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ABSTRACT. In this paper, we study some properties of set of solutions of a new general-
ized mixed vector equilibrium problem in Banach space. Further, we introduce an iterative
method based on hybrid method and convex approximation method for finding a common
element to the set of solutions of a system of unrelated generalized mixed vector equilibrium
problems and the set of solutions of common fixed point problems for the two families of gen-
eralized asymptotically quasi ¢-nonexpansive mappings in Banach space. Furthermore, we
obtain a strong convergence theorem for the sequences generated by the proposed iterative
scheme. Finally, we derive some consequences from our main result. The results presented
in this paper extended and unify many of the previously known results in this area.
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1. INTRODUCTION

Throughout the paper unless otherwise stated, let E be a real Banach space
with its dual space E* and let (.,.) denote the duality pairing between E and E*
and ||.|| denote the norm of E as well as of E*. Let C' be a nonempty, closed and
convex subset of £ and let 2 denote the set of all nonempty subsets of E. Let
Y be an ordered Banach space and let P be a pointed, proper, closed and convex
cone of Y with intP # ().

In 1994, Blum and Oettli [3] introduced and studied the following equilibrium
problem (in short, EP): Find x € C such that
F(x,y) >0, ¥y € C, (1.1)
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where I’ : C x C — R is a bifunction.

The EP(1.1) includes variational inequality problems, optimization problems,
Nash equilibrium problems, saddle point problems, fixed point problems, comple-
mentary problems as special cases. In other words, EP(1.1) is a unified model for
several problems arising in science, engineering, optimization, economics, etc.

In the last two decades, EP(1.1) has been generalized and extensively studied in
many directions due to its importance; See for example [9, 11, 17] and references
therein, for the literature on the existence of solution of the various generalizations
of EP(1.1). Some iterative methods have been studied for solving various classes
of equilibrium problems, see for example [4, 7, 12, 13, 14, 18, 25, 26, 27] and
references therein.

In this paper, we introduce and study the following generalized mixed vector
equilibrium problem (in short, GMVEP). Let F': C X C' — Y and ¢ : C xC — Y
be nonlinear bimappings and let A : C' — B(E,Y), where B(E,Y) is a Banach
space of all continuous linear operators from F into Y, be a nonlinear mapping,
then GMVEP is to find z* € C such that

F(z*, ) + (x — x*, Ax™) + Y(x,2") — p(a*,2%) € P, Vo € C. (1.2)
The solution set of GMVEP(1.2) is denoted by Sol(GMVEP(1.2)).

Example 1.1. Let £ = R, the set of all real numbers, with the inner product
defined by (x,y) = a2y, Vz,y € R. Let Y = R, then P = [0,+00) and let C =
[0,2]. Let F and v be defined by F(z,y) = 2% — 3y — 2y and ¢(z,y) = 2% — y* +
2y, Vx,y € C, and A(x) = x + 2, Vo € C, respectively, then it is easy to observe
that Sol(GMVEP(1.2)) = [1,2] # 0.

If v = 0 and A = 0, then GMVEP(1.2) reduces to the strong vector equilibrium
problem (in short, SVEP): Find z* € C' such that

F(a*,x) € P, Vx € C, (1.3)

which has been studied by Kazmi and Khan [15]. It is well known that the vector
equilibrium problem provides a unified model of several problems, for example,
vector optimization, vector variational inequality, vector complementary problem
and vector saddle point problem [11, 17]. In recent years, the vector equilibrium
problem has been intensively studied by many authors, see for example [9,

] and the references therein.

IfY = R, then P = [0,+00) and hence GMVEP(1.2) reduces to the following
generalized mixed equilibrium problem (in short, GMEP): Find « € C such that
F(z*,z) 4+ (x — 2", Ax™) + ¢(z,2") — (2", 2™) > 0, Vz € C, (1.4)

where ¢ : C — R U {+00} be a proper extended real-valued function. The
solution set of GMEP(1.4) is denoted by Sol(GMEP(1.4)). The GMEP(1.4) with
P(z,x*) = (x), Va,x* € C has been studied by Ceng and Yao [4] in Hilbert space.

IfY =R and F = 0, then P = [0,400) and hence GMVEP(1.2) reduces to the
following generalized variational inequality problem (in short, GVIP): Find = € C
such that

(x —a*, Ax™) + Pz, z") —P(z™,2") > 0, Vo € C, (1.5)
where ¢ : C — R U {400} be a proper extended real-valued function.
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Further, we consider the following new system of generalized mixed vector equi-
librium problems, which we call the system of unrelated generalized mixed vector
equilibrium problems (in short, SUGMVEP): For each ¢ = 1,2,3,..., N, let K; be a
nonempty, closed and convex set in F with K = ﬁf\ilKi #P;letFy: K;xK; — Y
be a bimapping, ¥; : K; x K; — R be a bifunction and A; : K; — B(E,Y) be a
nonlinear mapping. Then SUGMVEP is to find z* € NY; K; such that

Fi(‘r*7 yz) + <yl - .I'*, A1$*> + wl(yw‘r*) - 1/11‘(95*’95*) € Pa Vy’b S Ki7 1= 17 27 37 ceey N.

(1.6)
We denote by Sol(GMVEP(F;, A;, 1;, K;)), the set of solution of GMVEP(1.2) cor-
responding to the mappings F;, A;,v; and K;. Then the set of solutions of SUG-
MVEP(1.6) is given by NI | Sol(GMVEP(F}, A;, ¥;, K;)).

If Y = R, then SUGMVEP(1.6) reduces to the system of unrelated generalized
mixed equilibrium problems (SUGMEP) of finding z* € ﬂi]\ile‘ such that

Fz(x*ayz) + <yz —.’E*,AZ(E*> +wz(y27x*) _wl(x*u'r*) 2 07 Vil/z S Kiv 1= 172737 "'aNa
(1.7)
which appears to be new.

If E = H, Hilbert space, ¥; = 0 and Y = R for all ¢, then SUGMVEP(1.6) reduces
to the system of unrelated mixed equilibrium problems introduced and studied by
Djafari-Rouhani, Kazmi and Rizvi [S].

Further if £ = H, A; =0, ¢; = 0 and Y = R for all 7, then SUGMVEP(1.6)
reduces to the system of unrelated variational inequality problems considered and
studied by Censor et al. [5] for set-valued version of mappings A;.

We also observe that if F; = 0, ¢; = 0, Y = R and F = H for all 4, then
SUGMVEP(1.6) reduces to the problem of finding a point x € ﬁf\;1K ; which is well
known convex feasibility problem. If the set K; are fixed sets of family of operators
S; : H — H then the convex feasibility problem is the the common fixed points
problem (in short, CFPP).

Next, we recall a mapping 7' : C — C is said to be nonexpansive if || Tz — Ty|| <
|z —yl, Yo,y € C.

The fixed point problem (in short, FPP) for a nonexpansive mapping 7' is to:
Find = € C such that z € Fix(T), (1.8)

where Fix(T) is the fixed point set of the nonexpansive mapping 7. It is well known
that if Fix(T) # 0, then Fix(T') is closed and convex.

Let U(E) = {z € E : ||z|| = 1} be the unit sphere of E. Then the Banach space
FE is said to be strictly convex if w < 1Vz,y € U(F) with x # y. It is said
to be uniformly convex if for any € € (0,2], there exists § > 0 such that for any
x,y € UE), ||z — y|| > € implies w < 1—4. The space F is said to be smooth

if the limit lim;_,q w exists Vz,y € U(FE). It is also said to be uniformly

smooth if the limit exists uniformly for =,y € U(E).
The normalized duality mapping J : E — 27" is defined by
J(@) = {a* € B : (a,a%) = ||z|]? = "}, Var € .
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It is well known that if E* is strictly convex, then J is single valued and demicon-
tinuous, i.e., if z,, — = then Jz,, — Jx.

It is well known that if F is uniformly smooth, then J is uniformly norm-to-norm
continuous on each bounded subset of E. It is also well known that F is uniformly
smooth if and only if £* is uniformly convex. Recall that £ enjoys the Kadec-Klee
property if for any sequence {z,} C E and z € E with z,, = z and ||z, || — ||z||
then ||z, — z|| — 0 as n — oo. It is well known that if F is a uniformly convex
Banach space then E enjoys the Kadec-Klee property.

Let E be a smooth Banach space. The Lyapunov functional ¢ : E x E — R is

defined by
o(x,y) = ||lz[* — 2(z, Jy) + ly|?, Va,y € E.

Observe that in a Hilbert space H, ¢(z,y) = ||z —y||?, Vz,y € H. Alber [1] recently
introduced a generalized projection operator Hc in a Banach space F which is an
analogue of the metric projection Po in Hilbert space. Recall that the generalized
projection [ [ : £ — C'is a mapping that assigns to an arbitrary point € E the
minimum point of the functional ¢(z,y), that is, [[, # = Z, where Z is the solution
to the minimization problem

o(Z, ) = min ¢(y, ).

yeC

The existence and uniqueness of the operator []. follow from the properties of
the functional ¢(z,y) and strict monotonicity of the mapping J. In Hilbert space,
[ = Pc. Itis obvious from the definition of ¢ that

d(z,y) = ¢(x,2) + ¢(z,y) + 2(z — 2, Jz — Jy),
and
(=l = lw)? < ¢(z,9) < (=]l + lyl)?, Yo,y € E. (1.9)

Note that if F is a reflexive, strictly convex and smooth Banach space, then
¢(z,y) = 0if and only if z = y.

Let £ be a smooth, strictly convex and reflexive Banach space. Let C' be a
nonempty subset of E.
Definition 1.2. A mapping 7 : C — C is said to be:
(i) asymptotically regular on C' if for any bounded subset K of C,

limsup{|T" 2 — T"z| : 2 € K} = 0;
n—»oo

(i) closed if for any sequence {z,} C C such that lim,, .z, = x9 and
lim, o T, = yo, then Txg = yo.

Definition 1.3. [27] Let T : C' — C be a mapping. A point p € C' is said to be an
asymptotic fixed point of T if C' contains a sequence {z,, } which converges weakly
to p so that lim,,_, ||#, — Tz,|| = 0. The set of asymptotic fixed points of T will

be denoted by Fix(T").
Definition 1.4. A mapping 7 : C — C is said to be:

(i) [27] relatively nonexpansive if

F&(T) =Fix(T) #0, ¢(p,Tx) < ¢(p,x), Vo € C, Vp € Fix(T);
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(ii) relatively asymptotically nonexpansive if
Fix(T) = Fix(T) # 0, ¢(p, T"x) < (1 + pn)d(p, ), Vo € C, Vp € Fix(T), ¥n > 1,

where p,, C [0,000) is a sequence such that u,, — 0 as n — oo;
(iii) [29] quasi ¢-nonexpansive if

Fix(T) # 0, ¢(p, Tx) < ¢(p,2), Yz € C, Vp € Fix(T);

(iv) [29, 21] asymptotically quasi ¢-nonexpansive if there exists a sequence
{pn} C [0, 0) with p,, — 0 as n —» oo such that

Fix(T) # 0, ¢(p, T"x) < (1 + pn)d(p, x), Yo € C, ¥p € Fix(T), ¥n > 1;

(v) [22] generalized asymptotically quasi ¢-nonexpansive if Fix(T) # () and
there exist two nonnegative sequences {u,} C [0,00) with u,, — 0 and
&n C [0, 00) with &, — 0 as n — oo such that

o, T"x) < (14 pn)o(p, x) + &, Vo € C, Vp € Fix(T), Vn > 1.

In 2007, Tada and Takahashi [25] and Takahashi and Takahashi [26] proved
weak and strong convergence theorems for finding a common solution of EP(1.1)
and FPP(1.8) of a nonexpansive mapping in a Hilbert space. For further related
work, see Ceng and Yao [4] and Shan and Huang [23].

In 2009, Takahashi and Zembayashi [27] proved weak and strong convergence
theorems for finding a common solution of EP(1.1) and FPP(1.8) of a relatively non-
expansive mapping in real Banach space. For further related work, see Kazmi
and Farid [16] and the references therein. Recently, Qin and Agarwal [21] proved
a strong convergence to common fixed points of the pair of asymptotic quasi ¢-
nonexpansive mappings in Banach space. Later Qin et al. [22] proved a strong
convergence to common fixed points of a family of generalized asymptotically quasi
¢-nonexpansive mappings. Very recently, Song and Chen [24] proved a strong
convergence to common element of the set of solutions of mixed equilibrium prob-
lem and set of fixed points of FPP(1.8) of a generalized asymptotically quasi ¢-
nonexpansive mapping in Banach space.

Motivated by the work of Qin et al. [21, ], Song and Chen [24], Shan and
Huang [23], and by the ongoing research in this direction, we study the existence
and properties of solution of a new generalized mixed vector equilibrium problem in
Banach space. Further, we introduce an iterative method based on hybrid method
and convex approximation method for finding a common element to the set of so-
lutions of SUGMVEP(1.6) and the set of solutions of common fixed point problems
for the two families of two generalized asymptotically quasi ¢-nonexpansive map-
pings in Banach space. Furthermore, we obtain a strong convergence theorem
for the sequences generated by the proposed iterative scheme. Finally, we derive
some consequences from our main result. The results presented in this paper ex-
tended and unify many of the previously known results in this area, see for instance

[16, 24].
2. PRELIMINARIES AND NOTATIONS

We recall some concepts and results which are needed in sequel.
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Lemma 2.1. [1] Let ¥ be a smooth, strictly convex and reflexive Banach space, and
C be a nonempty closed and convex subset of E. Then the following conclusions
hold:

@) ¢(z,cy) + ¢(cy,y) < é(x,y), Vo € C,y € E;
(i) Letx € E and z € C then

z=Me(x) e (z—y,JJr—Jz) >0, Vy € C.

Lemma 2.2. [20] Let C' be a nonempty, closed and convex subset of a smooth,
strictly convex and reflexive Banach space E and let T' be a relatively nonexpansive
mapping from C' into itself. Then Fix(T) is closed and convex.

Lemma 2.3. [6] Let E be a uniformly convex Banach space and letr > 0. Then there
exists a strictly increasing, continuous and convex function g : [0, 00) — [0, 00) such
that ¢g(0) = 0 and

1Xa + py + vzl < Al2l® + pllyll® +1121% = wvgly = 21D,
Jorallz,y,z € B.(0) and A, p1,y € [0,1], where B, (0) = {z € E: ||z| <r}.
Definition 2.4. [19, 28] Let X and Y be two Hausdorff topological spaces and let D
be a nonempty, convex subset of X and P be a pointed, proper, closed and convex

cone of Y with intP # (). Let 0 be the zero point of Y, U(0) be the neighborhood
set of 0, U(zg) be the neighborhood set of zy and f : D — Y be a mapping.

() If, for any V € U(0) in Y, there exists U € U(zg) such that
f@) e flxg)+V+P, Ve eUND,

then f is called upper P-continuous on xq. If f is upper P-continuous for
all z € D, then f is called upper P-continuous on D;
(i) If, for any V € U(0) in Y, there exists U € U(x() such that

f@) e f(xo)+V —P,YVxeUND,

then f is called lower P-continuous on xg. If f is lower P-continuous for
all z € D, then f is called lower P-continuous on D;
(iii) If, for any 2,y € D and ¢t € [0, 1], the mapping f satisfies

f(x) e fltz+ (L=t)y) + Por f(y) € f(tz + (1 —t)y) + P,

then f is called proper P-quasiconvex;
(iv) If, for any x,y € D and ¢ € [0, 1], the mapping f satisfies

tf(@)+ (1 =0)f(y) € ftz + (1 = t)y) + P,
then f is called P-convez.

Lemma 2.5. [10] Let X and Y be two real Hausdorff topological spaces, D be a
nonempty, compact and convex subset of X and P be a pointed, proper, closed and
convex cone of Y withintP # (). Assumethatg: DxD — Y and®: D — Y are
two nonlinear mappings. Suppose that g and ® satisfy
(i) g(xz,z) € P, Vx € D;

(i) @ is upper P-continuous on D;

(iii) g(.,y) is lower P-continuous, Vx € D;

(iv) g(z,.)+ ®(.) is proper P-quasiconvex, Vx € D.

Then there exists a point x € D satisfies

G(z,y) € P\ {0}, Vy € D,
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where
G(z,y) = g(z,y) + 2(y) — ®(x), Vz,y € D.

Let F,¢: C x C — Y be two mappings and A : C — B(E,Y’) be a nonlinear
mapping. For any z € F, define a mapping G, : C x C — Y as follows:

e
Gi(z,y) = Flz,y) + {y — 2, Ax) + 4 (y,2) = (2, 2) + ~{y —z, Jr = Jz), (2.1)
where 7 is a positive real number and e € intP.

Assumption 2.6. Let G, F, ¢ satisfy the following conditions:
() Forallz € C, F(z,z) € P;
(i) F is P-monotone, i.e., F(z,y) + F(y,x) € —P, Va,y € C;
(ii) F(.,y) is continuous, Vy € C;
(iv) F(x,.) is weakly continuous and P-convex, i.e.,

tF(l'vyl) + (1 _t)F('rayQ) € F(xvtyl + (1 _t)y2)+P7 V%yl,yz € Cv vt € [07 1]a

) G.(.,y) is lower P-continuous, Yy € C' and z € E;
vi) ¢(.,y) is P-convex and weakly continuous;
(vi) G.(z,.) is proper P-quasiconvex, Vo € C and z € E;
(viii) ® is P-skew symmetric, i.e.,

Z/J(x,x) - ’l/)(l’,y) - w(y,m) +w(yay) € Pa vay eC.

Remark 2.7. P-skew-symmetric bifunctions are natural extensions of skew-symmetric
bifunctions. The skew-symmetric bifunctions have the properties that can be con-
sidered ananalogous to the monotonicity of the gradient and the non-negativity of
the second derivative for convex functions. For the properties and applications of
the skew-symmetric bifunctions, we refer the reader to [2].

3. MAIN RESULTS

For any r > 0, define a mapping 7). : E — C as follows:

T.(z2) ={zeC: F(x,y)—l—(y—:&Ax>+w(y,x)—w(x,x)—|—§<y—x, Jx—Jz) € P, Yy € C},
(3.1)
where ¢ € intP.

Now, we study some properties of set of solutions of GMVEP(1.2) and the map-
ping 7.

Theorem 3.1. Let E be a uniformly smooth and strictly convex Banach space and
let C' be a nonempty, compact and convex subset of E. Assume that P is a pointed,
proper, closed and convex cone of a real order Banach space Y with intP # (). Let
G, : CxC — Y be defined by (2.1). Let F,v : C x C — Y and G, satisfy
Assumption 2.6 and A : C — B(E,Y) be a continuous and P-monotone mapping.
LetT, : E — C be defined by (3.1). Then the following conclusions hold:
(W) T-(z) # 0, Vz € E;
(ii) 7; is single-valued;
(ii) 7. is_firmly nonexpansive type mapping, i.e., forall z1,z9 € E,

(Tyz1 — Trzo, JTrzy — JTrze) < (Typz1 — Trze, J21 — J22);

(iv) Fix(T,) =Sol(GMVEP(1.2));
(v) Sol(GMVEP(1.2)) is closed and convex.
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Proof. (i) Let g(z,y) = G.(z,y) and ®(y) = 0 for all z,y € C and z € E. It is easy
to observe that g(x,y) and ®(y) satisfy all the conditions of Lemma 2.5 Then there
exists a point € C such that

G,(z,y)+P(y) — ®(x) € P, Vy € C,
and thus 7T,.(z) # 0, Vz € E.
(ii) For each z € E, T,.(z) # 0, let x1, 22 € T;.(2). Then
F(achy)—i—(y—xl,Ax1>+w(y,m1)—w(x1,:vl)—i—;(y—xl, Jr1—Jz) € P, Yy € C, (3.2)
and
F($27y)+<y*l’2,AI2>+1/J(Z/,172)*1/’(172,$2)+§<y712, Jrg—Jz) € P, Yy € C. (3.3)
Letting y = z2 in (3.2) and y = z; in (3.3), and then adding, we have

F(l’l,lﬂg) -+ F(ZIZQ,IEl) + <£172 — 1, AII?l — Al’g)
+ (22, 21) — (21, 21) + (21, T2) — (T2, 72) + £(T2 — 21, J21 — J12) € P.

Since F' is P-monotone, A is P-monotone, i.e., (x3 — 21, Ax1 — Axo) € —P and ¢
is P-skew symmetric, then we have

e
*<£L’2 —x1,Jr1 — Jil'2> e P.
r

Since e € intP, r > 0 and P is closed and convex cone, we have
1
*<IC2 - (L’l,J"El — J(E2> 2 0.
r

Since E is strictly convex, the preceding inequality implies 1 = z2. Hence 7, is
single-valued.

(iii) For any 21, 22 € E, let x1 = T,.(z1) and 25 = T}.(22). Then

F(z1,y) + (y — 21, Azy) +(y, 21) — Y(z1,21) + ;(y —x1,Jo1 —Jz1) € P, Yy € C,

(3.4)
and
e
F(x2,y) + (y — 2, Az2) +1(y, v2) — Y (22, 72) + ;(y — w9, Jxo — Jzo) € P, Vy € C.
(3.5)

Letting y = x2 in (3.4) and y = z; in (3.5), and then adding, we have

F(xy1,22) + Fxo,21) + (X2 — 21, Az — A22)
+p(@2, 1) — (21, 21) + (21, 22) — (22, 22) + F (22 — 21, J21 — J22 — J21 + J20) € P.

By using the monotoncity of F, A and the properties of ) and P, we have
%(xz —x1,Jxy — Jog — Jz1 — Jz9) > 0.
Hence, we have
(o — a1, Jo1 — J2) + (3 — w1, J29 — J21) > 0,
or,
(1 — @9, Jr1 — Jxa) < (27 — T2, J21 — J22),
ie.,

<TT(21) — TT(Z2)7 JTT(Zl) — JTT(22)> S <TT(21) — TT(Z2)7 JZl — JZQ) (3.6)

Thus 7, is firmly nonexpansive-type mapping.
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(iv) Let € Fix(T,.). Then
F(z,y) + (y — x, Az) + ¥(y,x) — Y(z,z) + ;(y—x,Jx —Jz) e P, Yy eC,
and so
F(z,y) + (y — x, Az) + ¥(y,x) —(z,z) € P, Vy € C.
Thus z € Sol(GMVEP(1.2)).

Let € Sol(GMVEP(1.2)). Then
F(z,y) + (y — x, Az) + Y (y,x) — Y(z,z) € P, Vy € C,
and so
F(z,y)+ (y — z, Az) + Y(y,x) — Y(x,x) + ;(;y —x,Jr—Jz) e P, Vy e C.
Hence z € Fix(T}.). Thus Fix(T}) = Sol(GMVEP(1.2)).

(v) By the definition of ¢, we have
O(Tr(21), Tr(22)) + A(Tr(21), T1(22)) = 2||T (z0)[I? = 2(T:-(21), JT;-(22))
—2(T}(22), J T\ (= )>+2||T (z2)]1?

= < r(21), JTr(21) = J T (22))
+2(T(22), JT: (2 ) JT( 1)

= 2Tn(21) = Tr(22), JTr(21) = I T (22)),

and

AT (21), 22) + @(Tr(22), 21) — ¢(Tr-(21), 21) — G(T(22), 22)

= T (2)I” = 2T (21), J22) + [|22]* + T (22) [ + [l ||
2T (22), Jz1) — || T (22)|I” + 2(T, r(22), J2) = |2l
=T (2011 + 2(T5(21), T 21) — |||
= 2<TT(21),J21 — J2:2> — 2<TT(22)7J211 - J22>
= 2<TT(21) — TT-(ZQ), JZl — JZQ>
Thus, it follows from (3.6) and the preceding two equations that

A(Tr(21), Tr(22))+ (T (22), Tr(21)) < d(Trz1, 22)+ (T 22, 21) = (T (21), 21) = d(T7(22), 22)-

Hence, for z1, 2o € C, we have

(T (21), Tr(22)) + d(Tr(22), T1(21)) < d(Tr21, 22) + ¢(Tr22, 21).
Taking z; = u € Fix(7T}), we have

d(u, Trz1) < o(u, z1).

Next, we show that le( +) = Sol(GMVEP(1.2)). Indeed, let p € fi;(TT). Then
there exists a sequence {z,} C F such that z,, — p and lim,,—, ||z, — T2, || = 0.
Moreover, we get Tz, — p. Hence, we have p € C. Since J is uniformly continuous
on bounded sets, we have
. N Jzn = J Tz ||
lim —mMmMm—

n—» o0 r

=0, r>0. (3.7

From the definition of T}, we have, Vy € C,
F(Trzn,y)+Hy—Trzn, AT 2n)+0(y, Trzn) — (T 2n, Trzn)+§<y—Tsz JTrzn—Jz,) € P,
T

0 € F(y,Tan) - <y — TTZ"’ AT”'z”> - (w<y’TTZn) - ’(/J(TrznaTan))
_$<y - T’l‘z’l’HJT’I‘ZTL - JZn) + P7 Vy E C
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Lety; = (1 —t)p +ty, Vt € (0,1]. Since y € C and p € C, we get y; € C and hence
0 € F(vaan) - <yt - Tr2n7 ATr2n> - (Q/J(ythan) - 7/1(Tr2n,Tan))
—S(ys — Trzn, JTr2n — J2n) + P,
= F(ythan) - <yt - Tan, ATan> - (z/)(ythan) - w(TTZnaTTZ’ﬂ)) (3.8)
—e(yy — Tyzy, Hrzn=tzny 4 p,
0 € F(y.p)— (vt —p, Ap) — ¥(ye,p) + ¥ (p,p) + P.

It follows from Assumption 2.6 (i), (iv) and (vi) that
tF(ye,y) + (1 =) F(ye, p) + th(y,p) + (1 = )Y(p,p) —¥(ye,p) € F(yi,ye) + ¥ (yt,p)

—(ye,p) + P
€ P
Now,
—t[F(ys,y) + Uy, p) — (s, p) — (ye — p, Ap)]—
(1 =O[F(yt,p) + ¥ (p,p) — (Yt ) — (Yt — p, Ap)l € =P + (y+ — p, Ap)
tE (ye, y)+(y, p)— w(yu p)—(yt—p, Ap)|—(1-t)P € —P+(y:—p, Ap), (using (3.7))

—t[F(
—t[F(ys,y) + ¥ (y,p) — ¥ (e, p) — (ye — p, Ap)] € =P + (1 = t)P + (y, — p, Ap)
—t[F(ye,y) + ¢ (y,p) — (v, p) — (Yt — p, Ap)] € —tP + (y; — p, Ap)

€ —tP+ (ty+ (1 —t)p—p,Ap) € —tP +t(y — p, Ap)

F(ys,y) +¥(y,p) — ¥(ye,p) — (Yt —p, Ap) € P — (y — p, Ap).
Letting t — 0, we have

F(p,y) + (y — p, Ap) + ¢ (y,p) — ¥(p,p) € P.

Thus p € Sol(GMVEP(1.2)). So, we get Fix(T}) = Sol(GMVEP(1.2)) = Fix(T}.).
Therefore 7T, is a relatively nonexpansive mapping. Further, it follows from Lemma
2.2 that Sol(GMVEP(1.2)) = Fix(T}) is closed and convex. This completes the
proof. U

Next, we have the following consequence of Theorem 3.1

Lemma 3.2. Let £, C, F, ), G, be the same as in Theorem 3.1 and let r > 0.
Then, for z € E and q € Fix(T,), we have

¢(q, Trz) + ¢(T,2, ) < ¢(q, ).

We prove a strong convergence theorem for finding a common element to the set
of solutions of SUGMVEP(1.6) and set of fixed points of common fixed point prob-
lems of two families of generalized asymptotically quasi ¢-nonexpansive mappings
in Banach space.

Theorem 3.3. Let F be a uniformly smooth and strictly convex Banach space such
that E has Kadec-Klee property. For eachi € I := {1,2,3,.... N}, let K; be a
nonempty, compact and convex subset of ¥ such that K = ﬂfilKi # (). Assume
that P is a pointed, proper, closed and convex cone of a real ordered Banach space
Y with intP # (. Let for each i, the mappings F;,v; : K; x K; — Y satisfy
Assumption 2.6 and A; : K; — B(E,Y) be continuous and P-monotone map-
ping. For each fixed i, let S;,T; : K; — FE be closed, asymptotically regular
and generalized asymptotically quasi ¢-nonexpansive mappings with the sequences
{nni}s {sni} and {Cui}. {€ni} such that T = (NYFix(S;)) N (NN, Fix(T;)) N
(NY;Sol(GMVEP(F;, A;, ¢, K;))) # 0. Assume that, for each fixed i, the sequences
{rni} C [a,00) for some a > 0, {a, i} € (0,1) and {B] ;} € (0,1) (j = 1,2,3) be
such that
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W B+ Bni+ B =

(i) liminf, B}L’i 72” > 0 and lim inf, 6}1’1. 3. > 0;
(iif) limsup,,_, o apni < 1; '
(iv) liminf, oo ry,; > 0.

Let {x,} be a sequence generated by the iterative scheme:

xTo € E,

Cri=K;, C,=nN,C,;, =K,

Ty = HC1 Lo,

Yn,i = Jﬁl(an,z\]xn + (1 - an,i)JZn,i)a

Zni = J le)inn + B,%J-JTZ»”xn + B,?;yiJS;’xn),

Un,i = Trn,i(yn,z‘)

Cn+1,i == {U € Cn,i : ¢(U7un,i) S ¢(Uaxn) + 6n,1Mn + ,Ufn,i}7
Cnt1 = NierCn14,

zn+1=[l¢, ., ®o, for every n € N U{0},

where M,, = sup{¢(p,z,) : p € '}; e € intP; J : E — E* is the normalized duality
mapping with its inverse J~'; §,,; = 5,2”6” + 53’”777” and fiy, ; = fwﬂfm + gnzﬂf’”
Then the sequence {x,} converges strongly to [ [ zo.

Proof. First, we show that C,, is closed and convex for every n > 1. It suffices to
show that for each i € I, C),; is closed and convex for every n > 1. This can be
proved by induction on n. In fact, for n = 1, C;; = K is closed and convex for
each i € I. Assume that (), ; is closed and convex for some n > 1 and for each
1€ 1l. Forv e Cn+17i,

¢(U7 un,i) S ¢(Uv xn) + 6n,iMn + Honiy
which is equivalent to
2<'U, an - Jun,z) S ||xn||2 - ||Un,1||2 + 5n,iMn + Hn,i~

It is easy to see that C), 1 ; is closed and convex for each ¢ € I. Then, for alln > 1,
C,,; is closed and convex for each ¢ € I. Consequently, C,, = ﬂlNlemi is closed
and convex for all n > 1. This shows that H Crpr L0 is well defined.

Next, we prove I' C (), for all n > 1. It suffices to show that foreach i € I, I' C
Ch,i. Indeed, I' C C ; = K, is obvious. Suppose I' C C},; for some k > 1. Then,
for Vw € I' C C};, we have

o(w, z,i) o(w, Jfl(ﬂ,i’ig]ark + ﬁi’iJTikzk + ﬂ,‘:”iJSka))
[wll? = 2(w, By, ; Ty, + B ;T Ty + B Sf )
+||ﬁli,i‘]$k + Blf,iJTikxk + ﬁi’,ﬂsﬁ“l’k”?
fwl* = 251%,2‘@”, Jag) — 2513,1‘(“” JTikxk> - 2573,i<wa JSka>
B4 llzll® + B7 N TFal® + B | Sin||?
ﬁ]ifﬁ(wv Tg) + Bl%,z¢(wa Tikxk) + Bg,i¢(w? S’kak)
Brid(w, %) + B2 (1 + Cri)d(w, xx) + ExiBf + B s (1 + nii)d(w, ) + hiBy 5
o(w, k) + Ok i d(w, Tk) + p,i-

IA

IN

ININ

(3.9)
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Further, it follows from Theorem 3.1 that u,; = T, ;
and T, . is relatively nonexpansive. Therefore

P(w, wm‘) o(w, Ty, Yk.i)

Yn,i for all m € N U {0},

< ¢(w’yk,z)

= qS(w, Jfl(ahi]xk + (1 — ak,i)JZk,i))

= |lw|]® = 2w, Jxp + (1 — agi)Jdzg i) + o i Jok + (1 — ki) zp |2

= JJwl? = 2a(w, Jog) — 2(1 — agi)(w, T2pi) + arillzel® + (1 — anq)llzn,:l

= agid(w, k) + (1 — ani)o(w, 2r,4)

< agid(w,zy) + (1= ani)d(w, zx) — (1 — agi) (B iCh,i + B imk,i)p(w, Tx)
(1 - ak,z)(gk Zﬁk i + Sk zﬂk 1)

< plw,zx) + (1= ) (B2 o + B2 i) d(w, xx) + (EniBR; + i)

< ¢(w,zk) + (B zCk it Bk: M) P(w, zx) + (&czﬂiz + <k7iﬁg,i)

< (b(wa .I'k) + 61@7sz + M-

(3.10)
This shows that w € Cj41,. Thatis, I' C C,,, for all n > 1 and each ¢ € I.
Therefore, w € C,, = N;jc;C,,; foralln > 1.

From Lemma 2.1, we have

¢ (xp, z0) ¢(le, xo, z0)
¢(w>$0) - ¢<waxn)
o(w, xg), for each w € T C C,, and for each n > 1.

INIA I

Therefore, the sequence {¢(z,,xo)} is bounded. It follows from (1.9) that the
sequence {z, } is also bounded. Since F is reflexive, without loss of generality, we
may assume that x,, — p as n — oo. Since C; C C, for j > n, we have z; € C),
for j > n. Since C), is closed and convex, p € C,, for alln > 1. Hence p € N7, C,,.
Since ¢(zn, 7o) < G(Tns1,70) < B(p, o), we have

o(p,x0) < hm 1nf d(xp, x0) < limsup ¢(zn, x0) < d(p, xo),

n—>oo
which implies that ¢(z,,, z0) — @(p, x¢) as n —» oo. Hence ||z, || — ||p||. By the
Kadec-Klee property of F/, we have x, — p € C'as n — oo.

Since ¢, — p and J : E — E* is demicontinuous, we have Jz,, — Jp € E*.
Note that

[Tzl = 12l = [llznll = lIplll < llzn =l
This implies that ||Jx,|| — ||Jp||. Since E is uniformly smooth, E* is uniformly
convex Banach space and hence it enjoys the Kadec-Klee property, we see that
lim ||Jz, — Jp| =0. (3.11)
n—»oo

On the other hand, since z,, = II¢, zo and z,4+1 = Il¢
have

120 € Cn+1 c C,, we

d(xn, o) < d(Tpt1,0), foralln > 1.
Therefore, {¢(z,,%0)} is non-decreasing. Further, it follows that the limit of
{é(xn,x0)} exists. By the construction of C,,, one has that C,, C C, and z,, =
II¢,, xo € C), for any positive integer m > n. It follows that

(b(xmaxn) ¢(xm7HCn$O)

(T, x0) — ¢(Ilc, 20, o) (3.12)
¢($m, 1'0) - ¢($n, 1'0)'

Letting m,n — oo in (3.12), we have ¢(x,,, Z,) — 0.

Al
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Next, we show that p € (N, Fix(S;)) N (N, Fix(7T;)). By taking m = n+ 1 in
(3.12), we have
lim ¢(xp41,2,) =0. (3.13)

n——0o0

Notice that x,+1 € Cy 41, from the definition of C,,, for every i € I, we have

¢>($n+1, Un,i) S ¢($n+1, wn) + 5n,7.Mn + ,un,i~ (314)

It follows from (3.13) and (3.14) that
nh_r>n A(Tnt1,Un,i) = 0. (8.15)
It follows from (3.15) and inequality 0 < (||zp41]] — |unil)? < d(@ni1,un;) that

len, i and consequently, we have |Ju, ;|| — ||Jp||. This implies that
{J(un,:)} is bounded. Since FE is reflexive, E* is also reflexive. So, we may assume
that J(un,;) — foi € E

On the other hand, in view of the reflexivity of E, we have J(E) = E*, which
means that for fy; € E*, there exists e; € F, such that Je; = fy ;. Using weakly
2, we have

hm 1nfn—>oo ¢(xn+17 un,i) - hm infn—>oo(||xn+1||2 - 2<xn+1; Jun,z> + ||un,i|
liminf, oo (|Tnt1)? — 2(@ns1, Jun.i)
211> = 2(p, fo.i) + |l foill?

Ipll* = 2{p, Jei) + || Tes|?

¢(p7 ei)'

It follows from (3.15) that ¢(p, e;) = 0. Hence p = ¢;, which implies that fo; = Jp.
Hence Ju, ; — Jp € E*. Since ||Ju, ;|| — ||Jp|| and by the Kadec-Klee property
of E*, we have

%)
12

v 1l

| Jup,; — Jp|| — 0, Vi€ 1. (3.16)

Since J~! : E* — E is demi-continuous, therefore u, ; — p. Since |u, ;|| — ||p||
and using the Kadec-Klee property of £*, we have

Up,; —> P, aSn —>» 00 Vi € I. (3.17)
Hence,
lm ||z, —un|| =0, Vi€l (3.18)
n—-aoo

Since J is uniformly norm-to-norm continuous on bounded sets, we have
lim ||Jx, — Ju, || =0, Vie I. (3.19)
n—oo
Now,

¢(w7 Tp) — qb(w, un,i)

[ I* = llun,i I = 2(w, T2 — Jum,i)

<z = unll( il) + 2llwlll[Jzn — Junll-
It follows from (3.18) and (3.19) that
d(w, ) — d(w, up;) — 0, as n — oo. (3.20)

From u,; =T,

Tn,i

Yn,: and Lemma 3.2, we have

¢(un,ia ynz) ¢(Trn iYnis ynz)

S ¢(w yn,z) - (b(wa un,i)

< an,id)(waxn) + (1 - Qi) o(w, zp, 1) P(w, uy, 1) 3.21)
< ap z¢(w xn) + (1 Qp z)[ (w xn) 6n,zM + fn,i ’

< ¢(w xn) - ¢(waun,z) + (1 — Qp z)[5n7zM + ,umi]-
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Using (3.20) and the restrictions on the sequences in above inequality, we have
im ¢ (un,i, Yn,i) = 0. (3.22)

n—oo
Since 0 < (il lyn.s) )* < $(ttn i, Yns). it ollows from (3.17) that [.i | — [1p]
and consequently ||Jy, ;|| — ||Jp||. This implies that {Jy, ;} is bounded. Since
E is reflexive, E* is also reflexive, so we may assume that J(y,, ;) — ho,; € E*.

On the other hand, in view of the reflexivity of E, we have J(E) = E*, which
means that for ho; € E*, there exists d; € I, such that Jd; = hg;. Using lower
semi-continuity of ||.||?, we have

lim inf o0 ([|tn,i |* = 2(tn,is Jyn,i) + [[Yn,ill*)
lminf, oo (Jtnil|* = 2(tn i, JYni) + | Tyn.ill?)
IplI* = 2(p, ho,i) + |lho,i |2

Pl = 2(p, Jd;) + ||d;]|*

¢(p7 dl)

It follows from (3.22) that ¢(p, d;) = 0. Hence p = d;, which implies that h¢ ; = Jp.
Hence Jy,; — Jp € E*. Since Jy,; — Jp, [|[Jyn,il| — ||Jp| and Kadec-Klee
property of E*, we have

liminf, o &(Uni, Yn,i)

[IAVARI

| Tyn,i — Jp|| — 0, as n — oo. (3.23)

Since J~! : E* — FE is demi-continuous, we have y,; — p. Further, since
|yn.ill — |lp|| and E has the Kadec-Klee property, we have

[9n.i —pll — 0, as n — oo. (3.24)
It follows from (3.18) and (3.24) that
1Yn,i = wn,ill < l|uns —pll + |yn,s —pl] — 0, as n — oo.

Since J is uniformly norm-to- norm continuous on bounded sets, we have

| Jyni — Jun,i]| — 0, as n — oo. (3.25)
It follows from (3.19) and (3.25) that
Tz — Jynill < ||Jxn — Jtni|l + || Jtni — Jynil| — 0, asn — c0.  (3.26)

From iterative scheme, (3.26) and limsup,,__, ., o, ; < 1, it follows that

| zn,: — Jzn|| < |Jxn — Jynill — 0, as n — oo. (3.27)

(1— o)
Hence,

| Tzni — JIpll < |z, — Jzn|| + |20 — Ip|| — 0, as n — 0. (3.28)
Since J~! : E* — F is demi-continuous, we have Zp,i — p. From (3.28), we have
that

lznall = IRl = [[[J2n.ill = [[Tpll| < [|J2n,i — Jp|| —> 0, as n — oo.

This implies that ||z, ;|| — ||p||. Since E enjoys the Kadec-Klee property, we see
that
nli_r}noo |2n: — Pl = 0. (3.29)

Further,

||Zn,1l - In” < ||Zn,i - p” + ”xn - pH — 07 as n — o0. (3.30)
Now,

P(w, xp) — p(w, 2n1) [zl = 2n,ill* = 2(w, Jzn — J2n,i)

[2n = Znill(lznll + 120.6l]) + 2lwll| J2n — J2n il

IA I
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It follows from (3.27) and (3.30) that
d(w, zpn) — d(w, 2n,i) — 0, as n — oo. (3.31)

Let r = max{sup,s; {24}, sup,sr {17720}, sup,i{[S7e,]}}. Since E is
uniformly smooth, then E* is uniformly convex. In the light of Lemma 2.3, we
have, for any fixed w € Fix(T;) N Fix(S;),

P(w,2n:) = P(w, J_l( ’rll,i‘]xn + ,BgyiJTi"x” + ﬂfi,iJS?’In))
= lwl® = 2(w, B}, jJxn + BE T T w0 + By ;TSP )

B T + B2 I T wn + B2, ISP, |2

< Hw”Q - 26}171—@0, Jrn) — 252,1-(107 JT ) — 262,1‘@”7 JSPan)
+671z,i“xn“2 + /BTQL z'HTin$n||2 + ﬁi,illlewnl\Q - vlL,z' %zg(Han — JSlan|)
= Brll)id)(wv xn) + 53,1‘(1 - Cn,z)(b(wa xn) + Bz,i'gn,i
+67311(1 + 77n,z‘)¢(wv Ty) + /Bg,ign,i - /371” gzg(”an = JSPx,|)
= ¢(w, xn) + ( Z@Cn,i + 627inn,i)¢(wa xn)
B2 i+ B2 soni — B iBo ig(| Jan — TSP an]))
= o(w,z,) + 5n,i¢(wa Tn) + Hn,i — qlz,i ?ng(”'kEn = JSPz,)
< dlw, ) + 6niMy + pini — BBy 9| Jzn — JSPaal)).

This implies that
’r1L7’L ?z,ig(”‘]%L = JSi'w,|) < p(w, z,) — d(w, Zn,i) + O i My, + Hn i (3.32)
Taking limit on both sides of (3.32) and using lim inf,,__, ﬁ}” ;9’” > (0 and (3.31),
we have
g(lJzy — JSI2y|]) — 0, as n — oo. (3.33)
Therefore, using Lemma 2.3, (3.33) implies that
Tz, — JSIz,|| — 0, as n — oo. (3.34)
Next,
|JSFan — Jp|| < ||JSFan — Jon|| + [[Jzn — Jp|.
Using (3.34) and (3.11) in above inequality, we get

lim ||JS}x, — Jp| = 0. (3.35)
n—oo
Since J~! is demicontinuous, it follows that Slx, — p for each fixed i.

Using |[[S7@n| — [Iplll = (7Sl = 7Pl < 7S] @0 — Jp|| with (3.35), we get
|1Sray,|| — |lp|| for each fixed i as n — oco. Since E enjoys the Kadec-Klee
property, we obtain

lim | SPz, —p|| = 0. (3.36)
n—>o0
Similarly, we obtain
lim || 7]z, — p|| = 0. (3.37)
n——0o0
Notice that
157 an = pll < 17 an — SPan| + (15720 — pll- (3-38)

Since S}’ is asymptotic regular, then from (3.36) and (3.38), we have
lim_ |87+, — pfl = 0,
n—-oo

that is, S;S'z, —p — 0 as n — oo. It follows from the closedness of S; that
S;p = p, for each fixed i. Hence p € NI, Fix(S;). In a similar way, we can obtain
p € NI, Fix(T;). Hence p € (N}, Fix(T;)) N (N7~ Fix(S;)).

Next, we prove p € NY;Sol(GMVEP(F;, A;, ¢, K;)).
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It follows from (3.25) and liminf,,_, 7, ; > 0 that
[Syn,i = J T3, i Yn,i

Tn,i

lim

n—r00

=0.

Since u,, ; =T,

Tn,i

F(Trn ,yn,ia yl) + <y2 - Trnj,yn,i, ATrn,,iyn,i>

Yn,i» W€ have

+ i, Tr, iYn, i) — (T, aYnis Lr,, Yn.i)
+ < < T’r‘n iYn,is JT, T, iYn,i — Jyn,7,> S Pv Vyz S Kiv

Tni

0 € F(yla T, . Yn, i) = (i — Ty, Yn,is AT, Yn.i) — (V(Yis T, Yn,i) — w(Trn Ynyir Lr,, Yn.i))
rn S (Wi = T iYnsis I T, Ynii — Jyn,z> + P, Vy; € K;.
Let y;+ = (1 — t)p + ty;, V¢ € (0,1]. Since y; € K; and p € K;, we get y;+ € K; and
hence

0 € F(y,Tr, iYn, i) — <yz ¢ — 1, i Ynyis AT, ,yn,i> - (d’(:‘h’,ta T, ,yn,i) - (T, i Ynyis Trn,iyn,i))
_T:’.<yit Tr,”ynzw] T Ynyi Jynz>+Pa
= F(yi,ta T, Yn,i) — <yz t = Try Yn,is ATrn ,yn,z’> - (d)(yi,ta T, 1yn,i) - w(Trn Ynis LI, Lyn,i))
ey — Ty iy Lzttt =ity 4 p
0 € Fit,p)— Wit — 0, Ap) — (Wi, p) + ¥ (p,p) + P.

It follows from Assumptions 2.6 (i), (iv) and (vi) that

tF(yieyi) + (1 =) F(ys, p) + t(yi,p) + (1 =)0, ) =¥ (Wit 0) € F(Wie, ye) + ¥ (yire, p)

_w(yi,tvp) + P
€ P

Now,
—t[F (yi,t,9i) + Wi, 0) — VWit 0) — Yir — 0, AD)]—
(1 =) [F(yit,p) +¥(p,p) — L(Yirtsp) — (Wit — P, Ap)] € =P + (yit — p, Ap)

—t[F(yi,e, yi) + V(Wi p) — V(Yit,0) — Wie — 0, Ap)] — (1 —t)P € =P + (yi,s —
p, Ap), (using (3.7))

—t[F (yi,0,9:) + (Wi, ») =0 (Yi,e,0) — Wie —p, Ap)] € =P+ (1 —=t) P+ (yi s —p, Ap)
—tF Wi, yi) + (Wi ) — (Wi, 0) — (Wit — p, Ap)] € —tP + (yi,e — p, Ap)
€ —tP+ (ty; + (1 —t)p — p, Ap) € —tP + t{y; — p, Ap)

F(yie,yi) + (i p) = O(ie, p) — (Wi —p, Ap) € P — (yi — p, Ap).

Letting ¢t — 04, we have
F(p,yi) +¢(yi,p) — ¥(p,p) — (p — p, Ap) + (yi — p, Ap) € P

F(p,yi) + (yi —p, Ap) + ¢(yi,p) — ¢ (p,p) € P.
Thus p € Sol(GMVEP(F;, A;, 5, K;)). Hence p € T

Finally, we prove that p = [[.2zo. Since I' C Cy41 and z,,41 = [[~
have

n41 Zo, we

(X1 — ¢, Jxg — Japy1) >0, Vg €T (3.39)
By taking the limit in (3.39), we have
(p—q,Jxo— Jp) 20, Vg €T.

Hence, in view of Lemma 2.1, we see that p = HF 2. This completes the proof. [

Finally we give some consequences of Theorem 3.3.
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Corollary 3.4. Let F be a uniformly smooth and strictly convex Banach space such
that ¥ has Kadec-Klee property. Let K be a nonempty, compact and convex subset
of E. Assume that P is a pointed, proper, closed and convex cone of a real ordered
Banach space Y with intP # (). Let the mappings F,v : K x K — Y satisfy
Assumption 2.6 and A : K — B(E,Y) be continuous and P-monotone mapping.
Let S, T : K — FE be closed, asymptotically regular and generalized asymptotically
quasi ¢-nonexpansive mappings with the sequences {n, }, {s,} and {(,}, {&.} such
that T := Fix(S) N (Fix(T)) N (Sol(GMVEP(1.2))) # 0. Assume that, the sequences
{rn} C la,00) for some a > 0, {a,} C (0,1) and {31} C (0,1) (j = 1,2, 3) be such
that

@ BL+62+8 =1;

(i) liminf, . BLA2 > 0 andliminf, . B33 > 0;
(iii) limsup,,_ . an < 1;
(iv) liminf,__ 7, > 0.

Let {z,} be a sequence generated by the iterative scheme:

xTo € E,
Tl = HCI Zo,
Yn = J HapJz, + (1 — an)Jzn),K
w=J Y BLIx, + B2IT 2, + B2TS™2,),
Up =Ty (Yn)
CnJrl = {U S Cn : ¢(Uaun) < (b(vyxn) + 5nMn + Mn}7
Tpa1 = ch+1 xg, for every n € N U {0},

where M, = sup{¢(p,x,) :p € '}; e € intP; J : E — E* is the normalized duality
mapping with its inverse J~1; 8, = B¢, + B2nn and p, = £,.5% + <85
Then the sequence {x, } converges strongly to [ [ zo.

Proof. The proof follows by taking % = 1 in Theorem 3.3. (]

Corollary 3.5. Let F be a uniformly smooth and strictly convex Banach space such
that E has Kadec-Klee property. For eachi € I := {1,2,3,..., N}, let K; be a
nonempty, compact and convex subset of F such that K = ﬁf\LlKi # (. Let for
each i, the mappings F;,v¢; : K; x K; — R satisfy Assumption 2.6 and A; :
K; — FE* be continuous and monotone mapping. For each fixed i, let S;,T; :
K; — FE be closed, asymptotically regular and generalized asymptotically quasi
¢-nonexpansive mappings with the sequences {1, ;}, {sn,:} and {(n,i}, {&n,i} such
that T' := (NN, Fix(S;)) N (NN, Fix(T;)) N (N, Sol(SUGMEP(1.7))) # (. Assume
that, for each fixed i, the sequences {r,, ;} C [a,c0) for some a > 0, {a,;} C (0,1)
and {Bf”} C (0,1) ( =1,2,3) be such that

(1) ﬂ}lﬂ + 52,1‘ + 5271 = ].;

() lminf, o B}” ,2” > 0 and liminf, ,871” fm- > 0;
(iif) limsup,, .o oy < 1;
(iv) liminf,, oo ry; > 0.
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Let {x,} be a sequence generated by the iterative scheme:

o € E7

Cii=K;, C, =n¥,C1,; =K,

T = HC1 Lo,

Yn,i = J_1<an,iJ$n + (1 - an,i)Jzn,i)y

Zni = J 7 }L’inn + ﬁ%ﬁiJTi"acn + BgyiJS{"xn),

Up,; = Trn,i(yn,i)

CnJrl,i = {U S Cn,i : ¢<v7un,i) < (Z)(U, mn) + 6n,iMn + /’Ln,i}a
Cn+1 = NicrCrii,,

Zn+1 = [l¢,,, ®o, for every n € N U{0},

where M,, = sup{¢(p,z,) : p € T'}; e € intP; J: E — E* is the normalized duality
mapping with its inverse J~1; §,,; = 572”(,” + 52,1'777171' and [ty ; = 5,”572” + gnﬂﬂiﬂ-.
Then the sequence {x,} converges strongly to [ [ zo.

Proof. The proof follows by taking Y = R, P = [0, o) in Theorem 3.3. O

Corollary 3.6. Let E be a uniformly smooth and strictly convex Banach space such
that E has Kadec-Klee property. Let K be a nonempty, compact and convex sub-
set of E. Let the mappings F,¢ : K x K — R satisfy Assumption 2.6 and
A : K — E* be continuous and monotone mapping. Let ST : K — FE be
closed, asymptotically regular and generalized asymptotically quasi ¢-nonexpansive
mappings with the sequences {n,}, {s,} and {(,}, {&.} such that T' := Fix(S) N
(Fix(T)) N (Sol(GMEP(1.4))) # 0. Assume that, the sequences {r,} C [a,o0) for
somea >0, {an} C (0,1) and {2} C (0,1) (j = 1,2, 3) be such that
M B +Br+06 =1
(i) liminf, . BLB2 > 0 andliminf, . BL33 > 0;
(iif) limsup,,_ ., an <1;
(iv) liminf,,__ . r, > 0.
Let {x,} be a sequence generated by the iterative scheme:
rg € F,
T = HC1 Lo,
Yn = J HanJz, + (1 —an)J2,),
2n = J B Iz, + BEIT 2, + B2 TS 2y),
Up =Ty, (yn)
Cny1 = {U €Cp: (,ZS(U,U,L) < d’(v; zn) + 6, M, + ,Ufn}a
tny1 = [l¢, ., ®o, for every n € N U {0},

where M,, = sup{¢(p,x,,) : p € T'}; e € intP; J : E — E* is the normalized duality
mapping with its inverse J~1; 8, = $2(, + B30, and j, = .82 + .53,
Then the sequence {x,} converges strongly to [ [ zo.

Proof. The proof follows by taking Y =R, P = [0,00), ¢ = 1 in Theorem 3.3. O
The following corollary is similar to Qin and Agrawal [21].

Corollary 3.7. Let F be a uniformly smooth and strictly convex Banach space such
that ¥ has Kadec-Klee property. Let K be a nonempty, compact and convex subset of
E. Let S,T : K — E be closed, asymptotically regular and generalized asymptoti-
cally quasi ¢-nonexpansive mappings with the sequences {n,}, {¢,} and {¢, }, {¢n}
such that T' := Fix(S) N (Fix(T)) # 0. Assume that, the sequences {r,} C [a,00)
Jor somea >0, {a,} C (0,1) and {81} C (0,1) (j = 1,2,3) be such that

W Bh+ B2+ 83 =1



COMMON SOLUTIONS TO SOME SYSTEMS OF VECTOR EQUILIBRIUM PROBLEMS 73

(i) liminf, . BLA2 > 0 andliminf, . B:32 > 0;
(iii) limsup,,_ . oy < 1.

Let {x,} be a sequence generated by the iterative scheme:

x9 € F,

T = Hcl Zo,

Yn = J HanJz, + (1 —an)Jdz,),

2n = J BT x, + BEIT w, + B2 TS™x,),
Crni1={v€Ch:0v,yn) < d(v,2,) + 60 My + in },
znt1 = [Ie, ,, ®o, for every n € N U{0},

where M, = sup{¢(p,x,) : p € T}; e € intP; J : E — E* is the normalized duality
mapping with its inverse J~1; §,, = 32(, + B30, and p, = £,82 + 6,53,
Then the sequence {x,,} converges strongly to [ [ zo.

Proof. The proof follows by taking Y = R, P = [0,00), i =1, and F =0, A =
0, ¢ = 0 in Theorem 3.3. O
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