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ABSTRACT. In this paper, we propose an iterative algorithm designed to address the
minimization and fixed point problems associated with total asymptotically nonexpansive
mappings in CAT(0) spaces. We establish strong convergence theorems and A-convergence
theorems for solving these problems. Furthermore, we apply the key findings to solve the
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1. INTRODUCTION

Let K be a nonempty subset of a CAT(0) space (X, d), and consider the mapping
T: K — K. We denote the set of fixed points of T by F(T) = ue€ K : u=Tu.
The study of fixed point theory in CAT(0) spaces was initiated by Kirk [14] in
2003. Kirk demonstrated the existence of a fixed point for a nonexpansive mapping
defined on a bounded, closed, and convex subset of a CAT(0) space. Subsequently,
numerous authors proposed various iterative schemes to approximate fixed points of
nonexpansive mappings in CAT(0) spaces. One such algorithm is the Mann iterative
algorithm introduced by He et al. [21] in CAT (k) spaces, defined as follows:

X
e (1.1)
Upt1 = QpUp D (]- - an)Tuna Vo > ]-7

where «a, is a sequence in [0, 1], and they proved some A-convergence theorems of
nonexpansive mappings in CAT (k) spaces for £ > 0. Other iterative algorithms have
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also been proposed to solve this problem, such as the Ishikawa iteration method, S-
iteration method, and hybrid-C' R three steps iteration methods. For further details,
refer to [1, 22, 23, 24, 25, 31, 32, 33, 34, 35].

The proximal point algorithm (PPA), introduced by Martinet [2] in 1970, has at-
tracted significant attention from researchers. Rockafellar further utilized the PPA
to solve convex minimization problems in Hilbert spaces. Nevanlinna investigated
the minimization problem in Banach spaces using the PPA under suitable condi-
tions [15]. More information on PPA in Hilbert or Banach spaces can be found in
the works of Solodov [16], Kamimura [17], Shehu [18], and others.

Recently, many PPA convergence results have been extended from linear to non-
linear spaces. Bac¢dk introduced the PPA in CAT(0) spaces to solve the minimiza-
tion problem in 2013, which is defined as follows:

up € X,
(1.2)

1
n - i 7d2 5 Un Vn > 17
tn+1 = arg min 9(q) + o (¢, un) n >

where A\, >0, Y A\, = c0.

n=1
Cholamjiak et al. [20] proposed the following iteration method in 2015 to solve
the minimization and fixed point problems of nonexpansive mappings in CAT(0)
spaces:

1
Pn = arg {Irél)l(l g(q) + EdQ(Qa un) ;

Yn = (1 - Bn)un @D ﬁnTlpna
Unt1 = (1 — ap)Tun ® anToyn, Yn>1.

(1.3)

where 0 < a < ag, 8, < b <1 for some a,b, A\, > X >0, f is a proper convex lower
semi-continuous function. They obtained a /A-convergence theorem.

Chang, Yao, Wang, and Qin [1] introduced the iteration method described be-
low in 2016 to solve the minimization and fixed point problems of asymptotically
nonexpansive mappings in CAT(0) spaces:

1
Pn = argggg g(q) + EdQ(q,un) 7

Yn = Qplp D BnTlnun @ ’VnT;pna
Tn+1 = 0n L5 Up ® N ST UL B EnSTyn, n > 1.

(1.4)

where 0 < a < an, BnyYny On, My, En < 1,a € (0,1) is a positive constant, A, >
A > 0, g is a proper convex lower semi-continuous function. They obtained a
A-convergence result, and when one of the mappings T7,75,51 and Sy has semi-
compactness, they established a strong convergence theorem.

Motivated by ongoing research in this area and inspired by Cholamjiak’s itera-
tion method and Chang’s method, we delve into the minimization and fixed point
problems of total asymptotically nonexpansive mappings in CAT(0) spaces in this
paper. We introduce a novel algorithm and derive some strong convergence theo-
rems and A-convergence theorems by amalgamating the proximal point algorithm
with Mann’s iterative method. Finally, we apply the key findings to solve the
equilibrium problem in CAT(0) spaces.
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2. PRELIMINARIES

Let (X, d) be a metric space and p,q € X. A geodesic path joining p to ¢ is an
isometry ¢ : [0,d(p, ¢)] = X such that ¢(0) = p and ¢(d(p,q)) = g. The image of a
geodesic path joining p to ¢ is called a geodesic segment between p and q. When
it is unique, this geodesic segment is denoted by [p,q]. The metric space (X,d) is
said to be a geodesic space, if every two points of X are joined by a geodesic. In
this paper, we write (1 — ¢)p @ tq for the unique point h in [p, ¢] such that

d(h,p) = td(p, q),d(h,q) = (1 — t)d(p,q).

A geodesic space (X, d) is called a CAT(0) space, if the geodesic segment connecting
two points is unique and the following inequality holds [5]:

d*((1=typ@tg,h) < (1—t)d*(p,h) + td*(q,h) — (1 — t)d*(p,q)

for all p,q,h € X.

A subset K of a CAT(0) space X is said to be convex if [p,¢q] C K for all p,q € K.
For more fundamental knowledge about CAT(0) spaces, refer to read [5]-[11].

It is well known that any complete and simply connected Riemannian manifold
having non-positive sectional curvature is a CAT(0) space and the Hilbert ball with
the hyperbolic metric [12], Pre-Hilbert space [6], Euclidean building [11] and R-tree
[13] are also examples of CAT(0) spaces.

Definition 2.1. Let T: X — X be a mapping. T is said to be

(i) nonexpansive, if d(Tp,Tq) < d(p,q), for any p,q € X.
(ii) asymptotically nonexpansive, if there exists a sequence {k, } C [1,00) with
kn, — 1 as n — oo such that d(T"p,T"q) < knd(p,q), for any n > 1 and
any p,q € X.
(iii) total asymptotically nonexpansive, if there exists nonnegative sequences
{pn} and {v,,} with p,, — 0, v, — 0 and a strictly increasing continuous
function & : [0,1) — [0, 00) with £(0) = 0 such that

d(T"p,T"q) < d(p,q) + vn&(d(p,q)) + pin, Yn>1,p,qe X.

(iv) uniformly L-Lipschitzian, if there exists a constant L > 0 such that
d(T"p,T"q) < Ld(p,q), Vn=>1,p,q€X.

Let {uy} be a bounded sequence of a complete CAT(0) space X. Then A({u,n}) =
{u € X : limsupd(u,u,) < limsupd(h,u,),Vh € X} is said to be the asymptotic
n—oo

n—00

center of {uy}. It is known [26] that in a complete CAT(0) space X, the asymptotic
center of {u,} consists of exactly one point.

Definition 2.2. [14, 28] A sequence {u,} in a CAT(0) space X is said to be
A-convergent to u € X if u is the unique asymptotic center of any subsequence
{tn, } C {u,}. Symbolically, we write it as A — lim w, = u.

n—r oo
Lemma 2.3. [27] Let K be a closed and convex subset of CAT(0) space X and

{un} be a bounded sequence in K. Then A — lim u, = u implies that u, — u
n— o0

(i.e.limsup d(uy, u) = inf limsup d(u,,y)).
n—00 yeEK pooo

Lemma 2.4. [5] Let X be a CAT(0) space and p,q,h € X. Then

(i) d((1 =t)p@tg,h)) < (1 —1t)d(p,h)+td(q,h), t €[0,1],
(ii) d*((1—t)p@tq,h)) < (1—t)d*(p, h) +td*(q, h) —t(1 —t)d*(p,q), t € [0,1].
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Lemma 2.5. [27] Let {u,} be a bounded sequence of complete CAT(0) space X.
Then

(i) {un} has a A-convergent subsequence,
(ii) the asymptotic center of {un} C K C X is in K, where K is nonempty
closed and convex.

Lemma 2.6. [5] Let {u,} be a bounded sequence of a complete CAT(0) space and
A({un}) = {u}. Let{un,} be an arbitrary subsequence of {un} and A({un,}) = {q}
If ILm d(un,q) exists, then u = q.

Definition 2.7. A function g : K — (—00, 00] is said to be convex if the following
inequality holds

g d (1—XN)q) <Ag(p)+ (1 —N)g(q), forall p,ge K, Xel0,1].

Definition 2.8. [29] Let g : X — (—00,00] be a proper convex lower semi-
continuous function, for all A > 0, the Moreau-Yosida resolvent of f in CAT(0)
space X is defined by

, 1
IR = argminlg(y) + gd*(ap)), VpeX.

It is known that the fixed points set Fiz(J{(p)) of the resolvent of g is consistent
with the set arg mi)1(1 g(g) of minimizers of g, and J{ is a nonexpansive mapping [30].
qe

Lemma 2.9. [30] Let (X, d) be a complete CAT(0) space and g : X — (—o0, 00| be
a proper convex lower semi-continuous function. Then

A\ —
Jap = J;L(THJAP@ %p)7 forallpe X and A\ > pu > 0.

Lemma 2.10. [7] Let (X,d) be a complete CAT(0) space and g : X — (—o0, 00| be
a proper convex lower semi-continuous function. Then

1 1 1
5d2(JAp, q) — ﬁcﬂ(p, Q)+ ﬁdQ(p, Jap) + g(Jap) < g(q), for allp,q € X, A > 0.

Lemma 2.11. [8] Let C be a closed and convex subset of complete CAT (0) space

XandletT : K — X be a uniformly L-Lipschitzian and total asymptotically nonez-

pansive mapping. If {u,} is a bounded sequence in K such that li_>m d(tp, Tu,) =0
n oo

and A — lim u, = u, then Tu = u.
n—oo

Lemma 2.12. [9] Let {a, }, {bn} and {3, } be sequences of nonnegative real numbers
such that

Gp41 < (]- +§n)an +bna n = ]-7

o0 o0
If 3 0p < o0 and Y b, < oo, then lim a, exists.
n=1 n=1 n—00

Lemma 2.13. [8] Let X be a CAT(0) space,x € X be a given point and {a,}
1
be a sequence in [b,c], and b,c € (0,1),0 < b(1l —¢) < 2 let {un} and {p,}

be any sequences in X such that limsupd(u,,u) < r, limsupd(p,,u) < r and
n—oo n—oo

lim d((1 — ap)un, @ anpn,u) =r, for some r >0, then lim d(un,p,) =0.
n—oo n— o0
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3. MAIN RESULTS

We suppose the following conditions are satisfied:

(1) (X,d) is a complete CAT(0) space.
(2) K C X is a nonempty closed convex subset, T': K — K is a uniformly

L-Lipschitzian total asymptotically nonexpansive mapping, Y. v, < oo,
n=1

o0
> pn < 00, and there exists a constant M > 0 such that £(r) < Mr,r > 0.
n=1

(3) g : X — (—o00,00] is a proper convex lower semi-continuous function,
an : X — X is the Moreau-Yosida resolvent of g, A\, > A > 0.

1
(4) {an} is a sequence in [b, ¢, and b,c € (0,1),0 < b(1 —¢) < =

[\]

Theorem 3.1. Let (X,d),K,T,g, J;‘\’n,)\n, {an} satisfy the above conditions. Let
uy € X be chosen arbitrarily and the sequence {u,} be defined as follows:

2\,
Unt1 = T™((1 — an)uy ® ayT"py), n > 1.

= J7 (u,) = argmin —I——d2 U
pn )\,,L( n) gle[ ( ) (q TL)] (31)
(D) If Q= F(T)Narg nél)r(l g(q) # ¢, then {u,} A-convergent to a point u € 2.
q
(IT) In addition, if Q@ = F(T) N arg mi)r(l 9(q) # ¢ and T 1is semi-compact, then
qe
{un} converges strongly to a point u € Q.
Proof. Now we will demonstrate the conclusion (I). The proof is divided into five
steps.
Step 1. Firstly we show that {u,} is bounded.
Let u* € Q, since an is a nonexpansive mapping, from (3.1), we have
d(pn,u*) = d(J5 (un),u*) = d(J§ (un),J} (u")) < d(un,u"), (3.2)
and from Lemma 2.4 (i), we can obtain that
d(xpy1,u™) =d(T™((1 — an)tun ® anT"pp), u’)
< d((1 = an)up @ anT"pn, u”)
+ Vng(d((l - an)un @ anTnpna U*)) + Hn

< (14 v, M)d((1 — an)tn ® anT"pp,u™) + pn
< (T4 v M)[(1 = an)d(un, u) + and(T"pp, u*)] + pin
< A+ v M)[(1 = an)d(un, u*) + an(d(pn, u*) + v (d(pn, u*)) + pn] + pin
< (L4 v M)[(1 + v M)d(up, u”) + pin] + pin
<(+wvy )Qd(un, *) + (24 v M) .
(3-3)
Since Z vy < 00, Z tn, < 00, it follows from Lemma 2.12 that hm d(un, )
n=1
exists. This implies that {un} is bounded. Obviously, {p,} is also bounded
Step 2. We show that lim d(uy,pn) =0.
n—oo
By Lemma 2.10, we have
2 Lo 2
(D ") — g ) () < 9(u') — g(pa). (3.4)

2\, 2\, 2\,
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Since g(u*) < g(pn), from (3.4), we can get
d2(umpn) < dg(uan*) - d2(me*)~ (3.5)
Since lim d(u,,u*) exists, without loss of generality, we may assume lim d(u,,u*) =
n—oo n—oQ
¢ > 0 By (3.2), we have

Z d(pn,u”) < Z d(up,u”) = c, (3.6)

n—0o0 n—oo

and from (3.3), we can obtain that

d(un7 U*) d(un+1> ’U/*) Hn
dny*g - dny*ndn;* mT T A
(tn,u") o an(1+vnM)+ (Pn, u*) 1€ (d(pn, u™))+p +an(1+VnM)
(3.7)
It follows from lim d(un,u*) =¢, p, — 0, and v,, — 0 that
n— o0
e Y < Tim i N
c llnrggfd(un,u ) < hnrglgfd(pn,u ). (3.8)
Combining (3.6) and (3.8), we have
nhﬁrr;o d(pp,u™) =c. (3.9)
Thus it follows from (3.5) that
nh_)rrgo d(Up,pn) = 0. (3.10)
Step 3. We show that
lim d(un, T"p,) = lim d(up,tns1) = lim d(p,, pry1) = 0.
n—oo n—oo n—oo
Since
d(T"pp,u”) = d(T"pn, T"u*) < d(pp,u*) + V&(d(Pr,u™)) + pin (3.11)
we have
lim sup d(T"py, v*) < limsup d(p,,u*) = c. (3.12)
n—oo n—oo
Due to (3.3) we have
c= lim d(upt1,u”) = lm d(T"((1 — ap)u, ® @y py), u™)
n—oo n— oo
< li_>m (1 + v M)%d(un, u*) + (2 + v M) ) (3.13)
=c.
This implies that
lim d(T"((1 — an)un ® @, T"py),u*) =c (3.14)
n—oo
and
A(T™((1 — an)un ® ayT"pp), u™)
<A+ v, M)d((1 — ap)un, @ anT pp,u”) + pin
which
limsup d(T™((1 — ap)un S e T"pp), v*) < limsupd((1 — ap)un B T pp, u™)
n—oo n—r—oo
¢ <limsupd((1 — apn)un, @ an,T"pp, u").
n—oo
(3.15)

Also, we have
d(<1 - an)un @ anTnpna U*> <
limsup d((1 — ay)up @ T pp, u*) <

n—r-o0o

(1 = ) d(ttn, u*) + nd(T"p, u*)
. (3.16)
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From (3.15) and (3.16), we have
limsup d((1 — o)ty @ T pn, u™) = c.

n—soo
Since {a,} is a sequence in [b, ¢, and b,c € (0,1),0 < b(1 —¢) < %, from (3.12),
(3.14), (3.15), (3.16) and Lemma 2.13, we have
nl;rrgo d(tn, T"py) = 0. (3.17)
In addition, we also have
nlgl;o d(ups1, T"pp) = nILII;o(d(Tn((l —ap)n ® a,T"pn), T"pn)
< nl;rrgo d((1 — ap)un ® anT"pr,Dn) (3.18)
+ v (d((1 = an)un © nT"pp; pn)) + fin)
=0.
So, from (3.17) and (3.18), we know that
nhﬁngo d(tp, Upt1) = 0. (3.19)
Since
d(Pn, Prt1) < d(pn,tn) + d(Un, uns1) + d(Unt1, Potr),
from (3.10) and (3.19), we have
nlgl;o d(pn, pns1) = 0. (3.20)

Step 4. We show that
nhHH;O d(pn, Tpp) = nl;ngo d(up, Tuy,) = nl;rlgo d(tn, J{u,) = 0.
In the view of (3.10), and (3.17), we can obtain that
Ad(pn, T"pr) < d(pn,un) + d(tn, T"py) = 0 (as n — 00). (3.21)
Since T is uniformly L-Lipschitzian, combining (3.20) and (3.21), we may get
d(pn, Tpn) < d(pn, Prt1) + APt T pngr) + AT prgr, T py)
+d(T"* o, Tpy)

(3.22)
< (1+ L)d(pp, pnt1) + d(Pns1, T ppsr) + Ld(T"pr, pn)
— 0 (as n — 00).
In addition, we also have
d(Pr; TPn) < d(Un, pn) + d(Pn, Tpn) + d(Tpp, Tuy,) (3.23)
< (1 + L)d(upn,pn) + d(pn, Tpn) — 0 (as n — 00). '
It follows from (3.10) and Lemma 2.9 that
d(JJun, up) < d(J{u,, an (un)) + d(pn, un)
An — A A
< A, (BTN () @ 1)) + (s )
A A (3:24)
< d(un, (1 - 7)(‘]1 (un) & —un)) + d(pn, un)

An An

< (1= L)t pu) + A i) 0 (a5 00).

Step 5. Finally we prove that {u,} A-convergent to a point u € .
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Denote wy, (upn) = U A({un,}). Let z € wy(uy), there exists a subse-
{uni}C{un}
quence {un,} of {un} such that A({un,}) = {z}. By Lemma 2.5, there exists a

subsequence {vy;} of {uy,} such that A - lim v, = u. Because J{ is a nonex-
— 00

pansive mapping, it follows from (3.24), (3.23), (3.22), (3.10) and Lemma 2.11 that
uw € F(J{)N F(T). This implies that v € Q. Since lim d(u,,u*) exists for any

n—0o0
u* € Q. Then lim d(u,,u) also exists.
n—r oo
Next we prove that wy(u,) consists of exactly one point. Let {u,,} be a
subsequence of {u,} such that A({u,,}) = {z} and A({u,}) = {u}. Because
2 € wy(u,) C Q, we know that z € Q. Thus, lim d(u,,z) exists. By Lemma 2.6,
n—oo

we know that z = w. This means that w,(u,) consists of exactly one point. It
follows from Definition 2.2 that {u,} A-convergent to a point u € Q.
Next we prove the conclusion (II).
From T is semi-compact and lim d(p,,Tp,) = 0, there exists a subsequence
n—0o0
{pn,} of {pn} such that {p,, } — wu.. It follows from lim d(u,,p,) = 0 that the
n—r oo
subsequence {u,, } of {u,} converges strongly to u,. Because A - lim u, = u,
n—00

then u, = uw. Due to lim d(un,u) exists and lim d(up,,u) = 0, we know that
n—00 k—o0

{un} converges strongly to a point u € Q. The proof is completed. O

Every asymptotically nonexpansive mapping is also a total asymptotically non-
expansive mapping, and every nonexpansive mapping is also a total asymptotically
nonexpansive mapping. Therefore, when T is an asymptotically nonexpansive map-
ping, the following result holds in Theorem 3.1.

Corollary 3.1. Let (X, d),K,g,Jin,)\n,{an} be the same as them of Theorem

3.1, T : K — K be an asymptotically nonexpansive mapping with the sequence

{kn} C [1,00) satisfying lim k, = 1. Let uy € X be chosen arbitrarily and the
n—oo

sequence {u,} be defined as follows:

1
o, & (@ un)] (3.25)

Unp+1 = Tn((l - an)un S3) O‘nTnpn); n>1,

pn = J3 (un,) = argming(q) +
n le

(M) If Q= F(T)Narg mi}lg 9(q) # ¢, then {u,} A-convergent to a point u € Q.
qe
(I1) In addition, if Q = F(T) N arg mi)r(l 9(q) # ¢ and T is semi-compact, then
qe
{un} converges strongly to a point u € Q.

In Theorem 3.1, when T is a nonexpansive mapping, the following result holds.

Corollary 3.2. Let (X,d), K, g, Jﬁn,)\n, {an} be the same as them of Theorem 3.1,
T : K — K be a nonexpansive mapping. Let u; € X be chosen arbitrarily and the
sequence {u,} be defined as follows:

1
_ 79 _ : Lo

P =I5, (un) = argminlg(q) + 53—d*(¢, un)] (3.26)

Unt1 = T((1 — ap)u, ® @, Tpr), n>1,
(I If Q= F(T)Narg mi)1(1 9(q) # ¢, then {un,} A-convergent to a point u € Q.

qe
(I1) In addition, if Q@ = F(T) Narg mi)r{l 9(q) # ¢ and T is semi-compact, then
qe

{un} converges strongly to a point u € Q.
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4. APPLICATIONS

In this section, we apply the main results to solve equilibrium problem in CAT(0)
spaces.

4.1. Equilibrium problem. Let (X, d) be a complete CAT(0) space and K be a
nonempty closed convex subset of it. Suppose that F': K x K — R is a bifunction,
the equilibrium problem (shortly, EP) is to find a point v* € K such that

F(u*,q) >0, VqeK.

Denote the solution set of EP by (shortly, EP(F)). In order to solve EP, we need
the following assumptions on F :
(i) F(p,p) =0 for all p € K;
(ii) F(p,q)+ F(q,p) <0 for all p,q € K;
(iii) For each p € K,q+— F(p,q) is convex;
(iv) For each p € X, r > 0, there exists a compact subset Dy C K containing a
point h € Dy C K such that

1= —
F(p,h) = ;(ﬁ,m <0 VpeDyCK.

Lemma 4.1. ([10]) Let K be a nonempty closed convex subset of a complete CAT(0)
space X and F : K x K — R be a bifunction satisfying (i)-(iv). For any r > 0 and
p € X, define the following resolvent T,. : X — K of F:

1 =
Top={h € K : Flh.q) ~ (ph,pp) > 0, Vg € K},

then, the following conclusions holds
(i) T» is a single-valued firmly nonexpansive mapping;
(i) F(T,) = EP(F);
(iii) EP(F) is closed and conver.
It follows Corollary 3.2 and Lemma 4.1 that the following result holds.

Theorem 4.1. Let K C X be a nonempty closed convex subset of complete CAT(0)
space (X, d),g: X — (—o00,00| be a proper convex lower semi-continuous function,
F: K x K — R be a bifunction satisfying (i)-(iv), T, be the resolvent of F' . Let
uy € X be chosen arbitrarily and the sequence {u,} be defined as follows:
1
pn = J3, (un) = argmin[g(q) + ﬁdQ(q, )] (4.1)
Tnt+1 = T((l - an)un ® anTrpn)7 n Z 17

where Ap, > A >0, {an} be a sequence in [b,c], and b,c € (0,1),0 < b(1 —c) <

N —

(i) If Q= F(T,)Narg Hél)r(lg(q) # () then {u,} A-convergent to a point u € Q.
q
(ii) In addition, if Q = F(T,) Narg nél)r(l g(q) # 0 and T, is semi-compact, then
q

{un} converges strongly to a point u € Q.

5. CONCLUSION

This paper introduces an iterative algorithm aimed at tackling the minimization
and fixed point problems arising from total asymptotically nonexpansive mappings
in CAT(0) spaces. We provide strong convergence theorems and A-convergence
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theorems to address these problems effectively. Additionally, we demonstrate the
applicability of our results by solving the equilibrium problem in CAT(0) spaces.
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