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ABSTRACT. In this paper, our purpose is to establish some coincidence point and
common fixed point results for a pair of self mappings satisfying some generalized cyclic
contraction type conditions involving a control function with two variables in partial metric
spaces. Moreover, we provide some examples to analyze and illustrate our main results.
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1. INTRODUCTION

In 1994, Matthews [18] introduced the concept of partial metric spaces as a part
of the study of denotational semantics of dataflow networks and proved the well
known Banach Contraction Principle in this setting. Complete partial metric space
is a useful framework to model several complex problems in theory of computation.
The works of [5, 6, 8, 11,9, 10, 19, 20, 21] are viable and have opened new avenues for
applications in different fields of mathematics and applied sciences. It is interesting
to note that in partial metric spaces, self distance of an arbitrary point need not
be equal to zero. Matthews [18] introduced a class of open p-balls in partial metric
spaces which generates a T topology on X. This facilitated the initiation of open
and closed sets, neighbourhoods and other allied notions in partial metric spaces.
Recently, many authors studied fixed points of cyclic mappings in several spaces. In
2003, Kirk et al.[17] introduced the notion of cyclic mappings and proved some fixed
point theorems for these mappings. Some results for cyclic contractions in partial
metric spaces have been obtained in [4, 1, 7, 14, 15]. In 2013, Shatanawi et al.[24]
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proved some common fixed point theorem with the help of control functions, namely,
altering distance functions due to Khan et al.[16]. After that, several generalized
control functions were used to obtain fixed point results in various spaces. Motivated
by the works in [12, 22, 25], we will prove some coincidence points and common
fixed point results for a pair of self mappings satisfying some generalized cyclic
contraction type conditions involving a control function with two variables in partial
metric spaces. Our results extend and unify several existing results in the literature.
Finally, we give some examples to justify the validity of our results.

2. SOME BaAsic CONCEPTS

In this section, we begin with some basic facts and properties of partial metric
spaces.

Definition 2.1. [18] A partial metric on a nonempty set X is a functionp : X xX —
R* such that for all z, y, z € X:

(1) p(z,2) =ply,y) = p(z,y) <= v =y,

(p2) p(z,2) < p(z,y),

(ps) p(z,y) = p(y, ),

(pa) p(x,y) < pz,2) +p(2,9) = p(2,2).
The pair (X, p) is called a partial metric space.

It is clear that if p(z,y) = 0, then from (p;) and (p2), it follows that x = y. But
if x =y, p(z,y) may not be 0.

Example 2.2. [18] Let X = [0,00) and p(z,y) = maz {x, y}, for all z,y € X.
Then (X, p) is a partial metric space.
Example 2.3. [18] Let X = {[a,b] : a,b € R,a < b} and p([a,b],[c,d]) =

max {b, d} — min {a, c}. Then (X, p) is a partial metric space.

Each partial metric p on X generates a Ty topology 7, on X which has as a base
the family of open p-balls {B,(z,€) : x € X, € > 0}, where B,(z,¢) = {y € X :
p(z,y) < p(x,x) + €} for all z € X and € > 0.

Theorem 2.4. IfU € 7, and x € U, then there exists r > 0 such that By(x,r) C U.

Proof. Since U is an open set containing x, there exists an open p-ball, say B,(y, €)
such that © € By(y,€) C U. Then p(z,y) < p(y,y) + €. Let us choose 0 < r <
p(y,y) — p(x,y) + € and consider the open p-ball By,(z,r). Then it is easy to verify
that By(x,r) C By(y,e) CU. O

Remark 2.5. Let (X,p) be a partial metric space, (z,) be a sequence in X
and x € X. Then (z,) converges to z with respect to(w.r.t.) 7, if and only if

lim p(e,,2) = pla, ).

n—oo

Let z,, = = w.r.t. 7, and € > 0. Then there exists a natural number ny such that
Ty, € Bp(z,€) for all n > ng. This gives that p(z,,x) — p(z,z) < € for all n > ny.
Since p(xy, z) — p(z,z) > 0, it follows that | p(x,,z) — p(z,z) |< € for all n > ng.
This proves that HILH;O p(zn, x) = p(x, ).

Conversely, suppose that lim p(z,,z) = p(z,z). We shall show that x,, — x
n—oo
w.r.t. 7. Let U € 7, and ¢ € U. Then there exists € > 0 such that x € B,(x,¢) C U.
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By hypotheses, it follows that
lim (p(zn, ) — p(z,z)) = 0.
n—oo

So, there exists ng € N such that p(z,,z) — p(z,x) < € for all n > ng. This ensures
that z,, € Bp(x,€) for all n > ny and hence z,, € U for all n > ng. Therefore, (z,,)
converges to x w.r.t. 7, on X.

Definition 2.6. [18] Let (X, p) be a partial metric space and let (z,) be a sequence
in X. Then

(i) (zy) converges to a point x € X if lim p(z,,x) = p(x,x). This will be
n— 00

denoted as lim x, =z or z,, = z(n — ).
n—oo

(ii) (@) is called a Cauchy sequence if lim p(x,,z,,) exists and is finite.
7,Mm— 00

(iii) (X,p) is said to be complete if every Cauchy sequence (z,) in X converges
to a point € X such that p(z,z) = lUm p(z,, Tm).
n,Mm—00

Definition 2.7. [23] A sequence (x,,) in (X,p) is called 0-Cauchy if

lim p(zp,2m) =0.
n,m—oo

The space (X, p) is said to be 0-complete if every 0-Cauchy sequence in X converges
to a point z € X such that p(z,x) = 0.

It is easy to verify that every closed subset of a O-complete partial metric space
is 0-complete.

Lemma 2.8. Let (X,p) be a partial metric space.
(a) (see [3, 13]) If p(an, 2) = p(2,2) = 0 as n — oo, then p(zn,y) — p(2,y)
as n — oo for eachy € X.
(b) (see [23]) If (X,p) is complete, then it is 0-complete.

The converse assertion of (b) may not hold, in general. The following example
supports the above remark.

Example 2.9. [23] The space X = [0,00) N Q with the partial metric p(z,y) =
mazx {x, y} is 0-complete, but it is not complete. Moreover, the sequence (x,,) with
x, = 1 for each n € N is a Cauchy sequence in (X,p), but it is not a 0-Cauchy
sequence.

Definition 2.10. [17] Let X be a nonempty set, ¢ € N, and let f: X — X be a
self-mapping. Then X = UJ_, A, is a cyclic representation of X with respect to f if
(a) A;y i=1,2,---,q are nonempty subsets of X;
(0) (A1) C Ag, f(A2) C Az, -+, f(Ag—1) C Ag, [(Ag) C Ar.

Definition 2.11. [2] Let T' and S be self mappings of a set X. If y = Tax = Sz for
some x in X, then x is called a coincidence point of T and S and y is called a point
of coincidence of T and S.

Definition 2.12. [I13] The mappings 7,5 : X — X are weakly compatible, if for
every z € X, the following holds:

T(Sx) = S(Tx) whenever Sz = Tx.
Proposition 2.13. [2] Let S and T be weakly compatible self maps of a nonempty

set X. If S and T have a unique point of coincidence y = Sx = Tx, then y is the
unique common fized point of S and T.
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3. MAIN RESULTS

In this section, we will prove some coincidence point and common fixed point
theorems for a pair of self mappings defined on a 0-complete partial metric space
and satisfying a generalized contraction type condition involving a control function
of two variables. In 2013, Nashine et al.[22] introduced a class of generalized control
functions as follows:

Let @ denote the class of all functions ¢ : [0, 00)? — [0, 00) satisfying the following
conditions:

(a) ¢ is lower semicontinuous;
(b) ¢(s,t) =0if and only if s =t = 0.
We begin with the following theorem.

Theorem 3.1. Let (X,p) be a 0-complete partial metric space, ¢ € N and Ay, As,
-, Ay be nonempty subsets of X. Suppose the mappings f, g : X — X are such
that g(A1), g(A2), ---, g(Aq) are closed subsets of (X,p) and satisfy the following
conditions:

(C1) f(A;) Cg(Ait1) fori=1,2,---,q, where Agr1 = As;
(C2) there exists p € ® such that

p(fz, fy) < M(gz, gy) — »(p(9z, gy), p(g9, fz))

for any (gz, gy) € g(A;) x g(Aiy1),i=1, 2,--- ,q with Ag11 = A1, where
M (g, gy) = maz {p(gz, gy), p(g, fx), p(gy, fy), Lelulieliroy
Then f and g have a unique point of coincidence u in N{_;g(A;) with p(u,u) = 0.
Moreover, if f and g are weakly compatible, then f and g have a unique common
fized point in NI_;g(4;).

Proof. LetY = UJ_; A; and 2y € Y be arbitrary. Then there exists ip € {1, 2,--- ,¢}
such that z¢ € A;,. Since f(A;,) C g(A;y+1), there exists z; € A; 11 such that
gr1 = fxo. Continuing this process, we can construct a sequence (x,) such that
9Tn = frp_1, n=1,2,3, -, where x, € A; 1, and Agyr = As.

If p(g92y, gzny1) = 0 for some n € N, then gz, = gz,+1 = fz, and hence gz, 41
is a point of coincidence of f and g.

Without loss of generality, we may assume that
p(gxnvgxn+1) > 0, Vn € N.

Therefore,
©(P(gTns 9Tnt1), P(gTns gTpt1)) > 0, Vn € N. (3.1)

We note that for all n € N, there exists i € {1, 2, --- , ¢} such that (z,,2,41) €
A; x A;j+q and so, (gy, gTni1) € g(A;) X g(Ai+1). By using condition (C2), we
obtain

P(9ZTnt1,9Tny2) = D(fTn, fTni1)
M(9xn, 9Tnt1) — ¢(P(9%n, 9Tnt1), P(GTn, fTn))
M(gxn, ganrl) - Lp(p(gxna gxn+1),p(gxn, ganrl))? (32)

IN
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where

P(9Tn, 9Tn11), P(9%n, fTn), D(9Tnt1, fTni1),
M(gzn,9Tni1) = max

p(gxnaf£n+1)+p(fxn7g$n+l)
2

P(9Tn, 9Tnt1), P(9Tnt1, 9Tnt2),

P(gTn,9Tn+2)+P(9Tn+1,9Tnt1)
2

p(gxna gxn+1)7 p(g$n+1, 9$n+2),
< max

P(9%n,9%n+1)+P(gTn+1,9Tn+2)
2

= maz{p(grn, gTni1), P(9Tni1, 9Tn12)}-
Thus, we obtain from condition (3.2) that

P(9Tnt1, 9Tnt2) < maz{p(gan, 9Tni1), P(9Tnt1, 9Tni2)}
—(p(9%n; gTn11), P(92n, 9Tn+1))- (3.3)
If maz{p(gen, grn+1), P(9Tnt1, 9Tn42)} = P(9Tn+1, 9Tni2), then by using con-
dition (3.1), we get
P(9Tni1,9%ni2) < P(GTni1, 9Tni2) = P(P(9Tn; 9Tn41), P(9Tn, 9Tn11))
< p(g$n+179xn+2)7

which is a contradiction.
Therefore, maz{p(9xn, gxn11), P(9Zns1, 9Tni2)} = P(9Tn, gTni1)-
Thus, condition (3.3) reduces to
P9Tnt1, 9Tnt2) < P(9Tn, 9Tnt1) — P(P(9Zn, 9Tnt1), P(9Tn, GTn41))
< p(gTn, gTni1)- (3.4)
This shows that (p(gzn, gZn+1)) is a nonincreasing sequence of positive real num-
bers. So, there exists 7 > 0 such that
lim p(gen, gTni1) =7 (3.5)
n—oo

Taking the upper limit as n — oo in (3.4) and using condition (3.5) and lower
semicontinuity of ¢, we get

r < r—liminf (p(9xn, 9Tnt1), P(gTn, gTnt1))

n—oo

< r—e(nr),

which implies that ¢(r,r) = 0 and hence r = 0.
Therefore,

Jim p(gan, gni1) = 0. (3.6)
We now show that (gz,) is 0-Cauchy in g(Y").
If possible, suppose that (gx,) is not a 0-Cauchy sequence. Then there exists

€ > 0 for which we can find two subsequences (gz,,) and (gx,,) of (gz,) such that
n; is the smallest positive integer satisfying

P(GTm,;, gTn,) > € for ng > m; > . (3.7
So, it must be the case that

P(gTm,> 9Tn,—1) < €. (3.8)
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Using conditions (3.7), (3.8) and (p4), we obtain
€ p(9Zm, s 9Tn,)
p(gfvmi, g‘rni_l) + p(gzni_17 g‘rnz) - p(gxni,—lﬂ gzni_l)

€+ p(9Tn,—1,9%n,)-

VAR VAN VAN

This gives that
€ < p(gTm,, 9Tn,) < €+ p(gTn, 1, 9n, ).
Passing to the limit as i — co and using condition (3.6), we have

lim p(gxm,, gTn,) = €. (3.9)

71— 00
We observe that for all 4, there exists r; € {1, 2, -+, ¢} such that n; —m; +r; =
1lg]. Then z,,_,, (for large i, m; > r;) and z,, lie in different adjacently la-
belled sets A; and A;;, for certain j € {1,2,---, ¢} where A;41 = A;. So,

(g‘rmi—’ri7gxni) € g(A]) X g(A]"rl)
By using condition (C2), we get
p(gxm,i—'r'i-&-l;gl'ni—i-l) = p(fxmi—m ; fl‘m)
< M(gZm,—r,> 92n,)
—0(P(9Tm; —r;» 9Tn; ), P(9%m; —ris fTmi—r;)), (3.10)
where

p(gxm,-—riy gmni)?p(gxmi—rw f-rmi—n)a
M(gZm,—r;s gTn,) = Mmax

p(gl"m ’ f$n1)7 PGy vy Ty );p(fmmiiri .9%n,)

(3.11)
We now compute that lIm p(gZm,;—r;, 9Tm;) = 0. By repeated use of (p4), we
71— 00
get
m—l
p(gxmifrmgxmﬂ S p(g'rmifm+lvgxmi*m+l+1)
1=0
qg—1
< p(gxmi—m—&-lagxmi—ri+l+1)~
1=0

Taking the limit as i — oo and using condition (3.6), it follows that
hm p(gxmifm,gxmi) =0. (312)
11— 00
Using (p4), we have
P(GTmi—ris 9Tn:) < P9Tmi—ris 9Tm.) + P(GTmis 9Tn;) = P(GTm, s 9Tm; )
< P9Tmi—ris 9Tm;) + P(GTmis 9Tn,)-
Taking the upper limit as ¢ — oo and using conditions (3.9) and (3.12), we get

lim sup p(gTm; —r;, 9n;) < €. (3.13)
71— 00
Again,
€ P(9Zm, s 9Tn,;)
p(gmnw gxmi*ﬂ) + p(gl‘mi*m ’ gxmi) - p(gxmi*Tw gl‘mi*ﬂ)

p(gxnn gxmi*ﬂ‘) + p(gxmi*?”i ’ gxmz)

IAINCIA
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Passing to the upper limit as ¢ — oo and using conditions (3.12) and (3.13), we
obtain
€ < limsup p(g2m, —r,» 9n,) < €.

i—00
Thus,

im sup p(gm; —r;, gn,;) = €.
1—> 00

By an argument similar to that used above, we can prove that
lim infp(gxmi,”, gwni) =¢
1— 00

Therefore,
lim p(g@m;—r;» GTn,) = €. (3.14)
1—> 00
By (p4), we have
P(GZm;—ris 9Tn;) + P(9Tn;s 9ni11) = P(GTn;s gn;)
p(gmmi*mvg‘rm) +p(gxnivgxni+1)'
Passing to the upper limit as ¢ — oo and using conditions (3.6) and (3.14), we
obtain

p(gxmi—rngm-&-l) <
<

lim sup p(gZm; —r;» 9Tn,4+1) < €. (3.15)

1—00
Moreover,
< p(9Tm;, 9Tn,)
< p(9Tn;s 9Tm;—r;) + P(9Tm;—r; s GTm,)
S p(gan ) gmniJrl) + p(gxnlea gmmifri) + p(gxmifrw gl‘mb)

€

Passing to the upper limit as ¢ — oo and using conditions (3.6), (3.12) and (3.15),
we get

e < lim SUP P(GTn,; 41, §Tm,;—r;) < €.
71— 00
Thus,
lim SUP P(9Tn;+1, 9Tm;—r;) = €.
71— 00

Similarly, we can show that
liminf p(9n,+1, 9Tm,—r;) = €.
1— 00

Therefore,
lim p(9Zn,+1, 9Tm,;—r;) = €. (3.16)
1—> 00

Furthermore, by (p4), we have
p(mevgxmiferl) < p(gxmi*""i7gmmi*7’i+1) +p(gmmi*magmni)'
Passing to the upper limit as ¢ — oo and using conditions (3.6) and (3.14), we
obtain
lim Supp(gxnngmifrﬂrl) <e (317>

1— 00

Now,

P(9%m,, 92n,)

P(9Tn;, 9Tm,;—r;) + P(GTr;—ri s 9T, )

p(gxnmgxmifrﬂrl) +p(gxmi*7“i+1vgxmi*7“i) +p(gxmi*7“iagxmi)'

IA N CIA
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Passing to the upper limit as ¢ — oo and using conditions (3.6), (3.12) and (3.17),
we get

€ <Hmsup p(gan,, 9Tm, —ri+1) < €.

1— 00
Thus,

Hm sup p(g2n, , gTm;—r;+1) = €.
71— 00

By an argument similar to that used above, we can show that

liminf p(gn;, 9Tm,;—r;+1) = €.
1—> 00

Therefore,
iliglop(gxm,ga:mi_mﬂ) =e. (3.18)
Similarly, we have
ili)rgop(gxmﬂ,gxmi,rﬁl) =e. (3.19)

Taking the limit as ¢ — oo in (3.11) and using conditions (3.6), (3.14), (3.16),
(3.18), we have
lim M(gZm,;—r;, gTn,;) = €. (3.20)

—00
Passing to the upper limit as ¢ — oo in (3.10) and using conditions (3.19), (3.20)
and lower semicontunuity of the function ¢, we get

e < e—lminfo(p(gLm,—r;, 9Tn, ), P(9Tm,—ri» [Tm;—r.))
1— 00
S € — 30(67 0)7
which implies that ¢(e,0) = 0, a contradiction, since ¢ > 0. This proves that
(g9zy) is a 0-Cauchy sequence in g(Y). As g(Y) = UL, 9(A;), it follows that g(Y)
is a closed subset of the O-complete partial metric space (X, p) and hence g(Y) is

0-complete. So, (gx,) converges to some point u € g(Y) such that p(u,u) = 0.
Therefore,

li_>m p(gzn,u) = p(u,u) = 0. (3.21)
We shall prove that u € NY_, g(A4;).

As xy € A;,, by (C1), it follows that the sequence (gxng)n>0 C g(A4;,). Since
g(A;,) is closed, condition (3.21) ensures that u € g(A;,). Again, by (C1), we get
(9Zng+1)n>0 € g(Aiy41), where Ay, = Ai. Proceeding as above, we obtain that
u € g(Ai,+1). Continuing in this way, we get

ueni_;g(4;). (3.22)

Now we shall show that u is a point of coincidence of f and g.

Indeed, since u € g(Y), there exists ¢t € Y such that u = gt. Now, if =, € A; for
some ¢ € {1, 2, --- ,q}, then (g¢, gz,,) = (u, gx,) € g(A;i—1) X g(A;) where Ag = A,
because u € NY_,g(A;). By applying (C2), we obtain that for all n € N,

p(ftagxn-‘rl) = p(ft7fxn)
< M(gt,gzn) — (p(gt, 9zn), p(gt, f1)), (3.23)
where

p(gt, fzn) + p(ft, gwn)}
. .

M (gt, gxn) = max {p(gt, gzn), (gt, ft), p(9Tn, f2n),
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By Lemma 2.8, we get

t, gt
lim M(gtvgxn) = max{ij(gt’ ft)7 0, p(f g )

n—oo 2

} = p(gt, ft).

Taking the upper limit as n — oo in (3.23) and using Lemma 2.8 and lower
semicontinuity of the function ¢, it follows that

p(ft.gt) < plgt, ft) = liminf o(p(gt, gxn), p(gt, f1))

< plgt, ft) — ¢(0,p(gt, f1)),

which implies that (0, p(gt, ft)) = 0 and hence p(gt, ft) = 0, that is, gt = ft = u.
Therefore, u is a point of coincidence of f and g such that v € N}_,g(A;) and
p(u,u) = 0.

For uniqueness, we assume that there is another point of coincidence v of f and
g such that v € NY_,g(4;) and p(v,v) = 0. By supposition, there exists z € X
satisfying v = gx = fz. Taking u € g(4;), v € g(A;1+1) and applying (C2), we have

p(u,v) = p(ft, fx)
< maz{p(gt, gz),p(gt, f1),p(g, f),
—¢(p(gt, gz), p(gt, f1))
= maz {p(u,v), p(u,u),p(v,v),
_¢(p(u> U)vp(ua u))
= p(ua U) - @(p(ua U)a O)
This gives that ¢(p(u,v),0) = 0 and hence p(u,v) = 0, that is, w = v. Thus, f and

¢ have a unique point of coincidence u € NY_, g(A4;) and p(u,u) = 0.

1=

p(gt, fr) + p(ft, gw)}
2

p(u,v) + p(u, U)
— )

If f and g are weakly compatible, then by Proposition 2.13, f and g have a
unique common fixed point in NY_; g(4;). O

Corollary 3.2. Let (X, p) be a 0-complete partial metric space and let f, g : X — X
be self mappings. Suppose that f(X) C g(X) and g(X) is a closed subset of (X, p).
If there exists ¢ € ® such that

p(fz, fy) < M(gz,gy) — ¢(p(9z, 9y), p(gz, f))

for all x,y € X, then f and g have a unique point of coincidence u in g(X) such
that p(u,u) = 0. Moreover, if f and g are weakly compatible, then f and g have a
unique common fized point in g(X).

Proof. The proof follows from Theorem 3.1 by taking A1 = Ay =---=A4,=X. O

Corollary 3.3. Let (X,p) be a 0-complete partial metric space and let f : X — X
be a self mapping. Suppose there exists ¢ € ® such that

p(fz, fy) < M(x,y) — ¢o(p(x,y),p(z, fz))

for all z,y € X, where M(z,y) = maz {p(z,y),p(, fz),p(y, fy
Then f has a unique fized point u in X such that p(u,u) = 0.

), p(fc,fy);rp(yyfw) }

Proof. The proof follows from Theorem 3.1 by taking 41 = Ay = -+ = A4, = X
and g = I, the identity map on X. O
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Corollary 3.4. Let (X,p) be a 0-complete partial metric space, ¢ € N and Aq, As,
-+, Ay be nonempty subsets of X. Suppose the mappings f, g : X — X are such
that (A1), g(A2), ---, g(Aq) are closed subsets of (X,p) and satisfy the following
conditions:

(Cl) f(Al) c g(Ai-‘rl) fOTi = 1a 2a e, 4, where Aq+1 = Al;

(C3) there exists r € [0,1) such that

plgz, fy) +p(fz, 9y) )
2
for any (gz, gy) € g(A;) x g(Aix1),1=1,2, .-+, g with Ag11 = As.
Then f and g have a unique point of coincidence u in N{_;g(A;) with p(u,u) = 0.
Moreover, if f and g are weakly compatible, then f and g have a unique common
fized point in NI_;g(4;).

Proof. From (C3), we get

p(fz, fy) < rmaz {p(gz, gy), p(g9z, fr),p(g9y, fy),

p(gz, fy) + p(f:agy)}

p(fx, fy) < rmax{p(gz,gy),p(gz, fx),p(9y, fy), 5
= M(gx,gy) — (1 —r) M(gz, gy)
< M(gx,gy) — (1 —r)mazx {p(gz, gy), p(gz, fx)}

= M(gz,gy) — ¢(p(g, 9y), (g7, f)),

where p(s,t) = (1 — r)max{s, t}, Vs, t € [0,00). Obviously, ¢ € ®. The result
now follows from Theorem 3.1 by considering ¢(s,t) = (1 — r) mazx {s, t}, Vs, t €
[0, 00). O

Corollary 3.5. Let (X,p) be a 0-complete partial metric space and f : X — X be
a mapping. If there exists r € [0,1) such that

p(z, fy) +p(fx,y)}
2

forall x, y € X, then f has a unique fixed point u in X with p(u,u) = 0.

p(fz, fy) < rmaz {p(z,y), p(z, fr),p(y, fy), (3.24)

Proof. Condition (3.24) gives that
p(@. fy) + pif2.),

p(fz, fy) < rmax{p(z,y),p(z, fx),p(y, fy), 5
= M(z,y)— (1—r)M(z,y)
< M(z,y) — (1 —r)maz{p(z,y),p(z, fz)}

= M(a?,y)—@(p(x,y),p(m,fx)),
where ¢(s,t) = (1 — r)max{s, t}, Vs, t € [0,00). The result follows from The-
orem 3.1 by taking 41 = Ay = --- = A; = X, g = I and ¢(s,t) = (1 —
r)ymazx {s, t}, Vs, t € [0, 00).
Corollary 3.6. Let (X,p) be a 0-complete partial metric space, ¢ € N and Ay, As,
<o, Ay be nonempty subsets of X. Suppose the mappings f, g : X — X are such

that g(A1), g(A2), -+, g(Aq) are closed subsets of (X,p) and satisfy the following
conditions:

(C1) f(Ai) Cg(Aitr) fori=1,2,---,q, where Agp1 = Ay;
(C4) there exist o, B, v, § > 0 with o+ f+ v+ 25 < 1 such that

p(fx, fy) < aplgx, gy) + Bp(gx, fx) +vp(gy, fy) + 0 (p(gz, fy) + p(fx,gy))
for any (gz, gy) € 9(A;) x g(Aix1),1=1,2, .-+, q with Ag11 = A;.
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Then f and g have a unique point of coincidence u in N_,g(A;) with p(u,u) = 0.
Moreover, if f and g are weakly compatible, then f and g have a unique common
fized point in NL_,g(A;).

Proof. From condition (C4), we obtain

p(fx, fy) < ap(gz,gy) + Bpgx, fx) +vp(gy, fy) + 6 (p(gz, fy) + p(fz, gy))
< (a+ B+ +20) M(gz, gy)

= Mgz, gy),
where 7 = (a4 f + v+ 20) € [0,1). Thus, condition (C3) holds true and Corollary
3.4 can be applied to obtain the desired result. (]

Corollary 3.7. Let (X,p) be a 0-complete partial metric space. Suppose the map-
ping [ X — X satisfies the following condition:

for all z,y € X. Then f has a unique fized point u in X such that p(u,u) = 0.

Proof. The proof follows from Theorem 3.1 by taking 4y = Ay = -+ = A, =
X, g=1and ¢(s,t) = 2fsr_it, Vs, t € [0,00). O
Remark 3.8. Taking g = I in Theorem 3.1, we obtain Theorem 13[22]. As a

special case of Corollary 3.6, we obtain several important fixed point results in
partial metric spaces including Matthews version of Banach contraction theorem

[18].

Next we present our second main theorem.
Theorem 3.9. Let (X, p) be a 0-complete partial metric space and let f, T : X — X
be mappings. Suppose there exists p € ® such that

p(z, fr) + p(y, Ty))
2

p(fz,Ty) < N(z,y) — o(p(=,y), (3.25)

— (z,Ty)+p(y.fz)
or all &,y € X, where N(z,y) = maz {p(z,y), p(z, fz), p(y, Ty), LeTopla) ],

Then f and T have a unique common fixed point u in X with p(u,u) = 0.
Proof. We first prove that u is a fixed point of T if and only if u is a fixed point of
f with p(u,u) = 0.

Suppose that u is a fixed point of T, that is, Tu = u. Then, by using condition

(3.25), we obtain

p(fu,u) = p(fu,Tu)
p(u, fu) + p(u, Tu)

< N(uw,u) = o(p(u, u), 5 ),
where
N(u,u) = max {p(u’u),p(u7 fu), p(u, Tu), p(u, Tu) ;rp(u, fu)}
= max {p(u’u),p(u7 fu), p(u, u) +2p(u, fu)}

= maz {p(u,u),p(u, fu)}
= p(u, fu)
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Therefore,

p(u, fu) +p(u, U))
2 )

p(fuau) < p(ua fu) - gﬁ(p(U,U),

which implies that ¢(p(u,u), pi(u’fu);p(u’“)) = 0. This gives that pi(“’f“);p(u’u) =
p(u,u) = 0, that is, p(u, fu) = 0 and hence fu = u with p(u,u) = 0.

By an argument similar to that used above, we can show that if u is a fixed point
of f, then w is also a fixed point of T" with p(u,u) = 0.

Let g € X be arbitrary. We can construct a sequence (x,) in X such that

fTn_1, if nis odd,
Ty =
Txn_1, if nis even.

We assume that z, # x,,_1 for every n € N. If xg,, = x9,41 for some n € NU {0},
then x4, = fxo, and hence s, is a fixed point of f. By our previous discussion, it
follows that x5, is also a fixed point of T. So, x2, becomes a common fixed point
of f and T. The case Ta,4+1 = Tant2 for some n € NU {0} can be treated similarly
to achieve our goal. Therefore, p(z,,2x,—1) > 0, Vn € N and hence

p(xna xnfl) + p(mm+17 xm)

o(p(zn, Tn-1), 5 ) >0, Vn, m € N. (3.26)
We now show that lim p(z,,x,4+1) = 0.
n— 00
By using condition (3.25), we obtain
p(l”zn+1,$2n+2) = p(fx2n7T$2n+1)
S N(x2n7 x2n+1)
P(Z2n, fTon) + D(T2n41, TT2n11
—@(p(T2n, T2n+1), (2, f2n) 2( . et ))>
where
p(lfzm I2n+1), p(xzn, fiL’Qn)7P(I2n+1, szn,-u),
N(xzm $2n+1) = max
p(x2n,Txon11)+P(T2nt1,fT2n)
2
p(372n7$2n+1)7p(x2n+1,$2n+2)a
= max
P(T2n,Tant2)+P(T2nt1,T2n41)
2
P(T2n; Tan+1), P(T2n41, T2nt2),
< max
P(Z2n,Tant1)+P(T2nt1,T2n42)
2
= max {p(Tan, Tang1), P(T2n41, Toni2)}-
Therefore,

P(Tont1,Tony2) < max {p(Tan, Tant1), D(Tont1, Tani2)}

—p(p(z2n, Tant1), plzon Tnt1) —|-2p(x2n+1, Tnt) )-

(3.27)
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If max {p(Ton, Tan+1), P(T2n+1, Tant2)} = P(T2n+1, Tany2), then by using (3.26),
we obtain from condition (3.27) that
P(T2ns1, Tony2) < Pp(T2ng1, Tany2)

P(T2n, Tont1) + P(T2nt1, Tans2) )
2

—o(p(r2n, Tant1),

< p(T2n41, Tant2),

which is a contradiction. Therefore,

maz {p(Tan, Tan+1), P(T2n+1, Tan+2)} = P(T2n, T2n41)-
Thus, condition (3.27) becomes

P(T2n41,T2n42) < P(Tan, T2nt1)
D(Z2n, Tant1) + P(T2nt1, Tant2)
5 )
< p(T2n, T2an+1)- (3.28)

Similarly, we can show that

_‘P(p(léna x2n+1)7

plx , T + p(xon—1,2
P($2n79€2n+1) < p(x2nflax2n)_Sp(p(-ranthn)y (%H 2n)2 (% ! 2n))

< p(xgn,l, 15271). (329)
Combining conditions (3.28) and (3.29), we get

P\ Tn—-1,T +p Lp, T 1
p(xnamn—&-l) < p(xn—lamn)_@(p(xn—lamn)a ( - n) 9 ( ot ))

< p(xp-1,2,), ¥n € N. (3.30)

Thus, (p(2y, Tp+1)) is a nonincreasing sequence of positive numbers. Hence there
exists r > 0 such that

lim p(zy,Tpe1) =1 (3.31)

n—oo
Taking the upper limit as n — oo in (3.30) and using (3.31) and lower semicon-
tinuity of ¢, we obtain

ro< r— Timinf e(p(an_1, @), PER=LEn) £ D@0 Tni1),

n— o0 2

< =),

which implies that ¢(r,r) = 0 and hence r = 0. Therefore,
lim p(z,,Tpe1) = 0. (3.32)

n—oo

We shall show that (z,) is a 0-Cauchy sequence in X.

It is sufficient to show that (z3,) is a 0-Cauchy sequence. If possible, suppose
that (x2,) is not a 0-Cauchy sequence. Then there exists € > 0 for which we can find
two subsequences (Zanm,,) and (Zay,,) of (x2,) such that n; is the smallest positive
integer for which

P(Tom,, Tan,) > € for n; > m; > i. (3.33)
This implies that
P(Tam,, Tan,—2) < €. (3.34)
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By repeated use of (ps) and by condition (3.34), we have
P(T2n+1,T2m,) < P(Tan,+1, T2n,) + P(T2n,, Tam,) — P(T2n,s T2n,)
< p(@2n,41, T2n;) + P(T2n,, T2n, 1)
+p(T2n,—1, Tan,—2) + P(T2n,—2, Tom,)
P(T2n 41, T2n,) + P(T2n,, T2n,—1)
+p(T2n,—1,Ton,—2) + €.

N

Passing to the upper limit as i — oo, we get

lim Supp(x2ni+17 ‘szi) S €.
n— oo

From (3.33), we get

€< p(mei ) mZni) < p(mei ) mZni+1) + p(m2ni+1’ x2nz‘)'
Taking the upper limit as ¢ — oo, we have

e < limsup p(Tom,;, Toan,+1) < €.
i—00
Thus,

lim sup p(z2m; , T2n,+1) = €.
i— 00

Similarly, lim inf p(2om,, Z2n,+1) = €. Therefore,
11— 00
lim p(om,;, Ton,+1) = €. (3.35)
11— 00
Again,
P(T2n;, Tom,—1) < D(Tan, Ton,—1) + P(T2n,—1, Tan,—2)
+0(Z2n,—2, Tam, ) + P(T2m, s T2m,—1)
< e+ p(Ton,s Tan,—1) + P(Tan,—1, Ton;—2) + D(T2my s Tam,—1)-

Passing to the upper limit as i — oo, we obtain

lim sup p(@an, , Tam,—1) < €. (3.36)

1—+00
Also,
€ < p(T2n;, Tam,;) < P(T2n;, Tam;—1) + P(T2m, —1, Tam, )-
Taking the upper limit as ¢ — oo and using conditions (3.32) and (3.36), we get

€ < limsup p(@on,, Tam,—1) < €.
1—00
Thus,

lim sup p(x2n, , Tam,—1) = €.
71— 00

Similarly, we can obtain

liminf p(xay,, Tom,—1) = €.
1— 00

Therefore,
lim p(x2n,, Tom;—1) = €. (3.37)
11— 00

By an argument similar to that used above, we can obtain

ilg(r)lop(xgm,xgmi) =€ (3.38)
and
im p(22n,+1, T2m,—1) = €. (3.39)

17— 00
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By using condition (3.25), we have

P(@2n,41,T2m;) = p(fran,, TTom,—1)
< N(z2n,, Tom,—1)
T o ) +2p(x2mﬁl’ Tom.)
(3.40)
where
P(T2n; Tam;—1), P(T2n,s f2n,), P(T2m;—1, T2m,—1),
N(zon,, Tam,—1) = max

P(x2n; , TTam,; —1)+P(T2m; —1,fT2n,;)
2

p(xQni ) me,;—l)ap(xQnia x2n7¢+1)7p(3§2m1—17 me,;)7

= max
P(T2n, ,T2m; ) +P(T2m; —1,T2n,+1)
2

(3.41)

Taking the limit as i — oo in (3.41) and using conditions (3.32), (3.37), (3.38),
(3.39), we get
lim N(xon,, Tom,—1) = maz {¢, 0, 0, %} =€ (3.42)

1— 00

Passing to the upper limit as i — oo in (3.40) and using conditions (3.32), (3.35),
(3.37), (3.42) and lower semicontinuity of ¢, we get
€ = hm sup p(x2n13+17 x27ni)
1—> 00
< limsup N(22n,, Tam, 1)
i—>00

— hm lnf (P(p(x2n1 ) xQ’ﬂw—l)’ p(xQni : x2ni+1) + p(mei_l’ Z‘Qmi) )
71— 00 2

S 6_30(6’0)7

which implies that ¢(e,0) = 0 and hence € = 0, a contradiction. Therefore, (x,)
is a 0-Cauchy sequence in X. Since (X, p) is 0-complete, there exists u € X such
that lim p(z,,u) = p(u,u) = 0. This ensures that lim p(x2,,u) = p(u,u) =0

n—oo n—oo
and lim p(xon41,u) = p(u,u) = 0. Moreover, by Lemma 2.8, li_>m p(xan, Tu) =

n— oo n o0
p(u,Tu) and lim p(x2n+17TU) = p(u,Tu)

n—oo
By using condition (3.25), we obtain

p(I2n+1,T’U,) = p(foTlaTu)

p(zva f$2n) + p(u, Tu) ) (

< N(z2pn,u)) — @(p(z2n,u), )

3.43)
where

P($2n,u)ap($2mfon),p(U,TU)a
N(zop,u) = maz

p(2n,Tu)+p(u, fra,)
2

p(‘ran U),p(ﬂizn, xQn,+1)7p(u7 T’LL),

p(x2n,Tu)+p(u,Tan41)
2

= plu,Tu) as n — 0.
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Taking the upper limit as n — oo in (3.43), we have

ny n ,T
p(u,Tu) < ;o(u,Tu)—hminhp(p(acgn,u),p(gf2 ant1) + p(u U))

IN

P, Tw) = (0, 5 p(u, Tu),

which gives that (0,2 p(u, Tu)) = 0. This assures that p(u,Tu) = 0 and hence
Tu = u. By our previous discussion, u is also a fixed point of f. Therefore, u is a
common fixed point of f and T with p(u,u) = 0.

For uniqueness, let v be another common fixed point of f and T in X with
p(v,v) = 0. By applying condition (3.25), we get
p(u, fu) + p(v, Tv
() = p(fu, To) < N(u,v) — plp, v), LTI 2OTY)

where

), (3.44)

= maz{p(u,v),0,0,p(u,v)}
= p(u, U)'
Thus, condition (3.44) becomes
p(u, U) < p(u, v) - @(p(u, U)v O)a
which implies that ¢(p(u,v),0) = 0 and hence p(u,v) = 0, that is, u = v. Therefore,
f and T have a unique common fixed point in X. O

p(u, Tv) + p(v, fu) }

Corollary 3.10. Let (X,p) be a 0-complete partial metric space and let the map-
pings f, T : X — X be such that

2

for all x,y € X, where r € [0,1) is a constant. Then f and T have a unique
common fized point u in X with p(u,u) = 0.

p(fz,Ty) < rmax {p(m, ), p(, fr), p(y, Ty), p(, Ty) + v, f7) } (3.45)

Proof. From condition (3.45), we have

p(x, Ty) + p(y, fx)}
2

p(fz,Ty) < rmax{p(z,y),p(z, fr),ply, Ty),

= N(z,y) — (1 —7)N(z,y)
plz, fz) + ply, Ty
< N(@.y) - (- rymaz{p(e.y), LR TY),
p(z, fx) + p(y, Ty))

2 b
where ¢(s,t) = (1 — r) max{s, t}, Vs, t € [0,00). Obviously, ¢ € ®. Now applying
Theorem 3.9 we can obtain the desired result. O

= N(z,y) — o(p(z,y),

Corollary 3.11. Let (X,p) be a 0-complete partial metric space and let f : X — X
be a mapping. Suppose there exists p € ® such that

p(fz, f5) < N' (@) — p(p(a, ), BELD ;rp(% 1v),

! — (z,fy)+p(y. fz)
for all z,y € X, where N'(z,) = maz {p(z, ), p(, f2), ply, fy), 2eL05p000 ]

Then f has a unique fized point u in X with p(u,u) = 0.
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Proof. The proof follows from Theorem 3.9 by considering T = f. O

Corollary 3.12. Let (X,p) be a 0-complete partial metric space and let the map-
pings f, T : X — X be such that

p(fr,Ty) < ap(z,y) + Bp(x, fx) +vp(y, Ty) + 0 (p(z, Ty) + p(y, fr)) (3.46)

forallx, y € X, where v, 5, v, 0 >0 witha+B+v+25 < 1. Then f and T have
a unique common fized point u in X with p(u,u) = 0.

Proof. From condition (3.46), we obtain

p(fz,Ty) < ap(x,y)+Bp(x, fz) +vply, Ty) + 6 (p(z, Ty) + p(y, fr))

< (a+B+7+20)N(z,y)
= rN(z,y)

= N(z,y) — (L =7)N(z,y)

< Noy)— (1= ) mazip(z,y), 20D 2@ TY),

2
(z, fx) + ply, Ty)
2 )
where r = (a + 8+ v+ 2§) € [0,1) and ¢(s,t) = (1 — r) max{s,t}, Vs, t € [0,00).
Now applying Theorem 3.9, we can obtain the desired result. O

— N(z,9) — o(p(z,),

Corollary 3.13. Let (X,p) be a 0-complete partial metric space and let the map-
pings f, T : X — X be such that

p(x,y) + 5 (p(z, f2) +p(y, Ty))
2+ p(x,y) + 35 (ple, fz) + ply, Ty))

for all x,y € X. Then f and T have a unique common fized point u in X with
p(u,u) =0.

p(fz, Ty) < N(z,y) —

Proof. The proof follows from Theorem 3.9 by taking ¢ : [0,00)?2 — [0,00) as

p(s,t) = Qj_'git. O

Remark 3.14. The results of this study are obtained under the weaker assumption
that the underlying partial metric space is 0-complete. However, they also valid if
the space is complete.

Finally, we give some examples to justify the validity of our main results.

Example 3.15. Let X ={[1-37",1]: ne N}U{[1,14+37"]: n € N} U {{1}},
where {1} = [1,1]. We define p : X x X — R by p([a, 8], [c,d]) = mazx {b, d} —
min {a, c}. Then (X, p) is a 0-complete partial metric space. Let A; = {[1-37",1] :
n € NYU{{1}} and A = {[1,1+37"]: n € N} U{{1}}. Obviously, X = A; U As.
Define mappings f, g: X — X by

1,143+ Gif 2 =[1-3""1],
fr=¢ 1 =30 1] if 2=[1,1+37"],

{1}, of = =A{1}
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and
[1—3=(0 1], if @ =[1-37"1],

gr=2< [L1+3FD] if 2 =[1,1+37"],

{1}, if =={1}.
Then, f(A1) C g(42), f(A2) C g(A41)and g(A1), g(As2) are closed subsets of (X, p).
Thus, condition (C1) holds true. We now Verlfy condition (C2) with the control
function ¢ : [0,00)% — [0, 00) given by ¢(s,t) = 3 maz {s, t}. We now consider the
following cases:

Case-I: x=[1 -3 1€ A, y=[1,1+37% € Ay, n, k € Nwithn < k.
In this case, we have 375 < 37" and 3% < 3= (»+1)| Then,

1 2
p(fx, fy) = p([1,1 437" F2] [1 - 3702 1) = g BT+ 3F) <3

9
plgz.gy) = p(L =3~ [1, 1437 ¢F0]) = 370D 4 3= 0nF D
Lok | a—(nt1) _ (1 —nt) _ 4 s
= = <(z+1 =_-.37"
3 3743 < (3 +1)3 5 3
4
plgz, fz) = p([1 — 3~ 1] [1,1 4 3~ ("+2)])) = 3=(n+2) 4 g=(n+D) — 53"
4
plgy, fy) = p([1,1+37FFV] [1— 37020, 1)) = 370D 4 37020 < 2370,
1
p(gz, fy) = p([1 — 370+ 1] [1 — 37K+ 1)) = 3= = =337
1
p(fm,gy) — p([l, 14+ 3—(71-"-2)}7 [17 14+ 3—(k+1)]) — 3—(n+2) _ 5 3"
Now,
plgz, fy) +p(fa,gy) 11 0 1 0 2, 4,
5 2(33 .3 )79.3 <53
Thus, M (gz,gy) = %.3_" and
1 2
v(plgz, gy), plgz, fo)) = 5 maz {p(gz, gy), plgz, fr)} = 5.37"

Therefore,

p(fr, fy) < g- 37" = M(gz, gy) — »(p(g9z, gy), p(gz, fr)).

Case-Il: 2 =[1-3"",1] € Ay, y =[1,1+37*] € A, n, k € N with n > k.
In this case we have 37F > 3 " and 37" < 3=+ Then,
p(fx, fy) < 5.37%, plgz,gy) = § 37+37") < 5.37%, p(g, fx) = §.37", plgy, fy) =

5.37% and p(g:c fy) = 3~ (k+2) = §.37 k,p(f:c gy) = 3-(+D) £.37%. So,
p(gr,fy);p(fr,gy) - %_3—k_

Moreover, we note that p(gz, gy) = % (37F4377) > %.3’” > 337" = p(gx, fr).
Thus, M(gz,gy) = 5.3 and

elplgz 99), (g, f2)) = 5 maz {p(ge, gu), plow, f2)} = 3 ploz,gy) = 5 (374437,
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Therefore,

M (gz, gy) — o(p(9z, gy), p(gz, fz))

Case-III: t =[1-3"",1] € 41, y=[1,1+ 3"

Then,

B p(fr,gy) = £.3

p(fz, fy) = 2.37", plgz, gy) = 2.37", p(gz, fx) = 5.37", p(gy, fy) =
1 1
3 3

p(gz, fy) =

Thus, M (gz,gy) = 4.3™" and

ool 90). plgz, f2) = 5 maz (g, 90), loz, f2)} =

Therefore,

p(fz, fy) = ;3‘" = M(gz, gy) —

Y

>

Case-IV:z=[1-3",1€ A, neN, y= {1} € As.

Then,

p(fz, fy) = p([1, 143~ 2] {1}) =37+ =

p(gz, gy) = p([1 — 3~

p(gz, fr) = p([L — 3~V 1] [1,1 4+ 3~ ("+2)]) =

p(gy, fy) = p({1},{1}) =0, p(gz, fy) =

p([1,143-+2] {1}) = 5.37". Thus, M (g, gy) =

ool 90). ploz, f2) = 5 maz {plge, 90), lgz, f2)} =

Therefore,

p(fz, fy) = %-3_" <23mo M(gz, gy) — o(p(97, gy),

9

Case-Viz={1} € A, y=[1,1+37""

In this case, we have

p(fz, fy) = é- , M(gz, gy) =

Therefore,

@\»-lk

5

P, fy) = 537 < 2237 = Mg, gy) -

18
Case-VI: z = y = {1} is trivial.

4 1
—. 37k 37k 43
4, 1, 1
9.3 6.3 6.3
2

.37k

9

p(fz, fy).

Kl € Ay, n, k € N with n = k.

79

%.3_" and
—-n ( z,fy)+ (fl'» ) _ —-n
. So, W - %,3 )
2
-3 "
9
e(p(g, gy), p(gz, fz)).
1
-3 "
9
—(n+1) _ 1 —-n
1,{1) =3 =337
3 (n+2)+3 (n+1) é 3 n
9
p([1-3=(*+D 1] {1}) = " op(fr,gy) =
4 n
530 and
2
-3 "
9
p(gz, fz)).
] € Ay, neN.
—-n 1 —-n
237", w(pgz, gy), p(gz, fr)) = g3
o(p(gz, gy), p(gz, fx)).
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The other possibility is treated similarly. Moreover, f and g are weakly compati-
ble. Thus, we have all the conditions of Theorem 3.1 and {1} is the unique common
fixed point of f and g in g(A;) Ng(As) with p({1},{1}) = 0.

The following example supports our Theorem 3.9.

Example 3.16. Let X = [0, 1] and define p : X x X — R* by p(z,y) = maz {x, y}
forall z, y € X. Then (X, p) is a O-complete partial metric space. Let f, T : X — X

be defined by
2 22
fx = and Tx = .
+2 2+x

1
Define ¢ : [0,00)% — [0,00) by ¢(s,t) = 3 maz {s, t}.

We now verify condition (3.25) for all z, y € X.

Case-I: z,y € X with y < x.

Then,
2 2
p(fx,Ty) = max{ T2 1+x 1iy}:13jrxgg7
N(z,y) = { oz, f2), ply, Ty), 2 TY) ;rp(y,fx)}
= {m z, Y, v+ maz iy, 1+r}}
2
and . 1
(o, y), 20T ;p(% 2) = e, xTer) — 2"
Thus,
P Ty) < 5 = N(w,) - plple,y), LD,

Case-1I: z,y € X with  <y.
This case can be treated in a similar way to that of Case-I and we compute
x,fx T
p(f2,Ty) < 4, N(2,y) =y, ¢(p(x, y), LoLEP0T0) = 4 Thus,

p(fe.Ty) < ¥ = Niw.g) - olpe.y), LETDEP0TY),

Thus, we have all the conditions of Theorem 3.9 and 0 is the unique common
fixed point of f and T in X with p(0,0) = 0.

N <

4. CONCLUSION

Matthews [18] exploited the idea of fixed points of contractive mappings in partial
metric spaces. In recent investigations, the study of fixed point theory involving a
control function takes a vital role in many aspects. In this paper, we used control
functions to obtain some coincidence points and common fixed point results in
partial metric spaces. Significance of this study lies in the fact that the results are
obtained under the weaker assumption that the underlying partial metric space is
0-complete. However, they also valid if the space is complete.
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