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ABSTRACT.
In this article, we introduce the concept of a q-hyperconvexity for quasi-cone metric

spaces and generalise some fixed point theorems that we take from [8] and [11]. Mainly,
we give some fixed point results for a pair of maps of Jungck type. Moreover we prove that
quasi-cone metric spaces are topological spaces and we give a characterization of bounded
sets in such spaces.
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1. INTRODUCTION AND PRELIMINARIES

Cone metric spaces were introduced in [7] and many fixed point results concern-
ing mappings in such spaces have been established. Basically, cone metric spaces
are defined by substituting, in the definition of a metric, the real line by a real Ba-
nach space that we endow with a partial order. In [14], Fawzia et al. discussed the
newly introduced notion of quasi-cone metric spaces and proved some fixed point
results for mappings on such spaces. Recently in [8], E. F. Kazeem et al defined a
new type of completeness for quasi-cone metric spaces and the first related fixed
point results. Quasi-cone metric spaces are just an asymmetric version of cone
metric spaces which generalize the latter. Therefore, in light of what is done in
[11], we also introduce a concept of convexity for quasi-cone metric spaces that we
call q-hyperconvexity and discuss related properties. Most of the results follow the
classical ones, but generalize them.

For all the key and recent results concerning cone metric spaces, the reader is
advised to read [2, 5, 7, 8, 13].
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Definition 1.1. Let E be a real Banach space with norm ‖.‖ and P be a subset of
E. Then P is called a cone if and only if

(i) P is closed, nonempty and P 6= {θ}, where θ is the zero vector in E;
(ii) for any a, b ≥ 0, and x, y ∈ P , we have ax+ by ∈ P ;
(iii) for x ∈ P , if −x ∈ P , then x = θ.

Given a cone P in a Banach space E, we define on E a partial order � with
respect to P by

x � y ⇐⇒ y − x ∈ P.
We also write x ≺ y whenever x � y and x 6= y, while x � y will stand for
y − x ∈ Int(P ) (where Int(P ) designates the interior of P ).
The cone P is called normal if there is a number C > 0, such that for all x, y ∈ E,
we have

θ � x � y =⇒ ‖x‖ ≤ C‖y‖.
The least positive number satisfying this inequality is called the normal constant
of P . Therefore, we shall then say that P is a K-normal cone to indicate the fact
that the normal constant is K.

Definition 1.2. Let E be a Banach space, P a cone on E and � the partial order
defined by P . A subset F ⊂ E is said to be bounded from above with respect to
P if there exists e ∈ E such that for all f ∈ F, f � e.

Definition 1.3. (Compare [4]) A cone P is said to be minihedral if x∨y := sup{x, y}
exists for all x, y ∈ E and strongly minihedral if every subset of E which is
bounded from above with respect to P has a supremum.

Lemma 1.4. (Compare[7, 12]) Let (X, q) be a quasi-cone metric space over a cone
P . Then we have;

a) Int(P ) + Int(P ) ⊂ Int(P ) and λInt(P ) ⊂ Int(P ) for any positive real
number λ.

b) For any given c� θ and c0 � θ, there exists n0 ∈ N such that 1
n0
c0 � c.

c) If (an) and (bn) are sequences inE such that an −→ a, bn −→ b and an � bn
for all n ≥ 1, then a � b.

Definition 1.5. (Compare[8]) Let X be a nonempty set. Suppose the mapping
q : X ×X −→ E satisfies

(q1) θ � q(x, y) for all x, y ∈ X;
(q2) q(x, y) = θ = q(y, x) if and only if x = y;
(q3) q(x, z) � q(x, y) + q(y, z) for all x, y, z ∈ X. Then, q is called a quasi-cone

metric on X, and (X, q) is called a quasi-cone metric space.
Moreover, if q satisfies

(q4) q(x, y) = q(y, x) for all x, y ∈ X; then (X, q) is called a cone metric space
in the sense of [7].

Remark 1.6. Let q be a quasi-cone metric on X, then the map q−1 defined by
q−1(x, y) = q(y, x) whenever x, y ∈ X is also a quasi-cone metric on X, called the
conjugate of q. It can also be denoted by qt or q̄.

Definition 1.7. (Compare [8]) A sequence (xn) in a quasi-cone metric space (X, q)
is called
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(i) Q-Cauchy or bi-Cauchy if for every c ∈ X with c� θ, there exists n0 ∈ N
such that

∀ n,m ≥ n0 q(xn, xm)� c;

(ii) left( resp. right) Cauchy if for every c ∈ X with c� θ, there exists n0 ∈ N
such that

∀ n,m : n0 ≤ m ≤ n q(xm, xn)� c ( resp. q(xn, xm)� c ).

Remark 1.8. A sequence is Q-Cauchy if and only if it is both left and right Cauchy.

Definition 1.9.

(i) In a quasi-cone metric space (X, q), we say that the sequence (xn) left
converges to x ∈ X if for every c ∈ E with θ � c there exists N such that
for all n > N , q(xn, x)� c.

(ii) Similarly, in a quasi-cone metric space (X, q), we say that a sequence (xn)
right converges to x ∈ X if for every c ∈ E with θ � c there exists N such
that for all n > N , q(x, xn)� c.

(iii) Finally, in a quasi-cone metric space (X, q), we say that the sequence (xn)
converges to x ∈ X if for every c ∈ E with θ � c there exists N such that
for all n > N , q(xn, x)� c and q(x, xn)� c.

Definition 1.10. (Compare [8]) A quasi-cone metric space (X, q) is called
(i) left complete (resp. right complete) if every left Cauchy(resp. right

Cauchy ) sequence in X left(resp. right) converges.
(ii) bicomplete if every Q-Cauchy sequence converges.

Remark 1.11. A quasi-cone metric space (X, q) is bicomplete if and only if it is left
complete and right complete.

Definition 1.12. (Compare [8]) Let (X, q) be a quasi-cone metric space. A function
f : X −→ X is said to be lipschitzian if there exists some κ ∈ R such that

q(f(x), f(y)) � κq(x, y) ∀ x, y ∈ X.
The smallest constant which satisfies the above inequality is called the Lipschitz
constant of f and is denoted Lip(f). In particular f is said to be contractive if
Lip(f) ∈ [0, 1) and expansive if Lip(f) = 1.

Definition 1.13. (Compare [2]) Let f and g be self maps on a setX. If w = fx = gx
for some x ∈ X, then x is called a coincidence point of f and g, and w is called
the point of coincidence of f and g.

Definition 1.14. Let f and g be self maps on a nonempty set X. We say that f
and g are weakly compatible if they commute at their coincidence point, that is
there exists x0 ∈ X such that fx0 = gx0 then gfx0 = fgx0.

We also give the following proposition that we take from [2] by omitting the proof.

Proposition 1.15. (Compare [2]) Let f and g be weakly compatible self maps on a
set X. If f and g have a unique point of coincidence w = fx = gx, then w is the
unique common fixed point of f and g.

Lemma 1.16. (Compare [8]) Let (X, q) be a quasi-cone metric space, P be a K-
normal cone. Let (xn) be a sequence in X. Then (xn) converges to x if and only if
q(xn, x) −→ θ (n −→∞) and q(x, xn) −→ θ (n −→∞).

Remark 1.17. In fact, a sequence (xn) left-converges (resp. right-converges) to x
if and only if q(xn, x) −→ θ (resp q(x, xn) −→ θ) (n −→∞).
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Lemma 1.18. (Compare [8]) Let (X, q) be a quasi-cone metric space and (xn) be a
sequence in X. If (xn) converges to x, then (xn) is a bi-Cauchy sequence.

Lemma 1.19. (Compare [8]) Let (X, q) be a quasi-cone metric space, P be a K-
normal cone and (xn) be a sequence in X. Then (xn) is a bi-Cauchy sequence if and
only if q(xn, xm) −→ θ as n,m −→∞.

2. Common fixed points results

Lemma 2.1. Let (X, q) be a quasi-cone metric space, P be a K-normal cone. Let
(xn) be a sequence in X. If (xn) converges to x and (xn) converges to y, then x = y.
That is the limit of (xn) is unique.

Proof. For any n ≥ 0, q(x, y) � q(x, xn) + q(xn, y) which entails that q(x, y) = θ.
Similarly q(y, x) = θ, hence by property (q2) x = y.

�

Theorem 2.2. Let (X, q) be a quasi-cone metric space, P aK-normal cone. Suppose
that mappings f, g : X −→ X satisfy the contractive condition

q(fx, fy) � k q(gx, gy) for all x, y ∈ X,
where k ∈ (0, 1). If the range of g contains the range of f and g(X) is bicomplete,
then f and g have a unique point of coincidence. Moreover if f and g are weakly
compatible, then f and g have a unique common fixed point.

Proof. Take an arbitrary x0 ∈ X. Choose a point x1 in X such that f(x0) = g(x1).
This can be done, since f(X) ⊆ g(X). Iterating this process, once xn is chosen in
X, we can obtain xn+1 in X such that f(xn) = g(xn+1). Then

q(gxn, gxn+1) = q(fxn−1, fxn) � kq(gxn−1, gxn)

� k2q(gxn−2, gxn−1) � . . . � knq(gx0, gx1).

i.e.
q(gxn, gxn+1) � knq(gx0, gx1).

Similarly,
q(gxn+1, gxn) � knq(gx1, gx0).

So for n < m,

q(gxn, gxm) � q(gxn, gxn+1) + q(gxn+1, gxn+2) + . . .+ q(gxm−1, gxm)

� (kn + kn+1 + . . .+ km−1)q(gx0, gx1) � kn

1− k
q(gx0, gx1).

It entails that ‖q(gxn, gxm)‖ ≤ K kn

1−k‖q(gx0, gx1)‖ −→ 0 as n −→∞.
Similarly for n > m

q(gxn, gxm) � km

1− k
q(gx1, gx0).

It entails that ‖q(gxn, gxm)‖ ≤ K km

1−k‖q(gx1, gx0)‖ −→ 0 as m −→ ∞. Hence
(gxn) is a bi-Cauchy sequence. Since g(X) is bicomplete, there exists x∗ ∈ g(X)
such that (gxn) converges to x∗. In other words, there is a p∗ ∈ X such that (gxn)
converges to g(p∗) = x∗.
Moreover since

q(gxn, fp
∗) = q(fxn−1, fp

∗) � kq(gxn−1, gp∗),
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we get that

‖q(gxn, fp∗)‖ ≤ Kk‖q(gxn−1, gp∗)‖ −→ 0, as n −→∞,
hence q(gxn, fp∗) −→ θ as n −→∞. In the same way, we establish that q(fp∗, gxn) −→
θ as n −→ ∞, to then conclude that gxn −→ fp∗. The uniqueness of the limit im-
plies that fp∗ = gp∗. We finish the proof by showing that f and g have a unique
point of coincidence. For this, assume z∗ ∈ X is a point such that fz∗ = gz∗.
Now

q(gz∗, gp∗) = q(fz∗, fp∗) � kq(gz∗, gp∗),
which gives q(gz∗, gp∗) = θ. On the other hand, by the same reasoning, it also
clear that q(gp∗, gz∗) = θ. By property (q2), gz∗ = gp∗. From Proposition 1.15, f
and g have a unique common fixed point. �

Corollary 2.3. Taking g = I (Identity map) in Theorem 2.2, we obtain Theorem 4.1
of [8].

Remark 2.4. Let (X, q) be a bicomplete quasi-cone metric space, P be a K-normal
cone. Assume f, g : X −→ X satisfy the contractive condition

q(fnx, fny) � kq(gx, gy), for all x, y ∈ X,
for some positive integer, where k ∈ [0, 1) is a constant. If the range of g contains
the range of fn and g(X) is a bicomplete quasi-cone metric space, then by the
theorem above, there exists a unique x∗ ∈ X such that fnx∗ = gx∗ = x∗. Observe
that fn(fx∗) = f(fnx∗) = fx∗, so fx∗ is also a fixed point of fn. If f and g
commute at x∗, i.e. fgx∗ = gfx∗, then f and g have a unique common fixed point.
This is easily seen by observing that gfx∗ = fgx∗ = fx∗.

Theorem 2.5. Let (X, q) be a quasi-cone metric space, P aK-normal cone. Suppose
that mappings f, g : X −→ X satisfy the contractive condition

q(fx, fy) � k [q(fx, gy) + q(gx, fy)] for all x, y ∈ X,
where k ∈

(
0, 12
)
. If the range of g contains the range of f and g(X) is bicomplete ,

then f and g have a unique coincidence point in X. Moreover if f and g are weakly
compatible, then f and g have a unique common fixed point.

Proof. Take an arbitrary x0 ∈ X. Choose a point x1 in X such that f(x0) = g(x1).
This can be done, since f(X) ⊆ g(X). Iterating this process, once xn is chosen in
X, we can obtain xn+1 in X such that f(xn) = g(xn+1). Then

q(gxn, gxn+1) = q(fxn−1, fxn) � k[q(fxn−1, gxn) + q(gxn−1, fxn)]

� kq(gxn−1, gxn+1)

� k[q(gxn−1, gxn) + q(gxn, gxn+1)],

which entails that
q(gxn, gxn+1) � k

1− k
q(gxn−1, gxn).

Similarly,

q(gxn+1, gxn) � k

1− k
q(gxn, gxn−1).

So for n < m,

q(gxn, gxm) � q(gxn, gxn+1) + q(gxn+1, gxn+2) + . . .+ q(gxm−1, gxm)
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� (hn + hn+1 + . . .+ hm−1)q(gx0, gx1) � hn

1− h
q(gx0, gx1),

where h = k
1−k . It entails that ‖q(gxn, gxm)‖ ≤ K hn

1−h‖q(gx0, gx1)‖ −→ 0 as n −→
∞.
Similarly for n > m,

q(gxn, gxm) � hm

1− h
q(gx1, gx0).

It entails that ‖q(gxn, gxm)‖ ≤ K hm

1−h‖q(gx1, gx0)‖ −→ 0 as m −→ ∞. Hence
(gxn) is a bi-Cauchy sequence. Since g(X) is bicomplete, there exists x∗ ∈ g(X)
such that (gxn) converges to x∗. In other words, there is a p∗ ∈ X such that (gxn)
converges to g(p∗) = x∗.
Moreover since

q(gxn, fp
∗) = q(fxn−1, fp

∗) � k[q(fxn−1, gp
∗) + q(gxn−1, fp

∗)],

we get that

q(gp∗, fp∗) � kq(gp∗, fp∗)
which implies that q(gp∗, fp∗) = θ.
In the same way, we establish that q(fp∗, gp∗) = θ, to then conclude that fp∗ = gp∗.
We finish the proof by showing that f and g have a unique point of coincidence.
For this, assume z∗ ∈ X is a point such that fz∗ = gz∗. Now

q(gz∗, gp∗) = q(fz∗, fp∗) � k[q(fz∗, gp∗) + q(gz∗, fp∗)] � 2kq(gz∗, gp∗),

which gives q(gz∗, gp∗) = θ. On the other hand, by the same reasoning, it also
clear that q(gp∗, gz∗) = θ. By property (q2), gz∗ = gp∗. From Proposition 1.15, f
and g have a unique common fixed point. �

The results for this section therefore summarise in the following way.

Theorem 2.6. Let (X, q) be a quasi-cone metric space, P aK-normal cone. Suppose
that mappings f, g : X −→ X satisfy the contractive condition: for all x, y ∈ X

q(fx, fy) � Aq(gx, gy)+B[q(gx, fx)+q(gy, fy)]+C[q(fx, gy)+q(gx, fy)] (2.1)

where A,B,C are non-negative real numbers with A+ 2B + 2C < 1. If the range of
f(X) ⊆ g(X) and f or g(X) is bicomplete , then f and g have a unique coincidence
point in X. Moreover if f and g are weakly compatible, then f and g have a unique
common fixed point.

Proof. The proof follows the same idea as in Theorems 2.2 and 2.5. We shall just
give here the main points. Take an arbitrary x0 ∈ X. Choose a point x1 in X such
that f(x0) = g(x1). This can be done, since f(X) ⊆ g(X). Iterating this process,
once xn is chosen in X, we can obtain xn+1 in X such that f(xn) = g(xn+1), n =
0, 1, · · · .

It is then very easy to derive that for n < m we have

q(gxn, gxm) � hn

1− h
q(gx0, gx1)

and for for n > m we have

q(gxn, gxm) � hm

1− h
q(gx0, gx1)
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where h = A+B+C
1−B−C . Hence (gxn) is a bi-Cauchy sequence. Since g(X) is bicom-

plete, there exists x∗ ∈ g(X) such that (gxn) converges to x∗. In other words, there
is a p∗ ∈ X such that (gxn) converges to g(p∗) = x∗. Moreover, observe that

q(gxn, fp
∗) = q(fxn−1, fp

∗) and q(fp∗, gxn) = q(fp∗, fxn−1)

and using the condition (2.1), we obtain that q(gz∗, gp∗) = θ = q(gp∗, gz∗), i.e. f
and g have a point of coincidence. Again by use of condition (2.1), we conclude that
this point of coincidence is unique. Finally, from Proposition 1.15, since f and g
are weakly compatible, then f and g have a unique common fixed point. �

Example 2.7. Let X = R, E = R2, q(x, y) = (x ∗ y, α(x ∗ y)), α > 0 where
x ∗ y = max{x − y, 0}, whenever x, y ∈ R and P = {(x, y) : x ≥ 0, y ≥ 0},
f(x) = 2x2 + 4x+ 3 and g(x) = 3x2 + 6x+ 4. Then it easy to see that

f(X) = g(X) = [1,∞) is bicomplete.

All the conditions of Theorem 2.6 are satisfied for

A ∈
[

2

3
, 1

)
, B = C = 0.

The unique point of coincidence here is 1 = f(−1) = g(−1).
However, since fg(−1) = 9 6= 13 = gf(−1), f and g are not weakly compatible

and therefore fail to have a common fixed point. This shows the importance of
Proposition 1.15.

But if we modify f and g in the following way f(x) = 2x2 + 4x + 1 and g(x) =
3x2 + 6x + 2, then again all the conditions of Theorem 2.6 are satisfied, f and
g become weakly compatible and we obtain a unique point of coincidence and a
unique common fixed point −1 = f(−1) = g(−1).

The next example explain how crucial the condition f(X) ⊆ g(X) is in the
statement of the theorems.

Example 2.8. Let X = [0,∞), E = R2, q(x, y) = (x ∗ y, e(x ∗ y)), where x ∗ y =
max{x − y, 0}, whenever x, y ∈ R and P = {(x, y) : x ≥ 0, y ≥ 0}, f(x) = ex and
g(x) = ex+1. Then it easy to see that

f(X) = (0,∞) * g(X) = [e,∞).

q(fx, fy) = (ex ∗ ey, ex+1 ∗ ey+1)

=
1

e
(ex+1 ∗ ey+1, ex+2 ∗ ey+2)

=
1

e
q(gx, gy).

All the conditions of Theorem 2.6 except f(X) ⊆ g(X) are satisfied for

A =
1

e
,B = C = 0.

But f and g do not have a point of coincidence.

sectionMore fixed point results We begin with the following lemmas.
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Lemma 2.9. Let (X, q) be a quasi-cone metric space, P be a K-normal cone. Let
(yn) be a sequence in X. If (yn) satisfies

q(yn, yn+1) ≤ λq(yn−1, yn) (2.2)

for some λ > 0 with λ < 1. Then (yn) is left Cauchy.

Proof. Let m < n ∈ N. From the condition (q3) in the definition of a quasi-cone
metric , we can write:

q(ym, yn) � q(ym, ym+1) + q(ym+1, yn)

� q(ym, ym+1) + q(ym+1, ym+2) + q(ym+2, yn)

...

� q(ym, ym+1) + q(ym+1, ym+2) + · · ·+ q(yn−2, yn−1) + q(yn−1, yn).

From (2.2) the above becomes

q(ym, yn) � (λm + λm+1 + · · ·+ λn−1)q(y0, y1)

� λm

1− λ
q(y0, y1).

It entails that ‖q(ym, yn)‖ ≤ K λm

1−λ‖q(y0, y1)‖ −→ 0 as m −→ ∞. It follows that
(yn) is left Cauchy.

�

Similarly,

Lemma 2.10. Let (X, q) be a quasi-cone metric space, P be a K-normal cone. Let
(yn) be a sequence in X. If (yn) satisfies

q(yn+1, yn) � λq(yn, yn−1) (2.3)

for some λ > 0 with λ < 1. Then (yn) is right Cauchy.

Theorem 2.11. Let (X, q) be a quasi-cone metric space, P a K-normal cone. Sup-
pose that mappings f, g : X −→ X satisfy the contractive condition

q(fx, fy) � λq(gx, gy) + γq(fx, gy) for all x, y ∈ X. (2.4)
where λ, γ are positive constant such that λ+ 2γ < 1. If the range of g contains the
range of f and g(X) is a bicomplete quasi-cone metric space, then f and g have a
unique coincidence point in X. Moreover if f and g are weakly compatible, then f
and g have a unique common fixed point.

Proof. Take an arbitrary x0 ∈ X. Choose a point x1 in X such that f(x0) = g(x1).
This can be done, since f(X) ⊂ g(X). Iterating this process, once xn is chosen in
X, we can obtain xn+1 in X such that f(xn) = g(xn+1). Then

q(gxn, gxn+1) = q(fxn−1, fxn) � λq(gxn−1, gxn) + γq(fxn−1, gxn)

� λq(gxn−1, gxn).
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Therefore (gxn) is a left Cauchy sequence. In a similar manner, we establish that
(gxn) is also a right Cauchy sequence. Hence (gxn) is a bi-Cauchy sequence.
Since g(X) is bicomplete, there exists x∗ ∈ g(X) such that (gxn) converges to x∗.
In other words, there is a p∗ ∈ X such that (gxn) converges to g(p∗) = x∗.
Moreover since

q(gxn, fp
∗) = q(fxn−1, fp

∗) � λq(gxn−1, gp∗) + γq(fxn−1, gp
∗)

we get that q(gp∗, fp∗) = θ. On the other hand, by the same reasoning, it is also
clear that q(fp∗, gp∗) = θ. By property (q2), fp∗ = gp∗.
We finish the proof by showing that f and g have a unique point of coincidence.
For this, assume z∗ ∈ X is a point such that fz∗ = gz∗. Now

q(gz∗, gp∗) = q(fz∗, fp∗) � λq(gz∗, gp∗) + γq(fz∗, gp∗) � (λ+ γ)q(gz∗, gp∗),

which gives q(gz∗, gp∗) = θ. On the other hand, by the same reasoning, it also
clear that q(gp∗, gz∗) = θ. By property (q2), gz∗ = gp∗. From Proposition 1.15, f
and g have a unique common fixed point. �

Corollary 2.12. Let (X, q) be a quasi-cone metric space, P a K-normal cone. Sup-
pose that mappings f, g : X −→ X satisfy the contractive condition

q(fx, fy) � α[q(gx, gy) + q(fx, gy)] for all x, y ∈ X. (2.5)

where α ∈
(
0, 13
)
. If the range of g contains the range of f and g(X) is a bicomplete

quasi-cone metric space, then f and g have a unique coincidence point inX. Moreover
if f and g are weakly compatible, then f and g have a unique common fixed point.

Theorem 2.13. Let (X, q) be a quasi-cone metric space, P a K-normal cone. Sup-
pose that mappings f, g : X −→ X satisfy the contractive condition

q(fx, fy) � λq(gx, gy) + γq(gx, fy) for all x, y ∈ X. (2.6)
where λ, γ are positive constant such that λ+ 2γ < 1. If the range of g contains the
range of f and g(X) is a bicomplete quasi-cone metric space, then f and g have a
unique coincidence point in X. Moreover if f and g are weakly compatible, then f
and g have a unique common fixed point.

Corollary 2.14. Let (X, q) be a quasi-cone metric space, P a K-normal cone. Sup-
pose that mappings f, g : X −→ X satisfy the contractive condition

q(fx, fy) � α[q(gx, gy) + q(gx, fy)] for all x, y ∈ X. (2.7)
where α ∈

(
0, 13
)
. If the range of g contains the range of f and g(X) is a bicomplete

quasi-cone metric space, then f and g have a unique coincidence point inX. Moreover
if f and g are weakly compatible, then f and g have a unique common fixed point.

In the following section, we shall establish some topological properties of quasi-
cone metric spaces.

sectionTopology on quasi-cone metric spaces
We begin by stating the following lemma.
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Lemma 2.15. Let (X, q) be a quasi-cone metric space. For each c ∈ E with c� θ,
there exists σ > 0 such that x� c whenever ‖x‖ < σ, x ∈ E.

Proof. Since c� θ, then c ∈ Int(P ). Hence, find σ > 0 such that

{x ∈ E : ‖x− c‖ < σ} ⊂ Int(P ).

Now if ‖x‖ < σ then ‖(c− x)− c‖ = ‖ − x‖ = ‖x‖ < σ and (c− x) ∈ Int(P ). �

Lemma 2.16. Let (X, q) be a quasi-cone metric space over a cone P . Then for each
c1, c2 ∈ Int(P ), there exists c ∈ Int(P ) such that c1−c ∈ Int(P ) and c2−c ∈ Int(P ).

Proof. Since c2 � θ, then by Lemma 2.15, we pick δ > 0 such that ‖x‖ < δ implies
that x � c2. Choose n0 such that 1

n0
< δ
‖c1‖ . then ‖c‖ = ‖c1‖

n0
< δ and hence,

c� c2. But it is also clear that c� θ and c� c1. �

Proposition 2.17. Every quasi-cone metric space is a topological space.

Proof. For c� θ, and x ∈ (X, q) let

Bq(x, c) = {y ∈ X : q(x, y)� c}

and
B = {Bq(x, c) : x ∈ X, c� θ}.

Then the collection

T = {U ⊂ X : ∀x ∈ U,∃c� θ,Bq(x, c) ⊂ U}

is a topology on X. Indeed,
(i) ∅ and X belong to T ,
(ii) let U, V ∈ T and let x ∈ U ∩ V . Then there exist c1 � θ and c2 � θ such

that Bq(x, c1) ⊂ U and B(x, c2) ⊂ V .
By Lemma 2.16, there exists c ∈ Int(P ) such that c1 − c ∈ Int(P )

and c2 − c ∈ Int(P ). Then, it is clear that x ∈ Bq(x, c) ⊂ U ∩ V , hence
U ∩ V ∈ T .

(iii) let (Uα)α be a family of sets from T . We consider x ∈ ∪
α
Uα. There exists

α
0

such that x ∈ Uα0
. Hence, find c� θ such that

x ∈ Bq(x, c) ⊂ Uα
0
⊂
⋃
α

Uα.

That is ∪
α
Uα ∈ T .

This completes the proof.
�

Definition 2.18. Let (X, q) be a quasi-cone metric space. Then a subset F ⊂ X
is called up bounded(resp. bounded) if there exists c� θ such that q(x, y) � c for
all x, y ∈ F (resp. δ(F ) = sup{q(x, y) : x, y ∈ F} exists in E).

Lemma 2.19. Let (X, q) be a quasi-cone metric space. Then a subset F ⊂ X
is up bounded if and only if there exist x ∈ X, c1, c2 ∈ Int(P ) such that F ⊂
Cq(x, c1) ∩ Cq−1(x, c2) where Cq(x, c) = {y ∈ X : q(x, y) � c} for any x ∈ X and
c� θ.

When the cone P is strongly minihedral, we have the following characterization.
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Proposition 2.20. Let (X, q) be a quasi-cone metric space over a Banach space with
a K-normal strongly minihedral cone P . Then a subset F ⊂ X is bounded if and
only if the quantity δ′(F ) = sup

x,y∈F
‖q(x, y)‖ <∞.

Proof. Suppose that F is bounded. For all x, y ∈ F , q(x, y) � δ(F ), which entails
that ‖q(x, y)‖ ≤ K‖δ(F )‖ <∞.
Conversely, assume that δ′(F ) = sup

x,y∈F
‖q(x, y)‖ = M < ∞, and fix some c1 � θ.

By Lemma 2.15, we know that we can find δ > 0 such that ‖z‖ < δ implies that
c1 � z. For any x, y ∈ F , we set cx,y = δq(x,y)

2‖q(x,y)‖ . Since ‖cx,y‖ = δ/2 < δ, we

have that c1 − cx,y ∈ Int(P ). By setting αx,y = 2‖q(x,y)‖
δ , it is then clear that

αx,y(c1 − cx,y) ∈ Int(P ), i.e αx,yc1 − q(x, y) ∈ Int(P ). In other words q(x, y) �
αx,yc1 � 2M

δ c1 ∈ Int(P ), from which we derive that q(x, y) � 2M
δ c1. Since P is

minihedral, then F is bounded. �

We conclude this section by the following lemma.

Lemma 2.21. Every quasi-cone metric space (X, q) is first countable.

Proof. Let p ∈ X. Fix c ∈ Int(P ). We show that Bp = {Bq(p, 1
nc) : n ∈ N} is a local

base at p. Let U be an open set containing p. There exists c1 ∈ Int(P ) such that
Bq(p, c1) ⊂ U . We know by Lemma 1.4 that we can find n0 ∈ N such that c

n0
� c1.

Hence Bq(p, c
n0

) ⊂ Bq(p, c1). This completes the proof.
�

3. Concept of convexity

In this section, we introduce a concept of convexity in quasi-cone metric spaces.
Most of the results here are a generalization of some similar known notions in
quasi-pseudometric spaces (see [10] and [11]).

Definition 3.1. Let E be a real Banach space, P be a cone on E and � the partial
order with respect to P . An element x ∈ E is said to be a nonnegative vector if
θ � x and a positive vector if θ ≺ x. Hence P is the set of all nonegative elements.
We shall use the following notations:

• [θ,−→ [ := P = {x ∈ E : θ � x} and;
• ]θ,−→ [ := {x ∈ E : θ ≺ x}.

Definition 3.2. A quasi-cone metric space (X, q) will be called Isbell-convex or
q-hyperconvex provided that for each family (xi)i∈I of points of X and families of
nonnegative vectors (ri)i∈I and (si)i∈I the following condition holds:

If q(xi, xj) � ri + sj whenever i, j ∈ I, then
⋂
i∈I

(Cq(xi, ri) ∩ Cqt(xi, si)) 6= ∅.

Definition 3.3. A quasi-cone metric space (X, q) will be called metrically convex
if for any point x, y ∈ X and nonnegative vectors r and s such that q(x, y) � r+ s,
there exists z ∈ X such that q(x, z) � r and q(z, y) � s.
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The following examples are basic but not trivial, and therefore, important.

Example 3.4. Let X = R, E = R2, q(x, y) = (x ∗ y, x ∗ y), where the operation ∗ is
defined by x∗y = max{x−y, 0}, whenever x, y ∈ R and P = {(x, y) : x ≥ 0, y ≥ 0}.
Then (R, q) is metrically convex.

Example 3.5. Let X = R, E = R2, q(x, y) = (x]y, x]y), where the operation ] is
defined by x]y = x − y, if x ≥ y and x]y = 1 otherwise, whenever x, y ∈ R and
P = {(x, y) : x ≥ 0, y ≥ 0}. Then (R, q) is not metrically convex. Indeed, we have

q

(
1

2
, 1

)
= (1, 1) �

(
1

2
+

1

2
,

1

2
+

1

2

)
.

But there is no z ∈ R such that q
(
1
2 , z
)
�
(
1
2 ,

1
2

)
and q (z, 1) �

(
1
2 ,

1
2

)
, since such

a z would satisfy z ≤ 1
2 and z ≥ 1.

Definition 3.6. Let (X, q) be a quasi-cone metric space. A family of balls (Cq(xi, ri), Cqt(xi, si))i∈I
with xi ∈ X and ri, si ∈ [θ,−→ [ whenever i ∈ I is said to have the mixed binary
intersection property if for all indices i, j ∈ I, (Cq(xi, ri) ∩ Cqt(xj , sj) 6= ∅.

Definition 3.7. A quasi-cone metric space (X, q) will be called Isbell-complete
if every family of balls (Cq(xi, ri), Cqt(xi, si))i∈I with xi ∈ X and ri, si ∈ [θ,−→ [
whenever i ∈ I having the mixed binary intersection property satisfies

⋂
i∈I

(Cq(xi, ri)∩

Cqt(xi, si)) 6= ∅.

Corollary 3.8. If (X, q) is an Isbell-convex (resp. Isbell-complete, metrically convex)
quasi-cone metric space, then (X, qt) is Isbell-convex(resp. Isbell-complete, metrically
convex).

Proposition 3.9. A quasi-cone metric space (X, q) is Isbell-convex if and only if it is
metrically convex and Isbell-complete.

Proof. Suppose that (X, q) is Isbell-convex. Let x1, x2 ∈ X, r1, r2 ∈ [θ,−→ [ such
that q(x1, x2) � r1 + s2. Then set r2 = s1 = q(x2, x1). By Isbell-convexity, there
exists x ∈ Cq(x1, r1) ∩ Cqt(x2, s2), hence (X, q) is metrically convex.
Consider now a family of balls (Cq(xi, ri), Cqt(xi, si))i∈I that have the mixed bi-
nary intersection property. Thus q(xi, xj) � ri + sj whenever i, j ∈ I. By Isbell-
convexity, there exists x ∈ ∩

i∈I
(Cq(xi, ri)∩Cqt(xi, si)). So (X, q) is Isbell-complete.

For the converse, assume that (X, q) is metrically convex and Isbell-complete. Con-
sider a family (xi)i∈I of points of X and families (ri)i∈I and (si)i∈I of nonnegative
vectors such that q(xi, xj) � ri + sj whenever i, j ∈ I. Since (X, q) is metrically
convex, then (Cq(xi, ri), Cqt(xi, si))i∈I has the mixed binary intersection property.

Therefore, there exists x ∈ ∩
i∈I

(Cq(xi, ri) ∩ Cqt(xi, si)) by Isbell-completeness.

Thus, (X, q) is Isbell-convex. �

Example 3.10. Let X = R, E = R2, q(x, y) = (x∗y, x∗y), where the operation ∗ is
defined by x∗y = max{x−y, 0}, whenever x, y ∈ R and P = {(x, y) : x ≥ 0, y ≥ 0}.
Then (R, q) is q-hyperconvex.

We first observe that, for any ε = (ε1, ε2) ∈ P , Cq(x, ε) = [x − ε̃,∞) and
Cq−1(x, ε) = (−∞, x + ε̃] whenever x ∈ R where ε̃ = min{ε1, ε2}. Let (xi)i∈I be a
family of points in R and (ri)i∈I and (si)i∈I be families of nonnegative vectors with
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ri = (r1i , r
2
i ) and si = (s1i , s

2
i ) such that q(xi, xj) � ri + sj , whenever i, j ∈ I. We

recall quickly that r̃i = min{r1i , r2i } and s̃i = min{s1i , s2i }. Suppose that⋂
i∈G

(Cq(xi, ri) ∩ Cq−1(xi, si)) = ∅ for some finite subset G of I.

We can assume that G is nonempty. It follows that

max{xi − r̃i : i ∈ G} > min{xi + s̃i : i ∈ G}.
Therefore, there are i0, j0 ∈ G such that xi0 − r̃i0 > xj0 − s̃i0 , that is Cq(xi0 , ri0) ∩
Cq−1(xj0 , si0) = ∅. In particular, xi0 > xj0 .

Thus ri0 +sj0 ≺ q(xi0 , xj0) = (xi0−xj0 , xi0−xj0)−a contradiction. We conclude
that ⋂

i∈G
(Cq(xi, ri) ∩ Cq−1(xi, si)) 6= ∅ whenever G is a finite subset of I.

Since for any i ∈ I,Cq(xi, ri) ∩ Cq−1(xi, si) is compact with respect to the stan-
dard topology on R, we conclude that⋂

i∈G
(Cq(xi, ri) ∩ Cq−1(xi, si)) 6= ∅.

Hence (R, q) is q-hyperconvex.

Example 3.11. Let X = R, E = R2, q(x, y) = (|x− y|, |x− y|), whenever x, y ∈ R
and P = {(x, y) : x ≥ 0, y ≥ 0}. Then (R, q) is not q-hyperconvex.

Indeed, for any i ∈ [0, 1], set ri =
(
1
4 ,

1
4

)
and si =

(
3
4 ,

3
4

)
. Then for any i, j ∈ [0, 1],

q(x, y) � (1, 1) = ri + si. But⋂
i∈[0,1]

(Cq(i, ri) ∩ Cq−1(i, si)) ⊆ Cq
(

0,
1

4

)⋂
Cq−1

(
1,

1

4

)

=

([
−1

4
,

1

4

]
×
[
−1

4
,

1

4

])⋂([
3

4
,

5

4

]
×
[

3

4
,

5

4

])
= ∅.

Proposition 3.12. Let (X, q) be a q-hyperconvex quasi-cone metric space. Let
(xi)i∈I be a family of points in X and let (ri)i∈I and (si)i∈I be families of non-
negative vectors such that q(xi, xj) � ri + sj .

The set D = ∩
i∈I

(Cq(xi, ri) ∩ Cqt(xi, si)) is nonempty and q-hyperconvex.

Proof. We first observe that since X is q-hyperconvex, then D 6= ∅. For each α ∈ S,
let xα ∈ D and let rα, sα be nonnegative vectors such that q(xα, xβ) � rα + sβ
whenever α, β ∈ S.
We show that the family satisfies the hypothesis of q-hyperconvexity. Indeed, in
particular, for each α ∈ S and i ∈ I, we have that q(xα, xi) � si � rα + si and
q(xi, xα) � ri � ri + sα. Hence by q-hyperconvexity of X,

∅ 6=

[⋂
i∈I

(Cq(xi, ri) ∩ Cqt(xi, si))

]⋂[⋂
α∈S

(Cq(xα, rα) ∩ Cqt(xα, sα))

]

= D
⋂[⋂

α∈S
(Cq(xα, rα) ∩ Cqt(xα, sα))

]
.

Hence, D is q-hyperconvex.
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