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ABSTRACT. In this works, we introduce a class of generalized g-type exponential vector
variational inequality problems in Euclidean spaces and define ag4-relaxed exponentially
(7, u)-monotone mapping. By utilizing KKM-mapping and Nadler’s theorem with ay-
relaxed exponentially (7, x)-monotone mapping, we prove that the existence theorems of
generalized g-type exponential vector variational inequality problems.

KEYWORDS:Generalized g-type exponential vector variational inequality problems, o y-
relaxed exponentially (7, u)-monotone mapping, KKM-mappings, Nadler’s Theorem.
AMS Subject Classification: 49J40, 47H06, 47H09,47J20.

1. INTRODUCTION

The theory of variational inequalities was introduced by Stampacchia [18], pro-
vides a very powerful tools for studying problems arising in fluid mechanics, op-
timization, transportation, economics, contact problems in elasticity and other
branches of physics, for examples, free boundary value problems can be studied
effectively in the framework of variational inequalities, moving boundary value prob-
lems can be characterized by a class of variational inequalities, the traffic assignment
problem is a variational inequality problem.

Many real-life problems associated with decision sciences involving multiple ob-
jectives or criteria within the treatment. Very often, these objectives and criteria
square measure in conflict. Consequently, makes an attempt to model these phe-
nomena by one objective or criterion function have provided only rough models, that
are far away from reality. We believe that vector variational inequality problems
could also be utilized in this respect, as innovative, powerful and unified modeling
while not losing the vector nature of the problems, [1, 2, 3, 10, 13, 20].
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Inspired by recent research works [5, 9, 11, 12, 16, 17, 19, 21], in this article, we
introduce a generalized g-type exponential vector variational inequality problems in
R™-space and defined a class of ag-relaxed exponential (7, y)-monotone mappings.
We prove that the existence of generalized g-type exponential vector variational
inequality problems by utilizing KKM-mapping and Nadler’s Theorem.

The rest of this work is organized as follows. In section 2, we mathematically
state the generalized g-type exponential vector variational inequality problems and
discussed some concepts and remarks. In section 3, we present the main results of
our paper and some corollaries to be discussed.

2. PRELIMINARIES

Let Y = R"™ be an Euclidean space and C' be a nonempty subset of Y. C is
called a cone if A\C' C C, for any A > 0. Further, the cone C is called convex cone
if C 4+ C C C and C is pointed cone if C is cone and C N {—C} = {0}, where 0
indicate a zero vector. C' is said to be proper cone, if C' # Y. Now, we consider
C CY is a pointed closed convex cone with intC # () with apex at origin, where
intC' is a set of interior points of C. Then, C induces a vector ordering in Y as
follows:

(i) z<cyey-—zel;
(i) ey y—z ¢ C;
(iii) = <imc y <y — x € intC;
(iv) 2 Linc y & y —x & intC.
Assume that (Y, C) is an ordered space with the ordering of Y defined by a set C
and ordering relation 7 < ” is a partial order. Then, we have
(i) x ey x+2<Lcy+z forany z,y,2 € Y;
(ii) « Loy & A\x Lo Ay, for any A > 0.

Let K C X be a nonempty closed convex subset of an Euclidean space X = R"
and (Y, C) be an ordered space induces by the closed convex pointed cone C' whose
apex at origin with intC # 0.

Lemma 2.1. [6, 7] Let (Y,C) be an ordered space induced by the pointed closed
convex cone C with intC # 0. Then for any x,y,z € Y, the following relation hold:

Z Eintc T 20 Y = 2 LinC Y;
z Zintc T <c Y= 2 Finc Y-
Definition 2.2. A mapping f: X — Y is said to be:

(i) C-convex on X if
f(t.%‘ + (1 - t)y) <c tf(l‘) + (1 - t)f(y)7 Vm,y € th € [O’ 1];

(ii) affine if for any z; € K and \; >0, (1 <i<n) with Y. | \; =1, we have

f(z ;) = Z Aif ().

Definition 2.3. [1] A mapping f: K — Y is said to be completely continuous if
for any sequence {z,} € K, x, — z¢ € K weakly, then f(z,) — f(xo).
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Definition 2.4. Let f : K — 2% be a set valued mapping. Then, f is said to be
KKM-mapping if for any {y1,y2, - ,yn} of K, we have

co{yr, Y2, yn} C U f(i),

i=1
where co{y1,y2, -+ ,yn} denotes the convex hull of y1,y2, , Yn-
Lemma 2.5. [8] Let M be a nonempty subset of Hausdorff topological vector space

X and let f : M — 2% be KKM-mapping. If f(y) is a closed in X for ally € M
and compact for some y € M, then

() fly) #0.

yeEM

Lemma 2.6. [15] Let E be a normed vector space and H be the Hausdorff metric
on the collection CB(E) of all closed bounded subsets of E, induced by a metric d
in terms of d(z,y) = ||z — y|| which is defined by

H(A, B) = max{sup inf ||z — sup inf ||z —
(4,) = max{sup inf [~y sup inf [ — i)

for A,B € CB(E). If A and B are compact subset in E, then for each x € A, there
exists y € B such that

|z —yl < H(A, B).
Definition 2.7. Let p: X x X — X be a mapping and @ : K — L(X,Y) be a
single valued mapping, where L(X,Y) is a space of all continuous linear mappings

from X to Y. Let T : K —» 2L(X%Y) be a nonempty compact set valued mapping,
then

(i) @ is said to be p-hemicontinuous if
lim (Q(x +t(y — 2)), u(y, x)) = (Qz, u(y, v)), for each z,y € K.
t—0+

(ii) T is said to be H-hemicontinuous, if for any given z,y € K, the mapping
t — H(T(z+t(y —x)), Tx) is continuous at 07, where H is the Hausdorff
metric defined on CB(L(X,Y)).
Definition 2.8. A function f: X — R is said to be

(i) lower semicontinuous at xp € X if
f(zo) <liminf f(z,)

for any sequence {x,} C X such that {z,} converges to xo;
(ii) weakly upper semicontinuous at xg € X if

f(xo) > limsup f(z,)

for any sequence {z,,} C X such that {x,} converges to xy weakly.

Let K C X be a nonempty closed convex subset of an Euclidean space R™ and
(Y,C) be an ordered Euclidean space induced by a closed convex pointed cone
C whose apex at origin with intC' # (). Let 7 € R be a nonzero real number,
pKxK—X, g: K— K, f:KxK-—Yand Q: L(X,Y) — L(X,Y) be
the mappings, where L(X,Y") be the space of all continuous linear mappings from
X toY. Let T: K —» 2E(XY) be a vector set valued mapping. Then, generalized
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g-type exponential vector variational inequality problems is to find z € K, u € T(z)
such that

1
(Qu, = (el IO 1)) + f(g(x),y) Zime 0, Vy € K, (21)
here 1 is not a real number, because we deal with a vector in R™.

Definition 2.9. Let Q : L(X,Y) — L(X,Y) be single-valued mapping. A mul-
tivalued mapping T : K — 2X(5Y) with compact valued is said to be og-relaxed
exponentially (7, u)-monotone with respect to @ and g, if for each pair of points
z,y € K, we have

(Qu—Qu, Z(THEI 1)) 2¢ ay (e —y), Vu € T 0 ET)  (22)

where oy : X — Y with o4(tx) = t%a4(z) for all ¢t > 0 and = € X, where ¢ > 1 is
a real number.

Remark 2.10. (i) Assume that @ is an identity mapping and T : K —
L(X,Y) is single-valued mapping in (2.2), then T is said to be a4-relaxed
exponentially (7, x)-monotone for every pair of points x,y € K, such that

1
(T = Ty, = (eCHE0D) —1)) >0 ay (& — ) (2.3)

where o : X — Y with a4(tz) = t%,(z) for all ¢ > 0 and « € X, where
q > 1 is a real number.

(ii) If g = I is an identity mapping in (2.3), then T is said to be a-relaxed
exponentially (7, u)-monotone, for each pair of points x,y € K, such that

(Tz — Ty, L (@) 1)) >0 a(z — y), (2.4)
T

studied in [14].
(iii) If & = 0, then (2.4) is said to be exponentially (7, u)-monotone, for each
pair of points z,y € K, such that
1
(Tx — Ty, ;(e<w<zvy>>_1)> >c 0. (2.5)

(iv) If g = I is an identity mapping, then Definition 2.9 becomes an a-relaxed
exponentially (7, u)-monotone with respect to Q, for each pair of points
z,y € K, such that

(Qu=Qu, ~(THE 1)) 20 a(w —y), Yu € T, e T().  (26)

(v) If « =0, then (2.6) is said to be exponentially (7, u)-monotone with respect
to Q, for each pair of points z,y € K, such that

(Qu — Qu, %(e(m(x’y))—l» >c 0, Yu e T(x),veT(y). (2.7)

3. MAIN RESULTS

Theorem 3.1. Let g: K — K be a single-valued mapping and pp: K x K — X
be affine in the first variable with p(x, g(z)) =0. Let f: K x K — Y be affine in
second variable with condition f(g(x),z) =0 for allx € K. Let Q : L(X,Y) —
L(X,Y) be a continuous mapping and T : K — 2L(XY) pe a nonempty compact
valued mapping, which is H-hemicontinuous and agy-relazed exponentially (T, p)-
monotone with respect to Q and g. Then, the following two statements (a) and (b)
are equivalent:
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(a) there exists T € K, u € T(Z) such that

(Qu, *( el 9@ 1)) + f(9(2),y) Fimc 0, Vy € K,

(b) there exists T € K such that

(Qu, *( (w9 1)) + f(g(2),y) Limc ag(y — ) Vy € K,v € T(y).

Proof. Assume that the statement (a) is true, then there exists z € K, @ € T(Z)
such that

(Qu, *( 1w a@N 1)) + f(9(2), y) Zintc 0,y € K. (3.1)

Since T is ag4-relaxed exponentially (7, u)-monotone with respect to @ and g, we
have

(Qv-Qu, ( CrlalD —1)) + f(9(2),y) 2c agly = 7) + F(9(7).y),Vy € K, v € T(y),
=(Qu, 71_(e(m(y7q(w 1)) + f(9(2),y) >¢ (Qu, ,( (Tr(y:9(@)) _71))
+ag(y —2)+ fg(2), ), Vy € K,v € T(y ),
= (Qu, ~( I 1)) + f(g(7),) — agly — 7) 2c (Q, = (eI 1))
+/(9(7),y), Yy € K, v € T(y). (3-2)
Utilizing (3.1), (3.2) and Lemma 2.1, we obtain
(@u, (I 1)) 1 {(g(2), ) Lunic gy — 7). Yy € K0 € T(y),

Conversely, assume that the statement (b) is true, then there exists £ € K such
that

(Qu, %(ewwvg@”—l)) + 1(9(T),y) Linic gy —F),Vy e K,v € T(y). (3.3)

For any y € K, let y; =ty + (1 —¢)Z, t € (0,1], v+ € K and K is convex. Let for
all v, € T(yt) we have from (3.3),

(Qui, ( (s @D 1)) + f(g(2), y1) Limie aglys — ) = tlag(y — 7). (3.4)

Now

(Quu, ~(H0 9O 1)) 4 f(g(2). )
= (Ques S (HIHA=0RSEN 1)) 1 f(g(z), 1y + (1 - 1))
= (Qui, (OIS 1)) 1 47(g(2),4) + (1~ 1) F9(2), 7)
& Qi - (H(eTHIIEN 1) 1 (1 — 1) (9O 1)) 4 15(g(z), )
= H{{Que, - (THIIED 1) 4 f(g(@), )} (35)

Utilizing (3.4), (3.5) and Lemma 2.1, we obtain

(Qui, (6(7“(‘1’ SN 1)) + f(9(2),y) Limee 9 gy — 7). (3.6)
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Seeing as T'(y:) and T(Z) are compact, from Lemma 2.6, for each v; € T'(y;), there
exists u; € T(Z) such that
e — well < H(T'(ye), T(2)). (3.7)
Since T'() is compact, without loss of generality, we may possibly assume that
ug — u € T(%) ast — 0.
Furthermore, T is H-hemicontinuous, thus it follows that
H(T(y;), T(z)) — 0 ast — 0.
Now from (3.7), we have
l[oe = ull < [loe — uell + [lue — @l
< H(T(ys), T(z¢)) + ||ug — @|]| — 0 as t — 0. (3.8)

As @ is continuous, let t — 0T, we have

1, z _ _ _ 1, . .
1(Quy, ;(e( u(y,g(x)))_l» — 1ag(y —7) — (Qu, ;(e( u(y,g(w)))_l)w

IN

I D _ _
1{Que — Qu, —(el o EN 1)) || + 19 g (y — )|

IN

1 i
~[|Qu: — Qal| e oEN 1| + 49 ay (y — 7)| — 0 ast — 0T (3.9)
- :

From (3.4), we get
1 = .
(Qu, ;(G(T”(y’g(x)))—lﬂ + f9(x),y) =t ag(y — 7) € Y\ (—intC).
Since Y\ (—intC) is closed, therefore from (3.9) we have

(Qa, ~ (MO 1) 4 f(g(2),) € Y \ (~iniC)

1 _
= (Qu, (el IO 1)) + f(9(2). ) Zime 0, Yy € K,
the proof is completed. O

Theorem 3.2. Let g : K — K be a single-valued mapping, p: K x K — X
be affine in the first variable with p(x,g(x)) = 0 for x € K and continuous in
both variable. Let f : K x K — 'Y be affine in second variable with the condition
flg(z),x) =0 for x € K. Let oy : X — Y be weakly lower semicontinuous
with respect to g. Let Q : L(X,Y) — L(X,Y) be a continuous mapping and T :
K — 285Y) be nonempty compact valued mapping, which is H-hemicontinuous
and ag-relazed exponentially (T, pu)-monotone with respect to Q and g. Then (2.1)
is solvable, that is, there exist x € K, u € T'(x) such that

1
(Qu, ~(eTHIIED 1) 4 f(g(w), ) L 0, Vy € K.
Proof. Consider the set valued mapping F : K — 2% such that

Fly) = {z € K : (Qu, %(e<w<yvg<x>>>—1)> + F(g(),y) Lo 0,Yu € T(@)},y € K.

First, we claim that F' is a KKM mapping. If F' is not a KKM-mapping, then there
exists (21,2, - , &) C K such that

m

co{z1, 22, -+ &} € U F(x;),
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there exists at least @ € co{z1,22, -+ ,2m}, 0 = Y 1o, tiz;, where t; > 0,7 =
L2, m, Y " ti =1, but « € |J*; F(z;). From the construction of F, for any
u € T(x), we have

(Qu, f( (ru@as9@)) 1)) + f(g(x), 25) <inec 0, for i =1,2,--- ,m. (3.10)

From (3.10), since p is affine in first variable and f is affine with respect to second
variable, it follows that

0= (Qu (e —1)) + f(g(a), )

1 m s
= (Qu, L (S @ 1)) 1 f(g(2), 3 tizs)
T i=1
1 (s -
- Z (it titn(ming(®))) _q t
(Qu, — (e )+ Z if (9(x), 2:)
<¢ (Qu, ,Zt e(Tr(wig(x))) _ _|_th

- Zt {{Qu, (oo —1)) 4 F(g(x), 1))

SzntC 07

this show that 0 € intC, which is a contradiction that the fact C'is proper. Hence
F is KKM-mapping. Define another set valued mapping G : K — 2% such that

Gly) ={z e K:(Qu, %(e(“‘(y’g(z)))—1)>+f(9($)7y) Zinto ag(y—z),Vo € T(y)},y € K.

Since by Theorem 3.1, we have F(y) = G(y) for all y € K. This implies that G
is also KKM-mapping.
We claim that for each y € K, G(y) C K is closed in the weak topology of X. Let
us suppose that T € G(y)w, the weak closure of G(y). Since X is reflexive, there is
a sequence {z,} in G(y) such that {x,} converges weakly to € K. Then for each
v € T(y), we have

(@, H(eTHOIE) 1)) 4 (glan) ) Linic agly — )

= <QU7T((T“(”(“)) 1)) + f(g(zn),y) — ag(y —an) € Y \ (=intC).

Since Qu, f and g are continuous, Y \ (—intC) is closed, o, is weakly lower semi-
continuous, therefore the sequence

{(Qu, Z(ET o)1) 1 f(g(an), ) — gy — )}

converges to
(Qu, ~ (TS 1)) 1 f(g(2), ) ~ ayly ~ 7)
and
(Qu, %(e“’*(y’g@”—l)> + f(g(®),y) — ag(y — ) €Y\ (—intC).

Therefore

(Qu, (@I 1)) 4 f(g(2), ) Linc agly ~ 7).
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Hence T € G(y). This confirm G(y) is weakly closed for all y € K. Furthermore, X
is reflexive and K C X is a nonempty closed convex and bounded. Therefore, K is
weakly compact subset of X and so G(y) is also weakly compact. Therefore, from
Lemma 2.5, it follows

() Gly) #0

yeK
There exists £ € K such that

(Qu, *( (1@ 1)) + f(9(2),y) Linte gy — ), Yy € K, v € T(y).

Hence, we conclude that from Theorem 3.1, there exists T € K, 4 € T(z) such that

(Qu, f( Cra@N 1)) + f(9(2),y) Linc 0, Vy € K
the proof is completed. O

Theorem 3.3. Let g: K — K be a single-valued mapping and pp: K x K — X
be affine in the first variable with p(x,g(x)) =0 for allx € K. Let f: K x K —
Y be a continuous mapping and affine in the second wvariable with the condition
flg(x),z) =0 for allx € K. Let g : X — Y be weakly lower semicontinuous.
Let Q : L(X,Y) — L(X,Y) be a mapping and T : K — 2EC5Y) be a nonempty
compact valued mapping, which is H-hemicontinuous and ag-relazed exponentially
(7, pv)-monotone with respect to Q and g. There exists r > 0 such that

1
(Qu, — (TN —1)) + £(g(y),0) <imc 0, Wy € K, v € T(y) with [ly]| =r.
(3.11)
Then (2.1) is solvable.

Proof. For r > 0, assume that K, = {z € X, ||z|| < r}. From Theorem 3.2, we know
that (2.1) is solvable over K., i.e., there exists x,, € K| K, and u, € T(z,) such
that

(Qur, ( oD 1)) + f(g(@r).y) Lime 0, Vy € K[| K, (3.12)
Putting y = O in (3.12) we have
1
(Qur, ;(67#(0’9(“))—1» + flg(2+),0) Linec 0. (3.13)

If ||z,|| = r for all r, then it is contradicts to (3.11). Hence r > ||z,||. For any z € K,
let us choose t € (0,1) small enough such that (1 —t)z, +tz € K () K,. Putting
y=(1- t)xr + 1tz in (3.12), we get

(Qu, (e“"“1 Drettzom)) 1)) + fg(2,), (1 — )2y + t2) Liec 0. (3.14)

Since g is aﬁine in the first variable and f is affine with respect to the second
variable, we have

1
(Quy, (U0 tt20@ ) 1)) 4 f(g(e,), (L~ t)e, + t2)
1
= Z (A=t mp(@r,g(zr))+tTu(z,9(2,))) _q ¢
(Qur, ~(e ) +tf(g(), 2)
1 1
<c (Quy, —(1 — t)(e(w(mr,g(rr)))_l) + ,t(e(w(z,g(rr)))_l» +tf(g(z,), 2)
-

T

= H{{Qup, (I 1)) + (g, 2)} (315)
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Hence from (3.14), (3.15) and Lemma 2.1, we get

1
(Quy, =(e =9I 1)) + f(g(xr), 2) Limic 0, Vz € K. (3.16)
T
Therefore, (2.1) is solvable and proof is completed. U

We note that, if g = I is an identity mapping, then we have following corollary:

Corollary 3.1. Let p : K x K — X be an affine in the first variable with
p(x,x) =0 forallz € K and f : K x K — Y be C-convex in the second variable
with the condition f(x,x) =0 for allz € K. Let Q : L(X,Y) — L(X,Y) be a
continuous mapping and T : K — 2X(5Y) be q nonempty compact valued mapping,
which is H-hemicontinuous and a-relazed exponentially (7, 1)-monotone with respect
to Q. Then the following two statements (a) and (b) are equivalent:

(a) there exists T € K, u € T(Z) such that

1 -
(Qu, —(e™ 1)) + £(2,y) Linec 0, Yy € K,
(b) there exists T € K such that

(Qu, %(e(f”@’i”—l)) + f(Z,y) Linte aly — ) Yy € K,v € T(y).

We note that, if g = Q = I are identity mapping, then we have following corol-
lary:
Corollary 3.2. Let p : K x K — X be an affine in the first variable with
p(x,x) =0 forallz € K and f : K x K — Y be C-convez in the second variable
with, the condition f(z,xz) =0 for allz € K. Let T : K — 2L5Y) be a nonempty
compact valued mapping, which is H-hemicontinuous and «a-relaxed exrponentially
(7, u)-monotone. Then the following two statements (a) and (b) are equivalent:

(a) there exists T € K, uw € T(T) such that

1 -
(i, (TN 1)) + f(@,y) Zimc 0, Yy € K,

(b) there exists T € K such that
1 _
(v, ;( ThW) 1)) + £(7,y) Lintc oy —T) Yy € K,v € T(y).

We note that, if T is a single valued mapping and f(x,y) = 0, a zero mapping,
then Corollary 3.2 reduces to the following:

Corollary 3.3. Let p : K x K — X be an affine in the first variable with
wa,z) =0 for all x € K and T : X — L(X,Y) be a-relazed exponentially
(7, u)-monotone. Then the following two statements (a) and (b) are equivalent:
(a) there exists & € K such that
1 _
<£a 7(€(Tn(y,a:))_1)> gintc 07 Vy € K7
T
(b) there exists T € K such that

1 -
(T2, (M0 1)) Ly aly —7) Yy, 2 € K.
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