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ABSTRACT. Let T be a periodic time scale. We use Krasnoselskii’s fixed point theorem,
to show new results on the existence and positivity of solutions for the nonlinear periodic
dynamic equation with variable delay of the form

x4 (t) = −a (t)x (t) + (Q (t, x (g (t))))4 +G (t, x (t) , x (g (t))) ,

x (t+ T ) = x (t) .

Also, by transforming the problem to an integral equation we are able, using the contraction
mapping principle, to show that the periodic solution is unique.
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1. INTRODUCTION

In recent years, there have been a few papers written on the existence of periodic
solutions, nontrivial periodic solutions and positive periodic solutions for several
classes of functional differential and dynamic equations with delays, which arise
from a number of mathematical ecological models, economical and control models,
physiological and population models and other models, see the references [1]-[13]
and references therein.

Let T be a periodic time scale such that 0 ∈ T. In this paper, we are interested
in the analysis of qualitative theory of periodic solutions of dynamic equations.
Motivated by the papers [1, 2, 3, 4, 5, 6, 11, 12, 13] and the references therein, we
consider the following nonlinear neutral periodic dynamic equation with variable
delay

x4 (t) = −a (t)x (t) + (Q (t, x (g (t))))
4

+G (t, x (t) , x (g (t))) ,

x (t+ T ) = x (t) , (1.1)
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where T > 0 be fixed, the nonlinear terms Q and G are L1
4-Carathéodory functions

and the function a ∈ L1 [0, T ] is bounded. Throughout this paper we assume that
g : T→ T is strictly increasing so that the function x (g (t)) is well defined over
T. Our purpose here is to use the Krasnoselskii’s fixed point theorem to show the
existence and positivity of solutions on time scales for periodic dynamic equation
(1.1). We have to transform (1.1) into an integral equation written as a sum of two
mapping; one is a contraction and the other is a completely continuous operator.
After that, we use the Krasnoselskii fixed point theorem, to show the existence and
positivity of periodic solutions for equation (1.1). Also, transforming equation (1.1)
to an integral equation enables us to show the uniqueness of the periodic solution
by appealing to the contraction mapping principle.

A special case of equation (1.1) with T = R, in [2] we have investigated the
existence, uniqueness and positivity of periodic solution for equation (1.1) by the
Krasnoselskii’s fixed point theorem and the contraction mapping principle. The
results presented in this paper extend the main results in [2].

In Section 2, we present some preliminary material that we will need through
the remainder of the paper. We will state some facts about the exponential function
on a time scale as well as the Krasnoselskii’s fixed point theorem. For details on
Krasnoselskii’s theorem we refer the reader to [14]. Also we present the inversion
of neutral nonlinear periodic dynamic equation (1.1). In Section 3, we present our
main results on existence, uniqueness and positivity.

2. PRELIMINARIES

A time scale is an arbitrary nonempty closed subset of real numbers. The study
of dynamic equations on time scales is a fairly new subject, and research in this
area is rapidly growing (see [1], [4], [6]–[10], [11], [12] and papers therein). The
theory of dynamic equations unifies the theories of differential equations and dif-
ference equations. We suppose that the reader is familiar with the basic concepts
concerning the calculus on time scales for dynamic equations. Otherwise one can
find in Bohner and Peterson books [9] and [10] most of the material needed to read
this paper. We start by giving some definitions necessary for our work. The notion
of periodic time scales is introduced in Atici et al. [7] and Kaufmann and Raffoul
[11]. The following two definitions are borrowed from [7] and [11].

Definition 2.1. We say that a time scale T is periodic if there exist a ω > 0 such
that if t ∈ T then t± ω ∈ T. For T 6= R, the smallest positive ω is called the period
of the time scale.

Below are examples of periodic time scales taken from [11].

Example 2.2. The following time scales are periodic.
(1) T =

⋃∞
i=−∞

[2 (i− 1)h, 2ih] , h > 0 has period ω = 2h.
(2) T = hZ has period ω = h.
(3) T = R.
(4) T = {t = k − qm : k ∈ Z,m ∈ N0} where, 0 < q < 1 has period ω = 1.

Remark 2.3 ([11]). All periodic time scales are unbounded above and below.

Definition 2.4. Let T 6= R be a periodic time scales with the period ω. We say that
the function f : T→ R is periodic with period T if there exists a natural number
n such that T = nω, f (t± T ) = f (t) for all t ∈ T and T is the smallest number
such that f (t± T ) = f (t) . If T = R, we say that f is periodic with period T > 0 if
T is the smallest positive number such that f (t± T ) = f (t) for all t ∈ T.
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Remark 2.5 ([11]). If T is a periodic time scale with period p, then σ (t± nω) =
σ (t)±nω. Consequently, the graininess function µ satisfies µ (t± nω) = σ (t± nω)−
(t± nω) = σ (t)− t = µ (t) and so, is a periodic function with period ω.

Our first two theorems concern the composition of two functions. The first
theorem is the chain rule on time scales ([9], Theorem 1.93).

Theorem 2.6 (Chain Rule). Assume ν : T→ R is strictly increasing and T̃ := ν (T)

is a time scale. Let ω : T̃→ R. If ν4 (t) and ω4̃ (ν (t)) exist for t ∈ Tk, then

(ω ◦ ν)
4

=
(
ω4̃ ◦ ν

)
ν4.

In the sequel we will need to differentiate and integrate functions of the form
f (t− r (t)) = f (ν (t)) where, ν (t) := t − r (t). Our second theorem is the substi-
tution rule ([9], Theorem 1.98).

Theorem 2.7 (Substitution). Assume ν : T→ R is strictly increasing and T̃ := ν (T)
is a time scale. If f : T→ R is rd-continuous function and ν is differentiable with
rd-continuous derivative, then for a, b ∈ T,∫ b

a

f (t) ν4 (t)4t =

∫ ν(b)

ν(a)

(
f ◦ ν−1

)
(s) 4̃s.

A function p : T→ R is said to be regressive provided 1 + µ (t) p (t) 6= 0 for all
t ∈ Tk. The set of all regressive rd-continuous function f : T→ R is denoted by R
while the set R+ = {f ∈ R : 1 + µ (t) f (t) > 0 for all t ∈ T} .

Let p ∈ R and µ (t) 6= 0 for all t ∈ T. The exponential function on T is defined
by

ep (t, s) = exp

(∫ t

s

1

µ (z)
Log (1 + µ (z) p (z))4z

)
. (2.1)

It is well known that if p ∈ R+, then ep (t, s) > 0 for all t ∈ T. Also, the exponential
function y (t) = ep (t, s) is the solution to the initial value problem y4 = p (t) y,
y (s) = 1. Other properties of the exponential function are given in the following
lemma.

Lemma 2.8 ([9]). Let p, q ∈ R. Then
(i) e0 (t, s) = 1 and ep (t, t) = 1;
(ii) ep (σ (t) , s) = (1 + µ (t) p (t)) ep (t, s) ;

(iii)
1

ep (t, s)
= e	p (t, s) , where 	p (t) = − p (t)

1 + µ (t) p (t)
;

(iv) ep (t, s) =
1

ep (s, t)
= e	p (s, t) ;

(v) ep (t, s) ep (s, r) = ep (t, r) ;

(vi) e4p (., s) = pep (., s) and

(
1

ep (., s)

)4
= − p (t)

eσp (., s)
.

Theorem 2.9 ([8], Theorem 2.1). Let T be a periodic time scale with period ω > 0.
If p ∈ Crd (T) is a periodic function with the period T = nω, then∫ b+T

a+T

p (u)4u =

∫ b

a

p (u)4u, ep (b+ T, a+ T ) = ep (b, a) if p ∈ R,

and ep (t+ T, t) is independent of t ∈ T whenever p ∈ R.
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Lemma 2.10 ([1]). If p ∈ R+, then

0 < ep (t, s) ≤ exp

(∫ t

s

p (u)4u
)
, ∀t ∈ T.

Corollary 2.11 ([1]). If p ∈ R+ and p (t) < 0 for all t ∈ T, then for all s ∈ T with
s ≤ t we have

0 < ep (t, s) ≤ exp

(∫ t

s

p (u)4u
)
< 1.

We state Krasnoselskii’s fixed point theorem which enables us to prove the exis-
tence and positivity of periodic solutions to (1.1). For its proof we refer the reader
to [14].

Theorem 2.12 (Krasnoselskii). Let M be a closed convex nonempty subset of a
Banach space (S, ‖·‖). Suppose that A and B map M into S such that

(i) x, y ∈M, implies Ax+By ∈M,
(ii) A is completely continuous,
(iii) B is a contraction mapping.

Then there exists z ∈M with z = Az +Bz.

Let T > 0, T ∈ T be fixed and if T 6= R, T = np for some n ∈ N. By the notation
[a, b] we mean

[a, b] = {t ∈ T : a ≤ t ≤ b} ,
unless otherwise specified. The intervals [a, b) , (a, b] and (a, b) are defined similarly.

Define PT = {ϕ : T→ R | ϕ ∈ C and ϕ (t+ T ) = ϕ (t)} where C is the space of
continuous real-valued functions on T. Then (PT , ‖·‖) is a Banach space with the
supremum norm

‖ϕ‖ = sup
t∈T
|ϕ (t)| = sup

t∈[0,T ]

|ϕ (t)| .

We will need the following lemma whose proof can be found in [11].

Lemma 2.13. Let x ∈ PT . Then ‖xσ‖ = ‖x ◦ σ‖ exists and ‖xσ‖ = ‖x‖ .

The following definition is essential in our analysis.

Definition 2.14. A function F : [0, T ] × Rn → R is an L1
4-Carathéodory function

if it satisfies the following conditions
(c1) For each z ∈ Rn, the mapping t→ F (t, z) is 4-measurable.
(c2) For almost all t ∈ [0, T ], the mapping t→ F (t, z) is continuous on Rn.
(c3) For each r > 0, there exists fr ∈ L1

4 ([0, T ] ,R) such that for almost all
t ∈ [0, T ] and for all z such that |z| < r, we have |F (t, z)| ≤ fr (t).

In this paper we use the notation γ = −a and assume that γ ∈ R+ and will
assume that the following conditions hold.

(h1) γ ∈ L1
4 ([0, T ] ,R) is bounded, satisfies γ (t+ T ) = γ (t) for all t and

1− eγ (t, t− T ) ≡ 1

η
6= 0.

(h2) g ∈ PT .
(h3) Q and G are L1

4-Carathéodory functions, and Q (t+ T, x) = Q (t, x) ,

G (t+ T, x, y) = Q (t, x, y) for all t.
We have to invert equation (1.1). For this, we use the variation of parameter

formula to rewrite the equation as an integral equation suitable for Krasnoselskii
theorem and the contraction mapping principle.
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Lemma 2.15. Suppose (h1)–(h3) hold. If x ∈ PT , then x is a solution of equation
(1.1) if and only if

x (t) = Q (t, x (g (t)))

+ η

∫ t

t−T
[G (s, x (s) , x (g (s))) + γ (s)Q (s, x (g (s)))] eγ (t, σ (s))4s. (2.2)

Proof. Let x ∈ PT be a solution of (1.1). First we write this equation as

(x (t)−Q (t, x (g (t))))
4 − γ (t) (x (t)−Q (t, x (g (t))))

= G (t, x (t) , x (g (t))) + γ (t)Q (t, x (g (t))) .

Multiply both sides of the above equation by e	γ (σ (t) , 0) we get{
(x (t)−Q (t, x (g (t))))

4 − γ (t) (x (t)−Q (t, x (g (t))))
}
e	γ (σ (t) , 0)

= {G (t, x (t) , x (g (t))) + γ (t)Q (t, x (g (t)))} e	γ (σ (t) , 0) .

Since e	γ (t, 0)
4

= −γ (t) e	γ (σ (t) , 0) we find

[(x (t)−Q (t, x (g (t)))) e	γ (t, 0)]
4

= [G (t, x (t) , x (g (t))) + γ (t)Q (t, x (g (t)))] e	γ (σ (t) , 0) .

Taking the integral from t− T to t, we obtain∫ t

t−T
[(x (s)−Q (s, x (g (s)))) e	γ (s, 0)]

44s

=

∫ t

t−T
[G (s, x (s) , x (g (s))) + γ (s)Q (s, x (g (s)))] e	γ (σ (s) , 0)4s.

As a consequence, we arrive at

(x (t)−Q (t, x (g (t)))) e	γ (t, 0)

− (x (t− T )−Q (t− T, x (g (t− T )))) e	γ (t− T, 0)

=

∫ t

t−T
[G (s, x (s) , x (g (s))) + γ (s)Q (s, x (g (s)))] e	γ (σ (s) , 0)4s.

Dividing both sides of the above equation by e	γ (t, 0) and using the fact that
x (t− T ) = x (t), (h1)–(h3) and

e	γ (t− T, 0)

e	γ (t, 0)
= eγ (t, t− T ) ,

e	γ (σ (s) , 0)

e	γ (t, 0)
= eγ (t, σ (s)) ,

we obtain

x (t)−Q (t, x (g (t)))

= η

∫ t

t−T
[G (s, x (s) , x (g (s))) + γ (s)Q (s, x (g (s)))] eγ (t, σ (s))4s.

Since each step is reversible, the converse follows easily. This completes the proof.
�
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3. EXISTENCE RESULTS

We present our existence results in this section. To this end, we first define the
operator H by

(Hϕ) (t) = Q (t, ϕ (g (t)))

+ η

∫ t

t−T
[G (s, ϕ (s) , ϕ (g (s))) + γ (s)Q (s, ϕ (g (s)))] eγ (t, σ (s))4s,

(3.1)

From Lemma 2.15 we see that fixed points ofH are solutions of (1.1) and vice versa.
In order to employ Theorem 2.12 we need to express the operator H as the sum of
two operators, one of which is completely continuous and the other of which is a
contraction. Let (Hϕ) (t) = (Aϕ) (t) + (Bϕ) (t) where

(Aϕ) (t) = η

∫ t

t−T
[G (s, ϕ (s) , ϕ (g (s))) + γ (s)Q (s, ϕ (g (s)))] eγ (t, σ (s))4s,

(3.2)
and

(Bϕ) (t) = Q (t, ϕ (g (t))) . (3.3)
Our first lemma in this section shows that A : PT → PT is completely continu-

ous.

Lemma 3.1. Suppose that conditions (h1) − (h3) hold. Then A : PT → PT is
completely continuous.

Proof. We first show that A : PT → PT . Clearly, if ϕ is continuous, then Aϕ is.
From (3.2) and conditions (h1)− (h3), it follows trivially that eγ (t+ T, σ (s) + T ) =
eγ (t, σ (s)) by Theorem 2.9. Consequently, we have that

(Aϕ) (t+ T ) = (Aϕ) (t) ,

by Theorem 2.7. That is, if ϕ ∈ PT then Aϕ ∈ PT .
To see that A is continuous. Let {ϕi} ⊂ PT be such that ϕi → ϕ as i→∞. By

the Dominated Convergence Theorem,

lim
i→∞

|(Aϕi) (t)− (Aϕ) (t)|

≤ lim
i→∞

η

∫ t

t−T
[|G (s, ϕi (s) , ϕi (g (s)))−G (s, ϕ (s) , ϕ (g (s)))|

+ |γ (s)| |Q (s, ϕi (g (s)))−Q (s, ϕ (g (s)))|] eγ (t, σ (s))4s

= η

∫ t

t−T

[
lim
i→∞

|G (s, ϕi (s) , ϕi (g (s)))−G (s, ϕ (s) , ϕ (g (s)))|

+ |γ (s)| lim
i→∞

|Q (s, ϕi (g (s)))−Q (s, ϕ (g (s)))|
]
eγ (t, σ (s))4s

= 0.

Hence A : PT → PT is continuous.
Finally, we show that A is completely continuous. Let B ⊂ PT be a closed

bounded subset and let C be such that ‖ϕ‖ ≤ C for all ϕ ∈ B. then

|(Aϕ) (t)| ≤ η
∫ t

t−T
[|G (s, ϕ (s) , ϕ (g (s)))|+ |γ (s)| |Q (s, ϕ (g (s)))|] eγ (t, σ (s))4s

≤ ηN
{∫ t

t−T
gC (s)4s+

∫ t

t−T
|γ (s)| qC (s)4s

}



A NEUTRAL NONLINEAR PERIODIC DYNAMIC EQUATION 25

≤ ηN
{∫ t

t−T
gC (s)4s+ α

∫ t

t−T
qC (s)4s

}
≡ K,

where N = sup
s∈[t−T,t]

eγ (t, σ (s)) and α = sup
s∈[t−T,t]

|γ (s)|. And so, the family of

functions Aϕ is uniformly bounded.
Again, let ϕ ∈ B. Without loss of generality, we can pick t1 < t2 such that

t2 − t1 < T . Then

|(Aϕ) (t2)− (Aϕ) (t1)|

= η

∣∣∣∣∫ t2

t2−T
[G (s, ϕ (s) , ϕ (g (s))) + γ (s)Q (s, ϕ (g (s)))] eγ (t, σ (s))4s

−
∫ t1

t1−T
[G (s, ϕ (s) , ϕ (g (s))) + γ (s)Q (s, ϕ (g (s)))] eγ (t, σ (s))4s

∣∣∣∣ .
We can rewrite the left hand side as the sum of three integrals. We obtain the
following

|(Aϕ) (t2)− (Aϕ) (t1)|

≤ η
∫ t2

t1

[|G (s, ϕ (s) , ϕ (g (s)))|+ |γ (s)| |Q (s, ϕ (g (s)))|] eγ (t2, σ (s))4s

+ η

∫ t1

t2−T
[|G (s, ϕ (s) , ϕ (g (s)))|+ |γ (s)| |Q (s, ϕ (g (s)))|]

× |eγ (t2, σ (s))− eγ (t1, σ (s))|4s

+ η

∫ t2−T

t1−T
[|G (s, ϕ (s) , ϕ (g (s)))|+ |γ (s)| |Q (s, ϕ (g (s)))|] eγ (t1, σ (s))4s

≤ 2ηN

{∫ t2

t1

gC (s) + αqC (s)4s
}

+ η

∫ t1

t2−T
[gC (s) + αqC (s)] |eγ (t2, σ (s))− eγ (t1, σ (s))|4s.

Now
∫ t2
t1
gC (s) + αqC (s)4s→ 0 as (t2 − t1)→ 0. Also, since∫ t1

t2−T
[gC (s) + αqC (s)] |eγ (t2, σ (s))− eγ (t1, σ (s))|4s

≤
∫ T

0

[gC (s) + αqC (s)] |eγ (t2, σ (s))− eγ (t1, σ (s))|4s,

and |eγ (t2, σ (s))− eγ (t1, σ (s))| → 0 as (t2 − t1) → 0, then by the Dominated
Convergence Theorem,∫ t1

t2−T
[gC (s) + αqC (s)] |eγ (t2, σ (s))− eγ (t1, σ (s))|4s→ 0,

as (t2 − t1) → 0. Thus |(Aϕ) (t2)− (Aϕ) (t1)| → 0 as (t2 − t1) → 0 independently
of ϕ ∈ B. As such, the family of functions Aϕ is equicontinuous on B.

By the Arzelà-Ascoli Theorem, A is completely continuous and the proof is com-
plete. �

We need the following condition on the nonlinear term Q.
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(h4) the functionQ (t, x) is Lipschitz continuous in x. That is, there exists L > 0
such that

|Q (t, x)−Q (t, y)| ≤ L ‖x− y‖ .
Our next lemma gives a sufficient condition under which B : PT → PT is a

contraction.

Lemma 3.2. Suppose that conditions (h3) and (h4) hold and L < 1. ThenB : PT →
PT is a contraction.

Proof. From (3.3) and conditions (h2) and (h3), we have that

(Bϕ) (t+ T ) = (Bϕ) (t) .

That is, if ϕ ∈ PT then Bϕ ∈ PT .
To see that B is a contraction. Let ϕ,ψ ∈ PT we have

‖B (ϕ)−B (ψ)‖ = sup
t∈[0,T ]

|(Bϕ) (t)− (Bψ) (t)|

≤ L sup
t∈[0,T ]

|ϕ (g (t))− ψ (g (t))|

≤ L ‖ϕ− ψ‖ .
Hence B : PT → PT is a contraction. �

We need the following conditions on the nonlinear terms Q and G.
(h5) There exists periodic functions q1, q2 ∈ L1

4 [0, T ], with period T , such that

|Q (t, x)| ≤ q1 (t) |x|+ q2 (t) ,

for all x ∈ R.
(h6) There exists periodic functions g1, g2, g3 ∈ L1

4 [0, T ], with period T , such
that

|G (t, x, y)| ≤ g1 (t) |x|+ g2 (t) |y|+ g3 (t) ,

for all x, y ∈ R.
Also, we now define some quantities that will be used in the following theorem. Let
δ = sup

t∈[0,T ]

eγ (t, σ (s)) , θ = sup
t∈[0,T ]

|Q (t, 0)| , λ =
∫ T
0
|q1 (s)|4s, µ =

∫ T
0
|q2 (s)|4s,

β =
∫ T
0
|g1 (s)|4s, γ =

∫ T
0
|g2 (s)|4s, Γ =

∫ T
0
|g3 (s)|4s.

Theorem 3.3. Suppose that conditions (h1)− (h6) hold and L < 1. Suppose there
exists a positive constant J satisfying the inequality

θ + ηδ (αµ+ Γ) + (L+ ηδ (αλ+ β + γ)) J ≤ J.
Then (1.1) has a solution ϕ ∈ PT such that ‖ϕ‖ ≤ J.

Proof. Define M = {ϕ ∈ PT : ‖ϕ‖ ≤ J}. By Lemma 3.1, the operatorA : M→ PT is
completely continuous. Since L < 1, then by Lemma 3.2, the operator B : M→ PT
is a contraction. Conditions (ii) and (iii) of Theorem 2.12 are satisfied. We need
to show that condition (i) is fulfilled. To this end, let ϕ,ψ ∈M. Then

|(Aϕ) (t) + (Bψ) (t)|

≤ |Q (t, ψ (g (t)))|+ η

∫ t

t−T
|G (s, ϕ (s) , ϕ (g (s)))| eγ (t, σ (s))4s

+ η

∫ t

t−T
|γ (s)| |Q (s, ϕ (g (s)))| eγ (t, σ (s))4s

≤ LJ + θ + ηδ (βJ + γJ + Γ) + ηαδ (λJ + µ)
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= θ + ηδ (αµ+ Γ) + (L+ ηδ (αλ+ β + γ)) J ≤ J.
Thus ‖Aϕ+Bψ‖ ≤ J and so Aϕ+Bψ ∈M. All the conditions of Theorem 2.12 are
satisfied and consequently the operator H defined in (3.1) has a fixed point in M.
By Lemma 2.15 this fixed point is a solution of (1.1) and the proof is complete. �

The conditions (h5) and (h6) are global conditions on the functions Q and G. In
the next theorem we replace this conditions with the following local conditions.

(h5∗) There exists periodic functions q∗1 , q∗2 ∈ L1
4 [0, T ] , with period T, such that

|Q (t, x)| ≤ q∗1 (t) |x|+ q∗2 (t) ,

for all x with |x| ≤ J.
(h6∗) There exists periodic functions g∗1 , g∗2 , g∗3 ∈ L1

4 [0, T ] , with period T, such
that

|G (t, x, y)| ≤ g∗1 (t) |x|+ g∗2 (t) |y|+ g∗3 (t) ,

for all x, y with |x| ≤ J and |y| ≤ J.
The constants λ∗, µ∗ and β∗, γ∗, Γ∗ are defined as before with the understanding
that the functions q∗1 , q∗2 and g∗1 , g∗2 , g∗3 are those from conditions (h5∗) and (h6∗) ,
respectively.

Theorem 3.4. Suppose that conditions (h1)−(h4) , (h5∗) and (h6∗) hold and L < 1.
Suppose there exists a positive constant J satisfying the inequality

θ + ηδ (αµ∗ + Γ∗) + (L+ ηδ (αλ∗ + β∗ + γ∗)) J ≤ J.
Then (1.1) has a solution ϕ ∈ PT such that ‖ϕ‖ ≤ J.

The proof of the above theorem parallels that of Theorem 3.3.
For our next result, we give conditions for which there exists a unique solution

of (1.1). We replace conditions (h5) and (h6) with the following conditions.(
h5†
)

There exists periodic function q†1 ∈ L1
4 [0, T ], with period T , such that

|Q (t, x)−Q (t, x)| ≤ q†1 (t) |x− y| ,
for all x, y ∈ R.(

h6†
)

There exists periodic functions g†1, g
†
2 ∈ L1

4 [0, T ], with period T , such that

|G (t, x, y)−G (t, z, w)| ≤ g†1 (t) |x− z|+ g†2 (t) |y − w| ,
for all x, y, z, w ∈ R.
The constants λ† and β†, γ† are defined as before with the understanding that the
functions q†1 and g†1, g

†
2 are those from conditions

(
h5†
)

and
(
h6†
)
, respectively.

Theorem 3.5. Suppose that conditions (h1)− (h4) ,
(
h5†
)

and
(
h6†
)

hold. If

L+ ηδ
(
αλ† + β† + γ†

)
< 1,

then (1.1) has a unique T -periodic solution.

Proof. Let ϕ,ψ ∈ PT . By (3.1) we have for all t,

|(Hϕ) (t)− (Hψ) (t)|
≤ |Q (t, ϕ (g (t)))−Q (t, ψ (g (t)))|

+ η

∫ t

t−T
[|G (s, ϕ (s) , ϕ (g (s)))−G (s, ψ (s) , ψ (g (s)))|

+ |γ (s)| |Q (s, ϕ (g (s)))−Q (s, ψ (g (s)))|] eγ (t, σ (s))4s

≤ L ‖ϕ− ψ‖+ ηδ
(
αλ† + β† + γ†

)
‖ϕ− ψ‖ .
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Hence, ‖Hϕ−Hψ‖ ≤
(
L+ ηδ

(
αλ† + β† + γ†

))
‖ϕ− ψ‖. By the contraction map-

ping principle, H has a fixed point in PT and by Lemma 2.15, this fixed point is a
solution of (1.1). The proof is complete. �

For our last result, we give sufficient conditions under which there exists positive
solutions of equation (1.1). We begin by defining some new quantities. Let

m = min
s∈[t−T,t]

eγ (t, σ (s)) , M = max
s∈[t−T,t]

eγ (t, σ (s)) .

Given constants 0 < L < K, define the set M1 = {ϕ ∈ PT : L ≤ ϕ (t) ≤ K, t ∈ [0, T ]} .
Assume the following conditions hold.
(h7) There exists constants 0 < q∗ < L∗ such that q∗L ≤ Q (t, ρ) ≤ L∗K for all

ρ ∈M1 and t ∈ [0, T ].
(h8) There exists constants 0 < L < K such that

(1− q∗)L
ηmT

≤ G (s, σ, ρ) + γ (s)Q (s, ρ) ≤ (1− L∗)K
ηMT

,

for all σ, ρ ∈M1 and s ∈ [t− T, t].

Theorem 3.6. Suppose that conditions (h1)− (h4) , (h7) and (h8) hold and L < 1.
Then there exists a positive periodic solution of (1.1).

Proof. As in the proof of Theorem 3.3, we just need to show that condition (i) of
Theorem 2.12 is satisfied. Let ϕ,ψ ∈M1. Then

(Aϕ) (t) + (Bψ) (t)

= Q (t, ψ (g (t))) + η

∫ t

t−T
[G (s, ϕ (s) , ϕ (g (s))) + γ (s)Q (s, ϕ (g (s)))] eγ (t, σ (s))4s

≥ q∗L + ηmT
(1− q∗)L
ηmT

= L.

Likewise

(Aϕ) (t) + (Bψ) (t) ≤ L∗K + ηMT
(1− L∗)K
ηMT

= K.

By Theorem 2.12, the operator H has a fixed point in M1. This fixed point is a
positive solution of (1.1) and the proof is complete. �
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