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ABSTRACT. In this paper, we introduce an iterative process and prove strong convergence
result for finding the fixed point of Lipschitz pseudocontractive non-self mapping in Banach
spaces more general than Hilbert spaces. In addition, strong and weak convergence of
Mann type sequence to a fixed point of λ-strictly pseudocontractive non-self mapping is
investigated. Moreover, a numerical example which shows the conclusion of our result is
presented. Our results improve and generalize many known results in the current literature.
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1. INTRODUCTION

Let C be a nonempty subset of a real Banach space E with dual E∗. A mapping
T : C −→ E is called L-Lipschitz if there exits L ≥ 0 such that

||Tx− Ty| ≤ L||x− y||,∀x, y ∈ C.
If L = 1 then T is called nonexpansive mapping. T is called λ-strictly pseudocon-
tractive mapping if there exist λ ∈ (0, 1) and j(x− y) ∈ J(x− y) such that

〈Tx− Ty, j(x− y)〉 ≤ ||x− y||2 − λ||(I − T )x− (I − T )y||2,∀x, y ∈ C,
and T is called pseudocontractive if there exists j(x− y) ∈ J(x− y) such that

〈Tx− Ty, j(x− y)〉 ≤ ||x− y||2, for all x, y ∈ C, (1.1)

where J : E → 2E
∗

is the normalized duality mapping given by Jx := {f∗ ∈ E∗ :
〈x, f∗〉 = ||x||2 = ||f∗||2}, where 〈., .〉 denotes the generalized duality pairing. It is
well known that J is single-valued whenever E is smooth. J is said to be weakly

∗Corresponding author.
Email address : habtuzh@yahoo.com.
Article history : Received June 17, 2015. Accepted November 9, 2015.



2 ABEBE. R. TUFA AND H. ZEGEYE/JNAO : VOL. 6, NO. 2, (2015), 1-17

sequentially continuous if it is single valued and weak-to-weak∗ continuous; that
is, if xn ⇀ x in E, then J(xn) ⇀∗ J(x) in E∗.

Due to Kato [11] inequality (1.1) is equivalent to the following inequality for all
t ≥ 0.

||x− y|| ≤ ||x− y + t[(I − T )x− (I − T )y]||, for all x, y ∈ C.

We note that every nonexpansive and every λ-strictly pseudocontractive mappings
are Lipschitz with constants L = 1 and L = 1+λ

λ , respectively. Moreover, we ob-
serve that the class of Lipschitz pseudocontractive mappings includes the class of
nonexpansive and the class of λ- strictly pseudocontractive mappings.

Pseudocontractive mappings are also related to the important class of nonlinear
operators known as accretive mappings. A mapping A : C −→ E is called accretive
if there exists j(x− y) ∈ J(x− y) such that 〈Ax−Ay, j(x− y)〉 ≥ 0 for all x, y ∈ C.

A mapping A is accretive if and only if T := I − A is pseudocontractive and
thus the zero set of A, N(A) = {x ∈ C : Ax = 0}, is the fixed point set of T,
F (T ) = {x ∈ C : Tx = x}. It is also known that the equilibrium points of some
evolution systems are the solutions of the equation Ax = 0 , when A is accre-
tive mapping (see e.g. [31]). Consequently, several authors have studied iterative
methods for approximating fixed points of a nonexpansive or pseudocontractive
mapping T (see for example [2, 4, 13, 18, 22, 32] and the references contained
therein).

In 1953, Mann [13] introduced the following iteration:

xn+1 = αnxn + (1− αn)Txn, (1.2)

where the initial guess element x0 ∈ C is arbitrary and {αn} is a real sequence in
[0, 1]. The sequence {xn} generated by (1.2) is called Mann iteration sequence. The
Mann iteration has been extensively investigated for nonexpansive mappings (see,
e.g., [21]). In an infinite-dimensional Hilbert space, the Mann iteration can provide
only weak convergence [8].

Attempts to modify the Mann iterative method, so that strong convergence is guar-
anteed, have been made. In 1974, Ishikawa [9] introduced an iterative process,
which in some sense is more general than that of Mann and which converges to
a fixed point of a Lipschitz pseudocontractive self-mapping T of C. The following
theorem is proved.

Theorem IS ([9]). If C is a compact convex subset of a Hilbert space H, T :
C −→ C is a Lipschitz pseudocontractive mapping and x0 is any point of C, then
the sequence {xn} converges strongly to a fixed point of T , where {xn} is defined
iteratively for each integer n ≥ 0 by

yn = βnxn + (1− βn)Txn, xn+1 = αnxn + (1− αn)Tyn, n ≥ 0, (1.3)

where {αn}, {βn} are sequences of positive numbers satisfying the conditions:
(i) 0 ≤ αn ≤ βn ≤ 1; (ii) lim

n−→∞
βn = 0; (iii)

∑
αnβn =∞.

The iterative method of Theorem IS, which is now referred to as the Ishikawa itera-
tive method has been studied extensively by various authors. But it is still an open
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question whether or not this method can be employed to approximate fixed points
of Lipschitz pseudocontractive mappings without the compactness assumption on
C or T (see, e.g., [3, 19, 20]).

In 2003, Chidume and Zegeye [4] constructed an iterative scheme which provides
the conclusion of Theorem IS for an important class of Lipschitz pseudocontractive
self-mapping without the requirement that C or T is compact. They proved the
following Theorem.

Theorem CZ ([4]). Let C be nonempty closed convex subset of a reflexive real
Banach space E with a uniformly Gâteaux differentiable norm. Let T : C → C be a
Lipschitz pseudocontractive mapping with Lipschitz constant L ≥ 0 and F (T ) 6= ∅.
Suppose that every closed, convex and bounded subset of C has the fixed point
property for nonexpansive self-mappings. Let a sequence {xn} be generated from
arbitrary x1 ∈ C by

xn+1 := (1− λn)xn + λnTxn − λnθn(xn − x1), for all n ≥ 0, (1.4)

where {λn} and {θn} are real sequences in (0, 1] satisfying certain conditions.
Then, {xn} converges strongly to a fixed point of T .

Remark 1.1. We remark that Theorem CZ has extended the results of Ishikawa
[9] and other related results to Banach spaces more general than Hilbert spaces
without compactness assumption on C. However, in all the above results, the
operator T remains a self-mapping of a nonempty closed convex subset C of a
Banach space E. If, however, the domain of T, C, is a proper subset of E (and
this is the case in several applications), and T maps C into E, then the iterative
processes (1.2), (1.3) and (1.4) studied by these authors may fail to be well defined.
Many researchers have made significant progress to overcome this problem by
employing the concept of sunny nonexpansive mappings.

Let C be a nonempty closed convex subset of a Banach space E and let D be a
nonempty subset of C. A mapping P : C → D is said to be retraction, if Px = x
for all x ∈ D. A retraction P : C → D is sunny if it satisfies the property:
P (Px + t(x − Px)) = Px for x ∈ C and t > 0, whenever Px + t(x − Px) ∈ C.
P is said to be sunny nonexpansive if it is both sunny and nonexpansive mapping.
A subset D of C is also called sunny nonexpansive retract of C if there exists a
sunny nonexpansive retraction of C onto D.

It is well known [1] that in a smooth Banach space E, a retraction mapping P is
sunny nonexpansive if and only if the following inequality holds:

〈x− Px, J(y − Px)〉 ≤ 0, x ∈ C, y ∈ D. (1.5)

Recall that, if E = H, a real Hilbert space, then the nearest point metric projection
PC : H −→ C is characterized by the inequality 〈x − PCx, y − PCx〉 ≤ 0, for all
y ∈ C. Hence, the metric projection, PC , is a sunny nonexpansive retraction in the
setting of Hilbert spaces. However, this fact characterizes Hilbert spaces and it is
not available in more general Banach spaces.

For the approximation of fixed points of non-self mappings, Matsushita and Taka-
hashi [12] have studied and proved the following theorem.
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Theorem MT ([12]). Let E be a uniformly convex Banach space whose norm is
uniformly Gateâux differentiable, let C be a nonempty closed convex subset of E
and let T be a nonexpansive mapping from C into E with F (T ) 6= ∅. Suppose
that C is a sunny nonexpansive retract of E. Let {αn} be a sequence such that
0 ≤ αn ≤ 1, lim

n−→∞
αn = 0 and

∑
αn = ∞ and

∑
|αn+1 − αn| < ∞. Let u and x0

be elements of C. Suppose that {xn} is given by

xn+1 = αnu+ (1− αn)PTxn, for n = 0, 1, 2, ..., (1.6)

where P is a sunny nonexpansive retraction from E onto C. Then {xn} converges
strongly to z ∈ F (T ).

Several authors have studied implicit and explicit iterative schemes of the type (1.6)
(see, e.g., [5, 14, 23, 24, 25, 28, 29, 33] and the references therein) for non-self map-
pings. However, as it has been indicated by Colao and Marino [7], calculating P
is time consuming process, even in Hilbert spaces when P is a metric projection,
and it may require an approximating algorithm for itself. To avoid the necessity
of using an auxiliary mapping P, Colao and Marino [7] introduced a new search
strategy for the coefficient αn which makes the Krasnoselskii-Mann algorithm well
defined in the Hilbert space setting. They obtained the following weak and strong
convergence of the algorithm for nonexpansive non-self mappings. We shall need
the following definitions.

A set C ⊂ E is said to be strictly convex if it is convex and with the property that
x, y ∈ ∂C and t ∈ (0, 1) implies that tx + (1 − t)y ∈ C̊, where ∂C and C̊ denotes
boundary and interior of C respectively. In other words, if the boundary of C does
not contain any segment.

A mapping T : C −→ E is said to satisfy the inward condition if, for any x ∈ C,
we have Tx ∈ IC(x) := {x + c(u − x) : c ≥ 1, u ∈ C}. T is said to satisfy the
weakly inward condition if for each x ∈ C, Tx ∈ IC(x), where IC(x) is the closure
of IC(x). Note that IC(x) is convex whenever C is convex.

Theorem CM ([7]). Let C be a convex, closed and nonempty subset of a Hilbert
space H and let T : C −→ H be a mapping. Then the algorithm

x0 ∈ C,
α0 = max{ 12 , h(x0)},
xn+1 = αnxn + (1− αn)Txn,
αn+1 = max{αn, h(xn+1)},

(1.7)

where h : C −→ R is defined by h(x) = inf{λ ≥ 0 : λx + (1 − λ)Tx ∈ C},
is well defined. Further, if C is strictly convex and T is nonexpansive mapping
which satisfies the inward condition and such that F (T ) 6= ∅, then {xn} converges
weakly to a point p ∈ F (T ).Moreover, if

∑
αn <∞, then the convergence is strong.

We remark that Theorem CM is applicable for approximating fixed points of nonex-
pansive non-self mappings.

Our concern now is the following: can we construct an iterative scheme which
converges strongly to a fixed point of pseudocontractive non-self mappings, without
using projection mapping, which is more general than nonexpansive mappings in
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Banach spaces?

It is our purpose in this paper to construct an iterative scheme which converges
strongly to a fixed point of Lipschitz pseudocontractive non-self mappings in Ba-
nach spaces more general than Hilbert spaces. Our results provide an affirmative
answer to our concern. Our results extend Theorem CM, Theorem CZ and the ref-
erences therein to the more general class of Lipschitz pseudocontractive non-self
mappings.

2. PRELIMINARIES

Let E be a real Banach space and let S := {x ∈ E : ||x|| = 1} denote the unit
sphere of E. E is said to have Gâteaux differentiable norm if the limit

lim
t→0

||x+ ty|| − ||x||
t

(2.1)

exists for each x, y ∈ S. Such E is called smooth. The space E is said to have a
uniformly Gâteaux differentiable norm if for each y ∈ S, the limit (2.1) is attained
uniformly for x ∈ S.

The modulus of smoothness of E is a function ρE : [0,∞)→ [0,∞) defined by

ρE(τ) := sup
{‖x+ y‖+ ‖x− y‖

2
− 1 : ‖x‖ = 1, ‖y‖ = τ

}
.

A Banach space E is called q-uniformly smooth if there exist a constant c > 0 and
a real number q ∈ (1,∞) such that ρE(τ) ≤ cτ q. E is called uniformly smooth if

lim
τ→0

ρE(τ)

τ
= 0. The Lebesgue Lp, the sequence `p and the Sobolev Wm

p spaces,

for p ∈ (1,∞), are examples of uniformly smooth Banach spaces.

It is well known that every uniformly smooth space has uniformly Gâteaux differ-
entiable norm (see, e.g., [6]).

Let C be a nonempty subset of E. A sequence {xn} ⊂ C is said to be Fejèr-monotone
with respect to a set D ⊂ C if, for any element x ∈ D, ||xn+1−x|| ≤ ||xn−x||,∀n ∈
N.

In the sequel, we shall make use of the following lemmas.

Lemma 2.1. [16] Let E be a real normed linear space and J be the normalized
duality mapping on E. Then for any given x, y ∈ E, the following inequality holds:

||x+ y||2 ≤ ||x||2 + 2〈y, j(x+ y)〉,∀j(x+ y) ∈ J(x+ y).

Lemma 2.2. [15] Let {λn}, {αn} and {γn} be sequences of nonnegative numbers
satisfying the conditions: lim

n→∞
αn = 0,

∑∞
1 αn = ∞, and γn

αn
→ 0, as n → ∞. Let

the recursive inequality

λ2n+1 ≤ λ2n − αnψ(λn+1) + γn, n = 1, 2, ..., (2.2)

be given where ψ : [0,∞) → [0,∞) is a strictly increasing function such that it is
positive on (0,∞) and ψ(0) = 0. Then λn → 0 as n→∞.

Lemma 2.3. [16] Let E be a Banach space. Suppose C is a nonempty closed
convex subset of E and T : C → E be a continuous pseudocontractive mapping
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satisfying the weakly inward condition. Then for u ∈ C, there exists a unique path
t→ yt ∈ C, t ∈ [0, 1), satisfying the following condition:

yt = tTyt + (1− t)u.
We note that in Lemma 2.3 if, in addition, F (T ) 6= ∅ then {yt} is bounded. Fur-
thermore, if E is assumed to be a reflexive Banach space with uniformly Gâteaux
differentiable norm and every closed convex and bounded subset of C has the fixed
point property for nonexpansive self-mappings, then as t→ 1−, the path converges
strongly to a fixed point x∗ of T, which is the unique solution of the variational in-
equality (see [17]):

〈x∗ − u, J(x∗ − w)〉 ≤ 0,∀w ∈ F (T ).

Lemma 2.4. [27] Let E be a real 2-uniformly smooth Banach space with the best
smooth constant K. Then the following inequality holds:

||x+ y||2 ≤ ||x||2 + 2〈y, J(x)〉+ 2||Ky||2, ∀x, y ∈ E.
Lemma 2.5. [30] Let E be a reflexive Banach space and let C be a closed convex
subset of E. Let f be a proper convex lower semi-continuous function of C into
(−∞,∞] and suppose that f(xn) → ∞ as ||xn|| → ∞. Then, there exists x0 ∈ C
such that f(x0) = inf{f(x) : x ∈ C}.
Lemma 2.6. [34] Let C be a non empty subset of a real 2-uniformly smooth Banach
space E with the best smooth constant K > 0 and let T : C −→ E be a λ−strictly
pseudocontractive mapping. For α ∈ (0, 1) ∩ (0, λ

K2 ], we define Tα : C −→ E by
Tαx = (1− α)x+ αTx. Then Tα is nonexpansive and F (Tα) = F (T ).

Remark 2.7. If C is convex and T satisfies the inward condition then Tα satisfies
the inward condition.

Lemma 2.8. [34] Let C be a non empty subset of a real 2-uniformly smooth Banach
space E. Suppose that the normalized duality mapping J : E −→ E∗ is weakly
sequentially continuous at zero. Let T : C −→ E be a λ−strictly pseudocotractive
mapping for 0 < λ < 1. Then, for any {xn} ⊂ C, if xn ⇀ x, and xn−Txn −→ y ∈ E
then x− Tx = y.

3. MAIN RESULTS

Lemma 3.1. Let C be a nonempty, closed and convex subset of a real Banach space
E and T : C −→ E be a mapping. For any given element u in C and any arbitrarily
fixed µ in [0, 1) define f : C −→ R by f(x) = inf{λ ≥ 0 : λ

(
µu + (1 − µ)x

)
+ (1 −

λ)Tx ∈ C}. Then the following hold:

1) For any x ∈ C, f(x) ∈ [0, 1] and f(x) = 0 if and only if Tx ∈ C;
2) For any x ∈ C and β ∈ [f(x), 1], β

(
µu+ (1− µ)x

)
+ (1− β)Tx ∈ C;

3) If T satisfies the inward condition, then f(x) < 1, for all x ∈ C;
4) If Tx 6∈ C, then f(x)

(
µu+ (1− µ)x

)
+
(
1− f(x))Tx ∈ ∂C.

Proof. 1) Clearly f(x) ≥ 0 for all x ∈ C. If λ = 1, by convexity of C, we have
µu+ (1− µ)x ∈ C. Therefore, f(x) ≤ 1 and hence f(x) ∈ [0, 1]. One can also easily
show that f(x) = 0 if and only if Tx ∈ C.
2) The proof of (2) follows directly from the definition of f(x).
3) We first show that IC(x) ⊂ IC(z), where z = µu+ (1− µ)x. Let y ∈ IC(x). Then
y = x + c(v − x), for some c ≥ 1 and v ∈ C. Since µ < 1, we can choose a real
number k > 1 such that µ < 1− 1

k . Then we have:

y = cv + (1− c)x
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= z + cv + (1− c)x− z

= z + kc
[1

k
v +

(1− c)
kc

x− 1

kc
z + z − z

]
= z + kc

[1

k
v +

(1− c)
kc

x+ (1− 1

kc
)z − z

]
= z + kc

[1

k
v +

(1− c)
kc

x+ (1− 1

kc
)(µu+ (1− µ)x)− z

]
= z + kc

[1

k
v +

(µ+ (k − 1)c− kcµ)

kc
x+ µ(1− 1

kc
)u− z

]
.

It is easy to verify that µ+(k−1)c−kcµ
kc ∈ (0, 1). Then, since C is convex, w := 1

kv +
(µ+(k−1)c−kcµ)

kc x+µ(1− 1
kc )u ∈ C. Then, y ∈ IC(z) and hence IC(x) ⊂ IC(z). Now if

T satisfies the inward condition, then Tx ∈ IC(x) ⊂ IC(z). Thus, Tx = z+b(w′−z)
for some b ≥ 1 and w′ ∈ C which gives

1

b
Tx+ (1− 1

b
)z = w′ ∈ C.

This implies that

f(x) = inf{λ ≥ 0 : λ(µu+ (1− µ)x) + (1− λ)Tx ∈ C} ≤ 1− 1

b
< 1.

4) Let {βn} ⊂ (0, f(x)) be a real sequence such that βn −→ f(x). By the definition
of f, we have zn := βn

(
µu+ (1− µ)x

)
+ (1− βn)Tx 6∈ C.

Now, since βn −→ f(x), we have:

||zn −
[
f(x)

(
µu+ (1− µ)x

)
+ (1− f(x))Tx

]
||

= ||(βn − f(x))
[
µu+ (1− µ)x− Tx

]
||

≤ |βn − f(x)|
[
||µu+ (1− µ)x||+ ||Tx||

]
−→ 0 as n→∞.

Thus, zn −→ f(x)
(
µu+ (1− µ)x

)
+ (1− f(x))Tx ∈ C.

But since zn = βn
(
µu+ (1− µ)x

)
+ (1− βn)Tx 6∈ C, for all n ≥ 1, we have

f(x)
(
µu+ (1− µ)x

)
+ (1− f(x))Tx ∈ ∂C.

3.1. Convergence Theorem for Pseudocontractive Mappings.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Banach space E
and T : C → E be a Lipschitz pseudocontractive mapping with Lipschitz constant
L ≥ 0 and F (T ) 6= ∅. Suppose that T satisfies the inward condition. Let {µn} ⊂
(0, 1), u be any point in C and {xn} be a sequence generated from arbitrary x1 ∈ C
by:  α1 = max{ 12 , f(x1)},

xn+1 = αn
(
µnu+ (1− µn)xn

)
+ (1− αn)Txn,

αn+1 ∈ [max{αn, f(xn+1)}, 1), n ≥ 1,
(3.1)

where f(xn) := inf{λ ≥ 0 : λ
(
µnu + (1 − µn)xn

)
+ (1 − λ)Txn ∈ C}. Let the pair

(αn, µn) satisfies the following conditions:

(i) lim
n→∞

µnαn
1− αn

= 0; (ii)
∞∑
n=1

αnµn =∞;

(iii) lim
n→∞

(1− αn)2

αnµn
= 0; (iv) lim

n→∞

( (1−αn)αn−1µn−1

(1−αn−1)αnµn
− 1
)

αnµn
= 0.

Then, algorithm (3.1) is well defined and ||xn − Txn|| → 0 as n→∞.
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Proof. Since T satisfies the inward condition by Lemma 3.1(3) we have that αn ∈
[f(xn), 1) for all n ∈ N. Hence by Lemma 3.1(2), we have:

xn+1 = µnαnu+ (1− µn)αnxn + (1− αn)Txn ∈ C.

Thus, algorithm (3.1) is well defined. To prove the second assertion we proceed as
follows:

Since lim
n→∞

µnαn
1− αn

= 0 and lim
n→∞

(1− αn)2

µnαn
= 0, for ε := 1

2( 5
2+L)(2+L)

there exists

N0 > 0 such that µnαn
1−αn ≤ 1 and (1−αn)2

µnαn
≤ ε,∀n ≥ N0. Let x∗ ∈ F (T ) and r > 0 be

sufficiently large such that xN0
∈ Br(x∗) and u ∈ B r

2
(x∗).

We first show by mathematical induction that {xn} is bounded. To this end, it
suffices to show that xn ∈ Br(x∗) for all n ≥ N0. By construction xN0 ∈ Br(x∗).
Now, assume that xn ∈ Br(x∗) for any n ≥ N0. we need to show that xn+1 ∈ Br(x∗)
for all n ≥ N0. For contradiction, suppose xn+1 6∈ Br(x∗). Then ||xn+1 − x∗|| > r.
From (3.1) and Lemma 2.1, we have:

||xn+1 − x∗||2 = ||αn
(
µnu+ (1− µn)xn

)
+ (1− αn)Txn − x∗||2

= ||µnαnu+ (1− µn)αnxn + xn − xn + (1− αn)Txn − x∗||2

= ||xn − x∗ − (1− αn)
[ µnαn
1− αn

(xn − u) + xn − Txn
]
||2

≤ ||xn − x∗||2 − 2(1− αn)〈(xn − Txn) +
µnαn

1− αn
(xn − u),

j(xn+1 − x∗)〉

= ||xn − x∗||2 − 2(1− αn)〈 µnαn
1− αn

(xn+1 − x∗)−
µnαn

1− αn
×(xn+1 − x∗) + xn − Txn +

µnαn
1− αn

(xn − u), j(xn+1 − x∗)〉

= ||xn − x∗||2 − 2µnαn||xn+1 − x∗||2

+2(1− αn)〈 µnαn
1− αn

(xn+1 − xn)− (xn − Txn) +
µnαn

1− αn
(u− x∗)

+(xn+1 − Txn+1)− (xn+1 − Txn+1), j(xn+1 − x∗)〉. (3.2)

Since T is pseudocontractive, we have 〈xn+1 − Txn+1, j(xn+1 − x∗)〉 ≥ 0. Thus,
from (3.2) and the fact that xn ∈ Br(x∗), u ∈ B r

2
(x∗) and µnαn

1−αn ≤ 1,∀n ≥ N0, we
obtain:

||xn+1 − x∗||2 ≤ ||xn − x∗||2 − 2µnαn||xn+1 − x∗||2

+2(1− αn)〈 µnαn
1− αn

(xn+1 − xn) +
µnαn

1− αn
(u− x∗)

+(xn+1 − Txn+1)− (xn − Txn), j(xn+1 − x∗)〉
≤ ||xn − x∗||2 − 2µnαn||xn+1 − x∗||2 + 2(1− αn)

×
[
(2 + L)||xn+1 − xn||+

µnαn
1− αn

||u− x∗||
]
||xn+1 − x∗||

= ||xn − x∗||2 − 2µnαn||xn+1 − x∗||2

+2(1− αn)
[
(2 + L)(1− αn)||(xn − Txn) +

µnαn
1− αn

(xn − u)||

+
µnαn

1− αn
||u− x∗||

]
||xn+1 − x∗||
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≤ ||xn − x∗||2 − 2µnαn||xn+1 − x∗||2 + 2(1− αn)
[
(2 + L)(1− αn)

×
(
||xn − x∗||+ L||x∗ − xn||+

µnαn
1− αn

(||xn − x∗||+ ||x∗ − u||)
)

+
µnαn

1− αn
||u− x∗||

]
||xn+1 − x∗||

≤ ||xn − x∗||2 − 2µnαn||xn+1 − x∗||2 + 2(1− αn)

×
[
(2 + L)(1− αn)

(
(2 + L)||xn − x∗||+

µnαn
1− αn

||u− x∗||
)

+
µnαn

1− αn
||u− x∗||

]
||xn+1 − x∗||

≤ ||xn − x∗||2 − 2µnαn||xn+1 − x∗||2

+2(1− αn)
[
(2 + L)(1− αn)

(
(2 + L)r +

r

2

)
+

1

2
r
]
||xn+1 − x∗||

= ||xn − x∗||2 − 2µnαn||xn+1 − x∗||2

+2(1− αn)
[
(1− αn)(2 + L)(

5

2
+ L)r +

1

2
r
]
||xn+1 − x∗||. (3.3)

But since ||xn+1 − x∗|| > ||xn − x∗||, (3.3) implies that

2µnαn||xn+1 − x∗||2 ≤ 2(1− αn)
[
(1− αn)(2 + L)(

5

2
+ L)r +

1

2
r
]

×||xn+1 − x∗||.

Then the fact that αn ∈ [ 12 , 1), µn ∈ (0, 1) and (1−αn)2
µnαn

≤ 1
2( 5

2+L)(2+L)
,∀n ≥ N0

implies

||xn+1 − x∗|| ≤
(1− αn)2

µnαn
(2 + L)(

5

2
+ L)r +

r

2

≤ r, ∀n ≥ N0,

which is a contradiction. Therefore, xn+1 ∈ Br(x∗) for all positive integers n ≥ N0

and hence the sequence {xn} is bounded.

Next we show that ||xn − yn|| → 0 as n → ∞, where yn := ytn = tnTytn + (1 −
tn)u, tn := 1

1+αnµn
1−αn

, ∀n ∈ N. From (3.1) and Lemma 2.1, we have:

||xn+1 − yn||2 ≤ ||xn − yn||2 − 2(1− αn)〈xn − Txn +
µnαn

1− αn
(xn − u),

j(xn+1 − yn)〉

= ||xn − yn||2 − 2(1− αn)〈 µnαn
1− αn

xn+1 −
µnαn

1− αn
yn + xn − Txn

− µnαn
1− αn

xn+1 +
µnαn

1− αn
yn +

µnαn
1− αn

(xn − u), j(xn+1 − yn)〉

= ||xn − yn||2 − 2µnαn||xn+1 − yn||2 + 2(1− αn)〈Txn − xn +
µnαn

1− αn
(xn+1 − xn) +

µnαn
1− αn

(u− yn), j(xn+1 − yn)〉

= ||xn − yn||2 − 2µnαn||xn+1 − yn||2 + 2(1− αn)〈 µnαn
1− αn

×(xn+1 − xn) + [
µnαn

1− αn
(u− yn)− (yn − Tyn)]

−[(xn+1 − Txn+1)− (yn − Tyn)] + [(xn+1 − Txn+1)

−(xn − Txn)], j(xn+1 − yn)〉. (3.4)



10 ABEBE. R. TUFA AND H. ZEGEYE/JNAO : VOL. 6, NO. 2, (2015), 1-17

On the other hand, the property of yn implies

yn − Tyn = tnTyn + (1− tn)u− Tyn = (1− tn)(u− Tyn)

=
µnαn

1− αn + µnαn
(u− Tyn)

=
µnαn

1− αn + µnαn

[
u−

(1− αn + µnαn
1− αn

yn −
µnαn

1− αn
u
)]

=
µnαn

1− αn
(u− yn).

Thus, we get that
µnαn

1− αn
(u− yn)− (yn − Tyn) = 0. (3.5)

Then from (3.4), (3.5) and the pseudocontractivity of T, we obtain:

||xn+1 − yn||2 ≤ ||xn − yn||2 − 2µnαn||xn+1 − yn||2 + 2(1− αn)〈 µnαn
1− αn

×(xn+1 − xn) + (xn+1 − Txn+1)− (xn − Txn), j(xn+1 − yn)〉

≤ ||xn − yn||2 − 2µnαn||xn+1 − yn||2 + 2(1− αn)
[ µnαn
1− αn

×||xn+1 − xn||+ ||xn+1 − xn||+ ||Txn+1 − Txn||
]
||xn+1 − yn||

≤ ||xn − yn||2 − 2µnαn||xn+1 − yn||2

+2(1− αn)(2 + L)||xn+1 − xn|| × ||xn+1 − yn||
= ||xn − yn||2 − 2µnαn||xn+1 − yn||2 + 2(1− αn)2(2 + L)

×||xn − Txn +
µnαn

1− αn
(xn − u)|| × ||xn+1 − yn||.

But since F (T ) 6= ∅, by Proposition 2 of [16] we have that {yn} is bounded. Then
there exists M1 > 0 such that

||xn+1 − yn||2 ≤ ||xn − yn||2 − 2µnαn||xn+1 − yn||2

+2(1− αn)2(2 + L)M1. (3.6)

Furthermore, since T is pseudocontractive, we have that

||yn−1 − yn|| ≤ ||yn−1 − yn +
1− αn
µnαn

(yn−1 − Tyn−1 − (yn − Tyn))||

= ||1− αn + µnαn
µnαn

(yn−1 − yn) +
1− αn
µnαn

(Tyn − Tyn−1)||

= ||1− αn + µnαn
µnαn

(yn−1 − (1− tn)u)

−1− αn
µnαn

(1 + µn−1αn−1 − αn−1
1− αn−1

)
(yn−1 − (1− tn−1)u)||

= ||
[
1− (1− αn)

µnαn

(µn−1αn−1
1− αn−1

)]
(yn−1 − u)||

≤ |1− (1− αn)µn−1αn−1
µnαn(1− αn−1)

|(||yn−1||+ ||u||). (3.7)

Since {xn} and {yn} are bounded from (3.7), we have:

||xn − yn||2 = ||xn − yn−1 + yn−1 − yn||2

≤ (||xn − yn−1||+ ||yn−1 − yn||)2

≤ ||xn − yn−1||2 + ||yn−1 − yn||
[
2||xn − yn−1||+ ||yn−1 − yn||

]
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≤ ||xn − yn−1||2 + |1− (1− αn)µn−1αn−1
µnαn(1− αn−1)

|M2, (3.8)

for some positive real number M2.

Now, from (3.6) and (3.8) we obtain:

||xn+1 − yn||2 ≤ ||xn − yn−1||2 − 2µnαn||xn+1 − yn||2

+|1− (1− αn)µn−1αn−1
µnαn(1− αn−1)

|M + 2(1− αn)2(2 + L)M, (3.9)

where M = max{M1,M2}. Thus, by (3.9) and Lemma 2.2, we get xn+1 − yn → 0
as n→∞. Consequently, ||xn − yn|| → 0 as n→∞.

Finally, we show that ||xn−Txn|| → 0 as n→∞. Since {yn} (and hence {Tyn}) is
bounded and tn → 1− as n→∞, we have ||yn−Tyn|| ≤ (1−tn)(||Tyn||+ ||u||)→ 0
as n→∞. Hence, we have

||xn − Txn|| ≤ ||xn − yn||+ ||yn − Tyn||+ ||Tyn − Txn||
≤ (1 + L)||xn − yn||+ ||yn − Tyn|| → 0 as n→∞.

The proof is complete. �

Theorem 3.2. Let C be a nonempty, closed and convex subset of a reflexive real
Banach space E with a uniformly Gâteaux differentiable norm. Let T : C → E be a
Lipschitz pseudocontractive mapping with Lipschitz constant L ≥ 0 and F (T ) 6= ∅.
Suppose that T satisfies the inward condition and every closed convex and bounded
subset of C has the fixed point property for nonexpansive self-mappings. Then the
sequence {xn} generated by (3.1) converges strongly to the fixed point x∗ of T,which
is the unique solution of the variational inequality:

〈x∗ − u, J(x∗ − w)〉 ≤ 0,∀w ∈ F (T ).

Proof. As in the proof of Theorem 3.1, we have that ||xn − yn|| → 0. Then, by
Theorem 2 of [17], we have yn → x∗ ∈ F (T ), which is the unique solution of the
variational inequality :

〈x∗ − u, J(x∗ − w)〉 ≤ 0,∀w ∈ F (T ).

Consequently, {xn} converges strongly to x∗.

If, in Theorem 3.2, we assume that E is uniformly smooth Banach space, then E
has uniformly Gâteaux differentiable norm and every closed, bounded and convex
subset of C has the fixed point property for nonexpansive self-mappings (see e.g.,
[26]). Hence we have the following corollary.

Corollary 3.2. Let C be a nonempty closed convex subset of a real uniformly smooth
Banach space E. Let T : C → E be a Lipschitz pseudocontractive mapping with
Lipschitz constant L ≥ 0 and F (T ) 6= ∅. Then the sequence {xn} generated by
(3.1) converges strongly to the fixed point x∗ of T, which is the unique solution of the
variational inequality:

〈x∗ − u, J(x∗ − w)〉 ≤ 0,∀w ∈ F (T ).

If, in Theorem 3.2, we assume that T is λ-strictly pseudocontractive, then it is
Lipschitz with Lipschitz constant 1+λ

λ and hence we have the following corollary.
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Corollary 3.3. Let C be a nonempty closed convex subset of a reflexive real Banach
space E with a uniformly Gâteaux differentiable norm. Let T : C → E be a λ-
strictly pseudocontractive mappings. Suppose that T satisfies the inward condition,
F (T ) 6= ∅ and every closed convex and bounded subset of C has the fixed point
property for nonexpansive self-mappings. Then the sequence {xn} generated by
(3.1) converges strongly to the fixed point x∗ of T, which is the unique solution of the
variational inequality:

〈x∗ − u, J(x∗ − w)〉 ≤ 0,∀w ∈ F (T ).

In Theorem 3.2, if E = H, a real Hilbert space, then we have the following corollary.

Corollary 3.4. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let T : C → H be a Lipschitz pseudocontractive mapping with Lipschitz constant
L ≥ 0 and F (T ) 6= ∅. Then the sequence {xn} generated by (3.1) converges strongly
to the fixed point x∗ of T nearest to u.

We note that the method of proof of Theorem 3.2 provides the following theorem
for approximating the minimum-norm point of fixed points of Lipschitz pseudocon-
tractive non-self mappings in the Hilbert space settings.

Theorem 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let T : C → H be a Lipschitz pseudocontractive mapping with Lipschitz constant
L ≥ 0 and F (T ) 6= ∅. Then the sequence {xn} generated by (3.1) converges strongly
to the minimum-norm point x∗ of F (T ).

In, Theorem 3.2, if we consider an accretive mapping A : C → E, then we obtain
the following corollary.

Corollary 3.5. Let C be a nonempty closed convex subset of a reflexive real Banach
space E with a uniformly Gâteaux differentiable norm. Let A : C → E be a Lipschitz
accretive mapping with Lipschitz constant L′ ≥ 0 and N(A) 6= ∅. Suppose that I−A
satisfies the inward condition and every closed convex and bounded subset of C has
the fixed point property for nonexpansive self-mappings. Let {µn} ⊂ (0, 1), u be any
point in C and {xn} be a sequence generated from arbitrary x1 ∈ C by: α1 := max{ 12 , f(x1)},

xn+1 := xn + αnµn(u− xn)
)
− (1− αn)Axn,

αn+1 ∈ [max{αn, f(xn+1)}, 1), n ≥ 1,
(3.10)

where f(xn) := inf{λ ≥ 0 : λµn(u − xn) + xn − (1 − λ)Axn ∈ C}. If the pair
(µn, αn) satisfies conditions (i)-(iv) of Theorem 3.1, then {xn} converges strongly to
the solution of the equation Ax = 0, which is the unique solution of the variational
inequality:

〈x∗ − u, J(x∗ − w)〉 ≤ 0,∀w ∈ N(A).

Proof. Since T := (I − A) is a Lipschitz pseudocontractive mapping with Lipschitz
constant L := (L′ + 1) and the fixed point of T is the solution of the equation
Ax = 0, the conclusion follows from Theorem 3.2. �

Remark 3.6. In Theorem 3.1, if in addition, C is bounded, then the sequences
{xn} and {yn} are bounded. Therefore, the condition that F (T ) 6= ∅ is not required
in the proof. Hence, we have the conclusions of Theorem 3.2 and Corollary 3.2
without the assumption that F (T ) 6= ∅.
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For λ-strictly pseudocontractive mappings, we have also the following Krasnoselskii-
Mann type method in 2-uniformly smooth Banach spaces.

3.2. Krasnoselskii-Mann Type Algorithm for λ-strictly Pseudocontractive Map-
ping.

We first prove the following lemma.

Lemma 3.7. Let C be a closed convex nonempty subset of a 2-uniformly smooth
Banach space E. Suppose that E has a weakly sequentially continuous normalized
duality mapping and {xn} ⊂ E is Fejèr-monotone with respect to C. Then {xn}
converges weakly to a point in C if C contains all weak limit points of {xn}.

Proof. For each x ∈ C, let p(x) = lim
n→∞

||xn − x||. Then p(x) is well defined for
all x ∈ C. Moreover, p is proper lower semi-continuous convex function on C and
{xn} is bounded. Then, by Lemma 2.5, p assumes its minimum at some point
x∗ ∈ C. It suffices to show that {xn} converges weakly to x∗. Suppose that xnj ⇀ z
as j −→∞. Let t ∈ (0, 1). Then since C is convex and E is 2-uniformly smooth, by
Lemma 2.4, we have

||xnj − x∗||2 + 2t〈x∗ − z, J(xnj − x∗)〉+ 2(Kt)2||x∗ − z||2 ≥ ||xnj − (1− t)x∗ − tz||2,

where K is the best smooth constant of E. Since J is weakly sequentially con-
tinuous, taking the limit as j −→ ∞ on both sides of the above inequality, we
obtain:

(p(x∗))2 + 2t〈x∗ − z, J(z − x∗)〉+ 2(Kt)2||x∗ − z||2 ≥ (p(x∗))2,

which implies that

(p(x∗))2 − 2t||x∗ − z||2 + 2(Kt)2||x∗ − z||2 ≥ (p(x∗))2,

or

K2t||x∗ − z||2 ≥ ||x∗ − z||2.

Now, taking the limit as t −→ 0+, we get that x∗ = z. Hence, xn ⇀ x∗, since {xnj}
is arbitrary subsequence of {xn}.

Now we introduce and prove Krasnoselskii-Mann type algorithm for λ−strictly
pseudocontractive mappings in a 2-uniformly smooth Banach space.

Theorem 3.4. Let C be a closed strictly convex and nonempty subset of a 2-
uniformly smooth Banach space E with the best smooth constantK. Let T : C −→ E
be λ−strictly pseudocontractive mapping satisfying the inward condition andF (T ) 6=
∅. Suppose thatE has a weakly sequentially continuous normalized duality mapping
and {xn} be a sequence generated from arbitrary x1 in C by:

x1 ∈ C,
α1 = max{ 12 , f(x1)},
xn+1 = αnxn + (1− αn)[(1− α)xn + αTxn],
αn+1 = max{αn, f(xn+1)},

(3.11)

where f(x) := inf{λ ≥ 0 : λx + (1 − λ)[(1 − α)x + αTx] ∈ C} and α ∈ (0, λ
K2 ).

Then, {xn} converges weakly to a point in F (T ). Moreover, if
∑

(1− αn) <∞, then
the convergence is strong.
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Proof. Define Tα : C −→ E by Tαx = (1 − α)x + αTx. Then by Lemma 2.6 and
Remark 2.7, Tα is nonexpansive and satisfies the inward condition with F (T ) =
F (Tα). Furthermore, algorithm (3.11) could be rewritten as:

x1 ∈ C,
α1 = max{ 12 , f(x1)},
xn+1 = αnxn + (1− αn)Tαxn,
αn+1 = max{αn, f(xn+1)},

(3.12)

where f(x) := inf{λ ≥ 0 : λx + (1 − λ)Tα ∈ C}. Then, as in the proof of Theorem
CM we get that algorithm (3.12) (and hence algorithm (3.11)) is well defined.

For convergence analysis, we consider two cases. We first assume that∑
(1− αn) =∞. Then by Lemma 2 of Ishikawa [10] we have that ||xn−Tαxn|| → 0

as n → ∞. This together with Lemma 2.8 implies that F (Tα) contains all weak
limit points of {xn}. Then, by Lemma 3.7, {xn} converges weakly to a point in
F (Tα) = F (T ).

Now, we assume that
∑

(1− αn) <∞. Then following the method of the proof
of Theorem 1 of Colao and Marino [7], we obtain that {xn} converges strongly to a
point in F (Tα) = F (T ).

Remark 3.8. In all the above results, it is not difficult to observe that the same
results hold true if 1

2 is replaced by arbitrarily fixed point b ∈ (0, 1).

Remark 3.9. Based on Algorithm 3.1 and the nature of the mapping T , we may
use different ways of choosing the parameters {µn} and {αn}. In general, we
first take {µn} ⊂ (0, 1) which goes to zero as n −→ ∞. Then we choose an
increasing sequence {αn} ⊂ (0, 1) satisfying conditions (i) − (iv) of Theorem 3.1
and αn(µnu + (1 − µn)xn) + (1 − αn)Txn ∈ C for each n ≥ 1, where the last
condition shows that αn+1 ∈

[
max{αn, f(xn+1)}, 1

)
for each n ≥ 1. Hence, the

pair (αn, µn) satisfies all conditions of the theorem.

Remark 3.10. In case, we have a set D ⊆ C, convex, such that Tx ∈ D for all
x ∈ D, we may take u ∈ D and x1 ∈ C, arbitrary and {µn} ⊂ (0, 1) which goes to
zero as n −→ ∞. Then we choose an increasing sequence {αn} ⊂ (0, 1) satisfying
conditions (i)−(iv) of Theorem 3.1 such that α1(µ1u+(1−µ1)x1)+(1−α1)Tx1 ∈ D.
Thus, we obtain that for each n ≥ 1, we have αn(µnu+(1−µn)xn)+(1−αn)Txn ∈
D ⊆ C and hence the pair (αn, µn) satisfies all conditions of the theorem.

Remark 3.11. Theorem 3.1 improves Theorem CZ in the sense that it extends
the class of Lipschitz pseudocontractive self-mappings to the class of Lipschitz
pseudocontractive non-self mappings.

Remark 3.12. Theorem 3.2 extends Theorem CM in the sense that it provides a
convergent scheme for approximating fixed points of Lipschitz pseudocontractive
non-self mappings more general than nonexpansive non-self mappings in Banach
spaces more general than Hilbert spaces.

4. Numerical example

Now, we give an example of a Lipschitz pseudocontractive mapping that satisfies
the conditions of Theorem 3.2 and some numerical experiment results to explain
the conclusion of the theorem as follows:
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Example 4.1. Let H = R with Euclidean norm. Let C = [−1, 2] and T : C −→ R
be defined by

Tx =

 −3x, x ∈ [−1, 0),
x, x ∈ [0, 1),
x− (x− 1)2, x ∈ [1, 2].

(4.1)

Then we observe that T satisfies the inward condition and F (T ) = [0, 1]. Moreover,
〈x − Tx − (y − Ty), x − y〉 ≥ 0 for all x, y ∈ C. Hence, T is pseudocontractive
mapping. To show that T is a Lipschitz mapping, we consider the following cases.

Case 1: Let x, y ∈ [−1, 0). Then we have:

|Tx− Ty| = | − 3x+ 3y| = 3|x− y|.
Case 2: Let x, y ∈ [0, 1). Then we have:

|Tx− Ty| = |x− y|.
Case 3: Let x, y ∈ [1, 2]. Then we have:

|Tx− Ty| = |x− (x− 1)2 − y + (y − 1)2| = |3x− 3y + y2 − x2|
≤ 3|x− y|+ 4|x− y| = 7|x− y|.

Case 4: Let x ∈ [−1, 0) and y ∈ [0, 1). Then we have:

|Tx− Ty| = | − 3x− y| = |3x+ y|
= |x− y + 2x+ 2y| ≤ |x− y|+ 2|x+ y|
≤ |x− y|+ 2|x− y| = 3|x− y|.

Case 5: Let x ∈ [−1, 0) and y ∈ [1, 2]. Then we have:

|Tx− Ty| = | − 3x− y + (y − 1)2| ≤ |3x+ y|+ (y − 1)2

≤ |x− y + 2x+ 2y|+ |x− y|
≤ 2|x+ y|+ |x− y|+ |x− y| ≤ 4|x− y|.

Case 6: Let x ∈ [0, 1) and y ∈ [1, 2]. Then we have:

|Tx− Ty| = |x− y + (y − 1)2| ≤ |x− y|+ (y − 1)2

≤ |x− y|+ |y − x| = 2|x− y|.
From the above Cases, we conclude that T is Lipschitz with Lipschitz constant
L = 7.

Now, for u = −0.8 and x1 = 2 in C = [−1, 2], following Remark 3.9, we take
µn = 1

(n+5)0.3[(n+5)0.6−1] and choose αn = 1 − 1
(n+5)0.6 . Then we see that the

pair (µn, αn) satisfies (i)-(iv) of the conditions of Theorem 3.2 and αn(µnu + (1 −
µn)xn)+(1−αn)Txn ∈ C, for each n ≥ 1. Thus, Algorithm (3.1) converges strongly
to 0 = PF (T )(−0.8) in F (T ) (see, Figure 1).

On the other hand, in this particular example, note that T is a self mapping on
D = [0, 2] ⊂ C = [−1, 2]. Now, if we consider u = 0.6 ∈ D and x1 = −1 ∈ C,
following Remark 3.10, we may take µn = 1

(n+5)0.3[(n+5)0.6−1] , and choose αn =

1− 1
(n+5)0.6 . Then we obtain that the pair (µn, αn) satisfies (i)-(iv) of the conditions

of Theorem 3.2 and α1(µ1u + (1 − µ1)x1) + (1 − α1)Tx1 ∈ D and hence we get
αn(µnu+ (1− µn)xn) + (1− αn)Txn ∈ D ⊂ C for all n ≥ 1. Therefore, Algorithm
(3.1) converges strongly to 0.6 = PF (T )(0.6) in F (T ) (see, Figure 1). The following
graph is obtained using MATLAB version 7.5.0.342(R2007b).
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