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ABSTRACT. We develop a semilocal convergence analysis for Newton’s method under mild
differentiability conditions. Our sufficient convergence conditions can be weaker than con-
ditions found in earlier studies such as [11-14,16,18-21]. Numerical examples are also
provided.
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1. INTRODUCTION

In this work, we study the problem of approximating a locally unique solution

x* of the nonlinear equation

F(x)=0 (1.1
where F is a Fréchet-differentiable operator defined on a convex subset D of a
Banach space X with values in a Banach space Y.

Many problems - from nonlinear convex analysis and other disciplines - can be
formulated in the form of equation (1.1) using Mathematical Modelling [6]. The
solution of these equations can rarely be found in closed form. That is why the
solution methods for these equations are usually iterative. In particular, the prac-
tice of numerical analysis for finding such solutions is essentially connected to
Newton-type methods [6, 13]. For iterattions n = 0,1,2,..., we define Newton’s
method as

{f/(Xn)AXn = 7f(xn) (1.2)

Xnt1 = Xn + AXp
where z( is an initial guess. The study about convergence of iterative procedures

is normally centered on two types: semilocal and local convergence analysis. The
semilocal convergence analysis is based on the information around an initial point
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to give criteria ensuring the convergence of iterative procedures. While the local
analysis is based on the information around a solution to find estimates of the radii
of convergence balls. There exist many studies which deals with the local and the
semilocal convergence analysis of Newton-type methods such as [1-21].

In this work - particularly motivated by optimization considerations - we provide
sufficient convergence conditions that can be weaker than the ones found in earlier
studies such as [11-14,16,18-21] and our majorizing sequences can be finer as
well. Moreover, the new advantages are obtained under the same computational
cost.

The rest of the paper is organized as follows. In section 2, we present earlier
results in order to make the study as self contained as possible. Section 3 contains
the semilocal convergence of Newton’s method. Section 4 reports numerical work.

2. PRELIMINARIES

Let U(xg,7) and U(zg,r) stand, respectively, for the open and closed balls in X
with center zy and radius r > 0. We denote by L(X,Y) the space of bounded linear
operators from X into Y. In this Section, we assume that p € (0, 1] unless stated
otherwise. Let 2o € D be such that F'(zo)~! € L(Y,X). Assume F’ satisfies a
p-center-Holder condition at some p € (0, 1]

H]—'/(xo)—l (F'(z) - ]:’(1:0))H < Lo ||z — zo|”

for each = € U(zg, R) C D and some Ly >0, R >0 20
and a p-Hélder condition at some p € (0, 1]
|7 @)t (F@) - F )| < Lllz = yll” .
for each z,y € U(zp, R) C D and for some L > 0.
We have that
Lo <L (2.3)
holds in general and that L / Ly can be arbitrarily large [3, 6] (see also the Examples

in §4). Note that (2.2) always implies (2.1). In practice the computation of L requires
computing Lg. Hence, (2.1) is not an additional requirement to the hypothesis (2.2).
For earlier results on Newton’s method under conditions (2.1) or (2.2), we refer
interested reader to the interesting work: [2,4,6,10-18,21 and references therein].
In particular, a new result was given by Cianciaruso in [7] which improves earlier
sufficient convergence conditions for p € (0, 1), but not necessarily the error bounds
[8,10,14-19]. Consider

L+ /L>+4LyL(1+p)P pl—?

co o7 2.4)
and
1\? 1+
hol(t) = <1 - t> - P - . (25

— \1-»p
(Cott+m =P+ @ew-1)T=7)
Then, the convergence condition is given by

n? < ho(co). (2.6)
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3. SEMILOCAL CONVERGENCE ANALYSIS

First we present four auxiliary results on majorizing sequences for Newton’s
method.

Lemma 3.1. Let ¢, > 0,¢ > 0,7 > 0 and p € (0,1] be given parameters. Define
function gg on [0,1) by
-
Ry
We denote by a the minimal zero of g in the interval (0, 1). Suppose that
4 1 1/

<alP <1 -4/ 3.1
)Gy S ST oD
Then, the scalar sequence {t,,} defined by
Z(tn—o—l - tn)1+p
1+ p)(1— Loty yq)

go(t) P(t—1) +£Ot1/p[(1 + Py —1]gp,

0<(

tO - O; ty = m, tn+2 = tn—i—l + (

foreach n=0,1,2,...

(3.2)
is increasing, bounded from above by

*x n
= T allr (3.3)

and converges to its unique least upper bound denoted by t* which satisfies t* €
[, t**]. Moreover, the following estimates hold for eachn = 0,1,2,...

0 <tpyo—tny1 < Pty —t,) < amH/Py, (3.4)

Proof. Since go(1) = lonP (2P — 1) > 0, go(0) = —¢n?/(1 + p) < O thus - it follows
from the intermediate value theorem applied to the function gg on the interval [0, 1]
that - the function gy has zeros in (0,1). We denote the smallest such zero of
function go- in the interval (0, 1) - by «a.

Estimate (3.4) holds, if

(tyr — tn)? ol/P
L+p)(L—lotiy) —
Inequalities (3.4) and (3.5) hold for £ = 0 by (3.1). Let us assume that (3.4) and
(3.5) hold for all £ < n. Then, we obtain

thar <tp+ /Pty —tp_y)
<ty +aYP(tp g —tp_o) + aP(ty — t_1)

<ty +alP(ty —to) + Pty —t1) + -+ ol Pt — 1)

0< Tt — tht1 = ( (3.5)

1 —ak+i/p n
< 1/p 2/p k/py — =t
<n+a’fnt+afn+--+a Py 1—041/1’77<1—a1/1’ t
(3.6)
and
topr —te < aYP(ty —t_1) < - < FP(ty — tg) = oMy 3.7)

In view of (3.6) and (3.7), estimate (3.5) holds, if

() < @i 2

or

P + (1 + p)at/Plo(L+ a'/P +a2/P 4. 4 a™/P)PyP — oM/P(1+p) <0



84 LK. ARGYROS AND S.K. KHATTRI/JNAO : VOL. 5, NO. 2, (2014), 81-90

or

o™ P + (1 +p)at/Plo(1 + o/ + P 4. 4 a™Pyy — aMP(14p) <0.  (3.8)
Estimate (3.8) motivates us to introduce recurrent functions fj on (O7 1) by

Fe(t) = pPt* 4 (14 p)t/Plo(1 +t1/P 4 #2/P oo /Py —41/P(1 4 p). (3.9)

We need a relationship between two consecutive functions fi. Using (3.9) we get
that

frot1 = fe(t) + gu(t) (3.10)
where
14
gr(t) = mnpt"(tfl)Jrfotl/pnp [(1+t1/p+. et D/ PP (gl Py ,+tn/p)p]
(3.11)

We have that

Grs1(t) = gr(t) + mn”t’“(t — 1) 4 Lot PP | (14 /P - 4t (BHED/Py2

—2(1+ Ve o4 t(k+1)/P)P +(1+ Ve o4 tk/P)P] > gr(t). (3.12)
In particular, it follows from the definition of «, (3.10) and (3.12) that

fryi(a) = gr(a) + fr(@) = gr-1(e) + fi(a) = - = go(@) + f(@) = fi(a). (3.13)
We define function f, on [0, 1) by

foolt) = Tim fr(t). (3.14)
Then, using (3.8), (3.9) and (3.14) we get that
Foolt) = (1 + p)ti/e [zo(#)p - 1] (3.15)
Moreover, we have that
foo(t) > fr(t) foreach k=0,1,2,.... (3.16)
Hence, it follows from (3.8), (3.9), (3.15) and (3.16) that (3.8) holds if
foola) <0. (3.17)

But (3.16) is implied by the right hand side of the hypothesis (3.1). The induction
for (3.4) and (3.5) is complete. It follows that sequence {tn} is increasing, bounded

from above by ¢** and as such it converges to its unique least upper bound t* €
[, t**]. 0

Next, we present another auxiliary result of majorizing sequences for Newton’s
method.

Lemma 3.2. Let{y > 0,¢ > 0,7 > 0 and p € (0, 1] be given parameters. Suppose
that

bonP < 1 (3.18)
and there exists o € (0, 1) such that
i d 2= s1)P ¢ ( Lo P )”a
(1+p)(1 = Los5)" 1+ p\(1+p)(1 = Lon?)

gonlﬂ) D
(1 —Lon?)(1 — a,,))

(3.19)

+Lyat/P (7} + < allr,
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Then, the scalar sequence {s, } defined by

60(51 — 50)1+p
(1+p)(1 —Llost)’

so=0, s1=mn, S =35+

+ U(spt1 — sn)'FP J h 1,2 o0
s =Sy , foreach n=1,2 ...
M T A ) (1 loshy)
is increasing, bounded from above by
fanP
s = |1+ 0n n (3.21)

(1 —al/P)(1 +p)(1 — LonP)

and converges to its unique least upper bound s* which satisfies s* € [s2,s**].
Moreover, the following estimate holds for eachn =1,2,3,...

/P lonttp

0< — < . 3.22
TS A p) (1 — o) %22
Proof. Estimate (3.22) holds if
¢ — 5. )P
0< L1 =50)" up foreach k=19, (3.23)

(1 +p)(1 = Losyyq)
Inequalities (3.22) and (3.23) hold for £ = 1 by (3.19) and (3.20). From (3.23) and
(3.22), we obtain

S3 — 89 < al/”(SQ — 51)

—  s3<sy4aP(sy—s1)

—  s3<sy4 (14+aP)(sg—51) — (52— 51)

< 1— o7 ! = 5" 3.24
— 83_S1+m(82—81)<51+m(52—51)—8 ( )

Suppose that (3.22) and (3.23) hold for all £ < n. Then, we have

Skra — Sk1 < aF/P(sy — s1) (3.25)
and
]_ — a(k+1)/p
Spto <81+ ———F— (52— 51) < $. (3.26)
1—allr

We need to show that (3.23) holds if & is replaced by k + 1. Then - by (3.23), (3.25)
and (3.26) - we must show that

1 _ip(sk.” — sp+1)? + al/péosiJrQ —a'/? <0
or
%(akﬂ’(@ _ 51))p +al/ry, (51 n %(82 _ 31))p — o<
or
L (s — )P+ at/Peg (,7 n ﬂ) <
1+p 1—allr
or since a € (0,1)
4

_t o \P 1/p ﬂ)p 1/p
1+pa(32 s1)P + €0<77—|—1_a1/p <o



86 LK. ARGYROS AND S.K. KHATTRI/JNAO : VOL. 5, NO. 2, (2014), 81-90

which is true by (3.19). This completes the induction for (3.22) and (3.23). Hence,
sequence {s, } is increasing, bounded from above by s** and as such it converges
to its unique least upper bound s* € [sg, s**]. O

We extend Lemma 3.1 and Lemma 3.2 through the following two useful addi-
tions: Lemma 3.3 and Lemma 3.4, respectively

Lemma 3.3. Let {, > 0, ¢ > 0, n > 0 and p € (0,1] be given parameters. Let
N =0,1,2,... be fixed. We define function g}’ on [0,1) by

g (1) (Enr =t (0= 1) + Lot? [(1+ /) =1 (b = )"

= m
Let oy denotes the minimal zero of i) (t) in the interval (0, 1). Suppose that
11 <tag <t3<--- <ty <In41 <fgl/p (3.27)

and

E(t]\H»l —tN)p 1/p 1/
<al?<1-—07P —tN).
TPl = oF S 1767 v = iw)

Then, the sequence {t,} - defined by (3.2) - is increasing, bounded from above
by t%r = (tx+1 — tn)/(1 — @'/P) and converges to its unique least upper bound
ty € [tn+1,t5]. Moreover, for eachn = 1,2, ..., the following estimate

0 <tNin—tNgn-1 < al/p(tN+n,1 —tN4n—2) foreach n=0,1,2...
holds.
Lemma 3.4. Let {; > 0, ¢ > 0,7 > 0 and p € (0,1] be given parameters. Let
N =0,1,2,... be fixed. Suppose that

—1
81<52<83<"'<8N<SN+1<£0 /p,

go(SN.‘_l — SN)p <1

and (3.19) holds with sy41 — sy replacing 1. Then, scalar sequence {sn} - defined
by (3.20) - is increasing, bounded from above by

lo(snt1 —sN)P
(1 —at/P)(1+p)(1 — losh 4,
and converges to its unique least upper bound s, € [sy+1,S5]. Moreover, for each
n =1,2,..., the following estimate
aPly(sy41 — sn) TP
(1+p)(1— 60311)\74-1)

holds. Notice that, for N = 0, the Lemuma 3.3 and the Lemma 3.4 reduce to the
Lemma 3.1 and the Lemma 3.2, respectively.

SN = [1 + )} (SN+1 — SN)

0 < SN4n+2 — SN4n+1 < foreach n=0,1,2,...

We state the main semilocal convergence theorem for Newton’s method. The
proof of which is obtained from [4, Theorem 3.3] by replacing the hypotheses of
Lemma 3.1 in [4] - involving the convergence of {tn} - with the new Lemma 3.3 or
Lemma 3.4.

Theorem 3.5. Let F: D C X — Y be Fréchet-differentiable. Suppose there
exist a point xg € D and parameters n > 0, o > 0, { > 0, R > 0, p € (0,1],
such that conditions (2.1), (2.2), hypotheses of Lemma 3.1 or Lemma 3.3 hold and
U(xo,t*) C U(zo,R). Then, {z,} (n > 0) generated by Newton’s method is well
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defined, remains in U(:co, t*) for all n > 0 and converges to a unique solution =* €

U(zo,t*) of equation F(x) = 0. Moreover, the following estimates

T anH_p

lonsz = onill = G A T —wolP) = (b2 T e (3.28)

and
20 — 2™ <t —ty, (3.29)
hold for each n = 0,1,..., where, iteration {t,} and t* are given in Lemma 3.1.

Furthermore, if there exists R > t* such that
1
Ro<R and 0 / O +(1—0)RPdb <1,
0

then, the solution x* is unique in U(mo, Ry). If hypotheses of Lemma 3.2 (or Lemuna
3.4) hold, instead of Lemma 3.1 (or Lemma 3.3), then the preceding conclusions hold
with s*, {sp} (or s}, {sn}) replacing t*, {tn} (or t},, {tn }), respectively.

Remark 3.6. Until now we presented convergence criteria, that can be weaker
than the ones reported in Section 2 (especially criterion (2.23)), and a majorizing
sequence {s,} which is finer than the sequence {t,} [11]. Under the criterion
(2.23), we notice that

Sp < tp, (3.30)
Sn+1 — Sn S thrl - tna (331)
s* <t (3.32)

If o < ¢ then for n > 2 we observe that strict inequality applies in (3.30) and (3.32)
(also see the numerical examples).

However - along the lines of Lemma 3.3 and Lemma 3.4 - we can weaken the
condition (2.23) in another way too as follows:

Lemma 3.7. Let{y > 0,¢{>0,n>0andp € (0,1). Let N = 0,1,2,... be fixed.
Suppose that

tl<t2<t3<--'<tN<tN+1<€(l)/p
and
(tns1 —tn)P < ho(co)

where function hg is defined in (2.21). Then, sequence {t,} converges increasingly
to t*.

Theorem 3.8. Let F : D C X — Y be Fréchet differentiable. Suppose there exist
a point xg € D and parametersn > 0, {op > 0, £ > 0, p € (0,1) such that conditions
(2.2), (2.3), (2.4), hypotheses of Lemma 3.7 and U(xq,t*) C U(zg, R). Then, the
conclusions of Theorem 3.5 hold.

Remark 3.9. If N = 0, the results in Lemma 3.7 and Theorem 3.8 reduce to
the corresponding onces in [11]. Moreover, if N > 1, then two preceding results
constitute an improvement of the results in [11]. Clearly, sequence {sn} can also
replace {t,} in Lemma 3.7 and Theorem 3.8. In practice, we shall test existing
criteria and use the onces that apply and also provide the best available error
estimates and uniqueness result.
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4. NUMERICAL WORK

Example 4.1. Let X =Y = R” ! for natural integer n > 2. X and Y are equipped

with the max-norm ||x|| = Jnax ||z;||. The corresponding matrix norm is
<i<n—

j=n—1

14l = max z:l |aij|
i=
for A = (a;j)1<i,j<n—1. On the interval [0, 1], we consider the following two point
boundary value problem

1 3/2 _
{ v 4v 0 @.1)

v(0) = v(1) =0.

[?, see]]ah-WSPC,rokne. To discretize the above equation, we divide the interval
[0,1] into n equal parts with length of each part: ~ = 1/n and coordinate of each
point: z; =ih with¢=0,1,2,...,n. A second-order finite difference discretization
of equation (4.1) results in the following set of nonlinear equations

i1+ B2 0P = 20+ v =0
F(v) = Vim1 AT T AN Vi (4.2)
for i=1,2,...,(n—1) andfrom 4.1) vg=wv, =0

where v = [v1,v2,..., v(n,l)]T For the above system-of-nonlinear-equations, we
provide the Fréchet derivative
_3 12 -
N9 1 0 0 - 0 0
2n?
3v/?
1 22 1 0 0 0
2n?
F(v) = 3y’
- 0 1 — 1 0 0
2n?
301/
(n—1)
0 0 0 0o --- 1 -2
2n2

Let n = 101 and xy = [50, 50, ...,50]T. To solve the linear systems (step 1 in the
in Algorithm 1), we use MatLab routine “linsolve” which uses LU factorization with
partial pivoting. Figure 1 plots our numerical solution. From the above expression
and the inequalities (2.1), (2.2), (2.4), we obtain

p=3 n=9.15311x10" and L= Ly= 586207705 x 10",

From (2.20) and (2.21), we get
co = 1.556421035 and ho(cp) = 883.3185142.

For the condition (2.23) we obtain: 0.009567188720 < 810.7294898. Thus the condi-
tion (2.23) holds. For the Lemma 3.1, the condition (3.1) yields: 0 < 0.00008814005478 <
0.7422855001 < 0.9999971581. Thus Lemma 3.1 is applicable. To verify the inequal-

ity (3.4) and to ascertain the properties of the sequence (3.2) we produce the Table

1: From the equation (3.3)

t** = 0.0002236156293.

From the Table 1 we see that the estimation (3.4) holds. Furthermore we notice
that the sequence {t,} is increasing and bounded from above by t**.
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120

8ok B : B 4

a0k B . B 4

20 +

FIGURE 1. Solution of the boundary value problem (4.1).

n

tn+2 - tn—i—l

Ofl/p(tn+1 —tn)

a+D)/py

© 00O Utk WO 3

0.000000 x 107090
9.153110 x 10-9
0.153144 x 1079
0.153144 x 1079
9.153144 x 1079
9.153144 x 10795
9.153144 x 1079
0.153144 x 1079
0.153144 x 1079
9.153144 x 1079

3.421069 x 10~10
2.472017 x 10~18
1.518400 x 10730
7.309504 x 10~
2.441409 x 10~76
1.490286 x 10117
2.247571 x 10~179
4.162736 x 107272
3.318005 x 10411
7.466626 x 10~620

5.037923 x 10~%
1.882976 x 1010
1.360612 x 10~18
8.357357 x 10731
4.023192 x 10~%9
1.343766 x 10~76
8.202620 x 10~118
1.237076 x 10~179
2.291193 x 10272
1.826249 x 10—411

5.037923 x 10~
2.772901 x 10795
1.526221 x 10795
8.400404 x 10~96
4.623630 x 10796
2.544872 x 10796
1.400712 x 10796
7.709597 x 10707
4.243406 x 10797
2.335594 x 10707

TaBLE 1. Numerical solution of (4.1) - after 6 nonlinear iterations
- at Gauss-Legendre points.
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