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ABSTRACT. In this paper, we introduce a modified inertial subgradient extragradient
algorithm featuring self-adaptive step sizes. Our focus is on solving split equilibrium
problems that involve pseudomonotone bifunctions satisfying Lipschitz-type continuity
within real Hilbert spaces. We demonstrate a strong convergence theorem for the proposed
algorithm, requiring neither prior knowledge of the operator norm of the bounded linear
operator nor the Lipschitz constants of bifunctions. This convergence holds under certain
constraint qualifications of the scalar sequences.
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1. INTRODUCTION

The equilibrium problem introduced by Blum and Oettli [1] is a problem of
finding a point z* € C such that

f(z"y) > 0,vy € C, (1.1)

where C is a nonempty closed convex subset of a real Hilbert space H, and f :
H x H — R is a bifunction. The solution set of the equilibrium problem (1.1)
will be denoted by EP(f,C). The equilibrium problem is a broad framework that
includes many mathematical problems, such as fixed point problems, optimization
problems, variational inequality problems, minimax problems, Nash equilibrium
problems, and saddle point problems, see [2, 3, 4, 5], and the references therein.
In the most appeared papers, the proposed method for solving the equilibrium
problem (1.1), when f is a monotone bifunction, is the proximal point method, see

* Corresponding author.
Email address : kiattisakrat@live.com, manatchanok@g.lpru.ac.th.
Article history : Received 5 October 2023; Accepted 20 December 2023.



72 J. NONLINEAR ANAL. OPTIM. VOL. 14(2) (2023)

[6]. However, if the bifunction f satisfies a weaker assumption as pseudomonotone,
the proximal point method cannot be applied in this situation. To overcome this
drawback, Tran et al. [7] proposed the following so-called extragradient method
for solving the equilibrium problem when the bifunction f is pseudomonotone and
satisfies Lipschitz-type continuous with positive constants ¢; and co:

o € C,
yr = argmin {\f(zx,y) + S|lzr —yl? 1y € C}, (1.2)
Tpt1 = argmin {\f(yx, y) + 3lze —yl|> 1y € C},

. 11
where 0 < A < mln{ﬂ,@

Algorithm 1.2 converges weakly to a solution of the equilibrium problem. It should
be noted that in order to get y, and xpy; in each iteration of the extragradient
method, the optimization problems on the feasible set C' must be solved twice. It is
common knowledge that the optimization problem will not be simple if the feasible
set C' has a complex structure. To improve this one, Hieu [8] proposed the follow-
ing so-called subgradient extragradient method for solving the equilibrium problem
when the bifunction f is pseudomonotone and satisfies Lipschitz-type continuous
with positive constants ¢; and co:

}. They proved that the sequence {z\} generated by

xg € H,
yr = argmin { A\ f (zk, y) + 3lly — 2xl|* 1y € C},
Tp={2z€H:(xp — ATk — Yrs 2 — Yr) < 0}, 7 € 02 f (21, Yi), (1.3)

2z = argmin { N f (v, y) + 3lly — zll? :y € Ti },
Tpt1 = oo + (1 — ag) 2,

o0
where 0 < A < min{ L1 }, {ar} C (0,1) such that > ar = +oo and
k=0

261 ) 262

lim ap = 0, and Oaf (zk,yx) is the subdifferential of f(xy,-) at yk. The author

k—o0

proved that the sequence {z;} generated by Algorithm 1.3 converges strongly to
Pgp(s,cy(wo). It is highlighted that in the second step for determining 2, in each
iteration, the subgradient extragradient method translates to solve the optimization
problem on the feasible set C' to the half-space T},. Consequently, the computational
efficiency of this method is significantly improved by solving optimization problem
on the feasible set C' only once for finding y; in each iteration. Meanwhile, the
inertial method which was first proposed in Polyak [9] was regarded to speed up the
convergence properties of the algorithm and was used in the implicit discretization
algorithm of the heavy ball with friction system [10, 11]. This method is character-
ized that the next iteration is determined by the combination of the previous two
(or more) iterations and has received a lot of attention from many researchers, see
[12, 13] and the references therein.

In 2012, He [14] (see also Moudafi [15]) introduced the split equilibrium problems
as follows:

{Find z* € C such that f(z*,y) >0,y € C, (1.4)

and u*:=Az* €Q solves g(u*,v)>0,Yv € Q,

where C, @) are two nonempty closed convex subsets of the real Hilbert spaces H;
and Ha, respectively, f : H; x H; — R and g : Hy x Ho — R are bifunctions, and
A : Hy — Hy is a bounded linear operator. To solve the split equilibrium problems
(1.4), Suantai et al. [16] proposed the following algorithm by using the techniques of



MODIFIED INERTIAL SUBGRADIENT EXTRAGRADIENT ALGORITHM 73

inertial and extragradient method for solving the split equilibrium problems when
the bifunctions f and g are pseudomonotone and satisfy Lipschitz-type continuous
conditions with some positive constants {c1,co} and {d;,ds}, respectively:

g, 21 € C,

wy = op + O (T — Tr—1),

Yk = argmin{)\kf(wk,y) + %Hy - wkH2 ty € C} ,

2 = argmin { A f(ye, y) + 5lly —wel* 1y € O}, (1.5)
ug = arg min {ukg(Azk,u) + %Hu —Azl]?iu € Q} ,

v, = arg min {,ukg(uk,u) + %Hu — Az u e Q} ,

g1 = Po(zr + nA* (v — Azr)),

wheren € (0.1/A4]2). 7 € [0.1),0 < Ay < min {51 140 < g < min {2 51,
and 0 < 0, < 5k with

_ min{ L — } , ifxp # g,
0, =

-
an — x|
T, otherwise.

They proved that the sequence {x;} generated by Algorithm 1.5 converges weakly
to a solution of the split equilibrium problems (1.4). It is worth noting that this
algorithm used step sizes A\, pi, and 1 that are dependent on the Lipschitz constants
of the bifunctions f, g, and the operator norm of the bounded linear operator A,
respectively. However, these step sizes are typically not easily obtainable in practical
applications.

In this paper, we focus on the methods for solving the split equilibrium problems
(1.4). That is, we present a new algorithm without the prior knowledge of both
the operator norm of the bounded linear operator and the Lipschitz constants of
the bifunctions for finding the solutions of the split equilibrium problems when the
bifunctions are pseudomonotone and satisfy Lipschitz-type continuous.

This paper is organized as follows: In Section 2, some necessary definitions and
properties will be reviewed. Section 3 presents the modified inertial subgradient
extragradient algorithm with self-adaptive step sizes and proves the strong conver-
gence theorem.

2. PRELIMINARIES

In this section, we provide some definitions and properties which are used in the
sequel. Let H be a real Hilbert space with the inner product (-,-) and norm | - ||.
The notation R and N will stand for the set of the real numbers and the natural
numbers, respectively.

First, we state some definitions and results involving the equilibrium problems.
Definition 2.1. Let C' be a nonempty closed convex subset of H. A bifunction
f:H x H — R is said to be:

(i) monotone on C' if
f@,y) + fly,2) <0,Vz,y € C;
(ii) pseudomonotone on C if
flz,y) 2 0= f(y,x) <0,Vz,y € C;
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(iii) Lipshitz-type continuous on H if there exists two positive constants ¢; and
co such that
f(f)%y) + f(%z) > f(l’7Z) - cle - Z/HQ - CQHy - Z||27V$ay7z € H.
Remark 2.2. We observe that a monotone bifunction is a pseudomonotone bifunc-
tion, but the converse is not true, for instance, see [17].

In what follows, we recall the projection mapping and calculus concepts in Hilbert
space.

Let C be a nonempty closed convex subset of H. For each x € H, we denote the
metric projection of z onto C' by Pe(z), that is

o = Po(@)l < lly — all, ¥y € C.
Lemma 2.3. [18, 19] Let C be a nonempty closed convex subset of H. Then,
(i) Pc(x) is singleton and well-defined for each x € H;
(ii) z = Po(x) if and only if (x — z,y — z) <0, Yy € C;
(iii) P is a nonexpansive operator, that is,
|1Po(z) = Pl < [z —yll, Y,y € H.
For a function f: H — R, the subdifferential of f at z € H is defined by
The function f is said to be subdifferentiable at z if df(z) # 0.

Lemma 2.4. [18] For any z € H, the subdifferentiable Of(z) of a continuous convex
function f is a weakly closed and bounded convex set.

Lemma 2.5. [3] Let C' be a convex subset of H and f : C — R be subdifferentiable
on C. Then, x* is a solution to the following convexr problem:

min {f(z): x € C}
if and only if 0 € Of(x*) + No(x*), where No(x*) = {y € H : {y,z — z*) <
0,Vz € C} is the normal cone of C' at x*.

This section will be closed by collecting some facts which are important to obtain
the convergence theorems.

Lemma 2.6. [20] Let {ar} and {cr} be sequences of non-negative real numbers
such that

apy1 < (1 — Vk)ak + Yibr + ¢k, Vk e NU {O},

oo}
where {7y} is a sequence in (0,1) and {by} is a sequence in R. Assume that > ¢ <

k=0
o0
oo. If 3" vk = 00 and limsup by <0, then lim a; = 0.
k=0 k— 0o k—o0
Lemma 2.7. [21] Let {ax} be a sequence of real numbers such that there exists a

subsequence {ay, } of {ar} such that ay, < ag,+1, for alli € N. Then, there ezists a

non-decreasing sequence {m,} of positive integers such that lim m, = co and the
n—oo

following properties hold:
am, < Amp,+1 and ap < A, +15

for all (sufficiently large) numbers n € N. Indeed, m, is the largest number k in
the set {1,2,...,n} such that

ar < Gf41-



MODIFIED INERTIAL SUBGRADIENT EXTRAGRADIENT ALGORITHM 75

3. MAIN RESULTS

Let C be a nonempty closed convex subset of a real Hilbert space H. For a
bifunction f : H x H — R, the following assumptions will be concerned in this
paper:

(A1) f(-,y) is sequentially weakly upper semicontinuous on C, for each fixed

y € C, that is if {z} C C is a sequence converging weakly to z € C, then
limsup f(zr,y) < f(2,y);
k— o0
(A2) f(z,-) is convex, subdifferentiable and lower semicontinuous on H, for each
fixed x € H;
(A3) f is psuedomonotone on C;
(A4) f is Lipshitz-type continuous on H.

Remark 3.1. (i) It is well-known that the solution set EP(f,C) is closed
and convex, when the bifunction f satisfies the assumptions (A1) — (A3),
see [7, 22, 23].

(i) If the bifunction f satisfies the assumptions (A3) and (A4), then f(x,z) =
0, for each z € C, see [13].

Now, let H; and H, be two real Hilbert spaces and C and () be nonempty closed
convex subsets of H; and Hy, respectively. We recall the split equilibrium problems:

(3.1)

Find z* € C such that f(z*,y) >0,Vy € C,
and u* = Azx* € Q solves g(u*,v)>0,Vv € Q,

where f: Hy x Hi — R, g: Hy x Hy — R are bifunctions, and A: H; — Hj is a
bounded linear operator with its adjoint operator A*. From now on, the solution
set of problem (3.1) will be represented by 2. That is,

Q:={pe EP(f,C): Ape EP(9,Q)}.

Next, we introduce the modified inertial subgradient extragradient algorithm for
solving the split equilibrium problems (3.1).

Algorithm 3.2. Modified inertial subgradient extragradient algorithm

Initialization. Choose parameters A\; > 0, 3 > 0, 7 € [0,1), 8 € (0,1),
€ (Oal)a {ka} C (071)? {gk} C [17OO> with khm Ek =1, {Uk} - [LOO) with
— 00

lim o =1, {ex} C [0,00), {ax} C (0,1) such that Y ar = oo, lim ap =0, and
k— o0 k=0 k—o0

lim S 0. Pick zg,x1 € H and set k = 1.
k—o0o

Step 1. Choose 6}, such that 0 < ), < 6}, where

€
_ min{T,k}, if xp # xK_1,
O = 2k — zp—1l]

T, otherwise,

and compute

wg = (1 — Ozk) (:Ek + Qk(l'k — ZL’kfl)) .
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Step 2. Solve the strongly convex program

. 1
yr = argmin{ A\, f (wk, y) + §Hy —w|?:y € C}.
Step 3. Construct a half-space
Tk :{Z€H1 : <’U)k—Ak$k_ykaz_yk> SO},

where s € 0o f (Wi, Yr)-
Step 4. Solve the strongly convex program
2 = axgmin{& AL (s, 9) + 5y — well? -y € T},
Step 5. Solve the strongly convex program
ug = argmin{urg(Azk,y) + %Hu — Az|)? tu € Q).
Step 6. Construct a half-space
Sk ={v € Hy: (Azp, — ppri, — ug, v — ug) < 0},
where 1, € Oag(Azi, ug).
Step 7. Solve the strongly convex program
v = argmin{ogprg(uk, y) + %Hu — Az ||? s u € Si}.
Step 8. The next approximation xy41 is defined as

Tp1 = Po(zi + A" (v, — Azy)),

where
Prllvx — Az |? .
, if vy, # Azy,
e = 1A (v — Az)||? s
Dk, otherwise.

Step 9. Compute

min{)\k Bllwe = yxl* + [z — ysll*) }
Nesn = "2 [f(wr, 2x) = flwr, yx) — (Y, 2x)]
tan if f(wg, zx) — f(wr, yr) — f(yr, 21) >0,
Ak, otherwise,

and

: { (| Azp — url? + llox — url?) }
min q fu,
2[g(Azg, vx) — g(Azp, ur) — g(ug, vi)]
if g(Azg,vr) — g(Azk, ug) — g(ug, vi) > 0,
Mk otherwise.

Hik+1 =

Step 10. Put k:=k + 1 and go to Step 1.

Remark 3.3. i) The new control sequences {{;} and {oy} in Algorithm 3.2
are proposed to modify the subgradient extragradient method. Note that
if & = o = 1, for each k € N; then the modified subgradient extragradient
method which is included in Algorithm 3.2 reduces to the general situation
such as presented in [8].
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ii) The step sizes ng, Ak, and py in Algorithm 3.2 are self-adaptive, which
are introduced to provide Algorithm 3.2 without prior knowledge of the
operator norm of the bounded linear operator A, and the Lipschitz con-
stants of the bifunctions f, and g, respectively. This means Algorithm 3.2
automatically updates the iteration step sizes nx, Ax, and py by utilizing
some previously known data.

The following lemma is critical for analyzing the convergence of Algorithm 3.2.

Lemma 3.4. Let f: Hi x Hi — R and g: Hyx Hy — R be bifunctions which satisfy
(A1)—(A4), and A: Hy — Hj be a bounded linear operator with its adjoint operator
A*. Suppose that the solution set ) is nonempty. Let wy € Hy and Az, € Hy. If
Yk, 2k, Uk, Uk, Agt1, and pr41 are constructed as in the process of Algorithm 3.2,
then the following results hold:

BEk Ak
ool < o= plP (26— 52 ) s -l
k+1

o T e,
Akl

and

o — AplP? s|m%—Am2—<mﬂm—””mﬁnA%—uw2
Hk+1

o
_ (2 S 7’““’“) [k — vel|2,
Hk+1
Vp € Q.
Proof. Firstly, let us assert that C' C Ty, for each k € N. Let k£ € N be fixed and

y € C. By the definition of y; and Lemma 2.5, we have

1
0 € 0 { ) + gl — P+ Vet

Thus, there exists s € Oaf (wk, yr) and gx € Ne(yx) such that
AkSk + Yk — wg + g = 0. (3.2)
Tt follows from g € Ne(yx) that
(W, — Aisk — Yk ¥ — Yk) = (G, ¥ — yr) < 0. (3.3)
This implies that y € Tj,. Since k € N is arbitrary, we can conclude that C' C Tk,
for each k € N. Consequently, we can guarantee that Algorithm 3.2 is well-defined.
Next, we will show the conclusion of the Lemma by using the above facts. Let

p € Q. So,p e EP(f,C) and Ap € EP(g,Q). By the definition of z; and Lemma
2.5, we obtain that

1
0€ 0, {gk)\kf(ykazk) + §||Zk - wk|2} + N1y, (21)-

Then, there exists s € 02 f (yx, 2) and ¢ € N, (1) such that

ExAps + 2z —wi +q = 0. (3.4)
It follows from the subdifferentiability of f that
f(ykay)ff(ykazk) > <Sayfzk>7Vy€H' (35)

Additionally, from ¢ € Nr, (21), we have
<Qv2k - y> > O»Vy € Tk
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Combining with the equality (3.4), we get

(W, — 2k, 26 — Y) > EpAi (S, 2k — y), Yy € Tk. (3.6)
This together with the relation (3.5) yields that
(wi = zi; 2k = Y) 2 EARL (Yo 26) = f (Yo 9)], VY € T 3.7)

Indeed, from p € C' C T}, we obtain
(Wi — 2ks 21 — P) = Al (Yr, 26) — f(Yr,p)]-
It follows from the pseudomonotonic of f that
(Wi — 21, 21 — D) = 6w S (Yrs 28). (3.8)
Moreover, by utilizing the subdifferentiability of f and sx € Oa f (wg, yx ), we get
f(wr,y) = f(wi, ye) = (sk,y — yr), Yy € H.
So, from z € T}, C H, we have
fwi, 2k) = f(we, Yi) > (Sks 26 — Y)- (3.9)
Also, by using the definition of T} and z, € T}, we obtain
(Wg — NSk — Yk, 26 — Yx) <0
Due to the inequality (3.9), we get
Aelf (W 21) = f(wrs yx)] > (Ye — Wk, Y — 2)- (3.10)
Using this one together with the inequality (3.8), we have
Sl f (Wi 2) — flwisyk) — flyw, z1)] = (26 — wi, 2 — p)
+&n Yk — Wi, Y — 2x). (3.11)
On the other hand, from the definition of A;1, we observe that

W — 2 —Z2
flwn, ) = flwn) - Flon, ) < 2L =20 )

This together with the inequality (3.11) yields that

Bk ([lwe — yxll® + llye — 2xl?
(W — 2 25 — D) > En(Ys — Wi, Yo — 28) — Ee (] yrll® + lly I ).
2X k41

By using the above inequality, we note that
lwe = plI* = llwk = 26]* = llze = pI* = 2(wk — 2, 26 = p)
> 28k (Yk — Wk, Yk — 2k)
B (lwr — yill* + llye — z1?)

Ak+1

This implies that

IN

lwk — pl|? = llwk — 2kl1* — 2€6{yx — Wi, Yi — 21)
Bée e ([Jwr — yell® + llyr — 2xl?)
_l’_
Akt1
= lwr —plI* = llwe — 2el® + &kllwr — 2ell® — Eellwr — yrll®

2 2
M (|lwk — ykll® + |lye — 2
*Sk”yk _ Zk||2 + Bg (” Z;\ H ||y ” )
k+1

A
|Wk1W<&ﬁ&k>MmmV

Akl

2 — pII?
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- (5 - ﬁ)\fk)\k) lye = zxl® = (1 = &) llwy — 2]1*. (3.13)
k+1

We observe that
2
lwr = zll? < (lwk =yl + llys — 2z6l)” < 2 ([lws — yll® + llyx — 2:l7)
which together with the condition of parameter & € [1,00) implies that
—(1 = &)llwn, — zill? < =201 = &) (llwr — well® + llyr — 2)1%) -
Combining with the relation (3.13) implies that

BEkAk
ool <l pl = (26 - 52 )
k+1

- (2 — & — ﬂgk/\k) ke — 2.
Akt1

Similarly, we can show that

g
lon — Apl? < ||Azk—Ap|2—(2—ak—’”’“‘k) Az — el
Hk+1

g
_ (2 R W) ek — vi|?-
k+1

This completes the proof. O

Now, we are ready to analyze the convergence of Algorithm 3.2.

Theorem 3.1. Let f: Hi x H — R and g: Hy x Hy — R be bifunctions which
satisfy (A1) — (A4), and A: Hy — Hsy be a bounded linear operator with its adjoint
operator A*. Suppose that the solution set ) is nonempty. Then, the sequence
{zx} which is generated by Algorithm 3.2 converges strongly to the minimum-norm
element of €.

Proof. Let p € Q. That is, p € EP(f,C) and Ap € EP(g,Q). Firstly, we observe
that {\r} is a nonincreasing sequence. On the other hand, by the Lipschitz-type
continuity of f on Hy, there exists two positive constants ¢; and ¢y such that

Flwr, 2) = flwiye) = flyrsze) < eallwg — yel® + callye — 2|

< max {er, ea} (lw — yill* + llyr — z1%).
Thus, by the definition of \g, we obtain
. B . p
A > Ay —————————— ¢ > ... > A, ——————— 5.
= mm{ M omax {c1,ca} | T = A 2max {c1,c2}

This implies that {A\z} is bounded from below. Consequently, we have that the

limit of {A;} exists. Similarly, we can show that the limit of {yuy} exists. Thus, by

the assumptions on the parameter 8 € (0,1) together with the existence of klim Ak
— 00

and lim & = 1, we have
k—o0

BER Ak

Akt1

lim <2§k )1B>O.
k— 00
Then, there exists k; € N such that

B Ak

Akt1

2 &) — > 0,Vk > ky. (3.14)
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Additionally, by the conditions on the parameter v € (0,1) together with the
existence of lim pg and lim o = 1, we obtain that
k—o0 k—o0

Tim <2—0k— W’““’“) —1—>0.
k—>o00 Hi+1

Thus, there exists k3 € N such that

92— oy — LM 0,k > k. (3.15)
Hr+1
Choose ko = max{ki, k2}. Then, by using (3.14), (3.15), and Lemma 3.4, we have
lzx —pll < llwg —pll, (3.16)
and
low — Apl - < [|Az — Apl, (3.17)

for each k > kg.
Now, let us consider for each k € N such that k > ky. By the definition of xj,1
and the nonexpansivity of Po, we have

lorrs =pl? < (l(2k = p) + meA" (v — Azp)|1?
= |lze = pII® + nRll A" (vk — Azi)|
+2n,(Az, — Ap, v, — Az). (3.18)
Consider,
2(Az, — Ap, v, — Az) = 2(v, — Ap, v — Az) — 2|jvp — Az |]?

= |loe — Apl® — llog — Azi|® — || A2 — Ap||*.

Combining with the relation (3.18) implies that
lorrr = ol < ok =l = me (low — Azll® = mel| A" (or — Azi)|1?)
e ([lor — Apll* — || Az, — Apl|?).

This together with the relation (3.17) yields that

ok —plI* < lze —pI* —me (lvw — Azell® — mel| A" (ve — Aze)[1?) -

It follows from the choices of the parameters 7, and ¢y that

lzer = pI? < llaw = plI* = (1 — on) [Jox — Az 1? (3.19)
<z — ol (3.20)
Thus, the relations (3.16) and (3.20) imply that
241 —pll < [lwx —pl. (3.21)
In addition, from the definition of wy, we observe that
[we —pll = (11— ar)(@e —p) + (1 — ar)br(@r — Tp—1) — p||
< (I=aw)llze —pll + (1 = ar)billze — ze—1ll + cx|lpll

0
(1 = aw)llzx —pll + ax | (1 = ak)illwk — zp—all + ol (3-22)

Due to the choices of the sequences {6y}, we have

05 €k
1— o) 22 |y, — || < (1 — o) £
( ak)ak |z — zr—1] < ( ak)ak
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Using this one together with the fact that lim Gk _ 0, we get
k—o00

0
lm (1 — ag)—=|lzg — z5_1] = 0. (3.23)
k—>o00 Qe

Thus, there exists a constant M; > 0 such that
O
(1- Oék)OTkak — x| < M. (3.24)

This together with the relations (3.21) and (3.22) yields that

(1 = a)llex — pll + ax (M1 + [|pl])
max { ||z — pll, M1 + [Ip[l}

21 =

(VAN VAN VAR VAN

max {||zy, — pll, My + [|p[[} -

This implies that the sequence {|zx — p||} is bounded. Consequently, {zx} is a
bounded sequence.
Furthermore, the relations (3.22) and (3.24) imply that
lwi =l < [(1 = a)lax — pll + ar(M + ||pl)]?
= (1= ap)?[lzr —pl* + ar[2(1 — ) (My + [|p])l|zx — pll
+a (M + [|pll)?]
< g = pl? + axMs, (3.25)

where My = Sup {2(1 = ap)(My + [lp)l|#k — pl| + (M7 + [|p[)?} > 0. Thus, by
0

using the relations (3.20), (3.25), and Lemma 3.4, we have

BErA
s =plP < ool 4 o = (26— B g -
+1

@@%Mﬂmmzm? (3.26)
Ak+1

This implies that
A A
(26— 522 ) o -l + (2 6 - B2 ) = s

Ak+1 Ak+1
< lzx — plI* = llzesr — plI? + arMa. (3.27)

Next, to show that the sequence {xy} converges strongly to p := Pq(0), we will
consider the proof in two cases.

Case 1. Suppose that ||zx1 — p|| < [z — pl|, for all & > ko. This means
that {||zx — Pl|}k>k, IS & non-increasing sequence. Consequently, by utilizing this
one together with the boundness property of {||xx — p||}, we have that the limit of
lxr — p|| exists. It follows from the relation (3.27) and leII;o ay = 0 that

lim ||wx — yi|| =0, (3.28)
k— 00
and
lim |lyx — zx]| = 0. (3.29)
k— 00

These imply that

lim ||wg — 2| = 0. (3.30)
k— 00
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Additionally, from ||wg — 2| < Okl|xr — xp—1|| + arOkl|zr — 21| + g ||z, which
together with lim O||zx — zx—1|| = 0 and lim aj = 0 implies that
k—o0 k—o0

lim ||wg — 2| = 0. (3.31)
k—>o00

This together with (3.30) yields that

lim ||z — 2] = 0. (3.32)
k— o0
It follows from (3.29) that
lim ||z —y| = 0. (3.33)
k—> o0

On the other hand, we provide the following:
lww = BI> = [I(1 = ) (e = §) + (1 — an)Ox(zn — 2x1) — arpl?
< (1—an)llar — Bl +2(1 — ar)O(wx — 21, wk — P)
+2ak<7ﬁa Wk *ﬁ>

< (1 —a)llze — BI* + 2(1 — ar)brllze — ze—1 || lwi — Bl
+2a (=D, wi — k) + 20 (=D, Tk, — D)
< (1 —a)llze — BI* + 2(1 — ar)brllzr — ze—1 || |lwi — Bl

+20u [Pl wi — @kl + 20 () — P, —D)
_ O .
= (1—ap)llzx =Bl + o (2(1 - ak)akaﬂ?k — -1 |[|we — Pl
#2lllan - o] + 2o~ 5.~3) )
Using this one together with the relation (3.21), we have
~112 ~112 ak ~
lzes1 =27 < (1= aw)llze —p|” + o | 2(1 - ak);k||mk — xp—1|[[wr — P
#2lplllon ol + 2~ 7)) (3.34)

Furthermore, from (3.19), one sees that

(1 —or)llve — Azil? <z — pl* = |2ksr — pl|?
< (Ilzk — 2kl + llzx — pll = llZkt1 = pl) (2 — pl|
+@r1 — pll)-

Thus, by using (3.32) and the existence of klim lxx — P, we obtain
— 0
lim |jvg — Az = 0. (3.35)
k—> 00
On the other hand, from Lemma 3.4, we get that
Ok bk Ok MK
e L e (R I
Hk+1 Hk+1

< Az = Apll* = ok — Ap]?
= 1Az — vl (| Az — Apl| + [[ox — Apl))-

Then, applying (3.35) to the above relation, we have
lim |[Azk — ug| =0, (3.36)
k—> o0
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and

imfug = o] = 0. (3.37)
These imply that

Jim | Azi, — vl = 0. (3.38)

Now, let * € wy,(zx) and {z, } be a subsequence of {x } such that zj, — x*, as
n — co. We know that, by using (3.31), (3.32), and (3.33), we also have wy, — z*,
Yk, — «*, and z, — x*, as n — oco. This implies that Az, — Az*, as n — oo.
This together with (3.36) yields that w,, — Az*, as n — oo. Since C and @
are closed convex subsets, so C' and @ are weakly closed, therefore, z* € C and
Ax* € Q.

Next, in view of the relations (3.7), (3.10), and (3.12), we have

Ekn Men f Whnr ¥) = ke Moy f (s 28,) + (W, — 20,5 Y — 2k,)

> 6N 0y 28,) = G N F 0, — S o, — g
ey P = 1y = )
BEkn Ak
= &k Wk — Whes Yk — 2h) — : = Ukl
2k
A
%TWyf%WH%f%Mf%x (3.39)
2Ak, 41

for each y € C. Thus, by using (3.28), (3.29), (3.30), and the boundedness of {z},
we have the right-hand side of the above inequality tends to zero. It follows from
the sequentially weakly upper semicontinuity of f and the parameters &, , A\x, >0
that

0 < limsup f(yx,,y) < f(z*,y),Vy € C.

n—oo

Then, we showed that z* € EP(f,C). Similarly, we can show that

Ok, Mk,
Ok, My 9 (Uky s ) > Ok, (ug, — A2k, Uk, — vk,) — 772 P || Az, — g, |1?
Mk +1
Ok, Mk,
1—&w =k, 1+ (Azp, — v, u— ), (3.40)

2k,
for each v € Q. It follows from the facts (3.36), (3.37), (3.38), and the bounded-
ness of {vg} that the right-hand side of the above inequality tends to zero. Thus,
by utilizing the sequentially weakly upper semicontinuity of g and the parameters
Ok, > Mk, > 0, we have

0 < limsup g(ug, ,u) < g(Az",u),Vu € Q.

n—oo

Then, we show that Az* € EP(g,Q) and so z* € Q. This shows that w,,(zx) C .
Finally, by the properties of p := Py (0) and z* € w,(zr) C Q, we get
limsup(zy, — p, —p) = lim (xg, — p,—p) = (" — p,—p) < 0. (3.41)
k—o0 n—o0

Hence, by using (3.23), (3.31), (3.34), (3.41), and Lemma 2.6, we have
lim |z — p|| = 0. (3.42)
k—>00
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Case 2. Suppose that there exists a subsequence {||zx, —p||} of {||zx — P||} such
that
2k, — Pl < |lTki+1 — B, Vi € N.

According to Lemma 2.7, there exists a non-decreasing sequence {m,,} C N such

that lim m,, = oo, and
n—oo

[2m, =Bl < #m,+1 —pll and [[zn = pl| < [|@m, 41 = B[, VR e N (3.43)
Combining with the relation (3.27) implies that
(260 = B2 ), g P+ (2 6, = B2 )y, s 2
M +1 My +1
< llwm, = BI* = |#m,+1 = BlI* + am, Mo
<N#mps1 =Bl = [Zm,+1 = BI* + m, M2

= OlmnMQ.
Following the line proof of Case 1, we can show that

lim [wm, = Ym, | =0, Im_||ym, — 2m,[| =0, (3.44)

n—oo n—aoo
im_||wp, = 2m,[| =0, Im_|[[2m, = Ym, | =0, (3.45)

n—>oo n—mao0
lim  ||wWm, — Tm, || =0, Um ||um, —vm, || =0, (3.46)

n— 00 n—0o0
lim ||Azm, — Om, || =0, lim ||Azm, —Um, || =0, (3.47)

n—o00 n—oo
lim sup(z,, — p,—p) <0, (3.48)

n—oo

and

m,+1 =Bl < (1= am,)zm, —pI* + om, <2||l3||wmn — T, ||

0 - [
21 = e, ) 22 e, = 10, = B+ 2, 5 —p>)-

Mn

This together with the relation (3.43) yields that

@, +1 = B1* < (A= am,)lem,+1 = B + am, <2||15||me — T, ||

F2L = 0 ) 22, = 01l =1+ 2o, = 5,-7) ).
Using this one together with the relation (3.43) again, we obtain

_ _ O, .
lzw =Bl < 20Bllllwm, = @m, [l +2(1 = am,) = |2m, = Tm, -1 1w, — 5
+2<xmn - ﬁa _ﬁ>
Then, by utilizing (3.23), (3.46), and (3.48), we have
limsup ||z, — p||* < 0.
n—oo

Hence, we can conclude that the sequence {x,} converges strongly to p = Pn(0).
This completes the proof. O
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4. CONCLUSION

We present the algorithm for finding a solution of the split equilibrium prob-

lems for pseudomonotone bifunctions which satisfy Lipschitz-type continuous in
real Hilbert spaces. We consider both inertial and subgradient extragradient meth-
ods without the prior knowledge of both the operator norm of the bounded linear
operator and the Lipschitz constants of bifunctions for establishing the sequence
which is strongly convergent to a solution of the split equilibrium problems.
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