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ABSTRACT.In this paper, a pair of nondifferentiable multiobjective higher-order symmetric
fractional dual problem with cone constraints is formulated. For a differentiable function,
we introduce the definition of higher-order (C, a, p, d)-convexity. Next, we prove appropriate
duality relations under aforesaid assumptions.
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1. INTRODUCTION

Higher-order duality is significant due to its computational importance as it
provides more higher bounds whenever approximation is used. By introducing
two different functions, h : R” x R — R and k : R® x R® — R™, Mangasar-
ian [8] formulated higher-order dual for a single objective nonlinear problems,
{minf(z), subject to g(x) < 0}. Inspired by this concept, many researchers have
worked in this direction. Chen [1] has formulated higher-order multiobjective sym-
metric dual programs and established duality relations under higher-order F'—
convexity assumptions. A higher-order vector optimization problem and its dual
has been studied by Kassem [9].

In last several years, various optimality and duality results have been obtained

for multiobjective fractional programming problems. In Chen [1], multiobjective
fractional problem and its duality theorems have been considered under higher-
order (F,a, p,d)- convexity. Later on, Suneja et al. [10] discussed higher-order

Mond-Weir and Schaible type nondifferentiable dual programs and their duality
theorems under higher-order (F, p,o) -type I- assumptions. Recently, Ying [12]
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has studied higher-order multiobjective symmetric fractional problem and formu-
lated its Mond- Weir type dual. Further, duality results are obtained under higher-
order (F, a, p, d)-convexity.

In this paper, we introduce a pair of nondifferentiable multiobjective Mond-Weir
type higher-order symmetric fractional programming problems over cones. For a
differentiable function h : R™ x R" — R, we introduce the definition of higher-
order (C,«, p,d)-convexity, which extends some kinds of generalized convexity.
Under the higher-order (C, «, p, d)-convexity assumptions, we prove the higher-
order weak, strong and strict converse duality theorems.

2. PRELIMINARIES AND NOTATIONS

Let R" be the n-dimensional Euclidean space and R’} be its non-negative orthant.
The following conventions for vectors in R" will be used:

T <y if and only if T, <y, t=1,2..n,

z<y if and only if z; Sy, 1=1,2,...,m,

z<vy if and only if z; <y, t=1,2,...,nbutz #y,

xz £y isthe negation of z <uy.

For a real-valued twice differentiable function h(x,y) defined on an open set in
R"™ x R™, denote by V h(Z,y)— the gradient vector of h with respect to x at
(Z,9), Vauzh(Z,y)— the Hessian matrix with respect to = at (Z,y). Similarly,
Vyh(Z,9), Vayh(Z,y) and V,,h(Z, ) are also defined.

Definition 2.1 [4]. Let C' be a compact convex set in R". The support function of
C is defined by

s(x|C) = max{zTy :y € C}.
A support function, being convex and everywhere finite, has a subdifferential, that
is, there exists a z € R™ such that

s(y|C) = s(z|C) + 2T (y — 2),Vzx € C.
The subdifferential of s(x|C) is given by
ds(z|C) = {z € C: 2w = s(x|C)}.
For a convex set D C R", the normal cone to D at a point x € D is defined by
Np(z)={y e R" :yT (2 —2) £0,Vz € D}.

When C is a compact convex set, y € N¢(z) if and only if s(y|C) = 2Ty, or equiv-
alently, x € 9s(y|C).

Definition 2.2 [4]. The positive polar cone S* of a cone S C R" is defined by
S*={yeR":2"y=0,Vre S}

A general multiobjective programming problem can be expressed in the following
form :

(P) Minimize f(z) = (f1(z), fa(x), ..., fu(x))T
subject tox € X" = {zr € X : g(x) < 0},

where X C R"is open, f: X — R* g: X — R™, are differentiable on X.



Definition 2.3 [3]. A feasible solution Z € X is said to be a weakly efficient
solution of (P) if there exists no x € X° such that f(z) < f(z).

Definition 2.4 [3]. A feasible solution z € X is said to be an efficient (or Pareto
optimal) solution of (P) if there exists no x € X such that f(z) < f(Z).

Definition 2.5 [7]. Let C : X x X X R* — R (X C R") be a function which
satisfies C, ,(0) = 0, ¥(z,u) € X x X. Then, the function C is said to be convex
on R™ with respect to third argument i f f for any fixed (z,u) € X x X,

Cm,u()\xl + (1 — )\)562) § )\Cr,u(xl) =+ (1 — )\)Cm7u(l‘2), A= (O, 1), le,xg c R™.

Now, we introduce the definition of higher-order (C, a, p, d)-convex function:

Definition 2.6 A differentiable function f : X — R is said to be higher order
(C,a, p,d) - convex at u € X with respect to h: X X R™ — R if for all x € X and
p € R", 3p € R, areal valued function v : X x X - Ry \{0}andd: X x X - R
(satisfying d(z, z) = 0 & x = 2) such that

1

o) @ = f(w) = hlup) + TV h(u, p) — pd?(3,1)] = Cpu [V f (u) + Vyph(u,p))].

The function f is higher-order (C, a, p,d)- convex over X if, V u € X, it is higher
(C, a, p,d)- convex.

3. HIGHER-ORDER SYMMETRIC DUALITY

Consider the following multiobjective fractional symmetric dual programs:

(MFP) Minimize L(m,y,p) = (Ll(xvyapl)a L2(x,yvp2)7 L) Lk(xvyapk))T
subject to

k
- Z Al [(vyfz(x7y) — Z + vaHZ(x’yapz)) - Li(xa y7pl)(vygl(xa ZU) + T + VpiGi(x7yapi))j| S C;a
i=1

k
yT |:Z)\Z I:(vyfz(mvy) — Z; + vle'L(:E>yap7,)) - Lz(xayapl)(vygz($7y) + T + vpLGl($7y7pZ))j| z 07
i=1

A >0, Me= 1, zeCy, zzeD;, ri € F;, i =1,2,.. k.
(MFD) Maximize M(U,U, Q) = (Ml(u7vv Q1)7M2(U7U7 QQ)7 ceey Mk(u7U7Qk))T
subject to

k
Z Ai [(vwfz(uv 'U) + w; + vqi (I)i(u7 v, QZ)) - Mi(uv v, Qi)(vwgi(uv ’U) —ti+ qu'\lli(u7 v, Qi))] € Cf7

i=1

k
u” {ZAZ (Vo fiu,v) + wi + Vg, @i (u, 0, ¢:)) = M;(u, 0, ¢:)(Vagi(u,v) = ti + Vg, Wi (u, 0, )] | £0,
i=1

A >0, )\Tezl, v € Cy, w; GQi, tie B, i=1,2,..,k,



4 S. TEMIR/JNAO : VOL. 7., NO. 1, (2016), 1-15

where
Li(z,y,pi) = filx,y) + s(2|Qi) — yT 2 + Hi(x,y,pi) — pL Vp, Hi(x, y, ;)
e gi(x,y) — s(z|E;) + yTri + Gi(z,y,p;) — pF' V. Gi(w, y,pi)’
M;(u,v,q;) = fi(u,v) = s(v|D;) + uTw; + @;(u,v,q;) — ¢F Vi, ®i(u, v, q;)

gi(u,v) + s(v|EF;) —uTt; + U (u,v,¢;) — ¢} Vg, Wilu,v,q;)

Wherefi:5'1><52 — R; g - S1 X Ss — R; Hi,Gi : ST xS x R™ — R and
P, ¥; : 51 x S x R* — R are differentiable functions for all ¢ = 1,2,..., k.
S1 € R™ and Sy C R™ are such that Cy x Cy C S X S5, where C; and C5 are
the closed convex cones in R™ and R™, respectively. Q;, F; are compact convex
sets in R" and D;, F; are compact convex sets in R, e = (1,1,...,1)T € RF,
pi € R", ¢ € R™, i =1,2,..,k, p = (p1,02, -, Pk), ¢ = (q1,92,--.,qx). C7 and
C5 are positive polar cones of C; and Cy, respectively. It is assumed that in the
feasible regions, the numerators are nonnegative and denominators are positive.

Let U = (Uy,Us,....,Ux)T and V = (Vi,Va,...,Vi)T. Then, we can express the
programs (MFP) and (MFD) equivalently as:

(MFP)y Minimize U subject to

(fi(z,y) + s(2|Qi) — y" 2z + Hi(z,y,p:)) — 0} V. Hi(z,y,p:)) — Ui(gi (2, y)

- S(‘T|El) + yTri + Gi(x7yapi) _pz—‘vthl(xa y7pl)) = Oa 1= 1a 27 ceey k. (31)

k
- Z Ai I:Vyfl<xay) — Z + vPiHi(x’ y7p1)
i=1
~Ui(Vygi(,y) + i + Vy,Gi(z,y,p:))] € Cs, (3.2)
k

y" [Z Xi[Vy fi(z,y) = zi + Vi, Hi(z,y, pi)

i=1

—Ui(Vygi(z,y) +ri + Vy,Gi(x,y,p:))] | 20, (3.3)

A>0, Me=1,2€Cy, zeD;, 1, € Fy, i =1,2, ... k.

(MFD),, Maximize V' subject to
(fi(u,v) — s(v|D;) + vw; + @5 (u, v, ) — ¢ Vg, ®iu, v, ;) — Vilgi(u,v)

+ s(v|F;) — ult; + U, (u,v,q;) — q;‘Fti\Ili(wm gi)=0,i=1,2,..., k. (3.4)

k

Z i [szi(% v) +w; + Vg, i (u, v, q;)
i=1

—Vi(Vagi(u,v) — t; + Vg, ¥5(u,v,¢:))] € CF, (3.5



k
u” |:Z Ai [(Vdrfz(ua U) + w; + qu'q)i(u7 v, Qi))

i=1
- l(vxgl(u7 U) - ti + ti\I/i(u, v, q?))] § 07 (36)

A > 0, /\TEZ 1, DS Cz, w; € QZ‘, t; € Ei, = 1,2,...,]{3.
Next, we prove weak, strong and converse duality theorems for (MFP)y and (MFD)y,
which therefore are equally applicable for (MFP) and (MFD). Let z = (21, 22, ..., 2k),
r=(r1,re,....Tk), W = (w1, Wwa, ..., wg) and t = (t1,ta, ..., tx).

Theorem 3.1. (Weak dudlity). Let (x,y,U, z,7,\,p) be feasible for (MFP)y and let
(u,v, V,w,t,\, q) be feasible for (MFD)y. LetVi € {1,2,...k}, fi(.,v) + ()Tw; be
higher order (C, o, p;, d;)- convex at u with respect to ®;(u, v, q;), —(gi(.,v) — (.)Tt;)
be higher-order (C, «, p;, d;)- convex at u with respect to —V,(u, v, q;), —(fi(z,.) —
()T2;) be higher -order (C, &, p;, d;) -convex at y with respect to —H;(z,y,p;) and
(gi(x,.)+ (.)T'r;) be higher -order (C, &, p;, d;)- convex at y with respect to G;(x,y, p)
where C : R x R" x R — Rand C : R™ x R™ x R™ — R. If the following
conditions hold:

gi(z,v) +olry —aTt; >0, i=1,2,... k, (3.7)
k —
eitherz Ni[(1 4 Vi) pid? (2, u) + (1 + Ui)ﬁidiQ(v, y)] =0o0rp; 20
i=1
and p; 20,i=1,2,..,k, (8.8)
Coula) +a’uz=0,VaeCf, C,,b)+b7y=0,Vbe Cs. (3.9)

Then, U £ V.

Proof. Since Vi € {1,2,...,k}, fi(-,v)+(.)Tw; and —(g;(.,v) —(.)T#;) is higher-order
(C,a, pi,d;) - convex in the first variable at u for fixed v, we have

1 T . .
' i — Ji - i — Dy ; 'y @, ,
oz, ) [fi(z,v) + 2" w; — fi(u,v) — u"w; — ®i(u,v,q;) + ¢ Vg, Pi(u,v,q;)
—pid?(z, u)] 2 Cyuu (Va:fi(u, V) +w; + Vg, @i (u, v, qi)) (8.10)
and
1 —a; Ty, X Y ) N_ T ) ‘
o) [(—gi(z,v) + 2Tt + gi(u,v) — uTt;) + (Vi(u, v, 4;) — aF Vg, Ui(u,v, 4))

—pidf(:ﬂ, u)] 2 Cm,u((_vfbgi(ua 'U) + ti) - qu\I/l(uv v, Qz)) (3.11)

k
AV
L1 >0,i=1,2,....,k where 7 = 1 + E A V; together
-

s
Multiplying — > 0 and
T
i=1

with (3.10) and (3.11), respectively, we obtain

by

W(fi(x, v) + xlw; — filu,v) — wlw; — D, (u,v,q;) + qiTti@-(u,v, Qz))
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- pid?(z,u) 2

\ x
a(x,u)T T

Oﬂc,u (vva(u7 U) + w; + vqi(pi(ua v, %))
and

A Vi

alz,u)r [— gi(z,v) + 27t + g;(u,v) — u"t; + Vi(u,v,q) — ¢} Vo, ¥s(u,v,q:)]

A pid? (2, u) = As

- N .zu* AP KANC ) tif \Ijz s UsY4i) ) -
oz(x,u)T . Cou( = Vagi(u,v) + Va Vi(u,v,q;))

Now, summing over ¢ and adding the above two inequalities, using convexity of C,
we have

Ai
a(z,u)T

AiVi
afz,u)T

-

[fi(m,v) + zTw; — filu,v) — ulw; — Qi (u,v,q:) + q;rv%@i(’uﬁvvqi)}

=1

+
(VR

Il
_

[—gi(z,v) +alt+gi(u,v) —uTt + U (u, v, ¢) — qf Vi, i (u, v, )] —
k

i=1

-

oz, u)T

=1

—Vi(Vagi(u,v) —t; + Vg, ¥, (u, v, ql))>} . (3.12)

Now, from (3.5), as 7 > 0, we have

ﬂ\}’

=3

=1

(Vo filu,v)+w;+Vg, @i (u, v, ¢;)—Vi(Vagi(u,v)—t;+V e, Ui(u, v, ¢;))] € CT.

Hence, for this a, Cy (a) 2 —uTa 20 (from [3.9)). Using this, in (3.12), we
obtain

k
Ai
; W(fi(:r,v) + 2" w; — filu,v) —uw — i (u,v, qi) + ¢ Vo, Piu,v,4:)) +
W
vt [ g Ty, ) —ult v, NI . ‘
Za(x,u)T[ gi(,0) + 't + gi(u,v) — u't; + Vi (u,0,¢:) — ¢ Vo, Wi(u, v, ;)]

i=1

A
> E 1 o d? .

Since v7r; < s(v|F;) and using (3.4) in above inequality, we get

Ailfi(@,v) + 2T w; — s(v|D;) + Vi(a"t; —v"'ri — gi(w, )]

k
=1

K2

k
= Z)\i(1+‘/i)pidf(x,u). (3.13)
i=1



7

Similarly, by the higher-order (C,a, p;,d;) - convexity of —f;(z,.) + (.)T2; and
(gi(x,.)+ ()Tr;), Vi € {1,2,...,k}, in the second variable at y, for fixed z and from
the condition (3.9), for

M:

?Z V fl .’E Z/) Z + vpiHi(m7y7pi) - U'L(vygl(x7y) + T + vple(x7y7pl))] S C;v
i=1

we get

k
D Xil=filw,v) + 0"z — s(2]Q) + Us(w"ri — 2"t + gi(w,v))]
=1

k
gz (1+U)pidi’ (v, ). (3.14)

Adding the inequalities (3.13), (3.14) and applying (3.8), we get

k
Z (vl 2 — s(v|Dy) + 2T w; — s(2]Q;))
i=1
k
—l—Z)\(U Vi)(gi(z,v) +vlr; —2Tt;) > 0. (3.15)
i=1

Since A > 0, vTz; < s(v|D;) and xTw; < s(x|Q;), the above inequality gives

k
Z)\(U Vi) (gi(z,v) +vlr; —2Tt;) > 0. (3.16)

i=1

From the fact that A > 0 and using (3.7), it follows that U ﬁ V. This completes the
proof. O

Theorem 3.2. (Weak dudality). Let (x,y,U, z,r, \,p) and (u,v, V,w,t, A, q) be feasi-
ble solutions of (MFP)y; and (MFD)y, respectively. Suppose that
(i) (fi(-,v) + (O)Tw;) — Vi(gi(.,v) — (.)T't;) is higher-order (C, a, p;, d;)- convex
at u with respect to (®;(u, v, q) — V;¥;(u,v,q)),
(i) (—=fix, )+ ()" 2) +Uilgi(x,.) + (.)"r:) is higher-order (C, &, pi, d;) -convex
aty with respect to —H;(x,y,p) + U;Gi(z,y,p),

(#i1) eltherZ)\ pid?(z, u)—i—pldl (v,y)] Z00rp; Z0andp; 20,i=1,2,..,k,
i=1

iv) Cpula)+a’uz0,Ya e Cy, Cy,,y(b) +bly =0,Vbe Cj,

: 1 2

(W) gi(z,v) +vTr; —2Tt; >0, i = 1 2 k.

Then, U £ V.

Proof. By hypothesis (i), we have

[fi(z,v) +aTw; — Vi(gi(z,v) —aTt:) = (fi(u, v) +u"w;) — Vi(gi(u, v) —u"t;) -
q)i(u7v7qi) - %(\PZ(U,U,qZ)) + ‘LT(V%(DZ(U»U»%) - Wv(h\yl(u? v, ql)) - Pzdf(l’au)}
>

Cw,u [mel(ua U) + w; — ‘/;(Vmgl(uv U) - tl) + (Vqriq)i(ua v, Qi) - ‘/ivqiqli(ua v, Q’L))] .
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Since A > 0, we obtain
k

Ai
Z (@, 1) [fi(z, v)+a" wi—fi(u,v) —u" wi—®;i(u, v, g:)+q] Vg, Pi(u, v, q:) +Vi(—gi(z,v)+
i=1 ’
thi + gi(ua U) - uTti + \Iji(uﬂ v, Qz) - q;Tvq?\IJZ(u, v, ql)) - p1d3($7 ’LL)

k
Z Z i v fZ(u U) +w’t) - W(VJEQZ(U ’U) ) (v ;Pi ( 1) - Viv(h\pi(u7vvqi))]'

Using convexity of C, we have

{Z)\ ( filz,v)+a"w;— fi(uaU)_uTwi)_(I)i(uvvai)+q?VQ¢q)i(uav,Qi)>

k
—I—Z/\V —gi(x v)—l—x ti—vlr; —l—Z)\V gi(u, ) +vTry —uTt; + U, (u, v, ;) —

=1

V\IJ i )\17,
q; V. ¥i(u, v, q;) ] xuz pid; (z,u)

k
2 Cx,u |:Z)\z <(vzfl(u7v) + w; + vqi(bi(uﬁvvqi)) - ‘/Z(VIgl(u7v) -t — VQi\Iji(ua v, qz))):| .
=1

From (3.5),

k
a Z )\1 [vxfz (ua 'U)+w7,+vql q)z (uv v, QZ)_‘/Z(VIQZ (U, v)_ti"’_qu‘ \IJZ (U, v, QZ))} € Cik
i=1

and using hypothesis (iv), we get

k
1
oz, [Z)\i(fi(%v) + 2 w; — fiu,v) —ulw;) — i(u,v, ¢;) + ¢f Vg, ®i(u, v, 4;))
k
+Z>\V — gi(z,v) + 2"t —v'ry) +Z/\Vgl(uv)—uTt
=1
+0;(u, v, ¢;) — ¢ Vo, Vi (u,v, )| 2 Z Ai pid? (z,u). (3.17)
Y 7 qi » Y = O[(ZL',U) 7 ’

=1

Since v1'r; < s(v|F};), using (3.4) in (3.17), we get

k
Z Xl (fi(,v) + zTwi — s(v|Dy)) + Vi(z"t; — v"r — gi(w,0))]

k
> Z ipid; (3.18)

Similarly, by the higher-order (C, &, p;, d;)— convexity of — f; (z, .)4+(.) T z;+U;(gi (x, . )+
(.)Tr;) in the second variable at y, for fixed z, we get



k
SN filw,v) + 0Tz — s(@]Qi) + Ui(wTry — 2Tt + gi(w,v))]
=1

k

i=1
Using A > 0, vTz; < s(v|D;) and 2Tw; < s(z|Q;), it follows from (3.18) and (3.19)
that

k
Z (Ui = Vi) (gi(z,v) + vl —2Tt;) 2 0. (3.20)
i=1

Since A > 0 and using hypothesis (v), it follows that U £ V. Hence, the result. [

Theorem 3.3. (Strong dudlity). Let (%,7,U,Z,7, \,p) be an efficient solution of
(MFP)y and fix A = X in (MFD)y . If the following conditions hold
(i) VoH;(Z,9,0) = V,Gi(Z,9,0) = 0,V,,P,(Z,7,0) = V,, V,(, 7, , H;
Gi(z,3,0) =0,9,(7,9,0) = ¥,;(z,7,0) =0,V,H;(Z,7,0) = V,G;(%,7,0) =
0,V,,Hi(%,9,0) = V,,Gi(2,5,0) =0, i=1,2,..., k,
(#9) foralli € {1,2,...,k}, theHesstanmatrDchipiHi(a?,gj,ﬁi)— iVopip: Gi(Z,7,Di)
is positive or negative definite,
(iii) the set of vectors {V, fi(Z,9) — zi + Vp, Hi(Z,9,0:) — Ui(Vygi(Z,9) + 75 +
V,,Gi(Z,5,D:))}_, is linearly independent,
(iv) forpl eER" p; #0 (i=1,2,...,k) implies that

Z Vo i@ 9) =24V, Hi(T, 5, 9:) = Ui (V y9i (T, §) +7i+V , Gi(T, 7, 7:))] #

O

(v) Ui >0, Vie{l,2,...k}.

Then
() pi=0,i=1,2,..,k,
(b) there exists w; € Q; andt; € E;, i = 1,2,....k such that (z,7,U,w,t, A
0) is a feasible solution of (M F D)y
Furthermore, if the hypotheses in Theorem 3.1 or 3.2 are satisfied, then (Z, , U,w,1,\, q=
0) is an efficient solution of (M F D)y, and the two objective values are equal.

<
Il

Proof. Since (Z, 7, U,z,7, A\ p) is an efficient solution of (MFP)y, therefore, by the
Fritz John necessary optimality conditions [2], there exists « & R¥ ,B € R* , Y €
Co, € Ry, E€cRF neR, w; € R"and {; € R", i =1,2,..., k such that

k
(z—2)" {Z Bi(Ve fi(Z, 1)+ 04V o Hi (2,5, 0:) —Us(Vagi (T, ) —ti+ V2 Gi(Z, 7, i) ) )+
iy i
7 5y TZ i ymfz ) U Vyng(:C y)) + Z(vp,?"H’L(f7g7ﬁl)
=1 =1

— Ui(VpiaGi(@,5,:))" ((v = 59) A — Bipi)} 20,z € C, (3.21)

> Bi(Vyfil®@,9) — 7+ Vy Hi(Z,9,0:) — Ui(Vy9:(%,9) + 7 + V, Gi(Z, 7, P:))
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k k
+ Z j‘z(vyyfz( ) Uvivyygz('r y)) (v —0y) + Z(szsz(ja Y, Di)
i=1 z:l
- Uzvplsz(jvg p )) ( ﬂzpl (’7 5y - (sZ)‘ v fz Zi
+ V. Hi (%, 5, 0:) — Ui(Vygi(Z,9) + 75 + vpiGi(i‘vgaZ_}i))] =0, (3.22)

|E)+y 7i + Gi(Z,9,5i) — D} Vp,Gi(Z, 7, i)
(g (x y) + 7+ V G (f,gj,ﬁi)) =0,i1=1,2,...,k, (3.23)
(v — 69) T (Vy £i(2,9) — Zi + YV, Hi(Z, 7, Pi)
—Ui(Vy9i(Z,9) + 7 + Vp,Gi(Z,9,0;) — & +1 =0, i =1,2,.... k, (3.24)
j‘i(7_5y> _ﬂipz) (vpp Hi(z,9,p:)

— UinipiGi(*,gj,pi)) = 0, = 1,2, ey ]{,‘, (3.25)
By + (v — 69)\; € Np, (%), i =1,2,..., k, (3.26)
BiU;y + NiUi(y — 69) € Np,(73), i = 1,2, ..., k, (3.27)

k
VY NV fi(@,9) = 7+ Vi, Hi(2, 5, 5i))

i=1

— Ui(Vy9i(%,9) + 7 + V,,Gi(7,5,p1))) = 0, (3.28)

k

i=1
— Ui(Vy9i(%,9) + 7 + Vp,Gi(,5,0:)) = 0, (3.29)

Me=o, (3.30)

n(A\Te—1) =0, (3.31)

Wi € Qi t; € By, i1 t; = s(Z|Ey), 21 w; = s(%|Qy), i =1,2,..., k, (3.32)
(2,0,6) 20, (a,8,7,0,&n) # 0. (3.33)

Since A > 0, and ¢ > 0, (30) implies that & = 0.

Equation (3.22) can be re-written as

k
> (Bi=0N)(Vy fi(Z,§) = 2+ Vo, Hi(Z, 5, §i) ~ Ui(Vy9: (2, §) +7i+ Vi, Gi (T, 5, 1))
=1
+ Zﬂz((vsz(i‘vg ﬁ ) U vyGi(ja g7pl)) _(VpiHi('fa yvpl) - Uivp,iGi(jagJai))

= 1
+ ZA yyf1 9_9 ﬂ) U vyygi(‘f,g))T(’y - 527)
k

+ > (Vg Hi(Z,5,0:) — UiVp,yGi(Z,9,0:)" (—Bibi + (7 — 69)A:) = 0. (3.34)

i=1
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By hypothesis (i) and (3.25), we have

Now, we claim that 3; # 0, Vi. If possible, let 3;, = 0 for some to, 1 < tg < k, then
from A, > 0 and equation (3.35), we have

T (3.36)
Using (3.35) and (3.36), we obtain §;p; = 0, ¢« = 1,2, ..., k. Hence, by hypothesis
(i), we get

k

Zﬂi((VyHi(ﬂ_%ﬂaﬁi)

i=1
_Uzvsz(i'7gapl)) - (VleZ({f7ﬂ,]51) - Ulvszl(Ev:%pZ))) =0. (3.37)
Using (3.35)-(3.37) in (3.34), we obtain

k

i=1
~Ui(Vygi(#,9) + 7 + Vp,Gi(Z,9,7:))) = 0, (3.38)
which by hypothesis (i), follows that
Bi—6X\ =0,i=1,2 .. k. (3.39)

Now, for ¢ = t3, we have 55% = 0. This implies § = 0 as A > 0. Hence, from (3.39),
Bi = 0, V 4. Thus, from relation (3.23) and (3.36), we get o; = 0, ¢« = 1,2,..., k.
Also, from relations (3.24) and (3.36), we get n = 0 and v = 0, respectively, which
contradicts the fact that (o, 8,7,6,£,n) # 0. Hence 8; # 0, i = 1,2, ..., k.

Now, equation (3.24) reduces to

(v =) (Vyfi(Z,9) — 2 + Vy, Hi(Z, 5, D7)
— Ui(Vygi(2,9) + i + Vp,Gi(%,5,p:)) + 1 =0, i = 1,2, ..., k, (3.40)
Multiplying by \; and summing over i, we get
k —_
(v =)D Xi(Vyfi(Z,9) — & + Vp, Hi(Z, 7, 5;)
— Ui(Vygi(2,9) + T + Vp,Gi(Z,5,5:)) + 1 A ex = 0. (3.41)
Subtracting (3.28) and (3.29), we get
k —
(v =) > Xi(Vyfi(Z,9) — & + Vp, Hi(Z, 7, 5:)
—Ui(Vy9:(Z,9) + 7 + Vp,Gi(Z,9,5;)) = 0. (3.42)
Using (3.42) in (3.41), we get, n = 0.

Now, equation (3.40), yield

(v = 9" (Vy fi(7,9) — % + Vyp, Hi(Z, 7, i)
— Ui(Vygi(Z,9) + 7 + V,,Gi(Z,9,0:)) =0, i = 1,2, ..., k, (3.43)
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Since \ > 0, using (3.35) in (3.43), we get
Bib; [Vyfi(Z,9) — zi + YV, Hi(Z, 7, Di)

—Ui(Vygi(Z,§) + 7 + Vp,Gi(Z,5,0:))] =0, i = 1,2, ... k, (3.44)
Since §8; #0, i = 1,2,..., k, we obtain

PrIV, fi(Z,9) — Zi + V. Hi(Z, 5, 57)

—~U;(Vy9i(Z,9) + 7i + Vp,Gi(Z,5,5:))] =0, i = 1,2, ..., k, (3.45)
or
k
> 0l Vyfi(@ ) — 7 + Vi, Hi(Z, 5, 5:)
=1
—~Ui(Vy9:(Z,9) + 7 + Vp,Gi(Z,5,p;))] = 0. (3.46)

By the hypothesis (iv), we have p; = 0, ¢ = 1,2, ..., k. Further using, hypothesis
(1), (3.35)-(3.36) in (3.21) and (3.34), respectively, we get

|:Zﬂz V fz +wz Uz(ngz(lf y) )) Z0,VexeCi. (3.47)

k
> (B = 6N [Vy fi(,9) — 7 — Ui(Vyg:(2, ) + 7)) = 0. (3.48)

i=1
Using hypothesis (i) in (3.48), we have
Bi =0\, i=1,2, .., k. (3.49)

Since B; # 0, \; > 0,7 = 1,2,...,k and § > 0, this implies that 3; > 0, Vi. Now,
using (3.49) in (3.47), we obtain

k
z)T |:Z)\,(foz($, ?) + w; — UZ(ngl(i‘,g) — 22)) 2 0,Vx € (. (3.50)

Let x € (. Then x + T € C1, as (' is a closed convex cone. On substituting x + =
in place of z in (3.50), we get

x” Z Ni[(Vafil®,9) + @) = Ui(Vegi(2,9) — )] 20, (3.51)
which in turn implies that for all z € C;, we have
k
> Nl(Vafi(@,9) + @) — U(Vagi(,5) — )] € C5 . (3.52)
i=1

K]
Also, by letting x = 0 and z = 2z, simultaneously in (3.50), yields
k
Z;\ (Vo fi(#,9) + ;) = Ui(Vegi(2,9) — 1)) = 0, (3.53)

Using p; = 0 in (3.35), we get, v = d7 and ¢ > 0, we have

7
Yy 6602.
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Since 8 > 0 by (3.26) and the fact that v = 7, we get § € Np,(%),i = 1,2,...., k.
This implies

g7z = s(y|Dy),i = 1,2, ..., k. (8.54)
By (3.27) and hypothesis (v), we have § € Np, (7;),7 = 1,2, ....., k. Hence
gl = s(g|F),i=1,2,..... k. (8.55)

Combining (3.32), (3.54)-(3.55) and given equation (3.1), reduce to

(fi(z,9) + 2" w; — s(y|Dy))
—Ui(gi(i‘,g) - i‘TLTi — 5(@|FZ)) =0,i=1,2,.....k. (3.56)

Therefore, (3.52)-(3.53) and (3.56) shows that (z,7, U, w,t,\,§ = 0) is a feasible
solution of (M F D)y

Under the assumptions Theorems 3.1 or 3.2, if (Z, 7, U, w,, A, § = 0) is not an effi-
cient solution of (M F' D)y, then there exists other feasible solution (u, v, V,w, t, A, q),
of (M F' D)y, such that U<V.

Since (z,y,U, z,7, A, ) is a feasible solution of (M F P);, by Weak duality theorem,
we have U £ V, hence the contradiction implies that (z,7, U, w0, ¥, A\, @ = 0) is an
efficient solution of (M F D)y . Hence, the result. O

Theorem 3.4. (Strong dudlity). Let (,7, U,z,7,\p) be efficient solution of (MFP)
and fix A = X\ in (MFD)y, . Suppose that

(Z) VwHi(‘i‘ai% ) v G (J} yv )_ O v%@ (i‘,g,O) qu\llz(j7ga0) =0 Hl(j?g70)

S~—

Il

<
<
L
PN
&
w
=2

Il

Gi(%,9,0) =0, 9(z,9,0) = ¥i(2,5,0) = 0, V, Hy(Z, 7,0
()vaiHi(i',y,O) v G (I’ ya )*07 Z*1727"'7]%
(ii) Ui > 0,Vi € 1,2,...... ,k,
(198) Vp,p, Hi(Z, 7, pi) — U;Vp,p, Gi(Z,7, P;) is nonsingular Vi = 1,2, ..., k,
k

Q

3
gl
>/\

<

<

=
&)
&
S

<

« <
<

B =
&)
&

7

=

Q

2

=

<

Q

Q

Q

=

g

]

g

SH

@T(V Hi(2,9,pi) UiV yGi(2,9,9:)) = (Vp, Hi (2,4, 0i) = UiV, Gi(%, 9, pi)) =

(v) the set of vectors {V [i(Z,9) — z + V. Hi(Z,§,p:) — Ui(Vy9:(Z,9) + 7 +
Vo, Gi(Z,9,0:) 1i=1,2,...... ,k} is linearly independent.
Then p = O, and there exists w; € Q; and t; € F;, i = 1,2,...... ,k such that
(z,5,U,w,t,\,§ = 0) is a feasible solution of (MFED)y. Furthermore if the hy-
potheses in theorem (3.1) or (3.2) are satisfied, then (Z,9, U, w,t, \,q = 0) is efficient
solution of (M F D)y, and the two ohjective values are equal.

Proof. It follows on the lines of Theorem 3.3. O

Theorem 3.5. (Strict converse duality). Let (a, 7, V,w,t, A, q) be efficient solution of
(MFP)y, and fix A\ = X\ in (MFD)y;. If the following conditions hold

Hi(l_lﬂ v,
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(i1) foralli € {1,2, ..., k}, the Hessian matrixV ., ®; (@, 0, §;)— ViV p,p, Vi (4, 9, G;)
is positive or negative definite, -
(131) the set of vectors {V fi(4,V) + @; + Vg, (@, 0,q) — Vi(Vzgi(a,v) — & +
V. Vi(4,9,3)))}E, is linearly independent,
(i) forg; € R*, q; #0, (i =1,2,..., k) implies that
k

> & [V fil, 0)+wi+V g, (1,0, G) — Vi(Vagi(@, 0) ~1+ Vg, Wi (1,0, 3;))] #
0,
(v) Vi>0,Viel,2 ..k

Then
() G=0,i=1,2,..,k,
(b) there exists z; € D; and 7; € Fy, i = 1,2, ..., k such that (4,9, V, z,7, \,
0) is a feasible solution of (M F D)y
Furthermore, ifthe hypotheses in Theorem 3.1 or 3.2 are satisfied, then (i, U, V,zZ,7,\D =
0) is an efficient solution of (M F D)y, and the two objective values are equal.

’El

Proof. It follows on the lines of Theorem 3.3. O

Theorem 3.6. (Strict converse duality). Let (t, v
(MFP)y and fix A = X in (MFD)y . Suppose that

Z

,,t, \,q) be efficient solution of

(1) Va®i(w,0,0) = V,¥,(4,7,0) = 0,V,,®:(a,0,0) = V,,¥,(q,7,0) = 0,
H;(u,v,0) = Gi(u,v,0) = 0,®;(a,v,0) = ¥;(u,v,0) = 0,V,P;(a,v,0
=V,¥,;(u,9,0) =0,V,,H;(4,7,0) = V,,G(a,7,0) =0, i = 1,2, ..., k,

‘/vaqll(ﬂa ’l_}a 7 )) ((Vqlq)l(ﬂa 'Da gl) - ‘quiqu(ﬂa 1_)> Cjz)) i 07 Vi= ]-7 23 teey ka
orz i (Vi fi(10,0)—V V42 9: (1, 0)) is negative definite and > (V. ®; (@, v, G;)—

vami(a,@,@))—((vqi@i(a 0,G)— ViV, ®V,(4,7,q)) £0,Vi=1,2,..., k,
(v) the set of vectors {V . f;(u,v) + w; + Vg, ®i(u,0,q) — Vi(V mgl(m,y) t; +
Ve¥i(0,7,q)): i =1,2,..., k} is linearly independent.
Then, q:Oandthereexzstsz_leD and 7; € F;, i = 1,2,...,k such that
(a, o, V Z,T, A ,p = 0) is a feasible solution of (MFD)y;. Furthermore, if the hypothesis
in Theorems 3.1 or 3.2 are satisfied, then (u, v,V , 2,7, \,p = 0) is an efficient solution
of (MFD)y;, and the two objective values are equal.

Proof. It follows on the lines of Theorem 3.3. O

4. SPECIAL CASES

We consider some of the special cases of the problems studied in section 3. In all
the cases, C; = R} and (3 = R'7,
(i) then, our problems (M F'P)y and (M F' D)y reduce to the programs studied
in Ying [12].
@ Ifk =1, gi(z,y) = 1, Hi(z,y,p1) = 301 Vygr(z,y)p1, ®1(u,v,q1) =
%qfvmfl(u,v)ql, g1 (u,v) = 1, Fy = {0}, E; = {0}, then, (M FP)y and
(M FD)y reduce to the problems considered by Hou and Yang [5].
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(i) Ifg;(x,y) =1, E; = {0}, ¢;(u,v) =1, F; = {0} foralli € {1,2,...,k}, then,
(MFP)y and (MF D)y becomes the problems considered by Chen [1].

@) If gi(z,y) = 1, E; = {0}, F; = {0}, Hi(w,y,p;) = %p,irvyyfi(xay)pi’
®;(u,v,q;) = 3q! Vo fi(u,v)g, for all i € {1,2,...,k} in (MFP)y and
(MFD)y, then, the problems reduce to the problems considered by Yang
et al.[11].
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