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ABSTRACT. The purpose of this paper is to study a class of non-differentiable multi objective
fractional programming problem in which every component of objective functions contains
a term involving the support function of a compact convex set. For a differentiable function,
we use the definition of second-order (C, «, p, d) — V-type-I convex function. Further, Wolfe
type dual has been formulated for this problem and appropriate duality results have been
proved under second-order (C, «, p,d) — V-type-I convexity assumptions.
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1. INTRODUCTION

Second-order duality has even greater significance over first order duality, since
it provides tighter bounds for the value of the objective function when approxi-
mation are used. Second-order duality for non-linear programming was the first
to study in Mond [1]. Then, the concept of second-order duality for non-linear
programming problems introduced by Mangasarian [2].

In the recent years attempts have been made by several authors to define var-
ious classes of differentiable non-convex functions and to study their duality and
optimality criteria for solving such problems ([4], [5], [8], [9], [10], [11], and oth-
ers). One such generalization of convex function is the invexity notion introduced
by Hanson [5]. The term invex (which means invariant convex) was suggested by
Craven [7]. Over the years, many generalizations of this concept have been given
in the literature. For example, the concept of invexity of functions was also gener-
alized to B-invex functions by Suneja et al.[6]. The class of (p, r)-invex functions
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with respect to 7 is an extension of the class of invex functions with respect to
introduced by Hanson [5].

Recently, Kim et al. [12] delineated a group of non-differentiable multi-objective
fractional programs and founded necessary and sufficient optimality conditions and
duality results for weakly efficient solutions of non-differentiable multi-objective
fractional programming problems. Later on, Kim et al. [13] considered two pairs
of non-differentiable multi-objective symmetric dual problems of second order with
cone constraints over arbitrary closed convex cones, which are Mond-Weir type
and Wolfe type and weak, strong, converse and self-duality theorems were founded
under the assumptions of pseudo-invex functions of second order. We have to max-
imize the efficiency of an economic system resulting optimization problems whose
objective function is a ratio. Including maximization of productivity, maximization
of return on investment, maximization of risk, minimization of cost. Ojha [14] de-
rived a pair of second order symmetric non-differentiable multi-objective fractional
problems, also derived weak and strong duality theorems.

In this paper, we use the concept of second-order (C, «, p, d) — V -type-I functions
for a non-differentiable multi-objective second-order fractional programming prob-
lem. A numerical non-trivial example illustrates the existence of such functions.
In this dual, we generalize the models already existing in the literature. Using
(C,a, p,d) — V-type-I function, we set up weak, strong and strict converse duality
results for Wolfe-type dual program.

2. DEFINITIONS AND NUMERICAL ILLUSTRATION

Definition 2.1. A function C' : X x X x R — R (X C R") is said to be convex
on R™ iff for any fixed (z, u) € X x X and for any 1, x9 € R", such that

C:c,u()\xl + (1 - )\).232) < )\C‘L,u(l‘l) + (1 - /\)C%u(xQ)v VA€ (Oa 1)'

Suppose the real valued function d : X x X — R satisfy the property d(z,u) = 0 &
x =u and let C; ,(0) = 0, for any (z,u) € X x X.

The general multi-objective programming problem can be expressed in the follow-
ing form :

(P) Minimize f(z) = (f1(z), fo(x), ..., fr(x))
subject tox € X" = {zr € X : g(x) < 0},

where X C R"is open, f : X — R* g : X — R™, are differentiable functions
on X.

Definition 2.2 . A point Z € X is said to be an efficient solution of (P) if there
exists no 2 € X such that f;(z) < fi(2), i = 1,2, ..., k.

We write the definition of second-order (C,a,p,d) — V -type-1 functions. Let C
be a convex function with respect to third variable.

Definition 2.3. For any i = 1,2,...,k, j = 1,2,...,m, the function (f;, h;) is said
to be second-order (C, o, p,d) — V-type-I at u € X if there exist o}, a? X x X —
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Ry \ {0} and p}, p? € R, such that for each z € X and p € R", we have

12 (5 u
@[fi($) — fi(u) + %pTV2fi(u)p] > Cx,u(v,fi(u) + Vin(u)p) n W
and

# —h.(u 1 T727, . u (. 2, . M
TV ki zcz,u<wj< )+ V2 >p) e

Definition 2.4. For any ¢ = 1,2,....k, j = 1,2,...,m, the functions (f;, h;) are
said to be second-order semi-strictly (C, «, p,d) — V-type-1 at u € X if there exist
of, of : X x X = R\ {0} and p;, p? € R, such that for each z € X° and p € R",
we have

172 .U
)~ 10+ 50 VL8] > Con (V) + V() + A5 2
and
k() + 2pT V2 (u () 4 V2 () ) 4+ L)
C@(m)[ hj(u) + 57 V=h;(u)p) >Cm,u<Vh]< ) + V2hy( )p) + oy

Every (F, a, p,d) type-1 function is (C, a, p, d) type-1. But the converse need not be
true. This is seen from the following example.

Example 1. Let X = R.Let f : X — Rand g: X — R where f(z) = 2% — cos2x — 1
cos2x + 1

1

and g(z) = — 2z. Suppose ai, a3 € R, \ {0} and a} = 20 a3 = 3 and
Cyula) = %. Letd: X x X — Ry be d(x,u) = (v —u)>
Letp: 7]-7 p% = %a ,0% =-1
By definition of (C, a, p, d) type-1 at u = —0.57, we have

1 L 1o 2 p'd?(z,u)

— —p'V - Cac u \% \ - ’

T @) = £+ 50" T ) = Con (V100 + 2 (up) = 52

1
202% — 40(1 + cos2z) + 60 — 5% — 51"~ 6)2 + (z + 5m)? >0,

Similarly,

1 1 prd?(z, u)
———[—h —p"V?h — Coul VA V?h R e
a0+ 38"V = e (Vi + VPt ) - £
for all z € X. Hence, (f, h) is second order (C, «, p, d) type-1but (f, h) is not second
order (F,a, p,d) type-1at u = 0.57 as C' is not sub-linear with respect to the third
argument.

Definition 2.5. Let C' be a compact convex set in R™. The support function of
C' is defined by

5(z|C) = max{zTy : y € C}.
A support function, being convex and everywhere finite, has a sub-differential, that
is, there exists a z € R" such that

s(y|C) > s(z|C) + 2T (y — 2),Vx € C.
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The sub-differential of s(z|C') is given by
ds(z|C) = {z € C: 2w = s(x|C)}.
For a convex set D C R", the normal cone to D at a point x € D is defined by
Np(z) ={y € R": y*'( —2) <0,Vz € D}.
When C is a compact convex set, y € N¢(z) if and only if s(y|C) = zTy, or
equivalently, = € 9s(y|C).
3. PROBLEM FORMULATION

A general multi-objective fractional programming problem can be expressed in the
following form :

(MFP) Min G(z) = (fl(x) +S([C1) fo(@) + S(x|C2)  frlz) + S(:,C|Ck)>

)
g9(x) = S(x|D) " g(x) = S(z|D) "7 g(z) - S(z|D)
Subject to x € X ={x € X : hj(z) + S(z|E;) <0, j =1,2,...,m},
where X C R” is a closed convex set, f;, g: X - R(i=1,2,...,k)and h; : X —
R (j =1,2,...,m) are continuously differentiable functions. f;(.)+S(.|C;) > 0 and

g9(.)=S(.|D) > 0,and S(z|C;), S(z|D) and S(z|E;) denote the support functions of
compact convex sets, C;, D and Ej, foralli = 1,2, ..., k, j = 1,2, ..., m, respectively.

For every v € Rfi, consider the following auxiliary problem:
(MFP), Minimize G(x) = <f1 (z) + S(z|Cy) — v1(g(x) — S(z| D)),

oo Ful) + S(IC) — vi(g() — s<xD>>>.

Lemma 3[16]. Let * € X is an efficient solution for (MFP) if and only if there exists
_ Ji(@) + 5(2]Cy)

ve Ri such that 7 is an efficient solution for (MFP); and v; =

1,2, ..., k.

9@ - S@D) "~

Theorem 3.1 ( Necessary Condition)[15]. Assume that T is an efficient solu-
tion of (MFP) and let the Slater’s constraint qualification be satisfied on X. Then

k
there exist 0 < A\ € R*, ZA}:I,OggeRm, Zzi € R*, v € R" and

=1
w; € R", 1=1,2,...,k, 5 =1,2,...,m such that

Zi € Ci, v e D, wj € Ej, 1=1,2,...,k, j=1,2,....m.
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4. DUALITY MODEL-I

Now, in this section we study the duality for (MFP),, for some v € R’j_. We first
consider the following auxiliary problem:

(MFD) maximize {fl (u) +ulz — v (g(u) —uTv) — %pTVQ (fl(u) +ulzy — v1(g(u)
— o) )p+zy] )", — LTV, (u)p)

ooy fro(w) +uT 2 — v (g(u) — uv) — %PTVz <fk(u) +u”'zy, — v (g(u)

Y U)p+zyj )+, - 3 V)|

Subject to

k

ZAiV(fi(u)—kuTzi—ul( (u) —ulv ) +Zy] )+ uTw;)
i=1

k m
+ Z £\ V2 (fl(u) +ulz; — vi(g(u) — uTv)>p + Z y; V2hi(u)p =0, 4.1)
i=1

j=1

zzeCiy,veD,i=1,2, ..k, Wj GE]‘, =12 ..

)m’

k
Y >0, j=12..m X >0, i=12.k Y \=
i=1
We now discuss the duality results for (MFP),, and (MFD).

Theorem 4.1 (Weak Duality Theorem). Let x be a feasible solution for (MFP),,
for some v € R’i and for each feasible solution (u, z, v, y, A, v, w, p) of (MFD), for the
same v € Ri . Suppose that, forany ¢ =1,2,....k, j=1,2,....m

(4) [fl() () zi—vi(g()— ()T ), hj(.)—l—(.)ij is second-order (C, a, p,d) —

V-type-1 at u,

(1) oj(z,u) = af(x,u) = a(z,u), for all i and j,

k m
(iid) Y Xipi + D> yip] > 0.
i=1 =1

Then the following cannot hold
filx) + S(x|C3) = vi(g(x) = S(x|D)) < fi(w) + u” 2 — vi(g(u) — u'v)

1
+Zy]( )+ ul w; — prV2 i(u )p)7 Vi=1,2,...k 4.2)

and
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fr(‘T) + S(‘T|Cr) - Vr(g<x) - S(mlD)) < fr(u) + uTzr - Vr(g(u) - UTU>

+ Zyj ( )+ ul w; — pTVth(u)p>, for some r = 1,2, ..., k. (4.3)

k
Proof. Suppose that (4.2) and (4.3) hold, then using \; > 0, Z)‘i =1, 2Tz <
i=1

S(x|Cs)

, Ty < S(z|D), i = 1,2, ..., k, we have

k
ZA[ )+ 2Tz — vilgle) — o) — (fa(w) + 0"z — vilg(u) — uTv)

i=1

+%pTV2 <fz'(u) +ulz — vi(g(u) — UTU)>1”]

—Zw( ) +uw; — prVQh (uw)p ) < 0. (4.4)

Foranyi=1,2,...k, 7=1,2,...,m, [fl( )+(. )T zi —vi(g(. )—(.)TU), hj(.)—f—(.)ij

is second-order (C, a, p, d) — V-type-1, we have

al (910 ) {fz( )+ a2tz —vi(g(x) — 2Tv) — (fi(w) +u 2 — vi(g(u) — ul'v))
2 pid*(x,u)
+ ipTv <fz(u) + UTZi — Vi(g(u) — UTU))p:| _ W

> Chn [V (fi(u) +ulz; — vi(g(u) —u v)) + V2 (fl( ) +ulz —vi(g(u) — uTv))p] (4.5)

and

[— (hj(u) +u"wy) + ;pTVth(U)p}

PR (., u)

> o [V(W) -t wy) + V2hy (u)p } i

m
Let7 =1+ Zyj > (. Adding the two inequalities after multiplying (4.5) by —
-

Jj=1

Yj

and (4.6) by =X and summing them over all ¢ and j, we obtain

k
> x| (o) + 575 — o) = 70) = () + s~ o) — 7o) +

N =

p"? (At m(g(w) o) S (a0 5 Vs
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j=1 17

+ zk: _ e i ik & (z,u) 4.7)
— ol (x,u)T a?(x,u)T e '
i)

Using hypothesis (ii) and convexity of C, it gives

k

(1 TZ [fz z) + a2tz — vi(g(x) — 2Tv) = (fi(u) + u” 2z — vi(g(u) — ulv)) +

i=1

prvz (fz )+u zz—vz(g(U)—uTv> } e Zy]{ u)+u wj—prvz i (uw)p
v (fi(u) +ul 2 — vi(g(u) — uTU> +Vv? <fi(u) +ul 2 — vi(g(u)

{
iy{ )+ wy) + Vs |
+ﬁ (é&-p} +§:lyjp§) &2 (). 4.8)

Finally using feasibility condition (4.1), hypothesis (i#i) and using C ,,(0) = 0, it
follows that

k

le(fl VT 2 —vi(g(a)—aT0) — fi(u )—&—uTzi—ui(g(u)—uTv)—i—;pTVQ(fi(u)-i-
Tz — vy(g(u) - uTU> p)

1
_Zyj< +u wj — 7pTV2 j(u )p) > 0.
which contradict (4.4). Hence the result. O

Theorem 4.2 (Strong Duality Theorem). If u € X 0 is an efficient solution of (MFP),,
and let the Slater constraint qualification be satisfied. Then there exist \ € RF, y e
R™, zz € R", v € R"and w; € R", i = 1,2,...,k, j = 1,2,...,m, such that
(@, 2,0,7,\, U, w,p = 0) is a feasible solution of (MFD) and the objective function
values of (MFP), and (MFD) are equal. Moreover, if the conditions of Theorem 3.1
holds for all feasible solutions of (MFP), and (MFD), then (4, 2, 7, §, A, U;, @, p = 0)
is an efficient solution of (MFD).

Proof. Since  is an efficient solution of (MFP),, and the Slater constraint qualifica-
tion is satisfied, from Theorem 2.1, there exist i € R*,j € R™, % € R", © € R"
and w; € R",i=1,2,...,k,j = 1,2, ...,m, such that

+u'z; mo o
Zul (aa%) + GV (hi(@) + ;) =0, 4.9)
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> gi(hi(@) + u"w;) =0, (4.10)
j=1
a’'z = S(u|Cy), a'v = S(a|Dy), atw; = S(u|E;), (4.11)
z € Cy, v € Dy, w; € By, (4.12)
>0, 9,>0,i=1,2,...k j=1,2,...,m. 4.13)

Equation (4.9) can be written as,
k

i fi U +7T7i _ o
+> " Vy;(hi(a) + u"w;) = 0. (4.14)
j=1
i L fi(a) +a’z
Letting \; = (a)ﬂ_ w— and 1; = EZ; — ;Tg ,i=1, k. we have

k m
>NV (fi(u) +alz — vi(g(a) — uTv)) + Y g V(hy(a) + a"w;) =0 (4.15)

fi(w) + "z — vi(g(u) —a"v) = 0. 4.16)

Thus, (4, Z,0,7,\ 7, w,p = 0) is feasible for (MFD) and the objective function
values of (MFP), and (MFD) are equal. This complete the proof of theorem 4.2. [

Theorem 4.3 (Strict Con_verse Duality Theorem). Let ¥ be a feasible solution
for (MFP), and (4, z, 9,7, A\, w,p) be feasible for (MFD) Suppose that, for any ¢ =
2,0k, 7=1,2,....m

1
507V ) <0

) {fz() ()T zi—m3(g() = () Tw), hj(.)+(.)Tw]} is second-order semi-strictly

(Cv «, p, d) - V_type'l at a,
(#1) o (z,0) = (T, 1) = oz, ), for all i and j,

k
() Y Aopt + 37 20,
i=1 j=1
Then, * = u.

Proof. We suppose on contrary  # . Since (4, 2,7, 7, A, 0, p) is feasible solution
for (MFD), we have

m[i (fz +a’z — vi(g(n) —a v) iy a) +a’w;)
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k m
+ Z \i V2 (f,»(u) +al'z — vi(g(a) — uTU)>p + Z jVth(u)p] =0. (4.17)

j=1

al(; ) [fz(f) + 21z — vi(g(z) — 270) — (fi(a) + a’ 2z — v (g(a) — a’ v)
L _poo N =T= = N —T-\= pid?(z, )
+§p \Y (fi(u)—i—u z; — pi(g(a) —a v)p} - TER

and
= — (hj(u) + u"w;) + 1;ETVQh (@)p
a3 (z, u) I ) /
&2(z,
> Coa| V(@) + a7 w;) + V2h,(@yp| + LT, 4.19)
j('ra U)
_ o e , A Yj .
LetT =1+ Zyj > 0. Multiplying (4.18) by — and (4.19) by =, summing over
T T

j=1
1=1,2,...,kand j =1,2,...,m, we have

< a3(z,u)7 2
Y _ 7 2

>; mg{V(fZ(u)—;u z—vi(g(@) — @ v) +V (fl(u)—i—u Z

—vi(g(a) —u v)p} + Z ‘UT_]C-,E{V(h](u) +alw;) + 'V hj(u)p} +
LW u ];pz o

<Z ERTADD a§<x$>r>d2<x’“)'

Using hypothesis (ii¢) and convexity of C, it yield

;ﬁT(fz(ﬂ)+UT51 wo(0) ~a"0)p fj s (@, 5w
> Cra { k ):{V(f,(u) +a'z — vi(g(u) — uTv)> +V? (fz(u) +u'z — v;(g(a) —
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oo

Jj=1

\h‘b‘

{ )+ @ wJ)+Vh()H

k m

1 _

Z, 1) (Z)‘W% + Z%@) d*(z, ). (4.20)
=1 j=1

Finally, using feasibility conditions (4.1) and hypothesis (iv) in (4.20), we get

Using (4.17), above equation gives

k
SR (@) 4275 - nlalo) - 270) ~ () + 075 - o) - o)

.
Il

+

o=

p''v? ( fi(w) +uz — vi(g(u) — uTU) p>

- Zyj ( )+ ulw; — pTVth(u)p> > 0.

this contradicts the hypothesis (). Hence proved. O

5. DuALITY MODEL-II

Now, in this section we study the duality for (MFP),, for some v € Rﬁ. We first
consider the following auxiliary problem:

(MFD1)

maximize | f1(u) +u” 21 — v1(g(u) = uT0), oy filu) + u” 2 — vi(g(u) — uT)

Subject to

k

Z)\Z-V<fi(u)+uTzi—yz( (u) —u U>+Zyj ) 4 ulw;)
i=1

+Z)\ V2< )+ u zz—uz(g(u)—u v)p-ﬁ-Zy]V hj(u)p =0, (5.1)

j=1

Z )\lpTV2< )+ ulz — vi(g(u) — uTv)>p <0, (5.2)
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T2
p* V=h;(u)p <0, (5.3)

ZiGCZ', veD, i=12,..k, W EEj, J=12,....,m,

k
Y =0, j=1,2.,m A >0, i=12 ..k Y N=1
i=1
We now discuss the duality results for (MFP), and (MFD1).

Theorem 5.1 (Weak Duality Theorem). Letx € X 0 pe a feasible solution for (MFP),,,
for some v € Rf_ and for each feasible solution (u, z,v,y, A\, v, w,p) of (MFD1), for
the same v € Rﬁ_ . Suppose that, forany i =1,2,....k, j =1,2,...,m,

(7) [fi(.)—k(.)Tzi—Vi(g(.)—(.)Tv), hi(.)+(.)"w; | is second-order (C, o, p,d) —

V-type-I at u,
2

(ii) al(z,u) = aj(z,u) = a(z,u), for all i and j,
k m
(i) > Xipi + Y _y;ps > 0.
i=1 j=1
Then the following cannot hold

fi(z) + S(z|Cy) — vi(g(x) — S(x|D))

< filu) +ulz — vi(g(u) —u'v), Vi=1,2,.... k (5.4)
and
fr(x) + S(I|Cr) - Vr(g(‘r) - S(‘T‘D))
< fr(u) +ul 2z — v, (g(u) — ur'v), for some r = 1,2, ..., k. (5.5)
Proof. The proof follows on the lines of Theorem 4.1. O

Theorem 5.2 (Strong Duality Theorem). If u € X 0 is an efficient solution of (MFP),
and let the Slater constraint qualification be satisfied. Then there exist e RE 3 €
R"™, z; € R", v € R"and w; € R", i = 1,2,..,k, j = 1,2,...,m, such that
(4, 2,0,7, \, U;, 0, p = 0) is a feasible solution of (MFD1) and the objective function
values of (MFP), and (MFD1) are equal. Moreover, if the conditions of Theorem 3.1
holds for all feasible solutions of (MFP), and (MFD1), then (@, 2, 0, §, \, 7;, w0, p = 0)
is an efficient solution of (MFD1).

Proof. The proof follows on the lines of Theorem 4.2. U

Theorem 5.3 (Strict Convgrse Duality Theorem). Let z € X 0 be a feasible solution
for (MFP), and (u,Zz,v,y, A\, w,p) be feasible for (MFD1). Suppose that, for any
1=1,2,..,k, j=1,2,....m,

i=1
0,

(#4) [ft( Y4+ () 2 —=2i(g() = ()T v), hyi()+ () w;| is second-order semi-strictly
C,a,p,d) — V-type-1 at @,

(i11) o (z,u) = a3 (Z,u) = (Z, ), for all i and j,
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k m
() > Xipi + Y405 > 0.
1 j=1
Then, T = u.

.
Il

Proof. The proof follows on the lines of Theorem 4.3. 0
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