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ABSTRACT. Suppose that K be a nonempty closed convex subset of a real Banach space X
and T, S : K — K be two totally asymptotically /-nonexpansive mappings, where I : K —
K is a totally asymptotically nonexpansive mapping. We define the iterative sequence {z, }
by
o € K
Tnt1 = (1 — an) Tn + @nS"Yn
Yn = (1 = Bn) Tn + BT " 2n
Zn = (1= 9n) Tn + Yl zy
where {an, }, {8n} ve {»} are sequences in [0, 1] .Under some suitable conditions, the strong
and weak convergence theorems of {z,} to a common fixed point of S,T" and I are obtained.

n €N,
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1. INTRODUCTION

Let K be a nonempty subset of a real normed space X and 7' : K — K be a map-
ping. Denote by F(T') the set of fixed points of T, that is, F(T) = {x € K : Tz = z}
and denote by F':= F(T)NF(S)NF(I) ={x € K : Tx = Sz = Iz = z}, the set of
common fixed points of the mappings 5,7 and I. A mapping T : K — K is called
nonexpansive if ||z — Ty|| < ||z —yl| for all 2,y € K. Amapping T : K — K
is called asymptotically nonexpansive if there exists a sequence {k,} C [1,00),
lim,, o kn, = 1 such that

IT"x = T"y[| < kn llz -y (1.1

forall z,y € K and n > 1. The class of asymptotically nonexpansive mappings was
introduced by Goebel and Kirk [5] as a generalization of the class of nonexpansive
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mappings. They proved that if K is a nonempty closed bounded subset of a uni-
formly convex Banach space, then every asymptotically nonexpansive self-mapping
has a fixed point.
Amapping T : K — K is called asymptotically nonexpansive in the intermediate
sense if T is continuous and the following inequality holds:
lim sup sup (||T"x —T"y| — ||z —y|) <O0.
n—oo r,ye K
Observe that if
an = sup ([|T"z = T"y[| — |lz — yl))
then last inequality reduces to the relation
[Tz = T"y|| < [lz =yl + an. (1.2)

The class of mappings which are asymptotically nonexpansive in the interme-
diate sense was introduced by Bruck et al. [2]. It is known [13] that if K is a
nonempty closed convex bounded subset of a real uniformly convex Banach spaces
F and T is a self-mapping of K which is asymptotically nonexpansive in the inter-
mediate sense, then 7" has a fixed point.

The class of asymptotically nonexpansive mappings is an important generaliza-
tion of the class of nonexpansive mappings. Note that the class of mappings which
are asymptotically nonexpansive in the intermediate sense contains properly the
class of asymptotically nonexpansive mappings.

In 2006, Alber et al. [1] introduced a more general class of asymptotically
nonexpansive mappings called total asymptotically nonexpansive mappings. Their
aim is to unify various definitions of classes of mappings associated with the class of
asymptotically nonexpansive mappings and to prove a general convergence theorem
applicable to all these classes of nonlinear mappings.

Definition 1.1. Let K be a nonempty closed subset of a real normed linear space
X. Amapping T : K — K is called totally asymptotically nonexpansive if there
exist nonnegative real sequences {u,}, {A\,} with p,, A, = 0asn — oo and a
strictly increasing continuous function ¢ : R — R with ¢ (0) = 0 such that

|77 = T < lle = yll + pné (le — yl) + Ansforallz,y € K, n> 1. (1.9)

Remark 1.2. If ¢ (A\) = A, then (1.3) reduces to | Tz — T™y|| < (1 + pn) [z — y|| +
An,n > 1.1f¢(N) = Aand A\, = 0 for all n > 1, then total asymptotically nonexpan-
sive mappings coincide with asymptotically nonexpansive mappings. In addition, if
tn = 0and )\, =0 for all n > 1, then total asymptotically nonexpansive mappings
becomes nonexpansive mappings. If u, = 0 and \,, = 0,, = max{0,a, }, where
ap, = sup (||[T"x — T"y|| — ||z — y||) for all n > 1, then (1.3) reduces to (1.2) which
has been studied as mappings asymptotically nonexpansive in the intermediate
sense.

The strong convergence theorems for iterative processes of finite family of to-
tal asymptotically nonexpansive mappings in Banach spaces have been studied
by Chidume and Ofoedu [3, 4]. Also, Hu and Yang [1 1] obtained strong conver-
gence theorems for three nonself total asymptotically nonexpansive mappings in
real Banach spaces. In addition to these works, Hao [10] studied weak and strong
convergence theorems in real Hilbert space.

On the other hand, in [17] an asymptotically /-nonexpansive mapping was
introduced. Namely, let 7,/ : K — K be two mappings of a nonempty sub-
set K of a real normed linear space X. Then T is said to be asymptotically
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I-nonexpansive if there exists a sequence {)\,} with lim, ,,, A\, = 1 such that
1Tz — Tyl < Ay ||[I"x — I™y|| for all z,y € K and n > 1.

Recently, Mukhamedov and Saburov [14] introduced the folowing iteration pro-
cess for common fixed points of totally asymptotically /-nonexpansive mappings in
Banach spaces. For arbitrarily chosen zy € K, {z,} is define as follows:

Tt = (1 — an) xp + @ Ty,
Yn = (1= Bn) xn + Bud"zpn
where {«, } and {8, } are sequences in [0, 1] . And they gave the following definition
for totally asymptotically /-nonexpansive mappings.

(1.4)

Definition 1.3. Let 7,1 : K — K be two mappings of a nonempty subset K of
a real normed linear space X. A mapping T : K — K is called totally asymptot-
ically ]—nonexpansive if there exist nonnegative real sequences {u,}, {\,} with
tn, An — 0 as n — oo and a strictly increasing continuous function ¢ : R — R with
¢ (0) = 0 such that for all z,y € K,

[T"x = T"y|| < Mz = I"y|| + pnd ("2 = Iy[) + An,n = 1. (1.5)

Note that (1.5) reduces to (1.3) when I = Id (Id is the identity mapping). If
@ (N\) = A, then one gets [|[T"x — T"y|| < (1 + pn) [I™z — I™y|| + A\, which is a
generalization of the asymptotically /-nonexpansive mapping. If ¢ (A\) = Aand \,, =
0 for all n > 1, then total asymptotically /-nonexpansive mappings coincide with
asymptotically /-nonexpansive mappings.

In this paper, we construct an explicit iterative sequence for the approximation
of common fixed points of two total asymptotically /-nonexpansive mappings and
a total asymptotically nonexpansive mapping in Banach spaces.

2. PRELIMINARY

For the sake of convenience, we restate the following concepts.

A Banach space X is said to satisfy Opial’s condition if, for any sequence {z, }
in X, x, — z implies that

limsup ||z, — x| < limsup ||z, — y||
n—o0 n— oo
for all y € X with y # x, where z,, — x means that {z, } converges weakly to x. It
is well know from that all Hilbert spaces and all /,, spaces for 1 < p < oo have this
property. However, the L, spaces do not have this property unless p = 2.

Let K be a nonempty closed subset of a real Banach space X and T : K — K
a mapping. The mapping 7' said to be demiclosed at zero if Txg = 0 whenever
{z,} C K,z, —» z and Tz, — 0.

Recall that the mapping 7' : K — K with F'(T') # () is said to satisfy condition
(A) [15] if there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0,
f(t) > 0forall t € (0,00) such that || — Tx| > f(d(z,F(T))) for all z € K,
where d (z, F(T)) = inf {||lz —p| : p € F(T)}.

We can modify the condition (A) for our case as follows:

Let 5,7 : K — K be two totally asymptotically / —nonexpansive mappings and
I : K — K be totally asymptotically nonexpansive mapping. Then S,7 and [ are
said to satisfy condition (A’) if there is a nondecreasing function f : [0,00) — [0, 00)
with f (0) =0, f(¢) > 0 forall t € (0,00) such that

Iz = Szl + [lo = Tz| + [lo — Lz])) = f (d (z, F))

Wl
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for all z € K. This condition is a generalization of condition of Khan and Fukharud-
din [12] from two mappings to three mappings.
Next, we state the following useful lemmas.

Lemma 2.1. [18] Let {a,}, {b,} and {c,} are three sequences of nonnegative real
numbers such that

ant1 < (1+by)an, +cn, n> 1
Suppose that Y~ b, < oo and > -, ¢, < 00. Then {a,} is bounded and lim a,,
exists. e

Lemma 2.2. [16] Let X be a uniformly convex Banach space and let {tn} be a
sequence in [a, b] for some a,b € (0,1). Suppose that {z,} and {y,} are sequences
of X such that

limsup ||z, || < d, limsup||y,|| < dand lim ||(1 —t,) Zp + thyn| = d
n—o0o n—oo n—o00
hold for some d > 0. Then lim,,_, ||Tn — Ynl|| = 0.

3. MaIN RESULTS

Now, we introduce an iteration process which can be viewed as an extension for
totally asymptotically /-nonexpansive mappings of iteration process of Mukhame-
dov and Saburov [14].

Let K be a nonempty closed convex subset of a real Banach space X. Let
T,S : K — K be two totally asymptotically /-nonexpansive mappings, where
I : K — K is a totally asymptotically nonexpansive mapping. We define the
iterative sequence {x,} by

x9 € K
Tn+1 = (1 - an) Ty + an‘s’nyn

" ,neN| 3.1

Yn = (1 - 5n) T + BT 20 (8-1)
Zn = (1 - ’)/n) Ty + ’YnInxn

where {a,},{6,} and {7, } are sequences in [0, 1].

Remark 3.1. i. If I = Id (Id is the identity mapping), then (3.1) reduces

to the modified Ishikawa iterative scheme for two totally asymptotically
nonexpansive mappings as follow.

x9 € K
Tpte1 = (1 — ap) xp + @y S"yn ,n €N, (8.2)
Yn = (1 - /Bn) Ty + BTz,

where I : K — K is a totally asymptotically nonexpansive mapping, {c, }
and {5, } are sequences in [0, 1].

ii. If I = Id (Id is the identity mapping) and /3, = 0 for all n > 1, then (3.1)
reduces to the modified Mann iterative scheme for one total asymptotically
nonexpansive mappings as follow.

Xg € K
{ Tpy1 = (1 —an) xn + a,S"xy neN, (3.3)

where [ : K — K is a totally asymptotically nonexpansive mapping and
{an} is sequence in [0,1] .

iii. We remark that the iteration process (3.1) is more general than the iteration
process (1.4), (3.2) and (3.3), and includes the process (3.2) and (3.3) as
special cases.
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Lemma 3.2. Let K be a nonempty subset of a real Banach space X . LetT,S : K —
K be two totally asymptotically I-nonexpansive mappings and let [ : K — K be
a totally asymptotically nonexpansive mapping. Then there exist nonnegative real
sequences { (i, }, {\n} with p,, Ay = 0 as n — oo and strictly increasing continuous
Sunction ¢ : R — R with ¢ (0) = 0 such that forallz,y € K,
1"z = Iyl < llo =yl + pnd ([l = yll) + An,

[Tz =Tyl < |1z = I"y[| + pnd ("2 — I"y[]) + A, (3.4)
15"z =Syl < "e = I"y| + pn¢ ("2 = I"y[) + An, n > 1.

Proof. Since T,S : K — K are totally asymptotically /-nonexpansive mappings
and I : K — K is a totally asymptotically nonexpansive mapping, then there ex-
ist nonnegative real sequences {/,, }, {\,}, {1, },{\.} and {fin},{ s}, n > 1 with
Ly Ay fos Ans iy An — 0 (n — 00) and there exist strictly increasing continuous
functions ¢1, g2, 3 : RT — RT with ¢ (0) = ¢2 (0) = ¢3 (0) = 0 such that for all
x,y € K,

11"z — I"y|| < |l =yl + finds (lz = y]|) + An,
1Tz — Ty < | 1" — I"y|| + pn o (| 1" — Iy])) + A,
1572 — S™y|| < [ I"x — Iy + poys (| — Iy]) + Ao > 1
Setting

Hn = max{ﬂ;w M;Iw At An = maX{)‘lm )‘;In 5‘n}a
¢(a) = max{pi(a),2(a), d3(a)} for a >0,

then we obtain that there exist nonnegative real sequences {u,} and {\,} with
tny An — 0 as n — oo and strictly increasing continuous function ¢ : R — R with
¢ (0) = 0 such that for all z,y € K,

1"z = Y| < ||z = yll + pnd (12 = yl]) + An,
|70 — Ty < |17 — Iy + o (|1 = I"y]) + A,
15"z = S™y|| < |[I"% = I"y[l + pnd ([11"x = I"y[]) + An,n > 1.
This completes the proof. O

Before proving our main results, throughout this paper we take mappings S, T
and [ as in (3.4).

Lemma 3.3. Let K be a nonempty closed convex subset of a real Banach space
X. LetT,S : K — K be two totally asymptotically I-nonexpansive mappings
and I : K — K be a totally asymptotically nonexpansive mapping with sequences
{pn}, {\} defined by (3.4) such that > >~ | pn < 00, o_ 1 Ap < 0. Assume that
there exist M, M* > 0 such that ¢(\) < M*X foral \ > M. Let {z,} be the
sequence as defined (3.1). If F = F(S)NF(T)NF(I) # 0, then {x,} is bounded
and lim,, o ||z, — p|| exists foreachp € F = F(S)N F(T)N F(I).

Proof. Let p € F. It follows from (3.1) and (3.4) that
lzn —pll = [[(1=7)(@n —p) + v{"zn — p)|
(1 =) llwn = pll + ¥ ([ {20 — p|
(1 =) llzn = pll + Y0 |20 — 2l + B0 (27 — pII) + An]
7 = pll + Yntn® (|20 — pll) + Ao (3.5)

IAIACIA
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Note that ¢ is an increasing function, it follows that ¢ (\) < ¢ (M) whenever A < M
and (by hypothesis) ¢ (A) < M*Xif A > M. In either case, we have

d(\) <o (M) + M*A (3.6)
for some M, M* > 0. Thus, from (3.5) and (3.6), we have
lzn =Dl < ll2n = pll + yttn [¢ (M) + M™ ||z — pll] + s
< (14 M) |zn — pll + Q1 (i + An) 3.7)
for some constant ); > 0. Similarly, from (3.7) we have

H(l - 671)(*7771 -p)+ Bn(TnZn _p)ll

lyn = pll

< (1=8n) llzn —pll + Bu 1T 20 — pll
< (1 =8n) llzn =2l + BulllI" 20 — pll 4+ s (11" 20 — plI) + A
< (1 =B lzn = pll + BulllI"2n — pll + pnd (M)
Fpn M1 20 = pll + A
< (1 =8n) llzn =2l + Bul(X + pn M*) 1" 20 — pll + pnd (M) + An]
< (1 =8n) llzn = pll + Bul(X + pn M) ([|2n — pll
Fhn® (20 = ll) + An) + pnd (M) + A
< (1=8n) llzn —pll + Bul(X + M) (|20 — pll + ¢ (M)
FhnM™ [|zn = pll + An) + pn@ (M) + A
< (1 =8n) llzn = pll + Bul(X+ pn M*) (1 + p M7) || 20 — p|
+hn®d (M) + M) + pin® (M) + An]
< (1=5) llzn —p
FBn[(L 4 pnMT) (1 + pn M™) (14 M i) |, — p|
+ (L + M p1n) Q1 (i + An) + pn@ (M) + An) + pind (M) + An]
< lan = pll + B (1 M*)? + 3 M* + (pn M*)?) [l — p|

+ (L4 M) Q1 (i + An) + (14 M ) (110 (M) + )
+nd (M) + A
< (14 Mapn) lzn = pll + Q2 (0 + An) (3.8)
for some constants Ms, ()2 > 0. Hence, it follows from (3.6) and (3.8) that

(1 = an)(@n —p) + an(S"yn — D)l

(1 — o) [|lzn — pll + an [[S™yn — pl|

(1 —an) |zn — 2l + [l I"yn = pll + pnd (I Ty — pll) + M)

(1 - an) Hxn _pH + an[HInyn —pH + Mn¢(M)

+NnM* Hlnyn _p” + )‘n]

(1 — o) [z — pll + an[(L 4+ pn M*) [[I"yn — pl| + pnd (M) + Ap]
(1 — o) [|wn = pll + anl(1 4+ M) (lyn — pll

+in® ([yn — pll) + An) + pn@ (M) + An)

(1 —apn) lzn —pll + anl(1 + pnM*) (Y5 — pll + pnd (M)
Fun M |lyn = pll + An) + pind (M) + An]

€1 = pll

IN A IA

INIA

IA

< (T —=ap)llzn = pll + an[(1 + o M) (1 + pn M) Iy — p||
Find (M) + X)) + pind (M) + \,]
< (1 - an) Hxn - p”
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Fan[(1+ pn M*) (1 + p M) (1 + Mopuy) [l — pl|
+ (1 + M pp) Q2 (i + An) + pnd (M) + An) + pnd (M) + Ay

< (T4 (Mo +2M*) py + (2M* Mo + (M*)?) 2
+Mo(M*) ) [l — pll + Ma(M*)? i, [|n — |
(1 M 41)” Q2 (ptn + An)
+ (1 + M pp) (pnd (M) + An) + pnd (M) + Ay,
< (1+ Mspn) [|on —pll + Qs (tn + An) (3.9)
for some constants M;, Q3 > 0. Since Y~ | f1,, < 00,% > A\, < 00, by Lemma
2.1, we get lim,,_, ||z, — p|| exists. This completes the proof. O

Theorem 3.1. Let K be a nonempty closed subset of a real Banach space X. Let
T,S : K — K be two continuous totally asymptotically I-nonexpansive mappings
and I : K — K be a continuous totally asymptotically nonexpansive mapping with
sequences {i,},{\.} defined by (3.4) such that Y .~ pn, < 00,2 "1 Ap < 00.
Assume that there exist M, M* > 0 such that $(\) < M*X for all A > M. Let
{zn} be the sequence as defined (3.1) and F = F(S)N F(T) N F(I) # (). Then the
sequence {x,, } converges strongly to a common fixed point of S,T and I if and only
ifliminf, o d (2, F) = 0, where d (xy,, F') = infpep ||z, —p||,n > 1.

Proof. The necessity of the conditions is obvious. Thus, we need only prove the
sufficiency. Since S,T and I are continuous mappings, F (T), F (S) and F (I) are
closed. Hence F' = F'(S) N F(T) N F(I) is a nonempty closed set.

For any given p € F, we have from (3.9)

|Zns1 —pll < (1+ Mapn) |70 — pll + Q3 (1tn + An)
which gives

Now applying Lemma 2.1 to (3.10), we get the existence of the limit lim,, o, d (z,, F') .

But by hypothesis lim inf,,_, o d (2, F') = 0, thus we have lim,,_,, d(z,, F') = 0.
Next we show that {x,} is a Cauchy sequence in X. As 1+t < exp (¢) forall ¢t > 0,
from (3.9), we obtain

[#nt1 =Pl < exp (Mapn) (2n = pll + Q3 (1 + An)) - (3.11)

Thus, for any given m, n, iterating (3.11), we obtain

Zntm —pll < exp(Mapinym—1) ([Zntm—1 —pll + Q3 (ntm—1 + Antm-1))

n+m—1 n+m-—1
< exp( Yy Msu) <||33n —pl+ > Qs(mi+ Ai))
< eXp(Z Mspu;) (Hxn —pll+ Z Qs (i + )\i)> .
Therefore,
[#nsm = @l < [[@ngm = pll + (|20 — pll
o0
< |1+ (eXp(Z M3Mi)>] |z — pll

i=n
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+ exp(z M3 ;) (Z Qs (i + Ai)) .

i=n i=n

This imply that

Zntm — zn| < Dll@n —pll+ D (Z (i + Ai)) (3.12)

1=n

for same constant D > (. Taking infimum over p € F' in (3.12) gives

o0
Hx’n+m - x’n” < Dd (Z‘n, F) +D (Z (,ut + Az)) .

=N
Now, since lim,, o0 d (2, F) = 0and Y ;= (i + A\;) < oo, given € > 0, there exists
an integer N; > 0 such that for alln > Ny, d (2, F) < €/2D and Y ;= (i + ;) <
€/2D. Consequently, from last inequality we have ||z, 4m — Zn| < €, which means
that {z,,} is a Cauchy sequence in X, and completeness of X yield the existence of
x* € X such that x,, — =*. We now show that 2* € F. Suppose that 2* ¢ F. Since
F closed subset of X, we have that d (z*, F) > 0. But, for all p € F, we have

2" = pll < l=* = zn[| + |lzn — Il -
This implies

d(x*, F) <||z* — x| + d(zn, F),
so we obtain d (z*, F') = 0 as n — oo, which contradicts d (z*, F) > 0. Hence, z* is
a common fixed point of 7', S and I. This completes the proof. O

Lemma 3.4. Let K be a nonempty closed convex subset of a real uniformly con-
vex Banach space X. LetT,S : K — K be two continuous totally asymptoti-
cally I-nonexpansive mappings and I : K — K be a continuous totally asymp-
totically nonexpansive mapping with sequences {u,},{A\.} defined by (3.4) such
that Y07 | pn < 00, 1 A, < 00. Assume that there exist M, M* > 0 such that
d(N\) < M*Xforall\ > M and F = F(S)NF(T)N F(I) # 0. Let {z,} be the
sequence as defined (3.1), where {a,,}, {0} and {y,} are sequences in [a,1 — a]
Jor some a € (0,1). Then

lim ||z, — S"z,| = lim ||z, — T"2,|| = lim |z, —I"z,|| =0
n—0o0 n— oo n—oo
and
lim ||z, — Sz,| = lm ||z, — Tz,| = lim ||z, — Iz,|| =0.
n—oo n—00 n—00

Proof. Let p € F. Then by Lemma 3.3, we have
Jim |z, —pl| =d. (3.13)

It follows from (3.1) that

Jensr =l = 1 = @)@ — p) + @n(S"ya —p)l| = d, (n > 00).  (3.14)
From (3.4) and (3.6), we obtain
IT"yn = Il + 10 (1" yn = pI) + An
IT"yn = pll + pnd (M) + pan M ™y = pl| + An
(L4 pn M) [ 1"y — pll + pnd (M) + Ay
(L4 M) ([lyn = pll + b (lyn = Pl + An) + pnd (M) + An
(L4 pn M) (lyn = pll + @ (M) + pn M [[yn — pll + An)
Hnd (M) + A

15" yn — pl|

IAN N AN IN A
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< (1 + ,UnM*) ((1 + MnM*) Hyn - p” + Mn¢(M> + )‘n)
Fpnd (M) + \,. (3.15)
Because of Y| i, < 00, - Ay < 00, we have
lim sup ||S"yn —p| < lim sup |y, — p||
n—oo n—oo
and from (3.8)
lim sup ||S"yn —p| <lim sup (1+ Maopy,) ||2n — pl| + Q2 (tn + M) = d. (3.16)

n—oo n—oo

Using (3.13),(3.16) and applying Lemma 2.2 to (3.14), we get
lim |z, — S"y,| = 0. (3.17)
n— o0
Also from (3.15), we have
lzn =2l < |2 = S"ynll + [1S™yn — pll
< lwn = S"yall + (L4 i M7) (1 + oM7) |lyn — p|
Find (M) + X)) + pnd (M) + Ay,

which implies d < lim,,_,, ||y, — p|| and from (3.8), we have lim,,_, ||y, — p|| < d.
Thus we obtain

lim |y, —p|| = d. (3.18)
n—oo
On the other hand note that
lm ||@pi1 — Tpl = lUm oy ||z, — S™yn|| = 0. (3.19)
n— 00 n— 00

It follows from (3.18) that
lyn — 2l = 1(1 = Bn)(@n — D) + Bu(T" 2 — p)|| = d, n — 0. (3.20)
From (3.4) and (3.6), we obtain

[Tz —pll < [H"20 — 2l + pnd (11" 20 — pl) + A

< Mz = pll 4 s (M) + pn M* |[T™ 20 = pl| 4 An

< (A4 paMT) "2 = pll + pn@ (M) + An

< A+ M) ([|zn = pll + 1@ (20 = pll) + An) + pnd (M) + An

< (4 pn M) (lzn = pll + pnd (M) + pn M |20, — pll + An)
Fin® (M) + An

< (A4 paMT) (14 M) |20 = pll 4 pn® (M) + An)
+pin@ (M) + A (3.21)

Therefore,

lim sup | 7"z, — p|| < lim sup ||z, —p]
n— oo n— o0
and from (3.7), we have

lim sup [|[T"z, —p|| <lim sup (14+ M*u,) |zn — pll + Q1 (n + \n) = d. (3.22)
n—oo

n—oo

Using (3.13), (3.22) and applying Lemma 2.2 to (3.20), we get
lim |z, —T"z,| = 0. (3.23)
n—oo
Also from (3.21), we have
lzn —pll < llwn —T"2ull + [|[T"20 — pl|
< oy = T2l + (1 + oM7) (1 + pn M) [[20 = p|
Hun® (M) + Ap) + pnd (M) + An,
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which implies d < lim,, . |2, — p|| and from (3.7) we have lim,_, ||z, — p|| < d.

This gives
lim ||z, — p|| =d. (3.24)
n— o0
As above, from (3.1) one can see that
2n = pll = [I(1 = v)(@n — p) + V(I 20 — p)|| = d, (3.25)
as n — c0. Besides this, we have
[I"2n —pll < Nlwn = pll + pn@ (|20 —pll) + An
< (U4 M i) [ — pll + i (M) + A
Taking limit as n — oo in last inequality, we obtain
lim sup |[I"z, —p| <d. (3.26)
n— oo
Hence from (3.13), (3.26) and (3.25), we get
lim |z, — I"z,| = 0. (3.27)
n— oo
Meanwhile, note that from (3.27)
lzn —2nll = (1 =) (@0 —p) + V(I 20 — p) — 20|
= Yo llvp —I"2y] = 0. (3.28)
and from (3.23)
lyn —znll = [[(1 = Bu)(@n —p) + Bu(T" 20 — p) — zu|
= Bollzn —T 2|l = 0. (3.29)
Now we show that lim,, , ||z, — T"z,|| = 0. By way of (3.21), we have
[Tz =T zpl < (14 pnM™) (L4 pnM7) |20 — 20|
Fhn® (M) + Ap) + pnd (M) + Ay
Thus we get
[0 =Tl < flon =T 2|l + | T" 20 — T a0 ||
<l = T2l 4 (14 pn M) (1 + pn M) |2 — |
Fn® (M) + M) + pnd (M) + An,
which implies
lim |z, — T"z,| = 0. (3.30)
n—oo
Now we show that lim,, . |2, — S™2,|| = 0. This time, by way of (3.15), we have
[S5"yn = S"an| < (L4 pun M) (1 + pnM7) [lyn — 24|
Fn®d (M) + Ap) + pin® (M) + Ay
Thus we get
[zn = S"zull < lzn — S"ynll + [1S"yn — ™24
< o = S"ynll + (L4 M7) (1 + oM7) lyn — 24|
Fn® (M) + X)) + pin® (M) + Ay
Taking limit in last inequality, we obtain from (3.17) and (3.29)
lim |z, —S"z,| =0. (3.31)
n—oo

Finally, we prove

lim ||, — Sz,|| = lim ||z, — Tx,|| = lim ||x, — [z,| = 0.
n— o0 n—00 n—00
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Firstly, we have

lim [|zp41 — 2] =0
n—oo

from (3.19) and
lim |z, — ["z,|| =0
n— oo

from (3.27). Hence we get that
|20 =" lag]| < o = @acall + 201 = Iz ||

4 Hln_lmnfl _ I'n—lan

< ”xn - xnfl‘l + Hxnfl - In_lxnflu + ||xn - xnle
+1n® (|2 — 2p-1l]) + An
S (2 +,U/nM*) ||xn - $n71|| + ||xn71 - In_lxnfln

Fpind (M) + An
— 0. (3.32)
Because [ is continuous, therefore we have from (3.32)
[I"n — T || < ||I (1" ') — Tz || — 0.
Thus we obtain
len = In]l < ll2n — Il + [T + Tza]| = 0.

Also we have lim,,_, ||z, — S™x,|| = 0 from (3.31). Thus from (3.19) and (3.27),
we get that

fon =5 anll < llon = il + [t — 5]

P

< lap — @1l + Hxn,l — S”_lxn,lH + HI"_lscn — I”_lxn,lH
+ i@ (Hln_lxn — I"_lscn,1||) + A

< o — 1|l + Hxn,l — S”_lxn,lH + HI"_lscn — I”_lxn,lH
Find (M) + pn M* [T 2y — I g || + A

< lap — @1l + Hxn,l — S”_lxn,lH
F(L A+ M) [T gy — I || + pnd (M) + Ay

< o — 1|l + Hxn,l — S"_lxn,lH
T+ pn M) [|lzn — 2nall + pnd (20 = 2n-1l]) + An]
Fin® (M) + An

< l@n — -1 + H:L'n_l - S”flxn_ln
T+ pn M)z — Tn—rll + g (M)
FhnM* [|Tn — Tl + An] + pnd (M) + Ay

S oo (3.33)

Because S is continuous, therefore we have from (3.33)
|S" @, — S|l < HS (S”_lxn) — anH — 0.
Thus we obtain
|z — San|| < |xn — S™zy|| + ||S"xn — Szy|| — 0.
Similarly, in the same way we get

lim ||, — Tz,| = 0.
n— 00
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This completes the proof. O

Using this lemma, we prove the following strong convergence theorems.

Theorem 3.2. Let K be a nonempty closed convex subset of a real uniformly con-
vex Banach space X. Let T,S : K — K be two continuous totally asymptoti-
cally I-nonexpansive mappings and I : K — K be a continuous totally asymp-
totically nonexpansive mapping with sequences {u,},{\,} defined by (3.4) such
that Y07 | pn < 00, 1 A, < 00. Assume that there exist M, M* > 0 such that
d(N) < M*Xforall\ > M and F = F(S)NF(T)N F(I) # 0. Let {z,} be the
sequence as defined (3.1), where {a,,}, {0} and {vy,} are sequences in [a,1 — a]
Jorsomea € (0,1) . Ifone of S, T and I is compact, then the sequence {x,,} converges
strongly to a common fixed point of S, T and I.

Proof. Without loss of generality, let S be compact. Then there exists a subse-
quence {S"*x,,} of {S"x,} such that {S™*z,,} converges strongly to z* € K.
Thus, from (3.31), {z,,} converges strongly to z*. Using continuity of S we have
{Sme*+1y, 1} converges strongly to Sz*. On the other hand, according to (3.30)
and (3.27), we get that {T"*z,, }, {I"*x,, } converge strongly to z*. Since T and
I are continuous, the squences {T™**1x, } and {I"**!z,, } converge strongly to
Tz* and Iz*, respectively. Besides these, since ||z,+1 — &, || converges to 0; defi-
nition of S, T and I imply that ||Snk+1xn+1 — S"’““an , HT”’“Han — T”’C*lan
and ||I”’“+1:cn+1 — I"’““an converge to 0. Observe that

2" =S| < |lz¥ — znppall + ||$nk+1 - Snk+1xnk+1”
+ |8 g1 — Sy, ||+ [|S™ 1 — S ||
+|[S™ ey, — S|,
lo* = Ta* | < fla* = @upsall + [mss — Ty
+ [T w1 — Ty ||+ | T 2y = T, ||
+ |7, — T
and

lo* = Izl < e = el 4 s — I |
Ty gy — I, ||+ [T st — I |

+ ||I"’“+1xnk — Ia:*” .

Taking limit as k — oo in the last inequalities, we find z* = Sz*,z* = Tz* and
x* = Iz*. So z* € F. However, due to Lemma 2.1, the limit lim,,_, » ||z, — p|| exists,
p € F. Hence, {x,} converges strongly to z* € F. This completes the proof. U

Theorem 3.3. Let K be a nonempty closed convex subset of a real uniformly con-
vex Banach space X. Let T,S : K — K be two continuous totally asymptoti-
cally I-nonexpansive mappings, let I : K — K be a continuous totally asymp-
totically nonexpansive mapping with sequences {yu,},{\,} defined by (3.4) such
that Y07 | pn < 00, Y001 Ay < 00. Assume that there exist M, M* > 0 such that
d(AN) < M*A forall A > M and F = F(S)NF(T)NF(I) # 0. Let {z,} be the
sequence as defined (3.1), where {a,}, {8} and {v,} are sequences in [a,1 — a]
Jor some a € (0,1). If S,T and I satisfy Condition (A,), then the sequence {x,}

converges strongly to a common fixed point of S, T and I.
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Proof. By Lemma 3.4,

lim |z, — Sz,|| = lim ||z, — Tz,| = lim ||z, — Iz,] = 0.

n—oo n—r oo n—r oo

Using Condition (A/> , we get

1
lim f(d(z,F)) = nl;rrgc 3 (lx = Sz|| + ||z — Tz| + ||z — Iz]]) = 0.

n—oo

Since f is a nondecreasing function and f(0) = 0, so it follows that

lim d(z,F)=0.
n—00
Now applying the Theorem 3.1, we obtain the result. (]

Our weak convergence theorem is as follows:

Theorem 3.4. Let X be a real uniformly convex Banach space satisfying Opial’s
condition and K be a nonempty closed convex subset of X. LetT,S : K — K be
two continuous totally asymptotically I-nonexpansive mappings, let [ : K — K be a
continuous totally asymptotically nonexpansive mapping with sequences { i, } , {\n }
defined by (3.4) such that Y .~ | pin < 00, % o Ap < 0. Let E : X — X be an
identity mapping. Assume that there exist M, M* > 0 such that ¢(\) < M*\ for
alA> Mand F = F(S)NF(T)NF(I) # 0. Let {x,,} be the sequence as defined
(3.1), where {ay, }, {8} and {y,} are sequences in [a,1 — a] for some a € (0,1). If
E—- S E—T and E — I are demiclosed at zero then the sequence {x,,} converges
wealkly to a common fixed point of S,T and I.

Proof. Let p € F'. Then by Lemma 3.3, lim,,_, ||z, — p|| exists. We prove that
{z,} has a unique weak subsequential limit in F'. Since {z,} is a bounded se-
quence in a uniformly convex Banach space X, there exist two weakly convergent
subsequences {x,,} and {z,,} of {z,}. Let w; € K and wy € K be weak limits
of the subsequences {z,,} and {xnj} respectively. Since S is demiclosed with
respect to zero (by hypothesis) then we obtain Sw; = w;. Similarly, Tw; = w; and
Tw; = wy. That is, w; € F. In the same way, we can prove that wy € F'.

Next, we prove the uniqueness. For this, suppose that w; # ws. Then, by Opial’s
condition, we have

lim ||x, —wi| = lm @, —w||
n— oo 71— 00
< lim ||z, — wsl|
1— 00
= lim |z, — ws|
n—oo
= lim e, — s
J—00
< lim Hacnj — le
Jj—oo
= lim |z, —w1],
n— oo
which is a contradiction. Hence {x,} converges weakly to a point of F'. O

Remark 3.5. Since the class of totally asymptotically /-nonexpansive mappings
includes totally asymptotically nonexpansive mappings, our results improve and
extend the corresponding ones announced by Ya.l. Alber et al. [1], Mukhamedov
and Saburov [14], Chidume and Ofoedu [4, 3] and Gunduz [6]. Also our results
genaralize corresponding results given in [7, 8, 9, 19, 20].
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Remark 3.6. The iteration process (3.1) can be generalized for two finite families
of totally asymptotically I;-nonexpansive mappings {T; : j € J} and {S; : j €
J},where {I; : j € J} is a finite family of totally asymptotically nonexpansive
mappings (where J = {1,2,..., N}).
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