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ABSTRACT. We develop a semilocal convergence analysis for Newton’s method under mild
differentiability conditions. Our sufficient convergence conditions can be weaker than con­
ditions found in earlier studies such as [11­14,16,18–21]. Numerical examples are also
provided.
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1. INTRODUCTION

In this work, we study the problem of approximating a locally unique solution
x⋆ of the nonlinear equation

F(x) = 0 (1.1)
where F is a Fréchet–differentiable operator defined on a convex subset D of a
Banach space X with values in a Banach space Y.

Many problems – from nonlinear convex analysis and other disciplines – can be
formulated in the form of equation (1.1) using Mathematical Modelling [6]. The
solution of these equations can rarely be found in closed form. That is why the
solution methods for these equations are usually iterative. In particular, the prac­
tice of numerical analysis for finding such solutions is essentially connected to
Newton­type methods [6, 13]. For iterattions n = 0, 1, 2, . . ., we define Newton’s
method as {

F ′(xn)∆xn = −F(xn)

xn+1 = xn +∆xn
(1.2)

where x0 is an initial guess. The study about convergence of iterative procedures
is normally centered on two types: semilocal and local convergence analysis. The
semilocal convergence analysis is based on the information around an initial point
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to give criteria ensuring the convergence of iterative procedures. While the local
analysis is based on the information around a solution to find estimates of the radii
of convergence balls. There exist many studies which deals with the local and the
semilocal convergence analysis of Newton­type methods such as [1­21].

In this work – particularly motivated by optimization considerations – we provide
sufficient convergence conditions that can be weaker than the ones found in earlier
studies such as [11­14,16,18­21] and our majorizing sequences can be finer as
well. Moreover, the new advantages are obtained under the same computational
cost.

The rest of the paper is organized as follows. In section 2, we present earlier
results in order to make the study as self contained as possible. Section 3 contains
the semilocal convergence of Newton’s method. Section 4 reports numerical work.

2. Preliminaries

Let U(x0, r) and U(x0, r) stand, respectively, for the open and closed balls in X
with center x0 and radius r > 0. We denote by L(X,Y) the space of bounded linear
operators from X into Y. In this Section, we assume that p ∈ (0, 1] unless stated
otherwise. Let x0 ∈ D be such that F ′(x0)

−1 ∈ L(Y,X). Assume F ′ satisfies a
p­center–Hölder condition at some p ∈ (0, 1]∥∥∥F ′(x0)

−1 (F ′(x)−F ′(x0))
∥∥∥ ≤ L0 ∥x− x0∥p

for each x ∈ U(x0, R) ⊆ D and some L0 > 0, R > 0
(2.1)

and a p­Hölder condition at some p ∈ (0, 1]∥∥∥F ′(x0)
−1 (F ′(x)−F ′(y))

∥∥∥ ≤ L ∥x− y∥p

for each x, y ∈ U(x0, R) ⊆ D and for some L > 0.
(2.2)

We have that
L0 ≤ L (2.3)

holds in general and that L/L0 can be arbitrarily large [3, 6] (see also the Examples
in §4). Note that (2.2) always implies (2.1). In practice the computation of L requires
computing L0. Hence, (2.1) is not an additional requirement to the hypothesis (2.2).
For earlier results on Newton’s method under conditions (2.1) or (2.2), we refer
interested reader to the interesting work: [2,4,6,10–18,21 and references therein].
In particular, a new result was given by Cianciaruso in [7] which improves earlier
sufficient convergence conditions for p ∈ (0, 1), but not necessarily the error bounds
[8,10,14–19]. Consider

c0 =
L+

√
L2 + 4L0 L (1 + p)p p1−p

2L
(2.4)

and

h0(t) =

(
1− 1

t

)p
1 + p(

(L0 (1 + p))

1

1− p + (L t (t− 1))

1

1− p
)1−p

. (2.5)

Then, the convergence condition is given by

ηp ≤ h0(c0). (2.6)
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3. Semilocal convergence analysis

First we present four auxiliary results on majorizing sequences for Newton’s
method.

Lemma 3.1. Let ℓ0 > 0, ℓ > 0, η > 0 and p ∈ (0, 1] be given parameters. Define
function g0 on [0, 1) by

g0(t) =
ℓ

1 + p
ηp(t− 1) + ℓ0t

1/p
[
(1 + t1/p)p − 1

]
ηp.

We denote by α the minimal zero of g0 in the interval (0, 1). Suppose that

0 <
ℓηp

(1 + p)(1− ℓ0ηp)
≤ α1/p ≤ 1− ℓ

1/p
0 η. (3.1)

Then, the scalar sequence {tn} defined by

t0 = 0, t1 = η, tn+2 = tn+1 +
ℓ(tn+1 − tn)

1+p

(1 + p)(1− ℓ0t
p
n+1)

for each n = 0, 1, 2, . . .

(3.2)
is increasing, bounded from above by

t⋆⋆ =
η

1− α1/p
(3.3)

and converges to its unique least upper bound denoted by t⋆ which satisfies t⋆ ∈
[η, t⋆⋆]. Moreover, the following estimates hold for each n = 0, 1, 2, . . .

0 < tn+2 − tn+1 ≤ α1/p(tn+1 − tn) ≤ α(n+1)/pη. (3.4)

Proof. Since g0(1) = ℓ0 η
p(2p − 1) > 0, g0(0) = −ℓ ηp/(1 + p) < 0 thus – it follows

from the intermediate value theorem applied to the function g0 on the interval [0, 1]
that – the function g0 has zeros in (0, 1). We denote the smallest such zero of
function g0– in the interval (0, 1) – by α.

Estimate (3.4) holds, if

0 < tk+2 − tk+1 =
ℓ (tk+1 − tk)

p

(1 + p)(1− ℓ0 t
p
k+1)

≤ α1/p. (3.5)

Inequalities (3.4) and (3.5) hold for k = 0 by (3.1). Let us assume that (3.4) and
(3.5) hold for all k ≤ n. Then, we obtain

tk+1 ≤ tk + α1/p(tk − tk−1)

≤ tk−1 + α1/p(tk−1 − tk−2) + α1/p(tk − tk−1)

≤ t1 + α1/p(t1 − t0) + α1/p(t2 − t1) + · · ·+ α1/p(tk − tk−1)

≤ η + α1/pη + α2/pη + · · ·+ αk/pη =
1− αk+1/p

1− α1/p
η <

η

1− α1/p
= t⋆⋆

(3.6)
and

tk+1 − tk ≤ α1/p(tk − tk−1) ≤ · · · ≤ αk/p(t1 − t0) = αk/pη. (3.7)

In view of (3.6) and (3.7), estimate (3.5) holds, if

ℓ
(
(α1/p)nη

)p

≤ (1 + p)α1/p
[
1− ℓ0

(1− α(n+1)/p

1− α1/p
η
)p]

or

ℓαnηp + (1 + p)α1/pℓ0(1 + α1/p + α2/p + · · ·+ αn/p)pηp − α1/p(1 + p) ≤ 0
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or

ℓαnηp + (1 + p)α1/pℓ0(1 + α1/p + α2/p + · · ·+ αn/p)η − α1/p(1 + p) ≤ 0. (3.8)

Estimate (3.8) motivates us to introduce recurrent functions fk on (0, 1) by

fk(t) = ℓηptk + (1 + p)t1/pℓ0(1 + t1/p + t2/p + · · ·+ tk/p)− t1/p(1 + p). (3.9)

We need a relationship between two consecutive functions fk. Using (3.9) we get
that

fk+1 = fk(t) + gk(t) (3.10)
where

gk(t) =
ℓ

1 + p
ηptn(t−1)+ℓ0t

1/pηp
[
(1+t1/p+· · ·+t(n+1)/p)p−(1+t1/p+· · ·+tn/p)p

]
.

(3.11)
We have that

gk+1(t) = gk(t) +
ℓ

1 + p
ηptk(t− 1)2 + ℓ0t

1/pηp
[
(1 + t1/p + · · ·+ t(k+2)/p)2

− 2(1 + t1/p + · · ·+ t(k+1)/p)p + (1 + t1/p + · · ·+ tk/p)p
]
≥ gk(t). (3.12)

In particular, it follows from the definition of α, (3.10) and (3.12) that

fk+1(α) = gk(α)+ fk(α) ≥ gk−1(α)+ fk(α) ≥ · · · ≥ g0(α)+ fk(α) = fk(α). (3.13)

We define function f∞ on [0, 1) by

f∞(t) = lim
t−→∞

fk(t). (3.14)

Then, using (3.8), (3.9) and (3.14) we get that

f∞(t) = (1 + p)t1/p
[
ℓ0

( η

1− α1/p

)p

− 1
]
. (3.15)

Moreover, we have that

f∞(t) ≥ fk(t) for each k = 0, 1, 2, . . . . (3.16)

Hence, it follows from (3.8), (3.9), (3.15) and (3.16) that (3.8) holds if

f∞(α) ≤ 0. (3.17)

But (3.16) is implied by the right hand side of the hypothesis (3.1). The induction
for (3.4) and (3.5) is complete. It follows that sequence {tn} is increasing, bounded
from above by t⋆⋆ and as such it converges to its unique least upper bound t⋆ ∈
[η, t⋆⋆]. □

Next, we present another auxiliary result of majorizing sequences for Newton’s
method.

Lemma 3.2. Let ℓ0 > 0, ℓ > 0, η > 0 and p ∈ (0, 1] be given parameters. Suppose
that

ℓ0η
p < 1 (3.18)

and there exists α ∈ (0, 1) such that

min

{
ℓ(s2 − s1)

p

(1 + p)(1− ℓ0s
p
2)
,

ℓ

1 + p

( ℓ0η
1+p

(1 + p)(1− ℓ0ηp)

)p

α

+ℓ0α
1/p

(
η +

ℓ0η
1+p

(1− ℓ0ηp)(1− αp)

)p
}

≤ α1/p.

(3.19)
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Then, the scalar sequence {sn} defined by
s0 = 0, s1 = η, s2 = s1 +

ℓ0(s1 − s0)
1+p

(1 + p)(1− ℓ0s
p
1)
,

sn+2 = sn+1 +
ℓ(sn+1 − sn)

1+p

(1 + p)(1− ℓ0s
p
n+1)

, for each n = 1, 2, . . .

(3.20)

is increasing, bounded from above by

s⋆⋆ =

[
1 +

ℓ0η
p

(1− α1/p)(1 + p)(1− ℓ0ηp)

]
η (3.21)

and converges to its unique least upper bound s⋆ which satisfies s⋆ ∈ [s2, s
⋆⋆].

Moreover, the following estimate holds for each n = 1, 2, 3, . . .

0 < sn+2 − sn+1 ≤ αn/pℓ0η
1+p

(1 + p)(1− ℓ0ηp)
. (3.22)

Proof. Estimate (3.22) holds if

0 <
ℓ(sk+1 − sk)

p

(1 + p)(1− ℓ0s
p
k+1)

≤ α1/p for each k = 1, 2, . . . . (3.23)

Inequalities (3.22) and (3.23) hold for k = 1 by (3.19) and (3.20). From (3.23) and
(3.22), we obtain

s3 − s2 ≤ α1/p(s2 − s1)

=⇒ s3 ≤ s2 + α1/p(s2 − s1)

=⇒ s3 ≤ s2 + (1 + α1/p)(s2 − s1)− (s2 − s1)

=⇒ s3 ≤ s1 +
1− α2/p

1− α1/p
(s2 − s1) < s1 +

1

1− α1/p
(s2 − s1) = s⋆⋆ (3.24)

Suppose that (3.22) and (3.23) hold for all k ≤ n. Then, we have

sk+2 − sk+1 ≤ αk/p(s2 − s1) (3.25)

and

sk+2 ≤ s1 +
1− α(k+1)/p

1− α1/p
(s2 − s1) < s⋆⋆. (3.26)

We need to show that (3.23) holds if k is replaced by k+ 1. Then – by (3.23), (3.25)
and (3.26) – we must show that

ℓ

1 + p
(sk+2 − sk+1)

p + α1/pℓ0s
p
k+2 − α1/p ≤ 0

or

ℓ

1 + p

(
αk/p(s2 − s1)

)p

+ α1/pℓ0

(
s1 +

1− α(k+1)/p

1− α1/p
(s2 − s1)

)p

− α1/p ≤ 0

or
ℓ

1 + p
αk(s2 − s1)

p + α1/pℓ0

(
η +

s2 − s1
1− α1/p

)p

− α1/p ≤ 0

or since α ∈ (0, 1)

ℓ

1 + p
α(s2 − s1)

p + α1/pℓ0

(
η +

s2 − s1
1− α1/p

)p

≤ α1/p
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which is true by (3.19). This completes the induction for (3.22) and (3.23). Hence,
sequence {sn} is increasing, bounded from above by s⋆⋆ and as such it converges
to its unique least upper bound s⋆ ∈ [s2, s

⋆⋆]. □

We extend Lemma 3.1 and Lemma 3.2 through the following two useful addi­
tions: Lemma 3.3 and Lemma 3.4, respectively

Lemma 3.3. Let ℓ0 > 0, ℓ > 0, η > 0 and p ∈ (0, 1] be given parameters. Let
N = 0, 1, 2, . . . be fixed. We define function gN0 on [0, 1) by

gN0 (t) =
ℓ

1 + p
(tN+1 − tN )p(t− 1) + ℓ0t

1/p
[
(1 + t1/p)p − 1

]
(tN+1 − tN )p.

Let αN denotes the minimal zero of gN0 (t) in the interval (0, 1). Suppose that

t1 < t2 < t3 < · · · < tN < tN+1 < ℓ
−1/p
0 (3.27)

and

0 <
ℓ(tN+1 − tN )p

(1 + p)(1− ℓ0t
p
N+1)

≤ α
1/p
N ≤ 1− ℓ

1/p
0 (tN+1 − tN ).

Then, the sequence {tn} – defined by (3.2) – is increasing, bounded from above
by t⋆⋆N = (tN+1 − tN )/(1 − α1/p) and converges to its unique least upper bound
t⋆N ∈ [tN+1, t

⋆⋆
N ]. Moreover, for each n = 1, 2, . . ., the following estimate

0 < tN+n − tN+n−1 ≤ α1/p(tN+n−1 − tN+n−2) for each n = 0, 1, 2, . . .

holds.

Lemma 3.4. Let ℓ0 > 0, ℓ > 0, η > 0 and p ∈ (0, 1] be given parameters. Let
N = 0, 1, 2, . . . be fixed. Suppose that

s1 < s2 < s3 < · · · < sN < sN+1 < ℓ
−1/p
0 ,

ℓ0(sN+1 − sN )p < 1

and (3.19) holds with sN+1 − sN replacing η. Then, scalar sequence {sn} – defined
by (3.20) – is increasing, bounded from above by

s⋆⋆N =
[
1 +

ℓ0(sN+1 − sN )p

(1− α1/p)(1 + p)(1− ℓ0s
p
N+1)

]
(sN+1 − sN )

and converges to its unique least upper bound s⋆N ∈ [sN+1, s
⋆⋆
N ]. Moreover, for each

n = 1, 2, . . ., the following estimate

0 < sN+n+2 − sN+n+1 ≤ αn/pℓ0(sN+1 − sN )1+p

(1 + p)(1− ℓ0s
p
N+1)

for each n = 0, 1, 2, . . .

holds. Notice that, for N = 0, the Lemma 3.3 and the Lemma 3.4 reduce to the
Lemma 3.1 and the Lemma 3.2, respectively.

We state the main semilocal convergence theorem for Newton’s method. The
proof of which is obtained from [4, Theorem 3.3] by replacing the hypotheses of
Lemma 3.1 in [4] – involving the convergence of {tn} – with the new Lemma 3.3 or
Lemma 3.4.

Theorem 3.5. Let F : D ⊆ X −→ Y be Fréchet­differentiable. Suppose there
exist a point x0 ∈ D and parameters η > 0, ℓ0 > 0, ℓ > 0, R > 0, p ∈ (0, 1],
such that conditions (2.1), (2.2), hypotheses of Lemma 3.1 or Lemma 3.3 hold and
U(x0, t

⋆) ⊆ U(x0, R). Then, {xn} (n ≥ 0) generated by Newton’s method is well
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defined, remains in U(x0, t
⋆) for all n ≥ 0 and converges to a unique solution x⋆ ∈

U(x0, t
⋆) of equation F(x) = 0. Moreover, the following estimates

∥xn+2 − xn+1∥ ≤ ℓ ∥xn+1 − xn∥1+p

(1 + p) (1− ℓ0 ∥xn+1 − x0∥p)
≤ tn+2 − tn+1 (3.28)

and

∥xn − x⋆∥ ≤ t⋆ − tn, (3.29)

hold for each n = 0, 1, . . ., where, iteration {tn} and t⋆ are given in Lemma 3.1.
Furthermore, if there exists R ≥ t⋆ such that

R0 ≤ R and ℓ0

∫ 1

0

(θ t⋆ + (1− θ)R)p dθ < 1,

then, the solution x⋆ is unique in U(x0, R0). If hypotheses of Lemma 3.2 (or Lemma
3.4) hold, instead of Lemma 3.1 (or Lemma 3.3), then the preceding conclusions hold
with s⋆, {sn} (or s⋆N , {sN}) replacing t⋆, {tN} (or t⋆N , {tN}), respectively.

Remark 3.6. Until now we presented convergence criteria, that can be weaker
than the ones reported in Section 2 (especially criterion (2.23)), and a majorizing
sequence {sn} which is finer than the sequence {tn} [11]. Under the criterion
(2.23), we notice that

sn ≤ tn, (3.30)
sn+1 − sn ≤ tn+1 − tn, (3.31)

s⋆ ≤ t⋆. (3.32)

If ℓ0 < ℓ then for n ≥ 2 we observe that strict inequality applies in (3.30) and (3.32)
(also see the numerical examples).

However – along the lines of Lemma 3.3 and Lemma 3.4 – we can weaken the
condition (2.23) in another way too as follows:

Lemma 3.7. Let ℓ0 > 0, ℓ > 0, η > 0 and p ∈ (0, 1). Let N = 0, 1, 2, . . . be fixed.
Suppose that

t1 < t2 < t3 < · · · < tN < tN+1 < ℓ
1/p
0

and

(tN+1 − tN )p ≤ h0(c0)

where function h0 is defined in (2.21). Then, sequence {tn} converges increasingly
to t⋆.

Theorem 3.8. Let F : D ⊆ X → Y be Fréchet differentiable. Suppose there exist
a point x0 ∈ D and parameters η > 0, ℓ0 > 0, ℓ > 0, p ∈ (0, 1) such that conditions
(2.2), (2.3), (2.4), hypotheses of Lemma 3.7 and U(x0, t

⋆) ⊆ U(x0, R). Then, the
conclusions of Theorem 3.5 hold.

Remark 3.9. If N = 0, the results in Lemma 3.7 and Theorem 3.8 reduce to
the corresponding onces in [11]. Moreover, if N ≥ 1, then two preceding results
constitute an improvement of the results in [11]. Clearly, sequence {sn} can also
replace {tn} in Lemma 3.7 and Theorem 3.8. In practice, we shall test existing
criteria and use the onces that apply and also provide the best available error
estimates and uniqueness result.
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4. Numerical work

Example 4.1. Let X = Y = Rn−1 for natural integer n ≥ 2. X and Y are equipped
with the max­norm∥x∥ = max

1≤i≤n−1
∥xi∥. The corresponding matrix norm is

∥A∥ = max
1≤i≤n−1

j=n−1∑
j=1

|aij |

for A = (aij)1≤i,j≤n−1. On the interval [0, 1], we consider the following two point
boundary value problem {

v′′ + v3/2 = 0
v(0) = v(1) = 0.

(4.1)

[?, see]]ah­WSPC,rokne. To discretize the above equation, we divide the interval
[0, 1] into n equal parts with length of each part: h = 1/n and coordinate of each
point: xi = i h with i = 0, 1, 2, . . . , n. A second­order finite difference discretization
of equation (4.1) results in the following set of nonlinear equations

F(v) :=

 vi−1 + h2 v
3/2
i − 2vi + vi+1 = 0

for i = 1, 2, . . . , (n− 1) and from (4.1) v0 = vn = 0
(4.2)

where v = [v1, v2, . . . , v(n−1)]
T For the above system­of­nonlinear­equations, we

provide the Fréchet derivative

F ′(v) =



3v
1/2
1

2n2
− 2 1 0 0 · · · 0 0

1
3v

1/2
2

2n2
− 2 1 0 · · · 0 0

0 1
3v

1/2
3

2n2
− 2 1 · · · 0 0

...
...

...
... · · ·

...
...

0 0 0 0 · · · 1
3v

1/2
(n−1)

2n2
− 2


.

Let n = 101 and x0 = [50, 50, . . . , 50]T. To solve the linear systems (step 1 in the
in Algorithm 1), we use MatLab routine ‘‘linsolve’’ which uses LU factorization with
partial pivoting. Figure 1 plots our numerical solution. From the above expression
and the inequalities (2.1), (2.2), (2.4), we obtain

p =
1

2
, η = 9.15311× 10−5 and L = L0 = 5.86207705× 10−4.

From (2.20) and (2.21), we get

c0 = 1.556421035 and h0(c0) = 883.3185142.

For the condition (2.23) we obtain: 0.009567188720 < 810.7294898. Thus the condi­
tion (2.23) holds. For the Lemma 3.1, the condition (3.1) yields: 0 < 0.00008814005478 <
0.7422855001 < 0.9999971581. Thus Lemma 3.1 is applicable. To verify the inequal­
ity (3.4) and to ascertain the properties of the sequence (3.2) we produce the Table
1: From the equation (3.3)

t⋆⋆ = 0.0002236156293.

From the Table 1 we see that the estimation (3.4) holds. Furthermore we notice
that the sequence {tn} is increasing and bounded from above by t⋆⋆.
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Figure 1. Solution of the boundary value problem (4.1).

n tn tn+2 − tn+1 α1/p(tn+1 − tn) α(n+1)/pη

0 0.000000× 10+00 3.421069× 10−10 5.037923× 10−05 5.037923× 10−05

1 9.153110× 10−05 2.472017× 10−18 1.882976× 10−10 2.772901× 10−05

2 9.153144× 10−05 1.518400× 10−30 1.360612× 10−18 1.526221× 10−05

3 9.153144× 10−05 7.309504× 10−49 8.357357× 10−31 8.400404× 10−06

4 9.153144× 10−05 2.441409× 10−76 4.023192× 10−49 4.623630× 10−06

5 9.153144× 10−05 1.490286× 10−117 1.343766× 10−76 2.544872× 10−06

6 9.153144× 10−05 2.247571× 10−179 8.202620× 10−118 1.400712× 10−06

7 9.153144× 10−05 4.162736× 10−272 1.237076× 10−179 7.709597× 10−07

8 9.153144× 10−05 3.318005× 10−411 2.291193× 10−272 4.243406× 10−07

9 9.153144× 10−05 7.466626× 10−620 1.826249× 10−411 2.335594× 10−07

Table 1. Numerical solution of (4.1) – after 6 nonlinear iterations
– at Gauss­Legendre points.
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