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ABSTRACT. In this thesis, we propose and analyze a new accelerated algorithm for
solving bi-level convex optimization problems in Hilbert spaces in the form of the mini-
mization of smooth and strongly convex function over the optimal solutions set which is
the set of all minimizers of the sum of smooth and nonsmooth functions. In addition,
we apply our algorithms to solve regression and classification problems by using machine
learning models. Our experiments show that our proposed machine learning algorithm has
a better convergence behaviour than the others.
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1. INTRODUCTION

Let H be a real Hilbert space equipped with an inner product (-, -). For a nonempty
closed convex subset C of H and let T': C' — C. A point « € C is a fixed point
of Tif Tx = xz. Welet F(T) := {zx € C: Tax =z}, the fixed point set of T. A
mapping T : C — C is said to be nonexpansive if | Tz — Ty|| < ||z — y||, Vz,y € C.
A mapping S : C — C is said to be a contraction if there exists § € [0, 1) such that
15(z) =Sl < 6|z —yll, Yo,y € C.

There are many iteration methods for finding a fixed point of nonexpansive map-
pings. In 1953, Mann[!3] showed an iteration process, which is defined as

Tnt1 = QpZp + (1 —ap)Ta,, n €N (1.1)
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where the initial value of x; is taken in C and {a,} C [0,1]. He proved a weak
convergence theorem of (1.1) in certain conditions on {ay,}. Later, Halpern]3]
presented the algorithm defined as follows

xg, 21 € C

Tnt1 = Qnzo + (1 — ap)Tx,, n €N (1.2)
where {a,} C [0, 1]. He obtained a strong convergence theorem of (1.2) under some

conditions on {ay,}. In 2000, Moudafi[14] introduced a viscosity approximation
method for a nonexpansive mapping as follows:

ro=x € C,
Tna1 = Qnf(xn) + (1 —ap)Txn, n >0 (1.3)
where f : C'— C is a contraction. He proved a strong convergence theorem of (1.3)
under some conditions on {a, }.
In 1974, Ishikawa [10] introduced two-steps algorithm given by
1 €C
Yn = Bnn + (1 — Bn)TTn,
Tyl = nZp + (1 — an)Tyn, n € N. (1.4)
In [1], Agarwal et al, introduced a new algorithm, called S-iteration, given by
r1 € C,
Yn = (1 = Bu)on + BnTTn,
Tnt1 = (1 —ap)Txn + ayTyn, n €N (1.5)
where {a,,}, {8} C [0,1]. They showed that the convergence behavior of the (1.5)

is better than the iterations of Mann and Ishikawa.
Now, let {T;,} be a sequence of nonexpansive mappings 7,, : C — C and let
oo

F = ﬂ F(T,) be the set of all common fixed points of T,,,n € N. Over the last
n=1
two decades, many mathematicians have turned their attention to finding a common

fixed points of {T}}.
Aoyama et al.[3] introduced a Halpern-type iterative scheme for finding a common
fixed point of a countable family of nonexpansive mappings {7} as follows :

xg € C,
Tpt1 = an® + (1 — ap) T, n>0 (1.6)
where z € C' is arbitrary and {a,} C [0,1].
Later, Takahashi [20] studied the following iteration scheme:
xg € C,
Tnt1 = @nS(zn) + (1 — ) Tn, n >0, (1.7)

where S is a contraction on C. He obtained strong convergence theorem of (1.7)
under some conditions.

In 2010, Klin-eam and Suantai [11] introduced and studied the following algo-
rithm:

xTo € C,
Yn = @nS(xn) + (1 — an)Thy,
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where S : C — C is a contraction and {ay,}, {8,} C [0,1]. They proved strong
convergence theorem of the sequence {z,} generated by (1.8) to a common fixed
point of {7}, } under some suitable conditions.

To speed up the convergence behavior of the iteration methods, Polyak [17]
introduced an inertial technique to improve the convergence behavior of the method.
Since then, this technique was used widely to accelerate the convergence behavior
of the studied methods.

Beck and Teboulle[5] introduced a fast iterative shrinkase-thresholding algorithm
(FISTA) as follows:

z1 =y €C, t;1 =1,

Yn = Tmna
1+ /1442 by —1
b1 = ———F—, h = ——,
2 tn+1
Tnt+1 = Yn + en(yn - yn—l)- (19)
They proved that rate of convergence of FISTA is better than the others.
In 2017, Verma and Shukla [23] introduced a new accelerated proximal gradient
algorithm (NAGA) as follows:
o, T1 € C
Yn = Tn + an(mn - wnfl)a
Tn+1 = Tn[(l - an)yn + O‘nTnynL (1-10)

where {6,},{a,} are sequences in (0,1) and W — 0. They proved a
convergence theorem of NAGA and applied this method to solve a non-smooth
convex minimization problem with sparsity-inducing regularizers for the multitask
learning framework.

Now, consider the the following bi-level optimization problem. Here is an inner
level problem,

(P) min {p(z) = f(x) +g(x)}

ESING

where f is convex and continuously differentiable function and g is an extended
valued (possibly nonsmooth) function. The following outer level problem

(MNP) minw (x)

where w is a strongly convex and differentiable function while X* is the, assumed
nonempty, set of minimizers of the inner level problem.

In 2017, Sabach and Shtern in [18] introduced a new method based on existing
algorithm, that they call it Sequential Averaging Method (SAM), which was de-
veloped in [24] for solving a certain class of fixed-point problems. For solving the
bi-level optimization problems (P) and (MNP), the Bi-Level Gradient Sequential
Averaging Method (BiG-SAM) was defined in [18].

Motivated by the above works, we are interested to introducing new accelerated
fixed point algorithm to solve bi-level convex optimization problems in Hilbert space
and analyze the convergence behavior of the proposed algorithm for data regression,
and data classification.

This paper is divided into three sections. The motivation of this work and some
literature reviews is given in the introduction section. In Section 2, we give some
preliminary materials containing useful definitions and lemmas which will be used
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for proving our main results. Finally, the main results and conclusion are in Section

3.

2. PRELIMINARIES

In this section, we introduce lemmas, definitions and theorems on a real Hilbert
space that will be used in this work. R stands for the set of real numbers and N
denotes the set of natural numbers. Throughout this section, we assume that H is
a real Hilbert space equipped with an inner product (-,-). We denote that x,, — x*
and x,, — z*, the strong convergence and weak convergence of a sequence {z,} to
a point z*, respectively.

Definition 2.1. Let C' be a nonempty sebset of H and x € H. If there exists a
point * € C such that

[o* =z <lly—=l, VyeC,
then x* is called a metric projection of x onto C' and is denoted by Pcx. The

operator Po is called the metric projection.

Theorem 2.1 ([22]). Let C be a nonempty closed convex subset of H. Then, for
any x € H there exists a metric projection Pox of x onto C' and it is unique.

Proposition 2.2 ([21]). Let C' be a nonempty convex subset of H and let © €
H,z* € C. Then,

¥ =Pex & (x —a*,y—a*) <0, VyeC.

Definition 2.3. A function f : R"™ — R is strongly conver with constant o > 0 if
for any z,y € R™ and X € [0, 1],

FO@ + (1= Ny) <M (@) + (L= NF) = 221 =N [|le -yl

In the case that f is differentiable, then f is strongly convex if and only if for
any z,y € R",

) = £@) = (Vi (@) y— ) + 2 lly — .

Definition 2.4. A mapping T : C — C' is said to be
(i) Lipschitzian if there exists 7 > 0 such that

1Tz =Tyl < 7llx—yll, Yo,y eC,

(ii) a contraction if T is Lipschitzian with the coefficient 7 € [0, 1),
(iii) nonexpansive if T is Lipschitzian with the coefficient 7 = 1.

Let T : C — C be a mapping. We say that an element z € C is a fixed point
of T if x = Txz. The set of all fixed points of T is denoted by Fix(T) = F(T) :=
{x € C: Tx =z} and is called the fized point set of T. Let {T},} and €2 be families
of nonexpansive operators of C' into C' such that @ # F(Q) C I := "2, F(T,),
where F(Q2) is the set of all common fixed points of Q, and let wy,(z,) denote the
set of all weak-cluster point of a bounded sequence {z,} in C. A sequence {T},} is

said to satisfy the NST-condition(I) with Q [16, 20], if for every bounded sequence
{z,} in C,

lim ||z, — Thz,|| =0 implies lim |z, — Tx,|| foral T € Q.

n—oo n—oo

If Q is singleton, i.e., Q = {T'}, then {7} is siad to satisfy the NST-condition(I)
with 7. After that, Nakajo et al. [8] presented the NST*-condition which is more
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general than that of NST-condition. A sequence {7} is siad to satisfy the NST*-
condition if for every bounded sequence {z,} in C,

lim ||z, — Thz,| = lim ||z, — 2py1| =0 implies wy,(x,) CT.
n—o0 n— oo

Theorem 2.2 (Banach Fixed Point Theorem). Let C' be a nonempty closed
subset of H. If T : C'— C' is a contraction, then T has a unique fixed point u € C.

Proposition 2.5 ([2]). Let C be a nonempty closed convex subset of H and Pc the
metric projection from H onto C. Then the following hold:

(a) Pc € C forallxz € H,

(b) Pc is firmly nonexpansive: (x —1vy, Pox — Pay) > ||[Pox — Poyl|® for all

z,y € H,

(¢) Pc is nonexpansive: |Pox — Pey| < ||l — y|| for all z,y € H,

(d) Pc is monotone: (Pcx — Poy,x —y) >0 for all x,y € H,

(e) Pc is demiclosed: x, — xo9 and Pox, — y = Pcxo = yo-

Lemma 2.6 ([6]). For a real Hilbert space H, let g : H — R U {oo} be a proper
conver and lower semi-continuous function, and f : H — R be convez differentiable
with gradient V f being L-Lipschitz constant for some L > 0. If {T,} is the forward-
backward operator of f and h with respect to ¢, € (0,2/L) such that ¢, converges
to ¢, then {T,,} satisfies NST-condition(I) with T, where T is the forward-backward
operator of f and h with respect to ¢ € (0,2/L).

Proposition 2.7 ([18]). Let w : R™ — R is strongly convezr with parameter o > 0
and let w is a continuously differentiable function such that Vw is Lipschitz contin-
wous with constant L,,. Then, the mapping defined by S = I — sVw, where I is the
identity operator, is a contraction for all s < 2/(L,, + o), that is

2s0L, "
o — sVw(z) — (y — sVw(y)| < \/1— —— e —yl, Yo,y eR™
o+ L,

Lemma 2.8 ([21],[22]). Let H be a real Hilbert space. Then the following results
hold:

(i) for allt €10,1] and z,y € H,
[tz + (1= 6)yl|* = tl|= ] + (1 = &) yll* — t(1 = ) & = y]|*;
(i) ||z + yllz = ||$||z +2(z,y) + ly|*, Yo,y € H.;
(iii) ||z +ylI” < [lzl]” + 2 (y,z +y).
The identity in Lemma 2.8 (¢) implies that the following equality holds:

laz + By +y2I* = a|ll* + Bllyl* + 7 1217 = @B llz = yll* = By lly — 2|” = ayllz — 2|,
for allz,y,z € H and o, 8,7 € [0, 1] witha+ 8+~ = 1. (2.1)
Lemma 2.9 ([19]). Let {an}, {bn} and {y.} be sequences of nonnegative real num-
bers such that
an+1 < (1 +yn)an + by, n €N

If >0 1 < oo and Y " 1 b, < 0o, then lim,, o a, exists.
Lemma 2.10 ([15]). Let H be a Hilbert space and {x,} be sequences in H such
that there exists a nonempty set I' C H satisfying

(i) for every p € T, lim,, o ||zn — p|| exists;

(#i) each weak-cluster point of the sequence {x,} is in T.
Then there exists x* € I' such that {x,} weakly converges to x*.
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Proposition 2.11 ([6]). Let H be a Hilbert space. Let A : H — 2% be a mazimally
monotone operator and B : H — H an L-Lipschitz operator, where L > 0. Let
T, = J)fln (I —A\uB), where 0 < X\, < % foralln > 1 and let T = ij‘ (I — A\B),
where 0 < X < 2 with A, — X. Then {T,,} satisfies the NST-condition(I) with T.

Lemma 2.12 ([7]). Let H be a Hilbert space and T : H — H a nonezpansive
mapping with F(T) # &. Then the mapping I — T is demiclosed atl zero, i.e.,
for any sequences {xn} in H such that x, = v € H and ||z, — Tx,| — 0 imply
x e F(T).

Lemma 2.13 ([4],[25]). Let {sn},{&n} be sequences of nonnegative real numbers,
{6n} a sequence in [0,1] and {t,} a sequence of real numbers such that

Snt1 < (1= 6p) 8 + Intn + Ens
for all n € N. If the following conditions hold:
(1) 3ope1On = 00;
(i) 220:1 &n < 005
(#3) limsup,, . tn <O0.
Then lim s, = 0.

Lemma 2.14 ([12]). Let {®,} be a sequence of real numbers that does not decrease
at infinity in the sense that there exists a subsequence {@nj} of {®,} which satisfies
®,,, < @y, 41 for all i € N. Define the sequence {w(n)}nZnO of integers as follows:

Y(n) :=max{k <n: P, < Ppiq},
where ng € N such that {k <ng: ®p < Ppy1} # . Then the following hold:

(i) ¥(no) < P(no +1) <---and (n) — oo;
(i) Pymy < Pymy4+1 and P, < Pyy41 for all n > ny.

3. MAIN RESULTS

In this section, we first introduces a new algorithm for finding a common fixed
point of a family of nonexpansive mappings in a real Hilbert space and then prove
its strong convergence under some suitable conditions.

Here we propose a new accelerated algorithm for approximating the solution of
a common fixed point problem:

Let H be a real Hilbert space. Let {T,} be a family of nonexpansive mappings
on H into itself. Let f be a k-contraction mapping on H with k£ € (0,1) and let

{m} € (0,00) and {an}, {Bn}, {7} C (0,1).

Next, we prove the convergence of the sequence generated by Algorithm 1.

Theorem 3.1. Let T : H — H be a nonexpansive mapping with Fiz(T) # &
and f: H — H be contraction mapping with the constant k € (0,1). Assume that
@ #+ F(T) C,—, F(T,) where {T,} satisfies NST condition-(I1) with T. Let {x,}
be a sequence generated by Algorithm 1 such that the following additional conditions
hold:

(1) lim, oo np =0,

(2) lim,, oo 0, =0 and Y07 a, = 00,

(3) 0 < a<, for some a €R,

(4) 0<b< By <ap+ B <c<1 for someb,ceR,
then the sequence {x,} converges strongly to w € F(T) C (.2, F(T,)) where u =
Prr) f(u)
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Algorithm 1 :
Initialize: Take zo,x1 € H. Let {u,} C (0, 00).

For n # 1:
Set
o — min {,un, %} if x, # Tp_1;
=
Lhn otherwise.
Compute

Yn = T + O (zn - In—l)
Zn = ’Ynf(yn) + (1 - 'Vn)Tnyn
Tn+l = (1 — 0y — ﬂn)yn + apzy + ﬁnTnyn

Proof. Let u = Pp(r) f(u).
First we prove that the sequence {z,} is bounded.
By the definition of y,, and of z,, we have

[yn — ull = 20 + On (20 — Tn—1) — u|

< |l@wn — ull 4+ On |2n — 1], YR > 1, (3.1)

and

zn = ull = llvnf (yn) + (1 = vn)Tnyn — ull
S lf(yn) —ull + (1= 7)) [ Toyn — ul
< ([ (yn) = F@) + 3 1 (@) —wll + (L= 3) 1 Tan —ull - (3:2)
< Wk llyn = ull + 9 1f (w) = ull + (1 =) lyn — ul
= (1 =@ =kE)ym) llyn — ull +vn [[f (W) —ull, Vn = 1.

From (3.1) and (3.2), we have

[Znt1 — ull = [lanzn + BrTnyn + (1 — an — Bn)yn — ul|
< lan(zn = u) + Bp(Tayn — u) + (1 — an — Bn)(yn — )|
< an [lzn = ull + Bn [ Toyn — ull + (1 = an = Bn) llyn —ul|
< an (1= (1= K)yn) lyn = ull + v [|.f (w) = ul]) (3.3)
+ B llyn —ull + (1 = an — Bn) [lyn — ull

< an(l = (1 =F)v) llyn — ull + anyn [[f (u) —ull + (1 = an) [lyn — ull
= (1= (1 = k)anyn) lyn — ull + anyn | f(w) — ull

< (1= (1 =K)anm) (lzn — ull + 0n |20 — nall) + anyn [1f(u) —uf
=1 =1 =k)anyn) [2n —ull + (1 = (1 = k)any)0n |20 — 2o

+ oy || f (w) = ul
=1 =1 =k)anyn) [l2n —ull
(1_ (l_k)an'Yn) . 0 Hf(u) _UH

— [z — zna |l +

1—Fk)anvn )
+( )a k (17]{:)711 (7% 1—-k&

forall n>1
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As specified by the definition of §,, and the assumption (1), we have
On,

— ||xn — pn-1]] = 0 as n — oo.
an

Then there exists a positive constant M7 > 0 such that

0
— lzn — zp_1] < My, ¥n > 1.
an

From (3.3), we obtain

[€nt1 = ull < (1= (1 = K)anm) |z, — ul|

1= b [ £ L)l

=k 1-k

pMy + |[f(u) — uf
1-k

= (1= (1= K)ann) l2n — ) + (1 = B)arnya [

pMy + || (u) UII}
1-k

< max {”:L‘n —ul|,

M- —

where p = sup{w/w in € N}. This implies that the sequence {z,} is

bounded, so are {y,}, {zn}, {f(yn)} and {T,y.}.
On the other hand, we have

lyn = ull® = Nl + 6 (20 = T01) = ul®
= [[(@n — 1) + 0n (2 — z01)| (3.4)
< lzn — U||2 + 20, [|zn — ul| [|2n — zp—a || + 9% 2 — l'n—1||2
By Lemma 2.8 (i), (3.1) and (3.2) we have
1 — ull’ = lanzn + BuTugn + (1 — @ — Bl — ull
= llen [y f (yn) + (1 = ) Toyn — ul + Bn(Toyn — u)
+ (1= an = Ba) (yn — )||”
= llem [y (f(yn) = f(w) + (f(u) = u) + (1 = 70) (Tnypn — )]
+ Bal(Tuyn — w) + (L = an = B2) (yn — )||”
Flyn) = F(w) + (1= 7n)(Toyn — u)] + anyn (f (u) — w)
(
)

(
= [lozn [7n(
+ Bu(Tuyn — u) + (1 = ay = B) (g — w)|” (3.5)
< len [y (f (yn) = f(w) + (1 = 70) (Tnyn — w)] + Bn(Tnyn — u)

+ (1= an = Bn) (yn — W)lI* + 2007 (f (1) = w41 — w)
< an [ (f () = £(w) + (1 = 7) (Tagn = w)|I” + By [ T — ul®
+ (1= an = B) llyn — ul® + 2007 (f (1) = 4, @ns1 — u)
< @ 1 (yn) = F@)I* + (L = 70) 1 Tagn — ull® + Ba llyn — ul®
+ (1= an = Ba) llyn — ul® + 207 (f (1) = v, @ng1 — u)

2 2 2
< anYnk |yn —ull® + an (= v0) lyn —ul” + (1 — ) [[yn — u|
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+MmMﬂw—w%H—w
= (1= Fawy) v = ul* + 2007 (F(0) = w41 — 1)
< (1= (1= Kanya) (llen = ull® + 200 20 = ull 20 = 201l 463 e = 201
(
k)

/\

+ 200V (f (1) = w, 2nyy —w)
< (1= (1= B)awm) l2n — ull® + (1 = (1 = K)antn) [ 20 — 201 2 120 — u]
+ On [lzn — zn-all] + 200 (f (1) — v, Tpg1 —u) .
Since
On |Tn — Tp—1|| = anZ—: |Xn — Zp_1] — 0 as n — oo,
there exists positive constant My > 0 such that
On |20 — 1] < Ma, Vn > 1.

From the inequality (3.5), we get that for n € N,

[@n41 — u|| (1= (1 =k)anyn) lzn — u||2 +3M5(1 = (1 = k)anyn)bn |0 — 2n_1]|
+ 200 Tn <f(u) — U, Tp41 — u) (36)
= (1= Q1= k)anyn) lzn — u||2

3M3(1 — (1 —k)anyn) On
L= Dy, | SEEL O By gy
2
1% (flw) —u,zns1 — U>]
< (1= (1= k)agmm) e, —ul®
3M3,0 On
+ (1= k)onn [(1 — k) ’ P [0 = 2n-1]l + 1—% (f(u) —u,zpi1 —u)

where M3 = max {sup,, ||z, — u|, M2} . From above inequality, we set

Sn = Hxn - U'”2 y Op 1= an’Yn(l - k)
and
3M3p Gn 2
ty = (17‘1{:) . ;n ||xn_$n71H +ﬂ<f(u) — U, Tp+1 _U’>7 Vn >1
then, we obtain
Snt1 < (1= 6,)8n + Ontn, Yn>1. (3.7)

Now, we consider the following two cases.

Case 1. Suppose that there exists a natural number ng such that the sequence
{llz — ull}, >, is nonincreasing. Hence, {||z,, — ul|} converges due to it is bounded
from below by 0. Using the assumption (2) and (3), we get that » .~ , §,, = co. We
next claim that

limsup (f(u) = u,Tn41 —u) <O.

n—»o0
Coming back to the definition of @, 1, by Lemma 2.8 (i) and (3.4), one has that
[p41 — u||2 = [lanzn + BpTnyn + (1 — an — Bn)yn — u||2
2 2
< an llzn = ull® + Ba 1 Tuyn = ull® + (1 = an = Ba) llya — ul
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— Bl = an — By) lyn — Tuynl?
< a [lzn = ull® + Ba llyn — ull* + (1 = 0 = Bn) llyn — ul®
= Bu(1 = o — Bn) lyn — Tuynll® (3.8)
< a [z — ull® + (1 — ) [lyn — ul)?
— Bn(1 = an = B) lyn — Tuynl?
< an [llz0 = ul = llgn = wl?] + llzn = ul?
+ 20, |lzn — ull [|2n — Tn-1]]
+ 07 ||z, — xnleQ = Bn(l = an = Bn) [lyn — TnynHz
It implies that for all, n € N,
Bl = 0w = Ba) lym = Tl < {12 = ul* = s —
+ |z — ull® = [|zpgr — ul® (3.9)
+O0n |0 — 2p_1|| 2|20 —ull + 0n |20 — zp1]])

It follows from the assumption (4) and the convergence of the sequences {||x,, — u||}
and 0, ||x, — xn—1]| — O that

lyn — Thynll — 0 as n — oo. (3.10)
According to {7} satisfies NST-condition(I) with T, we obtain that
lyn — Tynl| — 0 as n — occ. (3.11)

By the definition of z, and x,1, we have
lZn+1 = Ynll = llan(zn — yn) + Ba(Tuyn — yn)ll
< an [lzn = ynll + Bn | Tnyn — ynll (3.12)
= an [[7(f(¥n) = yn) + (1 = %) (Tatin — Yu)ll + Br | Tnyn — ynl|
< Yo [[f(yn) = Ynll + (1 = ) [Ty — yu)ll + Bo | Tnyn — ynll -
This implies by (3.11) and 7,, — 0 that
|Znt1 — yn]l — 0 as n — oo.

By the definition of y,, we obtain

lyn — znll = On || Tn — Tn-1]| = 0 as n — oco. (3.13)
Hence
2041 = Znll < lZnt1 = ynll + lyn — znll — 0 as n — oc. (3.14)
Let
v =limsup (f(u) — u, Tpi1 — u) . (3.15)
n—so0

So, there exists a subsequence {x;} of {z,} such that

v = limsup (f(u) — u,x441 — u) . (3.16)
t— o0

Since {z:} is bounded, there exists a subsequence {z}} of {x;} such that 2} =~ w €
H. Without loss of generality, we may assume that z; — w.

v =limsup (f(u) — u, Ter1 — u) .
t— o0

From (3.11) and (3.13), we derive
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< 2||zn, — Ynll + [|lyn — Tynll — 0,a8 n — 0.

It implies by Lemma (2.12) that w € F(T). Since |41 — 2n|| — 0, we get
Ty11 — w. Moreover, using u = Pp(7)f(u) and Proposition 2.2 , we obtain

v =limsup (f(u) — u,xey1 —u) = (f(v) —u,w —u) <O0. (3.18)
Hence
v =limsup (f(u) — u, 241 —u) <O0. (3.19)

This implies by (3.19) and using the fact of Z—’; |€n — Zn—1]| = 0 that limsup,,_, . t, <
0. So, from (3.6) and using Lemma 2.13, we obtain that x,, — w.

Case 2. Suppose the sequence {||z,, — ull},,, is not a monotonically decreasing
sequence for a a sufficiently large ng. We set

® = ||z, —ul]®.

So, there exists a subsequence {@nj} of {®,} such that ®,,, < &, for all j € N.
In this case, define it as ¢ : {n:n >no} — N, by

(n):=mar{k e N:k<n, &, < Ppi1}.
By Lemma 2.14, we have that @) < ®y )41 for all n > ng. That is

7o) = ull < ll@pmer = ull, vn = no.

As we know from Case 1, we obtain that for all n > ng,

Buom (1 = umy = Buem) [Wwem = T |I* < apeny 1200 = wll” = g — ull’]
|z = ull” = 2y — vl
+0y() [[Tp(m) = Ty
X (2|2 —ul|
+ Oy [T p(n) = Ty(m)-1]])

< oy [l2vem = ull” =y —ul’]
+0y(n) [[Tp(m) = Ty
X (2 |2y — ul|

+ Opn) [|Ten) — Tyimy-1]])
which implies

||y7/J(n) — Tw(")yw(")H — 0 as n — oo. (320)
Similar to the proof in Case 1, we have
Hscd,(n)ﬂ — yd)(n)H — 0 as n — o0 (3.21)
and
Hyw(n) — J}w(n)H — 0 as n — . (3.22)

Hence

Hmw(n)ﬂ - m¢(n)|| — 0 as n — oo. (3.23)
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Next, we show limsup,,__, <f(u) — Uy Top(n)+1 — u> < 0. Put
v = limsup <f(u) — U, Typ(n)41 — u>
n—ro0

Without loss of generality, there exists a subsequence {x¢(t)} of {fﬂw(n)} such that
{xw(t)} converges weakly to some point w € H and

v= tgnm <f(u) = U Top(t)+1 — u> .

By Lemma 2.12, one has {Tw(t)} satisfies NST-condition(I) with T, so according
to the equality (3.20), ||yw(t) — Ty Yu(t) H — 0 as n — 0o, we obtain that

vty = Ty || — 0 as n — oo (3.24)

which implies, by (3.22) and Lemma 2.12 again, that w € F(T). Since wa(t)ﬂ — Ty (t) || —
0, we get @y 41 — w. Further, using v = Pp(r) f(u) and Proposition 2.2, we get

v= tgnoo (f(u) —u,xpmy41 —u) = (f(u) —u,w—u) <0 (3.25)
Then
v = limsup <f(u) — U, Typ()41 — u> <0 (3.26)
t—r o0

Since @y < Pyy41 and ay)(1 — k) > 0, as in the proof in Case 1, we have for
all n > ng,

3Mso 0, 2
O = a _Sk) o lzo) = 2yl + 7= (F) = w2y —w)

(3.27)

In fact we have that 2—’; |z — 2n — 1]] — 0 and (3.26)
lim sup wa(n) - uH2 <0
n—>oo

so we get ||x¢(n) — u“ — 0 as n — oo.
This implies by (3.23) that wa(n)—s-l — u” — 0 as n — oo.
By Lemma 2.14, we get
2 — ull < [|ymye1 —ul| — 0 as n — oo.
Hence z,, — u. The proof is completed. O

We now consider the following bi-level convex minimization problem:

Jnin w(z), (3.28)
where X* is the optimal solution set of problem (3.29). We let © be the set of all
solutions of (3.28). For the objective function w of problem (3.28) we make the
following assumption.

Assumption 1.

Cl. w:R™ — R is strongly convex with parameter ¢ > 0,
C2. w is a continuously differentiable function such that Vw is Lipschitz con-
tinuous with constant L.

For the problem
X* = arcmin (f(z) + g(x)) (3.29)

zER™

we assume the following assumption:
Assumption 2.
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Al. f:R™ — R is convex and continuously differentiable,
A2. Vf is Lipschitz continuous with constant L.
A3. g:R"™ — (—o00, o0] is proper, lower semicontinuous, and convex.

Now, we are ready to introduce an algorithm for solving problem (3.28)

Algorithm 2 :

Input: c€ (0,2/Ly), s € (0,2/(Ly, + o))
Initialize: Take xg,z1 € R™. Let {u,} C (0,00).

For n > 1:
Set
0 — min {,un, %} if x, # Tp_1;
=
Ln otherwise.
Compute

Yn = Tn + 9n (an - $n71>
Zn = Yn(I — sVW)(Yn) + (1 = vn)proxe, (I — cnV f)yn
Tn+1 = (1 — Qp — Bn)yn + apzy + BinOIcng(I - Cnvf)yn

We obtain the following result as a consequence of Theorem 3.1

Theorem 3.2. Let w : R™ — R be a function satisfying the assumption 1. Let
f:R" = R and g : R" = (—o0,00] be function satisfying the assumption 2. Let
{cn} be a sequence of positive real numbers in (0,2/Ly) and let ¢ € (0,2/Ly) such
that ¢, — ¢ as n — 0o0. Then the sequence {x,} generated by Algorithm 2 with
the same conditions as in Theorem 3.1 converges strongly to u €

Proof. Put T,, = proze, (I —cpnVf),n € N, and T = proz.y,(I — ¢V f). By Proposi-
tion 2.11 we know that {7),} satisfies the NST condition-(I) with T. We also know
that T;, and T are nonexpansive mappings. It follows directly from Theorem 3.1 that
{z,} converges to u € F(T) = arc;g%{gl (f(z) + g(x)) such that u = Pp(r)f(u). By
- ek
It remains to show that n € Q. By using u = Pp(7)f(u) and Proposition 2.2, we
obtain

Proposition 2.7 f := I — sVw(x) is a contraction with parameter k =

u = Ppiryf(u) & (f(u) —u,z —u) <0, Vze F(T)
S (u—sVw(u) —u,z —u) <0, Vze F(T)
& (—sVw(u),z —u) <0, Vze F(T)
!

sVw(u),z —u) >0, Vze€ F(T)
< (Vw(u),z—u)y >0, Vze F(T)=X"

Hence, u is the optimal solution for the problem (3.28). Therefore, z, — u €
Q. O

3.1. Numerical Results. In this section, we apply our algorithms, Forward-backward
Algorithm, FISTA and NAGA to solve some classification problems based on the
method proposed by Huang et al [9], which is called extreme learning machine
(ELM). It is formulated as follows:
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Let {(xg, tg) : xp € Rt € R™ k =1,2,..., N} be as set of N samples where z;,
is an input and ty is a target. A simple mathematical model for the output of ELM
for SLFNs with M hidden nodes and activation function G is defined by

M
0; = Y miG ((wi,x;) +bs),
i=1

where w; is the weight that connects the i-th hidden node and the input node, n;
is the weight connecting the i-th hidden node and the output node, and b; is the
bias. The hidden layer output matrix H is defined by

G((wi,21) +b1) - G({wi,21) +bumr)
H= : . :
G ((wi,zn) +b1) - G{wpm,zN)+by)
The main objective of ELM is to calculate an optimal weight n = [77{, s ,nﬁ]T

such that Hpy = T, where T = [tT, ... t5]7 is the training target.

In machine learning, fitness of model is very important for accuracy on training
sets. Overfitting model cannot be used to predict unknown data. In order to
avoid overfitting, we use most popular technique which is called the least absolute
shrinkage and selection operator (LASSO). It can be formulated as follows:

Minimize:||Hn — T2 + A|9]l1, (3.30)

where X is a regularization parameter.
If we set f(z) := |Hn — T3 and g(x) := M|n||1, then we know that Vf(z) =
2H” (Hz — T) and Lipschitz constant of v fis L = 2|/H]|2.

Hence, we can use our algorithm as a learning method to find the optimal weight
1 and solve classification problems.
Following we consider two data sets:

(i) Iris data set : Each sample in this data set has 4 attributes, and the set
contains 3 classes with 50 samples for each type.

(ii) Heart disease data set : This data set contains 303 samples each of
which has 13 attributes and 2 classes of data.

Data preparation technique : k-fold Cross-validation (k = 10)

Algorithms :

(i) Our Algorithm (Algorithm 3)

(ii) Forward-backward Algorithm (Algorithm 4)
(iii) FISTA (Algorithm 5)

)

(iv) NAGA (Algorithm 6)
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Algorithm 3 :

1: Input zg, 21 € R™, i, N, ¥n € (0,00), pr € (0, 2) and a,, B, ¥ € (0,1), for

T
n €N,
0. — min{,una Hlﬁ%u}’ Tn 7& Tn—1,
" s otherwise.

Yn = Tn + 9n(£n - Jjn—l)a
zn = Ynh(yn) + (L — vn)prozp, o(Yn — puV f(Yn)),
Tn+1 = (]- — O — Bn)yn + anzp + 5np7“095cng([ - Cnvf)yru

Algorithm 4 Forward-backward Algorithm

1: Input zo € R",p, € (0,2), for n €N,

Tn4+1 = pTOJ?png(J?n - anf(xn))’

Algorithm 5 FISTA

1: Input y; =x9 € R", and t; = 1, for n € N,

Lt

Yn = prox%g(l’n -7

1++/1+422 g _tn1
2 )

n

tn+1 -

Tptl = Yn + en(yn - yn71)>

Algorithm 6 NAGA

1: Input xg,2; € R, 0,, > 0,0, € (0,1), p, € (0, %), for n € N,
Yn = Tn + O, (xn, - xn—l);
Zn = (1 - O‘n)yn + O‘nproxpng(yn - anf(yn))»

Tpt1 = proxpng(zn — PV f(2n)),
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e Chosen parameters of each algorithm :
Contraction mapping : h(z) = 0.9z
Regularization parameter : A = 0.0333
Hidden nodes : m = 30

n = 5000 and p,, = %

. 108

Algorithm 3 - 6, = § M09 Sa—— Ik o # @,
0.9, otherwise.
n

3n+1

In

10(n+1)

1 1
Ay = 5 ﬁn = s Tn = 0.5 + —.
3n n

NAGA : 0, =09, a, =

TABLE 1. The performance of each algorithm at 5000th iteration
with 10-fold cv. on Iris data set

Algorithm 3 Algorithm 4 Algorithm 5 Algorithm 6

acc.trainacc.test| acc.trainacc.test| acc.trainacc.test| acc.trainacc.test

Fold 1 99.26 100 96.30 100 97.78 100 98.52 100
Fold 2 98.52 100 97.04  93.33 | 97.78 100 97.78 100
Fold 3 99.26 100 96.30 100 97.78  93.33 | 97.78  93.33
Fold 4 99.26 100 95.56 100 97.78 100 97.78 100
Fold 5 99.26 100 96.30 100 98.52 9333 | 99.26  93.33
Fold 6 100 93.33 | 97.78  86.67 | 99.26  93.33 100 93.33
Fold 7 99.26 100 97.04 100 97.78 100 97.78 100
Fold 8 97.78  93.33 | 95.56  86.67 | 97.78 100 97.78 100
Fold 9 99.26 100 96.30  86.67 | 98.52 93.33 | 98.52 93.33
Fold 10 99.26 100 96.30 100 97.78 100 98.52 100

Average acc.  99.11  98.67 | 96.44 9533 | 98.07 97.33 | 98.37 97.33

Time 0.1750 0.0986 0.1055 0.1702

We observe from Table 1 that Algorithm 3 has the highest accuracy. It performs
better than the other three algorithms.
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Next we focus on bi-level minimization problem

min w ()

weX*

where X* = arcmin (f(x) + g(x)) with f(8) = min |[HB — T||3 and g(8) = \||B]|.

TER™

1
In case of A =I,xn, we can reduce the outer level to w(x) = §||x||§ with
L,=1 k=1

In our problem, we are interested to use w(8) = 3|3/|3 and we aim to compare
performance of our algorithm (Algorithm 2) and BiG-SAM (Algorithm 7)

Algorithm 7 BiG-SAM
1: Input z9 € R",~v, € (0,1),a € (0, L%] and s € (0, ﬁ), for n € N,

Yn = Protag(Tn — aV f(z,)),
Tpg1 = Yn(zr — sVw(zk)) + (1 — 7)Yk

e Chosen parameters of each algorithm :

e Regularization parameter : A = 0.0333
e Hidden nodes : m = 30
e n = 300, pn:%fand s =

S

108
min{0.9, —— ||}, Zn # Tn-1,
Algorithm 2 : 6, = { n3||xy — Tp_1 Iy a !
0.9, otherwise.
1 n 1
n—5 1y MPn— 5 <5 In— 0.5.
@ 3n A 3n+1 R n +
1 1
BiG-SAM : a=—, 7, = —

Lf TL.
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TABLE 2. The performance of each algorithm at 300th iteration
with 10-fold cv. on Iris data set

Algorithm 2 Algorithm 7
acc.train acc.test acc.train acc.test
Fold 1 88.89 86.67 80.74 80
Fold 2 89.63 93.33 80.74 80
Fold 3 88.15 100 81.48 86.67
Fold 4 88.15 100 80.74 86.67
Fold 5 87.41 86.67 80.74 80
Fold 6 88.89 73.33 80.74 73.33
Fold 7 90.37 86.67 75.56 86.67
Fold 8 90.37 86.67 77.78 80
Fold 9 89.63 80.00 80.74 73.33
Fold 10 88.89 80.00 81.48 73.33
Average acc. 89.04 88.67 80.07 80
Time 0.0079 0.0032

TABLE 3. The performance of each algorithm at 300th iteration
with 10-fold cv. on Heart disease data set

Algorithm 2 Algorithm 7
acc.train acc.test acc.train acc.test
Fold 1 81.68 90.00 79.49 86.67
Fold 2 81.62 83.87 80.15 77.42
Fold 3 81.99 80.65 80.51 77.42
Fold 4 83.09 83.87 81.25 80.65
Fold 5 81.32 90.00 79.85 83.33
Fold 6 82.05 83.33 79.85 76.67
Fold 7 81.68 86.67 79.49 86.67
Fold 8 83.15 66.67 80.95 66.67
Fold 9 82.78 70.00 81.32 70.00
Fold 10 82.42 83.33 80.22 83.33
Average acc. 82.18 81.84 80.31 78.88
Time 0.0070 0.0033

In Table 2 and Table 3, we compare accuracy of Algorithm 2 with Algorithm 7
for different data sets. For Iris data set we achieve a testing accuracy of 89.04 and
for Heart disease data set we achieve a testing accuracy of 82.18. In both cases, our
proposed algorithm (Algorithm 2) has a better accuracy than Algorithm 7.

4. CONCLUSION

We introduced a new accelerated fixed point algorithm to find a common fixed
point of a family of nonexpansive mappings in a real Hilbert space. First, we prove
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a strong convergence in Algorithm 1. Next, we prove strong convergence theorems

in

Algorithm 2. We applied our algorithm to solve the regression and classification

problems. From our study, we obtained highest performance than the other methods
shown in Section 4.
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