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ABSTRACT. We explore the Geraghty contraction through a simulation function, eluci-
dating certain conditions for the existence and uniqueness of coincidence points for multi-
class mappings involving the Geraghty function in metric spaces. The results presented in
this work are consistent with those found in existing literature.
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1. INTRODUCTION

The field of fixed point theory emerged in the last quarter of the nineteenth
century, and it has since been utilized extensively to establish the existence and
uniqueness of solutions, particularly for functional equations. A significant contri-
bution to this area is the Banach contraction principle, attributed to Banach [1],
which has found widespread application in various contemporary research endeav-
ors [2, 3, 4, 5, 6]. Fixed point theory finds applications across diverse fields such as
engineering, economics, and computer science.

Geraghty [22] introduced the Cauchy criteria for convergence of contractive it-
erations in complete metric spaces, which led to the development of the Geraghty
contraction. Subsequently, Khojasteh et al. [21] introduced the concept of Z-
contractions, which has been further investigated and summarized by numerous
researchers [7, 8, 9, 10, 11, 12, 13, 14, 15]. Fixed point theory offers a rich platform
for conducting interesting research.

Let 2 and ¥ be two self-maps defined on a non-empty set II. If n = Qu = ¥pu
for some p € I, then p is termed a coincidence point of {2 and ¥. Consequently,
n is referred to as a point of coincidence of {2 and ¥. Furthermore, 7 is deemed
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a common fixed point of 2 and ¥ if u = n. A pair (£2,¥) of self-maps is termed
weakly compatible if they commute at their coincidence points.

In this article, we modify the Geraghty contraction using a simulation func-
tion and investigate the requisite conditions for its existence. We also focus on
non-commuting type mappings, which are crucial for establishing the existence of
common fixed points and the uniqueness of coincidence points, as well as common
fixed points for classes of mappings in complete metric spaces. Finally, we provide
an illustrative example to corroborate our theorem.

2. PRELIMINARIES

Definition 2.1. [17] Two self-mappings 2 and ¥ of a metric space (II,A) are
compatible if
lim AW 2(un), 2 (1)) = 0
n—oo

whenever {u,,} is a sequence in IT such that

lim Q2(p,) = nli_r>noo U(pn,) =t

n—moao0

for some t € I1.

Theorem 2.1. [18] Let 2 and ¥ be weakly compatible self-maps defined on a non-
empty set I1. If £2 and ¥ have a unique point of coincidence n = Qu = ¥n, then n
is the unique common fized point of 2 and ¥.

Definition 2.2. [19] Let (I, A) is a metric space and 2,% : I — be two map-
pings. The mappings {2 and ¥ are said to satisfy the common limit in the range of
¥ (shortly, (CLRy) property) if there exists a sequence {u,} in IT such that

im 2(pp) = lim W () = ¥ (p)

for some p € II. The importance of (CLRy)-property ensures that one does not
require the closeness of range subspaces.

Lemma 2.3. [20] Let (II, A) be a metric space and let {un} be a sequence in IT
such that Ay, tiny1) — 0 as n — oo. If {un} is not a Cauchy sequence in II,
then there exist € > 0 and two sequences {ny} and {my} of positive integers such
that ni > my > k and the following sequences tend to € when k — 00 :

{A(Nmk ) Mnk)}7 {A(Nmk ) Mnk+1)}7 {A(Nmkfh ,unk)}a
{A(mg—15 g +1) s {Amg+15 g +1) }-

Definition 2.4. [21] A mapping ( : [0,00)? — R is called a simulation function if
it satisfies the following conditions:
(¢1) €(0,0) =05
(2) C(t,s) <s—tforallt,s>0;
(¢3) if {tn}, {sn} are sequences in (0, 00) such that lim, o t, = lim, .o 5, >
0, then lim, o0 ¢(tn, sn) < 0.

Denoted by Z is the set of all simulation functions.

Example 2.5. [21] The following are some examples of simulation functions.
(i) ¢(t,s) =as—tforall t,s € [0,00), where « € [0,1);
(ii) C(t,s) = 135 —t for all ¢, 5 € [0, 00);
(iii) ¢(t,s) = sf(s) — ¢ for all t, s € [0,00), where f : [0,00) — [0,1) such that
lim; . f(t) < 1 for all ¢ > 0.
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Definition 2.6. [21] Let (II,A) be a metric space and ¢ € Z. A mapping 2 :
II — II is called a Z-contraction with respect to ¢ if

C(A(£2p, £20), A(p,v)) = 0
holds for all p,v € II.

We denote by F the class of all functions § : [0,00) — [0, 1)satisfying 8(t,) — 1,
implies t,, — 0 as n —» oo.

Definition 2.7. [22] Let (II, A) be a metric space. A map (2 : II —» II is called
Geraghty contraction if there exists g € F such that for all u,v € II,

A(L2p, v) < B(A(p, v)) A, v)

Theorem 2.2. [22] Let (I, A) be a complete metric space. Mapping 2 : I — II
is Geraghty contraction. Then 2 has a fized point u € II, and {2"u1} converges
to .

3. MAIN RESULTS

Theorem 3.1. Let (II, A) be a complete metric space and 2, : [I — II be two
self-mappings. Suppose that there exists ( € Z such that

C(A(2p, £20), B(Twa(p, v)Tva(p,v)) =0, (3.1)
for all p,v € IT with Y # Yvu, where B :[0,00) — (0,1) and

14+ AW u, 2u)]A(Pv, 2v) }
14+ AW, vv) ’

Ton(,) =max { A0, 7o)

Suppose that there exists a Picard-Jungck sequence {j,} of (2,¥). Also assume
that, at least, one of the following conditions holds:

(i) (211, A) or (WII, A) is complete;

(ii) (I, A) is complete, ¥ is continuous, 2 and ¥ are compatible.
Then {2 and ¥ have a unique point of coincidence.
Proof. Firstly, we will show that the point of coincidence of {2 and ¥ is unique.
Suppose that 7; and 7y are distinct points of coincidence of 2 and ¥. It follows

that there exist two points 6; and 63 (; # 63) such that 20, = ¥6; = n; and
0205 = Wy = 11. Then d(£201, £205) > 0 and using ((2), we obtain

0 < ((A(8201,0202), B(Yw(01,02))Ywe(b1,02)), (3.2)

where

- [1+ AW, 26,)]A(F02, 262)
Two(01,0) = max {A(W91,W02)a 1+ A(W0,,90,)

[1+ /1(771,771)]/1(772,772)}
1+ A(nlv 772)

= max {A(nh 772)»

= max {A(n1,n2),0}
A(n1,m2).



14 J. NONLINEAR ANAL. OPTIM. VOL. 14(1) (2023)

This together with (3.2) show that

0 < ¢ (A(261,205), B(Ywa(61,02)Ywo(61,62))
(A(n1,m2), B(A(n1,m2)) A(11,m2))
(
(

A(n1,m2)) A1, m2) — A1, m2)
m,m2) — A, n2)

VANVAN

¢
¢
B
A
0

which is a contradiction. Suppose that there is a Picard-Jungck sequence {j,} such
that j, = Qupn = Yy for alln € NU{0}. If j,;, = jimy1 for some m € NU{0}, then
Uil = Jm = Jm+1 = m+y1. Hence ¥ and (2 have a coiucidence point fiy,41.
Therefore, we assume that j, # j,+1 for all n € NU{0}. Also, A(jn+t1,Jnt2) >0
and taking p = ppt1, U = pipee in (3.1), we get that

C(A(Rpns1, Ppint2), BXwo(nt1, fint2))Ywo(Bnt1, fint2)) = 0, (3:3)

where

Yoo (tnt1, pnt2)
1+ AW i1, pns 1) [ A 2, ping2) }
=max 4 AW pi1,¥linio),
{ (P tins1, ¥ tint2) L4 AW is1, Ut ra)

(1 + A(jns Jns1)] A1, Jntz) }
1 + A(j'rujnJrl)

= max {A(jnv.jn+1)a

This together with (3.3) show that
0 < ¢ (A(Rpnt1, Lun2), B(Twa(bnt1, tnt2))Two(tnt1, tint2))

=( (A(jn+17jn+2)v ﬂ(TWQ(.“n-H» .Un+2))TWQ(Nn+1a Nn+2))

< BXwa(pnt1, tnt2)) Yoo (Hnt1, tint2) — Alfnt1s dnt2)

< TYwa(tn+1, nv2) — AlJnt1s Jni2)-
If Yoo(tintt, pnt2) = A(Jn+1, jntz2), inequality (3.4) gives

A(jnt15n+2) < Aln+1, Jnt2)

which is a contradiction. Hence, Yy o (ttnt1, tint2) = A(Jn, jn+1). This implies that

A(jn+1, Jnt2) < Aljn, Jnt1)
for all n € NU{0}. Thus, there exists p > 0 such that nh—>moo/1(j"’j"+1) = p. Assme
that p > 0. In this case we get that
W < B (A dns1)) <1,
taking n — oo, we get lim B (A(jn,jn+1)) = 1 which is a contradiction to the
fact that nli_r)noo/l(jn,jmr?)—;oop > 0. Hence, nh—r>nooA(j"’j"+1) = 0. Next , we will

show that j,, # jm., whenever n # m. Assume that j, = j,, for some n > m. Then
we can claim that p,4+1 = thmt1- If ny1 # fme1, then

Ry # LUy = Jn # Jm
which is obviously impossible . Hence

Hn+1 = bm+1 = Q/Ln-i-l = 'Q,LL7TL+1
= jn-i—l - jm+1-
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Then following above, we obtain

A(jm+17jm) < A(jmvjm—l)

< A(jn+lajﬂ)
= A(jm+17jm)
which is a contradiction. Now, we will show that {7, } is a Cauchy sequence. Assume
that {j,} is not a Cauchy sequence. Taking pt = fim, +1, U = fin,+1 in (3.1), we get
that
C (A2 115 20415 B(Tw 2 (Bmp415 Bnge+1)) Yo 2 (my+15 fing+1)) = 0, (3.5)

where

Yoo (fmy+1, ng+1)
[1 + A(Wﬂmk-‘rla Qﬂmk+1)]A(y7u”k+1’ QM”"-H) }
= max § AW iy 41, Y pn,+1),
{ (Yt 415 Y htny 1) 14+ AWty 415 Y peny+1)

[1 + A(jmk’jmk+1)]A(jnk7jnk+1) }
1 +A(jmkajnk)

= max {A(]mkvjnk)7

= A . )-
This together with (3.5) show that
0 < C(A2ptm 11, Lbimt 15 BXw (15 B +1)) T2 (Bamy 15 fng41))
= C(AGmit1, dng+1), BAGm s Jni ) Alm dni ) (3.6)
< ¢(Px, ¢k)
where 0 < ¢x = A(jmi+1, Jni+1) and 0 < o = B(A(Jmy. Jni ) A(Jmy. s Jny)- Since the

sequence {j, } is not a Cauchy sequence and usiug Lemma 2.3, we have {A(jm,., jni )}
and {A(Jm,+1,Jn,+1)} both the sequence tend to e > 0 as k — oo. So,
&k = Amy+1s Jne+1)
< B(AUms i) AlGmy s i)
= ¥k
< A(Gmes )
and using the sandwich theorem, {pr}, where v, = B(A(Jmy. s Jny ) A(Gmas Jny)) —

€ as k — oo. Hence , we have 0 < ¢y, o — €.
Thus,

(3.7)

0< lim (¢, 9r) = lim (pp —¢p)=e—e=0
k—s o0 k— o0

which is a contradiction. Hence, the Picard-Jungck sequence {j,} is a Cauchy
sequence. from condition(i), (WII, A) is complete, then there exists w € IT such
that 7, = Yppy1 — Yw as n — oo which implies

lim AW ppy1,Pw) =0. (3.8)
n—o0
We will show that Q2w = Pw. Let 2w # Pw and A(Nw,Pw) > o. From (3.8), there
exists ng € N such that
A(Rpp,Vw) < o = A(Rw,Pw)

for all n > ng. So,
Qup # Qw = A2y, Qw) >0 (3.9)
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for all n > ng. Now, there dose not exist some n > ns
Upnt1 = Yw.
Hence, there exists a partial subsequence {¥py, } of {¥ 41} such that
Uy, #w (3.10)

for all k € N. Let no € N be such that ¢,, > ng. Using (3.9) and (3.10), we have
ARy, , P2w) > 0 and AP iy11,w) > 0 for all n > ny. Using (¢2), we get

0 < C(A(2w, 2py,,, BYwo(w, pnt1))Two(w, fnt1))
= C(A(Qw, 2pe,,, BAYW, ¥ iy 11)) A(Pw, Wpin 1))
< BAWW, ¥ i 41)) AP w, W pin 1) — A(2w, 2puy,,)
<AWW, Y ping1) — A(Lw, 2pe,,).

n)

Taking n — oo, we obtain
0 < AWw,Vw) — A(f2w,Pw)
=0—- A(Rw,Pw).
This implies that n = Yw = 2w and 7 is the unique point coincidence of {2 and V.
In the same way, we can show that ¢ = 2w = Yw is a unique point of coincidence
of £2 and ¥ when (£2II, A) is complete.

From condition(ii), (II, A) is complete, there exists w € II such that j, = Q2u, =
Upnt1 — w as n —> 00. Since ¥ is continuous, we get

nh_n}OOW(Qun) =VYw= nh_I)nOCA(J/(Qun),Q/w) =0 (3.11)
and
nhl)nm V(U lpi1) =Vw = nhl)nm AP ppt1),Yw) = 0. (3.12)

We claim that lim Q(¥pu,) = Qw. If not, there exists a subsequence {2(¥, )}
of {2Wun,)} stfc?toﬁat
AW uy,), P2w) >0 (3.13)
for all £ € N. Then there does not exist some k1 € N for all n > k;
V(U lipt1) = Pw.
Thus, there exists a partial subsequence {¥ (W, )} of {¥(¥p,+1)} such that
(W, ) #VPw (3.14)
for all » € N. Hence, using (3.13) and (3.14), we have A(2(Ppy, ), 2w) > 0 and
AW Wy, ), Yw) > 0 for all k,r € N. Using ((2), we obtain
0 < ARy, 2w), B(Two (P, w)Ywo (P, ,w)
= C(A(2(Tpt), Qw), BAW (P pt, ), Yw)) AW (P, ), Pw))
<BAW (T pe, ), Pw)) AW (P, ), Yw)) — APy, ), 2w)
<A (W, ), Yw) — ALV p,,), 2w).
Hence, we have A(2(Wuy, ), Pw) < AW (Puy,.),Pw) — 0 as k — oo which is a
contradiction. This implies that
nhl{loo AT py), Pw) = 0. (3.15)
Further, since {2 and ¥ are compatible, we have

im  A(Q(Ppan), U (L) = 0. (3.16)
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Finally, using (3.11), (3.15) aud (3.16), we have
A(Qw,Pw) = A(2w, 2P uy)) + AP ), T(2pn)) + AT (2uy), Pw)
= A(Nw,Pw) <0
= A(Nw,¥w) = 0.
This implies that ¢ = Yw = 2w and p is the unique point of coincidence of (2 and

¥. Thus, the mappings (2 and ¥ have a unique point of coincidence. Il

Theorem 3.2. Let 2, : II — II be two self-maps defined on a complete metric
space (I, A). Assume there exists ¢ € Z such that

C(A(Ru, 20), B(Twa(p,v)Ywa(p,v)) >0, (3.17)
for all p,v € IT with U # Wo, where B : [0,00) — (0,1) and

14+ AW u, 2u)]A(Pv, 2v) }
14+ AP, Pv) '

Toa(po) = max { A, 70),

Suppose that, there exists a Picard-Jungck sequence {u,} of (£2,¥). Also assume
that, (211, A) or (WII, A) is complete and 2 and ¥ are weakly compatible. Then 2
and ¥ have a unique common fixed point in II.

Proof. Tt follows Theorem 3.1, {2 and ¥ have a unique point of coincidence. Further,
since {2 and ¥ are weakly compatible, then according to Theorem 2.1, they have a
unique common fixed point in I7. O

Theorem 3.3. Let 2, : II — II be two self-maps defined on a complete metric
space (I, A). Assume there exists ( € Z such that

C (A2, 20), B(Tpa (o)) Tl v)) > 0, (3.18)
for all p,v € IT with U # Yo, where 5 : [0,00) — (0,1) and

e A0 210, )
1+ A(Pu,¥v) ’

Toa(po) = max { A(p, 7).

Suppose that, there exists a Picard-Jungck sequence {un} of (2,¥). Also assume
that, (211, A) or (WII, A) is complete, 2 and ¥ are satisfy (CLRy)-property. Then
2 and ¥ have a unique common fized point in II.

Proof. Using 2 and ¥ are satisfy (CLRg)-property in Definition 2.2 and Theorem
3.1. O

Example 3.1. Let I = {0,4,5} and A : II x I — [0,00) be defined by
A(p,v) = | — v|. Define 2, : [T — I as

0 4 5 0 4 5
Q”_<4 4 4) and W“_<5 4 0)'
5 1 1
Suppose ((t,s) = —— —t, B(t) = for t > 0 and B(t) = = for t = 0.
s+1 140 2
9
Case (i): For y =0, v =4. From (3.1), we obtain

¢ (A(020,024), 8(Tw(0,4))Ywn(0,4)) = ¢ (A(4,4), B(Ywn(0,4))Ywn(0,4))
= C (0? 6(TJ’Q(Oa 4))TWQ(Oa 4)) ’

(3.19)
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where

T

[1+ A(5,4)]A(4, 4) }
1+ A(5,4)

= max {A(5,4),

= max {1,0}
=1.

This together with (3.19) show that

C(0,8(Yrn(0,4))Yrn(0,4)) = ¢(0,5(1) - 1)
B(1)

B +1
> 0.

Case (ii): For p =0, v = 5. From (3.1), we obtain

¢ (A(£20,£25), B(Tw(0,5))Twn(0,5)) = ( (A(4,4), B(Twa(0,5))Ywe(0,5))

= (0, B(Y00(0,5))Y0(0,5)), (3.20)

where

[1+ A(5,4)]A(0,4)
1+ A(5,0) }

= max {A(5, 0),

This together with (3.20) show that

¢ (07 B(TEI/Q(O’ 5))TEI/Q (07 5)) = (07 B(5> . 5)
__5B(5)

58(5) +1
> 0.

Case (iii): For p =4, v = 5. From (3.1), we obtain

=( (O, 5<Tgpg(4, 5>)TW_Q(4, 5)) 7 (3.21)

where

[1+ A(4,4)]A(0, 4) }
1+ A(4,0)

= max { 4,0,
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This together with (3.21) show that
€(0,8(Yv(4,5))Ywa(4,5)) = ¢ (0, 5(
1)
48(4) +1
> 0.

N

)-4)

1NN

Therefore, all the assumptions of Theorem 3.1 are satisfied, and as per its conclusion,
£2 and ¥ have a unique point of coincidence p = 4, making it their unique common
fixed point.

4. CONCLUSION

This paper focuses on investigating the existence and uniqueness of coincidence
points and Geraghty-type common fixed points under contractive conditions using
simulation functions within the context of complete metric spaces. The obtained
results are illustrated with examples to demonstrate their applicability.
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