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ANOTHER HYBRID CONJUGATE GRADIENT METHOD FOR
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ABSTRACT. Conjugate gradient method is one of the most useful method for solving large
scale unconstrained optimization problems. In this article a new hybrid conjugate gradient
method that satisfies the descent condition independently of the line searches is proposed.
In particular, it is a hybrid of the Fletcher­Reeves (βFR

k ) and Polak­Ribiere­Polyak (βPRP
k )

methods. Convergence analysis of the new method is presented. Numerical results of the
method show that the proposed hybrid algorithm is just as competitive.
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1. INTRODUCTION

Conjugate gradient methods (CG) are very useful in finding the optimal solution
to the unconstrained optimization problem

min{f(x) : x ∈ Rn}, (1.1)

where f : Rn → R is the objective function and is continuously differentiable.
Conjugate gradient methods are the most preferred methods for solving large scale
unconstrained problems because, unlike Newton and Quasi­Newton methods [4,
13, 23], they only need the first derivatives and hence less storage capacity is
needed. They are also relatively simple to program.

Given an initial guess x0 ∈ Rn, the CG method generates a sequence {xk} for
problem (1.1) as

xk+1 = xk + αkdk, k = 0, 1, 2, . . . , (1.2)

where αk is a step length which is determined by a line search and dk is a descent
direction of f at xk. The step length αk is obtained by carrying out an exact or
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inexact one dimensional line search. If exact line search is used, then αk is such
that

f(xk + αkdk) = min
α≥0

f(xk + αdk). (1.3)

As for inexact line searches, we have the Amirjo condition [4, 23], which requires
αk to satisfy

f(xk + αkdk) ≤ f(xk) + µαk∇f(xk)
T dk, (1.4)

and the standard Wolfe conditions [4, 23], which require αk to satisfy (1.4) and the
curvature condition

∇f(xk + αkdk)
T dk ≥ σ∇f(xk)

T dk, (1.5)

where 0 < µ < σ < 1. Strong Wolfe conditions have also been used in a number of
papers and are given by (1.4) and

|∇f(xk + αkdk)
T dk| ≤ −σ∇f(xk)

T dk, (1.6)

again with 0 < µ < σ < 1. The search direction dk for CG methods is generated as

dk =

{
−gk, if k = 0
−gk + βkdk−1, if k ≥ 1,

(1.7)

where gk = ∇f(xk) is the gradient of f at xk and βk is a scalar, known as the
conjugate gradient coefficient. Different choices of the conjugate gradient coefficient
βk lead to different CG methods. Some of the well­known CG methods include the
Hestenes­Stiefel (βHS

k ) method [3, 8, 18], the Polak­Ribière­Polyak (βPRP
k ) method

[11, 15, 16, 23, 24, 26], the Fletcher­Reeves (βFR
k ) method [11, 13, 14, 23, 25, 28],

the Liu­Storey (βLS
k ) method [3, 19], the conjugate descent (βCD

k ) method [3, 13]
and the Dai­Yuan (βDY

k ) method[6, 8, 10, 11]. The conjugate gradient coefficient
βk for these mentioned CG methods are, respectively,

βHS
k =

gTk (gk − gk−1)

dTk−1(gk − gk−1)
, (1.8)

βPRP
k =

gTk (gk − gk−1)

||gk−1||2
, (1.9)

βFR
k =

gTk gk
||gk−1||2

, (1.10)

βLS
k = −gTk (gk − gk−1)

dTk−1gk−1
, (1.11)

βCD
k = − gTk gk

dTk−1gk−1
, (1.12)

βDY
k =

gTk gk
dTk−1gk−1

, (1.13)

where || · || represent the norm of vectors.
It has been shown in the literature that although the above formulae are equiv­

alent for the quadratic functions, their performance strongly depends on the coef­
ficient βk. The CG methods βFR

k , βCD
k and βDY

k possess strong global convergence
properties [1, 5, 8, 7, 17, 23], but have less computational performance. On the
other hand, the βPRP

k , βHS
k and βLS

k methods have been shown that although
they may not always converge, they often offer better computational performance
[5, 15, 16, 17, 23].
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In this paper, we suggest another approach to get a hybrid conjugate gradient
method that combines the strengths of βPRP

k and βFR
k methods. This proposed

method is presented in section 2. In Section 3 we present the convergence anal­
ysis of the new algorithm. Section 4 presents some numerical experiments and
conclusion is given in Section 5.

2. New algorithm

In this section a hybrid of the βPRP
k and βFR

k methods is presented. As al­
ready mentioned, βFR

k method has an attractive property as far as convergence
is concerned. Its strength, that is, the global convergence property usually hap­
pens under strong Wolfe conditions. On the other hand, the βPRP

k method has
good computational properties and often performs better compared to other con­
jugate gradient methods. This method has been proved that when the function is
strongly convex and the line search is exact, then the method is globally convergent.
However, for general nonlinear functions, the convergence of the βPRP

k method is
uncertain. It appeared, after several failed attempts to prove global convergence
of the βPRP

k algorithm, that positiveness of βk is crucial as far as convergence is
concerned. This lead Gilbert and Nocedal [15] to modify βPRP

k method as

βPRP+
k = max{0, βPRP

k }

and proved that it is globally convergent with the standard Wolfe conditions.
There are a number of other βPRP

k and βFR
k hybrid conjugate gradient methods

that have been proposed in the literature. One of the first hybrid conjugate gradient
method of this form was introduced by Touati­Ahmed and Storey [27] where the
parameter βk is computed as

βTS
k = max{0,min{βPRP

k , βFR
k }}.

This motivated other researchers to come up with more and improved βk hybrids
involving βPRP

k and βFR
k . For instance, Mo, Gu and Wei [21] proposed a βk

method which is a modification of the hybrid method proposed by Touati­Ahmed
and Storey [27]. Their hybrid method computes βk as

βMGW
k = max{0,min{βPRP

k , βFR
k , β+

k }},

where

β+
k = βPRP

k +
2gTk gk−1

∥ gk−1 ∥2
.

They proved that their hybrid method is globally convergent when the step size
satisfies the strong Wolfe conditions. Another hybrid was that of Gilbert and No­
cedal [15] who suggested a combination between the βPRP

k and βFR
k method as

βGN
k = max{−βFR

k ,min{βPRP
k , βFR

k }}, (2.1)

which is an extension of the Touati­Ahmed and Storey [27] method.
In this article, we propose yet another hybrid of βPRP

k and βFR
k that is based on

the ideas of Gilbert and Nocedal [15], where their βk given by (2.1), and those of
Dai and Yuan [8], where they suggested the hybrid method

βHS−DY
k = max{−cβDY

k ,min{βHS
k , βDY

k }}, (2.2)

where c = 1−γ
1+γ > 0. In particular, we propose a hybrid method which computes the

parameter βk as

β∗
k = max{min{−cβPRP

k , βFR
k },min{βFR

k , βPRP
k }}, (2.3)
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with c = 1−γ
1+γ , γ ∈ [ 12 , 1] and the direction dk defined as

dk =

{
−gk k = 0
−θkgk + β∗

kdk−1 k ≥ 1
(2.4)

where θk = 1 + β∗
k

dT
k−1gk
∥gk∥2 . The parameter θk, as defined, makes the direction dk

satisfy the descent condition independently of any line search. Also, from the above
definition of β∗

k and the range of γ, we see that 0 < β∗
k ≤ βFR

k for all k. Now, with
β∗
k and dk defined as above, we present our new β∗

k algorithm.

Algorithm 2.1. The New β∗
k algorithm

Step 1 Given x0 ∈ Rn and the parameters ϵ > 0, 0 < µ < σ < 1, γ ∈ [ 12 , 1]
set k = 0
compute f(x0) and g0 = ∇f(x0)
set d0 = −g0,
if ∥ g0 ∥≤ ϵ then stop.

Step 2 Compute αk > 0 using any line search and find the next iterate

xk+1 = xk + αkdk.

compute f(xk+1), gk+1 = ∇f(xk+1)
if ||gk+1|| ≤ ϵ then stop.

Step 3 compute β∗
k from (2.3) and generate dk from (2.4)

Step 4 let k = k + 1 and go to step 2.

3. Convergence analysis

To establish the convergence of our method, we make the following basic as­
sumptions on the objective function which have been widely used in the literature
to analyze the global convergence of conjugate gradient methods.

Assumptions

(i) f is bounded below on the level set S = {x ∈ Rn : f(x) ≤ f(x0)}, where x0

is the starting point.
(ii) In some neighborhood N of S the function f is continuously differentiable

and its gradient, g(x) = ∇f(x), is Lipschitz continuous, i.e. there exist a
constant L > 0 such that ∥ g(x)− g(y) ∥≤ L ∥ x− y ∥ for all x, y ∈ N

Under Assumptions (i) and (ii) on f , we have the following lemma.

Lemma 3.1. (Zoutendĳk). Suppose that Assumptions (i) and (ii) hold. Consider a
CG method in the form xk+1 = xk + αkdk and (1.7), where dk is a descent direction
and the step length αk satisfies the standard Wolfe conditions (1.4) and (1.5). Then
we have that

∞∑
k=0

(∇f(xk)
T dk)

2

∥ dk ∥2
< +∞. (3.1)

Proof. From the Lipschitz continuity and (1.5) we have that

(σ − 1)dTk∇f(xk) ≤ dTk (∇f(xk + αkdk)−∇f(xk)) (3.2)

≤∥ ∇f(xk + αkdk)−∇f(xk) ∥∥ dk ∥ (3.3)

= Lαk ∥ dk ∥2 (3.4)

Thus,

αk ≥ (σ − 1)dTk∇f(xk)

L ∥ dk ∥2
. (3.5)
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It follows from (1.4) that

f(xk)− f(xk + αkdk) ≥ −µ

(
(σ − 1)dTk∇f(xk)

L ∥ dk ∥2

)
∇f(xk)

T dk, (3.6)

which implies

f(xk)− f(xk + αkdk) ≥ C1
(∇f(xk)

T dk)
2

∥ dk ∥2
, (3.7)

where C1 = µ(1−σ)
L > 0. Now,

f(x0)− f(x0 + αd0) ≥ C1
(∇f(x0)

T d0)
2

∥ d0 ∥2
(3.8)

f(x1)− f(x2) ≥ C1
(∇f(x1)

T d1)
2

∥ d1 ∥2
(3.9)

f(x2)− f(x3) ≥ C1
(∇f(x2)

T d2)
2

∥ d2 ∥2
(3.10)

... (3.11)
(3.12)

f(xk−1)− f(xk) ≥ C1
(∇f(xk−1)

T dk−1)
2

∥ dk−1 ∥2
(3.13)

Adding up we get

f(x0)− f(xk) ≥ C1

k−1∑
i=0

(∇f(xi)
T di)

2

∥ di ∥2
(3.14)

Noting that f is bounded from below as k → ∞, we have

f(x0)− f∗ ≥ C1

∞∑
k=0

(∇f(xk)
T dk)

2

∥ dk ∥2
, (3.15)

where
f∗ = lim

k→∞
f(xk).

Hence
∞∑
k=0

(∇f(xk)
T dk)

2

∥ dk ∥2
< +∞. (3.16)

□

Lemma 3.2. Let xk+1 = xk + αkdk be given by Algorithm ( 2.1). Then the direction
dk given by ( 2.4) satisfies the descent condition

dTk gk = − ∥ gk ∥2, ∀k ≥ 0. (3.17)

Proof. Let βk = β∗
k . For d0 = −g0, we have

gT0 d0 = −gT0 g0 (3.18)

= − ∥ g0 ∥2 . (3.19)
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Therefore the result holds for k = 0.
For k ≥ 1, we have that

dk = −θkgk + β∗
kdk−1. (3.20)

Now, for βk = β∗
k , we have

dk = −(1 + β∗
k

gTk dk−1

∥ gk ∥2
)gk + β∗

kdk−1 (3.21)

= β∗
kdk−1 − (1 + β∗

k

gTk dk−1

∥ gk ∥2
)gk. (3.22)

Multiplying both sides by gTk we get

gTk dk = β∗
kg

T
k dk−1 − (1 + β∗

k

gTk dk−1

∥ gk ∥2
)gTk gk (3.23)

= β∗
kg

T
k dk−1− ∥ gk ∥2 −β∗

k

gTk dk−1

∥ gk ∥2
∥ gk ∥2 (3.24)

⇒ gTk dk = − ∥ gk ∥2 . (3.25)

Thus ( 3.17) holds for all k ≥ 1, which concludes the proof. □

Theorem 3.3. Suppose that Assumptions (i) and (ii) hold. Consider the conjugate
gradient method of the form xk+1 = xk + αkdk and dk is given by ( 2.4) with αk

satisfying any line search. Then either gk = 0 for some k or

lim
k→∞

inf ∥ gk ∥= 0. (3.26)

Proof. If gk = 0 then the statement holds. Suppose that (3.26) is not true, then
there exist a constant ε > 0 such that

∥ gk ∥≥ ε ∀k. (3.27)

From ( 2.4), we have
dk + θkgk = β∗

kdk−1 (3.28)
By squaring both sides of ( 3.28) and applying the descent condition ( 3.17), we get

∥ dk ∥2= (β∗
k)

2 ∥ dk−1 ∥2 −2θkd
T
k gk − θ2k ∥ gk ∥2 .

Dividing both sides by (gTk dk)
2, and noting that gTk dk = − ∥ gk ∥2, we have

∥ dk ∥2

(gTk dk)
2
= (β∗

k)
2 ∥ dk−1 ∥2

(gTk dk)
2

+
2θk

∥ gk ∥2
− θ2k

∥ gk ∥2
. (3.29)

Since 0 < β∗
k ≤ βFR

k , we have that

∥ dk ∥2

(gTk dk)
2
≤ (βFR

k )2
∥ dk−1 ∥2

∥ gk ∥4
+

2θk
∥ gk ∥2

− θ2k
∥ gk ∥2

(3.30)

=

(
∥ gk ∥2

∥ gk−1 ∥2

)2 ∥ dk−1 ∥2

∥ gk ∥4
+

2θk
∥ gk ∥2

− θ2k
∥ gk ∥2

(3.31)

=
∥ dk−1 ∥2

∥ gk−1 ∥4
+

2θk
∥ gk ∥2

− θ2k
∥ gk ∥2

(3.32)

=
∥ dk−1 ∥2

∥ gk−1 ∥4
− 1

∥ gk ∥2
(θ2k − 2θk + 1− 1) (3.33)

=
∥ dk−1 ∥2

∥ gk−1 ∥4
− (θk − 1)2

∥ gk ∥2
+

1

∥ gk ∥2
(3.34)
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≤ ∥ dk−1 ∥2

∥ gk−1 ∥4
+

1

∥ gk ∥2
(3.35)

=
∥ dk−1 ∥2

(gTk−1dk−1)2
+

1

∥ gk ∥2
. (3.36)

From the above, and the fact that gT0 d0 = − ∥ g0 ∥2, it follows that

∥ d1 ∥2

(gT1 d1)
2
≤ ∥ d0 ∥2

(gT0 d0)
2
+

1

∥ g1 ∥2
(3.37)

=
1

∥ g0 ∥2
+

1

∥ g1 ∥2
(3.38)

=

1∑
i=0

1

∥ gi ∥2
. (3.39)

∥ d2 ∥2

(gT2 d2)
2
≤ ∥ d1 ∥2

(gT1 d1)
2
+

1

∥ g2 ∥2
(3.40)

≤ 1

∥ g0 ∥2
+

1

∥ g1 ∥2
+

1

∥ g2 ∥2
(3.41)

=
2∑

i=0

1

∥ gi ∥2
. (3.42)

... (3.43)

∥ dk ∥2

(gTk dk)
2
≤ ∥ dk−1 ∥2

(gTk−1dk−1)2
+

1

∥ gk ∥2
(3.44)

≤ 1

∥ g0 ∥2
+

1

∥ g1 ∥2
+

1

∥ g2 ∥2
+ · · ·+ 1

∥ gk ∥2
(3.45)

=
k∑

i=0

1

∥ gi ∥2
. (3.46)

Thus,

∥ dk ∥2

(gTk dk)
2
≤

k∑
i=0

1

∥ gi ∥2
. (3.47)

From ( 3.27), we have
k∑

i=0

1

∥ gi ∥2
≤ k + 1

ε2
.

Therefore, the last inequality implies
∞∑
k=0

(gTk dk)
2

∥ dk ∥2
≥ ε2

∞∑
k=0

1

k + 1
= +∞,

which contradicts ( 3.1). Thus the proof is complete. □

4. Numerical results

In this chapter, we present numerical results of the new β∗
k algorithm. We also do

a comparison of our method with other methods in the literature. These methods
include the βGN

k hybrid by Gilbert and Nocedal [15], the βTS
k conjugate gradient

hybrid method by Touati­Ahmed and Storey [27] and the βHS−DY
k (Hestenes and

Stiefel and Dai and Yuan) [8] hybrid conjugate gradient method. A total of 14
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test problems are used to test our algorithms and have been taken from different
sources, that is, Luksan and Vlcek [20], Neculai Andrei [2] and More, Garbow and
Hillstrom [22].
A number of parameters used are defined. These are the tolerance, ϵ, the constants
µ and σ and the step length αk. The tolerance has been set to ϵ = 10−6, the
constants µ and σ are set to σ = 0.7 and µ = 0.3. The step length αk > 0 is
calculated using the strong Wolfe line search. All the parameters used in testing
our algorithms have been set to the same values for each algorithm. Our new
algorithm is coded in MATLAB R2010a.

We first of all present our numerical results in the form of a table, Table 1, where
the methods are presented as follows:

• M1: The new β∗
k hybrid method;

• M2: The Gilbert and Nocedal βGN
k Hybrid method [15];

• M3: The Touti Ahmed and Storey βTS
k hybrid method [27];

• M4: The Dai and Yuan βHS−DY hybrid method [8].

The columns ‘Problem’ and ‘Dim’ represent the name of the test problem and the di­
mension of the problems, respectively. The results are denoted by ′iter/fe′, where
iter and fe are the number of iterations and function evaluations, respectively.
The highlighted results show the best out of the 4 methods.

M1 M2 M3 M4
Problem Dim iter/fe iter/fe iter/fe iter/fe

Rosenbrock 2 72/1476 68/1314 76/1486 47/894
Freud n Roth 2 36/723 71/1434 60/1205 50/1033

Beale 2 69/741 28/288 28/288 45/453
Himmelblau 2 16/167 18/179 21/212 23/195

White 6 52/1140 50/1008 66/1389 82/1760
Wood 4 165/3593 148/3004 94/1922 106/2134
PQuad 7 35/289 31/221 34/236 29/205
Power 6 41/526 50/596 50/596 41/492

Fletcher 5 42/1035 33/798 36/873 39/942
Trig 3 17/249 19/254 20/265 16/220

Powell 2 19/793 15/632 17/708 18/727
ExPowell 4 266/3954 150/2165 199/2862 253/3530
Penalty I 5 10/31 13/25 13/25 12/26

Broyden tri 10 29/463 33/514 33/514 29/449
Table 1. Numerical results for all the four methods

From Table 1, we see that the new β∗
k hybrid method (M1) and the Gilbert and

Nocedal hybrid method (M2) requires fewer function evaluations and number of
iterations for 5 problems. On the other hand Touti­Ahmed and Storey hybrid
method (M3) and Dai and Yuan hybrid (M4) have fewer function evaluations and
number of iterations for 2 problems and 4 problems, respectively. We also see that
although M2 and M3 had the same number of iterations and function evaluations
for Beale problem, it is not always the case as we see that for the Power problem, M1
and M4 have the same number of iterations but the number function evaluations
is higher for M1. Generally, we can say that our new hybrid conjugate gradient
method is promising and competitive.
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Figure 1. Performance Profile for Function Evaluations

To better compare the numerical performance of the 4 methods, we use perfor­
mance profiles, introduced in [12]. This is reflected in Figure 1 where the perfor­
mance profile for function evaluations is plotted. Letting P = {p1, p2, . . . , p14} be
the set of problems and S = {s1, s2, s3, s4} be the set of the solvers M1, M2, M3,
M4, respectively, we compare the performance of the solvers in S on the problems
in P. Let ap,s denote the performance measure (e.g. function evaluations) required
by solver s ∈ S to solve problem p ∈ P. Then the performance ratio is given by

rp,s =
ap,s

min{ap,s : s ∈ S}
.

We assume that a parameter rM ≥ rp,s is chosen, for all p, s, and rp,s = rM if
and only if solver s does not solve problem p. To obtain an overall assessment of
the performance of the solver, we define performance profile as,

ρs(τ) =
1

np
size{p ∈ P : rp,s ≤ τ},

where ρs(τ) is the probability for solver s ∈ S that a performance ratio rp,s is within
a factor τ ∈ R of the best possible ratio and np is the number of problems. The
function ρs is the cumulative distribution function for the performance ratio. Note
that we always have rp,s ≥ 1. When rp,s = 1 we have

ap,s = min{ap,s : s ∈ S},

meaning that solver s ∈ S was best for a certain problem p of all the problems.
Figure 1 shows the performance of the four methods relative to the function

evaluations. We can see that all the methods successfully solved all the problems.
From the figure, we see that the new method β∗

k is very much competitive with
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the other hybrid methods. Thus, the new method adds to the already available
collection of hybrid methods that can be useful both to other researchers and
people looking for solutions to optimization problems in the industries.

5. Conclusion

In this research, we have presented a new hybrid conjugate gradient algorithm
in which the parameter βk is a combination of the ideas of Dai and Yuan [8] and
Gilbert and Nocedal [15]. Our new computational scheme takes advantage of the
attractive features of the Fletcher Reeves (βFR

k ) and Polak­Ribiere­Polyak (βPRP
k )

methods. The direction dk generated by our algorithm satisfies the descent condi­
tion independently of the line search used. A convergence analysis of the proposed
algorithm was also carried out and we showed that the algorithm is globally con­
vergent independently of any line search.

Furthermore, our new algorithm was compared with three other hybrid conju­
gate gradient methods that have been proposed in the literature. Using a set of
14 test unconstrained optimization problems, a numerical study concerning the
behavior of our new algorithm has been presented. The numerical results show
that our algorithm is very competitive with these other methods.

Further research will be done on developing more hybrid conjugate gradient
methods for large scale unconstrained optimization problems. Although test prob­
lems of lower dimension were mainly used for testing our algorithm, we intend
to extend the algorithm in future to problems with much higher dimension. An­
other direction would be to extend this conjugate gradient methods to constrained
optimization problems, as well as optimal control problems.
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