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ABSTRACT. We present a local convergence analysis of a multi-point Jarratt-type method
of high convergence order in order to approximate a solution of a nonlinear equation in a
Banach space. Our sufficient convergence conditions involve only hypotheses on the first
Fréchet-derivative of the operator involved. In contrast to earlier studies using hypotheses
up to the third Fréchet-derivative [26]. Numerical examples are also provided in this study.
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1. INTRODUCTION

In this study we are concerned with the problem of approximating a solution z*

of the nonlinear equation

F(z) =0, (1.1)
where F' is a Fréchet-differentiable operator defined on a subset D of a Banach
space X with values in a Banach space Y.

Many problems in computational sciences and other disciplines can be brought
in a form like (1.1) using mathematical modelling [3]. The solutions of equation
(1.1) can rarely be found in closed form. That is why solutions of equation (1.1)
are approximated by iterative methods. In particular, the practice of Numerical
Functional Analysis for finding such solution is essentially connected to Newton-
like methods [1]-[27]. The study about convergence matter of iterative procedures
is usually based on two types: semi-local and local convergence analysis. The
semi-local convergence matter is, based on the information around an initial point,
to give conditions ensuring the convergence of the iterative procedure; while the
local one is, based on the information around a solution, to find estimates of the
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radii of convergence balls. There exist many studies which deal with the local and
semilocal convergence analysis of Newton-like methods such as [1]-[27].

We present a local convergence analysis for the multi-point Jarratt-type method
defined for each n =0,1,2,... by

Uy = xp— F'(2,) ' F(2y),
1
Un = un—|— gF'(xn)_lF(xn),
Zn = Up+ BpF(x,), (1.2)
Tpn+1 = Rn — AnF(zn)7

where 2 € D is an initial point, J,, = (6F'(y,) — 2F'(z,)) "' 3F'(yn) + F' (1)),
By = (I = J(zn))F (z,) "' and Ay, = 3T, F (y) 1+ (I — 3J0) F' (@)L

A semilocal convergence analysis was given in [26] but the operator A, was
defined by
—— 3 3
Ap = §F/(yn)_1Jn + F/(xn)_l(l - 5‘]71)

That is, their method is defined by

Upn = Tn — F/(frn)ilF(xn)a
1
UYn = Un —+ gF/(xn)ilF(xn)7
Zn = Up+ BpF(x,), (1.3)
Tni1 = 2n— AnF(2y).

Notice that for two linear operators ()1 and ()2 we have that 1Q2 # (Q2Q1, so
A, # A, in general. The fifth order of convergence of method (1.3) was established

in [26]. These results were given in a non-affine invariant form. However, the
results obtained in our paper are given in affine invariant form. The sufficient
semilocal convergence conditions (given in affine invariant form) used in [26] are
©):
(C1): There exists F'(xg)~! € L(Y, X) and || F'(xo) 7| < 5
(C):
1F" (z0) " F (o)l < B
(C3):
| F'(z0) ' F"(z)|| < B2 for each z € D;
(Cy):
| E(x0) ' F"'(2)|| < B3 for each = € D;
Cs):

1F" (o) =" (F" () = F"' ()| < w(llz —yl}) for each z,y € D

where w(s) is a nondecreasing continuous real function for s > 0 with
w(0) > 0.
(Cs): there exists a non-negative real function ¢ € C|0, 1], with ¢(¢) < 1, such
that w(ts) < ¢(t)w(s) for each ¢ € [0,1], s € (0,00).
Similar conditions have been used by other authors [1]-[27], on other high con-
vergence order methods. The corresponding conditions for the local convergence
analysis are given by simply replacing zy by z* in the preceding (C) conditions.
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These conditions however are very restrictive. As an academic example, let us
define function F on X = [-3, 7] by

lnz? +2° -2t 2#0
F<x):{0, xi()'

Then, obviously, e.g, function F' cannot satisfy condition (C4) since F'"'(x) = 6lnz?+
6022 — 242 + 22 is unbounded on D. In the present paper we only use hypotheses
on the first Fréchet derivative (see conditions (2.9)-(2.12)). This way we expand the
applicability of method (1.2).

The paper is organized as follows. The local convergence of method (1.2) is given
in Section 2, whereas the numerical examples are given in the concluding Section
3.

2. LOCAL CONVERGENCE ANALYSIS

We present the local convergence analysis of method (1.2) in this section. Denote
by U(v, p),U(v,p) the open and closed balls, respectively, in X of center v and
radius p > 0.

Let Lo > 0, L > 0 and M > 0 be given parameters. It is convenient for the local
convergence analysis of method (1.2) that follows to define functions on the interval

[0, 2-) by

r) = _Lr
K= 90— Loy
M
92(r) = 91(7“)+m’
3 Lo(14 ga(r))r
98(r) = 3T Lo
_ 3 MLO(l—I—gg(?“))?“
) = 0 T ) - Lon?
3 1 M
r) = [1+-(1+
95(r) [ 4( 1—gg(r))1—Logg(T)r
3 1 M
1+-—(1 .
R s wrd L0
We have that
M
g2(r) = gl(r)+m
_ Lr n M
- 2(1—.[/()7") 3(].—.[/()7")'
Hence, if
. 3—M
o =
3(5 + Lo)
and
M < 3, 2.1)
then, we have that
0<g2(r) <1 and 0 < g1(r) < 1 for each r € [0,72). (2.2)
Notice that 5
T9 <TR:=—<T4": for Lo < L (2.3)

3L 4T L,
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and
ro <rap=rg for Ly = L. (2.4)
Function g3 can be written as
3 Lor Lr M
= = 1
95(r) 21— Lor < oo T30 = Lor))
LoT'
= ——(6(1-L Lr +2M).
I = Lyr)? (6( or) + 3Lr + 2M)

Define polynomial p3 by
ps(r) = Lor(6(1 — Lor) 4+ 3Lr + 2M) — 4(1 — Lor)*.

We have that p3(0) = —4 < 0 and pg(%o) = % + 2M > 0. It then follows from the
intermediate value theorem that polynomial p3 has roots in the interval (0, Lio) Let

us denote by r3 the smallest such root. Then, we have that

0<ps(r)<landO0<gs(r) <1 foreach r € [0,r3). (2.5)
By some algebraic manipulation we see that function g5 can be written as
_ N(@)
g95(r) = W’
where
N(r) = [4(1 = Loga(r)r)(1 = gs(r))(1 = Lor) + 3M (1 — g3(r))(1 — Lor)

+3M (1 = Lor) + TM(1 — Loga(r)r)(1 — g3(r)) + 3M (1 — Loga(r)r)]

x[4(1 = g3(r))(1 = Lor)®gu(r) + 3M Lo(1 + ga(r)r)]
and

D(r) = 16(1 — g3(r))*(1 — Lor)*>(1 — Loga(r)r).
Moreover, define function gs on the interval [0, L%] by
g6(r) = N(r) — D(r) (2.6)

we have that gg(0) = —16(1 — %) < 0, since Lor < 1and M < 3 and g¢(r) — oo

as r — (LLO)_ It follows that function gg has zeros in the interval (0, LLO) (.e.,

~— —

function g5 has zeros in the interval (OL%))). Denote by r5 the smallest such zero.
Then, we have that

0<gs(r)<land0 < g4(r) <1 foreach r € [0,75). 2.7

Finally, set
r* =min{ra, r3,75}. 2.8)
Then, clearly (2.2), (2.5) and (2.7) hold for each r € [0,7*) (provided that (2.1) and
(2.6) also hold).
Next, we present the local convergence analysis of method (1.2).

THEOREM 2.1. Let F' : D C X — Y be a Fréchet-differentiable operator. Suppose
that there exist +* € D, parameters Ly > 0,L > 0 and 0 < M < 3 such that for all
reD

F(z*) =0, F'(z*)"' € L(Y, X), (2.9)
1" (z*) " (F (2) = F(a*))|| < Lol — 2], (2.10)
I/ (z*)"H(F (2) = F(a*) — F'(z)(z —a")|| < g\lx — "%, (2.11)

1F" (@) F ()] < M (2.12)
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and
U(z*,r*) C D,
where r* is given by (2.8). Then, sequence {x,} generated by method (1.2) for
xo € U(xz*,r*) is well defined, remains in U(x*,r*) for each n = 0,1,2,... and
converges to x*. Moreover, the following estimates hold for each n =0,1,2,...,
[un — 2| < gr(lwn — 2*)llzn — 27| < llzn — 27| <77, (2.13)
lyn — 2* |l < ga(llen — @)l — || < I — 2*], (2.14)
20— 2*1| < galllen — 2 Dl — 2°|| < llzn — 2*], (2.15)
3 _ *
IF @) (F ) = F'@a)) | < galllon = 2*[) < 1 (2.16)
and
[ent1 = 27| < gs(lon — ™[ [lan — 27| < [ln — 27|, (2.17)

where the “g” functions are defined above Theorem 2.1.

Proof. Using (2.10), the definition of 7* and the hypothesis xq € U(z*,r*) we get
that

| F ()" (F(20) — F(x))|| < Lo|lzo — 2*|| < Lor* < 1. (2.18)
It follows from (2.18) and the Banach Lemma on invertible operators [3] that
F'(x0)~! € L(Y, X) and

1 1
F/ 71F/ * < < .
I a0) P € o < T

Hence, ug, yo are well defined. Using method (1.2) for n = 0, (2.19),(2.2), (2.17),
(2.11), (2.12) (for x = z() and the definition of functions g; and gs, we obtain in
turn that

up —x* = xo— 2" — F'(20) " F(20)
F'(w0) " [=F(x0) + F'(0) (z0 — )]
= —F'(xo) T F'(2*)F' (a*) T F (w0) — F(z*) = F'(20)(x0 — )]

(2.19)

SO,

IN

[F" (o) T F" (@) || () " [F (w0) — F(2%) = F' (o) (z0 — 27)]|
*H2

[uo — ™|
L||xg —x

2(1 = Lollzo — z*||)

= gi([lwo — 2™[)lzo — 2"|| < |lwo — 2" || <77,

<

which shows (2.13) for n = 0. Consequently from
1
Yo — " =wug — " + gF'(xo)*lF'(x*)F’(x*)*1F(x0),
we get that
* * 1 — * *\ —
lyo —2*[| < fluo — 2™ + gIIF’(wo) LE (@)1 F ()~ F (o) |

1 *\ — 1 * * *
L fo F'(@*) 7 Jy F'(z* +t(z* — ao)dt|||zo — ||

A\

91(llwo — 2|0 — ™| +

3 1— Lo|lzo — 2|
M

1 — Lollwo — x*||)
92(llzo — z*[)|lzo — 2| < [lzo — ™[] <77,

IN

91 (llwo — =) + 3 Jllzo — 2]
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which shows (2.14) for n = 0. We need a norm estimate on By. Let us start with an
estimate on

2 @)™ (F (o) — o))

3 — * *\ — *

< SIF o) F @OIUE (@) (F (yo) — F' (")l
HIF (@) THE (o) — F'(27))|

< 3Lo(llyo — 2"|| + llzo — 2|

- 2 1 —L()H.IO —I*”

< 3Lo(1+g2(llzo — 2" [)]lzo — ="

2 1 — Lollzo — ||
= g3(llxo —27[) < g3(r) <1,

(by (2.5)) which shows (2.16) for n = 0, (I + 2F'(zo) ' (F'(y0) — F'(20)))"* €
L(Y,X) and

1
g3(llwo — 2*[1)”

1T+ 2 F (o) ™ (F(go) — F (o)) ™ < ——

Then, we have the estimate
1 3 _ _ _
§(I+ §F/(300) Y(F'(yo) — F'(20))) " F' (o) ™"

= P o)+ S (o)™ (P o) — F'(a0))) "
= [B(F'(yo) — F'(w0)) + 2F" (x0)] !
= (3F'(yo) — F'(x0)) .
Then, By can now be written as
3

By = 1(14' %F/(l’o)*l(F/(yo) — F'(20))) " F'(z0) " (F'(yo) — F'(20))F'(w0) ™",

So,
R
41— ga([lzo — z*|)
XL0(||$0 — 2| +[lyo —z*[)) Mzo — z*|
1 — Lol|zo — x*|] 1 — Lollxo — o*||
3 MLo(1+ ga(llzo — ) lzo — =*|?
S - 1 (2.20)
4 (1 — g3([lwo — 2*]]))(1 = Lollzo — z*||)

Moreover from (2.20) and (2.7) we get that

[1Boll

lzo —2*[| < luo — 2" || + [[BoF (zo)||
3 MLo(1+ ga(||wo — 2*|]))[Jwo — 2*|]
[91([[zo — ™)) + —

4 (1= gs(llzo — z*[)) (1 — Lollwo — =*|
ga(llzo — " [Nllzo — ™| < flzo — 2™ < 7,

IA

)Q]H% — a7

which shows (2.15) for n = 0.
Next, we need an estimate on Jy and Ay. We have that

Jo = LF )~ F'(x0) 7 (3P () — F'(xo) + 2 (x0)

= ST+ 23F (o) — F'(x0)) " F' (o)
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so,
1 1

Joll < =1+
ol = 30+ T = lzo — =71

)

and

[AoF(20)]] < [%IIJoHHF’(yo)’lF’(I*)II

+I = gJoHI\F/(xo)’lF’(x*)\I]IIF'(IE*)’IF(Zo)II

{3(1+ 1 ) M
< N Tl — o) T= Logallzo — e liao — o]
3 1 M
+(1+ (14 } zo — ™|,
At 10 T gawo =) ) T= Zogalliwo —alwo == J 10 =1

so, from the preceding estimate,

lzr — 2" < Jlzo — || + | Ao F (20) |
< ga(llzo — 2" |)l|lwo — 2| + [ Ao F(20) |
3 1 M
< {1 +2(1+ )

47 1=g3(llwo —2*|) "1 = Loga(llzo — 2*[) [xo — 2]

}g4<||xo o) lwo — 27|

Lt lae ! M
4 1 —g3([[zo — z*||"" 1 = Lollxo — z*||

= gs(l|lwo — &"[lJwo — 27
< Nlwo — 2| < r¥,
(by (2.7)) which shows (2.17) for n = 0. By simply replacing g, Yo, 20, 1 bY Uk, Yk, 2k, Th+1

in the preceding estimates we arrive at estimates (2.13)-(2.17). Finally, from the
estimates ||zx41 — 2*|| < ||z — 2*|| we obtain limy_,o x = 2*.

O
REMARK 2.2. 1. In view of (2.10) and the estimate
IF@) " @) = |F@)  (F @) - F'@) +1|
< L4 ||F' (@) 7N (F () = F'(2*) || <14 Lollz — 2|

condition (2.12) can be dropped and M can be replaced by

M(t) =1+ Lot.
Moreover, condition (2.11) can be replaced by the popular but stronger
conditions

|E'(x*) " (F'(z) — F'(y))|| < L||]x — y| for each z,y € D (2.21)
or

| E' (z*) Y (F' (" +t(z—2*))—F'(z))|| < L(1—t)||z—z*| for each x,y € D and t € [0, 1].

2. The results obtained here can be used for operators F' satisfying au-
tonomous differential equations [3] of the form

F'(x) = P(F(x))

where P is a continuous operator. Then, since F’(z*) = P(F(z*)) = P(0),
we can apply the results without actually knowing z*. For example, let
F(z) = ¢* — 1. Then, we can choose: P(z) =x + 1.



50 IOANNIS K. ARGYROS AND S. GEORGE/JNAO : VOL.6, NO.2, (2015), 43-52

3. The local results obtained here can be used for projection methods such
as the Arnoldi’s method, the generalized minimum residual method (GM-
RES), the generalized conjugate method(GCR) for combined Newton/finite
projection methods and in connection to the mesh independence principle
can be used to develop the cheapest and most efficient mesh refinement
strategies [3, 4].

4. The radius r4 given in (2.3) was shown by us to be the convergence radius
of Newton’s method [3, 4]

Tpy1 = p — F'(x,) ' F(z,) foreach n=0,1,2,... (2.22)

under the conditions (2.10) and (2.21). It follows from (2.3) and (2.8) that
the convergence radius r* of the three-step method (1.2) cannot be larger
than the convergence radius r 4 of the second order Newton’s method (2.22).

As already noted in [3, 4] 7 4 is at least as large as the convergence ball given
by Rheinboldt [3, 4]
2
TR = —.
3L
In particular, for Ly < L we have that
TR <TA
and
T 1 L
L5z as 2o
TA 3 L

That is our convergence ball r4 is at most three times larger than Rhein-
boldt’s. The same value for rr was given by Traub [3, 4].

5. It is worth noticing that method (1.2) is not changing when we use the
conditions of Theorem 2.1 instead of the stronger (C) conditions used in
[26]. Moreover, we can compute the computational order of convergence
(COC) defined by

[@n —a*| [n—1 — ¥

or the approximate computational order of convergence

&= <|xn+1—xll) /n (llx—x—lll)
[ Tt — ol
This way we obtain in practice the order of convergence in a way that

avoids the bounds given in [26] involving estimates up to the third Fréchet
derivative of operator F.

3. NUMERICAL EXAMPLES
We present numerical examples in this section.

EXAMPLE 3.1. Let X =Y =R2, D = U(0,1),2* = (0,0)” and define function F
on D by

F(z) = (sinz, %(em + 2z —1))7.

Then, using (2.10)-(2.12), we get Lo = L = 1, M = %(e + 2). Then, by (2.8) we
obtain

r* =0.0270 < rg =4 = 0.6667
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EXAMPLE 3.2. Let X =Y =R3 D =U(0,1). Define F on D for v = (x,y,2)" by

-1
F(v) = (" = 1, =" +.2)".
Then, the Fréchet-derivative is given by
e’ 0 0
F'v)=1 0 (e—1y+1 0
0 0 1

Notice that 2* = (0,0,0)T, F'(z*) = F'(z*)"! = diag{1,1,1}, Ly =e—1 < L =
e, M = e. Then, by (2.8) we obtain

r* =0.0045 < rp = 0.2453 < rs = 0.3249.

REFERENCES

[1] F. Ahmad, S. Hussain, N.A. Mir and A. Rafiq, New sixth order Jarratt method for solving nonlinear
equations, Int. J. Appl. Math. Mech., 5(5), (2009), 27-35.

[2] S. Amat, M.A. Hernandez and N. Romero, A modified Chebyshev’s iterative method with at least
sixth order of convergence, Appl. Math. Comput.,206(1), (2008), 164-174.

[3] I.LK. Argyros, Convergence and Application of Newton-type Iterations, Springer, 2008.

[4] I. K. Argyros and Said Hilout, A convergence analysis for directional two-step Newton methods,
Numer. Algor.,55, (2010), 503-528.

[5] D.D. Bruns and J.E. Bailey, Nonlinear feedback control for operating a nonisothermal CSTR near
an unstable steady state, Chem. Eng. Sci., 32, (1977), 257-264.

[6] V. Candela and A. Marquina, Recurrence relations for rational cubic methods I: The Halley method,
Computing, 44, (1990), 169-184.

[7] V. Candela and A. Marquina, Recurrence relations for rational cubic methods II: The Chebyshev
method, Computing, 45(4), (1990), 355-367.

[8] C. Chun, Some improvements of Jarratt’s method with sixth-order convergence, Appl. Math. Com-
put., 190(2), (1990), 1432-1437.

[9] J. A. Ezquerro and M.A. Hernandez, Recurrence relations for Chebyshev-type methods, Appl. Math.
Optim., 41(2), (2000), 227-236.

[10] J. A. Ezquerro and M.A. Hernandez, New iterations of R-order four with reduced computational
cost. BIT Numer. Math., 49, (2009), 325- 342.

[11] J. A. Ezquerro and M.A. Hernandez, On the R-order of the Halley method, J. Math. Anal. Appl.,
303, (2005), 591-601.

[12] J.M. Gutiérrez and M.A. Hernandez, Recurrence relations for the super-Halley method, Computers
Math. Applic., 36(7), (1998), 1-8.

[13] M. Ganesh and M.C. Joshi, Numerical solvability of Hammerstein integral equations of mixed type,
IMA J. Numer. Anal., 11, ( 1991), 21-31.

[14] M.A. Hernandez, Chebyshev’s approximation algorithms and applications, Computers Math. Ap-
plic., 41(3-4), (2001), 433-455.

[15] M.A. Hernandez and M.A. Salanova, Sufficient conditions for semilocal convergence of a fourth
order multipoint iterative method for solving equations in Banach spaces. Southwest J. Pure Appl.
Math(1), (1999), 29-40.

[16] P. Jarratt, Some fourth order multipoint methods for solving equations, Math. Comput., 20(95),
(1966), 434-437.

[17] J. Kou and Y. Li, An improvement of the Jarratt method, Appl. Math. Comput., 189,(2007), 1816~
1821.

[18] S. K. Parhi and D.K. Gupta, Semilocal convergence of a stirling-like method in Banach spaces, Int.
J. Comput. Methods, 7(02), (2010), 215-228.

[19] S. K. Parhi and D.K. Gupta, Recurrence relations for a Newton-like method in Banach spaces, J.
Comput. Appl. Math., 206(2), (2007), 873-887.

[20] L. B. Rall, Computational solution of nonlinear operator equations, Robert E. Krieger, New
York,(1979).

[21] H. Ren, Q. Wu and W. Bi, New variants of Jarratt method with sixth-order convergence, Numer.
Algorithms, 52(4), (2009), 585-603.



52 IOANNIS K. ARGYROS AND S. GEORGE/JNAO : VOL.6, NO.2, (2015), 43-52

[22] X. Wang, J. Kou and Y. Li, Modified Jarratt method with sixth order convergence, Appl. Math. Lett.,
22, (2009), 1798-1802.

[23] X. Ye and C. Li, Convergence of the family of the deformed Euler-Halley iterations under the Holder
condition of the second derivative, J. Comput. Appl. Math., 194(2), (2006), 294-308.

[24] X. Ye, C. Li and W. Shen, Convergence of the variants of the Chebyshev-Halley iteration family
under the Holder condition of the first derivative, J. Comput. Appl. Math., 203(1), (2007), 279-288.

[25] Y. Zhao and Q. Wu, Newton-Kantorovich theorem for a family of modified Halley’s method under
Holder continuity condition in Banach spaces, Appl. Math. Comput. 202(1), (2008), 243-251.

[26] X. Wang, J. Kou and C. Gu, Semilocal convergence of a sixth-order Jarratt method in Banach
spaces, Numer. Algorithms, 57, (2011), 441-456.

[27] J. Kou and X, Wang, Semilocal convergence of a modified multi-point Jarratt method in Banach
spaces under general continuity conditions, Numer. Algorithms, 60, (2012), 369-390.



	1. Introduction
	2. Local convergence analysis
	3. Numerical Examples
	References

