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ABSTRACT. Suppose that K be a nonempty closed convex subset of a real Banach space X
and T, S : K → K be two totally asymptotically I-nonexpansive mappings, where I : K →
K is a totally asymptotically nonexpansive mapping. We define the iterative sequence {xn}
by 

x0 ∈ K
xn+1 = (1− αn)xn + αnS

nyn
yn = (1− βn)xn + βnT

nzn
zn = (1− γn)xn + γnI

nxn

, n ∈ N,

where {αn} , {βn} ve {γn} are sequences in [0, 1] .Under some suitable conditions, the strong
and weak convergence theorems of {xn} to a common fixed point of S,T and I are obtained.
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1. Introduction

LetK be a nonempty subset of a real normed spaceX and T : K → K be a map-
ping. Denote by F (T ) the set of fixed points of T , that is, F (T ) = {x ∈ K : Tx = x}
and denote by F := F (T )∩F (S)∩F (I) = {x ∈ K : Tx = Sx = Ix = x}, the set of
common fixed points of the mappings S, T and I. A mapping T : K → K is called
nonexpansive if ‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ K. A mapping T : K → K
is called asymptotically nonexpansive if there exists a sequence {kn} ⊂ [1,∞),
limn→∞ kn = 1 such that

‖Tnx− Tny‖ ≤ kn ‖x− y‖ (1.1)

for all x, y ∈ K and n ≥ 1. The class of asymptotically nonexpansive mappings was
introduced by Goebel and Kirk [5] as a generalization of the class of nonexpansive
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mappings. They proved that if K is a nonempty closed bounded subset of a uni-
formly convex Banach space, then every asymptotically nonexpansive self-mapping
has a fixed point.

A mapping T : K → K is called asymptotically nonexpansive in the intermediate
sense if T is continuous and the following inequality holds:

lim sup
n→∞

sup
x,y∈K

(‖Tnx− Tny‖ − ‖x− y‖) ≤ 0.

Observe that if
an = sup (‖Tnx− Tny‖ − ‖x− y‖)

then last inequality reduces to the relation

‖Tnx− Tny‖ ≤ ‖x− y‖+ an. (1.2)

The class of mappings which are asymptotically nonexpansive in the interme-
diate sense was introduced by Bruck et al. [2]. It is known [13] that if K is a
nonempty closed convex bounded subset of a real uniformly convex Banach spaces
E and T is a self-mapping of K which is asymptotically nonexpansive in the inter-
mediate sense, then T has a fixed point.

The class of asymptotically nonexpansive mappings is an important generaliza-
tion of the class of nonexpansive mappings. Note that the class of mappings which
are asymptotically nonexpansive in the intermediate sense contains properly the
class of asymptotically nonexpansive mappings.

In 2006, Alber et al. [1] introduced a more general class of asymptotically
nonexpansive mappings called total asymptotically nonexpansive mappings. Their
aim is to unify various definitions of classes of mappings associated with the class of
asymptotically nonexpansive mappings and to prove a general convergence theorem
applicable to all these classes of nonlinear mappings.

Definition 1.1. Let K be a nonempty closed subset of a real normed linear space
X. A mapping T : K → K is called totally asymptotically nonexpansive if there
exist nonnegative real sequences {µn} , {λn} with µn, λn → 0 as n → ∞ and a
strictly increasing continuous function φ : R→ R with φ (0) = 0 such that

‖Tnx− Tny‖ ≤ ‖x− y‖+ µnφ (‖x− y‖) + λn, for all x, y ∈ K, n ≥ 1. (1.3)

Remark 1.2. If φ (λ) = λ, then (1.3) reduces to ‖Tnx− Tny‖ ≤ (1 + µn) ‖x− y‖+
λn, n ≥ 1. If φ (λ) = λ and λn = 0 for all n ≥ 1, then total asymptotically nonexpan-
sive mappings coincide with asymptotically nonexpansive mappings. In addition, if
µn = 0 and λn = 0 for all n ≥ 1, then total asymptotically nonexpansive mappings
becomes nonexpansive mappings. If µn = 0 and λn = σn = max {0, an}, where
an = sup (‖Tnx− Tny‖ − ‖x− y‖) for all n ≥ 1, then (1.3) reduces to (1.2) which
has been studied as mappings asymptotically nonexpansive in the intermediate
sense.

The strong convergence theorems for iterative processes of finite family of to-
tal asymptotically nonexpansive mappings in Banach spaces have been studied
by Chidume and Ofoedu [3, 4]. Also, Hu and Yang [11] obtained strong conver-
gence theorems for three nonself total asymptotically nonexpansive mappings in
real Banach spaces. In addition to these works, Hao [10] studied weak and strong
convergence theorems in real Hilbert space.

On the other hand, in [17] an asymptotically I-nonexpansive mapping was
introduced. Namely, let T, I : K → K be two mappings of a nonempty sub-
set K of a real normed linear space X. Then T is said to be asymptotically
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I-nonexpansive if there exists a sequence {λn} with limn→∞ λn = 1 such that
‖Tnx− Tny‖ ≤ λn ‖Inx− Iny‖ for all x, y ∈ K and n ≥ 1.

Recently, Mukhamedov and Saburov [14] introduced the folowing iteration pro-
cess for common fixed points of totally asymptotically I-nonexpansive mappings in
Banach spaces. For arbitrarily chosen x0 ∈ K, {xn} is define as follows:{

xn+1 = (1− αn)xn + αnT
nyn

yn = (1− βn)xn + βnI
nxn

, (1.4)

where {αn} and {βn} are sequences in [0, 1] . And they gave the following definition
for totally asymptotically I-nonexpansive mappings.

Definition 1.3. Let T, I : K → K be two mappings of a nonempty subset K of
a real normed linear space X. A mapping T : K → K is called totally asymptot-
ically I−nonexpansive if there exist nonnegative real sequences {µn} , {λn} with
µn, λn → 0 as n→∞ and a strictly increasing continuous function φ : R→ R with
φ (0) = 0 such that for all x, y ∈ K,

‖Tnx− Tny‖ ≤ ‖Inx− Iny‖+ µnφ (‖Inx− Iny‖) + λn, n ≥ 1. (1.5)

Note that (1.5) reduces to (1.3) when I = Id (Id is the identity mapping). If
φ (λ) = λ, then one gets ‖Tnx− Tny‖ ≤ (1 + µn) ‖Inx− Iny‖ + λn, which is a
generalization of the asymptotically I-nonexpansive mapping. If φ (λ) = λ and λn =
0 for all n ≥ 1, then total asymptotically I-nonexpansive mappings coincide with
asymptotically I-nonexpansive mappings.

In this paper, we construct an explicit iterative sequence for the approximation
of common fixed points of two total asymptotically I-nonexpansive mappings and
a total asymptotically nonexpansive mapping in Banach spaces.

2. Preliminary

For the sake of convenience, we restate the following concepts.
A Banach space X is said to satisfy Opial’s condition if, for any sequence {xn}

in X, xn ⇀ x implies that

lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

‖xn − y‖

for all y ∈ X with y 6= x, where xn ⇀ x means that {xn} converges weakly to x. It
is well know from that all Hilbert spaces and all lp spaces for 1 < p <∞ have this
property. However, the Lp spaces do not have this property unless p = 2.

Let K be a nonempty closed subset of a real Banach space X and T : K → K
a mapping. The mapping T said to be demiclosed at zero if Tx0 = 0 whenever
{xn} ⊂ K,xn → x and Txn → 0.

Recall that the mapping T : K → K with F (T ) 6= ∅ is said to satisfy condition
(A) [15] if there is a nondecreasing function f : [0,∞) → [0,∞) with f (0) = 0,
f (t) > 0 for all t ∈ (0,∞) such that ‖x− Tx‖ ≥ f (d (x, F (T ))) for all x ∈ K,
where d (x, F (T )) = inf {‖x− p‖ : p ∈ F (T )}.

We can modify the condition (A) for our case as follows:
Let S, T : K → K be two totally asymptotically I−nonexpansive mappings and

I : K → K be totally asymptotically nonexpansive mapping. Then S, T and I are
said to satisfy condition (A′) if there is a nondecreasing function f : [0,∞)→ [0,∞)
with f (0) = 0, f (t) > 0 for all t ∈ (0,∞) such that

1

3
(‖x− Sx‖+ ‖x− Tx‖+ ‖x− Ix‖) ≥ f (d (x, F ))
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for all x ∈ K. This condition is a generalization of condition of Khan and Fukharud-
din [12] from two mappings to three mappings.

Next, we state the following useful lemmas.

Lemma 2.1. [18] Let {an}, {bn} and {cn} are three sequences of nonnegative real
numbers such that

an+1 ≤ (1 + bn) an + cn, n ≥ 1.

Suppose that
∑∞

n=1 bn <∞ and
∑∞

n=1 cn <∞. Then {an} is bounded and lim
n→∞

an
exists.

Lemma 2.2. [16] Let X be a uniformly convex Banach space and let {tn} be a
sequence in [a, b] for some a, b ∈ (0, 1). Suppose that {xn} and {yn} are sequences
of X such that

lim sup
n→∞

‖xn‖ ≤ d, lim sup
n→∞

‖yn‖ ≤ d and lim
n→∞

‖(1− tn)xn + tnyn‖ = d

hold for some d ≥ 0. Then limn→∞ ‖xn − yn‖ = 0.

3. Main Results

Now, we introduce an iteration process which can be viewed as an extension for
totally asymptotically I-nonexpansive mappings of iteration process of Mukhame-
dov and Saburov [14].

Let K be a nonempty closed convex subset of a real Banach space X. Let
T, S : K → K be two totally asymptotically I-nonexpansive mappings, where
I : K → K is a totally asymptotically nonexpansive mapping. We define the
iterative sequence {xn} by

x0 ∈ K
xn+1 = (1− αn)xn + αnS

nyn
yn = (1− βn)xn + βnT

nzn
zn = (1− γn)xn + γnI

nxn

, n ∈ N, (3.1)

where {αn} , {βn} and {γn} are sequences in [0, 1] .

Remark 3.1. i. If I = Id (Id is the identity mapping), then (3.1) reduces
to the modified Ishikawa iterative scheme for two totally asymptotically
nonexpansive mappings as follow. x0 ∈ K

xn+1 = (1− αn)xn + αnS
nyn

yn = (1− βn)xn + βnT
nxn

, n ∈ N, (3.2)

where I : K → K is a totally asymptotically nonexpansive mapping, {αn}
and {βn} are sequences in [0, 1] .

ii. If I = Id (Id is the identity mapping) and βn = 0 for all n ≥ 1, then (3.1)
reduces to the modified Mann iterative scheme for one total asymptotically
nonexpansive mappings as follow.{

x0 ∈ K
xn+1 = (1− αn)xn + αnS

nxn
, n ∈ N, (3.3)

where I : K → K is a totally asymptotically nonexpansive mapping and
{αn} is sequence in [0, 1] .

iii. We remark that the iteration process (3.1) is more general than the iteration
process (1.4), (3.2) and (3.3), and includes the process (3.2) and (3.3) as
special cases.
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Lemma 3.2. LetK be a nonempty subset of a real Banach spaceX. Let T, S : K →
K be two totally asymptotically I-nonexpansive mappings and let I : K → K be
a totally asymptotically nonexpansive mapping. Then there exist nonnegative real
sequences {µn} , {λn}with µn, λn → 0 as n→∞ and strictly increasing continuous
function φ : R→ R with φ (0) = 0 such that for all x, y ∈ K,

‖Inx− Iny‖ ≤ ‖x− y‖+ µnφ (‖x− y‖) + λn,

‖Tnx− Tny‖ ≤ ‖Inx− Iny‖+ µnφ (‖Inx− Iny‖) + λn, (3.4)
‖Snx− Sny‖ ≤ ‖Inx− Iny‖+ µnφ (‖Inx− Iny‖) + λn, n ≥ 1.

Proof. Since T, S : K → K are totally asymptotically I-nonexpansive mappings
and I : K → K is a totally asymptotically nonexpansive mapping, then there ex-
ist nonnegative real sequences {µ′n}, {λ

′

n}, {µ
′′

n}, {λ
′′

n} and {µ̃n} , {λ̃n}, n ≥ 1 with
µ
′

n, λ
′

n, µ
′′

n, λ
′′

n, µ̃n, λ̃n → 0 (n→∞) and there exist strictly increasing continuous
functions φ1, φ2, φ3 : R+ → R+ with φ1 (0) = φ2 (0) = φ3 (0) = 0 such that for all
x, y ∈ K,

‖Inx− Iny‖ ≤ ‖x− y‖+ µ̃nφ1 (‖x− y‖) + λ̃n,

‖Tnx− Tny‖ ≤ ‖Inx− Iny‖+ µ
′

nφ2 (‖Inx− Iny‖) + λ
′

n,

‖Snx− Sny‖ ≤ ‖Inx− Iny‖+ µ
′′

nφ3 (‖Inx− Iny‖) + λ
′′

n, n ≥ 1.

Setting

µn = max{µ
′

n, µ
′′

n, µ̃}, λn = max{λ
′

n, λ
′′

n, λ̃n},
φ(a) = max{φ1(a), φ2(a), φ3(a)} for a ≥ 0,

then we obtain that there exist nonnegative real sequences {µn} and {λn} with
µn, λn → 0 as n → ∞ and strictly increasing continuous function φ : R → R with
φ (0) = 0 such that for all x, y ∈ K,

‖Inx− Iny‖ ≤ ‖x− y‖+ µnφ (‖x− y‖) + λn,

‖Tnx− Tny‖ ≤ ‖Inx− Iny‖+ µnφ (‖Inx− Iny‖) + λn,

‖Snx− Sny‖ ≤ ‖Inx− Iny‖+ µnφ (‖Inx− Iny‖) + λn, n ≥ 1.

This completes the proof. �

Before proving our main results, throughout this paper we take mappings S, T
and I as in (3.4).

Lemma 3.3. Let K be a nonempty closed convex subset of a real Banach space
X. Let T, S : K → K be two totally asymptotically I-nonexpansive mappings
and I : K → K be a totally asymptotically nonexpansive mapping with sequences
{µn} , {λn} defined by (3.4) such that

∑∞
n=1 µn < ∞,

∑∞
n=1 λn < ∞. Assume that

there exist M,M∗ > 0 such that φ(λ) ≤ M∗λ for all λ ≥ M . Let {xn} be the
sequence as defined (3.1). If F = F (S) ∩ F (T ) ∩ F (I) 6= ∅, then {xn} is bounded
and limn→∞ ‖xn − p‖ exists for each p ∈ F = F (S) ∩ F (T ) ∩ F (I).

Proof. Let p ∈ F. It follows from (3.1) and (3.4) that

‖zn − p‖ = ‖(1− γn)(xn − p) + γn(I
nxn − p)‖

≤ (1− γn) ‖xn − p‖+ γn ‖Inxn − p‖
≤ (1− γn) ‖xn − p‖+ γn [‖xn − p‖+ µnφ (‖xn − p‖) + λn]

≤ ‖xn − p‖+ γnµnφ (‖xn − p‖) + λn. (3.5)
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Note that φ is an increasing function, it follows that φ (λ) ≤ φ (M) whenever λ ≤M
and (by hypothesis) φ (λ) ≤M∗λ if λ ≥M . In either case, we have

φ (λ) ≤ φ (M) +M∗λ (3.6)

for some M,M∗ ≥ 0. Thus, from (3.5) and (3.6), we have

‖zn − p‖ ≤ ‖xn − p‖+ γnµn [φ (M) +M∗ ‖xn − p‖] + λn

≤ (1 +M∗µn) ‖xn − p‖+Q1 (µn + λn) (3.7)

for some constant Q1 > 0. Similarly, from (3.7) we have

‖yn − p‖ = ‖(1− βn)(xn − p) + βn(T
nzn − p)‖

≤ (1− βn) ‖xn − p‖+ βn ‖Tnzn − p‖
≤ (1− βn) ‖xn − p‖+ βn[‖Inzn − p‖+ µnφ (‖Inzn − p‖) + λn]

≤ (1− βn) ‖xn − p‖+ βn[‖Inzn − p‖+ µnφ (M)

+µnM
∗ ‖Inzn − p‖+ λn]

≤ (1− βn) ‖xn − p‖+ βn[(1 + µnM
∗) ‖Inzn − p‖+ µnφ (M) + λn]

≤ (1− βn) ‖xn − p‖+ βn[(1 + µnM
∗) (‖zn − p‖

+µnφ (‖zn − p‖) + λn) + µnφ (M) + λn]

≤ (1− βn) ‖xn − p‖+ βn[(1 + µnM
∗) (‖zn − p‖+ µnφ (M)

+µnM
∗ ‖zn − p‖+ λn) + µnφ (M) + λn]

≤ (1− βn) ‖xn − p‖+ βn[(1 + µnM
∗) ((1 + µnM

∗) ‖zn − p‖
+µnφ (M) + λn) + µnφ (M) + λn]

≤ (1− βn) ‖xn − p‖
+βn[(1 + µnM

∗) ((1 + µnM
∗) (1 +M∗µn) ‖xn − p‖

+(1 +M∗µn)Q1 (µn + λn) + µnφ (M) + λn) + µnφ (M) + λn]

≤ ‖xn − p‖+ (3 (µnM
∗)

2
+ 3µnM

∗ + (µnM
∗)

3
) ‖xn − p‖

+(1 +M∗µn)
2
Q1 (µn + λn) + (1 +M∗µn) (µnφ (M) + λn)

+µnφ (M) + λn

≤ (1 +M2µn) ‖xn − p‖+Q2 (µn + λn) (3.8)

for some constants M2, Q2 > 0. Hence, it follows from (3.6) and (3.8) that

‖xn+1 − p‖ = ‖(1− αn)(xn − p) + αn(S
nyn − p)‖

≤ (1− αn) ‖xn − p‖+ αn ‖Snyn − p‖
≤ (1− αn) ‖xn − p‖+ αn[‖Inyn − p‖+ µnφ (‖Inyn − p‖) + λn]

≤ (1− αn) ‖xn − p‖+ αn[‖Inyn − p‖+ µnφ (M)

+µnM
∗ ‖Inyn − p‖+ λn]

≤ (1− αn) ‖xn − p‖+ αn[(1 + µnM
∗) ‖Inyn − p‖+ µnφ (M) + λn]

≤ (1− αn) ‖xn − p‖+ αn[(1 + µnM
∗) (‖yn − p‖

+µnφ (‖yn − p‖) + λn) + µnφ (M) + λn]

≤ (1− αn) ‖xn − p‖+ αn[(1 + µnM
∗) (‖yn − p‖+ µnφ (M)

+µnM
∗ ‖yn − p‖+ λn) + µnφ (M) + λn]

≤ (1− αn) ‖xn − p‖+ αn[(1 + µnM
∗) ((1 + µnM

∗) ‖yn − p‖
+µnφ (M) + λn) + µnφ (M) + λn]

≤ (1− αn) ‖xn − p‖
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+αn[(1 + µnM
∗) ((1 + µnM

∗) (1 +M2µn) ‖xn − p‖
+(1 +M∗µn)Q2 (µn + λn) + µnφ (M) + λn) + µnφ (M) + λn]

≤
(
1 + (M2 + 2M∗)µn +

(
2M∗M2 + (M∗)2

)
µ2
n

+M2(M
∗)2µ3

n

)
‖xn − p‖+M2(M

∗)2µ3
n ‖xn − p‖

+(1 +M∗µn)
2
Q2 (µn + λn)

+ (1 +M∗µn) (µnφ (M) + λn) + µnφ (M) + λn

≤ (1 +M3µn) ‖xn − p‖+Q3 (µn + λn) (3.9)

for some constants M3, Q3 > 0. Since
∑∞

n=1 µn < ∞,
∑∞

n=1 λn < ∞, by Lemma
2.1, we get limn→∞ ‖xn − p‖ exists. This completes the proof. �

Theorem 3.1. Let K be a nonempty closed subset of a real Banach space X. Let
T, S : K → K be two continuous totally asymptotically I-nonexpansive mappings
and I : K → K be a continuous totally asymptotically nonexpansive mapping with
sequences {µn} , {λn} defined by (3.4) such that

∑∞
n=1 µn < ∞,

∑∞
n=1 λn < ∞.

Assume that there exist M,M∗ > 0 such that φ(λ) ≤ M∗λ for all λ ≥ M. Let
{xn} be the sequence as defined (3.1) and F = F (S) ∩ F (T ) ∩ F (I) 6= ∅. Then the
sequence {xn} converges strongly to a common fixed point of S, T and I if and only
if lim infn→∞ d (xn, F ) = 0, where d (xn, F ) = infp∈F ‖xn − p‖ , n ≥ 1.

Proof. The necessity of the conditions is obvious. Thus, we need only prove the
sufficiency. Since S, T and I are continuous mappings, F (T ) , F (S) and F (I) are
closed. Hence F = F (S) ∩ F (T ) ∩ F (I) is a nonempty closed set.

For any given p ∈ F, we have from (3.9)

‖xn+1 − p‖ ≤ (1 +M3µn) ‖xn − p‖+Q3 (µn + λn)

which gives

d (xn+1, F ) ≤ (1 +M3µn) d (xn, F ) +Q3 (µn + λn) . (3.10)

Now applying Lemma 2.1 to (3.10), we get the existence of the limit limn→∞ d (xn, F ) .
But by hypothesis lim infn→∞ d (xn, F ) = 0, thus we have limn→∞ d(xn, F ) = 0.

Next we show that {xn} is a Cauchy sequence in X. As 1+ t ≤ exp (t) for all t > 0,
from (3.9), we obtain

‖xn+1 − p‖ ≤ exp (M3µn) (‖xn − p‖+Q3 (µn + λn)) . (3.11)

Thus, for any given m,n, iterating (3.11), we obtain

‖xn+m − p‖ ≤ exp (M3µn+m−1) (‖xn+m−1 − p‖+Q3 (µn+m−1 + λn+m−1))

...

≤ exp(

n+m−1∑
i=n

M3µi)

(
‖xn − p‖+

n+m−1∑
i=n

Q3 (µi + λi)

)

≤ exp(

∞∑
i=n

M3µi)

(
‖xn − p‖+

∞∑
i=n

Q3 (µi + λi)

)
.

Therefore,

‖xn+m − xn‖ ≤ ‖xn+m − p‖+ ‖xn − p‖

≤

[
1 +

(
exp(

∞∑
i=n

M3µi)

)]
‖xn − p‖
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+exp(

∞∑
i=n

M3µi)

( ∞∑
i=n

Q3 (µi + λi)

)
.

This imply that

‖xn+m − xn‖ ≤ D ‖xn − p‖+D

( ∞∑
i=n

(µi + λi)

)
(3.12)

for same constant D > 0. Taking infimum over p ∈ F in (3.12) gives

‖xn+m − xn‖ ≤ Dd (xn, F ) +D

( ∞∑
i=n

(µi + λi)

)
.

Now, since limn→∞ d (xn, F ) = 0 and
∑∞

i=n (µi + λi) <∞, given ε > 0, there exists
an integer N1 > 0 such that for all n ≥ N1, d (xn, F ) < ε/2D and

∑∞
i=n (µi + λi) <

ε/2D. Consequently, from last inequality we have ‖xn+m − xn‖ < ε, which means
that {xn} is a Cauchy sequence in X, and completeness of X yield the existence of
x∗ ∈ X such that xn → x∗. We now show that x∗ ∈ F. Suppose that x∗ /∈ F. Since
F closed subset of X, we have that d (x∗, F ) > 0. But, for all p ∈ F, we have

‖x∗ − p‖ ≤ ‖x∗ − xn‖+ ‖xn − p‖ .
This implies

d (x∗, F ) ≤ ‖x∗ − xn‖+ d (xn, F ) ,

so we obtain d (x∗, F ) = 0 as n→∞, which contradicts d (x∗, F ) > 0. Hence, x∗ is
a common fixed point of T, S and I. This completes the proof. �

Lemma 3.4. Let K be a nonempty closed convex subset of a real uniformly con-
vex Banach space X. Let T, S : K → K be two continuous totally asymptoti-
cally I-nonexpansive mappings and I : K → K be a continuous totally asymp-
totically nonexpansive mapping with sequences {µn} , {λn} defined by (3.4) such
that

∑∞
n=1 µn < ∞,

∑∞
n=1 λn < ∞. Assume that there exist M,M∗ > 0 such that

φ(λ) ≤ M∗λ for all λ ≥ M and F = F (S) ∩ F (T ) ∩ F (I) 6= ∅. Let {xn} be the
sequence as defined (3.1), where {αn} , {βn} and {γn} are sequences in [a, 1− a]
for some a ∈ (0, 1) . Then

lim
n→∞

‖xn − Snxn‖ = lim
n→∞

‖xn − Tnxn‖ = lim
n→∞

‖xn − Inxn‖ = 0

and
lim
n→∞

‖xn − Sxn‖ = lim
n→∞

‖xn − Txn‖ = lim
n→∞

‖xn − Ixn‖ = 0.

Proof. Let p ∈ F. Then by Lemma 3.3, we have

lim
n→∞

‖xn − p‖ = d. (3.13)

It follows from (3.1) that

‖xn+1 − p‖ = ‖(1− αn)(xn − p) + αn(S
nyn − p)‖ → d, (n→∞). (3.14)

From (3.4) and (3.6), we obtain

‖Snyn − p‖ ≤ ‖Inyn − p‖+ µnφ (‖Inyn − p‖) + λn

≤ ‖Inyn − p‖+ µnφ (M) + µnM
∗ ‖Inyn − p‖+ λn

≤ (1 + µnM
∗) ‖Inyn − p‖+ µnφ (M) + λn

≤ (1 + µnM
∗) (‖yn − p‖+ µnφ (‖yn − p‖) + λn) + µnφ (M) + λn

≤ (1 + µnM
∗) (‖yn − p‖+ µnφ (M) + µnM

∗ ‖yn − p‖+ λn)

+µnφ (M) + λn
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≤ (1 + µnM
∗) ((1 + µnM

∗) ‖yn − p‖+ µnφ (M) + λn)

+µnφ (M) + λn. (3.15)

Because of
∑∞

n=1 µn <∞,
∑∞

n=1 λn <∞, we have

lim sup
n→∞

‖Snyn − p‖ ≤ lim sup
n→∞

‖yn − p‖

and from (3.8)

lim sup
n→∞

‖Snyn − p‖ ≤ lim sup
n→∞

(1 +M2µn) ‖xn − p‖+Q2 (µn + λn) = d. (3.16)

Using (3.13),(3.16) and applying Lemma 2.2 to (3.14), we get

lim
n→∞

‖xn − Snyn‖ = 0. (3.17)

Also from (3.15), we have

‖xn − p‖ ≤ ‖xn − Snyn‖+ ‖Snyn − p‖
≤ ‖xn − Snyn‖+ (1 + µnM

∗) ((1 + µnM
∗) ‖yn − p‖

+µnφ (M) + λn) + µnφ (M) + λn

which implies d ≤ limn→∞ ‖yn − p‖ and from (3.8), we have limn→∞ ‖yn − p‖ ≤ d.
Thus we obtain

lim
n→∞

‖yn − p‖ = d. (3.18)

On the other hand note that

lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

αn ‖xn − Snyn‖ = 0. (3.19)

It follows from (3.18) that

‖yn − p‖ = ‖(1− βn)(xn − p) + βn(T
nzn − p)‖ → d, n→∞. (3.20)

From (3.4) and (3.6), we obtain

‖Tnzn − p‖ ≤ ‖Inzn − p‖+ µnφ (‖Inzn − p‖) + λn

≤ ‖Inzn − p‖+ µnφ (M) + µnM
∗ ‖Inzn − p‖+ λn

≤ (1 + µnM
∗) ‖Inzn − p‖+ µnφ (M) + λn

≤ (1 + µnM
∗) (‖zn − p‖+ µnφ (‖zn − p‖) + λn) + µnφ (M) + λn

≤ (1 + µnM
∗) (‖zn − p‖+ µnφ (M) + µnM

∗ ‖zn − p‖+ λn)

+µnφ (M) + λn

≤ (1 + µnM
∗) ((1 + µnM

∗) ‖zn − p‖+ µnφ (M) + λn)

+µnφ (M) + λn. (3.21)

Therefore,
lim sup

n→∞
‖Tnzn − p‖ ≤ lim sup

n→∞
‖zn − p‖

and from (3.7), we have

lim sup
n→∞

‖Tnzn − p‖ ≤ lim sup
n→∞

(1 +M∗µn) ‖xn − p‖+Q1 (µn + λn) = d. (3.22)

Using (3.13), (3.22) and applying Lemma 2.2 to (3.20), we get

lim
n→∞

‖xn − Tnzn‖ = 0. (3.23)

Also from (3.21), we have

‖xn − p‖ ≤ ‖xn − Tnzn‖+ ‖Tnzn − p‖
≤ ‖xn − Tnzn‖+ (1 + µnM

∗) ((1 + µnM
∗) ‖zn − p‖

+µnφ (M) + λn) + µnφ (M) + λn,
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which implies d ≤ limn→∞ ‖zn − p‖ and from (3.7) we have limn→∞ ‖zn − p‖ ≤ d.
This gives

lim
n→∞

‖zn − p‖ = d. (3.24)

As above, from (3.1) one can see that

‖zn − p‖ = ‖(1− γn)(xn − p) + γn(I
nxn − p)‖ → d, (3.25)

as n→∞. Besides this, we have

‖Inxn − p‖ ≤ ‖xn − p‖+ µnφ (‖xn − p‖) + λn

≤ (1 +M∗µn) ‖xn − p‖+ µnφ (M) + λn.

Taking limit as n→∞ in last inequality, we obtain

lim sup
n→∞

‖Inxn − p‖ ≤ d. (3.26)

Hence from (3.13), (3.26) and (3.25), we get

lim
n→∞

‖xn − Inxn‖ = 0. (3.27)

Meanwhile, note that from (3.27)

‖zn − xn‖ = ‖(1− γn)(xn − p) + γn(I
nxn − p)− xn‖

= γn ‖xn − Inxn‖ = 0. (3.28)

and from (3.23)

‖yn − xn‖ = ‖(1− βn)(xn − p) + βn(T
nzn − p)− xn‖

= βn ‖xn − Tnzn‖ = 0. (3.29)

Now we show that limn→∞ ‖xn − Tnxn‖ = 0. By way of (3.21), we have

‖Tnzn − Tnxn‖ ≤ (1 + µnM
∗) ((1 + µnM

∗) ‖zn − xn‖
+µnφ (M) + λn) + µnφ (M) + λn.

Thus we get

‖xn − Tnxn‖ ≤ ‖xn − Tnzn‖+ ‖Tnzn − Tnxn‖
≤ ‖xn − Tnzn‖+ (1 + µnM

∗) ((1 + µnM
∗) ‖zn − xn‖

+µnφ (M) + λn) + µnφ (M) + λn,

which implies
lim
n→∞

‖xn − Tnxn‖ = 0. (3.30)

Now we show that limn→∞ ‖xn − Snxn‖ = 0. This time, by way of (3.15), we have

‖Snyn − Snxn‖ ≤ (1 + µnM
∗) ((1 + µnM

∗) ‖yn − xn‖
+µnφ (M) + λn) + µnφ (M) + λn.

Thus we get

‖xn − Snxn‖ ≤ ‖xn − Snyn‖+ ‖Snyn − Snxn‖
≤ ‖xn − Snyn‖+ (1 + µnM

∗) ((1 + µnM
∗) ‖yn − xn‖

+µnφ (M) + λn) + µnφ (M) + λn.

Taking limit in last inequality, we obtain from (3.17) and (3.29)

lim
n→∞

‖xn − Snxn‖ = 0. (3.31)

Finally, we prove

lim
n→∞

‖xn − Sxn‖ = lim
n→∞

‖xn − Txn‖ = lim
n→∞

‖xn − Ixn‖ = 0.
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Firstly, we have
lim
n→∞

‖xn+1 − xn‖ = 0

from (3.19) and
lim
n→∞

‖xn − Inxn‖ = 0

from (3.27). Hence we get that∥∥xn − In−1xn∥∥ ≤ ‖xn − xn−1‖+
∥∥xn−1 − In−1xn−1∥∥

+
∥∥In−1xn−1 − In−1xn∥∥

≤ ‖xn − xn−1‖+
∥∥xn−1 − In−1xn−1∥∥+ ‖xn − xn−1‖

+µnφ (‖xn − xn−1‖) + λn

≤ (2 + µnM
∗) ‖xn − xn−1‖+

∥∥xn−1 − In−1xn−1∥∥
+µnφ (M) + λn

→ 0. (3.32)

Because I is continuous, therefore we have from (3.32)

‖Inxn − Ixn‖ ≤
∥∥I (In−1xn)− Ixn∥∥→ 0.

Thus we obtain

‖xn − Ixn‖ ≤ ‖xn − Inxn‖+ ‖Inxn + Ixn‖ → 0.

Also we have limn→∞ ‖xn − Snxn‖ = 0 from (3.31). Thus from (3.19) and (3.27),
we get that∥∥xn − Sn−1xn

∥∥ ≤ ‖xn − xn−1‖+
∥∥xn−1 − Sn−1xn−1

∥∥
+
∥∥Sn−1xn−1 − Sn−1xn

∥∥
≤ ‖xn − xn−1‖+

∥∥xn−1 − Sn−1xn−1
∥∥+ ∥∥In−1xn − In−1xn−1∥∥

+µnφ
(∥∥In−1xn − In−1xn−1∥∥)+ λn

≤ ‖xn − xn−1‖+
∥∥xn−1 − Sn−1xn−1

∥∥+ ∥∥In−1xn − In−1xn−1∥∥
+µnφ (M) + µnM

∗ ∥∥In−1xn − In−1xn−1∥∥+ λn

≤ ‖xn − xn−1‖+
∥∥xn−1 − Sn−1xn−1

∥∥
+(1 + µnM

∗)
∥∥In−1xn − In−1xn−1∥∥+ µnφ (M) + λn

≤ ‖xn − xn−1‖+
∥∥xn−1 − Sn−1xn−1

∥∥
+(1 + µnM

∗)[‖xn − xn−1‖+ µnφ (‖xn − xn−1‖) + λn]

+µnφ (M) + λn

≤ ‖xn − xn−1‖+
∥∥xn−1 − Sn−1xn−1

∥∥
+(1 + µnM

∗)[‖xn − xn−1‖+ µnφ (M)

+µnM
∗ ‖xn − xn−1‖+ λn] + µnφ (M) + λn

→ 0. (3.33)

Because S is continuous, therefore we have from (3.33)

‖Snxn − Sxn‖ ≤
∥∥S (Sn−1xn

)
− Sxn

∥∥→ 0.

Thus we obtain

‖xn − Sxn‖ ≤ ‖xn − Snxn‖+ ‖Snxn − Sxn‖ → 0.

Similarly, in the same way we get

lim
n→∞

‖xn − Txn‖ = 0.
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This completes the proof. �

Using this lemma, we prove the following strong convergence theorems.

Theorem 3.2. Let K be a nonempty closed convex subset of a real uniformly con-
vex Banach space X. Let T, S : K → K be two continuous totally asymptoti-
cally I-nonexpansive mappings and I : K → K be a continuous totally asymp-
totically nonexpansive mapping with sequences {µn} , {λn} defined by (3.4) such
that

∑∞
n=1 µn < ∞,

∑∞
n=1 λn < ∞. Assume that there exist M,M∗ > 0 such that

φ(λ) ≤ M∗λ for all λ ≥ M and F = F (S) ∩ F (T ) ∩ F (I) 6= ∅. Let {xn} be the
sequence as defined (3.1), where {αn} , {βn} and {γn} are sequences in [a, 1− a]
for some a ∈ (0, 1) . If one of S, T and I is compact, then the sequence {xn} converges
strongly to a common fixed point of S, T and I.

Proof. Without loss of generality, let S be compact. Then there exists a subse-
quence {Snkxnk

} of {Snxn} such that {Snkxnk
} converges strongly to x∗ ∈ K.

Thus, from (3.31), {xnk
} converges strongly to x∗. Using continuity of S we have

{Snk+1xnk+1} converges strongly to Sx∗. On the other hand, according to (3.30)
and (3.27), we get that {Tnkxnk

}, {Inkxnk
} converge strongly to x∗. Since T and

I are continuous, the squences {Tnk+1xnk
} and {Ink+1xnk

} converge strongly to
Tx∗ and Ix∗, respectively. Besides these, since ‖xn+1 − xn‖ converges to 0; defi-
nition of S, T and I imply that

∥∥Snk+1xn+1 − Snk+1xn
∥∥ ,∥∥Tnk+1xn+1 − Tnk+1xn

∥∥
and

∥∥Ink+1xn+1 − Ink+1xn
∥∥ converge to 0. Observe that

‖x∗ − Sx∗‖ ≤ ‖x∗ − xnk+1‖+
∥∥xnk+1 − Snk+1xnk+1

∥∥
+
∥∥Snk+1xnk+1 − Snk+1xnk

∥∥+ ∥∥Snk+1xnk+1 − Snk+1xnk

∥∥
+
∥∥Snk+1xnk

− Sx∗
∥∥ ,

‖x∗ − Tx∗‖ ≤ ‖x∗ − xnk+1‖+
∥∥xnk+1 − Tnk+1xnk+1

∥∥
+
∥∥Tnk+1xnk+1 − Tnk+1xnk

∥∥+ ∥∥Tnk+1xnk+1 − Tnk+1xnk

∥∥
+
∥∥Tnk+1xnk

− Tx∗
∥∥

and

‖x∗ − Ix∗‖ ≤ ‖x∗ − xnk+1‖+
∥∥xnk+1 − Ink+1xnk+1

∥∥
+
∥∥Ink+1xnk+1 − Ink+1xnk

∥∥+ ∥∥Ink+1xnk+1 − Ink+1xnk

∥∥
+
∥∥Ink+1xnk

− Ix∗
∥∥ .

Taking limit as k → ∞ in the last inequalities, we find x∗ = Sx∗, x∗ = Tx∗ and
x∗ = Ix∗. So x∗ ∈ F.However, due to Lemma 2.1, the limit limn→∞ ‖xn − p‖ exists,
p ∈ F. Hence, {xn} converges strongly to x∗ ∈ F. This completes the proof. �

Theorem 3.3. Let K be a nonempty closed convex subset of a real uniformly con-
vex Banach space X. Let T, S : K → K be two continuous totally asymptoti-
cally I-nonexpansive mappings, let I : K → K be a continuous totally asymp-
totically nonexpansive mapping with sequences {µn} , {λn} defined by (3.4) such
that

∑∞
n=1 µn < ∞,

∑∞
n=1 λn < ∞. Assume that there exist M,M∗ > 0 such that

φ(λ) ≤ M∗λ for all λ ≥ M and F = F (S) ∩ F (T ) ∩ F (I) 6= ∅. Let {xn} be the
sequence as defined (3.1), where {αn} , {βn} and {γn} are sequences in [a, 1− a]
for some a ∈ (0, 1) . If S, T and I satisfy Condition

(
A
′
)

, then the sequence {xn}
converges strongly to a common fixed point of S, T and I.
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Proof. By Lemma 3.4,

lim
n→∞

‖xn − Sxn‖ = lim
n→∞

‖xn − Txn‖ = lim
n→∞

‖xn − Ixn‖ = 0.

Using Condition
(
A
′
)
, we get

lim
n→∞

f (d (x, F )) = lim
n→∞

1

3
(‖x− Sx‖+ ‖x− Tx‖+ ‖x− Ix‖) = 0.

Since f is a nondecreasing function and f(0) = 0, so it follows that

lim
n→∞

d (x, F ) = 0.

Now applying the Theorem 3.1, we obtain the result. �

Our weak convergence theorem is as follows:

Theorem 3.4. Let X be a real uniformly convex Banach space satisfying Opial’s
condition and K be a nonempty closed convex subset of X. Let T, S : K → K be
two continuous totally asymptotically I-nonexpansive mappings, let I : K → K be a
continuous totally asymptotically nonexpansive mapping with sequences {µn} , {λn}
defined by (3.4) such that

∑∞
n=1 µn < ∞,

∑∞
n=1 λn < ∞. Let E : X → X be an

identity mapping. Assume that there exist M,M∗ > 0 such that φ(λ) ≤ M∗λ for
all λ ≥ M and F = F (S) ∩ F (T ) ∩ F (I) 6= ∅. Let {xn} be the sequence as defined
(3.1), where {αn} , {βn} and {γn} are sequences in [a, 1− a] for some a ∈ (0, 1) . If
E − S,E − T and E − I are demiclosed at zero then the sequence {xn} converges
weakly to a common fixed point of S, T and I.

Proof. Let p ∈ F . Then by Lemma 3.3, limn→∞ ‖xn − p‖ exists. We prove that
{xn} has a unique weak subsequential limit in F . Since {xn} is a bounded se-
quence in a uniformly convex Banach space X, there exist two weakly convergent
subsequences {xni

} and
{
xnj

}
of {xn}. Let w1 ∈ K and w2 ∈ K be weak limits

of the subsequences {xni} and
{
xnj

}
, respectively. Since S is demiclosed with

respect to zero (by hypothesis) then we obtain Sw1 = w1. Similarly, Tw1 = w1 and
Iw1 = w1. That is, w1 ∈ F . In the same way, we can prove that w2 ∈ F .

Next, we prove the uniqueness. For this, suppose that w1 6= w2. Then, by Opial’s
condition, we have

lim
n→∞

‖xn − w1‖ = lim
i→∞

‖xni − w1‖

< lim
i→∞

‖xni
− w2‖

= lim
n→∞

‖xn − w2‖

= lim
j→∞

∥∥xnj − w2

∥∥
< lim

j→∞

∥∥xnj
− w1

∥∥
= lim

n→∞
‖xn − w1‖ ,

which is a contradiction. Hence {xn} converges weakly to a point of F . �

Remark 3.5. Since the class of totally asymptotically I-nonexpansive mappings
includes totally asymptotically nonexpansive mappings, our results improve and
extend the corresponding ones announced by Ya.I. Alber et al. [1], Mukhamedov
and Saburov [14], Chidume and Ofoedu [4, 3] and Gunduz [6]. Also our results
genaralize corresponding results given in [7, 8, 9, 19, 20].
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Remark 3.6. The iteration process (3.1) can be generalized for two finite families
of totally asymptotically Ii-nonexpansive mappings {Tj : j ∈ J} and {Sj : j ∈
J},where {Ij : j ∈ J} is a finite family of totally asymptotically nonexpansive
mappings (where J = {1, 2, ..., N}).
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