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ABSTRACT. The idea of difference sequence spaces was first introduced by Kizmaz in 1981
and the idea of triple sequences was first introduced by Sahiner et.al. 2007. In this article we
introduce the notion of triple sequence spaces cg(A), ¢*(A), and I3, (A) using the difference
operator A. We study some of their algebraic and topological properties and prove some
inclusion results.
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1. INTRODUCTION AND PRELIMINARIES

A triple sequence (real or complex) can be defined as a functionz : N X NxXN —
R(C), where N, R and C denote the set of natural numbers, real numbers and com-
plex numbers respectively. The different types of notions of triple sequences was
introduced and investigated at the initial stage by Sahiner, et. al. [1, 2] and Dutta,
et. al. [3] and others..

The notion of difference sequence spaces (for single sequences) was introduced
by Kizmaz [6] as follows:

Z(A) = {(zn) € w: (Az,) € Z}, for Z = ¢, co,l, the spaces of convergent,
null and bounded sequences, respectively, where Az,, = x,, — x,41 foralln € N.
Later on it was further investigated by Tripathy [4] and many others. Tripathy and
Sarmal5] introduced difference double sequence spaces as follows:
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Z(A) = {(#mn) € w: (Azppn) € Z}, for Z = 2, c3, 1%, the spaces of convergent,

null and bounded double sequences respectively, where Az, = Timn — Tmnt1 —
Tm+1n + Tm+in+1 forall m,n € N.

Definition 1.1 [1]: A triple sequence (xy,,,) is said to be convergent to L in
Pringsheim’s sense if for every € > 0, there exists N(¢) € N such that

|Zimn — L| < € whenever [ > N, m > N, n > N and we write [im 1, n—ooTimn =
L.

Note: A triple sequence is convergent in Pringsheim’s sense may not be bounded

[2].

Definition 1.2 [1]: A triple sequence (Zy,,, ) is said to be Cauchy sequence if for
every € > 0, there exists N(¢) € N such that

|Zimn — Tpgr| < ¢ whenever I >p >N, m>¢>N,n>r >N.

Definition 1.3 [1]: A triple sequence (%, ) is said to be bounded if there exists
M > 0, such that |x},,| < M for all l,m,n € N.

Definition 1.4 [3]: A triple sequence (z;,,) is said to be converge regularly if it
is convergent in Pringsheim’s sense and in addition the following limits holds:

ltmy— oo Timn = Lim (l, me N)
Mmm*)ooxlmn = Lln (l,’I'L S N)
Ziml—)ooxlmn = Lmn (m,n € N)

Let w3 denote the set of all triple sequence of real numbers. We can define the
class of triple sequences as follows:

cd = {2 = (Tpmn) € wW* : (Tymn) is convergent to zero in Pringsheim’s sense }
3 ={r = (Tpmn) € W : (Tymn) is convergent in Pringsheim ’s sense }
13, = {r = (Timn) € w3 : (Tyynn) is bounded in Pringsheim’s sense }

AE = {2 = (zymn) € W : (Tynn) is regularly convergent }

3B = {x = (2ymn) € w* : (Tynn) is convergent in Pringsheim ’s sense and
bounded }

These classes are all linear spaces.

It is obvious that ¢ C ¢® ; 3 C ¢38 C I3, and the inclusion is strict.
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Theorem 1.1: The spaces ¢, ¢, I3, ¢3F and ¢*P are complete normed linear

spaces with the normed.
HI” = Supl,m,n|xlmn| < 00

Proof: simple.

mn, =3
nl, m=2>5
Im, n=17
8, otherwise

Example 1.1 [1]: Let 23 =
Then (2;,,,) — 8 in Pringsheim’s sense but not bounded as well as not regularly
convergent.

Example 1.2: Let 2y, = 1, for all I,mm,n € N. Then (Z},,) is convergent in
Pringsheim'’s sense, bounded and regularly convergent.

Definition 1.5[3]: A triple sequence space E is said to be solid if (amnZimn) € E
whenever (2;,,) € E and for all sequences (amy,) of scalars with |aym,,| < 1, for

alll,m,n € N.

Definition 1.6 [3]: A triple sequence space E is said to be monotone if it contains
the canonical pre-images of all its step spaces.

Remark 1.1 [3]: A sequence space is solid implies that it is monotone.

Definition 1.7 [3]: A triple sequence space E is said to be convergence free if
(Yimn) € E , whenever (2,,,,) € E and xjy,, = 0 implies Y, = 0.

Definition 1.8 [3]: A triple sequence space E is said to be symmetric if (2;,,) €
E implies (2 (;yr(m)r(n)) € E, where 7 is a permutation of N x N x N.

Now we introduced the difference triple sequence spaces as follows:
3 (A)=H(2imn) € w3 1 (AZymy) is regularly null }

A(A)=(Timn) € w3 1 (Azymy) is convergent in Pringsheim’s sense }
AR(A)=(imn) € w3 1 (AZpyy) is regularly convergent }

l3

oo

(A)={(z1mn) € w3 : (AT, is bounded }

AB(A)={(zymn) € w? : (Azypmy) is convergent in Pringsheim’s sense and bounded

Where A-rlmn = Timn — Limn+1 — LTim+1n + Tim+1n+1 — Li+1mn + Tl4+1mn+1 +
Ti+1m+1n — Li+1m+1n+1
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2. MAIN RESULTS
Theorem 2.1: The classes of sequences c3(A), c3(A), 2E(A), I2,(A), 2B (A)
are linear spaces.

Proof: Obvious.

Theorem 2.2: The classes of sequences c3(A), c3(A), 2E(A), I2,(A), 2B (A)
are complete normed linear spaces with the norm

||.’EH = 3Upl|f17[11| + 5“Pm|$1m1‘ + supn‘xlln‘ + Supl,m,n|Axlmn| < 00

Proof: Let (') be a Cauchy sequence in [2_(A), where z° = (x ) € I3 (A) for
eacht € N.
Then we have, _ _ '
||xl_xj|| = suplkr’lbll_mg11|+supm‘xllml_xj1m1|+5upn|x111n_‘r{1n|+3upl,m,n|Ax;mn_
Azl | =0

as i,j — 00

i J P
Therefore, |z}, — «,,,,| = 0, for i, j = co and each I,m,n € N

3

i )=
Hence (},,,,)=(Z)0ns Thmns Limmns - e e o

numbers).

. ... ...) is a Cauchy sequence in R (Real

Whence by the completeness of R, it converges to z;,,, say, i.e., there exists
lim mfmn = Xymn foreach [,m,n € N

Further for each € > 0, there exists N = N(¢), such that for all ¢, > N, and for
alll,m,n €N

i J i J i J
lzh, — 2| <& |25 — 2] <6 @iy, — 21, <e

AT} = Az = (@ hmaini - $g+1m+17;+1) - ($;+1‘m+1n = T tmgin)

('7“_‘;+1mn+1 - z_[‘.g+1mn+1)_+ (‘Tf+1mvz _ x;—i—lmn) (x;m—&-ln+1 - xim—i—ln—‘—l) + (x§m+17L -
x{m-&-ln) + (x?mn+1 - ‘rgmn—&-l) - (x;mn - ximn)‘ <€

and

lim; |afyy — oy | = |2y, — 2| <e,
limj |2, — ]| = |25 — 21m1| <€,
limj |1y, — $]11n| = |11, — 1| <€,
Now

o i J
lzm] |Axlmn A‘Tlmn|
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= |($§+1m+1n,+1_$g+1m+1n+1)_($f+1m+1n_37{+1m+1n)_(mf+1mn+1_xfﬂmnﬂ)"‘
(z} —z) V(i —z )+ (f —x )+ (xf —z) )—
I+1mn ) I+1mn Im+1n+1 Im+1n+1 Im+1n Im+1n Imn—+1 Imn+1

= |(x;+1m+1n+1_xlf1m+1n+1)_(x§+1m+1nfxl+1m+ln)_(xf+1mn+1_xl+1mn+1)+
($2+1mn_xl+1m7l)_($;m+ln+l_xlm+1n+1)+(l‘;m+ln_xlm‘f‘ln)—i_(l‘;mn—&-l_xlm7l+1)_
(I;mn - xlmn)| <e
foralli > N

Since ¢ is not dependent on [, m,n

SUPL,m,n |($§+1m+1n+1 - J'3l+1m-4-1n+1) - (x;:+1m+1n - lemﬂn) - (x§+1mn+1 -
xlflmn%*l) + (x;—&-lmn - ¢l+1mn) - ($;m+1n+1 — Timgint1) + (x;m-i-ln = Timtin) +
(x;mn+1 = Ttmnt1) = (Thn = Timn)| <€

Consequently we have, ||z}, = — Z;mn|| < 4e, foralli > N
Hence we obtain z! = — Ty, as i — oo in I3, (A)

Now we have to show that (z,,,) € I3 (A)

_ N N N N
|Zimn — Tivimtint1l = [Timn = Thun + T — Tiimaingr T T tmttnt: —
$l+1m+1n+1|

< |x{>’nn — Tipimtint1| + ||I{X'7,n = Zimn|l = O(1)

This implies = = (Zmn) € I2,(A) , (Since [2,(A) is a linear space.)
Hence I3 (A) is complete.

Similarly the others.

Theorem 2.3:

(@) c¢3(A) C 3(A) and the inclusion is strict. .

(i) 3#(A) C ¢3(A) and the inclusion is strict.

Proof: The inclusion being strict follows from the following example:
Example 2.1: For theorem (i)we consider the sequence (x,,, ) defined by
(Timn)= —lmn, foralll,m,n € N

Then (AZjmy,) € ¢, but (Azpm,) & ¢

Hence the inclusion is strict.

Example 2.2: For theorem (ii) we consider the sequence defined by
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_f (=1)™lmn, forl=1,m=1,2,3foralln €N
Limn 1, otherwise

Clearly (Axy,,) € ¢, but the sequence (Azy,,) ¢ ¢
Hence the inclusion ¢3%(A) C ¢3(A), is strict.

Theorem 2.4: The classes of sequences cg(A), ¢3(A), 2 (A), I3 (A) and 2P (A)
are not solid in general.

Proof: This is clear from the following examples:

Example 2.3: We consider the sequence (x;,,,) defined by
(Zimn)= 2, for all I,m,n € N

Clearly the difference triple sequence (Azy,,,) € c3, ¢, AR and 3P
Consider the sequence of scalars defined by

Qmn = (=)™ for all [,m,n € N

Then the sequence (QymnTimn) takes the following form
QmnTimn = 2.(—1)F™+" for all [, m,n € N

Clearly (AimnTimn) & cp, ¢, ¢ and 3B

Hence c3(A), 3(A), ¢E(A) and ¢*B(A) are not solid.
Example 2.4: We consider the sequence (z;,,,) defined by
(Zpmn)=lmn, for all [,m,n € N

Clearly the sequence (Axy,,,) € 13,

Consider the sequence of scalars defined by

Qo = (=1)™T", for all I,m,n € N

Then the sequence (QmnTimn) takes the following form
mnTimn = (—1)™"lmn, for all [,m,n € N

Clearly, (AQmnTimn) & 13, ,

Hence [3_(A) are not solid.

Theorem 2.5: The spaces cj(A), ¢3(A), 2F(A), 12.(A) and ¢*B(A) are not
symmetric in general.
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Proof: The proof is clear from the following examples:
Example 2.5: Consider the sequence (2, ) defined by

(Tymn)=m, foralll,m,n € N

Clear the sequence (Axy,,,) € c3, ¢, 3% and ¢*B

Now Consider a rearrange sequence (Yimn) of (Zmy) defined by

m—+1 ,form =1[,n is even
Yimn=<{ m—1,form=1[+1nis even
m , otherwise

Clearly (Ayimn) ¢ c3, ¢, ¢ and 38

Hence c3(A), ¢3(A), ¢*E(A) and ¢*B(A) are not symmetric.
Example 2.6: Consider the sequence (zj,,) defined by
(Zpmn)=Imn, for all [, m,n € N
Clear the sequence (Axy,,) € 12,
Now Consider a rearrange sequence (Yimy,) of (Zimy,) defined by

m+1 , form =[,n is even
Ymn=<¢ m—1,form=1[0+4+1,niseven
m , otherwise

Then the sequence (Aypmn) & 12,

Hence I3 (A) are not symmetric.

77

Theorem 2.6: The classes of sequences cg(A), c3(A), 3E(A), 13 (A) and ¢*B(A)

are not convergence free in general.

Proof: We provide an example to prove the result.

Example 2.7: Consider the sequence defined by

|0, ifn=1,foralll,meN
Limn = —2, otherwise

Clearly the triple sequence (Azy,,) € c3, ¢, 38, 13 and 2P

Let the sequence (ylmn) be defined by

| 0, ifnisodd, foralll,m € N
Yimn Imn, otherwise

Clearly (Ayimn) ¢ c3, ¢, 3, 12 and 35,
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Hence c}(A), 3(A), 2E(A), I3,(A) and ¢*P(A), are not convergence free.

Theorem 2.7: The classes of sequences cg(A), ¢3(A), 2R (A), I3 (A) and P (A)
are all sequence algebra.

Proof: It is obvious.

Conclusion: We have introduced the notions of null, convergent and bounded
triple sequence spaces based on the difference operator A and have investigated its
different properties, which are the generalizations of null, convergent and bounded
triple sequence spaces. Further generalizations may be possible based on the dif-
ference operator A™.
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