∥∥∥∥
+

1

sn

∥∥∥∥∥
∫ sn

sn−1

T (s)un−1ds

∥∥∥∥∥ . (3.22)

From (3.20) and (3.22), we obtain

∥yn − yn−1∥ ≤ ∥xn − xn−1∥+ δ∥A∥|1− rn−1

rn
|(δ∥A∥εn + ξn)

+

∣∣∣∣ 1sn − 1

sn−1

∣∣∣∣ ∥∥∥∥∫ sn−1

0

T (s)un−1ds

∥∥∥∥+ 1

sn

∥∥∥∥∥
∫ sn

sn−1

T (s)un−1ds

∥∥∥∥∥ .
(3.23)

From (3.1) again, we obtain
∥xn+1 − xn∥ = ∥PC [αnγf(xn) + (I − µαnB)yn]
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− PC [αn−1γf(xn−1) + (I − µαn−1B)yn−1] ∥
≤ ∥(αnγf(xn) + (I − µαnB)yn)− (αn−1γf(xn−1)

+ (I − µαn−1B)yn−1)∥
= ∥(αnγ(f(xn)− f(xn−1)) + γ(αn − αn−1)f(xn−1)

+ (I − µαnB)(yn − yn−1) + µ(αn − αn−1)yn−1)∥
≤ αnγβ∥xn − xn−1∥+ γ|αn − αn−1|∥f(xn−1)∥

+ (I − αnτ)∥yn − yn−1∥+ µ|αn − αn−1|∥yn−1)∥
≤ αnγβ∥xn − xn−1∥+ γ|αn − αn−1|∥f(xn−1)∥

+(I − αnτ)(∥xn − xn−1∥+ δ∥A∥|1− rn−1

rn
|(δ∥A∥εn + ξn)

+

∣∣∣∣ 1sn − 1

sn−1

∣∣∣∣ ∥∥∥∥∫ sn−1

0

T (s)un−1ds

∥∥∥∥+ 1

sn

∥∥∥∥∥
∫ sn

sn−1

T (s)un−1ds

∥∥∥∥∥)
+µ|αn − αn−1|∥yn−1∥

= (1− αn(τ − γβ))(∥xn − xn−1∥

+ γ|αn − αn−1|∥f(xn−1)∥|1−
rn−1

rn
|(δ∥A∥εn + ξn))

+

∣∣∣∣ 1sn − 1

sn−1

∣∣∣∣ ∥∥∥∥∫ sn−1

0

T (s)un−1ds

∥∥∥∥+ 1

sn

∥∥∥∥∥
∫ sn

sn−1

T (s)un−1ds

∥∥∥∥∥
+µ|αn − αn−1|∥yn−1∥

≤ (1− αn(τ − γβ))∥xn − xn−1∥

+M2(γ|αn − αn−1|+
∣∣∣∣1− rn−1

rn

∣∣∣∣+ ∣∣∣∣ 1sn − 1

sn−1

∣∣∣∣+ ∣∣∣∣ 1

sn−1

∣∣∣∣
+ µ|αn − αn−1|), (3.24)

where

M2 = max

{
sup
n≤1

(δ∥A∥εn + ξn), sup
n≤1

(∥∥∥∥∥
∫ sn

sn−1

T (s)un−1ds

∥∥∥∥∥
)
, sup
n≤1

∥yn−1∥

}
. (3.25)

Since {xn}, {un} and {yn} are bounded, we have {Axn} and {T (s)un−1} are bounded.
Then M2 < ∞.

It follows from condition (1)−(3) we have limn→∞ rn = r > 0, limn→∞ sn = +∞
and Lemma 2.15, we obtain that

lim
n→∞

∥xn+1 − xn∥ = 0. (3.26)

Next, we claim that limn→∞ ∥T (s)xn−xn∥ = 0. From (3.1) and (3.3), we obtain

∥xn+1 − yn∥ ≤
∥∥∥∥PC

[
αnγf(xn) + (I − µαnB)

1

sn

∫ sn

0

T (s)unds

]
− PCyn

∥∥∥∥
≤

∥∥∥∥αnγf(xn) + (I − µαnB)
1

sn

∫ sn

0

T (s)unds− yn

∥∥∥∥
≤ αn

∥∥∥∥γf(xn)− µB
1

sn

∫ sn

0

T (s)unds

∥∥∥∥ .
(3.27)

Since limn→∞ αn = 0 and {xn}, {un} are bounded, we have
lim
n→∞

∥xn+1 − yn∥ = 0. (3.28)
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From (3.26) and (3.28), we get

∥xn − yn∥ ≤ ∥xn − xn+1∥+ ∥xn+1 − yn∥, (3.29)

it follows that
lim
n→∞

∥xn − yn∥ = 0. (3.30)

On the other hand, from (3.1), we have

∥T (s)xn − xn∥ =

∥∥∥∥T (s)xn − T (s)
1

sn

∫ sn

0

T (s)unds

∥∥∥∥
+

∥∥∥∥T (s) 1

sn

∫ sn

0

T (s)unds−
1

sn

∫ sn

0

T (s)unds

∥∥∥∥
+

∥∥∥∥ 1

sn

∫ sn

0

T (s)unds− xn

∥∥∥∥
≤

∥∥∥∥xn − 1

sn

∫ sn

0

T (s)unds

∥∥∥∥
+

∥∥∥∥T (s) 1

sn

∫ sn

0

T (s)unds−
1

sn

∫ sn

0

T (s)unds

∥∥∥∥
+

∥∥∥∥ 1

sn

∫ sn

0

T (s)unds− xn

∥∥∥∥
≤ 2∥xn − yn∥+

∥∥∥∥T (s) 1

sn

∫ sn

0

T (s)unds−
1

sn

∫ sn

0

T (s)unds

∥∥∥∥ ,
(3.31)

So without loss of generality, we assume that ℑ = {T (s) : 0 ≤ s < +∞} is asymp-
totically nonexpansive semigroup on C, and from Lemma 2, we have

lim
n→∞

∥∥∥∥T (s) 1

sn

∫ sn

0

T (s)unds−
1

sn

∫ sn

0

T (s)unds

∥∥∥∥ = 0. (3.32)

It follows from (3.30), (3.31) and (3.32), we have

lim
n→∞

∥T (s)xn − xn∥ = 0. (3.33)

Next, we claim that there exists a common fixed point of EP (F1) ∩ EP (F2).
Since {xn} is bounded on Hilbert space, there exists a subsequence {xni} of {xn}

which converges weakly to some z ∈ X. From (3.19), yni
⇀ z. Now, we show that

z ∈ EP (F1). From (3.1) and (A2), for any y ∈ H, we have
1

rn
⟨y − un, un − xn⟩ ≥ F1(y, un) (3.34)

and hence ⟨
y − uni

,
uni

−
xni

rni

⟩
≥ F1(y, uni

). (3.35)

Since uni

− xnirni → 0 and uni ⇀ z, from (A1), it follows that 0 ≥ F1(y, z) for all
y ∈ H. For t with 0 < t ≤ 1 and y ∈ H, let yt = ty + (1 − t)z, then we get
0 ≥ F1(yt, z). From (A1) and (A2), we have

0 = F1(yt, yt) ≤ tF1(yt, y) + (1− t)F1(yt, z) ≤ tF1(yt, y) (3.36)

and hence 0 ≤ F1(yt, y). From (A3), we have 0 ≤ F1(z, y) for all y ∈ H. Therefor,
z ∈ EP (F1).
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Since xni
⇀ z and A is a bounded linear operator, we obtain Axni

⇀ Az.
Let vnj

= Axnj
− TF2

rnj
xnj

. It follows from (3.14), we have limn→∞ vnj
= 0 and

Axnj
− vnj

= TF2
rnj

xnj
. Then from Lemma 2.13, we get

F2(Axnj
− vnj

, y) +
1

rnj

⟨
y − (Axnj

− vnj
), (Axnj

− vnj
)−Axnj

⟩
≥ 0,∀y ∈ Q.

(3.37)
Since F2 is upper semicontinuous in the first argument, and lim supn→∞ rn = r > 0,
we taking j → ∞, we have

F2(Az − vnj
, y) ≥ 0,∀y ∈ Q (3.38)

that is Az ∈ EP (F2) and hence z ∈ Ω.
Next, we claim that ⟨(µF − γf)x∗, x∗ − x⟩ ≤ 0,∀x ∈ Γ = F (S) ∩ Ω. From (3.1),

putting

zn = αnγf(xn) + (I − µαnB)
1

sn

∫ sn

0

T (s)unds, (3.39)

we can observe that

xn+1 = PCzn = PCzn − zn + αnγf(xn) + (I − µαnB)
1

sn

∫ sn

0

T (s)unds

(3.40)
it follows that

(µB − γf)xn =
1

αn
(PCzn − zn) +

1

αn
(xn − xn+1) +

1

αn
(I − µℵnB)(yn − xn).

(3.41)
Hence, for each p ∈ Γ = F (S) ∩ Ω, we obtain that

⟨(µB − γf)xn, xn − p⟩ =
1

αn
⟨PCzn − zn, xn − p⟩+ 1

αn
⟨xn − xn+1, xn − p⟩

+
1

αn
⟨(I − µℵnB)(yn − xn), xn − p⟩

=
1

αn
⟨PCzn − zn, xn − p⟩+ 1

αn
⟨xn − xn+1, xn − p⟩

+
1

αn
⟨yn − xn, xn − p⟩+ 1

αn
⟨Byn −Bxn, xn − p⟩.

(3.42)
From (3.42) taking limit n → ∞, we have Byn−Bxn → Bx∗−Bx∗ = 0, yn−xn → 0
and PCzn − zn → PCx

∗ − x∗ = 0, we have
⟨(µB − γf)xn, xn − p⟩ ≤ 0, (3.43)

which implies that z = PΓ(I − µB + γf).
Next, we claim that z ∈ Γ = F (S) ∩ Ω. From (3.1), we have xn+1 = PCzn, and

for x∗ ∈ Γ, we have
xn+1 − x∗ = PCzn − zn + zn − x∗

= PCzn − zn + αn(γf(xn)− µBx∗) + (I − µαnB)yn − (I − µαnB)x∗.

(3.44)
Since PC is the metric projection from H1 onto C, we obtain

⟨PCzn − zn, PCzn − x∗⟩ ≤ 0. (3.45)
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It follows from (3.44) and (3.45), we have

∥xn+1 − x∗∥2 = ⟨PCzn − zn, xn+1 − x∗⟩+ αn⟨(γf(xn)− µBx∗), xn+1 − x∗⟩
+⟨(I − µαnB)(yn − x∗), xn+1 − x∗⟩

≤ αn⟨(γf(xn)− µBx∗), xn+1 − x∗⟩
+⟨(I − µαnB)(yn − x∗), xn+1 − x∗⟩

≤ αnγ⟨f(xn)− f(x∗), xn+1 − x∗⟩
+αn⟨γf(x∗)− µBx∗), xn+1 − x∗⟩
+⟨(I − µαnB)(yn − x∗), xn+1 − x∗⟩

≤ αnγβ∥xn − x∗∥∥xn+1 − x∗∥+ αn⟨γf(x∗)− µBx∗), xn+1 − x∗⟩
+(1− αnτ)∥yn − x∗∥∥xn+1 − x∗∥

≤ αnγβ∥xn − x∗∥∥xn+1 − x∗∥+ αn⟨γf(x∗)− µBx∗), xn+1 − x∗⟩
+(1− αnτ)∥xn − x∗∥∥xn+1 − x∗∥

≤ (1− αn(τ − γβ))∥xn − x∗∥∥xn+1 − x∗∥
+αn⟨γf(x∗)− µBx∗), xn+1 − x∗⟩

≤ (1− αn(τ − γβ))

2

(
∥xn − x∗∥2 − ∥xn+1 − x∗∥2

)
+αn⟨γf(x∗)− µBx∗), xn+1 − x∗⟩, (3.46)

it implies that

∥xn+1 − x∗∥2 ≤ (1− αn(τ − γβ))

(1 + αn(τ − γβ))
∥xn − x∗∥2

+
2αn

(1 + αn(τ − γβ))
⟨γf(x∗)− µBx∗), xn+1 − x∗⟩

≤ (1− αn(τ − γβ))∥xn − x∗∥2

+
2αn

(1 + αn(τ − γβ))
⟨γf(x∗)− µBx∗), xn+1 − x∗⟩

≤ (1− an)∥xn − x∗∥2 + αnbn, (3.47)

where

an = αn(τ − γβ),

bn =
2

(1 + αn(τ − γβ))
⟨γf(x∗)− µBx∗), xn+1 − x∗⟩. (3.48)

We see that Σ∞
n=0 = +∞ and lim supn→∞ bn ≤ 0. From Lemma 2.15, we have

xn → x∗. This completes the proof. �

Corollary 3.2. [17] Let H1 and H2 be two real Hilbert spaces and let C ⊆ H1

and Q ⊆ H2 be nonempty closed subsets. Let A : H1 → H2 be a bounded linear
operator. Assume that F1 : C × C → R and F2 : Q × Q → R are the bifunctions
satisfying Assumption 2.12 and F2 is upper semicontinuous in the first argument.
Let ℑ = {T (s) : 0 ≤ s < ∞} be a nonexpansive semigroup on C such that Γ =
F (ℑ) ∩ Ω ̸= ∅. Let the sequence {un} and {xn} be generated by (3.1), and suppose
that the sequence {αn} satisfies the following conditions:

(i) αn ∈ (0, 1) and limn→∞ αn = 0;
(ii) Σ∞

n=0αn = 0;
(iii) either Σ∞

n=0|αn+1 − αn| < ∞ or limn→∞
αn

αn+1
= 1.
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where s̃n = 1
sn

∫ sn
0

LT
s ds → 1 as n → ∞. Then the sequence {un} and {xn}

generated by (3.1) converge strongly to x∗ ∈ Γ = F (ℑ) ∩ Ω, where x∗ = PΓ(I −
µB + γf)x∗, which is the unique solution of the variational inequality (3.2).

Proof. From example 1.1 and example 1.2, we see that a nonexpansive semigroup is
T is asymptotically nonexpansive semigroup. Then this theorem cover by theorem
3.1. �

Corollary 3.3. Let H1 and H2 be two real Hilbert spaces and let C ⊆ H1 and
Q ⊆ H2 be nonempty closed subsets. Let A : H1 → H2 be a bounded linear operator.
Assume that F1 : C × C → R and F2 : Q × Q → R are the bifunctions satisfying
Assumption 2.12 and F2 is upper semicontinuous in the first argument. Let the
sequence {un} and {xn} be generated by are generated by

un = TF1
rn (xn + δA∗(TF2

rn − I)Axn),

xn+1 = αnγf(xn) + (I − µαnB)
1

sn

∫ sn

0

T (s)unds, (3.49)

the sequence {αn} satisfies the following conditions:
(i) αn ∈ (0, 1) and limn→∞ αn = 0;
(ii) Σ∞

n=0αn = 0;
(iii) either Σ∞

n=0|αn+1 − αn| < ∞ or limn→∞
αn

αn+1
= 1.

where s̃n = 1
sn

∫ sn
0

LT
s ds → 1 as n → ∞. Then the sequence {un} and {xn}

converge strongly to x∗ ∈ Γ = F (ℑ) ∩ Ω, where x∗ = PΓ(I − µB + γf)x∗, which is
the unique solution of the variational inequality (3.2).
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