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ABSTRACT. The aim of this work is to suggest a new system of nonlinear regularized noncon-
vex variational inequalities in a real Hilbert spaces and established an equivalence relation
between this system and fixed point problems. By using the equivalence relation we con-
struct a new perturbed projection iterative algorithms with mixed errors for finding a solution
set of system of nonlinear regularized nonconvex variational inequalities and discussed the
convergence of the sequences generated by an iterative algorithm.
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1. HIiSTORICAL BACKGROUND

Variational inequalities which were introduced by Stampacchia [23] provided us
with a powerful tools to study a wide class of problems arising in mechanic, physics,
optimization and control theory, linear programming, economics and engineering
sciences, see [8, 9, ]. In recent years, several authors studied different type of
system of variational inequalities and suggested iterative algorithms to find the ap-
proximate solutions of such system, see [7, 10, 11, 14, 15, 19, 20, 22, 26, 27]. We
remark that the almost all results concerning the system of solutions of iterative
scheme for solving the system of variational inequalities and related problems are
being considered in the setting of convex sets. Consequently the techniques are
based on the projections of operator over convex sets, which may not hold in gen-
eral, when the sets are nonconvex. It is known that the unified prox-regular sets
are nonconvex and included the convex sets as special cases, see [4, 18, 28].
Inspired by the recent works going on this fields, see [1, 2, 3, 5, 6, 13, 16, 17,

, 25], in this paper, we introduced and studied a new system of nonlinear regu-
larized nonconvex variational inequalities in a real Hilbert spaces. We established
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the equivalence between the system of nonlinear regularized nonconvex variational
inequalities and the fixed point problems. By using the equivalence relation, we
construct a perturbed projection iterative algorithms with mixed errors for finding
a solution set of the aforementioned system. Also we proved the convergence of the
defined iterative algorithms under suitable assumptions.

2. Basic FOUNDATION

Let H be a real Hilbert space with norm || - || and inner product (-, -). Let K be
a nonempty convex subset of H, and C'B(#) denote the family of all closed and
bounded subsets of H.

Definition 2.1. The proximal normal cone of K at a point u € H is given by
NEw)={CeH uec Pc(ut+al)},
where a > 0 is a constant and Py is projection operator of H onto K, that is,
Pre(u) ={v e K:di(u) = |lu—ol},
where dx (u) is the usual distance function to the subset /C, that is,
di () = inf Ju— o]|
Lemma 2.2. Let K be a nonempty closed subset in H. Then( € N, ,15 (u) if and only
if there exists a constant o > 0 such that
(C,v —u) < allv—ul]® Yo e K.
Definition 2.3. The Clarke normal cone, denoted by N (u), is defined as
N (u) = @[ NE (u)],

where 0.4 means the closure of the convex hull of A. It is clear that N (z) C
NE (). The converse is not true in general. Note that NS (z) is always closed
and convex cone where as N,é’ (z) is always convex but may not be closed, see

[4, 9, 18, 24].

Definition 2.4. For any r € (0,+00], a subset K, of H is called the normalized
uniformly prox-regular (or uniformly r-prox-regular) if every nonzero proximal nor-
mal to K, can be realized by an r-ball. This mean that for all Z € K, and all
0# ¢ € Ng (@) with ||¢]| =1,

1
(Go—7) < -lle =72 2 e K.

Lemma 2.5. [3] A closed set KL C H is convex if and only if it is proximally smooth
of radius r for every r > 0.

Proposition 2.6. Let r > 0 and K, be a nonempty closed and uniformly r-prox-
regular subset of H. Set
U(r)={ueH:0<dk.(u) <r}.
Then the following statements are hold:
(@ forallz € U(r), Pc, (z) # 0;

(b) for all v’ € (0,r), Px, is Lipschitz continuous mapping with constant
on

r
r—r’

U ) ={ueH:0<dk, (u) <r'};

(c) the proximal normal cone is closed as a set valued mapping.
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From Proposition 2.6 (c), we have N¢ (z) = N{ (x). Therefore we define
N, (z) = N,%VT (x) = N,lgr (z) for a class of sets.
Definition 2.7. The single-valued operator p : H — H is called

(i) monotone if

<p(.’£) _p(y)al - y> > Oa vxay € H,

(ii) B-strongly monotone if there exists a constant 8 > o such that

(p(x) = p(y),x —y) > Ble —yl?, Vo,yeH,
(iii) o-Lipschitz continuous mapping if there exists a constant o > o such that
Ip(z) —pW)ll < olle —yll, Va,yeH.
Definition 2.8. Let p : H — # be a single valued mapping and let T : H — 27
be a set valued mapping. Then 7T is said to be
(i) monotone if
(u—v,z—y) >0, Ve,ye H,ueT(z),veT(y),
(i) x-strongly monotone with respect to p if there exists a constant x > 0 such
that
(u—v,p(z) = p(y)) = Kllz —ylI*, Yo,y €H,ueT(x),veT(y)

Definition 2.9. A two-variable set-valued operator T : H x H — 2% is £ — D-
Lipschitz continuous in the first variable, if there exists a constant £ > o such that,
forall z,z' € H,

D(T(x,y), T(z",y") < &lle — 2’|, Vy,y' €H
where D is the Hausdorff pseudo metric that is for any two nonempty subsets A
and B of H
ZS(A, B) = max {sup d(z, B), sup d(y, A)} .
€A yeB

3. SYSTEM OF NONLINEAR REGULARIZED NONCONVEX VARIATIONAL INEQUALITIES

In this section, we introduce a new system of nonlinear regularized nonconvex
variational inequalities in a real Hilbert space and investigated their relations.
Let Ty,...,Tn : H x H — CB(H) be the nonlinear set valued mappings and let
g1s---,9N-P1, .- ., hy : H — H be the nonlinear single valued mappings such that
K. C g;(H) fori = 1,...,N. For any constants 71,...,ny > 0, we consider the
problem of finding z1,...,zxy € H and u; € T1(x2,x1), us € To(xs,22), ... ,un—_1 €
Tn-1(zn,xNn—-1), un € Tn(z1,2nN) such that hy(z1),...,hn(zy) € K, and

(muy + hi(x1) — g1(x2), 1(x) — ha(21)) + 55 lg1 (2) — ha(21)|* > 0,
(naug + ho(x2) — g2(3), g2(x) — ha(w2)) + 55 l|lg2(x) — ha(z2)|* > 0,

(Mn-1un—1 +hn_1(zn-1) —gn-1(zN), gn—1(z) — hn—1(zN—-1))
+ 3 llgn—1(z) — hn_1(zn-1)]* > 0,

(nvun + by (zn) — gy (#1), gn (@) — by (28)) + 3= [lgn () — ha (zn)]1? > 0,
Ve € Kyt g1(x),...,gn(x) € K.

(3.1)
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The problem (3.1) is called the system of nonlinear regularized nonconvex variational
inequalities.

Lemma 3.1. Let K, be a uniformly r-prox-regular set then the problem (3.1) is equiv-
alent to finding x1,...,ony € H and uy € Ti(x2,21), ug € To(x3,x2), ..., un—_1 €
Tn_1(zn,zn—-1), uny € Tn(x1,2N) such that

0 € mut + hi(z1) — g1(z2) + NE (ha(z1)),

0 € naug + ha(z2) — g2(x3) + N _(ha(22)),

(3.2)
0€nn_1un—1+hy-1(zn-1) = gnv-1(zn) + NE (hy-1(zn-1)),
0 € nyun + hn(zy) — gy (21) + NE (hn(zn)),

where N,ICDT (s) denotes the P-normal cone of K, at s in the sense of nonconvex
analysis.

Proof. Let (z1,...,ZN,U1,...,un) With 21,...,2xy € H, hi(x1),...,hn(zn) € K,
and u; € Tl(xg,ail), Ug € Tg(l‘g,.’)ﬁg), LLLUN—1 € TNfl(l‘N,.%‘Nfl), unN € TN(,’L‘l,l‘N)
be a solution set of the system (3.1). If

mui + ha(z1) — g1(z2) =0
because the vector zero always belongs to any normal cone, then
0 € mur + hi(21) — g1(z2) + N (ha(21)).
If
mui + hi(z1) — g1(z2) # 0
then for all x € H with ¢;(z) € K,
(G + (@) = 01(22),01(2) — m(e) < ol (@)~ )P @3
From Lemma 2.2 we have
—(muy + ha(z1) — g1(x2)) € NE (hy(21))

and
0e U1 —+ hl(fﬂl) — gl(CC2) —+ NIICDW(hl(Il» (34)
Similarly
0 € nauz + ha(x2) — ga(ws) + NE (ha(x2)),
0 € n3us + hs(z3) — g3(xa) + NE_(hs(x3)),
: (3.5)
0€nn-1un—1+hy-1(zn-1) = gn-1(zn) + NE (hy-1(zn-1)),
0 € nyvun + hn(zn) — gn(21) + NE (hn(zn)),
Conversely, if (z1,...,ZN,u1,...,uy) with z1,..., 2y € H, hi(z1),...,hn(zN) €
K, and u; € Ti(x2,21), ug € Ta(zs,22), ... un—1 € ITn_1(xN,ZN_1), uN €
Tn (21, ) is a solution set of the system (3.2) then from Definition 2.4, z1,...,zy €
H and u; € Tl(xg,xl), Uy € Tg(xg,xg), oL UN—1 € TN_l(mN,xN_l), uy €

Tn(z1,zy) with hy(z1),...,hn(xx) € K, is a solution set of the system (3.1). [

The problem (3.2) is called system of nonlinear regularized nonconvex variational
inclusions.
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4. MAIN RESULTS

Lemma 4.1. LetTy,...,TN, g1,---,9N, h1,-..,hN, 71,...,nN be the same as in
the system (3.1). Then (z1,...,TN,U1,...,uy) with z; € H,hi(x;) € K, for all
i=1,...,N and uy € Ti(x2,21), uy € To(x3,22), ... ,.un—1 € Tn_1(zN,ZN-1),
uny € Tn(z1,zN) is a solution set of the system (3.1) if and only if

hi(z1) = P, [g1(z2) — mual,

ha(z2) = Pk, [g2(w3) — nous],

(4.1)

hn—1(zn-1) = Px,[gn-1(zN) — N—1uN—1],
hy(zn) = P, [gn (1) — nvun],

where Py, is the projection of H onto the uniformly r-prox-regular set K.

Proof. Let (x1,...,ZN,u1,...,uy) with 2; € H,h;(z;) € K, foralli=1,..., N and
u € Tl(l‘g,l‘l), Uy € T2($3,.Z‘2), LLLUN—1 € TN_l(JJN,IN_l), unN € TN(l‘l,JZN) is
a solution set of the system (3.1). Then from Lemma 3.1, we have

0 € mus + hy(21) = g1(22) + NE (ha(21)),

0e T2 U2 + hg(.’tz) — 92(1'3) + N,}CDT (hg(fEQ)),

0€nn_1un—1+hn_1(xn-1) — gn-1(zn) + NE (An_1(zn-1)),
0 € nvun +hn(zn) — gn(z1) + NE (hn(zN)),

g1(z2) —mur € (I + NE )(hi(21)),
g2(w3) — maug € (I + NE )(ha(x2)),

o= : (4.3)

gn-1(zNn) —nN—1un—1 € (I + NE Y(hn-1(xn-1)),
gn(z1) —nyun € (I 4+ NE ) (hn(zn)),

hi(x1) = P, [g1(72) — muil,
ha(w2) = Px,[g2(73) — noual,

& : (4.4)

hn-1(zn-1) = P, [gn-1(zn) — N—1uN_1],
hn(ry) = Pk, [gn(71) — nyvun],

where  is an identity mapping and Pg, = (I + N )~*. O

Remark 4.2. The inequality (4.1) can be written as follows
q1 = g1 (332) —mui, hi (xl) = P)C,‘ [91]
a2 = g2(w3) —mauz, ha(x2) = Py, [g2]
: 4.5)

gn—1 =gn-1(zN) —nn—1un—1, hn-1(zn-1) = Pk, [qn—-1]
gy = gn(®1) —nnun, hy(zn) = P, [qn],

where n; > 0,2 =1,..., N are constants.
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The fixed point formulation (4.5) enables us to construct the following perturbed
iterative algorithms with mixed errors.

Algorithm 4.1. LetTl,...,TN,gl,...,gN, hi,...,hn.M1,...,nN be the same as in

the system (8.1) such that hy, .. : H — H be onto operators. Lete?, ... e,
..., % € H,ap € Randny > 0 Forgwenq17 oo @ € Hyweleta?, ... 2% € H,
ud € Tl(ch,x?), u € To(2,29), ... ul_ 1 € Tn-1(2%,2%_,), ul € Tn(29,2%)
such that

9 D) a1 = (1 —a0)q) + ao(g1(29) — noud + €9) + 17,
ha(29) = P, (49): a3 = (1 — ao)q3 + ao(g2(28) — noul + €9) + r9,

hn-1(2_1) = Pe, (@} -1); an-1 = (1= a0)dl—q +aolgn-1(2z) — mouly_,
+6(J)\7—1) + T(I)\/—la
h (@) = P (a¥); an = (1 — ao)gd + aolgn (af) — nouly +eR) + 73
(4.6)
We choose z1, ...,z € H such that hy(z}) = Pk, (q1)... ..hn(z)) = Pk, (q%). By
Nadler’s theorem [2 1], there exists

up € Ty (3, 2); |uf —uill < (14 (1+n) ") D(Ty (23, 21), T1 (23, 01
uy € Ta(a§,29); [Jug —uzll < (1+ (1+n) ™) D(Ta(a§, 25), To(x3, 23)),

uy_1 € Tn—1(af, aX_1)s g —up_q [l < L+ (1 +n) " HD(Tn-1 (2R, 2%,
R TN—l(z}\ﬁx}V—l))a
uy € Ty (2%, 2%); [uly —upll < 1+ A +n)")D(Tn (2], 2%), Tn (a1, 7).
4.7)
Continuing the above process inductively, we can obtain the sequences {x7}> ,
AN Inte {ul I - {ul 1aZo by using

hl (JJ
hg (IE

) =P, (q1); aitt = (1 — an)q + an(g1(2h) — mup + e}) + 17,
)= Pc,(¢3); @bt = (1—an)gd + an(g2(a) — maul + ef) + 17,

NI =3

hy-1(zy_1) = Px,(qy_1); qX,Hl (1 —an)gy_ 1 + an(gn-1(2R)

n
—NN-1UN_1 +ER_1) T TR 1,

h (@) = P, (a%); an'' = (1 — an)af + anlgn (27) — nvufy + ef) + 15,
4.8)
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and

uptt e Tyt ety =t < (1 (L4 n) ") D(Ty (25, 27),
T1( n—i—l n+1))

uy ™€ To(ay ™ a5 ™) flug —up ™ < (L4 (14+0)"1)D (Tz(l’g,xz)
Ta(ay ™ a3 th),

)

uyty € Tv—a (e e Mlufy —uihll < (L4 (1 +n)7h)x
D(T -1 (2 afy_y), Tn-a (2 i),
uptt e T (@i, et uf — wit ] < (1 (14 n) ") D(Tn (o7, o),
T (2, i),
4.9)
where 0 < a,, < 1is a parameter and {e}}7%q, ..., {eX oo, {71020, - {TN 1220
are sequences in H to take into account of a possible inexact computation of the
resolvent operator satisfying the following conditions:

lim e = lim ] =0;
n—rr 00 n—00
oo oo
Do lled —ep Tt <o, Yt T < oo (4.10)
n=1 n=1

foralli=1,...,N.
Theorem 4.3. Let T}, g;, h;,n;, fori = 1,..., N be the same as in the system (3.1)
such that, foreacht=1,...,N,

(i) 7; is k;-strongly monotone with respect to g; and &; — ﬁ—Lipschitz continuous
mapping in the first variables;
(ii) h; is B;-strongly monotone and o;-Lipschitz continuous mapping;
(iii) g; is pi-Lipschitz continuous mapping.
If the constants n; > 0 satisfying the following conditions:

et - € (2 - (= 20 - map?)

_hm
m §1 7’5% 3
- e =& (8 — =2 - mp2) -
n JQV 7’5]2\7 s .
TR1 > 51\/7'2#% —(r—1")2(1 — m9)2,
reny > Eny/riud — (r—r)2(1—m)?, (4.12)
rpy > (r—r)(1—m),...,runy > (r—71")(1 —m), (4.13)

and

=4/1-28i+0?, 2m <1+a? (4.14)
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foreachi = 1,...,N, where v’ € (0,r), then there exists z7,...,x% € H with
hi(z3),...,hn(zy) € K and uf € Ti(xs,z7), ub € To(xd, z5), ..., ujy_, €
Tn_1(zy,xy_1)uly € ITn(z3,xy) such that (z5,...,x%5,uf,...,uy) is a solution
set of system (3.1) and sequences {(x7,..., %, ul, ..., uy) 5>, suggested by Algo-
rithm 4.1 converges strongly to (z3,..., TN, ul, ..., uk).
Proof. From (4.8), we have
lgy ™ =gt < (1—an)la — a7l + anllgr(@h) — gr(ay™") —m(uf —uf ™|
Halef — ey T A+ [l — . (4.15)
Since 77 is x1-strongly monotone with respect to g; and &; —ZS—Lipschitz continuous
mapping in the first variables and ¢; is p;-Lipschitz continuous, we get
g1 (23) = gr(25™") = m(uf —uf ™2
= Jlg1(a3) = g1(a5 ™ HII* = 2 (uf —ui™h g1(5) — g (a5 ™))

+ g |uy — i
< pillel — 27 = 2 [l — yE’S_lllz

+ 0t (L+n )2 (D(Ty (af, 27), Ta(ag " 2™ 1)))?
(f = 2|2y — 25712
+ i (L+n P (D(T1(af, 2f), Ty~ 2™ h))?
< (uf = 2men)llay — 237 P+ e (14 T2 lag — 272

= (1 —2mm + i (L +n"1)?) oy — gt (4.16)
It follows from (4.15) and (4.16), we obtain that
g =gt < (L—an)llgd —ai I + anlled — et~ + [|rf — 7|

+an\/,u1 —2mK1 + P31+ n1)2|2h — x§_1||. 4.17)

Similarly, we can prove that

loz™ =gzl < (1—an)llgy — a5~ | + anlles —es ™| + [Iry —r37 "
e 13— 2maa + m3ER(L 4 n 2 —

lgz™ a3l < (1—an)llas — a7l +anlles —es™ |+ [lrf — 5™
o 3 — 2srs + nRER(L 4 n 12k —

ot — k1l < (1 —an)llaf-1 —dn 1||

+O‘n\/ﬂ?\/—1 —2NN—1KN—1 + 7]12V—1§JQV—1(1 +n=1)? x
o — a5+ anllef—y —ex il + llrk—1 — a4l

lay™ —anll < (1 —an)llgl — gyl
ey — 2w+ R €L n 2 — 2
+agller —en Hl + lrk =yl (4.18)

By using (4.8), we get that
ot =27 7H < et =277t = (ha(a) = ha (@ T + (@) = ha (27 7))
=ll2f — 277 = (ha(af) — (27O + | Pe, (aF) — Pre, (a1l
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<t —ai ™ = (ha(e) = ha(ey I + 72 llaf — a7 (4.19)

Since h; is [31-strongly monotone and o;-Lipschitz continuous, we have

ot — 277" = ((e}) — @y I2 = flaf 2P + (@) - (2P
—2(h(a}) - ha(2f ), af — a7 )
<l — a7 Y2 - 281l — 23

+of||lat — 2t H?
= (1-261 40|zt — T 1||2. (4.20)
By (4.19) and (4.20), we obtain that
o =2 7H < y/1 =281+ off|af — 2P| + ol — ' @21

that is

.
ot — 277 < Y. @422

Vi

Similarly, we can prove that

r
xn_xn—l < q _qn—l ,
o =t el
r
§-ay 7l < M,
lay — af

(r—r’)(l W)”q?; _QS

r

ey — a4l < gk -1 — an_ll,
(r—r(1 - \/1 —2Bn-1+0%_1)
r
zh — 2 < — g (4.23)
(£35S NI < (r—r)(1—/1—28n + N)H‘JN vl
It follows from (4.17), (4.18), (4.22) and (4.23) that
_ Q1(n)
n+l _ n < _ n __ . n—1 iy n __ —1
gy all < (A-a)ld —d¢ ||+an—(r_r,)(1_7r2)llq a |
+apller — e+ Irf =7,
5% — a5l < (- )l — a5+ o 2 g
- : (=) (—m)
+aglles —es |+ lIrs =5,
_ rQn_1(n)
||anr1 —an-ll < (1—an)\|q’fv_1—q%flllJranWHqN—q ||
+anllefy — el + Irk oy — AL
Qn(n)
n+l _ n < 1— n _ n—1 TN _
lax™ —anll < (1 —an)llay —ay ||+a"—(r—r/)(l—7r1)” g
+anlled —en H+ ek — i, 4.24)
where

Qi(n) = \/uf —2mik; + 22 (1+n~1)2, and m = /1 —28; + o2,

foralli=1,2,..., N.
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Now we define || - ||, on H x ... X H by
N—times
(x1,...,2n)lls = |21l + ...+ |lzn|ls, forall (z1,...,25) EH X ... X H.
N—times
It is obvious that (% X ... x H, || - ||+) is a Hilbert space, applying (4.24) we have

N —times

g™ an™) = (@)l < (= an)llals - ai) = (a7 gy s

+a, @) (gf's -, qx) = (675 an Dl +anll(el - eR)
— (e Dl IO ) = P R D e (4.25)
Put
B rQ1(n) rQn(n)
6(71)_max{(r—r’)(l—wz)7”" - ) (4.26)
Let O(n) — ©,as n — o0
- TQl TQN
@max{(r—r’)(l—ﬂg)"“’(T—r’)(l—m)} (4.27)

By (4.11),we know/\that 0<© <1 For© = %(@ +1) € (0,1) there exists ng > 1
such that @(n) = O for each n > ny. So it follows from (4.25) that, for each n > ny,
g™ g™ = (@ d)lle < A= an)llars oo ah) = (@7 Dl
+an®ll(ar, - aR) = (a1 ay Dl
Fapll(ef, - e) = (er e Dl TR = T
= (1—an(1=O))ll(a},- - k) = (a7 sai Dl
Fag(ef, . ef) = (e e Dl IO rR) = T
< (101 0) (1~ (- O o) — (@)
Fagll (e ey (T e e T )
= (%R anl(ed s eR) = (e
G O R (e N |
= (1= an(1=0)ll(gr ™" an ) = (@ % a2l
(1

an(1=O)(er ™, e ) = (el % e Al
(e eR) = (e L)

(L —an( =Dy ) = P2 )

T R) = T D

/N 3

+ oy

IN

< (L =an(1=0)" (g gyt = (@)
n—no

A\\i— n—(i—1 n—(i—1 n—ia n—ia
ton D (1= an(1=0) (et U e ) = (e e s
7=1
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n—ngo

+ 3 (1= an( =0 Yy e T ). @.28)
Thus, for any m > n > ng, we get that

m—

—

< S ()
j=n
m—1
< S =1 =) (g, gt = (g, )]
j=n
m—1j—no ) ) .
Fan S S (T—an(1=0) (e~ e ) (e
j=n i=1

m—1j—no

+3 N - an (=0 T e ) — e e (4.29)

j=n i=1

Since (1 — a, (1 — 0)) € (0,1), it follows from (4.10) and (4.29) that

(g - an) = (afs - )l = llat" — ai'll + .. + llay — gl — 0 as n — oo.

So {qi'},...,{¢k} are Cauchy sequences in / and thus there exists ¢}, ...,qy € H
such that ¢{ — ¢}..... ¢ — ¢ as n — oo. By (4.22) and (4.23), it follows
that the sequences {z7},....{z% } are also Cauchy sequences in . Hence there
exists x7,...,2y € H such that 27 — 27,..., 2%, — xy as n — oo. Since for
eachi=1,...,N, T;is & — ﬁ—Lipschitz continuous mapping in the first variable,
therefore it follow from (4.7) that

luf = wf < (L (L) ) D(Th (g, ), Ty 2f ™))
< A+ @+n) ez -2 — 0,
luy —us ™| < (L4 (L4 n) )D(Th (s, a5), Te(ay ' ap ™))
< (14 A +n) Helaf — a5 — 0,
lufy —uyh < A+ @ +n)7H)D (TN (@ 2 1), In—a (23 2 ))
< (L4 (0 enoallef — 23— 0,
lufe —uy™ < (L4 (L4 0) DTy (2 o), Tl a™)
< (41 +n) Denlat =™ — 0, (4.30)
as n — oo. Hence {u}'},...,{uly} are Cauchy sequences in H and so there
exists uy,...,uy € H such that u? — ul,...,uyy, — uj as n — oo. Further

ul € Ty (2%, 1) we have

d(uy, Ty (w3, 7)) inf{|lu — ¢l : t € Ta(x3,27)}

< ur =g + d(uf, Ty (x5, 27))
< i = ufl + D(T1(a3,27), Tr (23, 27 H)
< ey —wfl| + &fles — 23] — 0, (4.31)
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as n — oco. Hence d(uj, Ty (x5, 23)) = 0 and so u} — u} € Ty (a3, x7).

By the same method, we can prove that

d(uz, To(wz,23)) < luz —uz | + &ofleg — x3] — 0,

d(uz, Ts(eg, 23)) < lug — ugl| + &llaf — 23| — 0,
dluy 1, Tn-1(zn, 2n—1)) < luy-g —u |+ Ev-alleR — 2x ] — 0,
d(uy, Tn(z1,2y)) < fluy = uill +Enllat — 21l — 0, (4.32)

as n —> oo. Therefore uy € Th(z5, z3).... .uy € Tn(zf,xy). Since g; for i =

1,..., N is continuous, it follows from (4.8) and (4.10) that

a1 = g1(x3) —mui, ..., qy = gn(T]) — INuRy- (4.33)
Since hq, ..., hy and Px, are continuous mappings, it follows from (4.8) and (4.33)
that

hi(z1) = Px,.(a1) = Pc,(91(23) — mui),

ho(z3) = P, (q2) = P, (g2(23) — m2u3),

h(zh_1) = Px.(av-1) = Pc.(gn-1(zx) = nv-1un_1),
hn(zy) = Pe.(dy) = Pe,.(9n(27) — nvup). (4.34)
Now Lemma 4.1, guarantees that (z7,..., 2}, u], ..., ul) is a solution set of system
(3.1). O
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