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ABSTRACT. The aim of this work is to suggest a new system of nonlinear regularized noncon­
vex variational inequalities in a real Hilbert spaces and established an equivalence relation
between this system and fixed point problems. By using the equivalence relation we con­
struct a new perturbed projection iterative algorithms with mixed errors for finding a solution
set of system of nonlinear regularized nonconvex variational inequalities and discussed the
convergence of the sequences generated by an iterative algorithm.
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1. Historical Background

Variational inequalities which were introduced by Stampacchia [23] provided us
with a powerful tools to study a wide class of problems arising in mechanic, physics,
optimization and control theory, linear programming, economics and engineering
sciences, see [8, 9, 12]. In recent years, several authors studied different type of
system of variational inequalities and suggested iterative algorithms to find the ap­
proximate solutions of such system, see [7, 10, 11, 14, 15, 19, 20, 22, 26, 27]. We
remark that the almost all results concerning the system of solutions of iterative
scheme for solving the system of variational inequalities and related problems are
being considered in the setting of convex sets. Consequently the techniques are
based on the projections of operator over convex sets, which may not hold in gen­
eral, when the sets are nonconvex. It is known that the unified prox­regular sets
are nonconvex and included the convex sets as special cases, see [4, 18, 28].
Inspired by the recent works going on this fields, see [1, 2, 3, 5, 6, 13, 16, 17,
24, 25], in this paper, we introduced and studied a new system of nonlinear regu­
larized nonconvex variational inequalities in a real Hilbert spaces. We established
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the equivalence between the system of nonlinear regularized nonconvex variational
inequalities and the fixed point problems. By using the equivalence relation, we
construct a perturbed projection iterative algorithms with mixed errors for finding
a solution set of the aforementioned system. Also we proved the convergence of the
defined iterative algorithms under suitable assumptions.

2. Basic Foundation

Let H be a real Hilbert space with norm ∥ · ∥ and inner product ⟨·, ·⟩. Let K be
a nonempty convex subset of H, and CB(H) denote the family of all closed and
bounded subsets of H.

Definition 2.1. The proximal normal cone of K at a point u ∈ H is given by

NP
K (u) = {ζ ∈ H : u ∈ PK(u+ αζ)},

where α > 0 is a constant and PK is projection operator of H onto K, that is,

PK(u) = {v ∈ K : dK(u) = ∥u− v∥},
where dK(u) is the usual distance function to the subset K, that is,

dK(u) = inf
v∈K

∥u− v∥.

Lemma 2.2. Let K be a nonempty closed subset in H. Then ζ ∈ NP
K (u) if and only

if there exists a constant α > 0 such that

⟨ζ, v − u⟩ ≤ α∥v − u∥2 ∀v ∈ K.

Definition 2.3. The Clarke normal cone, denoted by NC
K (u), is defined as

NC
K (u) = co[NP

K (u)],

where coA means the closure of the convex hull of A. It is clear that NP
K (x) ⊆

NC
K (x). The converse is not true in general. Note that NC

K (x) is always closed
and convex cone where as NP

K (x) is always convex but may not be closed, see
[4, 9, 18, 24].

Definition 2.4. For any r ∈ (0,+∞], a subset Kr of H is called the normalized
uniformly prox­regular (or uniformly r­prox­regular) if every nonzero proximal nor­
mal to Kr can be realized by an r­ball. This mean that for all x ∈ Kr and all
0 ̸= ζ ∈ NP

Kr
(x) with ∥ζ∥ = 1,

⟨ζ, x− x⟩ ≤ 1

2r
∥x− x∥2, x ∈ K.

Lemma 2.5. [8] A closed set K ⊆ H is convex if and only if it is proximally smooth
of radius r for every r > 0.

Proposition 2.6. Let r > 0 and Kr be a nonempty closed and uniformly r­prox­
regular subset of H. Set

U(r) = {u ∈ H : 0 ≤ dKr (u) < r}.
Then the following statements are hold:

(a) for all x ∈ U(r), PKr (x) ̸= ∅;
(b) for all r′ ∈ (0, r), PKr is Lipschitz continuous mapping with constant r

r−r′

on
U(r′) = {u ∈ H : 0 ≤ dKr (u) < r′};

(c) the proximal normal cone is closed as a set valued mapping.
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From Proposition 2.6 (c), we have NC
Kr

(x) = NP
Kr

(x). Therefore we define
NKr (x) = NC

Kr
(x) = NP

Kr
(x) for a class of sets.

Definition 2.7. The single­valued operator p : H −→ H is called
(i) monotone if

⟨p(x)− p(y), x− y⟩ ≥ 0, ∀x, y ∈ H,

(ii) β­strongly monotone if there exists a constant β > o such that

⟨p(x)− p(y), x− y⟩ ≥ β∥x− y∥2, ∀x, y ∈ H,

(iii) σ­Lipschitz continuous mapping if there exists a constant σ > o such that

∥p(x)− p(y)∥ ≤ σ∥x− y∥, ∀x, y ∈ H.

Definition 2.8. Let p : H −→ H be a single valued mapping and let T : H −→ 2H

be a set valued mapping. Then T is said to be
(i) monotone if

⟨u− v, x− y⟩ ≥ 0, ∀x, y ∈ H, u ∈ T (x), v ∈ T (y),

(ii) κ­strongly monotone with respect to p if there exists a constant κ > 0 such
that

⟨u− v, p(x)− p(y)⟩ ≥ κ∥x− y∥2, ∀x, y ∈ H, u ∈ T (x), v ∈ T (y).

Definition 2.9. A two­variable set­valued operator T : H × H −→ 2H is ξ − D̂­
Lipschitz continuous in the first variable, if there exists a constant ξ > o such that,
for all x, x′ ∈ H,

D̂(T (x, y), T (x′, y′)) ≤ ξ∥x− x′∥, ∀y, y′ ∈ H

where D̂ is the Hausdorff pseudo metric that is for any two nonempty subsets A
and B of H

D̂(A,B) = max

{
sup
x∈A

d(x,B), sup
y∈B

d(y,A)

}
.

3. System of Nonlinear Regularized Nonconvex Variational Inequalities

In this section, we introduce a new system of nonlinear regularized nonconvex
variational inequalities in a real Hilbert space and investigated their relations.
Let T1, . . . , TN : H ×H −→ CB(H) be the nonlinear set valued mappings and let
g1, . . . , gN ,h1, . . . , hN : H −→ H be the nonlinear single valued mappings such that
Kr ⊆ gi(H) for i = 1, . . . , N. For any constants η1, . . . , ηN > 0, we consider the
problem of finding x1, . . . , xN ∈ H and u1 ∈ T1(x2, x1), u2 ∈ T2(x3, x2), . . .,uN−1 ∈
TN−1(xN , xN−1), uN ∈ TN (x1, xN ) such that h1(x1), . . . , hN (xN ) ∈ Kr and

⟨η1u1 + h1(x1)− g1(x2), g1(x)− h1(x1)⟩+ 1
2r∥g1(x)− h1(x1)∥2 ≥ 0,

⟨η2u2 + h2(x2)− g2(x3), g2(x)− h2(x2)⟩+ 1
2r∥g2(x)− h2(x2)∥2 ≥ 0,

...

⟨ηN−1uN−1 + hN−1(xN−1)− gN−1(xN ), gN−1(x)− hN−1(xN−1)⟩
+ 1

2r∥gN−1(x)− hN−1(xN−1)∥2 ≥ 0,

⟨ηNuN + hN (xN )− gN (x1), gN (x)− hN (xN )⟩+ 1
2r∥gN (x)− hN (xN )∥2 ≥ 0,

∀x ∈ Kr : g1(x), . . . , gN (x) ∈ Kr.

(3.1)
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The problem (3.1) is called the system of nonlinear regularized nonconvex variational
inequalities.

Lemma 3.1. Let Kr be a uniformly r­prox­regular set then the problem (3.1) is equiv­
alent to finding x1, . . . , xN ∈ H and u1 ∈ T1(x2, x1), u2 ∈ T2(x3, x2), . . .,uN−1 ∈
TN−1(xN , xN−1), uN ∈ TN (x1, xN ) such that

0 ∈ η1u1 + h1(x1)− g1(x2) +NP
Kr

(h1(x1)),

0 ∈ η2u2 + h2(x2)− g2(x3) +NP
Kr

(h2(x2)),
...

0 ∈ ηN−1uN−1 + hN−1(xN−1)− gN−1(xN ) +NP
Kr

(hN−1(xN−1)),

0 ∈ ηNuN + hN (xN )− gN (x1) +NP
Kr

(hN (xN )),

(3.2)

where NP
Kr

(s) denotes the P ­normal cone of Kr at s in the sense of nonconvex
analysis.

Proof. Let (x1, . . . , xN , u1, . . . , uN ) with x1, . . . , xN ∈ H, h1(x1), . . . , hN (xN ) ∈ Kr

and u1 ∈ T1(x2, x1), u2 ∈ T2(x3, x2), . . .,uN−1 ∈ TN−1(xN , xN−1), uN ∈ TN (x1, xN )
be a solution set of the system (3.1). If

η1u1 + h1(x1)− g1(x2) = 0

because the vector zero always belongs to any normal cone, then

0 ∈ η1u1 + h1(x1)− g1(x2) +NP
Kr

(h1(x1)).

If
η1u1 + h1(x1)− g1(x2) ̸= 0

then for all x ∈ H with g1(x) ∈ Kr

⟨−(η1u1 + h1(x1)− g1(x2)), g1(x)− h1(x1)⟩ ≤
1

2r
∥g1(x)− h1(x1)∥2. (3.3)

From Lemma 2.2 we have

−(η1u1 + h1(x1)− g1(x2)) ∈ NP
Kr

(h1(x1))

and
0 ∈ η1u1 + h1(x1)− g1(x2) +NP

Kr
(h1(x1)). (3.4)

Similarly

0 ∈ η2u2 + h2(x2)− g2(x3) +NP
Kr

(h2(x2)),

0 ∈ η3u3 + h3(x3)− g3(x4) +NP
Kr

(h3(x3)),
...

0 ∈ ηN−1uN−1 + hN−1(xN−1)− gN−1(xN ) +NP
Kr

(hN−1(xN−1)),

0 ∈ ηNuN + hN (xN )− gN (x1) +NP
Kr

(hN (xN )),

(3.5)

Conversely, if (x1, . . . , xN , u1, . . . , uN ) with x1, . . . , xN ∈ H, h1(x1), . . . , hN (xN ) ∈
Kr and u1 ∈ T1(x2, x1), u2 ∈ T2(x3, x2), . . .,uN−1 ∈ TN−1(xN , xN−1), uN ∈
TN (x1, xN ) is a solution set of the system (3.2) then from Definition 2.4, x1, . . . , xN ∈
H and u1 ∈ T1(x2, x1), u2 ∈ T2(x3, x2), . . .,uN−1 ∈ TN−1(xN , xN−1), uN ∈
TN (x1, xN ) with h1(x1), . . . , hN (xN ) ∈ Kr is a solution set of the system (3.1). �

The problem (3.2) is called system of nonlinear regularized nonconvex variational
inclusions.
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4. MAIN RESULTS

Lemma 4.1. Let T1, . . . , TN , g1, . . . , gN , h1, . . . , hN , η1, . . . , ηN be the same as in
the system (3.1). Then (x1, . . . , xN , u1, . . . , uN ) with xi ∈ H,hi(xi) ∈ Kr for all
i = 1, . . . , N and u1 ∈ T1(x2, x1), u2 ∈ T2(x3, x2), . . .,uN−1 ∈ TN−1(xN , xN−1),
uN ∈ TN (x1, xN ) is a solution set of the system (3.1) if and only if

h1(x1) = PKr [g1(x2)− η1u1],

h2(x2) = PKr
[g2(x3)− η2u2],

...

hN−1(xN−1) = PKr [gN−1(xN )− ηN−1uN−1],

hN (xN ) = PKr [gN (x1)− ηNuN ],

(4.1)

where PKr is the projection of H onto the uniformly r­prox­regular set Kr.

Proof. Let (x1, . . . , xN , u1, . . . , uN ) with xi ∈ H,hi(xi) ∈ Kr for all i = 1, . . . , N and
u1 ∈ T1(x2, x1), u2 ∈ T2(x3, x2), . . .,uN−1 ∈ TN−1(xN , xN−1), uN ∈ TN (x1, xN ) is
a solution set of the system (3.1). Then from Lemma 3.1, we have

0 ∈ η1u1 + h1(x1)− g1(x2) +NP
Kr

(h1(x1)),

0 ∈ η2u2 + h2(x2)− g2(x3) +NP
Kr

(h2(x2)),
...

0 ∈ ηN−1uN−1 + hN−1(xN−1)− gN−1(xN ) +NP
Kr

(hN−1(xN−1)),

0 ∈ ηNuN + hN (xN )− gN (x1) +NP
Kr

(hN (xN )),

(4.2)

⇔



g1(x2)− η1u1 ∈ (I +NP
Kr

)(h1(x1)),

g2(x3)− η2u2 ∈ (I +NP
Kr

)(h2(x2)),
...

gN−1(xN )− ηN−1uN−1 ∈ (I +NP
Kr

)(hN−1(xN−1)),

gN (x1)− ηNuN ∈ (I +NP
Kr

)(hN (xN )),

(4.3)

⇔



h1(x1) = PKr [g1(x2)− η1u1],

h2(x2) = PKr [g2(x3)− η2u2],
...

hN−1(xN−1) = PKr [gN−1(xN )− ηN−1uN−1],

hN (xN ) = PKr
[gN (x1)− ηNuN ],

(4.4)

where I is an identity mapping and PKr = (I +NP
Kr

)−1. �
Remark 4.2. The inequality (4.1) can be written as follows

q1 = g1(x2)− η1u1, h1(x1) = PKr [q1]

q2 = g2(x3)− η2u2, h2(x2) = PKr [q2]
...

qN−1 = gN−1(xN )− ηN−1uN−1, hN−1(xN−1) = PKr [qN−1]

qN = gN (x1)− ηNuN , hN (xN ) = PKr [qN ],

(4.5)

where ηi > 0, i = 1, . . . , N are constants.
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The fixed point formulation (4.5) enables us to construct the following perturbed
iterative algorithms with mixed errors.

Algorithm 4.1. Let T1, . . . , TN , g1, . . . , gN , h1, . . . , hN , η1, . . . , ηN be the same as in
the system (3.1) such that h1, . . . , hN : H −→ H be onto operators. Let e01, . . . , e

0
N ,

r01, . . . , r
0
N ∈ H, α0 ∈ R and η0 > 0. For given q01 , . . . , q

0
N ∈ H, we let x0

1, . . . , x
0
N ∈ H,

u0
1 ∈ T1(x

0
2, x

0
1), u

0
2 ∈ T2(x

0
3, x

0
2), . . .,u

0
N−1 ∈ TN−1(x

0
N , x0

N−1), u
0
N ∈ TN (x0

1, x
0
N )

such that



h1(x
0
1) = PKr (q

0
1); q11 = (1− α0)q

0
1 + α0(g1(x

0
2)− η0u

0
1 + e01) + r01,

h2(x
0
2) = PKr (q

0
2); q12 = (1− α0)q

0
2 + α0(g2(x

0
3)− η0u

0
2 + e02) + r02,

...

hN−1(x
0
N−1) = PKr (q

0
N−1); q1N−1 = (1− α0)q

0
N−1 + α0(gN−1(x

0
N )− η0u

0
N−1

+e0N−1) + r0N−1,

hN (x0
N ) = PKr (q

0
N ); q1N = (1− α0)q

0
N + α0(gN (x0

1)− η0u
0
N + e0N ) + r0N .

(4.6)
We choose x1

1, . . . , x
N
1 ∈ H such that h1(x

1
1) = PKr (q

1
1),. . .,hN (xN

1 ) = PKr (q
1
N ). By

Nadler’s theorem [21], there exists



u1
1 ∈ T1(x

0
2, x

0
1); ∥u0

1 − u1
1∥ ≤ (1 + (1 + n)−1)D̂(T1(x

0
2, x

0
1), T1(x

1
2, x

1
1)),

u1
2 ∈ T2(x

0
3, x

0
2); ∥u0

2 − u1
2∥ ≤ (1 + (1 + n)−1)D̂(T2(x

0
3, x

0
2), T2(x

1
3, x

1
2)),

...

u1
N−1 ∈ TN−1(x

0
N , x0

N−1); ∥u0
N−1 − u1

N−1∥ ≤ (1 + (1 + n)−1)D̂(TN−1(x
0
N , x0

N−1),

TN−1(x
1
N , x1

N−1)),

u1
N ∈ TN (x0

1, x
0
N ); ∥u0

N − u1
N∥ ≤ (1 + (1 + n)−1)D̂(TN (x0

1, x
0
N ), TN (x1

1, x
1
N )).

(4.7)
Continuing the above process inductively, we can obtain the sequences {xn

1}∞n=0,
. . . , {xn

N}∞n=0, {un
1}∞n=0, . . . , {un

N}∞n=0 by using



h1(x
n
1 ) = PKr (q

n
1 ); qn+1

1 = (1− αn)q
n
1 + αn(g1(x

n
2 )− η1u

n
1 + en1 ) + rn1 ,

h2(x
n
2 ) = PKr (q

n
2 ); qn+1

2 = (1− αn)q
n
2 + αn(g2(x

n
3 )− η2u

n
2 + en2 ) + rn2 ,

...

hN−1(x
n
N−1) = PKr (q

n
N−1); qn+1

N−1 = (1− αn)q
n
N−1 + αn(gN−1(x

n
N )

−ηN−1u
n
N−1 + enN−1) + rnN−1,

hN (xn
N ) = PKr (q

n
N ); qn+1

N = (1− αn)q
n
N + αn(gN (xn

1 )− ηNun
N + enN ) + rnN ,

(4.8)
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and

un+1
1 ∈ T1(x

n+1
2 , xn+1

1 ); ∥un
1 − un+1

1 ∥ ≤ (1 + (1 + n)−1)D̂(T1(x
n
2 , x

n
1 ),

T1(x
n+1
2 , xn+1

1 )),

un+1
2 ∈ T2(x

n+1
3 , xn+1

2 ); ∥un
2 − un+1

2 ∥ ≤ (1 + (1 + n)−1)D̂(T2(x
n
3 , x

n
2 ),

T2(x
n+1
3 , xn+1

2 )),
...

un+1
N−1 ∈ TN−1(x

n+1
N , xn+1

N−1); ∥un
N−1 − un+1

N−1∥ ≤ (1 + (1 + n)−1)×
D̂(TN−1(x

n
N , xn

N−1), TN−1(x
n+1
N , xn+1

N−1)),

un+1
N ∈ TN (xn+1

1 , xn+1
N ); ∥un

N − un+1
N ∥ ≤ (1 + (1 + n)−1)D̂(TN (xn

1 , x
n
N ),

TN (xn+1
1 , xn+1

N )),
(4.9)

where 0 ≤ αn ≤ 1 is a parameter and {en1}∞n=0, . . . , {enN}∞n=0, {rn1 }∞n=0, . . . , {rnN}∞n=0

are sequences in H to take into account of a possible inexact computation of the
resolvent operator satisfying the following conditions:

lim
n−→∞

eni = lim
n−→∞

rni = 0;

∞∑
n=1

∥eni − en−1
i ∥ < ∞,

∞∑
n=1

∥rni − rn−1
i ∥ < ∞, (4.10)

for all i = 1, . . . , N.

Theorem 4.3. Let Ti, gi, hi, ηi, for i = 1, . . . , N be the same as in the system (3.1)
such that, for each i = 1, . . . , N ,

(i) Ti is κi­strongly monotone with respect to gi and ξi−D̂­Lipschitz continuous
mapping in the first variables;

(ii) hi is βi­strongly monotone and σi­Lipschitz continuous mapping;
(iii) gi is µi­Lipschitz continuous mapping.

If the constants ηi > 0 satisfying the following conditions:

∣∣∣∣η1 − κ1

ξ21

∣∣∣∣ <

√
r2κ2

1 − ξ21

(
r2µ2

1 − (r − r′)2(1− π2)2
)

rξ21
,

...∣∣∣∣ηN − κN

ξ2N

∣∣∣∣ <

√
r2κ2

N − ξ2N

(
r2µ2

N − (r − r′)2(1− π1)2
)

rξ2N
, (4.11)

rκ1 > ξ1

√
r2µ2

1 − (r − r′)2(1− π2)2,

...

rκN > ξN

√
r2µ2

N − (r − r′)2(1− π1)2, (4.12)

rµ1 > (r − r′)(1− π2), . . . , rµN > (r − r′)(1− π1), (4.13)

and

πi =
√

1− 2βi + σ2
i , 2πi < 1 + σ2

i , (4.14)
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for each i = 1, . . . , N , where r′ ∈ (0, r), then there exists x∗
1, . . . , x

∗
N ∈ H with

h1(x
∗
1), . . . , hN (x∗

N ) ∈ Kr and u∗
1 ∈ T1(x

∗
2, x

∗
1), u∗

2 ∈ T2(x
∗
3, x

∗
2), . . ., u∗

N−1 ∈
TN−1(x

∗
N , x∗

N−1),u
∗
N ∈ TN (x∗

1, x
∗
N ) such that (x∗

1, . . . , x
∗
N , u∗

1, . . . , u
∗
N ) is a solution

set of system (3.1) and sequences {(x∗
1, . . . , x

∗
N , u∗

1, . . . , u
∗
N )}∞n=0 suggested by Algo­

rithm 4.1 converges strongly to (x∗
1, . . . , x

∗
N , u∗

1, . . . , u
∗
N ).

Proof. From (4.8), we have

∥qn+1
1 − qn1 ∥ ≤ (1− αn)∥qn1 − qn−1

1 ∥+ αn∥g1(xn
2 )− g1(x

n−1
2 )− η1(u

n
1 − un−1

1 )∥
+αn∥en1 − en−1

1 ∥+ ∥rn1 − rn−1
1 ∥. (4.15)

Since T1 is κ1­strongly monotone with respect to g1 and ξ1−D̂­Lipschitz continuous
mapping in the first variables and g1 is µ1­Lipschitz continuous, we get

∥g1(xn
2 )− g1(x

n−1
2 )− η1(u

n
1 − un−1

1 )∥2

= ∥g1(xn
2 )− g1(x

n−1
2 )∥2 − 2η1⟨un

1 − un−1
1 , g1(x

n
2 )− g1(x

n−1
2 )⟩

+ η21∥un
1 − un−1

1 ∥2

≤ µ2
1∥xn

2 − xn−1
2 ∥2 − 2η1κ1∥xn

2 − xn−1
2 ∥2

+ η21(1 + n−1)2(D̂(T1(x
n
2 , x

n
1 ), T1(x

n−1
2 , xn−1

1 )))2

= (µ2
1 − 2η1κ1)∥xn

2 − xn−1
2 ∥2

+ η21(1 + n−1)2(D̂(T1(x
n
2 , x

n
1 ), T1(x

n−1
2 , xn−1

1 )))2

≤ (µ2
1 − 2η1κ1)∥xn

2 − xn−1
2 ∥2 + η21ξ

2
1(1 + n−1)2∥xn

2 − xn−1
2 ∥2

= (µ2
1 − 2η1κ1 + η21ξ

2
1(1 + n−1)2)∥xn

2 − xn−1
2 ∥2. (4.16)

It follows from (4.15) and (4.16), we obtain that

∥qn+1
1 − qn1 ∥ ≤ (1− αn)∥qn1 − qn−1

1 ∥+ αn∥en1 − en−1
1 ∥+ ∥rn1 − rn−1

1 ∥

+αn

√
µ2
1 − 2η1κ1 + η21ξ

2
1(1 + n−1)2∥xn

2 − xn−1
2 ∥. (4.17)

Similarly, we can prove that

∥qn+1
2 − qn2 ∥ ≤ (1− αn)∥qn2 − qn−1

2 ∥+ αn∥en2 − en−1
2 ∥+ ∥rn2 − rn−1

2 ∥

+αn

√
µ2
2 − 2η2κ2 + η22ξ

2
2(1 + n−1)2∥xn

3 − xn−1
3 ∥

∥qn+1
3 − qn3 ∥ ≤ (1− αn)∥qn3 − qn−1

3 ∥+ αn∥en3 − en−1
3 ∥+ ∥rn3 − rn−1

3 ∥

+αn

√
µ2
3 − 2η3κ3 + η21ξ

2
3(1 + n−1)2∥xn

4 − xn−1
4 ∥

...
∥qn+1

N−1 − qnN−1∥ ≤ (1− αn)∥qnN−1 − qn−1
N−1∥

+αn

√
µ2
N−1 − 2ηN−1κN−1 + η2N−1ξ

2
N−1(1 + n−1)2 ×

∥xn
N − xn−1

N ∥+ αn∥enN−1 − en−1
N−1∥+ ∥rnN−1 − rn−1

N−1∥
∥qn+1

N − qnN∥ ≤ (1− αn)∥qnN − qn−1
N ∥

+αn

√
µ2
N − 2ηNκN + η2Nξ2N (1 + n−1)2∥xn

1 − xn−1
1 ∥

+αn∥enN − en−1
N ∥+ ∥rnN − rn−1

N ∥. (4.18)

By using (4.8), we get that

∥xn
1 − xn−1

1 ∥ ≤ ∥xn
1 − xn−1

1 − (h1(x
n
1 )− h1(x

n−1
1 ))∥+ ∥h1(x

n
1 )− h1(x

n−1
1 )∥

= ∥xn
1 − xn−1

1 − (h1(x
n
1 )− h1(x

n−1
1 ))∥+ ∥PKr (q

n
1 )− PKr (q

n−1
1 )∥



A NEW SYSTEM OF NONLINEAR REGULARIZED NONCONVEX VARIATIONAL INEQUALITIES 111

≤ ∥xn
1 − xn−1

1 − (h1(x
n
1 )− h1(x

n−1
1 ))∥+ r

r−r′ ∥q
n
1 − qn−1

1 ∥. (4.19)

Since h1 is β1­strongly monotone and σ1­Lipschitz continuous, we have

∥xn
1 − xn−1

1 − (h1(x
n
1 )− h1(x

n−1
1 ))∥2 = ∥xn

1 − xn−1
1 ∥2 + ∥h1(x

n
1 )− h1(x

n−1
1 )∥2

−2⟨h1(x
n
1 )− h1(x

n−1
1 ), xn

1 − xn−1
1 ⟩

≤ ∥xn
1 − xn−1

1 ∥2 − 2β1∥xn
1 − xn−1

1 ∥2

+σ2
1∥xn

1 − xn−1
1 ∥2

= (1− 2β1 + σ2
1)∥xn

1 − xn−1
1 ∥2. (4.20)

By (4.19) and (4.20), we obtain that

∥xn
1 − xn−1

1 ∥ ≤
√
1− 2β1 + σ2

1∥xn
1 − xn−1

1 ∥+ r

r − r′
∥qn1 − qn−1

1 ∥ (4.21)

that is

∥xn
1 − xn−1

1 ∥ ≤ r

(r − r′)(1−
√
1− 2β1 + σ2

1)
∥qn1 − qn−1

1 ∥. (4.22)

Similarly, we can prove that

∥xn
2 − xn−1

2 ∥ ≤ r

(r − r′)(1−
√
1− 2β2 + σ2

2)
∥qn2 − qn−1

2 ∥,

∥xn
3 − xn−1

3 ∥ ≤ r

(r − r′)(1−
√
1− 2β3 + σ2

3)
∥qn3 − qn−1

3 ∥,

...
∥xn

N−1 − xn−1
N−1∥ ≤ r

(r − r′)(1−
√
1− 2βN−1 + σ2

N−1)
∥qnN−1 − qn−1

N−1∥,

∥xn
N − xn−1

N ∥ ≤ r

(r − r′)(1−
√
1− 2βN + σ2

N )
∥qnN − qn−1

N ∥. (4.23)

It follows from (4.17), (4.18), (4.22) and (4.23) that

∥qn+1
1 − qn1 ∥ ≤ (1− αn)∥qn1 − qn−1

1 ∥+ αn
rΩ1(n)

(r − r′)(1− π2)
∥qn2 − qn−1

2 ∥

+αn∥en1 − en−1
1 ∥+ ∥rn1 − rn−1

1 ∥,

∥qn+1
2 − qn2 ∥ ≤ (1− αn)∥qn2 − qn−1

2 ∥+ αn
rΩ2(n)

(r − r′)(1− π3)
∥qn3 − qn−1

3 ∥

+αn∥en2 − en−1
2 ∥+ ∥rn2 − rn−1

2 ∥,
...

∥qn+1
N−1 − qnN−1∥ ≤ (1− αn)∥qnN−1 − qn−1

N−1∥+ αn
rΩN−1(n)

(r − r′)(1− πN )
∥qnN − qn−1

N ∥

+αn∥enN−1 − en−1
N−1∥+ ∥rnN−1 − rn−1

N−1∥,

∥qn+1
N − qnN∥ ≤ (1− αn)∥qnN − qn−1

N ∥+ αn
rΩN (n)

(r − r′)(1− π1)
∥qn1 − qn−1

1 ∥

+αn∥enN − en−1
N ∥+ ∥rnN − rn−1

N ∥, (4.24)

where

Ωi(n) =
√
µ2
i − 2ηiκi + η2i ξ

2
i (1 + n−1)2, and πi =

√
1− 2βi + σ2

i ,

for all i = 1, 2, . . . , N.
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Now we define ∥ · ∥∗ on H× . . .×H︸ ︷︷ ︸
N−times

by

∥(x1, . . . , xN )∥∗ = ∥x1∥∗ + . . .+ ∥xN∥∗, for all (x1, . . . , xN ) ∈ H × . . .×H︸ ︷︷ ︸
N−times

.

It is obvious that (H× . . .×H︸ ︷︷ ︸
N−times

, ∥ · ∥∗) is a Hilbert space, applying (4.24) we have

∥(qn+1
1 , . . . , qn+1

N )− (qn1 , . . . , q
n
N )∥∗ ≤ (1− αn)∥(qn1 , . . . , qnN )− (qn−1

1 , . . . , qn−1
N )∥∗

+αnΘ(n)∥(qn1 , . . . , qnN )− (qn−1
1 , . . . , qn−1

N )∥∗ + αn∥(en1 , . . . , enN )

− (en−1
1 , . . . , en−1

N )∥∗ + ∥(rn1 , . . . , rnN )− (rn−1
1 , . . . , rn−1

N )∥∗. (4.25)

Put

Θ(n) = max

{
rΩ1(n)

(r − r′)(1− π2)
, . . . ,

rΩN (n)

(r − r′)(1− π1)

}
. (4.26)

Let Θ(n) −→ Θ, as n −→ ∞

Θ = max

{
rΩ1

(r − r′)(1− π2)
, . . . ,

rΩN

(r − r′)(1− π1)

}
. (4.27)

By (4.11),we know that 0 ≤ Θ < 1. For Θ = 1
2 (Θ + 1) ∈ (Θ, 1) there exists n0 ≥ 1

such that Θ(n) = Θ̂ for each n ≥ n0. So it follows from (4.25) that, for each n ≥ n0,

∥(qn+1
1 , . . . , qn+1

N )− (qn1 , . . . , q
n
N )∥∗ ≤ (1− αn)∥(qn1 , . . . , qnN )− (qn−1

1 , . . . , qn−1
N )∥∗

+ αnΘ̂∥(qn1 , . . . , qnN )− (qn−1
1 , . . . , qn−1

N )∥∗
+ αn∥(en1 , . . . , enN )− (en−1

1 , . . . , en−1
N )∥∗ + ∥(rn1 , . . . , rnN )− (rn−1

1 , . . . , rn−1
N )∥∗

= (1− αn(1− Θ̂))∥(qn1 , . . . , qnN )− (qn−1
1 , . . . , qn−1

N )∥∗
+ αn∥(en1 , . . . , enN )− (en−1

1 , . . . , en−1
N )∥∗ + ∥(rn1 , . . . , rnN )− (rn−1

1 , . . . , rn−1
N )∥∗

≤ (1− αn(1− Θ̂))
(
(1− αn(1− Θ̂))∥(qn−1

1 , . . . , qn−1
N )− (qn−2

1 , . . . , qn−2
N )∥∗

+ αn∥(en−1
1 , . . . , en−1

N )− (en−2
1 , . . . , en−2

N )∥∗ + ∥(rn−1
1 , . . . , rn−1

N )

− (rn−2
1 , . . . , rn−2

N )∥∗
)
+ αn∥(en1 , . . . , enN )− (en−1

1 , . . . , en−1
N )∥∗

+ ∥(rn1 , . . . , rnN )− (rn−1
1 , . . . , rn−1

N )∥∗
= (1− αn(1− Θ̂))2∥(qn−1

1 , . . . , qn−1
N )− (qn−2

1 , . . . , qn−2
N )∥∗

+ αn

(
(1− αn(1− Θ̂))∥(en−1

1 , . . . , en−1
N )− (en−2

1 , . . . , en−2
N )∥∗

+ ∥(en1 , . . . , enN )− (en−1
1 , . . . , en−1

N )∥∗
)

+ (1− αn(1− Θ̂))∥(rn−1
1 , . . . , rn−1

N )− (rn−2
1 , . . . , rn−2

N )∥∗
+ ∥(rn1 , . . . , rnN )− (rn−1

1 , . . . , rn−1
N )∥∗

≤
...

≤ (1− αn(1− Θ̂))n−n0∥(qn0+1
1 , . . . , qn0+1

N )− (qn0
1 , . . . , qn0

N )∥∗

+αn

n−n0∑
i=1

(1− αn(1− Θ̂))i−1∥(en−(i−1)
1 , . . . , e

n−(i−1)
N )− (en−i

1 , . . . , en−i
N )∥∗
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+

n−n0∑
i=1

(1− αn(1− Θ̂))i−1∥(rn−(i−1)
1 , . . . , r

n−(i−1)
N )− (rn−i

1 , . . . , rn−i
N )∥∗. (4.28)

Thus, for any m ≥ n > n0, we get that

∥(qm1 , . . . , qmN )− (qn1 , . . . , q
n
N )∥∗

≤
m−1∑
j=n

∥(qj+1
1 , . . . , qj+1

N )− (qj1, . . . , q
j
N )∥∗

≤
m−1∑
j=n

(1− αn(1− Θ̂))j−n0∥(qn0+1
1 , . . . , qn0+1

N )− (qn0
1 , . . . , qn0

N )∥∗

+ αn

m−1∑
j=n

j−n0∑
i=1

(1− αn(1− Θ̂))i−1∥(en−(i−1)
1 , . . . , e

n−(i−1)
N )− (en−i

1 , . . . , en−i
N )∥∗

+

m−1∑
j=n

j−n0∑
i=1

(1−αn(1− Θ̂))i−1∥(rn−(i−1)
1 , . . . , r

n−(i−1)
N )− (rn−i

1 , . . . , rn−i
N )∥∗. (4.29)

Since (1− αn(1− Θ̂)) ∈ (0, 1), it follows from (4.10) and (4.29) that

∥(qm1 , . . . , qmN )− (qn1 , . . . , q
n
N )∥∗ = ∥qm1 − qn1 ∥+ . . .+ ∥qmN − qnN∥ −→ 0 as n −→ ∞.

So {qn1 }, . . . , {qnN} are Cauchy sequences in H and thus there exists q∗1 , . . . , q
∗
N ∈ H

such that qn1 −→ q∗1 ,. . ., qnN −→ q∗N as n −→ ∞. By (4.22) and (4.23), it follows
that the sequences {xn

1},. . .,{xn
N} are also Cauchy sequences in H. Hence there

exists x∗
1, . . . , x

∗
N ∈ H such that xn

1 −→ x∗
1, . . . , x

n
N −→ x∗

N as n −→ ∞. Since for
each i = 1, . . . , N , Ti is ξi − D̂­Lipschitz continuous mapping in the first variable,
therefore it follow from (4.7) that

∥un
1 − un+1

1 ∥ ≤ (1 + (1 + n)−1)D̂(T1(x
n
2 , x

n
1 ), T1(x

n+1
2 , xn+1

1 ))

≤ (1 + (1 + n)−1)ξ1∥xn
2 − xn+1

2 ∥ −→ 0,

∥un
2 − un+1

2 ∥ ≤ (1 + (1 + n)−1)D̂(T2(x
n
3 , x

n
2 ), T2(x

n+1
3 , xn+1

2 ))

≤ (1 + (1 + n)−1)ξ2∥xn
3 − xn+1

3 ∥ −→ 0,

...
∥un

N−1 − un+1
N−1∥ ≤ (1 + (1 + n)−1)D̂(TN−1(x

n
N , xn

N−1), TN−1(x
n+1
N , xn+1

N−1))

≤ (1 + (1 + n)−1)ξN−1∥xn
N − xn+1

N ∥ −→ 0,

∥un
N − un+1

N ∥ ≤ (1 + (1 + n)−1)D̂(TN (xn
1 , x

n
N ), T1(x

n+1
1 , xn+1

N ))

≤ (1 + (1 + n)−1)ξN∥xn
1 − xn+1

1 ∥ −→ 0, (4.30)

as n −→ ∞. Hence {un
1}, . . . , {un

N} are Cauchy sequences in H and so there
exists u∗

1, . . . , u
∗
N ∈ H such that un

1 −→ u∗
1, . . . , u

n
N −→ u∗

N as n −→ ∞. Further
un
1 ∈ T1(x

n
2 , x

n
1 ) we have

d(u∗
1, T1(x

∗
2, x

∗
1)) = inf{∥u∗

1 − t∥ : t ∈ T1(x
∗
2, x

∗
1)}

≤ ∥u∗
1 − un

1∥+ d(un
1 , T1(x

∗
2, x

∗
1))

≤ ∥u∗
1 − un

1∥+ D̂(T1(x
n
2 , x

n
1 ), T1(x

n+1
2 , xn+1

1 ))

≤ ∥u∗
1 − un

1∥+ ξ1∥xn
2 − x∗

2∥ −→ 0, (4.31)
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as n −→ ∞. Hence d(u∗
1, T1(x

∗
2, x

∗
1)) = 0 and so un

1 −→ u∗
1 ∈ T1(x

∗
2, x

∗
1).

By the same method, we can prove that

d(u∗
2, T2(x

∗
3, x

∗
2)) ≤ ∥u∗

2 − un
2∥+ ξ2∥xn

3 − x∗
3∥ −→ 0,

d(u∗
3, T3(x

∗
4, x

∗
3)) ≤ ∥u∗

3 − un
3∥+ ξ3∥xn

4 − x∗
4∥ −→ 0,

...
d(u∗

N−1, TN−1(x
∗
N , x∗

N−1)) ≤ ∥u∗
N−1 − un

N−1∥+ ξN−1∥xn
N − x∗

N∥ −→ 0,

d(u∗
N , TN (x∗

1, x
∗
N )) ≤ ∥u∗

N − un
N∥+ ξN∥xn

1 − x∗
1∥ −→ 0, (4.32)

as n −→ ∞. Therefore u∗
2 ∈ T2(x

∗
3, x

∗
2),. . .,u∗

N ∈ TN (x∗
1, x

∗
N ). Since gi for i =

1, . . . , N is continuous, it follows from (4.8) and (4.10) that

q∗1 = g1(x
∗
2)− η1u

∗
1, . . . , q∗N = gN (x∗

1)− ηNu∗
N . (4.33)

Since h1, . . . , hN and PKr are continuous mappings, it follows from (4.8) and (4.33)
that

h1(x
∗
1) = PKr

(q∗1) = PKr (g1(x
∗
2)− η1u

∗
1),

h2(x
∗
2) = PKr (q

∗
2) = PKr (g2(x

∗
3)− η2u

∗
2),

...
h1(x

∗
N−1) = PKr (q

∗
N−1) = PKr (gN−1(x

∗
N )− ηN−1u

∗
N−1),

hN (x∗
N ) = PKr (q

∗
N ) = PKr (gN (x∗

1)− ηNu∗
N ). (4.34)

Now Lemma 4.1, guarantees that (x∗
1, . . . , x

∗
N , u∗

1, . . . , u
∗
N ) is a solution set of system

(3.1). �
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