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ABSTRACT. Let H, and H> be real Hilbert spaces and A; : Hi — H2, 1 < j <r
be bounded linear linear operators, U; : Hi — 271, 1 <4 < n and T; : Hb — 2z
1 < j < r be multi-valued demi-contractive operators. An iterative scheme is constructed
and shown to converge weakly to a solution of generalized split common fixed points
problem (GSCFPP). Under additional mild condition, the scheme is shown to converge
strongly to a solution of GSCFPP. Moreover, our scheme is of special interest.
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1. INTRODUCTION

Let X and Y be two real Banach spaces. A split inverse problem is to find a point
z* € X that solves I P such that y* = Ax™ € Y solves I Py, where I P, and I P, are
two inverse problems. A simple generalization of inverse problem is split convex fea-
sibility problem (SCFP) which was introduced in 1994 by Censor and Elfving [18] in
finite dimensional Hilbert spaces for modelling inverse problems arising from signal
detection, computer temography, image recovery and radiation therapy treatment
planning (see, e.g.,[5], [16], [19] and [18]). The (SCFP) is formulated as follows:

find a point z* € C such that Az* € Q, (1.1)

where Hy, Hy are real Hilbert spaces, A : Hi — Hs bounded linear operator, and
C C Hy, Q C Hy are non-empty, closed and convex sets.

In what follows we denote the solution set of the (SCFP) by
r=rUA) ={yeC:Ay e Q}. (1.2)
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In 2002, Byrne in [5] proved that a* is a solution to (1.2) if and only if it is a fixed
point of

Po(I — rA*(I - Pg)A),

where A* is the adjoint operator of A, Pc and Pp are the metric projections from Hy
onto C' and from Hs onto @, respectively, and r > 0 is a positive constant. Indeed,
this can be easily shown using characterization of projection mapping. Censor and
Segal proposed in [21], the following algorithm to solve (1.2)

Algorithm: see [[21], Algorithm 2].

let x* € Hy := R™ be arbitrary and for k € N let

Tpr1 = Uz + A (T — 1) Axy,), (1.3)

where v € (0, %)7 L being the spectral radius of the operator A*A and I is the

identity operator.

In 2010, Moudafi [32] proved the following result for approximation of solution
of SCFP involving demicontractive mappings. Given a bounded linear operator
A: Hy — Hy, let U : H — Hy and T : Hy — Hy be demi-contractive (with
constants 3, u, respectively) with nonempty Fiz(U) = C and Fiz(T) = Q. Assume
that U—1I and T—1I are demi-closed at 0. If I # (), then any sequence {xy } generated
by

Tpt1 = (1 — ag)up + U (ug), k>0, (1.4)

where uy, = x, + YA (T — I) Az, v € (0, 1_7“), A being the spectral radius of the
operator A*A and «ay, € (0,1),

converges weakly to z* € I'| provided that v € (O7 %) and oy, € (5, 1-p5— 6) for
small enough 6 > 0.

Recently, inspired and motivated by the result of Moudafi [32], Tang et al. [12] pro-
posed a cyclic algorthm (Algorithm 2 below) to solve the SCFP for demi-contractive
operators {U;};_; and {T;}7_;. Then they proved that the sequence generated by
the proposed algorithm converges weakly to the solution of SCFP. Their work ex-
tends those of Moudafi [32], Censor and Segal [21] and others.

Algorithm 2: [12]

Let zp € Hy be arbitrary and let the sequence {z;} be defined by

Trp1 = (1 — ag)ur + axUsgy (ur), k>0, (1.5)

where up = xp +yA* Ty — I) Ay, i(k) = k(mod p) + 1 and j(k) = k(mod ) + 1,
v € (0, 1;”), A being the spectral radius of the operator A*A and oy, € (0,1).

Very recently, in [25], Gibali proved the following strong convergence result for demi-
contractive operators; Let H; and Hs be two real Hilbert spaces, A : H; — Hy be
a bounded linear operator. Let U : Hy — Hy and T : H, — Hs be demi-contractive
(with constants S, u, respectively) with nonempty Fiz(U) = C and Fiz(T) = Q.
Assume that U — I and T — I are demi-closed at 0 and that there exists o # 0 € Hy,
such that

{(U(q)—q,0>20Vq€Hh (1.6)

(A(T — INAy,0) >0V y € Hy.
If T' = ), then for a suitable xy € H; any sequence {z} generated by
Tyl = (1 — ak)uk + akU(uk), k>0, (17)
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where uy = zj, + yA*(T — I) Az, v € (0,52), X being the spectral radius of the
operator A*A and ay, € (0,1),

converges strongly to z* € I, provided that v € (0,7£) and a;, € (5,1 — 8 — §)
for small enough § > 0.

Motivated by the works of Moudafi [32], A. Gibali [25], Censor and Segal [21], it
is our purpose in this paper to solve a general split common fixed points problem
formulated as follows:

Find a point z* € C := Nj_,C; such that A;2* € Q;, (1.8)

where A; : Hy — Hy are bounded linear operators, C; = Fiz(U;), 1 < i < n and
Q; = Fiz(T;), 1 < j <r with U; : Hi — H; and T; : Hy — H, multi-valued
demi-contractive operators (with constants 8;, 1 < ¢ < n and p;, 1 < j < r,
respectively).

2. PRELIMINARIES

We begin with the following definitions and lemmas.

Definition 2.1. Let 7' : H — H be an operator and D C H and F(T) ={x € K :
x=Tz}.

e The operator T is called nonexpansive, if Va,y € D

1Tz =Tyl < ||z -yl (2.1)
e T is called quasi-nonexpansive, if V(z,q) € D x F(T)
1Tz = q|| < [lz— 4l (2.2)
e T is called k-strictly pseudo-contractive (see e.g., [28]), if there exists k €
[0,1) such that V(z,y) € D
T2 = Tyl* < llz = yl* + kllz — y — (Tz = Ty)||* (2.3)
e T is called demi-contractive (see e.g., [3, 20, 27]), if there exists 8 € [0,1)
such that V(z,¢) € D x Fiz(T)
1Tz —ql* < [lz — ql|* + Blle — T|® (2.4)

Definition 2.2. Let H be a real Hilbert space, an operator T is called demiclosed
at ¢ € H (see e.g., [2]), if
for any sequence {x}7°, such that z; — z* and Tz, — ¢, we have Tz* = q.

Definition 2.3. Let H be a real Hilbert space. The map D : 27 x 2 — R+
defined by

D(A,B) = max{supd(y, B),supd(x, A)} for all A, B € 27,
yeA rEB

where  d(y,B) := ;Ielg d(z,y),
is called Pompeiu-Hausedorff distance.

Remark 1. In general, the map D is not a metric. However, it becomes a metric
if it is defined on a set of closed and bounded subsets of H.

Let T : H — 2" be a multi-valued mapping. An element z* € H is said to be a
fixed point of T" if z* € Txz*. We denote by F(T') the fixed points set of T i.e.,

F(T):={rx€ H:xz €Tz} (2.5)
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Definition 2.4. Let H be a real Hilbert space and CB(H) be a set of closed and
bounded subsets of H. T : H — 2¢BUH) he a multi-valued mapping. Then, T is
said to be demi-closed at zero if for any sequence {z} C H with x; — 2*, and
d(xg, Txr) — 0, we have a* € Tx*.
Definition 2.5. Let H be a real Hilbert space.

e A multi-valued mapping 7 : D(T) € H — 2¢BFH) s said to be nonexpan-

sive (see e.g., [22]), if
D(Tz,Ty) < ||z —y| V =,y € D(T) (2.6)
e The mapping 7 : D(T) C H — 2 is said to be quasi-nonexpansive if
F(T) # 0 and
D(Tz,Tx*) < |lx —a*|| V2 € D(T), = € F(T). (2.7)

e The mapping T : D(T) € H — 27 is said to be k-strictly pseudo-
contractive if there exists there exists a constant &k € [0, 1] such that for all
ueTx,veTy

(D(Tz,Ty))* < |lz —yl* + kllz —y — (u—v)[|* and (2.8)

e T:D(T) C H — 2" is said to be demi-contractive if F(T) # () and there

exists a constant k € [0, 1] such that for all x € D(T), u € Tx
(D(Tz,{y})* < llo —yl* + kllz — ul® (2.9)

The class of demi-contractive operators is a very important generalization of non-
expansive operators Also some operators that arise in optimization problems are of
demi-contractive type. See for example, Chidume and Maruster [11].

It is obvious that, the class of multi-valued quasi-nonexpansive is properly con-
tained in the class of multi-valued demi-contractive operators. Indeed, consider the
following example:

Example 1. (see e.g., [8]) Let H = R with the usual metric. Define T: R — R by

T = {[_333’ — 31 2 €00,00) (2.10)

[—579”, —3z], z € (—o0,0].

We have that F(T) = {0} and T is a multi-valued demi-contractive mapping which
is not quasi-nonexpansive. In fact, for each x € (—o0,0) U (0, 00), we have
(D(Tx,T0))* = |—3z—0|?
= 9z -0,
which implies that T is not quasi-nonexpansive.
Also, we have that
2 dx

(e, ) = Jo— (-2
49
= Z|$\2
Thus,
(D(Tz,T0))* = |o—0*>+ 8z —0]?
32 2
_ _ 024 2t
= |z —0| +49(d(x,T:1c)).

Therefore, T' is a demi-contractive mapping with constant k = % € (0,1).
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Lemma 2.6. Let (X, (-,-)) be an IPS. Then for any x,y € X, and o € [0,1] the
following inequality holds:
laz + (1 = a)yl* = allz]* — a1 - a)llz = y|I* + (1 - a) |yl (211)
Lemma 2.7. (seee.g., [10]) Let A,B € CB(X) and a € A. For every v > 0,
there exixts b € B such that
d(a,b) < D(A,B) +1. (2.12)

Lemma 2.8. (see,e.g., [10]) Let X be a reflexive real Banach space and A, B €
CB(X). Assume that B is weakly closed. Then, for every a € A, there exists b € B
such that

la —b|| < D(A, B). (2.13)

Lemma 2.9. (seee.g., [12]) Let E be a normed linear space, By € CB(E) and
xg € E arbitrary. Then the following hold;

D({zo}, B1) = sup |lzo — byl
bi1€By

Lemma 2.10. (Opial’s lemma) Let H be a real Hilbert space and {xy} a sequence
in H such that there exists a nonempty set I' C H satisfying the following;

i) For everyy € T, lim ||z — y|| ewists.
i) Any weak-cluster point of the sequence x belong to T'.
Then, there exists T € I' such that {x} converges weakly to .

Lemma 2.11. Let T : D(T) C H — 2" be a demi-contractive, then

1-5
2

(x —u,x —p) > |z — u||* Yu € Tw. (2.14)

Proof. Definition of T' gives
(D(Tz,p))* < llz—pl* + Bllz — ul® Vu € Tz
D(Tz,p) < Vllz—pl? + Bl —ul]? Yu € Tz

We have by lemma (2.9) that D(Tz,p) = sup,er, [lu — Pl
Using this result we get

—Bllz —ul* < lla = pl* — u—pl* Yu € Tz . .. (i)
We observe that 2(z — u,z — p) = ||z — u||®> + ||z — p||* — ||u — p||?,
this implies [z — p[|* — lu - p[|* = 2(x — u,z — p) — [l — u]/*.
Using this in (i) we have
—Bllz —ul]* < 2z —u,z — p) — [l — ulf?,
hence,
1-p
2
which completes the proof. O

|z —ul|? < (x —u,x — p) Yu € T,

3. MAIN RESULT

We now prove weak and strong convergence for our proposed iterative scheme.
However, we begin with the following lemma.
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3.1. Weak Convergence Result.

ar =k + 725y Af(bjx — Ajry), where by € Tj(Ajap) V1 <j<r
Try1 = (1 —ap)gr + S S wig, where u; g € Ui(qr) V1 <i<n,

(3.1)

where U; and T} are multi-valued demi-contractive for each 1 <i <n, 1 <j <,
respectively, v € (O, 17’:%) with iy, the maximum of demi-contractive constants
of U; and L being the spectral radius of the operator A*A and «ay € (0,1).

Lemma 3.1. Let A; : Hy — Hj, 1 < j <1 be bounded linear operators, U; : Hy —
2H1, 1<i<nandT;: Hy — 2H2, 1 < 5 < r be multi-valued demi-contractive
(with constants B;, i, respectively) such that U;(p) = {p} for all p € F(U;) and
nonempty Fiz(U;) = C; and Fiz(T;) = Q; with U;(z) and T;(y) closed and bounded
Vi and j and Vx € Hy, y € Hy. Then for arbitrary xo € Hi, the sequence {xy}
generated by algorithm (3.1) is Féjer monotone with respect to I', that is for every
z el

|zk1 — 2l < flax — || V k€N,
provided that v € (0, 11‘%) and ay, € (0,1).
Proof. Set L := suplgis,zA;?‘Aj, Pmaz = SUP1<;<nUi, Bmaz 1= supy<j<,Tj; where

1<j<r
U; and T} are demi-contractive constants of U; and T}, respectively.

Let p € I then from (3.1), we have

n

o

ek —pI* = (1= ar)gr + — > uik—pl?
=1
a n
k
= gt —p+ o Z(Uzk —q)|?
i=1

n
au
= lgx —pl* + 2 ~{ax —p, > (uin — )
=1
a?
b i a)l?
i=1
a n
k
= llax —plI*+2-> > (uin — qrax — p)
=1
o —
b - )P
=1
o n
k
= g —pl* - e z;<Qk — Uik, Qk — D)
1=
a?
O i — a0l
i=1
Using lemma (2.11), we have
n
«
ok = plI* = =5 D (1= Bi)law — ik

=1

IN

n

2
o
+ 77];” Z(ui,k —q)l?

i=1
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n
a
< gk =pll* = —= (1 = Brnaa.) > llar — ikl
=1

aj, - 2
S s - gl
i=1
Therefore,
« n
k
ek —p1* < gk —pl* = — (1= Binaa) > gk — wikl®
i=1
a?
£ SES  u — an)l?
i=1
= llax —pl?
ag

((1 - 6mam) - ak) Z ||’Uzi’k - QkH2 e (301)
i=1

n

Also from (3.1), we obtain

”
lax = 2l* = lax—p -+ A5 (bjn — Ayl

j=1

= lox —pl* + 29>z — p, A5 (b — Ajzi))
j=1
+ 1D bk — Az 1P
j=1

= lax —pI* = 27> (Ajz — Ajp, Ajoi — bik))

j=1
+ 1D (b — AP
j=1
Using lemma (2.11), we get

k= plI* =Y (1= pj)lbje — Ay

j=1
+ PrLibjx — Ajzil?

IN

Hence,

IA

i = plI* =Y (1= timaz)lbje — Ajaall?

j=1
+ VrL|bj i — Aja|?

k= pI* =YL = prnaz) Y l1bjx — Azl

Jj=1

. — pl?

IN

+ rLlbjx — Ajzil?

< llze = Pl = Y((L = pmaa) —97L) 3251 1bj6 — Ajail®.
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Substituting this in (3.0.1) we have,

r
larr =pI? < lan = pl2 =11 = ptman) —77L) S i — Ajai?
j=1

- %((1 - 6mar) - Oék) Z ||Uz7k — QkH2 e (302)
1=1

< e —pl?

provided v € (0, 1_?‘%) and oy, € (O, 1- Bmam).
Hence, {z} is Féjer monotone. O

Let A; : Hi — Hy, 1 < j < r be bounded linear operators, U; : Hy — 2t
1<i<nandT;: Hy — 2H2, 1 < j < r be multi-valued demi-contractive (with
constants 3;, u,, respectively) such that U;(p) = {p} for all p € F(U;) and nonempty
Fiz(U;) = C; and Fiz(T;) = Q; with U;(z) and T} (y) closed and bounded Vi and j
and Vo € Hy, y € Hs.

If T # 0, then any sequence {xy} generated by algorithm (3.1) converges weakly
to a split common fixed point z* € I', provided that v € (O7 17%“”) and ai €
(6, 1— Bmaz — 5) for small enough § > 0.

Proof. From (3.0.2), we obtained that {||zx — p||} is monotone decreasing thus,
{z1} is bounded and lim ||z — p|| exists say, y*.
Since {z\} is bounded, we have that there exists {x,} such that

Tk, — ™ as v — 0o, which implies that
Ajxg, — Ajz* as v — oo, and thus
Ajzg, = Ajz" ... (3.0.3)
From (3.0.2) also, we have
lim ||bj 1 — Ajxi| = 0 as k — oo,
which implies that d(T;(A;xr), Ajzr) < ||bjr — Aja|| — 0 V1 < j <,
then, d(Tj(A;xy), Ajxr) — 0,
thus, d(T;(Ajxg, ), Ajzg,) — 0V <j<r...(3.04)
Since (T; — I) is demi-closed at 0, we have from (3.0.3) and (3.0.4) that
Ajx* € Tj(Ajz™)
= A" e F(T;)V1<j<r
We also have that

.
G, =Tk, +7 Y AS (s — Aja,)

j=1
Therefore,
qr, — x* ... (3.0.5)
From (3.0.2), we have ||u;x — gx|| — 0 as & — 0,
this implies that d(U;(qx), gx) < |luix — qrll V1 < i <n,
then, d(U;(qx), qr) — 0 V1 < i <mn,
hence, d(U;(qx, ), qx,) — 0 V1 < i < n.
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This together with (3.0.5) imply that z* € U;(z*) with implies that z* € F(U;) for
eachi=1,2,...n,

hence, z* € NJ_ F(U;) and A;z* € F(T}) for each j =1,2,...,r. Hence, z* € I.
We have shown for any subsequence {zy, } of {xx} such that xj,, — «* that z* € T.
Thus, applying Opial’s lemma we have that there exists z** € I' such that the
sequence xj — x**.

Hence, weak convergence for {z} is established. O

We now prove strong convergence for our iterative scheme.

3.2. Strong Convergence Result. Let H; and H, be two real Hilbert spaces
and A; : Hi — Hy, 1 < j < r be bounded linear operators, U; : Hy — 2H
1<i<nandTj: Hy — 22 1 < J < r be multi-valued demi-contractive (with
constants f3;, u;, respectively) such that U;(p) = {p} for all p € F(U;) = C; and
T;(p) = {p} for all p € F(T;) = Q; with U;(z) and T;(y) closed and bounded
Vi=1,2,...,nand 3 =1,2,...,r and Vz € Hy, y € H,.

Suppose that there exists o # 0 € Hy, such that

{(ui—q,a>>0V1<i<n, u; € U;(q) and q € Hy, (3.2)
(A5(bj — Ajy),0) >0V 1 <j<r b €Tj(Ajy) and y € H;.
If T # (), then for a suitable 2y € H; any sequence {xy} generated by (3.1) converges
strongly to x* € I', provided that v € (07 17;‘%) and oy € (6, 1 — Baz — (5) for
small enough 6 > 0.
Proof. Let * € T and choose zy € H; such that
(xg —2*,0) >0,
then there exists € > 0 such that
(o — x*,0) > €|lzo — 2™ ||

We now proof by induction that

(Tpr1 — 2™, 0) > €l|zppr — 2PV k> 0. (3.3)

Indeed, assume it holds up to some k£ > 0, then

(xpe1 —x¥,0) = (41 —xp +ap — 2", 0)

= (Tgy1 — Tk, 0) + (xx — 2", 0)
n

T . o
= (1D A5k — Ajme) + D (uik — 4r).0)

j=1 i=1
+ (zp—2",0)

n

= DAy — Aywn).0) + 75D (i — ). o)

i=1
+ (zp— 2", o).
Since v > 0, a > 0 and by (3.1) we get
(xpy1 —x*,0) > (2, — 2™, 0)
by the induction assumption we have that

(wrs1 — 2%, 0) > ellap — 2™,
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by lemma (3.1) the sequence {zj} generated by algorithm (3.1) is Féjer monotone
with respect to I', so that

(wer1 —27,0) 2 ellzpsr — "
Therefore, (3.2) holds for all & > 0.
By theorem (3.3) we have
rp — x*, so that
(g, 2x) — (9,27) V g € H.
In particular, for g = 0 € H; we get
(o, x) — (o, 2" Ywhichimplies{o, z, — ") — 0 as k — +o0.

From (3.2) we have
1
lzk —2*|? < = (2, — 2*,0) — 0 as k —> +o0.
€

Thus ||z — 2*||* — 0 as k — +oo.

Consequently, ||z — z*|| — 0 as K — +o00; and hence z, — z* € T This
completes the proof. O

The following corollary is a special case of theorem (3.3) when i =j =1

Corollary 3.2. Let Hy and Hs be two real Hilbert spaces and A : Hy — Hy
be a bounded linear operator, U : Hy — Hi and T : Hy — Hy be multi-valued
demi-contractive (with constants B, u, respectively) such that U(p) = {p} for all
p € F(U)=C and T(p) = {p} for allp € F(T) = Q with U(x) and T(y) closed
and bounded Vx € Hy, y € Hs.
Assume that there exists o # 0 € Hy, such that
(u—gq,0) >0V ueU(q) and q € Hy, (3.4)
(A*(b— Ay),0) >0V be T(Ay) and y € H;. '
IfT # 0, then for a suitable xo € Hy any sequence {xy} generated by algorithm (3.1)
converges strongly to x* € T', provided that ~ € (0, I_TM) and ay, € (5, 1-5— 5) for
small enough 6 > 0.

The following result generalizes theorem of Moudafi [32] which is a special case
of theorem (3.3) where n =r =1, and U and T are single-valued demi-contractive.

Corollary 3.3. Let Hi and Hy be two real Hilbert spaces, A : Hy — Hy be a
bounded linear operator. Let U : Hi — Hy and T : Hy — Hy be demi-contractive
(with constants B, p, respectively) with nonempty Fiz(U) = C and Fiz(T) = Q.
Assume that U — I and T — I are demi-closed at 0 and that there exists 0 # 0 € Hy,
such that

{(U(q)—q,a> >0V qe Hy, (3.5)

(A(T —INAy,0) >0V y € H;.
IfT # 0, then for a suitable xg € Hy any sequence {xy} generated by algorithm (3.1)

converges strongly to x* € I', provided that v € (0, 12“) and oy, € (5, 1-5— 6) for
small enough 6 > 0.

Corollary 3.4. Let Hy and Hy be two real Hilbert spaces and A; : Hy — Ho,
1 < j < r be bounded linear operators, U; : Hy — 2H1, 1<i<nandT;: Hy —
22 1 < j < r be multi-valued quasi-nonexpansive such that U;(p) = {p} for all
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p € F(U;) = C; and Tj(p) = {p} for all p € F(T; = Q; with U;(x) and T;(y) closed

and bounded Vi =1,2,...,nand j=1,2,....7 andVx € Hy, y € H,.
Suppose that there exists o #= 0 € Hy, such that

{(ui—q,a>20V1§i§n, u; € U;(q) and q € Hy,

(A5(bj — Ajy),0) 20V 1< j<r, bj € Tj(Ajy) and y € Hy.

(3.6)

IfT #£ 0, then for a suitable xo € Hy any sequence {xy} generated by algorithm (3.1)
converges strongly to x* € T', provided that~y € (07 lff%) and oy, € ((5, 1—6mw—6)

for small enough 6 > 0.

3.3. Numerical Examples. In order to illustrate numerical application, we con-

sider a special case of our scheme for i = j = 1 and H; = Hy = R3.

All computations in this section were performed using python 3.5.2 terminal based
on linux running 64-bit. The first 100 iterations of our scheme are presented in
Table 1, and relationship between ||z — z*|| - values and number of iterations are

given in Figure 1, where 2* =0 € I
Now, for g = (1,1,1) € R}, v =0.2, ap, = 1 —ay, = 0.5, Vk > 1

3 1 0 1
1 0 1 20 20 10
A=10 1 0|, T= = 2 (/| andU =1 0
1 0 1

1 1 3
0 \@ V10 \V 20

we have the following iterations for £ = 100.

’ Tterations \ [l — 2| ‘

o%o
atf=

10 1.09¢701
20 7.00e93
30 4.00e—04
40 3.37¢=%
50 2.30e06
60 1.54¢=07
70 1.04e¢08
80 6.10e—10
90 4.72¢~11
100 3.20e12

Table 1. The first 100 iterations generated by (3.1.6).
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Figure 1. Relationship between ||z — z*|| - values and number of iterations.

4. CONCLUSION

In this paper, we have established the approximation of solution of general split in-
verse problem for multi-valued demi-contractive mappings in Hilbert spaces. More-
over, our result generalises many results in the literature. More precisely, theorem

3.3 generalises theorem 3.8 of [25]. Finally, lemma 2.11 and 3.1 are of special inter-
est.
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