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1. INTRODUCTION

Nowadays, fixed point techniques are widely applied in many branches of math-
ematics, especially in nonlinear analysis. One of the most important theorems in
this regard is the fundamental theorem in metric fixed point theory, known as Ba-
nach contraction principle, which guarantees the existence and uniqueness of fixed
point of contraction mappings (a mapping T : X — X is called a contraction if
there exists a constant ¢ € [0,1) such that d(T'(z),T(y)) < ¢-d(z,y), ¥V z,y € X)
defined on a complete metric space. There are many generalizations and extensions
of this important result in literature (see, for example [8, 9, 11, 12, 18]). One of
the notable extensions of this into partially ordered metric space is done by Ran
and Reurings [16]. Further, a lot of research work is done in this line, including the
results of Nieto and Lopez [14, 15]. By weakening the condition on contraction,
Alber et al. [1] introduced weakly contractive maps and generalized the Banach
contraction principle in Hilbert spaces. Afterwards Rhodes [18] obtained a fixed
point theorem for weakly contractive maps in complete metric spaces. Followed by
this, fixed points of weakly contractive maps and generalized weakly contractive
maps are studied.

It is very clear that contraction maps are continuous, so the Banach contraction
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principle is applicable only for continuous functions. But Kannan [12] established
a fixed point theorem for functions satisfying contraction condition called Kannan
contraction, which need not be continuous.

In 2006, Gnana Bhaskar and Lakshmikantham followed the method of Nieto and
Lopez, to weaken the contraction condition by considering a partial order on the
metric space, and established coupled fixed point theorems of mixed monotone map-
pings on partially ordered complete metric space. Thereafter several research work
dealing with coupled fixed point theorems are carried out. In 2009, Lakshmikan-
tham and Ciric introduced a new concept called mixed g- monotone mapping and
established coupled coincidence point and coupled common fixed point theorems
for a mapping had a g and mixed g- monotone property. Also in 2011, Berinde [2]
extended the result of Gnana Bhaskar and Lakshmikantham for mixed monotone
mappings by weakening the contractive condition as follows:

d(F(z,y), F(u,v)) + d(F(y,z), F(v,u)) < k- [d(z,u) +d(y,v)] V= > u, y <v

Followed by this, several authors have done research in coupled, coupled coincidence
and coupled common fixed points of mappings satisfying various contractive type
conditions [3, 4, 5, 6, 7]. In 2011, Choudhary et al. [(] established the existence of
coupled coincidence points for pairs of mappings g and mixed g- monotone map-
pings, which are compatible and satisfying the following contractive type condition:

P 0) Pl 0) < dlma{dlgn gu). o g0))—dlmatdlge, ) dlv. g0)
1.1

for all z,y,u,v € X for which gz < gu and gy > gv, where ¥, ¢ are two control
functions satisfying different conditions.

Inspired by the contractive type conditions defined by Berinde [2] and Choudhary
et al. [6] and by incorporating the expressions of Kannan type contraction, we have
introduced a new contractive type condition. In this paper, we have proved coupled
coincidence point and coupled common fixed point theorems for pairs of mappings
satisfying the newly introduced contractive condition under the settings of complete
metric spaces.

2. PRELIMINARIES
Some useful definitions are given in this section.

Definition 2.1. [13] Let (X, <) be a partially ordered set and F : X x X — X
and g : X — X. We say F' has the mixed g- monotone property if F' is monotone
g- non-decreasing in its first argument and is monotone g- non-increasing in its
second argument, that is, for any x,y € X

x1,29 € X, g(x1) < g(x2) = F(x1,y) < F(22,y) and

y1,92 € X, g(y1) < g(y2) = Flz,y1) = F(z, y2).

Definition 2.2. [5] Let (X, d) be a metric space, F : X xX — Xandg: X — X
be two mappings. Mappings F' and g are said to be compatible if

lim d(g(F (2n,yn)), F(9(2n), 9(yn))) = 0, and
Mim d(g(F(yn, ), F(9(yn), g(wn))) = 0

hold whenever {x,} and {y,} are sequences in X such that
lim F(z,,y,) = lim g¢g(z,)=zand lim F(y,,x,) = lim g¢(y,) =y for some
n—ro0 n—o0 n—ro0 n—o0

x,y € X are satisfied.
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Definition 2.3. [10] An element (z,y) € X x X is said to be a coupled fixed point
of the mapping F' : X x X — X if F(z,y) =« and F(y,x) = y.

Definition 2.4. [13] An element (z,y) € X x X is said to be a coupled coincidence
point of the mappings F: X x X — X and g : X — X if F(z,y) = g(z) and
Fly,x) = 9(y)-

Definition 2.5. [13] An element (z,y) € X x X is said to be a coupled common
fixed point of the mappings F': XXX — Xandg: X — X if F(x,y) =g(z) ==
and F(y,z) = g(y) = y.

Definition 2.6. [17] A function f : X — [0,00), where X is a metric space, is
called lower semi continuous, if for all x € X and {z,} C X with lim z, =z, we
n—oo

have f(z) < lirginff(xn).

3. MAIN RESULTS

In this section, we prove five coupled coincidence point theorems for pairs of
mapping g and mixed g- monotone mappings. The first three theorems discuss the
existence of coupled coincidence points. One of the results assures the uniqueness of
coupled common fixed point and in the last theorem we give an additional condition
by which the components of coupled coincidence points are proved to be the same.
Throughout this paper let

U = {4 :[0,00) — [0,00)| 9 is continuous, monotone increasing and ¢(t) = 0 < ¢t = 0}
(3.1)
and

O = {¢:]0,00) = [0,00)| ¢ is lower semi continuous and ¢(t) =0 < ¢t =0}
(3.2)
Let (X, <) be a partial ordered set. Define a partial order < on X x X as:
(z,y) 2 (u,v) & x<u and y=v, Va,yuv e X.

Theorem 3.1. Let (X,d, <) be a partially ordered complete metric space and sup-
pose F': X x X — X and g : X — X be two continuous, compatible functions
with F(X x X) C g(X), F satisfying the mized g- monotone property and for all
z,y,u,v € X with g(x) < g(u), g(y) = g(v):

Yld(F(z,y), F(u,v)) + d(F(y, 2), F(v,w))] <YM (2,y,u,v)] - ¢[M($ay7uﬂ%] )
where Y € ¥, ¢ € ® and .
M(z,y,u,v) =max{d(g(z), F(z,y))+d(g(y), F(y, 2)), d(g(u), F (u,v))+d(g(v), F(v,u))}.
If there exist xo,y0 € X with g(xo) < F(xo,v0) and g(yo) = F(yo,xo), then there
exist x,y € X such that g(z) = F(x,y) and g(y) = F(y,x).

Proof. Given g(zo) < F(zo,y0) and g(yo) = F(yo, %o)-

Since F(X x X) C g(X) and F satisfies the mixed g- monotone property, we
can construct two sequences {x,} and {y,} such that g(z,+1) = F(xn,yn) and
9(Ynt1) = F(Yn, vn) with g(zn) < g(zn11) and g(yni1) < g(yn), forn =0,1,2,- -
If for some n € N, g(x,,) = g(zn+1) and g(yn+1) = g(yn) then the proof is complete.
Otherwise we will proceed as follows:

Since g(zn) < g(zn41) and g(ynt1) < g(yn), for n = 0,1,2,---, consider for all
n €N,

Pld(g(zn), 9(@n11)) + d(9(yn), 9(Yn+1))]
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[A(F(2n-1,Yn—1), F(@n,Yyn)) + Ad(F(Yn—1,Tn—1), F (Yn, T0))]

max{d(g(vn—1), F(2n—1,Yn-1)) + d(g(yn-1), F(Yn—1,7n-1)),
d(g(zn), F(xn,yn)) + d(9(Yn)s F(Yn, 2n))}]

—¢max{d(g(zn-1), F(Zn-1,Yn-1)) + d(g(yn-1), F

d(g(xn)=F(xn7yn)) +d(g yn)7F(yn7xn))}]

= Ymax{d(g9(rn-1), 9(xn)) + d(g(Yn-1), 9(¥n)), d(g(xn), g(xn+1)) + d(9(yn), 9(Yn+1))}]

— ¢lmax{d(g(2n1), 9(xn)) +d(9(Yn-1), 9(yn)), d(g(xn); 9(xn11)) +d(9(Yn), 9 (Y1) H(3-4)

Suppose that for some m € N
d(g(@m-1),9(@m)) + d(9(Ym-1); 9(Ym)) < d(g(2m), g(Tm+1)) + d(9(Ym), 9(Ym+1))-

Now by (3.4) we have

Yld(g(@m), 9(@m+1)) + d(g(Ym), 9(Ym+1))] < Y[d(g(@m), 9(@m+1)) + d(g(Ym), 9(Ym+1))]
—@ld(g(zm), 9(Tm+1)) + d(9(Ym), 9(Ym+1))]
< Yld(g(xm), g(Tm+1)) + d(9(Ym), 9(Ym+1))]

(4
(4

<

yn 1 xn—l));

(
(

which is a contradiction.
Therefore for all n € N,

d(g(wn), 9(xn1)) +d(g(Yn), 9(Ynt1)) < d(g(@n-1),9(xn)) + d(g(yn-1),9(yn))-
Thus {d(g(zn), 9(Tn+1))+d(g(yn), 9(yn+1))} is a decreasing sequence of nonnegative
reals, so there exists a d > 0 such that

Jim_d(g(zn), g(wn+1)) + d(9(yn), 9(yns1)) = 0

Assume that § > 0.
By taking the upper limit on both sides of (3.4) we get
Y] < o] - ¢[d]
< [0]
which is a contradiction. Therefore 6 = 0.
Next, we prove that both {g(z,)} and {g(y,)} are Cauchy sequences in X.
We have g(z,,) < g(xn41) and g(ynt1) < g(yn), for n=10,1,2,---
Now consider for n > m,
Yld(g(xm), 9(zn)) + d(g(ym), 9(yn))]
YIAF (@m—1,Ym—1), F(@n-1,Yn-1)) + d(F(Ym-1,Tm-1), F(Yn—1,Tn-1))]
Ymax{d(g(zm-1), F(Tm-1,Ym-1)) + d(g(ym-1), F (Ym—1,Tm-1)),
d(g(zn-1), F(xn-1,yn-1)) + d(g(yn-1); F(Yn-1,2n-1))}]
—¢max{d(g(rm-1), F'(Tm-1,Ym-1)) + d(g(¥m-1), F (Ym—1,Tm-1)),
d(g(wn-1), F(zn—1,Yn-1)) + d(g(¥n-1), F'(Yn—1,Tn-1))]

= Ymax{d(g(zn-1), 9(xm)) +d(9(Ym-1), 9(Ym)), d(g(xn1), 9(2n)) +d(g(Yn-1), 9(yn)) }]

—¢lmax{d(g(zm-1), 9(xm)) +d(g(Ym-1), 9(Ym)), d(g(zn-1), 9(xn)) +d(g(Yn-1), 9(yn))}]

By taking the upper limit as n,m — oo on both sides we get,
lim [d(g(xm), g9(xn)) + d(g(ym), 9(yn))] = 0
n,m—»oo

Thus both {g(z,)} and {g(y,)} are Cauchy sequences in X.
Since X is a complete metric space there exist z,y € X such that

<

lim g(z,) =z and hm g(yn) =y (3.5)

n—roo
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Since g(zn+1) = F(zn, yn) and g(yn+1) = F(yn, x,) we have,
lim F(zp,y,) =z and ILm F(yn,2n) =y (3.6)

n—oo

Since F' and g are compatible we have,

Mim d(g(F(2n,yn)), F(9(xn),9(yn))) = 0, and

im  d(g(F (yns 20)), F(9(yn); 9(20))) = 0
Now, by the continuity of F' and g we have, F(z,y) = g(z) and F(y,z) = g(y).
Thus the proof. U

Corollary 3.2. Let (X,d,<) be a partially ordered complete metric space and
suppose F': X x X = X and g : X — X be two continuous, compatible functions
with F(X x X) C g(X), F satisfying the mized g- monotone property and for all
z,y,u,v € X with g(x) < g(u), g(y) = g(v):

d(F(z,y), F(u,v)) + d(F(y,x), F(v,u)) < M(z,y,u,v) — ¢[M(z,y,u,0)]
where ¢ € ® and

M(z,y,u,v)=max{d(g(z), F(z,y))+d(g(y), F(y,2)),d(g(u), F(u,v))+d(g(v), F(v,u))}.
If there exist xg,y0 € X with g(xzg) < F(zo,y0) and g(yo) = F(yo, o), then there
exist v,y € X such that g(z) = F(x,y) and g(y) = F(y,x).

Proof. By taking 1 as the identity function on [0,00) in Theorem 3.1, we get the
result. d

Corollary 3.3. Let (X,d,<) be a partially ordered complete metric space and
suppose F: X x X — X and g : X — X be two continuous, compatible functions
with F(X x X) C g(X), F satisfying the mized g- monotone property and for all

z,y,u,v € X with g(x) < g(u), g(y) = g(v):
d(F(z,y), F'(u,v)) + d(F(y,z), F(v,u))
< k-max{d(g(x), F(z,y)) +d(g(y), F(y,)),d(g(u), F(u,v)) + d(g(v), F(v,u))}

If there exist xg,yo € X with g(xg) < F(xo,y0) and g(yo) = F(yo, o), then there
exist v,y € X such that g(z) = F(x,y) and g(y) = F(y,x).
0

Proof. By taking ¢(p) = (1 — k)p, for p € [0,00) in Corollary 3.2, we get the
result. (]

Corollary 3.4. Let (X,d,<) be a partially ordered complete metric space and
suppose F' @ X x X — X be continuous function with F satisfying the mized
monotone property and for all x,y,u,v € X with x < u, y = v:
d(F(z,y), F(u,v)) + d(F(y,z), F (v, u))
< k-max{d(z, F(z,y)) + d(y, F(y,2)), d(u, F(u,v)) + d(v, F(v,u))}
If there exist xg,yo € X with zg < F(x0,y0) and yo = F(yo,xq), then there exist
z,y € X such that v = F(z,y) and y = F(y,x).

Proof. By considering ¢ as the identity function on X in Corollary 3.3, we get the
result. d

The following theorem guarantees the existence of coupled coincidence points of F’
and g in which F' need not be continuous.

Theorem 3.5. Let (X, d, <) be a partially ordered complete metric space and sup-
pose that X has the following properties:
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(i) if an increasing sequence {x,} converges to x then x, < x, Vn
(i) if a decreasing sequence {y,} converges to y then y < yn, Vn.

Let F: XxX = X and g : X — X be compatible functions with F(X x X) C g(X),

g an order preserving, continuous function and F satisfying the mized g- monotone

property and F and g satisfy the following:

For all x,y,u,v € X with g(z) < g(u), g(y) > g(v)
<

Pld(F(z,y), F(u,v)) + d(F(y, ), F(v,u))] <M (2,y,u,0)] = o[M (2,y,u,v)]

where Y € ¥, ¢ € ® and

M(z,y,u,v)=max{d(g(x), F(z,y))+d(g(y), F(y,z)),d(g(uw), F(u,v))+d(g(v), F(v,u))}.
If there exist xg,yo € X with g(xzg) < F(xo,y0) and g(yo) = F(yo, o), then there
exist v,y € X such that g(x) = F(z,y) and g(y) = F(y, ).

Proof. Following as in Theorem 3.1 we can have, an increasing sequence {g(x,)} and

a decreasing sequence {g(y,)} defined as g(zn+1) = F(zn, Yn)s 9(Yn+t1) = F(Yn, Tn)
such that

lim g(x,) =z and hrn g(yn) =y

n—oo

By the hypothesis we have, g(x,) < z and y < g(yn), Yn € N
Since g is order preserving, we get g(g(z,)) < g(z) and g(y) < g(9(yn)), Vn € N.
Since ¢ is continuous and F' and g are compatible we have

g(a) = lim g(F(zn,yn)) = lim F(g(za),9(yn))
and g(y) = lim g(F(yn,zn)) = lim F(g(yn),g(zn))

Suppose F(z,y) # g(z) or F(y,z) # g(y
Since g(g(zy)) < g(z) and g(y) < 9(9(yn

)

) a
Y[A(F(g(xn), 9(yn)), F(,y)) + d(F(g(yn
< Ymax{d(g(g(zn)), F(9(xn), 9(yn))

\/

) Vn € N, we have

,9(zn)), F(y,2))]
+d(g(9(yn)), F(9(yn), 9(xn))),
d(g(x), F(z,y)) +d(g(y), F(y,2))}]
—p[max{d(g(g(zn)), F(9(zn), 9(yn))) + d(g(g(yn)), F(9(yn). 9(x1))),
d(g(x), F(z,y)) + d(g9(y), F(y,2))}]

By taking the upper limit on both sides we get

Yld(g(z), F(z,y)) +d(g(y), F(y,2))] < ld(g(x), F(z,y)) + d(g(y), F(y,2))]
—¢ld(g(x), F(x,y)) + d(g(y), F(y, ))]
< Pldg(z), F(z,y)) + d(g(y), Fy,z))]

which is a contradiction. Thus g(z) = F(z,y) and g(y) = F(y, ).
Hence the proof. O

= - =

In the following theorem we omit the completeness of the underlying space X and
the compatibility and continuity conditions of the functions F' and g assumed in
Theorem 3.1. The following theorem guarantees the existence of coupled coincidence
points of F' and g.

Theorem 3.6. Let (X,d,<) be a partially ordered metric space and X has the
following property:

(i) if an increasing sequence {x,} converges to x then z, < x, ¥n
(ii) if a decreasing sequence {y,} converges to y then y < yn, Vn.
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Let F: X x X = X and g : X — X be two functions with F(X x X) C g(X)
and F satisfying the mized g- monotone property and for all z,y,u,v € X with

9(x) < g(u), g(y) = g(v):
Yld(F(2,y), F(u,v)) + d(F(y,z), F(v,u))] < ¢[M(2,y,u,v)] — ¢[M(z,y,u,v)]
where Y € ¥, ¢ € ® and

M(z,y,u,v) =max{d(g(z), F(z,y))+d(9(y), F(y, 2)), d(g(u), F(u,v))+d(g(v), F(v,u))}.
Suppose g(X) is a complete subspace of X and if there exist xg,yo € X with
g(xo) < F(xo,y0) and g(yo) = F(yo,xo), then there exist x,y € X such that

g(x) = F(z,y) and g(y) = F(y, ).
Proof. Following as in Theorem 3.1, we get an increasing Cauchy sequence {g(z,)}
and a decreasing Cauchy sequence {g(y,)} in X defined as g(xn1+1) = F(@n,Yn)
and g(Yn+1) = F(Yn, Tn).
Since g(X) is a complete subspace of X, there exist 2,y € X such that

lim g(zn) = g(z) and lim g(yn) = 9(y)

n—oo n—oo

By the hypothesis we have, g(z,) < g(z) and g(y) < g9(yn), Vn € N.
Suppose F'(z,y) # g(x) or F(y,z) # g(y).

Now consider,
< ¢max{d(g(zn), 9(xnt1)) + d(g(Yn), 9(Ynt1)), d(g(z), F(z,y)) +
)

—¢max{d(g(zn), 9(xnt1)) + d(g(yn); 9(yn+1)), d(g(z), F(z,y)
Taking the upper limit on both sides we get

Pld(g(x), F(x,y)) +d(g(y), Fy,2)] < ¢ld(g(x), F(z,y)) +d(g(y), F(y, z))]
—¢ld(g(x), F(z,y)) + d(g(y), F(y,x))]
< Pld(g(x), Fz,y)) + d(g(y), F(y, )]

which is a contradiction.
Thus g(z) = F(z,y) and g(y) = F(y,z). O

Theorem 3.7. In addition to the hypothesis of Theorem 3.1 suppose that for any
(z,9), (u,v) € X x X there exist (o, 8) € X x X such that (g(«), g(83)) is comparable
to (F(a, 8),F(B,)) and (F(a, 8), F(5,)) is comparable to both (F(x,y), F(y,x))

and (F(u,v), F(v,u)), then F and g have a unique coupled common fized point.

Proof. Theorem 3.1 ensures that the set of all coupled coincidence points of F' and
g is nonempty.

Let (z,y), (u,v) € X x X be any two coupled coincidence points of F and g.

That is, g(z) = F(z,y), g(y) = F(y,z) and g(u) = F(u,v), g(v) = F(v, u).

First we shall prove that

9(x) = g(u), g(y) = g(v) (3.7)
By the hypothesis there exist (a, 8) € X x X such that (g(«), g(8)) is comparable
o (F(a, 8), F(8,a)).
Following as in Theorem 3.1 we can construct an increasing, converging sequence
{g(a)} and a decreasing, converging sequence {g(8,)} where g(an41) = F(an, Bn)
and g(Bn+1) = F(Bn,an), n € NU{0} with ag = a and Sy = S
By the hypothesis (F(«, 8), F(8,«)) is comparable to both (F(z,y), F(y,z)) and
(F(u,v), F(v,1).
Since (z,y) and (u, v) are coupled coincidence points of F' and g and using the mixed
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g- monotone property of F' we get (g(ay,), 9(8,)) is comparable to both (g(z), g(y))

and (g(u), g(v)).

Consider,

Yld(g(x), g(omt1)) + d(g(y), 9(Bnt1))]

=Y[d(F(z,y), Flan, fn)) + d(F(y, x), F (B, an))]

< ¢max{d(g(z), F(z,y)) + d(g(y), F(y,x)), d(g(an), F(on, Bn)) + d(g(Bn), F (Bn, an))}]
—¢lmax{d(g(x), F(x,y)) + d(9(y), F(y,2)), d(g(an), F(on, Brn)) + d(g(Bn), F(Bn, om))}]

=pld(g(an), F(an, Bn))+d(g(Bn), F(Bn, an))] —¢ld(g(an), F(an, Bn))+d(g(Bn), F(Bn, an))]

Taking the upper limit on both sides as n — oo we get

hm {?/)[ (9(2), g(an+1)) +d(g(y), 9(Bnt1))]} =0

Slmllarly, it can be proved that nler;O{w[d(g(u),g(an+1)) +d(g(v),9(Bns1))]}=0

Thus g(x) = g(u) and g(y) = g(v).

That is, for any two coupled coincidence points (x,y) and (u,v) of F and g,
g9(z) = g(u) and g(y) = g(v).

Let v = g(z) and § = g(y).

Since (z,y) is a coupled coincidence point of F' and g we have

F(z,y) =~ and F(y,x) =90

Since F' and g are compatible we have

9(v) = F(v,6) and g(6) = F(4,7).

That is, (7, 9) is a coupled coincidence point of F' and g.

Therefore g(v) = g(x) = and g(6) = g(y) =4

Therefore (v, d) is a coupled common fixed point of F' and g.

The uniqueness of coupled common fixed point of F' and g follows from (3.7). O

_|_
_l’_

Theorem 3.8. In addition to the hypothesis of Theorem 3.1, suppose that g(xo)
and g(yo) are comparable, then © = y.

Proof. Without loss of generality assume that g(zo) < g(yo)-

By following Theorem 3.1 we get lim g(z,) =z and lim g(y,) =y
n—o00 n—00

where g(zn41) = F(2n,yn) and g(ynt1) = F(yn, @n).

By the mixed g- monotone property of F', it can be easily verified that

g(xn) < g(yn), Vn € N. Now consider,

’(/J[d(F(.’L‘n7 yn)a F(yn; mn)) + d(F(yna mn)a F(.Z'n, yn))]
< Pmax{d(g(zn), 9(xns1)) + d(g(Yn), 9(Yn11)), A(9(Yn); 9(Yn+1)) + d(g(2n), 9(Tni1))}]
—¢max{d(g(wn), 9(Tn+1))+d(g(Yn) 9(Yn+1)), A(g(Yn), 9(Yn+1)) +d(g(zr), g(

By taking the upper limit as n — oo on both sides we get, ¥[d(z,y) + d(y,z)] =0
Thus z = y. O

The following example illustrates Theorem 3.5.

Example 3.9. Let X = [0,1] with the usual order < and the usual metric

d(z,y) =z —yl, Va,y e X.

Clearly X is a partially ordered complete metric space satisfying the two properties
assumed in Theorem 3.5.

Let g: X - X and F : X x X — X be defined as

4 0 ifxelo,f)
=- d F(z,y) = 7
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It can be seen that F' and g are compatible mappings and F' is a mixed g- monotone
mapping.
Here F(X x X) C g(X), g is continuous and order preserving mapping on X.
400
Let 1, ¢ : [0,00) — [0,00) be defined as ¢(x) = 22 and ¢(z) = ——22, then F and

529
g satisfy the contractive type condition (3.3).

If all z,y,u,v € X satisfying g(z) < g(u), and g(y) > g(v), belong to either [0, £)
or [2,1] then the contractive type condition (3.3) is obvious. In the remaining
possible cases for the values of z,y, u,v € X satisfying g(z) < g(u) and g(y) > g(v),
we consider three different cases and verify the validity of the contractive type
condition (3.3), which will cover the remaining cases.

Case 1: When z,v € [0,2) and u,y € [£,1]

A(F (). Fu0) + dF o), o) = [o- [+ L 2

dlg(@), F(a.y)) +d(g(y), Fly.x) = |zo—0|+|zv— 5

d(g(u), F(u,v)) +d(g(v), F (v, u))

|
\

I
clla
_l_

\
<
I
=

= = (3.10)

By (3.9) and (3.10) we have,

M (z,y,u,v) = max{d(g(z), F(z,y))+d(g(y), F (y, x)), d(g(u), F(u, v)) +d(g(v), F(v,u))}

23
> —
— 35
Now, by (3.8) and (3.11) we have,
4
Ql)(d(F(.’E,y)7F(U,U)) +d(F(y7£L'),F(U7U))) = ﬁ
129
’(ﬂ(M((E,y/UqU)) - QS(M(xayauvv)) = @ : M(x,y,u,v)2
129 529
> 27 g2
— 529 1225
129
1225

Therefore,

P(d(F (2, y), F(u,v)) + d(F(y,z), F(v,u))) < p(M(,y,u,0)) = ¢(M (2, y,u,v))

(3.11)
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Case 2: z,u,v € [0,2) and y € [2,1]

d(F(z,y), F(u,v)) + d(F(y, x), F(v,u)) =

By (3.13) and (3.14) we have,

0 0\+‘$£ 0|
35

M(z,y,u,v) = max{d(g(x), F(z,y))+d(9(y), F(y,x)),d(g(u), F(u,v)) +d(g(v), F(v,u))}

23
> 22
— 35
Now by (3.12) and (3.15) we have,
PA(F (2, y), F(u,0)) + d(F(y, z), F (v, u)))

w<M(x7y’ua U)) - ¢<M($,y, ua”))

Therefore

P(d(F(z,y), F(u,v)) + d(F(y, ), F(v,u))) < (M

Case 3: z € [0, %) and y,u,v € [2,1]

d(F(z,y), F(u,v)) + d(F(y, z), F(v,u)) =

d(g(), F(z,y)) +d(g(y), F'(y,z)) =

d(g(u), F(u,v)) +d(g(v), F(v,u)) =

(3.15)
1
1225
129
= == .M 2
529 ("L‘?y7u7’0)
129 529
>
= 529 1225
129
1225
(xvyauav)) - QS(M(JU,y,U,U))
o-Ll+]i-1
35 35 35
1
= (3.16)
57 577 35
4 41
57T 15Y T 35
46 1
5 7 35
23
3= (3.17)
oLt L
5 35 5 35
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> 2/-. 2 — 1

= ‘57 35 (3.18)
2.23

- I 3.19
T (3.19)

By (3.17) and (3.19) we have,

M(z,y,u,v) = max{d(g(z), F(z,y))+d(g(y), F(y,)), d(g(u), F(u,v))+d(g(v), F(v,u))}
> % (3.20)

Now by (3.16) and (3.20) we have,

Y(A(F(2,y), F(u,0) + d(F(y,2), F(o.w)) = {552
w(M(x,y,u,v)) - ¢(M($,y,u,v)) = % . M(:E,y,u,v)z

129 4-529

529 1225

516

1225

Therefore
P(d(F(z,y), F(u,v)) + d(F(y,z), F(v,u))) < (M (,y,u,v)) = ¢(M(z,y,u,v))
Here (0,0) is the only coupled common fixed point of F and g.

Remark 3.10. The above example also illustrates that the contractive type con-

ditions (1.1) and (3.3) are independent.
For,takex:y:v:gfeandu:gwhereO<e§$.
Now

Y(d(F(2,y), F(u,v))) (!0— *D :1”(3*15)

lb(max(d(gfﬂ gu),d(gy, gv))) — (maz(d(gI,QU) i Y, 9v)))
4 6 6 6

(5G-9-530) o3G5 3]

#5995

Since 1 and ¢ in (1.1) are continuous and % ~1{0} = {0} and ¢~ 1{0} = {0}

we have as € — 0,

Y(max(d(gz, gu), d(gy, gv))) — ¢(max(d(gz, gu), d(gy, gv))) = 0

but ¢(d(F(z,y), F(u,v))) = ¢(5) > 0 for all € > 0.
Thus F and g does not satisfy the contractive type condition (1.1).
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