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ABSTRACT. In this paper, we study some properties of set of solutions of a new general-
ized mixed vector equilibrium problem in Banach space. Further, we introduce an iterative
method based on hybrid method and convex approximation method for finding a common
element to the set of solutions of a system of unrelated generalized mixed vector equilibrium
problems and the set of solutions of common fixed point problems for the two families of gen-
eralized asymptotically quasi φ-nonexpansive mappings in Banach space. Furthermore, we
obtain a strong convergence theorem for the sequences generated by the proposed iterative
scheme. Finally, we derive some consequences from our main result. The results presented
in this paper extended and unify many of the previously known results in this area.
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1. INTRODUCTION

Throughout the paper unless otherwise stated, let E be a real Banach space
with its dual space E∗ and let 〈., .〉 denote the duality pairing between E and E∗

and ‖.‖ denote the norm of E as well as of E∗. Let C be a nonempty, closed and
convex subset of E and let 2E denote the set of all nonempty subsets of E. Let
Y be an ordered Banach space and let P be a pointed, proper, closed and convex
cone of Y with intP 6= ∅.

In 1994, Blum and Oettli [3] introduced and studied the following equilibrium
problem (in short, EP): Find x ∈ C such that

F (x, y) ≥ 0, ∀y ∈ C, (1.1)
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where F : C × C −→ R is a bifunction.

The EP(1.1) includes variational inequality problems, optimization problems,
Nash equilibrium problems, saddle point problems, fixed point problems, comple-
mentary problems as special cases. In other words, EP(1.1) is a unified model for
several problems arising in science, engineering, optimization, economics, etc.

In the last two decades, EP(1.1) has been generalized and extensively studied in
many directions due to its importance; See for example [9, 11, 17] and references
therein, for the literature on the existence of solution of the various generalizations
of EP(1.1). Some iterative methods have been studied for solving various classes
of equilibrium problems, see for example [4, 7, 12, 13, 14, 18, 25, 26, 27] and
references therein.

In this paper, we introduce and study the following generalized mixed vector
equilibrium problem (in short, GMVEP). Let F : C ×C −→ Y and ψ : C ×C −→ Y
be nonlinear bimappings and let A : C −→ B(E, Y ), where B(E, Y ) is a Banach
space of all continuous linear operators from E into Y , be a nonlinear mapping,
then GMVEP is to find x∗ ∈ C such that

F (x∗, x) + 〈x− x∗, Ax∗〉+ ψ(x, x∗)− ψ(x∗, x∗) ∈ P, ∀x ∈ C. (1.2)

The solution set of GMVEP(1.2) is denoted by Sol(GMVEP(1.2)).

Example 1.1. Let E = R, the set of all real numbers, with the inner product
defined by 〈x, y〉 = xy, ∀x, y ∈ R. Let Y = R, then P = [0,+∞) and let C =
[0, 2]. Let F and ψ be defined by F (x, y) = x2 − 3y − xy and ψ(x, y) = x2 − y2 +
2y, ∀x, y ∈ C, and A(x) = x + 2, ∀x ∈ C, respectively, then it is easy to observe
that Sol(GMVEP(1.2)) = [1, 2] 6= ∅.

If ψ = 0 and A = 0, then GMVEP(1.2) reduces to the strong vector equilibrium
problem (in short, SVEP): Find x∗ ∈ C such that

F (x∗, x) ∈ P, ∀x ∈ C, (1.3)

which has been studied by Kazmi and Khan [15]. It is well known that the vector
equilibrium problem provides a unified model of several problems, for example,
vector optimization, vector variational inequality, vector complementary problem
and vector saddle point problem [11, 17]. In recent years, the vector equilibrium
problem has been intensively studied by many authors, see for example [9, 11, 15,
16, 17, 23] and the references therein.

If Y = R, then P = [0,+∞) and hence GMVEP(1.2) reduces to the following
generalized mixed equilibrium problem (in short, GMEP): Find x ∈ C such that

F (x∗, x) + 〈x− x∗, Ax∗〉+ ψ(x, x∗)− ψ(x∗, x∗) ≥ 0, ∀x ∈ C, (1.4)

where ψ : C −→ R ∪ {+∞} be a proper extended real-valued function. The
solution set of GMEP(1.4) is denoted by Sol(GMEP(1.4)). The GMEP(1.4) with
ψ(x, x∗) = ψ(x), ∀x, x∗ ∈ C has been studied by Ceng and Yao [4] in Hilbert space.

If Y = R and F = 0, then P = [0,+∞) and hence GMVEP(1.2) reduces to the
following generalized variational inequality problem (in short, GVIP): Find x ∈ C
such that

〈x− x∗, Ax∗〉+ ψ(x, x∗)− ψ(x∗, x∗) ≥ 0, ∀x ∈ C, (1.5)
where ψ : C −→ R ∪ {+∞} be a proper extended real-valued function.
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Further, we consider the following new system of generalized mixed vector equi-
librium problems, which we call the system of unrelated generalized mixed vector
equilibrium problems (in short, SUGMVEP): For each i = 1, 2, 3, ..., N , let Ki be a
nonempty, closed and convex set in E with K = ∩Ni=1Ki 6= ∅; let Fi : Ki×Ki −→ Y
be a bimapping, ψi : Ki ×Ki −→ R be a bifunction and Ai : Ki −→ B(E, Y ) be a
nonlinear mapping. Then SUGMVEP is to find x∗ ∈ ∩Ni=1Ki such that

Fi(x
∗, yi) + 〈yi− x∗, Aix

∗〉+ψi(yi, x
∗)−ψi(x

∗, x∗) ∈ P, ∀yi ∈ Ki, i = 1, 2, 3, ..., N.
(1.6)

We denote by Sol(GMVEP(Fi, Ai, ψi,Ki)), the set of solution of GMVEP(1.2) cor-
responding to the mappings Fi, Ai, ψi and Ki. Then the set of solutions of SUG-
MVEP(1.6) is given by ∩Ni=1Sol(GMVEP(Fi, Ai, ψi,Ki)).

If Y = R, then SUGMVEP(1.6) reduces to the system of unrelated generalized
mixed equilibrium problems (SUGMEP) of finding x∗ ∈ ∩Ni=1Ki such that

Fi(x
∗, yi) + 〈yi − x∗, Aix

∗〉+ψi(yi, x
∗)−ψi(x

∗, x∗) ≥ 0, ∀yi ∈ Ki, i = 1, 2, 3, ..., N,
(1.7)

which appears to be new.

If E = H, Hilbert space, ψi = 0 and Y = R for all i, then SUGMVEP(1.6) reduces
to the system of unrelated mixed equilibrium problems introduced and studied by
Djafari-Rouhani, Kazmi and Rizvi [8].

Further if E = H, Ai = 0, ψi = 0 and Y = R for all i, then SUGMVEP(1.6)
reduces to the system of unrelated variational inequality problems considered and
studied by Censor et al. [5] for set-valued version of mappings Ai.

We also observe that if Fi = 0, ψi = 0, Y = R and E = H for all i, then
SUGMVEP(1.6) reduces to the problem of finding a point x ∈ ∩Ni=1Ki which is well
known convex feasibility problem. If the set Ki are fixed sets of family of operators
Si : H −→ H then the convex feasibility problem is the the common fixed points
problem (in short, CFPP).

Next, we recall a mapping T : C −→ C is said to be nonexpansive if ‖Tx−Ty‖ ≤
‖x− y‖, ∀x, y ∈ C.

The fixed point problem (in short, FPP) for a nonexpansive mapping T is to:

Find x ∈ C such that x ∈ Fix(T ), (1.8)

where Fix(T ) is the fixed point set of the nonexpansive mapping T . It is well known
that if Fix(T ) 6= ∅, then Fix(T ) is closed and convex.

Let U(E) = {x ∈ E : ‖x‖ = 1} be the unit sphere of E. Then the Banach space
E is said to be strictly convex if ‖x+y‖

2 < 1 ∀x, y ∈ U(E) with x 6= y. It is said
to be uniformly convex if for any ε ∈ (0, 2], there exists δ > 0 such that for any
x, y ∈ U(E), ‖x − y‖ ≥ ε implies ‖x+y‖

2 ≤ 1 − δ. The space E is said to be smooth

if the limit limt−→0
‖x+ty‖−‖x‖

t exists ∀x, y ∈ U(E). It is also said to be uniformly
smooth if the limit exists uniformly for x, y ∈ U(E).

The normalized duality mapping J : E −→ 2E
∗

is defined by

J(x) = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2}, ∀x ∈ E.
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It is well known that if E∗ is strictly convex, then J is single valued and demicon-
tinuous, i.e., if xn −→ x then Jxn ⇀ Jx.

It is well known that if E is uniformly smooth, then J is uniformly norm-to-norm
continuous on each bounded subset of E. It is also well known that E is uniformly
smooth if and only if E∗ is uniformly convex. Recall that E enjoys the Kadec-Klee
property if for any sequence {xn} ⊂ E and x ∈ E with xn ⇀ x and ‖xn‖ −→ ‖x‖
then ‖xn − x‖ −→ 0 as n −→ ∞. It is well known that if E is a uniformly convex
Banach space then E enjoys the Kadec-Klee property.

Let E be a smooth Banach space. The Lyapunov functional φ : E ×E −→ R+ is
defined by

φ(x, y) = ‖x‖2 − 2〈x, Jy〉+ ‖y‖2, ∀x, y ∈ E.
Observe that in a Hilbert space H, φ(x, y) = ‖x−y‖2, ∀x, y ∈ H. Alber [1] recently
introduced a generalized projection operator

∏
C in a Banach space E which is an

analogue of the metric projection PC in Hilbert space. Recall that the generalized
projection

∏
C : E −→ C is a mapping that assigns to an arbitrary point x ∈ E the

minimum point of the functional φ(x, y), that is,
∏

C x = x̄, where x̄ is the solution
to the minimization problem

φ(x̄, x) = min
y∈C

φ(y, x).

The existence and uniqueness of the operator
∏

C follow from the properties of
the functional φ(x, y) and strict monotonicity of the mapping J . In Hilbert space,∏

C = PC . It is obvious from the definition of φ that

φ(x, y) = φ(x, z) + φ(z, y) + 2〈x− z, Jz − Jy〉,

and
(‖x‖ − ‖y‖)2 ≤ φ(x, y) ≤ (‖x‖+ ‖y‖)2, ∀x, y ∈ E. (1.9)

Note that if E is a reflexive, strictly convex and smooth Banach space, then
φ(x, y) = 0 if and only if x = y.

Let E be a smooth, strictly convex and reflexive Banach space. Let C be a
nonempty subset of E.

Definition 1.2. A mapping T : C −→ C is said to be:
(i) asymptotically regular on C if for any bounded subset K of C,

lim sup
n−→∞

{‖Tn+1x− Tnx‖ : x ∈ K} = 0;

(ii) closed if for any sequence {xn} ⊂ C such that limn−→∞ xn = x0 and
limn−→∞ Txn = y0, then Tx0 = y0.

Definition 1.3. [27] Let T : C −→ C be a mapping. A point p ∈ C is said to be an
asymptotic fixed point of T if C contains a sequence {xn} which converges weakly
to p so that limn−→∞ ‖xn − Txn‖ = 0. The set of asymptotic fixed points of T will
be denoted by F̂ix(T ).

Definition 1.4. A mapping T : C −→ C is said to be:
(i) [27] relatively nonexpansive if

F̂ix(T ) = Fix(T ) 6= ∅, φ(p, Tx) ≤ φ(p, x), ∀x ∈ C, ∀p ∈ Fix(T );
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(ii) relatively asymptotically nonexpansive if

F̂ix(T ) = Fix(T ) 6= ∅, φ(p, Tnx) ≤ (1 + µn)φ(p, x), ∀x ∈ C, ∀p ∈ Fix(T ), ∀n ≥ 1,

where µn ⊂ [0,∞) is a sequence such that µn −→ 0 as n −→∞;
(iii) [29] quasi φ-nonexpansive if

Fix(T ) 6= ∅, φ(p, Tx) ≤ φ(p, x), ∀x ∈ C, ∀p ∈ Fix(T );

(iv) [29, 21] asymptotically quasi φ-nonexpansive if there exists a sequence
{µn} ⊂ [0,∞) with µn −→ 0 as n −→∞ such that

Fix(T ) 6= ∅, φ(p, Tnx) ≤ (1 + µn)φ(p, x), ∀x ∈ C, ∀p ∈ Fix(T ), ∀n ≥ 1;

(v) [22] generalized asymptotically quasi φ-nonexpansive if Fix(T ) 6= ∅ and
there exist two nonnegative sequences {µn} ⊂ [0,∞) with µn −→ 0 and
ξn ⊂ [0,∞) with ξn −→ 0 as n −→∞ such that

φ(p, Tnx) ≤ (1 + µn)φ(p, x) + ξn, ∀x ∈ C, ∀p ∈ Fix(T ), ∀n ≥ 1.

In 2007, Tada and Takahashi [25] and Takahashi and Takahashi [26] proved
weak and strong convergence theorems for finding a common solution of EP(1.1)
and FPP(1.8) of a nonexpansive mapping in a Hilbert space. For further related
work, see Ceng and Yao [4] and Shan and Huang [23].

In 2009, Takahashi and Zembayashi [27] proved weak and strong convergence
theorems for finding a common solution of EP(1.1) and FPP(1.8) of a relatively non-
expansive mapping in real Banach space. For further related work, see Kazmi
and Farid [16] and the references therein. Recently, Qin and Agarwal [21] proved
a strong convergence to common fixed points of the pair of asymptotic quasi φ-
nonexpansive mappings in Banach space. Later Qin et al. [22] proved a strong
convergence to common fixed points of a family of generalized asymptotically quasi
φ-nonexpansive mappings. Very recently, Song and Chen [24] proved a strong
convergence to common element of the set of solutions of mixed equilibrium prob-
lem and set of fixed points of FPP(1.8) of a generalized asymptotically quasi φ-
nonexpansive mapping in Banach space.

Motivated by the work of Qin et al. [21, 22], Song and Chen [24], Shan and
Huang [23], and by the ongoing research in this direction, we study the existence
and properties of solution of a new generalized mixed vector equilibrium problem in
Banach space. Further, we introduce an iterative method based on hybrid method
and convex approximation method for finding a common element to the set of so-
lutions of SUGMVEP(1.6) and the set of solutions of common fixed point problems
for the two families of two generalized asymptotically quasi φ-nonexpansive map-
pings in Banach space. Furthermore, we obtain a strong convergence theorem
for the sequences generated by the proposed iterative scheme. Finally, we derive
some consequences from our main result. The results presented in this paper ex-
tended and unify many of the previously known results in this area, see for instance
[16, 24].

2. PRELIMINARIES AND NOTATIONS

We recall some concepts and results which are needed in sequel.
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Lemma 2.1. [1] Let E be a smooth, strictly convex and reflexive Banach space, and
C be a nonempty closed and convex subset of E. Then the following conclusions
hold:

(i) φ(x,ΠCy) + φ(ΠCy, y) ≤ φ(x, y), ∀x ∈ C, y ∈ E;
(ii) Let x ∈ E and z ∈ C then

z = ΠC(x)⇔ 〈z − y, Jx− Jz〉 ≥ 0, ∀y ∈ C.

Lemma 2.2. [20] Let C be a nonempty, closed and convex subset of a smooth,
strictly convex and reflexive Banach space E and let T be a relatively nonexpansive
mapping from C into itself. Then Fix(T ) is closed and convex.

Lemma 2.3. [6] LetE be a uniformly convex Banach space and let r > 0. Then there
exists a strictly increasing, continuous and convex function g : [0,∞) −→ [0,∞) such
that g(0) = 0 and

‖λx+ µy + γz‖2 ≤ λ‖x‖2 + µ‖y‖2 + γ‖z‖2 − µγg(‖y − z‖),

for all x, y, z ∈ Br(0) and λ, µ, γ ∈ [0, 1], where Br(0) = {z ∈ E : ‖z‖ ≤ r}.

Definition 2.4. [19, 28] LetX and Y be two Hausdorff topological spaces and letD
be a nonempty, convex subset of X and P be a pointed, proper, closed and convex
cone of Y with intP 6= ∅. Let 0 be the zero point of Y , U(0) be the neighborhood
set of 0, U(x0) be the neighborhood set of x0 and f : D −→ Y be a mapping.

(i) If, for any V ∈ U(0) in Y , there exists U ∈ U(x0) such that

f(x) ∈ f(x0) + V + P, ∀x ∈ U ∩D,

then f is called upper P -continuous on x0. If f is upper P -continuous for
all x ∈ D, then f is called upper P -continuous on D;

(ii) If, for any V ∈ U(0) in Y , there exists U ∈ U(x0) such that

f(x) ∈ f(x0) + V − P, ∀x ∈ U ∩D,

then f is called lower P -continuous on x0. If f is lower P -continuous for
all x ∈ D, then f is called lower P -continuous on D;

(iii) If, for any x, y ∈ D and t ∈ [0, 1], the mapping f satisfies

f(x) ∈ f(tx+ (1− t)y) + P or f(y) ∈ f(tx+ (1− t)y) + P,

then f is called proper P -quasiconvex;
(iv) If, for any x, y ∈ D and t ∈ [0, 1], the mapping f satisfies

tf(x) + (1− t)f(y) ∈ f(tx+ (1− t)y) + P,

then f is called P -convex.

Lemma 2.5. [10] Let X and Y be two real Hausdorff topological spaces, D be a
nonempty, compact and convex subset of X and P be a pointed, proper, closed and
convex cone of Y with intP 6= ∅. Assume that g : D×D −→ Y and Φ : D −→ Y are
two nonlinear mappings. Suppose that g and Φ satisfy

(i) g(x, x) ∈ P, ∀x ∈ D;
(ii) Φ is upper P -continuous on D;
(iii) g(., y) is lower P -continuous, ∀x ∈ D;
(iv) g(x, .) + Φ(.) is proper P -quasiconvex, ∀x ∈ D.

Then there exists a point x ∈ D satisfies

G(x, y) ∈ P \ {0}, ∀y ∈ D,
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where
G(x, y) = g(x, y) + Φ(y)− Φ(x), ∀x, y ∈ D.

Let F,ψ : C × C −→ Y be two mappings and A : C −→ B(E, Y ) be a nonlinear
mapping. For any z ∈ E, define a mapping Gz : C × C −→ Y as follows:

Gz(x, y) = F (x, y) + 〈y − x,Ax〉+ ψ(y, x)− ψ(x, x) +
e

r
〈y − x, Jx− Jz〉, (2.1)

where r is a positive real number and e ∈ intP .

Assumption 2.6. Let Gz, F , ψ satisfy the following conditions:

(i) For all x ∈ C, F (x, x) ∈ P ;
(ii) F is P -monotone, i.e., F (x, y) + F (y, x) ∈ −P, ∀x, y ∈ C;
(iii) F (., y) is continuous, ∀y ∈ C;
(iv) F (x, .) is weakly continuous and P -convex, i.e.,

tF (x, y1) + (1− t)F (x, y2) ∈ F (x, ty1 + (1− t)y2) + P, ∀x, y1, y2 ∈ C, ∀t ∈ [0, 1];

(v) Gz(., y) is lower P -continuous, ∀y ∈ C and z ∈ E;
(vi) ψ(., y) is P -convex and weakly continuous;
(vii) Gz(x, .) is proper P -quasiconvex, ∀x ∈ C and z ∈ E;
(viii) ψ is P -skew symmetric, i.e.,

ψ(x, x)− ψ(x, y)− ψ(y, x) + ψ(y, y) ∈ P, ∀x, y ∈ C.

Remark 2.7. P -skew-symmetric bifunctions are natural extensions of skew-symmetric
bifunctions. The skew-symmetric bifunctions have the properties that can be con-
sidered ananalogous to the monotonicity of the gradient and the non-negativity of
the second derivative for convex functions. For the properties and applications of
the skew-symmetric bifunctions, we refer the reader to [2].

3. MAIN RESULTS

For any r > 0, define a mapping Tr : E −→ C as follows:

Tr(z) = {x ∈ C : F (x, y)+〈y−x,Ax〉+ψ(y, x)−ψ(x, x)+
e

r
〈y−x, Jx−Jz〉 ∈ P, ∀y ∈ C},

(3.1)
where e ∈ intP .

Now, we study some properties of set of solutions of GMVEP(1.2) and the map-
ping Tr.

Theorem 3.1. Let E be a uniformly smooth and strictly convex Banach space and
let C be a nonempty, compact and convex subset of E. Assume that P is a pointed,
proper, closed and convex cone of a real order Banach space Y with intP 6= ∅. Let
Gz : C × C −→ Y be defined by (2.1). Let F,ψ : C × C −→ Y and Gz satisfy
Assumption 2.6 and A : C −→ B(E, Y ) be a continuous and P -monotone mapping.
Let Tr : E −→ C be defined by (3.1). Then the following conclusions hold:

(i) Tr(z) 6= ∅, ∀z ∈ E;
(ii) Tr is single-valued;
(iii) Tr is firmly nonexpansive type mapping, i.e., for all z1, z2 ∈ E,

〈Trz1 − Trz2, JTrz1 − JTrz2〉 ≤ 〈Trz1 − Trz2, Jz1 − Jz2〉;
(iv) Fix(Tr) =Sol(GMVEP(1.2));
(v) Sol(GMVEP(1.2)) is closed and convex.
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Proof. (i) Let g(x, y) = Gz(x, y) and Φ(y) = 0 for all x, y ∈ C and z ∈ E. It is easy
to observe that g(x, y) and Φ(y) satisfy all the conditions of Lemma 2.5 Then there
exists a point x ∈ C such that

Gz(x, y) + Φ(y)− Φ(x) ∈ P, ∀y ∈ C,

and thus Tr(z) 6= ∅, ∀z ∈ E.

(ii) For each z ∈ E, Tr(z) 6= ∅, let x1, x2 ∈ Tr(z). Then

F (x1, y)+〈y−x1, Ax1〉+ψ(y, x1)−ψ(x1, x1)+
e

r
〈y−x1, Jx1−Jz〉 ∈ P, ∀y ∈ C, (3.2)

and

F (x2, y)+〈y−x2, Ax2〉+ψ(y, x2)−ψ(x2, x2)+
e

r
〈y−x2, Jx2−Jz〉 ∈ P, ∀y ∈ C. (3.3)

Letting y = x2 in (3.2) and y = x1 in (3.3), and then adding, we have

F (x1, x2) + F (x2, x1) + 〈x2 − x1, Ax1 −Ax2〉
+ψ(x2, x1)− ψ(x1, x1) + ψ(x1, x2)− ψ(x2, x2) + e

r 〈x2 − x1, Jx1 − Jx2〉 ∈ P.

Since F is P -monotone, A is P -monotone, i.e., 〈x2 − x1, Ax1 − Ax2〉 ∈ −P and ψ
is P -skew symmetric, then we have

e

r
〈x2 − x1, Jx1 − Jx2〉 ∈ P.

Since e ∈ intP , r > 0 and P is closed and convex cone, we have
1

r
〈x2 − x1, Jx1 − Jx2〉 ≥ 0.

Since E is strictly convex, the preceding inequality implies x1 = x2. Hence Tr is
single-valued.

(iii) For any z1, z2 ∈ E, let x1 = Tr(z1) and x2 = Tr(z2). Then

F (x1, y) + 〈y− x1, Ax1〉+ψ(y, x1)−ψ(x1, x1) +
e

r
〈y− x1, Jx1− Jz1〉 ∈ P, ∀y ∈ C,

(3.4)
and

F (x2, y) + 〈y− x2, Ax2〉+ψ(y, x2)−ψ(x2, x2) +
e

r
〈y− x2, Jx2− Jz2〉 ∈ P, ∀y ∈ C.

(3.5)
Letting y = x2 in (3.4) and y = x1 in (3.5), and then adding, we have

F (x1, x2) + F (x2, x1) + 〈x2 − x1, Ax1 −Ax2〉
+ψ(x2, x1)− ψ(x1, x1) + ψ(x1, x2)− ψ(x2, x2) + e

r 〈x2 − x1, Jx1 − Jx2 − Jz1 + Jz2〉 ∈ P.
By using the monotoncity of F,A and the properties of ψ and P , we have

1

r
〈x2 − x1, Jx1 − Jx2 − Jz1 − Jz2〉 ≥ 0.

Hence, we have

〈x2 − x1, Jx1 − Jx2〉+ 〈x2 − x1, Jz2 − Jz1〉 ≥ 0,

or,
〈x1 − x2, Jx1 − Jx2〉 ≤ 〈x1 − x2, Jz1 − Jz2〉,

i.e.,

〈Tr(z1)− Tr(z2), JTr(z1)− JTr(z2)〉 ≤ 〈Tr(z1)− Tr(z2), Jz1 − Jz2〉. (3.6)

Thus Tr is firmly nonexpansive-type mapping.
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(iv) Let x ∈ Fix(Tr). Then

F (x, y) + 〈y − x,Ax〉+ ψ(y, x)− ψ(x, x) +
e

r
〈y − x, Jx− Jx〉 ∈ P, ∀y ∈ C,

and so
F (x, y) + 〈y − x,Ax〉+ ψ(y, x)− ψ(x, x) ∈ P, ∀y ∈ C.

Thus x ∈ Sol(GMVEP(1.2)).

Let x ∈ Sol(GMVEP(1.2)). Then

F (x, y) + 〈y − x,Ax〉+ ψ(y, x)− ψ(x, x) ∈ P, ∀y ∈ C,
and so

F (x, y) + 〈y − x,Ax〉+ ψ(y, x)− ψ(x, x) +
e

r
〈y − x, Jx− Jx〉 ∈ P, ∀y ∈ C.

Hence x ∈ Fix(Tr). Thus Fix(Tr) = Sol(GMVEP(1.2)).

(v) By the definition of φ, we have

φ(Tr(z1), Tr(z2)) + φ(Tr(z1), Tr(z2)) = 2‖Tr(z1)‖2 − 2〈Tr(z1), JTr(z2)〉
−2〈Tr(z2), JTr(z1)〉+ 2‖Tr(z2)‖2

= 2〈Tr(z1), JTr(z1)− JTr(z2)〉
+2〈Tr(z2), JTr(z2)− JTr(z1)〉

= 2〈Tr(z1)− Tr(z2), JTr(z1)− JTr(z2)〉,
and
φ(Tr(z1), z2) + φ(Tr(z2), z1)− φ(Tr(z1), z1)− φ(Tr(z2), z2)

= ‖Tr(z1)‖2 − 2〈Tr(z1), Jz2〉+ ‖z2‖2 + ‖Tr(z2)‖2 + ‖z1‖2
−2〈Tr(z2), Jz1〉 − ‖Tr(z2)‖2 + 2〈Tr(z2), Jz2〉 − ‖z2‖2
−‖Tr(z1)‖2 + 2〈Tr(z1), Jz1〉 − ‖z1‖2

= 2〈Tr(z1), Jz1 − Jz2〉 − 2〈Tr(z2), Jz1 − Jz2〉
= 2〈Tr(z1)− Tr(z2), Jz1 − Jz2〉.

Thus, it follows from (3.6) and the preceding two equations that

φ(Tr(z1), Tr(z2))+φ(Tr(z2), Tr(z1)) ≤ φ(Trz1, z2)+φ(Trz2, z1)−φ(Tr(z1), z1)−φ(Tr(z2), z2).

Hence, for z1, z2 ∈ C, we have

φ(Tr(z1), Tr(z2)) + φ(Tr(z2), Tr(z1)) ≤ φ(Trz1, z2) + φ(Trz2, z1).

Taking z2 = u ∈ Fix(Tr), we have

φ(u, Trz1) ≤ φ(u, z1).

Next, we show that F̂ix(Tr) = Sol(GMVEP(1.2)). Indeed, let p ∈ F̂ix(Tr). Then
there exists a sequence {zn} ⊂ E such that zn ⇀ p and limn−→∞ ‖zn− Trzn‖ = 0.
Moreover, we get Trzn ⇀ p. Hence, we have p ∈ C. Since J is uniformly continuous
on bounded sets, we have

lim
n−→∞

‖Jzn − JTrzn‖
r

= 0, r > 0. (3.7)

From the definition of Tr, we have, ∀y ∈ C,

F (Trzn, y)+〈y−Trzn, ATrzn〉+ψ(y, Trzn)−ψ(Trzn, Trzn)+
e

r
〈y−Trzn, JTrzn−Jzn〉 ∈ P,

0 ∈ F (y, Trzn)− 〈y − Trzn, ATrzn〉 − (ψ(y, Trzn)− ψ(Trzn, Trzn))
− e

r 〈y − Trzn, JTrzn − Jzn〉+ P, ∀y ∈ C.
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Let yt = (1− t)p+ ty, ∀t ∈ (0, 1]. Since y ∈ C and p ∈ C, we get yt ∈ C and hence

0 ∈ F (y, Trzn)− 〈yt − Trzn, ATrzn〉 − (ψ(yt, Trzn)− ψ(Trzn, Trzn))
− e

r 〈yt − Trzn, JTrzn − Jzn〉+ P,
= F (yt, Trzn)− 〈yt − Trzn, ATrzn〉 − (ψ(yt, Trzn)− ψ(Trzn, Trzn))
−e〈yt − Trzn, JTrzn−Jzn

r 〉+ P.
0 ∈ F (yt, p)− 〈yt − p,Ap〉 − ψ(yt, p) + ψ(p, p) + P.

(3.8)

It follows from Assumption 2.6 (i), (iv) and (vi) that

tF (yt, y) + (1− t)F (yt, p) + tψ(y, p) + (1− t)ψ(p, p)− ψ(yt, p) ∈ F (yt, yt) + ψ(yt, p)
−ψ(yt, p) + P

∈ P.

Now,
−t[F (yt, y) + ψ(y, p)− ψ(yt, p)− 〈yt − p,Ap〉]−
(1− t)[F (yt, p) + ψ(p, p)− ψ(yt, p)− 〈yt − p,Ap〉] ∈ −P + 〈yt − p,Ap〉
−t[F (yt, y)+ψ(y, p)−ψ(yt, p)−〈yt−p,Ap〉]−(1−t)P ∈ −P+〈yt−p,Ap〉, (using (3.7))
−t[F (yt, y) + ψ(y, p)− ψ(yt, p)− 〈yt − p,Ap〉] ∈ −P + (1− t)P + 〈yt − p,Ap〉
−t[F (yt, y) + ψ(y, p)− ψ(yt, p)− 〈yt − p,Ap〉] ∈ −tP + 〈yt − p,Ap〉

∈ −tP + 〈ty + (1− t)p− p,Ap〉 ∈ −tP + t〈y − p,Ap〉
F (yt, y) + ψ(y, p)− ψ(yt, p)− 〈yt − p,Ap〉 ∈ P − 〈y − p,Ap〉.

Letting t −→ 0+, we have

F (p, y) + 〈y − p,Ap〉+ ψ(y, p)− ψ(p, p) ∈ P.

Thus p ∈ Sol(GMVEP(1.2)). So, we get Fix(Tr) = Sol(GMVEP(1.2)) = F̂ix(Tr).
Therefore Tr is a relatively nonexpansive mapping. Further, it follows from Lemma
2.2 that Sol(GMVEP(1.2)) = Fix(Tr) is closed and convex. This completes the
proof. �

Next, we have the following consequence of Theorem 3.1

Lemma 3.2. Let E, C, F, ψ, Gz be the same as in Theorem 3.1 and let r > 0.
Then, for x ∈ E and q ∈ Fix(Tr), we have

φ(q, Trx) + φ(Trx, x) ≤ φ(q, x).

We prove a strong convergence theorem for finding a common element to the set
of solutions of SUGMVEP(1.6) and set of fixed points of common fixed point prob-
lems of two families of generalized asymptotically quasi φ-nonexpansive mappings
in Banach space.

Theorem 3.3. Let E be a uniformly smooth and strictly convex Banach space such
that E has Kadec-Klee property. For each i ∈ I := {1, 2, 3, ..., N}, let Ki be a
nonempty, compact and convex subset of E such that K = ∩Ni=1Ki 6= ∅. Assume
that P is a pointed, proper, closed and convex cone of a real ordered Banach space
Y with intP 6= ∅. Let for each i, the mappings Fi, ψi : Ki × Ki −→ Y satisfy
Assumption 2.6 and Ai : Ki −→ B(E, Y ) be continuous and P -monotone map-
ping. For each fixed i, let Si, Ti : Ki −→ E be closed, asymptotically regular
and generalized asymptotically quasi φ-nonexpansive mappings with the sequences
{ηn,i}, {ςn,i} and {ζn,i}, {ξn,i} such that Γ := (∩Ni=1Fix(Si)) ∩ (∩Ni=1Fix(Ti)) ∩
(∩Ni=1Sol(GMVEP(Fi, Ai, ψi,Ki))) 6= ∅. Assume that, for each fixed i, the sequences
{rn,i} ⊂ [a,∞) for some a > 0, {αn,i} ⊆ (0, 1) and {βj

n,i} ⊆ (0, 1) (j = 1, 2, 3) be
such that
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(i) β1
n,i + β2

n,i + β3
n,i = 1;

(ii) lim infn−→∞ β1
n,iβ

2
n,i > 0 and lim infn−→∞ β1

n,iβ
3
n,i > 0;

(iii) lim supn−→∞ αn,i < 1;
(iv) lim infn−→∞ rn,i > 0.

Let {xn} be a sequence generated by the iterative scheme:

x0 ∈ E,
C1,i =: Ki, C1 = ∩Ni=1C1,i = K,
x1 =

∏
C1
x0,

yn,i = J−1(αn,iJxn + (1− αn,i)Jzn,i),
zn,i = J−1(β1

n,iJxn + β2
n,iJT

n
i xn + β3

n,iJS
n
i xn),

un,i = Trn,i(yn,i)
Cn+1,i = {v ∈ Cn,i : φ(v, un,i) ≤ φ(v, xn) + δn,iMn + µn,i},
Cn+1 = ∩i∈ICn+1,i,
xn+1 =

∏
Cn+1

x0, for every n ∈ N ∪ {0},

where Mn = sup{φ(p, xn) : p ∈ Γ}; e ∈ intP ; J : E −→ E∗ is the normalized duality
mapping with its inverse J−1; δn,i = β2

n,iζn,i + β3
n,iηn,i and µn,i = ξn,iβ

2
n,i + ςn,iβ

3
n,i.

Then the sequence {xn} converges strongly to
∏

Γ x0.

Proof. First, we show that Cn is closed and convex for every n ≥ 1. It suffices to
show that for each i ∈ I, Cn,i is closed and convex for every n ≥ 1. This can be
proved by induction on n. In fact, for n = 1, C1,i = Ki is closed and convex for
each i ∈ I. Assume that Cn,i is closed and convex for some n ≥ 1 and for each
i ∈ I. For v ∈ Cn+1,i,

φ(v, un,i) ≤ φ(v, xn) + δn,iMn + µn,i,

which is equivalent to

2〈v, Jxn − Jun,i〉 ≤ ‖xn‖2 − ‖un,i‖2 + δn,iMn + µn,i.

It is easy to see that Cn+1,i is closed and convex for each i ∈ I. Then, for all n ≥ 1,
Cn,i is closed and convex for each i ∈ I. Consequently, Cn = ∩Ni=1Cn,i is closed
and convex for all n ≥ 1. This shows that

∏
Cn+1

x0 is well defined.

Next, we prove Γ ⊂ Cn for all n ≥ 1. It suffices to show that for each i ∈ I, Γ ⊂
Cn,i. Indeed, Γ ⊂ C1,i = Ki is obvious. Suppose Γ ⊂ Ck,i for some k ≥ 1. Then,
for ∀w ∈ Γ ⊂ Ck,i, we have

φ(w, zk,i) = φ(w, J−1(β1
k,iJxk + β2

k,iJT
k
i xk + β3

k,iJS
k
i xk))

≤ ‖w‖2 − 2〈w, β1
k,iJxk + β2

k,iJT
k
i xk + β3

k,iJS
k
i xk〉

+‖β1
k,iJxk + β2

k,iJT
k
i xk + β3

k,iJS
k
i xk‖2

≤ ‖w‖2 − 2β1
k,i〈w, Jxk〉 − 2β2

k,i〈w, JT k
i xk〉 − 2β3

k,i〈w, JSk
i xk〉

+β1
k,i‖xk‖2 + β2

k,i‖T k
i xk‖2 + β3

k,i‖Sixk‖2
= β1

k,iφ(w, xk) + β2
k,iφ(w, T k

i xk) + β3
k,iφ(w, Sk

i xk)

≤ β1
k,iφ(w, xk) + β2

k,i(1 + ζk,i)φ(w, xk) + ξk,iβ
2
k,i + β3

k,i(1 + ηk,i)φ(w, xk) + ςk,iβ
3
k,i

≤ φ(w, xk) + δk,iφ(w, xk) + µk,i.
(3.9)
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Further, it follows from Theorem 3.1 that un,i = Trn,i
yn,i for all n ∈ N ∪ {0},

and Trn,i
is relatively nonexpansive. Therefore

φ(w, uk,i) = φ(w, Trk,i
yk,i)

≤ φ(w, yk,i)
= φ(w, J−1(αk,iJxk + (1− αk,i)Jzk,i))
= ‖w‖2 − 2〈w,αk,iJxk + (1− αk,i)Jzk,i〉+ ‖αk,iJxk + (1− αk,i)Jzk,i‖2
= ‖w‖2 − 2αk,i〈w, Jxk〉 − 2(1− αk,i)〈w, Jzk,i〉+ αk,i‖xk‖2 + (1− αk,i)‖zk,i‖2
= αk,iφ(w, xk) + (1− αk,i)φ(w, zk,i)
≤ αk,iφ(w, xk) + (1− αk,i)φ(w, xk)− (1− αk,i)(β

2
k,iζk,i + β3

k,iηk,i)φ(w, xk)

+(1− αk,i)(ξk,iβ
2
k,i + ςk,iβ

3
k,i)

≤ φ(w, xk) + (1− αk,i)[(β
2
k,iζk,i + β3

k,iηk,i)φ(w, xk) + (ξk,iβ
2
k,i + ςk,iβ

3
k,i)]

≤ φ(w, xk) + (β2
k,iζk,i + β3

k,iηk,i)φ(w, xk) + (ξk,iβ
2
k,i + ςk,iβ

3
k,i)

≤ φ(w, xk) + δk,iMk + µk,i.
(3.10)

This shows that w ∈ Ck+1,i. That is, Γ ⊂ Cn,i, for all n ≥ 1 and each i ∈ I.
Therefore, w ∈ Cn = ∩i∈ICn,i for all n ≥ 1.

From Lemma 2.1, we have
φ(xn, x0) = φ(ΠCn

x0, x0)
≤ φ(w, x0)− φ(w, xn)
≤ φ(w, x0), for each w ∈ Γ ⊂ Cn and for each n ≥ 1.

Therefore, the sequence {φ(xn, x0)} is bounded. It follows from (1.9) that the
sequence {xn} is also bounded. Since E is reflexive, without loss of generality, we
may assume that xn ⇀ p as n −→ ∞. Since Cj ⊂ Cn for j ≥ n, we have xj ∈ Cn

for j ≥ n. Since Cn is closed and convex, p ∈ Cn for all n ≥ 1. Hence p ∈ ∩∞n=1Cn.
Since φ(xn, x0) ≤ φ(xn+1, x0) ≤ φ(p, x0), we have

φ(p, x0) ≤ lim inf
n−→∞

φ(xn, x0) ≤ lim sup
n−→∞

φ(xn, x0) ≤ φ(p, x0),

which implies that φ(xn, x0) −→ φ(p, x0) as n −→∞. Hence ‖xn‖ −→ ‖p‖. By the
Kadec-Klee property of E, we have xn −→ p ∈ C as n −→∞.

Since xn −→ p and J : E −→ E∗ is demicontinuous, we have Jxn ⇀ Jp ∈ E∗.
Note that

|‖Jxn‖ − ‖Jp‖| = |‖xn‖ − ‖p‖| ≤ ‖xn − p‖.
This implies that ‖Jxn‖ −→ ‖Jp‖. Since E is uniformly smooth, E∗ is uniformly
convex Banach space and hence it enjoys the Kadec-Klee property, we see that

lim
n−→∞

‖Jxn − Jp‖ = 0. (3.11)

On the other hand, since xn = ΠCnx0 and xn+1 = ΠCn+1x0 ∈ Cn+1 ⊂ Cn, we
have

φ(xn, x0) ≤ φ(xn+1, x0), for all n ≥ 1.

Therefore, {φ(xn, x0)} is non-decreasing. Further, it follows that the limit of
{φ(xn, x0)} exists. By the construction of Cn, one has that Cm ⊂ Cn and xm =
ΠCmx0 ∈ Cn for any positive integer m ≥ n. It follows that

φ(xm, xn) = φ(xm,ΠCnx0)
≤ φ(xm, x0)− φ(ΠCnx0, x0)
= φ(xm, x0)− φ(xn, x0).

(3.12)

Letting m,n −→∞ in (3.12), we have φ(xm, xn) −→ 0.
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Next, we show that p ∈ (∩ni=1Fix(Si)) ∩ (∩ni=1Fix(Ti)). By taking m = n + 1 in
(3.12), we have

lim
n−→∞

φ(xn+1, xn) = 0. (3.13)

Notice that xn+1 ∈ Cn+1, from the definition of Cn, for every i ∈ I, we have

φ(xn+1, un,i) ≤ φ(xn+1, xn) + δn,iMn + µn,i. (3.14)

It follows from (3.13) and (3.14) that

lim
n−→∞

φ(xn+1, un,i) = 0. (3.15)

It follows from (3.15) and inequality 0 ≤ (‖xn+1‖ − ‖un,i‖)2 ≤ φ(xn+1, un,i) that
‖un,i‖ −→ ‖p‖ and consequently, we have ‖Jun,i‖ −→ ‖Jp‖. This implies that
{J(un,i)} is bounded. Since E is reflexive, E∗ is also reflexive. So, we may assume
that J(un,i) ⇀ f0,i ∈ E∗.

On the other hand, in view of the reflexivity of E, we have J(E) = E∗, which
means that for f0,i ∈ E∗, there exists ei ∈ E, such that Jei = f0,i. Using weakly
lower semi-continuity of ‖.‖2, we have

lim infn−→∞ φ(xn+1, un,i) = lim infn−→∞(‖xn+1‖2 − 2〈xn+1, Jun,i〉+ ‖un,i‖2)
= lim infn−→∞(‖xn+1‖2 − 2〈xn+1, Jun,i〉+ ‖Jun,i‖2)
≥ ‖p‖2 − 2〈p, f0,i〉+ ‖f0,i‖2
= ‖p‖2 − 2〈p, Jei〉+ ‖Jei‖2
= φ(p, ei).

It follows from (3.15) that φ(p, ei) = 0. Hence p = ei, which implies that f0,i = Jp.
Hence Jun,i ⇀ Jp ∈ E∗. Since ‖Jun,i‖ −→ ‖Jp‖ and by the Kadec-Klee property
of E∗, we have

‖Jun,i − Jp‖ −→ 0, ∀i ∈ I. (3.16)
Since J−1 : E∗ −→ E is demi-continuous, therefore un,i ⇀ p. Since ‖un,i‖ −→ ‖p‖
and using the Kadec-Klee property of E∗, we have

un,i −→ p, as n −→∞ ∀i ∈ I. (3.17)

Hence,
lim

n−→∞
‖xn − un,i‖ = 0, ∀i ∈ I. (3.18)

Since J is uniformly norm-to-norm continuous on bounded sets, we have

lim
n−→∞

‖Jxn − Jun,i‖ = 0, ∀i ∈ I. (3.19)

Now,
φ(w, xn)− φ(w, un,i) = ‖xn‖2 − ‖un,i‖2 − 2〈w, Jxn − Jun,i〉

≤ ‖xn − un,i‖(‖xn‖+ ‖un,i‖) + 2‖w‖‖Jxn − Jun,i‖.
It follows from (3.18) and (3.19) that

φ(w, xn)− φ(w, un,i) −→ 0, as n −→∞. (3.20)

From un,i = Trn,i
yn,i and Lemma 3.2, we have

φ(un,i, yn,i) = φ(Trn,i
yn,i, yn,i)

≤ φ(w, yn,i)− φ(w, un,i)
≤ αn,iφ(w, xn) + (1− αn,i)φ(w, zn,i)− φ(w, un,i)
≤ αn,iφ(w, xn) + (1− αn,i)[φ(w, xn) + δn,iMn + µn,i

−β1
n,iβ

3
n,ig(‖Jxn − JSn

i xn‖)]− φ(w, un,i)
≤ φ(w, xn)− φ(w, un,i) + (1− αn,i)[δn,iMn + µn,i].

(3.21)
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Using (3.20) and the restrictions on the sequences in above inequality, we have

lim
n−→∞

φ(un,i, yn,i) = 0. (3.22)

Since 0 ≤ (‖un,i‖−‖yn,i)‖)2 ≤ φ(un,i, yn,i), it follows from (3.17) that ‖yn,i‖ −→ ‖p‖
and consequently ‖Jyn,i‖ −→ ‖Jp‖. This implies that {Jyn,i} is bounded. Since
E is reflexive, E∗ is also reflexive, so we may assume that J(yn,i) ⇀ h0,i ∈ E∗.

On the other hand, in view of the reflexivity of E, we have J(E) = E∗, which
means that for h0,i ∈ E∗, there exists di ∈ E, such that Jdi = h0,i. Using lower
semi-continuity of ‖.‖2, we have

lim infn−→∞ φ(un,i, yn,i) = lim infn−→∞(‖un,i‖2 − 2〈un,i, Jyn,i〉+ ‖yn,i‖2)
= lim infn−→∞(‖un,i‖2 − 2〈un,i, Jyn,i〉+ ‖Jyn,i‖2)
≥ ‖p‖2 − 2〈p, h0,i〉+ ‖h0,i‖2
= ‖p‖2 − 2〈p, Jdi〉+ ‖di‖2
= φ(p, di).

It follows from (3.22) that φ(p, di) = 0. Hence p = di, which implies that h0,i = Jp.
Hence Jyn,i ⇀ Jp ∈ E∗. Since Jyn,i ⇀ Jp, ‖Jyn,i‖ −→ ‖Jp‖ and Kadec-Klee
property of E∗, we have

‖Jyn,i − Jp‖ −→ 0, as n −→∞. (3.23)

Since J−1 : E∗ −→ E is demi-continuous, we have yn,i ⇀ p. Further, since
‖yn,i‖ −→ ‖p‖ and E has the Kadec-Klee property, we have

‖yn,i − p‖ −→ 0, as n −→∞. (3.24)

It follows from (3.18) and (3.24) that

‖yn,i − un,i‖ ≤ ‖un,i − p‖+ ‖yn,i − p‖ −→ 0, as n −→∞.
Since J is uniformly norm-to- norm continuous on bounded sets, we have

‖Jyn,i − Jun,i‖ −→ 0, as n −→∞. (3.25)

It follows from (3.19) and (3.25) that

‖Jxn − Jyn,i‖ ≤ ‖Jxn − Jun,i‖+ ‖Jun,i − Jyn,i‖ −→ 0, as n −→∞. (3.26)

From iterative scheme, (3.26) and lim supn−→∞ αn,i < 1, it follows that

‖Jzn,i − Jxn‖ ≤
1

(1− αn,i)
‖Jxn − Jyn,i‖ −→ 0, as n −→∞. (3.27)

Hence,

‖Jzn,i − Jp‖ ≤ ‖Jzn,i − Jxn‖+ ‖Jxn − Jp‖ −→ 0, as n −→∞. (3.28)

Since J−1 : E∗ −→ E is demi-continuous, we have zn,i ⇀ p. From (3.28), we have
that

|‖zn,i‖ − ‖p‖| = |‖Jzn.i‖ − ‖Jp‖| ≤ ‖Jzn,i − Jp‖ −→ 0, as n −→∞.
This implies that ‖zn,i‖ −→ ‖p‖. Since E enjoys the Kadec-Klee property, we see
that

lim
n−→∞

‖zn,i − p‖ = 0. (3.29)

Further,
‖zn,i − xn‖ ≤ ‖zn,i − p‖+ ‖xn − p‖ −→ 0, as n −→∞. (3.30)

Now,
φ(w, xn)− φ(w, zn,i) = ‖xn‖2 − ‖zn,i‖2 − 2〈w, Jxn − Jzn,i〉

≤ ‖xn − zn,i‖(‖xn‖+ ‖zn,i‖) + 2‖w‖‖Jxn − Jzn,i‖.
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It follows from (3.27) and (3.30) that

φ(w, xn)− φ(w, zn,i) −→ 0, as n −→∞. (3.31)

Let r = max{supn≥1{‖xn‖}, supn≥1{‖Tn
i xn‖}, supn≥1{‖Sn

i xn‖}}. Since E is
uniformly smooth, then E∗ is uniformly convex. In the light of Lemma 2.3, we
have, for any fixed w ∈ Fix(Ti) ∩ Fix(Si),

φ(w, zn,i) = φ(w, J−1(β1
n,iJxn + β2

n,iJT
n
i xn + β3

n,iJS
n
i xn))

= ‖w‖2 − 2〈w, β1
n,iJxn + β2

n,iJT
n
i xn + β3

n,iJS
n
i xn〉

+‖β1
n,iJxn + β2

n,iJT
n
i xn + β3

n,iJS
n
i xn‖2

≤ ‖w‖2 − 2β1
n,i〈w, Jxn〉 − 2β2

n,i〈w, JTn
i xn〉 − 2β3

n,i〈w, JSn
i xn〉

+β1
n,i‖xn‖2 + β2

n,i‖Tn
i xn‖2 + β3

n,i‖Sn
i xn‖2 − β1

n,iβ
3
n,ig(‖Jxn − JSn

i xn‖)
= β1

n,iφ(w, xn) + β2
n,i(1− ζn,i)φ(w, xn) + β2

n,iξn,i
+β3

n,i(1 + ηn,i)φ(w, xn) + β3
n,iςn,i − β1

n,iβ
3
n,ig(‖Jxn − JSn

i xn‖)
= φ(w, xn) + (β2

n,iζn,i + β3
n,iηn,i)φ(w, xn)

+β2
n,iξn,i + β3

n,iςn,i − β1
n,iβ

3
n,ig(‖Jxn − JSn

i xn‖)
= φ(w, xn) + δn,iφ(w, xn) + µn,i − β1

n,iβ
3
n,ig(‖Jxn − JSn

i xn‖)
≤ φ(w, xn) + δn,iMn + µn,i − β1

n,iβ
3
n,ig(‖Jxn − JSn

i xn‖).
This implies that

β1
n,iβ

3
n,ig(‖Jxn − JSn

i xn‖) ≤ φ(w, xn)− φ(w, zn,i) + δn,iMn + µn,i. (3.32)

Taking limit on both sides of (3.32) and using lim infn−→∞ β1
n,iβ

3
n,i > 0 and (3.31),

we have
g(‖Jxn − JSn

i xn‖) −→ 0, as n −→∞. (3.33)
Therefore, using Lemma 2.3, (3.33) implies that

‖Jxn − JSn
i xn‖ −→ 0, as n −→∞. (3.34)

Next,
‖JSn

i xn − Jp‖ ≤ ‖JSn
i xn − Jxn‖+ ‖Jxn − Jp‖.

Using (3.34) and (3.11) in above inequality, we get

lim
n−→∞

‖JSn
i xn − Jp‖ = 0. (3.35)

Since J−1 is demicontinuous, it follows that Sn
i xn ⇀ p for each fixed i.

Using |‖Sn
i xn‖ − ‖p‖| = |‖JSn

i xn‖ − ‖Jp‖| ≤ ‖JSn
i xn − Jp‖ with (3.35), we get

‖Sn
i xn‖ −→ ‖p‖ for each fixed i as n −→ ∞. Since E enjoys the Kadec-Klee

property, we obtain
lim

n−→∞
‖Sn

i xn − p‖ = 0. (3.36)

Similarly, we obtain
lim

n−→∞
‖Tn

i xn − p‖ = 0. (3.37)

Notice that
‖Sn+1

i xn − p‖ ≤ ‖Sn+1
i xn − Sn

i xn‖+ ‖Sn
i xn − p‖. (3.38)

Since Sn
i is asymptotic regular, then from (3.36) and (3.38), we have

lim
n−→∞

‖Sn+1
i xn − p‖ = 0,

that is, SiS
n
i xn − p −→ 0 as n −→ ∞. It follows from the closedness of Si that

Sip = p, for each fixed i. Hence p ∈ ∩ni=1Fix(Si). In a similar way, we can obtain
p ∈ ∩ni=1Fix(Ti). Hence p ∈ (∩ni=1Fix(Ti)) ∩ (∩ni=1Fix(Si)).

Next, we prove p ∈ ∩Ni=1Sol(GMVEP(Fi, Ai, ψi,Ki)).
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It follows from (3.25) and lim infn−→∞ rn,i > 0 that

lim
n−→∞

‖Jyn,i − JTrn,iyn,i‖
rn,i

= 0.

Since un,i = Trn,iyn,i, we have

F (Trn,i
yn,i, yi) + 〈yi − Trn,i

yn,i, ATrn,i
yn,i〉 + ψ(yi, Trn,i

yn,i)− ψ(Trn,i
yn,i, Trn,i

yn,i)
+ e

rn,i
〈y − Trn,i

yn,i, JTrn,i
yn,i − Jyn,i〉 ∈ P, ∀yi ∈ Ki,

0 ∈ F (yi, Trn,i
yn,i)− 〈yi − Trn,i

yn,i, ATrn,i
yn,i〉 − (ψ(yi, Trn,i

yn,i)− ψ(Trn,i
yn,i, Trn,i

yn,i))
− e

rn,i
〈yi − Trn,i

yn,i, JTrn,i
yn,i − Jyn,i〉+ P, ∀yi ∈ Ki.

Let yi,t = (1− t)p+ tyi, ∀t ∈ (0, 1]. Since yi ∈ Ki and p ∈ Ki, we get yi,t ∈ Ki and
hence
0 ∈ F (yi, Trn,iyn,i)− 〈yi,t − Trn,iyn,i, ATrn,iyn,i〉 − (ψ(yi,t, Trn,iyn,i)− ψ(Trn,iyn,i, Trn,iyn,i))

− e
rn,i
〈yi,t − Trn,i

yn,i, JTrn,i
yn,i − Jyn,i〉+ P,

= F (yi,t, Trn,i
yn,i)− 〈yi,t − Trn,i

yn,i, ATrn,i
yn,i〉 − (ψ(yi,t, Trn,i

yn,i)− ψ(Trn,i
yn,i, Trn,i

yn,i))

−e〈yi,t − Trn,i
yn,i,

JTrn,i
yn,i−Jyn,i

rn,i
〉+ P.

0 ∈ F (yi,t, p)− 〈yi,t − p,Ap〉 − ψ(yi,t, p) + ψ(p, p) + P.

It follows from Assumptions 2.6 (i), (iv) and (vi) that

tF (yi,t, yi) + (1− t)F (yt, p) + tψ(yi, p) + (1− t)ψ(p, p)− ψ(yi,t, p) ∈ F (yi,t, yt) + ψ(yi,t, p)
−ψ(yi,t, p) + P

∈ P.

Now,
−t[F (yi,t, yi) + ψ(yi, p)− ψ(yi,t, p)− 〈yi,t − p,Ap〉]−
(1− t)[F (yi,t, p) + ψ(p, p)− ψ(yi,t, p)− 〈yi,t − p,Ap〉] ∈ −P + 〈yi,t − p,Ap〉
−t[F (yi,t, yi) + ψ(yi, p) − ψ(yi,t, p) − 〈yi,t − p,Ap〉] − (1 − t)P ∈ −P + 〈yi,t −

p,Ap〉, (using (3.7))
−t[F (yi,t, yi)+ψ(yi, p)−ψ(yi,t, p)−〈yi,t−p,Ap〉] ∈ −P +(1− t)P + 〈yi,t−p,Ap〉
−t[F (yi,t, yi) + ψ(yi, p)− ψ(yi,t, p)− 〈yi,t − p,Ap〉] ∈ −tP + 〈yi,t − p,Ap〉

∈ −tP + 〈tyi + (1− t)p− p,Ap〉 ∈ −tP + t〈yi − p,Ap〉

F (yi,t, yi) + ψ(yi, p)− ψ(yi,t, p)− 〈yi,t − p,Ap〉 ∈ P − 〈yi − p,Ap〉.

Letting t −→ 0+, we have

F (p, yi) + ψ(yi, p)− ψ(p, p)− 〈p− p,Ap〉+ 〈yi − p,Ap〉 ∈ P

F (p, yi) + 〈yi − p,Ap〉+ ψ(yi, p)− ψ(p, p) ∈ P.
Thus p ∈ Sol(GMVEP(Fi, Ai, ψi,Ki)). Hence p ∈ Γ.

Finally, we prove that p =
∏

Γ x0. Since Γ ⊂ Cn+1 and xn+1 =
∏

Cn+1
x0, we

have
〈xn+1 − q, Jx0 − Jxn+1〉 ≥ 0, ∀q ∈ Γ. (3.39)

By taking the limit in (3.39), we have

〈p− q, Jx0 − Jp〉 ≥ 0, ∀q ∈ Γ.

Hence, in view of Lemma 2.1, we see that p =
∏

Γ x0. This completes the proof. �

Finally we give some consequences of Theorem 3.3.
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Corollary 3.4. Let E be a uniformly smooth and strictly convex Banach space such
that E has Kadec-Klee property. Let K be a nonempty, compact and convex subset
of E. Assume that P is a pointed, proper, closed and convex cone of a real ordered
Banach space Y with intP 6= ∅. Let the mappings F,ψ : K × K −→ Y satisfy
Assumption 2.6 and A : K −→ B(E, Y ) be continuous and P -monotone mapping.
Let S, T : K −→ E be closed, asymptotically regular and generalized asymptotically
quasi φ-nonexpansive mappings with the sequences {ηn}, {ςn} and {ζn}, {ξn} such
that Γ := Fix(S)∩ (Fix(T ))∩ (Sol(GMVEP(1.2))) 6= ∅. Assume that, the sequences
{rn} ⊂ [a,∞) for some a > 0, {αn} ⊆ (0, 1) and {βj

n} ⊆ (0, 1) (j = 1, 2, 3) be such
that

(i) β1
n + β2

n + β3
n = 1;

(ii) lim infn−→∞ β1
nβ

2
n > 0 and lim infn−→∞ β1

nβ
3
n > 0;

(iii) lim supn−→∞ αn < 1;
(iv) lim infn−→∞ rn > 0.

Let {xn} be a sequence generated by the iterative scheme:

x0 ∈ E,
x1 =

∏
C1
x0,

yn = J−1(αnJxn + (1− αn)Jzn),
zn = J−1(β1

nJxn + β2
nJT

nxn + β3
nJS

nxn),
un = Trn(yn)
Cn+1 = {v ∈ Cn : φ(v, un) ≤ φ(v, xn) + δnMn + µn},
xn+1 =

∏
Cn+1

x0, for every n ∈ N ∪ {0},

where Mn = sup{φ(p, xn) : p ∈ Γ}; e ∈ intP ; J : E −→ E∗ is the normalized duality
mapping with its inverse J−1; δn = β2

nζn + β3
nηn and µn = ξnβ

2
n + ςnβ

3
n.

Then the sequence {xn} converges strongly to
∏

Γ x0.

Proof. The proof follows by taking i = 1 in Theorem 3.3. �

Corollary 3.5. Let E be a uniformly smooth and strictly convex Banach space such
that E has Kadec-Klee property. For each i ∈ I := {1, 2, 3, ..., N}, let Ki be a
nonempty, compact and convex subset of E such that K = ∩Ni=1Ki 6= ∅. Let for
each i, the mappings Fi, ψi : Ki × Ki −→ R satisfy Assumption 2.6 and Ai :
Ki −→ E∗ be continuous and monotone mapping. For each fixed i, let Si, Ti :
Ki −→ E be closed, asymptotically regular and generalized asymptotically quasi
φ-nonexpansive mappings with the sequences {ηn,i}, {ςn,i} and {ζn,i}, {ξn,i} such
that Γ := (∩Ni=1Fix(Si)) ∩ (∩Ni=1Fix(Ti)) ∩ (∩Ni=1Sol(SUGMEP(1.7))) 6= ∅. Assume
that, for each fixed i, the sequences {rn,i} ⊂ [a,∞) for some a > 0, {αn,i} ⊆ (0, 1)

and {βj
n,i} ⊆ (0, 1) (j = 1, 2, 3) be such that

(i) β1
n,i + β2

n,i + β3
n,i = 1;

(ii) lim infn−→∞ β1
n,iβ

2
n,i > 0 and lim infn−→∞ β1

n,iβ
3
n,i > 0;

(iii) lim supn−→∞ αn,i < 1;
(iv) lim infn−→∞ rn,i > 0.
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Let {xn} be a sequence generated by the iterative scheme:

x0 ∈ E,
C1,i =: Ki, C1 = ∩Ni=1C1,i = K,
x1 =

∏
C1
x0,

yn,i = J−1(αn,iJxn + (1− αn,i)Jzn,i),
zn,i = J−1(β1

n,iJxn + β2
n,iJT

n
i xn + β3

n,iJS
n
i xn),

un,i = Trn,i
(yn,i)

Cn+1,i = {v ∈ Cn,i : φ(v, un,i) ≤ φ(v, xn) + δn,iMn + µn,i},
Cn+1 = ∩i∈ICn+1,i,
xn+1 =

∏
Cn+1

x0, for every n ∈ N ∪ {0},

where Mn = sup{φ(p, xn) : p ∈ Γ}; e ∈ intP ; J : E −→ E∗ is the normalized duality
mapping with its inverse J−1; δn,i = β2

n,iζn,i + β3
n,iηn,i and µn,i = ξn,iβ

2
n,i + ςn,iβ

3
n,i.

Then the sequence {xn} converges strongly to
∏

Γ x0.

Proof. The proof follows by taking Y = R, P = [0,∞) in Theorem 3.3. �

Corollary 3.6. Let E be a uniformly smooth and strictly convex Banach space such
that E has Kadec-Klee property. Let K be a nonempty, compact and convex sub-
set of E. Let the mappings F,ψ : K × K −→ R satisfy Assumption 2.6 and
A : K −→ E∗ be continuous and monotone mapping. Let S, T : K −→ E be
closed, asymptotically regular and generalized asymptotically quasi φ-nonexpansive
mappings with the sequences {ηn}, {ςn} and {ζn}, {ξn} such that Γ := Fix(S) ∩
(Fix(T )) ∩ (Sol(GMEP(1.4))) 6= ∅. Assume that, the sequences {rn} ⊂ [a,∞) for
some a > 0, {αn} ⊆ (0, 1) and {βj

n} ⊆ (0, 1) (j = 1, 2, 3) be such that

(i) β1
n + β2

n + β3
n = 1;

(ii) lim infn−→∞ β1
nβ

2
n > 0 and lim infn−→∞ β1

nβ
3
n > 0;

(iii) lim supn−→∞ αn < 1;
(iv) lim infn−→∞ rn > 0.

Let {xn} be a sequence generated by the iterative scheme:

x0 ∈ E,
x1 =

∏
C1
x0,

yn = J−1(αnJxn + (1− αn)Jzn),
zn = J−1(β1

nJxn + β2
nJT

nxn + β3
nJS

nxn),
un = Trn(yn)
Cn+1 = {v ∈ Cn : φ(v, un) ≤ φ(v, xn) + δnMn + µn},
xn+1 =

∏
Cn+1

x0, for every n ∈ N ∪ {0},

where Mn = sup{φ(p, xn) : p ∈ Γ}; e ∈ intP ; J : E −→ E∗ is the normalized duality
mapping with its inverse J−1; δn = β2

nζn + β3
nηn and µn = ξnβ

2
n + ςnβ

3
n.

Then the sequence {xn} converges strongly to
∏

Γ x0.

Proof. The proof follows by taking Y = R, P = [0,∞), i = 1 in Theorem 3.3. �

The following corollary is similar to Qin and Agrawal [21].

Corollary 3.7. Let E be a uniformly smooth and strictly convex Banach space such
thatE has Kadec-Klee property. LetK be a nonempty, compact and convex subset of
E. Let S, T : K −→ E be closed, asymptotically regular and generalized asymptoti-
cally quasi φ-nonexpansive mappings with the sequences {ηn}, {ςn} and {ζn}, {ξn}
such that Γ := Fix(S) ∩ (Fix(T )) 6= ∅. Assume that, the sequences {rn} ⊂ [a,∞)
for some a > 0, {αn} ⊆ (0, 1) and {βj

n} ⊆ (0, 1) (j = 1, 2, 3) be such that

(i) β1
n + β2

n + β3
n = 1;
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(ii) lim infn−→∞ β1
nβ

2
n > 0 and lim infn−→∞ β1

nβ
3
n > 0;

(iii) lim supn−→∞ αn < 1.

Let {xn} be a sequence generated by the iterative scheme:

x0 ∈ E,
x1 =

∏
C1
x0,

yn = J−1(αnJxn + (1− αn)Jzn),
zn = J−1(β1

nJxn + β2
nJT

nxn + β3
nJS

nxn),
Cn+1 = {v ∈ Cn : φ(v, yn) ≤ φ(v, xn) + δnMn + µn},
xn+1 =

∏
Cn+1

x0, for every n ∈ N ∪ {0},

where Mn = sup{φ(p, xn) : p ∈ Γ}; e ∈ intP ; J : E −→ E∗ is the normalized duality
mapping with its inverse J−1; δn = β2

nζn + β3
nηn and µn = ξnβ

2
n + ςnβ

3
n.

Then the sequence {xn} converges strongly to
∏

Γ x0.

Proof. The proof follows by taking Y = R, P = [0,∞), i = 1, and F = 0, A =
0, φ = 0 in Theorem 3.3. �
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