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ABSTRACT. The extragradient method introduced by Korpelevich [18] and Antipin [1] is a
double projection method designed for solving variational inequalities. The double projec-
tion per iteration enable to obtain convergent under monotonicity and Lipschitz continuity
while other single projection methods, for example the projected gradient method requires
strong monotonicity. The subgradient extragradient method [5] is a modification of the ex-
tragradient in which the second projection onto the feasible set is replaced by a projection
onto a specific constructible half-space which is actually one of the subgradient half-spaces.
Still, this algorithm requires Lipschitz continuity. In this work we introduce a self-adaptive
subgradient extragradient method by adopting Armijo-like searches which enables to obtain
convergent under the assumption of pseudo-monotonicity and continuity.
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Goldstein rule
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1. INTRODUCTION

In this paper, we are concerned with the Variational Inequality Problem (VIP) in
the Euclidean space R”. Let C' C R™ be a non-empty, closed and convex set and
let F : R™ — R™. The VIP consists in finding a point 2* € C, such that

(F(x*),z —2*) >0, forallz € C. (1.1)
Korpelevich [18] and Antipin [1] proposed an algorithm for solving the VIP, known
as the Extragradient Method, see also Facchinei and Pang [11, Chapter 12]. In

each iteration in order to get the next iterate 2**!, two orthogonal projections onto
C are calculated, according to the following iterative step. Given the current iterate
z¥, calculate
y* = Po(az® — 1 F(z")), (1.2)
zFtl = Pc(:zzk —T]-'(yk)), (1.3)
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where 7 is some positive number and Po denotes the Euclidean nearest point pro-
jection onto C'. Although convergence was proved in [18] under the assumptions
of Lipschitz continuity and pseudo-monotonicity, there is still the need to calculate
two projections onto the closed convex set C' which might seriously affect the effi-
ciency of the algorithm. Censor et al. [5] (see also [6, 7]) presented the Subgradient
Extragradient Method (SEM), in which the second projection (1.3) onto C' is re-
placed by a projection onto a specific constructible half-space which is actually one
of the subgradient half-spaces. In order to prove convergence the authors assume
that F is monotone on C, Lipschitz continuous on R”, and the Lipschitz constant
L is known, so 7 € (0,1/L).

In this paper we present a new modification of the SEM for solving the VIP (1.1)
when the mapping F is assumed to be only continuous instead of Lipschitz. Using
an Armijo-Goldstein-type rule ([2]) the step size T is updated and convergence of the
algorithm is then guaranteed under the assumptions of pseudo-monotonicity and
continuity of . Other step size adaptations are also presented and the convergence
proof can be obtain by following similar arguments. Our convergence theorem relies
on the work of Khobotov [17] and Solodov and Tseng [23].

The paper is organized as follows. In Section 2 we present some preliminaries
and definitions that will be needed in the sequel. Later, in Section 3 the new
algorithm is presented and its convergence is analyzed. Finally, in Section 4 we
illustrate the algorithm performance.

2. PRELIMINARIES

In this section we present some useful definitions and results that will be needed
for our convergence theorem.

Definition 2.1. Let C C R" be a non-empty, closed and convex set and F : R™ —

n
. éi) The mapping F is called pseudo-monotone if forany z,y € R" it holds
(Fy)z—y) 20 = (F(x),z—y) = 0. 2.1)
Observe that by substituting y = x* in (2.1) we get
(Flz),z —2*) >0 forallz € C and for allz* € SOL(C, F) 2.2)

where SOL(C, F) is the solution set of (1.1).
(i) The mapping F is called Lipschitz continuous on R" ifforany z,y €
R" there exists an L > 0 such that
IF(x) = Fy)ll < Lllz —yll. 2.3)

(iii) A sequence {xk}zio C R" is called Fe jer-monotone with respect to C' if
foreveryu € C

2"t — ) < ||l2* — ul| for all k > 0. 2.4)
The following lemma is due to Gafni and Bertsekas [12] and it is central in our
convergence theorem. This can also be found in Toint [24] or more recently, for

example in [14] and [8].

Lemma 2.2. Let C' C R™ be a non-empty, closed and convex set. For every x € C,

z € R" and a > 0, the function

_|Pe(@+az) - af
o}

h(a) (2.5)

is monotonically non-increasing.
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For each point x € R"”, there exists a unique nearest point in C, denoted by
Po(x); that is,
|z — Po (z)|| < ||z —y|| forally € C. (2.6)
The mapping Pc : R™ — C' is called the metric projection of R™ onto C. It is well
known that P¢ is a non-expansive mapping of R” onto C, i.e.,

|1Po (x) = Pe (y)ll < [lz —y|| forall z,y € R™. 2.7)
The metric projection P is characterized [13, Section 3] by the following two prop-
erties:
Pc(.%') eC (2.8)
and
(x — Poc (z),Pc(x) —y) >0forallz € R", y € C, (2.9)

and if C' is a hyperplane, then (2.9) becomes an equality. It follows that

2
|

|z —y|* > |z — Po (2)]> + |ly — Po («)|* forall z € R, y e C. (2.10)

The next definition of a fixed point set of a mapping 7" and (2.9) give an equivalent
formulation for the VIP.

Definition 2.3. LetT : R” — R" be a given mapping. The fixed point set of
T is defined as

Fix (T) :={z e R" | T(x) = x}. (2.11)

A well-known relation between the solution set of the VIP (1.1), SOL(C, F), and
the fixed point set of the operator Po(I — \F) is: for any A > 0;

SOL(C, F) = Fix (Po(I — AF)), 2.12)

see e.g., Eaves [9]. By converting this relation into an iterative method for solving
the VIP (1.1) we can get the well-known projected gradient method. Next we show
how by using similar techniques we can recover the extragradient method ((1.2)-
(1.3)).

Lemma 2.4. Let C C R" be non-empty, closed and convex. Let F : C — R"™ be
Lipschitz continuous with constant L > 0. Forany A € (0,1/L), we get
SOL(C,F) = Fix (Pc(I — AF(Pc(I — AF)))) . (2.13)
Proof. (i) Let z € SOL(C, F). Applying (2.12) twice, we get
Po(z — AF(Pe(z — AF(2)))) = Po(z — AF(z)) =« (2.14)
which implies that z € Fix (Pc(I — AF(Pc(I — AF)))).
(i) On the other hand, let z € Fix(Po(I — AF(Po(I — AF)))). Denote by
y := Po(x — A\F(x)), we get = Po(z — AF(y)). We now show that z = y. In-

deed, following the non-expansiveness of the metric projection Po and the Lipschitz
continuity of F

2 = yll = 1o~ AF(1)) — Pelz - AF()|
< (e = AF() ~ (& = AF@)]| = AIF() ~ F(w)]
<2yl 219

following the assumption on \ we get that © = y, meaning that x = y = Po(x —
AF(x)), i.e., xz € Sol(F,C). O
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Notation 2.5. Any closed and convex set C C R"™ can be represented as

C={zeR"|c(zx) <0}, (2.16)
where ¢ : R" — R is an appropriate convex function. Take, for example, c¢(x) =
dist(z, C), where dist is the distance function; see, e.g., [15, Chapter B, Subsection
1.3(c)].

We denote the subdifferential set of c at a point x by

Oc(x) :={£ e R" | c(y) > c(x) + (§,y — ) for all y € R"}. (2.17)
For z € R", take any £ € dc(z) and define
T(z):={weR"|c(z) + ({,w—z) <0}. (2.18)

This is a half-space the bounding hyperplane of which separates the set C from the
point z if £ # 0; otherwise T'(z) = R"; see, e.g., [3, Lemma 7.3].
3. THE ALGORITHM

Our new modification of the subgradient extragradient algorithm without the
Lipschitz assumption is given next.

Algorithm 3.1. The self-adaptive subgradient extragradient algorithm
Step 0: Select a starting point z° € R". Choose a_1 € (0,00), € € (0,1), and

B8 €(0,1).
Step 1: Given the current iterate x*, choose oy, to be the largest
o€ {ak_l,ak_lﬂ,ak_162,...} (3.1)
satisfying
2
a et —y" Fah) = Fy")) < (1 =) " =4 (5.2
where
k_ k k
y* = Po(z® — aF(z")). (8.3)

Step 2: If ¥ = y* then stop. Otherwise, denote a* := (xk — ak]-'(xk)) —y* and
construct the set Ty, as follows

— {wER" | <ak7UJ—’yk> SO}, ifak7é0’
Tk - { R™ l:fak —0. (34)

Calculate the next iterate
= Pr, (2% — . F(y")), (3.5)
setk < (k + 1) and return to Step 1.

Remark 3.2. 1. Observe that (3.2) can be viewed as a local approximation of the
Lipschitz constant L, and then we get o < 1/L. Indeed, if

(zF —y*, F(a¥) — F(y"))

. .12
% —y*||

Li = (3.6)

thena < (1 —¢)/Ly.
2. There exists many other techniques for the choice of ay, in Step 1, for example

Khobotov [17]
L { =* — y*]] }
ap =ming ag_1,3 , (3.7)

IF (z*) = F(yM)|l
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and Marcotte [20]

k k
— "t —
o = min Ok 1, H - Y H : . (3.8)
2 V2|IF(R) - Fyh)ll
It looks likke any of the above choices (and other e.g., [25]) might work as well.

Remark 3.3. Observe that if c is lower semi-continuous and Gateaux differentiable
aty*, then {(a* — 7F(2*)) — y*} = dc(y*) = {Ve(y")}; otherwise (a* — 7F(2*)) —
y* € dc(y*). See [3, Facts 7.2] and [10] for more details.

For the convergence of the algorithm, the following assumptions are needed.
Condition 3.4. The set SOL(C, F) is non-empty.
Condition 3.5. The mapping F is pseudo-monotone on C, that is (2.2).
Condition 3.6. The mapping F is continuous on R".

Remark 3.7. Censor et al. [5] (see also [6, 7]) introduced an extension of Korpele-
vich’s extragradient method which is the Subgradient Extragradient Method (SEM).
The general idea of the SEM is close to that in Algorithm 3.1 in which, given the
current iterate =¥, the next iterate £**! is calculated as the projection onto the con-
structible set T}, (3.4). But while the convergence of the SEM is guaranteed under
strong assumptions as monotonicity, Lipschitz continuity on R” and the knowing the
Lipschitz constant, Algorithm 3.1 requires only pseudo-monotonicity and continuity.
This advantage is not only theoretical but also plays a central role in practice when
the information regarding the Lipschitz constant in missing or when the mapping is
only continues mappings; see Section 4 for numerical experiments. In addition, other
step size adaptations ((3.2) in Step 1) can be chosen, for example Khobotov’s [17] or
Marcotte’s [20].

3.1. Convergence of the self-adaptive subgradient extragradient algorithm.
For the convergence we first show that Step 2 is valid.

Lemma 3.8. Iffor some k > 0, z¥ = y* in Algorithm 3.1, then z*,y* € SOL(C, F).

Proof. Assume that 2% = y*; then 2% = Po(2% — apF(2%)), so 2 € C. By the
variational characterization of the projection with respect to C' (2.9), we have

(w— 2* (2F — ap F(aF)) — xk> <0, forallw € C, (3.9)
which implies that
g <w — xk,}"(xk)> >0, forallw € C. (3.10)
Since ay, > 0, we have that 2% € SOL(C, F). O
From now on we assume that the algorithm generates infinite sequences {xk},;“;o
and {y*}%° . Next we prove that «y, is well defined.

Lemma 3.9. Forall k > 0, there exists & > 0 such that for all « € (0, @] (3.2) holds.
Hence oy, is well defined.

Proof. By Condition 3.6, F is continuous on R". Since the metric projection is also
continuous on R", we obtain

lim Po(zF — aF(a*)) = Po(a®). (3.11)

We now examine the two cases, ¥ € C and z* ¢ C.
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(i) If z¥ € C, then z* = Po(z*). By the continuity of F and (3.11), we get that
for sufficiently small « € (0, 1],

H]:(mk)H H.F(x — F (Po(a® — aF(z M <@-e ) ||* = Po(a® — ||
(8.12)
Now, let a € (0, 1] be sufficiently small. By the Cauchy-Schwarz inequality, the
non-expansivness of the metric projection and Lemma 2.2 we get

a(a® -yt Fa*) - Fy*))

= a(Pc(a") - Po(a® — aF(ab)), F(a*) — f(y’“)>

< aHPC(xk) Pc(xk —aF xk))H Hf f(yk)H

< o? | FEM| |7 = F )]

< a?(1—¢) ||2* — Po(a* — F(a*)|°

< (1—e)||z* —*||", (3.13)
so (3.2) is valid.

(i) If z* ¢ C, then
gu_"ilocu@ —yF Fa®) - F@M)) =0 (3.14)

while

lim (1 - ) o = || = (1 &) " = Po(ab)|[* > 0, (3.15)
implying the claim. 0

The next Lemma is central for the convergence theorem.

Lemma 3.10. Let {z"}2° . {y*}22, be any two sequences generated by Algorithm
3.1. Assume that Conditions 3.4--3.6 hold, and let z* € SOL(C, F). Then for every
k>0

ky _ PNIE
ot o < P (12 DT g
=y

Proaf. Let z* € SOL(C, F). Since y* € C, we have by Condition 3.5

(F(y*),y" —2*) > 0forall k >0, (3.17)

which implies that

(F(y*), 2" —a*) > (F(y"), 2" — %) (3.18)

By the definition of 7}, we have
<xk+1 — ", (mk — ak}'(xk)) — yk> <Oforall k >0, (3.19)
then
<mk+1 — ok (@* — anF(y)) — yk> _ <xk+1 — gk 2k — a F(zF) — yk>
+ oy (2P =k F(2F) — F(yF))
)

< ay, <wk+1 - yk, .7-'(;3’“) - .)"-'(y]’C (3.20)
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Now by letting z¥ = ¥ — o F(y*) for simplicity, we obtain
2

ka+1 _ P = HPT,C(Zk) .
= || = a*||* + ||2* = Pr(9)|]* + 2 (P (2F) — 25,2 — 2*).
(3.21)
Since
2 ||2* - P;pk(zk)H2 +2(Pr (%) — 2F,2F — 2*)
=2 <zk — Pr, (%), 2" — PTk(zk)> <O0forall k >0, (3.22)
we get for all kK > 0
| 2% — PTk(zk)||2 +2(Pr, (2F) = ¥ 2" —a*) < — ||2F - PTk(zk)H2 . (3.23)
So,

Hafk+1 _ 17*||2 < ||Zk _ x*HQ _ ||Zk - PTk. (Zk)||2
= [|* — axF W) — " = | @ — cF ) - 2t

= ot = [l 4 2 — )

7 ka — kaHQ + 20y, <yk — xk+1,.7-'(yk)>, (3.24)

where the last inequality follows from (3.18).

< [la* - o

So
ka+1 _ 2|7 < ka _ P = ka _ xk+1H2 + 20 <yk _ xk-&-l’]_-(yk»
_ ka _ x*H2 _ (<mk CyF g yh kL gk gk gk xk+1>)
+ 20, (yF — 2" F(yF))
= [la* = 2" = flo* = ¥ — |l —
+2 <a:k+1 — oy 2k — g FyF) — yk> . (8.25)
By (3.20)

* 2 * 2 2 2
27 = < fla® =27 = fla* = *|" = " =2

+ 2ay, (2 — b F(2¥) — f(yk)> . (3.26)

Using Cauchy-Schwarz inequality, we have
20 (21 — o F(a®) = F(y*)) < 200 []2™ — || [| F(2¥) = F(55)

in addition
0% (o =¥ = ax [ FG*) = FHID?

2

= [l = oM =20 [o*+ = oH || FH) = F Y|+ 0} [ F) - FGH)
(3.28)

. (327

SO

2y [[2*+1 = yF || [ Fab) - F@R)| < |25+ = oF ) + o | Fa*) - FEM)°

Combining the above inequalities yields
250 = 2| < fla* = 2 |F (| = "~ [yt - 2t
[t =+ ad [ F ) - Fh
= |Jo* — 2t ||* = ||k = oF|]F + a2 | FF) - FM)P. 329
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Since z¥ # y*, we obtain

||xk+1_w* |2 < ka—m* 2

kY k|2
T <1_a%||]-"(x) J-'(y2)||> 5.50)
o — o

and the desired result is obtained. O

We are now ready to present the convergence theorem of Algorithm 3.1. The
outline of the proof is similar to [23, theorem 3.2].

Theorem 3.11. Let {z"}3° ) and {y*}2°, be any two sequences generated by Algo-
rithm 3.1. Assume that Conditions 3.4--3.6 hold, then both sequences converge to
the same point & € SOL(C, F).

Proof. Let € SOL(C, F). According to Remark 3.2, we get from (3.30)
e+ — 2" < ||a* — 2| forall k >0 (3.31)

and ||xk —yk H — 0. Observe that (3.31) states that{xk},;“;o is Fejér-monotone with
respect to SOL(C, F). So following [4, Theorem 5.11] it is sufficient to find a cluster
point of {z*}2° ; in SOL(C, F) and obtain the desired result. According to (3.2) the
sequence { 0%}20271 is non-increasing and therefore limy_ .., ay = a@. Now, we
consider the following two cases: (i) @ > 0 and (ii) @ = 0.

(i) If @ > 0, by (3.31) the sequence {xk}z"zo is bounded, therefore there exists a
subsequence {z*7}%2 of {x*}22 ) such that

lim 2% =z, (3.32)
Jj—o0

since ka — ka — 0 we also have
lim y* = &. (3.33)

J—o0
By the continuity of F (Condition 3.6) and of the metric projection
&= lim y* = lim Po(a" — oy, F(2")) = Po (3 — aF(2)). (3.34)
Jj—o0 Jj—o0 :
Following similar arguments as in the proof of Lemma 3.8 it follows that £ €
SOL(C, F) and the result follows from [4, Theorem 5.11].

(ii) If @ = 0, we argue by contradiction by supposing that every cluster point of
the sequence {y*}2° ; is not in SOL(C, F). Since @ = 0, there exists a subsequence
of indices {k;}}2, of {k}32_; such that {a;}ic(x,};, is monotonically decreasing.
Taking the limit as ¢ — oo (passing to a subsequence if needed), we get that
lim; o0 ¥* =y ¢ SOL(C, F).

Since y ¢ SOL(C, F), then y* ¢ SOL(C, F) for all sufficiently large i € {k;}°,.
Thus for these i and a > 0 we have by (2.12) y* # Pc(y* — aF(y')) and moreover
since {k}?2_, is infinite, y’ # z° (we did not stop at Step 2).

From the continuity of 7 and Lemma 3.9, we get for all of these ¢ with lim; ., a; =
0, that the right hand side of (3.2) goes to a positive limit while the left hand side
goes to zero. Therefore inequality (3.2) holds for all sufficiently small o > 0, in
particular, it holds for a = ;1 for all¢ € {kl}loio sufficiently large. But since «; is
chosen as the largest element in {o;_1,;—1/3, ai_1P?, .. .} we get a contradiction
to our hypothesis on {k;}°, that is o;; < ;1 for all i € {k;}72,.

Thus, there exists at least one cluster point of {yk}z"zo and also of {z* o
say Z, that belongs to SOL(C, F) and again the desired result follows [4, Theorem
5.11]. O
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4. NUMERICAL EXPERIMENTS

In this section we present several numerical examples to illustrate the perfor-
mance of our algorithm. We choose the test problems from [19] (see also [25]). All
computations were performed using MATLAB R2012a on an Intel Core i5-2348M
2.67GHz running 64-bit Windows. The cpu time is measured in seconds using
the intrinsic MATLAB function cputime. The projection onto the feasible set C' is
performed using CVX version 1.22. The numerical results are presented in Table
4, we choose the termination criteria as ka T || < § for small § > 0.

Example 4.1. We take F(z) = Mz + g with the matrix M randomly generated as
suggested in [16], M = AAT + B + D; where every entry of the n-square matrix
A and of the n-skew-symmetric matrix B is uniformly generated from (—5,5), and
every diagonal entry of the n diagonal matrix D is uniformly generated from (0, 0.3),
with every entry of q uniformly generated from (500, 0). The feasible set is

C::{w€R1|Zx¢:n}.
i=1

Example 4.2. Kojima-Shindo Nonlinear Complementarity Problem (NCP), see e.g.,
[22]. With n = 4, the feasible set is

C:={z eRy |21+ 22 +a35+14 =4}
and F is given as follows.

3x§ + 221719 + 23:% +x3+ 314 —6
223 + 1 + 23 + 1023 + 234 — 2
333% + x170 + ng +2x3 4+ 924 — 9
22 + 373 + 223 + 334 — 3

F(x1, 20,23, 24) 1=

Example 4.3. Here the feasible set C = R’ and F is given as F = (f1, f2, f3, f1, f5)
where foralli =1,...,5

5
fi=2(x;—i+2)exp <Z(Ii—i+2)2>- 4.1)

i=1

| (1.2)-(1.3) [] Algorithm 3.1
Example 20 parameters dim || iter. || time | iter. time
4.1 110 T = ﬁ a_1=09¢=02p3=05] 10 || 70 || 6.7 || 77 3.1
120 20 || 80 [[10.6] 76 5.9
140 40 [ 161 || 28 | 170 16
170 70 | 247 | 307 || 266 163
4.2 in a1=07¢=028=057=001]| 4 - - 53 4.5
(3,3.2,1) 4 - - 62 6
4.3 15 a_1=07¢=038=057=001]| 5 - - 53 2.5
05 5 - - 62 2.1

We use the notation 1, and 0,, for the unit and the zero vectors in R". In
Example 4.1 we generate a random data which depend on the dimension. As can
be seen Korpelevich method ((1.2)-(1.3)) preforms bad compared to Algorithm 3.1
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and a reasonable explanation is the fact that two projections onto C' are calculated
in each iteration while in Algorithm 3.1 the second projection is easily computed.

In Example 4.2 the Lipschitz constant is unknown, so one needs to guess it; but
if L is very large then 7 is very small and that makes the method very inefficient.
So, in our experiments we stop the algorithm as we did not reached the termination
criteria in a reasonable time and similarly in Example 4.3.

Acknowledgments. We thank the anonymous referees for their thorough re-
view and highly appreciate the comments and suggestions, which significantly
contributed to improving the quality of this paper.
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