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ABSTRACT. The purpose of this paper is to prove some fixed point theorems for set-valued
mappings satisfying Presi¢-Reich type contractive condition in cone metric spaces, without
assuming the normality of cone. Our results generalize some known results in metric and
cone metric spaces.

KEYWORDS : Presic¢-Reich type; Point-set-cone metric; Cone metric space; Fixed point.
AMS Subject Classification: 47H10; 54H25

1. INTRODUCTION

Let (X, d) be a metric space and f be a self-map on X. The mapping f is called
a Banach contraction if, there exists A € [0,1) such that

d(fz, fy) < Md(z,y) for all x,y € X. (1.1)

The Banach contraction principle states that every Banach contraction on a com-
plete metric space has a fixed point, i.e., there exists a point £* € X such that
fr* =x*.

Let X be a nonempty set, 2% the collection of all possible subsets of X and
f: X — 2% be a mapping. Then, f is called a set-valued mapping. Let x € X be
such that fx # (), then z is called a fixed point of f if z € fux.

Let A be any nonempty subset of a metric space (X,d). For 2 € X, define

d(z, A) = inf{d(z,y) : y € A}.

Let CB(X) denotes the set of all nonempty closed bounded subset of X. For
A, B € CB(X), define

d(A, B) =sup{d(z, B) : x € A},
H(A, B) = max{6(A, B),d(B,A)}.
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Then H is a metric on C' B(X ) and called Pompeiu-Hausdorff (or Hausdorff) metric.
A mapping f: X — CB(X) is called a Nadler contraction (or a set-valued Banach
contraction), if there exists A € [0, 1) such that

H(fz, fy) < Md(z,y) forall z,y € X. (1.2)

In 1969, Nadler [10] generalized the famous Banach contraction principle for the
set-valued mappings defined from a complete metric space X into the set CB(X).
Nadler [10] proved the following theorem:

Theorem 1.1. Let (X, d) be a complete metric space and let f be a set-valued Banach
contraction. Then there exists a point x* € X such that x* € fx*, i.e., f has a fixed
pointin X.

On the other hand, for mappings f : X — X Kannan [6] introduced the con-
tractive condition:

for all z,y € X, where X € [0,1/2) is a constant, and proved a fixed point theorem

using (1.3) instead of contractive condition (1.1). The conditions (1.3) and (1.1) are
independent, as it was shown by two examples in [7].

Reich [14], generalized the fixed point theorems of Banach and Kannan, using
contractive condition: for all z,y € X,

d(fz, fy) < ad(z,y) + Bd(z, fx) + yd(y, fy) (1.4)

where ¢, 3, v are nonnegative reals with a+ 3+~ < 1. An example in [14] shows that

the Reich’s contractive condition is a proper generalization of contractive conditions
of Banach and Kannan.

In 1965, Presic [12, 13] generalized the Banach contraction principle in product
spaces and proved the following theorem.

Theorem 1.2. Let (X,d) be a complete metric space, k a positive integer and
f: X* - X be a mapping satisfying the following contractive type condition:

k
d(f(z1,x9,...,xk), f(T2,23,. .., Tky1)) < Z gid(x;, Tiy1), (1.5)
i=1

for every xi,x9,... 25, xx+1 € X, where q1,qo,...,q, are nonnegative constants
such that ¢1 + g2 + --- + qx < 1. Then there exists a unique point x € X such
that f(x,x,...,x) = x. Moreover, if x1,xs, ..., x} are arbitrary points in X and for
n €N z,p = f(Tn,Tnt1,- .-, Tnrk—1), then the sequence {x,} is convergent and
limz, = f(limz,,limz,,...,limz,).

A mapping f: X¥ — X is called a Presi¢ type contraction if it satisfies (1.5). The
mapping f is called a Presi¢-Kannan type contraction if,

k
d(f(IOa s axk—l)a f(xla v 7$k)) < azd(xia f(xla v 7$i))a (1.6)
i=0

for all g, z1, ...,z € X, where the real constant a is such that 0 < ak(k+1) < 1.

In a similar manner to that used by S.B. Presi¢ [12, 13], when extending Banach

contractions to product spaces, Pacurar [11] generalized the Kannan’s theorem in

product spaces and proved a fixed point theorem for PresSi¢-Kannan type contrac-
tions.
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f is called a Presi¢-Reich type contraction if,

k
d(f(zoy ..., xp—1), f(x1,...,28)) < Zaid(aci,l,xi)
i=1

k
+ Y Bid(wi, (@i, ., 24)), (1.7)
1=0

for all xg,x1,...,xx € X, where «;, 3; are nonnegative constants such that

k k
Zai -‘rkZﬁl < 1.
=1 =0

Note that, for £ = 1 the above definition reduces into the definition due to Reich
[14]. Also, Presi¢-Banach type contraction (i.e., a mapping f satisfying (1.5)) and
Presi¢c-Kannan type contraction are particular cases of Presi¢-Reich type contrac-
tions. Malhotra et al. [9] first introduced the notion of Presi¢-Reich type contrac-
tions (for single-valued case) in cone metric spaces and proved some common fixed
point and fixed point results for such mappings.

In 2011, Wardowski [16] introduced the set-valued mappings in cone metric
spaces and proved the cone metric version of the result of Nadler [10] (see also
[1, 8, 15]). In this paper, we introduced the notion of set-valued Presi¢-Reich type
contractions in cone metric spaces and prove some fixed point results for such

mappings, using the definitions due to Wardowski [16]. Our results generalize
and extend the results of Nadler [10], Kannan [6], Reich [14], PreSi¢ [12], Malhotra
et al. [9] and Wardowski [16] in the setting of cone metric spaces for set-valued

mappings. An example is provided which illustrate the main theorem of this paper.

2. PRELIMINARIES
We use the following definitions and results, consistent with [2] and [3].

Definition 2.1. [3] Let E be a real Banach space and P be a subset of . The set
P is called a cone if
(i) P is closed, nonempty and P # {0}, here 6 is the zero vector of E;

(i) a,b €R, a,6 >0, z,y e P = azx+ by € P;

i)z e Pand —x € P — x=20.

Given a cone P C E, we define a partial ordering “ < ” with respect to P by
z = yif and only if y — x € P. We write x < y to indicate that x < y but = # y.
While < y if and only if y — x € P°, where P° denotes the interior of P.
Let P be a cone in a real Banach space F, then P is called normal, if there exist a
constant K > 0 such that forall z,y € F,

0 Xz 2y implies |[z[| < Kllyl|

The least positive number K satisfying the above inequality is called the normal
constant of P. A cone P is called solid if P° # .

Definition 2.2. [3] Let X be a nonempty set, I/ be a real Banach space with cone
P. Suppose that the mapping d : X x X — E satisfies:

1. 0 = d(z,y), forall z,y € X and d(x,y) = 0 if and only if x = y;

2. d(z,y) = d(y,x) forall z,y € X;

3. d(z,y) 2d(z,z)+d(y,2), forall z,y,z € X.
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Then d is called a cone metric on X, and (X, d) is called a cone metric space. If
the underlying cone is normal, then (X, d) is called a normal cone metric space.

The following lemma will be useful in the sequel.

Lemma 2.3. [4, 5] Let F be a real Banach space, P a solid cone in E. Then:

() If{an} is a sequence in P, a,, — 0 then, for every c € P° there existsn € N
such that, a, < c for alln > ng.
() Ifu,v,w e Pandu <X v,v < w thenu <K w.
(i) Ifu,v,w € Pandu <K v, v X w thenu < w.
(iv) Ifu € P and u < c for each c € P°, thenu = 6.

Let (X, d) be a cone metric space with cone P. A subset A C X is called closed
if for any sequence {z,} C A convergent to x, we have = € A.

Denote by N(X) a collection of all nonempty subsets of X and by C(X) a
collection of all nonempty closed subsets of X.

The following definitions can be found in [16].

Definition 2.4. [16] Let (X, d) be a cone metric space and let A be a collection of
nonempty subsets of X. Amap H: A x A — F is called a H—cone metric with
respect to d if for any A;, A € A the following conditions hold:
(H1) H(Al,Ag) =0 — Al = AQ;
(HZ) H(Al, Ag) = ]{(1427 Al),
(H3) v(:EE,0<<C V.'cEA1 33/642 d(xa y) = H(Ah AQ) + ¢
(H4) One of the following is satisfied:
@ v¢2€E,0<<c 391:6141 vyGAg H(A1>A2) = (%y) +¢
(i) Veer o<e Jeca, Vyea, H(Ar, Az) 2 d(z,y) +c.

The following are some examples of H —cone metrics.

d
d

Example 2.5. [16] Let (X, d) be a cone metric space and let A = {{z}: z € X}.
Define the mapping H: A x A — FE by the formula

H({z},{y}) = d(z,y) for all z,y € X,
is a H —cone metric with respect to d.

Example 2.6. [16] Let (X,d) be a metric space and let A be the family of all
nonempty, closed bounded subsets of X. Then the mapping H: A x A — RT
given by the formula

H(A, B) = max {sup d(xz,B), supd(y,A),A,B € A}
T€EA yeB

which is called a Hausdorff metric, is a H —cone metric with respect to d.

The following lemma shows that a [f —cone metric with respect to the cone metric
d, is itself a cone metric when A C N(X).

Lemma 2.7. [16] Let (X, d) be a cone metric space and let A C N(X), A # 0. If
H: Ax A— E is a H—cone metric with respect to d then a pair (A, H) is a cone
metric space.

Wardowski [16] proved the following cone metric version of result of Nadler [10].

Theorem 2.1. [16] Let (X, d) be a complete cone metric space with a normal cone P
with a normal constant K, A be a nonempty collection of nonempty closed subsets



SET-VALUED PRESIC-REICH TYPE CONTRACTIONS IN CONE METRIC SPACES 107

of X and let H: A x A — FE be a H—cone metric with respect to d. If for a map
f: X — A there exists A € (0,1) such that

H(fz, fy) X Md(z,y) forallz,y € X, (2.1)
then the set of all fixed points of f is nonempty.

3. MAIN RESULTS

In this section, we introduce various types of set-valued PreSi¢ type contractions,
the point-set-cone metric and prove some fixed point results for set-valued PreSic¢
type contractions in cone metric spaces. In further discussion, we assume that the
cones under consideration are solid cones, i.e., P° # ().

First, we define the point-set-cone metric between a point and a subset of cone
metric spaces which is an extension and generalization of the distance of point
from a set in ordinary metric spaces.

Definition 3.1. Let (X, d) be a cone metric space and let .A be a nonempty collec-
tion of nonempty subsets of X. Amap ds: X x A — F is called the point-set-cone
metric with respect to d if for all x € X, A € A the following conditions hold:

(PS1) 6 = ds(x, A) and ds(x,A) =0 — x € A;

(PS2) Veea ds(z, A) < d(z,a).

Let us observe that for each cone metric d the family of point-set-cone metrics
with respect to d is nonempty and each point-set-cone metric depends on the shape
of the family A. See the following examples:

Example 3.2. Let (X, d) be a cone metric space and let
A={{z}: z € X}.
Then, the mapping ds: X x A — F defined by the formula
ds(z,{y}) = d(z,y) forall z,y € X,
is a point-set-cone metric with respect to d.

Example 3.3. Let (X, d) be a metric space and let .4 be the family of all nonempty,
closed and bounded subsets of X. Then the mapping d,: X x A — R™ given by
the formula

ds(z, A) = inf{d(z,a): a € A}
which is called the distance of point x from the set A, is a point-set-cone metric
with respect to d.

Example 3.4. Let £ = R?, the Euclidean plane, P = {(z,y) € R?: 2,y > 0} be
the cone in E and X = {(2,0) e R?: 0 < 2 < 1} U{(0,2) € R?: 0 < x < 1} Let
X ={(«,0),(0,2): 0 <z <1} and the mapping d: X x X — E by defined by
d((z,0), (y,0)) =[ z —y [ (0,1),d((0,2),(0,y)) =| z —y | (1,0),
d((x,0),(0,y)) = d((0,y), (z,0)) = (y,z).
Then (X,d) is a cone metric space. Let A = {{(0,0), (z,0),(0,2)}: 0 < = < 1},
then the mapping ds: X x A — R* given by the formula

ds ((2,0),{(0,0), (z,0),(0,2)}) = (0, [z | = — 2 |I"),
ds((ovz)v {(070)’ ($50)7 (O,JZ)}) = ([Z | =T Hp70)

where p € N, is a point-set-cone metric with respect to d.
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Remark 3.5. It is obvious from (PS2) that if z € A, then d(x, A) = 0. Therefore,
from (PS1) we conclude the double implication: ds(z, A) = § < =z € A.

Lemma 3.6. Let (X, d) be a cone metric space and let A be a collection of nonempty
subsets of X. Let H be a H—cone metric and ds be a point-set-cone metric with
respect to d. Then

Va,Bea Vaca ds(a, B) < H(A, B).

Proof. Let A,B € A and a € A. Suppose, {c,} be a sequence in P° such that
¢, — Basn — oo and 6 < ¢, for all n € N. Then, by (H3) we have there exists
b € B such that
d(a,b) = H(A,B) + ¢y, for all n € N.

By (PS2) we have d;(a, B) < d(a,b), so by the above inequality we obtain d,(a, B) =
H(A,B)+ ¢, foralln € N, ie., H(A, B) + ¢y, — ds(a, B) € P for all n € N. Since
P is closed, by choice of the sequence {c, } we have H(A, B) — ds(a,B) € P, i.e.,
dy(a, B) < H(A, B). O

Let (X, d) be a cone metric space and A be a nonempty collection of nonempty
subsets of X. In further discussion, H: A4 x A — FE will represent the H—cone
metric and dy: X x A — E will represent the point-set-cone metric with respect
to d.

Now we can define various set-valued Presi¢ type contractions in cone metric
spaces.

Let (X, d) be a cone metric space, k a positive integer, A a nonempty collection
of nonempty closed subsets of X and let f: X k  Abea mapping. Then, f is said
to be Lipschitzian on X if there exist nonnegative constants a; such that

k
H(f(xo,.’bl, e 71’]@,1), f(il’hl'g, e ,$k)) j Zaid(xi,l,xiL (31)
i=1

k
for all kg, x1, ...,z € X.If Y ; < 1, then the mapping f is said to be a set-valued
i=1
Presi¢ type contractions on X.

The mapping f is called a set-valued Presi¢-Kannan type contraction on X if,

k
H(f(l’o, s 7'Ik—1)7f(1‘13 s 7xk)) = azds(xivf(xiv s 71'1)) (3.2)
i=0

for all zg, z1,. ..,z € X, where the real constant a is such that 0 < ak(k+1) < 1.

The mapping f is called a set-valued Presi¢-Reich type contraction on X if,

k
H(f(l’o, e ,l‘k,1>, f(.’l?l, e ,xk)) j Zaid(.’ﬁi,l,l‘i)
i=1

k
+ 3 Bids(wi, f(wi, ..., xi),  (3.3)
=0

for all xg, z1,...,x, € X, where «;, §; are nonnegative constants such that

k k
dai+ky i<l (3.4)
=1 =0
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We denote the set of all fixed points of f by Fixf and
Fixf={x e X:z € f(z,...,2)}.
The following theorem is the main result of this paper.

Theorem 3.1. Let (X, d) be a complete cone metric space, k a positive integer and
A be a nonempty collection of nonempty closed subsets of X. If f: X*¥ — A be a
set-valued Presié-Reich type contraction, then Fixf # ().

Proof. Let {c,} be an arbitrary sequence in E which satisfies § < ¢, for all n € N.
Let xo be an arbitrary point of X. Because f(zq, ..., o) € A, letz; € f(xg,...,To).
From (H3) there exists x5 € f(x1,...,21) such that

d(xl,xg) =< H(f(ajo, .. .,xo), f(l‘l, - ,xl)) +c1.

Similarly, there exists 23 € f(z2,...,z2) such that
d(zg,x3) < H(f(x1,...,21), f(x2,...,22)) + ca.
Continuing this procedure we obtain z,,+1 € f(zy,...,z,) and
A(Tn, Tnt1) S H(f(@n-1y. s Tn-1), [(@ny. o Zn)) + cn (8.5)
forall n € N.

As H is a metric on N(X), for any n € N it follows from (3.5) that
H(f(xn—la B 7xn—1)7 f(xna R 7xn)) + cn

H(f(xnfly .. axnfl)a f(xnfla .. ,anfl,l'n))
+H(f(xn717 cee 7xn71»xn)a f(xnfla ey xnflaxnvxn))
+"'+H(f($n_1,l'n,...,In),f($n7...,l’n)>+Cn-

Since f is a set-valued PreSi¢-Reich type contraction, it follows from the above
inequality that

d(xp, Tpt1) S 0rd(Tp—1,%n) + Bods(Tn—1, [(Xn-1,.. -, Tpn-1)) + -
FBk—1ds(n—1, f(Tn_1,. .., Tn_1)) + Breds(xpn, f(Tn,...,2n))
tag—1d(Tpn—1,75) + Bods(Tn—1, f(Tn—1,. .., Tn-1)) + -
+Bk—1ds(Tn, [(@n,y ..o, 2n)) + Brds(@n, f(Tn, ..., 2n))
+- ot ord(@n_1,2n) + Bods(Tn-1, f(Xn-1,...,Tn-1))
+61ds (T, f(Tn, .-y xn)) + -+ Brds(@n, f(@n, .., x0))
+cp.

d(xna xn-{-l)

A TA

Since x, € f(Tp-1,...,2n—1) for all n € N it follows from the definition of point-
set-cone metric and the above inequality that

k
d(xn»xn+1) j [Z ai‘| d(xnflaxn) + BOd(xnflaxn) + -
=1

+ Br—1d(Tn—1,Tn) + Brd(Tn; Tnt1) + Pod(Tp—1,T5) + -
+ Br—1d(Tn, Tpt1) + Brd(Tn, Tny1) + -+ + Bod(Tn—1,7n)
+ B1d(Tp, Tnt1) + -+ Brd(Tn, Tnt1) + cn.

Rearranging the terms in the above expression, we obtain

k

Ziﬁi] d(Tn, Tnt1) + Cn.

=1

k k1
d(@n, Tnt1) = lz ai+ Y (k- Z)ﬁz] d(Tn-1,2n) +
i=1 i=0
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Thus, we have

k k
> ai+ Y (k—i)B; 1
d(Tpn, Tpt1) = =1 Fko d(xp—1,2n) + —— Cn- (3.6)
-3 1> ig;
i=0 1=0
k k k
A+B-C
For simplicity, set A = 2ai7 B = kzoﬂi, C = Zozﬂl and A = 41__70, then
in view of (3.4) we have,
k k
A+B=>Y ai+k» pi<1, C<1,alsoC<B,
i=1 i=0
and so, 0 < \ < 1. Thus, from (3.6) it follows that
aanM+g;5Ad@m_hxn)+]f%cymraunezN. (3.7)
From the successive applications of the inequality (3.7) we obtain
Cn
d nyn j )\d n—1i,%n
(Tn, Tnt1) (@n-1,20) + 7= 5
Cpn—1 Cn
= A AMd(xp—2,Tn—
= { (#n-2, 1)Jr1c}+10
c
= AQd n—2,4Ln— -
@n2ma) FATG H TG
Cp—2 Cn—1 Cn
= A | Ad(zp—3, 0 : A
= [ (@n-3, 2)+1—c]+ —c"i-c
= Agd — e )\2 Cn—2 A Cn—1 Cn
(Tn-3,Zn—2) + —c Mo tizo
which yields
n—1

1 .
d(%n, Z‘n+1) = )\”d(xo,l‘l) + m go Alcn_i.

Let w € P°,i.e, w € E,f§ < w be given. Since the sequence {c,} was arbitrary,
choose ¢,, such that § < ¢,, < A\'w for all n € N. Therefore, it follows from the
above inequality that

n

n
d nsy n )\nd )
(@n, Tns1) < Xd(zo,21) + 5

Let n,m € N be such that m > n, then using inequality (3.8) we obtain

w. (3.8)

d(xna xm) j d(xn; $n+1) + d($n+17 xn+2) + -+ d(xmflv xm)

m—1

d(zj, j41)

<

1—¢c“

™M

.Aj
Pdmw1+3 }

— m—1

. w o

= d(.’)ﬁo,l‘l) E )\J + ﬁ E j)\].
j=n Jj=n
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oo} o0
Since 0 < A < 1, therefore both the series Y A" and ), nA" are convergent series

n=1 n=1
m—1 m—1 .
of nonnegative terms, and so, we have Y. M — 0and >, jM — Oasn — oo.
j=n Jj=n

Therefore, the quantity on the right of the above inequality must tends to € as
n — oo. Now, using Lemma 2.3 and the last inequality we obtain, for each c € P°
there exists ng € N such that d(z,,x,,) < c for all n > ng. Therefore, {xn} is a
Cauchy sequence.

By completeness of X, there exists * € X such that z,, — z* asn — oco. We
shall show that x* is a fixed point of f. Using similar calculations to the previous
one we obtain

H(f(xn,.. . xn), flx*,...,x"))
= Ad(zp,2") + (B — C)ds(xn, f(Xn, ..., 2n)) + Cds(z™, f(z*,...,z%))

which with the fact z,,+1 € f(z,...,z,) and the definition of point-set-cone metric
gives
H(f(zn, ... wn), f(2*,...,2%) 2 Ad(zn,2") + (B — O)ds(Tn, Tpi1)
+Cds(z*, f(a™, ..., z")). (3.9)

Suppose ¢ € P° be given, then since z,4+1 € f(Zpn,...,2Z,), by (H3) for all n € N,
there exists y,, € f(z*,...,2*) such that

Ad(@pi1,yn) S H(f (@, mp), f(@*, .. 2%) + ¢, (8.10)

(1-0C)c C)

where {c/,} is a sequence in P° such that ¢}, < for all n € N. Again, since

yn € f(x*,...,2*) we have
ds(z*, f(z*,...,2")) d(@",yn) 2 d(z*, 2pnt1) + d(Tpi1, Yn)
which with (3.9) and (3.10) gives
ds(z*, f(z*,...;2")) = da",zpp1) + Ad(zp,2") + (B — C)d(zn, Tni1)
+C0ds(x*, f(a*,...,2%)) +c),.
(1-0C)e
4

Since x,, — z* asn — oo and ¢}, K for all n € N, we can choose n; €

1-C 1-C
N such that d(z*, 2,41) < %, d(zn,z*) < % and d(z,, Tni1) <
1-C)e
( WB= é’) for all n > n;. Therefore, the above inequality yields

ds(z*, f(z*,...,2")) < c forall n>n;.
Therefore, it follows from Lemma 2.3 and the above inequality that
ds(z*, f(z*,...;2")) = 0.
Thus, z* € f(z*,...,2*), i.e., z* if a fixed point of f. O
Taking k = 1 in the above theorem, we obtain the following fixed point theorem

which generalize the result of Wardowski [16] without assuming the normality of
the underlying cone.

Corollary 3.7. Let (X,d) be a complete cone metric space and A be a nonempty
collection of nonempty closed subsets of X. If fora map f: X — A there exist
nonnegative constants «, g, 81 such that o + By + 1 < 1 and

H(fxvfy) = de(l',y) + ﬁ()ds(fﬂ, f.’E) + ﬁldS(yvfy)
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forallx,y € X, then Fixf # ().

Corollary 3.8. Let (X,d) be a complete cone metric space and A be a nonempty
collection of nonempty closed subsets of X. If fora map f: X — A there exist
nonnegative constants 3y, 31 such that 8y + 51 < 1 and

H(fxz, fy) = Bods(z, fx) + Brds(y, fy)
forallz,y € X, then Fixf # 0.

Corollary 3.9. Let (X,d) be a complete cone metric space and A be a nonempty
collection of nonempty closed subsets of X. If fora map f: X — A there exists
a € [0,1) such that

H(fx, fy) = ad(z,y)
forallz,y € X, then Fixf # ().

Corollary 3.10. Let (X, d) be a complete cone metric space, k a positive integer and
A be a nonempty collection of nonempty closed subsets of X. If f: X* — A be a
set-valued Presi¢-Kannan type contraction, then Fixf # ().

Proof. Taking ; = 0 for i = 1,2,...,k and §8; = a (say) for i = 0,1,...,k in
Theorem 3.1, we obtain the desired result. Il

Corollary 3.11. Let (X, d) be a complete cone metric space, k a positive integer and
A be a nonempty collection of nonempty closed subsets of X. If f: X k5 Abea
set-valued Presi¢ type contraction, then Fixf # ().

Proof. Taking ; = 0 for ¢ = 0,1,...,k in Theorem 3.1, we obtain the desired
result. O

Example 3.12. Let X = [0,1], £ = CL[0, 1] with the norm [|%|| = ||¥||ec + [|%] s
and P={y € E: ¢(t) >0,t € [0,1]}. Define d: X x X — E by

d(z,y) =]z —y | ¢(t) forall z,y € X,

where ¢(t) = €', t € [0,1]. Then, (X, d) is a complete cone metric space. Let A be
the family of subsets of X of the form A = {[0,z]: z € X} U {{z}: z € X}, and
define the functions H: A x A — E and ds: X x A — E by

|z —y| €, for A =[0,z], B=0,y];
|z —y| e, for A= {z}, B = {y}:
max{y,|x—y|}~et, fOI'AZ[O,ZLBZ{y};
max{xa | r—=y |} : eta for A = {l‘},B = [Ovy]

H(A,B) =

and
ds(z,A) =min{|x —a|:a € A} -¢', t €[0,1] forall x € X.
Then, H is a H—cone metric and d; is a point-set-cone metric with respect to d.
For k = 2, define a mapping f: X2 — A as follows:
0, Yz +y—172], ifz,ye (3 1];
f(x,y):{ EO}S( y—1)7] ye (3.1

, otherwise.

Now, by some routine calculations one can see that the mapping f is a set-valued
Presi¢-Reich type contraction on X2 with oy = ag = % and f1 = o = (3 = %. All
the conditions of Theorem 3.1 are satisfied and 0 € Fixf.

In the next theorem, we replace the completeness of cone metric space by an
additional condition on the set-valued Presi¢-Reich type contractions.
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Theorem 3.2. Let (X, d) be a cone metric space, k a positive integer, A a nonempty
collection of nonempty closed subsets of X and f: X k — A be a set-valued Presi¢-
Reich type contraction. Suppose there exists x* € X such that

ds(z*, f(z*,...,2")) Xds(z, f(z,...,2)) forallz € X.
Then Fixf # (.

Proof. Let D(z) = ds(z, f(z,...,z)) for all z € X. Then by assumption we have

D(z*) X D(x) forall z € X. (3.11)
If x* € f(z*,...,2*), then u € Fixf. Suppose z* ¢ f(z*,...,z*), then D(z*) =
ds(z*, f(z*,...,x%)) # 6. Let ¢y = z*, then following similar arguments to those in
Theorem 3.1, the sequence {x, }, where z,, € f(z,—1,...,2,-1) foralln € Nis a
Cauchy sequence in X. Now, by Lemma 3.6, we have
D(xn) = s(xna (xnv,mn))
j H(f(l'n 17"'7xn—1)3,f(1:n7"'71‘n))
= H(f(xn 1a---7xn—1)7f(xn—ly---7xn—17$n))
+H(f(xn717 e 7*%.77,717 ‘rn)ﬂ f(mn717 M u7xna (L'n))
+"'+H(f(f£n_1,$n,...,l‘n),f(l’n,...,Zn))
= Ad(xn—laxn) + (B - C)ds(xn—la f(xn—la ce axn—l))

+Cdy(xn, f(2n, ..., wn))

where A = Z o, B=k Z Biand C = Z i5;.
=1

Since z,, € f(xn 1y xn 1) for alln € N by (PS2) we have
ds(a:n_l,f(a:n_l, cesTp—1)) S d(xp_1,2,) forall n € N.

Therefore, it follows from the above inequality that

A+B-C
D(x,) = 41_76’ d(xp—1,xy,) for all n € N.
As, A+ B < 1,C < B, and {z,} is a Cauchy sequence, for each ¢ € P with
0 < cth ists 79 € N such that d( ) < L= o atin >
¢ there exists n such that d(x,—_1, T, ————— for all n > ny.
0 1 A+ B-C 0

So, it follows from the above inequality that D(z,) < ¢ for all n > ng. Using the
inequality (3.11) and the Remark 2.3 we have

D(z*) < cforalln € N.

Therefore, we must have D(z*) = 0, i.e., ds(z*, f(z*,...,2%)) = 0, or, z* €
f(z*,...,z*). Thus z* € Fixf. O
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